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Chapter 1

Introduction and summary
As in many other areas of physics, the growing power of computer facilities during
the last few decades has played a crucial role in the development of modern day
seismology. In addition to the increasing computer performance, seismologists benefit
from continuing improvements of the quantity, availability and quality of seismological
data. Seismic data, i.e. recordings of vibrations of the Earth, are very powerful means to
investigate the Earth's interior and have now been used for many decades to construct
images of structures in the Earth (e.g. Jeffreys & Bullen 1940). The progressing data
improvements have greatly been appreciated in the refinement of models of the Earth's
interior. Seismic inversions, which are concerned with the probing of the Earth's interior
using seismological data, have been carried out on many length scales. For example,
exploration seismologists are mainly interested in very small-scale structures in order to
locate oil reservoirs, whereas global seismology is mainly concerned with the gross earth
structures. Global seismological tomography is hampered because of the sparseness in
time, as well as in location, of "global seismological sources" (earthquakes and nuclear
explosions). The growing number of seismic recordings, due to increased seismic station
density and the natural effect of time, compensates the limitations of the inhomogeneous
earthquake distribution to some extent. With the growing power of computers inversions
for the Earth's interior can now be carried out using large amounts of data.
Apart from the opportunity to carry out inversions of large amounts of data, the
increase in computer facilities has the advantage that more complex inversion schemes can
be used. Inversions of seismic data are based on a large number of assumptions on
seismic wave propagation. For example, the majority of seismological inversion schemes
assumes a linear relation between model and data perturbations, an isotropic Earth, and no
out of plane propagation. It is likely that these approximations lead to biases in earth
models. Despite the large number of implied approximati.ons in seismic tomography,
inversion results have led to many new and important insights into the formation, history
and evolution of the Earth. The increased computer performance can be used to estimate
errors related to modelling limitations. For example, finite-difference or finite-element
methods are very powerful tools to model wave propagation in complex media and their
results can be compared to calculations based on theories with imposed approximations.
Unfortunately, the computational effort increases with the increasing complexity of the
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modelling method and the computing effort needed for methods like finite-differences is
still far too large to implement in inversion schemes. Therefore, it is necessary to use
approximation methods to carry out inversions with large amounts of data.
One of these approximations is the assumption that waveforms of body waves in
laterally heterogeneous media can be modelled by the Earth's normal mode or surface
wave mode summation where the lateral heterogeneity is treated in normal mode or
surface-wave mode asymptotic methods. A widely used asymptotic method is based on
the WKBJ method (e.g. Bretherton 1968, Woodhouse 1974). In combination with
Fermat's principle, which states that the phase perturbations of modes follow to first-order
from integration over model perturbations along unperturbed rays, the WKBJ method lead
to the WKBJ, path-average, or phase integral approximation (see e.g. Nolet 1987). In this
method the phase perturbations of modes are related to laterally heterogeneities averaged
along the source-receiver minor arc. This useful property facilitates an efficient set up of
inversion schemes and has been used for many decades (e.g. Woodhouse & Dziewonski
1984; Zielhuis & Nolet 1994). However, the WKBJ approximation is based on the
debatable assumption that structures are sufficiently smooth to neglect reflections, mode
conversions and path deviations. The assumption of neglecting reflections is not of much
interest since the amplitude of reflected phases is often negligible in seismograms. On the
other hand, path deviations of surface-wave modes have often been recognized in recorded
data (e.g. Levshin, Ritzwoller & Ratnikova 1994) and forward modelling experiments, of
for example Tanimoto (1990), have shown that especially for high frequencies (periods T
< 20 s) out-of-plane propagation can be very severe. Inversions that allow for path
deviations of surface-wave modes have recently been developed by, for example, Snieder
(1988). The significance of mode conversions first became apparent in a study of Li &
Tanimoto (1993). They showed that when body-wave phases in a slightly aspherical earth
model are modelled by normal mode summation, cross-branch coupling is required to
bring out the ray character of body waves and, therefore, mode conversions cannot be
neglected when body-wave phases are modelled by normal mode summation. This thesis
is concerned with a similar problem as addressed by Li & Tanimoto (1993) in the surface
wave mode approach. In this thesis it is shown that surface-wave mode coupling is
required when body-wave phases in laterally heterogeneous media are modelled by
surface-wave mode summation. An efficient inversion method that includes surface-wave
mode coupling is derived and applied to a large-scale regional inversion for S-wave
velocity structures beneath Europe, the north-eastern Atlantic and western Asia.
Outline of this thesis

Surface-wave mode summation can be used as a technique to construct complete
seismograms where body-wave phases are constructed by the constructive interference of
higher surface-wave modes. In a laterally homogeneous medium this technique is exact.
For intermediate- and long-period seismograms this method is quite efficient for
modelling S-wave arrivals and the fundamental and higher-order surface-wave modes.
However, for modelling P-wave phases and higher frequency body-wave phases, surface
wave mode summation is impractical since the required number of modes increases
dramatically with decreasing slowness of body-wave phases and increasing frequency.
For intermediate epicentral distances, surface-wave mode summation techniques are
preferred to normal mode summation methods since the required number of modes is
significantly less. For example, synthetic seismograms for intermediate periods (20s
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< T <100 s) seismograms can be constructed by summing only 20 surface-wave modes,
whereas more than 4000 modes are required when similar seismograms are modelled
using normal mode summation.
The second chapter of this thesis is concerned with theoretical aspects of modelling
body-wave phases with surface-wave mode summation in laterally homogeneous media.
In most seismological studies body-wave phases are modelled with ray methods. Rays
and modes are often regarded as two different properties in seismic wave propagation.
Recordings of seismic waves exhibit that body-wave phases propagate in a ray-like
behavior, whereas dispersive recordings can accurately be modelled with the use of
modes. The connection between rays and modes in the sense that travel times of body
wave phases are related with group velocity of modes has been recognized for many
decades (e.g. Brune 1964). In chapter 2 it is shown that for a laterally homogeneous
medium, the mode- and ray- formulations follow from the manner in which the wave
equation is solved. For such a laterally homogeneous medium the complete wavefield can
be described with a mode, as well as with a ray, formulation solely, although the number
of modes and rays that need to be included is infinite. Furthermore, it is shown in Chapter
2 that mode and rays can be regarded as each other's Fourier transform. From using this
property, it follows that every ray can be represented with modes and vice versa.
The Earth is not laterally homogeneous. However, for a laterally heterogeneous
medium it may be convenient to model seismograms with surface-wave mode summation.
As mentioned before, one of the most commonly used asymptotic methods to describe
mode propagation in laterally heterogeneous media is the WKBJ approximation for
surface waves. In Chapter 3 it is shown that the WKBJ approximation for surface waves
is not adequate in modelling body waves in laterally heterogeneous media. Through the
use of the Born approximation (Snieder 1986), it is shown that surface-wave mode
coupling is required to bring out the spatial ray character of body-wave phases. To study
the effects of the neglect of surface-wave mode coupling, forward modelling experiments
with the Invariant Imbedding Technique (lIT; Kennett 1984) are carried out. This method
is an exact method and includes all surface-wave mode coupling effects. Comparison of
results obtained with the lIT and the WKBJ approximation illustrates the significance of
surface-wave mode coupling for body-wave phases in laterally heterogeneous media.
Since surface-wave mode coupling is neglected in the WKBJ approximation, its use leads
to erroneous modelling of body-wave phases. Therefore an alternative method is needed
which includes surface-wave mode coupling to model body-wave phases. The Born
approximation is a useful method but its accuracy is limited to small phase perturbations
of the surface-wave modes and cannot be used in many practical applications concerning
forward scattering. Unfortunately, the lIT is a computationally very demanding method.
A forward modelling method must be computationally efficient to be included in an
inversion scheme, because this limits the computing effort of the already large number of
forward modelling calculations that need to be carried out. In order to include surface
wave mode coupling in a computationally efficient forward modelling technique, the
Scalar Exponent Approximation (SEA) is introduced. This method approximates higher
order mode coupling effects with first-order mode coupling plus correction terms. In this
fashion, model perturbations result in a complex wavenumber perturbation for every
mode-frequency combination equivalent to the WKBJ approximation where perturbations
in the model results in real wavenumber perturbations. Forward modelling tests with the
use of the SEA indicate that this method is sufficiently accurate and a significant
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improvement compared to the WKBJ approximation.
The introduction of surface-wave mode coupling results in a dependence of wave
perturbations to the epicentral distance of velocity anomalies. Therefore, a conventional
model parametrization with depth functions cannot be used solely and an increased
number of model parameters is needed. In Chapter 3 it is shown that the Born
approximation can be used to reorganize model parameter sets into a restricted number of
physically relevant model parameters.
Chapter 4 is concerned with the quantification of biases in inversion models due to
the neglect of surface-wave mode coupling. Inversions have been carried out using two
forward modelling techniques: the WKBJ approximation, which neglects surface-wave
mode coupling, and the SEA, which takes surface-wave mode coupling into account. In
this chapter synthetic inversion experiments, as well as an inversion of waveforms of a
small data set, have been carried out. Synthetic inversion experiments invert synthetic
"data" that have been constructed from a known input model. Such experiments are
illustrative since the model that is inverted for is known and errors can easily be
quantified. The synthetic inversion experiments indicate that the neglect of surface-wave
mode coupling leads to:
I) The presence of deep velocity structures at edges of the inversion domain which are
not warranted by the data,
2) A tendency for the sign of heterogeneities to reverse with depth in inversion models.
3) A greater rms value of the changes in S-wave velocity structure in the deeper part of
the model.
The synthetic inversion experiments further show that the inversion scheme produces
models that are close to the input models, which is an indication that it is a valid method
to use in inversions of waveforms including body-wave phases. The inversion of the
"real" data set does not show such dramatic biases as the synthetic inversion and the
inversion models for both inversion schemes are qualitatively similar. However, the above
summarized biases due to the neglect of surface-wave mode coupling are also clearly
recognizable in the inversion model obtained with the real data.
In Chapter 5 a large-scale regional inversion including surface-wave mode coupling
of 449 recorded waveforms is carried out for S-wave velocity structures beneath Europe,
the north-eastern Atlantic and western Asia. The EUR-SC'95 model is presented which
predicts acceptable waveform fits for almost all seismograms used in the inversion. This
model is characterized by a wide range of length scales of velocity structures. Where the
data density is highest, small-scale structures are recovered such as the presence of high
velocities associated with the Hellenic subduction zone. On edges of the inversion
domain where the resolution is poorer, large-scale features such as the relatively
homogeneous high velocity structure beneath the Russian Platform are recognized.
Compared to previous models the EUR-SC'95 model presents some new results such as
the strong low-velocity structures beneath the Iceland and Azores hotspots, and the
velocity contrast related to the transition from the Baltic Shield to the Norwegian
Caledonides.
Due to computer improvements this inversion method could be developed and
computer facilities allow its use to a large amount of high-quality data for this method.
Although the inversion method still has limitations due to approximations, it is a
significant improvement compared to standard inversion methods.
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Chapter 2

The ray-mode transform: the ray-mode duality or
equivalence?
Summary Rays and modes are often regarded as two different properties of seismic
wave propagation. In this chapter it is shown that the complete wavefield can be
described using only modes or rays, that the mode and the ray representation can be
seen as the Fourier transform of each other, and how elements of one group of
representation can be represented with elements of the other. The wave equation in a
flat, three dimensional, laterally homogeneous medium can be solved by expressing
the wavefield as a summation over cylindrical waves, where the response in time and
position is recovered by the evaluation of the double integral over frequency and
horizontal wavenumber.' The integrand has singularities related to a reverberation
term which results from the boundary conditions of vanishing stress at the free
surface and the absence of upward progressing waves below a given depth. In this
chapter it is shown how the ray and mode representation follows from the manner
how the singularity is treated. Using the residue theorem, the wave equation results
in a mode representation, whereas the expansion of the reverberation term in a power
series results in a ray representation. With the use of a continuous mode and ray
generation function it is derived that the representation of SH-rays can be reproduced
by the Fourier transform of the Love wave representation and vice versa.

1. Introduction
Rays and modes are two groups of physical representations that are often used to
describe or model wave propagation. The choice of the group of representation depends
usually on the data of interest; when recorded waves show a dispersive character one
commonly uses a mode representation whereas a ray representation is used when the data
show geometrical-ray-like behavior. The employment of a ray representation is useful at
high frequencies, at early times in the seismogram, and when the number of arrivals is
small. At later times in the seismogram, it is cumbersome to use the ray formulation

because the number of arriving rays significantly increases. Furthermore, most asymptotic
ray theories break down for lower frequencies, which dominate at later times. At these
later times it is more convenient to use a mode representation, whereas its use is not
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practicable to describe early high-frequency arrivals because of the large number of modes
that is required to model these arrivals. Therefore, historically, mode theory has been
restricted to applications to low-frequency normal modes of the Earth and the fundamental
modes of Rayleigh and Love surface waves. The duality between both representations has
now been studied for many decades (e.g. Jeans 1923; van der Pol & Bremmer 1937). It
became clear that both representations are closely related to each other and relations
between travel-times of body-wave phases and the angular order number of associated
normal modes have been recognized (e.g. Brune 1964; Nolet & Kennett 1978).
Although in most seismological studies usually either modes or rays are used, a
number of studies use the ability of both groups of representations to represent elements
of the other group. In a number of studies, long-period body waves are represented as the
summation of normal modes of the Earth(e.g. Woodhouse & Dziewonski 1984; Tanimoto
1988) or as the summation of surface-wave modes (e.g. Harvey 1981; Nolet et at. 1989).
Niver, Kamel & Felsen (1985) have used a mode representation for body-wave phases that
cannot be described with asymptotic rays, such as waves in transition regions near
critically reflected, bottom glancing rays or rays passing through caustics. It is also
possible to represent modes as the constructive interference of body waves, as done by
Zhao & Dahlen (1993) who derived asymptotic formulae for normal modes as the
constructive interference of body waves following the high-frequency ray approximation.
In Section 2 the wave equation is presented in cylindrical coordinates, where the
displacement can be recovered by an integration over the vertical wavenumber and the
frequency. The imposed boundary conditions result into a reverberation term that
introduces singularities in the integrand. In Section 3, it is shown that the mode
representation follows from the analytical evaluation of the integral over the vertical
wavenumber using the residue theorem. In this fashion every singularity in the integrand
is associated with a surface-wave mode. When the reverberation term is expanded into a
power series, the singularities disappear and the wave equation results in a ray
presentation which is shown in Section 4. In an interesting, but rather complex, paper of
Tain-Fu & Er-Chang (1982) it is proven that for oceanic waves the ray and mode
representation can be regarded as each other's Fourier transform. In the fifth section of
this chapter, the employed derivation of Tain-Fu & Er-Chang (1982) is applied to the
representation of SH-waves and Love modes. In Section 6 illustrations are given of the
ability of both of the representations to present the other. Readers who are not interested
in the theoretical framework can skip sections 2 through 5 to see the ray-mode
equivalence illustrated with examples in Section 6.

2. The wave equation
In this section the wave equation for horizontal polarized shear waves in a flat,
isotropic, laterally homogeneous half-space is presented. This simple configuration has
been used for many decades to study seismic wave propagation phenomena (e.g.
Harkrider 1964; Vlaar 1966; Hudson 1969). Results for horizontal polarized shear waves
in a (simplified) horizontal flat earth model can be exactly transformed to waves in a
spherical model by performing the earth flattening transfonnation (Biswas & Knopoff
1970). The wave equation in a laterally homogeneous medium is given by
(1)
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where p is the density, u is the displacement, and T is the stress field. When we impose
the boundary conditions of a stress-free surface and no upwards traveling waves in a
uniform half-space beneath Z = ZL (see Fig. 1), the wavefield in cylindrical coordinates
can be written in the form
u(r, fjJ, ZR, Zs, t)

= _1
2,.

foo dOJ e-iml foo dk k LTk'(r, fjJ)u(k, m, ZR Zs, OJ) ,
-00

0

m

(2)

'

where r, fjJ and Z are the cylindrical coordinates, OJ the angular frequency, k is the
horizontal wavenumber, and the cylindrical coefficients are given by
ii(k, m, ZR, Zs, OJ)

= [WVS(ZR) + W DS(ZR)Rlf] [1 - RffRlfr l [LV(ZS) + RffLD(ZS)] ,(3)

for receiver depths ZR smaller than the source depth Zs, and
ii(k, m, ZR, Zs, OJ)

= [WDS(ZR) + Wvs(zR)R~L] [I - RlfRtLr l [LD(ZS) + R&LLV(ZS)] ,(4)

for ZR larger than Zs. The horizontal wave function Tk'(r, fjJ) is defined by
Tm
_ ~ dYk'(r, fjJ)
_ ~ aYk'(r, fjJ)
t<r,fjJ)- kr
dfjJ
e,. k
e¢,

ar

(5)

where the basic horizontal wave function Yk' is given by
Yk'(r, ¢) = Jm(kr)e im ¢

,

(6)

where J m(kr) is the Bessel function of the first kind and order m. This expression of the
wavefield can be found in standard seismological textbooks (e.g. Aki & Richards 1980;
Kennett 1983), however, for the completeness of this chapter a brief derivation of
expression (2-6) is given in the appendix. The wavefield as expressed in eq. (2) may be
regarded as the superposition of cylindrical wave coefficients (3) and (4) modulated by
angular terms depending on the source excitation, expressed in LV and LD' Each of the
wave coefficients is characterized by angular frequency OJ, horizontal wavenumber k and
angular order m. At each frequency and angular order the radial contribution is obtained
by superimposing all horizontal wavenumbers k from 0 to infinity which corresponds to
including all propagating waves, from vertically to horizontally, as well as evanescent
waves. In order to retrieve the displacement field in the time domain as a function of
position, the integration over the cylindrical wave propagation is applied over frequency
and horizontal wavenumber.
The interpretation of eqs. (3) and (4) is easiest by reading from right to left,
following the 'life history' of the wave. As an example we describe the physical
properties of (3) in the remainder of this section to illustrate the used formulations of eqs.
(3) and (4).

Source tenns
The last term in (3) represents the source contribution LV + R1}LD(ZS)
corresponding to the upward traveling waves radiated in the medium above the source
depth due to the presence of a source at Z = zs. The upward radiation is produced by the
direct upward radiation LV together with initially downwards departing waves LV
reflected upwards between the level of the source and the homogeneous half-space
RffLD(ZS), where
is the reflection coefficient for downwards propagating waves due

Rff
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Free surface

Radiation condition
z

Figure 1. Schematic representation ofthe source terms in a laterally homogeneous medium.
The position ofthe source at depth Z = Zs is denoted with a star. The position of the receiver
is shown with a triangle. At depth Z = Zv which is the base of the uniform half-space, the
radiation boundary condition is imposed which excludes the presence of upward traveling
waves beneath ZL' The upwards radiated waves :Eu due to the presence of the source is
denoted with upwards pointing arrow at the source position. The downward radiated waves
:ED is reflected between the source depth and Z = ZL resulting in the upward traveling waves
:EDRfJ at the source depth.

to the stratification between z = Zs and ZL' Fig. 1 shows a schematic representation of the
source terms. Note that in Fig. I the reflected contribution is represented with only one
arrow, although the reflected upward traveling waves consist of more reflected physical
phases when the model consists of more than a single layer between Z = Zs and Z = ZL'
The dependence of the displacement on the azimuthal order m in (2) follows completely
from the source terms Lv and LD' The remaining terms in (3) and (4) are independent of
the azimuthal order.
Reverberation

The second contribution in (3), [1 - RbLRffr l follows from the boundary
conditions imposed on the wave equation and represents the reverberation between the
free surface and the homogeneous half-space. The reflection coefficient RbL represents
the reflection of downwards progressing waves between the source depth and the
homogeneous half-space, whereas Rff represents reflection of upward progressing waves
between the source depth and the free surface. A physical interpretation of the
reverberation term is simplified by expanding this term into a power series (Kennett 1974)
[1 -

RbLRffr l

= 1+

RbLRff + RbLRffRbLRff + ...

.

(7)

From (7) it can be recognized that the reverberation term represents all order multiple
reverberations between the free surface and the homogeneous half-space in order to
produce a sequence of upgoing wave groups at the source depth. In Fig. 2 a schematic
representation of [1 - R'IfR{Jr l 1:' is shown, where 1:' represents the source term
[Lv + RbLLD(zs»). Every reverberation consists of the double traveling through the
stratified medium, and, as it can be recognized from Fig. 2, the reverberation term is
independent of the source depth. Therefore, it can also be written as R~LR, where R is the
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Free surface

~_r_-i--J./..__~r-_ _

I

"""'7I'"

R_~f_R_~L_L_'-i-L·

I
I

Zs

I
I

Radiation condition
Z

Figure 2. Schematic representation of the reverberation term. The total contribution due to
the reverberation term is the infinite sum of reflected waves between the free suiface and the
base of the uniform half-space. The source term "i,' represents the total contribution shown
in Fig. 1 and is represented with the solid arrow at the source position. The reflection
L
between the source depth and the free suiface is given by R~.
represents the reflection
between the source depth and the base of the uniform half-space.

Ri

reflection coefficient at the free surface and R~L represents the reflection of downward
traveling waves for the stratified medium up to the depth Z = ZL.
Receiver term
The response relating to the receiver depth Z = ZR is presented as WUS(ZR) +
WoS(ZR)R{f. The terms WUS(ZR) andWOS(ZR) are introduced in the appendix as elements

of the fundamental stress-displacement vector, and can be recognized as the displacement
at depth ZR due to presence of up- and downward traveling waves respectively at the
source depth. In order to provide a physical interpretation of the receiver term, the
displacement terms WUS(ZR) and WOS(ZR) are written in terms of up and downgoing
waves at the receiver depth ZR. In the appendix it is shown that the receiver term can be
written as
WUS(ZR) + Wos(zR)R{f = [MU(ZR) + MO(ZR)R{fl [1 - R~sR{JrlT~s,

(8)

which is easier to interpret. In eq. (8), T~s represents the transmission coefficient for the
medium between the source and receiver depth for upcoming waves and MU(ZR) and
M O(ZR) describe the displacement related with upcoming and downgoing waves
respectively at the receiver depth. In (8) we recognize a reverberation term
[1 - R~sRbRrl equivalent to the reverberation term in (3) and (4). This term represents
the reverberation between the source depth and the free surface. Fig. 3 shows a schematic
figure of the receiver contribution [WUS(ZR) + Wos(zR)R{J]L" in terms of expression (8),
where L" represents [1 - RbLR{Jr1[Lu(Zs) + RbLLO(ZS)]. Fig. 3 shows that the
transmission coefficient T~s projects the wave group L" to the source level. The up- and
downwards traveling waves have to be transformed to displacement using M u and Moat
the receiver depth.
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Free surface

''L"

T~
U

------------------------

Z

Zs

Figure 3. Schematic representation of the receiver term. The contribution due to the source
and reverberation term '£" is represented with the solid arrow. The source term is projected
to the receiver depth Zs using the transmission coefficient T~s shown with the grey arrow.
The displacement at the receiver depth is related with up and downwards traveling waves
via M u and M D respectively. The total displacement at the receiver depth is the infinite sum
of waves reflected between the receiver depth and the free surface (R~R) and between the
receiver depth and the source depth (R~s).

In the following sections it is sometimes convenient to replace the integration over
the wavenumber in (2) by an integration from -00 to 00. This can be achieved by relating
the basic horizontal wave function (6) to the Hankel function of the first kind instead of
the Bessel function. where J m(kr) =H~)(kr) - eimtr H~~\-kr). Using this property. (2) is
given by
oo

u(r. t;. ZR, ZS, t) = 2fr
1

I

-00

dOJe

iOJt

I

dk k ~! T~)(kr. t;)Ci(k, m. ZR. ZS, OJ) ,

(9)

-00

where T~)(kr) is given by (5) where the basic horizontal wave function Yk' is replaced by
H~)(kr) exp[imt;] for k ~ O. and by H~)(kr) exp[im(t; + fr)] for k < O. Equation (9) may
be used in this chapter without explicit notification.
With expressions (3) and (4), the displacement as the response of a stratified half
space to the excitation by a source is given as a function of frequency OJ and horizontal
wavenumber k. In the next two sections we will show how the mode and the ray
formulations follow from solving (2) using two different techniques. To simplify the
notation the azimuthal dependence (t;. m) is omited in the following sections.

3. Modes
The expression for the displacement (2-4) has singularities associated with the
reverberation term (7) for
(10)

For the combination of wavenumber k and frequency OJ that satisfy (10). rays travel trough
the stratified medium with no amplitude loss (excluding amplitude loss due to geometrical
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spreading effects). For the homogeneous wave equation (absence of source), solutions of
(10) are the only non-trivial solutions that satisfy the boundary conditions. The
integration over the horizontal wavenumber k can be carried out by evaluation at the poles
related to these singularities using the residue theorem. In practice the integration over k
can be carried out by adding an infinitesimal small imaginary component which results in
poles in the first and third quadrants of the complex k-plane. This can achieved on basis
of causality using the Laplace transform instead of the Fourier transform in (2) (De Hoop
1988) or on a more heuristic approach by adding a small anelastic component to the
model (Aki & Richards 1980). The difficulties of the complex integration are avoided in
this chapter and we refer to Aki & Richards (1980) and De Hoop (1988) for an extensive
treatment of this problem.
3.1 Exact formulation.

Poles associated with the singularities (10) require that the norm of R~fR{J is equal
to 1. For this reason we can rewrite the reverberation term as
(11)

where the phase function a describes the phase of the reverberation term. We will here
assume that a is a monotonously decreasing function of k, which is easy to prove for a
single layer model (see Section 3.3) but is cumbersome (or might even be impossible) for
more complex earth models. In terms of the phase function a the singularities are given
by
(12)

with n an integer larger than, or equal to zero. This condition can be related with the
dispersion relation of surface waves. In a "ray" interpretation of the function a(k), it can
be seen as the phase increase due to reflections and the travel time between the free
surface and the base of the stratified region. The integration over the wavenumber k in (2)
can now be carried out with the use of the residue theorem. When the poles of the
reverberation operator are found, we can represent u(r, z, llJ) as the summation of the
residue contributions (Butkov 1968)
u(r, ZR, ZS, llJ)

=L

"'n(r, ZR,ZS' llJ) ,

(13)

n=O

with
(14)

where the receiver and source terms are abbreviated with
R(k n) = WUS(ZR, kn' llJ)

S(k n)

+ WVS(ZR, k n, llJ )R{J(k n) ,

(15)

=LU(ZS, k n, llJ) + RbL(kn)LV(ZS' k n, llJ) .

Note the difference in notation and meaning between the reflection coefficients R{fJD and
the receiver contribution R(k n ). The evaluation of (aalakh=kn can be carried out using the
variational principle (Aki & Richards 1980). Following Tain-Fu & Er-Chang (1982), we
introduce a mode generation function defined by
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vr(v) == 2n-

where v and

1] (a~~1])

r

(16)

R(1])S(1])T(1]r) ,

1] are connected by the mapping a : IR+ ~ IR+:
(17)

v == a(1]) .

In order to produce modes that satisfy the boundary conditions, the mode generation
function is sampled at v == 2nn-. Many studies have shown that for the solution k n an
eigenfunctions of the displacement and stress exists which satisfy the boundary conditions
such that (14) can be written in terms of eigenfunctions (e.g. Vlaar 1966; Aki & Richards
1980; Kennett 1983)
vrn(r, ZR, ZS, m) ==

2n-(aaa~n)

r

[\fJ n(ZR, k n, m)R] [\fJ n(ZS, k n , m)S] T(knr) ,

(18)

where Rand S are the receiver and source terms in the surface wave mode notation (e.g.
Aki & Richards 1980). The determination of the eigenfunctions is a different subject and
is not addressed in this chapter. For this problem we refer to, for example, Takeuchi &
Saito (1972) and Harvey (1981).
3.2 Asymptotic formulation
We recall that the elements of Tm(k, t/J) depend on the basic horizontal function
Yk'(r, t/J) which can be written in terms of Hankel functions as
Yk'(r, t/J) ==

! [H~)(kr) -

eim;r H~)(_kr)]eim4J.

(19)

For large values of kr, the Hankel function H~)(kr) can be approximated by

H~)(kr)

==

I

...)!dr

ei(kr - (2m+l);r/4)

(I + O«kr)-l») ,

(20)

as kr ~ 00. For large values of kr the first term on the r.h.s. of (5) vanishes such that T m
can be approximated by
T (l)
m

'" _

I

'e

14J~
1 n-kr

ei(kr - (2m+l)1r/4)

(21)

.

2

Substitution of (21) into (18) yields
'11

Tn

(r Z Z m) == _
' R' S'

i2n-e4J

_~

-'J '2 n-knr

(i1a(k n)

ak

)-1 [\fJ nR] [\fJ nS] ei(knr -

(2m+I);r/4)

.

(22)

3.3 Example
The dispersion relation (12) is easiest solved for the simplest configuration that
supports Love waves: a single layer model over a uniform half-space at depth greater than
ZL' The elastic parameters in the upper layer are denoted with subscript 0 whereas the
parameters in the uniform half-space have a subscript 1. Using the explicit relations for
the reflection coefficients given in the appendix, it follows that the reflection coefficients
for this model are given by
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(23)

R{J

= exp[2iwqozs] ,

-J

where the vertical slowness qi is given by fJ j 2 - (k/w)2 where fJ is the shear wave
velocity. The product of the two reflection coefficients can therefore be given by
_ Jloqo - Jllql 2imqOl.L
RSLRfS
D U e,
Jloqo

+ JlI ql

(24)

which shows that the reverberation term is independent of the source and receiver depth.
From the dispersion relation (10) we know that RbLR{J is equal to 1. When we reject the
physically unrealistic options of pure imaginary values of Jl and qo, it follows that qo is a
real number and ql is pure imaginary. In terms of the phase function a we find for the
dispersion relation
a(k n )

= 2wqo -

2 tan- I (lqIIJlI)
- - = 2nn .

(25)

qoJlo

For n = 0 we find the conventional Love wave dispersion relation for the fundamental
mode (Ewing, Jardetski & Press 1957). The determination of the wavenumber k n as a
function of frequency has to be carried out numerically.

4. Rays
An alternative of solving (2) is presented in this section, where the reverberation
term is expanded in a power series. It is shown that this manner of solving (2) may be
associated with the generalized ray method.

4.1 Exact fonnulation
Following Kennett (1983), we here expand the reverberation term [1 [1 -

RbLR{Jr l = ~[RbLR{Jl

.

RbLR{Jr l

as

(26)

1=0

For IRbLR{J1 < ] the series converge, for IRbLR{J1 = 1, (26) is a non-converging series and
needs to be truncated based on a time window of observation. Using expansion (26), the
singularity in the integrand of (2) disappears. With the introduction of the phase function
a in (11) we can rewrite (26) as
[1 -

Ri}-R{Jr 1 = ~ eila(k) .

(27)

1=0

Using this expression, the generalized ray (multiple scattering) representation of the
displacement field is given by
00

u(r, ZR, Zs, w) =

L

1=0

with

BI(r, ZR, Zs, w) ,

(28)
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f

00

B/(r, ¢J, ZR, ZS, liJ) ==

exp[ila(k)]R(k)S(k) kT(kr) dk .

(29)

Equivalent to the mode generation function (16), a generalized ray generation function
can be introduced which is the continuous equivalent of (29)

f

00

B(w) =

exp[iwa(k)]R(k)S(k) kT(kr) dk ,

(30)

-00

which is sampled at w = n, nelN.

4.2 Asymptotic formulations
When the evaluation of the integral (29) is carried out numerically, the
representation of the wavefield using (28) and (29) is often referred to as the reflectivity
method originated by Fuchs (1968). The major disadvantage of the reflectivity method is
the computationally expense due to the evaluation of the double integration over the
horizontal wave number and frequency. This section is concerned with some of the
practical solutions that have been used in many studies to work with the ray solution as
derived above. Some of the results shown in this section are derived to illustrate the
relation between modes and rays in following sections. The results shown in this section
can also be found with more extensive derivations in, for example, Aki & Richards
(1980), Kennett (1983) and De Hoop (1988). In practice, the computational cost is
reduced by restricting the frequency bandwidth and range of the horizontal wavenumber
and by the truncation of the number of reverberation terms (26). The generalized ray
method is based on the adroit choice of the truncation or "rays" from the infinite
expansion of all possible generalized rays to represent the wavefield. To illustrate the
generation of generalized ray expansions, the reverberation is expanded as
[l -

R~LRrl

= 1+

f(R~LR)j

.

(31)

j=1

For a stack of uniform layers the reflection coefficient R~L can be constructed using a
recursive scheme relating a reflection coefficient at a layer i with the reflection coefficient
at layer i + 1. As an example it is shown how R~L is related with the reflection coefficient
for the first layer L

Rb

(32)

The reverberation between the first interface and the base of the stratification can be
expanded in an infinite series itself which can be related with the reflection terms for the
second layer. When such an expansion is made in each layer R~L is a nested sequence of
infinite expansions. At this point the infinite sequence may be truncated for every layer
within the stratification of the model. The choice of the truncation level for each layer can
be based the amplitude of reflection coefficients or on the arrival time of selected phases.
When a convenient and accurate number of truncation levels for each layer is chosen, (26)
results into a finite series of N chosen generalized rays. With this choice the wavefield
can be approximated with
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g /k) exp[i(mr/k)
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+ XOj(k))]kT~)(kr) dk

,

(33)

-00

where the intercept time rj(k) represents phase changes due to progressing in the medium
and XOj represents phase changes due to reflections of the generalized ray j. For a
medium consisting of a stack of uniform layers this expression is exact for N ~ 00, and
approximations are introduced for a finite value of N. For a medium with smooth
gradient zones this expression can only be used in a high-frequency approximation.
Nevertheless, this is a useful representation and the generalized ray method is often used
in seismological studies. In this case the intercept time resulting from traveling between
two interfaces at ZA and ZB is given by
<B

rAB(k)

=

f

(34)

q(z)dz .

<A

with q(z) given by './ P-2(Z) - (k 2/m 2). When the turning point of the ray is not close to
the surface or to the base of the uniform half-space, in the high-frequency approach the
phase increase due to reflection is given by -nl2 corresponding to complete reflection at
the turning point of the ray. A more elegant solution for turning rays is obtained if a one
sided Laplace transform is carried out instead of the standard Fourier transform in (2) (e.g.
De Hoop 1990). For a ray reverberating in the stratification, the phase function a(k) in
(27) can be approximated with
Z(k)

a(k) :: m 2

f './

P- 2(z) - (klm)2 dz -

~n

,

(35)

o
where Z(k) is the turning depth of the ray where kIm = P-'(Z). Using the asymptotic
form of the horizontal function T~) given in (21) and the phase function (35) we obtain
the expression

8,

=- ie,

J~
"2

-00

R(k)S(k)exp[i(kr + m(k) -IKI2)J k dk ,

(36)

nkr

with the intercept time given by
<1/

Z(k)

r(k)

= 2l

f './

P-2(z) - (klm)2 dz

o

+

f'./

P-2(z) - (klm)2 dz

(37)

~

The integral (36) may asymptotically be evaluated by the stationary phase approximation
at the stationary point k l for which the derivative of the phase in expression (36) with
respect to k equals zero:
r + m ar(k l )
ak

= r + ar(PI) = 0

(38)

ap'

where P is the horizontal slowness P = kIm. The contribution -ar(p I )/a P is interpreted as
the distance between source and receiver X(PI) for which a ray with slowness PI arrives.
With the determination of the horizontal wavenumber (k l ) or slowness (PI) at the saddle
point the asymptotic ray representation can be given by
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-im

u(r, 0, OJ) =

eiw(T(Pl)

+ P1X(Pl»

•

--.j p/rlapXp/1

(39)

where T(p) is the travel time of the direct wave given by rep) + pX(p).

5. The ray-mode transform
In this section it is shown that the mode and ray generation function can be
interpreted as each other's Fourier transform.

5.1 Continuous generation functions
The introduction of the mode and ray generation functions enable us to write the
mode functions as a continuous Fourier transforms of each other.
I

B(w) = -

2,.

f

V/(v) =

foo vr(v)e'WV
. dv

B(w)e-

iwv

,

(40)

dw .

(41)

-00

To see this, (16) is substituted into (40), this gives

I

B(w) = 2,.

fool2JrTl(oa(Tl»)-1
~

-00

) 'WV
. dv .

R(T}) SeT}) T(71r) e

(42)

Using the mapping relation (17) and dv = (da/o71)d71 we find
B(w) =

f

R(71) S(71) T (71r)71eiT/w d71 ,

(43)

-00

which is equivalent to the definition of the ray generation function (30). In order to
complete this derivation of (41), we substitute (30) in (41) which results in

fJ
00

lJf(v) =

R(k) S(k) kT(kr) exp[iw(a(k) - v)] dk dw .

(44)

-00-00

Using the definition of the delta function

f

00

J(x - xo) = _1-

2,.

e-wi(x-xo)

dw ,

(45)

expression (44) can be written as

J
00

'I'(v)

= 21&

R(k)S(k)kT(kr)J(a(k) - v) dk.

(46)

Strictly speaking, the use of this definition of the delta function is only valid for real
values of a, therefore we here neglect amplitude loss due to radiation into the half-space.
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With the use of a coordinate transformation y
lfI(v)

= a(k) with dy = (da(k)/dk)-I dk we obtain

= 27rg ( d~g(g)J-1 R(g)S(g)T(gr) ,

(47)

with the mapping relation v = a(g) which is equivalent to the mode generation function
(16) from which it follows that the mode and ray generation functions are a Fourier
transform pair denoted with
IfI(V) ~ B(w) .

(48)

5.2 Discrete mode and ray contributions

In the previous section the continuous mode and ray generalization functions have
been used to show that the mode and ray representation can be seen as each other's
Fourier transform. The continuous generalization functions, however, were only used to
enable the derivation of (40) and (41) and have no physical relevance except for discrete
sample points. However, the continuous representation of modes and ray generation
functions provide us with some interesting insight into the duality of modes and rays. For
example, from Fourier analyses it is well know that for a Fourier pair get) ~ G(I), one
discrete element of the group of representation, can be rendered with an integral over the
other group of representation:
g(ntlt)

=

f

112M

G(f)ei2trjn!>1 df

=

f f

G(f + k/M)e i2trfn !>ldf .

(49)

-1/(2!>1) k=-oo

This enables us to generate rays or modes with a procedure alternative to the derivations
presented in Sections 3 and 4. For discrete-discrete Fourier pairs we can make use of the
Poisson summation formula (e.g. Percival & Walden 1993) which states that

L

1=-00

BI

=L

Il=-oo

(50)

IfIn ,

which expresses the collective infinite series of elements as an infinite series over its
Fourier transform. Relation (50) follows here from the Fourier transform relation between
the ray and mode representation but it could also be derived by combining the results of
Sections 3 and 4. Using the Poisson- sum formula, the mutual representation can be
summarized as
00

u(r, z)

00

=L B(l· wo, r, z) =L BI(r, z) = L
1=0

1=0

00

lfI(n· Yo, r, z)

n=O

=L

IfIn(r, z) ,

(51)

n=O

where Wo and Vo are the sample intervals for the ray- and mode- generalization functions
respectively. We have here used that negative values for n <0 (e.g. Snieder & Nolet 1987)
and for I <0 (e.g. Aki & Richards 1980) do not contribute to the solution. As stated by
Felsen (1984), the finite Poisson summation (Papoulis 1977) especially is a useful property
in practical applications
nz

L

n=nJ

with

V'n

= 4(V'nl

00

+ V'n2) +

L

1=-00

BI(n), n2) ,

(52)
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1 Zlrnl
B/(nl> nz) = B[

+ 2K

1
2K

f V'(~) exp[(il~)] d; + f
00

V'(;) exp[(il~)] d;.

(53)

ZlrnZ

-00

Equation (53) allows the use of a hybrid representation and a finite wavenumber interval
can be described with ray or mode fields with inclusion of the remaining interval with the
other representation. For the derivation of (40) and (41) we have assumed that the
complete displacement field can be described by the summation of modes, however, for
the presence of a uniform half-space, the radiation of waves cannot be described in the
mode formulation. With the use of the finite Poisson sum rule, the portion of the waves in
a stratified medium can be described using modes, whereas waves that are radiated in the
half-space radiated can be described using the ray formulation.
5.3 Asymptotic representation
The Fourier transform pair (40) and (41) show that each member of each
representation can be constructed by the superposition of all members of the other
representation. The absence of a theoretical proof has never kept seismologists from using
the concept of the mutual representation and it is well known that constructive
interference of only a few elements of one representation produce elements of the other
representation. This is an interesting feature since (40) and (41) suggest that all elements
are needed to represent an element of the other group. Actually, the similarity theorem
(Percival & Walden 1993) states that for the Fourier pair, B and V'
(54)

This theorem states that when the width of B decreases (with decreasing a) less rays are
modelled with the function B. The similarity theorem states that with decreasing a the
width of V' increases. In other words the similarity theorem states that more modes are
needed to model less rays. However, many studies (e.g. Kennett 1983; Zhao & Dahlen
1993) have shown that under physical conditions only a restricted group of elements can
be used to describe an element of the other representation class. For example, the use of
stationary phase over the mode summation has often been applied to establish the
connection of modes with rays (e.g. Nolet & Kennett 1978).
It is first shown that the constructive interference of rays lead to the dispersion
relation for modes where the asymptotic formulation for rays derived in Section 4.3 is
used. The phase of an asymptotic ray can be given by

5
ZR

(Mr, ZR, Zs, k[)

= --.j PZ(z) -

(k/w)Zdz

+ la(k[) + kir

,

(55)

Zs

where I is the number of reverberations in the stratified media and k[ is the horizontal
wavenumber of the ray determined by the evaluation of the saddle point (38). The
constructive interference of adjacent rays can be represented as

dtP[
ill
(kIn) = 2n7l',
which leads directly to the dispersion relation introduced in Section 3.1:

(56)
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(57)

The constructive interference criterion enables to selects rays with given wave numbers to
produce a mode with mode number n.
In order to examine which modes interfere constructively produce rays, we follow
Kennett (1983) and introduce the group slowness of modes defined by
gn(kn, w)

==

ak n

aPn

aw = Pn + w aw '

(58)

where the r.h.s. term is introduced to relate the group slowness with the horizontal
slowness of body waves. Since the dispersion relation (12) states that a(Pn) - 2n1r = 0,
we can use implicit function theory (Marsden & Tromba 1981) to evaluate the partial
differentials
aa(Pn)/aw
gn(k n, w) = Pn - w aa(Pn)/ap .

(59)

Using the asymptotic expression (35) for the phase function a we find a relation between
the horizontal group slowness of modes and the travel time and epicentral distance of a
body wave.
(60)

where we have used the expressions T(p) and X(p) for travel time and distance of body
waves derived in Section 4.3. This expression shows that the approximate group velocity
for a mode resulting from the dispersion relation is equal to the apparent slowness of a
body wave.

6. Numerical examples
In this section some examples are shown of the modelling of ray-geometrical effects
by surface-wave mode summation. Fig. 4 shows synthetic seismograms illustrating how
surface-wave modes interfere constructively to produce body-wave phases. In this figure
the synthetic displacement seismogram for periods between 20 and 100 s. obtained by
summing the modes 2 to 20 (where mode 1 is the fundamental mode) is shown with a
thick grey line. This seismogram was calculated for an epicentral distance of
approximately 33 degree and a source depth of 90 km. In this seismogram the arrivals of
the 5 (at approximately 900 s) and 55 wave (at approximately 1100 s) are clearly visible.
The contribution of the fundamental mode is not included since the contribution of this
mode to the body-waves in this frequency band is minor. The black lines show the
contribution of single modes (left panel) and of the summation of the second mode to the
particular mode (right panel). From this figure it becomes apparent that modes 2 to 6
exhibit a constructive interference at the arrival time of the 55 wave and modes 3 to 7
interfere constructively to produce the 5 wave. The constructive interference of the single
modes is frequency dependent. Fig. 4 shows that with increasing mode number the
dominant frequency at the arrival time of the body waves increases. For example. Fig.4
shows that at the arrival time of the 5 wave the dominant frequency of mode 3 is
significantly lower than for mode 5. The summation of all dispersive modes lead
therefore to non-dispersive body-waves. This phenomena is more obvious in Fig. 5 where
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Figure 4. Single contributions of modes constructing body wave phases. The synthetic
seismogram constructed by summing modes 2-20 for periods between 20 and 100 s. is
shown with the thick grey line. The S wave arrival is present at approximately 900 s. and the
SS wave at 1100 s. after the origin time. Single contributions of modes for modes 2 to 7 are
shown with a thin black line in the left panel. In the right panels the synthetic seismogram
obtained by summing mode 2 to the particular mode are shown.
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(A) T: 50-100s, modes 2-5
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Figure 5. Synthetic seismograms of the S- and SS-body waves for different frequency bands.
The synthetic seismograms are shown for a period of 50 to 100 s. (A) and 25 to 33 s. (B).
The synthetic seismogram modelled by summing mode 2 to 20 is shown with the thick grey
line, summing modes 2 to 5 (A) and modes 5 to 8 (B) result in the seismogram shown with
the thin black line.

the body-wave phases for a small bandwidth are modelled by summing only four modes.
In Fig. 5(A), the body-waves for a period band between 50 and 100 s. are accurately
modelled by summing modes 2 to 5, whereas for a period band between 25 and 33 s, the
same body-waves are modelled by summing modes 5 to 8 as shown in Fig. 5(B). Figures
4 and 5 illustrate the strength of the approximated relations derived in Section 5.3. Where
Fourier analyses suggest that all modes are needed to model body-wave phases, the
relation between the group slowness of modes and the arrival time of body-wave phases
indicate that only a reduced number of modes is needed in a restricted time interval and
frequency band.
In order to illustrate the spatial relation between surface-wave modes and body
waves, we show sensitivity kernels for the modes that interfere to produce a body-wave.
Sensitivity kernels describe the relation between wavefield perturbations t5u and
asymptotically small model perturbations a!3(r, z):

au =

J

K(r, z)t5!J(r, z) dz dr,

(61)

where K(r, z) is the sensitivity kernel. This chapter is addressed to laterally homogeneous
media, however, it is illustrative to look at infinitesimal small perturbations to the laterally
homogeneous media to show how surface-wave modes spatially interfere to produce
body-waves. The sensitivity kernels are constructed using surface-wave mode
coupling/scattering with the use of the Born approximation derived by Snieder (1986). In
Fig. 6 sensitivity kernels for the period of 5 and 50 s are shown for the surface-wave
modes which interfere constructively to produce the S wave. The modes are selected
using a group velocity window between 4.1 and 6.1 kin/so In this figure the geometrical
ray constructed using asymptotic ray theory is also shown. Fig. 6 shows a clear
resemblance of the geometrical ray position with the sensitivity kernels. Especially for
the high-frequency kernel shown in Fig. 6(A) the resemblance can be considered to be
very good. For longer periods, where asymptotic ray theory breaks down, the limitations
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Figure 6. Normalized sensitivity kernels of the surface-wave modes interfering to produce
the S-wave for a period of 5 s. (A) and 50 s. (B). The position of the geometrical ray is
shown with the thick white line.

of the ray method becomes apparent. The width of a geometrical ray is infinitesimal
small, whereas the sensitivity kernels show a finite width which increases with increasing
period. Note that the width of the sensitivity kernel increases with increasing period,
equivalent to the width of a Fresnel zone for body waves. Fig. 6 shows that the
constructive interference of the modes producing a body-wave is not only apparent in the
time domain, as shown in Figures 4 and 5, but also in the spatial domain.
In Fig. 7 sensitivity kernels for surface-wave modes constructing the SS and SSS
wave which reflect once and twice at the free surface respectively are shown. For these
body-wave phases it is harder to select the modes that interfere constructively for one
body wave phase since many modes contribute for more than one body wave phase (see
e.g. mode 5 in Fig. 4). In Fig. 7 the effects of other body waves can be recognized. Fig
7(A) shows that the modes interfere for the SS body-wave, as well as for the S wave. In
Fig. 7(B) a small S contribution is also shown close to the edges of the figure at a depth of
approximately 300 km depth. However, the largest contribution is addressed to the at the
surface reflected SSS phase.
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Figure 7. Nonnalized sensitivity kernels of the surface-wave modes inteifering to produce
the SS-wave (A) and the SSS-wave (B).

In Section 3 it was shown that modes in a medium are not sensitive to the receiver
depth, where body wave phases exhibit a clear source depth dependence. In Fig. 8
sensitivity kernels of the surface-wave modes interfering to produce the S wave are shown
for a source at a depth of 0 and 300 km are shown. This figure shows that the source
depth does influence the constructive interference of the modes. In Fig. 8(A), where the
source depth is at the free surface, only sensitivity relating to the S wave is recognizable.
Fig. 8(B) shows, apart from the sensitivity relating to the S wave, a sensitivity which can
be related with the sS body wave which is radiated upwards from the source and reflects at
the free surface. Apparently, the relation between the source depth and modes follows
from the depth dependent excitation of the modes.

7. Discussion and conclusions
In this chapter it has been illustrated that Love modes and SH body-wave phases
can be considered as each other's Fourier transfonn. This property can be used to
represent body waves in tenns of surface-wave modes and vice versa. However, the
derivation shown in this section can be considered to be both heuristic and hurlistic.
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Figure 8. Nonnalized sensitivity kernels of the surface-wave modes interfering to produce
the S-wave for a source depth of 0 km (A) and 300 km (B) where the sS-wave is also
modelled.

Many difficulties that are accompanied with the mode and ray generations have
intentionally been avoided for the sake of simplicity of this chapter. For example, we have
not considered the treatment of the complex integration to determine the poles of the
modes, we have assumed that the mapping function (11) is unique, which might be
doubtful for an earth model containing a low-velocity layer. It is also possible to generate
rays and not only modes by complex contour integration which is also not treated in this
chapter. Furthermore, the fundamental problem of causality is not treated in this chapter;
modes are not causal whereas rays are. This problem may lead to difficulties in the ray
mode transform and the treatment of this chapter does not the paradox. A more rigorous
treatment of the ray-mode duality is beyond the scope of this thesis. For an extensive
treatment of the determination of the localization of complex poles and its complex
integration, generalized rays, and causality we refer to De Hoop (1990). We neither
treated leaky modes in this chapter. An extensive treatment of the evaluation of the
wavefield using leaky modes is given in Haddon (1986).
The duality between rays and modes has been recognized for many decades using
asymptotic methods. The asymptotic methods based on the constructive interference of
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modes or rays enables the use of a convenient dual representation with a restricted number
of modes and rays. In section 6 it has been illustrated that only a restricted number of
modes is required to model particular body-wave phases for a restricted frequency band.
The spatial relation between surface-wave modes and body-wave phases have been shown
using the Born approximation for surface-wave modes for infinitesimal small model
perturbations.
In this chapter, the lateral homogeneity of the medium is required for proving the
ray-mode transform theorem. For laterally heterogeneous media difficulties are expected
since asymptotic theories are needed to describe wave propagation in laterally
inhomogeneous media. Standard asymptotic methods for surface-wave mode propagation
are based on different assumptions than for the ray propagation. In Chapter 3 we describe
the deficiency of the standard WKBJ approximation for surface-wave modes in modelling
body-wave phases in laterally heterogeneous media.

Appendix: Derivation of equations (2-4)
The wave equation
(Ai)

where p is the density, u the displacement, r the stress, x the tree dimensional position, and ai
denote the partial derivative with respect to the parameter i, can be solved more convenient in a set
of cylindrical coordinates (r, ¢, z) when the elastic properties depend only on the depth. The
displacement is then represented in terms of its components:
u(r, ¢, Z, t) = ur(r, ¢, z, t)e r + u;(r, ¢, z, t)e; + uz(r, ¢, z, t)e z

(A2)

The shear disturbance confined to a horizontal plane is given by
1

= 11- 'rHz'
= (pa" -I1 V T>uH
azUH

az'rHz

where the horizontal Laplacian

(A3)
-

P!H'

vi is defined by
V1V/ = r-1ar(rarV/) + r-2 a;;V/.

(A4)

This set still involve partial derivatives with respect to horizontal coordinates and time, and include
effects of vertical gradients in the elastic parameters. Since the elastic parameters do not depend not
horizontal position and time we may use transforms over time and the horizontal coordinates to
reduce (AS) into a set of ordinary differential equations with respect to z. We take a Fourier
transform with respect to time. For the horizontal coordinates, a Hankel transform of order mover
radial distance from the origin, and a finite Fourier transform is applied over the angular order ¢.
The Fourier-Hankel transforms is denoted as ffm:
ffm[V/(r, ¢, z, t)] = lj/(k, m, z, m) =

2~

J J
~

~

dt e

iaJt

dr rJm(kr)

()

J
I<

d¢ e-im;V/(r, ¢, z, t)

(AS)

-I<

for which
ffm[Vi\lf] = - k 2 1jF.
ffm[a,,\If] = _m 2 1jF.

The Fourier-Hankel transform of (A4) leads to coupled first order partial differential equation:

(A6)
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d,U = /l-IT,
d,T = (_POJ 2 + /lk 2)U.

(A7)

where we have used the abbreviations U and T for u(k, rp, z, OJ) and fH,(k, rp, z, OJ) respectively. With
the introduction of the stress-displacement vector b = [U, Tf, eq. (A7) can be given in the matrix
notation
(AS)
with
A=

-I]

0
/l
[ /le - pOJ2 0 .

(A9)

For the stress-displacement vector b a propagator matrix which was first introduced by Gilbert &
Backus (1966) can be derived such that
(A 10)

The use of the propagator matrix is convenient to use at an interface between two layers since the
displacement and stress are continuous at discontinuities of elastic parameters and can be
constructed for any arbitrary structure at depth. However, within layers, the use of the stress
displacement vector is troublesome because the displacement and stress are coupled via (A7). In
order to transform eq. (A7) into a set of decoupled partial differential equations within a
homogeneous layer, the stress-displacement vector is transformed into a set of up- and downward
traveling waves v (= [vu, vvr 1):
b=Dv,

(All)

D-1AD= A,

(A12)

such that

where D is the eigenvector matrix of A, and A the diagonal matrix whose entries are the eigenvalues
of A, -iOJq, iOJq, where q is the vertical wavenumber -V P 2 - (k/m)2. The eigenvector matrix can be
given by
M

D = (

N~

1

M )

N;

=

-v 2OJ pq

(P-I
P-l)
-imppq iOJPPq ,

(Al3)

where the inverse ofD is given by
D- 1 =i(-Nv MV ).
N u -Mu

(A14)

Equivalent to the propagator matrix (AlO), the wave-propagator matrix can be introduced, which
relates up- and downward progressing waves between two depths
(A15)

Within a uniform layer, the propagator matrix has a convenient diagonal form. However, the wave
vector is not continuous at an interface with changes of the elastic parameters. For the
determination of the wave-propagator matrix we can take advantage of the continuity of the stress
displacement vector at an interface
b(Zj-) = b(z;+)

Using (AS) we can construct the wave propagator matrix

(AI6)

The ray-mode transform
V(Zj-)

= Q(Zj-, Zj+)V(Zj+) = D-I(zj-)D(zj+)v(Zj+) .
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Relation (A 17) enables us to extract reflection and transmission coefficients from the eigenmatrices
D and the elements of Q can be given as an expression of reflection and transmission coefficients.
Q(Zj-, Zj+) = (

T U - RD 17}Ru R D

...-IR

lJ1)

...-1
ID

U

-lD

(AI8)

Please note the difference in notation between the stress T and the transmission coefficients T D and
T u . The wave propagator matrix can be constructed for a stack of layers where interfaces between
homogeneous layers can be solved using (A 17). For example, if the wave propagator matrix need to
be constructed between ZA and Ze, where there is an interface at Z = ZB, Q is be given by
(AI9)

where the wave propagator matrices on the r.h.s of (A 19) are of the simple diagonal form. When the
propagator matrix is constructed reflection and transmission coefficients can be determined for a
stack of ail arbitrary number of layers between the ZA and Ze

_(TDe -R~e[T~erIRDe
_[T~erlRDe

Q(ZA' zC> -

R~e[T~erl)

[T~erl'

(A20)

for ZA ~ Ze·
We finally introduce the fundamental stress-displacement matrix ByG(z) which columns are
the stress-displacement vectors b at depth Z corresponding to up and down going waves at depth ZG:
VVUG(Z)VVDG(Z)}
b(z) = ByG(z)v(zG) = ( TUG(z) TDG(Z) (zO>.

(A21)

Note that at depth Z = ZG the fundamental stress-displacement vector reduces to D(zG)' For other
depths we have the relations
ByG(z) = P(z, zG)D(zG) = D(z)Q(z, zG)'

(A22)

Substituting (AI4) and (A20) into (A22) we find for the elements of the fundamental stress
displacement matrix
VVUG(Zj) = MU(Zj)TtG - (MD(zj) + MU(Zj)RbG)[T!>GrlR~G
VVDG(Zj) = (MD(zj) + Mu(zj)RbG[T!>Gr l
TuG(zj) = NU(Zj)TtG - (ND(zj)
TDG(Zj) = (ND(Zj)

+ NU(Zj)RbG)[T!>GrIR~G

(A23)

+ Nu(zj)R~G)[TbGrl

In order to make use of boundary conditions, the medium is divided into two parts: above a source at
depth Z = Zs (with subscript 1) and below the source (subscript 2) and we use a linear superposition
of the elements of the fundamental stress-displacement matrix:
VVIS(z) = VVus(z)

+ VVDs(z)R{J ,

TIs(z) = Tus(z) + TDs(z)R{J ,

(A24)

VVzs(z) = VVDS(Z) + VVus(z)R:1 '
Tzs(z)

= TDS(Z) + T us(z)R~ ,

where R{J is the reflection coefficient for upward traveling waves between Z = Zs and the free
surface, and R~ is the reflection coefficient between the source depth and Z = ZL, where ZL is the
depth where the half-space starts. At the free surface z

= Zo

the associated traction vanishes such

that
TIs(O)

= TuG(O) + TDoCO)R{J = 0,

(A25)
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which yields an expression for the free surface reflection coefficient
(A26)

R{J =-[TDS(O)rITus(O).

The second boundary condition that has to be followed is that there are no up coming waves from
the half-space
0 )ZL+) = O-I(ZL+)(W2S (Zc»)
( VD
T (zc)

(A27)

2S

Substitution of (A24) in (A27) yields an expression for the reflection coefficient RfjG
R~L = ND(ZL+)WDS(Zc) - MD(ZL+)TDS(zc)

(A28)

MD(ZL+)Tus(zc) - ND(ZL+)WUS(zc)

The displacement-stress can been seen as the field built up by up and down going waves, and we can
represent the displacement and stress as
W(Z) = WIS(z)· VI'
T(z) = Tls(z),

VI'

Z < Zs,
Z < Zs,

(A29)

W(z) = W2S (z), V2' Z > Zs,
T(z) = T 2S (z), V2' Z > Zs.

A source term can now be introduced as disturbance in the displacement Sw(zs) and stress ST(ZS)'
At the depth of the source we obtain
W2S (ZS)V2 - Wdzs)vI = Sw(zs)

(A30)

T 2S (zS)V2 - T1S(zs)vI = ST(ZS)

From (A30) we may now eliminate the variables

VI

and V2, for which we find

= [W 1s (zs)T2S (zs) - W2s (zs)TdzsW I [W2S (ZS)ST(ZS) - T 2S (zs)Sw(zs)],
V2 = [W ls (zs)T2S (zs) - W2s(zs)TIS(ZSWL[WIS(ZS)ST(ZS) - Tls(zs)Sw(zs)]

VI

(A31)

The determination of the denominator in (A31) leads to i[l - R{JR~]. We can furthermore simplify
the source terms in (A31) by introducing up ( L u ) and down (L D ) going waves resulting from the
source instead of jumps in displacement and stress.
(A32)
At the receiver depth Z = ZR we obtain the complete expression
W(ZR) = [WUS(ZR)

+ WDS(ZR)R{J] [I - R~LR{Jrl[Lu(Zs) + R~LD(ZS)]'

(A33)

+ Wus(zR)RbL] [1 - R{JR~rl[LD(ZS) + R{JLu(Zs)]

(A34)

for ZR < Zs and
W(ZR) = [WDS(ZR)

,

for ZR > zs. Because of the difficulties interpreting the source terms [WUS(ZR) + WDS(ZR)R{J] and
[WDS(ZR) + W us(zR)R~Ll, we present an alternative notation for the source terms. Using (A22) we
have the relation for ZR $ Zs.
WUS(ZR) = MU(ZR)QUU(ZR, zs)

+ MD(ZR)QDU(ZR, zs) ,

(A35)

W DS(ZR) = MU(ZR)QUD(ZR. zs) + M D(ZR)QDD(ZR. zs) .

Expressing the elements of Q into (A35) we find
WUS(ZR) + WDS(ZR)R{J = MUCZR)T~s

+ CMDCZR) + MUCZR)RZs)[TZsrl(R{J

We can expand the reflection coefficient R{J by

s
- RD )

(A36)

The ray-mode transform
R{J = R~s

+ TbRR{R[l - R~sRfJ'rlT~s
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Substitution of (A37) into (A36) leads to the easier to interpret relation
WUS(ZR)

+ WDS(ZR)R{J

= (MU(ZR)

+ MD(zR)R{R)[1 - R~sRerlT~s

(A38)

In a similar fashion we find an alternative notation for the source contribution in (101)
WDS(ZR)

+ Wus(zR)R{f = (M D(ZR) + Mu(zR)R:f)[l - R~sR~LrlT~s

(A39)
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Surface-wave mode coupling for efficient modelling
body-wave phases
Summary The significance of surface-wave mode coupling in the modelling of
body-wave phases by surface-wave mode summation is studied by means of
sensitivity kernels obtained with the Born approximation and exact solutions of the
Invariant Imbedding Technique. It is shown that, independent of the character of the
lateral heterogeneity, surface-wave mode coupling is required to model body-wave
phase perturbations and that neglecting intermode coupling, as in the WKBJ method
for surface waves, can lead to large biases. Because methods which describe surface
wave mode coupling in an exact fashion are computationally too expensive to use in
inversion schemes, the Scalar Exponent Approximation (SEA) is presented which is
a computationally efficient method and takes mode coupling into account. Since
instead of Earth normal modes, surface-wave modes are used, the summation over
the angular order I is carried out analytically. This means that the number of modes
and mode interactions needed is significantly reduced which assures an efficient
manner of modelling. It is shown that the SEA is accurate in modelling body-wave
phase perturbations for geophysically realistic configurations. Because, in contrast to
the WKBJ sensitivity kernels, mode coupling introduces sensitivity kernels which
also depend on the position along the source-receiver path, the SEA requires a larger
model parameter set in inversions. A procedure is presented which reorganizes the
model parameter set and leads to a reduced set of physically relevant model
parameters. The combination of the SEA and the reorganization of the model
parameters can be used efficiently in large-scale 3-D inversions which incorporate the
important effects of surface-wave mode coupling.

This chapter has been published as
Marquering, H. and R. Snieder, Surface-wave mode coupling for efficient forward modelling and in
version of body-wave phases, Geophys. J. Int. ,120, 186-208, 1995
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1. Introduction
Mode summation of the Earth's normal modes (e.g. Woodhouse & Dziewonski
1984; Tanimoto 1988) or surface-wave modes (e.g. Harvey 1981; Nolet et al. 1989) can be
used as a technique to obtain long-period synthetic seismograms for laterally
homogeneous Earth models. This method is conceptionally different from regarding
seismograms as a collection of rays that obey Snell's law. Both methods have their
advantages and disadvantages. Because of the number of modes that has to be taken into
account, the modelling of body-wave arrivals with mode summation is computationally
very demanding for high frequencies. It is also possible to model surface-wave arrivals
with ray theory where the surface-wave modes can be seen as a constructive interference
of rays. However, this approach is computational inefficient because of the large number
of rays and reflections which has to be considered. In principle, methods which model
both ray-like arrivals and surface waves are superior to methods which model only one of
them. Tain-Fu & Er-Chang (1982) have shown that for a laterally homogeneous medium
the two methods can be seen as each other's Fourier transform. By applying the principle
of stationary phase to a sum over normal modes of a spherical homogeneous Earth, Nolet
& Kennett (1978) have identified the modes which contribute to a particular body-wave
phase. Because of the Poisson sum formula, it is possible to describe elements of one
group (rays or modes) as a sum of its Fourier transform, and express such an element as a
superposition of elements of the other group. This principle of the ray-mode duality has
been used by Felsen (1984) to develop a hybrid approach, in which the most efficient
method (mode or ray summation) for each part of the seismogram is used. However, for
intermediate and long-period seismograms it has been shown that for stratified media
mode summation is a convenient method to obtain complete seismograms (e.g. Kennett
1983).
The normal modes of the Earth form a complete set with a discrete spectrum
because the Earth is a finite body. Surface-wave modes, which can be seen as the modes
of a flat, infinite model, with a discrete spectrum form only part of the spectrum for such a
model. The spectrum of surface-wave modes also contains a continuous part which
corresponds to energy radiated into the lower part of the medium (adom 1986). However,
when rays of body-wave phases under consideration do not penetrate below the
penetration depth of the employed surface-wave modes, these ray-geometrical arrivals can
be accurately described with surface-wave mode summation (Nolet et al. 1989). The
Watson transform allows us to perform the {-summation of the Earth normal modes
analytically (e.g. Snieder & Nolet 1987, Li & Tanimoto 1993). In this fashion only
surface-wave poles corresponding to traveling surface-wave modes contribute, which
means that seismograms are modelled in a much more efficient manner.
Because the Earth is laterally inhomogeneous, asymptotic methods have been
developed to describe propagation of waves in weakly laterally heterogeneous media.
One of the most popular methods seismologists use is the WKBJ method for surface
waves (e.g. Bretherton 1968; Woodhouse 1974). The WKBJ method states that for
smooth media, reflections and mode conversions can be neglected, that modes slowly
deform and depend only on the local structure. With these assumptions the modes

propagate with a wavenumber that is determined by the local structure. In the WKBJ
approximation, phase perturbations of a surface wave are given by the average phase
perturbation along the source-receiver path. This means that, for a fixed source and
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receiver, the perturbation of a mode depends only on the depth of the model perturbation
and not on its horizontal position along the source-receiver path. Because in the WKBJ
method model perturbations mainly result in phase perturbations of a mode (e.g. Snieder
1988c), amplitude and path deviations are often not taken into account to ease the
computational effort. In this fashion phase perturbations of a seismic signal can be
expressed in averaged model perturbations along the source receiver path of a laterally
homogeneous model. This method has extensively been used for large-scale inversions
(e.g. Nolet 1986; Tanimoto 1990a; Zielhuis 1992) and will be referred to as the WKBJ
approximation in the remainder of this article.
When body-wave phases are modelled with surface-wave mode summation, where
every mode perturbation is calculated with the WKBJ method, it is obvious that the
sensitivity of the waveform perturbation to model perturbations is physically unrealistic.
Since the perturbation of the contributing modes depend in the WKBJ approximation only
on the horizontal average of the model perturbation, the perturbation of the resulting
body-wave depend in this approximation also only on the horizontal average. This is in
conflict with the true phase perturbation of a body-wave arrival which has a sensitivity
centered around its geometrical ray. Li & Tanimoto (1993) have shown numerically that
for a slightly aspherical Earth, cross-branch coupling of the Earth's normal modes cannot
be neglected if long-period body waves are modelled. With the use of the Born
approximation, they developed a method incorporating coupling of normal modes which
produced sensitivity kernels for body waves that show clear resemblance with the Fresnel
zone of the ray. Unfortunately, the method of Li & Tanimoto (1993) suffers from two
disadvantages. The first disadvantage is that, because of the use of Earth normal modes, a
large number of modes is needed to compute body-wave phases. For a long-period
synthetic SH seismogram (T> 31 s.) they needed over 4000 toroidal modes. All these
modes need to be coupled with all other modes which requires an immense computational
effort. If only the coupling between modes which interfere constructively for a particular
phase for a laterally homogeneous Earth model is taken into account, a reduction of the
number of mode interactions can be achieved (Li & Tanimoto 1993). But even despite
this reduction their method is computationally extremely demanding. This is especially
the case if the method is extended towards higher frequencies. The second disadvantage
of their method is that they use the Born approximation. The Born approximation has the
disadvantage that only small perturbations can be handled accurately.
Using a surface-wave mode scattering theory developed by Snieder (1986a,b), a
new method to synthesize body waves by mode summation in a laterally heterogeneous
model is developed in this chapter which does not suffer from these disadvantages. The
number of modes which are needed for synthesizing waveforms is reduced considerably
by using surface-wave modes instead of the normal modes of an Earth model.
This chapter is organized as follows. In section 2 a relation between model
perturbations and waveform perturbations is presented using the Born approximation
which incorporates surface-wave mode coupling. A main advantage of this method is that
the employed linearization of the Born approximation directly provides Frechet
derivatives, or sensitivity kernels, of the waveform with respect to the model perturbation.
With the Frechet derivatives the necessity and the physical interpretation of mode
coupling can be studied. Because only small perturbations can be described accurately
with the Born approximation, this approximation is here only used to clarify the role of
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surface-wave mode coupling and is not used to actually calculate wavefonn perturbations.
In section 3, the complete and exact effect of surface-wave mode coupling is studied
with the use of an invariant imbedding technique developed by Kennett (1984) and Odom
(1986). This method is used to test approximate methods, like the WKBJ method.
Examples with different model perturbations show that the WKBJ method can lead to
significant biases when it is used in inverse problems for laterally varying Earth models.
Since the invariant imbedding method requires a large amount of CPU time it is not well
suited to be incorporated in large-scale inversion schemes.
In section 4 the Scalar Exponential Approximation (SEA) is developed. This is a
computationally efficient method which incorporates mode coupling effects. This forward
modelling method is shown to be efficient and accurate in modelling body-wave phase
perturbations with the use of surface-wave modes. Because of its computational
efficiency this method can be used in an inversion scheme.
In contrast to the WKBJ method, the SEA provides sensitivity kernels that depend,
besides on the depth, also on the horizontal coordinate. This implies that a larger model
parameter set is needed to sufficiently parameterize realistic Earth structures. A large
model parameter set is disadvantageous because the computational effort increases and the
solution may become non-unique because not all model parameters may influence the
data. In section 5 the linear relation of model perturbations and the displacement of the
Born approximation is used to detennine a reduced set of relevant model parameters. This
model parameter set can be used to carry out large-scale inversions in a more efficient
manner.
Throughout the chapter, the coupling by lateral heterogeneities between two modes
nand m where n l' m is called intermode coupling, if n = m this is called intramode
coupling. The WKBJ method thus only considers intramode coupling. The general tenn
mode coupling is used to describe both intra- and intennode coupling.

2. Surface-wave mode coupling in the Born approximation
For laterally homogeneous media where the density po(z) and the elastic parameters
Jio(z) and A,°(z) depend only on the depth z, the displacement u can, for a given angular
frequency

IV,

be written as a sum of surface-wave modes (Snieder 1986a):

°

u (x" Zr)

N
° exp[i(knx
0*
r + IC/4)]
= 1:
'l'n(z,)
~
['I'n (zs)' Fl,

n=!

lICk x
2

(1)

n'

where the far field representation is used for the Green's function. The polarization vector
of the surface-wave eigenfunctions belonging to the reference model is denoted as 'I'~(Z),
* is used to denote complex conjugation, x is the coordinate along the source-receiver
path, and N is the number of used modes. The excitation with force F is here assumed to
be at X s = O. For the extension to a moment tensor excitation, see Snieder (l986a). The
propagation of mode n from source to receiver is described by the phase factor
exp[i(knx, + IC/4)], whereas l/~! ICknx, takes the geometrical spreading into account.
See Fig. 1 for the geometry of the medium and the definition of the geometrical variables.
Note that the surface waves propagate in two horizontal directions x and y.
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--- X

z

Figure 1. Geometry of the medium. The shaded part contains the lateral heterogeneity. It is
assumed that the lateral heterogeneity is independent of the transverse coordinate y. For
simplicity, the depth of the source Zs and receiver Zr are set to 0 in this figure.

In the Born approximation, the effect of perturbations of the model parameters
b IJ(x, Z), b 2(x, Z), b p(x, z), with

= po(z) + £ b p(x, z)
= 2 0 (z) + £ b2(x, z)
{ IJ(x, z) = IJo(z) + £ b IJ(x, z),
p(x, z)

2(x, z)

(2)

is expressed in a displacement perturbation bU, where U = uO + £ bU(b p, b2, b IJ) + 0(£2).
Note that it is assumed that the lateral heterogeneities are constant in the y-direction
perpendicular to the source-receiver path. Such a formulation, in which propagation in
three dimensions is considered but in which variations of the lateral heterogeneity in the
direction perpendicular to the direction of propagation is neglected, is often called a
2-& -D formulation (e.g. Stolt & Weglein 1985).
Snieder (1986b) derived an expression for the perturbation bU with the use of a
dyadic representation of the Green's function. Formula (32) of Snieder (l986b) gives an
expression for the wavefield perturbation due to the transmission through a laterally
inhomogeneous region from x = XL to x = X R and is given by

The interaction matrix Vnm(x) describes the coupling, or scattering, between modes nand
m due to lateral heterogeneities at x. The depth integral over the lateral heterogeneities at
location x is contained in the interaction matrix in this expression. The exact expressions
for V nm are given in Snieder (1986a) with the scattering angle tP set to O.
Since the lateral heterogeneity is assumed to be independent of y, the perturbation
of the displacement is determined by the scattering along the source-receiver path and
conversions between Love and Rayleigh waves vanish (Snieder 1986a). It is known that
strong lateral variations in realistic 3-D models can lead to surface-wave path deviations
(e.g. Bungum & Capon 1974; Tanimoto 1990b). Path deviations result mainly in
amplitude variations and influence the phase of direct arrivals in a lesser extend (e.g. Nolet
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& Moser 1993; Roth, Muller & Snieder 1993), Since the main interest in this chapter is
the perturbation of phases, it is assumed that variations of lateral heterogeneities in the y
direction are sufficiently smooth to be of little importance.

Lateral heterogeneities may also cause back-scattered waves. An equivalent of (3)
for back-scattered waves is given by

~ 2iV'n(zr)

6U(XnZr)=~~1
n,m

x

fR exp[i(kn(x .1
Vkn x

-2 n-k n k m x L

x r ) + kmx - n-/4)] -nm

+ km(x -

Y

•
(x)dx[V'm(z,,)·F],(4)

xr)

where ynm is the interaction matrix for scattering angle I/J = n-. Direct back-scattering
effects are only recorded if lateral heterogeneity lies beyond the receiver, or X R > X r • If
model perturbations are weak, O(E) with E a small number, multiple scattering effects
(and therefore also multiple back-scattering effects due to lateral heterogeneities between
source and receiver) can be neglected because this effect is of higher order in E. Because
the vector component of 6u depends only on the vector component of V'n(zr), in the
following the scalar notation 6u and V'n(zr) is used to simplify the equations below.
With the use of (3) and the expressions for the interaction matrix ynm given by
Snieder (l986b), an explicit linear relation between model perturbations and 6u can be
derived:
(5)

where K~ is the sensitivity kernel for perturbations in model parameter~. Note that (5) is
given in the scalar notation. For Rayleigh-Rayleigh wave coupling these sensitivity
kernels are given by
K;(x, z) =

ai ~ Unm(x n x) , (r~(z)r2'(Z) + rj(z)rj(Z»)

(6a)

(6b)

K~(x, z) = L Unm(x" x)· ( - 2k nk mr1'(z)rj(z)-2o zrz(z)ozr2'(z)
n,m

- (knrz(z)

-azr1'(z»(kmr~'(z)-ozrj(z») ,

(6c)

where r1'(z) and rz(z) are the Rayleigh surface-wave eigenfunctions for mode n
normalized according to normalization condition (5) of Snieder (1986a) and
nm
U

2i
(XnX)='IIn(Zr)-'.j

12 n-k n k m

exp[i(kn(x r - x) + kmx + n-/4)]
*
E'
.1
k
)
[V'm(z,,)''''],
Vkn x + m(x r - X

(6d)

where the component of V'n(zr) is the same as the component of t5u in (5). Similar
relations for Love-Love wave coupling, and if the medium is not independent of y for
Rayleigh-Love wave and Love-Rayleigh wave coupling, can be derived. One should note
that the sensitivity kernels depend only on the horizontal coordinate x when k n "* k m , i.e.
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when the different modes do interact. Because of the double sum over the modes in the
sensitivity kernels (6), these kernels can be used to investigate the effect of surface-wave
mode coupling on the perturbation of the wavefield.
Note that 0/1,0 p and 0 A in (5) can be seen as a set of three independent functions
for describing the lateral heterogeneity. If p is perturbed, K p gives the relation with the
perturbed displacement, while the material parameters /1 and A are kept constant.
Therefore this sensitivity kernel is denoted as K p().,/.l=ConSI.)' In seismology other
combinations of the parameters p, A and /1 are often used. The combination (p, a, P),
where a is the P-wave velocity and p is the S-wave velocity, is of more physical
significance for seismological applications. Another combination which is also often used
is the combination (p, I p , Is), where I p is the impedance of P-waves and Is is the
impedance of S-waves, The displacement perturbation as the result of a perturbation of a
parameter depends heavily on the choice of which other parameters are kept constant. If
the velocity is perturbed while the impedance is kept constant, the model perturbation
leads to a phase perturbation of the wavefield (velocity scattering). On the other hand, if
the velocity is kept constant while the impedance is perturbed, the perturbation manifests
itself mainly in back-scattering (impedance scattering). See Wu & Aki (1985) or
Tarantola (1986) for this issue. As an illustration of this phenomenon the behavior of the
sensitivity kernels Kp(a.fJ=Consl.) and Kp(/p'/s=Consl.) is considered.
In this example, perturbations of an S-phase with a period of 18 s and ray parameter
of 0.22 s/km for the epicentral distance of 2000 km are studied. The background model in
the examples has a linear velocity increase with depth. Mode-ray duality studies (e.g.
Nolet & Kennett 1978) have shown that body-wave phases with a ray parameter p can be
synthesized through summation of surface-wave modes with phase velocity C close to
lip. With this knowledge it is possible to extract body-wave phases from a synthetic
seismogram by using a corresponding phase velocity window for the surface-wave modes
in a mode summation. Because coupling between modes occurs with modes with
different phase velocities, the phase velocity window may not be too narrow (e.g. Maupin
& Kennett 1987). In the following examples the S-phase is modelled with surface-wave
modes with a phase velocity between 4.5 and 5.5 krn/s.
In Fig. 2 several sensitivity kernels are shown together with the ray path of the S
phase. Because of the symmetry of the source-receiver geometry, only the left part of the
source-receiver path is shown. In the Figs 2, 4 and 5 only the real part of the complex
kernels K(x, z) are shown. We choose to look at the perturbation of the Z component of
the displacement: OU3'
K p(a.{J=Consl.) (Fig. 2.a) shows a very irregular pattern. When p is kept constant, as
in the configuration of Fig. 2.a, variations in p correspond to impedance perturbations.
Impedance perturbations cause reflected phases which do not have to be originated close
to the ray path. The sensitivity kernel Kp(/s,/p=Consl.). in Fig. 2.b, shows a much smoother
pattern concentrated along the geometrical ray. Because of the constant impedance of the
configuration of Fig. 2.b, perturbations of p correspond to velocity scattering, which
results in a phase perturbation of the S-wave. A model perturbation causes a phase
perturbation only if the model perturbation is close to the original ray path.

The S-wave velocity p is considered to be the parameter with the largest influence
on transmitted Rayleigh- and Love- waves. However, the conventional combination of
p, a, and p is not used here. Using this combination, one would be looking at effects of
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Figure 2. Spatial distribution of the real part of the sensitivity kernels. The epicentral
distance is 2000 km, the period of the S-wave is 18 sec. The ray path of the S-phase is
indicated with the white line. The phase velocity window for the modes is between 4.3 and
5.1 km/s. Because the sensitivity kernels are symmetric at x=lOOO km only the half of the
epicentral distance is shown_ (a) K p where fJ and a are kept constant. (b) K p where I p
and Is are kept constant. (c) K p where Is and A are kept constant.

perturbations of fl while p and a (= .y(A + 2/-l)/p) are kept constant. There is no physical
motivation for keeping p and a constant. From now on the combination fl, Is and A is
preferred because the Lame constant A has very little influence on surface-wave
transmission and Is mainly controls the back-scattering. The sensitivity kernel
K P(J../s=Const.) which describes the relation between displacement perturbations and
perturbations in fJ while I p and A are kept constant is given by
fl(z)

K p (J.'/s=Con,.t'>c x , z)

= /-l(z)

fl(z)
K Il (J.,p=Const.)(x, z) - p(z) K p (J..p=Const.)(x, z),

(7)

where K Il (J..p=Const.) and K p (J..p=Const.) for Rayleigh-Rayleigh coupling are given in (6).
Fig. 2.c shows the sensitivity kernel K fi(J.,ls=Const.)' for the same configuration as in Figs
2.a and 2.b.
At this point it is interesting to investigate the relation between the Born
approximation and the WKBJ method for surface waves developed by Bretherton (1968),
Woodhouse (1974) and Babich, Chikhachev & Yanovskaya (1976). The WKBJ method
states that for smoothly varying media surface-wave modes are decoupled and propagate
with a local phase velocity, or local wavenumber kn(x). The local wavenumber
perturbation 8k n (x) is determined by considering the local structure as if it is laterally
homogeneous with the local material properties. Asymptotic relations for the local wave
number perturbation for (smooth) model perturbations can be expressed in the form
8k n (x) = [ {

(a:~~J8P(X'z) + (d~~~) fA(X. z) + (a~~~) !/-l(X, Z)} dz.

(8)

The Frechet derivatives of k n can be found in Takeuchi & Saito (1972) or Aki & Richards
(1980). With the use of the first order WKBJ approximation the wavefield is given as a
sum of local modes where the phase is given by an averaged wavenumber perturbation
8k n :
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u(x" Z,)

= L '!'n(X" Z,)

exp[i( (k n + tS"kn)x, + n"/4)]

-V

n=1

n/2k n x,

•
['!'n (x." z.\.) . F],
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where the averaged wavenumber perturbation tS"k n is the local wave number perturbation
integrated over the source-receiver path:
I IX,
ok n = okn(x) dx.

x,

(10)

0

It should be noted that in (9) only a single sum of modes appears since intermode
coupling effects are ignored in the WKBJ approximation. In Fig. 3, mode interaction
diagrams of the Born approximation and the WKBJ method are shown to illustrate the
difference between the two methods. These diagrams show how for one mode the mode
interactions due to lateral heterogeneity are handled by the different theories. Every dot
stands for a mode and every arrow describes coupling between the modes due to the
lateral heterogeneity. In Fig. 3.a, the mode interaction diagram for the Born
approximation in which only single order forward mode coupling is taken into account, is
shown. The total contribution is given by the undisturbed mode (on the left) plus a single
perturbation which describes the coupling between the modes due to the total lateral
heterogeneity (on the right). Fig. 3.b shows the mode interaction diagram of the WKBJ
method and reflects the fact that intermode coupling is neglected. By expanding the term
exp[iok n], the total contribution of the WKBJ method can be seen as an infinite sum of
multiple intramode coupling terms.

For small and weak perturbations one can relate the perturbation in the
displacement as given in the Born approximation, to a phase perturbation as is used in the
WKBJ approximation:
Un(X) = u~(x) + tS"un(x)
o
{ un(x) = un(x) exp[ioknx]

(BORN)

(WKBJ)

~

"k =_ ." ()/( o( ). )
u n
luU n X un X X.

(11)

Comparison of (3) and (11) yields an expression for an averaged wavenumber
perturbation tS"k n which follows from the Born approximation. If intermode coupling is
neglected, as in the WKBJ approximation, this relation is reduced to
(12a)

or

6k.

= :.

JI P(,+;Cz)'

tS" jl(Z){

6

+ ,;(z)'} + 6£CZ+C'.,;(,) + a,,;(z»'} +

-2k~rf(d - 2dzr2(Z)2 - (knr2(Z) - d zr f (Z))2} dx dz.

(12b)

This expression is identical to the wavenumber perturbation (8) used in the WKBJ
approximation. It can be stated that for small perturbations of the wavefield the Born
approximation yields the same result as the WKBJ method if intermode coupling effects
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Figure 3. Mode interaction diagrams which represent the different methods of forward
modeling. A mode is represented with a dot, and coupling between modes with a solid arrow.
An arrow pointing to the left denotes forward scattering, an arrow pointing to the right
indicates backscattering. The final result of a particular mode (the second) is given as a
sum of the different contributions. (a) The Born approximation which considers only first
order coupling. (b) The WKBJ method in which only intramode coupling is taken into
account. (c) The Invariant Imbedding Technique, where forward and backward coupling
between all modes is taken into account. (d) The Matrix Exponent Approximation in which
back-scattering is neglected. (e) The SEA scheme. Note that only coupling to the mode of
interest is taken into account. The homogeneous correction is shown with an open arrow.
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can be neglected.
To study the importance of intennode coupling, the sensitivity kernel K (J(A.,1S=Consl.)
obtained by switching off the intennode coupling, which is equivalent to the WKBJ
method for weak heterogeneities, is compared with the full sensitivity kernel which
includes intennode coupling. Fig. 4.b shows the "WKBJ kernel". It follows from (6d)
that when intennode coupling is neglected, so that kn = km , the sensitivity kernel does not
depend on the horizontal coordinate x. Because of the independence of x it is clear that
this sensitivity kernel does not provide a physically accurate description for body-wave
perturbations since t he true sensitivity of a body-wave phase is only nonzero in the
vicinity of its geometrical ray. In contrast to this the "WKBJ kernel" shows no
dependence on the position of the ray. If the contribution from the intennode coupling
effects (n i:- m) shown in Fig. 4.c, and the contribution from intramode coupling effects
(n = m) shown in Fig. 4.b is compared with the complete sensitivity kernel in Fig. 4.a it is
clear that the magnitude of all intennode effects is of the same order as the magnitude of
the intramode coupling effects. Near the ray of the S-phase, the intennode coupling effect
has the same sign as the intramode coupling contribution. Away from the ray of the S
phase the two contributions have opposite sign. The sum of the intennode coupling
effects (Fig. 4.c) and the intramode coupling effects (Fig. 4.b) combine in such a way that
the complete sensitivity kernel is only nonzero in the vicinity of the ray of the S-wave (see
Fig. 4.a). This is an important result. It is often stated that in smooth media intennode
coupling effects can be neglected because the intramode coupling effects have an absolute
larger amplitude than any individual intennode coupling effect and its behavior is
oscillatory along the source-receiver path (e.g. Cummins 1992). However, it is shown in
Fig. 4 that the sum of all the intennode coupling effects can have the same amplitude as
the intramode coupling contribution. In fact, the intermode coupling effects interfere
constructively with the intramode coupling effects close to the geometric ray while far
from the ray, the mode coupling contributions interfere destructively to a zero amplitude
of the sensitivity kernel.
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Figure 4. Spatial distribution of the real part of the sensitivity kernels K (JUs,A.=Const.)' See
Fig. 2 for the geometrical configuration. (aJ Sensitivity kernel in which all surface-wave
mode coupling is taken into account. (b) Sensitivity kernel with only intromode coupling
taken into account. (c) Sensitivity kernel with only intermode coupling taken into account.
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Note that no restrictions on the smoothness of the model perturbation are made;
mode coupling is required for sharp, as well as for smooth, lateral heterogeneities.
From a computational point of view it is interesting to see how many modes
coupling interactions are needed to obtain the body-wave sensitivity kernels. Li &
Tanimoto (1993) have obtained sensitivity kernels using the Earth's normal modes similar
to the kernel shown in Fig. 4.a. A major disadvantage of their method is the large number
of modes which is needed to obtain an accurate sensitivity kernel. Although they have
found a way to reduce the number of modes which was needed to model perturbations of
particular phases to approximately 1500 modes, their method requires an extremely large
amount of CPU time because all the modes need to couple with each other. With the use
of the Poisson's sum rule, the angular order I-summation of the Earth's normal modes can
be carried out analytically, which results in a large decrease of the number of modes. This
leads to the fact that the number of surface-wave modes which are used to model body
wave phases for a given frequency and phase velocity range is never larger than 20 modes
in the examples of this chapter.
In Fig. 5 the dependence of the sensitivity kernels on the number of mode
interactions is shown. For this example a period of 10 seconds is used. For shorter
periods the Fresnel zone is more localized and a larger number of modes is thus needed to
model this phase. Modes with a phase velocity between 4.2 and 5.4 kmls are included,
which corresponds to the modes 7-16. In Fig. 5.a the sensitivity kernel is given in which
all mode interactions are taken into account. It is possible to reduce the number of mode
couplings to mode interactions with mode numbers close to each other. In Fig. 5.b the
sensitivity kernel is shown where the mode coupling between two modes nand m is
limited to In - ml :s; 2. This sensitivity kernel has approximately the same amplitude and
is still concentrated around the geometrical ray, although it is less localized. For coupling
with only the direct neighboring modes ( In - ml :::; I), shown in Fig. 5.c, the sensitivity
kernel is blurred, but it is striking that the sensitivity kernel still follows the position of the
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Figure S. Spatial distribution of the real part of the sensitivity kernels K P(/s,A.=Const.)'
Period T=lO s., C f=4.2-5.4 km/s. (a) Sensitivity kernel in which all mode coupling between
the modes (7-16) is taken into account. (b) Sensitivity kernels where mode coupling between
modes nand m are only taken into account if In - ml S; 2. (c) Sensitivity kernels where
mode coupling between modes n and m are only taken into account ifln - ml :s; 1.
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Figure 6. The depth integral of the sensitivity kernels as a function of the horizontal
distance x. The kernels are calculated with taking all mode coupling into account (solid
line), taking mode coupling into account for In - ml ::; 2 (dotted line), for In - ml ::; I
(dashed line), and taking only intramode coupling into account (dash-dotted line).

ray, which is an large improvement compared with the sensitivity kernel obtained with the
WKBJ method in which no x-dependence is present. To test the accuracy of the different
kernels, the sensitivity kernel is integrated over the depth along the source-receiver path.
The results of the depth integral as a function of the horizontal distance x is shown in Fig.
6. This figure shows that, although the sensitivity kernels are more blurred if less
intermode coupling combinations are taken into account, the amplitude of the kernels is
approximately the same. However, if all intermode coupling effects are neglected (the
dash-dotted line), the depth integrated value differs significantly. For this example the
sensitivity kernel for the body-wave phase obtained with taking only 50 mode interactions
into account (Fig. 5.b) can be considered to be sufficient accurate. Compared with the
study ofLi & Tanimoto (1993) this is an improvement of approximately 5.104 .
The results of this section indicate that intermode coupling cannot be neglected if
the perturbation of body-wave phases is modelled with the use of surface-wave
perturbation techniques. This means that the WKBJ method for surface-wave modes
provides physically incorrect sensitivity kernels if it is applied to the body-wave parts of
seismograms. Because the intramode coupling effects are larger than individual
intermode coupling effects and because of the rapid oscillatory character of the intermode
coupling effects, it is usually assumed that intermode coupling effects can be neglected.
However, the example of Fig. 4 shows that the sum of the intermode coupling
contributions can have a total contribution with the same magnitude as the intramode
coupling effect. Since the coupling to the neighboring modes dominate, it is possible to
limit the number of intermode coupling interactions. This result in the fact that including
intermode coupling for the evaluation of the Born approximation does not increase the
computational effort tremendously compared to the WKBJ approximation. For body
wave phases with a period of 10 s. and an epicentral distance of 2000 km it is shown that
coupling with only four neighboring modes (In - ml ::; 2) yields a reasonably accurate
sensitivity kernel. This means that instead of 10 modes, used with the WKBJ method,
only about 50 mode combinations are needed to incorporate intermode coupling to model
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body-wave phases perturbations. This result is an enonnous improvement compared to
the method of Li & Tanimoto (1993) who needed approximately 2· 106 Earth nonnal
mode interactions to model seismograms with periods larger than 31.4 s.
One should keep in mind that the sensitivity kernels shown in this section are of
limited value because of the limited validity of the Born approximation. Because the Born
approximation can only handle small wavefield perturbations accurately (e.g. Hudson &
Heritage 1981), this method is not suited for applications where the phase of the arriving
waves is perturbed with 118 cycle or more. In order to handle larger phase perturbations,
Li & Romanowicz (1995) suggested to use the Born approximation in combination with
the WKBJ approximation. In this approach the intramode coupling effects are described
with the use of the WKBJ approximation and only the intennode coupling effects have to
be described with the Born approximation. However, it is clear from Fig. 4 that the
intennode coupling contribution (Fig. 4.c) has a magnitude comparable to the intramode
coupling effects (Fig. 4.b) or even to the contribution of all mode coupling effects (Fig.
4.a). Therefore, the approach suggested by Li & Romanowicz (1995) can only be
expected to work when the wavefield perturbation is sufficiently small for the Born
approximation to be valid. Since we are interested in phase perturbations that are larger
than the Born approximation can accurately describe, an invariant imbedding fonnulation
developed by Kennett (1984) and Odom (1986), which describes mode coupling and
phase perturbations of surface-wave modes in an exact fashion, is introduced in the next
section.

3. Surface-wave mode coupling using an invariant imbedding technique
Kennett (1984) and Odom (1986) developed a coupled mode representation in
which the wave equation is fonnulated as a set of first order coupled differential equations
with respect to x. This approach describes in an exact fashion every aspect of surface
wave mode coupling due to 2-D lateral heterogeneities. In the theory of Kennett (1984),
the complete wave field in a 2-D medium is given as a superposition of surface-wave
modes of a fixed reference model. Odom (1986) and Maupin (1988) developed a similar
technique in which local modes modes were used instead of reference structure modes.
This theory (using the modes of a reference structure) is extended to 3-D media by
Bostock (1992). In these techniques, which we shall call Invariant Imbedding Techniques
(lIT), effects due to lateral heterogeneity along a source-receiver path are described by
means of varying modal coefficients. By employing an lIT the dependence of these modal
coefficients with respect to model perturbations is described by a first order differential
equation. Because modal coefficients are allowed to vary with position, a slightly
different notation is used from this point. The undisturbed displacement is written as

o
U

(x" zr) =

N

L

n=!

0
C n(xr)

exp[i(knx r + 1Z"/4)] 0
V'n (zr),
"./
11Z"k
x
2
n r

(13)

where c~(x) is the modal coefficient which is constant for laterally homogeneous media
and is given by the excitation term ["'~ •. F]. Due to lateral heterogeneities, the wave field
is perturbed and waves travel not only in positive directions but also in negative directions.
The displacement in such a laterally heterogeneous medium is written as
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_
eX P[-i(k n X r +lli4)]] 0
'l'n(Zr). (14)
+ cn(x r )

-J 4Jrknx r

The modal coefficients C n are not limited to real values. Therefore amplitude variations of
mode contributions are given by the norm of the modal coefficients, whereas phase
perturbations of modes are described with the phase of the modal coefficients. The
superscript 0 of the surface-wave eigenfunction 'I'~ is here used to denote that the
eigenfunctions of the laterally homogeneous background medium are used.
It is possible to describe all effects of lateral heterogeneities on the displacement
with variable modal coefficients. Kennett (1984) and Odom (1986) derived a first order
differential equation for the modal coefficients in a two dimensional medium. This yields
a system of first order coupled differential equations for the modal coefficients:

a (c+)

ax

(B++(X)B+-(X»)(C+)
c- (x) = B-+(x)B--(x) c- (x),

(15)

where c+ is (cr, c!,···, c"tl. In appendix A, the following expressions for the coupling
formulation using the expressions (3) and (4):
matrices B are derived for a 2

t-D

(16)

If the lateral heterogeneity is isolated between XL and X R (see Fig. 1), the problem of
solving (15) constitutes a two point boundary value problem for 2N coupled equations.
The boundary values are given by C~(XL) = c~ and c-(X R ) = O. This problem can be
solved with shooting methods but this is very cumbersome and computationally
demanding for large numbers of modes and large distances XR - XL. Invariant imbedding
techniques convert two-point boundary value problems into initial value problems which
are much better suited for computational methods (see Bellman & Vasudevan (1986) also
for a physical interpretation of the concept of invariant imbedding techniques). For this
purpose a reflection and transmission matrix are constructed which describe the relation
between the modal coefficients at the boundaries XL and X R . The transmission matrix
T(X R , XL) describes the relationship between incoming modes at XL and outcoming
modes at X R :
(17)
Similarly, a reflection matrix R(X R , XL) can be defined which describes the relationship
between left going modes at XL and incident right going modes at XL as a result of lateral
heterogeneity between XL and X R :
(18)
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An initial value, first-order differential equation for the reflection and transmission matrix
is obtained by differentiating (17) and (18) with respect to XL and replacing the
derivatives of the modal coefficients with their expressions given in (15). The resulting
coupled Ricatti equations for the transmission and reflection matrix are

d

T

dX
L

=- T(X R , XL)B ++ (XL) -

(X R , XL>

T(X R , XL)B

+

(XL)R(X R , XL),

(19)

R(X R , XL>B++(X L )

(20)

and

d

dX R(X R , XL)
L

= B-+(X L) + B--(XL)R(XR , XL) - R(X R , XL)B+-(XL)R(X R , XL).

The initial conditions are given by
T(X R , X R ) = I
R(X R , X R )

(21)

= O.

The coupled Ricatti equations (19) and (20) can be integrated starting at X R , with initial
conditions (21), and moving successively to the left until the desired heterogeneous model
has been constructed. If the lateral heterogeneity is bounded, and the surface-wave modes
are complete, this gives an exact expression for the transmission and reflection matrix, and
therefore also for the transmitted and reflected surface-wave field. However, if interfaces
are tilted an equivalent volume source term needs to be added (Maupin & Kennett 1987).
In most practical applications the x coordinate at the source is taken to be at XL and the x
coordinate at the receiver at X R • In this fashion the complete medium between source and
receiver is considered. With the solution of (19) and (20) it is possible to construct the
surface wave field in laterally heterogeneous media by inserting the transmission matrix in
(17) and the resulting modal coefficients in (14).
In Fig. 3.c the mode interaction diagram is shown for the lIT. The modal coefficient
at the receiver c~(xr) is the result of multiple forward- and backward- coupling with all
modes. In this figure the mode at the receiver is given by the sum of the undisturbed mode
(on the left) plus the effects due to single order forward- and backward- mode coupling (in
the middle) plus multiple coupling effects (on the right). Note that forward coupling is
illustrated with an arrow from right to left whereas back-scattering effects are denoted
with an arrow from left to right. The complexity of the lIT compared with the Born
approximation and the WKBJ method is obvious in this figure.
At this point it is interesting to investigate the relation between the WKBJ method
and the lIT. The WKBJ method states that no reflections occur because of the assumed
lateral smoothness of the model. To establish the correspondence with the WKBJ method
this assumption is adopted and back-scattering (of surface-wave modes) is neglected.
Neglecting reflections reduces (19) to

a

::;-- T(X R , XL> = - T(X R , XL)B

++

(XL>.

(22)

aX L
The transmission matrix, and therefore also the transmitted surface-wave field, depends
now only on the forward-forward coupling matrix B++. A comparison with the WKBJ
method can be made by neglecting intermode coupling of B++. In this approximation the
mode coupling matrix B++ is diagonal:
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Substitution of (23) in (22) then yields the solution

f

XR

Tnm(X R , XL)

= Onm exp[ -k2i

n

V nn (x) dx].

(24)

XL

It is already shown in (12) that 21knVnn(x) is equal to the local wavenumber perturbation
okn(x). The substitution of (24) into (17) which again is substituted into (14) gives an
expression for the displacement which is equivalent to the WKBJ approximation:
u (X" Zr )

= ~[

.y

o( ). F] exp[i( (k n +"lk;;)x r + JrI4)]

~ 'fFn Z"

n=1

.!2 Jrk n X r

o( )

'l'n Zr ,

(25)

with Jk n given by (12). It follows that if intermode coupling effects and reflections are
neglected, the WKBJ method can be derived from the lIT. The diagonal dominance of the
matrices T(X R , XL) and B++, which corresponds to relatively strong intramode coupling,
can be seen as an indication of the accuracy of the WKBJ method. However, one should
be careful at this point: in the previous section it is shown that if the diagonal term is of
the same order as the sum of the off-diagonal terms, the net intermode coupling cannot
always be neglected for laterally heterogeneous models.
When the WKBJ approximation (25) is compared with the exact system of
equations (14), (17), (19) and (20), it is clear that (25) is a computationally much more
efficient method. The accuracy of (25) depends on the importance of intermode coupling.
To reduce the importance of intermode coupling (and with that the reduction of the error
of using (25», Arnold & Felsen (1986) used adiabatic modes which can be decoupled to
any desirable order. With the use of these modes, (25) can be used and model
perturbations are expressed in local wavenumber perturbation of the local modes or the
adiabatic modes. The main disadvantage of these methods is that for every local structure
a new set of adiabatic modes has to be determined. Since this is not practical for
inversions, this approach is not used in this chapter.
To study the effect of mode coupling on body-wave perturbations, the formulae
(14), (17), (19), (20) and (21) of the lIT are used for three configurations with different
model perturbations. Again the attention is focused on the modes which interfere to
produce the direct S-phase and the epicentral distance and the modes are the same as in
section 2. The results of the WKBJ method and the lIT are calculated for all the
configurations, where the lIT is used as the exact result, to check the validity of the WKBJ
method.
The first model has a velocity perturbation of 5% with XL = 500 km and X R = 1500
km between the free surface and a depth of 100 km superposed on a simple linear gradient
model (see Fig. 7.a). The S-wave impedance is kept constant, therefore it is expected that
the influence of reflections is small. The S-phase has its turning point at z= 360 km and x
= 1000 lan. In this example, the calculations are perfonned for a period of 20 s. From a

physical point of view it is clear that the S-phase is not influenced by the velocity
perturbation, because the model perturbation is only nonzero far from the ray path of the
S-wave. However, WKBJ theory gives a nonzero phase perturbation because the WKBJ
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Figure 7. (aJ Geometrical configuration of the first example. The shaded area is the
laterally inhomogeneity with a velocity perturbation of 5%. The modelled ray is plotted with
the black-white line. (b) The phase perturbations in radians for modes 3-10 for a period of
20 s. The broken line shows the results for the WKBJ method, the solid line denotes the
results of the Invariant Imbedding Technique. (c) The horizontally integrated coupling
matrix B++. The real part is given on the left and the imaginary part on the right. Every
element is represented with a box in the figure and the magnitude of the element is given
with the grey shade in the box.

method is only sensitive to the average model perturbation along a source-receiver path
(see (25) or Fig. 4.b). Fig. 7.b shows the phase perturbations calculated by the two
different methods. It can be seen that lIT leads to a very small phase perturbation for the
modes 4-8. These modes contribute significantly to the synthesis of the S-wave at this
period, so that lIT correctly predicts that the S-wave arrival is not delayed by the velocity
perturbation. In contrast to this the WKBJ method yields a significant nonzero phase
delay for all modes. In Fig. 7.c the B++ matrix integrated over the source-receiver path is
shown, it can be seen that the off-diagonal elements have a large amplitude compared with
the diagonal elements, and cannot be neglected here. We have seen in formulae (22)-(25)
that the WKBJ method can be considered accurate if the diagonal elements of B++ are
dominant. It follows from Fig. 7.c, in which B++ integrated over the source-receiver path
is shown, that the breakdown of the WKBJ approximation is due to the large off-diagonal
elements of the B++ matrix. Because the intramode coupling effects (the diagonal
elements of B++) have a significant nonzero contribution for the transmitted modal
coefficients, but the total perturbation of the transmitted wave field is close to zero, it can
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Figure 8. As figure 7 for configuration 2, with the difference that 8 PiP is here 2.5 %.
be stated that the intermode coupling effects interfere destructively with the intramode
coupling effects. This is reflected in the fact that the off-diagonal elements of B++ have an
opposite sign of the diagonal elements.
Let us now consider an example for which one can expect the WKBJ method to be
accurate. The WKBJ approximation states that the final displacement perturbation is only
dependent on the average model perturbation along a source-receiver path. If a model is
considered with a perturbation independent of x it is expected that the WKBJ method
works well. In Fig. 8.a, a configuration is shown where the velocity model perturbation of
2.5% is confined to a depth between 300 km and 400 km and is independent of x. The
B++ matrix shown in Fig. 8.c shows that the diagonal elements are relatively more
important than in the first example, and that therefore the intermode coupling effects are
less important. The phase perturbations calculated with both methods, shown in Fig. 8.b,
imply that for this configuration the WKBJ approximation can be considered accurate, and
that intermode coupling effects indeed play a minor role in this laterally invariant
structure.
Although the WKBJ approximation gives results close to the results of the lIT for
the configuration of the second example, it is clear that only a limited part of the model
perturbation affects the S-wave. In the third example the horizontal extent of the model
perturbation is halved compared to the example of Fig. 8, but is kept unchanged in the
neighborhood of the ray: between XL = 500 km and X R = 1500 km, see Fig. 9.a for the
geometrical configuration. The phase perturbation of the modes which interfere to
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Figure 9. As figure 8 for configuration 3.

produce the direct S-phase are not expected to be very different from the values in the
second example, because the inhomogeneity is approximately the same in the vicinity of
the ray of the S-wave. In Fig. 9.b it is shown that the WKBJ method, however, gives a
phase perturbation which is the half of the phase perturbation of the second example and
is approximately 50% in error. The lIT yields phase perturbations which are close to the
phase perturbations shown in Fig. 8.b. Fig. 9.c shows that in this example the off-diagonal
elements of B++ are more important than in the second example and therefore intermode
coupling is important in this configuration. Because the incorporation of intermode
coupling effects result in a larger phase perturbation than intramode coupling predicts, it
can be stated that the intermode coupling effects interfere constructively with the
intramode coupling effects. This is reflected in the fact that the off-diagonal elements in
Fig. 9.c have the same sign as the diagonal elements.
The difference in the phase shift of the second and third example is an important
aspect since it shows that if the WKBJ approximation is used for inversions, large biases
in resulting Earth models may occur. The WKBJ approximation gives the correct phase
delay for the model shown in Fig. 8, and not for the configuration of Fig. 9. In other
words, the WKBJ approximation gives an accurate approximation of the seismogram if
the local, sampled heterogeneity is extended over the complete source-receiver path. This
means that the horizontally integrated value of the S-velocity perturbations t5 p, is
overestimated when WKBJ theory is used. The addition of more data in a 3-D inversion
based on the WKBJ approximation may produce an Earth model which locates the lateral
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heterogeneity in the correct position but it does not reduce the bias in the estimate of the
horizontal average of the model perturbation and therefore overestimates the amplitude of
the lateral heterogeneity.

4. Surface-wave mode coupling with the scalar exponent approximation
Because the required computational effort of the invariant imbedding technique is
large compared with the WKBJ method, an approximation is derived in this section which
is computationally comparable with the WKBJ approximation, whilst it retains the
physically important effect of intermode coupling.
The basis equations of the lIT are given by the coupled Ricatti equations (19) and
(20). For smooth lateral heterogeneities the surface-wave reflections are small, and the

reflection matrix R in (19) can be neglected. In fact, in the examples in section 3 the ratio
of the reflection matrix and transmission matrix IRlo.,llTl oo is smaller than 5· 10-4.
Neglecting the reflection matrix results in a simpler decoupled first order differential
equation (22) for the transmission matrix:

d

-:;--- T(X R , Xd
oXL

+ T(X R , XdB++ (XL)

= O.

(26)

For model perturbations much larger than in the examples of section 3, or variations in
impedance, the reflected waves may be significant and approximation (26) may be
inaccurate.
Equation (26) is of the linear form dxT
it could be integrated to give T(x)

= exp[

s:

= AT.

If this equation was a scalar equation

A(';)#] . T(O). This solution also holds for

a matrix equation if the matrices A and dxA commute (Baym 1969) i.e. if [A, dxA] ==
AdxA -(dxA)A = 0 (Butkov 1968). If the matrix B++ of (26) and its derivative with
respect to XL commute, the solution of (26) is given by

T(X x. XL) = exp [

-1

BH(x)d<}(xx. Xx).

(27)

where the exponential of the matrix is defined by (e.g. Franklin 1968)
exp[A] ==

00

1

j=O

]!

.

L --;- Ai.

(28)

Unfortunately, B++ and dxB++ in general do not commute. However when the
commutator [B++, dxB++] is small, the approximation (27) may be sufficiently accurate.
This follows from the fact that the exact derivative of an exponential of a matrix is given
by
d x exp [A(x)]

= exp [A(x)] {dxA(X) +

;!

[dxA(x), A(x)]

+ ;,

[[dxA(x), A(x)], A(x)]

+ ..

J

(29)

See appendix B for a derivation of this expression. It follows from (29) that if (27) is used
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as a solution of the differential equation (26) only the first tenn between the brackets of
(29) is taken into account, and the (multiple) commutators of B++ and dxB++ are
neglected. For weak and smooth lateral heterogeneities the matrices B++ and dxB++ are
small. If IB++I and IdxB++1 are of order [;, with [; a small number, the commutator
[B++, dxB++] is of order [;2 and the use of (27) instead of (26) leads to an error of [;2.
Therefore it is expected that the use of (27) is accurate for weak and smooth lateral
heterogeneities. Substituting (27) in (17) yields
,+(XR )

~ exp

[1

B++(x)d<}+(Xd·

(30)

This expression provides with (14) the relation between the model perturbation and
displacement
~ +
exp[i(knx r + 1l"/4)] 0
u(x" zr) = ~ cn(xr )
--.J
If/n(zr)
n=l
11l"k
x
2
n r

C~(Xr)= ,~JexP[M]lm c~

ff
00

M =
[

o

XR

(31)
]

Kp(x, Z)§ P(x, z)dxdz

XL

where
(32)

This expression is further referred to as the Matrix Exponent Approximation (MEA). If
the matrix M is evaluated for a given model, the modal coefficients c+(x r ) can be
detennined by the evaluation of the exponential of a matrix in (31). In appendix C some
physical properties of approximation (31) are shown. It is shown that the energy
distribution among the modal coefficients changes due to lateral heterogeneities, but that
energy is conserved; the effect of lateral heterogeneity is expressed in phase shifts of the
modes and a different distribution of the energy over the different modes. It is also shown
that with the MEA at every horizontal position a set of decoupled modes can be found
which can be given as a summation of the background modes if the set of modes is
complete.
From the definition (28) for the exponent of (31) it follows that the modal
coefficients can be expanded as

{

c~(xr) = c~ + m=l
f M nm c~ + t f

fM

nm M ml c?

+ ...

m=lbl

c~(xr) = c~

+

c~l)

+

c~2)

(33)

+ ...

In Fig. 3.d the mode interaction diagram shown for this scheme. Every tenn on the r.h.s.
of (33) describes a mode coupling tenn. The first tenn c~ denotes the undisturbed wave
which is excited at the source and propagates undisturbed to the receiver. This tenn is
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shown on the left of the mode interaction diagram. The second term, c~l), describes how a
mode m excited at the source is coupled (due to lateral heterogeneity) with mode n. The
total of all the modes which are coupled with mode n yields a first order mode coupling
coefficient c~1) = L~=l Mnm c~. In the mode interaction diagram the second order mode
coupling contribution is also shown in the second column. In the corresponding third term
of (33) an excited mode I is coupled with mode m which again is coupled with mode n,
this produces a second order mode coupling coefficient C~2) = L~=l L~l MnmMmtc?,
also so shown as the third term in the mode interaction diagram. The third term of (33)
can also be seen as the coupling of the first order coupled modal coefficients c~)
(=L~l Mmtc?) with mode n: c~2) = L~=l Mllmc~). The resulting modal coefficient c~(xr)
is the sum of all orders of mode coupling coefficients (c~(xr) = L}:o c~»).

t

Fig. 3.d and equation (33) show why this method, due to the incorporation of
multiple mode coupling, still is a computationally extensive method and inconvenient to
work with. The convergence of the series (28), or (33), depends on 1M!. When the norm
of the matrix IMI is large, which corresponds to large phase shifts of the wave field, many
terms of mode coupling must be taken into account. When the MEA is compared with the
WKBJ method, in which model perturbations are linearly related to N (physically
relevant) local wavenumbers, the linear relation of the MEA with model perturbations is
physically less relevant because it is expressed in N 2 relations via the matrix M to the
wave field. Furthermore it is shown in Figs 7.c, 8.c and 9.c that some elements of the
matrix M (which is the same as the integrated matrix B++) have elements which have an
amplitude close to zero, and therefore have little physical relevance.
Next, a further approximation of (31) is given which reduces the computations and
yields, equivalently to the WKBJ method, a linear relation between (complex) wave
number perturbations and model perturbations. A physical motivation and computational
justification for this choice will be given later. The Scalar Exponent Approximation
(SEA) is given by

(34)

where the matrix K p is defined by (32). The main difference ofthis expression with (31)
is that for every mode the exponential of a matrix M in (31) is replaced by an exponential
of a complex scalar K II • For this reason expression (34) is called the Scalar Exponent
Approximation (SEA) whereas (he expression in (31) is called the Matrix Exponent
Approximation (MEA). It can be stated that in the SEA the order in which the summation
of the modes and the exponent is carried out is exchanged compared with the MEA.
With the use of a Taylor expansion of the exponent of (34) this formulation can be
compared with (33):
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N

N

°

N

C~(Xr) "" C~ + L Mnmc~ + t L L M nm (~) M n1 C? + ...
m=ll=1

m=1

{

c+(x
) "" COn
n r

+

C<l)

n

+

en

C<2)

n

+ ... '

(35)

where it is used that l(n = L~=l M nm . c~ Ic~. This series is illustrated in the mode
interaction diagram in Fig. 3.e. The first two terms of the r.h.s. of (35), the zeroth- and
first order mode coupling coefficients c~ and ~l), are the same as in (33) but from the
third term of the Taylor expansion corresponding to the SEA differs from the MEA. This
distinction follows from the fact that in the SEA only coupling to a mode n is considered
to describe the modal coefficient c~.
The third term of (33), c~2), can be seen as the result of the coupling with the first
·
.
(2)
"",N
(I)
h
(I)
",N
order coup1mg
coeffi clents:
C n = ~m=l Mnmc m , were C m = ~1=1 Mm1c/. Because m
the SEA only coupling to a mode n is not taken into account in describing the modal
coefficient c~, c~), and hence also ~2), cannot be described in the same manner. However,
if the ratio C<l)/C<l)
n
m can be approximated with the unperturbed ratio c(O)/c(O)
n
m' C<l)
m can be
approximated with

°

.

(36)
because ~I) is a known quantity. The third term in (35) follows from the substitution of
the correction term (36) in the third term in (33). Actually, with the approximation c';!,) =
c~ I c~ . t!j) the complete expression (35) follows from (33). In other words, the SEA
equals the MEA if C<j)/C<j)
m
n = cO
m Icon· The correction C<j)
m = cOm Icon . C<j)
n will be referred to as
the homogeneous correction. In the mode coupling diagram (Fig. 3.e) the homogeneous
correction is denoted with open arrows.
The validity of the homogeneous correction

c';!,)

c~

Ij) -

c~

(37)

is not self evident; there is no reason to expect that a higher order coupled modal
coefficients have the same ratio as the unperturbed modal coefficients. Although the
derivation of the SEA from the MEA uses the postulated relation (37), it should be noted
that the SEA takes all multiple intramode coupling into account, and is exact in the first
order intermode coupling. Furthermore, body waves can be seen as the constructive
interference of various modes, and if the phase of a body wave is perturbed whilst the
waveform remains unaltered, it is expected that the modes which constitute this body
wave phase have an equivalent phase perturbation. This means that for these modes the
homogeneous correction satisfies
(38)

where o¢J is the hypothetical phase perturbation of the body wave. This means that for the
modes for which the intermode coupling is important the homogeneous correction is
consistent with the phase shift of a body-wave arrival due to velocity perturbations.
Although the theoretical justification of the SEA (34) is not clear, the advantages of
using this method are enormous. First, model perturbations are no longer expressed in an
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exponential matrix but in a scalar exponent, which is computationally more attractive.
Furthermore, the mode coupling effects that affect the propagation of a certain mode is
described in one sensitivity kernel, which relates the complex wavenumber disturbance /(n
linearly to model perturbations. Finally, the number of sensitivity kernels (for every
frequency) is reduced from N Z to N, where N is the number of used modes. This is
actually the same number of sensitivity kernels as needed for the WKBJ approximation.
In the following numerical tests, the accuracy of the SEA is examined for geophysically
realistic model perturbations.
The accuracy of the different approximations made above is tested for the same
configurations as in section 3 (shown in Figs 7.a-9.a). Not all the discussed
approximations are shown in this figure. The WKBJ method is already examined in
section 3, and it is shown that this method yields physically unrealistic results for body
wave phases if model perturbations depend heavily on the horizontal coordinate. The
Born approximation is also not shown. The accuracy of the Born approximation is limited
to model perturbations which are weak, weaker than the configurations treated here
because the phase delay due to the model perturbation is' as large as half a cycle. Finally,
the results obtained by neglecting back-scattering (formula (26» is not shown because its
difference with the lIT is not noticeable on the scale of Fig. 10. The results shown are the
lIT (equation (19) and (20», the MEA (equation (31» in which the nonzero commutator
[B++, dxB++] and subsequent commutators are neglected, and the SEA (equation (34» in
which multiple coupling is approximated.
For the calculation of the exponential of the matrix in (31), equation (28) can be
used where the summation is truncated at a finite value. However, this method is known
for its slow convergence and can have large roundoff errors (Moler & Loan 1978). The
roundoff error and computing costs of the determination of the exponential of a matrix can
be reduced by using
exp[A]

= (exp[Alm])m,

(39)

where m is a value for which exp[A/m] can reliably and efficiently be computed. The
exponential of Aim can be calculated either by the use of Taylor series or the Pade
approximation (Moler & Loan 1978). Since B++ in (30) is a normal matrix, it is assured
that the use of (39) does not underestimate the solution (Moler & Loan 1978).
In Figs 10.1-10.3 phase delays for every mode are shown corresponding to
configuration of Figs 7-9. In the figures on the left the phase delay is shown for velocity
perturbations of 2.5%, where in the figures on the right the velocity perturbation is 5%.
The horizontal extent of the lateral heterogeneity ranges from 1000 km to 2000 km, which
is typical for the size of heterogeneities obtained in inversions of broadband surface-wave
data (e.g. Snieder 1988a, Zielhuis 1992). The Figs 1O.1.a-1O.3.a show a good
resemblance for the phase delay computed with the three methods for all the three
configurations. In the Figs 1O.1.b-1O.3.b the phase delays are slightly more scattered. If
the curves in Fig. 10 are compared, it follows that the results obtained with the SEA are
not less accurate than the results obtained with the MEA. Apparently ignoring the
commutator [B++, dxB++] and its higher order equivalents in (29) is the major cause of the
difference of the results of the MEA and the SEA with the exact method. Note that the
phase delay of configuration 1O.2b and lO.3b are close to 7f. A phase delay of this
magnitude is too large for the Born approximation. Compared with the WKBJ method
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Figure 10. Phase delay in radians for the models in the figure 7. a, 8.a and 9.a calculated
with three different methods, namely: the Invariant Imbedding Technique (solid line), the
Matrix Exponential Approximation (dashed line), and the Scalar Exponential Approximation
(dotted line) for a period of 20s. The phase velocity window is between 4.0-6.5 km/s, the
background model is linear with depth. Figures 10.1 correspond to the geometrical
configuration offigure 7,10.2 to 8, and figures 10.3 correspond to the configuration offigure
9. The figures on the left (a) have a relative S-velocity perturbation of 2.5% and the figures
on the right (b) have a relative S-velocity perturbation of 5%.

and the Born approximation, the results of the MEA and SEA approximations have a
superior accuracy.
It can be stated that with the SEA a method is developed which (I) is
computationally competitive to standard WKBJ methods, (2) takes mode coupling effects
into account, (3) is accurate for geophysically realistic configurations, (4) provides a
sensitivity kernel in which model perturbations are linearly related to a physically relevant
parameter: a complex wavenumber disturbance.
In the SEA three approximations are made, namely: (1) back-scattering is neglected, (2)
the commutator of the B++ matrix and its x derivative is neglected, and (3) multiple mode
coupling is approximated with first order coupling plus homogeneous corrections.
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Calculations with geophysically realistic situations indicate that neglecting backscattering
(approximation 1) does not result in a noticeable difference in phase delay compared with
the exact lIT. The neglect of the commutator of the B++ matrix and its x derivative
(approximation 2) is noticeable for larger perturbations since the phase perturbation
calculated with the MEA differs slightly from the results calculated with the lIT (see Fig.
1O.3.b) . The phase delay calculations shown in Fig. 10 indicate that approximation (3)
made to obtain the SEA, in which the multiple scattering is approximated, does not
introduce large errors compared with the second approximation.
With the use of the homogeneous correction a j-th order coupled mode ~) is
approximated with (c~ / c~) . c<j) in the calculation of the complex wave number /(n of the
SEA. It is expected that this approximation breaks down if c~ is weakly excited because a
division by a small number is carried out. To avoid numerical instabilities the correction
where ~ is a small number. In addition to
term c~/c~ is replaced by (c~c~') / (lc~12 +
this, numerical tests for geophysically realistic situations have shown that if a mode n is
hardly excited, the recorded amplitude of this mode is also small and therefore does not
bias the final result significantly.

n

5. Incorporating surface-wave mode coupling in 3-D waveform inversions
The WKBJ method for surface-wave modes is often used in large-scale 3-D
inversions (e.g. Woodhouse & Dziewonski 1984; Tanimoto 1990a; Zielhuis 1992). As
shown in section 2 the sensitivity kernels of the WKBJ method depend only on depth,
which is very convenient in inversions. In this fashion the laterally averaged velocity
structure along the source-receiver path is the only model functional for which the
seismograms are sensitive in an inversion. A three dimensional model can be obtained
from the average structures along a large number of source-receiver paths (e.g. Nolet
1990; Zielhuis 1992). As shown in sections 2 and 3, this method can lead to biased Earth
models if mode coupling is important, e.g. in inversions using body-wave phases.
The goal of this section is to develop a 3-D inversion scheme similar to the
Partitioned Waveform Inversion (PWI) (Nolet et al. 1986; Nolet 1990; Zielhuis 1992)
which incorporates mode coupling with the use of SEA. In the PWI, 3 - D inversions are
split in two parts. The first step is to obtain average model perturbations along source
receiver paths. Such an average model is obtained by seeking the model which provides a
synthetic seismogram which fits the recorded seismogram best. Following Nolet (1990),
let the average model perturbations along a source-receiver path 0 P(z) be developed into a
set of N z depth functions h,rCz):
Nz

oP(z) = L

r"h,,(z) .

(40)

,,=1

The misfit between the recorded and synthetic seismogram is then a function of the model
vector r which contains the coefficients reI:
F(r) =

f

[S(t) - u(r, r)f dt,

(41)

where Set) is the recorded seismogram and u(t, r) is the synthetic seismogram for the
model perturbation related to the parameter vector r. A minimum of the misfit function
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F(r) can be found with the use of a conjugate gradient method (e.g. Press et al. 1986).
The minimum of the misfit function provides a constraint rmin for a particular source
receiver path. In the second inversion step a 3-D model is constructed by combining the
constraints rmin for a large number of source-receiver paths.

In section 3 we have seen that for inversions of body-wave phases based on the
WKBJ approximation the use of the average velocity ~ f3(z) between source and receiver
as a model parameter can bias inversion models with more than 50%. When body-wave
phases are modelled with mode summation, mode coupling is required to introduce an x
dependent sensitivity kernel. The SEA provides such a sensitivity kernel and is used to
develop an inversion scheme equivalent to the PWI. The average velocity structure
between source and receiver can no longer be used as model parameters and a simple
equivalent of (40) incorporating an x-dependence is given by
N, N,

~ f3(x, z)

=L L

(42)

Yrrvhrr(z)!v(x),

rr=l v=l

with !v(x) a set of N x basis functions of the horizontal distance x. Note that the
parametrization (42) results in a significant increase of the number of model parameters
per source-receiver path. Substitution of (42) in (34) yields
N

u(x" z" r) =

L

n=l

0 exp[i(knx r

N

exp[

-V lJrk

cn

2

N

ii
rr=l v=l

x

0

V'n(Zr) x

n r

XR

ff
00

Yrrv

+ Jr/4)]

Kp(x, z)hrr(z)!v(x) dxdz] ,

(43)

0 XL

where Kpis the SEA sensitivity kernel given by
-n
Kp(x,z)

N

~
= ..(..j

2'I

nm

0

.

Cm

.~Vp (x,z)exp[l(km-kn)x]o'

m=l "l/knkm

The x, z-integral

f

(44)

cn

Kp(x, z) hrr(z)!v(x) dxdz in (43) can be evaluated for every model

parameter combination u, v. When every integral is known, the minimum of the misfit
function (41) can be found by varying r in a similar fashion as in the PWI.
This method, however, has several disadvantages. First, the number of integrals
which has to be calculated is high: N . N x . N z . N with N the number of frequencies
used in the calculations. A more important disadvantage is that the problem of finding the
minimum of the misfit function is highly nonunique when a number of basis functions is
used which adequately samples realistic structures in the Earth. When the number of
model parameters is increased, the trade off between different model parameters becomes
stronger. As an example, consider the case in which only an S-wave is modelled. In that
case, the waveform depends most heavily on the integral of the velocity perturbation along
the ray and is independent on model perturbations far from the ray.
(l)'

(l)

It is desirable to reduce the number of model parameters. One advantage of a
smaller model parameter set is that the number of degrees of freedom in the inversion is
decreased. This is advantageous because not all model parameters, or combinations of
model parameters, have a physical relevance and it is desirable to exclude these from the
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model parameter set. It is our goal to decrease the number of degrees of freedom in such a
way that only relevant model parameters remain and a unique optimum Ymin of the misfit
function can be found. Another advantage of a smaller number of model parameters is
that the computational effort of inversions decreases.
The determination of a reduced, physically reasonable model parameter set is not
always straightforward. However, for a linearized problem, eigenvector analysis, or
singular value decomposition, are well known methods to order model vectors with a
decreasing influence on the data. For infinitesimal small perturbations the Born
approximation, which yields a linear relation between model perturbations and the
waveform, can be used to study the effect of the model parameters on the synthetic
seismogram. In the Born approximation the relation between the model parameter Yav
and the displacement perturbation is given by

{oo X
au(wi) = L L f f K p(J.,1s=Consl.kJJ i, x, z) ha(z)!v(x) dxdz
R

N, N,

a=l v=1

j

Yav'

(45a)

0 XL

where K P(J.,1s=ConSI.) is given by (7). The matrix equivalent of (45a) is

au = Ky,

(45b)

where au is here (aU(Wl)' aU(W2)"", aU(WNJ)T, Y is the vector form of Yav:
(Yu, h2, .. " YN,.N)· Here the j-th element of the vector Y corresponds to the coefficient
Yav with
j=(a-l)·Nx+v.

(46)

The multiplication of K with its hermitian conjugate K+ yields a hermitian matrix
K+K which can be diagonalized with real eigenvalues and orthonormal eigenvectors. This
matrix can be seen as the Hessian of the least squares problem associated with (equation
45), and forms the basis for the singular value decomposition of the linear problem (45)
(e.g. Aki & Richards 1980). The hermitian matrix K+K may be represented as DAD-I,
where A is a diagonal matrix with the eigenvalues of K+K, and D its eigenmatrix with
Dij = e~j) where e(j) is the j-th eigenvector of K+K with eigenvalue A. j' The introduction
of the model parameter Y = D-1y, or Yi = (e(i)· y), yields
K+8u=DAy.

(47)

Note that Yi is the projection of the original model parameter vector on the eigenvector e(i).
The importance of Yi can be studied by means of its associated eigenvalue A.i' It is clear
from (47) that au is sensitive for eigenvectors, or model parameters Yi' with large
eigenvalues and relatively insensitive for eigenvectors with eigenvalues equal or close to
zero.
Lanczos (1961) and Aki & Richards (1980, chapter 12.3) used relation (47) to
obtain the particular vector Y which is the projection of r onto the subspace spanned by
the eigenvectors with nonzero eigenvalues. The solution in this SUbspace is then related to
the original model parameter Y via
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Yp = D;ly,

(48)

where D;I contains the first N p rows of D- 1, with N p the number of nonzero eigenvalues
of K+K and therefore also the dimension of yp' With the use of the model parameter set
yp' a unique and stable mapping of the linear problem is defined. Because eigenvectors
with small eigenvalues have little influence on the synthetic seismogram and can only be
determined with large errors, we choose to eliminate not only eigenvectors with zero
eigenvalue but also eigenvectors with small eigenvalues. With the reparametrization (48),
the number of model parameters is decreased and it is assured that 8u is sensitive for this
model parameter set.
In matrix form (43) can be written as
0

N

u(r) =

L. en

exp[i(knx r + !Cf4)]

~

n=1

1.2 ,.""k n x r

Nx·N z

0

'l'n(z) exp[

L.

S"m],

.;=1

(49)

where the elements of the matrix S are given by
00

Snj =

XR

ff

K;(x, z)h,,(z)!v(x) dxdz,

(50)

o XL
with j given by (46). Expressed in the new set of model parameters (49) is given by
__

~

0

u(r)  ~ en
n=l

exp[i(k"x r + !Cf4)]
~ 11!Ck

\I

2

X
Il

r

0

~

-

_

'l'n exp[~ SnjYj],
j=1

(51)

with S = S . D;I. Note that S is an N . N OJ by N x • N z matrix, whereas S is an N . N OJ by
N p matrix. If only the elements of y instead of yare varied, the problem of finding the
minimum of the misfit function
F(y)

=

f

[Set) - u(t,

y)f dt,

(52)

is unique and computationally more efficient than using (41). Furthermore, the resulting
linear constraints y in the model have a smaller variance than the constraints which would
be obtained with r.
In this fashion a relevant model parameter set y can be obtained for any source
receiver path. The minimum of the misfit function (52) produces a linear constraint (Yroin)
in terms of the reduced model parameter set y on the model perturbation. This constraint
can be used in 3-D inversions. If the eigenvalues are known for every model parameter,
these can also be used to estimate the error of the constraints. In this manner a 3-D
inversion which incorporates mode coupling effects can be carried out, while the
computational effort is not much larger than inversions which use the WKBJ
approximation for surface waves.
What does the reorganization of the model parameters (48) physically mean? The
effect of diagonalization of K+K is illustrated by two numerical examples. In the
examples the initial parametrization of the velocity disturbance 0 P(x, z) is given in block
functions. In terms of (42) this implies that
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Figure 11. Model parameter set (53). The numbers in the squares denote the element of the
model parameter vector r. The ray path of the S-wave is superposed on the model
parametrization.
X max
x max
fv(x) = H(x-(v-l) ---;v)' H(v ---;v-x)

x

h,,(z) = H(z  (a 

Zmax

I) N) . H(a
z

x
Zmax

N - Z),

(53)

z

where H(x) is the Heaviside function, Zmax is the maximum depth of the sampled model,
and X max is the spatial extent of the model. In the examples the model consists of half the
epicentral distance (x max =1000 km) and the maximum depth is 450 lan. The
parametrization is carried out with N x = 5 and N z = 4. In Fig. II the configuration of the
initial model parameter set r is shown, where the element number of r is shown in the
center of the cells and the values for v and a are shown along the axes.
Modes with a phase velocity between 4.3 and 5.3 km/s for 10 periods between 20
and 60 s are used to model an S-wave with a ray parameter of 22 s/km. In Fig. 12.a the
norm of the elements of the matrix K of (45b) are shown which reveals the relation
between displacement- and model- perturbations. The horizontal axis denotes the
elements of the model vector r (which corresponds to the cells in Fig. II) and the vertical
axis the elements of au for the different periods. This figure already shows that some
model parameters have an important influence on the wavefield perturbation (e.g.
YI. r7, YI3, ...) and some hardly influence the wavefield (e.g. Y3, Y4," .). Note that the
model parameters with a large effect on the wavefield are close to the geometrical ray and
that the model parameters which hardly influence the wavefield are far from the
geometrical ray. Fig. 12.b shows the eigenvalues of the matrix K+K. It is clear that the
first eigenvector is by far the most important model parameter, and that the magnitude of
the eigenvalues decreases rapidly. Actually there are only two eigenvalues larger than
Amax 1100. This means that if only eigenvectors with an eigenvalue larger than Amax / 100
are taken into account, the number of model parameters is decreased from 20 to 2, which
is a significant difference. Fig. 12.c shows the first eigenvector, or the first row of the
eigenmatrix of K+K projected on the initial parametrization. The eigenvector shows a
clear resemblance to the ray of the S-wave. Note that a parametrization as used in WKBJ
methods (the horizontally averaged velocity along a source-receiver path) in which only
depth dependence is considered, has a nonzero projection on the null-space of the problem
under consideration. This means that the solution as determined with the WKBJ
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Figure 12. (a) The matrix K which linearly relates the model parameters r (along the X
axis of the figure) to wave field perturbations for different frequencies 6u (along the y axis).
See equation (45). Tenfrequencies were used with a period between 20 and 60 s., the phase
velocity is from 4.3 to 5.3 km/s. The amplitude of the norm of the elements of K is rendered
in the color of the box. (b) The normalized eigenvalues of the matrix K+K. (c) The first
eigenvector of the matrix K+K shown in terms of the initial parametrization (x==O-lOOO km,
z=0-450 km).

approximation produces values for parts of the model which cannot be determined with
the data.
In the second example attention is concentrated on the fundamental surface-wave
mode and the first higher modes for periods between 20 and 100 s. For this example
modes with a phase velocity up to 4 kmls are taken into account which includes the
fundamental wave. The parametrization of the model is the same as in the first example.
Fig. 13.a, which displays the matrix K, shows that the fundamental mode does not
penetrate deep into the model; the upper layer of the model has the largest effect on the
waveform of the fundamental mode. Fig. B.b shows that the first eigenvalue has by far
the largest amplitude and therefore dominates the first eigenvector of the new model space
on the wavefield perturbation. In Fig. l3.c the first eigenvector is shown, and can be seen
as the sum, or average, of all the top model parameter elements. The second eigenvector,
which has a smaller eigenvalue but does have a significant contribution, shown in Fig.
13.d, describes the sum of velocity perturbations in the second layer. A parametrization as
in Figs l3.c and 13.d is equivalent to parametrizations used in the WKBJ approximation
for surface waves. Apparently the intennode coupling of surface-wavc modes does not

have a significant influence on perturbations of the fundamental surface wave. This is
logical, because in contrast to the S-phase, one does not need a superposition of modes to
model the fundamental surface-wave mode.
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Figure 13. As figure 12.a, for ten periods between 20 and 100 s and a phase velocity
smaller than 4 km/s. (b) Normalized eigenvalues of K+K. (c) First eigenvector of K+K.
(d) Second eigenvector ofK+K.

One should keep in mind that with a parametrization finer than shown in Fig. 11, the
eigenvalues decrease more slowly and more model parameters have a significant
contribution. However, the examples shown above with a crude parametrization show the
strength of the reorganization of the model parameters. If modes with a larger range of
phase velocities is used, the physical meaning of the new model parameters is less clear
because different phases of a seismogram are modelled and interfere in an indistinct
manner in the K matrix. However, in the last two examples which model one particular
phases, it is shown that the diagonalization of the K+K matrix results in a physically
relevant model parameter set.
The physically relevant model parameters obtained with the use of the Born
approximation can be used in an efficient inversion scheme. We can benefit from the new
model parameters in two ways; because of the decreased number of the model parameters,
the number of constraints in a 3-D inversion is also decreased, and the convergence of the
misfit function is accelerated. With the reparametrization (48) an effective 3-D inverse
scheme which incorporates mode coupling can be applied.
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6. Conclusions
It has been shown that surface-wave mode coupling is an important feature if body
wave phases in laterally heterogeneous media are modelled with surface-wave mode
summation. If the WKBJ method for surface-wave modes, which neglects intermode
coupling, is used to model the body-wave part of a seismogram this can lead to large
biases.

The WKBJ method produces sensitivity kernels which depend only on the depth.
But, it is known that the sensitivity of a body-wave phase to model perturbations is
concentrated along its geometrical ray and not on the averaged structure along the source
and receiver. With the use of the Born approximation which incorporates surface-wave
mode coupling (Snieder 1986a), sensitivity kernels for body-wave phases are obtained
which follow the Fresnel zone of the geometrical ray. Although the amplitude of
individual intermode coupling effects are smaller than intramode coupling effects, the
sensitivity kernels obtained with the Born approximation show explicitly that the sum of
all intermode coupling effects can have the same amplitude as the intramode coupling
effects and therefore cannot be neglected if body-wave phases are modelled. In contrast to
the theory of Li & Tanimoto (1993), coupled surface-wave modes are used instead of
coupled normal modes of the Earth, this leads to a strong reduction of the required
computer effort. This is achieved by the analytical evaluation of the angular order [
summation. Unfortunately the Born approximation can only be used for weak wavefield
perturbations and is therefore of limited use for practical applications.
With the use of an Invariant Im~dding Technique (lIT) (Kennett 1984), which
describes surface-wave mode propagation exact, the accuracy of the WKBJ method, or the
importance of intermode coupling, is studied. The results showed that for localized
structures the effect of intermode coupling can be large and that therefore the WKBJ
method can lead to large biases. If the WKBJ method is used in inversions, the averaged
mean structure along the source-receiver path, which is the model parameter used in
inversions based on the WKBJ method, overestimates the magnitude of the lateral
heterogeneity. The lIT yields accurate results, but is computationally too expensive to use
in an inversion scheme.
The Scalar Exponent Approximation (SEA) is developed which is a
computationally efficient method and takes surface-wave mode coupling into account. for
the derivation of the SEA, back-scattering of surface waves is neglected, the commutator
of the coupling matrix with its derivative with respect to the epicentral distance is
neglected, and multiple surface-wave mode coupling is approximated. The results
indicate that ignoring the commutator of the coupling matrix with its derivative is the
main reason of deviation of the SEA from the exact result. However, the error made with
this approximation is small if the lateral heterogeneity is smooth and weak. From the
derivation of the SEA it is not clear when this method holds or fails. However, with the
use of the lIT the accuracy of the SEA method can be tested for any model configuration.
The configurations shown in this chapter of geophysically realistic situations, that is,
model perturbations of 5% extending over 1000 km, show that the SEA method yields
results close to the exact results, and is therefore a significant improvement compared with
the Born approximation and the WKBJ approximation.
With the introduction of surface-wave mode coupling an x-dependence of the
sensitivity kernels is introduced. With the introduction of the x-dependence, a
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conventional model parametrization which describes the averaged structure between
source and receiver, cannot be used in inversions and an increased number of model
parameters is needed. With the linear relation of the Born approximation between the
wavefield and infinitesimal weak model perturbations it is possible to reorganize the
model parameter set to a reduced number of physically relevant model parameters and are
statistically significant. This minimizes the computations needed for inversions and
assures that the model parameters have a physical relevance and a statistical significance.
With the use of the SEA in combination with the reorganized model parameters
forward modelling and large-scale 3-D inversions incorporating mode coupling have
become feasible.
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Appendix A: Coupling expressions for the 2 t-D formulation
Using both forward and backward traveling modes, expression (14) for the displacement is
given by
u(x) =

~ un(x) = ~ {c~(x)en(x)"'~ + c;(x)en(x)* ",~},

(A. I)

where en(x) is the propagation factor exp[i(knx + Jr/4)]1("'./! knx) and en(x)* is its complex
conjugate which corresponds to backward traveling modes. In this appendix the relation between
the Born approximation for the 2 !-D formulation and a formulation as given in (15), for the
derivatives of c with respect to x is derived.
To derive expressions for the coupling matrices B it is not necessary to use the full
formulation of the wave field including all forward and backward traveling modes. The coupling
matrices describe the coupling with two groups (forward or backward traveling modes). Therefore,
to determine an expression for a coupling matrix it is sufficient to use only the groups which are
described by this matrix. In this section the coupling matrix B++, which describes the coupling
between forward traveling modal coefficients, is derived by setting c- to zero. Relations between
backward-backward, or backward-forward modal coefficients can be derived in the same manner.
Without backward traveling waves the wave field is given by
N

u(x) =

L c~(x)en(x)",~.

(A. 2)

n=l

With the use of (3), which describes the effects due to forward coupling in the Born approximation,
the displacement is given by
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(A.3)
N

By taking the derivative of (A.3), the derivative of un' with U =

L Un' is given by
n=l

(AA)

In the Born approximation the homogeneous reference modal coefficients CO are used to develop the
wave field at a given distance x. The evolution of the modal coefficients along the source-receiver
path is therefore not taken into account. However, in the formulation (A4) the evaluation of the
modal coefficients can be considered by replacing the reference modal coefficients CO by the
spatially dependent modal coefficients c+(x):
a..Un(x)

.

I

N

=(/kn--)un(x) + V'n L
2x

2i exp[i(kmx + 1(/ 4)] nm
+
_~
~
V (x)cm(x).

m=I'IJknk m

(A5)

11(k x
2

n

In terms of the formulation (A.I) the derivative axun is given by

(dxC~(X))en(X) + C~(x)(dxen(X)) )V'~.

dxUn(X) =

(A6)

This gives the relation for the modal coefficients
dxC~(X) =

N

L
m=l

2i

.

_11.""""1.""" exp[l(k m- kn)x]vnm(x)c~(x),
"'IJkmkn

(A7)

and the associated coupling matrix B++ is given by
B;;(x)

= .~ Vnm(x)exp[i(k m -

kn)x].

(A8)

"'IJkmkn

Appendix B: The derivation of equation (29)
In this section proof of formula (29) is given. Consider a matrix
d

(B.I)

H(x, y) == exp(-y' A(x)) dx exp(y . A(x)),

where A depends on x but is independent of y. For a fixed value of x, H(x, y) can be given in the
Taylor series expansion
H(y) = H (y = 0) + y
where

dH(y).

~

dH(y = 0)
dy

+ -i

2

d H(y = 0)
2!
dy 2

+ -l

3

d H(y = 0)
3!
dy 3

+ ... ,

(B.2)

.

IS gIven by

dH(y)
- = (d exp(-y' A(X))) -d exp(-y . A( x »)
dy
dy
dx

+ exp(-y . A()
x d

dx

(d exp(-y . A(X»)
dy
(B.3)

Because A is independent of y the derivative of exp(y . A(x») with respect to y is given in the simple
form
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dy exp(y . A(x» = A(x) . exp(y' A(x» = exp(y . A(x» . A(x),
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we find
dH(y)

d

~ = exp(-y' A(x» [dx ,A(x)] exp(y' A(x»,

d 2H(y)

d

----;ij2 = exp(-y . A(x»

[[ dx ' A(x)]. A(x)] exp(y . A(x».

d 3 H(y)

d

-----;Jy3 = exp(-y' A(x»[ [[ dx

• A(x)]. A(x)]. A(x)] exp(y' A(x)).

(B.5)

(B.6)

(B.7)

So with the use of (B.1) and (B.2) we find for y = 1;

d

1

d

d

exp(-A(x)) dx exp(A(x)) = [dx • A(x)] + 2! [[ dx •A(x)], A(x)] +

1

d

3! [[[ dx ,A(x)], A(x)]. A(x)] + ....

(8.8)

The commutator [~ , A(x)] is given by
d
d
d
[dx ,A(x)] = dx A(x) - A(x) dx '

(8.9)

d
where it is assumed that the operator dx works to the right. The chain rule states that
d
dA(x)
d,d
-d A(x) = - d - + A(x) - = A (x) + A(x) - ,
x
x
dx
dx

(B. 10)

[~ ,A(x)] = A/(x).

(8.11)

so

Multiplying (B.8) on the left with exp(A(x)) and using (B.ll) one obtains expression (29);

{
I+ I }
+ 2!
+ '" .

d exp(A(x» = exp(A(x»
dx

A/(x)

3! [[A/(x), A(x)], A(x)]

[A/(x), A(x)]

(B.12)

Appendix C: Physical properties of the Matrix Exponent Approximation
In this appendix physical properties of the Matrix Exponent Approximation (31) are studied
by diagonalization of the matrix M. Diagonalization of a matrix can be used to evaluate the
exponent of the matrix (Franklin 1968):
exp[A] =

D(eXP[A] )D-

1

,

(C.1)

where D is the unitary eigenmatrix of A and A is a diagonal matrix with the eigenvalues of A. If A
is given by diag{Al,"',AN) then exp[A] is given by diag{expAl ... · .expAN}' Therefore the
behavior of exp[A] is determined by the eigenvalues of A. The imaginary part of the eigenvalues
describe the oscillatory behavior of the solution, and the real part of the eigenvalues of the matrix A
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determine the amplitude of exp[A]. With formulation (31) the modal coefficients satisfy

(C.2)

It is interesting to investigate the properties of the eigenvalues of B++ in order to study the behavior

J

of exp[ B++] and the modal coefficients. Note from (16) that B++ can be written as
B++(x) = iE*(x)V'(x)E(x),

(C.3)

where V~m(x) =2Vnm (x) / --Jknkm. E(x) is given by diag{ exp(ikjx),"', exp(ikNx)}. Because E* is
the inverse matrix of E, the eigenvalues and eigenvectors of B++ are independent of E and depend
only on the symmetric interaction matrix Vex). The interaction matrix Vex) depends on the model
perturbations at x but not on the wavenumber fluctuation terms (k n - km)x as B++(x) does.
Because the matrix B++ is an antihermitian matrix:

J

x
XL

B:' = - B:' *,

the integrated matrix

B++(q) dq is also antihermitian. Antihermitian matrices have imaginary eigenvalues, and

J

orthonormal eigenvectors. The imaginary eigenvalues of exp[ B++] result in phase shifts in c+. It

J

is known that exp[ B++] can be written as

J
x

exp[

B++(q) dq] = Dexp[A] D- 1,

(C.4)

XL

J

where D is the orthonormal eigenmatrix of exp[ B++], and the diagonal matrix A contains the
imaginary eigenvalues. Because of these properties one can show that
(C.S)

This means that the L 2 norm of the solution c+(x) does not vary with x, therefore energy
conservation of (30) and (31) is assured.
Because there exists a set of orthonormal eigenvectors of B++(x), it is known that there exists a
series of modes D-1(x) . c'lil which are locally decoupled, where (Cv/\ is given by C~lfI~(Z). This
(local) series of modes can be expressed as a superposition of the background modes if the set of
surface-wave modes is complete.
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Waveform inversions and the significance of surface
wave mode coupling
Summary If body-wave phases in laterally heterogeneous media are modelled by
surface-wave mode summation, mode coupling is required to bring out the ray
character of the body-wave phases. However, it is frequently assumed that in
laterally heterogeneous media surface-wave modes propagate without interacting
with other modes. The effects of neglecting surface-wave mode coupling on the
results from waveform inversions including body-wave arrivals have been studied by
performing inversions with and without taking surface-wave mode coupling into
account. The two inversion schemes are similar to the Partitioned Waveform
Inversion (Nolet 1990) but differ in the approximations used to compute the
synthetics: WKBJ, which neglects mode coupling, or SEA (Marquering & Snieder
1995), which does take mode coupling into account. Synthetic inversion experiments
show that neglecting mode coupling can lead to biases in the deeper part of the
model. Its most striking feature is that for "real" shallow lateral heterogeneities,
artificial anomalies with an opposite sign may show up in the deeper part of the
model. When mode coupling is taken into account, as in the SEA inversion scheme,
these biases do not occur. We have also studied possible bias effects as the result of
using WKBJ in the EUR-S91 model of Zielhuis & Nolet (1994) which is
characterized by strong velocity anomalies extending as deep as the transition zone.
One of the most striking features in this model is the region of low velocities at larger
depths beneath the fast Russian platform on the eastern side of the Tornquist
Teisseyre Zone (TTZ). Nolet & Zielhuis (1994) suggested that these low velocities
are an indication for injection of water in the mantle by an earlier subduction. Our
results show that the neglect of mode coupling indeed does bias the model towards a
larger reversal of velocities with depth, and heterogeneities show up even where the S
ray does not sample the mantle. However, low velocities deep below the eastern part
of the TTZ persist even when mode coupling is taken into account.
This "hapter is a<:"epted for publkation as

Marquering, H., R. Snieder and G. Nolet, Waveform inversions and the significance of surface-wave
mode coupling, Geophys. J. Int., in press, 1996
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1. Introduction
Length scales of lateral heterogeneities in tomographic models depend strongly on
the frequency content of the data used, as well as on the amount of data. The use of high
frequency as opposed to long-period seismic data in tomography becomes superior in
regions with a large ray density. However, the use of long-period data is preferable in
regions where the distribution of stations and earthquakes is not as good. Although
decreasing the frequency content of the data limits the resolution of tomographic models,
it ensures that the data are not affected by small-scale structures that can not be resolved
in inversions. Furthermore, errors due to the neglect of effects such as multipathing and
scattering, which are hard to model, are smaller for long-period data. Waveforms of long
period body-wave phases and mantle waves are therefore well suited for waveform
inversion schemes.
Conventionally, two main modelling methods have been used for waveform
inversions for earth structure: ray-theory-based techniques, generally used for modelling
body-wave phases, and (surface-wave) mode summation, which can be used for modelling
fundamental and higher-mode surface waves as well as body-wave phases. Although the
use of ray-theory for inverting well-separated body-wave arrivals is straightforward, it is
rather difficult to retrieve information from more complicated phases such as triplicated
arrivals and body-wave coda. In order to use more information from seismograms than
the well-separated phases, larger time windows of seismograms have been used in
waveform inversions (e.g. Woodhouse & Dziewonski 1984; Nolet 1990; Woodward et al.
1993; Su, Woodward & Dziewonski 1994). For laterally homogeneous models complete
seismograms can be constructed by surface-wave mode summation. When the number of
modes is sufficiently large, body-wave phases and crustal reverberations are automatically
included.
In weakly laterally heterogeneous media, the WKBJ approximation for surface
waves provides a useful tool for modelling the propagation of surface-wave modes. The
WKBJ approximation, sometimes called the phase integral or path average approximation,
states that lateral heterogeneities result in phase perturbations of the surface-wave modes,
where the total amount of phase perturbations depends only on the model perturbations
horizontally averaged along the source-receiver path (e.g. Bretherton 1968). Because of
this useful property, this method is generally used in inversion schemes that make use of
surface-wave data.
Unfortunately, the WKBJ approximation for surface-waves does not provide a
correct way of modelling body-wave phases in a weakly laterally heterogeneous Earth,
since body-wave phases are sensitive to model perturbations close to its geometrical ray
rather than to the horizontally averaged model perturbations. To compute body-wave
phases correctly in laterally heterogeneous media, surface-wave mode coupling must be
taken into account (Li & Tanimoto 1993; Marquering & Snieder 1995). In a
straightforward WKBJ approximation, one assumes that surface-wave modes travel
independently and mode coupling is neglected.
In this chapter, the significance of surface-wave mode coupling on waveform
inversions is studied. Waveform inversions have been carried out using two different
techniques. Both inversion schemes are based on the Partitioned Waveform Inversion
(PWI) developed by Nolet (1990). The PWI partitions inversions for 3-D earth models in
two steps. The first step determines linear constraints on the model between source and

Waveform inversions and the significance of surface-wave mode coupling 71
receiver by waveform fitting using a non-linear optimization search method. With the use
of these linear constraints a 3-D model is produced in the second, linear, inversion step.
The feasibility of non-linear optimization methods depends heavily on the number of
model parameters. The partitioning of the inversion assures the practicability of the non
linear inversion by restricting the number of model parameters. Furthermore, the
partitioning enables the gathering of linear constraints on the Earth's structure so that
numerous 3-D inversions can be carried out without performing the computationally more
demanding non-linear inversions of the seismograms. The two inversion methods
employed in this chapter differ in the way the synthetic seismograms are obtained in the
first inversion step: either using the path-average approximation (the WKBJ
approximation), which neglects mode coupling; or using the Scalar Exponent
Approximation (SEA) (Marquering & Snieder 1995), which includes mode coupling.
They are referred to as the "WKBJ inversion scheme" and the "SEA inversion scheme"
respectively. In Section 2 we briefly describe the theory of these inversion methods in
order to indicate the similarities and differences between the two methods.
In the third section, a synthetic inversion experiment is carried out with the aim to
increase our understanding of the effects of neglecting surface-wave mode coupling on
inversion results. In this experiment, synthetic seismograms obtained with the exact
Invariant Imbedding Technique (lIT) are used as data in the two different inversion
schemes. The inversions have been carried out for a model with a deep lateral
heterogeneity, which is only sampled by the body-waves, as well as for one with a shallow
heterogeneity, which is also sampled by the fundamental surface-wave mode.
In Section 4 an inversion for the S-wave structure beneath central and eastern
Europe is carried out with the two different inversion schemes. A previous study of this
region by Zielhuis & Nolet (1994) has shown that in this region strong lateral deviations
of the S-wave velocities are present in the upper part in their model as well as near the
transition zone. The deep structures are sampled by body-waves which have been
modelled by mode summation without taking surface-wave mode coupling into account.
In order to study a possible bias in the inversion results for these deep structures, a subset
of the original data for this region is inverted with and without taking mode coupling into
account.

2. Inversion method
In order to study the effects of neglecting surface-wave mode coupling, waveform
inversions have been carried out with two different methods: either with or without taking
mode coupling into account. To indicate the similarities and differences between the two
methods, some aspects of the theory of the PWI are discussed in this section.
In both methods, the synthetic seismogram is given as a summation of surface-wave
modes. For a laterally homogeneous flat earth model, the spectrum of the wavefield u at
epicentral distance Ll is expressed in the form
u(m)

~

exp[i(k~(w)Ll + Jr/4)]

n=1

-V t Jrk~(w)Ll

= ~ An(w)

,

(1)

where An(w) is the amplitude coefficient for mode n and angular frequency w, k~(w) is
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the wavenumber for the laterally homogeneous background model and N is the number of
modes taken into account to model the synthetic seismogram. A generalization of (1) to a
spherical earth model is given by Snieder & Nolet (1987). In principle, one should add up
infinitely many modes to model the complete seismogram. However, for the time
window, phase-velocity interval, and frequency band we are interested in we only need a
reduced number of modes. In the applications shown in this chapter, the number of modes
is never larger than 20.
Both inversion schemes assume that the S-wave velocity variations are sufficiently
smooth so that the wavefield is only influenced by lateral heterogeneities beneath the
source-receiver minor arc, or the source-receiver path on a laterally homogeneous earth
model. It is known that strong lateral heterogeneities can lead to path deviations away
from the great circle, but according to Fermat's Principle these influence the phase of
direct arrivals only to second order. Since the main interest in waveform inversions is the
phase perturbation, it is assumed that S-wave velocity variations perpendicular to the
source-receiver path of the lateral heterogeneities are sufficiently smooth to be of little
importance.
In the WKBJ approximation, deviations from a laterally homogeneous model result
in a horizontally averaged wavenumber perturbation Jkn(m) for the wavefield u(m):

eXP[{(k~(m) + Jkn(m))Ll + JZl4)]
u(m) = L An(m) --=----;====-----=
n=!
.y t Jrk~(m)Ll
N

(2)

An important computational advantage of the WKBJ approximation is that the synthetic
seismogram only depends on the model perturbations averaged along the source-receiver
path: J /3(z). In the interest of clarity, we assume that perturbations in the wavefield are
only caused by variations in the S-wave velocity. The average wavenumber perturbation is
given by
S"(akn(m»)
Jkn<m) =
a/3(z) J/3(z)dz.

(3)

o
The partial derivatives akn(m)/ap(z) can be found in, for example, Takeuchi & Saito
(1972). Because in the WKBJ approximation the wavefield depends only on the depth of
the velocity perturbations Ii P(z), the model can be parametrized in N z depth functions
h<T(z) (Nolet 1990):
N,

Ii /3(z)

=L

cr=!

Ycrhcr(z).

(4)

Substitution of (4) into (3) yields an expression for the wavefield as a function of the
model vector r: u(m, r). The aim of the first inversion step is to find a model (or model
vector r) that produces the synthetic which fits the data the best. In other words, we look
for r that minimizes the penalty function F(r) defined by
F(r);;

S[S(t) -

u(t, r)f dt,

(5)

where S(t) is the recorded seismic signal and u(t, r) is constructed as the Fourier
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transfonn of (2). In practice, the signals Set) and u(t, r) are windowed and filtered, and
furthennore, a small damping tenn is added.
In laterally heterogeneous media, the wavefield described by the SEA method can
be expressed in a similar notation to that used in (2):
_ ~ A

U (W ) 

~

new)

exp[i(k~(w)Ll + 1r/4) + Kn(W)]

-'./~ Jrkn(w)Ll

n=1

,

(6)

where Kn(W) is a complex number in this notation. The SEA method is derived in detail
by Marquering & Snieder (1995). The relationship between Kn(W) and the velocity
perturbations 0 P(x, z), where x is the coordinate along the source-receiver minor arc, is
more complex than (3):
Kn(W) =

a fLl

f

LN 2i COm (w)/cO(w)
n
Vnm(z, w) ei(km(fJJ)-k.(fJJ»x 0 P(x, z) dx dz,

°° m=1

~kn(w)km(w)

(7)

where the interaction matrix V nm describes the coupling between modes nand m and is
found from Snieder's (1986) equations by setting the scattering angle f/J to O. c~(w) is the
excitation coefficient for mode n and can be found for arbitrary source parameters in for
example Aki & Richards (1980). Note that in (7) coupling with all modes m is taken into
account in order to describe the wavefield perturbation for mode n. Kn(W) is sensitive to
P(x, z) rather than to P(z). Since coupling may occur over different horizontal positions x
along the path, the wavefield perturbation depends now also on horizontal 'variations in
shear velocity. Although eq. (6) in combination with (7) appears to be more complicated
than the WKBJ fonnulation of eq. (2) in combination (3), the SEA method is identical to
the WKBJ approximation when intennode coupling is neglected (i.e. when in the modal
summation of (7) only the tenn m = n is taken into account).
Since the wavefield modelled using (6) and (7) explicitly depends on the lateral
variation of the shear velocity perturbation, the parametrization (4) cannot be used in the
SEA method. A generalization of (4) which includes a dependence on the position along
the source-receiver path is given by
Nm

oP(x, z) = LV<7!<7(X' z).

(8)

<7=1

Substitution of parametrization (8) into eq. (7) and evaluation of the integral in eg. (7)
produces an expression for u(w) as function of the model vector v.
A disadvantage of the parametrization as given in (8) is that a conventional
parametrization, which samples the model with lengths of the order of lateral
heterogeneities of interest, leads to a number of model parameters N m which is
significantly larger than the number N z of model parameters for a parametrization as in
(4). A reasonable estimate is that N m '" N;. Since the computational effort in schemes
for non-linear optimization is proportional with N 2 , mode coupling may lead to an
increase in computational effort by as much as the fourth power. In order to reduce the
number of model parameters, we make use of the Born approximation for surface-waves
(Snieder 1986) for deriving an efficient reparametrization of the model vector. Although
the Born approximation is only valid for small wavefield perturbations, it is useful in the
sense that it provides a linear relation between data and model:
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6u =Bv,

(9)

where 6u is (ou(m]), ou(ml),···, ou(mN.), v is the vector notation of the model
parameters, and B is the matrix with the partial derivatives of the wavefield with respect to
the model parameters as given by the Born approximation (Snieder 1986). With this
linear relation, a singular value decomposition can be used to determine model parameters
that have a physical relevance. As shown by Marquering & Snieder (1995), a new set of
parameter functions hi(x, z) can be defined using singular value decomposition of the
Hessian B+B, where B+ is the Hermitian conjugate of B:
N..

hi(x, z) = L Dij!j(x, z).

(10)

j=]

In this expression D is the eigenmatrix with the eigenvectors of B+B as columns:
B+B =DAD-I. By limiting the sum over the eigenvalues on the right-hand side of (10),
the model parameters are arranged with decreasing influence on the data. In practice, only
the first few ( IV) model parameters are used in inversion schemes. Using the
transformation (10), eq. (8) is given by
IV

oP(x, z) = L

(11)

y"h,,(x, z),

,,=(

N..

where y"

= LD;;lvi'
i=1

Although the determination of u(t, y) is different for the two methods, the search for
the minimum of the misfit function (5) is carried out in the same manner. Using a
conjugate gradient method (e.g. Press et al. 1986) the minimum of F(y) is found in an
iterative manner. To avoid ending up in a local minimum, the inversion starts with
waveforms filtered for low frequencies, and the higher frequencies are added at every
iteration. The model parameter Yopt for which the minimum of the misfit function is found
provides constraints on the velocity structure along the source-receiver path of the
recorded seismogram.
Usually the constraints Yopt are highly dependent and therefore cannot be uniquely
determined. For the second step of the PWI in which a 3-D earth model is constructed,
we need a set of constraints with uncorrelated errors. In order to determine a set of
independent linear constraints, the Hessian matrix H defined by
_ "(PF(Yopt)

lIij

= d

a

Yi Yj

'

(12)

is introduced. The Hessian can be used to transform the constraints ropt to a system of
independent data 1/:
(13)

where S is the eigenmatrix of H:
H=SAS T .
A is the diagonal matrix with the eigenvalues Ai of H. The uncertainty /).1] is given by:

(14)
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-\I~,
;:;

(15)

1.171;1 ::; ...

where E is defined as the largest value for which F(ropt) + Estill confonns to an acceptable
fit of the seismograms. The combination of several systems of independent constraints 11
can be used in a linear 3-D inversion. With the WKBJ inversion we find, for the average
velocity perturbation along a source-receiver path
bP(Z)

Nz Nz

Nz

;=1 j=1

j=1

= L L Sij1] j h;(z) = L 1]jg/z),

(16)

Nz

where the transfonned functions are given by gj(z)

= LS;jh;(z).

With the SEA inversion,

;=1

for the velocity perturbation beneath a particular source-receiver path we find

b P(x, z)

fJ fJ

fJ

;=1 j=1

j=1

= L L SijTfjh;(x, z) = L 1]jgj(x, z),

(17)

fJ

where gj(x, z) is defined by L Sijh j(x, z).
;=1

The first inversion step produces constraints on structure beneath source-receiver
paths in the fonn of (16) and (17). However, since bP along this path is given for
continuous variables x and z we want to transfonn these relations to a finite set of
independent equations. To facilitate a linear 3-D inversion, a set of dual basis functions
g;(x), which are orthononnal with the set of basis functions gi(X), is introduced:
(18)
x is (x, z) for the SEA inversion scheme and (z) for the WKBJ inversion scheme.
Multiplication of (16) and (17) with their respective dual functions, and integration over
the source-receiver path and depth, leads to the linear relation
(19)
In this fonn, the fitting of each seismogram results in linear constraints on the 3-D
velocity model b P(8, f/J, z) in the fonn of (19).
In the second linear inversion step of the PWI, the 3-D velocity model b P(8, f/J, z) is
expanded in a number of basis functions:
NJ

b P(8, f/J, z)

= L hi s;(e, f/J, z).

(20)

;=1

In order to obtain a 3-D velocity model (20) is substituted in (19) for all source-receiver
path combinations:
a

_

ff
o

Ii {J(8. <P. z) g k(x) dA dz
Pk
A1]k

= ..!!..!- ± 1.
A1]k

(21)

The horizontal integration is carried out along the surface-wave path P k between the
source and receiver that produced the constraint TJ k' In order to scale all the data to unit
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variance, (19) is divided by the uncertainty tJ.TJk. Substitution of (20) into (21) leads to the
linear relation
N,

L,Akib; = qk

± I,

(22)

;=1

in which
(23)

and qk = TJk1tJ.TJk·
Eq. (22) in matrix form is
Ab=q± 1.

(24)

A weighted minimum norm and minimum gradient model solution follows by minimizing
the linear system
(25)
I is the identity matrix which imposes a minimum norm of the model, and its introduction
leads to inversion models closer to the background medium. G is the operator that yields
the gradient of the model, in other words, the introduction of this term leads to smoother
models. In practice, the gradient of the model is assembled from two components: a
horizontal G h and vertical gradient operator Gvo The linear relation (25) can be solved
with a LSQR algorithm (Paige & Saunders 1982), which produces the final inversion
model. One should note that, even though the second inversion step is identical for both
inversion schemes, the constraints obtained with the first step of the inversion schemes are
significantly different. The resolution and smoothness of the inversion models also
depend on how the dual basis functions gk(x) sample the model in eq. (23). Since the dual
functions differ significantly for the two inversion schemes, the resolution and smoothness
for both models are different too and it is therefore not trivial to compare the inversion
results of the two methods.

3. Synthetic inversion experiments
3.1 S-wave velocity models
In this section, we describe synthetic inversions with the two different schemes
discussed in Section 2 for two different S-wave velocity models. For both models
synthetic waveforms at eight stations were inverted for the S-wave velocity. The source
and receivers were situated on one great circle. The closest station had an epicentral
distance of 10 degrees, and the stations were placed at a spatial distance of 5 degrees (see
Fig. 1). The stations are numbered 1 through to 8 with increasing epicentral distance.
The source was placed at 40 km depth, and the Jeffreys-Bullen model was taken as the
reference model. Onto this model a lateral heterogeneity of +5 per cent in the S-wave
velocity was superposed. The lateral heterogeneity in the first model was located between
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Figure 1. Geometrical configuration of the synthetic inversion experiments. The stations
are denoted with a triangle and with their station number. The heterogeneities are shown
with shaded boxes. The light shaded box is the lateral heterogeneity in model 1, the dark
box that in model 2. For both models, the amplitude of the lateral heterogeneity is +5 per
cent. Some geometrical rays of S- and SS- waves are shown in order to indicate which rays
sample the lateral heterogeneities.

15 and 20 degrees epicentral distance from the source and was between the surface and a
depth of 200 kIn. In the second model, a deep velocity perturbation was considered and
was confined to an epicentral distance between 10 and 15 degrees and a depth between
400 and 500 kIn (see Fig. 1). In Fig. 1, a number of geometrical rays for S- and SS- waves
are shown to illustrate which rays sample the lateral heterogeneities.
For both models, the seismograms were obtained using an Invariant Imbedding
Technique (lIT) (Kennett 1984). The lIT provides complete seismograms, including
body-wave and surface-wave arrivals, by surface-wave mode summation including all
mode coupling effects. Twenty surface-wave modes were used for the calculations with
phase velocities of up to 9 km/s. When the set of modes is complete, the lIT provides
exact seismograms, however, the effects of the truncation of the number of modes is
insignificant on the time window and frequency band of our interest. Therefore the
(vertical components of the) seismograms obtained with the lIT are regarded as "data" in
the inversions. The data were band-pass filtered between periods of 10 and 100 s.
From the seismograms two time windows were selected: one containing only the
fundamental mode of the Rayleigh waves and one containing the body-waves and higher
modes. The reason for this separation is that the surface-wave arrivals usually have
amplitudes that are significantly larger than the amplitudes of body-wave arrivals.
Therefore, waveform inversions of unseparated signals would be dominated by the
surface-wave arrivals. By applying the two time windows, the different arrivals can be
corrected for the difference in amplitude. Furthermore, the different time windows can be
fit for different frequency bands. Because short-period fundamental mode Rayleigh waves
travel exclusively through the very heterogeneous crust they are much more sensitive for
scattering effects and multipathing. For this reason the fundamental mode is usually low
passed at lower frequencies than the body-wave arrivals.
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"data"
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• S-wave arrival
.& SS-wave arrival
• fundamental Rayleigh wave mode
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Figure 2. Initial fits of the (synthetic) data obtained with the IIT (solid line) and the
seismograms calculated for the background model (dashed line) for model I. The
beginnings of the arrivals of the S-waves in the seismograms are denoted with a square, the
SS-waves with a triangle, and the start of the surface-wave train with a circle.

Fig. 2 shows the initial fits of the data with the synthetic seismograms calculated for
the background model for model 1. Since stations 1 and 2 are outside the heterogeneous
region, only small discrepancies show up, caused by backscatter effects and in some
degree due to tapering effects during the data processing. Discontinuities in the
seismograms are the result of using separate time windows for the fundamental Rayleigh
wave mode and higher mode surface waves. From stations 3 to 8 the fundamental mode
in the data arrives before the fundamental mode in the synthetic seismograms for the
background medium. The S-wave in the data differs in phase for the seismograms of
stations 3 and 4, whereas the SS-phase arrives faster than predicted for the starting model
in stations 5 to 8. From Fig. I it is clear that the geometrical rays of the body-wave phases
that are actually perturbed sample the lateral heterogeneity or are close to it The
unperturbed phases have geometrical rays far from the heterogeneity near the surface in
Fig. I.
The seismograms for model 2 are shown in Fig. 3. It is clear from this figure that
the surface-wave arrivals are not affected by the deep velocity perturbation. The S-phase

is perturbed in the seismograms of stations 3 and 4, and the SS-phase in the seismograms
of stations 7 and 8. Again, the perturbed phases correspond to geometrical rays that
sample the lateral heterogeneity.
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Figure 3. As Fig. 2, for model 2.

3.2 Synthetic experiments: individual source-receiver models
In the first inversion step the parametrization of the models between source and
receivers in the WKBJ inversion scheme consists offive block functions with depth which
have a width of 100 km:
h;(z)

=1
{

for (i - 1) X 100 km ::; z ::; i X 100 kIn
.
= 0 elsewhere

(26)

The initial parametrization of the SEA inversion scheme (eq. 8) consists of rectangular
cell functions with the same depth parametrization as used for the WKBJ inversion
scheme, and the epicentral distance is parametrized with block functions with a width of 5
degrees (see Fig. 4). The depth parametrization shown in Fig. 4 is the same
parametrization as used in the WKBJ inversion scheme. From this figure it is clear that
the introduction of an x-parametrization leads to a significant increase of model
parameters. For example, this parametrization for station 8 leads to 45 model parameters
whereas for the WKBJ inversion scheme only five model parameters are used in the SEA
inversion scheme. However, due to the reorganization of the model parameters as
described by eq. (11), only seven or fewer transformed model parameters were used. Note
that the parametrization used in this experiment is rather coarse and that the lateral
heterogeneities coincide exactly with the parametrization. We have chosen this
configuration to study purely the effects of the coupling of surface-wave modes. In
realistic experiments the depth parametrization is finer, which leads to even more model
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parameters for a conventional parametrization with the SEA inversion scheme.
Using conjugate gradient methods and partial derivatives of the waveforms with
respect to model perturbations, optimal waveform fits and associated optimum source
receiver models were obtained for all source-receiver combinations. As an illustration, the
final waveform fits obtained with the SEA inversion scheme for model 1 are shown in Fig.
5. For all the seismograms, a good waveform fit was easily obtained.
The l-D inversion results of the WKBJ inversion scheme for all stations, together
with the exact average model perturbations are shown in Fig. 6 for model 1 and in Fig. 7
for model 2. It is clear from these figures that for both models the upper 100 km is well
constrained. This part of the model is sampled by the fundamental surface-wave mode
and the first few higher modes. For these arrivals we do not expect that the neglect of
mode coupling has a large effect (Marquering & Snieder 1995), and it can be expected
that model perturbations obtained with the WKBJ inversion from these arrivals are
reasonably accurate. However, the average velocity structures in the deeper part of the
model differ significantly from the exact average velocity structures for some stations. For
modell, the true velocity perturbation is only non-zero between the surface and a depth of
200 km. The velocity perturbation between 100 and 200 km depth is poorly resolved,
probably due to the lack of sensitivity of the fundamental mode at this depth. More
seriously, for stations 4 to 7, we find a spurious velocity perturbation with an opposite sign
at depths between 200 and 500 km depth. Although Fig. 7 shows a less dramatic bias, the
l-D inversion results for stations for which the 5 or 55 phase is unperturbed, such as
stations 2, 5, 6 and 7, show an average velocity perturbation close to zero, which is a
significant deviation from the exact average velocity perturbation.
WKBJ inversion result
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Figure 6. Average velocity perturbation Ii fJ obtained from the first, non-linear, inversion
step of the WKBJ inversion scheme (solid line) shown together with the exact average
velocity perturbations (dashed line) for model I.
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Figure 7. As Fig. 6 for model 2.

In the following example we explain what causes these deep artificial velocity
perturbations in Fig. 6 for the WKBJ inversion. In Fig. 8(a) the initial fit for station 4 is
shown for the shallow velocity perturbation. It is clear that the fundamental mode has a
large phase shift due to the lateral heterogeneity. However, since the lateral heterogeneity
is not sampled by the body-wave phase, the arrival time of the S-wave is not affected and
the heterogeneity only influences the S-wave coda. To indicate what causes the artificial
deep perturbation with opposite sign, the waveform inversion is now split into two stages.
First, only the part of the seismogram containing the fundamental mode is used in the
inversion. Fig. 8(b) shows the fit of the synthetic with the data after fitting the
fundamental mode only. This results in a positive velocity perturbation in the upper layers
(see Fig. 8(c)). Because in the WKBJ approximation waveforms are sensitive to the
average velocities along the source-receiver path, the body-wave part of the synthetic is in
this approximation also sensitive to this velocity perturbation even though the lateral
heterogeneity is not sampled by the S-wave. Owing to this average velocity perturbation
in the upper layer which is needed to fit the surface-wave mode, the S-wave in the
synthetic is now perturbed with a positive phase perturbation and arrives before the S
wave in the data (see the first panel in Fig. 8(b)). When the S-wave is fitted in the second
stage of this inversion, a correction is needed for this positive phase perturbation. In Fig.
8(d) it is shown that the complete waveform is well fitted. However, a deep negative
velocity perturbation is needed to correct for the positive phase perturbation resulting from
the first stage inversion (see Fig. 8(e)). In other words, because the fundamental surface
wave mode requires a positive averaged velocity perturbation, the S-wave is also
perturbed, and to correct for this perturbation a negative velocity perturbation is required
at depths where the surface-wave mode is not sensitive to model perturbations. Note that
this perturbation of the S-wave is an artefact of the WKBJ theory (Marquering & Snieder
1995; Li & Romanowicz 1995).
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Figure 8. (a) Initial fit for station 4 for the WKBJ inversion scheme. The left panel contains
the body-wave arrivals and the right panel the fundamental mode. The data are shown with
a solid line and the synthetic with a dashed line. (b) The waveform fit after fitting the
fundamental mode of the Rayleigh mode. (c) The horizontal averaged velocity perturbation
as the result of the fitting the fundamental mode. (d) The waveform fit after fitting the
complete seismogram. (e) The horizontal averaged velocity perturbation as the result of the
fitting ofthe complete seismogram.

3.3 Second step linear inversion.

In order to obtain 3-D models, the individual source-receiver models resulting from
the non-linear inversions are combined in a second, linear, inversion step. Because in
these experiments the source and all stations are situated on one great circle, we inverted
for a 2-D velocity model rather than a 3-D model. The parametrization of the model
[s;(8, ¢J, z) in eq. (20)] is equivalent to the initial parametrization used in the SEA
inversion scheme shown in Fig. 4.
Fig. 9 shows the results of the second-step inversions for model I for both inversion
schemes, together with the input model plot with the same smoothing. The inversion
result obtained with the SEA inversion scheme (Fig. 9(b)) shows a clear resemblance to
the input model (Fig. 9(a)), although the amplitude is slightly smaller due to the damping
in the inversion steps. The output model obtained with the WKBJ inversion scheme (Fig.

9(c)), however, shows a significant bias: a deep model perturbation shows up with an
amplitude comparable with the input model but with opposite sign. We have seen in Fig.
6 that for stations 4 to 7 a deep negative velocity perturbation was needed to fit the S-wave
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Figure 9. Inversion results for model I. (a) The input model. (b) Inversion model obtained
with the SEA inversion scheme. (c) Inversion model obtained with the WKBJ inversion
scheme.

phases together with the fundamental mode. Such a negative velocity perturbation is not
present in the input model but results from the fact that the fundamental mode requires a
positive velocity perturbation along the complete source-receiver path, which also
influences the S-wave of the synthetic obtained with the WKBJ approximation. When the
S-wave in the data is not perturbed, the WKBJ inversion corrects for this perturbation with
a deep negative velocity structure that is present in Fig. 9(c).
The inversion results of model 2 are shown in Fig. 10. The inversion result obtained
with the SEA inversion scheme (Fig. lOeb»~ shows a clear resemblance to the input model
(Fig. lO(a», although it is not as good as in the inversion for model 1. The lateral
heterogeneity in the SEA inversion model is smeared out because of the lack of resolution.
However, for the limited amount of data used in the synthetic inversion scheme. the final
inversion model is quite accurate. The WKBJ inversion scheme produces, in addition to a
structure that resembles the input model, an artificial model perturbation with an opposite
sign close to the velocity structure of the input model (Fig. lO(c». This artificial velocity
structure can be explained with the aid of the average velocity perturbations resulting from
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Figure 10. As Fig. 9 for model 2.

the non-linear inversion step of the WKBJ inversion scheme which are shown in Fig. 7.
For stations 3 and 4, an averaged velocity perturbation which is close to the exact
averaged velocity perturbation is required to explain the perturbed S-wave. At stations 5
to 8, however, the S-wave in the data is not perturbed since the heterogeneity is not
sampled, and an average velocity perturbation along the source-receiver path with an
amplitude close to zero is required for these stations. Since stations 3 and 4 require a
positive velocity perturbation and stations 5 and higher an averaged velocity perturbation
close to zero, this results in a lateral heterogeneity with an opposite sign between the
positions of stations 4 and 5.
The neglect of surface-wave mode coupling mainly influences the first, non-linear,
inversion step. The second, linear, inversion is generally underdetermined, and we should
be careful in attributing differences in results to various causes, including damping. We
carried out the second step inversion with various values of the damping parameter al in
eq. (25). No gradient damping (a2 = 0) was applied during these inversions. The top
panels in Fig. 11 show the WKBJ inversion results for model 1 (left panel) and model 2
(right panel) with no norm damping Cal = 0). Omitting the norm damping results in
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Figure 11. Inversion results of the WKBJ inversion scheme for various values of the norm
damping parameter aI. The left panels show the inversion results for modell, the right
panels those for model 2. No norm damping was applied for the results in the top panels.
The models in the middle panels were obtained for aI = 100. For the bottom panels
= 500 was used.

a,

models with artificial structures with significant amplitudes. The results of the linear
inversions including a moderate norm damping (a, = 100) are shown in the middle panels.
From this figure it is clear that the number and amplitude of the artificial structures
decreases when damping is applied. However, the artefacts generated by ignoring mode
coupling are still present. In the lower panels, inversion results are shown which have no
artificial structures; this is as a result of using an inversion with strong damping
(al = 500). This strong damping also results in a significant underestimation of the
reconstructed lateral heterogeneities. As a matter of fact, synthetics calculated for these
models obtained with such a strong damping do not produce acceptable fits to the data. In
Fig. 12 the data are shown together with synthetics for the lateral homogeneous model
(top panel), for the inversion result with
= 100 (middle panel), and for the inversion
result with aI = 500 (bottom panel). This figure shows that the model with aI = 100 still
produces satisfactory fits. For stronger damping, however, the synthetics do not fit the
data acceptably; the inversion model obtained with aI = 500 produces synthetics that have
an arrival-time difference from the data that ranges from 3 to 5 s. It can therefore be
stated that when surface-wave mode coupling is neglected, artificial structures are actually
needed to produce acceptable fits to the data.

a,
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Figure 12. Fits of the WKBJ synthetic seismograms to the data. The data are shown with a
solid line, the synthetics with a dashed line. The left panels show the data and synthetics for
model 1. Since the fundamental mode is not affected by the lateral heterogeneities of model
2 only the S-wave is shown in the right panels. The upper panels show the initial fits of the
data to the synthetics calculated for the starting model. The synthetics in the middle panels
are calculated for the inversion models obtained with al = 100, the bottom panels for a\ =
500.

3.4 Discussion
In this section it has been shown that the neglect of mode coupling can lead to
significant biases in the deeper parts of inversion models when body-wave phases are
modelled by surface-wave mode summation. The path-average method, which can only
be used when mode coupling is neglected, can result in artificial structures for shallow as
well as deep lateral heterogeneities. For shallow lateral heterogeneities these biases are
the result of the assumption that the complete upper layers influence the body-waves.
Corrections for this erroneous assumption result in artificial S-wave velocity structures
with an opposite sign in deeper parts of the model. Similar problems occur for deep
lateral heterogeneities. When a lateral heterogeneity does not affect a body-wave phase,
the WKBJ inversion scheme assumes that along the path the average velocity perturbation
is close to zero, which can also result in artificial heterogeneities in inversion models.
Note that the inversion models obtained with the WKBJ inversion scheme would
produce ray geometrical delay times that differ significantly from the data. For example,
the S-wave arriving at station 4 samples the deep negative velocity anomaly in Fig. 9(c),
which results in a significant negative value of the ray-geometrical delay time. However,
the S-phase in the data, as shown in Fig. 2, is not delayed at all. Since the deep negative
velocity perturbation is, although artificial, a well constrained feature resulting from the
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WKBJ inversion scheme, this suggests that using constraints obtained from a WKBJ
inversion scheme together with ray-geometrical constraints these are conflicting rather
than complementary.
The inversion tests have also shown that the SEA inversion scheme produces
models that are close to the input models, which is an indication that it is a valid method
to use in waveform inversions including body-wave phases.
One should note that for these synthetic inversions several complications that affect
real inversions are avoided: the lateral heterogeneities coincide exactly with the
parametrizations used in the inversion tests and source effects, multipathing, and
scattering are not taken into account. Although it is known that the latter effects may
disturb inversion results, they were neglected in order to study purely the effects of
neglecting mode coupling.

4. Inversion for S-wave velocity structures beneath central and eastern
Europe
Zielhuis & Nolet (1994) have used the WKBJ approximation to invert for the S
wave velocity beneath Europe. The most significant feature in their EUR-S91 model is
the strong lateral variations of the S-wave velocity below the Tornquist-Teisseyre Zone
(Tn), which is the boundary between the old Russian platform and the younger parts of
central Europe. In the upper 200 km of the model of Zielhuis & Nolet (1994), the
velocities beneath the Baltic Shield and Russian Platform are significantly higher than
those beneath central Europe. At larger depths, however, their model shows low velocities
beneath the Baltic Shield, whereas central Europe shows higher velocities at these depths.
Nolet & Zielhuis (1994) have suggested that the low velocity anomaly deep below the
Baltic Shield is an indication of the injection of water and erosion of the tectospheric root
in the mantle at the time of the closure of the Tornquist sea.
The neglect of surface-wave mode coupling may lead to artificial deep structures in
inversion results with an opposite sign to the shallow structures. A reversal of the sign of
velocities with depth can also be found in the EUR-S91 model. In order to find out if the
Table 1. List of the hypocentres ofearthquakes used in this study.
Event
1
2
3
4
5
6
7
8
9
10
11

Date
16 Nov 1982
30 Oct 1983
21 Jun 1984
09 Nov 1985
05 May 1986
11 Oct 1986
27 Apr 1989
07 Jun 1989
31 May 1990
16 Jun 1990
18 Jul 1990

Time
23:41:20.8
12:40:25.5
10:43:40.5
23:30:42.9
03:35:38.0
09:00:10.9
23:06:52.2
19:45:53.7
00:17:04.5
02:16:21.2
11 :29.24.5

1

'I

Latitude
40.82
40.35
35.31
41.26
38.02
37.94
37.03
38.06
45.81
39.26

Longitude
19.58
42.17
23.28
23.98
37.79
28.56
28.18
21.62
26.77
20.53

36.99

29.59

1

'I

Depth (km)

mb

20
31
25
18
04
05
14
25

5.5
5.3
5.8
5.5
5.7
5.4
5.3
5.0
6.1
5.6
5.2

~~

17
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Table 2. List ofstations and their geographical coordinates.
Station

Latitude

Longitude

BER
GRFO
KEY
KONO
NE02
NE03
NE04
NE05
NE06
NRAO
OBN

60.387
49.692
69.7553
59.649
56.459
55.045
52.813
52.088
50.097
59.649
55.114

5.3256
11.222
27.0066
9.5982
9.17
9.153
6.668
5.172
4.595
9.5982
36.596

reversals of the sign of velocities perturbations with depth in the EUR-S91 model are an
artefact of neglecting mode coupling, we carried out inversions for the S-wave velocity
structure beneath Europe with and without taking mode coupling into account. To reduce
the computational effort, we used a subset of the data (33 out of 206 paths) and considered
only paths in the direct neighbourhood of the TIZ.
4.1 The non-linear inversion
In Fig. 13 the source-receiver paths of the data that were used in this study are
shown. The earthquakes and seismic stations employed are listed in Tables 1 and 2. See
Zielhuis & Nolet (1994) for a brief description of the data selection and selection of
background models. The waveforms in the time window from the arrival of the S-wave
phases up to the fundamental mode of the Rayleigh wave were used in the inversions.
Although this part of the seismogram is simultaneously inverted, the fundamental mode of
the Rayleigh wave was treated in a different time window from the rest of the signal in
order to apply different weighting and filtering. The fundamental mode was low passed at
25 mHz in order to avoid effects due to scattering and multipathing. The body-wave
phases and higher modes were fitted for frequencies up to 60 mHz. For the first inversion
step, the crust and mantle were parametrized with nine block functions with depth. The
widths of the block functions increase with depth and are 29, 51, 60, 60, 100, 100, 135,
135, and 1700 km, respectively. This parametrization was used for the WKBJ inversion
scheme whereas an x-parametrization with block functions with a width of 5 degrees was
superposed for the initial parametrization of the SEA inversion scheme. After an optimum
fit of the synthetics to the data was obtained, the parameters that constrain the model
between sources and receivers were transformed into a set of independent constraints (see
eqs 12-17). We did not employ any model constraints 1]; for which the uncertainty !i.1];
was larger than a perturbation of 100 per cent:
(27)
4.2 Linear 3-D inversion
The non-linear inversions of the 33 seismograms resulted in a set of 290 linear
constraints for the WKBJ inversion scheme and 260 linear constraints for the SEA
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Figure 13. Source-receiver paths used in the inversion schemes. The positions of the
sources are marked with a circle and those of the receivers with a triangle. The Tornquist
Teisseyre Zone is denoted with the thick dashed line.
inversion scheme. To invert for the S-wave velocity, the 3-D model was parametrized with
a grid of cells. The model of interest is between 3. 5°E and 43. 5°E and 35°N and 70 o N.
The width of the cells was 1.25 degrees in latitude as well as in longitude. The depth of
the 3-D model was parametrized with the same parametrization as used in the non-linear
inversion step. This parametrization leads to 8064 unknowns, which is significantly more
than the number of constraints and the model is therefore strongly underdetermined. To
avoid instabilities in the solution, strong damping needs to be applied. In the second
inversion step, norm damping as well as gradient damping was applied.
One should keep in mind that the model constraints obtained with the non-linear
inversion have significantly different characters for the two inversion schemes. The
WKBJ inversion scheme produces constraints that contain information on the average
structure between a source and receiver, whereas the constraints obtained with the SEA
inversion contain information over a function that is distributed in a more complicated
manner beneath the source-receiver path. Therefore, the constraints obtained with the
WKBJ inversion scheme have a smoother character than the constraints produced with the
SEA inversion scheme. When the 3-D inversion step is carried out by solving (25) with
the same damping values for al and a2 for both inversion schemes, the 3-D model
obtained with the WKBJ inversion scheme is smoother than the model obtained with the
SEA inversion scheme. This would lead to another cause of deviation between the WKBJ
and SEA models, and makes it rather difficult to contrast the two 3-D velocity models on
the basis of effects of neglecting surface-wave mode coupling only. Conventionally, the
linear inversion step is carried out with damping values that optimize the trade-off
between the smoothness of the model and data misfit. However, since our main aim is to
study the effects of neglecting surface-wave mode coupling, we follow a slightly different
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Figure 15. As Fig. 14, with the exception that the damping values of the SEA inversion
scheme are adjusted in such a way that the two spectra fit as good as possible.

Chapter 4

92

procedure. In an attempt to compare the two models, we introduce a simple angular
Fourier spectrum of the models defined by
1P2 Ih

S/(ko,krp)

=

ff
rpJ

oPM,iP)exp[i(koO+krpiP)] dO diP.

(28)

0,

op/(O, iP) is the velocity perturbation for layer I of a model. We first produced a model
with the WKBJ inversion scheme. By trial and error we searched for the largest values of
a\ and a2 that produce a 3-D velocity model for which synthetic seismograms for the
WKBJ inversion still fitted the data sufficiently well. Using (28) we calculated the spectra
of this model, and, by adjusting the damping parameters al and a2 for the SEA inversion
scheme, we tried to find a 3-D model with a spectrum comparable to the spectrum of the
model obtained with the WKBJ inversion scheme.
Fig. 14 shows the normalized spectra S/(k), where k = ~ k~ + k~, for the 3-D models
obtained with the WKBJ and SEA inversion schemes for the same damping values. From
this figure it is clear that, especially for layers 4-9, the 3-D model obtained with the WKBJ
inversion scheme is indeed smoother. In Fig. 15 the spectra of the SEA model with
adjusted damping values are shown together with the spectra of the WKBJ model.
Although the spectra in Fig. 15 still differ, they coincide much better than the spectra in
Fig. 14. The fit of the synthetics calculated for the SEA inversion with the adjusted
damping parameters was not as good as for the initial parameters, but could still be
considered acceptable.

4.3 Comparison ofthe models
First, we would like to stress that the main aim of the inversions for S-wave velocity
structure beneath central and eastern Europe with the two different techniques is to study
the effects of the neglect of surface-wave mode coupling on the inversion results such as
the EUR-S91 model. For the EUR-S91 model, a much larger amount of data was used,
and it is not the aim of this chapter to present here an improved model of the S-wave
velocity structure beneath Europe, but rather to provide justifiable error estimates due to
ignoring mode coupling for some of the more prominent features in this model in central
and eastern Europe.
In this section several horizontal and vertical cross-sections of the inversion models
are presented in order to indicate similarities and differences between the two models. In
Fig. 16 the horizontal cross-sections of the models for layer 3 are shown, which
corresponds to a depth between 80 and 140 km. Fig. 16(a) shows the model obtained
using WKBJ and Fig. 16(b) the cross-section of the model obtained using SEA. This
figure reveals the most prominent feature of the S-wave velocity structure beneath Europe:
the sharp boundary between the slow younger parts of central Europe and the fast Baltic
Shield and Russian Platform. High velocities in south-western Germany and low
velocities below Turkey and the northern Aegean Sea also show up at this depth. These
velocity anomalies are also present in previous models of the seismic velocities beneath
Europe such as the P-wave velocity model of Spakman (1991). For this layer, as well as
for layers 1 and 2, the difference between the two models is small. The similarity between
the models at these depths is not surprising. The upper parts of the model are mainly
sampled by the fundamental mode of the Rayleigh wave, and surface-wave mode coupling
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Figure 16. Horizontal cross-section of the 3-D models obtained with the WKBJ inversion
scheme (aj and with the SEA inversion scheme (bj for layer 3 which corresponds to a depth
between 80 and 140 km.
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Figure 17. As Fig. 16, for layer 6, which corresponds to a depth between 300 and 400 km.

is not an important feature for this phase, therefore one can expect that for these depths the
introduction of mode coupling does not affect the model reconstruction.
In Fig. 17 the velocity perturbations for a depth between 300 and 400 kIn are
shown. At this depth the prominent velocity contrast across the 1TZ that shows up in the
upper layers disappears and an alternating pattern of high and low velocities occurs on
both sides of the ITZ. A prominent difference between the two models in Fig. 17 is that
for the WKBJ inversion the high velocity in south-western Germany in Fig. 16 is still at
the same position as in layer 3, whereas for the coupled inversion result it is shifted
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Figure 18. As Fig. 16,for layer 8, corresponding to a depth between 535 and 670 km.

towards the south-east. This structure is only sampled by the body-wave data recorded at
the Nars stations NE04, NE05 and NE06 in the Netherlands and Belgium. For this data
we would expect no resolution at this depth straight below the stations, since the S-wave
arriving at these stations samples this layer further away from the stations. In the model
resulting from the SEA inversion scheme, the high velocity anomaly is shifted to the
south-east where the rays intersect the layer between 300 and 400 km. The same feature
occurs for the low-velocity structure beneath the Black Sea, which is shifted north
westwards along the rays in the SEA inversion compared to the WKBJ inversion. A direct
comparison with the cross sections in Zielhuis & Nolet (1994) is hampered by the fact that
our model averages over a thicker layer.
The models for a depth between 535 and 670 km are shown in Fig. 18. In this
figure the low velocities beneath eastern Europe and high velocities beneath the central
part of Europe are clearly visible for both models. However, the amplitude and extension
of the anomaly are less for the model obtained with the SEA inversion scheme. Another
striking feature is that the concentration of lateral heterogeneities is in the centre of the
model for the inversion model obtained with the SEA inversion. Because the rays of the
body-wave phases sample the model at this depth far from the sources and receivers, it
only correctly produces model perturbations at the centre of the model. However, since
the WKBJ approximation imposes constraints at this depth on the horizontally averaged
structure along the complete path between sources and receivers, this results in model
perturbations straight below earthquake and station positions. For example, at this depth,
the inversion model obtained with the WKBJ inversion scheme still has a large high
velocity structure straight beneath south-western Germany.
In order to provide more insight into the models, several vertical cross-sections
below some of the source-receiver paths are shown.
Fig. 19 shows a vertical cross section from event 6 (eastern Turkey) to station NE03
(Denmark) and samples the younger parts of Europe to the west of the TTZ. The low
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Figure 19. Vertical cross-section from eastern Turkey (event 6) to Denmark (station NED3).
(a) Map rotated in such a way that the source-receiver path is the equator. The source
receiver path is denoted with the thin solid line. The TlZ is indicated with a fat dashed line.
(b) The velocity perturbations with respect to the PREM model obtained with the WKBJ
inversion scheme. (c) As (b) obtained with the SEA inversion scheme. (d) The horizontally
averaged velocity perturbations along the source-receiver path for the WKBJ (solid line)
and SEA (dotted line) models.

velocities in the upper part of the model are clearly present in both models. However, the
high velocities deeper in the model are stronger in the WKBJ model (Fig. 19(b» than in
the model with taking mode coupling into account (Fig. 19(c». Velocities averaged along
the source-receiver path (Fig. 19(d» show that the WKBJ model has a significant positive
velocity perturbation below 400 kIn which is not present in the SEA model. In Fig. 20 the
initial fit for event 6 and station NE03 is shown. From this figure it is clear that the
surface-wave, as well as the body-wave, arrivals are slower than the background velocity
model predicts. The positive velocity perturbation shown in Fig. 19(b) is therefore not
expected from the data and it can be stated that this deep velocity perturbation is the result
of the use of the incorrect theory. Such a reversal with depth is a typical artefact in the
model obtained with the WKBJ inversion scheme.
The ,next vertical cross-section, shown in Fig. 21, is located to the east to of the ITZ
and runs from event 5 (southern Turkey) to station NRAO (south-eastern Norway) through
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Figure 20. Observed waveforms (solid lines) for event 6 recorded at station NE03 and
predictions for the lateral homogeneous background models (dashed lines).
(a)
40N

45N

50N

55N

WKBJ

................ SEA

6200

200

~ 400

2'

'"

~

(c)

'8

6000 [
:;?

.§

5800

600

300

~
~
c. 600

~

5600

800

3000

1000
2000
epicentral distance (km).

-5%

I

11::::::~:::::::I:::II:4_

!:!

-4 -2 0 2 4
o~ in %

+5%

Figure 21. As Fig. 19,jor event 5 and station NRAO.

the old Russian platform. In Fig. 21 the significant high velocities to the north of the
Black Sea are shown for both models. The low velocities beneath the Black Sea are also
clearly present in both models. In the deeper parts of both models, beneath the fast
regions, a low-velocity structure can be found. This test indicates that the low velocities
are not caused by the effects of neglecting mode coupling but are indeed present below the
fast regions to the east of the TIZ. The exact depth of the low velocity region is different
in both models but this can be explained by the lack of resolution of these inversions. Fig.
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Figure 22. As Fig. 19, for event 6 and station NE04.
21(d) indicates that the deep velocity perturbations averaged along the source-receiver
path for the SEA model are smaller than for the WKBJ model. This is an indication that
the WKBJ model overestimates the actual amplitude of the deep low velocities. However,
the low velocities beneath the eastern part of the TIZ persist in the model for which mode
coupling is taken into account.
Finally, a vertical cross-section through the model running from event 6 to station
NE04 is shown in Fig. 22. The position of the earthquake as well as station are on the
edge of the sampled model. This vertical cross-section shows another typical feature that
is apparent in the model from the WKBJ inversion: strong lateral heterogeneities are
present deep beneath the positions of the station and earthquake. This is an unphysical
artefact because the model is not sampled at these locations by the wavefield. In the SEA
inversion model (Fig. 22(c)) these artefacts are absent. Because in the theory of the
WKBJ approximation it is assumed that the complete path below the source-receiver
minor arc is sampled, the model is constrained at this depth. However, it is clear from a
physical point of view that the data used provide no resolution at these depths and that
these structures can not be warranted by the data. The model obtained using the SEA
inversion scheme shows a deep positive model perturbation only at the parts of the data
where resolution is expected. Fig. 22 shows another typical feature of the inversion model
obtained with the WKBJ inversion scheme, which has also been recognized by Li &
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Romanowicz (1995), namely the larger rms lateral heterogeneity for larger depths for the
WKBJ model than for the model for which mode coupling is taken into account.

s. Conclusions
Because of its computational effort, surface-wave mode coupling is often neglected
in inversions of waveforms including body-wave arrivals. We have presented a non-linear
waveform inversion scheme based on the PWI that includes surface-wave mode coupling
using the SEA. Although this inversion scheme requires several computationally
demanding calculations in which model parameters are transformed into a small set of
physically relevant parameters, the subsequent computational effort for the actual
waveform inversion is equivalent to an inversion scheme that neglects surface-wave mode
coupling.
We have investigated the effects of neglecting mode coupling on inversion results by
inverting waveforms with two inversion schemes: the SEA and the WKBJ inversion
schemes which respectively includes and neglects surface-wave mode coupling. Synthetic
waveform inversions have shown that neglecting surface-wave mode coupling can result
in significant biases in the deeper parts of inversion models, and artificial structures are
produced to correct for mode-coupling effects. Strong norm damping in the inversion
might remove these artificial structures, but this also results· in a significant
underestimation of the actual lateral heterogeneities, and synthetics for such a model fail
to fit the data acceptably.. The discrepancies between the input model and the inversion
results of the SEA inversion scheme are small, which is an indication that this method is a
valid scheme to use for inversion of waveforms including body-wave arrivals.
In order to study possible bias effects due to the neglect of mode coupling in the
EUR-S91 model of Zielhuis & Nolet (1994), the two inversion methods have also been
applied to a part of their data set. In the upper part and, to a lesser extend, in the well
sampled deeper part, the WKBJ inversion and the SEA inversion lead to models that are
qualitatively similar. However, some typical effects due to the neglect of mode coupling
in the WKBJ inversion have been recognized:
(1) The presence of deep velocity structures at the edge of the inversion model which
cannot be warranted by the data.
(2) A tendency for the sigh of heterogeneities in the inversion model to reverse with
depth.
(3) A larger rms value of the S-wave velocity in the deeper part of the model.
Models produced by the WKBJ inversion and SEA inversion are quantitatively quite
different. However, the deep low velocities found east of the TfZ, discovered earlier by
Zielhuis & Nolet (1994), are not significantly affected by ignoring mode coupling. We
conclude, therefore, that these low velocities cannot be ascribed to an artefact of the
WKBJ approximation, and the urgency for a comprehensive explanation, involving
geodynamical constraints as well as mineralogical data at high pressures and
temperatures, remains.
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Shear wave velocity structure beneath Europe, north
eastern Atlantic and western Asia from waveform
inversions including surface-wave mode coupling
Summary Wavefonns of 449 seismograms have been inverted for S-wave velocity
structures beneath Europe, the north-eastern Atlantic, and western Asia down to a
depth of 670 Ian. Recorded wavefonns were used in the time window starting at the
S-wave arrival and ending after the fundamental mode Rayleigh wave arrival. The
inversion method is based on the Partitioned Wavefonn Inversion (Nolet 1990), with
the difference that synthetics are calculated taking surface-wave mode coupling into
account in order to model body-waves in laterally heterogeneous media more
accurately. The partitioning of the inversion procedure makes non-linear
optimization feasible, even for inversions including surface-wave mode coupling.
The non-linear inversion of the wavefonns resulted in linear constraints on the 3-D
velocity structure. In a second step, these constraints were used in a linear inversion
for the 3-D shear wave velocity model beneath Europe, north-eastern Atlantic and
western Asia.
The EUR-SC'95 model is presented which is characterized by a wide range of
length-scales of the velocity structures. In central Europe where the ray-density is
highest, small-scale structures are recovered, such as the presence of high velocities
associated with the Hellenic subduction zone. On the edges of the inversion model
where the ray-density (and therefore also the resolution) is poorer we find larger scale
features such as the relatively laterally homogeneous high velocity structure beneath
the Russian Platfonn to a depth of 300 Ian.
In this paper we discuss the inversion method, data processing, parametrization
problems due to the introduction of surface-wave mode coupling, spatial resolution
of the model, and structures in the EUR-SC'95 model.
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1. Introduction
The growing number of seismic stations due to installations of local, high density
networks as well global seismic stations, has greatly increased the amount of high quality
seismological data. In combination with increased computer power available,
seismologists can produce more accurate models of lateral variations of the Earth's
seismic velocities. Numerous angles of approach have been developed to make use of the
growing quantity of data and computer facilities. On the one hand the growing amount of
data and computer memory facilitates large-scale inversions which make use of very large
amounts of data (e.g. Su, Woodward & Dziewonski 1994; Trampert & Woodhouse 1995).
On the other hand, the increase in computational facilities makes it possible to carry out
inversions based on more accurate theories including complexities such as ray bending
effects (e.g. Thurber 1983; Bregman, Bailey & Chapman 1989; Pulliam & Snieder 1995),
seismic anisotropy (e.g. Montagner & Tanimoto 1991), or mode coupling effects (Li &
Romanowicz 1995; Marquering, Snieder & Nolet 1996). The wide variety of inversion
methods consequently results in a wide range of models for the Earth's heterogeneities.
One can appreciate the variety of tomographic models by comparing the models obtained
from regional travel time tomography (e.g. Spakman 1991; van der Hilst, Engdahl &
Spakman 1993) to global models obtained with nonnal mode data and long-period
wavefonns (e.g. Woodhouse & Dziewonski 1989; Tanimoto 1990a). The dominant length
scales of heterogeneous structures in those two classes of models differ by more than an
order of magnitude (Passier & Snieder 1995a). Because of the higher frequency content
of the data used, the higher ray density, and the shorter length of propagation paths, the
resolution obtained in regional inversions is superior. Unfortunately, such regional studies
are only possible in areas with high seismic activity on a dense distribution of seismic
stations. Furthennore, regional travel-time tomography is usually limited to inversions for
P-wave velocity structures because of the limited quality of S-wave travel time
determinations, and because the relation between travel times and model perturbations is
less linear for S waves, especially in the presence oflow velocity zones (Wielandt 1987).
Alternatives to travel time inversions for S-wave velocity structure are inversions
which make use of surface-wave data since surface-waves are dominantly sensitive to S
wave velocity structures. However, for intennediate periods (up to 100 s.) surface-waves
are only sensitive to structures to a depth of 300 km which limits the depth resolution.
Nolet (1990) suggested to make use of the full wavefonn of the seismic signal starting
from the direct S-wave arrival up to the fundamental mode of the Rayleigh wave in order
to obtain a better depth resolution and a larger penetration. In this approach, the complete
wave train is modelled by surface-wave mode summation where the WKBJ approximation
is used to compute synthetics in laterally heterogeneous media. This method was first
applied successfully to inversions for 3-D S-wave velocity models by Zielhuis & Nolet
(1994). Marquering & Snieder (1995) have shown that to accurately model S-wave
arrivals in laterally heterogeneous media by surface-wave mode summation, surface-wave
mode coupling is required, which is neglected in the WKBJ approximation. Synthetic
inversion experiments of Marquering, Snieder & Nolet (1996) showed that neglecting
mode coupling can significantly bias models obtained from wavefonn inversions. They
inverted a subset of the data set used by Zielhuis & Nolet (1994) to study possible a bias
effects in the EUR-S91 model. Although the inversion models obtained by the two
different methods were qualitatively similar, significant biases due to the neglect of
surface-wave mode coupling were recognized: deep velocity structures at the edges of the
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model which are not warranted by the data, a tendency for the sign of heterogeneities to
reverse with depth, and a larger nns value of velocity structures in the deeper part of the
model. In order to avoid biases in inversion models, and because the extra computing
effort is minor, the Scalar Exponent Approximation (SEA; Marquering & Snieder 1995) is
used here instead of the WKBJ approximation in a large-scale regional inversion of
wavefonns for S-wave velocity structure.
The EUR-S9l model of Zielhuis & Nolet (1994) can be seen as the most extensive
model of the S-wave velocity structure beneath Europe to date. Fonner studies of e.g.
Mayer-Rosa & Mueller (1973), Panza, Mueller & Calcagnile (1980), Paulssen (1987),
Snieder (1988b), and Grand (1994) produced models beneath Europe with poorer vertical
or horizontal resolution than the EUR-S9l model because of the smaller amount of data
used in these studies. The increased availability of digital data from seismic stations in
Europe allows us to carry out inversions with increased resolution. However, the
distribution of sufficiently large magnitude earthquakes in Europe is inhomogeneous and
is the limiting factor in inversions for seismic velocities. In this study, the area of interest
extends from the North-Atlantic Ridge deep into the Russian platfonn. The area of
interest (compared to the EUR-S9l model) is extended to the West in order to include
earthquakes at the Atlantic Ridge which leads to increased resolution of the model in
central Europe. Furthennore, this expansion of the area allows a regional inversion of the
north-eastern Atlantic. In global models the Atlantic appears to be one of the least
heterogeneous areas. However, low velocities beneath the Atlantic Ridge are commonly
recognized, and some studies suggest localized low velocities beneath Iceland and the
Azores associated with hotspots (e.g. Zhang & Tanimoto 1993; Grand 1994). Fonner
regional inversions of the Atlantic of e.g. Honda & Tanimoto (1987) and Mocquet,
Romanowicz & Montagner (1989) suffered from a limited amount of data, and this study
should improve the resolution in the north-eastern Atlantic significantly. Sheehan &
Solomon (1991) have shown that lateral velocity variations are present along the Mid
Atlantic Ridge using SS-S differential times. Their results also indicate low velocities
beneath Iceland. However, distinctive anomalies beneath the Azores hotspot were not
observed even though the data density in this region is higher than in the Iceland region.
The area of interest is also extended eastwards. The EUR-S9l model shows a
strong velocity contrast in the most eastern part of the model, associated with the
Tornquist-Teisseyre Zone (TIZ) which is the boundary between the Precambrian crust of
the Russian Platfonn and the younger crust of central Europe. Expanding the inversion
area eastwards, we were able to study how this velocity transition continues to the East.
Although the area of this study is larger than Europe itself, it will sometimes be referred to
as "Europe" throughout this paper for simplicity.
Since this inversion procedure has not been used before in a large-scale regional
inversion, the various steps of the inversion scheme are also illustrated with one of the
seismograms used in the 3-D inversion in this paper.

2. Theory
Although the Partitioned Wavefonn Inversion (PWI) has been described by Nolet
(1990, 1993) and Zielhuis & Nolet (1994) for the forward problem based on the WKBJ
theory, and for the forward problem based on the SEA by Marquering, Snieder & Nolet
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(1996), we summarize the main points in this section for the sake of clarity. Inversions for
3-D velocity structures using PWI consist of two steps. Firstly, waveform data are
inverted for linear constraints on the velocity structure between source and receiver that
predict optimal waveform fits to the observed seismograms using a non-linear
optimization method (Nolet, van Trier & Huisman 1986). Secondly, the linear constraints
obtained from many crossing paths are combined in a linear inversion for a 3-D velocity
model.
When the velocity perturbation between source and receiver 0 P(x, z) is
parametrized by a number of basis functions hi(x, z) with expansion coefficients Yi,
N

oP(x, z) = L Yihi(x, z),

(1)

i=l

where x is the distance along the source-receiver path and z is the depth, the first step of
the inversion can be formulated as finding the minimum of the penalty function F(r):
F(r) =

f

[Set) - u(t, r)]2 dt,

(2)

where Set) is the time-windowed, filtered data and u(t, r) is the synthetic seismogram
with the same time window and frequency band for the model vector r of expansion
coefficients. As shown by Marquering & Snieder (1995), the x dependence of the basis
functions hi is required if surface-wave mode coupling is introduced. The parametrization
of the model between source and receiver should be well-considered since the
computational effort in non-linear optimization schemes is proportional to the number of
parameters squared. Marquering & Snieder (1995) suggesteding use of the Born
approximation (Snieder 1986) in order to determine a restricted set of significant model
parameters. This procedure consists of using a large set of initial model parameters,
determine the most significant combinations of this set and invert for these only.
Marquering & Snieder (1995) have shown how synthetics for arbitrary model
perturbations r can be calculated efficiently while accounting for surface-wave mode
coupling effects by making use of the SEA. To avoid large velocity perturbations in the
model between the source and receiver, the search for the minimum of the penalty
function is damped slightly. Determination of the partial derivatives of displacement
u(t, r) with respect to model perturbations Yi is computationally the most demanding
procedure. Therefore these are calculated only once for every source-receiver
combination and are stored in order to facilitate an efficient non-linear inversion.
The minimum of the penalty function results in constraints rapt on the model
between the source and receiver. However, it is likely that these constraints are correlated.
In order to obtain constraints on the model with uncorrelated errors, the Hessian H
..
H IJ

2

= a F(r"l't)
-, -,
OriOrj

,

(3)

is introduced. Uncorrelated constraints can then be constructed by carrying out a
transformation in the model space

(4)
where S is the eigenmatrix with the eigenvectors of H as columns. This implies that
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H = SAS T , where A is the diagonal matrix with the eigenvalues A.i of the Hessian.
Errors in the constraints are due to stochastic noise and modelling limitations. In
order to avoid the difficult task of estimating errors due to modelling limitations, a
confidence value e is chosen for which the misfit F(ropt) + e still conforms to an
acceptable fit of the synthetic with the data. With the use of this confidence level
uncorrelated errors l17]i are given by
II17]i l :$;

~ f2£.
'\J
A;

(5)

The velocity model between the source and receiver can now be constrained by
N

fJ(x, z) = fJo(z)

+ L(7]k

± l17]k)gk(X, z),

(6)

k=l

where fJo(z) is the background velocity used in the non-linear inversion for a specific path.
The basis functions for the uncorrelated constraints are defined by
N

gk(x, z) = L Sik hi(x, z).

(7)

i=1

To further facilitate a linear 3-D inversion, a set of dual basis functions gi(x, z) is
introduced which are orthonormal with the set of basis functions gi(X, z):
u d

JJ

gi(x, z) . gj(x, z) dx dz = oij.

(8)

°°

A 3-D velocity model, presented as fJ~D(Z) + 0 fJ3D(£), ¢J, z), where fJ~D(Z) is the
background velocity model used for the 3-D model, and 0 fJ3D are perturbations to this
background model, can now be related to the linear constraints via
a

JLO

a

fJ3D(0, ¢J, z)g;(x, z) dx dz = 7]i

+

° '

J

fp[fJo(z) -

° '

fJ~D(Z)] gi(X, z) dx dz ±

l17]i,(9)

where Pi represents the path between source and receiver that produced the constraint 7];.
The middle term on the r.h.s. of (9) represents the correction term for using different
background velocity models for the non-linear and the 3-D linear inversion steps. In the
second linear inversion step, the 3-D model 0 fJ(O, ¢J, z) is expanded in a set of basis
functions.

ofJ3D(0, ¢J, z) =

N 3D

L bisi(O,

tP, z).

(10)

;=1

Substitution of (10) into (9) leads to the matrix formulation

Ab = q± 1,

(11)

with
u

Aij =

_

JJ
°

Pk

gk(x, z)

11

T/k

Si(O, ¢J, z) dl1 dz.

(12)
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and

q, [q, +
=

I

LY'''(Z) - Pl'D(Z)].f,(x, z) <Lx

dz1' ,,",.

(13)

The data are divided by the uncertainty t1'l; in order to scale them to unit variance. A
minimum norm and minimum gradient constraint is imposed on the model by solving the
regionalized system
(14)
rather than (11). I is the identity matrix which imposes a minimum norm of the model,
and G is the operator that yields the gradient of the model. The linear relation (14) can be
solved using the LSQR algorithm (Paige & Saunders 1982).
When a 3-D model vector b is obtained, it must be checked by calculating
corresponding synthetics in order to examine the waveform fits to the data. Calculations
of seismograms for 3-D models represented by the model vector b is not straightforward.
Partial derivatives are available for the (non-orthogonal) basis functions h;(x, z) given in
(1). In order to determine values for r corresponding to the 3-D model, a set of dual basis
functions h;(x, z) to h;(x, z) need to be determined. Through the use of the set of dual
functions h;(x, z), the model parameters can be determined by evaluation of the integrals
N JD

Yi =

L bi

j=1

ff .
a

s/fJ,!p,z)h;(x,z)dt1dz.

0

(15)

P,

3. Data selection
In Fig. I the epicentre, station locations and source-receiver paths of the data used
in this study are shown. We used data from several networks of digitally recording long
period and broad-band stations located in Europe and the Western part of the former
Soviet Union such as; NARS, GDSN, GSN, Blacknest, Geoscope, Graefenberg,
MEDNET, and GRSN. The stations from which data were collected are listed in Table 1.
Data were selected for events with accurately known source mechanisms and hypocentre
location. An instrument correction was applied and if necessary the data were
transformed to displacement seismograms. hypocentre locations and origin times were
mostly taken from the ISC catalogue. The remaining source parameters (source duration,
strike, dip, rake, strength and depth) were usually taken from the Harvard catalogue
(Dziewonski, Chou & Woodhouse 1981). Data from earthquakes with magnitude mb
from 4.7 to 6.3 were used. Smaller earthquakes suffer from inaccurate hypocentre
determination, whereas stronger earthquakes can usually not be modelled with a point
source in space and time. As a simple check of the accuracy of the focal mechanism
determination and hypocentre depth, waveforms of the data were compared with synthetic
seismograms calculated for given source solutions and various background velocity
models. If no satisfactory waveform fits could be obtained with published source
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Table 1. List ofstations and their geographical coordinates.
Station
NE02
NE03
NE04
NE05
NE06
NE07
NElO
NEll
NE12
NE13
NE14
NE15
NE16
NE17
NEl8
NE19
NE20
NE21
NE22
NE24
NE25
NE26
NE27
NE28
NE31
NE34
NE35
NE36
NE38
NE39
NE40
BER
BGIO
NRAO
ANTO
GRFO
KEV
KONO
PAB
TOL
ARU
ESK
KIV
LVZ
DBN

GRAI
GRC2

Latitude
56.459
55.045
52.813
52.088
50.097
49.074
43.086
41.814
40.642
38.685
37.190
50.867
45.763
39.881
45.304
42.458
36.853
40.403
36.728
38.355
40.821
42.886
38.532
41.414
52.264
52.311
51.972
51.442
52.504
51.342
51.976
60.387
31.722
59.649
39.869
49.692
69.755
59.649
39.546
39.881
56.430
55.317
43.95
67.898
55.114
49.692
48.868

Program
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
NARS
GDSN
GDSN
GDSN
IRIS/ASL (GSN)
BGRlIRIS/ASL (GSN)
IRIS/ASL (GSN)
IRIS/ASL (GSN)
IRIS/ASL (GSN)
IRIS/ASL (GSN)
IRIS/IDA (GSN)
IRIS/IDA (GSN)
IRISIIDA (GSN)
IRIS/IDA (GSN)

# data used
4
8
17
10
10
5
3
2
1
9
13
12
10
10
1
2
2
2
4
3
3
4
2
1
2
2
3
2
2
1
3
4
2
11
9
6
28
36
3
5
12
6
16
1

36.596

IRISIIDA (GSN)

21

11.222
11.375

GRAEFENBERG
GRAEFENBERG

17
1

Longitude
9.17
9.153
6.668
5.172
4.595
2.232
-0.699
-1.517
-4.155
-4.091
-3.595
5.785
3.103
-4.049
1.516
2.503
-2.460
-7.537
4.411
-0.487
0.493
-8.552
-8.013
-5.755
7.0066
7.7708
7.3483
7.2703
6.2592
6.5375
6.7350
5.3256
35.088
9.5982
32.793
11.222
27.0066
9.5982
-4.3483
-4.0485
58.562
-3.2050
42.68
34.651
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Table 1. (continued)

Station
BHM
BKN
BUW
CWF
EKA
HEA
LAM
LLW
MMY
SBD
SCK
WOLl
BRNL
FUR
HAM
TNS
WET
AQU
BGY
BNI
KEG
TIE
VSL
ATH
JER
PTO

UME
DSB
MORC
ECH
SSBI
DPC
STU

Latitude

Longitude

51.213
51.364
51.409
52.738
55.333
51.358
52.114
52.849
54.176
50.565
52.880
51.313
52.428
48.164
53.465
50.224
49.145
42.350
44.803
45.052
29.927
45.646
39.496
37.972
31.772
41.139
63.815
53.147
49.800
51.213
45.280
50.351
48.772

1.1740
-1.1870
-1.2250
-1.3070
-3.1589
-1.264
-4.0679
-3.665
-1.8689
-4.6859
0.7510
-1.223
13.358
11.277
9.9247
8.4489
12.88
13.40
20.516
6.6780
31.829
13.762
9.378
23.717
35.197
-8.6022
20.237
-6.2260
17.600
1.1740
4.5400
16.326
9.1955

Program
Blacknest
Blacknest
Blacknest
Blacknest
Blacknest
Blacknest
Blacknest
Blacknest
Blacknest
Blacknest
Blacknest
Blacknest
GRSN
GRSN
GRSN
GRSN
GRSN
MEDNET
MEDNET
MEDNET
MEDNET
UT/MEDNET
MEDNET
WWSSN
WWSSN
WWSSN
WWSSN
GEOFON
GEOFON
GEOSCOPE
GEOSCOPElIDA
GI/CAS Praha
Univ. of Stuttgart

# data used
9
2
2
2
12
3
5
6
5
15
5
6
1
1
1
2
1
4
2
3
2
2
3
1
1
1
1
1
3
5
I

4
2

solutions, data were rejected in order to avoid biases in models due to erroneous source
parameter determinations. Unfortunately, not all hypocentre determinations given in ISC
and Harvard catalogues are very accurate. Source mechanisms of earthquakes with
epicentres in the northern part of our area of interest were especially doubtful, probably
due to poor azimuthal coverage of raypaths used for the source parameter determinations.
For example, various hypocentre location determinations of the 20 July 1992 event (event
77 in Table 2) were located more than 0.5 deg from each other and the difference in the
origin time determination was more than 16 s. Usually data with such an uncertain
hypocentre determination are neglected. We chose to use the data, however, when it
improved the path coverage significantly and one of the source solutions produced
acceptable waveform fits we chose to use the data. The events used are listed in Table 2.
Fig. 1 shows that the path coverage is not as good in the eastern part of the area of interest
as in the rest of the inversion domain; we chose to include wave-paths that sample this
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Figure 1. Epicemres (circles), stations (triangles), and source-receiver paths used in this
study.

part in order to give an indication of the gross velocity structures in this area. Most of the
data used by Zielhuis & Nolet (1994) were also used in this study. The additional events
used mostly occurred at the North-Atlantic Ridge, in Iran, to the south of Greenland, and
close to the Black Sea. As compared to the EUR-S91 model this extension improves the
resolution in central Europe, as well as allows us to enlarge the inversion domain.

4. The non-linear inversion
The vertical components of 449 displacements seismograms were used in the non
linear inversion. Before the non-linear inversion can be carried out, a laterally
homogeneous background velocity model needs to be selected for each source-receiver
pair. In order to represent the characteristics of different tectonic areas in Europe, three
background velocity models were used in this study: PREM (Dziewonski & Anderson
1981), which was used to represent mixed oceanic-continental paths, EUR and EUR40,
which are modified PREM models of continental character with a crustal thickness of 29
and 40 km respectively (Zielhuis & Nolet 1994), which were used for wave paths in the
continental areas. For some paths it is obvious which of the three background models to
use, for example for wavepaths east to the TfZ where the crustal thickness is significantly
larger, the EUR40 model with a thick crust was used. When the average Earth's structure
in the neighborhood of the source-receiver path is not obvious, or if the fit of the data with
a synthetic calculated for the initially chosen background model is unsatisfactory,
synthetics for the three background models were calculated and the model which
produced the synthetic with the best resemblance to the data was chosen. It is known that
the crustal thickness has a rather large influence on the waveforms, especially on the
waveform of the fundamental mode of the Rayleigh wave. In contrast to Das & Nolet
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Table 2. List of the hypocentres of earthquakes used in this study.
Event
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48

Date
04 Nov 1978
14 Dec 1978
01 Jan 1980
18 May 1980
28 May 1980
09 Ju11980
23 Nov 1980
07 Dec 1980
25 Feb 1981
13 Aug 1981
27 Dec 1981
17 Aug 1982
16 Nov 1982
24 Jan 1983
19 Mar 1983
23 Mar 1983
17 Oct 1983
30 Oct 1983
07 May 1984
21 Jun 1984
30 Apr 1985
15 Aug 1985
27 Oct 1985
09 Nov 1985
07 Feb 1986
05 May 1986
02 Apr 1986
30 Aug 1986
13 Sep 1986
11 Oct 1986
27 Oct 1986
25 Nov 1986
07 Dec 1986
08 Dec 1986
27 Feb 1987
04 May 1987
25 May 1987
09 Jan 1988
27 Jan 1988
26 Mar 1988
26 Apr 1988
22 Ju11988
08 Aug 1988
11 Aug 1988
16 Oct 1988
21 Nov 1988
13 Dec 1988
03 Feb 1989

Time
15:22:19.0
07:05:21.0
16:42:38.6
20:02:56.5
19:51:20.0
02:11:57.3
18:34:52.2
17:37:08.8
02:35:53.5
02:58:12.5
17:39:13.3
22:22:20.0
23:41:20.8
02:28:18.2
21:41:42.0
23:51:05.5
19:36:21.4
12:40:25.5
17:49:42.7
10:43:40.5
18:14:12.9
04:28:47.4
19:34:57.2
23:30:42.9
03:54:58.6
03:35:38.0
17:49:46.9
21:28:36.0
17:42:34.3
09:00:10.9
00:09:31.9
13:59:41.5
14:17:08.1
03:03:26.1
23:34:52.1
23:17:21.4
11:31:54.4
01:02:47.4
19:16:45.5
12:07:29.7
00:53:48.8
21:16:04.2
19:59:31.1
03:05:40.3
06:15:28.8
16:55:52.3
04:01:38.8
15:18:25.4

Latitude
37.43
31.85
38.81
43.31
38.48
39.29
40.86
36.06
38.17
44.85
38.94
33.70
40.82
39.66
35.02
38.29
37.59
40.35
41.77
35.31
39.27
47.06
36.43
41.26
45.41
38.02
62.67
45.54
37.03
37.94
46.04
44.13
43.29
46.97
38.46
46.72
63.88
41.25
57.91
33.20
42.37
39.86
63.63
49.22
37.38
37.93
71.08
64.58

Longitude
49.11
49.36
-27.78
20.87
14.27
22.91
15.33
01.30
23.12
17.33
24.91
22.94
19.58
-14.45
25.32
20.26
-17.41
42.17
13.89
23.28
22.81
18.01
6.78
23.98
-27.87
37.79
-25.32
26.31
22.20
28.56
-27.63
16.36
25.94
-27.46
20.33
-27.42
-19.75
19.66
-32.64
13.28
16.61
-29.77
2.33
-28.38
-25.16
-26.14
-7.78
-17.38

Depth (km)
15
15
10
5
20
47
0
10
10
15
10
20
20
41
60
10
10
31
10
25
10
10
10
18
10
04
10

137
20
05
14
20
10
10
5
15
10
20
10
10
10
15
15
10
15
10
15
10

mb

6.1
6.2
6.0
5.7
5.5
5.8
6.0
5.3
5.7
5.3
5.4
6.1
5.5
5.0
5.7
5.6
5.9
5.3
5.4
5.8
5.4
4.7
5.4
5.5
4.9
5.7
5.1
6.3
5.8
5.4
5.3
5.2
5.1
5.1
5.3
4.9
5.8
5.2
5.0
4.8
5.0
5.0
5.6
5.3
5.1
5.7
5.7
5.2
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Table 2. (continued)
Event
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70

71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88

Date
13 Feb 1989
13 Feb 1989
17 Mar 1989
19 Mar 1989
27 Apr 1989
22 May 1989
07 Jun 1989
09Jun 1989
14 Jun 1989
27 Aug 1989
29 Oct 1989
04 Nov 1989
05 May 1990
27 May 1990
31 May 1990
16 Jun 1990
20Jun 1990
18 Ju11990
14 Aug 1990
09Sep 1990
15 Sep 1990
30 Oct 1990
11 Nov 1990
30 Jan 1991
30 Mar 1991
02 Jul1991
01 Sep 1991
13 Mar 1992
19 May 1992
20 Jul1992
09Sep 1992
03 Jan 1994
05 Jan 1994
28 Jan 1994
28 Feb 1994
01 Mar 1994
05 May 1994
26 May 1994
01 Jul1994
01 Jul1994

Time
08:06:55.7
14:51:24.5
05:42.54.5
05:36:59.2
23:06:52.2
02:02:03.7
19:45:53.7
12:19:35.5
18:06:38.3
01:21:17.9
19:09:12.9
18:04:02.4
07:21:29.5
21:49:32.7
00:17:04.5
02:16:21.2
21:00:08.5
11:29.24.5
15:13:29.2
02:14:51.0
19:22:53.3
14:03:35.5
07:06:29.8
07:43:42.9
12:58:33.5
21:24:03.6
06:51:04.5
17:18:40.1
12:24:57.3
07:46:46.6
/3:08:54.7
21 :00:32.0
13:24:11.2
15:45:24.2
11:13:54.1
03:49:01.3
05:14:50.0
08:26:52.8
10:12:41.3
19:50:04.0

Latitude
56.85
57.82
34.66
39.24
37.03
59.87
38.06
71.43
34.29
34.92
36.79
72.13
40.76
73.86
45.81
39.26
36.95
36.99
35.38
56.40
64.75
63.12
74.80
64.39
71.41
73.47
78.96
39.94
28.05
78.47
76.12
37.00
39.16
38.97
30.77
28.75
64.61
35.37
40.01
40.14

Langitude
-33.01
-33.28
25.45
23.50
28.18
-29.80
21.62
-4.50
26.06
26.24
2.45
1.32
15.77
7.78
26.77
20.53
49.52
29.59
-36.19
-34.43
-17.50
-24.30
9.14
-20.81
-8.08
12.36
3.05
39.57
55.35
5.05
6.19
35.70
15.18
27.01
60.48
52.42
-17.45
-3.91
53.43
53.47

Depth (km)
10
15
31
10
14
10
25
10
15
61
6
10
10
10
88
32
15
17
/5
15
10
10
/5
10
15
15
10
15
15
10
15
33
295
10
15
15
10
15
60
45

mb
5.4
5.3
4.9
5.2
5.3
5.0
5.0
5.5
5.2
5.0
5.7
5.0
5.3
5.6
6.1
5.6
6.3
5.2
5.5
5.4
5.1
4.9
4.9
4.9
5.0
5.5
5.2
6.2
5.7
5.8
5.7
5.3
5.9
5.2
5.5
5.8
5.6
5.7
5.6
5.7

(1995) we do not invert for crustal thickness. However, by using background models with
approximately the correct crustal thickness of the Earth in the neighborhood of the source
receiver path, we hope to avoid biases in the final inversion model due to the use of an
incorrect crustal thickness. In the choice of a background model, we try to include as
much high-frequency fundamental mode energy as possible (even though this frequency
content is not used in the inversion) since this frequency band is the most sensitive to the
crustal thickness. Fig. 2 shows the observed waveform of the July 1, 1994-b event in
Turkmenistan (event 88 in Table 2) recorded by station KaNa, together with synthetics
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Figure 2. The waveform of the July 1, 1994-b event in Turkmenistan (event 88 in Table 2)
recorded at station KONO (solid line) and initial predictions (dashed line) for the PREM
(A), EUR (B), and EUR40 (e) back ground models. The time window containing the
fundamental mode was low-passed-filtered at 30 mHz, the S-wave groups at 60 mHz.

for various background models. Although the phase mismatch of the synthetic calculated
for the EUR40 model is the largest, the shape of the fundamental mode of this waveform
(arriving around 950 s.) resembles the data best, and this background model was chosen
for this source-receiver path. Furthermore, we know that the wavefield travels through a
large part of the Russian Platform where the crustal thickness is rather large, which
supports our choice of using the EUR40 background model.
When a satisfactory background velocity was found, synthetic seismograms were
calculated by summing 20 Rayleigh modes for phase velocities up to 9 krn/s. When the
data showed clear arrivals before the arrival of the fundamental mode of the Rayleigh
wave, two time windows were selected from the seismogram separating the fundamental
mode from the rest of the arrivals. The advantage of the separation is twofold: I) The
separation avoids the inversion being dominated by the arrival of the fundamental mode of
the Rayleigh wave, whose amplitude is usually much larger. 2) The separations enables
the use of different frequency bands for the fundamental mode and the body-wave phases.
Since the short-period fundamental-mode Rayleigh wave carries most of its energy in the
strongly heterogeneous crust it is much more sensitive to scatter effects and out of plane
propagation (Snieder 1986), which are not taken into account in the forward modelling.
Fig. 2 shows the seismogram where the time window separating the fundamental mode
from the rest of the signals is already applied. The fundamental mode is low passed at 30
mHz whereas the signal of the body-wave arrivals are low passed at 60 mHz. Compared
to the data, the synthetic for the EUR40 model shows a clear phase delay for the S-wave,
as well as for the SS-wave, but most significantly for the fundamental mode.
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For the selected time windows/group velocities, an optimum model parametrization
needs to be determined. The initial basis functions used in this study from which a
restricted set of physically relevant basis functions is determined (Marquering & Snieder
1995) are given as a product of linear spline functions with depth and cubic spline
functions along the source-receiver path.

Ik(X, z) = !/(x) . Ij(z),

(16)

with k = (i -1)· N x + j, where N x is the number of functions sampling the source
receiver path. The cubic spline functions can be found in, for example, Michelini (1995).
The number of the functions I/(x), sampling the source-receiver path, depended on the
epicentral distance: a minimum of 4 and a maximum of 15 functions were used. The
sample points were located with a distance of approximately 3 degrees where the
sampling distance was chosen in such a way that an integer number of intervals fits
between the source and receiver. The depth was parametrized with ten functions. Except
for the constant functions N(z) and No(z) for respectively the crust and the lower mantle,
the depth functions were given by linear interpolated functions with pivots at depths 29,
80, 140,200,300,400-,400+, and 670 km allowing for velocity jumps at 29,400 and 670
km. A few examples of the total of 130 initial functions parametrizing the area between
event 88 and station KaNa are shown in Fig. 3. It is clear that using all the initial
functions would lead to an extreme increase in model parameters which would slow down
the non-linear inversion significantly. In practice, the transformation led to no more than
ten model parameters used in the non-linear inversion. Fig. 4 shows a few examples of
model parameters as used in the non-linear inversion scheme.
In order to avoid ending up in a local minimum of the penalty function (2), the non
linear inversion is started for low frequencies and the frequency band is increased towards
higher frequencies at every iteration. The maximum frequency of the data depended on
the epicentral distance and on the waveform fits for the frequency bands. In general the
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Figure 3. Examples of initial basis functions for the sampling beneath the path from event
88 to station KaNa. From top to bottom the functions fl.l' 13,2, 15.), 17,4, 19,5' 111,6, 12,7,
14,8,/6.9 and 18,10 are shown respectively (where li,j stands for I/(x) . II(z»).
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Figure 4. Three basis functions that are used for the non-linear inversion of the seismogram
of Fig. 2.

maximum frequency for the fundamental mode was 25 mHz, whereas the body-wave
arrivals were fitted for frequencies up to 60 mHz.
Fig. 5 shows the data for the same waveform as in Fig. 2 together with the synthetic
seismogram for the optimum fit obtained in the non-linear inversion procedure (which will
be referred to as individual fit in the following). The velocity perturbations (as given in
(1» that produced this optimum waveform fit model is shown in Fig. 6. In this model,
velocity perturbations associated with the arrivals in the seismogram (Fig. 2.C) with the
largest phase difference are found. The main velocity perturbation is present in the
shallow part of the model associated with the relatively fast arrival of the fundamental
mode in the data compared with the synthetic for the background model. This figure also
shows a positive velocity perturbation which follows the character of the ray path of the
SS-phase which arrives early in the data compared with the synthetic in Fig. 2.C.
The misfit reduction defined by

l

1-

~Fi(r~Pt)] x 100% ,
N

s

L

(17)

Fi(O)

i=1

where the number of seismograms N s equals 1 for one single seismogram, is 87 per cent
for this single seismogram. For the total of 449 seismograms, the misfit reduction is 80
per cent in the non-linear inversion step. Fig. 7 shows the normalized Hessian (eq. (3» for
the set of basis functions hi (x, Z) as used in the non-linear inversion. From this figure it is
clear that the linear constraints obtained from the first non-linear inversion search can be
strongly correlated, e.g. rs is strongly anti-correlated with r6' Furthermore, this figure
shows that some constraints are poorly resolved, for example the constraint determined for
model parameter 10. Therefore, a set of linear constraints with a diagonal correlation
matrix needs to be determined from this model using (4).
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Figure 5. Observed waveform (solid line) ofthe recording ofevent 88 by station KaNa and
synthetic (dashed line) after the non-linear inversion.
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5. 3-D inversion
The non-linear inversion of the 449 seismograms resulted in 3053 reliable linear
constraints on the S-wave velocity structure beneath Europe. Before the inversion for the
3-D model can be carried out, a background model has to be chosen. The choice of
background model for the 3-D model is expressed in the determination of the linear
constraints (13) and it is a simple task to carry out the same linear inversion step for
different background models. However, we have chosen to present the final 3-D velocity
model as velocity perturbations relative to velocities of the EUR background model solely.
In order to facilitate the linear 3-D inversion, the velocity structure between -36.25 and
61.25 longitude, and 27.50 and 80 latitude is parametrized. The depth parametrization of
the 3-D model is equivalent to the depth parametrization used in the non-linear inversions
whereas the horizontal coordinates are parametrized with a grid of cells with a width of
1.25 deg latitude x 1.25 deg longitude, which results in 32760 unknowns in the linear
inversion. The cells are scaled with the square root of their initial volume to correct for
the difference in volume of the cells (Spakman & Nolet 1988). The amount of unknowns
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Figure 7. The normalized Hessian for the linear constraints obtained in the linear inversion
scheme for event 88 and station KONO.

being larger than the amount of constraints implies that the linear inversion is
underdetermined. The overparametrization is necessary to optimize the resolution in the
model but forces us to apply damping to avoid instabilities in the model.
In order to study the resolving power of the 3-D inversion, an inversion without
damping was carried out. Such inversions result in physically unrealistic models with
very small-scale structures with large amplitudes but can give insight into the ability of the
linear inversion of recovering the linear constraints obtained with the non-linear inversion.
The results were somewhat disappointing: some fits could not be recovered, especially for
events located in the northern part of the area of interest. The misfit reduction for the
linear inversion without damping was 71 %, which is significantly less than the misfit
reduction obtained from the non-linear inversion. This means that we are dealing with
conflicting data which might be explained by errors in the determination of source
parameters, multipathing, anisotropic velocity structures, or the presence of structures
smaller than the parametrization of the 3-D model. This is an indication that we are not
dealing with an ideal inversion situation and errors in the data or modelling limitations do
influence inversion results. Some possible causes of the decrease of the misfit reduction
are discussed in Section 7.
The determination of the optimum damping values al and a2 in (14) is not
straightforward. If we want a model that reproduce the linear constraints best, the
damping values should be as small as possible which results in a model with physically
unrealistic structures. We therefore accept loss of data fit and invert for smooth structures
with perturbations not larger than roughly 7 per cent. The best check of the damping
values is the examination of fits of seismograms calculated for 3-D models to the data,
referred to as 3-D fits in the following. The comparison of 3-D fits showed that some of
the 3-D synthetics fitted the data significantly better than others. This means that the
inversion model is somewhat dominated by a limited number of seismograms. However,
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Figure 9. Vertical cross-section running from event 88 in Turkmenistan (left) to station
KaNa on the Baltic Shield (right) through the EUR-SC'95 model. The upper panel shows a
map which is rotated such that the source-receiver path is the equator. The source-receiver
path is denoted with the thin solid line. The lower panel shows the EUR-SC'95 model as
velocity perturbations with respect to the EUR model beneath the source-receiver path.

when the confidence level E: of the non-linear inversion is interpreted as a weighting
function in the determination of the linear constraints, E: can be adjusted for various
seismograms in order to obtain acceptable waveforms fits fOT most seismograms. By trial
and error, 3-D models for various damping values and confidence levels were obtained
where the subjective eye of the seismologist is responsible for determining the optimum
damping values. In the deeper part of the model stronger smoothness damping could be
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applied without deteriorating the 3-D fits. Because of the strong coherence of the resolved
structures in the north-eastern part of the model, we applied stronger smoothness damping
in the upper part of this area. The optimum damping values for the largest part of the
model proved to be too strong for the Adriatic area. It is well known that this area is
characterized with strong and small-scale velocity gradients (e.g. Spakman 1991) and
applying strong smoothing in this area resulted in a strong increase in data misfit. For this
reason a smaller norm and smoothness damping was applied in this area.
In Fig. 8, the 3-D fit of event 88 recorded by station KaNa is shown. This figure
shows that due to damping the fit of the synthetic is not as good as the individual fit,
however, it is an improvement compared to the initial fit shown in Fig. 2. Fig. 9 shows a
foretaste of the EUR-SC'95 model by means of the velocity perturbation beneath source
receiver path of the seismogram shown in Fig. 8. The velocity structure beneath the
source-receiver path exhibits a wilder velocity pattern than the structure shown in Fig. 6.
However, features present in Fig. 6 such as an average high velocity structure in the
shallow part and a positive velocity perturbation following the ray path of the SS wave can
also be recognized in Fig. 9. The misfit reduction for the 3-D model for this source
receiver combination is 70% whereas the total misfit reduction for the final 3-D model is
65%. In the next section the EUR-SC'95 model is presented which is the optimum model
in the sense of waveform fits and model structures.

6. The EUR-SC'95 model
Before we present the EUR-SC'95 model, the resolution of the model is studied
with sensitivity tests. Usually, sensitivity tests consist of inverting synthetics calculated
for a known input model, where random noise is added to the synthetics. However, due to
the size of the inversion, this approach would take too much computational effort and is
too time consuming to apply here. Following Nolet (1990) and Zielhuis & Nolet (1994),
synthetic linear constraints (eq. 4) are determined from an input model. The uncertainties
in the linear constraints resulting from the non-linear inversion (eq. 5) are adopted into the
synthetic constraints. An impression of the spatial resolution can now be gained by
comparing the recovered model with the input model, where the recovered model is
obtained with the linear inversion of the synthetic constraints with the same damping
values as in the inversion for the EUR-SC'95 model. Of course, this estimation of the
resolution is too optimistic; the synthetic data are not contaminated by errors due to
hypocentre mislocation, erroneous focal mechanism determinations, scattering, or out-of
plane propagation. However, the resolution tests provide insight into how well the
sampling of the model can resolve long-, intermediate-, or short-wavelength anomalies,
and it provides information where we might find high or poor resolution in the model.
We first present sensitivity tests with harmonic velocity anomalies over the input
model where the polarity of the velocity perturbations is reversed at depths of 29 km, 400
km and 670 km. To test the reliability of structures recognized in the EUR-SC'95 model,
sensitivity tests of localized velocity perturbations and anisotropic velocity perturbations
are presented in Section 7. Since the ray-coverage over the model is far from uniform, we
show resolution tests with various wavelengths of the harmonic expansion in order to
study the ability to image short-, intermediate-, or long-wave length anomaly patterns.
Fig. 10 shows results of the sensitivity tests for depths of 80, 200 and 400+ km. This
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Figure 10. Results and input models of sensitivity tests. The regular pattern of circles
indicate the actual locations and spatial size of the of the anomalies in the input model,
where the amplitude of the recovered anomalies are shown with shades. Figs A,B, and C
give the horizontal cross-sectIOns for a depth Of 80 km., Figs D,E, and F for 200 km, and
G,H and I at a depth of 400+ km. The horizontal wavenumber of the input model for Figs
A,D and G is 0.5 deg, for Figs B,E, and H 2.5 deg andfor Figs C,F and I 0.10 deg.
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figure shows that the resolution is not uniform in the whole model. The resolution in
central Europe is superior to the resolution in eastern and western parts of the area of
interest. However, the resolution test for intermediate wavelength structures, shown in
Fig. 10 B, E and H, indicate that these structures can be well-resolved in the largest part of
the model. Figures 10 C, F and I show that the used data set is less suited to resolve very
long wavelength structures. However, note that the paths used in this study do not
completely sample the input anomalies, in the areas where the anomalies are sampled, the
recovered anomalies are fairly well recovered. Furthermore, the model and data indicate
that the area of interest (maybe with the exception of the Russian Platform) is not
dominated by long-wavelength anomalies but that short- and intermediate- wavelength
structures are the most dominant features in Europe. The resolution tests indicate that the
pattern of the structures of the reconstructed model is commonly well-resolved but that,
due to the applied damping in the linear inversion, the amplitudes of structures in the input
model are often underestimated.
In order to make the reader familiar with the locations of some of the tectonic
features in Europe which will be used in the interpretation of the EUR-SC'95 model, a
tectonic map including the locations of hotspots of the area of interest is shown in Fig. 11.
The EUR-SC'95 model is presented by means of horizontal cross-sections through
the model. Because we choose to present the EUR-SC'95 model as velocity perturbations
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Figure 11. Figure 11 Tectonic map of the area of interest. Abbreviations: Ad=Adriatic Sea,
Ae=Aegean, Afz=Azores fracture zone Ah=Azores hotspot, Al=Alps, Ap=Apennines,
BB=Bay of Biscay, BM=Bohemian Massive, BSe=Baltic Sea, BSh=Baltic Shield, BIS=Black
Sea, CM=Central Massive, CS=Caspian Sea, Cau=Caucasus, Eh=Eijfel hotspot, IM=Irish
Massif, IP=Iberian Peninsula, Ih=Iceland hotspot, JMh=Jan Mayen hotspot, LP=London
Platform, MP=Moessian Platform, NAR=North-Atlantic Ridge, NC=Norwegian
Caledonides, NSB=North Sea Basin, PB=PallllOnian Basin, Po=Po Basin, Py=Pyreneans,
RP=Russian Platform, SC=Scottish Caledonides, T7Z=Tornquist-Teisseyre Zone,
Tu=Turkey, and WM= Western Mediterranean. The locations of hotspots are denoted with a
diamond.
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Figure 12. Inversion result for the crust (0-29 km) shown as S-wave velocity perturbations
relative to the laterally homogeneous background model EUR. This figure is a clear
illustration of how the incorrect use ofcrustal thickness can influence the inversion model in
the upper layers.

to a single background model, the velocity perturbations in the upper layer of the
inversion model will mainly contain velocity perturbations caused by an erroneous crustal
thickness of the background model. However, we choose to show the upper layer here
anyway since it is an illustration of how the incorrect crustal thickness is mapped as
velocity perturbations in the upper part of the inversion model. Fig. 12 shows the EUR
SC'95 model as perturbations of the S-wave velocity relative to the reference model EUR
from the surface down to the depth of 29 km. We see clear positive velocity perturbations
beneath the Atlantic ocean, which correspond to an overestimation of the crustal
thickness. The larger crustal thickness at the Russian Platform and Baltic shield shows up
with mainly low velocities at this depth corresponding to an underestimatio!l of the crustal
thickness. From this figure it is clear that corrections for crustal thickness (e.g. Snieder
1988b) or inversions for crustal thickness (Das & Nolet 1995) are necessary if one wants
to invert for seismic velocities at this depth. However, the aim of this study is to invert for
structures in the deeper part of the upper mantle, for which the influence of crustal
thicknesses is small (see e.g. Passier & Snieder 1995b).
Figures 13 A-G show the horizontal cross-sections of the EUR-SC'95 model for
various depths. In the following we will discuss the most significant features, starting at
the top of the model going down.
Horizontal cross-sections at 80 and 140 km depth

Figure B.A and B.B show the cross-sections at a depth of 80 and 140 km depth
respectively. The most significant feature in these figures is the large velocity gradient at
the TTZ revealing the transition from the Precambrian Russian Platform with high
velocities to younger areas in central Europe characterized by low velocities. An
indication of this large velocity contrast has already been given by Rial, Grand &
Helmerger (1984) and Snieder (1988b) whereas Zielhuis & Nolet (1994) mapped the
extension of the velocity contrast in more detail. Even global studies (e.g. Woodhouse &
Dziewonski 1984; Zhang & Tanimoto 1993; Su, Woodward & Dziewonski 1994) show a
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Figure 13. Horizontal sections through the 3-D S-velocity model EUR-SC'95 displayed as
velocity perturbations relative to the 1-D EUR model for depths of 80 km (A), 140 km (B),
200 km (C), 300 km (D), 400- km (E), 400+ km (F) 670- km (G). The TIZ is denoted with a
thick black and white line.

velocity transition between the Russian Platform and central Europe, although the
magnitude of the velocity gradient is significantly less. As shown by Lomax & Snieder
(1995) and Passier & Snieder (l995b), the S-velocity contrast across the ITZ is about 8
per cent. As mentioned before, smoothness damping in the north-eastern part of the
domain of inversion was relatively strong. However, this did not result in the deterioration
of the waveform fits, which can be interpreted as an indication that the Russian Platform is
relatively homogeneous.
Figure l3.A and 13.B show the cross-sections at a depth of 80 and 140 km depth
respectively. The most significant feature in these figures is the large velocity gradient at
the ITZ revealing the transition from the Precambrian Russian Platform with high
velocities to younger areas in central Europe characterized by low velocities. High
velocities are also present beneath the Baltic Shield. However, the EUR-SC'95 model
indicates that beneath the Baltic Sea there is a gap between the high velocities beneath the
Russian Platform and the Baltic Shield where the velocity is lower than its surrounding
areas. In Fig. 13 A and B, the transition of the Baltic Shield to the Scandinavian
Caledonides show a strong velocity decrease. Although the resolution is not good in the
northern part of Scandinavia Fig. 10 shows that the resolution is good enough to resolve
the transition of the Baltic to the Scandinavian Caledonides. At a depth of 80 km high
velocities can be found beneath the oceanic area to the west of the Scandinavian
Caledonides. This low velocity region is a common feature in tomographic images of
Europe of the S-wave velocity (e.g. Snieder 1988b; Zielhuis & Nolet 1994) and of the P
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Figure 13. Continued

wave velocity (e.g. Romanowicz 1980; Hovland & Husebey 1982; Spakman 1991).
The presence of low velocities beneath the western Mediterranean and to the south
east of the Central Massif in the EUR-SC'95 model is also a familiar feature in S-wave
velocity inversion models (e.g. Snieder 1988b, Zielhuis & Nolet 1994). The resolving
power of the latter models is limited by the centre of the Iberian Peninsula. Including
earthquakes with epicentres on the Atlantic Ridge in this study improves the resolution on
the western side of Mediterranean and the Iberian Peninsula. The improved resolution of
the EUR-SC'95 model shows that the low velocities present beneath western
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Mediterranean continue beneath most of the Iberian Peninsula. However, within the low
velocity structure of the Iberian Peninsula a small, high velocity structure is located in the
centre of the Peninsula. Blanco & Spakman (1993) also recognized some significant high
velocities in the mantle beneath the Iberian Peninsula which they associated with
subducted lithosphere.
On the western side of the TIZ, a low velocity structure beneath the Pannonian
Basin and the Moessian Platform is clearly present. The location of the high velocity
structure in their model does not coincide exactly with its location in the EUR-SC'95
model, which might be caused by the limited resolution of this model. Fig. 1O.A indicates
that the resolution at the Iberian Platform is quite good. However, this high velocity
structure is smaller than the structures in the resolution tests and we might expect
smearing and shifting of the structure. To the west of the Iberian Peninsula a significant
high velocity structure can be found. The P-wave velocity models of Spakman, van der
Lee & van der Hilst (1993) and Blanco & Spakman (1993) show a similar high velocity
structure at the edges of their models,however, the resolution at this location is rather poor
in their models. The oceanic region to the West of the Iberian Penninsula is the oldest in
the northern Atlantic. However, it is not expected that the age is solely responsible for this
large and sudden velocity increase. At this point it is difficult to give a physical
interpretation of this anomalous high velocity structure, although it is striking that it
coincides with the deep bathymetry to the west of the Iberian Platform.
In the western part of the model some low velocity areas show up. The most
significant low velocity structures are located below Iceland, the Azores, and Great
Britain. In most global models low velocities can be recognized beneath the Atlantic
Ridge, where some models show strong low velocity anomalies beneath Iceland and to a
lesser extent beneath the Azores hotspot. The resolution results shown in Fig. 10, show
that the velocity structure beneath the Atlantic Ridge can not be resolved because
earthquakes are located on the ridge at the edge of the inversion domain. However, the
resolution tests do indicate that velocity structures beneath Iceland and the Azores can be
resolved. The low velocities beneath Iceland and the Azores coincide roughly with the
positions of the Iceland and Azores hotspots as given by Richards, Hager & Sleep (1988).
Fig. 13 A and B show that the low velocities beneath Great Britain do not extend to
Ireland, which differs from Great Britain in tectonic history.
Beneath the west coast of Greece a (relatively) small-scale high velocity structure is
present at 80 km depth, whereas, at 140 km depth a small-scale structure with a high
velocity is also present beneath central Italy. This high velocity structure can be related to
the high velocity slab in the Hellenic subduction zone, which has been imaged using P
delay time tomography by Spakman, Wortel & Vlaar (1988), Granet & Trampert (1989),
Spakman (1991) and Spakman, van der Lee & van der Hilst (1993) and has also been
recognized in the S-wave velocity structure by Zielhuis & Nolet (1994).
The most south-eastern part of the EUR-SC'95 model is characterized by an
irregular pattern of high and low velocity structures which can also be found in the P-wave
velocity model of Spakman, van cler Lee & van der Hilst (1993). This region is governed
by major scale convergence since Paleozoic times, resulting in a complex combination of
rifting, subduction, accretion and the closure of the Tethys Ocean (see e.g. Gealey 1988;
Kazmin 1991). The high velocity structure beneath the Black Sea supports the debatable
hypothesis of Sorokhtin (1979), and Zonenshain & Le Pichon (1986) who suggest that the
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Figure 13. Continued

Black Sea and Caspian Sea are the remnants of a much greater marginal sea (Para-Tethys)
formed during the Mesozoic. The low velocity structures surrounding the Black Sea
relate to the tectonic activity of the Central Turkish Plate and western Iran Plate due to the
convergence between Arabia and Eurasia.

126

Chapter 5

Horizontal cross-sections at 200, 300 and 400- km
The horizontal cross-sections through the EUR-SC'95 model at 200, 300 and 400
kIn are shown in Fig. 13 (C), (D) and (E) respectively. These figures show that the
velocity gradient at the TTZ, present to a depth of 200 km, is absent for depths greater
than 300 kIn. At these depths low and high velocities are present at both sides of the TTZ.

The velocity gradient beneath Scandinavia corresponding to the transition of the
Baltic Shield to the Norwegian Caledonides can also be recognized for depths between
200 and 400 km.
The low velocity structure beneath the Iceland hotspot persists to a depth of 400 kIn,
whereas for depths larger than 300 kIn no low velocity anomaly can be detected beneath
the Azores hotspot. The high velocities beneath the Azores for depths larger than 300 km
suggest an underlaying thin mantle plume with a shallow, extended "head" of anomalously
hot mantle material (e.g. White & McKenzie 1989). This might explain why the SS-S
differential travel time studies of Kuo, Forsyth & Wyession (1987) and Sheenan &
Solomon (1991) do not detect low velocities beneath the Azores: A surface-wave passing
through a shallow plume centre may display a stronger velocity anomaly than body-waves
sampling the plume at nearly vertical incidence which have poor vertical resolution
resulting from the averaging of velocity structures over a large depth.
The model shows that the amplitude of low velocities beneath Great Britain
decrease with depth, whereas the lowest velocities can be found beneath the London
Platform. Where the S-wave velocity structure beneath the Scottish Caledonides are
characterized by low velocities to a depth of 200 kIn, we see a velocity reversal for depths
larger than 300 kIn which results in a high velocity structure.
Most of the low velocity structures in central, southern and western Europe that
were recognized in the EUR-SC'95 model for depths of 80 and 140 kIn seem to persist to
depths of 400- km. Most noticeable are the low velocity structures beneath the Iberian
Peninsula, the Central Massive and Pannonian Basin.
The high velocity structures beneath the west coast of Greece and Italy associated
with subduction are more clearly present at depths between 200 and 400 km than at depths
of 80 and 140 km. The shape of the high velocity structure shows a resemblance to the
high velocity structure in the model of Spakman, van der Lee & van der Hilst (1993)
although it is obvious that the resolution in the EUR-SC'95 is poorer.
Compared with the EUR-S91 model of Zielhuis & Nolet (1994), the EUR-SC'95
model shows some discrepancies at a depth of 300 and 400- km. The EUR-S91 model
shows structures with a clear northwest-southeast orientation on both sides of the TTZ,
whereas in the EUR-SC'95 model structures exhibit a more or less northeast-southwest
orientation. In the EUR-S91 model a rather uniform presence of low velocities can be
found on the east side of the TIZ for depths larger than 300 kIn. Nolet & Zielhuis (1994)
suggested that these low velocities are an indication for injection of water in the mantle by
earlier subduction. The EUR-SC'95 model though does not exhibit the coherent presence
of such a northwest to southeast oriented low velocity structure, instead more isolated low
velocity structures are present beneath the eastern side of the TIZ. In Section 7, we
propose an explanation of the discrepancies in this area between both models in this area.
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Figure 13. Continued

Horizontal cross-sections at 400+ and 670- km

The horizontal cross-sections through the EUR-SC'95 model at depths of 400+ and
670 km are shown in Fig. 13 (F) and (G). At these depths a clear low velocity structure is
present close to the TTZ in the model. It has been proposed by Nolet & Zielhuis (1994)
that such a velocity perturbation might be explained by injection of water due to
subduction (Nolet & Zielhuis 1994). At a depth of 400+ km, this low velocity region
extends to the Adriatic where it interrupts the high velocity structure associated with the
Hellenic subduction. Although the resolution is not sufficiently good to interpret this
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interruption of the high velocity structure, it is striking that such a structure is also present
in the P-wave velocity models of Spakman (1991) and Spakman, van der Lee & van der
Hilst (1993). Also, the high velocity anomaly beneath the Bohemian Massive is present in
both models between a depth of 400+ and 670- km. At 670- km, the high velocity
structure which was present beneath Italy at shallower depths, has shifted to the West,
which is also the case in the P-wave velocity model of Spakman, van der Lee & van der
Hilst (1993).

7. Discussion
The EUR-SC'95 model is presented which is obtained by inverting waveforms of
449 seismograms including surface-wave mode coupling effects. The inclusion of mode
coupling results in a more accurate manner of modelling body-waves in laterally
heterogeneous media. The EUR-SC'95 model shows some striking resemblances with the
regional scale P-wave velocity model EUR89B of Spakman, van der Lee & van der Hilst
(1993). The area of the EUR-SC'95 model extends the inversion domain of the EUR89B
model and a comparison is therefore limited to the Mediterranean area, central Europe and
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a part of the Asia Minor. At this point, very few studies of the north-eastern Atlantic and
the northern part of Europe have been carried out, with the exception of global models
which exhibit a significantly poorer resolution. The resemblances of the EUR-SC'95
model with the EUR89B model is an indication that we can resolve small- and
intermediate- structures in these parts of the model as well.
Apart from many similarities of the EUR-SC'95 model and the EUR-S91 model of
Zielhuis & Nolet (1994) some discrepancies between the models may be recognized. The
most striking difference between the EUR-S91 and the EUR-SC'95 model is the absence
of a large continuous low velocity region east to the TTZ for depths larger than 300 kIn.
In Fig. 14 a horizontal cross-section on the eastern side of the TTZ is shown in order to
provide more insight in the velocity structures in the EUR-SC'95 model. Apart from the
difference between the data sets used, differences between the two models can be due to
the use of different theories in the forward modelling in the non-linear inversion step.
Whereas Zielhuis & Nolet (1994) used the WKBJ method which neglects surface-wave
mode coupling in the modelling of synthetic seismograms, the EUR-SC'95 model was
constructed using the physically more realistic SEA which includes surface-wave mode
coupling. The neglect of surface-wave mode coupling (Zielhuis & Nolet 1994) enables
the use of constraints on 3-D models consisting of model averages along the source
receiver path, whereas the introduction of surface-wave mode coupling (as in this study)
requires a dependence of velocity perturbations on the position along the source-receiver
path. Such lateral dependence is physically more reasonable when body-wave phases are
modelled. However, constraints on the 3-D velocity structure consequently result in a
more irregular pattern in inversion models. Since the deep 3-D velocity structure on the
eastern side of the TTZ is mainly determined by data with their wave paths parallel to the
TTZ, the use of source-receiver-path averaged velocity structures result in a more regular
pattern of velocity perturbations in the EUR-S91 model of Zielhuis & Nolet (1994)
compared to the the EUR-SC'95 model. Although we recognize differences in both
models, low velocities are also present in the deeper part of the EUR-SC'95 model on the
eastern side of the TTZ, which supports the suggestion of Nolet & Zielhuis (1994) that
water was injected due to subduction.
Apart from similarities with structures in other models of P-wave, as well as S
wave, velocities, the EUR-SC'95 model presents some new results. Most striking is the
velocity contrast at the transition of Baltic Shield to the Norwegian Caledonides, and the
localized low velocities beneath the Iceland and Azores hotspots whereas the EUR-SC'95
model indicates that the low velocity structure beneath the Iceland hotspot penetrates
deeper in the model than the one beneath the Azores. The recovered amplitudes of the
velocity anomalies in the EUR-SC'95 model are significantly larger than in global models.
Where global models (e.g. Zhang & Tanimoto 1993) show velocity anomalies of 1-2 per
cent, the EUR-SC'95 model show velocity perturbations with amplitudes up to 5 per cent.
Because Iceland and the Azores are localized close to the boundary of the inversion area
and the path coverage is far from ideal, we present here a resolution test to study to what
extent the data can resolve the velocity structure in this area. Fig. 15 shows the resolved
velocity structure together with the input model which consists of two low velocity
Gaussian spikes located close to Iceland and the Azores. From this figure it is clear that
the limited path coverage results in smearing of the velocity structure, but that the velocity
anomalies are recovered albeit with an underestimated strength. This can be seen as an
indication that the amplitudes of the low velocity structures beneath the Iceland and
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Figure 15. Recovered model at a depth of 80 km from a sensitivity test for an input model
with two Gaussian spike anomalies located beneath Iceland and the Azores. The contours of
the input model are shown with the continuous circles.

Azores hotspots might be underestimated in the EUR-SC'95 model.
Although we were able to construct a model that predicts synthetic seismograms
that fit the largest part of the data, it was not possible to construct a physically realistic
model which predicts satisfactory 3-D fits for all 449 seismograms. This may be
explained by the following possible causes:
path deviations. The theory employed in the forward calculations is an
improvement compared to the commonly used WKBJ approximation in the sense that
surface-wave mode coupling is included. However, a limiting aspect of the method is the
adoption of surface-wave ray theory: it is assumed that waves are only influenced by the
structure beneath the great circle connecting the source and receiver. It is well known that
laterally heterogeneous structures may result in deviations of the propagation path from
the minor arc of the great circle path. However, due to computational limitations we need
to make the assumption that Fermat's principle holds, i.e., that phase differences between
the recorded and synthetic seismograms correspond to velocity structures beneath the
minor arc of the great circle path. If structures are not sufficiently smooth and rays
deviate from the great circle, this would result in biased velocity structures in the non
linear inversion and in an incorrect projection of these velocity structures in the linear
inversion. Many studies have observed off-great circle propagation (e.g. Bungum &
Capon 1974; Levshin & Berteussen 1979; Levshin, Ritzwoller & Ratnikova 1994)
whereas Snieder (l988a) and Tanimoto (1990b) have shown numerical examples of this
phenomena. We would expect that for some of the recordings, especially for paths close
to strong velocity gradients such as at the TTZ, surface ray theory breaks down. As
shown by Bungum & Capon (1974), path deviations and multipath propagation of the
fundamental Rayleigh mode is more severe for short periods (20 s.) than for intermediate
periods (40 s.) for which they detected minor path deviations. In order to avoid data with
severe path deviations, the fundamental mode was low passed at a period of about 30 s.
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However, Levshin, Ritzwoller & Ratnikova (1994) have shown that for stations located in
a regional strongly heterogeneous area, azimuth deviations of more than 10 deg could be
observed for periods up to 100 s. When significant path deviations were expected in the
data, e.g. due to complicated waveforms or waveforms significantly deviating from
synthetic seismograms, the data were rejected in order to limit the bias effects of path
deviations. At this point it is not clear how the neglect of ray bending effects biases
inversion models and whether these effects enter as random noise or significantly bias
inversion models.
source parameters errors The phase of surface-wave modes can be very sensitive to
errors in source parameters (Muyzert & Snieder 1995), and erroneous source parameter
determinations may result in biases in inversion models. Because of the computational
effort and because the azimuthal coverage is not sufficient due to the station distribution,
inversions for source parameters have not been taken into account in this study. However,
source solutions are tested by means of a comparison of the data with synthetics
calculated for various source solutions. When the published solutions did not provide
satisfactory waveform fits, the data were rejected in order to avoid biases in the inversion
model.
Crustal thickness Apart from the velocity structure in the Earth, the phase velocity
of surface-wave modes is also influenced by the crustal thickness. Das & Nolet (1995)
have shown that there is almost a linear trade off between crustal thickness and velocity
perturbations in the crust. Therefore the use of an incorrect crustal thickness in the 3-D
model would result in the projection of velocity perturbations in the upper part of the
model associated with the actual crustal thickness. The data used in this study are not
suitable for inverting for the heterogeneous crust. Das & Nolet (1995) showed that the
PWI can be applied for inversions for crustal thickness and crustal structure, however,
their data had a significant larger frequency band (0.008 - 0.12 Hz). The crustal thickness
also influences the excitation coefficient of surface-wave modes. By using appropriate
background velocity models, we hope to reduce bias in the inversion model due to
incorrect crustal thicknesses.
small-scale structures Small-scale structures can not be recovered in the linear
inversion scheme due to the smoothness damping and due to the data characteristics.
However, smaller scale structures do influence seismograms. The damping avoids the
presence of structures in the inversion model that are too small to be warranted by the
data; furthermore, it reduces structures in models due to erroneous source determinations
and we accept an increase of data misfit.
Anisotropy. In this study we have inverted for isotropic velocity structure. It may
be too simplistic to assume that seismic anisotropy can be neglected. However, the
inversion for isotropic velocity perturbations is already underdetermined and the
introduction of anisotropic components in the inversion leads to even a larger number of
unknows. Although the presence of significant small-scale anisotropic structures beneath
Europe has been shown (e.g. Vinik, Farra & Romanowicz 1989; Alsina & Snieder 1995),
we do not expect that in such a small-scale tectonically active area as central Europe,
anisotropy significantly influences surface-wave propagation. However, the presence of
large-scale azimuthal anisotropy in the upper mantle beneath oceans associated with plate
motions is now well accepted (e.g. Tanimoto & Anderson 1985). In order to investigate
the effects of the presence of seismic anisotropy in the north-eastern Atlantic on the EUR
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Figure 16. Recovered model at a depth of 80 km from a sensitivity test with an anisotropic
input model. The anisotropic area is located to the east of the thick line. The anisotropic
input model is given in eq. (17).

SC'95 model, a synthetic test with an anisotropic input model is presented. In order to
approximate azimuthal anisotropy in agreement with plate velocities and anisotropic
models of e.g. Tanimoto & Anderson (1985) and Montagner & Tanimoto (1991) with a
simple model, we introduce an anisotropic component on the western side of the thick line
denoted in Fig. 16 given by
l5 P(I{/)

=- 0.01 . cos(21{/) . pO(z),

(17)

where I{/ is the azimuth along the path. For this anisotropic model synthetic linear
constraints are constructed by solving the forward problem. The synthetic "anisotropic"
constraints are inverted for isotropic velocity perturbations. The recovered model is
shown in Fig. 16. When the ray path coverage is ideal, we would expect that we recover a
vanishing isotropic velocity perturbation, however, from Fig. 16 it is clear that the
inversion for an isotropic model leads to non-zero structures in the inversion model.
However, with the exception of the high velocity structure to the west of the Iberian
Platform, little resemblance with the EUR-SC'95 model can be found. We can therefore
state that oceanic structures recognized in the EUR-SC'95 model are not the result of
erroneously mapping anisotropic velocities as isotropic velocity structures. The most
significant velocity structures beneath the north-eastern Atlantic (such as the low
velocities beneath the Iceland and Azores Hotspot) show in fact a reversed polarity in Fig.
16 compared to the EUR-SC'95 model. This means that if azimuthal anisotropy
associated with plate motions is significant, the low velocity structures in the Atlantic may
be underestimated in the EUR-SC'95 model.
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8. Conclusions
This study is the first which includes surface-wave mode coupling in a large-scale
regional inversion resulting in the EUR-SC'95 model of lateral S-wave velocity
perturbations beneath Europe, the north-eastern Atlantic and western Asia. The
introduction of surface-wave mode coupling by using the SEA (Marquering & Snieder
1995) instead of the WKBJ approximation in the forward problem results in a more
accurate manner of modelling body-wave arrivals in laterally heterogeneous media. The
SEA proves to be a sufficiently efficient method to use in a large-scale non-linear
inversion scheme. The EUR-SC'95 model predicts synthetic seismograms which fit the
data sufficiently well, although shortcomings due to modelling limitations and low quality
data have become apparent. However, care has been taken to avoid biases due to
modelling limitations and low quality data such that biases in the EUR-SC'95 model are
curtailed.
By the extent of this regional scale inversion, the EUR-SC'95 model provides a
more detailed model of shear wave velocity structures in the north-eastern Atlantic,
northern Europe and western Asia, which have not been included in regional scale
inversions before and of which the structures have not been recognized in global scale
inversion models.
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Sanlenvatting (sumnlary in Dutch)
Zoals bij veel aan de natuurkunde gerelateerde studies, heeft de groeiende kracht
van computers een zeer belangrijke rol gespeeld in de ontwikkeling tot de hedendaagse
seismologie. Naast de voordelen die seismologen tegenwoordig uit de krachtiger
computers halen kunnen zij ook profiteren van verbeteringen in de hoeveelheid,
beschikbaarheid en kwaliteit van seismologische data (registraties van trillingen van de
Aarde). Seismologische registraties worden al vele decennia in seismische inversies
gebruikt om de structuur van de Aarde te bepalen. De voortdurende verbeteringen van de
data resulteren in een constante verbetering van modellen van het inwendige van de
Aarde. Deze seismische inversies worden uitgevoerd op vele lengteschalen. In de
exploratieseismiek bijvoorbeeld, is men voornamelijk gei"nteresseerd in kleinschalige
structuren om locaties van oliereservoirs te bepalen, terwijl men zich in de globale
seismologie voornamelijk bezighoudt met de globale structuren van de Aarde. De globale
seismologie wordt beperkt door de slechte verdeling van seismische bronnen
(aardbevingen en nucleaire explosies). Aardbevingen vinden slechts geconcentreerd
plaats in tectonisch actieve gebieden in de Aarde en bevingen die zwaar genoeg zijn om
toe te passen in seismische inversies vinden niet vaak plaats. De gevaren van grote
nucleaire explosies zijn tegenwoordig bekend in de meeste geciviliseerde landen en het
idee om deze frequent te gebruiken om de aardstructuur te bepalen moet ook ten sterkste
afgeraden worden. De slechte bronverdeling wordt tot op zekere hoogte gecompenseerd
door de toename van het aantal registraties als gevolg van een toename van het aantal
seismische stations en het natuurlijk tijdseffect. Dankzij de vergrote computercapaciteit
kunnen tegenwoordig grote hoeveelheden data worden gebruikt in inversies naar de
structuren van de Aarde.
Naast de mogelijkheid om inversies op grote schaal uit te voeren, kunnen de
verbeterde computermogelijkheden ook worden gebruikt om meer gecompliceerde en
exacte methoden te implementeren in de inversies. Gewoonlijk worden inversies
uitgevoerd waarbij van een groat aantal aannamen met betrekking tot de golfvoortplanting
van seismische trillingen zijn gemaakt. Het is waarschijnlijk, dat zulke aannamen
resulteren in fouten of verstoringen in de aardmodellen. Ondanks de grote hoeveelheid
veronderstellingen waar inversieschema's op zijn gebaseerd, hebben seismische inversies
geresulteerd in vele nieuwe inzichten in de formatie, tectonische geschiedenis en evolutie
van de Aarde. Een van deze aannamen is, dat de golfvormen van ruimtegolven in laterale
heterogene media gemodelleerd kunnen worden door sommatie van oppervlaktegolf
boventonen of boventonen van eigentrillingen van de Aarde. Deze veronderstelling is
exact, wanneer men ervan uitgaat dat de Aarde lateraal homogeen is. In hoofdstuk 2
wordt bewezen dat in een lateraal homogeen model het seismisch golfveld geheel
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beschreven kan worden met behulp van een stralen-representatie of met een boventoon
representatie. StraIen-representaties worden gewoonlijk aIleen gebruikt voor de
beschrijving van de ruimtegoIven, terwijl boventoon-representaties meestaI worden
gebruikt voor de beschrijving van de grondtoon van de oppervIaktegoIf, die gewoonIijk de
grootste amplitude hebben bij registraties van de trillingen van de Aarde. Dit hoofdstuk
Iaat vervolgens zien dat de straIen- en boventoon-representatie beschouwd kunnen worden
aIs eIkaars Fourier transformatie. Daaruit voIgt, dat elk element uit een van beide
representaties beschreven kan worden met de andere representatie. Met andere woorden,
elke boventoon kan beschreven worden met stralen en vice versa.
De Aarde is niet lateraaI homogeen. Toch kan het soms wenselijk zijn om
ruimtegoIven te beschrijven aan de hand van sommatie van oppervlaktegoIf-boventonen.
Een van de meest gebruikte methoden om oppervIaktegoIf-boventoonvoortpIanting in
IateraaI heterogene media te beschrijven is de WKBJ benadering, ook weI pad
gemiddeIde, of fase-integraaI benadering genoemd. Deze methode is erg gemakkelijk in
het gebruik in inversiemethoden, aangezien in deze benadering de fase van boventonen
aIleen gevoelig is voor modeIverstoringen gemiddeld over het bron-ontvanger pad. HeIaas
is deze methode niet adequaat voor het beschrijven van ruimtegolven in lateraaI
heterogene media door middel van oppervIaktegolf-boventoon sommatie. In hoofdstuk 3
wordt met behulp van de Born benadering aangetoond dat koppeling tussen de
oppervlaktegolf-boventonen is vereist, ten einde de ruimtelijke afhankeIijkheid van straIen
tot uitdrukking te brengen. Koppeling tussen boventonen is verwaarloosd in de WKBJ
benadering en dus is deze methode niet geschikt om ruimtegoIven te modelleren in
heterogene media. Voorwaartse berekeningen met de WKBJ methode en een exacte
methode die de boventoon-koppeIing in acht neemt (de lIT) Iaten vervoIgens zien dat de
effecten van verwaarIozing van boventoon-koppeling significant zijn. Ret is dus duideIijk
dat er een methode voor seismische inversies nodig is die boventoon-koppeling niet
verwaarloost. Helaas zijn de bovengenoemde methoden niet geschikt: de Born benadering
is aIleen nauwkeurig voor kleine verstoringen van de fase van de boventonen terwiji de
lIT te veeI computertijd nodig heeft om toepasbaar te zijn in inversieschema's. In het
tweede gedeelte van hoofdstuk 3 wordt de SEA (Scalar Exponent Approximation)
gei'ntroduceerd. Deze methode is efficient en houdt rekenening met de koppeling van
oppervlaktegolf-boventonen. Qua efficientie is de SEA methode vergelijkbaar met de
WKBJ methode, maar door de introductie van boventoon-koppeling zijn boventoon
verstoringen afhankelijk van de epicentraIe afstand van Iaterale heterogeniteiten in het
model. Rierdoor kan een standaard modeIparameterisatie met aIleen dieptefuncties, niet
worden gebruikt en moet ook de epicentrale afstand worden geparameterizeerd. Normaal
gesproken zou dit tot een flinke toename van het aantal modelparameters in inversies
zorgen maar met behulp van de Born benadering kan echter een kleine verzameling van
fysisch relevante modelparameters bepaaId worden.
In hoofdstuk 4 worden de effecten van verwaarlozing van koppeling tussen de
oppervlaktegolf-boventonen op inversiemodellen onderzocht. De WKBJ benadering is
een vaak toegepaste methode om modellen van de structuur van de Aarde te maken,
waarbij goIfvormen van zowel oppervlaktegolven aIs van ruimtegoIven worden gebruikt
als data. In dit hoofdtuk worden dubbele inversies uitgevoerd met gebruik van zowel de
WKBJ als de SEA methode. De methoden zijn eerst toegepast op een synthetische
inversie, waarbij synthetische goIfvormen die bepaald zijn voor een bekend model worden
gei'nverteerd. Deze synthetische inversie-experimenten Iaten zien dat de verwaarIozing
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van boventoon-koppeling leidt tot
1) de aanwezigheid van diepe structuren aan de randen van inversiemodellen waarvan de
positie niet kan worden gerechtvaardigd door de gebruikte data,
2) de neiging tot de diepteatbankelijke omkering van het teken van laterale verstoringen,
3) een grotere rms waarde van modelverstoringen in het diepere gedeelte van het
inversiemodel.
De synthetische inversie experimenten laten ook zien dat de inversiemodellen, verkregen
met de SEA methode een grote gelijkenis vertonen met de modellen waarvoor de
synthetische data bepaald zijn. Dit wijst erop dat de SEA methode een volwaardige
methode is om golfvormen inclusief ruimtegolf fasen te gebruiken in een inversiemethode.
De twee inversiemethoden zijn ook toegepast op een kleine verzameling van "echte"
golfvormdata. De inversies met de twee methoden laten zien dat de verwaarlozing van
boventoon-koppeling niet zo extreem is als in de synthetische inversies, hoewel de
hierboven samengevatte effecten wei herkenbaar zijn.
In hoofdstuk 5, is een regionale inversie van een grote hoeveelheid data beschreven
die is uitgevoerd met de SEA methode, met het doel structuren van de S-snelheden onder
Europa, de noord-oost Atlantische Oceaan en west Azie te vinden. Deze inversie
resulteerde in het EUR-SC'95 model waarvoor goede golfvorm overeenkomsten konden
worden gevonden voor bijna aIle 449 gebruikte golfvormdata. Dit model laat zien dat
structuren met sterk uiteenlopende lengteschalen aanwezig zijn. In het centrum van het
model, waar de datadichtheid het hoogst is, worden kleinschalige structuren gevonden,
terwijl het model in het noord-oosten (waar de datadichtheid beduidend lager is) wordt
gekenmerkt door de groot-schalige strUctUUf onder het Russich Platform. Vergeleken met
bestaande oudere modellen presenteert het EUR-SC'95 model enkele nieuwe resultaten,
zoals sterke negatieve snelheidsverstoringen onder Ijsland en de Azoren die kunnen
worden gerelateerd aan hotspots en het snelheids-contrast dat kan worden gerelateerd aan
de overgang van het Baltische Schild naar de Noorse Caledoniden.
Deze inversiemethode kon ontwikkeld worden door de vergroting van de
computercapaciteit. Het huidige computerpotentiaal maakt het ook mogelijk deze
methode toe te passen op een inversie van een grote hoeveelheid data van hoge kwaliteit.
Hoewel beperkingen van deze methode niet uit het oog verloren moeten worden, is deze
inversiemethode een significante verbetering in vergelijking tot de huidige standaard
methoden.
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