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There is an anecdote about my brother, Bernard, who is an atmospheric scientist in 
the State University of New York at Albany. Bernard worked for the General E1ec­
tric Research Laboratory in Schenectady, New York, for a while, where he discov­
ered that silver iodide could precipitate certain sorts of clouds as snow or rain. His 
laboratory was a sensational mess, however, where a clumsy stranger could die in a 
thousand different ways, depending on where he stumbled. 

The company had a safety officer who nearly swooned when he saw this jungle 
of deadfalls and snares and hair-trigger booby traps. He bawled out my brother. 

My brother said this to him, tapping his own forehead with his fingertips: "If 
you think this laboratory is bad, you should see what it's like in here." 

[Vonnegut, 1976]. 

Kreten van kinderen op straat
 
klinken van ver, als uit de tijd,
 

gedempt en helder tegelijk.
 
Want sneeuw is er altijd weer van vroeger
 

en ligt er altijd voor het eerst.
 
Het blijft omdat het overgaat.
 

[Eijkelboom, datum onbekend]. 
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Chapter 1 

Introduction and summary 

1.1 Introduction 

In the 25 years after the general acceptance of the concept of plate tectonics we 
have witnessed large progress in observational, laboratory, forward modelling and 
inversion techniques. These provide a clear view of the immense complexities that 
are facing us when studying the dynamics of the interior of the Earth. Plate tecton­
ics can be seen as both an expression of, and the mechanism controlling, the 
dynamic cooling of the Earth. Traditionally, the soloistic and often opposing, sim­
plifying views have been adopted of either the 'convectionist', who sees plate tec­
tonics merely as the surface expression of mantle convection, or the 'tectonist', 
who views the plates as the only dynamic component in an otherwise passive man­
tle. It clearly emerges from the observational data, knowledge of deformation 
mechanisms, and the available modelling and inversion results, that a uniform 
approach, combining the two views would be more appropriate to describe the 
dynamics of the Earth. The generalized description is made difficult by the very 
distinct nature of the lithosphere, as expressed by the thermal, compositional and 
rheological differences from the underlying mantle. 

In this thesis I will present some model studies of the deformation of litho­
sphere and mantle, recognizing the strong influence of compositional and rheologi­
cal differences. The approach is more 'convectionistic' than 'tectonistic', in that 
only ductile deformation is considered and that the brittle/elastic behaviour of the 
upper and colder lithospheric parts is ignored. Ductile creep has been used with 
varying success in 'teetonist' models of lithosphere dynamics, but the application 
of these methods to global deformation problems are, as yet, computationally too 
expensive. 

1.2 Basic assumptions 

The Earth's complicated rheological and dynamical behaviour necessitates the use 
of simplifying assumptions when modelling its dynamics. The next few paragraphs 
discuss some of the assumptions that are made here. 

11 



12 Chapter 1 

Slow deformation of the Earth below the upper parts of the lithosphere is gov­
erned by high temperature ductile creep. Experimental deformation work at high 
temperature shows that the creep behaviour of candidate mantle rocks are well 
described by Dorn's equation for power law creep 

€ = Acrn exp [- HIRT ] (1.1) 

where € is strain rate, cr applied differential stress, T temperature, R the gas con­
stant, and n, A and H empirically determined constants [Ranalli, 1987]. Extrapola­
tion of this creep equation from laboratory conditions to the much lower tectonic 
strain rates is done using theoretical creep equations, derived from microphysical 
models. Several mechanisms, based on movement of dislocations in crystals, can 
'explain' the power law creep behaviour. The Newtonian mechanism of diffusion 
creep can be described by the migration of vacancies in grains and between grain 
boundaries. This mechanism is not often found to operate at the high strain rates 
normally used in laboratory experiments, but it is expected that this creep mecha­
nism is important in the the Earth at low stresses. Although from a mechanistic 
point of view very different, diffusion creep can be described mathematically by 
the same power law creep law (1.1), for the special case n =1. 

The equations are solved for convection in a Boussinesq fluid at infinite Prandtl 
number. The narrow definition of the Boussinesq approximation implies that vis­
cous dissipation is neglected, the fluid is incompressible and all material parame­
ters are constant, except in the gravity term of the equation of motion [Busse, 
1989]. In practice, this last condition is relaxed for material parameters other than 
density, allowing for e.g. variable viscosity and thermal diffusivity. 

First principles are used to derive the mathematical differential equations 
describing the dynamics of the physical models, under the assumptions described 
above. In the general situation, the equations are time-dependent, non-linear and 
non-linearly coupled. For only a few exceptional, simplified cases a closed analyti­
cal form of the solution to the differential equations can be found. Numerical meth­
ods are required to obtain solutions to general problems. 

Three-dimensional modelling has become available for simple (e.g. stationary, 
or isoviscous) problems. It is expected that within a few years, the progress in 
computational methods and increasing availability of computer power will allow 
for studies that can treat the full 3-dimensional time-dependent problem with real­
istic rheology within a reasonable production time. For the type of models used in 
this thesis it is still necessary, from a computational point of view, to consider 
2-dimensional models only. For many applications this is a reasonable approxima­
tion, as the models can be imagined to extend in similar fashion in the third dimen­
sion. 
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1.3 Scope of the thesis 

In the work described in this thesis, I have developed numerical methods to model 
the dynamical behaviour of the Earth's lithosphere and mantle driven by thermal 
and compositional buoyancy forces using a non-Newtonian power law rheology. 
The methods have been applied to three different problems: 

Salt tectonics 

First, the problem of salt tectonics is considered within this framework. Rocksalt is 
very weak, and deforms by ductile creep even at upper crustal conditions. The for­
mation of salt diapirs is of large economical interest, considering their role in trap­
ping and migration of oil and gas, and in their possible use for disposal of radioac­
tive waste and storage of energy reserves. Traditionally a constant Newtonian vis­
cosity has been used for the salt in both laboratory and numerical modelling of salt 
diapirism. Here, the flow behaviour of rocksalt has been studied using an empirical 
creep law [Spiers et al., 1990], that describes the combined effect of dislocation 
and diffusion creep mechanisms that are known to occur in natural rocksalt. The 
effects of temperature, constitutive parameters and strain rate on the viscosity of 
rocksalt are considered and the rheological law has been used in numerical models 
of salt diapirism. 

Mantle convection 

Next, the influence of rheological discontinuities on large scale mantle convection 
is considered. The role of the transition zone between 400 and 670 km depth on 
mantle dynamics is still under considerable debate. The discontinuity between 
upper and lower mantle at 670 km has been described to be a chemical discontinu­
ity by some [e.g. Anderson, 1989; Ita & Stixrude, 1992], and to be a mineralogical 
phase change by others [e.g. Ito & Takahashi, 1989], although many leave the 
choice between the two possibilities open [e.g. Silver et al., 1988]. The effect of 
the hypothesized compositional and/or phase change related discontinuity on man­
tle convection has been investigated in an increasing number of studies [Yening 
Meinesz, 1%2; Verhoogen, 1965; Schuben et al., 1975; Christensen & Yuen, 1984; 
Uu et al., 1991; Kellogg, 1991; Zhao et al., 1992; Thckley et al., 1993]. Recent 
experimental results by Karato & Li [1992] show that the lower mantle might 
deform predominantly by diffusion creep. This opens up the possibility of a non­
Newtonian upper mantle overlying a Newtonian lower mantle. The structure of sta­
tionary mantle convection using this type of depth varying rheology been investi­
gated by Van den Berg et al. [1991]. In these models, they find the top boundary 
layer to behave in a plate-like fashion, that is encouraged by introducing a 
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lithosphere with higher non-linear dependence in the flow law. Here, these studies 
are extended to time-dependent models, with specific attention to the interaction of 
an upwelling lower mantle plume with the rheologically defined transition zone. 

Archaean dynamics 

Finally, a model is presented that may describe the cooling of the Earth in the 
Archaean (approx. 3.8-2.7 billion years before present). Geological observations 
give contradictory indications of the thermal state of the Archaean lithosphere and 
mantle. The presence of komatiites with high extrusion temperatures in Archaean 
greenstone belts points to a maximum mantle temperature some 400-500 K higher 
than present day. On the other hand, the metamorphic signature of Archaean high 
grade terrains indicates that the continental lithosphere was thermally similar to 
present day's. This seeming paradox can be explained by a model in which the cra­
tonic regions stabilized early in the Archaean and maintained relatively low tem­
peratures at moderate depths (50-100 km). The cooling of the Earth was governed 
by rapid convection underneath oceanic lithosphere. Most researchers adopt the 
uniformitarian point of view that plate tectonics was active in the Archaean, with 
probably higher plate velocities to account for the rapid heat loss [e.g., Arndt, 
1983; Bickle, 1986]. However, it seems very unlikely that plate tectonics can have 
been active in a hotter mantle. One of the consequences of higher temperatures is 
the increasing amount of compositionally light basalt that is generated at mid­
oceanic ridges by pressure-release melting. In the present day situation, with a 
crustal thickness of 7 km [McKenzie & Bickle, 1988], the newly created oceanic 
lithosphere is stable with respect to the underlying mantle [Vlaar & Wortel, 1976; 
Oxburgh & Parmentier, 1977]. Subduction can only occur for lithosphere that has 
sufficiently cooled. The mechanical coherency of the lithosphere allows then for 
the rigid plate-like movement, driven by the pull of the subducting slab and the 
topography-induced ridge push. At the ridges, hot material fills passively the space 
left by the spreading plates. In a hotter mantle, pressure-release melting starts 
deeper and a thicker basaltic layer and depleted harzburgitic zone is created [Sleep 
& Wmdley, 1982; Vlaar, 1985; McKenzie & Bickle, 1988]. In a mantle that is hot­
ter by 400-500 K, compared with present day's, the thickness of the basaltic layer 
can amount to over 50 km [Vlaar & Van den Berg, 1991], creating a permanently 
stably stratified oceanic lithosphere [Vlaar, 1986]. Lack of mechanical coherency 
of the relatively weak basalt [Hoffman & Ranalli, 1988], and absence of slab pull 
and ridge push makes the mechanism of plate tectonics ineffective. Here, an alter­
native model is presented to describe the cooling of the Archaean Earth, through 
thermally and compositionally driven convection in the upper mantle. 
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1.4 Summary 

The mathematical equations that are derived from first principles describing 
the physical model are presented in chapter 2. 

The finite element methods, used to solve the non-linear and time-dependent 
equations, are discussed in chapter 3. The equations of motion, together with the 
incompressibility constraint, are solved, either using a primitive variable, penalty 
function method or in the stream function formulation. The methods are compared 
to published benchmarks, from which it is concluded that the methods are very 
accurate in describing thermal convection in generalized Newtonian media. In the 
finite element methods described in chapter 3, the basic physical quantities as tem­
perature and velocity are approximated by continuous functions. In many geophys­
ical applications (e.g. salt diapirism), composition changes as a discontinuous func­
tion from one layer to the other. The dynamical evolution of models with discontin­
uously varying composition are modelled using the stream function methods in 
conjunction with the marker chain method. In general the viscosity and, conse­
quently, the strain rate are discontinuous across a compositional interface and can­
not accurately be modelled by the continuous low order approximation of both 
stream function methods, leading to non-physical oscillations in the strain rate field 
and, in case of non-Newtonian fluids in the viscosity field. In chapter 4 the charac­
teristics of this oscillatory behaviour and its influence on the dynamical evolution 
are discussed. An alternative Lagrangian method. based on the penalty function 
method. is proposed and compared to the stream function methods. It is concluded 
that for moderate viscosity contrasts and power law indices the dynamical 
behaviour of the Rayleigh-Taylor instability is modelled accurately by the stream 
function methods. 

Chapter 5 discusses the implementation of a steady state creep law, describing 
the two parallel mechanisms of dislocation creep and fluid-enhanced grain­
boundary diffusion creep in numerical models of salt diapirism. The effective vis­
cosity of the rocksalt depends on constitutive parameters (such as grain size, acti­
vation energy, and shear modulus), temperature and strain rate. For strain rates typ­
ical of salt diapirism driven by buoyancy alone, it is found that the average viscos­
ity in the salt varies between 1017 Pa . s (for small grain size and high temperature 
salt) and 1020 Pa . s (for large grain size and low temperatures salt). For the larger 
grain sizes, the dislocation creep mechanism is effective during the most vigorous 
diapiric stage. At the lower strain rates, and for finer grained salts in the presence of 
trace amounts of water, the diffusion creep mechanism is dominant throughout the 
diapiric event. Values for the viscosity of rocksalt that have traditionally been used 
in numerical and physical modelling, are at the lower end of the range that is found 
from these experiments. 
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Chapter 6 and 7 discuss the influence of rheological discontinuities. connected 
with the major phase transitions. on mantle convection. Time-dependent models of 
plumes interacting with a rheological interface separating an upper non-Newtonian 
mantle and a Newtonian lower mantle are studied. It is found that pulsating diapiric 
structures are shedded off the rheological interface as a consequence of the drop in 
effective viscosity that the plume experiences. when it moves from the Newtonian 
lower mantle into the non-Newtonian uppet mantle. The diapiric upwellings are 
discernible in the surface heat flow as discrete pulses. that remain relatively station­
ary underneath the moving surface plate. The periodicity of the pulsations depends 
on the Rayleigh number. the effective viscosity contrast across the interface. and. as 
is shown in chapter 7. the depth level of the rheological interface. Diapirs coming 
off a rheological boundary at the top of the transition zone are found to occur peri­
odically with a dimensional interval of a few million years. which is comparable to 
the periodicity of hot spot volcanism. exemplified by the discrete nature of the 
Hawaiian-Emperor seamount chain. 

In chapter 8. some aspects of the dynamical behaviour of the lithosphere and 
mantle in a hotter Earth are investigated. In an Earth that is hotter by 250-500 K 
than at present day. the compositional stability and lack of mechanic coherency 
renders plate tectonics inefficient. Decoupling between the upper and lower basaltic 
crust may lead to subduction of the brittle hydrated upper crust into the ductile 
lower crust. At lower crustal pressures. the hydrated basalt transforms efficiently 
into its higher pressure phase eclogite. which allows for fast recycling of the crustal 
material. Renewed pressure-release melting leads again to basaltic crust formation. 
Consumption of latent and advective cooling through magma migration is very effi­
cient. It is proposed that this mechanism may have cooled the mantle in the Early 
Archaean by several hundreds of degrees. 



Chapter 2 

Basic equations 

In this chapter, the basic equations are considered that describe velocity, pressure, 
temperature and composition in viscous fluid models as applied to the Earth's inte­
rior. 

2.1 Conservation equations 

Neglecting inertial forces, the equations of conservation of mass, momentum and 
thermal energy can be written for a Boussinesq fluid in the field of gravity as 

V'u = 0 (2.1) 

Vp = V'Q+pg2 (2.2) 

aTat + (u . V)T = KV2T + Q/pcp (2.3) 

where the meaning of the symbols is specified in table 2.1. For multicomponent 
fluids conservation of composition (assuming negligible mass diffusion) yields 

arat + (u . V)r = 0 (2.4) 

Together with the boundary and/or initial conditions and the equation of state 

p = p(T,n (2.5) 

these equations describe the motion of the fluid, and mass and heat transport for 
flows driven by thermal and chemical buoyancy forces in the field of gravity. 

17
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2.2 Rheological model 

The deformation behaviour of mantle rock at high temperatures is described. here, 
by power law ductile creep [e.g. Kirby, 1983], where strain rate is related to the nth 
power of the deviatoric stress 

. A n-l (2.6)Eij = a aij 

Here aij are the components of the deviatoric stress tensor g, Eij the components of 
the strain rate tensor iJ,. and a is the second invariant of the deviatoric stress tensor, 
or the effective shear stress 

1 ~ 1 
a = [2: LJ aijeJij ]2 (2.7) 

ij 

Equivalently, the second invariant of the strain rate tensor, or the effective strain 
rate, is defined by 

• [ 1 ~. • ]1
E = 2" LJ E;jEij 2 (2.8)

;j 

The components of the strain rate tensor are given by 

£;_ = ! [ au; + au j ] (2.9a)
!J 2 axJ - ax-

I 

An effective isotropic shear viscosity 1') is then given by, 

a 
1') = 2E (2.9b) 

In engineering and fluid dynamics literature often a slightly different definition of 
the strain rate tensor and viscosity is used: 

Eij = [ au; + au j ] (2. lOa) 
aXj ax; 

a 
1') = (2. lOb) 

E 
For these two sets of definitions the factor A in (2.6) has a different meaning. This 
should be taken into account when comparing different models or when applying 
laboratory measurements of strain rate in mathematical models. 
For computational purposes the stress dependence of viscosity is expressed in 
terms of strain rate, through an inversion of (2.6), giving 
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(2.11)TJ = 

2.3 Thermal convection 

In convection driven by thermal buoyancy forces alone, the equation of state 
P =p(T) is written to a first order approximation as 

p = Po + 5p = Po - aPo(T -To) (2.12) 

where Po = P at temperature T = To and a the thermal expansion coefficient. Elim­
ination of hydrostatic pressure from (2.2) leads to 

-VP + V· (T@ = apog(T - To)~ (2.13) 

where P =P - Pogz is the hydrodynamic pressure.
 
The equations can be non-dimensionalized using the scaling parameters given in
 
table 2.1. Introducing primed quantities X' =rX, where r is the scaling parameter,
 
we find for (2.1-2.3)
 

-VP + V· (T@ = RaTz (2.14) 

V'U = 0 (2.15) 

dT 
- + (u . V)T = V 2T + Q (2.16)
dt 

where primes have been dropped and 

Ra = Pog~Toh3 (2.17) 
KoTlo 

is the (non-dimensional) thermal Rayleigh number. 
The three equations (2.14-2.15) can be reduced to one scalar equation through 
introduction of the stream function 'V, defined by u = (do/ldy, - d'Vldx) T, where 
we choose the y-axis in the negative z-direction. In non-dimensional quantities, 
the depth is given by z =1 - y. Use of the stream function yields, in dimensionless 
form 

2 2 2
d2 a ] [ d 'V d2'V] d d2'V dT 

dx2 - 2 Tl dx2 - + 4 dxdy TJ dXdy = Ra dx (2.18)[ dy dy2 

The continuity equation is now automatically satisfied, at the cost of fourth order 
derivatives in the resulting differential equation. 
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Table 2.1 Specification of symbols and (if applicable) non-dimensionalisation factors (after 
[Christensen. 1984aD. R is the gas constant (R =8.314 Jmor1K-1

), g the acceleration of 
gravity (g =9. 8 m . S-2), h a specific length scale (in general the depth of the layer), cp spe­
cific heat at constant pressure, and "0, TJo,li1'o arbitrarily chosen reference values. The tem­
perature scale is chosen, such that To =O. 

Symbol Meaning Unit factor r for 
non-dimensionalisation 

x,y horizontal, vertical coordinate m 1/h
 
u velocity vector, u = (v, wf m' S-1 h/"o
 
V V = co/ax, otay)T m-1 h
 
Z unit vector in direction of gravity
 
t time s "o/h2
 

stream function m2s-1 11"0 
dynamical viscosity Pa's 11110 

Q" deviatoric stress tensor Pa h2/("o110) 
S-1 

'"11 

i; strain rate tensor h2/"o 
p mass density kg'm-3 1/po 

2
K thermal diffusivity m s-1 1/"0 
a thermal expansion coefficient K-1 

T temperature K 1/1i1'0 
p pressure Pa h2/("o110) 
r composition function 
Q Internal heating per unit volume Wm-3 h2/(cp"oli1'oPo) 

2.4 Thermochemical convection 

When both temperature and composition determine the density, the equation of 
state becomes 

P = p(r)[1 - a(T - To)] (2.19) 

For a model with two layers of different composition, r can be defined as a step 
function and the compositional density is then given by 

p(r) = Po + &pr (2.20) 

where Ap is the density difference between the two layers. Similar formulations 
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are possible for multi-layer fluids or models with continuously varying composi­
tion. For this particular two-layer case we can write 

ap ar aT 
- = Ap - - [Po + rAp]a - (2.21) 
ax ax ax 

and the equation of motion in the stream function formulation becomes 

Po + rAP] Ra aT _ Rb ar (2.22)
[ Po ax ax 

where Rb is the so-called boundary Rayleigh number 

Apgh3 

Rb =-- (2.23) 
1«)110 



Chapter 3 

Numerical methods 

3.1 Introduction 

Several finite element methods have been used, here, to solve the basic equations 
(2.1-2.4) numerically. General characteristics of these methods are i) subdivision of 
the model domain into finite elements ii) construction of basis functions using these 
elements iii) construction of the best approximation to the solution within the func­
tion space spanned by these basis functions. The solution found in this manner sat­
isfies the equations in an average sense. This is the weak formulation of the prob­
lem, as opposed to the classical solution, that satisfies the equation in each point of 
the domain. Here the weak formulation known as Galerkin's principle is used. The 
general application of this method to boundary value problems, incorporation of 
natural and essential boundary conditions, and the use of the finite element method 
to construct the basis functions, are described by Cuvelier et al. [1986]. This chap­
ter gives information on the methods that have been employed to solve the basic 
equations. First, a description is given of the solution of the time-dependent equa­
tions of temperature and composition. Next, the different formulations and meth­
ods to solve the equations of motion and of mass conservation (2.1-2.2) are consid­
ered. The chapter is concluded with some benchmark results. 

3.2 Solution of the temperature equation 

The heat equation is solved using a linear triangular element with 3 nodal points in 
the vertices of the elements. The temperature is approximated within an element 
by 

3 

T(x, y) = E T j cI> j(x, y) (3.1) 
j=l 

where T j is the temperature in nodal point j and cI> j is the linear shape function 
connected with this point. Application of the method of Galerkin to (2.3) leads to a 
system of ordinary differential equations 

23 
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MT+ST = f (3.2) 

where T is the vector of unknowns Ti , the dot denotes time derivative, M is the 
heat capacity mass matrix, S the stiffness matrix, associated with the advection and 
diffusion of heat, and f the load vector representing the influence of volumetric heat 
generation and the inhomogeneous boundary conditions. The matrices and load 
vector are assembled elementwise using element matrices of the form 

Mij = JJcIlicllj dxdy (3.3a) 
e 

Sij = JJleVcIli .VcIlj dxdy + JJcIl/u ' V)cIli dxdy (3.3b) 
e e 

Qr = JJ-cIlodxdy (3.3c)J pc J .
 
e P
 

The effects of the inhomogeneous boundary conditions are later added to the load 
vector f. The velocity components are obtained from a solution of the equations of 
motion and numerical values of uT = (v, w) are given in the nodal points. The inte­
grals are calculated using Newton-Cotes quadrature, after expanding the velocity 
components in the linear shape functions 

3 3 

V(X, y) = L vkcllk(X, y) , W(X, y) = L wkcllk(X, y) (3.4) 
k=l k=l 

where k corresponds to the local numbering of the nodal points in the element. 
Newton-Cotes integration of (3.3a) reduces M to a diagonal matrix. This process of 
lumping of the mass matrix is computationally convenient as it reduces the work 
necessary to solve (3.2) and it often increases the accuracy [Zienkiewicz, 1977]. 

In most of the calculations presented in this thesis, stable solutions to the heat 
equation could be obtained with the standard (Bubnov-)Galerkin method described 
above. Grid refinements were used in the few cases that oscillations were found in 
the temperature solution. Note that for the discretization of the temperature equa­
tion no upwinding techniques have been employed. Upwinding can be imple­
mented in these finite element methods by application of the Petrov-GaIerkin 
method [Heinrich et aI., 1977]. This suffers from the disadvantage that artificial 
diffusivity is introduced and the solution may be inaccurate [Cuvelier et al., 1986]. 
It has been argued that streamline upwinding [Hughes & Brooks, 1982] greatly 
reduces cross-wind diffusivity. Upwind techniques have found standard application 
in mantle convection modelling to stabilize solutions of the advection dominated 
heat equation [Christensen, 1984a; Blankenbach et al., 1989]. A different, and 
more natural, approach to find stable solutions is the method of characteristics 
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[Pironneau, 1982], which is introduced in mantle convection modelling by 
Malevsky & Yuen [1991]. Disadvantage of this method is that high order shape­
functions have to be used to reduce the amount of artificial diffusivity, introduced 
by the interpolation that is inherent in this method. 

3.3 Transport equation for composition 

There are several ways to represent the composition function r. In the field 
approach, the compositional differences are represented by a (continuous) function 
r and the transpon equation (2-4) can be solved for r by the method of Galerkin as 
described above for the temperature. In this case the diffusion connected terms in 
the stiffness matrix (3.3b) are set to zero (lC =0). A disadvantage of the field 
approach is, that the applicability of the method of Galerkin -sec- to the hyperbolic 
equation (2-4) is not well defined. For panicular cases it can be shown that conver­
gence to the correct solution of hyperbolic equations cannot be obtained [Strang & 
Fix, 1973], and artificial diffusivity needs to be introduced, e.g. through discontinu­
ous elements, streamline upwinding or the method of characteristics. Another dis­
advantage of the field approach is, that a discontinuous composition function, as is 
often encountered in geodynamica1 problems (e.g. the salt-sediment interface in 
modelling salt dynamics), can not be modelled accurately. The finite element 
approximation will smear out the interface over at least the length of one element 
by its linear approximation to the function. Transporting this approximation over a 
stationary grid will cause distortion and oscillations of the composition function 
near the interface. One way to circumvent this problem is to define a smoothing of 
the interface, for example through a hyperbolic tangent function, that transforms 
the discontinuity into a shape where the function drops smoothly from one discrete 
value to the other over the length of a few elements [e.g., Christensen, 1992]. 

A more popular way of representing compositional differences is the tracer 
method, in which discrete tracers are initially homogeneously distributed through 
the fluid layer it represents [Gurnis, 1986; Christensen, 1991; Zaleski & Julien, 
1992; Weinberg & Schmeling, 1992]. One of the disadvantages of the method is 
that often a large number of tracer panicles is necessary to discretize the composi­
tion function r. In situations where no large scale mixing of the fluids occurs, the 
interface between the fluids can efficiently be represented by a chain of markers 
(marker chain method). In both cases, the positions of the markers or tracers are 
determined by the initial distribution and the hyperbolic equations 

xm(t) = v(xm(t) , Ym(t) , t) 
(3.5)

Ym(t) = w(xm(t) , Ym(t) , t) 

[Christensen & Yuen, 1984]. 
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3.4 Time integration 

The equations of motion and mass conservation (2.1-2.2) contain no explicit time­
dependence because inertial forces can be neglected. The velocity and pressure 
fields are determined by the rheology, boundary conditions and the driving forces, 
which in the general geodynamica1 context are governed by the distribution of tem­
perature and composition. TIme-dependence is introduced in the equations through 
the heat and composition equations (2.3-2.4) and possibly the boundary conditions. 
This allows for following predictor-corrector scheme to solve the governing equa­
tions [Christensen, 1984a; Hansen & Ebel, 1988]: 

Specify initial distribution ofT and r
 
Detennine velocity field UO at time t by solving (2.1-2.2)
 
n=O
 
Repeat until end of time integration
 

Determine discrete time step At
 
Predict temperature and composition distributions, T n+1

(O)
 

and rn+l(O), at time t +At
 
1
Predict velocity field un+ (O) at time t +At 

i: = 1 
Repeat for each corrector step i
 

Correct the temperature and composition distributions
 
Tn+l(i) and rn+l(i)
 

Correct the velocity field un+1(i) 

i: = i + 1 
n:= n+ 1 
t: = t+At 

To predict the temperature a semi-implicit Euler scheme is used to solve the system 
of equations (3.2) 

Tn+l(O) _ Tn 
M· + S(un) • Tn+l(O) = fn+l (3.6)

At 

after which the correction is calculated by a Crank-Nicholson step 

Tn+l(i) Tn 1 1 
M· - + - S(un) . Tn + - S(Un+l(i-l» . Tn+l(i) = ("+1 (3.7)

At 2 2 
for i =1, 2, ... [Hansen & Ebel, 1988]. A similar scheme can be used for r in the 
field approach. In the marker chain (or tracer) method the coordinates of the 
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markers can be updated by solving (3.5) using an explicit predictor 

x~)(t + ~t) = xm(t) + v(t) . ~t 
(3.8)

Y~)(t + ~t) = Ym(t) + w(t)· ~t 

(where v and w are the horizontal and vertical components of velocity u =(v, wl), 
and, after solution of the Stokes equation, a Crank-Nicholson corrector, 

~t
x~)(t + ~t) = xm(t) + "2 ( v(O)(t +~t) + v(t) ) 

(3.9)
~t

y~)(t +~t) = Ym(t) + 2 ( w(O)(t +&) + w(t) ) 

The corrector step can be repeated to obtain higher accuracy. Ideally, that is in 
cases where the evolution of velocity u is exactly known, the scheme is second 
order correct in time. The choice of time step ~t is based on the Courant criterion 

II v~t/~x, w~t/~y 1100 ~ 1 (3.10) 

where ~x and ~Y are the (local) grid spacings in horizontal and vertical direction, 
resp. The choice of the explicit predictor in (3.8) requires this condition for stabil­
ity. The accuracy of the time integration scheme depends strongly on the spatial 
structure of the velocity field and the coupling between the temperature and veloc­
ity field. For a strongly temperature dependent viscosity, errors in the temperature 
field will have a stronger effect than in isoviscous flows, which makes a smaller 
time step necessary. For a number of applications (both Rayleigh-Taylor instabili­
ties and thermal convection experiments), it was found that limiting the time step to 
be half the Courant step (3.10) and performing only one corrector step gave a satis­
factory trade-off between accuracy and computational cost. 

Stationary results for purely thermal convection are obtained by explicitly 
neglecting time-dependence in (2.3) (aT/at iii 0), yielding 

(u'V)T = KV2T + Qlpcp (3.11) 

In this case, the system of equations (2.1-2.2,3.11) is time independent but non­
linearly coupled through velocity and temperature. Picard iteration, or successive 
substitution, is used to solve the system, starting from an initial temperature field. 
Using temperature dependent and/or non-Newtonian viscosity introduces additional 
non-linearities in the equations of motion and underrelaxation is needed to obtain 
convergence of the Picard iteration. 

3.5 The equations of motion 

For solving the equations of motion (2.2), combined with the continuity equation 
for an incompressible fluid (2.1), three different finite element methods will be 
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discussed. Two are based on the stream function formulation (see equation 2.22), 
that requires the use of higher order elements, as a consequence of the occurring 
fourth order derivates. The first method to be discussed is the penalty function 
method, in which pressure is eliminated from the equations of motion (2.2) by a 
perturbation of the continuity equation. Following section summarizes some impor­
tant points of chapters 7 and 8 of Cuvelier et al. [1986]. 

3.5.1 Penalty function method 

First the solution of (2.1-2.2) for an isoviscous fluid will be considered. Equation 
(2.2) reduces to 

VP = llV2u + pgz (3.12) 

Pressure can only be defined up to an additive constant. The three equations (3.12) 
and (2.1) can be solved directly for u and P using the method of Galerkin, but this 
is computationally inefficient. The discretized system of equations that has to be 
solved is large as a consequence of the three unknowns (v, W, p) per nodal point. 
The pressure does not enter the incompressibility constraint and this introduces 
zeroes on the main diagonal of the stiffness matrix, which complicates the solution 
of the system considerably. 

A way to circumvent these problems is to eliminate the pressure from (3.12) by 
perturbing the incompressibility constraint 

V . u = - £p (3.13) 

where £ is small. This is the penalty function method; £ is called the penalty func­
tion parameter. Temam [1977] gives a proof for general boundary conditions that 
the solution to (3.12-3.13) approaches the solution to (2.1-2.2) as £ ~ o. After dis­
cretising the domain. approximating the velocity and pressure by 

N N M 
vex. y) = E Vicjli, w(x, y) = E Wicjli, p(x, y) = E Pi'Vi (3.14) 

~l ~l ~l 

and applying the method of Galerkin, the pressure can be eliminated from the dis­
cretized equations of motion, yielding a system of equations 

Sv + 'tL/D-1Lxv = 0 (3.l5a) 

(3.l5b) 

P = 'tD-1[ Lxv + Lyw] (3.l5c) 

where't =£-1. V is the vector of unknowns Vi. W the vector of unknowns Wi. P the 
vector of unknowns Pi' and f the load vector, defined by 
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fi = JP8«Pi dO. (3.l5d) 

The matrix components are given by 

(3.l5e) 

d«p'
L .. \1'· _I dO. Z = x,y= - J

Z,I) T) dZ (3.150 

D ij = J'Vi'Vj dO. (3.l5g) 

The above equations are given for homogeneous boundary conditions. Inhomoge­
neous boundary conditions give a contribution to the load vector f. 

The shape functions «Pi and 'Vi are constructed using the Crouzeix-Raviart 
(pi -PI) element (figure 3.1). Necessary conditions for an element are that basis 
functions for velocity are continuous over element boundaries and piecewise con­
tinuously differentiable. Pressure basis functions should be continuous within the 
element, and the order of these basis functions should be at least one lower than 
that of the velocity basis functions. The Crouzeix-Raviart (Pi - PI) element 
approximates velocity as an extended quadratic function (using the velocity com­
ponents in the seven nodal points depicted in figure 3.1 as degrees of freedom) and 
pressure as a linear function using the pressure and its derivatives to x and y in the 

Us 

Figure 3.1 The Crouzeix-Raviart P; - PI element. 
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barycenter. This element has pleasant properties as to the assembly of the matrix 
S + 'tLTD-1L: i) the matrix is symmetric and positive definite. ii) construction of 
the matrix can be carried out elementwise. iii) the velocity components in the 
barycenter and the pressure derivatives can be eliminated from the system of equa­
tions (Le. they can be expressed as functions of the velocity components from the 
boundary nodal points only), reducing the number of degrees of freedom with 4. 
The resulting element has 6 nodal points for velocity and 1 nodal point for pressure 
(modified Crouzeix-Raviart element). iv) this elimination process makes the pres­
sure matrix D diagonal, with simple inverse D-1

• 

A more detailed discussion of this element can be found in [Cuvelier et al., 1986]. 

Choice ofpenalty function parameter 

In the penalty function method, the incompressibility constraint is relaxed to make 
a more efficient solution of the equations of motion and the conservation of mass 
possible. To minimize the effects of finite compressibility it is desirable to choose 't 
as high as possible. However, the penalty function matrix LTD-1L is singular, and 
for large 't the total matrix S + 'tLTD-lL will be singular. Cuvelier et al. [1986] 
suggest to choose 't in the range 

103 ~ 't ~ 109 (3.16) 

Throughout the calculations 't = 106 has been used. 
The choice of the penalty function parameter is less constrained than in the 

case of incompressible ~lasticity problems that are solved with the penalty function 
method [Hughes, 1987]. For compressible elasticity, the constitutive equation is 
given by 

g = AV'·sl+2~.s; (3.17) 

where I.l is the shear modulus, s is the displacement vector,.s; the strain tensor andl 
the Kronecker tensor. The Lame parameter A. is given by 

A = 2v~ (3.18)
l-2v 

where v is Poisson's ratio. In the incompressible case (v = ~), A. is unbounded and 
a different formulation is necessary. The constitutive equation is then written 

g = -pl+2~ (3.19) 

where the pressure p is introduced as unknown. The additional equation to be 
solved is just the incompressibility constraint (V' . s =0). In the mixed formulation, 
(3.19) is used as constitutive equation, where the parameter p is defined by 
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o=V . s + f (3.20) 

This leads directly to the penalty function formulation for incompressible elasticity. 
For the compressible case the average normal stress equals -(Jkk!3 = 
-(A. + 2W3)V . s. Then, the parameter p from (3.20), p =- A.V . s, can only be 
interpreted as pressure when j..L« A.. Therefore, in the penalty formulation A. has to 
be chosen finite, but large with respect to j..L. Numerical problems arise if A. is cho­
sen too large. Hughes [1987] finds the range 

107 ~ ~ ~ 109 (3.21) 
j..L 

to be effective. 
The equations for (isotropic) incompressible elasticity and Stokes flow are 

identical, except for a different meaning of the parameters (the displacement s is 
replaced by the velocity u and j..L by the dynamic viscosity 1'\). This would suggest a 
choice of the penalty parameter 1: as a local function of the dynamic viscosity, 
which would have important consequences for the solution of non-isoviscous flows 
with the penalty function method. However, it can be shown for a fluid without 
bulk viscosity, ~ = A. + 211/3 = 0, that the average normal stress -crkk/3 is always 
equal to the thermodynamical pressure [Malvern, 1969]. This relaxes the extra con­
straint on the choice of the penalty function parameter with respect to the dynamic 
viscosity. The bulk viscosity is related to rapid changes in volume (compared to 
molecular relaxation processes) and can be neglected in problems with slow defor­
mation [Jarvis & McKenzie, 1980]. 

It has to be stressed that the viscosity should be scaled properly in a way that 
the average viscosity is around one. If the average viscosity is much less than one 
the total matrix S + 1:LT D-1L can be singular. 

Practical implementation 

The Stokes equation, combined with the incompressibility constraint, and the tem­
perature equation (2.1-2.3) are solved using the finite element package Sepran 
[Segal & Praagman, 1984]. Appendix A contains a description of some technical 
details of the implementation. 

Generalized Newtonian fluids 

The rheological model of generalized Newtonian fluid has been used, where the 
viscosity depends on strain rate, temperature, pressure and composition. The coeffi­
cients of the viscous stress matrix (3. 15e) have the form 
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Sij = llVcj)j' Vcj)j dxdy (3.22)J
The effective strain rate is a function of gradients of velocity which, in the finite 
element approximation, are continuous within an element, but in general discontin­
uous across element boundaries. Pressure is continuous over element boundaries 
(as it translates to depth in the Boussinesq approximation) and the same holds for 
the finite element approximation of temperature. Then, the approximation of the 
viscosity is in general continuous within the elements, but discontinuous across the 
element boundaries. The integral (3.22) is still integrable and simple tests using a 
power law creep model have correct convergence behaviour (error in velocity is a 
function of h3 

, error in pressure a function of h2 ; h is the element size) and the ele­
ment shows to be applicable to problems with generalized Newtonian fluids [Jaap 
van der Zanden, pers. comm., 1992]. A discussion on the effects of composition 
dependent viscosity is given in chapter 4. 

For strain rate dependent viscosity the viscous stress matrix is a function of 
velocity and the discretized system (3.15) is non-linear. In time-dependent pro~ 

lems Picard sub-iteration is used to solve (3.15), keeping the buoyancy forces and 
boundary conditions fixed. The velocity field obtained at the previous step is used 
as initial estimate for the next step. 

3.5.2 Stream function formulation 

In the stream. function formulation, the non-dimensional equation of motion for 
incompressible thermochemical convection is given by (2.22). The introduction of 
the stream function reduces the three equations for velocity and pressure to one 
scalar equation at the cost of fourth order derivatives. Conformity of element shape 
functions is often imposed to satisfy the basic convergence requirements [Hughes, 
1987]. In the stream function formulation, the equation of motion is a fourth order 
partial differential equation and, for a finite element approximation to be conform, 
the basis functions should be twice continuously differentiable in each element and 
at least continuously differentiable throughout the computational domain Q [Cuve­
lier et al., 1986]. We consider the implementation of two methods that have been 
used to solve the equation of motion in the stream function formulation: the first 
uses a non-conforming type of element [Hansen & Ebel, 1984], the second uses 
bicubic splines as shape functions [Woidt, 1978; Kopitzke, 1979]. The notation 
will be used 
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pongliTh
3 [p + r lip ]

Rao = Ko110 Ra(r) = 0 Po Rao (3.23) 

and a model of two homogeneous fluid layers with different compositional densi­
ties will be considered. The function r is a step function. 

Non-conforming element 

The condition of continuity of the slope of shape functions across element bound­
aries (C1 continuity) is difficult to impose for conforming elements [Zienkewicz, 
1977]. Here a non-conforming element is used, that, although it does not fulfill 
condition of C 1 continuity, has found successful application in plate bending prob­
lems [Zienkewicz, 1977] and mantle convection modelling [Hansen & Ebel, 
1984]. 

The model region .Q is subdivided into rectangular elements with four nodal 
points in the vertices of the element. In each nodal point a vector of unknowns is 
defined with three components 

(3.24)a, = [ "',. (~),. -(~), r 
The stream function in each element is approximated by 

4 
\ji = 1: Njaj (3.25) 

j=1 

where Nj is a vector of shape functions. Application of the method of Galerkin 
leads to a system of equations 

Sa = f (3.26) 

where S is the stiffness matrix resulting from the discretization of the differential 
operator and f is the load vector, containing the contribution of the right hand side 
of (2.22) and of the non-homogeneous boundary conditions. The system is solved 
for the unknowns a. The global matrix and vector are assembled elementwise after 
calculation of the element matrix 

Sij = 

(3.27) 
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and element load vector 

aT ar 
~ = I I Ra(I)N . - dxdy - RbI IN. - dxdy (3.28)
1 1 ax 1 ax 

e e 

We thus have 12 degrees of freedom in the element and the unknown Wcan be 
expanded by retaining 12 terms of a fourth order polynomial in x and y. Appendix 
B gives the shape functions for this element. The volume integrals in the coeffi­
cients of the stiffness matrix are calculated with the 3 x 3 Gaussian quadrature rule. 
The same integration rule is applied in the calculation of the coefficients in the first 
term of the element load vector 

aT 
I I Ra(I)N j ax dxdy (3.29) 

e 

where the temperature is given in the nodal points. The temperature derivative in 
the Gaussian points is calculated in a way that is consistent with the linear approxi­
mation of the temperature within the element (refer appendix B). 

The interface between the two fluids is represented by a marker chain with 
coordinates (xm•Ym), m =1,···, N m' The contribution of r to the element load 
vector is then calculated by the approximation 

I I N. ar dxd 
la Y 

e X 
= 

N~l N .( ) ( Ym+l 
Li lXm.Ym 

m=2 

- Ym-l )
2 (3.30) 

[Christensen & Yuen,1984]. 

Bicubic splines 

In this section the use of splines in the solution of the equation of motion in the 
stream function formulation is considered. Bicubic splines are used to define shape 
functions for the method of Galerkin on a rectangular grid. A rigorous definition of 
the use of splines in variational methods can be found in Schultz [1973]. Kopitzke 
[1977] gives a technical description of the use of the method in mantle convection 
modelling and gives expressions for spline functions defined on non-equidistant 
grids. Woidt [1980] describes the use of bicubic splines for Rayleigh-Taylor insta­
bilities. Following is a summary of the implementation of the method to solve 
(2.22), with Ra ;;;; 0 and free-slip boundaries on equidistant grids. An approximate 
solution Wof (2.22) can be constructed by 

N 
W(x) = r, 13/l'jCx) (3.31) 

j=l 

where 13 j are called the spline coefficients. Main advantage of using this type of 
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approximate solution is that the continuity requirement of the first order derivative 
is satisfied (refer appendix B) at a minimum cost (= low number of degrees of free­
dom). Disadvantage is that the shape functions are not local (each shape function 
is non-zero on 16 elements). in contrast to Lagrangian types of shape functions. 
Another complication arises in the implementation of the boundary conditions. 
which cannot be treated by elimination of local shape functions. as is common in 
the Lagrangian approach. Instead. a space spanned by the spline shape functions 
that satisfies the boundary conditions must explicitly be constructed. 

The rectangular geometry Q = [0. L] x [0.1] can be discretized using a mesh 
of N x x Ny equidistant elements. Each element has dimensions ~x x ~y. An 
approximate solution is sought of the form (3.31) where the spline functions'll j 

satisfy the boundary conditions. The construction of these spline functions is 
described in appendix B. Application of the method of Galerkin yields a matrix 
equation 

Ax = f (3.32) 

where the matrix coefficients A jj are given by 

AI'; = JJ [az,¥j _a 
2'¥j ][ a 

2'¥j _az'¥j ] 
, TJ ax2 ay2 ax2 ay2 dxdy 

n 

(3.33)
 

The integrals in (3.33) are calculated using a 3 x 3 Gaussian rule. The load 
vector f is calculated by an approximation similar to (3.30) 

3.6 Benchmark results 

The accuracy and the efficiency of the implementations have been compared 
against analytical solutions and numerical results obtained by different codes for a 
variety of cases. The three different methods are denoted by 

E penalty function method 
C 1 stream function approach: non-conforming element 
'If stream function approach: bicubic splines 



36 Chapter 3 

The quoted CPU times are in seconds and hold for the Iris Indigo workstation with 
a risc processor (MIPS R3000 @ 33 :MHz). Inversion of a 1000 x 1000 matrix 
using the Unpack benchmark [Dongara, 1986] is performed at this machine with 
3.1 Mflops (64 bit accuracy). The grid specification, as is used throughout this the­
sis, reflects the number of elements in an indirect way. The actual number of ele­
ments depends on the type of approximating shape functions: a grid specified as 
10 x 10 contains 21 x 21 nodal points, 2 x 10 x 10 quadratic triangles (penalty 
function method), 2 x 20 x 20 linear triangles (temperature equation) and 20 x 20 
rectangles (non-conforming element, spline method). The equation(s) of motion 
(in either of the three formulations described above) and the temperature equation 
are solved on meshes with the same distribution of nodal points. The coupling 
between the equations is described in appendices A and B. 

3.6.1 Thermal convection benchmark 

Both the penalty function method and the stream function method with the non­

conforming element have been used to study thermal convection. The benchmark
 
comparison of Blankenbach et al. [1989] defines a number of cases and best esti­

mates for the numerical values of some derived quantities, obtained from a compar­

ison of several finite difference, finite element, and spectral methods. 1\vo dimen­

sional thermal convection of a Newtonian Boussinesq fluid at infinite Prandtl num­

ber is considered. The non-dimensional equations (2.15-2.17) are solved on a rect­

angular domain ,Q = [0, A] x [0, 1], where Ais the aspect ratio. The quantities to be
 
derived are
 
i) the Nusselt number
 

J.. dT J.. 
(3.34)Nu = - JdY (x, Y = l)dx I JT(x, Y =O)dx 

ii) the non-dimensional root-mean-squared velocity 
1 

v~
 2 (3.35)
= ~ [J (V2 + w ) dQr 
and iii) the non-dimensional temperature gradient in the comers of the region ,Q 

dT 
q = - dY (3.36) 

with ql =q(O, I), q2 =q(A, I), q3 =q(A,O) and q4 =q(O, 0). Grid refinements are 
used to improve the resolution in the boundary layers of the convecting cell. 
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Casel 

Stationary convection with constant viscosity in a square region (A =1), free-slip 
boundaries, constant temperature at top (T =0) and bottom (T =1) and reflective 
vertical boundaries (aTlax =0). Rayleigh number is varied between 104 and 106 

. 

Table 3.1a Blankenbach et a1. [1989], Case 1a Ra .. 104 

Code Grid Nu Vmu ql qz cpu t 
£ 2Ox20 4.8891 42.896 8.0551 0.5888 37 

30x30 4.8880 42.878 8.0589 0.5908 118 
4Ox40 4.8880 42.887 8.0587 0.5911 282 

C1 2Ox20 4.8900 42.923 8.0563 0.5886 58 
30x30 4.8885 42.894 8.0596 0.5907 211 
35 x35 4.8885 42.897 8.0590 0.5910 355 

best 
estimate 4.8844 42.865 8.0594 0.5888 

t Cpu-time in seconds on Iris Indigo R3000 workstation (see text) 

Table 3.1b Blankenbach et aI. [1989], Case 1b Ra =105 

Code Grid Nu Vmu ql qz cpu 
E 20x20 10.532 193.262 18.993 0.7181 62 

30x30 10.541 193.153 19.076 0.7251 162 
40x40 10.539 193.191 19.077 0.7264 386 

C1 20x20 10.5351 193.407 18.990 0.71691 81 
30x30 10.5425 193.233 19.074 0.72438 251 
35x35 10.5412 193.272 19.075 0.72548 424 

best 
estimate 10.534 193.215 19.079 0.72275 

Table 3.1c Blankenbach et aI. [1989], Case Ie Ra .. 106 

Code Grid Nu Vmu qt qz cpu 
£ 20x20 21.852 835.331 44.419 0.8412 64 

30x30 21.986 834.030 45.902 0.8791 309 
40x40 21.986 833.985 45.948 0.8771 469 

C1 20x20 21.861 835.703 44.561 0.83619 65 
30x30 21.997 834.100 45.852 0.8732 237 
35 x35 21.998 834.316 45.902 0.8773 403 

best 
estimate 21.972 833.990 45.964 0.8772 
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Case 2 

Stationary convection with temperature and depth dependent viscosity 11 

11 = 110 exp[ - bT + cO ­ y)] (3.37) 

The Rayleigh number Rao is based on the viscosity 110 

Rao 
pagATh3 

= (3.38) 
KIlo 

Table 3.2a Blankenbach et aI. [1989], Case 2a: A. ... 1, Rao ... HY', b ... In(1000), C =0 

Code Grid Nu V"'" ql q2 q3 q4 cpu 

€ 20x20 10.040 476.87 17.393 1.0046 25.182 0.4301 150 
30x30 10.061 478.44 17.504 1.0089 26.731 0.4955 517 
40x40 10.065 478.77 17.520 1.0109 26.905 0.5001 1379 

C1 20x20 10.049 477.32 17.406 1.0025 25.284 0.4310 512 
30x30 10.065 478.49 17.509 1.0075 26.771 0.4962 2167 

best 
estimate 10.066 480.43 17.531 1.0085 25.809 0.4974 

Table 3.2b B1ankenbach et aI. [1989], Case 2b: A'" 2. 5, Rao = 104
, b ... 1n(16384), C =In(64) 

Code Grid Nu V"'" qj q2 q3 q4 cpu 

€ 32x 16 6.9011 171.013 18.187 0.1791 13.756 0.5972 229 
40x20 6.9269 171.442 18.401 0.1799 14.040 0.6115 452 

C1 

48x24 
56x28 
32x 16 
40x20 
48x24 

6.9276 
6.9276 
6.9156 
6.9396 
6.9357 

171.407 
171.397 
171.592 
171.828 
171.650 

18.456 
18.472 
18.128 
18.372 
18.428 

0.1799 
0.1798 
0.1796 
0.1803 
0.1802 

14.113 
14.139 
13.872 
14.076 
14.122 

0.6168 809 
0.6176 1265 

o59Mj0.6122 1236 
0.6173 2422 

best 
estimate 6.9299 171.755 18.484 0.1774 14.168 0.6177 
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Case 3 

Time-dependent cOIlVection with constant viscosity and internal heating. Rigid top 
and bottom boundary. Constant temperature at top (T =0), insulated bottom 
(aT/ay =0) and side (aT/ax =0) boundaries. Aspect ratio A =1. 5, constant heat 
production rate Q, and Rayleigh number 

= 216000 (3.39)Ra = 

As initial condition the result from the stationary model with lower Rayleigh num­
ber Ra =21600 is chosen. After integration of the time-dependent equations over a 
sufficiently long time interval, the solution becomes periodic in time with two dis­
tinct periods (P2). From the time-series of Nu and vrms ' the position of the extrema 
and the values are obtained by quadratic Lagrangian interpolation, using the three 
data points around each extremum. 

Table 3.3 Blankenbach et al. [1989], Case 3 

Code Grid Period 

Cl 30x20 
35x25 

0.0489 
0.0486 

best estimate 0.0480 

Nu v""" 
max min max min max min max min 

7.367 6.44 7.19 6.77 60.8 32.2 57.6 30.2 
7.374 6.45 7.18 6.78 60.7 32.1 57.2 30.9 

7.379 6.47 7.20 60.4 32.0 57.4 30.36~ 

The penalty function method gives very similar results. The global accuracy of the 
method is governed by the accuracy in solving the time-dependent heat equation 
(2.3), which is identical for both methods. 

I 
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3.6.2 Rayleigh-Taylor instability: linear stability analysis 

The stream function codes have further been tested for Rayleigh-Taylor instabili­
ties. From linear stability analysis [Chandrasekhar, 1961] it is found that the 
amplitude of harmonic perturbations between originally horizontal interfaces grows 
exponentially in time with a specific growth rate le. The growth rate depends a.o. 
on the viscosity and densities of the fluids and the boundary conditions, and can be 
determined analytically for simple models. Consider the situation of two superim­
posed homogeneous fluid layers of equal thickness, contained in a rectangular 
geometry Q = [0, 1] x [0, l] with free-slip boundaries. The fluids are isoviscous 
(1'\ = 1) and have density difference dp = 1. The interface between the fluids at 
y = O. 5 is perturbed by a cosinusoidal perturbation with wavelength 2 and ampli­
tude 0.001. Table 3.4 shows the non-dimensional growth factor for this case. The 
numerical values are obtained using a discretization of the interface with 101 mark­
ers. 

Table 3.4 Rayleigh-Taylor instability 

Code 

CI 

Grid 

lOx 10 
20x20 
30x 30 

Growth rate 

0.05304 
0.05310 
0.05312 

cpu 

1.9 
19.5 
85 

'V 2x2 
5x5 

lOx 10 

0.05295 
0.053118 
0.053121 

0.14 
2.4 

12.8 

Analytical 0.0531307 

3.7 Conclusions 

From the above results we can conclude that the codes for thermal convection are 
very accurate: all derived quantities, even for the coarse grids, fall within 0.5 % of 
the 'best estimates' quoted in Blankenbach et al. [1989]. Results obtained with the 
non-conforming element and with the penalty function method compare very well. 
The non-conforming element is about 50 % more expensive with regard to memory 
and cpu requirements. The spline method shows to be accurate even at very coarse 
grids. For a given accuracy, the use of splines is much more efficient than using the 
non-conforming element. A further comparison of the methods is given in the next 
chapter, in which the application of the methods to Rayleigh-Taylor instabilities is 
discussed. 



Chapter 4 

Numerical modelling of Rayleigh-Taylor instabilities 

4.1 Introduction 

A prominent example of flow of crustal rocks driven mainly by compositional 
buoyancy is found in salt diapirism. Rocksalt is nearly incompressible and main­
tains its relatively low density under high pressures. After deposition of the salt in 
evaporite basins and subsequent burial by increasingly denser sediment, a density 
inversion can occur which may lead to the formation of salt domes. The large eco­
nomical interests, associated with hydrocarbon trapping and long term storage of 
radioactive waste and energy reserves, have lead to an extensive study of the 
dynamics of salt dome formation, using analytical methods [Hunsche, 1977; Ram­
berg, 1981], experimental approaches [Whitehead & Luther, 1975; Talbot, 1977; 
Jackson et al., 1990], and numerical modelling [Berner et al., 1972; Woidt, 1978; 
Schmeling, 1987]. In both the analytical and numerical approaches, the mathemat­
ical model has been used of a Rayleigh-Taylor instability - a gravitational instabil­
ity of a layer of heavy fluid overlying a lighter one [Chandrasekhar, 1961]. 

In this chapter some technical aspects of the numerical modelling of Ray1eigh­
Taylor instabilities will be discussed. The quality of the numerical study of this 
model depends strongly on the approximation of viscosity and density. The dis­
continuity of these properties across the interface between the two fluids makes this 
a non-trivial task. 

4.2 Implementation of buoyancy forces 

In the stream function methods (chapter 3), the interface is represented by a dis­
crete chain of markers. The elements of the load vector are defined by the integral 
expression (3.28) (with Ra =0), which for a given distribution of markers can effi­
ciently be calculated by the simple summation (3.30). Table 3.4 of chapter 3 shows 
the high accuracy that can be obtained. Implementation of the marker chain 
method is more complicated within the penalty function approach. The element 
load vector is then given by (refer 3. 15d) 

41 
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fi = Jpgcl>i de (4.1) 
e 

Calculation of the integral is difficult to perform accurately in elements through 
which the marker chain passes. A more natural approach is to represent the inter­
face by element boundaries and create a new mesh at each step. The success of this 
Lagrangian approach depends strongly on the intelligence of the mesh generator. 
At large deformations the automatic mesh generation can fail, but regular geome­
tries, such as the relatively simple domal shapes, can be handled without problems. 

&x =0.1 &x =0.06 .dX =0.04 .dX =0.02 
Figure 4.1 Initial configuration used in the Lagrangian approach/or decreasing typical el­
ement size Ax. 

The accuracy of the Lagrangian method can be tested by determining the growth 
rate of a perturbation on an initially horiwntal interface. From linear stability anal­
ysis an analytical solution can be obtained for this case. Figure 4.1 shows the ini­
tial mesh configurations for a Rayleigh-Taylor instability of two layers of equal 
thickness h =0.5. In this and following models all physical quantities are non­
dimensional. The grids are characterized by the typical size of an element bound­
ary ~x. Table 4.1 shows the accuracy of this method in determining the growth rate 
1C for a model with density contrast ~p = 1, free-slip boundaries and constant vis­
cosity 11 =1. The initially horizontal interface (shown by the thick solid line) is per­
turbed by a harmonic with wavelength 2 and amplitude 0.01 (compare table 3.4). 

Table 4.1 Rayleigh-Taylor instability 

llx growth rate cpu 

Ax=O.l 0.05272 2 
Ax=O.06 0.05295 8 
llx = 0.04 0.05302 38 
llx - 0.02 0.05309 512 
Analytical 0.05313 
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4.3 Isoviscous models 

Figure 4.2 displays the development of the finite element mesh for the Rayleigh­
Taylor instability described above. The interface is advanced using the predietor­
corrector method described in chapter 3. After each time step the nodal points 
along the interface and at the vertical boundaries are repositioned to maintain a 
approximate element size Llx =0.06. The mesh is regenerated for each solution of 
the Stokes equation. At dimensionless time t =100, the interface nearly reaches 
the top and bottom boundary of the domain. If it would be allowed to reach the 
boundary the nodal points describing the upper and lower boundary of each fluid 
layer would overlap and the mesh would become ill-defined. At least one element 
row is maintained between the top and bottom boundary of the domain and the 
interface. The vertical size of the element row is kept finite (~O. 01) to avoid 

t = 40 t = 100 t = 160 t =220 

Figure 4.2 Development of an isoviscous (11",1) Rayleigh-Taylor instability with free-slip 
boundaries, modelled with the Lagrangian approach, h.x ... 0.06. Density difference be­
tween the layers is Ap .. 1. 

-­ '1'10><10 
---­ c110lC10 

t= 40 t = 100 t = 160 t= 220 

Figure 4.3 Same as figure 4.2, now modelied using the stream function formulation. 'I' iruii­
cates the spline method, C1 the method using the non-conforming element. 
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numerical errors as a consequence of a large element aspect ratio [Cuvelier et 81., 
1986]. 

Figure 4.3 shows the evolution of the interface between the fluids for the same 
Rayleigh-Taylor model, calculated using the marker chain method in the stream 
function formulation. using both bicubic splines (denoted by'll) and the non­
conforming element (Cl) (for grid specification refer chapter 3). The marker chain 
is regridded at each time step to maintain an approximate distance between the 
markers of 0.002. 

Figure 4.4 compares the development the height of the diapir h and the root­
mean-squared velocity V rms (3.35) for the marker chain method and the Lagrangian 
approach. 

_T0-Jp!....-.,Of_d_i-JaPr-i_r----r------,..--,0.6 .­

0.4 

~ 0.02 
.s::: 

0.2 > 

0.00 
0.0 

o 50 100 150 200 250 o 50 100 150 200 250 
t t 

Figure 4.4 Comparison of the three methods. E denotes the Lagrangian approach. The use 
ofa 3 x 3 Gaussian quadrature rule is indicated by G:3 x 3. 

Both marker chain methods compare very well. For these isoviscous models 
the relative coarse grid suffices to calculate the global evolution of the model. In 
figure 4.3 some small oscillations in the interface are visible at t = 220 which is 
mainly a consequence of the larger relative error in calculating the velocity compo­
nents from the stream function in the stagnation rone. The marker chain method 
makes it possible to use a fine discretization of the interface. In the Lagrangian 
approach it is necessarily coarser and this makes the implementation of the buoy­
ancy forces less accurate. This can be observed when comparing the graphs of vrms 

in figure 4.4 and the snapshots at t =100 in figure 4.2 and 4.3. This error can be 
reduced by decreasing the average element size at the cost of much higher compu­
tational effort. Figure 4.4 compares V rms calculated using an average element size 
Llx =0.04 with the other models. 

The spline method is faster by a factor 3 compared to the non-conforming ele­
mentmethod for the problem described above. Both methods are much faster than 
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the Lagrangian approach, where at each step the mesh has to be regridded and the 
discretized matrix equation has to be constructed again. In both marker chain 
methods the finite element mesh and the viscosity distribution are stationary in time 
and this makes it possible to construct the stiffness matrix only once, and store the 
decomposed form of the matrix in memory. The discretized Stokes equation can 
then efficiently be solved by back-substitution. This disadvantage of the 
Lagrangian approach, with respect to the stream function methods, disappears in 
the modelling of non-isoviscous flows, where the stiffness matrix has to be con­
structed at every step, irrespective of the employed method. 

4.4 Newtonian models with variable viscosity 

A more realistic model for salt diapirism is a Rayleigh-Taylor instability where the 
upper layer, representing the sediment, has a higher viscosity than the underlying 
(salt) layer. Traditionally a viscosity contrast of 30-100 has been used [Hunsche, 
1977; Woidt, 1978; Roemer & Neugebauer, 1990. In the Lagrangian approach the 
discontinuity in the viscosity coincides with the element boundaries representing 
the interface between the fluids. The viscosity is constant in each element. In the 
stream function approaches the integrals (3.27) and (3.33) are difficult to calculate 
accurately in elements in which the viscosity is discontinuous. Using standard 
Gaussian integration (with 3 x 3 Gaussian points), the viscosity discontinuity is not 
well resolved. Woidt [1980] uses an 8 x 8 Gaussian rule within those elements to 
improve on this. It is questionable whether this computationally expensive method 
is necessary for purely Newtonian flows. Local changes in the viscosity distribu­
tion will not have a strong influence on the large scale flow, as can be seen from the 
rise of small 'Stokes' droplets through a viscous medium. The drag exerted on the 
droplet which is only a function of radius, velocity and viscosity of the surrounding 
fluid [Batchelor, 1967]. The viscosity of the droplet itself is not important in deter­
mining the speed with which it rises. The use of Gaussian integration in calculat­
ing the element integrals effectively diffuses the discontinuity over a length scale 
that is determined by the spacing between the Gaussian points. Using a higher 
Gaussian rule will decrease the spacing and improve the resolution of the disconti­
nuity, but, as will be shown in the following example, this has not a distinguishable 
effect on the dynamics of the Rayleigh-Taylor instability. 

Figures 4.5-4.7 compare the evolution of a model with two homogeneous fluid 
layers with different density and viscosity. Initial perturbation is a harmonic with 
wavelength 2 and amplitude 0.01. The viscosity of the upper layer is TJ 1 =100, the 
lower layer has viscosity 112 =1. Figure 4.5 shows snapshots of the mesh in the 
Lagrangian approach with ~x .., 0.04. Figure 4.6 shows the development calcu­
lated by the spline method (using both a 3 x 3 and 8 x 8 Gaussian rule), in 
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t =3000 t =4000 t =5000 t =6000 

Figure 4.5 Development ofa non-isoviscous Newtonian RT instability withfree-slip bound­
aries, as modelled by the Lagrangian approach (lu 0= 0.04). The density difference is 
~p =1, viscosity of the upper layer is 111 =100, and the viscosity ofthe lower layer 112 =1. 

-Jl 
I 

t =3000 t= 4000 t =5000 t =6000 

Figure 4.6 Comparison of development of RT instability (model parameters as in figure 
4.5) calculated by the spline method (1V, grid 10x10) with 3x3 and 8x8 Gaussian 
quadrature rules and the method with the non-conforming element (CI, grid 20 x 20)). 

Rms velocity
0.0005 ,----,---,----'i---.--,----,--. 

.} 0.0000 

0.0 

0.4 

J: 
0.2 

If' 10x10 G:8x8 
If' 10x10 G:3><3 
c1 2Ox20 G:3><3 
e .1X =0.04 

'--------L.----,--l...---.L_--'-'~ -0.0005 I I [ I I I I 
o 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000 

t t 
Figure 4.7 Comparison of the three methods in calculating h and v"",. 

comparison to the result obtained by using the non-conforming element (3 x 3 
Gaussian quadrature). hand vrms are displayed in figure 4.7. The rms velocity has 
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two distinct peaks at t 1':$ 3000 and t 1':$ 5200, which are correlated to reorganizations 
in the flow pattern, when the interface between the fluids 'feels' the influence of 
first the lower boundary and next the side boundary. The Lagrangian approach pre­
dicts a development that is, as has been observed in the purely Newtonian case (fig­
ure 4.4), a little slower than that predicted by the stream function methods, but the 
difference is small. 

The second invariant of the strain rate tensor Eis the main parameter determin­
ing the power law viscosity (2.ll). In the models used in this section, the viscosity 
is discontinuous across the interface between the fluids. As surface tension effects 
can be neglected, both the normal and shear stress have to be continuous across the 
interface. In general this leads to discontinuous components of the strain rate ten­
sor and discontinuous E. In the Lagrangian approach this discontinuity will be 
resolved accurately, as the interface coincides with element boundaries, across 
which the derivatives of the velocity shape functions are not necessarily continu­
ous. 

In both stream function methods £ is continuous within the elements and the 
use of bicubic splines even guarantees continuity of E across element boundaries. 
As will be shown below the continuous approximation to E leads to spatial 

strain rate at x=0.5 t=3000 strain rate at x=0.5 t = 6000 

e Ax =0.04 
lfI 10x10 G:3x30.002 0.002 c1 20x20 G:3x3 

·w ·w 
0.001 0.001 

. , \ 

~. 

0.000 0.000 

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 

Y Y 

Figure 4.8 Strain rate £ at x = O. 5 calculated by the three methodsfor the Newtonian mod­
el with homogeneous layers ofdifferent viscosity. The discontinuity in strain rate at the inter­
face between the fluid is only well resolved by the Lagrangian approach (e). 
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oscillations that depend on element size and accuracy of the numerical integration. 
For a power law creep model this will have a strong effect on the viscosity distribu­
tion around the interface between the fluids. 

Figure 4.8 displays the value of t at a cross-section through the model at 
x =O. 5 for the three methods at times t =3000 and t =6000 (compare figure 4.6). 
The heavy solid line displays t calculated from the Lagrangian approach, showing 
the discontinuities at the interface at y =0.56 (t =3000), Y =0.35 and y =0.95 
(t =6000). The spline method (heavy dashed line) gives a continuous approxima­
tion, which oscillates in the layer with the lowest viscosity. As a consequence of 
the relatively coarse discretization (19 x 19 spline coefficients are used) each spline 
has a broad basis, and a large part of the medium is influenced by the induced 
oscillations. The results obtained with the non-conforming element (calculated at a 
finer grid) show sharp and short wavelength oscillations, again in the layer with the 
lower viscosity. 

Figure 4.9a shows the effect of grid refinement on the results of the spline 
method, compared with the Lagrangian approach. The mesh indicated with 
20 x 20 results in 39 x 39 unknown spline coefficients. Figure 4.9b displays results 
obtained for t =3000 with a more accurate calculation of the integrals in the 

strain rate at x=0.5 t=3000 strain rate at x=0.5 t = 3000 

a) b)
0.002 0.002 

·w ·w 
0.001 0.001 

--­ E L\x =0.04 

0.000 ----------­ 'I' 20x20 G:3x3 0.000 

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 

Y Y 

Figure 4.9 Compare figure 4.8. a) Influence of increasing the number of elements in the 
spline method", b) Influence ofcalculating the element integrals in the stiffness matrix in the 
element in which the marker chain lies using an 8 x 8 Gaussian rule and a trapezoid rule us­
ing 20 x 20 points within the element. 



49 Rayleigh-Taylor instabilities 

coefficients of the stiffness matrix (3.33). In the elements in which the viscosity is 
discontinuous, the integral is approximated by either an 8 x 8 Gaussian quadrature 
rule (heavy dash), or a 20 x 20 trapezoidal rule (light dash-dot). Both methods 
improve the solution slightly, by decreasing the amplitude of the oscillations. 
However, it is clear from the above experiments, that the inability of the employed 
shape functions to model the discontinuous strain rate function is the main reason 
for the occurrence of the oscillations. 

4.5 Non-Newtonian flows 

To illustrate the effects of the oscillatory £ in non-Newtonian flows, some experi­
ments are performed with strain rate weakening power law creep model 

(4.2)n>l 

The non-linear equations of motion are solved by Picard sub-iteration. The strain 
rate E within an element can be expressed as a function of the velocity components 
in the nodal points using the analytical expressions of the derivatives of the shape 
functions (see appendix A and B). 

In the first non-Newtonian model to be considered the material properties A 
and n are constant throughout the medium. Figure 4.10 shows the snapshots of 

1= 20 1=30 1=40 

log i 

Figure 4.10 Snapshots of the interface and the strain rate tfor a non-Newtonian KT insta­
bility. A-1 and n - 3 in both layers. 
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log E and the interface for a model with A =O. 1 and n =3, calculated by the spline 
method with mesh 15 x 15. Initial amplitude of the harmonical perturbation is 0.1. 

Figure 4.11 compares the top of diapir (h), rms velocity (vrms ), and the mini­
mum (l1min), maximum (l1max), and volume averaged (l1av) viscosity calculated by 
the spline method (\V) and the Lagrangian approach (E). Once the interface reaches 
sufficient amplitude the effective viscosity decreases sharply and the diapir moves 
fast. The rapid overturn creates the sharp peak visible in the rms velocity. l1min and 
l1av are smooth functions of time and show a clear minimum during the overturn. 
The coarser interface discretization is again the reason for slower development of 
the model in the Lagrangian approach, but the time lag is small and otherwise the 
approaches compare quantitatively very well. The maximum viscosity l1max is 
determined by the local strain rate minima in the stagnation points (or rather stag­
nation zones; figure 4.10). The value of the strain rate in these points is clearly not 
well defined, but as the amount of deformation is negligible here, the actual value 
of the viscosity is not very important. The erratic behaviour of the maximum vis­
cosity has been observed previously in time-dependent thermal convection models 
using the penalty function formulation [Van den Berg et al., 1993]. It shows that 
l1max cannot be used as a good indicator of the dynamical behaviour of the models. 

An interesting class of models comprises those with material parameters that 
are discontinuous across the interface. Consider a dense Newtonian layer overlying 
a lighter non-Newtonian one. The discontinuity in the creep law induces a viscos­
ity discontinuity and consequently oscillations in the strain rate £ if the marker 
chain method is employed (section 4.4). The oscillations in E have a strong influ­
ence on the viscosity distribution in the non-Newtonian layer and it has to be inves­
tigated whether the marker chain method can still be used for this class of models. 
Following examples are calculated with the Lagrangian approach and the spline 

Top of diapir 
0.5 '--~-;==F"""""f"""""'" 

10'0.4 0.08 

10' 
0.3 .. 0.06 

.r:. ~ 10' 
0.2 

,; 004 ~ 10· 

0.020.1 -- '11 15x15 G:3 10·' 
----~- e AX ~ 0.06 

0.0 '------'-_---'-_...L---...J o.oo~ 
o 25 50 75 100 0 25 50 75 100 25 50 75 100 

t t t 
Figure 4.11 Development of hand vmufor the non-Newtonian model. 
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t= 10 t= 20 t= 30 

a) 

logE 

t= 10 t= 20 t= 30 

b) 

Figure 4.12 Development of a KT instability with Newtonian rheology in the upper layer 
(A - n = 1 and non-Newtonian in the lower layer (A - O. 01 ,n = 3). The oscillations in 
strain rate € that are induced by the approximation of the interface in the spline method (top 
row) are absent in the Lagrangian approach (bottom row). 

method. The other marker chain method behaves qualitatively in a similar way as 
the spline method. The conclusions that are made hold equally for both marker 
chain methods. 

Figure 4.12 shows snapshots of the interface and Efor a model with Newtonian 
upper layer (A = I, n = 1) and non-Newtonian lower layer (A =0.01, n =3). Other 
model parameters are as in the previous model. Some derived quantities are plotted 
in Figure 4.13. The results displayed in the top row (Fig. 4.l2a) are calculated 
using the spline method (grid 15 x 15). The oscillations close to the interface 
resulting from the use of the marker chain method are clearly visible. The 
wavelength of the oscillations is determined by the grid spacing, the amplitude 
depends on the amplitude of the nearby viscosity discontinuity. In the areas where 
low strain rates prevail the viscosity discontinuity is largest. 
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Figure 4.13 Development 0/ h, v""... and 'Il/or the mixed Newtonian/non-Newtonian model, 
comparing the spline method ('If) and the Lagrangian approach (E). 

The results obtained using the Lagrangian approach (ax =0.04) are shown in 
Fig. 4.l2b. The discontinuity in E is well resolved and oscillations of the sort that 
are visible in figure 4.l2a do not occur. 

In figure 4.13 the position of the top of diapir h, fillS velocity vrms , and the vis­
cosity 11 in the lower layer are plotted as function of time. hand V rms are similar in 
both calculations, except for the - expected - time lag induced by the Lagrangian 
approach. At t ~ 13 the viscosity is minimal in the lower right hand side comer 
where the lower layer is squeezed away from the right hand side boundary. In the 
thin row of elements that is maintained between the interface and the lower bound­
ary the calculation of the strain rate is not very accurate and its value is generally 
overestimated (compare e.g. figure 4.8b, near y =0). Locally, this induces the 
exaggerated viscosity minimum, that is visible in figure 4.13. The viscosity con­
trast across the interface (that is now time and position dependent) is moderate in 
the above model (on the average around lOx, compare figure 4.13). Some models 
have been examined with higher contrasts. Those displayed stronger oscillations in 
E and 11 when using the marker chain method. Methods to smooth the oscillations 
have been examined, but these showed to have negligible effect on the dynamics of 
the Rayleigh-Taylor instability. However, it cannot be excluded, that in situations 
with strong viscosity contrasts and a highly non-linear rheology the numerical 
oscillations in the viscosity field can play a role in governing the dynamics of the 
model and that the Lagrangian approach might be essential in obtaining a reason­
ably accurate solution to the problem. 

From a computational point of view the spline method is the most efficient, 
with respect to both computer time and memory. In the example above with free­
slip boundaries and grid 15 x 15) there are 29 x 29 =841 degrees of freedom (the 
spline coefficients). The matrix has a bandwidth of 3 x 29 + 3 (refer appendix B) 
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and requires approximately 600 Kbyte of core memory. Calculation of the matrix 
coefficients is by far the computationally most expensive task in the solution pro­
cess, because of the complicated expressions (3.33). Construction of the matrix 
and solution of the discretized system of equations takes 11 seconds on a Iris 
Indigo workstation. On the same grid there are 2463 unknowns in the C I-method. 
The matrix can be stored in 2 Mbyte. The solution of the system takes 9 seconds, 
just a little faster than the spline method, but it should be stressed that for approxi­
mately the same accuracy the Cl method needs more elements. In the Lagrangian 
approach with ~x =0.04 there are 5508 unknowns and the matrix storage requires 
approximately 4.7 Mbyte. The solution of the system takes 30 seconds. A further 
disadvantage of the Lagrangian method is that coIlVergence of the Picard iteration 
to solve the equation of motion for non-linear rheology is slow. It takes about 2 x 
the number of iterations compared with both stream function methods. 

4.6 Conclusions 

The two stream function methods described in chapter 3 and a Lagrangian 
approach using the penalty function formulation have been considered to model 
Rayleigh-Taylor instabilities. The density discontinuity is most accurately approxi­
mated by the marker chain method; the spline method is the most efficient of the 
two stream function methods. The necessarily much coarser discretization of the 
interface in the Lagrangian approach leads in the considered models to a slower 
development of the instability. Rheological discontinuities are most accurately 
approximated by the Lagrangian approach. In general the strain rate is discontinu­
ous across the interface and this cannot accurately be modelled by the continuous 
low order approximation of both stream function methods, leading to oscillations in 
the strain rate field and (in case of non-Newtonian flows) in the viscosity field. The 
wavelength of the oscillations depend on the grid spacing and its amplitude on the 
grid spacing, the viscosity contrast across the interface, and the accuracy of the cal­
culation of the coefficients of element matrices in elements in which the viscosity is 
discontinuous. For moderate viscosity contrasts and power law indices the dynami­
cal behaviour of the Rayleigh-Taylor instability is modelled accurately by the 
stream function methods, as is seen from direct comparison of geometry, nns 
velocity and viscosity between the three methods. Use of the spline method is 
favourable from a computational point of view. 



Chapter 5 

The effective viscosity of rocksalt: 
implementation of steady-state creep laws in numerical 
models of salt diapirism t 

P.E. van Keken, C.J. Spiers, A.P. van den Berg and E.J. Muyzert. 

Abstract 

A steady-state creep law for rocksalt, describing the two parallel mechanisms of 
dislocation creep and fluid-enhanced grain-boundary diffusion creep, has been used 
in numerical models of salt diapirism, to study the effective viscosity of rocksalt. 
Typical models included a 3 kIn thick sedimentary layer on top of 1 kIn of rocksalt. 
The grain size of the salt has been varied between 0.5-3 cm and the geothermal gra­
dient between 25-35 K/km. For strain rates of 10-12 - 10-15 

S-I, typical of salt 
diapirism driven by buoyancy alone, the diffusion creep mechanism dominates at 
the fine grain sizes, with dislocation creep becoming important in coarsely grained 
salt. The effective viscosity ranges from 1017 Pa' s for small grain size and high 
temperature salt to l020 Pa . s for large grain size and low temperature salt. The 
viscosity is strongly dependent on grain size and moderately dependent on temper­
ature. For the larger grain sizes, the dislocation creep mechanism is most effective 
during the diapiric stage, but the non-Newtonian effects in the salt are not impor­
tant in determining the growth rate and geometry of the diapirs. The estimates for 
the Newtonian viscosity of salt that have traditionally been used in modelling of 
salt dynamics are at the lower end of the range that we find from these numerical 
experiments. 

t This chapter has been accepted for publication in Tectonophysics 
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5.1 Introduction 

Dynamical studies of salt tectonics have received renewed attention in the last few 
years. This has been stimulated by research into the question of radioactive waste 
disposal in salt formations, and by interest in modelling the role of halokinesis in 
controlling the migration and trapping of hydrocarbons in rapidly subsiding basins 
of the type exemplified by the Gulf of Mexico. 

Traditionally, salt diapirism has been studied numerically using Rayleigh­
Taylor type models, describing the gravitational instability of fluid layers [Woidt, 
1978; Schmeling, 1987; Roemer & Neugebauer, 1991]. These models have been 
extended to include several factors and relevant mechanisms, such as the effects of 
topography [Poliakov & Podladchikov, 1992], erosion and sedimentation [Poliakov 
et al., 1993], and tectonic extension and compression [Daudre et aI., 1992]. How­
ever, in almost all of these studies, a Newtonian rheology, with a temperature­
independent viscosity ranging between 1017 and 1018 Pa' s, was used to model the 
behaviour of the salt. Thus, the complicated rheological behaviour observed in 
deformation experiments on salt has been largely neglected hitherto, as has the brit­
tle/frictional rheology, characteristic of most sedimentary overburden [Kirby & 
Kronenberg, 1987]. 

An extensive body of experimental data available on salt indicates that both 
dislocation [e.g., Carter & Hansen, 1983; Wawersik & Zeuch, 1986] and diffu­
sional creep mechanisms [Urai et al., 1986; Spiers et al., 1990] can be important in 
salt under geological conditions. In this paper, we follow the approach used by 
Spiers et al. [1989, 1990], to develop a steady-state creep equation for natural rock­
salt, based on parallel operation of dislocation creep plus fluid-enhanced grain­
boundary diffusional or "pressure solution" creep. We have used this creep law to 
conduct a systematic study of the dependence of the viscosity of rocksalt on vari­
ables such as temperature and grain size, and we have implemented the creep law 
in numerical, Rayleigh-Taylor type models of salt diapirism. For computational 
simplicity and for purposes of comparison, we follow previous numerical studies in 
assuming a Newtonian rheology for the sediments overlying the salt. The present 
paper thus represents only a first step towards incorporating realistic rheologies into 
the numerical modelling of salt diapirism. 

5.2 Creep behaviour of rocksalt at 20·200 °C 

Deformation Mechanisms Observed in Experiments 

Natural salt flow or halokinesis generally occurs at shallow crustal levels where 
temperatures are relatively low, Le. less than l50-200°C [e.g., Heard, 1972; Jack­
son & Talbot, 1986]. In order to understand the steady-state creep behaviour of 
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rocksalt under such conditions, numerous experiments have been conducted in 
recent years, on a wide variety of natural salts [e.g., Carter & Hansen, 1983; 
Wawersik & Zeuch, 1986; Horseman & Handin, 1990]. Conditions investigated 
cover temperatures in the range 20-200 °c, strain rates down to 10-10 S-l and con­
fining pressures typically up to 30 MPa. At experimental flow stresses below - 15 
MPa and strain rates below - 10-7S-l (Le., at conditions most closely approaching 
nature), it is generally agreed that these experiments show flow by dislocation 
creep [see Carter & Hansen 1983; Wawersik & Zeuch 1986]. With regard to the 
rate-controlling mechanism, Wawersik & Zeuch [1986] and Skrotzki & Haasen 
[1988] use mechanical and microstructural data to argue that the main rate­
controlling process at 20-200 °c is probably cross-slip of screw dislocations. On 
the other hand, Carter & Hansen [1983] observed subgrain development at 100-200 
°c, suggesting that dislocation climb might be rate-controlling in this range. Most 
recently, Carter and co-workers [Horseman et al., 1992; Carter et al., 1992] have 
presented mechanical and microstructural data for Avery Island salt, which suggest 
that creep at 50-200°C may by controlled by croSS-Slip at high strain rates (> 10-7 

to 10-9 S-l) and by climb at lower rates. Thus, the question of detailed rate­
controlling mechanism remains unclear. Fortunately, however, most salts show 
rather similar creep behaviour in the range 20-200 °c, and a variety of empirical 
power law and other creep equations are available which adequately describe the 
observed flow behaviour [see Carter & Hansen 1983; Wawersik & Zeuch 1986; 
Carter et al. 1992]. These have been widely adopted to model the creep of salt in 
nature [Carter et al., 1990, 1992]. 

In addition to the dislocation mechanism(s) discussed above, recent experi­
ments on fine grained (dynamically recrystallized), natural rocksalt and fine 
grained, synthetic salt have demonstrated that when trace amounts (e.g. 
~ 0.05 wt%) of water are present at grain boundaries (as is almost always the case 
in natural rocksalt), deformation can occur by fluid-assisted grain-boundary diffu­
sional creep or pressure solution [see Spiers et al., 1986, 1988; Vrai et al., 1986]. 
This grain size sensitive, Newtonian creep mechanism involves dissolution of mate­
rial at grain boundaries under high mean normal stress, diffusion through the grain­
boundary fluid, and precipitation at grain boundaries under low mean normal stress. 
The constitutive behaviour associated with the mechanism has been investigated in 
detail by Spiers et al. [1990] and suggests that for the water contents and coarse 
grain sizes characteristic of most rocksalts, the mechanism will not be observed in 
laboratory experiments, but may contribute significantly to natural deformation. 
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Two-Mechanism Creep Law for Salt 

We now follow the approach adopted by Spiers et al. [1989, 1990; see also Carter 
et al., 1990, 1992] to develop a creep "law" and deformation map for the flow of 
rocksalt under natural conditions. Assuming that the relevant mechanisms are 
those discussed above, and noting that dislocation and diffusion creep processes are 
parallel mechanisms, we can write the total steady-state creep rate for rocksalt as 

(5.1) 

where Eps and Edc are the strain rate contributions provided by pressure-solution 
and dislocation creep respectively. For the strain rate due to pressure solution we 
use the constitutive equation determined by Spiers et al. [1990]. This is written 

. = 6 95V . 10-15 . exp[-24530/RT] . at (5.2)
Eps,l . m T d3 

where the various terms appearing are defined in Table 5.1. 

Table 5.1 Definition of physical quantities occurring in equations (5.2) and (5.3) 

Symbol Definition Units 
d grain size m 
R gas constant (8.314) Jmor11(""1 

3 lVm molar volume of solid phase (2.693 x 10-5
) m . mor


T absolute temperature K
 
(j/ differential stress Pa
 

Qcs Activation energy for cross-slip controlled creep Jmor1
 

11 average shear modulus Pa
 
'to flow stress at absolute zero pa

J.4J average shear modulus at absolute zero (14 x 109

) Pa
 
Edc./ Axial strain rate associated with dislocation creep S-I
 

Ep3J Axial strain rate associated with pressure-solution creep S-1
 

(j/ Axial differential stress Pa
J 
For the strain rate due to dislocation creep we use the cross-slip based creep 

equation of Wawersik & Zeuch [1986] fitted to creep data for rocksalts from both 
West Hackberry (U.S.A.) and Asse (F.R.G.). This is written 

Ed') = Dexp { -Q=[ In: -In ~ ]} (5.3) 

where the terms appearing are again defined in Table 5.1, and where the constitu­
tive parameters Qcs. 'to/~ and D for the W. Hackberry and Asse salts are listed in 
table 5.2. 
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Table 5.2 Dislocation creep parameters for Asoo and West Hackberry salt 
[Mer Wawerzik & Zeuch, 1986] 

File Origin In D (S-I) QC9 (kJmor1
) 1".09 

BGRCI Asoo (FRG) 7.92 18.96 0.0741 
WH2 West Hackberry (USA) 1.63 14.02 0.060 

Note that our choice of the latter creep equation (5.3) is not based on any par­
ticular view regarding the rate-controlling mechanism for dislocation creep in rock­
salt at 20-200 DC, since this is clearly still open to question. Rather, we chose the 
Wawersik & Zeuch law because i) the range of parameters given for the W. Hack­
berry and Asse salts encompasses the behaviour of most salts tested in the range 
20-200 DC, and ii) the parameters given for W. Hackberry salt yield a creep law 
which is closely similar to the widely used power law creep equation obtained by 
Carter & Hansen [1983]. Thus, the Wawersik & Zeuch law provides a convenient 
empirical description expected to embody the main elements of the dislocation 
creep behaviour exhibited by salt at temperatures below 200 dc. Some uncenainty 
exists in extrapolating the law to slow natural strain rates, but the same criticism 
applies to all creep equations presently available. 

The above creep law given by equations (5.1), (5.2) and (5.3) now enables us to 
construct a deformation map for natural salt (grain size 1 cm), incorporating the 
two mechanisms considered. The result is identical to that obtained by Spiers et al. 
[1990] and is shown in Figure 5.1. From this diagram, and taking into account the 
variability of grain size in natural salts, it can be expected that deformation at natu­
ral rates should be dominated by pressure solution in fine grained salts and disloca­
tion creep in coarse grained salts, thus spanning the transition. 

5.3 The effective shear viscosity of rocksalt 

We now derive expressions for the shear viscosity of rocksalt associated with pure 
dislocation creep, pure pressure solution, and simultaneous operation of the two 
mechanisms. The influence of strain rate, grain size, temperature and salt type on 
total viscosity is then considered. 

Viscosity associated with dislocation creep 

We begin by rewriting (5.3) as 
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N,-----------.---,---,-----------,----,-------,----, 

Dislocation 
creepI

o 

4 6 12 14 16 

Figure 5.1 Deformation map for rocksalt (grain size d=l cm) constructed using the creep 
law (refer equation 5.1) combining pressure-solution creep and cross-slip controlled disloca­
tion creep [Wawerzik & Zeuch, 1986J for the Asse (A) and West Hackberry (WH) salts. Re­
construction offig.10 ofSpiers et al. (1990J. 

£dcJ = F{,z(T) aZn(T) (5.6) 

where 

Q cs [ Qcs 'to] _Qca
neT) = RT and F(jz(T) = D exp - -In - 11 RT 

RT ~ 

For Asse salt (file BCGRl, table 5.2), Qcs 19 kJmor l
. For the temperature fI:l 

range 20-200 °C, this gives an effective 'power law' exponent neT) = 7.8 -4. 8. 
For West Hackberry salt (WH2, table 5.2), the same temperature range yields 
neT) = 5.8 -3.7. 

Now, the parameters D, 'to/I1o, and Qcs in (5.6) are determined from axi­
symmetric compression experiments, and £dc,Z and az represent axial strain rate and 
differential stress. To obtain a generalized expression for shear viscosity, equation 
(5.6) must be rewritten in terms of effective deviatoric stress and strain rate 
[Ranalli, 1987. p. 78]. For the effective strain rate due to dislocation creep, this 
yields 
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3(n(T) + 1)12 } 
Ede = 2 EoI(T) an(T) = Eo(T) an(T) (5.7)

{ 

with the corresponding shear viscosity then given 

a . lin - 1 (5.8)TIde = 2E = Tlo € 

where 

1 

1 [ 3(n+1)12 ]-~ 'to Qes
andTlo = 2 2' D Il n = 

RTllo 

Viscosity associated with pressure-solution creep 

Once again, the parameters in (5.2) are determined from axi-symmetric experi­
ments. Following the above approach [Ranalli, 1987] and noting that (5.2) can be 
viewed as a power law with n = 1, we can write the shear viscosity due to pressure 
solution as 

a 
TIps = = = (5.9) 

3Eps,l 3 x 6. 95 Vm' 10-15 • exp[-24530/RT] 

Total effective shear viscosity ofsalt 

Following equation (5.1), the total strain rate due to the above mechanisms can now 
be written, 

E = Eps + Ede = fiT, d)a + Eoan (5.10) 

where fs describes the temperature and grain size dependence of the pressure solu­
tion creep rate (fiT, d) = 1/(2T1ps», and Eo and n are defined in (5.8). Re­
expressing this in the form 

1 n-1]
E = fiT, d) + EonE n a (5.11) 

[ 

then leads to the total effective shear viscosity, given 

a 1 1 ]-1
+­ (5.12)TI = 2E = 1 n-l = [ n~. 

2fs(T, d) + 2€Qn{11 
TIde 
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This geometric mean of the viscosities, derived for the parallel operation of two 
creep mechanisms, is equivalent to the Ellis model, discussed by Bird et al. [1960]. 
The same method of expressing the shear viscosity as a function of two different 
creep mechanisms has been used in mantle convection modelling by Parmentier et 
al. [1976] and Van den Berg et al. [1993]. 

Influence ofstrain rate, grain size, temperature and salt type on total viscosity 

Figure 5.2 displays total effective viscosity 11 as a function of strain rate E, for dif­
ferent grain sizes d, temperatures T and types of rocksalt (Asse or West Hack­
berry). The thin lines in Figure 5.2a-c show the viscosity of rocksalt at surface 
temperature (T =20°C) for grain sizes varying between 5 mm and 3 em, which is 
the approximate range of grain sizes occurring in natural rocksalt. The solid and 
dashed lines indicate the viscosity of Asse and West Hackberry salt, respectively. 
Below a strain rate of E - 10-12 

S-1 the viscosity for the smallest grain size, 
d =O. 5 em, is independent of the strain rate, as the diffusion creep mechanism is 
dominant. For larger grain sizes the transition from dislocation to diffusion creep, 
as the dominant mechanism, shifts to lower strain rates. The bold lines in figure 
5.2 show the viscosity at a temperature of T =160°C, which is approximately the 
temperature at 4 km depth in a region with a geothermal gradient of 35 K/km. The 
increase in temperature decreases the viscosity by around one order of magnitude. 

a) d=O.005 m 
- AT.20·C 

20 - - - - WH T.20' C 
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Figure 5.2 Effective viscosity derived from the two-mechanism creep law (figure 5.1) for 
grain sizes of 0.5 (a), 1 (b) and 3 (c) em. Bold lines indicate viscosity at high temperature 
(160°C) normal lines at room temperature. Viscosities are shown for the Asse (A; dashed 
lines) and West Hackberry (WH; solid lines) salts. 



Effective viscosity ofrocksalt 63 

Figures 5.1 and 5.2 suggest that, for geologically relevant diapiric strain rates 
in non-tectonic regions (t =10-15 - 10-12 S-1 [Heard, 1972]) the deformation 
behaviour of rocksalt falls in the transition zone between the two creep mecha­
nisms. Figure 5.2 shows that the range of 1017 

- 1018 Pa' s for the Newtonian vis­
cosity, used in most previous numerical models [Roemer & Neugebauer, 1991; 
Poliakov & Podladchikov, 1992J is reasonable for the finer grained salts at rela­
tively high temperatures. 

5.4 Model and governing equations 

We model the dynamics of the basement-salt-sediment system in a two­
dimensional layer model using a viscous fluid formulation. A realistic effective 
viscosity for salt has been derived above from steady-state creep laws governing 
the deformation of rocksalt. In contrast, using a viscous approximation for the rhe­
ology of the sediments is unrealistic in most situations. It has long been recognized 
from rock mechanics experiments that the deformation of sediments under upper 
crustal conditions is dominated by brittle/frictional-plastic processes [e.g., Byerlee, 
1978; Kirby & Kronenberg, 1987]. Furthermore, geological observations show a 
clear relation between diapirism and faulting, both in the overlying sediment and 
underlying basement [to name a few: Woodburyet al., 1973; Mart & Hall, 1984; 
Jenyon, 1986; Cobbold & Szatmari, 1991; Remmelts & Van Rees, 1992]. Only 
rarely might the overlying sediment be expected to deform mainly by viscous 
creep, e.g. in the Great Kavir in central Iran [Jackson et al., 199OJ. In that particular 
region, the clastic redbeds overlying the salt show a complete lack of diapir-related 
faulting, probably because of significant weakening and pervasive flow caused by 
disseminated halite. Hence, in the general situation a constitutive description that 
uses ductile creep for the rocksalt and a brittle/frictional-plastic deformation mech­
anism for the sediments is most appropriate for modelling salt diapirism. 

Unfortunately, incorporation of this type of compound constitutive description 
into numerical models is hampered by technical difficulties induced by the distinct 
nature of the time-independent (brittle) versus time-dependent (creep) mechanisms, 
and the discontinuous change across the sediment-salt interface. Only very 
recently, efforts to resolve this problem in numerical models have started appearing 
in literature [Bobineau, 1992; Schultz-Ela & Bobineau, 1992]. In the present 
paper, however, we use a simple linear viscous rheological model for the overlying 
sediment, taking a viscosity that gives geologically reasonable values for ascent 
velocities and strain rates. This is clearly not appropriate for modelling the struc­
tural evolution which generally accompanies salt diapirism, but it allows us to 
determine an estimate of the temporal and spatial variability of the effective 
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viscosity within diapiric rocksalt, and can be used for comparison with previously 
published Rayleigh-Taylor models, describing salt diapirism. 

Having decided on the rheological description to be used, the dynamics of the 
salt structure can now be described by the Stokes equation 

-V' p + V'(T\~ = - pg (5.13) 

where p is the dynamical pressure, T\ the viscosity, g the deviatoric strain rate ten­
sor, with components tj =! (avlaxi + avJax j), and g the gravity vector. The 
second invariant of the strain rate tensor, used in calculating the effective viscosity 

(5.12) is defined by £ = [! tjtj]~' where the Einstein convention for summation 
is used. The flow is assumed incompressible. Pressure is eliminated from equation 
(5.13) by the introduction of the stream function 'Vasa velocity potential 
(VI' =(a'll/ay, - a'll/ax». Subsequent equations are given in dimensionless form, 
following the scaling given by Christensen [1984a; see also table 2.1]. 

First, the equation of motion for aN-layer model with thermal and chemical 
buoyancy forces is given by 

[::, -::'H~x~ ~y~ ]+ 4 a~y [ n!x:y ]=-

aT ar·N-1 
Ra - - 1: Rb· _I (5.14)

ax i=1 1 ax 
[Christensen & Yuen, 1984]. Here Ra is the thermal Rayleigh number, defined 

apgli.Th3 

Ra = (5.15) 
tato 

and Rbi are the so-called boundary Rayleigh numbers 
3 

Rb. = (Pi - Pi+1)gh (5.16) 
1 tato 

where Pi is the density in the i-th layer. The layers and the interfaces are numbered 
N 

sequentially from the top down. The function r iii 1: r i describes the N -layer 
i=1 

composition. We take each r j to be 0 in the layers above in the interface i, and 1 in 
the layers below. The functions r j are discontinuous across the interface i. 

For the thermal regime, we impose an average geothermal gradient (dT/dz) by 
keeping the temperature constant at the top (To =20°C) and bottom 
(Tb =To + (dT/dz) x h). The thermal diffusivity of the salt is much higher 
(approximately 5 times) than the diffusivity of the surrounding sediment, and this 
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will have a strong influence on the temperature distribution in and around the salt 
[Selig & Wallick, 1966]. For models of salt diapirism with a typical vertical length 
scale of 4 km, the thermal Rayleigh number is around unity, much smaller than the 
critical Rayleigh number [Busse, 1989], and thermal buoyancy forces can be 
neglected. In addition, the thermal diffusion time h2/K, (where h is the depth of the 
layer and K is the thermal diffusivity) is much shorter than the turn-over time of the 
system. For example, taking h =4 km, and the accepted thermal diffusivity for salt 

1
(K = 5 X 10-6 m2s- ) the diffusion time scale is 100,000 a, compared with 10-100 
Ma for a diapir to reach its mature stage [Jackson & Talbot, 1986]. This implies 
that thermal advection can be neglected and the temperature in and around the salt 
can be calculated from the steady-state heat diffusion equation. We neglect here 
possible effects of convection in ground water surrounding the salt. 

As shown in figure 5.3, the present fluid layers are contained in a rectangular 
box with aspect ratio (length-to-depth ratio) A. The side boundaries are reflective, 
the top boundary is free-slip, the bottom boundary is either free-slip or rigid (stick­
slip). The temperature is kept constant at the top and bottom. The dynamics of this 
N -layer model are then governed by the equation of motion (5.14), the temperature 
equation 

VkVT = 0 (5.17) 

(where k is the thermal conductivity), the transport equation for the layer 

'1'=0 'I'yy=O 

'1'",,=0 

Sediments 
'1'=0 

'I'xx=O 

O Basement 
y- L..-...;:--------------:-'

x-O x-A. 
'1'=0 'I'yy=0 

Figure 5.3 Geometry and boundary conditions used in the present model. The salt diapirism 
is modelled in a rectangular box with aspect ratio A. with stress free boundaries. Top and 
bottom are kept at constant temperature, side walls are reflective. No material canjfow in or 
out of the box. 
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composition, given 

ar 
- +(v·'V)r = 0 (5.18)at 

(where t is time), and the viscosity law (given for the salt by (5.12». 

5.5 Numerical method 

The equation of motion and the heat equation are solved here using the method of 
Galerkin, applying a finite element method to construct the basis functions [Cuve­
lier et al., 1986]. Using this type of numerical method, it is possible to construct a 
full solution to the non-linear and time-dependent problem for given initial and 
boundary conditions and given physical parameters. The method also allows for a 
well-controlled experimental search for solutions in a given parameter space. 
Although the solution obtained is approximate, the accuracy can be very high. With 
good numerical analysis and a careful implementation of the method, it is well pos­
sible to constrain the errors in the solution to be small. A carefully controlled 
numerical method is to be preferred to methods of linear stability analysis, since 
the latter degrade the full problem via the linearizations introduced to allow analyt­
ical solutions. Thus, stability analysis gives only a very limited subset of solutions 
to the full problem contained in the solutions from the numerical method. A much 
more important problem than the finite accuracy of the numerical solution, is the 
applicability of the description of the physics of the model to the geological situa­
tion, but this holds equally for numerical, analytical and experimental methods. 

For solving the equation of motion, we have used two different finite element 
methods. The first employs a type of non-conforming element that stems from 
plate bending problems [Zienkewicz, 1977] and which has found application in 
mantle convection modelling also [Hansen & Ebel, 1984]. The second method was 
the method of splines, which has been used by several authors in mantle convection 
modelling [Kopitzke, 1979; Christensen & Yuen, 1984], and in studies of salt 
diapirism [Woidt, 1978; Schmeling, 1987; Roemer & Neugebauer, 1991]. The 
buoyancy forces are determined by the position of the composition function r 
alone. Here, the interface between fluids is modelled by a chain of markers that 
adveet with the flow. We followed Christensen & Yuen [1984] in the implementa­
tion of the buoyancy forces and the advection of the markers, using a predictor­
corrector method. Both finite element methods were tested against a variety of 
analytical models, and against published numerical models for Rayleigh-Taylor 
instabilities [e.g., Poliakov & Podladchikov, 1992] and showed good agreement. 
The method using the non-conforming element has also been extensively tested for 
mantle convection problems and it compares well with Hansen's implementation in 
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the European mantle convection benchmark [Blankenbach et at, 1989]. The codes 
were checked against a non-Newtonian benchmark published in Malevsky & Yuen 
[1992], that made a comparison between the independent spline methods of Chris­
tensen and Malevsky, and the primitive variable method published in Van Keken et 
al. [1992] and Van den Berg et al. [1993]. 

The equation of motion (5.14) is non-linear through the strain rate dependence 
of the viscosity. The equation is solved at each step by Picard sub-iteration [Van 
den Berg et al., 1993], until 

I 'Vi-l - 'Vi 1 < 500 
(5.19)

l'Viloo 

where l'Viloo is the maximum of the stream function at the i-th iteration. The con­
vergence criterion 5 was taken to be 5 =5 X 10-4. Typically 2-5 iterations were 
necessary for the cases with the largest strain rate dependence. 

We used a relatively high resolution in both time and space. The speed of pre­
sent day workstations is sufficient to allow for a systematic, high-resolution study 
of 2D time-dependent and non-linear models in a reasonable amount of time. For 
the spline method, we used 30 elements in the vertical direction; the number of ele­
ments in the horizontal direction was dependent of the aspect ratio of the model. 
For the method with the non-conforming type of element somewhat more elements 
(40 in the vertical direction) were used. The time-step was limited to less than 0.5 
of the Courant-Friedrichs-Levy criterion [Schmeling, 1987]. The calculations were 
started by inducing a variety of small perturbations into the initial horizontal strati­
fication of the basement-salt-sediment system. Harmonic perturbations have been 
shown to grow exponentially with a specific growth rate [e.g., Biot & Ode, 1965]. 
Therefore, in the initial stages of the calculations the time-step was reduced using a 
criterion based on growth rate [Schmeling, 1987] to be able to follow the exponen­
tial growth of the interface amplitude. 

The accuracy of several runs has been checked against runs using a higher or 
lower resolution in time and space. The models with lower resolution (down to 15 
elements in the vertical direction) showed no major quantitative differences in the 
evolution of the models. Only minor changes were found in the spatial character of 
the viscosity field. Typical runs took between 15 minutes for the most simple cases 
to several hours for the larger aspect ratio models. 
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5.6 Results 

First, we will look at simple two layer models in which a sediment layer with uni­
form properties lies over a rocksalt layer in a rectangular cross-section with dimen­
sions 8 x 4 kIn (aspect ratio A= 2). Next, we will consider the influence of the 
basement, larger aspect ratios and varying sediment properties. Finally, models 
including sedimentation will be considered. In each case, we will assess the influ­
ence of the variable rocksalt viscosity on the dynamics of the system, in a compari­
son with models similar to those published previously. 

Strainrate e 

181 -18 ~ ·121<& 21 

loge IS"1a"''''"I''''' _0.004 aT......'" -10 K log 1] (Pas) 

Figure 5.4 Time evolution of a model with dimensions 8 x 4 km with grain size 3 cm and 
temperature gradient 35 K/km. Sediment has constant density 2300 kg . m3 and viscosity 
3 x 1019 Pa' s. Isolines are shown of stream function '1', temperature T, salt viscosity 11, 
and strain rate £ 
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5.6.1 Two-layer models with uniform sediment properties 

Figure 5.4 shows a typical example of the development of a single diapir in a sim­
ple two-layer model. The sediment layer has a thickness of 3 kIn, and lies on top 
of a 1 kIn thick salt layer. The interface between the salt and sediment layers was 
perturbed at time 0 by a harmonic perturbation with a wavelength of 8 kIn and an 
amplitude of 40 m. Note that, as a consequence of the negligible strength of the 
salt and sediments, this small perturbation is sufficient to start the development of 
the diapir. The boundaries are free-slip and the bottom boundary is kept at 160 °c, 
implying an average geothermal gradient of 35 K/km. The salt has the dislocation 
creep properties of West Hackberry rocksalt (WH2; see table 5.2), a grain size of 
d =3 cm, and density Psalt =2160 kg . m-3 , which lies midway in the range 
recorded for natuna. salt [Gevantman, 1981; Hatheway & Kiersch, 1982]. The sedi­
ments are isoviscous with 11sediment =3 X 1019 Pa' s. The density of the sediments 
is Psediment =2300 kg . m-3

. Figure 5.4 shows snapshots of (from left to right) the 
isolines of the stream function 'V, temperature T, viscosity 11, and strain rate E, at 5, 
7.5, 10 and 12.5 Ma. The corresponding ranges are indicated below the figures. 
The snapshots for temperature clearly show the effects of the 5 times higher ther­
mal conductivity of the rocksalt compared with the sediments; the isotherms 
diverge around the salt. The viscosity of the rocksalt varies nearly two orders of 
magnitude as the diapir travels through the sediment. Also, the effects of variations 
in strain rate (higher viscosity near the stagnation zone in the centre of the diapir) 
and temperature (increase in viscosity as the diapir moves into the colder, upper 
regions) are clearly visible. 

For the same model, we can compare the relative contributions of the two 
creep mechanisms to the effective viscosity (5.12), by calculating the ratio 
r =11dc/11ps where the effective viscosities derived for the two creep laws are 
defined in (5.8) and (5.9). For r > I, dislocation creep gives a larger effective vis­
cosity than pressure-solution creep, indicating that the latter (Newtonian) mecha­
nism is dominant. Figure 5.5 displays this ratio for the above model with grain size 
d =3 cm. In the grey region, the dislocation creep mechanism is dominant. In 
stagnation zones, where the strain rate is low, Newtonian creep is dominant. In 
areas with large deformation rates dislocation creep yields a lower viscosity and 
becomes the dominant mechanism. At the beginning and end of the diapiric evolu­
tion the strain rates are low and the pressure-solution creep mechanism is dominant 
throughout the salt. 

In the following we will consider the influence of variations in grain size, over­
burden viscosity, and geotherm on the evolution of the diapir and the effective vis­
cosity distribution in the rocksalt. 
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1=7.5 Ma Viscosity ratio 1-12.5 Ma Viscosity ratio 

1-5 Ma Viscosity ratio 1-10 Ma Viscosity ratio 

+2~.2 

log (l1.Jllps) 

Figure 5.5 Evolution of the viscosity ratio r (see text) for the motkl in figure 5.4. The grey 
area indicates dislocation creep is dominant. Diffusion creep is dominant in the white area. 

Effect ofgrain size 

Figure 5.6 shows the temporal evolution of a range of parameters, calculated for 
models similar to the one represented in figure 5.4. Displayed are the height of the 
diapir (h) and the minimum (l1min), maximum (l1max), and volume averaged (l1av) 
viscosities within the rocksalt for d = 0.5, 1,2, and 3 em. For the models with the 
largest grain size, a clear influence of the strain rate dependent dislocation creep 
mechanism is visible: both llmin and llav show minima around t = 5 Ma and 
t =7. 5 Ma, where the strain rate peaks at nearly 10-12 S-I. The average (rms) 
velocity peaks here too, at about 600 m/Ma. These peaks are associated with reor­
ganizations in the flow field, as the interface between salt and sediment feels first 
the bottom boundary (the basement), and hext the side boundary Gust before the 
necking stage). For the case with the smallest grain size (d = O. 005 m), llmin is 
largely uniform throughout the evolution; the strain rate thinning effect is minimal. 
As seen for all grain sizes, the average viscosity increases by nearly an order of 
magnitude as the diapir moves into the colder parts of the section. 

Although the effective average viscosity of the rocksalt varies by more than 
two orders of magnitude in these models, the speed with which the diapir travels is 
hardly affected. For all cases, the viscosity of the sediment (3 x 1019 Pa· s) is 
higher than the salt viscosity. As has been mentioned previously [Jackson & 
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Figure 5.6 Top of diapir, and minimum, average and maximum viscosity in the salt for the 
model in figure 5.4. Grain sizes vary between 0.5-3 em. In this range the viscosity varies by 
more than two orders of magnitude. The temperature difference between top and bottom 
causes a viscosity increase ofalmost an order ofmagnitude as the diapir moves up. The bold 
line in the first frame indicates a model with a constant Newtonian viscosity 
11 .. 3 X 1017 Pa' sfor the salt. 

Talbot, 1986], the layer with the highest viscosity controls the uplift rate of the 
diapir. This is illustrated by taking a model with constant salt viscosity. In the plot 
of the height of the diapir (h(t) in figure 5.6), the thick solid line represents the 
evolution of the model with a uniform salt viscosity of 3 x 1017 Pa' s and a sedi­
ment viscosity of 3 x 1019 Pa' s, the values used by Woidt [1978] and Roemer & 
Neugebauer [1991]. The model description is comparable to model A of Roemer & 
Neugebauer [1991; p. 2392], but not exactly the same. This results in that in our 
case the diapir travels faster because of the thicker source layer (1 kID c.f. 500 m) 
and the higher density contrast with the sediment (140 kg . m-3 c.f. 100 kg . m-3). 

Effect ofsediment viscosity 

In all of the above simulations, the evolution of the diapir is fast (full development 
after 10 Ma) and this induces a maximum volume averaged strain rate on the order 
of 10-13 s-1. This is higher than the estimated strain rates in most diapiric regions 
[Jackson & Talbot, 1986]. An increase of the viscosity of the sediments to 

l1sediment = 1020 Pa' s retards the diapir evolution. Figure 5.7 shows the evolution 
the top of the diapir (h(t)) and the viscosity for varying grain size. Full develop­
ment of the diapir is now after 30 Ma. The effective viscosity for salt with grain 
size 0.5 cm is clearly unaffected by the increase in sediment viscosity. The models 
with larger grain sizes show similar behaviour to that obtained with the lower sedi­
ment viscosity, but the average viscosity is just a little higher (20-30 %). In models 
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Figure 5.7 As figure 5.6, but now for a higher viscosity of the overburden 
11.edime'" ... 1020 Pa . s. 

with a 5 times higher sediment viscosity, TJsedimenl =5 X 1020 Pa' s, the diapir needs 
more than 250 Ma to reach its maximum height. The corresponding strain rates are 
very low (the average strain rate does not exceed 10-17 

S-l) and the strain rate thin­
ning effect is minimal for all grain sizes. 

Effect ofgeothermal gradient 

In all of the above models a geothermal gradient of 35 K/km was maintained, 
which is at the high end of estimates for the gradient in the U.S. Gulf Coast region 
[22-36 K/km; Carter & Hansen, 1983]. The gradient is estimated at 30 K/km for 
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Figure 5.8 As figure 5.7, but now for temperature gradients 25 Klkm (dlJshed lines) and 35 
Klkm (solid lines). Bold lines indicate grain size 0.5 em, normal lines grain size 3 em. 
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the Great Kavir region in central Iran [Jackson et al., 1990]. We have varied the 
gradient between 25 and 35 K/km for two-layer models with Tlsedimenr =1020 Pa . s 
and varying grain size. Figure 5.8 shows results for r.f[' /dz = 25 K/km for grain 
sizes d = 0.5 and 3 cm, in comparison with those of figure 5.7. For the models 
with grain size 0.5 cm, the viscosity at depth is higher by about half an order of 
magnitude, but the overburden viscosity remains much higher and, as can be 
expected, controls the dynamical evolution of the model. For the models with 
larger grain size, the effective salt viscosity is strongly influenced so that the varia­
tion in geothermal gradient has a clear, but not very large, dynamical effect. 

Volumetric importance ofmechanisms 

In the above examples, it is clear that the diffusion creep mechanism plays a major 
role in the dynamics of the diapirs. We can quantify this further by calculating the 
fractional volume of the salt in which each of the two mechanisms is dominant, 
using 

R ps = Vps/Vsalt	 (5.21) 

Figure 5.9a shows the relative volume Rps for grain sizes ranging from 0.5 to 3 
cm for the model with Tlsediment =3 X 1019 Pa' s (figure 5.6). For d ~ I cm, the 

a) RIlS = Vps/Vsalt 
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Figure 5.9 Plots of the relative volume fraction of the salt in which the diffusion creep mech­
anism is dominant. Figure b) shows the temporal evolution for the model in figure 5.7, with 
'I1sedimenl ... 1020 Pa . sand geotherm drldz=35 Klkm. Figure a) shows the effect of viscosity 
decrease of the overburden to 'I1sedimenl ... 1020 Pa . s (refer figure 5.6). Figure c) shows the 
effect ofa decrease of the geothermal gradient to f!I'ldz=25 Klkm (refer figure 5.8). 
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influence of the dislocation creep mechanism is minimal. For larger grain sizes, this 
mechanism becomes important and Rps shows a minimum around the two peaks in 
the strain rate, as discussed already. Increasing the sediment viscosity strongly 
decreases the importance of the dislocation creep mechanism (figure 5.9b). 
Decreasing the geothermal gradient has a similar but less profound effect (figure 
5.9c). 

5.6.2 Models with large aspect ratio 

The dynamics seen in preceding numerical experiments are influenced by the small 
aspect ratio of the box and the initial harmonical perturbation. In this section, we 
present results for a model with dimensions 5 x 20 km. Initially, the salt layer is 
750 m thick in most of the model. except for a thickening of the salt by 250 m near 
the left hand side (figure 5.10, lowermost frames). The interface between salt and 
basement is at 4.25 km depth. The density and viscosity of the basement are 

1-80 Ma 

E c=J E T J Ecr T 91 F T T 9 
1= 64 Ma 

E ;=] E I 9 ET Qd ET Td 
1=48 Ma 

E 9 E T 9 E ~d D n:J
 
I .. 32 Ma p s1 F ? 9 E::/; I po:: 1 
I .. 16 Ma 

p d P o=J FL: 1 k: 1 
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b I b b I b II 
a) d - 0.5 em b) d -1 em e) d .. 3 em d) 1J .. 5x1018 Pas 

Figure 5.10 lArge aspect ratio models 0/ dimensions 5 x 20 /an. Viscosity 0/ overburden is 
1020 Pa' s. Density 0/ the overburden is according to compaction equation (5.22). Figures 
a)-c) show the evolution o/the models/or grain sizes 0/0.5,2 and 3 cm, resp. d) shows pure 
Newtonian model with 11.411 - 5 X 1018 Pa· s. 
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(arbitrarily) chosen to be Pbasement =2400 kg' m-3 and 'llbasement =Hy3 Pa' s, 
which effectively guarantees that the basement does not deform during the dynami­
cal evolution of the salt, mimicing rigid, crystalline rock. The overburden has uni­
form viscosity 'llsediment =1020 Pa' s. For the sediment density, we have now 
included the effect of compaction on the sediments and used the approximation of 
Biot & Ode [1965] to Nettleton's [1934] estimates of the density-depth relation for 
sediments in the Gulf Coast region. This is written 

f3z 3
Psediment(Z) = 2490 - 590e-az - aze- kg' m- (5.22) 

I Iin which Z is the depth in m, a = O. 59 X 10-3 m- , 13 = 1. 6 X 10-3 m- , and 
a =5 x 10-5 kg . m-3. The geothermal gradient is taken to be 35 K/km. 

Figure 5.10 shows the development of the model for salt with West Hackberry 
dislocation creep properties and with grain sizes d = 0.5, I, and 3 cm. The simula­
tions show the development of a diapir from the thickened portion of the salt at the 
left, followed by the later appearance of one or more secondary diapirs. The 
diapirs do not reach the surface because of the lower density of the upper most sed­
iments. There is an effect of grain size on development of the secondary diapirs. 
In the case with the smallest grain size (d = 0.5 cm, figure 5. lOa), the salt behaves 
mostly in a Newtonian manner and has a low effective viscosity compared with that 
of the sediment (average viscosity of the salt at 4 km depth ~ 3 x 1016 Pa' s). The 
sediments control the evolution of the diapirs, resulting in two widely spaced 
diapirs. We have calculated the development of models with a pure Newtonian vis­
cosity for the sediment. It was observed that increasing the viscosity of the salt 
decreases the spacing between the diapirs. Figures 5. lOb and 5.lOc illustrates this 
with the the evolution of the model for d = 1 and 3 cm. In these cases, the average 
viscosity in the salt at 4 km depth is around 3 x 1017 Pa' s, and 5 x 1018 Pa' s 
respectively. Figure 5.lOd shows the development of a pure Newtonian model with 
11salt =5 X 1018 Pa' s. There are minor differences in comparison with the large 
grain size model; the diapirs evolve faster and the spacing between them is larger. 
This can be partly attributed to the non-Newtonian character of the salt in the large 
grain size model, causing localization of flow (smaller wavelengths) and a viscosity 
that can be locally higher than the average viscosity (slower evolution). However, 
these non-Newtonian effects do not seem to have a major influence. 

5.6.3 Syndepositional diapirism 

The above simulations do not include the effects of sedimentation and erosion, but 
model dynamic evolution after instantaneous burial of the salt beneath a thick layer 
of sediments. This is clearly an oversimplification [Roemer & Neugebauer, 1991]. 
We have addressed this by extending the present approach to models in which 
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diapirism can occur during sedimentation. The lowermost frames of figure 5.11 
show the initial configuration used; the base of the salt layer (with similar geometry 
as in figure 5.10) is at a depth of 1 kIn. Sedimentation is slow, at a rate of 50 m/Ma. 
and continues until the base of the salt reaches a depth of 4.25 kIn. The density of 
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Figure 5.11 Effect 0/ sedimentation on models with grain sizes 0/0.5 cm (a) and 3 cm (b). 
Sedimentation rate is 50 m/Ma. Other parameters as in figure 5.10. The uppermost/rames 
show the last/rames/romfigure 5.10/or the corresponding grain sizes. 
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the sediments is given by (22). The viscosity of the sediments is taken as 
Tlsediment = 1020 Pa . s. 

Figure 5.11a shows the development of the model for grain size d =0.5 em. 
Diapirism starts only after the sediments on top have compacted and the density 
has become higher than the salt density. The top frame of figure 5.11a shows the 
final stage of the postdepositional evolution as in figure 5.10. In the syndepositional 
case the diapirs start evolving with less overburden than in the postdepositional 
case. which results in a smaller diapir spacing [Jackson et al.. 1990]. The syndepo­
sitional model with the larger grain size d =3 em (figure 5.llb) behaves differ­
ently. The salt has to be buried deeper for diapirism to set in as a consequence of 
the higher viscosity (both grain size and temperature dependent). and the diapir 
spacing is approximately equal to that in the postdepositional case. 

Figure 5.12 shows the top of the first evolving diapir that develops with respect 
to the top of the salt layer (initially at a depth of 250 m for the syndepositional 
case, and at a depth of 3.5 kIn for the postdepositional case). The bold lines indi­
cate the development for the postdepositional models, showing the fast rise until 
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Figure 5.12 Development of the top of the first diapir for syndepositional (normal lines) and 
postdepositional (bold lines) for the models in figure 5.11. The short dashed line indicates 
the neutral level with respect to the top of the salt layer. The top of the salt layer passes the 
neutral level at 15 Ma; sedimentation stops at 65 Ma. 
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the mass centre of the diapir reaches the neutral level. The short dashed line indi­
cates the position of the neutral level (at a depth of approximately 1 km) with 
respect to the top of the salt layer in the syndepositional case. In these models, the 
inversion of density does not occur before 15 Ma; sedimentation stops after 65 Ma. 
In the syndepositional models the diapirs are buried beneath the neutral level, and 
do not reach it during the sedimentation stage. In the syndepositional model with 
d = 0.5 cm, the thickened part of the salt is reduced in size, as the salt is denser 
than the surrounding sediment in the top 1 km of the model. The viscosity of the 
salt in the syndepositional model with grain size d = 3 cm is much higher and 
resists deformation until sedimentation has nearly ceased. Then the diapir moves 
fast, helped by non-Newtonian effects and the high density contrast between salt 
and surrounding sediment. Finally, note that for the large grain sizes (3 cm), there 
is little difference between the syn- and postdepositional evolution of the diapirs, 
apart from the relative time shift. 

5.7 Discussion 

Sensitivity ofresults to variability in constitutive parameters 

The results presented above have been obtained using the creep parameters of West 
Hackberry salt (WH2; see table 5.2) to describe the dislocation creep contribution 
to total strain rate. For comparison we have calculated the development of models 
using the dislocation creep parameters for salt from the Asse mine in Germany 
(BGRCl). Most other types of salt quoted in table 2 ofWawerzik & Zeuch [1986] 
show dislocation creep behaviour that is intermediate between these two, at least in 
the strain rate region of interest [see Carter & Hansen, 1983; Wawerzik & Zeuch, 
1986]. As expected from figure 5.1, the Asse salt parameters lead to a lower con­
tribution by dislocation creep to the total strain rate, in comparison to the creep 
parameters of the West Hackberry salt. A larger volume of the salt is in the Newto­
nian, pressure solution, field and for the larger grain sizes the effective average vis­
cosity is higher. 

Thrning to the pressure-solution creep law (5.2), used in present study, uncer­
tainties in the pre-exponential factor and activation energy reported by Spiers et al. 
[1990], imply uncertainties in the effective viscosity l1ps of a factor of around 3. 
However, this is negligible in comparison to variations in l1ps as a consequence of 
grain size and temperature changes (2-3 orders of magnitude), and the uncertainties 
in question have a negligible effect on the evolution of the models. 

In the present paper, the temperature distribution in the salt has been calculated 
assuming that the thermal conductivity of the salt is 5 x higher than that of the 
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surrounding sediment. Thermal conductivity data for some typical sediments is 
given by Clark [1966]: k =1- 2. 3 Wm-1K-1 for sandstone (depending on poros­
ity), and k = 1. 75 Wm-1K-1 for shale. The thermal conductivity of rocksalt has 
been measured as 5.7 Wm-1K-1 [Schoen, 1983], giving a range of 2.5-5.7 for the 
thermal conductivity ratio. Varying this ratio in the models changes the lateral tem­
perature distribution, which is important during the the diapiric stage, but even then 
no clear effect on the rheology can be observed. The primary effect is the decrease 
of temperature as the salt moves up along the geotherm. The present results have 
shown that it is important to take this into account when calculating the effective 
viscosity. 

In our models, we have neglected thermal convection. This is valid at least for 
thin (- 1 km) layers. For salt layers with a thickness above 2 km, thermal convec­
tion has been suggested as a feasible mechanism for the internal deformation of the 
salt. For example, Jackson et al. [1990] used linear stability analysis to study ther­
mal convection within the salt of the Great Kavir region. (Note the erroneously 
high thermal expansion coefficient (X printed in Jackon et al. [1990; their table 3.2]: 
(X Rl 10-5 K-1 should be used to reconstruct their figure 3.8. This agrees better with 
the quoted value of (X from Gevantman [1981]: (X =4. 25 X 10-5 K-1

). For a vis­
cosity lower than - 1016 Pa' s the thermal Rayleigh number in a layer> 2 km thick 
is larger than the critical Rayleigh number, Rae =0(103

), and low amplitude ther­
mal convection might be possible. Jackson et al. [1990] have used this effective 
viscosity of 1016 Pa' s to scale both laboratory and analytical models of the Great 
Kavir salt diapirs. It is not clear to us how they obtained this low value of 
S; 1016 Pa . s for pressure-solution creep in salt with grain size d = 5 mm [Jackson 
et al., 1990; their figure 2.1], since most of the results published by Urai et al. 
[1986] to which they refer, are consistent with the creep law of Spiers et al. [1990; 
see figure 9], used in the present study (equation 5.9). For T =70°C and 
d =O. 005 ro, this creep law gives an effective viscosity (for pressure-solution 
creep alone) Tlps =4 X 1017 Pa' s, which is almost two orders of magnitude higher 
than the value used by Jackson et al. [1990]. Such a value rules out thermal con­
vection within the salt. To obtain thermal convection in salt using present rheology, 
a thickness of the salt layer of more than 30 km is required. 

In addition to the above, Jackson et al. [1990] used the same low value of 
1016 Pa' s for the viscosity of the sediments, to scale the results obtained from the 
centrifuge models and linear stability analyses. Inserting this value for Tlsediment in 
our models gave an unrealistically fast development of the diapirs. In models with 
the same initial geometry as in figure 5.10, and with Tlsall =Tlsedimenl =1016 Pa' s, 
the first diapir reached maturity in approximately 12,000 years. A complete turn­
over of the salt was observed within 50,000 years. This short time scale is 
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confirmed by figure 3.10 in Jackson et al. [1990], where for some models of the 
Kavir region a characteristic time on the order of 5,000 years is given. This fast 
evolution contradicts geological evidence [see Jackson & Talbot, 1986; Jackson et 
al., 1990, p. 92]. As already shown by several authors [e.g. Woidt, 1978; Roemer 
& Neugebauer, 1991; this paper] the effective viscosity of the overburden should be 
at least 1019 Pa . s to obtain evolution of the diapiric system on a geologically rea­
sonable time scale of 1-10 Ma. 

Comments on tectonic effects and sediment rheology 

The average strain rates in the models shown in this paper are typical of salt 
diapirism driven by buoyancy alone. Higher strain rates can occur in cases with dif­
ferentialloading, extrusion of the salt [Jackson & Talbot, 1986], and active com­
pressional tectonics [Daudre et al., 1992]. For these higher strain rates, the disloca­
tion creep mechanism might playa role even for salt with smaller grain sizes. 

In most analytical, laboratory and numerical studies of salt diapirism, the rhe­
ology of the sediment has been modelled as a Newtonian fluid. The conclusions 
drawn in this paper with regard to diapir spacing, rise rate and overburden control 
can be compared with these previous models. For most geological situations the 
approximation of Newtonian viscous flow in the overburden is clearly not appropri­
ate, and it emerges that the dynamics of salt diapirism is strongly, if not completely, 
governed by the brittle behaviour of the sediments. Recently, more realistic 
approximations of the brittle/frictional-plastic behaviour of the sediments have 
been used in physical modelling of salt diapirism by employing sand as an overbur­
den, resting on silicone putty to simulate salt [e.g., Vendeville & Cobbold, 1987; 
Vendeville & Jackson, 1992]. Incorporation of a realistic deformation law for the 
overburden is the most important subject for future numerical modelling work on 
salt dynamics. 

Microstructural evolution implied by models 

The present buoyancy-driven models, in which the rheology of salt is described 
using equations (5.1)-(5.3), predict that the creep behaviour of the rocksalt during 
diapirism is dominated by the pressure-solution mechanism when the salt is fine­
grained (d ~ 1 cm), with dislocation creep becoming important at coarser grain 
sizes. For the range of grain size perhaps most frequently seen in natural salts 
(.... 1 - 3 cm), both mechanisms are predicted to occur, operating either simultane­
ously, sequentially or even in cyclic alternation in different regions of the salt. 
Often, pressure solution is predicted to dominate in the early and late stages of 
diapirism, with dislocation creep featuring in the main stage of upwelling. The 
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present models thus imply that coarse natural diapiric salts (d > 1 cm) should show 
microstructural evidence for both mechanisms, whereas finer salts should show 
pressure solution microstructures only. 

As pointed out by Spiers et al. [1990], some natural domal/anticlinal salts do 
indeed show microstructural evidence for both dislocation and solution-transfer 
processes. For example, the Asse (Speisesalz) rocksalt (d,." 0.5 - 2 cm) shows 
numerous overgrowth features indicative of solution transfer, as well as a lattice 
preferred orientation and subgrain structures indicative of dislocation creep [Spiers 
et al., 1986; Urai et al., 1987]. 

On the other hand, the microstructure of most domal/anticlinal salts, both 
coarse and fine grained, seems to be more or less entirely dominated by dislocation 
creep features such as subgrain development [Carter et al., 1990]. In such cases, it 
is possible that water loss during the natural diapiric process may have inhibited 
pressure-solution creep in the later stages of upwelling; there is a great deal of evi­
dence in the literature for water loss during diapirism (e.g. from 1 to 2 % in bedded 
salt to < 0.01 % in some salt domes [Carter & Hansen, 1983]). An alternative 
explanation lies in the point made above regarding the possible occurrence of driv­
ing forces other than buoyancy. The concomitant increase in the importance of dis­
location creep could then effectively eliminate pressure solution and/or evidence 
for its the microstructural signature. Lastly, we cannot rule out the possibility that 
pressure solution may be more or less precluded at natural strain rates by a transi­
tion from the dislocation creep behaviour described by equation (5.3) to dislocation 
creep with a lower stress sensitivity of strain rate, such as the climb-controlled 
mechanism reported recently by Carter et al. [1992]. 

5.8 Conclusions 

(1) The effective viscosity of salt at strain rates typical of diapirism driven by 
buoyancy alone is influenced by the two assumed parallel mechanisms of disloca­
tion creep and fluid-enhanced grain-boundary diffusional creep, thought to best 
describe the behaviour of salt in nablre. In most of the models that were consid­
ered, the diffusional creep mechanism was found to be dominant. However, the 
efficiency of the diffusional creep mechanism is strongly dependent on the grain 
size, and for larger grain sizes (> 1 cm) the dislocation creep mechanism is impor­
tant during the most vigorous diapiric stage, effectively reducing the viscosity. 

(2) For the assumed dislocation and diffusional creep laws, changing the grain 
size from 0.5 cm to 3 cm increases the effective viscosity by more than two orders 
of magnitude. Typical values obtained for the viscosity of salt at 70°C and low 
strain rates (E S; 10-15 S-I) are 3 x 1017 Pa' s for a grain size of 0.5 cm and 
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9 X 1019 Pa . s for a grain size of 3 cm. 
(3) Similarly, a temperature decrease of 150 K, from 200°C to 50°C, increases 

the viscosity by one order of magnitude. The lateral variation of temperature as a 
consequence of the higher diffusivity of the salt has a negligible effect on the 
effective viscosity. Varying the geotherrn in the range typical for diapiric regions 
(25-35 K!km), has only a minor effect. 

(4) The rheology of the sediment controls the diapiric rate. In the present mod­
els, which use a Newtonian viscous rheology for the sediments, the ratio between 
the viscosity of the salt and the sediment is an imponant factor in determining the 
geometry. The dislocation creep mechanism in the salt is found to have little influ­
ence on diapiric rate or geometry. 

(5) For salt with small grain sizes (d s:: 1 cm), a difference is found between 
post- and syndepositional models of diapirism. In the syndepositional case, the 
small grained salt is weak enough to start diapirism during sedimentation and a 
smaller spacing between the diapirs is observed, as compared to the postdeposi­
tional models. For the larger grain sizes, the rocksalt is more viscous and the 
amount of deformation during sedimentation is negligible. 

(6) The implication of the present models for microstructural development in 
salt diapirs is consistent with microstructural evidence found in some coarser natu­
ral salts for the operation of both dislocation and fluid-assisted diffusional pro­
cesses. However, the dominance of dislocation microstructures reponed for many 
other salts, even fine-grained ones, suggests that the relative imponance of the pres­
sure-solution mechanism can be suppressed during natural diapirism. This could 
be brought about through i) water loss, ii) increased deformation rates caused by 
other driving forces in addition to buoyancy, or iii) the operation, at natural strain 
rates, of some relatively easy dislocation mechanism not accounted for in the creep 
equation used in this study. 
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Chapter 6 

Pulsating diapiric flows: Consequences of vertical varia­
tions in mantle creep laws t 

Peter E. van Keken, David A. Yuen and Arie P. van den Berg 

Abstract 

Recent laboratory work has suggested that the rheology of the lower mantle may be 
Newtonian. We have studied the time-dependent dynamics of plumes interacting 
with a rheological interface separating an non-Newtonian upper mantle and a New­
tonian lower mantle. Pulsating diapiric structures with fast time scales are pro­
moted by the interaction of the rising plumes with this rheological boundary. Sur­
face heat flow signals are discernible as pulses. which remain relatively stationary. 
They correlate well with the localized upwellings just below the surface. The pres­
ence of a mobile lithosphere from increasing the non-Newtonian power law index 
helps to produce a large-scale circulation in the upper mantle which draws large hot 
patches away from nearby upwellings. In our calculations the resultant averaged 
effective viscosity of the non-Newtonian upper mantle is about two orders of mag­
nitude lower than that of the Newtonian lower mantle. A viscously stratified New­
tonian model produces more incoherent and broadscale diapiric structures and is 
less efficient for generating sharply varying time-dependent thermal signatures. 

t This chapter has originally been published in Earth Plan.sciLett.• 1992. 112: 179-194. © El­
sevier Science Publishers B.V. 
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6.1 Introduction 

Mantle convection has traditionally been studied numerically or experimentally on 
the assumption that the creep law relating the stress to strain rate does not change 
character with depth [ Parmentier et al., 1975; Jarvis & Peltier, 1982; Christensen, 
1984a; Machetel & Yuen, 1989]. But recent experiments on perovskite analogues 
by Karato & Li [1992] have opened up the possibilities for the rheology of the 
lower mantle to be Newtonian. This finding would, then, suggest vertical varia­
tions in rheological laws with depth, as both olivine [Goetze & Kohlstedt, 1973; 
Karato et al., 1986] and garnet in the transition zone [Wang et al., 1991J may have 
strong non-linear dependence of the strain rate on the stress in the flow law. The 
dynamics of such types of rheological stratification, a non-Newtonian upper mantle 
overlying a Newtonian lower mantle, have recently been examined [Van den Berg 
et al., 1991] within the framework of a steady-state model. There it was found that 
concentrated surface streamlines and plate-like characteristics were promoted by 
this type of rheological stratification, in which the upper mantle had an effective 
viscosity which was lower than the underlying Newtonian mantle. In this work we 
will demonstrate that allowing for time-dependence in convection with a rheologi­
cal layering will bring about some interesting phenomena in the development of 
pulsating diapiric flows, that is not found in models with a homogeneous rheology. 
Hitheno, studies on modelling of plume dynamics have been focussed on a fluid 
medium with a single flow law with continuously varying parameters, whether it is 
temperature-dependent [Christensen, 1984b; Yuen & Fleitout, 1985; Olson et al., 
1988], strictly Newtonian [Hansen et al., 1990, 1992], non-Newtonian [Christensen 
& Yuen, 1989; Malevsky & Yuen, 1992], or with phase changes [Liu et al., 1991]. 
Thus, there have been no investigations on the time-dependent behaviour of plumes 
interacting with such a rheological boundary. From physical considerations one 
would expect a strong non-linear coupling to be developed at this rheological 
boundary where the flow law changes abruptly from a linear to a non-linear rheol­
ogy in the course of the plume's ascent. Also, from the mathematical point of view 
the panial differential equations governing the momentum equations change sud­
denly from a linear to a strongly non-linear elliptic equation. There are also many 
circumstances in nature in which the transpon property of the medium changes its 
character all of a sudden, such as radiation passing through composite material 
with vastly contrasting dielectric constants. Therefore, this problem of time­
dependent mantle convection in a rheologically composite medium is very interest­
ing from many view points. 

In this work we will present results based on three different models, and show 
the imponance of vertical variations in the creep law parameters on generating pul­
sating diapiric flow structures. The surface expression of discrete volcanoes along 
linear volcanic chains suggests that mantle plumes are in the form of diapirs 
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[Schilling, 1985] instead of continuous conduits. 

6.2 Model, equations, and methods 

The model mantle to be focussed on here is an incompressible medium with a non­
Newtonian upper mantle overlying a Newtonian lower mantle. The olivine upper 
mantle is considered to be non-Newtonian because of the presence of dislocations 
in mantle xenoliths and the existence of seismic anisotropy in the upper mantle 
[Karato, 1988]. Recent laboratory work on garnet [Wang et al., 1991] has shown 
that it also has a rather strong non-linear rheology. We solve the Boussinesq equa­
tions for infinite Prandtl number convection without internal heating. The momen­
tum and temperature equations are given in dimensionless from for temperature T, 
dynamical pressure p and velocity u by, 

V'Q-RaTz-Vp = 0 (6.1) 

a:; = V 2T - u . VT (6.2) 

and the dimensionless depth-varying creep law used in the computations is given 
by, 

o 

0.23 

o 3.5 

Figure 6.1 Finite element grid used for capturing diapiric structures. This grid is used for 
the global snapshot in figure 62. Quadratic triangular elements are used for the velocity 
field and linear triangular elements for the temperature field. There are six grid points per 
velocity element and three grid points per temperature element. Vertically there are 19 ve­
locity elements in the upper mantle and 18 in the lower mantle. Along x are 14 velocity ele­
ments between 0 and 0.8,24 between 0.8 and 1.5 and 21 between 1.5 and 3.5. Total number 
ofgridpoints used exceeds 8,5()(). 
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(Jij = A(z) Fyn(z)-lSij (6.3) 

where Ra is the Rayleigh number based on the Newtonian viscosity of the lower 
mantle and the depth of the entire layer, (Jij and Eij are the elements of respectively 
the deviatoric stress Q and strain rate tensor~, n(z) represents the depth variation of 
the power law index n in the mantle creep law, E is the second invariant of the 
strain rate tensor, defined in [Malevsky & Yuen, 1992], and T is the dimensionless 
temperature based on the temperature difference imposed across the layer. The 
important control variables of this problem are Ra, n(z) and A(z). It is to be noted 
that A(z) in (6.3) is a dimensionless parameter and is not coupled to n(z). In 
dimensional units A(z) would depend on n(z) in eqn. (6.3) [Ranalli, 1987]. For 
this composite rheology we find it computationally convenient to base the Rayleigh 
number on the linear viscosity of the lower mantle. The power law index for the 
lower mantle is taken to be n = 1, representing a diffusion creep mechanism. For 
the upper mantle we take either n = 1 (for the purely Newtonian layered case) or 
n =3, representing a dislocation creep mechanism [Ranalli, 1987]. In the model 
with a lithosphere present we use n = 5 to describe Dom creep used for describing 
lithospheric deformation [Cloetingh et al., 1982]. 

The coordinates are given by x and z with the z-axis aligned with the gravity 
vector. Isothermal boundary conditions (T = 0 and T = 1) are imposed respectively 
at the top (z =0) and bottom (z =1). We integrate equations (6.1), (6.2), (6.3) in 
time with a penalty function, finite element method [Cuvelier et al., 1986], impos­
ing free-slip, impermeable boundary conditions along all sides and reflecting 
boundary conditions at the two vertical boundaries. 

A predictor-corrector method [Van den Berg et aI., 1993; this thesis, Chapter 3] 
is used in advancing the set of time-dependent convection equations with a penalty 
function parameter of 106 and with linear temperature and quadratic velocity trian­
gular elements. We have benchmarked for aspect ratio one this primitive variable 
code against two codes [Christensen, 1984a; Malevsky & Yuen, 1992] based on 
bicubic splines for non-Newtonian (n =3) rheology and found good agreement 
[Malevsky & Yuen, 1992; Van den Berg et al., 1993]. For this problem with fast 
diapiric instabilities coming off a rheological boundary, grid refinement is needed 
at the interface (z = O. 23). Figure 6.1 shows the finite element grid configuration 
with aspect ratio 3.5 which is used for monitoring a time-dependent solution, 
shown in figure 6.2, in which 49 and 59 unevenly spaced velocity elements are 
used respectively along the vertical and horizontal directions. There are six grid 
points in one velocity element and three points in one temperature element, 
because of the different order [Van den Berg et al., 1993; this thesis, Appendix B]. 
The vertical column with a dense grid is moved along x adaptively by the user in 
order to follow and capture the diapiric structure rising from the central plume 
shown in figure 6.2. 
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Ra=104 n=(3,1) A=(1,1) 
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Figure 6.2 Global shots of the stream function and temperature T for model A. This is a 
model with a non-Newtonian upper mantle above a Newtonian lower mantle with the same 
prefactors A. Ra based on the lower mantle viscosity is 104

• The boundary between upper 
and lower mantle is at z - 0.23. The box indicates section where zoom snapshots are taken. 
Time is non-dimensionalized by the thermal diffusion across the layer (d2/K.). For a model 
mantle 1800 km deep (accounting for the spherical to cartesian transformation), t = 0.001 
would correspond to 102 Myr. Greyscales are linear in scale and evenly spaced. 

These calculations have been conducted for an aspect ratio of 3.5 in order for 
the plumes not to be influenced by edge effects. In contrast to Newtonian convec­
tion the computational time for this type of mixed Newtonian-non-Newtonian flu­
ids is much longer than for simple Newtonian fluids, as the viscosity distribution 
changes in time, and sub-iteration is needed at each time-step. The cost in CPU 
time is at least 5 times greater than for purely Newtonian fluids (see case H below 
in figures 6.11-6.16). We note that it is essential to examine the dynamics of this 
type of flow first in two-dimensional configurations, which allow much better - and 
necessary - resolution for the diapiric regimes than is now feasible in 3D rRabi­
nowicz et al., 1990]. Moreover, the spatial and temporal resolutions needed for 

Temperature 
~~ 

3.5 
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monitoring sharp diapiric instabilities in 3-D would impose a severe restriction on 
an extensive iIlVestigation of strongly cOIlVecting regimes in which a new physical 
mechanism bas to be understood. 

In contrast to the study of steady-state situations [Van den Berg et al., 1991], 
visualization of the time-dependent events on graphics workstations plays an indis­
pensable role in this iIlVestigation. Many of the phenomena shown below (see for 
example figures 6.2 and 6.3) may not have been perceived, had we not employed 
visualization techniques to monitor in detail the temporal development of these 
flows. 

6.3 Results 

In this section we present results taken from large-scale numerical simulations of 
three cases. These computations are lengthy and require over 100 hours of super­
computer (CRAY-XMP) time. The first is called model A which consists of a non­
Newtonian upper mantle above a Newtonian lower mantle. The second model, 
model C, is similar to model A, but with a lithosphere. The third, model H, has a 
viscously stratified Newtonian rheology throughout. 

Model A (with non-Newtonian upper mantle and Newtonian lower mantle) 

In this first case, A, we will examine a two-layer model with n(z) =(3,1) for the 
upper and lower mantle, respectively; the prefactors are A =0,1) for the two lay­
ers and Rayleigh number is 104. The initial condition is taken from a steady-state 
solution [Van den Berg et al., 1991] together with a perturbation in T with an 
amplitude of 0.05 and fundamental sinusoidal wavelengths along both x and z 
directions. Figure 6.2 shows a global snapshot at diffusional t =0.0164, which 
takes place well after the initial transients have died away. The smaller box repre­
sents the region to be focussed on in figure 6.3. This is the site of the broad 
upwelling impinging on the rheological interface. At the interface there is a drop in 
effective viscosity owing to the stresses produced by the large-scale rapid circula­
tion in the upper mantle. We notice that at the left the upwelling does not undergo 
a sharp change in the horizontal dimension. From the grey scale contours one can 
see that in the upper mantle there is a large patch of medium-temperature material 
being adveeted around by the large-scale flow. The descending currents are slug­
gish in the lower mantle because of the increase of viscosity, as the flow descends 
into a stiffer Newtonian lower mantle. At the interface above the upwelling lower 
mantle plume a boundary layer has been formed. In figure 6.3 we show the sequen­
tial development of this boundary layer, as it becomes unstable. The hot material is 
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Figure 6.3 Sequence of zoom-in snapshots of T and 'V for case A. Time advances upward. 
The period of the pulsation is around 0.0008 which is shorter than the overturn time of the 
large-scale flow. Overturn times scale as O(dlV"",). For this case it is 0(0. 005). 
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Ra=104 n=(3,1) A=(1,1) 
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Figure 6.4 The temporal evolution of the local surface heat-flux for case A. Heat-jiux is 
non-dimensionalized by k!JJ'ld, where k and!JJ' are respectively the thermal conductivity, 
and temperature difference across the layer depth d. Time advances downward. 

transported very efficiently in the upper mantle as a consequence of the lower 
effective viscosity of the upper mantle and the drop in viscosity as a consequence 
of the stresses produced by the local thermal instability. As the supply of hot mate­
rial from the lower mantle is at a much lower rate, it takes time for the thermal 
boundary layer to form again, after most of the hot material has been extracted 
from the interface. From comparing the first and last snapshot, one obtains a dis­
tinct impression of the periodic nature of this flow. The sharp decrease in viscosity 
as a consequence of the thermal instability is indicated in the extrema in the stream 
function, of which the amplitude increase by a factor of nearly four. The diapiric 
events take place on a much shorter time scale than the overturn time associated 
with the large-scale circulation. The periodicity of this pulsating mechanism is 
more evident in the plots shown below (figure 6.6). An effective Ra of between 
104 and 105 for the lower mantle may not be all that unreasonable, when one takes 
into consideration the combined effects of a viscosity increase of 10 to 50 [Hager 
& Richards, 1989; Ricard & Wuming, 1991], a decrease of thermal expansivity of 
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6 [Chopelas & Boehler, 1989], and an increase oflattice thermal conductivity in 
the lower mantle of around 4 to 6 [Brown, 1986; Osaka & Ito, 1991]. 

In figure 6.4 we show the temporal development of the surface heat-flux qs' 
From the grey scale contours one can readily discern the discrete pulses of heat 
arriving at nearly the same spot. The heat-flux associated with these thermal events 
(around 60) is nearly an order of magnitude greater than the background value of 7. 
It is also interesting to observe the effects of the excess heat-flow being propagated 
with time. A trail of high heat flux is left along x with time. Surrounding hotspot 
swells are typically anomalous heat flow patterns. This model shows the phe­
nomenon of basal reheating of the lithosphere [Detrick & Crough, 1978; Menard & 
McNutt, 1982], which is based on field observations of the Hawaiian swell [Detrick 
et al., 1981]. 

Ra=104 n=(3.1) A=(1,1) 
0.015 

t 
l 

0.018 

o 

-50LLI Il"::;:l;;~;;@~~.50 

.Jw (z=0.05) 

Figure 65 Time history of the vertical velocity at a depth z. O. 05. We have plotted the 
sign of the square root of the vertical velocity component, with all descending velocities 
(w < 0) being whitened (see greyscale). Velocity is non-dimensionalized by thermal diffusivi­
ty and the depth of the layer in the usual way. 
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Figure 6.6 The time history of the viscosity, root-mean-squared velocity V""" and the surface 
Nusselt numberfor case A. 

Figure 6.5 displays the temporal evolution of the vertical velocity along x at a 
depth of z =O. 05 which is within the thermal boundary layer, since the time aver­
aged Nusselt (Nu) number at the surface is around 7 (see figure 6.6). The close 
correlation between peaks of the surface heat flow (figure 6.4) and the vertical 
upwellings at the base of the lithosphere indicate that thermal advection is the dom­
inating mechanism responsible for the local heat-transfer at these 'hot spots'. 

Figure 6.6 summarizes the temporal evolution of the viscosity field, the root­
mean-squared velocity Vnns and the surface Nu. The sharp spikes of the thermal 
events are well recorded by Vrms ' where amplification by a factor of 4 is found. The 
surface Nu displays peaks with smaller amplitudes and behaves in a fashion that is 
similar to a non-linear oscillator by the form of a slow relaxation followed by a 
rapid rise. Temporal variations of the surface Nu are much smaller than those asso­
ciated with the local heat-flow values qs shown in figure 6.4. In strongly time­
dependent flows there is a large disparity between the local qix, t) and Nu based 
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Figure 6.7 Global snapshots of 'I' and T for model C. Model C has a lithosphere which ex­
tends to z ... 0.05. The power law indices n(z) are 5 for litlwsphere. 3 for the upper mantle 
and 1 for the lower mantle. The box represents zoom-in snapshots to follow. Note the hot 
wide patch at the left being pulled by the large-scale circulation in the upper mantle. 

on the horizontal average. It is therefore important to recognize this distinction in 
the application of the usual heat-transfer scaling relationships to local and global 
geological phenomena. Changes in the viscosity field reflect the stress variations 
generated during these pulsing events. The average value of the viscosity (middle 
curve) does not vary as much as the extrema (top and bottom curves). The contrast 
of the averaged viscosities between the upper and lower mantle is 200 for case A. 

Model C (with lithosphere, non-Newtonian upper mantle and Newtonian lower 
mantle) 

More plate-like behaviour can be brought out by introducing a thin top layer with a 
larger power law index of n =5 [Van den Berg et al., 1991]. For the time­



94 Chapter 6 

dependent case we have used a n(z) of (5,3,1) and a A(z) of 00,1,1) for Ra of 
2 x 104

. The global snapshot is shown in figure 6.7. From the stream function the 
more plate-like characteristics of this model C compared to case A is clearly mani­
fested. There is now a hot tongue emanating from the edge plume. This hot flat 
patch is pulled quite strongly by the large-scale circulation produced by the pres­
ence of the mobile lithosphere. Its hot tip nearly reaches the middle plume where 
the diapiric structures are developed. The thermal anomalies developed from the 
rheological interface for case A and C are diapiric in nature because they consist of 
detached blobs and do not form a continuous conduit. 
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Figure 6.8 Sequence of close-up snapshots ofT and for model C. Time scale for pulsating 
event is around O.()()04 which is shorter than the overturn time of large-scale background 
circulation. 
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Diapiric structures can also be formed under a wide variety of circumstances, 
such as in the interior of the cell for high Rayleigh number convection with Newto­
nian and non-Newtonian rheologies [Hansen et al., 1992; Malesvky & Yuen, 1992] 
and at phase-boundaries [Liu et al., 1991]. Here we have shown another mecha­
nism based on changes in the rheological laws. 

Figure 6.8 shows a sequence of temporal snapshots which have been zoomed 
around the central plume. Again, the episodic nature of this diapiric shedding pro­
cess is illustrated by the development in T and '1'. TIme scales for these diapiric 
outbursts are shon relative to that for the large-scale circulation. The lithosphere 
acts to control the upstream flow of plume material beneath the plate. The pulsating 
nature of this flow is further demonstrated by the time histories of qs and the verti­
cal velocity w in figures 6.9 and 6.10. 

The presence of the lithosphere brings in another time scale, owing to the ther­
mal diffusion time of the plate with finite thickness. The periodicity of the pulses 
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Figure 6.9 Time history of local surface heat-flowfor case C. 
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Figure 6.10 Time history o/the vertical velocity at the base o/the lithosphere (z = o. 05)/or 
case C. Otherwise, same convention used as in figure 6.5. 

in case C is reduced relative to case A because of the finite thickness of the litho­
sphere and the higher Ra. The effects of lithospheric shielding on the surface heat 
flow are clear from comparing figures 6.4 and figures 6.9. This low-pass filtering 
mechanism of the lithosphere on surface thermal signatures is thus illustrated. The 
presence of the lithosphere also helps to maintain better the stationarity of the 
diapiric signatures on the surface, as can be observed by comparing case A and C 
(see figures 6.4, 6.5, 6.9 and 6.10). 

The time histories of the viscosity field, V rms and the surface Nu for case C are 
shown in figure 6.11. The average viscosity contrast between the upper and lower 
mantle is about 200. The spiky character of non-Newtonian flows [Christensen & 
Yuen, 1989; Malevsky & Yuen, 1992] is clearly displayed where the time scales are 
shorter than for the case without the lithosphere (compare with figure 6.6). 
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Figure 6.11 Time history of the viscosity, VnIl.'l' and surface Nufor model C. 

Model H (Newtonian viscously stratified) 

One may well wonder whether or not a viscosity stratification in a purely Newto­
nian medium can also produce diapiric structures from the impingement of an 
ascending plume on an interface with a viscosity contrast of 0(02

). Figure 6.12 
shows the global shot taken from a Newtonian model with a viscosity jump of 200 
and Ra of 2 x 104 

. Again, this simulation was started from a steady-state solution 
perturbed by a thermal perturbation with amplitude of 0.05 and harmonic variations 
having fundamental wavelengths along both directions. 

Comparing figures 6.2, 6.7 and 6.12, we see that there are some differences in 
the flow patterns and temperature fields between a purely Newtonian rheological 
(case H) and the composite (case A and C) rheological models. The hot tongue so 
prominent in case C is now absent in the Newtonian model, because the large-scale 
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Figure 6.12 Global snapshot of'll and T for Newtonian model (N). The lower mantle is 200 
times more viscous than the upper mantle. Note that the hot tongue from the plume at the 
left is small because of the more sluggish flow there. 

circulation is not as coherent and strong in drawing out hot anomalies, as in the 
case with the lithosphere. An important difference with the non-Newtonian models 
is the large number of spontaneous downwellings from the upper boundary layer. 

Figure 6.13 shows the evolution of the plume as it interacts with the interface. 
Again the hot material is being extracted from the interface faster than it is sup­
plied, showing that the viscosity decrease is the fundamental reason for the forma­
tion of these diapiric structures. Differences exist, in that the plumes developed off 
the interface are broader and remain in one piece closer to the surface, as the local 
stress-induced viscosity decrease is absent in these Newtonian models. From the 
snapshots of the stream function in figure 6.13 it is clear that the pulsating flow is 
much less vigorous than in the cases with the non-Newtonian mantle. This point is 
further emphasized by the temporal portrayal of the surface heat flow and the verti­
cal velocity near the top (figures 6.14 and 6.15). The differences in the fluctuating 
intensity, periodicity, and the plume stationarity between case A and H are striking. 
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Figure 6.13 Sequence 0/snapshots depicting T and", o/the Newtonian model (H). 

The Newtonian signals are much more diffused and tend to drift more. The nature 
of the diapiric flow is more episodic than periodic. The spontaneous downwellings 
give rise to the noisy character of q s and w. 
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Figure 6.14 Same aslor figure 6.4 exceptlor Newtonian rheology. 

Figure 6.16 summarizes the more sluggish Newtonian behaviour by showing 
the temporal evolution of Vrms and the surface Nu. Its departure from the spiky time 
series in figures 6.6 and 6.11 is quite evident 

6.4 Discussions and geophysical implications 

The principal aim of this study was to investigate the effects of changes in creep 
laws, as suggested by recent experimental work on perovskite analogues [Karato & 
Li, 1992], on the dynamics of time-dependent mantle flows. We wished to see 
what sort of flow structures would result from the interaction of a rising plume and 
a rheological interface, and whether these secondary plumes penetrate the upper 
mantle and manifest themselves as hotspots on the Earth's surface. 

We found some new features in plume dynamics not encountered previously in 
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Figure 6.15 Same asfor figure 65 except for Newtonian model. 

time-dependent simulations with a homogeneous rheology throughout the mantle. 
These include (1) pulsating diapiric structures as a consequence of the viscosity 
decrease in the upper mantle, (2) fast time scales of the diapirs relative to those 
associated with the large-scale circulation. (3) the relative stationarity of recogniz­
able surface heat-flow anomalies in models with a lithosphere, and (4) the stabiliz­
ing influences of plates in modulating the upstream flow of rising plume material 
beneath the plate [Schilling, 1991]. 

In addition to these points we have shown the importance of a non-Newtonian 
upper mantle and lithosphere in maintaining plate-like behaviour in time-dependent 
convection, which helps to generate coherent large-scale circulation in the upper 
mantle. This flow, in turn, can entrain hot anomalies away from a rising plume. 
Such shallow hot patches have recently been observed beneath the East Pacific 
from surface wave tomography [Zhang & Tanimoto. 1992]. The correlation of the 
horizontal extent of the negative seismic velocity contour with spreading rate 
[Zhang & Tanimoto, 1992] argues strongly for the dynamical role played by plate 
motions in pulling out hot patches from the ridge. On the other hand, Newtonian 



102 Chapter 6 

Ra=2x104 n=(1,1) A=(O.005,1)
1000 ~-=;..;..r---"':.:.......l.:..:...;;.L---':-':""">'::":"::"::~.L-..,---,
 

800 

~ 600 
> 400 

2001="----­
oL..-._----'- --l.. ----1.......J 

0.005 0.010 0.015 
t 

i:~~
 
0005 0.010 0.015 

t 

Figure 6.16 Same as/or figure 6.6 except/or Newtonian model. 

viscously stratified models do not produce pronounced broad hot patches in the 
upper mantle. 

The question arises whether this kind of diapiric upwellings can explain the 
periodicity in volcanism along the hot spot chains. In figure 6.17 we show a com­
parison of the surface heatfl.ow qs for the three models, in which the parameters are 
dimensionalized. The periodicity of the upwellings varies between 100 Myr (case 
A) to 30 Myr (case C), which is more than an order of magnitude larger than the 
period of volcanism, that is, for example, observed in the spacing between the 
Hawaiian islands (1-2 Myr). From the speed with which the thermal signals travel 
along the top boundary, we can estimate a plate velocity of approximately 1 cm/yr, 
which is at the lower bound of the observed present-day plate velocities. 

An important parameter in controlling vigour of both the large-scale convec­
tion and the small-scale upwellings is the Rayleigh number. Increasing Ra will 
increase the frequency of the pulsations (compare e.g. model A with model C) and 
the magnitude of the plate velocity. The magnitude of the viscosity jump mainly 
influences the rate at which the hot material is extracted from the interface, espe­
cially in the cases of non-Newtonian viscosity, where the extraction rate is much 
faster than the supply rate. Decreasing the average viscosity in the upper mantle (or 
increasing the stress-induced drop in local viscosity by increasing the powerlaw 
index n) will tend to speed up the diapirs in the upper mantle; the period between 
the diapirs is however determined by factors governing the supply rate (the viscos­
ity of the lower mantle and the vigour of convection), defined by the Rayleigh 
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Figure 6.17 Comparison of the dimensionalized heatjfow characteristics for the three cases. 
The scheme for dimensionalization is given in figure 62. 

number. Our choice of Ra is conservative. It would be more realistic to choose the 
Rayleigh number a factor of 10 higher. Exploring the behaviour of these layered 
models with higher Ra is however strongly limited by computational time. Smaller 
spatial and temporal discretization must be used to resolve these small scale fea­
tures, and these 2-D calculations challenge the limits of present day computers. 

Many interesting new consequences arising from vertical variations in the 
creep laws have been discussed here. Important features for inclusion in future 
studies would be temperature- and pressure-dependent viscosity and depth­
dependent thermal expansivity, as depth-dependent properties in Newtonian con­
vection have been shown to stabilize the upwellings [Yuen et al., 1991; Hansen et 
al.,1991]. Phase transitions can also influence the dynamics of the diapiric struc­
tures [Liu et al., 1991]. The development of plume structures are shown to be 
strongly affected by the change in mantle rheological laws across the lower mantle­
upper mantle boundary. Taken together with effects from phase transitions [Liu et 
al., 1991], this type of rheological layering, non-Newtonian on top of Newtonian, 
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may really help to promote diapiric flows in the upper mantle with fast time scales. 
The seismological discontinuities in the upper mantle can be related to phase 

changes. Their combined thermodynamical and rheological effects can be envis­
aged to modulate the behaviour of upwelling diapirs and to bring shorter time 
scales into playas a consequence of the shorter distance to the surface. 
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Chapter 7 

The effects of shallow rheological boundaries in the 
upper mantle on inducing shorter time scales of diapiric 
flows t 

P.E. van Keken, D.A. Yuen and A.P. van den Berg 

Abstract 

We have studied the effects of rheological boundaries in the upper mantle on the 
dynamics of inducing pulsating diapiric plumes. We have compared the effects due 
to shallower rheological interfaces in the upper mantle on the time scales of the 
pulsations. Comparing with a basic model with a rheological interface at 670 km 
depth. we find that time scales between pulsations can be reduced considerably 
down to a few million years by adding another rheological boundary at 400 km 
depth. These results suggest that short time scale diapiric flows may be generated. 
from relatively stationary upwellings from the lower mantle because of the pres­
ence of rheological boundaries in the shallow upper mantle. 

t This chapter has been submitted to Geophysical Research Letters 
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7.1 Introduction 

Phase boundaries have been recognized for a long time as being important for man­
tle dynamics [Vening Meinesz, 1962; Verhoogen, 1965; Christensen & Yuen, 
1984]. It is only recently that rheological boundaries separating creep regimes 
have been identified in the laboratory [Karato, 1988; Karato & Li, 1992; Karato, 
1992]. Its ramifications on mantle flows can be tremendous, as seen from the 
recent results by Van Keken et al. [1992], who studied the interaction between a 
mantle plume and the 670 kID discontinuity as a rheological boundary. Diapiric 
instabilities with short time scales, as compared with over-turn time, were found to 
develop from this rheological boundary. In this work we will show how shallower 
transitions can introduce shorter pulsations. AB rheological boundaries can be shal­
lower than phase boundaries, they may serve as a shallow site for producing 
diapiric flows with very short time scales. 

7.2 Model description 

We model the mantle as an incompressible viscous fluid medium at infinite Prandtl 
number in the Boussinesq approximation. A non-Newtonian upper mantle lies over 
an Newtonian lower mantle. The dimensionless depth-varying creep law used in 
the computations is given by 

Model A Model C Model BH 
75km lithosphere 

150km 
upper mantle 

transition zone 

n=1 A=1 n=1 A=1 lower mantle 

Ra=104 Ra=2x104 Ra=4x104 

Figure 7.1 Specification o/the rheology parameters A(z) and n(z), and the thermal Rayleigh 
number Ra, based on the lower mantle viscosity,for the three models. 
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(J .. = A(z) t1/n(z)-lE·· (7.1)
ij ij 

where (Jjj and Ejj are the elements of respectively the deviatoric stress and strain­
rate tensor, n(z) represents the depth variation of the power law index n in the man­
tle creep law, A(z) is the pre-exponential factor which varies with depth, and E is 
the second invariant of the strain rate tensor. The non-dimensional differential 
equations describing conservation of mass, momentum and thermal energy are 
solved using a primitive variable finite element method, described in [Van den Berg 
et al., 1991; Van Keken et al., 1992]. The important control variables are n(z), 
A(z), and the thermal Rayleigh number Ra. Calculations are performed in a rect­
angular box with aspect ratio of3.5. 

Figure 7.2a Temporal development 0/ the three-layer model C. Time progresses along the 
third axis, away from the viewer. In the lower frame the isosurface o/temperature T .. 0.35 
is shown. Distinct diapiric structures are formed at the interface from the stationary plume 
in the lower mantle. The diapiric pulses correlate well with the peaks in the surface heat 
flow, shown in the top frame. 
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The three models considered in this work are depicted in figure 7.1. Model A 
and C are the non-Newtonian models used in [Van Keken et al., 1992]. In the third 
model, BH, we have included a representation of the 'hard garnet' rheology that 
has been proposed for the transition zone between 400 and 670 km depth [Karato, 
1989; Meade & Jeanloz, 1990]. Increasing A(z) makes the rheology intrinsically 
harder. The thermal Rayleigh number (shown in figure 7.1) is based on the lower 
mantle Newtonian viscosity [Van den Berg et al., 1991J, and increases from 
Ra = 104 for model A to Ra =4 X 104 for model BH. 

7.3 Results 

Snapshots displaying the development of temperature and stream function have 
already been displayed in [Van Keken et al., 1992] for models A and C. More 
detailed dynamics can be observed in a video available from the authors. Figure 
7.2a shows the development of model C in a different way. The temporal evolution 
of the 2-D model is now depicted in a 3-D figure, in which time evolves in the third 
direction, pointing away from the viewer. The isosurface of T =O. 35 is shown. 
The interior of the plume is relatively cold. This cold origin is due to the cold 
tongue produced by the plate-like character of the upper boundary layer [Van den 
Berg et al., 1991; Lenardic & Kaula, 1993], that enables the long extension of the 
cold mass at the bottom. Features present in the data by Van Keken et al. [1992], 
can be identified in figure 7.2a. From the stationary upwelling at the left hand side 
a long fiat patch can be seen, showing the strong pulling motion of the large scale 
circulation due to the presence of the mobile lithosphere. From the upwelling 
lower mantle plume in the center, discrete thermal anomalies are shedded off the 
interface and drawn away from the plume by the large scale circulation. The diapirs 
consist of detached blobs and do not form a continuous conduit. 

If the parameters are dimensionalized using a model mantle depth of 1800 km 
(accounting for the spherical to cartesian transformation) the pulsating behaviour of 
the plume in model C is shown for 300 Myr; the period between the pulsations is 
approximately 35 Myr. The viscosity in the upper mantle is on average 200 times 
lower than the viscosity in the lower mantle for both model A and C. In model C, 
the viscosity in the lithosphere changes drastically from stagnation zones, where 
the viscosity is around WOO, to the positions at the boundaries and above the man­
tle plume, where the strong shearing motion decreases the viscosity drastically in 
this strongly non-Newtonian (n = 5) medium. The average viscosity of the lith<r 
sphere is around I, corresponding to a dimensional viscosity of 1022 Pa . s. 

Figure 7.2b gives a similar view of the evolution of model BH, which is shown 
for dimensional time of 75 Ma. The isosurface for T = O. 42 is shown. The 
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Figure 7.2b A similar view as in figure 72a, but IWW of the four-layer model BH. The iso­
surface is for T ... 0.42. Very sharp diapiric structures are IWW formed at the 400 km dis­
continuity. Period between the pulsations is approx. 4 Myr. 

average viscosity in each layer is 5 in the lithosphere, 1/300 in the upper mantle, 
and 1/4 in the transition zone. Above the first discontinuity at 670 km, the hot 
material contained in the plume can travel faster than in the underlying lower man­
tle. In model C this leads to periodic instabilities off the boundary layer that. is 
formed on top of the plume at the 670 km discontinuity. In this model BH, the vis­
cosity contrast across 670 is much smaller (1/4 as compared to 1/200) and the 
faster transport leads only to a thinning of the plume in the transition zone, which 
remains stationary in time. At the top of the transition zone, at 400 km depth, the 
viscosity contrast is approximately 1/80. Here the much faster transport of the hot 
material, helped by the non-Newtonian effects, leads again to the periodic pulsating 
flow. The discrete diapirs originating off the 400 km discontinuity are clearly visi­
ble in figure 7.2b. The 'hot tongue' emanating from the stationary upwelling at the 
left hand side boundary, prominently present in figure 7.2a, is strongly reduced in 
model BH (figure 7.2b). This is a consequence of the higher temperature indicated 
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by the isosurface, and the less dynamic large scale flow, caused by the thinner litho­
sphere (75 kIn as compared to 150 kIn), and the higher viscosity in the transition 
zone. 

In Figure 7.3 we show a comparison of the dimensional surface heat flow as 
observed in the models A, C and BH. A common feature in the three models is the 
periodicity of the diapiric upwellings and the relative stationarity of the plume in 
the lower mantle. The periodicity decreases, from around 80 Myr for model A and 
35 Myr for model C, to approximately 4 Myr for model BH. This increase of fre­
quency is a consequence of the higher Rayleigh number (figure 7.1) and the shal­
lower origin of the diapirs. 

Figure 7.4 shows the maximum vertical velocity as observed in the direct 
vicinity of the upwelling plume The dramatic decrease in the period between the 
diapirs between models C and BH is clearly visible. The maximum vertical veloc­
ity increases strongly from 3 cm!yr for model A and 4 cm!yr for model C to more 
than 15 cm!yr for model BH, again demonstrating the dynamical effect induced by 
the shallower level of the rheological interface. The velocities are much higher in 
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Figure 7.3 Comparison ofdimensional surface heatflowfor the three cases. 
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Figure 7.4 Comparison of maximum dimensional upward velocity around the plume. The 
pulsating flow is much more frequent and faster for the four-layer model BH, than for the 
models A and C. 

case BH compared with case A. but less volume is carried. resulting in approxi­
mately equal heat flow maxima above the diapirs for the two cases (figure 7.3). 
Heat flow maxima for models BH and A are around 110 mW . m2

• close to an order 
of magnitude greater than the mean heat flow. 

Wmax 

ocmlyr L­
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7.4 Discussion 

In this work we have demonstrated the importance of rheological boundaries in 
upper mantle dynamics. An important feature of the dynamical models is the pul­
sating diapiric flow, that produces discrete upwellings of hot material at a steady 
position under a moving lithospheric plate. This kind of behaviour is observed in 
hot spot volcanism of the type exemplified by the Hawaiian [Schilling, 1985] and 
Galapagos islands [Christie et al., 1992]. Thermodynamic phase transitions can 
also cause diapiric flow, but their behaviour is not as regular [Liu et al., 1991; Zhao 
et al., 1992]. These type of models demonstrate that depth varying creep laws can 
explain, at least to some extent, the coexistence of a large scale flow, as observed 
by the plate motions, and persistent small scale 'hot spots', as observed underneath 
mid-oceanic island chains. Both are expressions of the advective cooling of the 
Earth and seem to behave independently of each other at the time scales, less than 
200 Myr, considered. 

The pulsating behaviour of mantle upwellings is a consequence of the viscosity 
decrease over a rheological boundary, and in itself independent of the type of large 
scale flow, whether it is whole, layered or intermittent mantle convection. Further­
more, one can expect that at shallow levels, less than 400 km, rheological transi­
tions occur that are not connected with the major thermodynamical phase transi­
tions between 400 and 670 km depth [e.g., Karato, 1992]. The shallower level of a 
rheological boundary can be envisaged to induce diapiric instabilities with time 
scales shorter than those found in present models. This mechanism might well be 
used to explain the temporal variations in magmatic activity as observed e.g. under­
neath island chains [Schilling, 1985; Christie et al. 1992], asthenospheric 
upwellings in rift zones [Tatsumi & Kimura, 1991], and at mid-oceanic ridges 
[Batiza et al., 1992; Gente et al., 1992]. 
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Chapter 8 

Cooling of the Earth in the Archaean 

8.1 Introduction 

There is still considerable controversy over the mantle temperature during the 
Archaean (approx. 3.5-2.7 Gyr B.P.). On the one hand. high mantle temperatures 
are inferred from the occurrence of very magnesian komatiitic lavas, that are 
widespread in most Archaean greenstone belts, but rarely found after the Archaean­
Proterozoic transition at 2.7 Gyr. These komatiites indicate high extrusion temper­
atures and melting temperatures some 400-500 K in excess of today's mantle tem­
peratures. Some have taken this indicative of the average mantle temperatures 
[Sleep, 1979; Nisbet & Fowler, 1983; Vlaar, 1986]. Others assume the average 
mantle temperature to have been only 200-300 K higher than at present [Sleep & 
Windley, 1982; McKenzie, 1984; Jeanloz & Morris, 1986] and take the komatiite 
occurence to be the consequence of hotspot activity. A third group proposes even 
lower temperatures for the Archaean [Campbell & Griffiths, 1992]. On the other 
hand, the temperatures at 50-100 km depth in the Archaean continents, as have 
been derived from high-grade terrains, indicate conditions that have not been very 
different from the present day situation. This 'Archaean paradox' has led many 
investigators to models in which cooling of the hotter Earth took place through 
rapid convection underneath the oceans. In most of these model studies it is implic­
itly assumed that mantle convection models can simulate present day plate tectonic 
processes, and that plate tectonics has been operative in the Archaean [e.g.. Bickle, 
1978; Davies, 1979; Schuben et al., 1980; Sleep & Windley, 1982]. However, the 
present day tectonic plate forces of 'slab pull' and 'ridge push' are strongly depen­
dent on lithospheric age and hence on lithospheric recycling rate and mantle tem­
perature. A uniformitarian extrapolation of present conditions to the Archaean may 
not be valid [Vlaar, 1985; 1986] and therefore, a different approach has to be 
adopted [Vlaar et al., 1993]. 

First, we will consider some previously published thermal cooling models of 
the Earth which have been used to constrain Archaean mantle temperatures. Next, 
the influence of higher temperatures on the pressure-release melting of mantle 
diapirs, and the related changes in upper mantle dynamics are considered. Finally, 
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we will present a model for the dynamics of the oceanic lithosphere and discuss its 
applicability to the cooling of the Earth in the Archaean. 

8.2 Cooling models for the Earth based on parameterized convection 

Several authors have studied thermal histories of the Earth using parameterized 
mantle convection models. In these, the change of average mantle temperature with 
time follows from the energy balance equation: 

4n pc (R 3 _ R 3) dT - -4nqR 2 + 4n Q(R 3 _ R 3) (8.1)
3 P m c dt - m 3 m c 

where q is the average heat flux out of the Earth's surface and Q is the average heat 
production in the mantle. The definition of the other parameters is given in table 
8.1. The heat flux from the core into the base of the lower mantle is probably small 
[Stacey, 1977] and is neglected by most authors. For the mantle the Nusselt num­
ber Nu can be defined as the ratio of the total heat flux to the conductive heat flux 
out of the mantle 

Nu = (qcond + qconv)!qcond = qD!kM (8.2) 

where Ill' is the temperature difference across the mantle. The relation between 
the Nusselt number and the vigour of convection in the mantle, which has been 

Table 8.1 Notation and nominal values 

Parameter Definition Value 
2g gravitational acceleration 9.8 ms­

a thermal expansivity 3x WOos K 
1C thermal diffusivity 10-6 m2s-1 

D Depth of convection layer 2.8x 106 m 
kinematic viscosity 
dynamic viscosity 
Minimum kinematic viscosity 2.21 X 107 m2s-1 

Activation temperature CiTm) 5.6x l(r K 
thermal conductivity 4.2 Wm-11{"'1 

volumetric specific heat 4.2 x 1<r Jm-31{"'1 

core radius 3.471 x 1<r m 
mantle outer radius 6.271 x l(r m 
critical Rayleigh number 1100 
surface temperature 273K 
power law exponent 0.3 
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exploited in parameterized convection models, is 

Nu = (Ra/Rae)r> (8.3) 

where Ra is the mantle Rayleigh number and Rae is the critical Rayleigh number, 
Rae - 103 

. For a mantle heated entirely from below Ra is defined by 
3

CJ.g(T - TS )D (8.4)
Ra = RaE = 

KV 

This definition has been used by Sharpe & Peltier [1978] to study the loss of pri­
mordial heat, initially stored in the core, through mantle convection. For a mantle 
heated entirely from within Ra is defined by 

CJ.gQ(Rm - Re )5 (8.5)
Ra = Ra[ = 

1C2VPC 

In (8.1) the lower boundary of the mantle is explicitly assumed to be insulated, and 
the second definition of the Rayleigh number. Ra[, should be used. However, Schu­
bert et al. [1980], Jackson & Pollack [1984,1987] and McGovern & Schubert 
[1989] have used the first definition, based on the claim of Schubert et al. [1980] 
that this was justified if T in (8.4) represents the characteristic temperature of the 
convecting region. 

A temperature-dependent rheology of the form 

v = Vo exp(A/T) (8.6) 

has been used in the models. The parameter A can be interpreted as an activation 
temperature. Several formulations have been used to determine A, either using 
Weertman & Weertman's [1975] formulation based on homologous temperature 
(A =yrm, Y~ 30), using activation energy (A =E/R), or both activation energy 
and volume (A =(E + pV)/R). Detennination of the value of A, to be used in 
(8.6), from the formulations mentioned above is correct only for Newtonian fluids. 
In non-Newtonian fluids the activation temperature decreases with a factor n, an 
effect that has been neglected by several authors [e.g., Davies, 1979; Wtlliams & 
Pan, 1992]. To include the effect of volatiles an effective A as a function of volatile 
content has been defined through the melting temperature Tm [Jackson & Pollack, 
1987; Williams & Pan, 1992]. 

The general form of the heat production is 

Q = Qo exp(-At) (8.7) 

where A is the decay rate of the radioactive material and Qo is the heat production 
at t =O. Jackson & Pollack [1987] have used an effective A to describe a mixture 
of several isotopes with different decay rates. Qo is not well known and in most 
calculations it has been used as a free parameter; Qo was varied to constrain the 
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present day heat flux at 70 mWm-2, based on the estimate of oceanic heat loss 
[Sclater et al., 1980]. In contrast to this, Sleep [1979] and Stacey [1980] used the 
abundance of atmospheric 40Ar to constrain absolute values of the concentration of 
40K and from that the concentrations of the other heat producing elements. 

Substitution of (8.2)-(8.4), (8.6) and (8.7) into (8.1) gives 

~ 
ag(T - Ts)D3 

2 
~ k~-~~m

dT Rae leVo exp(A/T) Qo (8.8) 
= + - exp(-At)

dt Dpc/R~ - R~) pcp 

This non-linear differential equation can be solved numerically. A typical result is 
shown in figure 8.1, that shows the averaged mantle temperature and mantle heat 
flow as a function of age. A fourth order Runga-Kutta scheme with a constant step 
size of 10 Myr has been used to solve (8.8). The nominal values shown in table 8.1 
and a decay rate A= 4.48 X 10-10 yr-l have been used. This decay rate corresponds 
to the time-averaged decay constant for a chondritic composition [Schubert et al., 
1980]. The model run with Qo = 220 nWm-3 (bold line) yields a present day heat 
flow of 70 mWm-2• 

Other models include different distributions of radioactive heat sources [e.g., 
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Figure 8.1 Example 0/ evolution 0/ internal mantle temperature and surface heat flow, based 
on parameterized mantle convection modelling (see text). Heat production is given by 
QU) .. Qo exp(-IJ), where the decay constant J.." 4.48' J(r10 yr-1 is/or a chondritic com­
position [Schubert et al., 1980J. The initial heat production Qo is used as a/ree parameter. 

2Qo" 220 nW' m-3 yields a present day heat flow 0/70 mW' m- • 
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Jackson & Pollack, 1984], volatile-dependent rheology and the de/regassing history 
of the Earth [McGovern & Schubert, 1989; Williams & Pan, 1992]. In general, the 
results show the strong self-regulating effect of the temperature- and volatile­
dependent rheology on the dynamical cooling and a temperature decrease of 
200-300 K since the Archaean. A lower estimate of the amount of cooling is made 
by Davies [1979], who derives from isoviscous models, that the Earth cannot have 
cooled by more than 100-150 K. 

The assumptions and simplifications that have been used to make this analysis 
possible, make it difficult to judge the applicability of these models to the evolution 
of the Earth. One point of criticism applies to the employed Nusselt-Rayleigh 
number relationship, which in general does not take into account the effects of 
large aspect ratio convection [Hansen & Ebel, 1984], viscous dissipation [Stein­
bach, 1991], and depth variations in rheological [Hager, 1984] and thermodynami­
cal properties [Chopelas et al., 1989; Osaka & Ito, 1991]. 

Another shortcoming of the models concerns the implementation of tempera­
ture-dependent rheology, as has been pointed out by Christensen [1984c; 1985]. He 
essentially indicates the importance of the rheology of the upper boUndary layer in 
controlling the cooling of the Earth. As the surface temperature is assumed to have 
varied very little over geological times, the upper boundary layer may well have a 
rheology that is largely independent of the internal temperature. A consequence 
could be that the Nusselt number Nu would become independent of the Rayleigh 
number and heat flux would be constant throughout most of the Earth's history. As 
has been shown later, this effect might be less important for high Rayleigh number 
(Ra > 108) convection, for which the heat flow would become a function of Ra 
again, even for strongly temperature-dependent viscosity [D. Hansen, personal 
communication, 1993]. However, it is not clear if these high Rayleigh number con­
vection results apply to the Earth, even in its early history. 

In addition to this, Vlaar [1985; 1986] and Vlaar & Van den Berg [1991] have 
shown that the thicker basaltic and underlying depleted harzburgitic layer, that are 
created at higher mantle temperatures [e.g., Sleep, 1979], constitute a composi­
tional boundary layer with a strong stabilizing influence, that might effectively pro­
hibit plate tectonics in the way it operates today. This effect has been neglected 
thus far. 

In order to study the thermal evolution of the Earth since the early Archaean, it 
is essential to incorporate these rheological and compositional properties of the 
upper thermal boundary layer. In present paper we will assume that the cooling of 
the Earth is completely governed by the dynamics of the upper boundary layer. 
Any sinking material is passively replaced by adiabatically upwelling mantle. This 
approach is similar to that of Sleep [1979], who used analytical half space cooling 
models, combined with estimates of the average age of the oceanic lithosphere, to 
study the thermal evolution. 
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8.3 Pressure-release melting 

The process of pressure-release melting of undepleted mantle peridotitie plays an 
important role in the Earth. It is held to be the cause of the present day generation 
of basaltic oceanic crust at mid-ocean ridges. It is generally agreed upon, that in a 
hotter mantle the melting of a rising diapir starts at a deeper level and a larger vol­
ume of basaltic magma is formed [e.g., Sleep, 1979; McKenzie, 1984; Vlaar, 1985; 
Takahashi, 1990]. McKenzie & Bickle [1988] derive the thickness of the formed 
basaltic crust as a function of the potential temperature of the mantle, which is the 
absolute mantle temperature extrapolated along the adiabat to zero pressure. Esti­
mates for the present day potential temperature range from 1280 °C to 1400 °C 
[Sleep, 1979; McKenzie, 1984; Christensen, 1985; Abbott et al., 1993]. The range 
indicates the uncertainties in eruption temperatures of basaltic magmas and in the 
temperature drop as a consequence of the latent heat consumption. An important 
effect that has not been implemented by McKenzie & Bickle [1988], is that the 
amount of melting will be influenced by the pressure that is exerted by the already 
formed basaltic crust. This will lead to considerably less production of basaltic 
crust upon pressure-release melting [Vlaar & Van den Berg, 1991]. 

Figure 8.2a illustrates the effect of higher mantle temperature on the melting of 
an adiabatically rising diapir, using the formalism developed by McKenzie [1984], 
corrected for the crustal pressure effect [Vlaar & Van den Berg, 1991]. Shown are 
the solidus and liquidus of mantle peridotite, each given as a third order polynomial 
fit to the data of Takahashi [1990], T(p) = ao + alpl + azp2 + a3p3. The coeffi­
cients can be written as a vector a. These are given, with pressure in Gpa and tem­
perature in °C, by a = (1136, 134.2, - 6. 581, o. 1054l for the solidus, and a = 
(1762, 57.46, - 3.487, 0.0769l for the liquidus. The dotted lines indicate lines 
of equal melting for 15 and 50 % melting, based on data from Jaques & Green 
[1980]. For the entropy of melting we used tiS = 300 J. kg-IK-1

, which is approx­
imately equivalent to 1 R J . mol(atom)-lK-1 [Jeanloz, 1985; Miller et al., 1991]. 
The bold lines indicate the (T,p)-paths for rising diapirs at three different potential 
temperatures, TpOI = 1330, 1600, and 1750 °C. The present day situation, with a 
crustal thickness of 7 km, is simulated with Tpol =1330 0c. The extrusion temper­
ature here is Texlr = 1240 0c. At Tpol =1600 °C, 29 km of basaltic crust is gener­
ated with Texlr = 1420 0c. At the highest potential temperature shown, 
TpOI = 1750 °C, melting of a rising diapir generates 50 km of basaltic crust with 
Textr =1520 °C. Note the strong effect of the consumption of latent heat on the 
extrusion temperatures. Although the potential temperatures differ by 420°C, the 
temperatures at 50 km depth differ only by 280°C. 

Figure 8.2b shows the density in the underlying depleted harzburgitic residue 
for the three cases with different potential temperature. The density of the 
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Figure 8.2 a) The effect on higher mantle temperatures on the pressure-release melting ofa 
adiabatically rising diapir. The solidus and liquidus of mantle peridotite are shown as a a 
third order polynomialfit (see text). Lines ofequal melting for melt fraction 15 % and 50 % 
are shown, based on data by Jaques & Green [1980]. The thick solid lines indicate schemati­
cally the (T,p)-paths of a rising diapir at potential temperatures Tpal = 1330, 1600, and 
1750 °C, based on McKenzie [1984]. In the calculations we have correctedfor the crustal 
pressure effect [Vlaar & Van den Berg, 1991] (see text). 
b) Compositional density in harzburgite and lherzolite. Density increases with depth, as a 
consequence of the lower degree of depletion. 

harzburgite increases with depth as a consequence of the decreasing amount of 
depletion. As has been shown by Vlaar [1985] and Vlaar & Van den Berg [1991], 
this compositional stratification has a large effect on the stability of the oceanic 
lithosphere. 

In this scenario, komatiite might be the melt generated at considerable depth 
(>150 kID) and low degrees of partial melting. At depth, the komatiitic magma 
separates from the matrix and rises adiabatically to the surface [O'Hara, 1975; 
McKenzie, 1984; Takahashi, 1990]. This can explain the occurrence of komatiites 
as the first extrusion product in greenstone belt formation, followed by outflows of 
less MgO-rich basaltic lavas [Nisbet, 1987]. 

In the following section we will discuss the consequences of this for the 
dynamics of the lithosphere in a hotter mantle. 
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8.4 Consequences for upper mantle dynamics 

Vlaar [1985; 1986] presented qualitative constraints on Archaean global dynamics, 
which are summarized by the following: 
i) The mantle was originally molten, shortly after accretion [e.g., Stevenson, 1989]. 
ii) Rapid solidification started at the bottom of the mantle and progressed upward 
[Miller et al., 1991], until the whole mantle was at or below the solidus tempera­
ture. iii) At high mantle temperatures, pressure-release melting of rising diapirs 
generates a thick basaltic layer on top of a very thick harzburgitic layer [Sleep, 
1979; Vlaar, 1985; McKenzie & Bickle, 1988]. iv) Compositional stability [Vlaar, 
1975; Vlaar & Wortel, 1976; Oxburgh & Parmentier, 1977] and lack of mechanical 
coherency of this upper boundary layer [Hoffman & Ranalli, 1988], renders mod­
ern style plate tectonics ineffective [Vlaar, 1985; 1986]. v) Continents stabilized 
on top of strong chemical zonation in harzburgitic root and the generation of radio­
genic heat in the continental crust blankets the surface cooling [Vlaar, 1985]. vi) 
Mter formation of stable basalt-harzburgite layering, recycling of basaltic material 
can occur through its denser phases garnet-granulite and eclogite. The recycling of 
eclogite allows for new generation of basaltic magma. 

In the following section we will consider the consequences of these constraints 
on the evolution of the lithosphere and upper mantle in a hotter Earth. 

8.5 Dynamical modelling 

Model description 

We have employed a 2-dimensional thermochemical model of the cooling of the 
lithosphere and upper mantle (to 400 km depth), both in an oceanic and continental 
setting, schematically indicated in figure 8.3. In the continental model (figure 8.3a) 
a crust of 40 km thickness (consisting of a 10 km thick granitic upper crust on top 
of a 30 km thick more tonalitic or granulitic lower crust) overlies a thick harzbur­
gitic root. The radioactive heat production is indicated in figure 8.3a. The value of 
the upper crust is based on the estimate for the heat production of a surface shield 
[O'Connell & Hager, 1980], corrected for the assumed three times higher produc­
tivity in the early Earth. The lower crust is assumed to have a lOx lower heat pro­
duction. The oceanic lithosphere/upper mantle (figure 8.3b) comprises the layering 
formed through decompression melting of rising diapirs, with basalt (B) on top of 
depleted peridotite (harzburgite; Hz), overlying the undepleted mantle peridotite 
(lherzolite; Lh). The harzburgite layer has a density gradient as a consequence of 
the varying degree of depletion by partial melting with depth. The properties of the 
layering are strongly dependent on potential mantel temperature. 

The stability of these models against cooling from the top is considered. The 
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Figure 8.3 Schematical overview of the compositional layering for the a) continental and b) 
oceanic lithosphere-upper mantle in a 'hot Earth', with potential temperatures 
Tpol > 1600 °C. 

free-slip upper boundary is kept at constant temperature T =0 °C. At the lower 
boundary a constant, adiabatic temperature gradient is maintained. 

To describe the rheology of the lithosphere and mantle, we have used lin­
earized ductile creep laws, following Hoffman & Ranalli [1988]. The general form 
of the creep law is given by 

(J =(E1A) lIn exp(E/nRT) (8.9) 

where (J is differential stress (in MPa), E the strain rate (in S-l), n the power law 
index, E the activation energy (in JmorlK-l), R the gas constant (8.314 Jmorl), T 
the absolute temperature (in K). Note that (J here is specified in MPa. From this we 
can derive an effective viscosity 11 =(J/2£ (MPa' s), which can be expressed as 

11 = C exp(E/nRT) (8.10) 

where 

lIn 

C = 1~6. [ .~~ ] (pa' s) (8.11) 

The numerical values for diabase have been used to model basalt and eclogite, the 
values for peridotite have been used to model harzburgite and lherzolite. Tabel 8.2 
gives the values for A, n and E from Hoffman & Ranalli [1988] and the value of C 
for E =10-15 s-l. Figure 8.4 shows the effective viscosity of diabase and peridotite 
as a function of temperature. 

The equations governing the models are the Stokes equation together with the 
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Table 8.2 Parameters used in the rheological description (8.11) 

log A (MPa-ns-l ) n E (kJmor l
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Figure 8.4 Effective viscosity of diabase (used to model basalt and eclogite) and peridotite 
(used to model harzburgite and lherzolite) as a function of temperature. Rheological param­
eters are defined in table 8.2. 

incompressibility constraint, the advection-diffusion equation for temperature and 
the advection equation for the composition, as have been derived in Chapter 2. The 
equations are solved numerically by finite element methods. The Stokes equation 
is solved in the stream function formulation (2.22), using the non-conforming ele­
ment (refer chapter 3). The time-dependent heat equation (2.3) is solved using lin­
ear triangles and a predictor-corrector method. The Boussinezq approximation is 
used and the adiabatic temperature increase with depth has no influence on the 
dynamics of the model. In the numerical model this adiabatic temperature is sub­
tracted from the absolute temperature. The absolute temperature is used in the cal­
culation of viscosity and for output purposes. For the advection equation for the 
composition we have used a mixed approach. The discontinuous density jumps, as 
e.g. between the basalt and harzburgite (figure 8.2b) are modelled using a marker­
chain method. The density gradient in the harzburgite is modelled using a field 
approach. In this an explicit solution of the hyperbolic equation (2.4) is required. 
The time step in the predictor-corrector method was taken as 50 % of the Courant 
time step (refer chapter 3), with an upper limit of I Myr. 
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Figure 8.5 Evolution of a cooling continental lithosphere. The compositional stratification 
and distribution of heat producing elements are defined in figure 8.3. Retarded 1Jy the 
crustal heat production, the cooling progresses slowly to deeper levels. As a consequence of 
the density gradient in the harzburgitic root, the lithosphere remains stably stratified. 

Results 

Continental lithosphere, potential temperature 1750 °C 

The evolution of the continental lithosphere is shown in figure 8.5. The lower crust 
is slightly thicker on one side of the model, to avoid that the model remains artifi­
cially stably stratified. The first frame shows the initial temperature profile, based 
on the (T,p)-path of a rising diapir. The crustal heat production balances ("blan­
kets") only partially the heat loss through the top and the cooling progresses slowly 
to larger depths. As is shown in figure 8.5, the continental lithosphere is stable to 
at least 250 Myr. Mter this, the cooling progresses into the undepleted peridotitic 
layer. In some simulations this creates an instability in the lower parts of the 
model, which can recycle the lowermost parts of the (now thermally defined) conti­
nental root. However, the most important result of these simulations is that the pro­
posed layering is intrinsically stable to cooling. This leads to a firm basis of the 
suggestion that the early proto-continents have been able to resist recycling on top 
of a chemically zoned root, and that the present thickness of the continental cratons 
(- 200 kID) has been maintained throughout geological history. 

Oceanic lithosphere,potential temperature 1750 °C 

The oceanic lithosphere, formed at Tpot =1750 °C, is stably stratified in a similar 
fashion as the continental lithosphere, discussed above. Recycling of the basaltic 
crust and underlying harzburgite can only be achieved in this environment through 
the formation of the denser phases of gabbroic basalt: viz., garnet-granulite (GG; 

100 

;[200 
N 

300 

400 '------'-_~ _____'__ 

200 F-------~__1 

400 '-------'_----.L~_L 400 L 



124 Chapter 8 

~ 
~2 

l! 
~ 
co 

~ 

o O=---L..--,2:-:'OO::--~400:-:-------:&IO=--~60-:-0--ee,ooo=-~C:=---:-:'40':-:O----:-::I&10 
Temperature r C] 

Figure 8.6 Phase diagram for basalt [after Ringwood, 1975]. 
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Figure 8.7 Evolution of the horizontally averaged temperature in the oceanic lithosphere, 
generated at T - 1750°C. Convection in the basalt generates an asthenosphere and rela­
tively cool temperatures in the lower crust. 

p - 3.3 g . cm-3
) and eclogite (E; p - 3.6 g . cm-3

). Figure 8.6 shows a phase dia­
gram for basalt, taken from Ringwood [1975]. The horizontal lines indicate the 
pressures at the base of the crust, formed at Tpot = 1750, 1600 and 1330 °C, resp. 
At T pot = 1750 °C, the crust is approximately 50 kID thick and solid state convec­
tion can occur in the basaltic layer (assuming that the upper brittle crust has negli­
gible influence on the dynamics). Figure 8.7 shows the evolution of the horizon­
tally averaged temperature in the oceanic lithosphere. The initial temperature 
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Figure 8.8 The recycling of eclogite into the upper mantle. Original oceanic lithosphere 
generated at 1750 °C. 

profile underneath the basalt layer is taken from figure 8.2a. It is assumed that, 
after formation the basaltic crust solified very rapidly and that the basalt is at its 
solidus temperature, except for the thin boundary layer on top. The grey area indi­
cates the garnet-granulite stability field, taken from figure 8.6. Cooling progresses 
rapidly through the efficient heat loss by the combined effects of conduction and 
low Rayleigh number convection. After 10 Myr, the lower part of the crust is in the 
garnet-granulite stability field. Garnet-granulite is nearly as dense as the underlying 
harzburgite. The cooler garnet-granulite may have sufficiently high density to recy­
cle into the mantle, although the density difference with the underlying harzburgite 
is not very large. A more efficient way of recycling the basaltic crust is through its 
high density phase eclogite. This is considered in the following paragraphs. 

When it is just formed, the brittle layer is thin and weak [Hoffman & Ranalli, 
1988], and can probably not resist sinking into the hot ductile lower crust. Through 
this mechanism of crustal or 'mini' -subduction, a relatively cool (T < 1000 °C) and 
hydrated basaltic layer can be formed on top of the harzburgite. Under these condi~ 

tions, the transformation from gabbro to eclogite is fast, with time scales on the 
order of 1 Myr [Ahrens & Schubert, 1975]. Once eclogite is formed, recycling of 
crustal material into the harzburgitic layer is fast. Figure 8.8 illustrates this for a 
layering formed at potential temperature Tpot =1750 0c. The eclogite layer has a 
thickness of 10 km. Within 5 Myr most of the eclogite is recycled into the 
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Figure 8.9 The recycling of eclogite into the upper mantle. Original oceanic lithosphere 
generated at 1600 °c. 

underlying harzburgite. The harzburgite wells up passively and, if the top of the 
harzburgite is still hot enough, new basalt can be formed by pressure-release melt­
ing. 

We propose that this mechanism of recycling of basaltic crust through mini­
subduction, rapid eclogitization at the bottom of the crust, recycling of the eclogite 
into the upper mantle and formation of new crust by pressure-release melting, is 
responsible for the initial cooling of the hot Earth, after solidification of the mantle. 

Oceanic lithosphere, potential temperature 1600 °C 

At lower potential temperature, the proposed mechanism of cooling of the Earth 
will become less efficient, and eventually cease to occur. The viscosity of the lower 
basaltic crust and harzburgite increases, the recycling of hydrated crust will become 
less efficient and eclogitization is less rapid. The less efficient eclogitization of the 
lower crust is the main factor determining the lower speed of the mechanism. The 
increase in viscosity and thinning of the eclogite layer have only a minor effect, as 
is illustrated in figure 8.9, where the recycling of a now 5 kID thick eclogitic layer 
is shown in a model based on a basalt-harzburgite layering formed at 
Tpot = 1600 0c. The basaltic crust has a total thickness of 29 kID. Initial tempera­
ture and compositional density are given for the harzburgite/lherzolite in figures 
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8.2a-b. Recycling of the eclogite layer is now approximately 2x slower. 
At even lower temperatures, the crust will become too thin and the brittle 

upper crust too strong for crustal subduction to take place and pressures at the bot­
tom of the crust may be too low for eclogite to be formed, although it is not clear at 
which crustal thickness this will occur. The phase diagram for basalt (figure 8.6) 
indicates that eclogite cannot be formed at crustal thicknesses below - 25 kIn. 
However, some evidence exist for the formation of eclogite from hydrated basalt at 
shallower levels [Ahrens & Schubert, 1975]. The driving forces of the present day 
form of plate tectonics will become increasingly important and in a certain temper­
ature range a gradual transition from the proposed mechanism and plate tectonics 
may occur. Tentatively, we put this transition at a potential "blocking" temperature 
of T pot =To =1475 °C, at which 15 kIn of crust is produced. 

8.6 A thermal model for the early Earth 

We will now turn to the consequences of the presented dynamical model for the 
thermal history of the Earth. Our approach to this problem is necessarily specula­
tive, due to the lack of detailed knowledge on the interaction between the different 
processes and the variability of the parameters governing the dynamical behaviour. 

We assume that the cooling of the Earth's mantle is entirely caused by heat loss 
through the oceanic lithosphere. At present, this is estimated at 3 x 1013 W, pre­
dominantly (> 90 %) by the conductive cooling of the continuously recycling litho­
sphere [Sclater et al., 1980]. The consumption oflatent heat at mid-oceanic ridges 
is only a fraction of this [Takahashi, 1990]. However, in a hotter mantle, the 
amount of melt generated is much larger and the dissipation of heat by magma gen­
eration may be the dominant form of cooling of the Earth [Ogawa, 1988; Taka­
hashi, 1990]. We will use this and estimate the amount of cooling in our models by 
i) consumption of latent heat by pressure-release melting, ii) advection of magma 
to the surface, and iii) conductive cooling of the basaltic crust. Key parameter in 
this is the rate of recycling of basaltic crust through the eclogite phase. We will 
make some simplifying assumptions regarding the recycling process. Consider the 
I-D lithospheric column depicted in figure 8. lOa. Removal of the eclogitic layer 
will result in passive upwelling of the total column underneath the crust, leading to 
renewed pressure-release melting. The amount of latent heat consumed upon melt­
ing is equal to pLV, where p =3000 kg . m-3 is the density, L =6 X 105 Jkg-1 the 
latent heat of basalt melt [Fukuyama, 1985], and V the rate of eclogite recycling (in 
m3 

. S-I). The basaltic magma is generated at a specific extrusion temperature 
Textr' Percolation of magma to the surface will continue until the temperature in the 
basaltic layer is below the solidus temperature, leading to additional heat loss, 
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Figure 8.10 a) Cooling ofa lithospheric column through pressure-release melting. Recycling 
of the eclogitic layer leads to uplift of the entire column below the crust and heat loss by 
consumption of latent heat and magma migration. b) Dependence of extrusion temperature 
Textr on the potential temperature Tpol' Points indicate the calculations made using thefor­
malism ofMcKenzie [19841. correctedfor the crustal pressure effect [Vlaar & Van den Berg, 
1991]. The solid line indicates the first order approximation 
Textr - 2/3 X (Tpol -1330) + 1240 dc. 

estimated at pCpV(TtU;tr - TSB ), where cp = 1.3 X 103 Jkg-1K-1 is the specific heat 
and TSB =1200 °C the solidus temperature of basalt (assumed constant here). Fur­
thermore, we will assume that the process of eclogite recycling is continuous and 
that this process leads to a continuous decrease in mantle temperature. The amount 
of crustal recycling is strongly dependent on potential temperature, through the 
processes describe above. We will parameterize this influence as a linear function 
V =a(Tpot - To). The parameter a depends on the rates of crustal subduction, 
eclogite formation and eclogite recycling. In the 1-D column the maximum com­
bined rate is determined by the recycling rate of eclogite, which can be estimated 
from the results above to be ....5 kIn . Myr-l at Tpot =1750 °C. Assuming that 70 % 
of the Earth's surface is oceanic, we can convert this to an effective rate 

Vmax =(5 kIn· Myr-l) X (0. 7 X 5 X 108 km2) = 1. 8 X 109 km3Myr-l (8. 12a) 

with corresponding 

amax =6.4 X 106 kIn3Myr-l K-1 (8. 12b) 

The extrusion temperature Textr depends on the potential temperature as well. In a 
first order approximation this dependence is given by (figure 8. lOb): 
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T extr = 2{3 x (Tpot - 1330) + 1240 °C (8.13) 

In this model. we can only guess at the rate of cooling through conductive heat 
loss. The dynamic models presented above indicate only the efficiency of eclogite 
recycling. once it is formed. It does not provide us with information on the pro­
cesses controlling melt segregration. melt migration and the temperature distribu­
tion in the lithospheric column as has been described above. We estimate that, in 
comparison to the heat loss by latent heat consumption and melt migration. con­
ductive cooling has only a minor contribution to the total heat loss in the hotter 
Earth. For practical purposes. we assume that the conductive heat loss has not var­
ied throughout geological time. and fix it at the present day value of 

4nqR~ = 3 X 1013 W (8.l4a) 

In comparison. at the highest estimated recycling rate Vmax. the cooling through 
latent heat consumption contributes 

pLV• max =2x 1014 W (8.l4b) 

and the melt migration contributes (Tpot = 1750 0c) 

pc/Textr - TSB)V
• 
max = 1. 5 x 10 

14 
W (8.l4c) 

We can now model the thermal evolution of the Earth using an extension to (8.1). 
given 

3 3~lt pcp(Rm - Rc3)~ = - 4nqRm 
2 + ~lt Q(Rm - Rc3) 

-pcpV(Textr -TSB ) -pLY (8.15) 

The temperature T is the mean mantle temperature. which is assumed to be the 
temperature at 1500 lan depth. The relation with the potential temperature is given 
T = T pot + 750. assuming a constant adiabatic gradient of 0.5 K· lan-1

• Heat pro­
duction Q is modelled using Sleep's [1979] estimates of the absolute abundance of 
K, U and Th from the amount of 40Ar. Figure 8.11 shows the evolution of the 
model. initially with T pot = 1750 °C. for initial crustal recycling rates ! V max' 

kVmax, and 1~ Vmax. resp. Shown are from left to right the potential temperature 
T pot (in °C). latent heat consumption and heat advected by migrating melt (both in 
1012 W). At potential temperature To = 1475 °C, it is assumed that the mechanism 
becomes inefficient and heat loss is governed by conductive heat loss (8.l4a) only. 
At the highest recycling rate shown the Earth cools by more than 200 K within 200 
Myr. At t = O. 5 Gyr. the blocking temperature To is reached. At the lower recy­
cling rates the cooling progresses slower. but still a large drop in temperature is 
observed in 1 Gyr. These results should be considered with proper caution as they 
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Figure 8.11 Influence of the latent heat loss and melt migration on the internal temperature 
of the Eanh (8./5). Numbers indicate the crustal recycling rate at the arbitrary starting 
point. put at t = O. relative to the proposed maximum Vmax (8./2a). 

are based on a rather speculative quantification and error margins are large. Most 
likely the conductive heat loss has been larger than modelled here, leading to a 
more efficient cooling. The estimates for the radiogenic heat production of Sleep 
[1979] are rather low compared to others. Increasing the heat production by a fac­
tor of two leads to much longer cooling times. However, it is not fully unreason­
able to assume that, when the proposed mechanism has been active at some time in 
the Earth's history, it has efficiently cooled the mantle by several hunderds of 
degrees in, say, a 500 Myr period, leading to a moderate mantle temperature, 
maybe some 100-200 K higher than the present day situation. 

Geological constraints on the thermal development of the upper mantle are 
given by the extrusion temperatures of volcanic rocks. Komatiites indicate the 
highest mantle temperatures, approx. T pot =1650 -1750°C at 3.5 Gyr B.P., and 
T pot =1500 - l600°C at 2.7 Gyr B.P. These are based on the estimates of the 
extrusion temperatures of the komatiites [e.g., Arndt & Nesbit, 1982] and the ad 
hoc estimates of the amount of latent heat, necessary to generate komatiitic melt at 
depth, ranging from 0 °C [McKenzie, 1984; Takahashi, 1990] to 100 °C [Sleep, 
1979]. Other Archaean volcanic rocks, like ophiolites and greenstones, have extru­
sion temperatures that are distinctly lower. Abbott et al., [1993] determine for 
these rocks, that the mean extrusion temperature has decreased by approximately 
150 K since the early Archaean (3.5 Gyr B.P.). Assuming that they are generated 
by pressure-release melting, a decrease in potential mantle temperature of 250 K 
can be inferred. It is not unreasonable to assume that the mean Archaean mantle 
temperature has been some 200-300 K higher than present day's. Even higher man­
tle temperatures imply conditions that are more favourable for eclogite formation 
and recycling as a consequence of the thicker basaltic layer, lack of mechanical 
coherency and larger mobility of the crust and upper mantle. The remelting of 
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eclogite upon recycling at moderate depths (50-100 km; see figure 8.7) may well 
have been important in the formation of tonalitic proto-continents in the very early 
Archaean [Condie, 1984]. The middle to late Archaean could have been character­
ized by some form of 'flake tectonics' [Hofmann & Ranalli, 1988], at the transition 
between the hot Earth dynamics and the present day plate tectonics. At these mod­
erately higher upper mantle temperatures, the basaltic crust is still thick enough to 
resist lithospheric subduction, but is probably to thin to allow for efficient eclogite 
formation and recycling. 

8.7 Discussion 

In the above, we have illustrated, quantitatively, some dynamical effects that 
can occur in a hotter mantle. Using the results of the dynamical modelling, we can 
envisage a strong episodic behaviour of the upper boundary layer, with periods of 
relative stabilization and conductive cooling followed by strong magmatic activity 
as a consequence of the thermal and compositional instability of the lower basaltic 
crust. 

The interaction between the different mechanisms has yet to be explored. 
Presently, this is hampered by technical difficulties: a high resolution both in time 
and space is necessary to resolve the complex interaction. A large problem is pre­
sented by the different time scales at which relevant processes take place, as for 
example the migration of magma compared to the deformation of the solid phase. 
Studying one of these processes necessitates simplifying assumptions of the other 
one, although the two processes are dependent on each other. 

Comments on rheological parameters 

The rate of recycling is strongly dependent on the rheology of the basalt/eclogite 
and harzburgite. Some field evidence exists that eclogite has a lower viscosity than 
basalt [Austrheim, 1991]. We have taken this into account in some model calcula­
tions but no large difference was observed: as harzburgite is more viscous than both 
basalt and eclogite at the ambient temperatures (figure 8.4), it controls the speed of 
the sinking eclogite. In some models we have included pressure-dependence by 
extending the Arrhenius term in (8.9): cr-exp[(E + pV)jnRT), where p is the pres­

1sure and V the activation volume, which was assumed constant, V =10 cm3mor . 

The pressure-dependence is relatively unimportant in the upper 100 km and, conse­
quently, little influence on the dynamics could be observed. The linearization of 
the power law creep law (8.9) will not be correct for strain rates much higher or 
lower than E = 10-15 

S-I. In the highest temperature models the recycling of ec1og­
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ite took place at strain rates significantly higher than this. The non-Newtonian 
effects will help drain the eclogitic layer even faster. 

Venus 

It is interesting to note a similarity of the presented models, with one that has 
recently been proposed for Venus by Pannentier & Hess [1992]. These authors 
studied the influence of the chemical stability of the lithosphere on the dynamics of 
Venus. They found that by surface cooling the Venusian lithosphere would become 
periodically unstable (with a characteristic period of 300-500 Myr) and resurfacing 
of Venus would occur. This model has been used to explain the relatively young 
crust (with ages of at most 500 Myr), as has been inferred from the record of 
impact cratering [Solomon, 1993]. The time scales found by Pannentier & Hess 
[1992] are much longer than we find in present paper. The efficient recycling and 
eclogitization of the hydrated upper crust as is proposed for the 'hot Earth' is not 
likely to work on Venus, as a consequence of the absence of water. Delamination of 
the upper and lower basaltic crust and consequent recycling of the cold and brittle 
upper crust is much less efficient. Moreover, the reaction time of the dry gabbro­
eclogite transition is very long: probably on the order of 100 Myr [Ahrens & Schu­
bert, 1975]. 

Coupling between upper and lower mantle 

In the model presented above, we assumed that the cooling of the Earth is com­
pletely governed by the dynamics of the upper boundary layer and that any sinking 
material is replaced by passively upwelling mantle material. This is probably too 
simple a viewpoint, considering the mounting evidence for the strong influence of 
the transition zone on mantle dynamics. In recent modelling it has been shown that 
the thermodynamical [e.g., Christensen & Yuen, 1984; Machetel & Yuen, 1989; 
Steinbach & Yuen, 1992], compositional [Kellogg, 1991; Hansen et al., 1993] and 
rheological [Van Keken et al., 1992] properties of the transition zone will retard the 
exchange of material between upper and lower mantle. One can think of a scenario 
in which the upper mantle is efficiently cooled on top of a temporarily insulated 
lower mantle, until the temperature difference between upper and lower mantle is 
suffiently large to overcome the resistance of the transition zone and large parts of 
the cold upper mantle are replaced by hot lower mantle. This mechanism may have 
occured periodically through geologic time. The occurence in the mid-Cretaceous 
of a sudden increase in plate velocities and crustal formation, combined with the 
eruption of massive flood basalts [Larson, 1991], may be understood in this way, 
and the abundant occurrence of komatiites in the Archaean may well have been a 
consequence of the episodic mixing between upper and lower mantle. 
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8.8 Conclusions 

We have investigated some aspects of the dynamical behaviour of a proposed 
mechanism to cool the Earth in the Archaean. This mechanism involves thermal 
and compositional advection in a strongly stratified oceanic lithosphere at high 
average mantle temperatures. The basaltic crust is recycled into the mantle through 
its high pressure phase eclogite. leading to renewed pressure-release melting and 
basaltic crust formation. Consumption of latent heat and the advective cooling 
through magma migration is sufficient to cool the mantle in the (early) Archaean by 
several hundreds of degrees. 
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Appendix A 

Penalty function method 

The finite element package Sepran is used to solve the equation of motion (2.2) in 
the penalty function formulation. Chapter 3 gives an outline of the method. In this 
appendix some technical details are discussed. 

In the matrix assembly process the velocity components in the barycenter and 
the pressure derivatives are eliminated from the Crouzeix-Raviart element (figure 
3.1) resulting in the modified Crouzeix-Raviart (P! - PI) element [Cuvelier et al., 
1986] with the velocity components given in the six boundary nodal points and the 
pressure in the barycenter (figure A.la). A profile method is used to store the 
matrix [Cuvelier et al., 1986] and the nodal points are renumbered using an algo­
rithm by Sloan [1986] to reduce the profile of the matrix. The resulting system of 
equations is solved by Gaussian elimination. 

The temperature equation is solved on a mesh with the same nodal point distri­
bution as is used in solving the equation of motion. Each Crouzeix-Raviart element 
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Figure A.I a) The modified Crouzeix-Raviart element b) Subdivision of the Crouzeix­
Raviart element into four elements with three nodal points each. These elements are used in 
the solution ofthe temperature equation. Solid dots are the nodal points in which the temper­
ature and velocity components are known. Crosses indicate the positions of the Gaussian 
points used in the penaltyfunction method. 

135 



136 Appendix A 

is subdivided into four linear triangles (figure Ala). Mter solving the Stokes equa­
tion, the nodal point values of velocity can be used without interpolation in con­
structing the stiffness matrix (3.3b) of the discretized temperature equation. 

The integral expressions in the matrix and vector coefficients are approximated 
by a seven-point Gauss quadrature rule [Strang & Fix, 1973], 

7JI(x) de r= E wk/(Xk) (Al) 
e 

where the weights Wk and the barycentric coordinates A of the Gaussian points are 
given in table Ala. The expressions for viscosity 11 and buoyancy forces have to 
be evaluated in the Gaussian points. This can be done by calculating the quantities 
in the nodal points and interpolating these onto the integration points using the 
quadratic shape functions, but it is found that the accuracy of the method is consid­
erably increased by first calculating the dependent variables (p, r, T, t) in the 
Gaussian points before evaluating the viscosity and buoyancy forces. The strain 
rate E can be expressed as a function of the nodal point values of velocity (Ui) and 
the values of the derivatives of the quadratic shape functions in the Gaussian points 
(cI>J. Components ofthe strain rate tensor are given by expressions of the form 

a. 7 point Gauss rule 
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b. Interpolation coefficients for (A3) 

k 

1 
2 

3 
4 

5 

6 

7 

rt r~ r; r1 r~ r~ 

c 2 CI 0 0 0 CI 

0 dl 0 d2 0 d2 

0 CI C2 Cj 0 0 
0 d2 0 dl 0 d2 

0 0 0 Cl C2 Cl 

0 d2 0 d2 0 d l 

0 1{3 0 1{3 0 1{3 

Table A.I 
a. Barycentric coordinates A of integration points and weights w for 7 point Gaussian 
quadrature rule [Strang & Fix, 1973]. aj= 0.79743, a2= 0.10129, b l =- 0.47014, 
b2= 0.05971, gl= 0.06296, g2= 0.06619 and g3= 0.11250. 
b. Interpolation coefficients for equation (A.3). c1 =2a2 =0.2026, C2= 2a l -l = 0.5946, 
d l =4b l -l =0.8806 and d 2=1- 2b l =0.05971. 



137 Penalty function method 

,,,(x,) = ~~ (x,) + ~: (x,) ~ E[u;~ (x,) + V; ~~ (x,) ] (A2) 

Linear shapefunctions, defined on the triangle using the points Xl. x3 and xs, are 
given by 

Aj =aj + biX2i-l + ciY2i-l • i =1,3 (A3) 

where the coefficients ai, b j and Cj are given by 

i 

1 
2 
3 

bi .f!. Cj . f!. a·I 

Y2 - Y3 X3- X2 -b1X3 - CIY3 

Y3 - YI Xl -X3 -b2X3 - C2Y3 

YI - Y2 X2 -Xl -b3 X I - C3YI 

[Cuvelier et aI., 1986]. Here A =- C3bl + b3Cl' The expressions for the quadratic 
shape functions defined on the triangle can be defined using (A3) as 

(A4a) 

and 

cl>2 =4AIAz cl>4 =4AzA3 cl>6 =41..31....1 (A.4b) 

[Cuvelier et aI., 1986]. The derivatives of these shape functions, that occur in (A2), 
can be calculated analytically. The temperature field is interpolated from the nodal 
points in a consistent way, using the shape functions of the linear triangles (figure 
Al.b). The temperature in each Gaussian point can be expressed as a weighted 
sum of the nodal point vaIues Tj 

6 

T(Xk) = r. rfTj (A5) 
i=l 

The weights rf can be derived from the barycentric coordinates of the Gaussian 
points and are given in table Alb. 
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Stream function methods 

1\vo methods have been developed to solve the equation of motion (2.2) in the 
stream function formulation. This appendix adds some technical details to the gen­
eral discussion of the methods in chapter 3. 

Non-conforming element 

Consider the rectangular finite element depicted in figure B.I Coordinates of the 
nodal points are given by Xl = (0,0), X2 = (a, 0), X3 = (a, b) and X-4 =(0, b). 

"'a. Va. Wa 

b 

a 
Figure B.1 Rectangular fUm-conforming element. 

In each nodal point the stream function and its derivates to x and y are the compo­
nents of the displacement vector (3.27) 

(B.I)Ri = [ Wi' (:li. -(:li r 
The stream function in the element is approximated by (3.25) 

4 
\ji = .r. Njaj (B.2) 

i=l 

where the shape functions contained in N j are derived from the polynomial expan­
sion 

2'It = (Xl + (X2 X + (X3Y + U4X + (Xs.xy + CX6y 2 + (X7 x3 
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+ a8x2y + CX9xy2 + awl + all.Jy + a12xy3 (B.3) 

Explicit expressions for Nj can be derived from Cheung & Yeo [1979]. These are 
written 

N1 = [ 1 - 11~ - (3 - 211)11 2 (1_~) - (1- 11)(3 - 2<;)~2 , 

11(1 - 11)2(1 - ~)b , - (1 - 11)~(1 - ~)2 a ] (BAa) 

N2 = [ (1- 11)(3 - 2~)~2 + 11(1- 11)(1- 211)~ , 

11(1- 11)2~b , (1- 11)(1- ~)~2a ] (BAb) 

N3 = [ (3 - 211)112~ - 11~(1- ~)(1- 2~) , 

- (1- 11)112~b , ~2(1- ~)11a ] (BAc) 

N4 = [ (3 - 211)112(1 - ~) + 11~(1 - ~)(1 - 2~) , 

- (1- 11)112(1- ~)b , - ~11(1- ~ia ] (BAd) 

where ~ =xla and 11 = ylb. 
The integral expressions occurring in the coefficients of the stiffness matrix 

(3.27) and load vector (3.28) are calculated using a 3 x 3 Gaussian quadrature rule. 
The resulting system of equations is stored by a profile method (appendix A) and 
solved by Gaussian elimination. The velocity within the element is approximated 
by 

a\j! = r. a .. aN/x,y)v(x, y) = ay (x,y) (B.5a)
j=l ] ay 

d\jf 4 aN/x, y) 
w(x,y) = -~(x,y) = -r, aj· ax (B.5b) 

oX j=l 

where the derivatives of the shape functions are evaluated analytically. In case of 
non-Newtonian flows, the second invariant of the strain rate tensor is evaluated in a 
similar way, prior to calculating the effective viscosity (refer appendix A) 

The temperature equation is solved on a mesh consisting of linear triangles 
(refer chapter 3) with the same nodal point distribution. The nodal point values of 
temperature are interpolated onto the Gaussian points using bilinear shape func­
tions. The horizontal temperature derivative in the Gaussian points - that is used in 
the calculation of the load vector - is then written 
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dT 'rlgauss 1 (B.6)dX (Xgauss) = -a- (T1 -T2 +T3 -T4 ) + -;; (T2 -T1) 

where T j is the temperature in nodal point i. 

Spline method 

Figure B.2 shows the shapes of the I-D cubic B-spline <1>0 and its derivatives, for a 
spline centered at x = 0 and element size &x = 1. The spline is non-zero on four 
elements. In the outer nodal points the spline and its first and second derivatives 
are zero. If the elements are of the same size, then the spline and its derivatives can 
be written as the functions Yj that are shown for each element i in table B.l; ~ is the 
local coordinate in the element. 

Table B.t Figure B.2 
1-D cubic B-spline and derivatives. 
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--<1>0, 
-~<I>o 
.... _..­ <1>0" 

\ /
,,:
V 

4 (1- ~)3 -3(l_~)2 6(1- ~) -15 '---_2=-------'_1,----------:-O------L-~2-J 

Similar functions can be written for a specific type of non-equidistant grids 
[Kopitzke, 1977]. The two-dimensional equivalent of <l>j is the bicubic spline 
qJ j =<I> j ,x <I> j,y , which has a characteristic bell shape. In each element 16 splines 
have a non-zero contribution (figure B.3a) and this makes the construction of the 
matrix coefficients (3.33) an expensive task. The calculation is obscured by the fact 
that the splines with contributions at the boundaries have to be modified. Consider 
the region Q = [0, A] x [0, 1], that is discretized using N x x Ny equidistant ele­
ments, each with dimensions &x x &y. The approximate solution to the boundary 
value problem is constructed by (3.31), where the splines at the edges of the mesh 
have been adapted to satisfy to boundary conditions (figures B.3b-c). Consider fig­
ure B.3b. The free-slip boundary condition 'V = 'V.u = 0 is satisfied by subtract­
ing the virtual spline centered at the first grid point outside the domain Q (at 
x = - &x) from the spline centered at x =&x and neglecting the spline centered at 
the boundary (x =0). The free-slip boundary condition in a corner element can be 
obtained by using the 12 virtual splines displayed in figure B.3c. Only the spline 
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Figure B.3 Geometry of bicubic splines. Small dots indicate the grid. a) In one element 
(grey area) 16 splines (solid squares) have non-zero contribution. In elements at the edge (b) 
and in the corner (c) virtual splines (solid triangles) are used to satisfy the boundary condi­
tions. 

coefficients that belong to the splines centered at the (Nx - 1) x (Ny - 1) grid points 
within the geometry Q are unknown In general the aspect ratio is A. ~ I and 
N x ~ Nyo In this case the nodal points are numbered in a standard fashion: point I 
is at (0,0), point 2 at (0, dy), point Ny at (0, I ), point Ny + I at (dx, 0) etc. 

The matrix is stored as a band matrix and solved using standard Unpack band 
solvers. The matrix coefficients Aij contain products of the derivatives bicubic 
splines 'Pi and 'Pj' In 1-D the product between two B-splines <I>j and <I> j is only 
non-zero if the distance between the nodal points i and j is ~ 3. Hence the the 
bandwidth of the resulting matrix is 3. In 2-D the maximum spacing, and hence 
the bandwith, is 3 x N + 3, where N =Ny in the nodal point numbering described 
above. 

The calculation of the matrix coefficients is optimized by using the localiza­
tion of the splines and pre-calculating the products of the derivatives occurring in 
(3.33) in the Gaussian points. As has been shown by Christensen [cf. Blankenbach 
et al., 1989], a more efficient code can be obtained by calculating the integral 
expressions analytically, which is, to some extent, possible for generalized Newto­
nian fluids as well [Kopitzke, 1977]. 
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Samenvatting (Summary in Dutch)
 

In de 25 jaar na de algemene aanvaarding van het concept van plaattektoniek zijn 
we getuige geweest van grote vooruitgang in observationele, laboratorium, voor­
waartse modellering en inversie technieken. Deze geven een helder beeld van de 
grote complexiteit die ons tegemoet treden wanneer we de dynamica van het 
inwendige van de aarde willen bestuderen. Plaattektoniek kan gezien worden als 
zowel de uitdrukking als het controlerende mechanisme van de dynamische afkoel­
ing van de aarde. Thaditioneel zijn de soloi"stische en vaak tegengestelde, vereen­
voudigende invalshoeken aangenomen van ofwei de 'conveetionist', die plaattek­
toniek ziet als de oppervlakte uitdrukking van mante1conveetie, of de 'tektonist', 
die de platen ziet als de enige dynamische component in een verder passieve aarde. 
Vanuit de observationele gegevens, kennis van deformatiemechanismen en de 
beschikbare resultaten van modelleringen en inversies wordt het steeds meer 
duidelijk, dat een benadering die beide gezichtspunten combineert, beter geschikt is 
om de dynamica van de aarde te beschrijven. Deze algemene beschrijving wordt 
bemoeilijkt door de sterk afwijkende karakteristieken van de lithosfeer, uitgedrukt 
door de thermische, compositionele en rheologische verschillen ten opzichte van de 
onderliggende mantel. In dit proefschrift presenteer ik enige modelstudies over de 
deformatie van lithosfeer en mantel. Centraal hierin staat de sterke invloed van de 
compositionele en rheologische verschillen. De benadering is meer 'convectionis­
tisch' dan 'tektonistisch'. Het brosse en elastische gedrag van de bovenste en koud­
ste delen van de lithosfeer wordt niet in beschouwing genomen. 

Het gecompliceerde rheologische en dynamische gedrag van de aarde maakt het 
gebruik van vereenvoudigende aannamen noodzakelijk. Enige van deze aannamen 
worden in de volgende paragrafen besproken. 

De langzame deformatie van de aarde benecten de bovenste delen van de lithos­
feer wordt bepaald door duetiele deformatie, of kruip, bij hoge temperatuur en 
druk. Experimenteel werk aan het deformatiegedrag onder deze condities laat zien 
dat het kruipgedrag van kandidaat-mantelgesteente goed beschreven wordt door 
een niet-Newtonse wet, waarin de kruipsnelheid niet-lineair afhangt van de span­
ning die op het gesteente wordt uitgeoefend. Theoretische modellen voor het defor­
matiegedrag worden gebruikt om de laboratoriumgegevens te extrapoleren naar de 
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omstandigheden die in de aarde gelden. Verschillende mechanismen, die gebaseerd 
zijn op het bewegen van dislocaties in kristallen, kunnen het niet-Newtonse gedrag 
verklaren. Naast de dislocatiekruip is het Newtonse, of lineaire. mechanisme van 
diffusiekruip van belang. Hierbij vindt deformatie plaats door diffusie van materi­
aal door en/of langs het oppervlak van de kristalkorrels. Dit mechanisme wordt niet 
vaak geobserveerd in laboratoriummetingen, maar het wordt verondersteld dat het 
van groot belang is voor de zeer langzame deformatie van de aarde, die niet in het 
laboratorium gesimuleerd kan worden. 

Uit de behoudswetten voor impulsmoment, thermische energie en massa, wor­
den differentiaalvergelijkingen afgeleid die de deformatie van de lithosfeer en man­
tel beschrijven. Hierbij wordt de aanname gemaakt dat de aarde als een Boussinesq 
vloeistof bij oneindig Prandtl getal kan worden beschreven. Dit impliceert dat vis­
ceuze dissipatie wordt verwaarloosd, de vloeistof inkompressibel is, en alle materi­
aalparameters konstant zijn, behalve in de drijf- of Archimedesterm van de beweg­
ingsvergelijking. In de praktijk wordt deze laatste conditie versoepeld om, bijvoor­
beeld variabele viscositeit en thermische diffusiviteit toe te staan. In het algemeen 
zijn de differentiaalvergelijkingen tijdafhankelijk, niet-lineair en niet-lineair gekop­
peld. Aileen in extreem vereenvoudigde gevallen kan een analytische, of 
wiskundig exacte, oplossing worden gevonden. In het algemene geval zijn 
numerieke methoden noodzakelijk om oplossingen te vinden. 

In de laatste jaren is het in toenemende mate mogelijk geworden om driedi­
mensionale modellen te bestuderen. Het wordt verwacht dat binnen een aantal 
jaren de vooruitgang in rekenkundige methoden en de toenemende beschikbaarheid 
van snelle computers het mogelijk zal maken driedimensionale en tijdafhankelijke 
modellen met realistische rheologie te bestuderen. Voor het soort modellen als 
behandeld in dit proefschrift is het echter nog noodzakelijk om ons te beperken tot 
alleen tweedimensionale gevallen. In veel gevallen is dit een redelijke aanname, 
omdat het voorgesteld kan worden dat de modellen niet varieren in de derde dimen­
sie. 

Hoofdstuk 2 beschrijft de mathematische vergelijkingen voor het de ductiele defor­
matie van de lithosfeer en mantel onder bovenstaande aannamen. De eindige ele­
menten methoden, die gebruikt worden om de niet-lineaire en tijdafhankelijke dif­
ferentiaalvergelijkingen op te lossen worden beschreven in hoofdstuk 3. De metho­
den worden getest met gepubliceerde resultaten, waaruit blijkt dat de methoden 
zeer nauwkeurig zijn in het modelleren van thermische convectie in gegeneral­
izeerd Newtonse media. In de eindige elementen methoden beschreven in hoofd­
stuk 3 wordt het aangenomen dat de fundamentele natuurkundige grootheden, zoals 
temperatuur en snelheid, beschreven kunnen worden als continue functies. In veel 
geofysische toepassingen, verandert de compositie discontinu over grensvlakken 
(b.v. op de grens tussen zout en sediment bij zoutkoepels). In het algemeen is de 
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viscositeit en de daarvan afhanke1ijke deformatiesnelheid discontinu over zo'n 
grensvlak. Deze discontinuireit kan niet nauwkeurig worden met continue functies 
en toepassing hiervan leidt tot niet-fysische oscillaties in deformatiesnelheid en, bij 
niet-Newtonse media, in de viscositeit. Om dit te voorkomen is een alternatieve 
Lagrangiaanse methode gebruikt, waarbij de deformatie gemodelleerd wordt met 
behulp van een deformerend eindige elementen grid (hoofdstuk 4). 

De methoden worden toegepast op drie verschillende problemen: 

Zouttektoniek 

Berst wordt het probleem van zouttektoniek beschouwd. Steenzout is vrij zwak en 
deformeert ductiel zelfs onder bovenkorstcondities. De vorming van zoutdiapieren, 
of zoutkoepels, is van groot economisch belang, gezien de rol die zij spelen in het 
vasthouden van olie- en gasreservoirs, en het mogelijke gebruik voor langdurige 
opslag van radioactief afval en energievoorraden. In voorgaande experimente1e en 
numerieke modellering van zouttektoniek is gebruik gemaakt een constante, New­
tonse rheologie voor het zout. In hoofdstuk 5 wordt gebruik gemaakt van recente 
laboratoriummetingen, die aangeven dat zout deformeert door de gelijktijdig optre­
dende mechanismen van dislocatie- en diffusiekruip. The effectieve viscositeit van 
steenzout hangt af van de gesteente-eigenschappen (zoals korrelgrootte, activatie­
energie en schuifmodulus), temperatuur en deformatiesnelheid. Voor snelheden die 
kenmerkend zijn voor zoutdiapirisme, wordt gevonden dat de gemiddelde vis­
cositeit van het zout varieert tussen 1017 Pa· s (voor kleine korrelgrootte en hoge 
temperatuur) en 1020 Pa· s (voor grote korrelgrootte en lage temperatuur). Bij 
grotere korrelgrootte is het dislocatiekruip mechanisme dominant gedurende het 
actieve gedeelte van het diapirisme. Bij lagere snelheden en bij fijnkorrelig zout, 
met daarin zeer geringe hoeveelheden water, vindt deformatie voornamelijk plaats 
door diffusiekruip. De waarden voor de viscositeit van steenzout die traditioneel 
gebruikt zijn in numerieke en experimentele modellen zijn aan de lage kant van het 
interval van waarden dat hier gevonden wordt. 

Mantelconvectie 

Vervolgens wordt de invloed van rheologische overgangen in de aarde op 
grootschalige mantelconvectie besproken. De precieze rol van de transitiezone, 
tussen 400 en 670 km diepte, is nog steeds onbekend. Sommigen beschrijven de 
seismische overgang tussen onder- en bovenmantel op 670 km diepte als een 
chemische overgang, anderen als een fase-overgang, maar ve1en laten de keuze 
tussen beide mogelijkheden open. Er zijn veel studies bekend naar het effect van de 
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voorgestelde compositionele eD/of met de fase-overgang gerelateerde 
discontinuiteiten op mantelcoIlVectie. Recente laboratoriumresultaten van Karato 
& Li wijzen erop dat de ondermantel voornamelijk via diffusiekruip deformeert. 
Dit geeft het interessante model van een niet-Newtonse bovenmantel op een New­
tonse ondermantel. Hoofdstukken 6 en 7 bespreken het effect van deze rheologi­
sche overgangen op de dynamica van de mantel. Bestudeerd zijn tijdathankelijke 
modellen van de interactie tussen opwellende mantelpluimen en de grens tussen 
onder- en bovenmantel. Het blijkt dat het hete, continue opwellende ondermantel­
materiaal als discrete diapieren in de bovenmantel omhoog komt, geholpen door de 
effectieve viscositeitsverlaging en de niet-Newtonse effecten in de bovenmantel. De 
diapieren zijn zichtbaar aan het oppervlak als periodieke pulsen in de locale 
warmtestroom boven de pluim, die re1atief stationair blijft ten opzichte van de daar­
boven bewegende lithosferische plaat. De frequentie van de pulsering hangt af van 
het Rayleigh getal, het effectieve viscositeitscontrast over het grensvlak en, zoals in 
hoofdstuk 7 wordt aangetoond, van het diepteniveau van het grensvlak. Diapieren 
die van een rheologische overgang boven in de transitiezone komen, blijken een 
periode te hebben van enkele miljoenen jaren, hetgeen vergelijkbaar is met de 
episodiciteit van vulkanisme bij oceanische eilanden, met als prominent voorbee1d 
de eilandketen van Hawaii. 

Dynamica in het Archaicum 

Tenslotte wordt een model gepresenteerd dat de atkoeling van de aarde kan 
beschrijven gedurende het Archai"cum (de periode tussen ongeveer 3.5 en 2.7 mil­
jard jaar geleden). Geologische observaties geven een tegenstrijdig bee1d over de 
karakteristieke temperaturen van de bovenmantel in het Archai"cum. Aan de ene 
kant worden komatiiten gevonden, magmatische gesteenten met zeer hoge uitvloei­
ingstemperatuur, die. wijzen op een maximale temperatuur die zo'n 400-500 °C 
hoger ligt dan tegenwoordig. Aan de andere kant wijst de metamorfische signatuur 
van de Archai"sche continentale schilden erop, dat de continentale lithosfeer ther­
misch vergelijkbaar was met de huidige. Deze schijnbare tegenstelling kan verk­
laard worden met een model waarin de schilden vroeg in het Archai"cum stabie1 
werden en relatief lage temperaturen op 50-100 km diepte kon handhaven. De 
atkoeling van de aarde werd bepaald door coIlVectie onder de oceanen. De meeste 
onderzoekers adopteren het standpunt dat de huidige vorm van plaattektoniek ook 
in het Archai"cum kon opereren. Het is echter niet waarschijn1ijk dat plaattektoniek 
in een hetere aarde plaats heeft kunnen vinden. Ben van de consequenties van 
hogere temperaturen is de grotere hoeveelheden compositioneellicht basalt, dat bij 
midoceanische roggen wordt gegenereerd. In de huidige situatie wordt een korst 
met een dikte van ongeveer 7 km gevormd. De pas gevormde lithosfeer is stabiel 
ten opzichte van de onderliggende mantel. Pas als de atkoeling van het 
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aardoppervlak voldoende is doorgedrongen kan de lithosfeer instabiel worden en 
subduceren. In een hetere mantel wordt aanzienlijk meer basalt geproduceerd. 
Samen met de daaronder liggende, compositioneel stabiel ge1aagde Harzburgiet 
vormt het een oceanische lithosfeer die zeer lang stabiel blijft tegen afkoeling. Het 
gebrek aan mechanische coherentie van de lithosfeer maakt de huidige vorm van 
plaattektoniek onwaar-schijn1ijk. In hoofdstuk 8 wordt een model gepresenteerd dat 
hiervoor een altematief kan vormen. In de dikke basaltlaag die gevormd wordt bij 
hoge manteltemperaturen kan, door mechanische ontkoppeling van boven- en 
onderkorst, de brosse en gehydrateerde bovenkorst subduceren in de ductiele 
onderkorst. In de onderkorst zijn druk- en temperatuurcondities aanwezig om de 
basalt efficient in de hogere druk fase eclogiet om de drukken. Het zware eclogiet 
zinkt snel weg in de onderliggende mantel en dit zorgt voor hernieuwde vorming 
van basaltische smelt. De consumptie van latente warmte en advectieve koeling 
door de migratie van het magma kan de aarde efficient afkoelen. Het wordt 
voorgesteld dat dit mechanisme de mantel met enkele honderden graden heeft doen 
afkoelen in het vroege Archaicum. 
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