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As usual, the superintuitionistic (propositional) logics (that is, logics extend-
ing intuitionistic logic) are being studied “modulo derivability”, meaning such
logics are viewed extensionally — they are identified with the set of formulae
that are valid (derivable in the corresponding calculus) in this logic. Under this
approach, the lattice of all superintuitionistic logics ordered by set-inclusion is
dually isomorphic to the lattice of all varieties of pseudo-Boolean algebras. If a
logic is defined by a calculus, we introduce a notion of derivability of a formulae
from a collection of formulae. The notion of derivability can be generalized to
not finitely axiomatizable logics (for instance, as a consequence operator [1]).
Sometimes, in such cases the consequences relation can be defined construc-
tively (for instance, it can be defined by a finite matrix [1]). In the present paper,
we study precisely these consequence relations: the ones that are defined by
finite pseudo-Boolean algebras (regarded as matrices with a unique designated
element — the greatest element of the algebra).

1 Modus Rules
We denote propositional variables by p, q, r (perhaps with indexes); we denote
propositional formulae byA, B, C ,D (perhaps with indexes) constructed in the
usual way using propositional variables, the connectives &, ∨, ⊃, ¬ and paren-
theses (,).

*Originally appeared as: А. И. Циткин, “О структуральной полноте табличных
суперинтуиционистских логик” (1977), Министерство Высшего иСреднего Специального
Образования УССРб Ужгородский Государственный Университет, Материалы Научной
Конференции Аспирантов и Молодых Ученыхб Секция Математических Наук, pp. 75–97.
Translation from the Russian by Alex Citkin and Jeroen Goudsmit.

1



By modus rule, we mean a rule of form:

A1[X,Y, . . . ], . . . ,An[X,Y, . . . ]
An+1[X,Y, . . . ]

(1)

that allows to derive the result of a substitution on the formula An+1 from the
results of the same substitution on the formulae A1, . . . ,An.
A pseudo-Boolean algebra [2] is a distributive lattice A = {E; &,∨} with rela-

tive pseudocomplement ⊃ and pseudocomplement ¬. The greatest element of a
pseudo-Boolean algebra is denoted by 1 and the smallest — by 0.
We say that the rule (1) is valid in a pseudo-Boolean algebra A if for any

list of elements α1,α2,. . . of the algebra A, An+1[α1, α2, . . . ] = 1 as long as
A1[α1, α2, . . . ] = A2[α1, α2, . . . ] = ⋅ ⋅ ⋅ = An[α1, α2, . . . ] = 1. In other words,
the rule (1) is valid in A if and only if the following quasi-identity

A1[α1, α2, . . . ] = 1, . . . ,An[α1, α2, . . . ] = 1⇒ An+1[α1, α2, . . . ] = 1

is valid in A. Modus ponens X,(X⊃Y )
Y

is an example of a modus rule that is valid
in any pseudo-Boolean algebra.
LetA be a pseudo-Boolean algebra. We denote the set of all the formulae valid

in A (that is, formulae that are equal to 1 under any valuation in A) by L(A);
we denote the set of all modus rules valid in A by R(A). It is clear that L(A) is
closed under applications of rules from R(A). L(A) is the logic of the algebra
A (see [3]).
LetR be an arbitrary set of (modus) rules. Denote the set of all pseudo-Boolean

algebras in which every rule from R is valid by K(R). Taking into account the
relationship between validity of rules and corresponding quasi-identities, it is
clear that K(R) is a quasivariety, and if R1 ⊆ R, then

K(R1) ⊆ K(R).

LetM be a set of formulae and R be a set of rules. We say that a formula A is
derivable fromM by R (and we writeM ⊢R A), if there is a sequence of formulae
A1, . . . ,Am such that Am is A and each formula Ai where 1 ≤ i ≤ m is valid
in intuitionistic logic, or belongs to M, or can be derived from the preceding
formulae by modus ponens or one of the rules from R. Let R(M) = {A ∣ M ⊢R
A}. Clearly, R(M) is a superintuitionistic logic.
We call an ordered pair ⟨M,R⟩ a modus instance of the logic R(M).
We say that a rule (1) is derivable from R by M (we write R ⊧M (1)) if
{A1, . . . ,An} ∪M ⊢R An+1. If for rule r we have R ⊧∅ r, we say that rule r
is derivable from R (and we write R ⊧ r). Let M(R) = {r ∣ R ⊧M r}.
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We introduce a preorder on the set of all modus instances (of superintu-
itionistic logics): for modus instances ⟨M1,R1⟩ and ⟨M2,R2⟩ we let ⟨M1,R1⟩ ≤
⟨M2,R2⟩ if for each pair of formulae A,B if A∪M1 ⊢R1 B, then A∪M2 ⊢R2 B.
Let us note that if ⟨M1,R1⟩ ≤ ⟨M2,R2⟩, then for any collection of formulae
A1, . . . ,Am,B if {A1, . . . ,Am} ∪M1 ⊢R1 B, then {A1, . . . ,Am} ∪M2 ⊢R2 B.
We say that the modus instances ⟨M1,R1⟩ and ⟨M2,R2⟩ are equal (and we

write ⟨M1,R1⟩ ≃ ⟨M2,R2⟩ ) if ⟨M1,R1⟩ ≤ ⟨M2,R2⟩ and ⟨M2,R2⟩ ≤ ⟨M1,R1⟩.

Lemma 1. Let ⟨M,R⟩ be a modus instance. Then

⟨M,R⟩ ≃ ⟨∅,M(R)⟩.

Proof. Since for every formula C from M the rule

(X ⊃X)
C[X,Y, . . . ]

belongs to M(R), we have ⟨M,R⟩ ≤ ⟨∅,M(R)⟩.
On the other hand, since R ⊧M r holds for every r from M(R), if A ⊢M(R) B

then {A} ∪M ⊢R B, that is, ⟨∅,M(R)⟩ ≤ ⟨M,R⟩.

Corollary 1. Let ⟨M1,R1⟩ and ⟨M2,R2⟩ be modus instances. Then ⟨M1,R1⟩ ≤
⟨M2,R2⟩ if and only if M1(R1) ⊆M2(R2).

Proof. Indeed, if M1(R1) ⊆M2(R2) then

⟨M1,R1⟩ ≃ ⟨∅,M1(R1)⟩ ≤ ⟨∅,M2(R2)⟩ ≃ ⟨M2,R2⟩.

If ⟨M1,R1⟩ ≤ ⟨M2,R2⟩, then ⟨∅,M1(R1)⟩ ≤ ⟨∅,M2(R2)⟩. Suppose (1)
is in M1(R1). Then A1, . . . ,An ⊢M1(R1) An+1 and, due to ⟨∅,M1(R1)⟩ ≤
⟨∅,M2(R2)⟩, we haveA1, . . . ,An ⊢M2(R2) An+1. Thus, the rule (1) is inM2(R2),
that is, M1(R1) ⊆M2(R2).

A set of all modus instances forms a lattice:

⟨M1,R1⟩ ∪ ⟨M2,R2⟩ = ⟨M1 ∪M2,R1 ∪ R2⟩;
⟨M1,R1⟩ ∩ ⟨M2,R2⟩ = ⟨R1(M1) ∩ R2(M2),M1(R1) ∩M2(R2)⟩.

A modus instance of the inconsistent logic is the greatest element of this lattice,
and the modus instance ⟨I,modus ponens⟩, where I is intuitionistic logic, is the
least element of this lattice.
Denote by LM the lattice of all modus instances of superintuitionistic logics,

and denote by LK the lattice of all quasivarieties of pseudo-Boolean algebras.
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Theorem 1. The lattices LM and LK are dually isomorphic.

Proof. Let ⟨M,R⟩ be modus instance and κ be a mapping LM to LK such that

κ ∶ ⟨M,R⟩↦ K(M(R)).

Let us verify that κ is a dual isomorphism of ⟨M,R⟩ ontoK(M(R)). Let K ∈ LK.
Consider a mapping µ ∶↦ ⟨∅,⋂A∈KR(A)⟩. Using Lemma 1, it is not hard to
check that µ = κ−1, thus, κ is a 1-1-mapping of LM onto LK. Let ⟨M1,R1⟩
and ⟨M2,R2⟩ be modus instances and ⟨M1,R1⟩ ≤ ⟨M2,R2⟩. Then, by Corol-
lary 1, M1(R1) ⊆ M2(R2) which entails K(M2(R2)) ⊆ K(M1(R1)), that is,
κ(⟨M2,R2⟩) ⊆ κ(⟨M1,R1⟩). Thus, κ is a dual isomorphism of LM onto LK.

A.V. Kuznetsov brought to author’s attention the fact that the lattices LM and
LK are dually isomorphic.

2 Defining modus instances by pseudo-Boolean
algebras

LetQ be a set of pseudo-Boolean algebras and let ⟨M,R⟩ be amodus instance. We
say that ⟨M,R⟩ is defined by a set of pseudo-Boolean algebras Q ifM(R) consists
of all rules that are valid in each algebra of Q. In other words, Q defines ⟨M,R⟩
if and only if M(R) = ⋂A∈QR(A). It is clear that a set Q defines an instance
⟨M,R⟩ if and only if the set Q generates [4] the quasivariety K(M(R)).

Theorem 2. Let a set of pseudo-Boolean algebras Q define a modus instance
⟨M,R⟩. Then ⟨M,R⟩ is defined by a single pseudo-Boolean algebra A, which is
a Cartesian product of algebras from Q.

Proof. Let r ∈ M(R). Since rule r is valid in every algebra from Q, this rule is
valid in a Cartesian product of algebras fromQ, that is, this rule is valid inA (see
the properties of quasivarieties in [4]).
Let r ∉ M(R) and let r be rule (1). Then (1) is invalid in some algebra B ∈

Q. Let α1, α2, ⋅ ⋅ ⋅ ∈ B and A1[α1, α2, . . . ] = ⋅ ⋅ ⋅ = An[α1, α2, . . . ] = 1, but
An+1[α1, α2, . . . ] ≠ 1. We can assume that the rule (1) is valid in the 2-element
Boolean algebra Z2 (otherwise (1) is invalid in A, for Z2 is embedded in ev-
ery non-trivial pseudo-Boolean algebra). Let ϕ ∶ B → Z2 be a homomorphism
of B onto Z2 and β1 = ϕ(α1), β2 = ϕ(α2), . . . . Then A1[β1, β2, . . . ] = ⋅ ⋅ ⋅ =
An[β1, β2, . . . ] = 1. Let us consider elements α1, α2, . . . from A, such that the
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projection of αi in B is αi and the projection of αi in any other algebra from
Q is βi, where i = 1,2, . . . . Then A1[α1, α2, . . . ] = ⋅ ⋅ ⋅ = An[α1, α2, . . . ] = 1,
while An+1[α1, α2, . . . ] ≠ 1, because the projection of An+1[α1, α2, . . . ] is the
element An+1[α1, α2, . . . ] and it is distinct from 1.

Theorem 3. Every modus instance is defined by some pseudo-Boolean algebra.

Proof. Let ⟨M,R⟩ be a modus instance. Let us verify that the set K(M(R)) de-
fines ⟨M,R⟩. Indeed, by definition, if r ∈ M(R), then r is valid in every al-
gebra from K(M(R)). Let r ∉ M(R) and R1 = M(R) ∪ {r}. Then ⟨M,R⟩ ≃
⟨∅,M(R)⟩ ≤ ⟨∅,R1⟩ and ⟨∅,M(R)⟩ /≃ ⟨∅,R1⟩. Since κ is a dual isomorphism,
κ(⟨∅,R1)⟩) ⊆ κ(⟨∅,M(R)⟩), we have K(R1) ⊆ K(M(R)) and the inclusion is
proper. Let A ∈ K(M(R)) and A ∉ K(R1). Then r is invalid in A. So, it has
been proven that the set K(M(R)) defines the modus instance ⟨M,R⟩, and we
can apply Theorem 2 and complete the proof.

Remark. Theorem 3 follows also from the results from [5].

Theorem 4. Let an algebra A define a modus instance L1 = ⟨M1,R1⟩ and an
algebraB define a modus instance L1 = ⟨M2,R2⟩. Then algebra A×B defines the
modus instance L = L1 ∩ L2.

Proof. Let us verify that the set {A,B} defines L. Since L = L1 ∩ L2 and κ is
a dual isomorphism (see the proof on the Theorem 1), κL = κL1 ∪′ κL2. κL1

is a quasivariety defined by A, κL2 is a quasivariety defined by B. Therefore
κL is generated by the algebras A andB, that is, L is generated by {A,B}. An
application of Theorem 2 completes the proof.

3 Kuznetsov’s theorem about finitely generated
pseudo-Boolean algebras

In [6], A.V. Kuznetsov announced a result the proof of which was not published.
Below, we offer a proof of this result significantly different from the proof com-
municated to the author by Kuznetsov.
A pseudo-Boolean algebra in which the order is linear is called a chain algebra.

Lemma 2. Let B be a finite chain pseudo-Boolean algebra embedded in a homo-
morphic image of some algebra A. Then B is also embedded in A.
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Proof. Let B be embedded in A/∇, where ∇ is a filter [2] of the algebra A, and
let B′ be a subalgebra of A/∇ that is isomorphic to B. The algebra B′ consists
of conjugated classes relative to the filter ∇. In each of these conjugated classes,
we take elements α0, α1, . . . , αn−1 (where n is a cardinality of B), one element
per class, in such a way that α0 = 0, αn1 = 1 and if i ≤ j, then αi ⊃ αj ∈ ∇ (i, j =
1,2, . . . , n − 2). Let

α = &
i<j
(αi ⊃ αj) & &

j<i
((αi ⊃ αj) ⊃ αj).

Due to B′ being a chain algebra, if i < j then the element ((αi ⊃ αj) ⊃ αj)
is in ∇ (i, j ∈ {0, . . . , n − 1}), that is, α ∈ ∇. Let β0 = 0, βi = (α ⊃ αi) for
i = 1, . . . , n − 1. Let us check that the elements β0, β1, . . . , βn−1 form a chain
subalgebra of A. Indeed, if 0 ≤ i ≤ j ≤ n − 1, then βi ⊃ βj1, because ((α ⊃ αi) ⊃
(α ⊃ αj)) = (α ⊃ (αi ⊃ αj)) = 1. Let us check that if 0 ≤ i ≤ j ≤ n − 1, then
(βj ⊃ βi) = βi holds. It is clear that βi ≤ (βj ⊃ βi). On the other hand,

((βj ⊃ βi) ⊃ βi) = (((α ⊃ αj) ⊃ (α ⊃ αi)) ⊃ (α ⊃ αi)) =
((α ⊃ (αj ⊃ αi)) ⊃ (α ⊃ αi)) = α ⊃ (((αj ⊃ αi) ⊃ αi)) = 1,

(1)

i.e. (βj ⊃ βi) ≤ βi. Hence, (βj ⊃ βi) = βi for all 0 ≤ i < j ≤ n − 1. In
case of 0 < i ≤ n − 1, we get ¬βi = (βi ⊃ 0) = (βi ⊃ β0) = β0 = 0. So,
β0 ≤ β1 ≤ ⋅ ⋅ ⋅ ≤ βn−1 and elements β0, β1, . . . , βn−1 form a chain subalgebra
which is obviously isomorphic to B.

Theorem 5 (Kuznetsov’s Theorem). Let A be a finitely generated pseudo-
Boolean algebra, the cardinalities of all its chain subalgebras is bounded by a num-
ber n. Then A is finite.

Proof. By induction on nwe will prove that ifA ism-generated pseudo-Boolean
algebra and all chain subalgebras of A have cardinality ≤ n, then

∣A∣ ≤ km(n),

where km(n) is defined in the following way:

km(2) = 22
n

,

km(i + 1) = (km(i) + 1)s(i)(km(i)+1)m ,
(2)

where sm(i) is a number of all distinct modulo isomorphism m-generated
pseudo-Boolean algebras which chain subalgebras have cardinalities ≤ i.
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If an m-generated pseudo-Boolean algebra A has chain subalgebras only of
cardinality ≤ 2, then A is a Boolean algebra and ∣A∣ ≤ 22

n

(see [4]).
Let every m-generated algebra, the cardinalities of all chain subalgebras of

which are bounded by n, have cardinality ≤ km(n); and let there also be only
≤ sm(n) distinct modulo isomorphism such algebras.
Let A be am-generated algebra, all chain subalgebras of which have cardinal-

ities ≤ n + 1. Let us consider two cases: 1) A is subdirectly irreducible; 2) A is
subdirectly reducible.
1) If A is subdirectly irreducible, then it has a pre-top element [2], that is, the

unique element covered by 1.
Let us denote by ω the pre-top element of A and let∇ = {1, ω}. ∇ is a filter of

A. Let B = A/∇. All chain subalgebras of B have cardinalities at most n. Since
B is a homomorphic image of an m-generated algebra, B is an m-generated
algebra. Therefore, we can apply to B the induction assumption, i.e. we can
assume ∣B∣ ≤ km(n). It is not hard to see that ∣A∣ = ∣B∣ + 1, so ∣A∣ ≤ km(n) + 1
and modulo isomorphism there are at most sm(n) such algebras.
2) LetA be reducible to a subdirect product of subdirectly irreducible algebras.

It is known [4] that the subdirect factors are homomorphic images of the algebra
A and all are m-generated. By Lemma 2, homomorphic images of A cannot
contain chain subalgebras of cardinality > n + 1. Hence, the cardinalities of
subdirect factors are bounded by km(n) + 1, and the number of such factors
does not exceed sm. Using the formula 1 from [4, p. 358], we get

∣A∣ ≤ (km(n) + 1)sm(n)(km(n)+1)m .

4 Generalization of Troelstra–Kuznetsov’s
Theorem

A modus instance ⟨M,R⟩ is called tabular if it can be defined by a finite pseudo-
Boolean algebra.
A modus instance ⟨M1,R1⟩ is an immediate predecessor of a modus instance
⟨M2,R2⟩ if in the lattice LM the modus instance ⟨M2,R2⟩ covers the modus in-
stance ⟨M1,R1⟩.
In [7], A.S. Troelstra stated a theorem about superintuitionistic logics, but

the proof was based on an incorrect statement (see [8, 9]). The proof of this
theoremwas obtained by Kuznetsov [9]. Belowwe prove this theorem formodus
instances.
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Theorem 6 (Generalization of Troelstra–Kuznetsov theorem). Let a modus in-
stance ⟨M1,R1⟩ be an immediate predecessor of a tabularmodus instance ⟨M2,R2⟩.
Then the modus instance ⟨M1,R1⟩ is tabular.

Proof. Let the finite pseudo-Boolean algebra A define the modus instance
⟨M2,R2⟩. Let us show that there is a finite pseudo-Boolean algebra B such
that all rules from M1(R1) are valid in B, but at least one rule from M2(R2)
is invalid in B. Indeed, since M1(R1) ⊆ M2(R2), we have K(M2(R2)) ⊆
K(M1(R1)) and the inclusion is proper. Due to K(M2(R2)) being gener-
ated by finite algebra A, all subdirectly irreducible algebras from K(M2(R2))
have cardinalities bounded by m = ∣A∣ (because the formula Em from [10] is
valid in all algebras of K(M2(R2))). Suppose that there are no finite algebras
in K(M1(R1)) ∖ K(M2(R2)) and let B be a finitely generated algebra from
K(M1(R1))∖K(M2(R2)). Then, by our assumption,B is infinite and, by virtue
of Theorem 5, the cardinalities of chain subalgebras of B are not bounded, that
is, among chain subalgebras ofB there are algebras of cardinality >m. These al-
gebras cannot be inK(M2(R2)), so they are inK(M1(R1))∖K(M2(R2)). The
obtained contradiction shows that K(M1(R1)) ∖K(M2(R2)) contains at least
one finite algebra. Let K be the quasivariety generated by the algebras A and
B. Then K(M2(R2)) ⊆ K ⊆ K(M1(R1) and the inclusion K(M2(R2)) ⊆ K is
proper. Because the modus instance ⟨M1,R1⟩ immediately preceding ⟨M2,R2⟩,
we have K = K(M2(R2)), that is {A,B} definesK(M1(R1)). An application of
Theorem 2 completes the proof.

5 Finitely Presented pseudo-Boolean Algebras
Let A be a formula and p1, . . . , pn be a list containing all propositional variables
occurring inA, A be a pseudo-Boolean algebra and ϕ be a mapping of p1, . . . , pn
to A.
We say that a formula A with a set of generating symbols p1, . . . , pn defines

the algebra A by ϕ, if

1) the elements ϕ(p1), . . . , ϕ(pn) generate A;

2) A[ϕ(p1), . . . , ϕ(pn)] = 1;

3) for any formula B(p1, . . . , pn) such that B[ϕ(p1)], . . . , ϕ(pn) = 1, the
formula A ⊃ B is valid in intuitionistic logic.
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From now on, we assume that all variables p1, . . . , pn occur in A (if pi does
not occur inA, we can replaceAwithA′, whereA′ = A&(pi ⊃ pi))). So, we will
say that A defines A by ϕ and we will write A = A(A,ϕ).
We say that a formula A defines an algebra if there exists such a map ϕ that

A = A(A,ϕ).
Let A be a finite subdirectly irreducible pseudo-Boolean algebra and ω be its

pre-top element. Let A = A(A,ϕ) and B(p1, . . . , pn) be a formula such that
B[ϕ(p1), . . . , ϕ(pn)] = ω. The rule

A[X1, . . . ,Xn]
B[X1, . . . ,Xn]

(2)

is called a quasi-characteristic rule of algebra A (comp. with the notion of char-
acteristic formula [11])

Theorem 7. Let r be a quasi-characteristic rule of a pseudo-Boolean algebraA and
B be a pseudo-Boolean algebra. The following conditions are equivalent:

1) r is refuted in B

2) A is isomorphically embedded in B.

Proof. 2)⇒ 1). Suppose A is isomorphically embedded in B. Then r is refuted
in the subalgebra of B that is isomorphic to A, that is r is invalid in B.
1)⇒ 2). Suppose (2) is a quasi-characteristic rule of algebra A(A,ϕ) and rule

(2) is refuted in B. Then for some β1, . . . , βn ∈B the following holds

A[β1, . . . , βn] = 1 and B[β1, . . . , βn] ≠ 1.

LetB′ be a subalgebra ofB generated by elements β1, . . . , βn. ByTheorem 1 [4,
p. 276], there is a homomorphism of algebra A ontoB′ such that ϕ(ψ(pi)) = βi
for i = 1, . . . , n. Since

ψ(ω) = ψ(B[ϕ(p1), . . . , ϕ(pn)]) = B[ψ(ϕ(p1)), . . . , ψ(ϕ(pn))]
= B[β1, . . . , βn] ≠ 1

(3)

and, since, the pre-top element is in every non-trivial filter, ψ is an isomorphism
of A onto B. And this proves Theorem 7 (comp. theorem 7 with results from
[12]).

A pseudo-Boolean algebra A is called finitely presented if A = A(A) for some
formula A.
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Theorem 8. Every finitely presented pseudo-Boolean algebra is finitely approxi-
mated.

Proof. Let A = A(A,ϕ) and β ∈ A. Suppose β ≠ 1 and A = A(p1, . . . , pn). Due
to elements ϕ(p1), . . . , ϕ(pn) generating A, for some formula B, we have β =
B[ϕ(p1), . . . , ϕ(pn)]. Since B[ϕ(p1), . . . , ϕ(pn)] ≠ 1, formula A ⊃ B is invalid
in the intuitionistic logic. Hence, there is a finite pseudo-Boolean algebraB and
elements β1, . . . , βn fromA, such thatA[β1, . . . , βn] = 1 andB[β1, . . . , βn] ≠ 1.
It is clear thatB is a homomorphic image of A, so A is finitely approximated.

Corollary 2. Every subdirectly irreducible finitely approximated pseudo-Boolean
algebra is finite.

6 Modus Complete Table Modus Instances
Let ⟨M,R⟩ be a modus instance and let r be a modus rule. The rule r is said to be
admissible in ⟨M,R⟩ (comp. [13]), if logic R(M) is closed relative to applications
of r.
A rule r is said to be admissible in a superintuitionistic logic L, if L is closed

relative to applications of r.
A rule r is called derivable in a modus instance ⟨M,R⟩, if r ∈M(R).
A rule r is called derivable in a superintuitionistic logic L if r is derivable in
⟨L,modus ponens⟩.
A modus instance is calledmodus complete, if each admissible in it modus rule

is derivable (comp. with the notion of structural completeness [14]).
A superintuitionistic logic is called modus complete, if each admissible in it

modus rule is derivable.
We will call a pseudo-Boolean algebra A modus poor, if validity on A of

the rule (1) yields validity in A of the formula ((A1& . . .&An) ⊃ An+1). In
other words, an algebra A is modus poor, if it defines the modus instance
⟨L(A),modus ponens⟩.

Theorem 9. LetA be a finite pseudo-Boolean algebra. The following conditions are
equivalent:

• A is modus poor;

• every subdirectly irreducible homomorphic image ofA is isomorphically em-
bedded in A.
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Proof. 1)⇒ 2). Let A′ be a subdirectly irreducible homomorphic image of A and
let (2) be a characteristic rule of A′. Since the formula A ⊃ B is invalid in A′, it
is invalid in A too. Since A is modus poor, the rule (2) is invalid in A. By virtue
of Theorem 7, A′ is isomorphically embedded in A.
2)⇒ 1). By contradiction: suppose the rule (1) is valid in A while the formula
((A1& . . .&An) ⊃ An+1) is invalid inA, that is for some α1, . . . , αm ∈ Awe have

((A1[α1, . . . , αm]& . . .&An[α1, . . . , αm]) ⊃ An+1[α1, . . . , αm] ≠ 1.

Let α = ((A1[α1, . . . , αm]& . . .&An[α1, . . . , αm]). Then

α ⊃ An+1[α1, . . . , αm] ≠ 1,

that is, there is a filter ∇ of algebra A such that

α ∈ ∇ and An+1[α1, . . . , αm] ∉ ∇.

Let ∇′ be a maximal filter such that

α ∈ ∇′ and An+1[α1, . . . , αm] ∉ ∇′.

Then A/∇′ is subdirectly irreducible (an image of element An+1[α1, . . . , αm]
under the canonical map is a pre-top element). Let ψ be the canonical homo-
morphism of A onto A′. Then

ψ(α) = A1[ψ(α1), . . . , ψ(αm)]& . . .&An[ψ(α1), . . . , ψ(αm)] = 1

but
An+1[ψ(α1), . . . , ψ(αm)] ≠ 1,

which means that the rule (1) is invalid in A/∇′. Since, due to 2), algebra A/∇′
is isomorphically embedded in A, the rule (1) is invalid in A, and the latter con-
tradicts the assumption.

Theorem 10. There is an algorithm that, given a finite pseudo-Bollean algebra A,
recognizes whether A is modus poor.

Proof. The desired algorithm consists of enumerating all subdirectly irreducible
homomorphic images of A and verifying of whether they are isomorphically
embedded in A. Due to A being finite, the process is effective.

Theorem 11. Let L be a superintuitionistic logic and let F(L) be its Lindenbaum
algebra. Then the algebra F(L) defines the modus complete instance of logic L.

11



Proof. Let R be a set of all admissible in L rules. Then ⟨L,R⟩ is a modus complete
instance. Let us verify that algebra F(L) defines the instance ⟨L,R⟩. Note that
every derivable in ⟨L,R⟩ rule is admissible in L, that is, L(R) = R. Let us check
that a rule r is valid in F(L) if and only if it is in R, i.e. it is admissible in L.
Suppose the rule (1) is admissible in L. Let B1,B2, . . . be formulae such that

A(B1, . . . ),A2(B1, . . . ), . . . ,An(B1, . . . ) ∈ L, that is, if we regard the formulae
B1,B2, . . . as elements of F(L), then

A1[B1, . . . ] = A2[B1, . . . ] = ⋅ ⋅ ⋅ = An[B1, . . . ] = 1.

Due to admissibility of the rule (1) in L, we have An+1(B1, . . . ) ∈ L, that is,

An+1[B1, . . . ] = 1.

Hence, the rule (1) is valid in F(L).
Now, suppose that rule (1) is valid in F(L). Using the arguments analogous to

above, one can conclude that the rule (1) is admissible in L.

By Fm(L) we denote the subalgebra of F(L) consisting of all formulae not
containing variables distinct from p1, p2, . . . , pm.

Theorem 12. Let L be the logic of a finite pseudo-Boolean algebra A and let the
elementsα1, . . . , αm generateA. Then the algebras F(L) and Fn(L), where n ≥m,
define the same modus instance.

Proof. Since Fn(L) is a subalgebra of F(L), we have R(F(L)) ⊆ R(Fn(L)).
Now, let us verify L(Fn(L)) ⊆ L(F(L)). Indeed, if a formula A is in-

valid in F(L), then A ∉ L and, hence, A is invalid in A. Let β1, . . . , βs ∈
A and A[β1, . . . , βs] ≠ 1. Due to A being generated by the elements
α1, . . . , αm, there are formulae B1(p1, . . . , pm), . . . ,Bs(p1, . . . , pm) such that
βi = Bi[αi, . . . , αm] for i = 1, . . . , s. Therefore,

A[B1[α1, . . . , αm], . . . ,Bs[α1, . . . , αm]] ≠ 1.

In the latter formula, let us replace every occurrence of αi with pi, i = 1, . . . ,m.
We obtain a formula A′(p1, . . . , pm) which is invalid in L (otherwise it would
be valid in A, which is not true). Due to m ≤ n, the formula A′ is invalid in
Fn(L), and, hence, the formula A is invalid in Fn(L). Thus, the algebra Fn(L)
defines a modus instance of logic L. By Theorem 11, it cannot be greater than
the modus instance defined by F(L). We can apply Corollary 1 and conclude
that R(Fn(L)) ⊆ R(F(L)), i.e. R(Fn(L)) = R(F(L)) and the algebras Fn(L)
and F(L) define the same modus instance.

12



Corollary 3. A superintuitionistic logic L is modus complete if and only if the al-
gebra F(L) defines the modus instance ⟨L,modus ponens⟩.

Lemma 3. Let A be a pseudo-Boolean algebra. A is modus poor if and only if A
defines the modus instance ⟨L(A),modus ponens⟩

Proof. Suppose A defines the modus instance ⟨L(A),modus ponens⟩ and the
rule (1) is valid in A. Then the formula An+1 is derivable from the for-
mulae A1, . . . ,An and L(A) by modus ponens. By the deduction theorem,
((A1& . . .An) ⊃ An+1) ∈ L(A), that is, formula ((A1& . . .An) ⊃ An+1) is valid
in A.
Suppose A is modus poor and it defines a modus instance ⟨L(A),R⟩. Due to

A being modus poor, if the rule (1) is in R, then ((A1& . . .An) ⊃ An+1) ∈ L(A).
So, A defines the modus instance ⟨L(A),modus ponens⟩.

Corollary 4. A logic L is modus complete if and only if the algebra F(L) is modus
poor.

Theorem 13. Let a finite pseudo-Boolean algebra A define a logic L. There exists
an algorithm that by algebra A is checking whether logic L is modus complete.

Proof. The algorithm: using A, construct the algebra Fn(L), where n is at least
the number of generators of A, and check whether Fn(L) is modus poor.

Example 1. Let L be a logic of a finite chain pseudo-Boolean algebraA and n = ∣A∣.
Then L is modus complete (comp. [15]). Indeed, all subdirectly irreducible homo-
morphic images of algebra Fn(L) are chain algebras and, by Lemma 2, they are
isomorphically embedded in Fn(L). By Theorem 9, Fn is modus poor. By Theorem
12, logic L is modus complete.
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Example 2.
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Fig. 1.

The diagram of the pseudo-Boolean algebra Z7 is depicted at Fig.1 a), and the
diagram of the pseudo-Boolean algebra Z10, which is isomorphic to F1(L(Z7)), is
depicted at Fig.1 b). Note, that the algebra Z7 is generated by the element α and is
a homomorphic image of the algebra Z10, while Z7 is not isomorphically embedded
in Z10. Thus, the logic L(Z7) is not modus complete. In particular, the following
quasi-characteristic rule of the algebra Z7 is admissible but not derivable in this
logic:

((¬¬X ⊃X) ⊃ (X ∨ ¬X))
(¬X ∨ ¬¬X)

.

The present paper was completed under a supervision of A.V. Kuznetsov, to
whom the author remains sincerely thankful.
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