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Chapter 1. Introduction

1.1

Preface

Cytotoxic T lymphocytes (CTLs) play an important role in the control of virus infections
and tumors by killing virus-infected and tumor cells (which is contact-dependent), and
by secreting soluble factors (which is contact-independent) [1–4]. CTL-mediated killing
generally involves four steps: localization of the target cell; formation of a specialized
junction with the target (called a cytotoxic synapse); delivery of effector molecules, such
as perforin and granzymes; and detachment from the dying target, followed by resumption of the search for new target cells, which may also be accompanied by the production
of soluble factors [1, 5, 6].
An important parameter in determining the efficiency of CTL-mediated control is the
rate at which they kill the target cells. There have been numerous attempts to quantify
the CTL-mediated killing rates involving different pathogens and tumors, using different
experimental setups [7–13], and several determinants of the CTL-mediated killing rates
have been identified (density of expressed pMHC [7, 9, 12, 14], speed of migration [15],
killing time [15, 16]). However, there is no clear agreement on how CTL-mediated killing
varies with CTL and target cell densities [11, 17].
The central question we address in this thesis is the general functional form expected for
how CTL-mediated killing depends on CTL and target cell numbers in various different
scenarios, and how different factors alter this function. We find that a double saturation
function with two different saturation constants in general describes the CTL-mediated
killing well. Although the double saturation function describes the data from two independent cytotoxicity assays in collagen-gels, our results show that in such experiments it
may be difficult to identify the underlying mechanisms of CTL-target cell interactions.

1.2
1.2.1

Assays to determine CTL-mediated killing rates
In vitro assays

In early experiments, CTL-mediated killing was measured by so-called ‘51 Cr-release’ assays, in which CTLs are co-incubated with targets labeled with radio-active chromium [17,
18]. Typically after 4 hours of co-incubation, the amount of chromium released into
the supernatant is measured, which was considered as an indirect measure of the CTLmediated killing efficiency. The chromium is only released when the target cell membranes are lysed by the CTLs, and this release into the supernatant is likely not to be
instantaneous [17]). Hence, the released chromium might not be a reliable indicator
of the number of target cells killed, but it is unclear whether this assay over- or underestimates the killing rates. Since this assay is conducted in liquid suspensions, it cannot
take some of the essential steps of CTL killing into account like finding target cells and
synapse formation [2, 19, 20]. In summary, the CTL efficiency measured with this assay
2
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is likely not representative of the in vivo situation.
Recently, collagen-gel assays have been developed which overcome many of the shortcomings of the 51 Cr-release assays [7, 21]. Most importantly, collagen gels support the
migration of T cells [21, 22], and thus the killing rate realized from these assays includes
the efficiency of CTLs to scan for target cells and form conjugates with them. The killing efficiency of CTLs is typically determined from the difference between the number
of target cells surviving in the absence and in the presence of CTLs typically at about
20-30 hours. In such assays, the number of surviving target cells can be measured by
flow cytometry [21], by bright field imaging (unpublished; see Chapter 6), or by clonogenic assays [7]. One of the potential drawbacks of this approach is that the number of
targets present at the beginning and at the end of the assay is not measured within the
same gel, as it has to be digested to determine the number of cells [7] (for bright field
imaging a contrasting agent has to be added [21]). Therefore, if there is a high degree
of variation between experimental replicates, this tends to result in inaccurate estimations of CTL-mediated killing rates. Time-lapse imaging of collagen gels [21] can help in
circumventing this problem, as well as in identifying the mode of CTL-target interactions.

1.2.2

In vivo assays

In addition to the above in vitro assays, the CTL-mediated killing efficiency in vivo can
be estimated from ‘adoptive transfer’ assays [12, 23–25]: Typically, equal numbers of
peptide-pulsed target cells and unpulsed cells are transferred into mice, and the ratio of
surviving pulsed and unpulsed target cells are measured at defined time intervals. As
the peptide-pulsed target cells are killed by CTLs, the ratio of pulsed to unpulsed targets
decreases, which can be used to estimate killing rates. However, these adoptive transfer
assays do not provide information on whether all CTLs are functionally active, and on
where the killing predominantly occurs.
Alternatively, killing rates have been determined from the rates at which the viral load
changes following perturbations of the steady state viral load during chronic infection,
or from the rate at which escape mutants replaces the wild type virus (see Chapter 7
for more details and potential misinterpretations). Fortunately, the rise in the usage of
time-lapse two-photon microscopy imaging is promising for more direct, accurate estimates of CTL-mediated killing efficiencies and the underlying cellular interactions during
killing [2, 19, 26].

1.3

Overview of killing rates

The killing efficiency of CTLs is often reported either as per-capita killing rates, or as
the CTL-mediated death rate. The per-capita killing rate, k, is the rate at which each
CTL kills a target, and the CTL-mediated death rate, K, is the rate at which a target
3
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cell dies due to CTL-mediated killing. The CTL-mediated death rates can be used to
compare the quality of CTL responses. As per-capita killing and death rates provide
complementary information, it is important to know both metrics. The precise relation
between the per-capita killing and the death rate depends on the functional response of
CTL-mediated killing. Additionally, depending on the design of the experiment, studies
report these parameters either for a CTL response targeting a single epitope, or for all
responses together. Finally, the half-life of targets, t 12 is sometimes used a measure of the
CTL killing pressure [17, 27], which is simply defined as t 21 = ln[2]/K.
Elemans et al. [11] recently performed a meta-analysis of several studies and recomputed the death rates from per-capita killing rates (Table 1.1; see their supplementary
text for the calculation details). These recomputed death rates likely provide ball-park
estimates, as they were computed assuming mass-action killing kinetics, for which there
is only limited evidence [9, 10, 15]. In one of the early adoptive transfer assays involving lymphocytic choriomeningitis (LCMV), the CTL-mediated death rates of target cells
pulsed with LCMV-peptide NP396 were found to be 126.4-499.1/day [8, 9]. From the
same studies, the death rates for GP276-specific response were 21.2-71.3/day. This difference in the epitope-specific killing rates occurs because NP396 elicits a dominant CTL
response. Note that the variation in the estimates of killing rates for a peptide depend
on whether or not target cells are considered to also die from preparation techniques of
experiments (i.e., death independent of the CTLs).
In the case of polyomavirus (PyV) infection, Ganusov et al. [9] found CTL-mediated
death rates of target cells pulsed with peptide MT389 during acute and chronic infections
of 67.7/day and 21.6/day respectively, which are similar to the GP276-specific death
rates during LCMV infection. In contrast to the above estimates, Hogan et al. [14] find
much lower CTL-mediated death rate for T cells pulsed with influenza peptide NP38,
about 5.67-18.4/day, and about 30% lower killing rates for B cells pulsed with the same
peptide (except at the lowest peptide densities; compare the lower bounds in Table 1.1).
The differences in the death rates of B and T cells suggest that these cells differ in their
susceptibilities to killing. Taken together, the estimated death rates vary about 100fold, even though all mentioned studies employ similar adoptive transfer assays and
techniques to measure numbers of surviving target cell (and similar doses for peptide
pulsing). Recently, Garcia et al. [12] found that CTL-mediated killing rates increase only
about 10-fold when the dose of peptide-pulsing is increased 1000-fold. Thus, the role of
peptide dose is limited for CTL killing, and can explain only a part of the large variability
in estimated death rates.

4

LCMV (NP396; Splenocytes)
LCMV (GP276; Splenocytes)
PyV (MT389; Splenocytes)
Influenza (NP38; T cells)
Influenza (NP38; B cells)
HTLV
BLV
HIV
HIV
HIV

Pathogen (Peptide; Target cells)
126.4-499.1
21.2-71.3
67.7
5.7-13.7
6.1-11.3
4
0.2

Acute
21.6
0.05-0.1
1.98
4.4-9.8
-

Chronic

CTL-mediated death rates, K/day
Mass-action
Mass-action
Mass-action
Mass-action + Peptide decay
Mass-action + Peptide decay
-

Functional response

[8, 10, 27]
[8, 10, 27]
[9]
[14]
[14]
[11]
[11]
[28]
[13]
[29]

Reference

Table 1.1. Summary of published estimates of CTL-mediated death rates. When killing rates are estimated for a specific peptide, the
peptide and the target cell type used are shown in parentheses.
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Interestingly, Elemans et al. [11] found much lower median death rates of 1.60/day and
0.10/day during human lymphotropic virus (HTLV) (in humans) and bovine leukemia
virus (BLV) infections (in sheep), respectively. The death rates during HTLV-infection
were estimated from the viral decay following therapy, whereas for BLV they were determined from the difference in the surviving infected cells with and without the inhibition
of CTL responses. Further, the estimates for the CTL-mediated death rates of HIV-infected
cells vary over 10-fold, and there is no consensus on whether CTLs are predominantly
responsible for the death of infected cells or not [13, 29–32]. The inferred death rates
determined from the viral load decline critically depend on what is the rate limiting step
during viral replication (see Chapter 7 for more details and for the killing rates observed
during HIV-1-infection).
Overall, it appears that the estimates for the rate at which CTLs mediate killing of
pathogen-infected cells are quite variable, and it remains unclear to what extent this
variation in the estimated killing rates truly reflects differences in the strength of the
CTL responses.

1.4

Functional response of CTL-mediated killing

Analogous to the concept in ecology, the functional response of CTL mediated killing is
defined as the rate at which single CTLs kill target cells, as a function of the CTL and the
target cell densities [16, 33, 34]. Multiplying the functional response with the density
of CTLs gives the total number of target cells killed per unit of time. Knowledge of the
functional response of CTL-mediated killing, and how it varies with different factors, can
help in determining to what extent the qualitative and quantitative differences in the
functional response can explain the variation in the observed killing rate estimates.
Several studies examined the functional response of CTL mediated killing. The methods
to determine the functional response can be classified into three categories: using quantitative analysis of cytotoxicity assay data [8–10, 12, 14], using the analogy of enzymesubstrate kinetics [16, 33, 35], or using simulations of CTL-mediated killing [15]. With
the latter two approaches one can build a theoretical expectation for the form of the
functional response, and the first approach identifies the functional response observed
in experimental systems. For instance, CTL-mediated killing of target cells in both the
LCMV and PyV studies followed mass-action kinetics [9, 10, 15], implying that the rate
at which the target cells are killed increases linearly both with increases in CTL and in
target cell densities. Generally, functional responses that were mechanistically derived
and those determined from simulation studies suggest saturation of CTL-mediated killing [15, 16]. In the following sections, we provide more details on these approaches to
determine the expected functional response.
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1.4.1

Mechanistic derivation of the functional response

Using an analogy to the Michealis-Menten (MM) model for enzyme-substrate kinetics,
the expected functional response can be derived analytically assuming that a CTL can kill
one target cell at a time, and that a target cell can only be killed by one CTL [16, 17, 35].
The ‘reaction scheme’ of CTL-mediated killing is given by
k

1
k2
−−
*
E+T )
−
− [ET ] −→ E + T ∗ ,

k−1

(1.1)

where k1 and k−1 are the rates of conjugate formation and dissociation, k2 is the killing
rate (which is inversely related to the average time required for killing a target, tD ), and
E, T , [ET ], and T ∗ represent free cognate CTLs, free target cells, CTL-target conjugates,
and dead targets, respectively. The dynamics of conjugates, [ET ], free CTLs, free targets,
and killed targets are then given by
dC
dt
dT ∗
dt

= k1 ET − (k2 + k−1 )C ,
= k2 C ,

(1.2)

where C and T ∗ represent, respectively, the number of conjugates, [ET ], and the number
of cells killed.
Notably, Borghans et al. [16] used the total quasi-steady state assumption (which considerably extends the validity of quasi-steady state assumption over a larger domain of
initial conditions) to derive the functional response. Following their derivation, the conservation equations for effectors and targets are given by
Ē

=

E + C,

T̄

=

T + C,

(1.3)

where Ē and T̄ are the total CTL and target cell numbers. From Eqs. (1.2) and (1.3), the
dynamics of conjugates are given by
dC
dt

= k1 (Ē − C)(T̄ − C) − (k2 + k−1 )C ,
(1.4)

dC
= 0), we obtain the
dt
following quadratic equation in terms of the total number of conjugates, C:
By making a quasi-steady state (QSS) assumption for C (i.e.,
C 2 − (h + Ē + T̄ )C + Ē T̄ = 0,

(1.5)

where h = (k2 + k−1 )/k1 is the Michaelis-Menten constant. Solving the above quadratic
equation, we can obtain the expression for C (which we hereafter refer to as the full
QSSA solution), given by


q
1
2
C=
h + Ē + T̄ − (h + Ē + T̄ ) − 4Ē T̄ .
(1.6)
2
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The full QSSA model can be further simplified using a Padé approximation, which is a
rational approximation of a function, to obtain the following expression for C:
C=

Ē T̄
.
h + Ē + T̄

(1.7)

From Eqs. (1.7) and (1.2), the number of cells killed per unit time (the total killing rate)
is given by
k2 Ē T̄
dT ∗
=
= K(Ē, T̄ )T̄ = f (Ē, T̄ )Ē ,
(1.8)
dt
h + Ē + T̄
k2 T̄
k2 Ē
is the CTL-mediated death rate, and f (Ē, T̄ ) =
h + Ē + T̄
h + Ē + T̄
is the functional response of CTL-mediated killing. This functional response saturates
with increases in target cell densities, but decreases with increasing CTL densities. The
total killing rate (i.e., number of cells killed per unit time) saturates similarly with both
an increase in CTL and target cells—i.e., a double saturation function. Further, the CTLmediated death rate saturates to the same extent with increases in CTL or target cell
densities.

where K(Ē, T̄ ) =

In recent in vitro studies, it was shown that a single CTL can polarize lytic granules
towards multiple target cells simultaneously [36], and that multiple CTLs can interact
with a single target cell at the same time [37]. Thus, killing is probably not ‘monogamous’ in all circumstances, and the above-mentioned functional response need not apply
for regimes of killing that involve different cellular interactions. Although Merrill [33]
heuristically determined a functional response for cases where multiple CTLs bind and
jointly kill a target cell, it remained unclear whether this can be analytically derived,
and whether a general functional response exists for various scenarios of CTL-target cell
interactions.

1.4.2

Simulation approach to determine the functional response

Instead of applying the analogy to enzyme-substrate kinetics, the expected functional
response can be determined using computer simulation models that mimic the in vivo
observed migration properties, in which the CTL-mediated killing rates at different CTL
and target cell densities are measured. Graw and Regoes [15] simulated a region of a
lymphoid tissue using agent-based model to determine the functional response, and in
contrast to Borghans et al. [16] they found that the CTL-mediated killing saturated at
much lower CTL than target cell densities, which breaks the symmetry of Eq. 1.8 derived
by Borghans et al. [16]. However, in their simulations CTLs could kill multiple target
cells simultaneously, whereas a target cell could only be killed by a single CTL even if it
is contact with many CTLs. Thus, it remained unclear whether the onset of saturation in
killing at lower CTL densities is due to these particular CTL-target interactions. Moreover,
the importance of other factors in the simulations was unclear, such as whether killing
takes place in 2D or 3D environments and the stability of conjugates.
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1.5 Thesis outline
In summary, at the start of this PhD project it was unclear what to expect for a general
functional response, and how different factors influence the functional response.

1.5

Thesis outline

In the first part of this thesis (Chapters 2-4), we investigate the functional response of
CTL-mediated killing of target cells, and how various factors like the mode of CTL-target
cell interactions, stability of the conjugates, and tissue dimensionality, influence the functional response. We employ computational and mathematical models to determine the
expected general functional response from the various CTL-target cell interactions. In
the second part of the thesis (Chapters 5-6), we analyze the experimental data from two
cytotoxicity assays to determine which functional responses occur under different experimental conditions. Finally, in the third part of the thesis (Chapters 7-8), we review
the importance of CTL-mediated killing in HIV infection, and provide a summarizing
discussion and outlook.
In Chapter 2, we investigate why different studies found different functional responses of
CTL-mediated killing, and attempt to determine a general functional response using 2D
simulations of CTL-target cell interactions. We considered four simple scenarios of such
cellular interactions that differ in the types of conjugate allowed, and in all simulations
we find that the CTL-mediated killing saturates both with increasing CTL and target cell
densities, although the relative extent of saturation depends on the nature of the CTLtarget interactions. We show that CTL-mediated killing resulting from the simulations
of all the CTL-target cell interactions can be well described by a double saturation (DS)
model with two different saturation constants—one for saturation in CTLs and the other
for saturation in target cells.
The simulations from which the general functional response was derived had conjugates
with quite stable CTL-target cell interactions. Thus, usually a conjugate with a single CTL
led to their death, i.e., these represented ‘single-stage’ killing models. In Chapter 3, we
examine how the functional response changes if the target cell needs to transit through
multiple stages before dying (i.e., multi-stage killing). The onset of saturation occurs at
much higher densities of CTL and target cells, but we find similar relative onsets of saturation in the CTL and target cell densities as observed in single-stage killing (Chapter 2).
Furthermore, we again find that the DS model describes the CTL-mediated killing well
for all the modes of CTL-target interactions, and we explain this delay mechanistically
with a mathematical derivation in a model describing the binding site dynamics.
The DS model can be mechanistically derived for cases in which target cells are only
killed by a single CTL at a time, and for other cases it is still a good approximation
and provides a semi-mechanistic description. Therefore, the functional response of CTLmediated killing is expected to qualitatively remain the same between 2D and 3D spaces.
However, quantitatively there may be differences due to factors such as the number of
cells that can bind in 2D versus 3D spaces, and differences in the scanning efficiency. In
9
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Chapter 4, we study the quantitative changes of the functional response in 2D and 3D
spaces, and show that the saturation in killing rate indeed depends on the dimensionality
of the tissue. We find that the saturation sets in at lower densities in the 3D than in
the 2D simulations, and that this is due to higher encounter rates between cells in 3D
environments.
Having developed a general expectation for the functional response in various circumstances, we apply it to data from in vitro cytotoxicity assays in collagen gels to determine
the functional responses observed experimentally. In Chapter 5, we re-analyze published
data from CTL-mediated killing of melanoma cells in collagen gels [7], and extensively
compare the performance of multiple competing models that offer different explanations. Although a phenomenological square root function describes the CTL-mediated
killing statistically better than a saturation model, it fails to describe the critical T cell
concentration required to balance the growth. Therefore, we conclude that the saturation model is currently the best mechanistic descriptor of the CTL-mediated killing of
melanoma cells in these gels. Furthermore, in Chapter 6 we examine an independent
data set from similar cytotoxicity assays of ovarian cancer cells, which have a different
spatial distribution of cells compared to the assays in Chapter 5. In this data set, we again
find that saturation is stronger with CTL than with target cell density. We also investigate
whether this allows for a conclusion about the nature of CTL-target interactions for the
particular spatial configuration of the assays. In contrast to the experiments, we always
found in our simulations that CTL-mediated killing saturates more strongly with target
than CTL density, irrespective of the mode of the CTL-target cell interactions. Interestingly, this suggests that we incompletely understand the interactions, and that there may
be additional mechanisms at play that result in saturation at lower CTL densities.
In Chapter 7, we review published estimates of CTL-mediated death rates in HIV-1 infections and examine the importance of the CTL-mediated killing in HIV control. Besides
highlighting potential misinterpretations of the CTL-mediated killing rates during HIV-1
infection, we conclude that CTLs may be killing the majority of virus-producing cells.
This is consistent with all experimental studies. Finally, in Chapter 8, we summarize
the results from all the chapters of the thesis, and conclude with an outlook for better
estimates of CTL-mediated killing rates and functional responses.
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Chapter 2
A General Functional Response
of Cytotoxic T Lymphocyte
Mediated Killing of Target Cells

Saikrishna Gadhamsetty, Athanasius F.M. Marée, Joost B. Beltman and Rob J. de Boer
Biophys. J. 106:1780–1791.
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Abstract
Cytotoxic T lymphocytes (CTLs) kill virus-infected cells and tumor cells, and play a critical role in immune protection. Our knowledge on how the CTL killing efficiency varies
with CTL and target cell numbers is limited. Here, we simulate a region of lymphoid
tissue using a cellular Potts model to characterize the functional response of CTL killing
of target cells, and find that the total killing rate saturates both with the CTL and the target cell densities. The relative saturation in CTL and target cell densities is determined
by whether a CTL can kill multiple target cells at the same time, and whether a target
cell can be killed by many CTLs together. We find that all the studied regimes can be
well described by a double saturation function with two different saturation constants.
We show that this double saturation model can be mechanistically derived for the cases
where target cells are killed by a single CTL. For the other cases, a biological interpretation of the parameters is still possible. Our results imply that this double saturation
function can be used as a tool to predict the cellular interactions in cytotoxicity data.
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2.1

Introduction

Cytotoxic T lymphocytes (CTLs) are critical to control and to eliminate viral infections
and tumors. Adoptive transfer of in vitro activated CTLs has been shown to successfully
induce tumor regression both in mice [2, 38, 39] and in humans [40]. The rate at which
a CTL kills target cells, as well as the variation of the killing rate when CTL and target
cell densities change, are poorly characterized. Knowledge of these CTL killing efficiency
parameters is important to estimate the critical CTL density required for sterilizing immunity to tumours and viral infections [7, 10, 41, 42].
Analogous to the concept in ecology, the functional response of CTL mediated killing is
defined as the rate at which single CTLs kill targets, as a function of the CTL and the
target cell densities [16, 33]. Multiplying the functional response with the density of
CTLs gives the total killing rate, i.e., the total number of target cells killed per unit of
time. Several studies examined the functional response of CTL mediated killing [10, 15,
16, 33]. Using an analogy to the Michealis-Menten (MM) model for enzyme-substrate
kinetics, Borghans et al. [16] derived a functional response assuming that a CTL can kill
one target cell at a time, and that a target cell can only be killed by one CTL. They found
for such ‘monogamous killing’ that the total killing rate should saturates to the same
extent with an increase in either CTL or target cell densities. In recent in vitro studies,
it was shown that a single CTL can polarize lytic granules towards multiple target cells
simultaneously [36], and that multiple CTLs can interact with a single target cell at the
same time [37]. Thus, killing is probably not monogamous in all circumstances, and the
above-mentioned functional response might not apply for regimes of killing that involve
different cellular interactions.
A number of theoretical studies examined the functional response of CTL killing resulting from non-monogamous killing regimes. In an early study, Merrill [33] extended the
enzyme-substrate kinetics analogy by allowing multiple CTLs to bind and independently
kill single target cells. He found that the total killing rate in this model saturates at lower
target cell densities than CTL densities. Contrary to these results, Graw and Regoes [15]
found that CTL killing efficiency does not saturate with increasing target cell densities in
their agent-based model simulations, but saturates with increasing CTL densities. Adding
to the confusion, Ganusov et al. [10] analyzed in vivo cytotoxicity data [23] and concluded that mass-action kinetics (i.e., no saturation) describe the CTL mediated killing
well. Taken together, it remains unclear how the CTL killing rates vary with CTL and
target cell densities, and why we observe mass-action kinetics in some studies [10] and
saturation in CTLs and/or targets in others [15, 16, 33].
In this study, we examine whether the differences in the functional responses of the
different studies can be due to differences in the underlying CTL-target cell interactions.
To address this question, we first create simulated data on well-defined killing regimes
that differ in the allowed CTL-target cell interactions. For this purpose, we perform
cellular Potts model (CPM) [43, 44] simulations of a densely packed cellular environment
(like in a lymph node or spleen). Next, for each of the simulated killing regimes, we
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examine whether a functional response can be mechanistically derived. Strikingly, we
find that the total killing rate for all the killing regimes can be unified into a double
saturation function with two saturation constants, one for the target cells and another
for the CTLs. The saturation constants for the CTLs and the target cells turn out to
depend on the killing regime, and can hence be used to infer the cellular interactions
that underly in vivo and in vitro cytotoxicity assay data.

2.2
2.2.1

Materials and Methods
Cellular Potts model

We simulate a region of a spleen or a lymph node using the 2-dimensional CPM formalism. Similar to our previous studies [45, 46], we consider a field representing the T-cell
zone of a lymph node, which is composed of fibroblastic reticular cells [47] forming
a reticular network (RN; ≈17% of the field), B cells as target cells (≈39%), and CTLs
(≈39%), and let the rest of the field (≈5%) be extracellular matrix (ECM). Following
the initialization of the RN, both B cells and CTLs are initialized at empty random positions as a square of 9 µm2 , which subsequently grow to their target area of 44 µm2 ,
corresponding to a diameter of almost 8 µm [7]. Changes in the cell configuration and
movements of the cells occur due to minimization of the surface energy of the cells. At
each time step, all pixels are considered for extension into a random neighboring site,
and the change in surface energy due to an extension is calculated by the difference in
Hamiltonians H of two configurations. The Hamiltonian is given by

 X
XX
H=
Jτ (σij ),τ (σi0 j0 ) 1 − δσij ,σi0 j0 +
λ(aσ − Aτ (σ) )2 ,
(2.1)
ij

i0 j 0

σ

where Jτ (σij ),τ (σi0 j0 ) is the surface energy associated between a cell site (of state σij and
cell type τ (σij )) and the neighboring lattice site (of state σi0 j 0 and cell type τ (σi0 j 0 )), λ
is the inelasticity, δ is the Kronecker delta, aσ is the actual area of the cell σ, and Aτ (σ)
is the target area of cells of type τ (σ). The first term in Eq. 2.1 represents the sum of
all surface energies, and the second term is an area constraint applied to maintain the
size of the cells close to their target area. The probability that a lattice site is copied into
the neighboring site obeys a Boltzmann equation, i.e., is 1 if ∆H < 0, and e−(∆H)/D
otherwise, where D represents the membrane fluctuation amplitude of cells. The entire
model is implemented in the C programming language.

2.2.2

Motility of cells in the simulations

Naïve T and B cells in lymph nodes migrate in a consistent direction for several minutes,
but exhibit no preference for directional migration in the long term, i.e., they perform a
persistent random walk [26, 48]. Previously, we showed that a self-adjusting motility of T
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cells is sufficient to explain these dynamical properties of T cells in lymph nodes [45, 46],
and we here adopt the same algorithm. Briefly, the extensions of a lattice site along a
‘target direction’ are made more likely than in other directions by extending ∆H for B
cells and CTLs as follows:
∆H = −µcos(α) ,
(2.2)
where µ is the directional propensity of cells, and α is the angle between the target
direction and the direction of the considered displacement. At the start of the simulation,
the target direction of cells is assigned randomly from a uniform distribution of [−π, π],
and it is asynchronously updated thereafter every 180 seconds based on its direction of
recent migration. Immotile cells tend to be circular, whereas migrating cells are slightly
elongated with an extended tail.
For the employed model parameters (described below), we find mean speeds of simulated CTLs and target cells of about 9.5 µm/min and 5.6 µm/min, respectively (representative speed profiles are shown in Fig. S1A-D in the supplementary information).
Using Fuerth’s equation [49], the motility coefficients of CTLs and B cells are estimated
to be 66.3 µm2 /min and 25.9 µm2 /min respectively (Fig. S1E), which are close to experimental findings [26, 48, 50]. The mean square displacement (Fig. S1E) confirms that the
target cells and CTLs in our model roughly perform persistent random walks [26, 45, 51].

2.2.3

Killing algorithm

When a CTL and a target cell come into contact, they form a conjugate based on the
rules of the killing regime(see Supplementary Figure S4 for algorithms of simulations).
To keep cells in a conjugate together, we up-regulate the adhesion between a CTL and
its target immediately upon conjugate formation, that is, decrease the surface tension
for these cells by γadhesion = 60. Thus, the effective surface tension between CTLs and
targets in a conjugate γconj becomes γCTL,tgt −γadhesion . In addition to the up-regulation
of adhesion, we stop the active migration of both CTLs and targets in conjugates by
setting the directional propensities µ of all conjugated cells to zero. Cells in a conjugate
have a flattened interface zone due to the strong adhesion. Unless otherwise mentioned,
we do not restrict the number of binding sites on CTLs and target cells, but the finite
surface area of the cells naturally limits the maximum number of synapses that cells can
form.
We perform simulations for four well-defined killing regimes: monogamous, joint, simultaneous, and mixed killing (Fig. 2.1A). For monogamous killing, conjugates of only one
CTL and one target cell are allowed to occur, whereas conjugates of any number of CTLs
and target cells can be formed during mixed killing. In the joint killing regime, multiple
CTLs are allowed to bind and jointly kill a target cell. Conversely, multiple targets can
be killed by a single CTL in the simultaneous killing regime. Conjugates are followed
throughout the simulation to count the duration of contact for all target cells in conjugates. For monogamous and simultaneous regimes, target cells are killed if their duration
of contact with a CTL reaches the ‘kill time’ tD . With respect to simultaneous killing, we
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considered CTLs to be able to kill multiple target cells all with the same kill time (each
in tD minutes), i.e., killing of individual targets does not slow down when a CTL kills
multiple targets at the same time. We chose this simplest case due to the lack of experimental data concerning such changes in tD . For the other 2 types of killing regimes (i.e.,
joint and mixed), we consider the killing rate of a target cell to be proportional to the
number of CTLs bound to it, which is achieved by keeping track of the cumulative contact
duration with all conjugated CTLs of a target. This implies that the time required to kill
a target cell decreases linearly with the number of CTLs in a conjugate (e.g., two CTLs
bound to a target would kill it in tD /2 mins, i.e., half the time required for single CTL to
kill a target cell). When the duration of contact for target cells in a conjugate reaches the
kill time tD , the target cell disappears in a few seconds (by setting its target area to -1
µm2 ), and the CTL resumes its migration, if it is not conjugated to any other target cell.
In all our simulations, CTLs can also serially kill any number of targets, i.e., CTLs require
no “re-arming” time required between killing two consecutive targets. To maintain a
constant target cell density in the field throughout the simulation, we introduce a new
target cell at a random position as soon as the area of the killed cell has reached zero.
To prevent new target cells from being created inside another cell, this randomly chosen
point for introducing a target cell is required to be either in the ECM, or at the membrane
between two cells. If conjugates break despite a strong adhesion preference, target cells
remember the elapsed contact duration, i.e., upon renewed contact with the same or
another CTL the kill signal accrues on the existing signal. After break-up of a conjugate,
the CTL and the target resume their migration in the field if they are not conjugated to
other cells.
To speed up the approach to steady state, CTLs are allowed to form conjugates (yet do not
kill target cells) during an initialization period of 4 mins. At the end of this initialization
period, we draw a random number from a uniform distribution of [0 min, tD min), to
represent the time already elapsed in the conjugate. Conjugate formation during the
initialization period, together with elapsed conjugate time assignment, results in a rapid
approach to a quasi steady state (QSS) of killing dynamics, which is characterized by
a constant number of conjugates during our simulations. We discard the initialization
period in all analysis and plots. Following initialization we run each simulation for 600
minutes, i.e., 40 times the kill time tD . To maintain similar migration properties at
different frequencies of CTLs and target cells, we vary the number of antigen-bearing
target cells, T̄ , and cognate CTLs, Ē, while keeping the total number of T and B cells in
the field constant. To make sure that the measured killing occurs at QSS, the number
of cells killed are counted over the last 75 mins of the simulation, and is averaged over
6 independent simulations for all CTL and target cell densities. Our analysis with 6
independent simulations resulted in a robust data set with little variability, as can be
appreciated from the very low standard deviations (e.g., Figs. 3-5). Each simulation
took about 3 hours of CPU time on a single processor of Intel Xeon 3.33 GHz with 48 GB
of memory.
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Figure 2.1. Illustration of the model. Panel A illustrates the killing regimes. Panel B depicts
a snapshot of a 2-dimensional simulation, and panel C shows a magnified view of a region of
the field. CTLs and target cells are depicted in green and red, respectively, and the reticular
network is shown in grey. Non-specific target cells and CTLs are shown in blue. The snapshots
shown in (B) and (C) are from simulations in the absence of killing with Ē = 500 cells and
T̄ = 500 cells.

2.2.4

Default model parameters

All the simulations are performed using the parameters described below (see Table 2.1
for a summary of the simulation parameters). We consider a 2-dimensional torus of 500
pixels×500 pixels, where the length of each lattice site equals 1µm. One time step in the
simulation (i.e., attempting to update all the lattice sites) corresponds to 1 second in real
time. CPM is a phenomenological model [43, 44], and its parameters have no biophysical
meaning. We tuned CPM parameters such that the simulations captures in vivo migration
properties of CTLs and B cells, a fraction of which are target cells. The surface energies J
and the surface tensions γ are chosen such that the non-cognate interactions between any
pair of cells (including the RN) are neutral (see Table 2.2), i.e., there is no preferential
adhesion. Other default parameters used in the simulations: tD = 15 min [15, 26], µCTL
= 450 for CTLs, µ mathittgt = 220 for targets, λ = 200, and D = 6.

2.2.5

Non-linear regression (or fit) to the data

All the regression analyses of models to the data from simulations are performed using the function nlinfit in MATLAB (The MathWorks Inc., Natick, MA), which uses the
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Table 2.1. Summary of simulation parameters used. Parameters are chosen such that the
simulated CTLs and B cells recapitulate migration properties observed in vivo. Surface energy
parameters are mentioned in Table 2.2.

Parameter
Time required to kill a target
Inelasticity of the cells
Membrane fluctuation amplitude of cells
Directional propensity of CTLs
Directional propensity of targets
Target direction update interval
Number of static elements representing RN
Diameter of the rod
Total number of CTLs
Total number of target cells
Target area of CTLs and target cells

Symbol

Value used (units)

tD
λ
D

15 mins [15, 26]
200
6
450
220
3 mins
1050
8µm
2250
2250
44µm2

µCT L
µtgt
A

Table 2.2. Default surface energies and surface tensions used in the simulations. Surface
energies are represented by J, and γ are the surface tensions in arbitrary units.

ECM
RN
CTL
tgt

ECM

RN

CTL

Target (tgt)

JECM ,ECM = 0
JRN ,ECM = 0
JCTL,ECM = 150
Jtgt,ECM = 150

γECM ,RN = 0
JRN ,RN = 0
JCTL,RN = 300
Jtgt,RN = 300

γECM ,CTL = 0
γRN ,CTL = 150
JCTL,CTL = 300
Jtgt,CTL = 300

γECM ,tgt = 0
γRN ,tgt = 150
γCTL,tgt = 0
Jtgt,tgt = 300

Levenberg-Marquardt algorithm. Log-transformed numbers of cells killed were used for
all the regressions to prevent skewing of the fit to the killing observed at high CTL and
target cell densities.

2.3
2.3.1

Results
Cellular Potts model simulations

To determine the killing efficiency for different killing regimes, a CPM of simulated CTL
and target cell (B cells in our case) migration in the T cell zone of a lymphoid tissue
was constructed. The CPM is a grid-based model, in which each biological cell consists
of multiple lattice sites (see Materials and Methods for details). Similar to our previous
work on the migration of T cells and their interactions with dendritic cells [45, 46], we
consider a finite, wrapped two-dimensional (2D) space. Spleen and lymph nodes (LNs)
have a complex topology and constitute different cell types, but we consider for simplic18

2.3 Results
ity a space filled with static elements representing the fibroblastic reticular network (RN)
that is present in LNs (≈17% of the space), 2250 CTLs, and 2250 target cells (representative snapshots of simulations are shown in Fig. 2.1B-C). Note that the field is densely
packed with RN, CTLs, and targets, and only about 5% of the space is extracellular matrix
( ECM). We perform simulations with different numbers of antigen-bearing target cells
and their cognate CTLs, while keeping the total number of CTLs and target cells constant
(2250 cells each). All the CTLs and targets exhibit the same migration properties, irrespective of their antigen status. This approach restricts confounding effects of different
motility patterns that may arise when antigen-specific cell numbers are varied. CTLs and
target cells perform a persistent random walk according to a set of well-defined migration
rules (see Materials and Methods for details), which result in a realistic cell migration
(see Fig. S1 in the supplementary information) and cellular interactions [45, 46].
Recent imaging studies suggested that multiple CTLs can jointly kill a target, and one
CTL can kill multiple targets simultaneously [36, 37]. To identify a general functional
response, we therefore perform simulations for four different killing regimes: monogamous, joint, simultaneous, and mixed killing (Fig. 2.1A; note that this nomenclature is
chosen from the viewpoint of the CTL). In the monogamous killing regime, conjugates of
just one CTL and one target cell are allowed to form. In the mixed killing regime, a CTL
can induce death of multiple target cells simultaneously, and a target cell can be killed by
multiple CTLs. Joint and simultaneous killing regimes are intermediates between monogamous and mixed. For joint killing, a CTL can kill only a single target cell at a time, but
a target cell can be killed by many CTLs acting together (similar to the case Merrill [33]
considered). Conversely, in the simultaneous regime, a CTL can induce death of multiple target cells simultaneously, but a target cell can be killed by a single CTL only. It is
unknown how the killing time tD varies with the number of CTLs and target cells in a
conjugate. For simplicity, we therefore make the killing rate proportional to the number
of synapses formed per target cell, and the rate at which CTLs kill individual targets does
not decline with the number of synapses they have with target cells. Note that rather
than explicitly modeling the binding sites [33], the finite surface area of CTLs and target
cells in the CPM naturally restricts the maximum number of synapses that cells can form,
unless otherwise specified.
A killing time tD of 15 minutes is used in all the simulations. After an initial transient of
4 mins, the number of cells killed over 5 minute intervals, and the number of synapses
that target cells have with CTLs, are recorded every 5 mins (Fig. 2.2) to assess quasi
steady state (QSS). Because we want to fit mathematical models to our artificial data
after the system has reached QSS, we only use the number of cells killed during the final
75 mins of the simulation, which was sufficient to approach to QSS for all regimes. For
a given CTL and target cell density, the total number of synapses with targets are the
lowest for the monogamous killing regime (Fig. 2.2A) as only one CTL can be in synapse
with a target cell. Another factor that likely plays a role in the rather subtle differences
between joint, simultaneous and mixed killing, is that in our simulations CTLs migrate
faster than targets, and conjugates do not actively migrate. In the mixed killing regime,
we observe more synapses than there are target cells because multi-cellular conjugates
of several CTLs and several targets can occur (Fig. 2.2A). Since killing takes 15 minutes
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Figure 2.2. The total number of synapses with target cells (A) and the number of cells killed
(B) over 5 minute intervals during simulations with Ē = 750 cells and T̄ = 750 cells for the
four killing regimes. Solid lines indicate the average from 6 independent simulations, and
the shaded regions indicate standard deviations over these 6 observations. The dynamics of
conjugates and cells killed during the initialization period are not shown (i.e., time t = 0
denotes the time point after this initialization. The dynamics of conjugates and cells killed
does not exhibit any correlation with time (Spearman’s correlation |ρS |<0.09, P >0.23).

in the monogamous killing case, and the number of cells killed is recorded over 5 minute
intervals, the number of cells killed is about one-third of the number of conjugates at
QSS (Fig. 2.2B).

2.3.2

Monogamous killing

In our monogamous killing simulations (see Movie S1 in the Supporting Material for
a representative simulation), CTLs and targets form ‘complexes’ that dissociate after a
contact duration tD = 15 mins into a free CTL and a dying target cell (see Fig. S4 for
a simplified simulation algorithm). For this scenario, Borghans et al. [16] followed the
Michaelis-Menten (MM) analogy to derive an expression for CTL mediated killing:
k

1
k2
−
*
E+T −
)
−
− ET −→ E + T ∗ ,

k−1

(2.3)

where k1 and k−1 are the rates of conjugate formation and dissociation, k2 is the killing
rate, and E, T , ET , and T ∗ represent free cognate CTLs, free target cells, CTL-target
conjugates, and dead targets, respectively. In this model, the killing rate k2 is assumed to
be exponentially distributed, which is different from a fixed time required to kill a target
tD used in our CPM simulations.
In brief, they used a total quasi steady state approximation (tQSSA) to find that the
number of cells killed over a time period ∆t is given by
p
h + Ē + T̄ − (h + Ē + T̄ )2 − 4Ē T̄
Kfull = k2 ∆tC = k2 ∆t
,
(2.4)
2
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where C is the number of conjugates, Ē and T̄ are the total number of cognate CTLs
and target cells respectively, k2 is the killing rate of target cells, and h is the Michaelis
k2 + k−1
constant defined as
. Hereafter this model is referred to as the ‘full QSSA model’.
k1
Borghans et al. [16] further showed that a simplified expression can be derived by using
a Padé approximation of Eq. 2.4 (hereafter referred to as ‘Padé model’):
KPadé = k2 ∆tC =

k2 ∆tĒ T̄
.
h + Ē + T̄

(2.5)

This Padé model can be rearranged to a conventional double saturation (DS) model with
a single saturation constant:
KDS =

k 0 ∆tĒ T̄
,
1 + Ē/h + T̄ /h

(2.6)

where k 0 = k2 /h. This function is known in ecology as the Beddington functional response [34, 52]. Note that for h → ∞ the DS model approaches the classical mass-action
model:
Kmass = k 0 ∆tĒ T̄ .
(2.7)
Thus, k 0 in Eq. 2.6 is the mass-action killing rate.
As expected from both the full QSSA and the DS models, our monogamous killing simulations show that the number of cells killed saturates to a similar extent when we
increase target cell or CTL densities (Figure 2.3: symbols). Fitting the DS model to
our simulations, we find that it describes the data fairly well (sum of squared residuals
(SSR)=1.4 × 106 ; see Table 2.3 for best fit parameters; Fig. 2.3A: lines). Because the
DS approximation poorly describes the data at high densities, whereas we expected the
simulation model to be described well by the total Michaelis-Menten model, we examined whether the full QSSA (Eq. 2.4) describes the data better at high cell densities.
Indeed, the full QSSA model describes the simulation data well at all CTL/target numbers (SSR=1.07 × 105 ; Fig. 2.3B: lines). Since the DS and full QSSA models have the
same number of parameters, the lower SSR indicates that the full QSSA provides a better
description of the data. The excellent fit of the full QSSA model suggests that the total
Michaelis-Menten model is indeed an appropriate mechanistic description of the monogamous interactions between killers and targets, and that the poor performance of the
DS model at high densities is due to the Padé approximation used to derive the functional
response [53]. Thus, the full QSSA model represents an excellent mechanistic functional
response for the monogamous killing regime, yet the DS model performs almost as well
as long as cognate cell densities remain sufficiently low.

2.3.3

Joint killing

In our simulations for the joint killing regime, multiple CTLs jointly kill a target cell, as
was recently suggested (see supplementary movies of ref. [37]). For such joint killing,
Merrill [33] also used the Michaelis-Menten analogy and derived a model similar to the
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Figure 2.3. Number of target cells killed for monogamous killing. The total number of cells
killed over 75 mins of simulation as a function of target cell (left panels) and CTL (right
panels) densities for the monogamous killing regime. Markers indicate the average over 6
independent runs, error bars indicate the standard deviations, and the solid lines indicate
the predictions obtained by fitting the DS model (A) and the full QSSA (B) with the best fit
parameters. Parameter estimates: k = 1.808 × 10−4 cells−1 min−1 and h = 571 cells for the
DS model, and k = 8.113 × 10−2 cells−1 min−1 and h = 391 cells for the full QSSA model.

Table 2.3. Best fit parameters (95% confidence intervals shown in the parentheses) of the
double saturation (DS) model for different killing regimes.

Regime
Monogamous
Joint
Simultaneous
Mixed

k 0 (cells−1 min−1 )
−4

1.808(±0.143) × 10
1.845(±0.40) × 10−4
1.812(±0.81) × 10−4
1.735(±0.047) × 10−4
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hE (cells)

hT (cells)

571(±68)
2051(±144)
523(±36)
1945(±131)

571(±68)
458(±15)
2979(±561)
1945(±131)
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Padé model (Eq. 2.6), allowing multiple CTLs to bind and jointly kill a single target cell.
He considered the rate of synapse formation to be proportional to the number of free
binding sites on CTLs and target cells, and proposed the dynamics of the number of
occupied binding sites on target cells, i.e., synapses (Cb ), to be given by
dCb
= k1 (Ē − Cb )(nT̄ − Cb ) − (k−1 + k2 )Cb ,
dt

(2.8)

where k1 and k−1 are respectively the rates of conjugate formation and dissociation, k2
is the killing rate, n is the number of binding sites per target cell, and Ē and T̄ are, as
before, the total number of cognate CTLs and target cells present at time t. Using the
tQSSA, Merrill found that for Cb  nT̄ , the total killing rate, Kmerrill , is given by a
double saturation function, with a stronger saturation of killing in target cells than in
CTLs (hereafter referred to as Merrill’s model):
Kmerrill =

nk2 Ē T̄
,
Km + Ē + nT̄

(2.9)

where Km = (k2 + k−1 )/k1 . The above equation can be rearranged into a conventional
double saturation (DS) model with two different saturation constants:
Kmerrill =

k 0 Ē T̄
,
1 + Ē/hE + T̄ /hT

(2.10)

where k 0 = nk2 /Km is a mass-action killing rate, and hE = Km and hT = Km /n,
respectively, the saturation constants in CTLs and in targets.
To identify the conditions for which Merrill’s model is valid, we attempt to deduce it
from a full cell-based model. In joint killing, multiple CTLs sequentially bind to target
cells, and the transitions that can occur for this case are given by the following reaction
scheme:
nk1
k2
−
*
E+T −
)
−
− E1 T −→ E + T ∗ ,
k−1
(n−1)k1

2k2
−−
*
E1 T + E )
−−
−−
−−
−
− E2 T −−→ 2E + T ∗ ,
2k−1

..
.

(2.11)

k

1
nk2
−−
*
En−1 T + E )
−−
−
− En T −−→ nE + T ∗ ,

nk−1

where k1 and k−1 are the rates of conjugate formation and dissociation, k2 is the killing
rate, and E, T , and T ∗ represent the free cognate CTLs, the free target cells, and the dead
targets, respectively. For conditions limited by synapse formation rather than limited
by encounters between CTLs and target cells, the conjugates E1 T form at a rate nk1 .
Similarly, since conjugates En T have n synapses, they can dissociate at a rate nk−1 to
give rise to a conjugate En−1 T and a free CTL. Consistent with Merrill’s model, we
consider CTLs in conjugates En T to act independently and together kill the target cell in
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En T at a rate nk2 . The dynamics of the conjugates are thus given by
free targets

free CTLs

dC1
dt

z
= nk1 (Ē −

}|
n
X
i=1

{z
iCi ) (T̄ −

}|
n
X
i=1

{
Ci ) −(k2 + k−1 )C1 − (n − 1)k1 C1 (Ē −

n
X

iCi )

i=1

+2k−1 C2 ,
dC2
dt

=

i=1

iCi ) − 2k2 C2 − 2k−1 C2 − (n − 2)k1 C2 (Ē −

n
X

iCi )

i=1

+3k−1 C3 ,
..
.

..
.
dCn
dt

(n − 1)k1 C1 (Ē −

n
X

= k1 Cn−1 (Ē −

n
X
i=1

iCi ) − nk2 Cn − nk−1 Cn ,

(2.12)

where C1 , C2 , and Cn represent the number of conjugates E1 T , E2 T , and En T , respecn
P
tively, Ē and T̄ are the total number of CTLs and target cells, respectively, and
iCi
and

n
P

i=1

Ci are the total number of CTLs bound to target cells and the total number of

i=1

targets bound to at least one CTL, respectively.
The total number of synapses Cb equals the number of CTLs in conjugates, i.e.,

n
P

iCi .

i=1

Therefore, the dynamics of synapses is given by
dCb
dt

= nk1 (Ē −

n
X
i=1

iCi )(T̄ −

n
X
i=1

Ci ) − (k2 + k−1 )C1 − (n − 1)k1 C1 (Ē −

n
X

iCi )

i=1


n
X
+2k−1 C2 + 2 (n − 1)k1 C1 (Ē −
iCi ) − 2k2 C2 − 2k−1 C2
i=1

−(n − 2)k1 C2 (Ē −

n
X


iCi ) + 3k−1 C3

+ ...

i=1



n
X
+n k1 Cn−1 Ē −
iCi ) − nk2 Cn − nk−1 Cn .

(2.13)

i=1

Replacing

n
P

iCi with Cb and rearranging, we get

i=1

dCb
dt

=

k1 (Ē − Cb )(nT̄ − Cb ) − (k2 + k−1 )Cb − k2

which has an additional term −k2

n
P

n
X
(i2 − i)Ci ,

(2.14)

i=2

(i2 − i)Ci compared to Merrill’s equation (Eq. 2.8)

i=2

for the dynamics of the synapses. Thus, unless Ci → 0 ∀ i ≥ 2 , this model cannot be
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written entirely in terms of Cb . Surprisingly, Merrill’s equation can be deduced from the
full model if the killing rate of the target cell in En T conjugates is the same as that in a
conjugate E1 T (see Supporting Material).
We simulated the joint killing regime (see Movie S2) by allowing target cells to be in conjugate with multiple CTLs at the same time and by increasing the speed at which a target
is killed when it is to multiple CTLs (see Fig. S4). Interestingly, we found that the number
of cells killed saturates as a function of the target cell density, but increases almost linearly with the CTL density (Fig. 2.4A), which is consistent with Merrill’s model [33]. To
determine whether Merrill’s analysis can provide a phenomenological description of our
simulation data, we fit the DS model (Eq. 2.10) and find that this model describes the
data quite well (Fig. 2.4A; see Table 2.3 for parameters). We find a 4.5-fold difference in
the saturation constants, which according to Merrill’s model [33] gives an approximate
number of binding sites (i.e., maximum number of synapses per cell; see Fig. S2 in the
Supporting Material for distributions of binding sites). The difference in the saturation
constants after fitting with the DS model with two different saturation constants can thus
help us to distinguish the joint killing from other regimes.

2.3.4

Simultaneous killing

Wiedemann et al. [36] experimentally observed that individual CTLs can also simultaneously kill multiple target cells at the same time. Our simulations (see Movie S3 and
Fig. S4) for such a simultaneous killing regime show that there is little saturation of
CTL killing with target cell density and strong saturation with CTL density (Fig. 2.4B),
i.e., saturation is reversed compared to joint killing. This finding is consistent with the
simulations by Graw and Regoes [15], in which the functional response saturates with
CTL density only. In their simulations, conjugates of multiple targets and multiple CTLs
are allowed, however. But, although multiple CTLs can bind to a target cell, only one is
allowed to kill it, i.e., the killing time, tD , does not decrease with the number of CTLs
bound to the target. This implies that the killing regime of Graw and Regoes [15] is similar to our simultaneous killing regime, thus explaining why our results are consistent
with theirs.
Next, we examine whether an analytical functional response can be mechanistically derived from a cell-based model. Similar to our analysis for joint killing regime, we consider
single CTLs to bind sequentially to m target cells for binding-limited conditions, so the
transitions for this case are given by the following reaction scheme:
mk

1
k2
−−
*
E+T )
−−
−
− ET1 −→ E + T ∗ ,

k−1
(m−1)k1

2k2
−−
*
ET1 + T )
−−
−−
−−
−−
−
− ET2 −−→ ET1 + T ∗ ,
2k−1

..
.

k

1
mk2
−−
*
ETm−1 + T )
−−
−−
−
− ETm −−−→ ETm−1 + T ∗ ,

mk−1
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where k1 and k−1 are the rates of conjugate formation and dissociation, k2 is the killing
rate, and E, T , and T ∗ represent the free cognate CTLs, the free target cells, and the
dead targets, respectively. We consider the target cells in conjugates ETm to be killed
independently by the CTLs. Therefore, the conjugates ETm are lost when any of the
m target cells is killed, i.e., at a rate mk2 . Because CTLs have m binding sites, ET1
conjugates form at a rate mk1 , and ETm conjugates dissociate into ETm−1 and a free T
at a rate mk−1 . Therefore, the dynamics of conjugates are given by
free targets

free CTLs

z
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X
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X
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dt
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i=1
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i=1
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X
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= k1 Dm−1 (T̄ −
iDi ) − mk2 Dm − mk−1 Dm ,
dt
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(2.16)
(2.17)

where D1 , D2 , and Dm represent the number of ET1 , ET2 , and ETm conjugates, respectively.
The total number of synapses Cb =

m
P

iDi . Therefore, the dynamics of synapses is given
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iDi ) − mk2 Dm − mk−1 Dm
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(2.18)

iDi with Cb and rearranging, we get

i=1

dCb
dt

=

k1 (mĒ − Cb )(T̄ − Cb ) − (k2 + k−1 )Cb ,
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which is similar to Merrill’s equation for joint killing (Eq. 2.8). Interestingly, we can
mechanistically derive Merrill’s equation - hence an analytical functional response - for
simultaneous killing from a cell-based model.
Following the approaches of Merrill [33] and Borghans et al. [16], we can formally derive
the functional response starting from Eq. (2.19). Since every synapse induces death of
target cells, the rate at which target cells are killed is given by
dT ∗
= k2 Cb .
dt

(2.20)

We can find an analytical expression for the killing rate in a similar way as for monogamous killing. Thus, in order to derive the full solution for the functional response we
first make a tQSSA and subsequently simplify using a Padé approximation. The functional response resulting from the full solution is given by (hereafter referred to as the
full QSSA model):
p
h + mĒ + T̄ − (h + mĒ + T̄ )2 − 4mĒ T̄
,
(2.21)
Kfull = k2 ∆tCb = k2 ∆t
2
where Cb is the total number of synapses, Ē and T̄ are the total number of cognate
CTLs and target cells respectively, k2 is the killing rate of target cells, h is the Michaelis
k2 + k−1
constant defined as
, and m is the number of binding sites per CTL.
k1
Using a Padé approximation, the resulting equation for the total number of cells killed
over a period ∆t becomes
mk2 ∆tĒ T̄
KPadé =
,
(2.22)
Km + mĒ + T̄
where Km = (k2 + k−1 )/k1 is the Michaelis constant. Similar to the joint killing scenario,
the above equation can be rearranged into a DS model with two different saturation
constants:
k 0 ∆tĒ T̄
,
(2.23)
KDS =
1 + Ē/hE + T̄ /hT
where k 0 = mk2 /Km , hE = Km /m, and hT = Km . This functional response implies an
earlier onset of saturation of killing with CTL densities than with target cell densities,
which is consistent with our simultaneous killing simulations and converse to Merrill’s
model. The ratio of the two saturation constants reflects the number of binding sites, m,
on a CTL.
Fitting the DS model of Eq. (2.23) to the data from our CPM simulations, we find that the
DS model describes the data quite well (Fig. 2.4B). Similar to the fits of the monogamous
regime, the fit using the full solution is even better (not shown). As expected, the ratio
hT /hE provides a good estimate for the number of binding sites on a CTL (i.e., maximum
number of synapses per CTL; see Figs. S2 and S3).

27

Chapter 2. General Functional Response of CTL Killing

2.3.5

Mixed killing

Finally, we performed simulations (see Movie S4 and Fig. S4) for the mixed killing regime
in which a CTL can kill multiple target cells in the same conjugate and target cells can be
killed by multiple CTLs. In these simulations, we find that CTL killing saturates approximately at the same target cell and CTL densities (Fig. 2.5: symbols). When compared to
the saturation levels in the monogamous killing regime (Fig. 2.3), the saturation occurs
at much higher CTL and target cell densities in the mixed killing regime. This shift in
the onset of saturation is because targets and CTLs that are sequestered in complexes,
can still interact further with other cells. As a result, the time to find a next target cell
decreases. Thus, the formation of multi-cellular conjugates results in an increase in the
effective killing capacity of CTLs, and saturation occurs at high cell densities. Similar to
the joint killing scenario, we cannot derive an analytical functional response following
Merrill’s analysis. Nevertheless, as the saturation is symmetric with CTL and target cell
densities, it turns out that the phenomenological DS model of Eq. (2.6) with one saturation constant, can fit the data well at all densities examined (Fig. 2.5; see Table 2.3 for
parameter estimates).

2.4

Mechanistic insights

Since we cannot mechanistically derive the DS model for the joint and mixed killing
regimes, we examine the interpretation of its parameters. The generalised DS model
with two different saturation constants is given by
f (Ē, T̄ ) =

k 0 Ē T̄
.
1 + Ē/hE + T̄ /hT

(2.24)

When Ē → 0 and T̄ → ∞ (i.e., Ē/hE  T̄ /hT ), this reduces to k 0 hT Ē, which is
the maximum total CTL killing rate. When Ē → ∞ and T̄ → 0 (i.e., Ē/hE  T̄ /hT ),
Eq. 2.24 reduces to k 0 hE T̄ , which is the maximum rate at which target cells can be killed.
At low CTL and target cell numbers, i.e., Ē → 0 and T̄ → 0, the per CTL killing rate
becomes k 0 Ē T̄ . Thus, k 0 in the DS model (Eq. 2.24) can be interpreted as a mass-action
killing rate. Therefore, even though the DS model cannot be mechanistically derived for
all killing regimes, the parameters can be interpreted biologically.
Taken together, our analysis shows that the DS model can be used to interpret the mechanisms of CTL and target cell interactions that underlie cytotoxicity data. If hE≈hT ,
the data point to either monogamous or mixed killing regimes. The asymmetric cases
hE > hT or hE < hT , respectively, suggest that joint or simultaneous killing regimes
occur.
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Figure 2.4. The total number of cells killed over 75 mins of simulation as a function of target
cell (left panels) and CTL (right panels) densities for joint (A) and simultaneous (B) killing.
Markers indicate the mean of the total number of cells killed over 6 independent runs, error
bars indicate the standard deviation, and solid lines represent the predictions of the DS model
Eq. (2.23) with best fit parameters (see Table 2.3).
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Ē=750
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Figure 2.5. The total number of cells killed over 75 mins of simulation as a function of
target cell (left panel) and CTL (right panel) densities for mixed killing. As indicated earlier,
markers represent the mean of the total number of cells killed over 6 independent runs, error
bars indicate the standard deviation, and solid lines represent the predictions of the DS model
with best fit parameters (see Table 2.3).
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2.5

Discussion

Our aim with this study was to derive a general functional response for target cell killing,
which is valid for a wide range of killer and target cell densities. Therefore, we only
consider fixed densities, and vary these widely between simulations. Similarly, in the
ordinary differential equations (ODEs) we derive the functional response mechanistically
by using constant CTL and target cell densities. Thus, our functional response predicts
the killing rate at any given density of targets and killers. If in an experimental system
these densities change over time (by e.g., target cell proliferation), one would have to
add that to the ODEs that are used to describe the data. If the additional dynamics are
fast, this could invalidate the QSSA, and one would have to study the full dynamics of
CTL-target interactions.
By simulating CTL killing in an in silico environment resembling T cell areas of lymphoid
tissues, we have shown that the number of target cells that is killed per unit of time
is expected to approach a maximum value, i.e., saturates when the density of target
cells or that of CTLs becomes large. In asymmetric killing regimes - where either one
CTL kills many targets, or where one target is killed by many CTLs - the saturation is
also asymmetric (see Table 2.3). We have generalized a mechanistic function with just
one saturation constant into a semi-mechanistic functional response with two saturation
constants, one for the CTLs and another for the target cells.
Whether or not a CTL can jointly kill multiple target cells, and how this affects the time
to kill target cells in such multi-cellular conjugates is not known, and probably depends
on factors such as the kind of target cell, its peptide-MHC density, and its presentation
of co-stimulatory molecules. We have studied the simplest cases where one CTL can
kill multiple target cells, or a target cell is killed by multiple CTLs in the most efficient
way. Since our goal is to use the artificial data for the fitting of mathematical models rather than to give detailed predictions, we here used two-dimensional instead of
three-dimensional simulations. The number of CTLs and target cells binding to their
counterparts and the search efficiency of CTLs are expected to vary between 3D and 2D
fields. These differences should only result in different absolute values of the saturation
constants. However, the nature of the saturation is expected to remain the same, because
our mechanistic ODE models confirm this result and do not depend on the dimensionality
of the space.
There are some differences between the conditions of our CPM simulations and our
derivation of functional responses. First, following Merrill’s model [33], functional responses are derived for binding-limited conditions, whereas killing in our simulations is
expected to be diffusion-limited at low cell densities, and binding-limited at either high
CTL or high target cell densities. However, we find that our DS model still describes the
simulation data well, because the target cell killing observed in simulations with either
many CTLs or many targets largely determine the saturation constants. Finally, in our
simulations we use a fixed kill time tD of 15 mins, whereas this time period is assumed
to be exponentially distributed while mathematically deriving the functional responses.
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Therefore, this suggests that our main conclusions are insensitive to the exact underlying
distribution of the killing time tD . This is important because the precise distribution of
killing times in vivo is unknown.
The good fits of the DS model to the simulated data implies that it is robust for the
above-mentioned differences. Thus, fitting this simple function to experimental data allows one to estimate both the maximum number of targets a CTL can kill per day, i.e., the
maximal killing rate, and the relative sizes of its two saturation constants, which reveals
information about the interactions between CTLs and target cells. Because the cellular
interactions during the killing of target cells are typically unknown, it seems a good approach to fit experimental data with the general DS model with two different saturation
constants in order to determine the interactions underlying the killing. Interestingly, it
was recently found that neutrophil killing of bacteria is also well described by a double
saturation model, with a stronger saturation in the neutrophil density than that in the
bacterial density [54]. Our results therefore suggest that single neutrophils are killing
several bacteria at the same time (i.e., our simultaneous killing regime) could be the
underlying mechanism in these neutrophil killing assays [54].
Our results reconcile conflicting findings of several recent studies. We have shown that
the simulation results of Graw and Regoes [15] with saturation only in the CTL density
can be understood from their specific killing regime. We showed that the functional response they found can be mechanistically derived. In an another study, Ganusov et al. [10]
analyzed in vivo cytotoxicity data in spleens of mice [23] and found that a mass-action
model describes the CTL mediated killing best, i.e., there was no evidence for saturation
in killing efficiency. Our results for a realistic killing time of tD = 15 min [26, 36] suggest a saturation constant at a cell frequency of about 10% of all cells for monogamous
killing, and at a frequency of about 40% for mixed killing. Because the highest CTL frequency in these in vivo data is about 10% [23], there may indeed be very little saturation
in the above-mentioned circumstances. Finally, as Ganusov et al. [10] noted, some of
the target cells may have encountered a CTL in vivo, but may actually be killed ex vivo
after the spleen had been taken out to count cells. In that case their rapid estimated
killing rate reflects the search time rather than the true killing time in the spleen, and
search times are not expected to saturate. Taken together, we propose the DS model as
a generic model to describe and quantify killer-target cell dynamics. The relative values
of the saturation constants can be used to identify the underlying CTL and target cell
interactions in cytotoxicity assays.
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Supplementary Information
Merrill’s model for modified joint killing
Surprisingly, Merrill’s equation can be deduced if we assume that target cells in conjugates En T are killed at the same rate as that of targets in conjugates ET . The dynamics
of conjugates and are then given by
dC1
dt

= nk1 (Ē −

n
X
i=1

n
X

iCi )(T̄ −

i=1

Ci ) − (k2 + k−1 )C1 − (n − 1)k1 C1 (Ē −

n
X

iCi )

i=1

+2k−1 C2 ,
dC2
dt

=

n
X
i=1

iCi ) − k2 C2 − 2k−1 C2 − (n − 2)k1 C2 (Ē −

n
X

iCi )

i=1

+3k−1 C3 ,
..
.

..
.
dCn
dt

(n − 1)k1 C1 (Ē −

= k1 Cn−1 (Ē −

n
X
i=1

iCi ) − k2 Cn − nk−1 Cn ,

(S.1)

where C1 , C2 , and Cn represent the number of conjugates ET , E2 T , and En T , respectively, and Ē and T̄ are the total number of CTLs and target cells, respectively. Note
that, contrary to the case considered in Eq. 2.11 in the main text, the target cells in all
the conjugates are considered to be killed at the same rate k2 while writing the above
equations.
The total number of synapses Cb =

n
P

iCi . Therefore, the dynamics of synapses is given

i=1

by
dCb
dt

= nk1 (Ē −

n
X
i=1

iCi )(T̄ −

n
X
i=1

Cn ) − (k2 + k−1 )C1 − (n − 1)k1 C1 (Ē −

n
X

iCi )

i=1


n
X
+2k−1 C2 + 2 (n − 1)k1 C1 (Ē −
iCi ) − k2 C2 − 2k−1 C2
i=1

−(n − 2)k1 C2 (Ē −

+n k1 Cn−1 Ē −
Replacing

n
P

n
X


iCi ) + 3k−1 C3

+ ...

i=1

n
X
i=1


iCi ) − k2 Cn − nk−1 Cn

.

(S.2)

iCi with Cb and rearranging, we get

i=1

dCb
dt

=

k1 (Ē − Cb )(nT̄ − Cb ) − (k2 + k−1 )Cb ,
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which is identical to Eq. 2.8, which Merrill proposed for the joint killing regime.
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Figure S1. Migration properties during CPM simulations. Panels show representative plots of
a 2-dimensional simulation: (A) speed of four representative simulated CTLs in the absence
of killing (mean speed: 9.5µm/min), (B) speed of four simulated target cells in the absence
of killing (mean speed: 5.6 µm/min), (C) speed of four simulated CTLs in the presence of
killing, and (D) speed of four simulated targets in the presence of killing. (E) Mean square displacement (msdp) plot in the absence of killing. Markers indicate average over 100 cells from
6 independent simulations, and the error bars indicate the corresponding standard deviation.
Lines indicate the predictions of Fuerth’s equation: msdp = 4M {(t − P (1 − e−t/P )} [49],
where M is the motility coefficient, and P is the persistence time.
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Distributions of synapses
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Figure S2. Number of synapses per CTL or target cell observed in (A) joint and (B) simultaneous killing regimes, calculated every 50 mins in a simulation. The left and right panels show
results from simulations with Ē=100, T̄ =1500 and Ē=1500, T̄ =100 respectively. Bars indicate the average of 10 measurements in a simulation, and the error bars indicate the standard
deviation in the measured occupied sites.
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Predictions of number of binding sites
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Figure S3. In the main text we showed that the double saturation functional response can
be mechanistically derived for the simultaneous killing regime. Therefore the ratio of the
saturation constants hT /hE should be predictive for the number of binding sites on CTLs. The
number of binding sites represents the maximum number of synapses per cell. We tested this
prediction by performing simultaneous killing regime simulations in which we restricted the
number of binding sites per CTL (i.e., contrary to the simulations with unrestricted binding
sites described in the main text). We obtained the number of cells killed as a function of CTL
and target cell densities for up to 10 binding sites allowed. Next, we fitted both the full model
of Eq. (2.21) and the DS model of Eq. (2.23) to compare the predicted maximum number of
binding sites predicted by using m of the full model and the hT /hE ratio of the DS model to
the actual maximum. Whereas the DS model predictions slightly overpredicted the number
of binding sites, the full model predictions are accurate until approximately four binding sites
allowed. For more than four permitted binding sites, the actual maximum attained no longer
increases due to the finite surface area of CTLs.
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CPM simulation algorithms
Start
time = -240 mins
Fill the space with static elements representing RN
Initialize the field with both antigen relevant and irrelevant CTLs and targets
For every time step, free CTLs and free targets actively migrate
Conjugates form according to the same rules as described below (Box 1),
but no target cell is allowed to be killed
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time = 0 mins?

NO

For every target in conjugate with a CTL,
assign a random contact time between 0 and 15 mins
time < 600 mins?

NO

Stop

For every time step, free CTLs and free targets actively migrate
time = time + 1 sec
Box 1
Reduce adhesion and
resume target migration

CTL-target
encounter?

Reduce adhesion and
resume CTL migration

YES
CTL condition
Binding sites
available on CTLs?
YES
Target condition
Binding sites
available on targets?
YES
1. Conjugate formed
2. Increase adhesion between CTL-target
3. Make the CTL-target conjugate immotile
For all targets, determine the number of CTLs
in conjugate (x)
YES

For all CTLs, determine the number of targets
in conjugate (y)

Is x = 0?

Is y = 0?

YES

NO
contact_time=contact_time + x
contact_time > tD?

NO

YES
Kill the target
Create new target at a random position

Figure S4. Schematic description of CPM simulations of target cell killing by CTLs. CTLs and
targets are considered ‘free’ if they are not part of any conjugate. Box 1 gives the set of instructions for conjugate formation. For simulations with unrestricted number of binding sites,
the ‘CTL condition’ is performed only for the monogamous and joint killing regimes, whereas
the ‘Target condition’ is performed only for the monogamous and simultaneous regimes.
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Representative movies of simulations
Representative movies of the monogamous (Movie S1), joint (Movie S2), simultaneous
(Movie S3), and mixed (Movie S4) killing simulations (with Ē = T̄ = 750 cells) can be
found at http://www.sciencedirect.com/science/article/pii/S0006349514002185.
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Abstract
Cytotoxic T lymphocyte (CTL)-mediated killing involves forming a stable contact with
the target cells, followed by delivery of perforin and granzymes (often referred to as
a ‘lethal hit’). Previously, we have determined the general functional response of CTL
killing, assuming that a single lethal hit is sufficient to induce target cell death. However,
killing may involve transition through multiple stages. For example, about 50% of motile
HIV-infected CD4+ T cells were killed after multiple successive engagements with CTLs.
In this study, we determine how the functional response is affected for a scenario in
which a target cell transits multiple stages before being killed, compared to single-stage
killing. Using spatial simulations of CTL-mediated killing, we show that the functional
response resulting from multi-stage killing is qualitatively similar as from single-stage
killing, i.e., a double saturation function. However, the saturation in killing occurs at a
higher CTL and target cell frequencies.

3.1

Introduction

Cytotoxic T lymphocyte (CTL) killing of tumor and virus-infected cells generally involves
four steps: localization of the target cell; formation of a specialized junction with the
target (called a cytotoxic synapse); delivery of effector molecules, such as perforin and
granzymes; and detachment from the dying target, followed by resumption of the search
for new targets. The functional response of CTL-mediated killing is defined as the rate
at which single CTLs kill target cells as a function of CTL and target cell frequencies
resulting from such CTL-target interactions, and has been studied using mathematical
models that are analogous to enzyme-substrate kinetics [16, 17, 33, 55]. All the models so far consider CTLs and targets to form conjugates (mimicking the synapse), which
subsequently either dissociate resulting in a naïve target cell, or lead to the death of the
target [16, 33, 55], i.e., targets are killed following a single ‘lethal hit’. However, using
two-photon microscopy, antigen-pulsed B cells in vivo were shown to break their synapse
with CTLs and were killed in the subsequent conjugation with CTLs [26]. Moreover,
in recent in vitro collagen gel experiments, it was found that about 50% of the motile
HIV-infected CD4+ T cells break the synapses with CD8+ cells [1]. Although these observations do not directly show that multiple stages of killing indeed occur, it also poses
no evidence against it.
Here, we investigate how such multi-stage killing affects the functional response of CTL
killing. Therefore, we adapt our previous cellular potts model (CPM) simulations [55]
to determine the functional response of CTL-mediated killing resulting from multiple,
independent hits. Specifically, we simulate short-lived synapses between CTLs and target
cells, yet by having target cells remember the accumulated synapse durations we mimic
multiple hits (or multi-stage killing). The resulting functional response remains qualitatively similar as in our earlier study [55], i.e., killing rates saturate with both an increase
in CTL and target cell densities. However, the onset of saturation in killing is delayed
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for multi-stage killing compared to single-stage killing. Furthermore, if targets conjugate
with only a single CTL at a time, an analytical expression for the functional response of
multi-stage killing can be derived by extending the mathematical enzyme-substrate analogy. Besides confirming the simulation results, the derived functional response shows
that the saturation constant increases with an increase in the number of stages. Nevertheless, the maximum CTL killing rate depends only on the cumulative contact time
required for CTLs to induce target cell death.

3.2

Results and Discussion

To determine the functional response of CTL-mediated killing resulting from multi-stage
killing, we perform 2-dimensional cellular potts model (CPM) simulations similar to our
earlier study [55] (see Methods). Briefly, each cell in the CPM is a collection of multiple
lattice sites, with surface energies and tensions on the edges of a cell determining its
interactions. We consider a torus of 500pixels × 500pixels, where a pixel corresponds to 1
µm, and is composed of static elements representing the reticular network, CTLs, B cells
as targets, and extra-cellular matrix. Each CTL and B cell is assigned a preferred direction
of migration, which is updated once in every 3 mins based on its recent direction of
migration.
Upon an encounter between a CTL and a target cell, whether a conjugate forms depends
on the interaction rules of the four possible killing regimes: monogamous, joint, simultaneous, and mixed killing (see Fig. 1 in Chapter 2). In monogamous and joint regimes
of killing, a CTL can maximally conjugate with one target at a time, whereas CTLs can
conjugate with many targets in simultaneous and mixed regimes. Targets are allowed
to conjugate with at most one CTL at a time in monogamous and simultaneous regimes,
but they can conjugate with multiple CTLs at the same time in joint and mixed killing
regimes.
In our earlier study [55], we mimicked single-stage killing by aiming for stable conjugates through adhesion increase and through stopping the active migration of cells
in conjugates. To simulate multi-stage killing, cells in a conjugate no longer preferentially adhere to each other and continue to migrate, which results in conjugates of short
duration. Target cells ‘remember’ the accumulated duration in conjugates after they dissociate from a conjugate, and accrue upon this existing signal when conjugated later,
thus mimicking multi-stage killing. Note that we do not specify the number of stages or
their duration. Because we record conjugates once in every 10s, this restricts the shortest conjugate durations observed in our simulations. In all our simulations, we used a
fixed ‘kill time’ tD = 15 mins, i.e., the total time required for a CTL to induce target cell
death. Targets accumulate the killing signal independently from all their attached CTLs
(depending on the regime), and CTLs can contribute killing signal to all the targets in a
conjugate. When the killed target disappears from the field, a new target cell is introduced at a random location in the field to maintain the same target cell numbers within
a simulation. Furthermore, the number of CTLs remains constant within a simulation,
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thus preventing confounding effects due to changing cell numbers.

3.2.1

Monogamous killing regime

In monogamous simulations, only conjugates of one CTL and one target are allowed to
form. Multi-stage killing in this case implies that targets are killed by multiple CTLs
in a sequential manner. We vary the number of ‘antigen-specific’ CTLs and the cognate
targets between simulations. Each simulation corresponds to 240 mins, and to ensure
that killing is at steady state, we measure the number of target cells killed over the last
75 mins. The number of cells killed saturates to the same extent either with an increase
in CTL or target cell densities (Fig. 3.1, symbols), which is qualitatively consistent with
the earlier proposed double saturation functional response for single-stage monogamous
killing [16, 55].
By assuming that conjugates either dissociate to naïve target cells or lead to dying target
cells, Borghans et al. [16] derived the functional response for monogamous killing from
the reaction scheme
k1
k2
−
*
E+T −
)
−
− [ET ] −→ E + T ∗ .
(3.1)
k−1

In this scheme, E, T , T ∗ , and [ET ] represent the free cognate CTLs, naïve target cells,
dead targets, and conjugates, respectively; k1 and k−1 are the rates of conjugate formation and dissociation, respectively; and k2 is the killing rate. Using the so-called total
quasi-steady approximation, they found the following quadratic equation in the number
of conjugates [ET ], C:
C 2 − (h + Ē + T̄ )C + Ē T̄ = 0 ,
(3.2)
where Ē and T̄ are, respectively, the total number of CTLs and targets, and h is the
Michaelis-Menten saturation constant, defined as (k2 + k−1 )/k1 . From the above equation, the number of cells killed over a period of ∆t is given by


q
k2 ∆t
2
Kfull =
h + Ē + T̄ − (h + Ē + T̄ ) − 4Ē T̄ ,
(3.3)
2
The full solution can be further simplified into a double saturation (DS) model, using a
Padé approximation:
k∆tĒ T̄
,
(3.4)
KDS =
1 + Ē/h + T̄ /h
where k is the mass-action killing rate [55], which for monogamous killing is defined as
k2 /h.
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Table 3.1. Summary of best-fit parameters of the DS model. The best-fit parameters for single-stage killing are taken from our previous
study [55] (and Chapter 2).

Figure 3.1. Number of target cells killed during multi-stage monogamous killing. The number of cells killed over 75 mins of simulation
as a function of CTL and target cell numbers. The mean number of cells killed from 3 independent simulations are shown in markers,
and error bars represent the standard deviations. The best-fit DS model predictions are depicted in solid lines (see Table 3.1 for the best
fit parameters).
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To quantify the saturation in killing, we fit the DS model of Eq. 3.4 to the CPM simulation
data, and find that the DS model describes the data well (Fig. 3.1, symbols). Although
this is qualitatively consistent with our earlier simulations in which conjugates are relatively stable [55], the best-fit parameters (Table 3.1) demonstrate that the saturation
in multi-stage killing sets in at much higher cell densities compared to ‘single-stage’ killing. Furthermore, as expected we find a lower killing rate, k, in multi-stage than in
single-stage killing.
From the definition of the saturation constant, h, we expect that an increase in either the
conjugate dissociation rate, k−1 , or the killing rate of target cells, k2 , results in a higher
saturation constant, and that an increase in the conjugate formation rate, k1 has the opposite effect. In the multi-stage killing simulations, conjugates break up more frequently
than for single-stage killing. However, this is not equivalent to a higher dissociation rate
because we consider targets to proceed to a next killing stage rather than to fall back to
the previous stage upon breakup.

Mechanistic derivation of the functional response for monogamous killing
To better understand why multi-stage killing results in a saturation at higher cell frequencies than single-stage killing, we next attempt to derive the functional response of
CTL-mediated killing by extending the Borghans et al. [16] model (see also chapter 2)
with multi-stage killing. For this purpose, we consider targets to transit sequential stages
of conjugate before being killed, and for simplicity, we here limit the number of stages to
two,
k0

k

1
2
−
*
E+T −
)
−
− [ET ] −→ E + T1 ,

k−1
k1

k0

2
−
*
E + T1 −
)
−
− [ET1 ] −→ E + T ∗ ,

(3.5)

k−1

where E, T , T1 , and T ∗ represent, respectively, free cognate CTLs, naïve target cells,
partially lysed targets, and dead targets; [ET ] and [ET1 ] represent the conjugates in first
and second stages of killing, respectively; k1 and k−1 are the rates of conjugate formation
and dissociation, respectively; k20 is the rate at which targets transit each stage. The
dynamics of conjugates and partially lysed targets, T1 , are given by
dC1
dt
dC2
dt
dT1
dt

=

k1 ET − (k20 + k−1 )C1 ,

=

k1 ET1 − (k20 + k−1 )C2 ,

=

k20 C1 − k1 ET1 ,
(3.6)
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where C1 and C2 represent, respectively, the number of [ET ] and [ET1 ] conjugates. The
conservation equations for effectors and targets are given by
Ē

= E + C1 + C2 ,

T̄

= T + T1 + C1 + C2 ,

(3.7)

where Ē and T̄ are the total CTL and target cell numbers, which are maintained at a
constant level within a simulation.
Similar to earlier studies [16, 55], we can rewrite the dynamics in terms of total cell
numbers as
naïve targets

free CTLs

dC1
dt

=

}|
{z
}|
{
z
k1 (Ē − C1 − C2 ) (T̄ − T1 − C1 − C2 ) −(k20 + k−1 )C1 ,

=

z
}|
{z
}|
{
k1 (Ē − C1 − C2 ) (T̄ − T − C1 − C2 ) −(k20 + k−1 )C2 ,

free CTLs

dC2
dt

partially lysed targets

(3.8)

dC1
dC2
=
= 0),
dt
dt
and summing the resulting equations, we obtain the following quadratic equation in
terms of the total number of conjugates, C = C1 + C2 :
By making a quasi-steady state (QSS) assumption for C1 and C2 (i.e,

C 2 − (h0 + Ē + T̄ )C + Ē T̄ = 0,

(3.9)

where h0 = (k20 + k−1 )/k1 is the Michaelis-Menten constant. Except for the difference
in the definition of C and h0 , the above quadratic equation is identical to that for single
stage killing (see Eq.( 3.2)) [16, 55]. Therefore, we can obtain the expression for C as
the full QSSA solution, or simplify further by a Padé approximation. According to the full
solution, the density of the conjugates, C = C1 + C2 , at steady state is given by
q
1
C = C1 + C2 = (h + Ē + T̄ − (h0 + Ē + T̄ )2 − 4Ē T̄ ) ,
(3.10)
2
which can be further simplified using a Padé approximation, into
C = C1 + C2 =

Ē T̄
.
h0 + Ē + T̄

(3.11)

From the quasi-steady state equations for partially lysed targets, T1 , and conjugates at
k 0 + k−1
the second stage, C2 (Eq. 3.6), we find that C1 = 2 0
C2 at steady state. Therefore,
k2
the total number of conjugates is given by
C = C1 + C2 =

k20 + k−1
2k20 + k−1
C
+
C
=
C2 ,
2
2
k20
k20

(3.12)

and the rate at which the target cells are killed is given by
dT ∗
k0 k0
= k20 C2 = 0 2 2 C .
dt
2k2 + k−1
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When synapses break in our CPM simulations, target cells remember the elapsed duration
in conjugates. Thus, a high frequency of conjugate breakup implies a high k20 and the
rate of dissociation to naïve targets k−1 → 0. The rate at which target cells are killed
then reduces to
k0
dT ∗
= 2C .
(3.14)
dt
2
Therefore, the number of target cells killed over a time ∆t, resulting from two-stage
CTL-mediated killing is


q
k20 ∆t
0
0
0
2
Kfull = k2 ∆tC2 =
h + Ē + T̄ − (h + Ē + T̄ ) − 4Ē T̄ ,
2
1 k20 ∆tĒ T̄
.
(3.15)
KPadé = k20 ∆tC2 =
2 h0 + Ē + T̄
These functional responses are similar to that obtained for single-stage killing (Eqs. (3.3)
and (3.4)) [55]. To quantify the influence of multi-stage killing, let us consider the same
average time a target should be in conjugate to be killed, irrespective of the number
of stages. To make the kill time tD the same between single- and multi-stage killing
scenarios, we set k20 = 2k2 , and obtain the following functional responses for multi-stage
killing:
q
k2 ∆t 0
Kfull =
(h + Ē + T̄ − (h0 + Ē + T̄ )2 − 4Ē T̄ ) ,
2
k2 Ē T̄ ∆t
KPadé =
,
(3.16)
h0 + Ē + T̄
where the Michaelis-Menten saturation constant is h0 = k20 /k1 = 2k2 /k1 (because
k−1 = 0). Therefore, the resulting functional response qualitatively remains the same
but multi-stage killing results in a higher saturation constant, which is consistent with
our simulations (Fig. 3.1). The maximum killing rate in multi-stage killing is the same as
in single-stage killing (i.e., k2 ). Furthermore, from the definition of h = (k2 + k−1 )/k1 ,
the saturation also occurs at higher CTL and target cell frequencies when the dissociation rate to naïve targets, k−1 , is increased. Taken together, these results show that
increasing the number of stages for target cells to be killed, or increasing the dissociation
rate of conjugates k−1 , both result killing rate saturation at higher CTL and target cell
frequencies, without altering the maximum killing rate.

3.2.2

Non-monogamous killing regimes

Next we examined whether the above findings can be generalized to non-monogamous
regimes. We performed similar multi-stage killing simulations for simultaneous, joint,
and mixed killing regimes, and find that CTL killing generally saturates both in CTL
and target cell densities. Furthermore, consistent with our previous study [55], the
onset of saturation is asymmetric in simultaneous and joint killing regimes (Fig. 3.2).
In the mixed killing regime, the number of cells killed increases almost linearly with an
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increase in CTL or target cell numbers, i.e., there is no evidence for saturation at these
densities. This lack of saturation is also consistent with our earlier single-stage mixed
killing simulations [55], and is now even weaker due to multi-stage killing.
To quantify the saturation in killing, we fit the DS model of Eq. 3.17 to the data from
non-monogamous killing simulations and find that the saturation constants are indeed
higher than the corresponding single-stage killing (Table 3.1). Taken together, these
results demonstrate that the influence of multi-stage killing can be generalized, and that
the double saturation model is a good approximation even if multiple hits are required
to induce target cell death.
Our results show that, for a given kill time an increased number of stages (or multiple
hits) to kill a target cell results in saturation at higher CTL and target cell frequencies,
without altering the maximum possible killing rates. Throughout this study, we considered targets to remember the durations they spent in conjugates when they break the
synapse, i.e., targets advance a killing stage. Although there is no experimental evidence
supporting or denying this, such a ‘memory’ represents an ideal case for efficient CTL killing. Still, compared to single-stage killing, multi-stage killing or a high dissociation rate
generally results in inefficient killing, except at very high cell densities when maximum
killing rates are attained. Consistent with this, it was recently shown that CXCR3−/− T
cells have less stable interactions with virus-infected target cells than wild-type T cells,
resulting in reduced control of the virus [56].

3.3
3.3.1

Methods
Cellular potts model simulations

The simulations performed in this study are similar to our earlier study [55], and differ
only in the stability of conjugates (see Chapter 2 for full details of the simulation protocol). Briefly, we achieve multi-stage killing by continuing CTL and target cell migration
despite being in a conjugate. Moreover, there is no preferential adhesion between these
cell types, thus preventing their sticking together during migration. Together, this results
in short-lived conjugates. We keep track of the time spent in conjugates by the targets
at a temporal resolution of 10 sec. When a conjugate dissociates, the target cell remembers the duration it spent in a conjugate, and accumulates on top of the elapsed contact
duration when subsequent conjugates with the same or different CTLs are formed. A
target cell is killed when the cumulative conjugate duration reaches tD = 15 mins, and
the killed target vanishes in a few seconds. When it has fully disappeared, a new target
cell is introduced at a randomly chosen position in the field. To ensure that we measure
CTL-mediated killing at steady state, we perform each simulation for 240 minutes, but
count the number of cells killed only during the last 75 mins.
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Figure 3.2. Number of cells killed during non-monogamous killing regimes: joint (A), simultaneous (B), and mixed (C). The mean number of cells killed obtained from 3 independent
simulations are shown in markers, and error bars represent the standard deviations. The
best-fit DS model predictions are depicted in solid lines.
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3.3.2

Mathematical models

According to the general double saturation (DS) model [55], the number of cells killed
over a period ∆t is given by
KDS =

k∆tĒ T̄
,
1 + Ē/hE + T̄ /hT

(3.17)

where k is the ’mass-action’ killing rate (see below); hE and hT are saturation constants
in CTL and target cells, respectively; and Ē and T̄ are the number of CTLs and targets,
respectively. At low densities of CTLs and target cells, or when saturation constants
are very large (hE = hT = ∞), the total killing rate approaches the mass-action term,
k Ē T̄ , showing that the killing rate k has the same interpretation as a mass-action killing
rate. Whenever a fitting procedure leads to parameter estimates where hE → ∞ and
hT → ∞ one should conclude that the data are well described by a mass-action process.
If hE → ∞, the DS model reduces to
KDS|hE →∞ =

k∆tĒ T̄
,
1 + T̄ /hT

(3.18)

which results from a conventional Holling’s type II functional response with saturation
in target cells, T , and if hT → ∞, the DS model reduces to
KDS|hT →∞ =

3.3.3

k∆tĒ T̄
.
1 + Ē/hE

(3.19)

Non-linear regression

For all the regression analyses of models to the data, we used the function nlinfit, which
uses the Levenberg-Marquardt algorithm, in Matlab (The MathWorks Inc., Natick, MA).
To prevent skewing of the fit to large number of cells killed, we log-transformed the data
prior to fitting.
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Abstract
Cytotoxic T lymphocyte (CTL)-mediated killing of virus infections and tumors occurs
over a wide range of conditions. The spatial environments in which CTLs encounter
target cells vary from narrow vessels, to two-dimensional epithelial tissues, to densely
populated 3-dimensional (3D) T cell areas within lymphoid tissues. How such spatial
environments alter the functional response of CTL-mediated killing is unclear. In this
study, we perform cellular Potts model simulations in different spatial configurations to
investigate how the dimensionality of the space affects the functional response of CTLmediated killing. We show that saturation in a fully 3D environment is stronger than
in a ‘flat’ 3D environment, which is largely due to accompanying differences in CTLtarget encounter rates. Irrespective of the spatial configuration, the double saturation
function that we previously proposed can in all cases describe the CTL-mediated killing,
demonstrating its generality.

4.1

Introduction

Cytotoxic T lymphocytes (CTLs) continuously search for and kill virus-infected cells. For
example, CTLs specific to HIV co-localize with infected cells in the sub-capsular sinuses of
lymph nodes [57], whereas CTL interactions with peptide pulsed B cells predominantly
occur in T cell areas in the cortex of lymph nodes [26]. Furthermore, tissue-resident
memory T cells continuously patrol the skin epidermis to find targets [3, 20], and tumorinfiltrating CTLs navigate through spatially complex environments [2, 19]. Therefore, it
is important to understand how spatial environments influence the CTL-mediated killing
rates of target cells.
As in ecology, the functional response of CTL-mediated killing is defined as the rate at
which a single CTL kills targets, as a function of the CTL and the target cell densities.
The total killing rate at which target cells are killed is given by the product of CTL density and the functional response. Theoretical studies hitherto have studied the functional
responses of CTL-mediated killing in 2D or 3D environments [15, 55]. In an earlier
study [55], we performed 2D cellular Potts model (CPM) [43, 44] simulations of CTLmediated killing in a densely packed cellular environment mimicking T cell areas of a
lymph node, and found that a double saturation (DS) model (with two different saturation constants) describes the CTL-mediated killing well, regardless of the number of
cells allowed in CTL-target cell conjugates. Additionally, we could analytically derive
this DS model for cases where target cells are killed by a single CTL. For other cases,
the double saturation model still provides a semi-mechanistic description, having three
parameters with a sound biological meaning [55]. Thus, the DS model is a general
functional response of CTL-mediated killing, expected to apply across a wide range of
conditions. However, the quantitative effects of tissue dimensionality on the functional
response are still unknown.
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In this study, we investigate how dimensionality of the tissue influences the functional
response. To this end, we perform 3D CPM simulations of CTL killing in two spatial
configurations. As expected from our previous study [55], the DS model appears valid
for different types of CTL-target interactions, irrespective of the dimensionality of the
simulation field. Moreover, we find that the tissue dimensionality affects the onset of
saturation in killing, predominantly due to differences in CTL-target encounter rates.
Taken together, our results demonstrates that the double saturation model is a generic
functional response, and that spatial dimensionality plays a hitherto unrecognized role
in determining the extent of saturation of CTL-mediated killing.

4.2
4.2.1

Results
Cellular Potts model simulations of CTL-mediated killing

The CPM is a lattice-based model [43, 44], in which each cell is composed of multiple
lattice sites. Previously, we performed 2D CPM simulations to determine the general
functional response of CTL-mediated killing [55]. Here, we investigate the quantitative
differences of the CTL-mediated killing functional response between 2D and 3D environments.
The parameters in our previous 2D CPM simulations [55] were chosen such that the
motility properties of in silico cells mimic those observed in vivo [2, 26]. To achieve a
similar motility in 3D simulations, we require a different set of CPM parameters, confounding a direct comparison of killing rates observed in 2D and 3D simulations. Therefore to rigorously compare the functional responses of CTL-mediated killing in different
spatial environments, we consider two 3-dimensional fields of equal volume: a slab and
a cube, with dimensions of 107×107×107 and 350×350×10µm3 , respectively (Fig. 4.1).
The slab configuration resembles a 2D space as its height is close to the diameter of a
CTL [7] or a target cell in our simulations, and hence it mostly consists of cells in a
mono-layer. To restrict the migration of cells in the z-direction, we made the boundaries
of both cube and slab fields in the z- direction impermeable to cells (i.e., a fixed boundary condition in the z-direction alone; see Fig. 4.2A-D for representative snapshots of the
simulations). Thus, the slab closely resembles a 2D space, and the cube a 3D space.
The simulation protocol used in this study is same as in our previous study (see Methods and Chapter 2 for details). Briefly, we consider a finite 3D space (wrapped in xand y-directions), filled with static rods representing the fibroblastic reticular network
(RN), CTLs, and B cells as target cells; the empty voxels represent extracellular matrix
(Fig. 4.2A-D). The two configurations differ only in the dimensionality of the space; the
rest of the parameters, including the volume of the field, total number of cells and RN
density, remain the same. CTLs and target cells perform a persistent random walk in
this space according to well-defined migration rules (for details see [45, 46, 55]). The
simulation parameters are chosen such that we approximate the migration properties
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Figure 4.1. Schematic of the fields. The cube (left) and slab (right) are of equal volume, and
the numbers on the edges indicate the dimensions of the environments.

of T cells observed in imaging studies [26]. The migration speeds of CTLs and targets
are similar between slab and cube. However, despite the same simulation parameters between slab and cube simulations, cells in the two configurations exhibit different motility
coefficients (Table 4.1). This could be due to the fact that cells in a cube have the additional freedom to migrate in the z-direction, resulting in a lower motility coefficient
in a cube simulation. Note that for the estimation of the motility coefficient by Fuerth’s
equation [51], it is unclear whether a slab should be considered as a 2D or 3D space.
Nevertheless, these motility coefficients between slab and cube are significantly different,
irrespective of the space dimensionality (n) used in the equation (Table 4.1).
Table 4.1. Summary of the migration properties of CTLs and targets observed in the two configurations. Motility coefficients, M , and persistence times, p, are obtained by fitting Fuerth’s
equation to the mean square displacement (msd) of cells: msd = 2nM {(t − p(1 − e−t/p )},
where t is the time from the beginning of the observation and n is the dimensionality of the
space (see Fig. S1 in the appendix). Numbers in parentheses indicate the 95% confidence
intervals of the parameters.

Motility coefficient
(µm2 /min)
Cube
Slab (with n = 3)
Slab (with n = 2)

Persistence time
(min)

Speed
(µm/min)

CTL

Target

CTL

Target

CTL

Target

29.9(±0.03)
34.4(±0.2)
51.6(±0.3)

17.4(±0.1)
21.1(±0.1)
31.7(±0.1)

3.4(±0.1)
3.9(±0.1)
3.9(±0.1)

3.3(±0.1)
3.8(±0.05)
3.8(±0.03)

5.0
5.0
5.0

3.9
3.9
3.9

To quantitatively compare the functional response of CTL-mediated killing in slabs and
cubes, we perform simulations with different numbers of antigen-expressing target cells,
T̄ , and their cognate CTLs, Ē, for four different killing scenarios: monogamous, joint,
simultaneous, and mixed killing (Fig. 4.2E). In the monogamous scenario, a CTL can
only kill a single target cell at a time, and a target cell can only be killed by a single
CTL. The mixed killing scenario is opposite to monogamous, i.e., conjugates of multiple
CTLs and multiple targets are allowed to form, in which each CTL can induce death of
multiple target cells simultaneously, and a target cell can be killed by multiple CTLs. Joint
and simultaneous killing regimes are intermediates between monogamous and mixed
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regimes (Fig. 4.2E). In joint killing, a CTL can kill a single target cell at a time, but a
target cell can be killed by many CTLs acting together at the same time; whereas in the
simultaneous regime a CTL can induce death of multiple target cells simultaneously, and
a target cell can only be killed by a single CTL. Unless otherwise specified, we do not
restrict the number of synapses that cells can form (for simplicity referred to as ‘binding
sites’ hereafter) in the non-monogamous regimes of killing, and use a time required
for a CTL to kill a target cell, tD , of 15 mins. When multiple CTLs are bound to a
target, they independently induce its death (i.e., the time required to kill a target cell is
inversely related to the number of CTLs in the conjugate). Similarly, single CTLs bound
to multiple targets can kill all of them within the same kill time, i.e., killing of individual
targets remains the same irrespective of how many targets a CTL is conjugated with.
To precisely determine the CTL killing rates at a particular CTL and target cell density,
we maintain constant target cell numbers throughout the simulations, by immediately
replacing every killed target cell with a new target cell at a random position in the field.
CTLs in our simulations neither die nor divide.
In the simulations we record the number of cells killed and the total number of synapses
over intervals of 1 min. Both measures approach a steady state value soon after the start
of the simulation (Fig. 4.3). Because conjugated cells can form additional synapses with
other cells in mixed killing, we observe more synapses than in the monogamous scenario
(compare Fig. 4.3A with 4.3B). We consistently found a higher number of synapses in
cube than in slab simulations (compare solid and dashed lines in Fig. 4.3). Because
killing takes 15 mins, and because the number of cells killed is counted over intervals
of 1 min at any given time, the number of cells killed is about 1/15 of the total number
of synapses (Fig. 4.3). We perform simulations corresponding to 150 mins in real time,
and count the number of cells killed during the last 75 mins, i.e., when the system has
approached a steady state. The 3D simulations are computationally expensive, with each
simulation requiring about 8 days of CPU time on a single Intel Xeon processor, 3.33
GHz, with 48 GB of memory. For this reason, we limited our analysis to a single run for
each CTL and target cell frequency.

4.2.2

Conjugates break frequently in 3D simulations

We allow conjugate formation by a strong adhesion between CTL-target pairs upon their
encounter, and making the cells in a conjugate immotile (i.e., by setting µ = 0; referred to
as the ‘stopping-rule’ henceforth). Despite the enhanced adhesion and stopping-rule, we
find that the conjugates in both cube and slab simulations are relatively unstable, which
can be seen from the ‘killing signal’ distribution: for monogamous simulations with an
excess of targets (e.g., Ē = 100, T̄ = 1500), the number of targets accumulating killing
signal would be similar to the number of CTLs if the conjugates were stable. Instead we
observe that 10-fold more targets accumulate killing signal than there are CTLs present
in the field (Fig. S2), implying that conjugates are not very stable.
Targets ‘remember’ the accumulated killing signal when a conjugate breaks, and upon renewed contact with the same, or another CTL, the kill signal accrues on the existing sig57
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Figure 4.2. Representative snapshots of the simulations in cube and slab. (A, C) Representative mean-intensity projections of the cube (A) and slab (C). (B, D) Cross-section views of
cube (B) and slab (D) simulations. (E) Illustration of the scenarios of killing. In all images,
CTLs and target cells are shown in green and red, respectively, and the reticular network is
shown in grey. Non-specific target cells and CTLs are shown in blue. These snapshots were
taken from simulations with Ē = 100 CTLs and T̄ = 100 targets. The scale bar indicates
50 µm.
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Figure 4.3. The number of cells killed (black lines) and the total number of synapses (gray
lines) over 1-min intervals during a simulation with Ē = 500 CTLs and T̄ = 500 targets for
monogamous (A) and mixed killing (B). The measurements from the cube simulations are
depicted as solid lines, and those from the slab as dashed lines. We measure the number
of cells killed is counted over the last 75 mins of the simulations to ensure that killing is at
steady state.

nal. Since the targets remember the ‘killing signal’, these relatively unstable conjugates
mimic a multi-stage killing scenario. Such multi-stage killing results in higher saturation
constants in both CTL and target cell densities compared to single-stage killing (Chapter 3). Thus, we expect generally higher saturation constants in these 3D simulations
relative to our earlier 2D simulations (Chapter 2). Because the killing signal distributions are similar between slab and cube configurations (P = 0.8, χ2 = 5.6; Fig. S2), our
approach to assess the influence of dimensionality on the functional response with these
configurations is valid.

4.2.3

Monogamous killing

In the monogamous killing regime, conjugates of just one CTL and one target cell are
allowed to form (Fig. 4.2E). As expected [16, 55], also in the 3D simulations the number
of cells killed saturates symmetrically with an increase in CTL and target cell frequencies,
both in slab and cube configurations (Fig. 4.4). The saturation in killing is expected from
the handling time (which in our case is tD = 15 mins) [16, 33] and its symmetric nature
is due to the monogamous CTL-target interactions [16, 33, 55]. The full QSSA and DS
functional responses for monogamous killing can be derived by applying an enzymesubstrate analogy [16], and are given by
p
h + Ē + T̄ − (h + Ē + T̄ )2 − 4Ē T̄
,
Kfull = k2 ∆t
2
k 0 ∆tĒ T̄
KDS =
,
(4.1)
1 + Ē/h + T̄ /h
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where Ē and T̄ are the total number of cognate CTLs and target cells, respectively; k2 is
k2 + k−1
the killing rate of target cells; h is the Michaelis-Menten constant, defined as
;
k1
k1 and k−1 are the rates at which conjugates form and dissociate, respectively; and k 0
in the DS model is the maximum killing rate, defined as k2 /h. Fitting the Padé and full
QSSA models to the simulated data from the two spatial configurations, we find that
the full QSSA model describes the data (Fig. S3) better than the Padé model (Fig. 4.4),
particularly when the frequencies of CTLs and targets together are larger than 40% of the
total cells in the field. These results are consistent with our earlier 2D simulations [55].
Interestingly, the saturation in killing sets in at higher CTL and target cell densities in
the slab configuration, compared to the cube (i.e., the saturation constant is almost 2fold lower in cube). Thus, the spatial configuration affects the functional response of
CTL-mediated killing.
The differences in the saturation constants between slab and cube could either result
from altered migration properties or from altered CTL-target encounter rates, both
emerging due to differences in the spatial organization). As the migration speeds are
similar between the two configurations (Table 4.1), we hypothesized that the higher killing in cube simulations is due to a faster detection of target cells, i.e., a higher rate of
conjugate formation, k1 . Since the diameter of the CTLs and targets is comparable to the
height of the slab, CTLs in the slab are expected to scan fewer cells compared to CTLs in
the cube configuration. Indeed, the number of targets that are in contact with each CTL
in simulations with an excess of target cells, i.e., Ē = 100, T̄ = 1500 cells, is higher in
a cube than in a slab configuration (Fig. S6; P < 0.01, χ2 = 95). Similarly, the number
of neighboring CTLs per target is also highest in cube simulations (not shown). Taken
together, the CTL-target encounter rates are highest in cube simulations, and result in
an increased rate of conjugate formation, k1 , and a higher number of synapses in cube
simulations (Fig. 4.3). As a result, fewer CTLs are sufficient to achieve the maximum
killing in a cube, and killing saturates at lower cell densities than in a slab configuration
(h = (k2 + k−1 )/k1 ).

4.2.4

Simultaneous killing

In the simultaneous killing regime, a CTL can kill multiple target cells simultaneously,
but a target cell can only be killed by a single CTL (Fig. 4.2E). The resulting functional
response can be analytically derived [55] and is given by:


q
k2 ∆t
mĒ + h + T̄ − (mĒ + h + T̄ )2 − 4mĒ T̄ ,
(4.2)
KQSSA =
2
where k2 is the killing rate, m is the maximum number of targets bound to a CTL (i.e.,
binding sites on a CTL), ∆t is the time period during which killing is measured, and h is
the Michaelis-Menten-like saturation constant, defined as (k2 + k−1 )/k1 [55]. This can
be simplified using a Padé approximation to a double saturation (DS) model with two
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Figure 4.4. Number of target cells killed for monogamous killing. The total number of cells
killed over 75 mins as a function of target cell (left panels) and CTL (right panels) densities,
obtained from simulations in cube (A) and in slab (B) configurations. Markers depict the
measurements from the simulations, and solid lines represent the DS model predictions with
the best-fit parameters (Table 4.2).

61

Chapter 4. Influence of Tissue Dimensionality
Table 4.2. Best fit parameters and 95% confidence ranges of the double saturation (DS)
model for the different killing regimes in slab (A) and in cube (B) configurations.

(A) Slab

k 0 (cells−1 min−1 )
−4

Monogamous
Joint
Simultaneous
Mixed

1.07(±0.07) × 10
1.18(±0.07) × 10−4
1.18(±0.04) × 10−4
1.08(±0.01) × 10−4

(B) Cube

k 0 (cells−1 min−1 )
−4

1.54(±0.29) × 10
1.71(±0.12) × 10−4
1.86(±0.08) × 10−4
1.61(±0.02) × 10−4

Monogamous
Joint
Simultaneous
Mixed

hE (cells)

hT (cells)

hE = hT = 1202(±137)
∞
740(±88)
889(±73)
∞
hE = hT → ∞
hE (cells)

hT (cells)

hE = hT = 772(±216)
∞
446(±49)
482(±35)
∞
hE = hT = 3.8(±0.95) × 104

different saturation constants—one for CTL and another for target cell densities:
KDS =

k 0 Ē T̄ ∆t
mk2 Ē T̄ ∆t
=
,
h + mĒ + T̄
1 + Ē/hE + T̄ /hT

(4.3)

where k 0 is the mass-action killing rate, defined as mk2 /h, and hE = h/m and hT = h
are the saturation constants in CTLs and target cells, respectively. These derivations
show that the number of cells killed is expected to saturate at lower CTL frequencies
than target cell frequencies, i.e., asymmetric saturation, which is confirmed by both cube
(Fig. 4.5A) and slab configurations (Fig. S4A).
Fitting the DS model of Eq. 4.3 to the data from cube and slab simulations, the saturation
constant in target cells, hT , approaches infinity (P = 0.08, F1,61 = 3.09 (cube); P = 0.08,
F1,61 = 3.09 (slab); Table 4.2), thereby suggesting a lack of saturation in this range
of target cell densities. As occurred for monogamous killing, the saturation sets in at
lower CTL densities in cube than in slab simulations. This likely again results from
differences in scanned region by CTLs, leading to faster target detection (i.e., increasing
k1 in Eqs. (4.2) and (4.3)). Consistent with the higher CTL-target encounter rates in
cube, we find that the average number of targets in conjugate with a CTL is higher than
the slab simulations (not shown; P = 10−12 for a simulation with Ē = 100, T̄ = 1500
cells).

4.2.5

Joint killing

In joint killing simulations (Fig. 4.2E), conjugates of multiple CTLs attached to a single
target can form, and all the conjugated CTLs independently kill the target cell (i.e., the
average time required to kill a target cell is tD /n, where n is the number of CTLs bound
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to a target). In both slab and cube configurations, the number of cells killed saturates in
target cell frequencies, but increases linearly with CTL frequencies (Figs. 4.5B and S4B).
Joint killing is a converse scenario to simultaneous killing, compared to which the onset
of saturation in the CTL and target cell densities is reversed, in both the slab and cube
configurations. This asymmetric saturation is consistent with our earlier study [55].
For joint killing, we have previously been unable to derive the functional response analytically. Nevertheless, the DS model with two different saturation constants in CTLs
and targets provides a semi-mechanistic description of joint killing [55]. Consistent with
this, we find that the DS model of Eq. 4.5 provides a good description of the data from
both cube (Fig. 4.5B, solid lines) and slab simulations (Fig. S4B, solid lines). Setting
hE → ∞ of Eq. 4.7 describes both the cube and slab simulation data equally well (P = 1,
F1,61 = 0), suggesting that the killing rate does not saturate with an increase in target
cell densities within the range of densities examined. While the results are qualitatively
similar between slab and cube configurations, the saturation constant hT differs between
the two configurations (Table 4.2). As was the case for monogamous and simultaneous
killing, the fitted saturation constant was lower for cube simulations than for slab simulations. Again, the difference in the saturation constants between the two configurations
can be explained by differences in the CTL-target encounter rates k1 .

4.2.6

Mixed killing

Next, we performed simulations for the mixed killing scenario in which CTLs can induce killing of multiple target cells simultaneously, and target cells can be killed jointly
by multiple CTLs (Fig. 4.2E). Both in the slab and cube configurations, the number of
cells killed increases almost linearly with target cell and CTL densities (Figs. 4.5C and
S4C). Fitting DS and mass-action (hE = hT → ∞; see Methods) models to the data
from mixed killing, we indeed find no evidence for saturation in the slab configuration
(P = 1, F1,62 = 0), but a small significant saturation in cube configurations (P < 10−11 ,
F1,62 = 71). Thus, the low level of saturation in our published 2D simulations [55] is
further lowered in the cube and completely absent in the slab configuration. Furthermore, synapses were breaking at a similar frequency in the cube and slab simulations,
which is evident by the killing signal distribution of the targets (not shown). Thus, as in
other killing scenarios, the differences in the saturation between the two configurations
are due to the higher CTL-target encounter rates in cube simulations.
Two factors may explain the lack of or low saturation in the 3D mixed killing simulations. First, conjugates are less stable in 3D than in 2D, despite the high adhesion and
‘stopping rule’ and the associated breaking of conjugates is expected to delay the onset
of saturation (see Chapter 3). Second, compared to 2D simulations [55], we expect a
higher number of maximum possible binding sites on cells in 3D, which could delay the
onset of saturation [55]. Indeed, when we restricted the maximum number of cells in a
conjugate, saturation is more pronounced and occurred to a similar extent in CTL and
target cell frequencies (Fig. S5). In summary, the altered saturation in 3D is due to a
combination of a high number of binding sites and short-lived conjugates.
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Figure 4.5. Number of target cells killed for non-monogamous killing regimes in the cube
configuration. The number of cells killed as a function of CTL and target cell densities for
simultaneous (A), joint (B), and mixed (C) killing regimes in cube simulations. Markers
indicate the mean of the total number of cells killed over 75 mins, and solid lines represent
the predictions of the DS model with the best-fit parameters (Table 4.2). Functional responses
observed in the slab simulations are shown in Fig. S4
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Taken together, our results suggest that the DS model is robust over a wide range of
conditions, including variation in spatial factors, and that dimensionality of the space
plays a role in determining the onset of saturation.

4.3

Discussion

By simulating CTL killing in two distinct 3D configurations, we have shown that the
total number of target cells killed per day saturates when either the density of target
cells or that of CTLs becomes large. Consistent with our previous 2D simulations [55],
in asymmetric killing scenarios (joint and simultaneous regimes), the saturation is most
pronounced for either CTLs or targets. Similarly, killing saturates symmetrically with
CTL and target cell frequencies if their interactions are symmetric (i.e., monogamous
and mixed regimes). We conclude that the double saturation (DS) function remains
a robust functional response describing CTL-mediated killing, also in different spatial
configurations.
The CPM is one of the most sophisticated spatial modeling formalisms available to model
cellular interactions, and it has been used to answer a variety of questions on topics such
as cell migration [45], morphogenesis [58], and tissue development [59]. However, one
of the limitations in these 3D CPM simulations is that the conjugate stability was difficult
to achieve. For a given diameter of a cell, the number of neighbors that a cell can have
in 3D spaces is greater than in 2D spaces. As a result of the pressure of many migratory
neighboring cells the cells in a conjugate can be pushed apart, resulting in a reduced
stability of the conjugates in 3D compared to 2D. In chapter 3, we showed that the onset
of saturation in killing is delayed when targets dissociate from CTLs frequently, but ‘remember’ the previously developed killing signal. Therefore, the high saturation constants
observed in the 3D simulations is primarily due to the relatively unstable conjugates.
Recent in vitro experiments also suggest that the synapses break frequently if the CTLs
and targets are both migrating [1]. Since the killing signals that the targets accumulated
were similar between slab and cube simulations, the comparison of the functional response between the two configurations remains unaffected by the relatively short-lived
synapses. Further, as we only vary the spatial dimensions of the fields between the two
configurations, our results suggest that the differences in the functional response of killing arise from the different search efficiencies that arise between the two configurations,
thereby highlighting the importance of tissue dimensionality. Earlier saturation in cube
simulations implies that the maximum killing rate is attained with fewer CTLs, thus implying that CTLs in a cube kill more efficiently.
Our results predict variation in the killing efficiency in different environments. For instance, CTLs specific to human immunodeficiency virus co-localize with infected cells
in the sub-capsular sinus of lymph nodes (LNs) [57]. Since sinuses of LNs are narrow
spaces, they roughly resemble our slab configuration. Even when all other conditions
are similar, our findings suggest that the CTL-mediated killing of HIV-infected cells in
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this narrow spatial environment is less efficient than the killing of peptide-pulsed B cells,
which predominantly occurs in 3D-like T cell areas [26].
In summary, our results suggest that the spatial configuration of the field may play a role
in determining the extent of saturation in CTL-mediated killing. Analyzing the functional
response of CTL-mediated killing in different spatial configurations, we find that DS
model describes the data well, unless the CTL and target cell frequencies are extremely
high. Thus, the double saturation model is a reliable general functional response of
CTL-mediated killing, that is able to capture different spatial environments.

4.4
4.4.1

Methods
Model description

We simulate a region of a spleen or a lymph-node using the CPM formalism, in which
each biological cell consists of multiple connected lattice sites. We consider a field composed of fibroblastic reticular cells forming a reticular network (RN; ≈ 24% of the field),
2500 B cells (37%), and 2500 CTLs (37%), and extracellular matrix (≈3%). Changes
in the cell configuration and movements of the cells occur due to minimization of the
surface energy of the cells. Within each time step, all voxels are considered for extension
into a random neighboring site, and the change in surface energy due to an extension is
calculated by the difference in Hamiltonians H of two configurations. The Hamiltonian
is given by

 X
XX
H=
Jτ (σijk ),τ (σi0 j0 k0 ) 1 − δσijk ,σi0 j0 k0 +
λ(vσ − Vτ (σ) )2 ,
(4.4)
ijk i0 j 0 k0

σ

where Jτ (σijk ),τ (σi0 j0 k0 ) is the surface energy associated with the neighboring lattice sites,
and δ is the Kronecker delta. The first term in the above equation represents the sum of
all surface energies, and the second term is a volume constraint applied to maintain the
size of the cells close to their target volume, Vτ (σ) ; τ (σ) is the cell type of the cell, σ;
and λ is the inelasticity. The probability that a lattice site is copied into the neighboring
site is one if ∆H < 0, and e−∆H/θ otherwise, where θ represents the membrane fluctuation amplitude of cells. The details of the simulation protocol, including the migration
and killing algorithms, are described in full detail elsewhere [55]. The entire model is
implemented in the C programming language.

4.4.2

Default model parameters

We use the following parameters described, unless otherwise specified. We consider two
3D fields of similar volume 107 × 107 × 107 and 350 × 350 × 10µm3 , where the length of
each voxel equals 1 µm. Parameters are chosen such that one time step in the simulation
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Table 4.3. Default surface energies, J, and surface tensions, γ, used in the simulations of
both the configurations.

ECM
RN
CTL
Tgt

ECM

RN

CTL

Tgt

JECM,ECM = 0
JRN,ECM = 0
JCT L,ECM = 350
JT gt,ECM = 350

γECM,RN = 0
JRN,RN = 0
JCT L,RN = 350
JT gt,RN = 350

γECM,CT L = 0
γRN,CT L = 175
JCT L,CT L = 350
JT gt,CT L = 350

γECM,T gt = 0
γRN,T gt = 175
γCT L,T gt = 0
JT gt,T gt = 350

(i.e., attempting to update all the lattice sites) corresponds to 1 second in real time. To
maintain similar migration properties at different frequencies of CTLs and target cells,
we vary the number of antigen-expressing target cells, T̄ , and their cognate CTLs, Ē,
while keeping the total number of CTLs and target cells constant in the field to 5000
cells. Following the initialization of the RN, both target cells and CTLs are initialized at
empty random positions as a cube of 27 µm3 , which subsequently grow to their target
volume of 180 µm3 , corresponding to a diameter of about 7.7 µm [60]. We use a kill
time (i.e., the time required for a CTL to induce a target cell death), tD of 15 mins [26].
We choose the surface energies J and the surface tensions γ such that the interactions
between any pair of cells (including the RN) present in the simulation box are neutral,
i.e., there is no preferential adhesion. The default surface energy values and the adhesion strengths used in the simulations are shown in Table 4.3. Other default parameters
used in the both configurations: directional propensity, µ = 1150 for CTLs, µ = 850 for
target cells; inelasticity of cells, λ = 350, and membrane fluctuation amplitude, θ = 0.
To restrict abrupt changes in migration direction, the actual µ value of a cell is adjusted
according to its recent direction of displacement: µactual = µe−ρ(1−cosβ) , where β is
the angle between displacement and the target direction, and ρ scales how rapidly directional propensity decreases with a turn in the cell migration; ρ = 1 is used in our
simulations.

4.4.3

Mathematical models

According to the double saturation (DS) model, the number of cells killed over a period,
∆t is given by
k 0 ∆Ē T̄
KDS =
,
(4.5)
1 + Ē/hE + T̄ /hT
where k 0 is the mass-action killing rate; hE and hT are saturation constants in CTL and
target cells, respectively; and Ē and T̄ are the number of CTLs and targets, respectively.
At low densities of CTL and target cells, the total killing rate approaches the mass-action
term, k 0 Ē T̄ , showing that the killing rate k 0 = k/h has the same interpretation as a massaction killing rate. Whenever a fitting procedure leads to parameter estimates where
hE → ∞ and hT → ∞ one should conclude that the data are well described by a mass67
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action process. If hE → ∞, the DS model reduces to
KDS|hE →∞ =

k 0 ∆Ē T̄
.
1 + T̄ /hT

(4.6)

which results from a conventional Holling’s type II functional response with saturation
in target cells, T , and if hT → ∞, the DS model reduces to
KDS|hT →∞ =

4.4.4

k 0 ∆Ē T̄
.
1 + Ē/hE

(4.7)

Non-linear regression (or fit) to the data

All the regression analyses of models to the data from simulations are performed using the function nlinfit in matlab (The MathWorks, USA), which uses the LevenbergMarquardt algorithm. To prevent the fit to skew towards high number of cells killed,
log-transformed numbers of cells killed were used for all the regressions.
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Supplementary figures
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Figure S1. Migration properties of individual CTLs and targets in the simulations. Panels
(A-D) show representative plots of migration speeds over time in cube (A-B) and slab (C-D)
simulations (in the absence of killing): (A and C) four representative simulated CTLs, (B and
D) four representative simulated target cells. Mean square displacement, msd, plots (in the
absence of killing) for 3-dimensional simulations of (E) cube and (F) slab. Markers indicate
the mean over four independent simulations, and solid lines depict the best-fit predictions of
Fuerth’s equation: msd = 2nM {(t − p(1 − e−t/p )}, where t is the time from the beginning
of the observation, and n is the dimensionality of the field. The migration properties of CTLs
are depicted in black lines, and of targets in gray lines.

69

Chapter 4. Influence of Tissue Dimensionality
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Figure S2. Distributions of cumulative conjugate durations (killing signal) for all targets
in monogamous simulations (Ē = 100, T̄ = 1500 cells). The killing signal distributions
in the slab (grey bars) and in the cube (black bars) are categorized into bins, and are not
significantly different (P = 0.7, χ2 = 5.6). Target cells are killed when their accumulated
killing signal reaches 900 s (i.e., tD = 15 mins).

70

4.4 Methods

Number of cells killed

(A)

Cube

8000
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Figure S3. Number of target cells killed for monogamous killing. The total number of cells
killed over 75 min of simulation as a function of target cell (left panels) and CTL (right panels)
densities, obtained from simulations in a cube (A) and in a slab (B). Markers depict the
measurements from the simulations, and solid lines represent the full QSSA model predictions
with the best-fit parameters, slab: k2 = 9.8 × 10−2 min−1 , hE = hT = 792 cells; cube:
k2 = 8.3 × 10−2 min−1 , hE = hT = 381 cells.
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Figure S4. Number of target cells killed for non-monogamous killing regimes in slab simulations. The number of cells killed as a function of CTL and target cell densities for simultaneous
(A), joint (B), and mixed (C) killing regimes. Markers indicate the mean of the total number
of cells killed over 75 mins, and solid lines represent the prediction of the DS model with the
best-fit parameters (Table 4.2).
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Mixed killing in cube (maximum binding sites=3), fit with DS model (hE = hT )
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Figure S5. Number of cells killed for mixed killing (in cube) with the maximum number of
binding sites restricted to three. Markers depict the measurements from the simulations, and
solid lines represent the DS model predictions with the best-fit parameters: k0 = 1.73 × 10−4
cells−1 min−1 , hE = hT = 3.27 × 103 cells.
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Figure S6. Distributions of CTLs with different numbers of contacting targets. The number
of neighboring targets observed during monogamous killing simulation with Ē = 100 and
T̄ = 2450 in monogamous (A) and mixed (B) killing. Black bars indicate the number of
neighboring targets observed in cube simulations, and gray bars in slab simulations. The
difference between slab and cube simulations are significant (P < 0.01, χ2 = 95).
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Abstract
Cytotoxicity assays are widely used to quantify the rate at which cytotoxic T lymphocytes
(CTLs) kill tumor and virus-infected cells. Collagen-fibrin gel assays provide a tissue-like
environment for the migration of CTLs, making it an ideal system to study the cytotoxicity in vitro. In this study, we reanalyze published data of CTL mediated killing of
B16 melanoma cells in collagen-fibrin gels. We find that the killing efficiency of a CTL
decreases with an increase in the CTL density, i.e., a ten-fold increase in CTL density implies a less-than ten-fold increase in the total killing rate. Specifically, both a mechanistic
saturation model and a phenomenological square root function describe the experimental data significantly better than a mass-action model. Although the phenomenological
model statistically outperforms the mechanistic model, it remains puzzling why the killing rate would increase less than linearly at very low CTL densities, where killing can
only be limited by the search efficiency of CTLs. We compared how well the models
describe various aspects of the experiments. For example, among the two studied models, the saturation model best describes the ‘critical T cell density’ (at which killing and
growth are balanced), whereas the square root function describes the data better than
the saturation model at low CTL densities (where the killing rates are quite variable).
Summarizing, we show that the killing saturates with an increase in CTL density, and the
saturation model is currently the best mechanistic descriptor of the CTL-mediated killing
of B16 melanoma cells in these gels.
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5.1

Introduction

Cytotoxic T lymphocytes (CTLs) are crucial in providing protection to viral infections
and tumors. CTL mediated killing is a multi-step process: migration of CTLs to the tumor site, recognition of tumor-associated antigen, formation of a cytotoxic synapse, and
induction of apoptosis of tumor cells by the secreted effector molecules (e.g., perforin
and granzymes). To reliably estimate the CTL killing efficiency in vitro, assays should
closely recapitulate these in vivo processes. Recently, three-dimensional cytotoxicity assays [7, 21] have employed collagen-fibrin gels as a model system for extra-cellular matrix (ECM) in vitro. These collagen-fibrin gels support the migration of CTLs and provide
an important platform to study the mechanisms of CTL-target interactions [21, 61].
Previous studies have shown that various mathematical models can describe the CTLmediated killing of target cells [10, 15, 55]. Ganusov et al. [10] show that the CTL mediated killing in the spleen follows mass-action kinetics, whereas Graw and Regoes [15]
concluded that the killing saturates with the CTL density. We recently found, using computer simulations, that the CTL mediated killing is generally expected to saturate with
an increase of CTL or target cell densities [55], i.e., double saturation. Moreover, the
amount of saturation depends on factors like the types of conjugates [55], the stability
of conjugates (Chapter 3) and the dimensionality of the space (Chapter 4). Thus, the
double saturation model helps to reconcile previously reported models.
In this study we reanalyze published data from a cytotoxicity assay of B16 melanoma
cells in collagen-fibrin gels, to better understand the interactions and mechanisms of tumor cell killing by CTLs. We examined how well various models describe these data and
find that a mechanistic saturation model and a phenomenological square root function
describe them better than a mass-action model. Because these experiments were performed at low densities, the killing should be limited by the CTL search efficiency rather
than the time required to kill B16 cells. At these low densities we already find saturation
in killing efficiency, which is surprising because it cannot be explained by the competition between CTLs or by target cell limitation. We compared how well these two models
describe various aspects of the experiments and found that the square root function does
not predict the critical T cell concentration (at which killing balances growth) very well.
However, it describes the highly variable data at low CTL densities better than the saturation model. We conclude that the saturation model is currently the best mechanistic
descriptor of the OT-I killing of B16 melanoma cells in these assays.

5.2

Results

Budhu et al. [7] performed cytotoxicity assays in collagen-fibrin gels by co-incubating
SIINFEKL-pulsed B16 melanoma cells and OT-I CD8+ cells, with maximal CTL and target
cell densities of 107 cells/mL and 106 cells/mL, respectively (see Methods and [7] for
experimental details). After 24 hours of co-incubation, the collagen gels are lysed to
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determine the number of surviving B16 cells using clonogenic assays [7, 62]. Therefore,
the initial (T0 ) and surviving (T24 ) target cell numbers after 24 hour co-incubation with
(or without) OT-I cells cannot be determined both from the same experiment.
Since each experiment is performed in duplicate, we use the mean initial target cell number (T0 ) from the two duplicate measurements of one experiment as the general initial
condition, to predict the surviving target cell number (T24 ) in all other experimental conditions. Similarly using means from the duplicate measurements of the initial (T0 ) and
surviving targets after 24 h (T24 ) in the absence of CTLs, we estimate a B16 cell proliferation rate of g = 0.017 ± 0.006 h−1 , from an exponential growth model: T24 |E=0 = T0 e24g .
In these experiments, the number of CTLs remained fairly unchanged over 72 h [7], and
thus in all our analysis we let the total number of OT-I CTLs be constant.

5.2.1

Killing saturates in CTL densities

The B16 melanoma cells proliferate at a rate g and are killed by OT-I cells; the dynamics
of B16 cells are given by
dT
= gT − K(E, T )T ,
(5.1)
dt
where g is the proliferation rate of B16 melanoma cells and K(E, T ) is the CTL-mediated
death rate of B16 cells (hereafter referred to simply as death rate), defined as a function
of the OT-I density, E, and the B16 cell density, T . The exact definition of this death rate
function depends on the chosen model.
To identify the model that describes CTL mediated killing of B16 melanoma cells, we
first fit the mass-action model to the surviving B16 cells data at various B16 and OTI densities. According to the mass-action model, the death rate of B16 cells increases
proportionally with the CTL density and independent of the target cell density:
K(E, T ) = kE ,

(5.2)

where k is the killing rate, and E is the OT-I density. Fitting Eq. 5.1 after substitution
with Eq. 5.2 to the number of surviving targets after 24h of co-incubation, we find that
the mass-action overestimates the survival of B16 cells at intermediate CTL densities of
105 and 106 cells/mL (Fig. 5.1; see Table 5.1 for best fit parameters).
Recently, using computer simulations we have shown that a double saturation (DS)
model with two different saturation constants, describes the CTL killing of target cells
for various scenarios of CTL and target cell interactions [55]. This function can be derived mechanistically when target cells are killed by single CTLs under quasi-steady state
conditions, whereas for other scenarios it is a semi-mechanistic model and describes the
killing well (see [55] and Chapters 2-4). According to the DS model, the death rate is
given by
kE
,
(5.3)
K(E, T ) =
1 + E/hE + T /hT
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Fit of the mass-action model
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Figure 5.1. Mass-action model predictions of the number of B16 cells surviving after 24
hours of co-incubation. Each panel depicts the data from two duplicates of each experiment.
The solid black lines indicate the mass-action model predictions with the best fit parameters;
the dashed gray lines indicate the number of surviving B16 cells T24 at the end of 24 hours
in the experiments without OT-I cells (shown only for T0 = 106 cells/mL); and the markers
O, 4, and , respectively, indicate the experimental observations for initial B16 densities
of T0 = 104 , 105 , and 106 cells/mL. The experiments aimed at initial B16 cell densities of
T0 = 104 , 105 , and 106 ; we depict the realized densities in the clonogenic assays.

where hE and hT are the saturation constants in CTLs and target cells respectively, and k,
E, and T are the mass-action like killing rate, CTL, and target cell densities, respectively.
Fitting Eq. 5.1 after substitution with Eq. 5.3 to the 24 h assay data, we find that the DS
model improves the description of the data over the mass-action model (F2,64 = 61.4,
P < 10−10 ; see Fig. 5.2 and Table 5.1). Because the saturation constant for the target
cells is much larger than the highest B16 density used, i.e., hT  106 , it is reasonable to
only consider saturation with an increase in CTL density in these assays. The DS model
therefore reduces to the following (hereafter referred to as saturation model):
K(E, T ) =

kE
.
(1 + E/hE )

(5.4)

Fitting Eq. 5.1 after substitution with Eq. 5.4 to the 24 h assay data, we confirm that
the quality of the fit remained the same as the DS model fit (F1,64 = 0, P = 1). Since
this provides a reasonable description of the data, one could argue that the killing rate
saturates at relatively high CTL densities, i.e., when E > hE , when target cells tend to
be encountered by more than one CTL.

5.2.2

Square root function further improves the fit quality

To study whether saturation is the best model, we also examine how well a general Hill
model with a free exponent describes the data. Since there is no evidence for a saturation
of killing in the target cell density, we only consider saturation in the CTL density. The
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Table 5.1. Best fit parameters of the models (95% confidence intervals shown in the parentheses).

Model
Mass-action
Saturation
Square root

k (cells−1 min−1 )
−8

1.55(±0.11) × 10
6.09(±1.04) × 10−8
3.76(±0.17) × 10−5

hE (cells/mL)
3.29 × 106 (2.50 × 106 , 4.09 × 106 )
-

death rate according to this model is given by
K(E, T ) =

kE n
,
1 + (E/hE )n

(5.5)

where k is the killing rate, n is a constant, and hE remains the saturation constant in
CTLs. The Hill model is an excellent general model as all of the above models can be
deduced as specific cases of the Hill model: setting n = 1, delivers the saturation model;
letting hE → ∞ and n = 1, gives the mass-action model; and hE → ∞ and n 6= 1, gives
the power model (described below). If the saturation model is the best model, we indeed
should find the best-fit n to be around 1.
Interestingly, we find that the Hill model with an exponent n ≈ 0.5 describes the data
statistically better than the saturation model (F1,64 = 18.39, P = 0; Fig. 5.2). Both
the Hill and saturation models visually describe the data with similar quality (compare
the dashed and solid lines in Fig. 5.2). However, statistically the Hill model with an
estimated exponent n ≈ 0.5 outperforms the saturation model, which is due to an even
better fit at intermediate OT-I densities (Fig. 5.2). The best-fit exponent is found to be
n 6= 1, suggesting that the best-fit of the Hill model is a different solution from the
saturation model. Since the saturation constant estimated by the Hill model is about
1000-fold higher than the highest CTL density employed in these assays, the Hill model
can be approximated by a simple
K(E, T ) = kE n (with n = 0.5); and fitting a square
√
root function, K(E, T ) = k E, corroborates that it is indeed indistinguishable from a
Hill model (P = 0.8, F2,64 = 0.2; Table 5.1).

5.2.3

Which model describes all data best?

To identify which of the above models describe the data best, we compare (1) the ‘critical
T cell density’, (2) the death rates expected from the migration properties of CTLs, and
(3) the robustness of the CTL-mediated death rates to the initial conditions.

Critical T cell concentration
One easy test is to compare the critical T cell concentration (CTC), i.e., the T cell density required to exactly balance the B16 cell proliferation, predicted by all models to
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Figure 5.2. Comparison of the saturation and Hill model predictions. The number of B16
cells surviving predicted by saturation (gray solid lines) and Hill (black dashed lines) models
using their respective best fit parameters. The solid gray lines indicate the saturation model
predictions with the best fit parameters; the dotted black lines indicate the Hill model predictions; the dashed gray lines indicate the number of surviving B16 cells (T0 = 106 cells/mL) at
the end of 24 hours in the experiments without the OT-I cells; and the markers O, 4, and ,
respectively, indicate the experimental observations for initial B16 densities of T0 = 104 , 105 ,
and 106 cells/mL.

the one determined experimentally. Budhu et al. [7] determined that a CTC of approximately 3.5 × 105 OT-I/mL was required to arrest the proliferation of B16 cells in their
experiments. The square root function and the saturation model predict a CTC of about
1.43×105 and 3.23×105 OT-I/mL, respectively. Thus, the saturation model predicts a
CTC close to that was found in the experiments.

Saturation already occurs at low CTL densities
Budhu et al. [7] performed experiments with maximal CTL and target cell densities of 107
cells/mL and 106 cells/mL respectively, in wells containing about 0.1 mL. Assuming CTLs
and target cells as perfect spheres of radii 4µm [60] and 8.7µm [7] respectively, the cells
together constitute only 0.54% of the entire volume of a well at the maximum CTL and
target cell densities. This low occupancy of the gel suggests that in the experiments CTLs
and target cells are typically far apart, and that the killing observed in these experiments
is likely to be limited by the search efficiency of the CTLs, especially at the lowest CTL
densities. Indeed, at the lowest target (4×103 ) and CTL (104 ) densities, we estimate that
only about 500 target cells are killed in 24h (calculated as the difference between T24
in the presence and the absence of CTLs), suggesting that at most only 5% of the CTLs
actually killed a target. At these target cell densities, the other CTLs apparently failed to
kill a target because they were unable to find one.
To obtain an intuition on the scanning ability of CTLs in the gel, consider for simplicity
a CTL moving along perfectly straight trajectories. Let the width of the path be approx81
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imately equal to the sum of the radii of targets rtgt and CTLs rctl (considering cells as
perfect spheres; see Fig. 5.3A), and let the length of the path be sctl ×t (where sctl is
the mean speed of CTL in µm/min and t is time in min). The scanned volume of a CTL
is then approximately sctl ×t×π×(rctl + rtgt )2 (see Fig. 5.3A). In reality, this could be
somewhat lower because cells performing a persistent random walk can return on their
path (although this effect is limited in a 3-dimensional space). Taking the estimated radii
for CTLs and targets [60], and a speed of 11 µm/min in collagen gels [63], this leads to
a scanned volume of approximately 8×106 µm3 (or a fraction p = 8 × 10−6 of the gel) in
24h for a single CTL. The fraction of the gel scanned by all the CTLs together is given by
1 − (1 − p)E ≈ 1 − e−pE , where E is CTL density. Note that this expression takes into
account overlap in CTL scan volumes. If we assume that the targets are killed by CTLs if
their centers are within the scan volume, the fractions of volume scanned and cells killed
are equivalent. For 104 CTLs/mL, the fraction of volume scanned (or target cells killed)
is about 7.7% (Fig. 5.3B), which is close to the 13% of the target cells being killed at this
CTL density. This confirms that at the lowest CTL and target densities most CTLs do not
kill because they cannot find a target.
According to the same scanning model, 10-fold more target cells should be killed when
the number of target cells is increased by 10-fold. For a 10-fold increase in target cell
density, 10-fold more target cells are expected to be in the volume scanned by all the
CTLs, and the number of target cells killed should increase proportionally to the increase
in target cell density. Indeed, the number of cells killed in the experiments increases
about 10-fold for any 10-fold increase in target cell density [7], confirming that the
killing is limited by the CTL search efficiency. Our calculations suggest that at the highest
target density of 4×105 cells/mL, almost 4×104 cells (10%) are killed by 104 CTLs. Thus,
in that setting each CTL on an average kills 4 targets in 24 hours, which is feasible given
that killing time estimates from in vivo microscopy are on the order of one hour [26, 64].
A similar calculation suggests that the predicted number of cells killed should increase
from 7.7% to 55.1%, i.e., about 7-fold, when CTL densities increase from 104 to 105
CTLs/mL (Fig. 5.3B). However, the experimental data suggests an increase of only about
3-fold. Additionally, we computed the expected cells killed with different CTL migration
speeds and find that the observed cells killed at 105 and 106 CTLs/mL cannot be explained
with one migration speed. Summarizing, the gels are sparsely populated at the cell
densities employed experimentally, and the observed 3-fold increase in cells killed for
a 10-fold increase in CTL density cannot be explained by the overlap in the CTL scan
volumes.
The square root function is not consistent with the ‘scanning volume’ predictions for any
particular migration speed (compare Figs. 5.3B and C), but it is consistent with the experimental data. In contrast, the saturation model predictions are consistent with the ‘scan
volume’ calculations, albeit at a low CTL migration speed of about 15% of published
migration speeds within collagen gels (Figs. 5.3B, C). Two factors might explain why
the saturation model is consistent with low migration speeds. First, migration speeds of
the CTLs may be low in the collagen-fibrin gels used in these experiments, for instance
because of a dependence on the collagen density [65]. Second, target cells are consid-
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ered to die instantly in the scanning volume calculations, whereas the saturation model
assumes a finite killing time upon conjugate formation.

Robustness to initial condition
A potential source of variability in the measurements of surviving B16 cells is due to ‘unlinked’ experiments, i.e., T0 and T24 are measured in separate experiments. For instance,
in some measurements Budhu et al. [7] find the same number of surviving B16 cells in
the presence and absence of CTLs.
Next, we examined the robustness of the square root dependence of the killing rate to
the uncertainty in the T0 measurements. To this end, we treat each measurement of T0
and T24 as independent, and compute the CTL-mediated death rates (the number of cells
killed by all CTLs per day) for a given T0 and T24 from all four possible combinations of
T0 and T24 . This approach allows us to capture the possible variation in the death rate
due to the uncertainty in the measurements. At the lowest CTL density, the resulting
death rates vary up to about 100-fold, and include negative death rates at two instances
(Fig. 5.4, markers). The death rates computed from the means of the duplicates for T0
and T24 , are within those computed from the ‘shuffled’ T0 (not shown). Comparing the
death rates predicted by the models with the reshuffled data, we find that in most cases
the predicted death rates by the square root function fall within the experimentally measured death rates, whereas the saturation model predictions fall within the experimental
measurements in almost half of the instances.
In summary, the phenomenological square root function appears to describe the CTLmediated killing better than the saturation model at low CTL densities, whereas the
saturation model predicts the CTC best and can be derived mechanistically. We conclude that the saturation model is currently the best mechanistic descriptor of the B16
melanoma cells killing in these experiments.

5.3

Discussion

Cytotoxicity assays in collagen gels provide a 3-dimensional tissue-like environment for
CTLs to migrate in. Using experimental data from such collagen-gel assays, we have here
identified two competing functional forms that improve the fit quality over the massaction model (square root and saturation), and that the square root function describes
the data better than the saturation model. Budhu et al. [7] also performed experiments of
longer duration than 24 h (Fig. 5 in [7]). Since they used only two CTL densities in those
experiments, they do not allow distinguishing between the models. The saturation model
can be mechanistically derived (or at least provides a semi-mechanistic description) [55],
whereas the square root function is phenomenological.
We performed extensive tests of comparisons of model predictions with the experiments
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Figure 5.3. Comparison of observed fraction of cells killed and expected fraction based on
scanning by CTLs. Panel (A) shows the schematic on which our calculation of the volume
scanned by CTLs is based. Panel (B) depicts the percentages of cells killed, which is given by
100(1 − (1 − p)E ); E and p are the CTL density and the fraction of volume scanned by a single
CTL, respectively. The solid lines indicate the expected percentages of cells killed obtained
using 15% (magenta), 50% (blue), and 100% (green) of the baseline CTL speed. Panel (C)
depicts the percentages of cells killed predicted by the saturation model (magenta; using the
best-fit parameters in Table 5.1) and the square root function (blue). The black dashed lines
in panels (B) and (C) indicate the percentage of cells killed observed in the experimental
T24 |E=0 − T24 |E>0
data, computed as 100
, and error bars indicate the standard deviations of
T24 |E=0
the three independent experiments.
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Figure 5.4. The death rates observed in the experiments and those predicted by the models. Markers indicate the death rates obtained by permutating all T0 and T24 measurements.
Negative killing rates are found at two instances, which are shown as square markers at the
horizontal axis. The predictions of the saturation model is depicted in solid black lines, and
square root function predictions in dashed black lines.
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and find that the saturation model describes most experimental measurements approximately as well as the square root function, except at very low CTL densities. However, the
death rates observed in these experiments were quite variable at low CTL densities. In
addition, although the square root function gives a good description of the percentages
of cells killed for different CTL densities, we showed that the square root dependence
of CTL-mediated killing is not supported by a simple CTL scanning volume calculation.
Finally, the CTC is better described by the saturation model than by the square root function. Taken together, without an explanatory mechanism for the square root function, we
conclude that the saturation model currently provides the best mechanistic description
of the CTL-mediated killing of B16 melanoma cells in these gels.
Since the CTL-mediated killing of B16 melanoma cells saturates at much lower CTL than
target cell densities, this suggests that the ‘simultaneous killing’ could be the underlying
mode of CTL-target interactions in these gels, i.e., CTLs binding and killing multiple
melanoma cells at the same time [15, 55] (see also Chapters 2-4). However, at the end
of these experiments, B16 cells predominantly existed as single cells, and only around 3
days post-incubation spheroids composed of many more cells were observed [7]. Indeed,
the estimated growth rate of B16 cells suggests that about 30% of cells undergo division
by the end of 24 hours. It therefore seems unlikely that such a large difference in the
saturation constants in CTLs and target cells can be explained by simultaneous killing
in these experiments. In our analysis of another independent data set from collagengel assays (similar to [21]), we also find that CTL-mediated killing saturates at lower
CTL than target cell densities, but the difference in saturation constant is in that case
only about 2.5-fold (see Chapter 6). However, when we simulated these assays, the
CTL-mediated killing saturated at much lower target cell than CTL densities, irrespective
of the mode of CTL-target cell interactions. This is in large part due to only a small
fraction of CTLs arriving close to the target cells in that experimental set-up. Therefore,
the mechanisms that result in more pronounced saturation in CTL densities within these
experiments must be very strong (see Chapter 6 for more details).
Without additional experiments to thoroughly examine this, we can only speculate as to
why CTL-mediated killing rates strongly saturate with CTL densities. While determining
the general functional response, we considered that a target cell is killed when its cumulative duration in a conjugate (killing signal) reaches the threshold (i.e., the kill time).
However, when synapses break frequently (i.e., CTLs form kinapses [66]), a more pronounced saturation in CTL densities may occur if target cells accumulate killing signal
more efficiently than by just summing all short-lasting kinapse signals. For example, this
could occur by target cells continuing to accrue killing signal between consecutive kinapses. An increase in CTL density would then likely result in a less than linear increase
in the killing rate. An increase in target cell density, on the other hand, would still result
in more CTL contacts (or kinapses) and hence more killing. Thus, such a mechanism
could explain the much more pronounced saturation in CTL than in target cell densities.
Alternatively, the saturation (or square root) dependence in CTL densities could be related to the measurement of the surviving B16 cells. The clonogenic assays were performed following a 10-1000 fold dilution of the lysed gel depending on the initial target
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cell density [7], to have a similar number of colonies irrespective of the target cell density. However, the final number of colonies varies with the OT-I density used. As a result,
the density of the colonies on the plate is relatively sparse at 107 OT-I cells/mL compared
to lower CTL densities. Thus, the likelihood of overlap of the colonies at CTL densities of
0 or 104 CTLs/mL is higher than at 107 CTLs/mL, and the measurement accuracy is also
low at high OT-I densities.
Considering all the above points, we conclude that the saturation model is currently the
best mechanistic descriptor of the killing in these experiments as it describes well several
aspects of these experiments. More experimental data and a closer examination of the
collagen-fibrin gels are needed in order to determine whether one of the aforementioned
mechanisms is at play in these assays.

5.4
5.4.1

Methods
Collagen-fibrin gel assays

The details of collagen gel experiments are described in detail elsewhere [7]. Briefly,
collagen-fibrin gels are prepared by incubating 5µL PBS containing 0.1U thrombin,
100µL PBS containing 1 mg/mL of human fibrinogen, 1mg/mL of rat tail collagen I,
and 10% FBS for 15mins at 37◦ C in 95% air/5% CO2 . Cytotoxic assays are performed
by incubating ovalbumin derived peptide SIINFEKL-pulsed B16 melanoma cells with or
without OT-I cells together with 0.5mL OT-I growth medium. At indicated times, the gels
were digested with 100µL PBS containing 2.5mg/mL collagenase type-IA for 20mins at
37◦ C, followed by 100µL containing 2.5mg/mL trypsin for 20mins at 37◦ C. The resulting solution is diluted, and the number of surviving B16 cells are analyzed by clonogenic
assays [62].
In these experiments, the number of cells killed cannot be measured directly, as the gels
have to be lysed for every measurement. As a surrogate measure of the number of cells
killed, we calculate the difference of the surviving target numbers in the absence and
presence of CTLs. This allows a comparison of the number of cells killed as observed
experimentally and as predicted by the models. Note that the surrogate measure is an
overestimate of the actual number of cells killed, especially at the highest CTL densities.
Nevertheless, for our purpose it is a good metric because we apply the same rule of
computation to the experimental data and to the model predictions.
All the models are fit to the log-transformed data of the surviving B16 melanoma cells
24h post co-incubation, which prevents skewing of the fit towards high numbers of surviving targets. To take the variation in the target cell densities between experiments into
account, we use the mean number of B16 cells (computed from the experimental duplicates) in our model regression to the data. The regression analyses are performed using
the function nlinfit in MATLAB (The Mathworks, Natick, MA).
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Abstract
Cytotoxic T lymphocytes (CTLs) kill virus-infected and tumor cells with high specificity
and are critical for protection against pathogens and tumors. The collagen gel assay
provides a tissue-like environment for the migration of CTLs, which makes it an ideal
system to study cytotoxicity in vitro. In this study, we determine the rate of CTL-mediated
killing of tumor cells in such gels at various CTL and target cell densities, and find that
a standard double saturation model with different saturation constants for target cell
and CTL densities describes the data well. The CTL-mediated killing rate (number of
target cells killed per unit time) saturates more rapidly with an increase in the CTL
density than with an increase in target cell density. Previous results suggest that this
more pronounced saturation in CTL density can be due to a CTL killing multiple target
cells simultaneously. To test whether the more pronounced saturation of killing with CTL
density is indeed due to CTLs simultaneously killing multiple target cells, we performed
cellular Potts model simulations specifically tailored to these experiments, and in contrast
to the experiments we always found that CTL-mediated killing rate always saturates
strongly with increases in target cell densities in the model—irrespective of the mode of
CTL-target cell interactions. We conclude that the mode of interaction cannot be inferred
from the saturation constants alone, and discuss several other potential mechanisms that
may explain this discrepancy.

6.1

Introduction

Cytotoxic T lymphocytes (CTLs) are critical to contain and eliminate viral infections and
tumors. Adoptive transfer of in vitro activated CTLs have been shown to induce tumor
regression successfully in mice [2, 38, 39] and humans [40]. Cytotoxicity assays in collagen gels provide a tissue-like 3-dimensional environment supporting T cell migration
[21], making them suitable systems to determine CTL mediated killing rates in vitro and
how they vary with CTL and target cell densities. Knowledge of the CTL killing efficiency
is important to estimate the critical CTL density that can induce sterilizing immunity to
tumors and viral infections [7, 9].
In this study, we perform recently developed cytotoxicity assays in collagen gels [21]
starting with different effector, Ē, and target cell, T̄ , densities to determine how the CTLmediated killing rate (total number of cells killed per unit time) changes as a function of
Ē and T̄ . We find that a standard double saturation (DS) model [55] with different saturation constants for target cell and CTL densities describes the experimental data well.
The CTL-mediated killing rate saturates more strongly with an increase in CTL density
than in target cell density. Previous simulation results demonstrated that the extent of
saturation in CTLs and target cells depends on whether a CTL can kill multiple target
cells, whether a target cell can be killed by multiple CTLs at the same time [55], and
on how the duration of target cell death varies with number of CTLs and targets in a
conjugate [15, 55]. The more pronounced saturation in CTLs in the current experiments
90
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Target cell
CTL

Figure 6.1. Schematic of the collagen gel assay setup. A monolayer of target cells (red) was
overlaid with collagen gel containing CTLs (green). The region shaded with grey represents
the collagen gel matrix, and the arrows represent CTL migration.

suggests that a CTL can induce death of multiple target cells simultaneously [55]. However, in these gels the restricted localization of target cells to the bottom mono-layer and
the free migration of CTLs in the gel might confound the inference of the underlying
CTL-target cell interactions from the relative extent of saturation of killing in CTL and
target cell densities.
To test whether we can distinguish between different modes of CTL-target cell interactions, we performed cellular Potts model simulations that mimic these cytotoxicity assays.
For parameters that are largely consistent with the observed migration properties and
our collagen gel experiments in this study, we always found that CTL-mediated killing
saturates strongly in target cell densities. This is in strong contrast with the saturation
constants found in the analysis of the experimental data. Further analysis suggests that
the fact that only a fraction of total CTLs is present in the target cell mono-layer and that
the killing rate is not at steady state, can together explain why we find stronger saturation with increases in target cell densities in these simulations. Thus, spatial effects and
non-equilibrium dynamics can confound the inference of underlying CTL-target cell interactions in killing assays. Finally, our results imply that to explain the observed strong
saturation of killing efficiency in CTL densities additional mechanisms must be at play.

6.2

Results

Cytotoxicity assays were performed in collagen gels, in which target cells (BOK tumor
cells pulsed with ovalbumin-derived SIINFEKL peptide) are adherent to the bottom of the
well (Fig. 6.1). Such ’monolayer’ gels for instance mimic the process of localization of
CTLs to the site of a tumor or a viral infection in peripheral tissues like the skin. After 24
hours of incubation, collagen-fibrin gels containing SIINFEKL-specific OT-I CTLs are laid
on top of them (see Methods and [21] for more details). At 30 hours post-coincubation,
propidium iodide is added and the surviving target cells are determined by imaging a
section (about 10%) of the target cell mono-layer using bright field imaging. These
experiments are repeated with different starting CTL (Ē) and target cell (T̄ ) densities.
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6.2.1

Mass-action and Michaelis-Menten models

The BOK cells proliferate at a rate g = 0.0433/hour and are killed by CTLs; the dynamics
of B16 cells are given by
dT
= gT − K(E, T )T ,
(6.1)
dt
where K(E, T ) is the CTL-mediated death rate of BOK cells, defined as a function of the
OT-I density, E, and the B16 cell density, T . We consider that the CTL density remains
constant over the duration of the experiment.
To determine the variation of the CTL mediated killing rate of target cells with CTL and
target cell densities, we fit the mass-action model (see below) and the double saturation
(DS) model to the data. According to the mass-action model, the CTL-mediated death
rate of target cells (hereafter referred to simply as death rate) increases proportionally
with the CTL density and independent of the target cell density:
K(E, T ) = kE ,

(6.2)

where k is the killing rate, and E is the OT-I density. On the other hand, the death rate
according to the DS model is given by
K(E, T ) =

kE
,
1 + E/hE + T /hT

(6.3)

where hE and hT are the saturation constants in CTLs and target cells respectively, and k,
E, and T are the mass-action like killing rate, CTL, and target cell densities, respectively.
We find that the DS model describes the CTL mediated killing better than the mass-action
model (Fig. 6.2; see Table 6.1 for best fit parameters). The predictions of the mass-action
model with the best fit parameters deviate from the data at several instances. For the DS
model, we find that the saturation of killing of target cells is more pronounced with an
increase in CTL than in target cell density (i.e., hE = 55.5 cells and hT = 100.6 cells).
A possible explanation for this pronounced saturation in CTL density is the occurrence
of simultaneous killing in these gels, i.e., when CTLs kill multiple target cells simultaneously, but a target cell can only be killed by a single CTL [15, 55].
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Model
Mass-action
Double saturation model

k (cells−1 hour−1 )
−4

2.2(±0.14) × 10
3.4(±1.44) × 10−3

hE

hT

55.5(±25)

100.6(±54)

Table 6.1. Best fit parameters of the models that describe the experimental data (95% confidence intervals shown in parentheses).

A factor not taken into account in the model is that CTLs are initially absent from the
bottom layer where the target cells reside, and that they gradually accumulate in the
bottom mono-layer as the experiment progresses. Indeed, only a fraction of the CTLs
is present in the bottom ’layer’ of the gel at the end of 30 h (see supplementary videos
in [21]), but the precise number of CTLs in the bottom layer was unknown in these
experiments. If only few CTLs are present in the bottom layer, it is unlikely that multiple
CTLs are in conjugate with a single target cell. Thus, it might be difficult to distinguish
simultaneous killing from mixed killing, in which conjugates of any number of target
cells and CTLs can occur. Other factors that could have an impact on the saturation
constants estimated with the DS model are the occurrence of non-equilibrium dynamics
and of cluster formation amongst the targets in the mono-layer.

6.3

Simulations to verify CTL-target interactions

To examine whether we can distinguish between different scenarios in this experimental
setup, we perform cellular Potts model simulations tailored to these experiments. In addition to the simultaneous killing regime, we consider three other interaction scenarios:
monogamous, joint, and mixed, as defined in Chapters 2-4 (see Fig. 1 in Chapter 2). In
monogamous and joint killing regimes CTLs can only kill a single target cell at a time.
Moreover, targets can only be killed by a single CTL at a time in monogamous killing,
whereas they can be jointly killed by multiple CTLs in the joint killing regime. For mixed
killing, there are no restrictions on the number of cells in conjugates, and all interactions
contribute to killing. CTLs can induce death of all the targets in a conjugate equally well
irrespective of the number of target cells in a conjugate. Target cells accumulate the
duration in a conjugate (hereafter referred to as ‘killing signal’) independently from all
the CTLs in a conjugate. A target cell is killed when the cumulative conjugate duration
reaches tD = 8.3 hours, and the killed target vanishes in a few seconds.
We consider a 2-dimensional field filled with clusters of targets, representing the target
cell mono-layer at the bottom surface of the gel (see Fig. 6.3). Unless otherwise mentioned, we introduce target cells with normally-distributed cluster sizes (with a mean of
5 cells and standard deviation of 5 × 10−3 ). To mimic CTL entry from the gel into the
target cell mono-layer, we introduce CTLs into the bottom layer at a constant probability
of 10−5 per CTL in the gel (at every simulation time step). The CTLs in the mono-layer
are removed at a constant probability of 10−4 per CTL per time step, which mimics CTL
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Figure 6.3. Schematic of the simulation field. Panel (A) shows schematic of the collagen gel
assay, and panel (B) shows the simulation field of the mono layer. Insets a, b, and c highlight
the some of the instances in which single CTLs killing multiple targets. In both the panels,
target cells are depicted in red and CTLs in green. Scale bar represents 200µm.

migration into the bulk of the gel. Attempting to update all the lattice sites constitutes
one time step in the simulation, which corresponds to 7.5 s in real-time. Consistent with
the assays, each simulation corresponds to an experiment duration of 30 hours. In the
mono-layer of the gel, CTLs perform a persistent random walk according to a set of welldefined rules (see Chapter 2 for the details of the migration algorithm).
In Chapters 2-4, we showed that in a high cell density environment (with a network
of fibroblastic reticular cells) these migration rules for the CTLs result in a directional
persistence over short time scales of minutes, but no directional preference over long
time scales. In the current low cellular density simulations, the same set of rules also
results in a persistent random walk—even without the reticular network. For the default
parameters (see Methods), CTLs migrated at about 2-3µm/min. The motility coefficient
and persistence of CTLs are 19.6µm2 /min and 6.7 min, respectively, as estimated by
fitting Fuerth’s equation [45, 51] to the mean square displacement.
Although these migration properties are on the low side of the experimental observations,
all the simulation parameters (including those related to migration speeds, killing time,
and the probability of CTL entry into the mono-layer) are chosen such that we find
about 10-20% surviving target cells at the end of the simulations for the lowest target
cell numbers, i.e., similar as in the experiments. Upon CTL-target cell encounter, we
upregulate the adhesion between the cells to allow the formation of synapses, but as
shown in the movies, CTLs in clusters continue to migrate and form many short lived
‘kinapses’ [66] with several targets in their cluster. The CTLs were programmed to have

95

Chapter 6. Inferring the CTL-Target Cell Interactions
a preference to adhere to the target cells (see Methods), and consequently they tend to
stay in a cluster until all the target cells in the cluster are killed.
The maximum numbers of CTLs and target cells employed in these simulations are
chosen such that they are comparable to those used in the collagen gel experiments,
i.e., we model the part of the gel that was imaged to count surviving target cells.
Like in the experiments we measure the number of surviving target cells at the end
of simulation, and perform such simulations for different initial target and CTL densities and for several modes of CTL-target cell interactions. Consistent with the experiments, the total number of CTLs in the gel, E, remains constant in the simulation.
However, note that there are no CTLs in the bottom layer at the onset of simulation
or experiment, and that they slowly accumulate over time (see Movie S1 for a representative simulation of simultaneous killing with Ē = T̄ = 720 cells; located at
http://tbb.bio.uu.nl/sai/movies/chapter6/). Since we have no measurements on
the speed of CTL entry in the experiments, we (1) fit the data with the total CTL density
in the gel, and (2) we chose the simulation parameters such that 80-90% of the target
cells have been killed at the lowest target and the highest CTL densities. For simplicity,
we consider that target cells do not proliferate (g = 0), and we write for the dynamics of
surviving target cells:
kET
dT
=−
,
dt
1 + E/hE + T /hT

(6.4)

where T and E represent the total numbers of targets and CTLs in the gel.

6.3.1

Killing saturates at much lower target cell densities in all the
scenarios

Fitting the DS model of Eq. 6.4 to the number of surviving target cells at the end of the
simulations, we find that it provides an excellent description of the simulation data for
all killing regimes (Fig. 6.4). For all the four killing regimes the killing rate (i.e., number
of target cells killed per unit time) saturates both with CTL and target cell densities (and
the mass-action model consistently overestimates the surviving target cells; not shown).
However, the killing rate in these simulations saturates at low target cell densities and
high CTL densities (hT  hE ; see Table 6.2 for parameter estimates). This is surprising
in two regards. First, the asymmetry in the saturation constants is not expected for
the monogamous and mixed regimes, and is expected to be reversed (hT > hE ) in the
simultaneous regime [55]. Second, in the experimental data hT ≈ 100 > hE ≈ 55,
whereas in the simulations (only in the mixed and simultaneous) hT is similar whereas
hE is about 10–50 fold larger than hT .
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Figure 6.4. Comparison between the DS model predictions of the surviving target cells and
that observed in the simulations: monogamous (A), joint (B), simultaneous (C), and mixed
(D) regimes. Markers indicate the average over 4 independent runs with starting target cell
numbers of T̄ = 144 (2), 432 (◦), and 720 (4); error bars indicate the standard deviations
over the runs; and the solid lines indicate the predictions obtained by fitting the DS model
with the best fit parameters (Table 6.2).

Table 6.2. Best fit parameters of the double saturation (DS) model for different simulated
killing regimes.

Regime
Monogamous
Joint
Simultaneous
Mixed

k (cells−1 hour−1 )

hE (cells)

hT (cells)

Ratio, hE /hT

1073
1233
579
1194

48
26
82
90

22
47
7
13

−5

7.89 × 10
1.51 × 10−4
2.08 × 10−4
1.97 × 10−4
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6.4

What explains the pronounced saturation of killing
in target cell densities in the simulations?

Since it is puzzling that we find hardly any saturation of killing in CTL densities for all
modes of CTL-target cell interactions, we examine whether the differences between our
earlier simulations [55] —that were idealized to derive the functional response— and
the current simulations —that were designed to mimic the experiments— could explain
the weak saturation in CTL densities.

6.4.1

Only a fraction of CTLs reaches the target cell mono-layer

First, we realized that in the simulations only a fraction of the CTLs reaches the bottom
target cell mono-layer, and that the saturation constant, hE , is estimated for the total
number of CTLs in the gel (both in the data and the simulations). If only a fraction α
of CTLs is present, we require a higher CTL density in the gel to achieve the maximum
killing rate—i.e, in the monogamous regime hE is expected to be larger than hT . This
intuitive reasoning is confirmed by an analytical derivation using the Michaelis-Menten
kinetics analogy [16, 55] (see Methods): in the monogamous regime we obtain hE =
hT /α.
At the end of our simulations, we find that a fraction of about 0.13 of the CTLs are
present in the bottom layer, which would average to about α ' 0.065 over the entire
simulation. Since this α ' 0.065 is in agreement with the ratios hE /hT ' 1/α observed
in the simultaneous and mixed regimes (Table 6.2), we think that the unexpected large
asymmetry, hE hT , in the saturation constants is largely due to the fact that most CTLs
in the simulations reside in the gel and never arrive in the bottom layer. The reversed
asymmetry, hE > hT , in the experimental data therefore suggests (1) that the interactions are even more “simultaneous” than they are in our simulations, and/or (2) that a
much larger fraction of the CTLs arrives at the bottom layer of the gel.

6.4.2

Transients partly explain the saturation in target cell densities

In our previous functional response simulations [55] (and Chapters 3-4), we allowed for
a “burn-in” time to allow the distribution of conjugate times to approach steady state
before we started quantifying the killing. In the current simulations, in which we aim
to mimic the experimental simulations, we start with zero conjugates, and killing cannot
occur at times earlier than the killing time tD . Thus, the distribution of times that target
cells have spent in conjugates (hereafter referred to as ‘killing signal distribution’) is
initially far from the steady state uniform distribution. We here study how this initial
transient affects the symmetry of the saturation constants.
Consider the initial phase with all targets in the bottom layer and CTLs slowly arriving
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Ē = 432, T̄ = 432
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Figure 6.5. The total number of synapses with target cells (A,C) and the number of cells
killed (B,D) over 150 min intervals during simulations for the simultaneous (A-B) and mixed
(C-D) regimes. Solid lines indicate the average from 4 independent simulations, and the
shaded regions indicate standard deviations over these 4 observations. Ē and T̄ represent
the starting CTL and target cell numbers in the simulations, respectively. Red arrows depict
the end of the duration of the experiment.

from the gel. If the arrival time of the CTLs is the limiting factor, the rate at which
conjugates are formed is expected to be proportional to the rate at which the CTLs arrive.
Moreover, when these CTLs form conjugates with target cells in a particular cluster, target
cells in other clusters will not be affected by them, until the target cells in the first cluster
die. Thus, increasing the target cell density will only moderately increase the killing rate,
whereas the killing rate should initially be more or less proportional to the CTL density
in the bottom layer of the gel. Recording the conjugates and the killing rate over time,
we indeed find that the number of synapses and number of cells killed during intervals
of 150 mins increases more when we increase the CTL density by 67% compared to an
increase of the target cell density by the same amount (Fig. 6.5). Further, as expected
the first target cells are killed around the kill time tD . Since at early times the target cell
density affects the killing rate less strongly than the CTL density, this helps to explain
why we find hT < hE when we fit the DS function to the in silico data. Moreover,
we performed additional simulations in which all the CTLs are introduced in the bottom
layer from the beginning of the simulation, and again find that the killing rate saturates at
higher CTL than target cell densities (not shown). Therefore, the impact of the transient
on the saturation coefficients is independent of the CTL entry into the bottom layer.
Note that similar initial transients should play a role in the experimental data, where we
nevertheless find the opposite asymmetry.
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Finally, since the conjugates dissociate fairly frequently in the data and the simulations
(i.e., CTLs form kinapses rather than synapses), an increase in the target cell density is
expected to increases the rate at which CTLs move from one target cell to the next one.
This “dilutes” the killing signal that target cells receive from CTLs, and the higher the
target cell density, the higher this dilution effect. Basically, an increase in the target cell
density decreases the probability that a CTL returns to the same targets to finish off their
killing. During the initial transient, when targets are slowly accumulating killing signal,
higher target cell densities therefore increase the average time required to kill the target
cells. On the other hand, an increase in the CTL density increases the probability target
cells are visited by CTLs, and increases the killing rate. This would again be reflected in
an asymmetry of the saturation constants, i.e., hE > hT , when the data is fitted with the
DS function, and might partly explain why we observe differences (observed in Fig. 6.5)
in killing rates and number of conjugates formed for a similar increase in CTL or target
cell numbers. Since the synapses formed in the experimental data also tend to be shortlived, similar dilution effects could play a role there. Note that between consecutive
short-lasting kinapses in the simulations target cells perfectly retain the killing signal
they accumulated over time.

6.5

Discussion

We have shown that the double saturation model [55] suffices to describe data from 3dimensional cytotoxicity experiments in collagen gels, and that the data suggest a more
pronounced saturation in CTLs than in targets (i.e., hE < hT ). Other in vitro data were
also well described by the DS model, and a similar early saturation in CTL densities was
found in Chapter 5, and in assays in which bacteria were killed by neutrophils [54]. Previous results suggested that the saturation in CTL densities found in the current data is
expected when CTLs kill target cells simultaneously [15, 33, 55]. However, in our simulation model of the 3D collagen experiments we found a much weaker saturation in CTL
than in target cell densities (i.e., hE > hT ), with a similar hT between experiments and
simulations (in the simultaneous and mixed killing regimes). We have identified several
confounding factors that can account for this opposite saturation. An important bias is
the simple fact that only a fraction of the CTLs is expected to be present in the bottom
layer of the gel, whereas the transient to the steady state killing signal distribution is not
a bias of these collagen gels, but equally applicable to all cytotoxicity assays.
In our previous functional response simulations the target cell density was kept constant,
whereas here they decline with time. At late times the target cell density will therefore
become the limiting factor, and this will occur earlier when CTL densities are high. This
is confirmed by time courses of the conjugates and the number of cells killed in Fig. 6.5,
where in the second half of the simulations the number of conjugates drops markedly
because most target cells have died. The fact that the killing drops early at the highest
CTL density shows that the saturation constants estimated for this type of data critically
depend on the time point at which the number of surviving cells is measured. In both the
current experiments and the simulations, we have tried to prevent this by sampling the
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data at a time where 10-20% of the target cells survive for the highest CTL and lowest
target cells densities used.
The fact that we spotted several mechanisms towards an opposite asymmetry of the
saturation constants shows that we do not yet fully understand the cellular interactions
in the data. In fact, the unknown mechanisms underlying the saturation in CTL densities
in the data have to be strong, as they must exceed the opposite effect of the biases.
At this point we can only speculate about the true mechanisms. First, it could be that
in reality far more CTLs arrive in the bottom layer. This would decrease the degree of
asymmetry predicted by the simulations, but would require even longer killing times
than the tD = 8.3 h that we are using now to remain in agreement with the observed
survival of targets. Although it was consistently found that the kill time of tumor cells
is much longer than that to kill virus-infected cells [19, 26, 37, 67], more than 8.3 h
seems unlikely. Second, it could be that the short-lived kinapses kill target cells more
efficiently than we are currently assuming. In the simulations the total amount of time
spent in kinapses sums up to the total killing time tD before a target cell dies, and it could
be that during the intermittent phases between kinapses target cells continue to accrue
death signals, for example because of local production and excretion of IFN-γ by CTLs.
This is expected to lead to saturation in CTLs, because having several migrating CTLs in
the same cluster and frequently hitting the same target cells, would then hardly increase
the killing rate compared to single CTLs in a cluster. Similarly, it could be that the
accumulation of killing signal is not strictly additive, and that additional CTLs hitting the
same target cell hardly increase its death rate. This would also lead to saturation in CTL
densities, as was found in the earlier simulations by Graw Regoes [15]. Consistent with
this hypothesis, in experiments where CTLs and targets were allowed to form conjugates
before plating them out [18], the death rate of a target cell increased with the number
of CTLs conjugated with that target, but only when conjugates involved maximally three
CTLs. Having more than three CTLs conjugated with the same target failed to increase
the death rate [18].
As yet, we do not known whether a combination of these speculative mechanisms would
suffice to explain the saturation observed in the data, given the biases that we identified.
In future studies the number of CTLs in the bottom layer of the gel should be recorded,
and it would be interesting —but challenging— to estimate the death rates of cells in
clusters harboring different numbers of CTL. Finally, it would be interesting to perform
more studies varying target and CTL densities in vivo, as it has been suggested that killing
in vivo does not saturate and obeys mass action kinetics [10], whereas several in vitro
data sets consistently find saturation in CTL densities (see Chapter 5 and [18, 54]).
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6.6
6.6.1

Methods
Cytotoxicity assay in collagen gel

The cytotoxicity assay in collagen gels is described in detail elsewhere [21]. Briefly, the
cytotoxicity experiments consist of target cells (SIINFEKL-pulsed BOK cells) adherent to
the bottom of a well, and CTLs (OT-I T cells) in a polymerized collagen gel laid on top
of the target cells at the beginning of the experiment. At the end of 30 hours, propidium
iodide (PI) is added to the well, and the number of surviving cells within a part of the
well (≈835µm×636µm2 ; corresponding to ≈10% of the well) is counted. Experiments
are performed with different starting CTL and target cell numbers to estimate the killing
efficiency as a function of CTL and target cell densities.
BOK cells proliferate at a rate, g=0.0433 hour−1 (not shown). Because about 10% of the
well is imaged to count the surviving target cells, we took the initial number of target
cells T0 and CTLs to be 10% of the total cells used. We assume that the CTL numbers
remain constant, i.e., no CTL proliferation or death. Since the CTL activity can vary
across cultures, we use a different killing rate constant k for experiments performed on
each day.

6.6.2

Mathematical models

In a mass-action model, killing of a target cell is instantaneous upon contact with a CTL,
and the rate of killing of target cells is proportional to the densities of target cells, T , and
CTLs, E, present in the gel. Therefore, the dynamics of target cells is then given by
dT
= gT − kET ,
(6.5)
dt
where g is the proliferation rate of the target cells, and k is the CTL mediated killing rate
of target cells.
Recently, using computer simulations we have shown that a double saturation (DS)
model with two different saturation constants, describes the CTL killing of target cells
for various scenarios of CTL and target cell interactions [55]. This function can be derived mechanistically when target cells are killed by single CTLs under quasi-steady state
conditions, whereas for other scenarios it is a semi-mechanistic model and describes the
killing well (see [55] and Chapters 2-4). The dynamics of surviving target cells is then
given by
kET
dT
= gT −
,
(6.6)
dt
1 + E/hE + T /hT
where hE and hT are the saturation constants in CTLs and target cells respectively, and k,
E, and T are the mass-action like killing rate, CTL, and target cell densities, respectively.
In the cellular Potts model simulations of the experiments (see below), we consider that
the target cells do not proliferate, i.e., g = 0.
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6.6.3

CTL-mediated killing when only a fraction present in the target
cell mono-layer

Using the Michaelis-Menten kinetics analogy [16, 55], we here derive how the saturation
constants change if only a fraction, α, of the CTLs is present in the bottom mono-layer.
Let T̄ and Ē be the total number of targets and CTL in the gel. For simplicity, we average
over time and assume that a fixed fraction, α, is present within the bottom layer. The
effective number of CTLs in the bottom layer is then given by αĒ. For monogamous
killing, the ‘free’ CTLs bind ‘free’ target cells (i.e., those that are not bound in a conjugate)
at a rate k1 to lead to conjugate, [ET ], which subsequently can either dissociate at a rate
k−1 to result in a ‘free’ CTL and a ‘free’ target, or lead to the death of the target cell at a
rate k2 :
k1
k2
−
*
E+T −
)
−
− [ET ] −→ E + T ∗ ,
(6.7)
k−1

∗

where E, T , ET , and T represent free cognate CTLs, free target cells, CTL-target conjugates, and dead targets, in the bottom layer, respectively. The corresponding dynamics
of conjugates and the killed target cells are given by
dC
= k1 ET − (k2 + k−1 )C ,
dt

dT ∗
= k2 C ,
dt

(6.8)

where C and T ∗ represent, respectively, the number of conjugates, [ET ], and the number
of cells killed. The conservation equations for effectors and targets are given by αĒ =
E + C and T̄ = T + C, where αĒ and T̄ are the total CTL and target cell numbers in
the mono-layer. Following Borghans et al. [16], we perform the “total quasi-steady state”
approximation and rewrite the dynamics of conjugates in terms of total cell numbers,
i.e.,
C 2 − (h + αĒ + T̄ )C + αĒ T̄ = 0,
(6.9)
where h = (k2 + k−1 )/k1 is the Michaelis-Menten constant. Solving this quadratic equation by a Padé approximation we obtain the conventional
C=

αĒ T̄
.
h + αĒ + T̄

(6.10)

Thus, the dynamics of killed target cells is given by
dT ∗
k Ē T̄
=
,
dt
1 + Ē/hE + T̄ /hT

(6.11)

where k = k2 α/h, hE = h/α, and hT = h. Thus, whenever only a fraction of the CTLs is
present in the bottom layer, i.e., whenever α < 1, we predict that hT < hE , despite the
symmetry expected for monogamous killing [16, 55].

6.6.4

Cellular Potts model simulations

The cellular Potts model (CPM) is a grid based model, in which each cell is represented
with connected multiple lattice sites (see Chapter 2 for details of the CPM). We consider a
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two-dimensional torus of 1000 × 1000 pixels (the length of each lattice site equals 1 µm),
in which we only consider the bottom layer explicitly. It contains non-motile target cells
(of about 16 µm diameter) and CTLs (of about 8 µm diameter) that enter the field at
a constant probability per time step (mimicking their continuous migration in the bulk
of the gel and appearance in the bottom layer of the gel). Conversely, CTLs also exit
from the field at a constant probability to mimic their migration into the top layers of
the gel. Surface energy (J) and surface tension (γ) parameters that define interactions
between the in silico cell types are given in Table 6.3, and are chosen such that CTLs
prefer to be adjacent to target cells and targets prefer to adhere to other targets over
being surrounded by the medium.
Table 6.3. Default surface energies and surface tensions used in the simulations. Surface
energies are represented by J, and γ are the surface tensions in arbitrary units.

ECM
CTL
tgt

ECM

CTL

Target (tgt)

JECM ,ECM = 0
JCTL,ECM = 190
Jtgt,ECM = 400

γECM ,CTL = 40
JCTL,CTL = 300
Jtgt,CTL = 250

γECM ,tgt = 150
γCTL,tgt = −150
Jtgt,tgt = 500

In the target cell mono-layer, CTLs perform a persistent random walk [26, 45] as long
as they are present in the field. As in Chapters 2-4, CTLs follow a set of well defined
migration rules. Briefly, a random target direction from a uniform distribution of [−π,π]
is assigned to all the CTLs at the start of the simulation, and thereafter changes every
3 mins based on its direction of recent migration (i.e., self-adjusting motility [45]).
Following our recent experiments [21], we let the CTLs continue migration upon target
encounter, i.e., they form kinapses. We record the durations that targets interact with
CTLs at every time step. Targets ‘remember’ the contact duration when the CTL breaks
the kinapse, and when the cumulative kinapse duration reaches 8.3 hours the target cell
dies. The dying target quickly shrinks in size and disappears from the field. Each time
step (i.e., attempting to update all the lattice sites) corresponds to 7.5 s in real time, and
each simulation is equivalent to 30 hours of co-incubation. Other parameters are the
same as in the simulations of short-lived synapses in Chapter 3.

6.6.5

Non-linear regression (or fit) to the data

All the regression analyses of models to the data from simulations are performed using the function nlinfit in MATLAB (The MathWorks Inc., Natick, MA), which uses the
Levenberg-Marquardt algorithm. Log-transformed numbers of cells killed were used for
all the regressions to prevent skewing of the fit to the killing observed at high CTL and
target cell densities.
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Abstract
Over the past few decades the extent to which cytotoxic T lymphocytes (CTLs) control
human immunodeficiency virus (HIV) replication has been studied extensively, yet their
role and mode of action remains controversial. In some studies, CTLs were found to
kill a large fraction of the productively infected cells relative to the viral cytopathicity,
whereas in others CTLs were suggested to kill only a small fraction of infected cells. In
this review, we compile published estimates of CTL-mediated death rates, and examine
whether these studies permit determining the rate at which CTLs kill HIV-1 infected
cells. We highlight potential misinterpretations of the CTL-killing rates from the escape
rates of mutants, and from perturbations of the steady state viral load during chronic
infection. Our major conclusion is that CTL-mediated killing rates remain unknown. But
contrary to current consensus, we argue that killing rates higher than one per day are
perfectly consistent with the experimental data, which would imply that the majority of
the productively infected cells could still die from CTL-mediated killing rather than from
viral cytopathicity.

7.1

Introduction

CD8+ Cytotoxic T lymphocytes (CTLs) are an indispensable arm of the adaptive immune
system for protection against tumors, and against viral and bacterial infections. CTLs protect by killing infected cells and by various non-lytic mechanisms, including the secretion
of interferon-γ, macrophage inflammatory proteins (MIP)-1α and MIP-1β [68, 69]. The
relative contribution of these two mechanisms in controlling infections is poorly understood,and an important parameter determining the extent of CTL protection is the rate at
which they kill infected cells. Although CD4+ T cells that have become productively infected with the human immunodeficiency virus type 1 (HIV-1) are known to die rapidly
[70, 71], recent studies into the role of CTLs in controlling HIV-1 infection have suggested that their mode of action is largely non-lytic [29, 72–75]. This would imply that
the majority of the productively infected cells are not killed, but die rapidly from infection (viral cytopathicity). Here we review these studies to see if they indeed support the
minor contribution of the lytic effects of CTLs, and whether they are truly incompatible
with rapid CTL killing rates. There are multiple ways to report CTL-mediated killing rates
(see [11, 17, 27] for excellent overviews and how to interconvert these rates). In this
review, we report published estimates of killing rates as the death rate of productively
infected cells induced by all CTLs together.
Several kinetic parameters of HIV-1 and SIV infections are similar. During acute infection in their respective hosts, the two viruses initially replicate at comparable rates of
1.5–2.0/day [76–79], and during anti-retroviral therapy (ART) they exhibit similar viral
load decay rates of 1–2/day [72, 73, 80, 81]. One notable difference between HIV-1 and
SIV is that HIV-1 immune escape rates were consistently lower than SIV escape rates [82].
Here, we primarily focus on CTL-mediated killing rates during HIV-1-infection and dis108

7.2 Estimating killing rates from escape rates
cuss a few published SIV estimates from studies that can only be performed in monkeys.

7.2

Estimating killing rates from escape rates

HIV and SIV mutate when they infect new target cells. If these mutations occur within
CTL epitopes, they can reduce the ability of CTLs to recognize and control infected cells,
thereby allowing the virus to escape CTL surveillance. Such escape mutants have a
selective advantage over wild type viruses, and hence can out-compete them. The rate
at which escape mutant replaces the wild type—defined as the escape rate—provides
an indication of the efficiency of the CTL response that was evaded. However, escape
mutations are often accompanied by fitness costs of the mutations, which slow down the
escape rate [17, 29]. The fitness costs can be estimated in vitro by competition assays
[83–85] and in vivo from the rates at which escape mutants revert back to wild type in
HLA-mismatched patients [29, 86, 87]. By accounting for fitness costs, researchers have
tried to estimate the in vivo CTL-mediated killing rate from the escape rates of mutants
(reviewed in [17]).

7.2.1

Early escape rates

Asquith et al. [29] examined longitudinal measurements of the frequencies of immune
escape mutants and found very slow escape and reversion rates in 12 HIV-1-infected individuals at different stages of infection. Combining the estimated escape and reversion
rates, and considering a model where CTLs control by killing infected cells, they estimated a median killing rate by the escaped CTL response of 0.04/day during the acute
phase of the infection. Since the total death rate of productively infected CD4+ T cells is
about δ = 1/day [80] (see below), they concluded that a CTL response targeting a single
epitope is responsible for the death of only a minor fraction of virus-producing cells, i.e.,
at most 4%. In patients mounting CTL responses to, say, five epitopes, the contribution
of CTL killing to the death of productively infected CD4+ T cells would still be just 20%,
suggesting that most infected cells die by viral cytopathic effects. Although later studies
using the same approach frequently find at least 10-fold faster escapes [88–90] and more
rapid reversions [87], other recent studies confirm that both immune escapes and reversions can be slow [91]. One possible explanation for these slow immune escape rates is
that CTLs largely control by non-lytic mechanisms [75]. Immune escapes from non-lytic
CTLs impose lower selection pressures than escapes from lytic responses because cells infected with escaped virus remain susceptible to non-specific factors secreted by the CTL
in their neighborhood [75].
At least two other explanations for slow immune escape rates have been suggested, both
implying that the published escape rates underestimate the actual CTL killing rates. First,
there are some general issues associated with estimating killing rates from escape rates,
i.e., by sequencing the HIV-1 quasi species in a patient at various time points and fitting
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simple population genetic models to the time course describing the fraction of mutated
sequences within each epitope [92]. One major problem with such models is that the
escapes are treated independently, whereas in reality the immune escapes appear more
or less sequentially, i.e., subsequent escapes can only evolve after previous immune escapes have become established. This competition is known as “clonal interference” in
population genetics [93, 94], and several authors have recently shown that clonal interference can markedly decrease the escape rate inferred independently for each epitope
[92, 95–98]. For example, Kessinger et al. [96] developed a novel mathematical model
combining the escape data from all epitopes, and showed that their estimation procedure
markedly increased the most likely set of escape rates. Another major problem with this
kind of data is that the time courses are underpowered due to sampling that is fairly
infrequent [99] and that is not deep enough to detect the exact arrival time of the escape mutants. By testing clonal interference models on simulated data, it was indeed
found that the estimated escape rates are very sensitive to the sampling frequency and
to the sequencing depth [96, 98], casting additional doubt on the estimated escape rates
[92, 96]. Next generation sequencing (NGS) methods have been used to sequence much
deeper [100], but due to their prohibitive costs, the sampling frequency remains limited.
An interesting approach is to reconstruct whole genome haplotypes from the NGS data
[101], which allows one to observe the clonal interference directly and to estimate the
escape rate of all the major haplotypes.
A second line of explanations for slow immune escape that does not involve non-lytic
mechanisms is that large fitness costs can explain at least some of the slow escapes
observed. Several immune escapes confer severe fitness defects, which can be observed
in vivo by poor replication of the virus in subsequent HLA-mismatched patients [87] or in
vitro by viral competition assays [83–85]. Additionally, the reversion rates estimated in
vivo also suffer from clonal interference, and could hence be markedly underestimated.
Finally, several immune escape mutations ultimately become repaired by compensatory
mutations increasing the replicative fitness of the virus. Following transmission to an
HLA-mismatched patients such a repaired immune escape may have a high fitness, and
hence reverts very slowly.

7.2.2

Late escape rates

In Asquith et al. [29] study the immune escape rates tended to be even slower in chronically infected patients, i.e., about 0.008/day than in acute stage. They were also found
to decrease over time in a study following three HIV-1-infected individuals over one year
[89]. Moreover, a recent study following about 120 HIV-1-infected individuals starting
at a median of 11 weeks post seroconversion found very few escapes over the subsequent 2–3 years of chronic infection [91]. The apparent decrease in the immune escape
rate has been attributed to a lower killing efficiency during chronic infection due to exhaustion of CTLs [11, 29, 92], and due to the decrease in CTL numbers after the acute
phase [17].
However, other explanations for the escape rate decrease over time are possible. First,
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a trivial explanation could again be the small number of time points in these studies,
because the sampling frequency typically decreases over time [98]. Second, similar observations have been made in mathematical models in which the data is “sampled” very
frequently [99]. Van Deutekom et al. [102] and Ganusov et al. [89] demonstrated that
escape rates are expected to decrease during chronic infection when the number of CTL
responses increases during infection progress. This is because multiple CTL responses
can collectively induce rapid death, while the contribution of each individual CTL response remains small. As a result, the selective advantage for the virus to escape just one
CTL response decreases [102], leading to slow escape. Consistent with this, a recent
study showed that broad Gag responses are associated with few escapes and low viral
load in HIV-1-infected individuals [103]. Thus, slow escape rates during chronic infections are to be expected for broad immune responses, and are not indicative of non-lytic
or poor control by CTLs.
Summarizing, the current data on the immune escape and reversion rates in HIV-1 infection have been described with over-simplified mathematical models, and are not rich
enough for reliably estimating the contribution of CTLs during the acute and chronic
phases of HIV-1 infection, let alone the relative contribution of lytic and non-lytic mechanisms. Fortunately, with the current rise of NGS approaches [100, 101], and the novel
models taking clonal interference into account [92, 95–98], this is expected to improve
once we can afford to sample the viral quasi species very frequently. This is important
because immune escape and reversions provide natural in vivo experiments providing
information on the role of CTLs in HIV-1 infection.

7.3

Estimating killing rates from ART data

During chronic HIV/SIV infection, the plasma viral load remains constant over many
years due to the balance between viral replication and clearance mechanisms, i.e., a
steady state. In several studies the steady state was perturbed, and the ensuing viral
dynamics were analyzed to estimate the kinetic parameters of viral replication and CTLmediated killing rates. The approaches used to perturb steady state can be classified into
three broad categories: treatment with anti-retroviral therapy (ART), depletion of CD8+
cells, or adoptive transfer of CD8+ T cells. In the remainder of this review, we focus
on estimates of killing rates during chronic HIV/SIV infection obtained using these three
methods.
Ho et al. [70] and Wei et al. [71] examined the dynamics of HIV-1 following ART with
one or two protease inhibitors, and found that the plasma viral load declines very
rapidly after treatment. In later studies, the viral load was found to decline in multiple phases [104, 105], and using an even more potent combination of drugs [80],
it was found that the initial downslope of the viral load is about δ = 1/day. These
downslopes were estimated by fitting a basic model (Fig. 7.1A) to the viral load, in
which this initial downslope, δ, reflects the death rate of productively infected CD4+ T
cells [70, 71, 80, 104, 105].
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A meta-analysis of various clinical data sets showed that δ hardly depends on the CD4+
T cell count or on the pre-treatment viral load [81]. This was surprising because the
death rate of productively infected CD4+ T cells represents both “normal death” and CTL
killing, i.e., δ = dP + K, where dP is the normal death rate (including viral cytopathic
effects), and K is the rate at which infected cells are killed. Since δ was so invariant
in the meta-analysis, and patients with different viral loads probably have different CTL
responses, it was proposed that CTLs hardly affect the death rate of productively infected
CD4+ T cells [81]. This is reminiscent of the minor contribution of killing estimated from
the escape rates [29] and hence again suggests that CTLs largely control by non-lytic
mechanisms.
Recently, Klatt et al. [72] and Wong et al. [73] independently studied the contribution of CTL-mediated killing, K, during SIV-infection to the death rate of productively
infected cells, δ. The viral dynamics were studied following ART in both CD8+ celldepleted and control rhesus macaques infected chronically with SIV. Note that targeting
the CD8 molecule for CTL depletion also depletes other CD8-expressing cells (such as NK
cells) [72]. Nevertheless, the rate at which the plasma viral load declined was similar
between CD8-depleted and control macaques. By fitting the basic model (see Fig. 7.1A)
to the viral load, the authors estimated similar death rates, δ, of virus-producing cells
in CD8-depleted (where δ = dP ) and control hosts (where δ = dP + K). Because this
implies that K is very small, this again suggest a negligible role of CTLs in the death of
virus-producing cells.

7.3.1

Interpreting ART and CD8-depletion data with two-stage mathematical models

The above studies estimated lifespans of the productively infected cells using the basic
model of virus dynamics (Fig 7.1A), which ignores several aspects of viral replication
that are relevant to HIV-1 infection. For instance, it does not account for the eclipse
phase, i.e., the time period between viral entry and production of viruses [106]. In other
words, the basic model assumes that the infected cells start producing virus particles
immediately after infection.
Klenerman et al. [31] developed an HIV/SIV-specific mathematical model that includes
two infected cell stages and a viral production stage for the infected cells (i.e., three-stage
viral replication; similar to the two-stage model shown in Fig. 7.1B). They assumed that
antigen expression and ensuing recognition by CTLs only occurred in the viral production stage (late-stage killing model). Furthermore, they argued that the rate, γ, at which
HIV-infected cells transit to antigen-expressing stage is the slowest timescale of HIV replication. In that case, the observed downslope of the viral load during ART, δ, reflects this
slow transition rate. Because the average duration of the eclipse phase, 1/γ, is about one
day [106], this is in excellent agreement with a decay rate of δ = 1/day, and with the
independence of the viral load and the CD4+ T cell count [80, 81].
Further, when Wick et al. [30] performed stochastic simulations similar to the late-stage
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killing model with a rapid CTL-mediated killing rate of K ≈ 7/day, they found approximately equal viral decay rates between CD8-depleted and control hosts when γ was the
rate limiting step. Although the Wick et al. [30] simulation model differs from the latestage killing model in several details, analysis of a similar deterministic model (Fig. 7.1B)
confirms its consistency with the CD8-depletion experiments (i.e., viral decay rate reflects
γ + dI ; Fig. 7.2A). Therefore, in both the two- and three-stage variants of the late-stage
killing model, CTL-mediated killing can be rapid, if it acts only in late stages of infection [30, 31] and thus separates the timescales of viral replication and CTL lysis. However, Klatt et al. [72] argue that the time scale of infected cells in the eclipse phase is not
necessarily slow, because some HIV epitopes are expressed on infected cells as early as
an hour after infection [107]. Thus, infected cells could be susceptible to CTL-mediated
killing immediately after infection.
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It is unclear whether the timescale of the eclipse phase is indeed the slowest process
in the short life of productively infected cells. Therefore, Althaus et al. [32] used the
mathematical model of Fig. 7.1B to show that early antigen expression followed by rapid
CTL-mediated killing of infected cells at an early stage within the eclipse phase (earlystage killing model), is also consistent with the similar decay rates of viral loads observed
in CD8-depleted and control hosts (Fig. 7.2B). Because CTLs in this model only kill infected cells in the eclipse phase, the viral decay rates are independent of CTL activity.
These decay rates now represent the death rate of virus-producing cells, which can be
large due to viral cytopathicity alone (i.e., δ = dP ; Fig. 7.1).
In conclusion, the viral load dynamics is determined by the timescale of the slowest
process, and CTL lysis need not be slow. The two-stage model is a simple extension of
the basic model, and underlines how the rate limiting step alters the interpretation of
the initial viral decay. More sophisticated models either with multiple cellular compartments [104, 110], or with n stages from infection to viral production [111, 112] have
been proposed for a complete description of all three phases of viral decay. Nevertheless,
the two-stage model with CTL-mediated killing of infected cells either in the early or late
stage can qualitatively explain the results from ART studies (phase I) with or without
CD8-depletion. Importantly, this implies that the rate of CTL-mediated killing can be
larger than 1/day.

7.3.2

Which model quantitatively describes the ART and CD8-depletion
data best?

Recently, Elemans et al. [74] studied whether or not the above models (i.e., the basic,
early-stage killing, and late-stage killing; Fig. 7.1) can provide a good quantitative description of the CD8 depletion/ART data of Klatt et al. [72]. Fitting these models to
the data, they found that all three models poorly described the experimental data [74].
This is puzzling as both Klenerman et al. [31] and Althaus et al. [32] demonstrated that
their respective models are qualitatively consistent with the experiments over a wide
range of parameters. A potential explanation for these conflicting findings is that Elemans et al. [74] required the target cell levels in the model to describe the observed
CD4+ T cell counts, and considered the specific CTL response to be proportional to the
observed CD8+ T cell counts. Contrary to these assumptions, the frequency of HIVspecific CTLs within the pool of CD8+ T cells could change over time following CD8
depletion, and the total number of CD4+ T cells is probably a poor indicator for the
number of susceptible target cells. Thus, it remains possible that the two-stage models
shown in Fig. 7.1B can quantitatively account for the viral load data.
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Figure 7.2. Predictions of the decay of virus-producing cells following ART with or without
CD8-depletion in the late-stage killing model (A) and in the early-stage killing model (B).
Solid blue lines depict the dynamics of productively infected cells, P , upon ART starting at
day 0. Solid red lines indicate their dynamics upon CD8-depletion at day 0 followed by ART
starting at day 3. Dashed black lines depict the expected decline of virus-producing cells at a
rate 1/day. During chronic infection, before CD8-depletion, the actual CTL killing rate in both
models was about K = 4.8/day. The dynamics were computed with the differential equations
corresponding to the scheme of Fig. 7.1B: T 0 = σ − dT T − βT V, I 0 = βT V − δI I − γI, P 0 =
γI − δP P and V = P ,with σ = 106 cells/day, dT = dI = 0.1/day, and γ = 1/day. The CTL
dynamics and killing of infected cells obey the same functions and parameters as in [102],
i.e., E 0 = pEA/(h + A + E) − dE E and K = kE, where the amount of antigen, A, is
defined by P in the late-stage killing model, and by I in the early-stage killing model, and
p = 1.1/day, dE = 0.1/day and k = 4 × 10−5 . In the early-stage killing model, a death rate
of dP = 1/day is used for productively infected cells such that decay rates are consistent with
the experimental observations, i.e., δ = dP , whereas dP = 2/day is used in the late-stage
killing model (to guarantee that the eclipse phase remains the slowest time scale even after
CD8-depletion). Infection rates, β, for both models are chosen following [109], such that the
initial viral growth is 1.5/day (specifically β = 9.1 × 10−7 for the late-stage killing model,
and 6.5 × 10−7 for the early-stage killing model).
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7.4

Estimating killing rates from the increase of the viral
load upon CD8-depletion

In all studies where CD8+ cells are depleted in chronically SIV-infected macaques it was
consistently found that this results in a rapid transient increase of the viral load [72, 73,
113], suggesting that CD8-depletion results in an imbalance between viral production
and clearance. Indeed, there was a negative correlation between the residual CD8+ T
cells surviving the depletion and the fold-increase in the viral load [73]. Because the
killing rate at steady state was fast, both the early- and late-stage killing models readily
account for such a rapid increase of the viral load increase upon CD8 depletion (Fig. 7.2),
and both are consistent with the experimental observations. Since the killing rate in the
basic model should not be faster than δ = 1/day, the basic model can only account for
these data if the major effect of CTLs is non-lytic [114].
A few studies directly estimated the CTL-mediated death rate by equating it to the rate
at which the viral load increases upon CD8-depletion [72, 73], and arrived at a killing
rate between 0.25-0.8/day [73, 74]. In the basic model of Fig. 7.1A one indeed expects
the upslope of the viral load to reflect the killing rate K, but in the multi-stage models of
Fig. 7.1B this is more complicated. Generally, the rate at which the viral load increases
upon CD8-depletion reflects the effective replication rate of the virus in the chronic
steady state just before the CD8+ T cells were depleted. Compared to acute infection,
the number of CD4+ T cells is decreased during chronic stage. Therefore, the availability
of suitable target cells should also be low at the onset of the CD8-depletion, and the rate
at which the viral load increases is expected to be lower than during acute infection, i.e.,
approximately 1.5/day [76–78, 115]. Indeed, the observed viral load increases of 0.250.8/day [73, 74] are consistent with this reasoning. Similar rates of viral load increase,
about 0.3–1.2/day, occur in other CD8-depletion studies [113, 114, 116, 117]. In the
model simulations of CD8-depletion (Fig. 7.2) the productively infected cells, and hence
the viral load, increased at a realistic rate of about 1.3/day, whereas the CTL-mediated
killing rate at steady state was almost 5/day. Therefore, the rate at which the viral load
increases upon CD8-depletion need not always reflect the killing rate, and rapid killing
rates can be consistent with the moderate viral load increase rates observed in the data.

7.5

Killing rates from adoptive transfer studies

More than a decade ago, Brodie et al. [57] transferred ex-vivo activated HIV-specific
CTLs into chronically HIV-1-infected individuals, and followed the resulting dynamics
of productively infected cells (defined by the expression of HIV-mRNA) and CTLs in the
blood. To our knowledge, this is the only study involving adoptive transfer of CTLs
into HIV-1-infected humans, and provides an opportunity to directly estimate the killing
rates. Fitting a mathematical model to these measurements, Wick et al. [13] estimated
the killing rate due to the transferred CTLs as ranging from 1.6/day to 9.8/day [11, 13].
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This range thus represents the highest killing rate estimate so far.
However, the model by Wick et al. [13] described the data rather poorly, particularly
around 4 days post CTL transfer, at which time the CTLs in the blood reached nadir. This
could be because the simulations considered only CTLs and infected cells in the blood,
ignoring their interactions in lymphoid tissues. Indeed, at day 4 Brodie et al. [57] found
10-fold more CTLs in lymph nodes (LNs) than in the blood. Moreover, LN-residing CTLs
preferentially co-localized with HIV-infected cells, suggesting that CTLs in the LN continue to kill infected cells at this time point. Because the frequency of CTLs in the LNs
was measured at only a single time point, it remains unknown whether they preferentially accumulated in the LN, and what fraction of killing occurs in the LN. Therefore, the
estimated death rates are likely inaccurate.

7.6

Conclusions

Over the past decades, researchers have used various experimental and modeling approaches to determine the importance of CTLs in mediating lytic control of HIV-1 infection. In this review, we have examined several estimates for CTL-mediated death rates
of HIV-1 infected cells. We conclude that there is currently not a single robust estimate,
and have highlighted some of the difficulties associated with inferring killing rates from
escape rates. Unfortunately, models where productively infected cells are killed largely at
an early stage [32], at a late stage [31], or where CTL action occurs largely through nonlytic effects [74] can all explain the data, and it thus remains unknown which of them is
correct. This calls for novel experiments that can distinguish between these mechanisms.
In conclusion, published estimates of CTL-mediated killing rates remain uncertain, and
we have only added to this uncertainty by arguing that rapid killing rates are also consistent with the data. Thus, CTL killing could after all be the major cause of death of
productively infected CD4+ T cells.

Acknowledgements
The authors thank Becca Asquith, Vitaly Ganusov, Marit van Buuren, and Hanneke van
Deutekom for critical reading of and comments on an earlier version of the manuscript.
This study is supported by NWO grant 819.03.009 (to RJdB) and by NWO grant
864.12.013 (to JBB). This study is also supported by the “Virgo consortium,” funded
by the Dutch government [project number FES0908] and by the “Netherlands Genomics
Initiative (NGI)” [project number 050-060-452]. The authors declared that they have no
competing interests.

118

Chapter 8
Summary and Outlook

119

Chapter 8. Summary and Outlook

8.1

Summary

In all the studies of this thesis, we consistently find that a double saturation (DS) model
with two saturation constants (one for CTLs and another for target cells) describes the
CTL-mediated killing well. This is true for different modes of interactions, in spatially
homogeneous as well as heterogeneous gels, in 2D as well as 3D spaces, and in densely
as well as sparsely populated environments. We showed that this DS model can be
mechanistically derived for some cases, and that in the other cases it still provides a
semi-mechanistic description. Our results suggest that the extent of saturation in CTLs
and targets is determined by the stability of the conjugates, spatial dimensionality of
the tissue, and mode of CTL-target interactions. The relative differences in the two
saturation constants can help us identify underlying CTL-target cell interactions, but
factors like the occurrence of a transient to the steady state and spatial heterogeneity of
the environment can confound this inference. Nevertheless, any significant deviations
from the DS model noticed in cytotoxicity assays do suggest that additional mechanisms
are at play. In summary, we propose that the DS model is an excellent default model to
describe CTL-mediated killing of target cells.

8.2

Outlook

The primary aim of in vivo and in vitro cytotoxicity assays is to obtain estimates for CTLmediated killing rates that are representative of the rate at which CTLs kill target cells in
vivo during an ongoing viral infection or in a tumor. In vitro collagen gel assays provide
a first approximation to this in vivo aim, and they overcome many of the shortcomings of
the ‘51 Cr-release’ assays. In our analysis of the data from two independent collagen gel
assays [7, 21], we found that CTL-mediated killing rates saturate more pronouncedly in
CTL than in target cell densities (Chapters 5-6). Further, the extent of saturation of the
killing rate in target cell densities differed between these datasets—we found evidence
for saturation in targets in Chapter 6, but no evidence in Chapter 5. The differences
in the spatial organization of targets between these two experiments might explain this
variation.
In the assays of Budhu et al. [7] (and Chapter 5), target cells were uniformly distributed
(referred to as ‘homogeneous gels’ hereafter), whereas in the gels developed by Friedl
and colleagues [21] (see Chapter 6) the targets were localized in the bottom layer of the
gel (referred to as ‘monolayer gels’). Additionally, the target cells were clustered within
the monolayer gels [21]. As a result, CTLs in the monolayer gels more often find a cluster
of target cells than isolated targets, which could result in saturation of killing at much
lower target cell densities.

120

8.2 Outlook

8.2.1

Towards improved estimation of killing rates and identification of mechanisms

From our analysis of the in vitro cytotoxicity data, we gained insights into the circumstances that influence killing rate and functional response estimates that are also applicable to in vivo assays. Specifically, we identified two factors that can confound the
identification of underlying CTL-target interactions from cytotoxicity assays, namely (1)
the spatial organization of cells, and (2) the occurrence of a transient before steady state.
Together with the tissue dimensionality and the mode of interactions, these factors determine the extent of saturation of killing rates with increasing CTL and target cell densities.
In some cases, they can confound the precise estimation of the extent of saturation, and
as a consequence the underlying mechanisms of CTL-target cell interactions. This will
also affect the accuracy of estimates of CTL-mediated death rates because they depend
on the parameters of the functional response.
In the in vitro collagen gels, T cells can migrate and they exhibit similar migration properties [22] to those observed in vivo [26]. The spatially homogeneous DS model describes
the CTL-mediated killing of tumor cells in the heterogeneous monolayer gels very well,
despite the fact that not all the CTLs are readily available to kill the target cells within the
monolayer. This bias in the data will lead to an overestimation of the saturation constant
in CTLs whenever only a fraction of the total CTLs is present in the bottom mono-layer.
This may interfere with the identification of the mode of interactions between CTLs and
target cells. For instance, consider a cytotoxicity assay in which each CTL kills multiple
target cells simultaneously. From our simulations (Chapter 2), we then expect that the
number of target cells killed per unit time (referred to as the killing rate) strongly saturates with increases in the CTL densities (i.e., hE < hT ). Depending on the fraction of
CTLs present in the monolayer, we may find in the assays that the killing rate saturates
more or less symmetrically with increases in CTL and target cell densities (hE ' hT ),
or even that it saturates more strongly with increases in target cell than in CTL densities
(hE > hT ). Therefore, to accurately quantify the parameters, it is required to quantify
the number of CTLs present in the monolayer. Such an approach seems feasible because
these monolayer gels support time-lapse imaging [21], by which one could track the
arrival and departure of CTLs.
In in vivo adoptive transfer assays [12, 23–25], one typically determines the total number
of cognate CTLs present in the tissue of interest. However, it is unclear how many CTLs
are functional and actually participate in the killing of target cells. Since lymphoid and
peripheral tissues are highly organized, the fraction of peptide-specific CTLs that actually
participate in the killing of target cells is likely to be less than one. As discussed above,
this bias results in an overestimation of the CTL densities at which killing rates saturate,
and this might be one of the reasons why there was no evidence for saturation of killing
in adoptive transfer assays so far [10, 15]. There are other explanations that can explain
lack of saturation [17]; one trivial explanation is that the CTL densities in these in vivo
experiments are too low to approach saturation of killing rates.
Another factor that can confound the identification of the extent of saturation in killing,
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and thus the mode of CTL-target interactions, is the initial transient to steady state.
When killing occurs at steady state, the cumulative interaction times that target cells
have spent in conjugates (i.e., the killing signal) are uniformly distributed. Since both
in vivo adoptive transfer and in vitro assays employ ‘fresh’ targets [12, 14, 23–25], the
killing signal is not uniformly distributed at the beginning of the assay, resulting in a lack
of steady state killing. In such a non-steady state situation, assays of varying duration
are expected to result in variable killing rate estimates. Thus, these differences in the
estimates mirror and quantify the influence of the transient on the realized killing rates.
To reduce the effect of the initial transient on the realized CTL-mediated killing, the
duration of the experiment should be much longer than the typical time required to kill
a target.
It remains to be determined whether in vivo experiments during ongoing CTL-responses
to tumors or viral infections have approached a steady state (i.e., uniform) distribution
of killing signals. For chronic viral infections and tumor it seems safe to assume that the
killing is at steady state, as the viral load remains relatively constant over many years,
and tumors typically grow slowly. During an acute viral infection the distribution of killing signals may approach steady state within a few days. However, in the in vivo adoptive
transfer assays, the transferred CTLs or (peptide-pulsed) target cells gradually accumulate within the tissue of interest, and start at a non-steady state distribution of killing
signals. As discussed above, this could result in inaccurate estimates of the saturation
constants, and thus of CTL-mediated death rates as well as per-capita killing rates.
Taken together, both the presence of a transient and the uncertainty in the number of
peptide-specific CTLs that are actively involved in the killing, can confound relative
extents of saturation. Although several studies determined the CTL-mediated killing
rates and the functional response of CTL-mediated killing from in vitro and in vivo assays [10, 12, 14, 15, 25], the relative importance of the above factors in explaining
the saturation of killing rates (or the lack of it) remains to be determined. Thus, it is
currently unclear whether the parameter estimates of the functional response are truly
representative of the underlying mechanisms of the CTL-target interactions, and thereby
the CTL-mediated death rates and per-capita killing rates.
In summary, identifying the functional response that is applicable over a wide range of
conditions is a proper first step towards a complete quantification of CTL-mediated killed
rates, and why they vary between different studies. Still, this approach is incomplete
without investigating the relative contributions of various mechanisms in determining
the parameters of the functional response—which should be the focus of subsequent
steps. We conclude that it is extremely important to device methods that determine the
CTL-mediated killing rate without altering the dynamics of viral infection and tumor.
This further emphasizes the need of time-lapse imaging in combination with cell-based
models in order to achieve both accurate estimates of the CTL-mediated killing rates, and
to identify the underlying CTL-target interactions.
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Summary
Cytotoxic T lymphocytes (CTLs) are cells of the immune system that continuously search
for and kill virus-infected and tumor cells, and thus play an important role in the control
of viral infections and tumors. An important parameter in determining the efficiency of
CTL-mediated control is the rate at which a CTL kills target cells and how it varies with
CTL and target cell densities, which is referred to as functional response of CTL-mediated
killing. There have been numerous attempts to quantify the CTL-mediated killing rates
involving different pathogens and tumors, using different experimental setups. However,
there is no clear agreement on how the CTL-mediated killing rates vary with CTL and
target cell densities.
In this thesis, I investigate what is the general functional response of CTL-mediated killing, and how do different factors alter this functional response. To this end, I employ
computational and mathematical models, and analysis of experimental data to determine the general functional response that is applicable over a wide range of conditions. I
first aim to determine the general functional response resulting from different CTL-target
cell interactions (Chapter 2) using simulations of CTL-mediated killing of target cells in
two-dimensional environments. I consider four simple scenarios of such cellular interactions that differ in the types of CTL-target conjugates allowed. For all the scenarios
I find that the CTL-mediated killing saturates both with increasing CTL and target cell
densities, and the relative extent of saturation depends on the nature of the CTL-target
interactions. Furthermore, I show that CTL-mediated killing resulting from the simulations of all the CTL-target cell interactions can be well described by a double saturation
(DS) model with two different saturation constants—one for saturation in CTLs and the
other for saturation in target cells.
In Chapter 3, I examine how the stability of the synapses between CTLs and target cells
affects the functional response of CTL-mediated killing. For this purpose, I consider that
target cells are killed when their accumulated ‘killing signal’ from short-living synapses
reaches a threshold (i.e., equivalent to multi-stage killing). I find that the killing rate
in this case saturates at much higher CTL and target cell densities as compared to when
synapses are stable. Therefore for a given killing time, CTL killing rate decreases as the
synapses become less stable. Next in Chapter 4, I compare the CTL-mediated killing in
the 2D-like and 3D spatial environments, and find that the CTL-mediated killing in 3D
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environments is more efficient than in 2D as the CTLs are in contact with more target
cells at any given time.
After building the expectation for the general functional response using computational
models, I examine the data from in vitro cytotoxicity assays in collagen-gels to determine
the CTL-mediated killing rates and the mechanisms of CTL-target interactions. I analyze
data from two independent experiments of CTL-mediated killing in collagen-fibrin gels:
killing of melanoma cells that are homogeneously distributed in the gels (Chapter 5),
and killing of BOK cells that exists as a mono-layer in the gels (Chapter 6). I argue that
the DS model with more pronounced saturation in CTL densities is the best descriptor
of the CTL-mediated killing in both the experimental systems. Furthermore, I perform
simulations that mimic these experiments and identify several mechanisms that reverse
the saturation, namely to saturate strongly in target cell densities.
In Chapter 7, I focus on the extent of CTL-mediated control of HIV-1-infection. I compile
published estimates of CTL-mediated death rates during HIV-1-infection, and examine
whether these studies permit determining the rate at which CTLs kill HIV-1 infected cells.
I highlight potential misinterpretations of the CTL-killing rates from the escape rates of
mutants, and from perturbations of the steady state viral load during chronic infection.
Our major conclusion is that CTL-mediated killing rates remain unknown. But contrary
to current consensus, I argue that CTLs killing a majority of the productively infected
cells is perfectly consistent with the experimental data.
Taken together, the results in this thesis together suggest that the double saturation
model is a generic model that can describe CTL-mediated killing over a wide range of
conditions; and this work sheds light on the difficulties associated with inferring the CTLmediated killing rates and the CTL-target cell interactions from the cytotoxicity assays.
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Samenvatting
Cytotoxische T lymfocyten (CTLs) zijn cellen van het immuunsysteem die geïnfecteerde
cellen en tumorcellen opsporen en doden. De snelheid waarmee CTLs deze afwijkende
cellen doden, oftewel de functionele respons, wordt bepaald door zowel de dichtheid
van CTLs als die van de afwijkende cellen (“target cellen”). Er zijn al veel pogingen
gedaan om deze snelheid te bepalen in de aanwezigheid van verscheidene pathogenen
en tumoren, en met verschillende experimentele opstellingen. Uit deze experimenten is
echter nog geen eenduidig beeld ontstaan van hoe de functionele respons precies afhangt
van het aantal CTLs en dichtheid van target cellen.
In dit proefschrift onderzoek ik de algemene functionele respons van CTL-gedreven vernietiging van target cellen, en kijk ik naar hoe verschillende factoren deze respons beïnvloeden. Ik gebruik computationele en wiskundige modellen om een algemene functionele
respons te vinden die breed van toepassing is. Daarnaast analyseer ik experimentele data
en test welke vorm van de functionele respons de experimentele data het beste beschrijft
en wat dit ons leert over interacties tussen CTL en target cellen.
In hoofdstuk 3 bepaal ik allereerst hoe de algemene functionele respons afhangt van
het type interactie tussen CTLs en target cellen; hiervoor gebruik ik simulaties van CTLs
en target cellen in een 2-dimensionale modelomgeving. Ik bestudeer vier eenvoudige
scenario’s die verschillen in het aantal mogelijke verbindingen tussen CTLs en target
cellen. Mijn simulaties tonen aan dat in alle scenario’s het vernietigen van target cellen
verzadigt met zowel het aantal CTLs als het aantal target cellen, maar dat de vorm van
de verzadiging wel afhangt van het soort interactie tussen CTL en target cel. Verder laat
ik zien dat de functionele respons in alle simulaties goed kan worden beschreven met een
model met twee verschillende saturatie constanten (het dubbele saturatie (DS) model)
- de één voor de verzadiging in het aantal CTLs en de ander voor de verzadiging in het
aantal target cellen.
Na deze algemene beschrijving van de functionele respons, onderzoek ik in hoofdstuk
3 hoe de functionele respons specifiek afhangt van de stabiliteit van de verbindingen
(synapsen) die gevormd worden tussen CTLs en target cellen. De target cellen worden
vernietigd als zij in totaal voldoende ’vernietigingssignaal’ hebben ontvangen, ofwel van
een stabiele synaps ofwel van meerdere opeenvolgende kortdurende synapsen. De snel-
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heid van vernietiging verzadigt bij een veel hogere CTL en target cel dichtheid als er
slechts kortdurende synapsen worden gevormd dan wanneer de synapsen stabiel zijn.
Dit verklaart waarom de snelheid van vernietiging omlaag gaat als de synapsen minder
stabiel zijn. In hoofdstuk 4 vergelijk ik vervolgens de functionele respons in 2D en 3D
weefsels, en laat zien dat CTL-gedreven vernietiging efficiënter is in 3D omdat de CTLs
dan met meer target cellen tegelijk in contact kunnen zijn.
Na de functionele respons met modellen te hebben gekarakteriserd, onderzoek ik data
van in vitro cytotoxiciteits analyses in collageen gels om hieruit de vernietigingssnelheid
van CTLs te bepalen, en vast te stellen welk type CTL-target cel interacties er plaatsvindt.
Ik bestudeer twee onafhankelijke experimenten: de vernietiging van melanoomcellen die
homogeen verdeeld zijn in de gel (hoofdstuk 5) en de vernietiging van BOK cellen die
een enkele laag vormen op de bodem van de gel (hoofdstuk 6). Het DS model met een
sterkere verzadiging als functie van CTL dan van de target cel dichtheid blijkt de resultaten van beide experimenten zeer goed te beschrijven. In mijn simulaties uit Hoofdstuk 2-4 treedt zo’n vroege verzadiging van de functionele respons ook op wanneer CTLs
meerdere target cellen tegelijk doden. Het blijft helaas onduidelijk of dit ook daadwerkelijk plaatsvindt in de experimenten. In parallel heb ik de experimenten waarin de target
cellen een enkele laag vormen in realistische simulaties nagebootst. Deze simulaties
voorspellen juist het omgekeerde van wat de experimentele data laten zien, namelijk
een sterkere verzadiging van de vernietigingssnelheid als functie van de target cel dan
van de CTL dichtheid. Ik beschrijf een aantal mechanismen die dit omgekeerde resultaat
kunnen verklaren.
In hoofdstuk 7 focus ik op de rol van CTLs in het beheersen van HIV-1 infecties. Ik
verzamel gepubliceerde schattingen van CTL-gedreven vernietigingssnelheden tijdens
een HIV-1 infectie, en onderzoek of deze studies het mogelijk maken om de snelheid
te bepalen waarmee CTLs de geïnfecteerde cellen doden. Ik breng mogelijke misinterpretaties van de vernietigingssnelheid aan het licht, zoals wanneer deze geschat wordt
met behulp van de snelheid waarmee HIV mutanten ontstaan die het immuunsysteem
ontduiken, of met behulp van experimenten die de hoeveelheid virus verstoren tijdens
een chronische infectie. Onze voornaamste conclusie is dat door al deze haken en
ogen de snelheid waarmee CTLs HIV-geinfecteerde cellen vernietigen erg onzeker is. In
tegenstelling tot de huidige consensus, beargumenteer ik dat de experimentele data in
overeenstemming zijn met de hypothese dat het merendeel van de geïnfecteerde cellen
sterft door toedoen van CTLs.
Al met al suggereren de resultaten in dit proefschrift dat het dubbele saturatie model
van algemene toepassing is op het vernietigen van target cellen door CTLs in een brede
reeks van omstandigheden. Verder brengt mijn werk de moeilijkheden boven tafel die
komen kijken bij het bepalen van de vernietigingssnelheid en de interacties tussen CTLs
en target cellen uit cytotoxiciteits analyses.
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