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actieve steun en adviezen, die tot verbetering van de ontwikkelde programmatuur 
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Ik dank het NARS - team van de afdeling van theoretische geofysica voor 

adviezen voor en gebruik van data van het NARS array, dat gefinancierd werd door 

AWON, de tak voor aardwetenschappen van de Nederlandse organisatie voor zuiver 

wetenschappelijk onderzoek (ZWO). 
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De Pattynama heeft met veel geduld de talrijke formules uitgetikt, waarvoor 
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Lloyd Gairns en Drs. A. Ginsberg hebben met veel zorg en aandacht het manus-

script gecorrigeerd op Engelse taalfouten. 

Aangezien bij het verwezenlijken van dit promotie onderzoek veel werk is 

verricht in de avonduren en weekends besluit ik met een woord van dank aan mijn 

vrouw. 

8 



SAMENVATTING 

Het laatste decennium heeft de seismologie zich stormachtig ontwikkeld. 

Enerzijds is dit mogelijk geworden door de vervanging van analoge 

registraties door digitale registraties, die data van aanzienlijk betere 

kwaliteit geven. Anderzijds zijn er veel goedkopere en toch snelle 

computers op de markt gebracht, die de verwerking van deze registraties 

sterk vereenvoudigd hebben. 

De informatie, die we uit deze registraties van aardbevingen willen 

halen, betreft twee onderwerpen. Ten eerste het mechanisme van een 

aardbeving en ten tweede de structuur en chemische samenstelling van de 

aarde. Beide onderwerpen zijn van belang voor het voorspellen van 

aardbevingen en het onderzoek naar de enorme krachten. die op de aardkorst 

werken. Ook het onderzoek naar de kern van de aarde wordt hoofdzakelijk 

gedaan met behulp van deze gegevens. 

De benodigde informatie kan op verschillende manieren onttrokken worden 

aan seismogrammen. Ideaal hierbij is om een direkte vergelijking te kunnen 

maken tussen waargenomen en synthetische seismogrammen, waarbij we een 

wiskundig model opstellen voor de haard van de beving en de structuur van de 

aarde. Dit probleem kan aIleen opgelost worden door de aarde en haard van 

de beving sterk vereenvoudigd voor te stellen. Een dergelijke 

vereenvoudiging biedt de mogelijkheid om volledige synthetische 

seismogrammen te berekenen. Met volledig bedoelen we dat het hele scala van 
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ruimtelijke tot oppervlakte golven kan worden gesimuleerd. 

Dit proefschrift behandelt de uitwerking van een theorie, die 

dergelijke seismogrammen kan evalueren. Deze theorie is gebaseerd op het 

sommeren van eigentrillingen van de aarde. Historisch gezien is deze 

methode binnen de seismologie aanvankelijk toegepast op de berekening van 

zeer lang periodische eigentrillingen van de aarde en oppervlakte golven. 

Hier concentreren we ons op zodanige benaderingen van de sommatie over 

eigentrillingen, dat we op een efficiente wijze ook de kort periodische 

trillingen kunnen reproduceren. 

Na de introductie en samenvatting in het Engels behandelen we in 

hoofdstuk II de belangrijkste vereenvoudigingen om een aardbeving met behulp 

van een wiskundig model te kunnen simuleren. In hoofdstuk III beschrijven 

we het golfveld in termen van eigentrillingen van het model. We voeren de 

noodzakelijke benaderingen in om het golfveld efficient te kunnen berekenen 

door eigentrillingen van de aarde voor te stellen als een sam van 

oppervlakte golven. Dit is toegestaan onder de voorwaarde dat tijdsduur en 

afstand tot de bron worden beperkt. 

De oplossing van het golfveld wordt aanzienlijk vereenvoudigd, wanneer 

we de radiele golfvergelij king oplossen. In hoofdstuk IV behandelen we 

asymptotische analytische oplossingen van deze vergelijking geldig voor 

relatief korte perioden. In dit proefschrift beschrijven we een algoritme 

om deze asymptotische oplossiDgen te corrigeren door gebruik te maken van de 

methode variatie der parameters. 

In hoofdstuk V berekenen we de asymptotische eigenfrequenties van 

eigentrillingen, alsmede een algoritme om deze eigenfrequenties zo efficient 

mogelijk uit te rekenen. 

Hoofdstuk VI formuleert niet aIleen de overige karakteristieken van de 

eigentrillingen in termen van bekende integraal uitdrukkingen, maar ook 

geven we aan hoe deze integralen analytisch berekend kunnen worden na 

invoering van de analytische oplossingen, die behandeld zijn in hoofdstuk 

IV. 
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Ter illustratie van de rekenmethode, die ontwikkeld is tijdens dit 

promotie onderzoek geven we in hoofdstuk VII een aantal testmodellen voor de 

aardkorst en vergelijken we de resultaten met de zogenaarnde "reflectivity" 

methode. Vervolgens maken we een kwalitatieve analyse van een Japanse 

aardbeving met behulp van deze nieuwe methode. 

Conclusies worden geformuleerd in hoofdstuk VIII. 
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CHAPTER I 

INTRODUCTION AND SUMMARY 

In the last decade the progress in earthquake seismology has been 

enormous due to the development and application of theoretical methods, and 

the use of digital recording instrurnention of high quality. Further, better 

and faster computing facilities enable seismologists to study the structure 

of the Earth and earthquake mechanisms on a routine basis. 

Until recently, the interpretation of information in seismic records 

has been concentrated most succesfully on the analysis of either body waves 

or the fundamental and first higher modes of the surface waves. 

Nevertheless, more sophisticated theories and computer algorithms are 

needed to reveal finer detail in the Earth's structure from the analysis of 

the full waveform. This information will be of great help in explaining the 

chemical constitution and global tectonics of our planet. 

Unlike the situation in exploration geophysics, data acquisition by 

natural earthquakes is not under our control. Therefore, seismologists are 

almost forced to extract from a seismic record more information, which is 

hidden in the complex melding of higher modes and body waves. 

Therefore, the attention has been focused on the generation of complete 
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synthetic seismograms for a certain time window and epicentral distance. By 

complete we mean that body waves, surface waves and seismic phases, which 

lie between these two categories are generated at the same time. 

The comparison between synthetic and observed records enables us to 

reject models, which are unacceptable for further refining in inversion 

prodecures. The synthetic records can also be used to produce the Green's 

functions, which are necessary to solve the inverse problem or for methods 

using integral equations to solve the wave propagation in laterally 

homogeneous, layered media containing obstacles of finite extent (van den 

Berg, 198~). 

One method to evaluate complete synthetic records, which is still 

growing in popularity, is the summation of modes. Historically, this method 

has been developed for very low frequency seismology. Nowadays, summation 

of modes is used to model both the near and far field of seismic motion. 

Formulation in terms of modes is of great importance in inversion 

procedures. It is also important in the modeling of laterally heterogeneous 

structures with first order perturbation theory. 

The purpose of this thesis is to present theory and computational 

aspects, Which have been used for the development of an extensive program 

package for the fast evaluations of complete synthetic SH-seismograms based 

on asymptotic mode theory. 

Chapter II summarizes the basic theory of linearized elasto-dynamic 

wave equations. Further, the relevant simplifications for source mechanism 

and models will be given. The descriptions of the seismic wavefield in 

terms of normal modes and surface waves will be the SUbject of chapter III. 

Two methods of solving the radial equation are treated in chapter IV. 

The first is a fast asymptotic method, while the second method corrects for 

errors made in this asymptotic approach. These corrections are based on the 

variation of parameters method and in this thesis we show how they can be 

evaluated in practice. 
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In chapter V the calculation of dispersion curves is discussed, this 

being the core of any mode program. A new algorithm is introduced to speed 

up the calculations for the eigenfrequencies for a wide range of slownesses 

taking advantage of the nearly predictable spacing of eigenfrequencies at 

fixed slowness. The other mode characteristics are treated in chapter VI. 

In chapter VII the method and program are tested for crust mantle 

models and compared with the reflectivity method. Further, the program is 

used in an attempt to fit a Japanese earthquake registered by the NARS-array 

in qualitative way. Finally the conclusions are summarized in chapter VIII. 
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CHAPTER II 

BASIC THEORY. 

A mathematical description of seismic disturbances in a medium such as 

the Earth is only possible through a number of simplifying approximations. 

For the applications that we have in mind, in particularly the study of 

seismic energy in the frequency band .01:1 Hertz, the relevant 

simplifications for the models and sources will be stated in this chapter. 

For a detailed discussion of these sUbjects we refer to Aki & Richards 

(1981). 

2.1 Elasto-dynamic wave equations. 

We assume that prior to any seismic disturbance the Earth is balanced 

by its hydrostatic pressure and the gravitational potential. 

Further, seismic motion will be s uff i ci entl y small such that the 

linearized theory of elasticity for continuous media can be used. 

Perturbations in densi ty and gravitational potential, caused by seismic 

motion and effects of the rotation of the Earth (Dahlen, 1979) and only 

important for very low frequency seismology, are neglected. 
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Under these conditions seismic motion is governed by the elasto-dynamic 

wave equations of the form 

V" + f (2.1. 1) 

3 
p p(r,t) density distribution (kg/rn ) 

u u(r,t) displacement vector (m) 

- - 3
f f(r,t) equivalent body force density vector (N/m-) 

, ,(r,t) stress tensor (N/m 2) 

The vector r defines a posi tion vector in a reference system, and t 

represents time in seconds. The stress tensor field , is defined by the 

linearized constitutive relation which defines a linear relation between 

infinitesimal strain and elastic parameters characterizing the medium and 

the resulting stress. In order to define this relation more explicitly we 

shall make the following assumptions about the medium Earth: (1) The medium 

is perfectly elastic, i.e., stress and strain interact instantaneously; (2) 

The material is isotropic. Then, the constitutive relation can be written 

as 

(2.1.2) 

where A and Il are the Lame parameter functions, which depend on the 

position vector r. I is the unit matrix and the superscript T denotes the 

transpose of the dyadic Vu. 

At positions with a discontinuous change in the material properties 

some derivatives in (2.1.1) may not be defined and appropriate boundary 

conditions should be added. The relevant boundary conditions may be 

summarized as follows: (i) continuity of the displacement vector u, except 

at the free surface of the Earth and at a solid-liquid boundary where the 
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normal component of u is continuous, but its tangential component is not 

specified; (ii) continuity of the traction vector with zero value at the 

free surface of the Earth, except at a solid-liquid boundary where the 

normal component of the traction is continuous, and its tangential component 

vani shes; (iii) sol utions of displacement and stress are required to be 

regular at the origin r ~ O. 

We conclude this section with the following; the complex Fourier 

transformed versions of the equations (2.1.1) and (2.1.2) can be written as 

';7.T + F (2.1 .3) 

T (2.1. 4) 

where the Fourier transform pair of a time-varying function, say u(r,t) is 

defined as 

+= 
U(r,w) ~ f u(r.t)exp(-iwt)dt (2.1 .5) 

+= 
u(r,t) ~ f U(r.w)exp(+iwt)dw/(2rr) (2.1.6) 

wi th i the imaginary uni t and w the circular frequency in radians per 

second. 

2.2 Radial reference models. 

Lateral macro heterogeneity may play a important role in shaping 

seismic phases as for example on the boundary between oceans and continents 

or in subduction zones. Nevertheless. the adaptation of a spheri cally 

symmetric. radially inhomogeneous Earth model for the generation of 

synthetic seismograms is of great help in the interpretation of large 
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portions of seismic records or in revealing anomalous properties of 

structures. 

Therefore, let us define a spherical coordinate system r, e, ¢ with 

local unit vectors e r , ee and e¢ pointing in radial, colatitudinal and 

azimuthal directions respectively. In this coordinate system a position 

vector can be written as (r.e.¢) and vector components are denoted by their 

sUbcripts r, e and ¢. e.g., (ur'ue.u¢). Consequently, the model parameters 

are assumed to be smooth piecewise continuous functions. A layering index 

scheme as indicated in figure 2.1 is used in this thesis. 

r 
o 

i+l 

r. 
J 

Figure 2. I 

The layering index scheme for Earth 

models: r is the radius of the 
o 

surface of the Earth, r is the
j 

radius of the core mantle boundary. 

Numbers within the layers identify 

intervals for varying radius r. 

Further, the gradual transition of seismic energy into heat can be 

described by a dimensionless quality factor Q as 

-6E / (4n < E(w» ) (2.2.1 ) 

where 6E is the loss of energy and <E(w» is the average stored energy 

during each cycle. This leads to an attenuation A(t) for each sinusoidally 

varying function of the form 
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A(t) exp(-at) (2.2.2) 

wi th a = [ell 2Q. 

Another way of taking into account dissipation of energy is to consider 

complex Lame-parameters leading to the following specific attenuation factors 

Im[ JlJ/Re[ JlJ (2.2.3) 

(2.2.4) 

-1 -1
Assuming a fully inertial medium we have the relation that Q Q .S = p 

However, it is well known that the principle of causality forces the 

elastic parameter functions of a dissipating solid to be dependent on the 

frequency of the wave disturbance. (e.g., Aki & Richards, 1981, p. 170) 

Very little is known about the magnitude of this frequency dependence in the 

real Earth, neither from direct seismological observations nor from 

well-accepted descriptions of the dissipative mechanisms. The scarce 

observational evidence available so far indicates that our frequency range 

of interest (.01 : 1 Hz) is located in or near the seismic absorption band 

in the mantle, where Q-l is constant and large changes in elastic 

parameters can be expected. (Anderson & Givens, 1982) A back of the envelop 

calculation shows that changes may be of the order of a few percent. So far 

we have not incorporated such a frequency dependence in the theory of this 

thesis, but anelastic dispersion can be handled by perturbation theory. 
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2.3 Description of seismic sources. 

The seismic forces acting in the actual source region are usually 

replaced by an equivalent distribution of body force densities, although 

such a theory has shortcomings, see Vlaar (1981a,b). Further, we assume 

that the observed wavelengths and periods are large compared with the 

dimensions and duration of the source respectively. 

Then, the body force density distribution becomes 

f(r,t) - M.90(r - r ) H(t) (2.3.1)s 

where the source is located at r r s (Gil bert, 1971). Here, M is a moment 

density tensor, whose elements scale the nine possible couples acting at r s 
(Kostrov,1970). o(r -r ) is the three dimensional delta function and H(t)

s 
the Heaviside function. 

Due to conservation of linear and angular momentum for indigenous 

sources M is a symmetric tensor. 

For computational convenience of synthetic seismograms it is common to 

use epicentral coordinates instead of geographical coordinates. In the 

epicentral coordinate system the epicentre of a point source is located at 

8=0 and the meridean passing through the epicentre and the South pole 

defines the azimuth ¢=O. In this system the azimuth of the receiver is 

measured anticlockwise from the South (see figure 2.2). Then in the 

geographical system for an observer at (r ' 8 , ¢o) and a source at o 0 

(r , e , ¢ ) the epicentral distance and azimuth of the reciever are 
s s s 

defined by the relations 

cose sine sine cos(¢s - ¢o) + cose cos8 s 0 s 0 

cos¢ cosece cos8 sine cos(¢o - ¢ s) -sine sine (2.3.2)
s 0 s 0 

sin¢ cosece sine 
0 

sin(¢o - ¢ s) 
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North 

Figure 2.2 

The source receiver geometry in a 

spherical Earthmodel. E is the 

epicentre at (r ' 8, ~), R is the o 
observer at (r ' 8 , ~o) and the o 0 

star H denotes the focus at 

(r • 8 ~s)·5 ,s 

Another geometric description of sources is in terms of a faultplane 

with normal unit vector en and an auxiliary plane with normal unit vector ea' 

These planes are normal to each other. Further, we define the dip of' rake 

A and strike ~F as indicated in figure 2.3. Then the moment tensor M can
F 

be expressed as 

M M (2.3.3)
o 

where M is the scalar seismic moment in Nm and the elements of Mare 
o 

M rr 
M 

0 
sin20F sinA.F 

Mee _.1'\ (sino
F 

cos A 
F 

cos2¢F + sin20F 
sinAF 

. 2¢ 
s~n F 

M¢¢ Mo(sinoF COSA.F sin2¢F - sin20F 
2

sinAF cos ¢F 
(2.3.4) 

Mre -Mo(COSOF 
COSA.F cos¢F + cos 20F sinAF sin¢F 

Mr¢ Mo(cosOF 
COSAF sin¢F - cos2oF sinAF cos¢F 

Me¢ Mo(sinoF COSAF cos2¢F + 1 
2 sin20F sinAF 

sin2cbF) 
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F 

North 

Figure 2.3 

Faul t plane geometry, E is the epicentre, F is the focus J 

41F t c5 F and AFo Both descriptions of seismic sources are 

used in the inversion of source parame ters and in the 

generation of synthetic seismograms (Mendiguren, 1977; 

Kanamori & Stewart, 1976). 

Both descriptions of seismic sources are used in the inversion of 

source parameters and in the generation of synthetic seismograms 

(Mendiguren,1977; Kanamori & Stewart, 1976) 

Sources of finite spatial extent can be obtained by superposition of 

point sources. The wavefield corresponding to sources of finite duration 

can be calculated by simple convolution with the time derivative of the 

source function in (2.3.1). 
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CHAPTER III 

DESCRIPTION OF THE SEISMIC WAVEFIELD 

Several mathematical descriptions for the wavefield originating from a 

seismic disturbance are known in the theory of elasto-dynamic wave motion. 

In this chapter the concept of normal modes will be introduced as a 

fundamental approach, since it gives a complete description of the wavefield 

in the linearized approximation. Therefore, other concepts such as surface 

waves and, at least in principle, rays, (Ben Menahem, 1964; Nolet & Kennett, 

1978) can be derived from it. 

The theory of normal modes been successfully applied to low 

frequency seismology for the determination of global reference Earth models, 

moment tensor elements and attenuation. (Gilbert & Dziewonski, 1975). 

For our purposes we are interested in surface waves as an approximation 

to normal modes, which leads to a considerable computational simplification. 

The computational methods themsel ves will be the SUbject of the next 

chapter. 
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3.1 Normal mode theory. 

One method to des cri be a com pl ete sei smogram is based on a theorem of 

Rout and Rayleigh (1945,p.108), which states that within a body of finite 

size any small elastic disturbance can be expressed in terms of its free 

oscillations or normal modes. In this section the main results are briefly 

summarized. (Saito,1967; Gilbert, 1971; Vlaar,1976) 

As a starting point we consider the Fourier transformed elasto-dynamic 

wave equation (2.1.3) and note that under the aforementioned boundary 

conditions it has a Hermitean operator L defined by 

L (U) V'.T 

The relevant property of a Hermi tean operator is that it possesses a 

complete set of orthogonal functions wi th real eigenvalues. (Mathews & 

Walker, 1973, pp. 263-266). 

Then, for a perfectly elastic medium we may expand the displacement 

field U and the source vector field F in eigenfunctions defined by 

L(S ) + pw 2S = 0 U.1 .2) 
n n n 

where Sn Sn(r,w) denotes the n-th eigenfunction with eigenvalue 4J~ 

labeled by its suscript n and usually referred to as the n-the normal mode 

with eigenfrequency w ' n 

A solving procedure for U.1.2), commonly employed in radially 

symmetric models, is separation of variables. The algebra of this technique 

is laborious, though straightforward and has been derived many times before 

(Pekeris & J arosch, 1958). 

It leads to two types of motion, i.e., spheroidal and toroidal modes. 

Here we shall confine oursel ves to the toroi dal case. 
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A toroidal mode, say the n-th, is of the form 

- (3.1.3)
S wz(r)~ n rn 

-
where V represents the Beltrami operator, defined as

J 

\j == ~ e + (sine)-l
1

d 

(3.1.4)
de e de 

m 
and YZ(e,</» represents the fully normalized surface spherical harmonics 

def ined as 

X~ (8) exp[ imq,1 , a < m < Z (3.1 .5) 

• 
(_I)m y~m (8, </» , -Z < m < a (3.1 .6) 

where the * denotes the complex conjugated and the following relations 

have been used, 

m m; mXZ(8) = (-I) (2Z+I)/(4rr)(Z-rn):/(Z+m):)PZ(cos8), m > a (3.1.7) 

m rn -mPZ(cos8) (-I) m a(Z-m)~/(Z+m):PZ (cos8) >, (3. J .8) 

P~(COS8) denotes the associated Legendre functions of angular order Z 

and azimuthal order m 

25 



differential equation of the Sturm-Liouville type. 

For computational purposes it is advantageous to rewrite this radial 

equation as a first order differential system 

w l/r 1/11 w 
d 
dr 

T -3/r T 

where L2 = l2 + l - 2 and the stress function T defines the traction vector 

of the n- th mode as 

t 
n 

(J.1.10) 

Under the appropriate boundary conditions given in section 2.1, and at 

fixed angular order this system can only be solved for the eigenfrequencies 

W ' n = 0,1,2, ...n 

A normalisation factor for the n-th normal mode, say In' can be derived 

from the orthogonality property of the eigenfunctions, i.e., 

I , n k 
n- * U.1.11)f VSn· Sk p(r)dV 

0 , n f- k 

where the integration extends over the entire vol ume of the Earth model. 

Using the formal expansion in ei genfunctions, IT (r) can be wri tten as 

U.1.12) 
n=o 
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where an denotes the excitation-coefficient of the n-th normal mode. 

SUbstituting (3.1.12) into (2.1.3), taking the inner product with Sn 

and integrating over the volume V '1e obtain the relation 

a S F n n 

where we have again used the orthogonality property (3.1.2). 

If we use the point-source vector F(r) with the moment tensor formalism 

as defined in section 2.3, equation (3.1.12) can be rewritten as 

- . 
Sn(H : E (r ))sU(r, w) <3.1.14)

2 2 
n=o iw In(w - w ) n 

where: denotes contraction of the moment tensor with the strain tensor E. 

Taking the inverse Fourier transform and using Cauchy's residue theorem 

results in 

S (l-cosw t) R(t)
n n <3.1.15 )u(r, t) * (H( t)
 

n=o
 

where * denotes convol uti on. 

For practi cal purposes we modify <3.1.15) by adding physical 

attenuation according to (2.2.2) and omitting the statical term, i.e., 
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H(t) 
* (M(t) E* (~» (3.1.16)u(;:, t) s 

n=o 

where a «w has been tacitly assumed. 
n n 

The el ements e .. of the strain tensor E(r ) evaluated at source-depth,
1.1. s 

can be simplified considerably, if we adapt the epicentral coordinate system 

defined in section 2.3, i.e., r =(r ,0,0)s s 

e a rr
 

imb 2 W(r )/r , m=±2
eee s s 

-eee 

e _1
2 imb T(r )/]1(r ) m=±! (3. I .17) 

e~~ 

re 1 s s


-mb T(r )/]1(r ) m=±l
er~ 1 s s
 

-b 2H(r s) /]1(r) m=±2
ee~ 

where the other el ements are zero, since m < min (Z, 2) and the coeffi ci ents 

b are defined as (Gilbert & Dziewonski ,1975),
i 

b 1«2Z + 1)/(41T»
o 

b I(Z(Z + 1» <3.1.18) 
o 

b I(Z(Z + I) (Z + 2» 
o 

Substituting <3.1.17) into (3.1.16) leads to the following expressions 

for the components of toroidal motion 

u a (3.1.19)
r 
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cosecS ~ ~Us Cn(t)[P~(S) AS + P~ (S)BSl nWZ (r) (3.1 .20) 
n=o Z=1 

d 2 ct 1 
~ ~ uq, cosecS Cn (t)[ dS Pz (S) Aep + dlz Bq,l nW(r) (3.1.21) 

n=o Z=1 

where 

(3.1.22) 

and the coefficients AS,A¢ are defined as 

(3.1.23) 

(3. I .24) 

M Scosep + M sinep (3. I .25)r rq, 

(3.1.26) 

Further, we note the following points about toroidal motion; the 

functions Wand T do not depend on the azimuthal order m and the toroidal 

modes are not influenced by a density or gravity perturbation, since they 

have no radial component. 

3.2 Surface waves. 

In this section the concept of surface waves is introduced using the 

fore going normal mode theory. The basic deve lopments are due to Ben 
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Menahem (1964), and in its most advanced form to Nolet (1976) and Gilbert 

(1976). Here we shall follow the latter authors. 

As a starting point we use the mode-sums (3.1.20)-(3.1.21) and for the 

sake illof lucidity, we consider only the sums involving PZ(cose), for the 

n-th mode, 

Re{ 2:; nA~ p~(case) exp[ i nWZ t] } (3.2.1) 
Z=I 

111
where nAZ represents the remaining multiplicative factors. The other 

summations can be treated in an analoguous way. Two basic steps are needed 

to obtain the travelling wave representation. Firstly ,the Poisson sum 

formula (Titchmarsh, 1948, p. 60) converts the summation over angular order 

into a series of integrals, i.e., 

+00
 
Re { f d;\
 k:- (_I)k nA~_! p~_! (case) exp[ -i27Tk;\] } (3.2.2) 

o oo 

Secondly, the associated Legendre functions are replaced by their 

travelling wave form, i.e., 

111 
P;\_l (cose) 

2 (3.2.3) 

where 

111 111 
P;\_l (case) + 2 i/7T Q'_l (cos e) ] (3.2.4) 

2 It 2 
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ffi
and Q, 1 (cos8) denote the associated Legendre functions of the second kind. 

I\-~ 

Substitution of (3.2.3) into (3.2.1) gives 

ffiRe { f dA A (3.2.5 ) 
n A-~ o 

where 

ffi ffi*
RA_1 (8) exp[-i2rrNA + irrN] + R'_l (8) exp[ + i2rrNA-irrN ] 1 (3.2.6) 

2 1\ 2 

The physical meaning of the summations in (3.2.6) can be clarified 

using the asymptotic approximations to the Legendre functions, which 

approximate Rffi_1 for large A and 8 not near the epicentre 8~O, or its
A 2 

ant i pode 8~rr, as 

R~_1(8) ~ A
ffi

/I(A2rrsin8) exp[-i(A8 - rr/4 + ffirr/2)J (3.2.7)
2 

Substitution of (3.2.7) into (3.2.6) leads to the following phases of 

travelling waves along the surface of the Earth 

</> (1 ) nW(A)t - A(8 + 2rrN) + rrN + rr/4 - ffirr/2 

</>(2) nW(A)t + A(8 + 2rrN) + rrN - rr/4 + ffirr / 2 
(3.2.8) 

</> (3) nW(A)t + A(8 - 2rrN - 2rr ) + rr(N + 1) - rr/4 - rnrr/2 

</>(4) nW(A)t - A(8 - 2rrN - 2rr) - rr(N + I ) + rr/4 + ffirr/2 
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(I) (2)	 .
where ¢ and ¢ are phases of waves travelllng along the minor arc, to 

and away from the receiver respectively, over an epicentral distance e. 
(3) (4)

Li kewise the phases ¢ and ¢ travel along the major arc, to and away 

from the observer respectively. For N > 1 these phases have completed N 

revol utions. 

The phases ¢ (I) and ¢ (4) correspond to G2,G4,G6, ••• and G1 ,G2,G3, •.. , 

respectively, while ¢(2) and ¢(3) have no stationairy point for t > O. 

For our purposes we are interested in seismic energy that reaches the 

observer along the minor arc without completing its first orbit 

Then the expression in (3.2.5) can be approximated as 

00 

ffid:C;, t) "" Re{	 J dAnAffiCA) A !lC2rrsinS)
 
o
 

U.2.9) 

rr /4 - mrr /2) - a CA) t l }
n 

Next, we may interpret A as a wavenumber, which can be expressed as 

A =0 w pew)	 (3.2.10) 

where p is the slowness in rad/s. 

The evaluation of this integral is performed more efficiently in the 

frequency domain, 

+00 AID C/..) expf -iAS-irr/4 + iIDrr/2] 
Re{ J n 

dA } U.2.1l) 

where we extended the integration back to using the fact that Z can be-00 

ymreplaced by -Z-1 in U.1 .2). since y7 
-Z-I 
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Using the theorem of residues we close the integration path in the 

upper half complex A-plane. These residues are approximately determined by 

first order poles located at 

A(W) - i a(w)/V (w)
n n <3.2.12) 

where we have used a Taylor expansion of w (A ) = wand Vn(w) is the groupn 
vel oci ty defined as 

dW(A) aVn(w) I A A(w)a~ I p Pn(w) (3.2.13)
p+w dp

dw 

Further, we have assumed that na(A)«nw(A) and varies little around 

A=A(w). 

Applying the foregoing to the integral (3.2.11) yields for the n-th 

mode at frequency W the expression 

Re { rr (wp - !)ffi Am(w)/(aV (w) 1(2rr(wp -!) sine» n n n n <3.2.14) 

exp[-iwPne - irr/4 + lID rr/2 - a(w)ae/V (w) ]
n n 

Treati ng ina simil ar way the normal mode s urn <3.1.1) we arri ve at the 

following approximations for the polar component 

cosece 
(3.2.15) 

with 
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• 11 • 11 ]exp [ -l 4 + l~ (3.2.16) 

and for the azimuthal component 

To conclude this chapter we shall rewrite the first order differential 

system (3.1.9) into a form, which allows the forthcoming asymptotic 

treatment for w»l and l»l (Woodhouse,1978). Using (3.2.10) in (3.1.9) and 

separating the various powers of frequency the eigenfunctions Wand T for 

surface waves are sol utions to the modified differential system 

(3.2.18) 

where 

Y [W,w-ITl T (3.2.19) 

n=o 
0.2.17) 

d 
dr y 

o 1/].1A 
o (3.2.20) 

l/r o 
(3.2.21 )o -3/r 
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0 0 
A U.2.22)2 

2
-2jl/r 0 

with 

2 
q (r) 

2 2 
p /r - 2 

1/ S U.2.23) 

Here. 

dependence. 

we have scaled Wand T such that they have the same frequency 
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CHAPTER IV 

SOLVING THE RADIAL WAVE EQUATION 

Usually, different methods of solution for the radial equation are 

employed for different frequency bands. Thus, in low frequency seismology 

purely numerical techniques are applied, such as Runge-Kutta integration 

(Alterman et al . , 1959) and Rayl ei gh-Ri t z vari ational method (Wi ggi ns, 1976; 

Buland & Gilbert, 1976). For a frequency-band with periods between 10 - 300 

seconds surface waves are the dominating features of seismic records. Then 

it is common to introduce flat Earth transformations, which happen to be 

exact for SH-motion, but approximate for P-SV motion (Chapman, 1974). 

Optimized numerical schemes are still useful for realistic Earth modelling. 

An exentensi vely used alternative is to replace the depth-profile of 

model parameters by a stack of homogeneous layers, such that within each 

layer exact solutions in terms of harmonic functions can be derived, 

together with the compact form of propagator matrix methods. At shorter 

periods body waves together with surface waves are the characteristic 

features of seismograms. Pure numerical methods fail, since the nature of 

the solution to the radial equation is strongly oscillating and cannot be 

modelled properly. The choice of an appropriate stepsize in the integration 

process is limited by excessive computation time or, alternatively, by loss 

of accuracy. 
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However, the homogeneous layer approximation is still used in some 

cases, e.g., the extended reflectivity method of Muller & Kind (1976) or 

Kennett's version of the reflectivity method (Kennett,1974,1980; Kennett & 

Kerry,1979), all of which are capable of producing complete seismograms. 

Nevertheless, these approaches are not ideal for the synthesis of 

complete seismograms, since the stack of homogeneous layers grows at the 

cost of computational time, as; (1) relevant energy penetrates deeper into 

the structure, and (2), the frequency-content of the record increases such 

that artificial internal waves generate noise (Muller, 1970). 

Therefore, in this chapter algori thms for sol ving the radial equation 

are discussed which use the formalism of the matrix methods for radially 

inhomogeneously layered structures in such away that an excessive increase 

of homogeneous layers is avoided and leaky modes inherently related to flat 

structures need not be considered. 

4.1 Propagator matrix method. 

In this section the formalism of propagators as a solving procedure for 

the radial system (3.2.18) will be introduced. Applications of this method 

for a flat Earth model have been deri ved by Thomson (1950) and Haskell 

(1953). 

Propagator matrices were used by Gilbert & Macdonald (1960) in a 

spherical Earth model with homogeneous shells. A more general discussion of 

this subject has been given by Gilbert & Backus(1966). 

As a starting point let us consider two independent sets of vector 

solutions of C3.2.18), say y land y2' such that the general vector solution 

~ can be expressed as 

y(r) Y c (4.1.1) 
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where c is a constant vector containing the integration constants and the 

columns of the matrix Yare defined as the vector solutions y 1 and YZ' If Y 

is non-singular matrix for each r in the interval of interest. then it is 

known as a fundamental matrix solution of (3.2.18) and the differential 

system can be replaced by an integral equation of the form 

r 
Y(r) Y(r ) + f A(r') Y(r')dr' (4.1.2) 

a r 
0 

where 

A wA 
0

+ Al + w 
-j 

AZ (4.1.3) 

Using Picard's method of successive approximations (Coddington & 

Levinson, 1955. pp. 11-12) equation (4.1.2) can be rewritten as 

Y(r) (4.1. 4) 

where 

r jr r 
P(r,r

o 
) I + f A(r')dr' + f A(rJ)dr j f A(r')dr' + 

r r r 
0 0 Z 

(4.1 .5) 

r 
r

1 
r

Z 
+ f A(rj)dr j f A(rZ)dr f A(r')dr' + .....

Z 
r r r 

0 Z 3 

From the definition of P in (4.1.5) the following properties can be 

derived 
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d p A P(i) dr 

= y (r) y-l (r ) (4.1 .6)(ii) P (r, r )o 0 

(iii) P (r I' r ) = p (r2 , r I) P (r I' r o) 
o

(iv) y (r) P (r, r
o

) y (r
0 

) 

4.2 Asymptotic sol utions. 

In this section we shall look for uniformly valid asymptotic solutions 

to the first order differential system (3.2.18), which then can be used to 

construct a fundamental matrix, as indicated in the previous section. 

In general we cannot solve (3.2.18) exactly. Therefore, following 

Wasow(1965). Chapman (1974) and Woodhouse (1978), we apply successive 

transformations to the vector y(r). Firstly, the transformation 

y(r) R V (4.2.1) 

eliminates gradient terms of the elastic parameter functions in the 

coefff i ci ent matri x A and 1 eaves us wi th 

d 
-Vdr 

(4.2.2) 

where the matrices 

o 1/111 

-1 
R r 
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o 2 
-q (r) 

A =R- 1 A R= 
o 0 

(4.2.4) 

o 

-3/r o 

(4.2.5) 

o l/r 

0 0 

A =R- 1 
A

2
R=2 

(4.2.6) 

0 -2/r
2 

Secondly, we transform (4.2.2) into a form which permits analytical 

asymptotic solutions in a simple form, i.e., 

v <!>w (4.2.7) 

transforms (4.2.2) into 

-1 
R 
~ R 
dr 

~-IA 
+ ~ 1\2 <!> 

-1 
+ ¢ 

d
dr 

<!>]w 
(4.2.8) 
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Asymptotic solutions to (4.2.8) are determined by 

d ~ 

-w (4.2.9)dr 

where 

lim W W (4.2.10) 
W .... 00 

Different choices of ¢ lead to different types of asymptotic 

00solutions, which become equal for w .... The following choice is due to 

Langer (1934), who reasoned that the qualitative features of (4.2.8) should 

be found also in the transformed system (4.2.9) 

The most important features from mathemati cal and physi cal point of 

view are the turning points of the diffential system, i.e., points at which 

q(r) equals zero or equivalently, 13= rip. The most simple differenti al 

system which has one turning point and relatively simple analytical 

solutions, is the standard Airy equation 

z;: A (4.2.11 ) 

where A is a linear combination of Airy functions of the first and second 

kind, Ai(z;:) and Bi(z;:), respectively. 

Thus, let us define ¢ as 
_1 

2 
~ 
dr 0 

<l> 

+1
2 

(4.2.12) 

0 -SS ~ 
dr I 
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where the following functions are involved in (4.2.12) 

2/3 2 (4.2.13) 
~ (r) I 3/2 H (r, r ) I sgn (q (r)) 

p 

r (4.2.14)
H (r, r ) f I q(r') I dr' 

p r p 

(4.2.15)sgn ( ~ )ar 

Here, q(r) is usually referred to as the vertical slowness and H(r ,r )
p 

as the half intercept time-integral for r>r • The lowerlimit r in (4.2.12)p p 
defines the turning point position. 

The general solution of (4.2.9) can be represented by a fundamental 

matrix solution whose columns are the independent solutions. To this end, 

we define a fundamental matrix G as 

-1/6
w 

... 
Ai (_w 2 /3 ~) -1/6

w 
... 

Bi (_w2 /3 ~) 

G 
(4.2.16) 

+1/6w Ai (_w
2 / 3 ~) +1/6

w Bi (_w
2 

/ 
3 ~) 

where the symbol ... denotes the deri vati ve of the Airy functions wi th 

respect to its ar guments. G satisfies (4.2.9) exactly, but only 

approximately the original transformed system (4.2.8) 
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d 
dr G "" I ()J <1>-1 1\0 <I> + (g(r) + f(r»D G	 (4.2.17) 

where 

-I o 
D (4.2.18 ) 

o 

(4.2.19)g (r) 

£ (r)	 ~ / )1 + 2/r (4.2.20) 
()r 

The advantages of Langer's transformation are; (i) one zero of q in 

the interval of interest gives a uniformly valid asymptotic solution. To 

see this, we may develop q in a Taylor series around the turning point r 
p 

and obtain a finite limit for the error as 

2
d q (r ) dq (r )

lim <1>-1	 d <I> 3/ 16 --.,;-,-P / -_P- I 
r ..... r dr 2	 (4.2.21)

P	 dr dr 

(ii) stable and efficient algorithms for the numerical evaluation of 

Airy functions have been described by Gordon (1969). For small arguments of 

the Airy functions the power series solutions are used. (cL Abramowitz & 

S tegun, PP. 446). For 1 arge posi ti ve arguments we do not use the us ual 

asymptotic series solutions (cf. Abramowitz & stegun, pp. 448 - 449). but 
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instead the more efficient algori thrns based on a method developed by Gordon 

(1968). 

Here we define these formulae for the Airy functions for large 

negative arguments we have 

Ai (-x) A (x) cos ( w H - 7[/4) + A (x) sine wH - 7[/4)
c 5 

Bi (-x) A (x) cos ( wH - 7[/4) - A (x) sine wH - 7[/4) 
5 c 

(4.2.22) 

AiT(-x) D (x) cos ( wH - 7[/4) + D (x) sine wH - 7[/4) 
c s 

BiT (-x) D s(x) cos ( w H - 7[/4) - D c(x) sine wH - TI/4) 

and for large positive arguments 

Ai (x) C (x) exp(- wH)
j 

Bi (x) C (x) exp(+ wH)2 
(4.2.23) 

D] (x) exp(- wH) 

BiT (x) ~ D (x) exp(+ w H)
2 

2/3
where x ~ - w ~. For more mathematical details with an explicit form of 

the coefficients see appendix B. 

However, two disadvantages should be mentioned related to the practical 

use of Langer's approximation: (i) if two or more turning points exist in 

the interval of interest, Airy functions are not the most appropriate 

functions to use. Instead, for example, the case of two turning points can 
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be properly descri bed by parabolic cylinder (Weber's) functions 

(Mori guchi ,1959; Langer, 1959). Langer (1934) proposed as a remedy to break 

up the interval into two sUbintervals, each containing only one turning 

poi nt • Then, Langer's approximation can be used in each interval 

separately. 

However, he also warned against the increasing error when the two 

turning points approach each other. This kind of problems arises, for 

example, in the upper mantle of the Earth, where a low velocity zone is 

present. (ii) If there is no turning point wi thin a layer the lower limi t of 

the integral is not defined. Any choice is valid in asymptotic sense. 

A convenient choice would be to add an extra phase to the integral of H 

at the end of the interval, say at r ; r j , such that the error matrix may be 

written as 

-3/2 
O. for H 2/3lq(r l )1 ~(rl) (4.2.24) 

At this point we shall return to the original first order differential 

system (3.2.18) and summarize our mathematical results so far. Combining 

the two transformations (4.2.1) and (4.2.7) we find that a uniformly valid 

solution to (3.2.18) is 

y(r) "" R <p G c ; y C (4.2.25) 

where is Y an asymptotic fundamental matrix solution of (3.2.18). 

Using (4.1.4)-(4.1.5) the formal representation of an asymptotic 

propagator for an interval , say [r l,r 2]' can be wri tten as 

(4.2.26) 

In this propagator very large negative values for the argument of the 

Airy functions result in extremely rapid oscillations, which lead easily to 
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phase errors. In such cases it is efficient and more accurate to rewrite 

the elements of the phase propagator in such a way that only the 

trigonometric functions of the phase difference wH(r j ,r ) are invol ved.2 
Likewise very large positive values of the argument in the Airy functions 

may lead to over- or underflow of exponential functions in computations. We 

rewrite the elements of G(r! )G-j (r
2 in such a way that the exponenti al 

functions again invol ve only the difference wH(r ,r ). In both cases
j 2 

propagation through rel ati vel y small intervals is more accurate and 

effi cient. 

The criticism on these asymptotic solutions is twofold. Firstly, it is 

obvious that they do not correctly predict phase and amplitudes at lower 

frequencies. The error depends in a complicated way on slowness, 

turning point positions and elastic parameter gradients. Secondly, for a 

given asymptotic solution it is not clear what part of the exact solution is 

invol ved. Evaluating the next term in an asymptotic series expansion 

corrects for phase and amplit'lde (cL Chapman (1974) and Woodhouse (1978)). 

In practical situations there are three objections (1) asymptotic 

series guarantee no conversion towards the exact solution. (2) evaluation 

of the next term is too complicated for error control as a routine-check. 

(3) the error involved cannot be explained in physical terms. 

Therefore, we can concl ude that al though asymptoti c sol utions will 

provide fast algorithms for a wide range of frequencies and slownesses, 

these will not be reliable in those situations where seismic energy is 

highly sensitive for structural details. This study will use the foregoing 

theory to develop a practical scheme which corrects the asymptotic solutions 

towards on, which is more exact in these critical regions. 

4.3 First order corrections. 

A well known mathematical method for the exact solution of a 

differential system is the variation of parameters method. (Mathews & 
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Wal ker, pp. 8-10), In using this approach we look for a related system which 

is as close as possible an approximation to the original system, with a 

general solution in terms of a linear combination of its independent 

solutions. Next, we may write the general solution of the original system 

as a linear combination of these independent solutions, but with varying 

coefficients as a function of the independent variable. With the preceding 

section in mind we choose as a related system (4.2.9), which is as close as 

possible to (4.2.8) in asymptotic sense. Theoretical aspects of a similar 

procedure have been described by Chapman(1981) and Kennett & Illingworth 

(1981). Here emphasis will be laid upon practical aspects. 

Thus, as an application of the above mentioned procedure let us write, 

as a general solution to (3.2.18), 

y (r) R <I> L(r) 

where the vector L is a function of r instead of being a constant vector. 

SUbstituting (4.3.1) into (4.2.8) yields a differential system for the 

unknown function L as 

where 

2Ai Bi Bi

dM(r) (4.3.3)~ dr 

A,2- ~ -Ai Bi 

-I 0 
D 

o 
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with 

-2/3 3¢ -I
E(r)=-w far] [f(r)+g(r)] (4.3.5) 

The exact solution to (4.3.2) within an interval, say [r ,r J, can be found 
J 2

in iterative manner as 

r 
j 

i(k)(r )=I:(o)(r ) + f c(r') M( ') L-( ,)(k-l)d ' k 12 
~ r r r , = , ,3 ..... (4.3.6)l 2

The lower limit r in the integral of (4.3.6) can be any point in thez 
interval of interest where the exact solution and its derivative are known. 

The advantage of this approach lies in the fact that the rapidly 
-

oscillating nature of the solution is represented by (4.2.9), while L is 

of a slowly varying nature. To first order we can approximate L (r) in 

the interval [ r 
J 

' rZJ as 

Substitution of (4.3.7) into (4.3.2), neglecting higher order terms, 

yi el ds 

r
l 

+ f dr')M (r' )dr '1 (r ) (4.3.8)
2 

r Z 
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2 

In practice we assume that we know the exact solution and its 

deri vati ve at r • We may integrate to prescri bed accuracy our sol ution to
2 

level, say, r , using (4.3.8). The procedure is repeated with r instead 
l l 

of r as a lower limit in the equations (4.3.7) and (4.3.8). 

The integrals can be evaluated analytically, if we expand E(r) as a 

powerseries of r, e.g., as a Taylor series around the evaluation point and 

choose a linear approximation to the argument of the Airy functions, i.e., 

2/3
-w ¢(r) ~ ar + b (4.3.9) 

Using partial integration in (4.3.8) we obtain 

(4.3.10) 

where the elements of the matrix N are defined as 

2 3-A~( w2/3~(r )) Bi(_w2/3~(rl)) E(r l ) - Ai(-w / </J(r 2))N11- L - 'I' I 'I' 

(4.3. II) 

and the elements of the matrix K are defined as 
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r 1 

K11 = f 
r 2 

(Co+C1r' + ... ) Ai(ar'+b) Bi(ar'+b)dr' 

K12 = 

r 
1 

f (Co+Cjr' 
r 2 

+ ... ) Bi
2

(ar'+b)dr' 

K21 = 

r 
j 

f (Co+C1r' 
r 

2 

+ ... ) Ai
2 

(ar'+b(dr' 

(4.3.12) 

where the constants Ci are determined by the Taylor series expansion of 

dr) . 

For practical purposes we may restrict the stepsize in r such that a 

linear approximation to €(r) is sufficient. 

In Appendix C a Table of Airy integrals can be found, involving 

products of Airy functions with powers of r. 
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CHAPTER V 

GENERATION OF DISPERSION CURVES 

In this chapter the computation of dispersion curves for SH-motion will 

be discussed in some detail, since the evaluation of this information is the 

most complicated part of any mode program. 

5.1 Secular equation. 

Solving the first order differential system (3.2.18) with the relevant 

boundary conditions for realistic Earth models leads to a transcendental 

equation of the form 

T(w,p) ~ (0,1) P (r ,rI) ..• P (r. l,r.) (I O)T (5.1.1) 
o J- J ' ° 

usually referred to as the dispersion or secular equation. Here, the start 

vector satisfies the appropiate boundary conditions at the core mantle 

boundary. The propagator P integrates the solution towards the surface of 

the Earth, where the condition of a stress-free surface must be fulfilled. 

The solution of this dispersion equation is the core of any mode 
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program, for the location of its roots at either fixed frequency or fixed 

slowness is a tedious computational process. The resulting combinations of 

p and w define the dispersion curves or mode branches in the p-w space. 

(see figure 5.1) 

15. r---:-------------------------------------, 

14. 

13. 

12. 

11. 

~ 10. 
1: 
~ 9. 

B. 

7. 

1. 2. 4. 5. 7. B. 12. 

RAO!S 
*.1 

Figure 5.1 Love wave dispersion for a realistic Earth model. 

Schwab & Knopoff (1972), Abo Zena (1979), Harvey (1981) have determined 

these curves by fixing frequency and locating the roots for increasing 

slowness values. Then, the mode-sum U.2.15) and U.2.17) can be evaluated 

at equidistant spectral points. However, we shall demonstrate that fixing p 

and sol vi ng (5.1.1) for the ei genfrequenci es n~O, 1,2, . . . • has great 

computational advantages in the determination of these dispersion curves, 

for the behaviour of the spacing between eigenfrequencies is of a 

predictable and elmost regular character. (cf. Kerry, 1981; Kennett & 

Clarke ,1982). 

Once this information is obtained all that must be done is to order the 
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eigenfrequencies with their corresponding mode characteristics (chapter VI) 

along the dispersion curves, denoted by the solid lines in figure 5.1. 

In order to apply the widely used fast Fourier transforms of Cooley & 

Tukey (1965) it is necessary to sample all mode characteristics at 

equidistant spectral points using some interpolation law in the frequency 

domai n. 

5.2 Asymptotic eigenfrequencies for a smooth mantle. 

----------------------r----------------------------

The first step in a root procedure is always to find reasonable 

estimators of these roots. In the present section we shall study asymptotic 

estimators of an Earth mantle with a smooth profile of elastic parameter 

functions. 

Anderssen & Cleary(1974), Gilbert(1975), Nolet(1976), Kennett & 

Nolet(1979), Nolet & Kennett(1978) and Kennett & Woodhouse(1978) have 

investigated asymptotic estimators of eigenfrequencies for models with and 

without discontinuities. Here, their results will be used to derive a new 

expl i ci t formula for eigenfrequencies of a smooth mantle, which is more 

accurate. The extension to a model with discontinuities will be treated in 

the next section. 

Using the asymptoti c approximations for the Airy functions, (see 

appendix A), in a dispersion equation for a smooth mantle, three different 

types of asymptotic estimators for the roots are easily derived. 

Firstly, for a slowness range with a propagating region in the entire 

mantle we have 

T(w,p) sine wH(r ,r.) o (5.2.1) 
o J 

Then, asymptotic estimators are defined as 
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w (p) nTI/H(r ,r.) (5.2.2)
n o J 

Secondly, if the turning point lies sufficiently far from the 

core-mantle boundary T(w,p) can be approximated as 

T(w,p) sin [wH(r ,r ) - TI/4 ] (5.2.3)
o p 

and the asymptotic estimators will be defined as 

w (p) (n + 1/4lTI/H(r ,r ) (5.2.4)
n o p 

Thirdly, if the infl uence of the core-mantle boundary cannot be 

neglected, the dispersion equation is approximately 

T( w,p) sin[wH(r ,r) -TI/4] + cos[wH(r ,r) - TI/4 ]C(w) (5.2.5)o pop 

with 

C (w) .5 exp[ -2wH(r ,r.)] (5.2.6)
P J 

Assuming that the roots of (5.2.5) are still close to the estimators 

(5.2.4), then T(w,p) can be approximated as 

T(w,p) (5.2.7J 

where the superscript (0) denotes the asymptotic eigenfrequencies as defined 

by (5.2.4). Then, the asymptotic eigenfrequencies of (5.2.7) can be defined 

as 

(5.2.8) 

54 



or equivalently, 

C(w(o)) 
w (0)= (n+!;~ _ n ( 
n' H(r ,r) H(r ,r )-2H(r ,r.) C(w(o)) 5.2.9) 

op 0P PJ n 

From (5.2.9) the following effects can be deduced. The greater the overtone 

number n, the smaller the influence of the core-mantle boundary. Further, 

for diffracting waves at the core-mantle boundary (5.2.9) can be written as 

( (n+ 1/4) TI - .5) /H (r ,r.) (5.2.10) 
o J 

As was shown by Kennet & Nolet (1978), the asymptotic eigenfrequencies 

as defined by (5.2.2), (5.2.4) and (5.2.10) indicate that there is a 

phase-shift varying from 1/4 towards zero, depending on slowness and 

overtone number. 

In order to define this phase-shift and thus the asymptotic 

eigenfrequencies efficiently and with more accuracy we have developed the 

following algori thm, which includes the entire slowness-range. To this end, 

we rewrite (5.2.9) as 

c +c nTI + c C(w (0)) (5.2.11) 
o 1 2 nH(r ,r ) 

o P 

where the constants co' c 1 and c 2 are still to be defined. 

Evaluating the eigenfrequencies w(p) for a number of overtones and applying 

a least square method to find these unknown coefficients we obtain a much 

better approximation for all other overtone numbers. The philosophy behind 

this mechanism is that a series representation of a function, which has been 

truncated, can be approximated more accurately, if we use the same terms 

with adjusted weights over the interval of interest. (Afton,1970, pp. 289) 
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5.3 Asymptotic eigenfrequencies in a mantle with discontinuities. 

In this section we shall resume the asymptotic estimators of 

eigenfrequencies for a mantle with one discontinuity using the foregoing 

results. Further, the explicit formula for eigenfrequencies (5.2.11) will 

be extended to this case and we shall indicate how more discontinuities 

should be treated. 

The presence of discontinuities in a smooth mantle introduces a 

disturbance in the asymptotic eigpnfrequencies. This problem has been 

studied in detail for a model with spherical homogoneous shells in a series 

of papers by Anderssen & Cleary(1974), Lapwood(1975), McNabb et al. (1976), 

Sato and Lapwood (1977a, 1977b) and Lapwood and Sato (1977). In these 

papers it was shown that: (1) the si ze of the disturbance depends on the 

depth of the discontinuity and the jump in the elastic parameters; (2) the 

disturbance has a persistent and nearly periodic character for varying 

overtone numbers, and (3) each discontinuity superimposes its own nearly 

regular disturbance, usually denoted as "solotone effect". 

In order to demonstrate this solotone effect we shall consider a smooth 

mantle with one discontinuity only. Again, depending on the slowness range 

different types of asymptotic eigenfrequencies can be distinguished. Two of 

them will be considered in detail. For an evanescent region below the 

discontinuity we have 

o 

where r d denotes the radius of the discontinuity and 

In (5.3.2) the sUbscripts(+,-) denote the upper and lower side of the 

discontinuity. Eigenfrequencies of (5.3.1) are approximately defined as 
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For a propagating region below the discontinuity the dispersion equation can 

be approximated as 

(5.3.4) 

where 

)1+ q+ - )1- q
(5.3.5)

)1+ q+ + lJ- q-

Using again the asymptotic eigenfrequencies of a smooth mantle for the 

relevant slowness range as defined by (5.2.7) we may obtain the following 

solution for (5.3.4) 

However, in these approximations there will again be a phase-shift, 

which varies with overtone number and slowness. Therefore, in a procedure 

similar to the one in section 5.2 we write (5.3.6) as 

. ll1T[H(r ,rd)-H(rd ,r)]1T oW (p)=c +C ------.:ll:.:c---'--- _ + C2S~ll[ P ]COSll1T +n o 1 
H(ro,rd)+H(rd,r ) H(ro,rd)+H(rd,r )p p

(5.3.7) 

h1T[H(r ,r )-H(r
d 
,r )]

o d+ c cos[ p ] COSll1T
3

H(ro,rd)+H(rd,r )p

Evaluating for a sufficient number of overtones, we may apply a least square 
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procedure to find the best choice for the coefficients c Q'c I' c2and c 3' 

In practical computations we should add for every discontinuity terms 

similar to the third and fourth term in the righthand side of equation 

(5.3.7). However, in a realistic Earth model it has been found that it is 

sufficient to retain only the Mohorovicic-discontinuity and the 

discontinuity nearest to the turning point position. 

To conclude this section we apply this method to the radial reference 

Earth model 10668 of Gilbert & Dziewonski (1975). See figure 5.2. 

8. ,.-- , 

7. 

SHEAR VELOCITY6. 

5. 

4. 

3. 

DEPTH (KM) 

Figure 5.2. A realistic Earth model. The upper curve denotes the 

shear velocity in krnls and the lower curve the density in gr/cm3 . 

In a series of figures we show the solotone effect defined as the 

difference between the evaluated eigenfrequency and its asymptotic 

estimator. To start with we show separately the estimated solotone effect 

due to the Mohorivicic discontinuity and the discontinuity at 600 kilometer 

depth for a turning point position far below this last discontinuity. See 
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figure 5.3. 

IS. 7L 11{ 
OVERTDNE 

Figure 5.3 The solotone effect for the Mohorovicic dlscontinui ty 

and a discontinuity at 600 km depth indicated by a (0) and (tl). 

respectively. 

In this figure we see that the solotone effect due to the Mohorovicic 

discontinuity dominates. 

In figure 5.4 we show for varying slownesses the solotons effect with 

(~) and without (0) the use of a least square fit as discussed above. 

With an interval of 10 we have calculated eigenfrequencies to 

set up the interpolation procedure. The interpolation starts after the 

first 6 modes, since lower modes do not follow the asymptotic 

approximations. As the turning point approaches this level for higher phase 

velocities we find that the solotone effect is dominated by the second term 

on the righthand side of (5.3.6). Then, the following effects can be 

deduced from this term: (1) the amplitudo of the solotone effect becomes 

larger, if the turning point approaches the discontinuity as the total 

intercepttime decreases, (2) for a turning point near the discontinuity we 

find that the argument of the sinusfunction is mrs with s« 1, which 
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Figure 5. q Modelling the solo tone effect in model 10668 for a 

phase velocity of 11 km/s with (6) and without (0) the use of a 

least square fi t. 
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F1gure 5.5 Mode1l1ng the solotone effect 1n model' 0668 for a 

phase velocity of 9 km/s with (t» and w1 thout (0) the use of a 

least square fit. 
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Figure 5.6 Modelling the solo tone effect In model 1066B for a 

phase veloci ty of B krn!s wi th (II) and wi thout	 (0) the use of a 

least square fit. 



o 
o 
o 

o 

u 

~, 
o 
CO 
~ 

~ 
v.> 

21. H. 61. 81. 100. 120. 140. 160. 1BO. 200. 
OVERTONE 

Figure 5.7 Modelling the solo tone effect in model 10668 for a 

phase velocity of 7.25 km/s with (ll) and without (0) the use of 

a least square fit. 
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Figure 5.8 Modelling the solotone effect in model 10668 for a 

phase velocity of 7.20 km/s with (lI) and without (0) the use of 

a least square fit. 
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Figure 5.9 Modelling the solotone effect in model 
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Figure 5.10 Modelling the solotone effect in model 10668 for a 

phase veloel ty of 7.05 km/s with (ll) and without (0) the use of 

a least square fit. 
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Figure 5.11 Modelling the solotone effect in model 10668 for a 

phase velocity of 7. km/s with (<'» and without (0) the use of a 

least square fit. 
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introduces a disturbance wi th a large period. At the same time the error in 

the interpolation procedure increases, since the asymptotic approximations 

to the Airy functions are not accurate for a turning point near a 

discontinuity. Also we see a beating effect for the superposition of the 

solotone effects due to the Mohorovicic discontinuity and the discontinuity 

at 600 kilaneter depth. 

An overall estimation of the increase in speed using the above 

mentioned interpolation procedure is that the number of evaluations for the 

dispersion functions will be halved for 200 eigenfrequencies at fixed 

slowness. At the Hewlett Packard 1000 of the geophysical department, which 

is a 16 bits machine, not enough memory was available to apply this 

technique in practical situations. 
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5.4 Computational aspects of dispersion curves. 

In t hi s section three practi cal probl ems will be discussed, whi ch ari se 

in the computation of dispersion curves. 

The first problem concerns the situation in which, for a given slowness 

range turning points are located within the mantle. Below these turning 

points the behaviour of the stress displacement vector is dominated by the 

exponenti al functions, whi ch appear in the phase mat rix G. Then to a voi d 

over- or underflow in the evaluation of exponential functions we replace 

(5.1.1) with 

The startvector at r eliminates the exponential growing function Bi ini 
such a way that a regular solution for decreasing radius is defined. Below 

r. we assume that the structure has Ii ttle effect on the sol ution of 
:L 

(5.1.1). In our computations we shall define the startposition r i as the 

first level at which 

wH (r ,r.) ,,;;; 10. (5. 4.2)
P :L 

This is known as structure reduction (Schwab & Knopoff, 1972). 

The second problem concerns the presence of low veloci ty zones. In 

realistic Earth models a low velocity zone is placed in the upper mantle. 

Then, for a range of slownesses, two propagating regions exist separated by 

a lid structure with evanescent waves. In the upper region seismic energy 

is confined to the crust and the corresponding modes are denoted as crustal 

modes. In the lower propagating region seismic energy is likewise confined 

to the low velocity channel, and these modes are denoted as channel modes. 

See also Panza, Schwab & Knopoff (1972). 
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In these situations we have more than one turning point within a layer 

and we know from section 4.2 that the asymptotic solutions are in error. 

Fortunately the amplitudes of higher channel modes do not significantly 

contri bute to recei vers at the surface of the Earth. Therefore, in 

sUbsequent numeri cal work we detect these channel ei genfrequenci es by thei r 

asymptotic estimators, but discard them in our final seismograms. 

A third practical problem is the final inverse double transforms in 

going from the slowness !l frequency domain to the space !l time domain. 

Efficient evaluation of these integrals in the reflectivity method would 

require rather sophisticated sampling in both the frequency and slowness 

domain. (Kind, 1979; Kennett, 1980) Modal summations on the other hand have 

the advantage that at least one of these integrals can be evaluated 

analytically by complex contour integration, as was shown in section 3.3. 

Therefore, we have to discuss only an appropriate sampling distance along 

the mode branches as a functi on of frequency. 

However, eigenfrequencies are determined at fixed slowness by crossing 

successive dispersion curves, which means that the sampling distance will 

vary going from one dispersion curve to the next one (see figure 5.1). 

Further, the organisation of the mode program is such that all frequency 

independent information is eval uated before dispersion curves are 

determined. This strategy is very efficient, since these resul ts are the 

same for all mode characteristi cs. 

A consequence of this strategy is that we do not know on forehand how 

the frequency sampling distance will be along the dispersion curves for a 

gi ven set of slowness val ues . 

To solve these practical problems we shall first examine which spacing 

in the frequency domain is desired. Suppose that we want to evaluate 

synthetic seismograms for some time window of, say, Tmax seconds duration at 

an epi central distance of llmax degrees. For the usual fast Foud er 

transform algorithm we have the criteria that ow; 2n/Tmax and 

ll(wp (w));2n/llmax (cf. (3.2.15) and (3.2.17). Note that these two 
n 

conditions imply that modes with group velocities smaller then llmax/Tmax can 
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be ignored. See also Schwab &Kausel (1976). 

Knowing the desired spacing in eigenfrequencies along the dispersion 

curves we proceed as follows. The slowness information will be evaluated 

with a great number of sampling values not necessarily equidistant. Such a 

strategy is justified by the fact the computation time of the slowness 

information is only a fraction of the time needed for the mode 

characteristics. Then during the evaluation of eigenfrequencies at fixed 

slowness we test the two aforementioned condition using asymptotic 

estimators of eigenfrequencies. If spacings between eigenfrequencies are 

too close we skip the calculations for the corresponding mode 

characteristics and proceed with the next eigenfrequency until we arrive at 

a dispersion curve where spacings can be accepted. 

Although this strategy may seem conservative, mode characteristics such 

as group velocities do show a stronger oscillating behaviour as a function 

of frequency. Therefore, conditions for sampling dispersion curves cannot 

be applied to other mode characteristics in a straightforward manner. 
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CHAPTER VI 

MODE CHARACTERISTICS 

In this chapter the practical evaluation of mode characteristics such 

as group velocti ties Vn' normalisation factors In and Lagrangian functions, 

will be discussed in terms of energy integrals 

Further, apparent attenuation as measured along the surface of the 

Earth, Q will be expressed in similar integrals.n 

6.1 Energy integrals. 

As a starting point let us consider the total amount of energy stored 

per area unit, averaged over one time cycle and stored in the mantle for, 

say the n-th mode, as 

r 

2
o

2 2 
w f Itin (r) p (r) r d r + (6.1 .1) 

n 
r·

J 
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The first integrand in (6.1.1) denotes the kinetic energy density, while the 

second integrand represents the elastic energy density. Then, we define the 

energy integrals as 

r 
o

2 2J w (r) p(r) r dr (6.1.2)
n 

r. 
J 

r 
o 

J W (r) Il(r)dr (6.1.3) 
r. 

J 

(6.1 .4) 

where the definition of E I corresponds to the normalisation factors 

according to (3.1.11). 

Further, in a conservative system the total amount of elastic energy of 

the n-th mode must be equal to the total amount of kineti c energy, i.e., 

o (6.1 .5) 

where the Lagrangian function (6.1.1) has been normalized by its kinetic 

energy. 

In practical computations (6.1.5) is a useful check on the 

compatibility of w with the other mode characteristics n 
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6.2 Groupvelocities. 

Applying Rayleigh's principle (Rayleigh, 1945, pp. 109-112) to (6.1.5) 

we find that a perturbation of ow in w and op in p wi th a corresponding
n 

change in the ei genvector res ul ts in the foIl owi ng reI at i on 

pip +w ~ (6.2.1)
dw 

Using the definition of group velocity V (3.2.13) we find that an 
n 

alternative expression for this quantity is 

(6.2.2) 

It has been noted by Jeffreys (1961) that the evaluation of group velocities 

according to (6.2.2) is more accurate than using (3.2.13), which involves 

numerical differentation. 

6.3 Apparent attenuation. 

In this section Rayleigh's principle will be used to deri ve an 

expression for the apparent attenuation as measured along the surface of the 

Earth. 

For a slightly dissipative medium this phenomenon can be described by a 

complex value of the slowness p( w) as 

(6.3.1)p (w) (l + >,i/O (w) ) 

which introduces spatial attenuation as can be seen in (3.2.15). For 

relatively high values of Q(w) we consider the imaginary part of (6.3.1) as 
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a perturbation op in p. Then, we apply Rayleigh's principle to (6.1.5) for 

dissipative media, in which p, w, ~ and p are replaced by complex 

functions with small imaginary parts. (Ben-Menahem and Singh, pp.929-933). 

Fixing w, neglecting density perturbations in p and equating imaginary 

parts, we arrive at the following expressions for spatial attenuation 

-]
sgn(w) ~(r)QB (r)dr 

(6.3.2) 
r 

o 
w2p 2 J ~(r)W2(r)dr 

n n 
r. 

J 

-]
Here, we have again assumed that Q does not depend on frequency. (see

S 
section 2.1). 

6.4. Practical evaluation of integrals involving Airy functions. 

In the foregoing sections some mode characteristics have been ex

pressed in terms of integrals. Their integrands involve squares of dis

placement. Numerical evaluation of these integrals would inevitably cause 

loss of speed in the computations of the mode characteristics and/or loss 

of accuracy for higher frequencies. Therefore, we shall show how through 

sinple approximations these integrals can be evaluated analytically. 

To this end, we consider the explicit expressions for displacement and 

stress as defined by the uniformly valid asymptotic solution (4.2.25) 

(6.4. ]) 
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(6.4.2) 

where C 1(r i) and C Z(r i) are the wave-potential coefficients defined at some 

level r .• 
l 

Then, the integral (6.1.2) can be written in the form 

r 

~ a(r)[Ai2(-w2/3~(r) + Bi2(_w2/3~(r)) + 

r.	 (6.4.3)
J 

+ 2Ai(-w2/3~(r)) Bi (_w2/3~(r)) ]dr 

with a similar expression for the integral (6.1.3). Likewise, the integral 

(6.1.4) can be written as 

r 

E ; b(r)[Ai2(-wl/3~(r)) + Bi2(_w2/3~(r)) +
 
3
 r.	 (6.4.4)

J 

+ 2Ai(-w2/3~(r)) Bi(_w2/ 3 ~(r)) ]dr 

where the coefficients a and b involve the other terms, distinct from the 

Airy functions, as they are present in (6.4.1) and (6.4.2) 

Our next step is to di vide the integration range [r , r. ] into a series 
o J 

of subintervals by means of the points r ' r j , ••• , r . In each subintervalo j 
we use a linear approximation to the argument of the Airy functions and 

expansion of the coefficients a and b in a power series of r. Then it 

becomes possi ble to integrate, at each sUbinterval, the integrals invol ving 

Airy functions analytically (see Appendix C). 
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Integrals, which define the spatial attenuation Qn' can be treated in 

analogous way. 

In practical situations it is sufficient to use also a linear 

approximation to the coefficients a and b, since these functions are all 

slowly varying functions of r. 

Partial derivatives of phase and group velocities, and 

eigenfrequencies, with respect to the elastic parameters, can be treated in 

an analogous manner. 
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CHAPTER VII 

EXAMPLES 

In this chapter some numerical examples using the foregoing asymptotic 

mode theory will be presented. Firstly, we shall compare our results With 

the reflectivity method for some simple crust models. Secondly, we shall 

make a direct comparison between complete synthetic seismograms of realistic 

Earth models and observed records. However, it should be noted that no 

special attempts have been made to fit the data by perturbation of 

model parameters or source parameters. Such inversion techniques for the 

whole seismogram are not available at the moment due to the strong 

non-lineari ty of the problem. A recent attempt by Lerner.elLam & Jordan 

(1983) to linearize the inversion of the waveform in the higher~mode part of 

the seismogram for modes up to radial order 4 or 5 was succesful only with a 

starting model, very close to the final model. On the other hand Ingate 

(1983) was forced to use trial and error techniques to find models that 

generate seismograms with a qualitative resemblance to the actual 

observations in the time window between the arrival of the S wave and the 

higher mode Love waves. 

It is possible that nonlinear optimization techniques will allow us to 

to formalize the inversion of complete seismograms in the near future 

(Huisman, 1984). For such techniques extremely fast solutions to the direct 
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problem of calculating the synthetics are prerequisite. The method in this 

thesis offers such a capability, since it is faster than any other applied 

method (Ingate et al., 1983). 

7.1 Test for simple models. 

In order to check our mode program we have calculated synthetic 

sections for some simple crust""mantle models using the asymptotic mode 

theory and the reflectivity method (Fuchs & Muller, 1971; Kennett, 1983). 

Here, we shall use the more sophisticated version of Kennett. 

6. -----, 
~. r---------, ~. r-----------, 

4. 4. 4. 

3. 3. 

2. L-- ---' 2. '-- -' 2. '- ~ 

O. 100. o. 100. O. 100. 

DEPTH (KM) DEPTH (KM) DEPHT (KM) 

MODEL A MODEL B MODEL C 

Figure 7.1 Crust mantle models for comparing asymptotic mode 

theory and the reflectivi ty method. Upper traces denote the shear 

velocity in km/s and lower traces the density in gr/cm 3. 
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The models that have been used for the crust are shown in figure 7.1 

Model A and B have a homogeneous mantle and crust with and without the 

models have used specific attenuation factor of Q Such 

Conrad discontinuity, respectively. Model C has a w8aker Mohorovicic 

discontinuity, but is followed by a strong linear gradient zone. In all 
-I 

we a = 0.01. an
S 

attenuation is necessary for the reflectivity method in order to move real 

surface wave poles away from the real integration path for the slowness 

integral. 

It should be emphasi zed that the mode program does not require 

homogeneous layers, but, to the contrary, is extremely sui table for 

inhomogeneous layers. The refl ect i vi ty program on the other hand is exact 

for plane homogeneous layers and for that reason widely used with such a 

configuration. In the comparison of the two methods we have ignored the 

effect of sphericity in the test models, because this would lead to models 

wi th more homogeneous layers than our current implementation of the 

reflectivity method could handle. 

For the source signal- we use a pulse introduced in exploration 

geophysi cs by Kuepper (1958) gi ven as 

sin (ot)" 11m sin(mot), O.,;;'t.,;;T 

f(t) (7.1.1) 

a ,t<o, t>T 

wi th 0 = N IT IT and m ~ (N+2)/N, where N determines the number of oscillations 

in the pulse form and T the duration of the signal. For N~l and N~2 this 

pulse is shown in figure 7.2. Here, we use N=l and note that in the far 

field the time derivative of this pulse corresponds to the case N=2. 
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s 

Figure 7.2 Source signal used in numerical applications. 

Figures 7.3,7.4 and 7.5 show the numerical results for the models A,B 

and C, respectively. Dotted lines denote the reflectivity method and the 

solid lines the asymptotic mode method. Beyond the critical angle for a 

reflection (c) at the Mohorivicic discontinuity we see the arrival of head 

waves (a) and even a multiple headwave (b). For larger distances we see how 

mUltiple reflections (d), (e) and (f) start to built up a surface wave 

train. In figure 7.6 the strong gradient zone below the discontinuity 

causes headwaves with relatively higher amplitudes. In general we see that 

for increasing distance the Earth flattening transformation cannot be 

neglected. Taking this into account excellent agreement in phase arrival 

and overall amplitude has been found. About 500 slownesses have been used 

for the reflectivity method and 300 for the mode method. Usually a larger 

number of slownesses is required in the reflectivity method, since for 

increasing distance the integrand oscillates stronger. The mode method 

evaluates this integral analytically using the residue method. In the mode 
-5

method eigenfrequencies have been calculated with a precision of .5x10 , 

which is near the machine precision for our computer. 
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For such calculations we are forced to use this accuracy, since for 

shallow penetrating energy small disturbances in eigenfrequency may cause 

relatively large changes in the stress vector. Even on our relatively slow 

minicomputer the computation time of the modes in the spectral range of 0~2 

Hz is only 20 minutes and the computation time of full length seismograms 

with 30 modes is about 20 seconds/station. We note that the calculation of 

the modes need to be done only once, whereas in the reflectivity method for 

each source depth the calculations have to be repeated. 

In model C we have used 15 layers to model the gradient zone for the 

reflectivity method, whereas in the asymptotic method this layer can be 

treated as one zone. 

For the model C we have decomposed the synthetic record at a distance 

of 500 kilometer into the contribution of modes, as shown in figure 7.6. 

For each trace we have indicated the number of modes summed in the signal. 

Here, we see that the summation of about 10 modes is sufficient to model 

this section, which reduces the computational time of a seismogram to the 

order of 10 seconds on our small computing machine. The synthesis of the 

head waves is obtained from the modes 5 ~ 10 as can be seen in this picture, 

whereas the wide angle reflections are completely dominated by the first 

five modes. This result could be expected from dispersion curves such as 

shown in figure 5.1. At fixed frequency not only the number of dispersion 

curves is finite, but this number is further reduced within a given slowness 

range. From this we may conclude that at short distances for shallow 

sources modal seismograms are an ideal tool to model finite sources and 

laterally homogenous structures for engineering purposes. 
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7.2 Simulation of a Japanese earthquake. 
-- ~ ~_~ 4_~ 

The earthquake, which has been chosen for this study, occurred on May 

26, 1983 near the West coast of Honshu in Japan. The source parameters of 

this earthquake were obtained from the "Preliminary Determination of 

Epicentres, Monthly Listing, U.S. Department of the Interior Geological 

Survey. National Earthquake Information Service" and summarized in table 

7.1. This table includes the parameters as defined by the centroid moment 

tensor method. (Dziewonski & Woodhouse, 1982). 

Date 26 - 05 - 1983 

Origin time 3 ham 18.3 5 

Latitude 40°.44 N 

Longitude 138°.87 E 

Focal Depth 12.6 km 

Nodal plane I strike~16°, dip=27°, slip=86° 

Nodal plane strike=200°,' dip=63° J slip=9Zo 
27

Seismic moment 4.6x10 d-cm 

Moment tensor M 3.96rr 
M -.85ee 
M -3.11
H 

M -1.01 re 
Mr$ -2.50 

Me$ = -.81 

Half duration 20 seconds 

Table 7.1 Source parameters for the Huushu event as obtained from the 

PDE bulletin. 

It should be mentioned that in Table 7.1 all entries of the moment 

tensor are scaled by the seismic moment. 
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This event has been recorded digitally by the Network of Autonomously 

Registrating Seismographs (NARS) as shown in figure 7.7.(Nolet & Vlaar, 

1981). The coordinates of the NARS stations used in this analysis are given 

in table 7.2 

THE HONSHU EARTHQUAKE OF 26 MAY 1983

'" ~-I-~Tjo--i -~~~*ji~--i-
t:> 

Figure 7.7 Linear array of NARS is indicated by open squares in Western 
Europe. The great circle passing through Honshu in Japan and nearly through 
the recording stations is also shown. 

NE02 Monsted (OK) 9.17 E 56.46 N 

NE03 Logumkl os t er (OK) 8.90 E 55.04 N 

NE04 Witteveen (NL) 6.67 E 52.81 N 

NE05 Utrecht (NL) 5.17 E 52.13 N 

NE09 Les Eyzi es (F) 0.98 E 44.85 N 

NE10 Arrette (F) 0.70 W 43.09 N 

NEll Ainzon (ESP) 1.52 W 41.81 N 

Table 7.2 Station codes and coordinates of the NARS stations. 
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For a detailed description of the instrumentation and design of this 

linear array we refer to Dost, van Wettum & Nolet (198~). Here, relevant to 

us is the total transfer function G(w) for the displacement in digital units 

gi ven as 

G(W) (7.2.1) 

where the constant Cs = 12.92x10 
7 

digital uni ts per mls and the 

eigenfrequency of seismometer filter~system and ant i"al i as fil ter are 

wG=0.063 and wS=6.283 radls respectively. 

Further, NARS stations registrate the ground motion in three mutually 

orthogonal directions vertical, North~South, East~West with positive 

directions upwards, North and East respecti vely. Therefore, when comparing 

observed records with synthetic SH seismograms it is necessary that the 

components of hori zontal ground motion have been rotated into the 

longitUdinal and transverse components of ground motion. For the synthetic 

source signal we use the source pulse as given by (7.1.1) with N=1 and T=20 

seconds. 

The transverse component of the Honshu event as recorded by the NARS 

array is shown in figure 7.8. In this observed section we see the first 

arriving energy consisting of S, sS, ScS and sScS indicated by the line AB. 

The mul ti pI e SS runs along the I ine CD, whil e SSS foll ows the line EF. 

Between the first arriving energy and the mUltiple SS we have energy denoted 

as the S coda. In the stations NE02~Ne04 we see the presence of a rather 

strong S coda between Sand SS. In other stations the S coda is much 

weaker. Further, we see some coherent energy between SS and SSS phases. 

After the SSS mUltiple energy arrives, which effectively consists of lower 

Love modes and samples the uppermost part of the mantle between the surface 

and about 400 kilometer depth. 

In the following we shall attempt to make a qualitative fit for the 
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seismic energy between Sand SSS. Since this is an early registration of 

NARS, we shall include in the synthetics also the stations, which were not 

operational at that time. 

8 . ,---- _ 

7. 

4. 

SHEAR VELOCITY 

DENSITY 

. . 

3. 

DEPHT (KM) 

Figure 7.9 Two typica1 Earth models CIT11A (solid) and SHR14A 

(dotted). Upper curves denote shear velocity in km/s and lower 

curves the density in gr/cm 3. 
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For the synthetic section we have used a slightly modified model CIT11A 

(Anderson & Tokosz, 1963), which is derived from Love wave phase velocities 

and group velocities, and a modified version of the SHR14A model (HeImberger 

& Engen, 1974), which is a well-constrained continental model satisfying 

both travel times and waveforms of long period first arrivals of SH. See 

also figure 7.9. 

Both models are typical for realistic Earth structures. Model CIT11A 

has relatively strong gradient zones at near 450 and 650 km depths, whereas 

the second model has a rather smooth velocity profile in the same regions. 

Complete synthetic sections generating all datatypes have been calculated 

for 3 source depths at 12, 24 and 31 km, where we have used the other source 

characteristics as defined in table 7.2. 

As an example we show the synthetic records for the station NE02 for 

the three different source depths in figure 7.10. If we use the source 

parameters as given by table 7.1 the waveforms do not fit and even the 

onset of the first arriving energy is not correct. For that reason we 

have placed the source to greater depths of 24 and 31 km. At a source 

depth of 31 km we see that the onset of the S phase is better tuned. 

To investigate this in more detail we have splitted up the SH component 

into a pure strike and dip slip contribution to the azimuthal component. In 

figure 7.11 we show the dip slip contribution to the azimuthal component of 

SH for a source depth of 31 km. 

Not only the onset time of the Sand SS phases are well tuned for a 

point source depth of 31 km, but also the corresponding fit of the wave

forms is reasonable. According to these results we would suggest a source 

depth deeper than the 12 km given by Table 7.2 together with a dominant 

dip slip contribution. In figure 7.12 we show a complete section for the 
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three source depths in model CITl lA: (b) 31 Km. (c) 2q Km and 
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Figure 7.11 The dip SliP contribution in model CITI1A for station NE02 with a source depth of 31 km. 
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Figure 7.13 The dip slip contribution in model SHR14A for a point 

source at depth of 25 km. 



dip slip contribution with a source depth of 31 km. The overall fit with 

the registrations until the arrival of the SSS phase looks encouraging. The 

later part of the wave train sees the Earth structure above 400 km depth and 

is not well modelled. We shall concentrate ourselves on the seismic record 

up to the SSS phase. Remarkable is that the S coda is much weaker in the 

stations NE01 NE04. From the ray theoretical point of view such 

reverberations could be explained' as (1) crustal reverberations or (2) as 

internal reflections where S bottoms. Since we have included in the 

synthetic sections reverberations in the crust, the first possibility is 

unlikely. The depth were S bottoms for the stations NE01~NE04 lies around 

1800 kilometer depth. Since there is no evidence for strong discontinuities 

at this depth, a possible cause is the presence of a system of gradient 

zones near the turning point of S. An alternative, which cannot be checked 

by the present method, is lateral inhomogenei ty under Northern Europe and a 

smoother mantle under the South of France and Spain. 

Interesting is also the energy, which arrives between SS and SSS, which 

cannot be explained by body waves in realistic Earth models. In order to 

investigate the origin of this energ~ we have calculated a pure dip slip 

section for model SHR14A for a source depth at 25 km. The resul t is shown 

in figure 7.13. Now we see a striking difference between the two models for 

the energy, which arrives between the SS and SSS phases. This energy does 

not correspond to a body wave phase. In figure 7.8 this energy arrives at 

station NE02 between 1650 and 1725 seconds after the time of origin. In 

order to analyse this energy, which has a group velocity of about 5 km/s we 

have plotted in figure 7.14 the group velocities of the modes versus 

frequency for both models. Around a group velocity of 5 km/s we see the 

absence of local maxima in the curves of model SHR14A. 

In order to find out the relation between group velocity and the 

maximum depth for the energy in the corresponding modes we have plotted in 

figure 7.15 for both models group velocity against slowness. Here, we see 

that these maxima in group velocity coincide for a slowness of about 970 

s/rad, which corresponds to modes reaching with energy in the gradient zone 

between 600 ~ 700 km. depth. In the observed section we find that this 

coherent energy is not so well developed as in figure 7.12. Therefore, this 
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F1gure 7.14 Group velocity versus frequency for (a) model CITl 1A 

and (b) model SHR14A. 
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type of energy seems promising to investigate the character of the 

transition zone near 650 km depth in more detail both in radial as in 

lateral directions. 
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Figure 7.16 Calcula~ion of a displacement vector in 

model SHR14A for a phase velocity of 7.08 km/s by ~he 

Runge Kutta (solid), asymptotic method (---) and its 

first order correction ( ••. ). 
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In view of the rather strong gradient zones in both models we have to 

consider the accuracy of the asympotic approximation. Therefore, we have 

performed the same calculations with the first order corrections to the 

asymptotic method as outlined in section 4.3. Significant differences in 

the final seismograms for this type of application could not be detected, 

although errors of 10 %in the eigenvectors of modes with low ~adial numbe~ 

n exist. As an illustration of this effect we have made a comparison 

between the computations of an eigenvector with three different methods (1) 

Runge Kutta integration (2) asymptotic method and (3) first order 

corrections to the asymptotic method. As an example we show figure 7.16. 

Although it is beyond the scope of this thesis to continue with a more 

detailed analysis of this earthquake, we see the power of complete synthetic 

seismograms to model interfering body wave phases for different source 

depths and to decide between different types of realistic earth models. 

In particularly, the type of energy, which lies between the two categories 

of surface and body waves is appropriated to be investigated by mode 

s ei smogr ams. 

After this analysis was completed Satake (1985) concluded from long 

period surface waves and tsunamis also that the source mechanism is of a 

pure dip slip type. 
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CHAPTER VIII 

CON CL USI ONS 

In this thesis we have developed an asymptotic mode theory with the 

following features. 

1) Complete synthetic SH seismograms can be evaluated for both realistic 

models of Earth and crust. 

2) The method is of practical value and can be used even on small computers 

wi th reasonable computation times on a routine basis. The bulk of 

computation time is for the eigenveccu, w, which need not be recalculated for 

a different source or station. This is the greatest advantage of modal 

summation over all other methods. In many cases such as treated in section 

7.1 for relatively shallow sampling of structure it becomes practical to 

calculate seismograms interactively. 

3) In chapter V section 5.2 - 5.3 we have indicated a method to speed up 

the dispersion calculations considerably for a large range of slownesses. 

However, such a method would require more memory in the present programcode 

then was available on our minicomputer. 

4) Typi cal for mode programs is that its in'" and out put data are si mpl e. 

Users do not need a profound knowledge of asymptotic mode theory. whereas 
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ray theoretical methods and their generalized versions usually demand 

skillful users in order to make an appropiate choice of the ray sum. 

5) In this thesis we have also indicated a method in chapter IV section 4.3 

to improve the accuracy of eigenfrequencies and eigenfunctions in gradient 

zones, where asymptotic theory fails. For efficiency, these corrections 

should be restri cted to regions wi thin a few wavelengths around the turning 

point, if gradients there are strong. 

6) It is relati vely simple to incorporate the effect of attenuation, while 

for example, the generalized ray theory accounts for attenuation in an 

adhoc manner. 

7) At least one of the integrals in the double inverse transformation to 

the space time domain is done analytically by summation of residues, whereas 

in the reflectivity method both inverse transforms are evaluated numerically 

with a computational cost proportional to the product of the frequency band 

and the distance. 

Both the general i zed ray method (C hapman, 1976; Burdi ck & Grcut t , 1981 ) 

and the reflectivity method (Kennett,1983) can be extended to vertically 

inhomogeneous layers. Yet mode theory seems to us a f as ter and more 

reliable computational technique. 

For the future the following extensions of the current mode pogram 

seems relevant to us. Firstly, the implementation of the synthesis of P~SV 

motion in a 32 bi ts computing machine is feasi ble, whereas it is impractical 

in the 16 bits Hewlett Packard 1000 of our geophysical department. 

The method of first order corrections can be extended to pclSV case and 

the same applies to the evaluation of energy integrals with slightly 

modified expressions for the integrands. 

Secondl y, if low vel oci ty zones are of maj or importance in the 

appli cation of the present method, rather awkward sol utions are generated in 

these regions. Parabolic cylinder functions are the most appropriate 
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solutions in this case, but their evaluation would require a table of these 

functions and first order corrections would yield rather complicated 

algorithms. 

Another strategy which seems more promising to us with minor 

modifications in the present structure of the program flow is a linear 

approximation to the potential function of the wave equation instead of a 

transformation to the Airy equation. The advantages are that (i) the Airy 

functions are still the basic solutions for an interval whose size depends 

on the behaviour of the vertical slowness. (ii) although near the change of 

sign of the derivative of the vertical slowness finer subintervals are 

needed, the accuracy can be controll ed by decreasi ng these intervals. (i i i) 

analytical solutions to the energy integrals remain the same. 

Although only shown by a way of illustrations: the comparison with 

NARS data seems to imply that current realistic Earth models are too simple 

and our ignorance about the struct ure of the upper mantl e iss till very 

large. Therefore, the usefulness of the present method, althoug valid for 

lateral homegenous media, is still very promising for seismologic research. 
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APPENDIX A 

LANGER'S TRANSFORMATION. 

In this appendix asymptotic solutions to the first order differential 

system (4.2.2) will be discussed. To this end we rewrite this system as an 

ordinary linear differential equation of second order 

(A.1 )o 

Assuming that the function q(r) has a simple turningpoint (transition 

point) at r ~ r in an interval [ r ,rZJ, asymptotic solutions are obtained p j 

by the well known WKBJ method, for the su bi ntervals [r I ' r p) and ( r p' r Z]' 

These are sufficiently accurate for large values of w far enough from 

the turning point. 

However, the kni ttinC' ~"gether of these solutions when crossing the 

turningpoint is a cumbersome procedure, since the WKBJ solutions are 

singular at the turning point, with a discontinuous change of the 

integration constants ( Stokes phenomenon). 

Langer (1934) solved this problem by "obtaining at one and the same 

stroke a representation which is valid over the whole range of the 

variable" . 

Following his procedure we transform dependent and independent 

variables according to 
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z = ¢(r) (A.2) 

and 

v(r) = JjJ(r)W(r) (A.3) 

which transforms (A.l) into 

(A.4)o 

where' denotes deri vati ves wi th respect to r. 

The first derivative of v in (A.4) is removed by choosing 

JjJ (r) /¢' (A.5) 

Defining 

¢(r) q2 (r) I¢' 2 (r) (A.6) 

we obtain 

a(r)v (A.7) 

where 

2 I I' 

3 ¢" ¢
air) = - - --- + ~ 

4 ¢,4 ¢,3 
(A.8) 

and z </>(r) is the solution to (A.6). given as 

107 



r 2/3
¢ (r) (3/2 f Iq(r) Idr) ,r > r pr p 

(A. 9) 

r 2/3 
<I>	 (r) - (3/2 f I q (r) I dr) ,r < r p
 

r
 p 

Neglecting oCr) in (A.7) for Iw2epl» oCr), reduces this equation to a 

form of the Airy differential equation. Its solutions yield a general 

asymptotic solution of (A.1) as 

l.W(r) "" R(r) (A.IO)
II <1>' I 

where c 1 and are integration constants and Ai and Bi are Airy functionsC z 
of the first and second kind respectively. 

On the other hand the approximate solution H(r) to (A.1) satisfies 

exactly the related differential equation 

2
d R 2 2 

+ [w q (r) +	 y(r)]R2 o	 (A.ll )
dr

where 

2 _<1>'" <1>,,2
y (r) <I> I 0 (r) 1/2 - 3/4 --	 (A.12) 

<I> ' <I> ,2 

The success of Langer's transformation lies in the fact that at the 

turningpoint point r = r both ep'(r) and and y(r) have finite limits. Far 
p 

away from the simple turning point the asymptotic solutions can be 

approximated by the solutions of the WKBJ type. 
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APPENDIX B 

PRACTICAL EVALUATION OF AIRY FUNCTIONS 

In this appendix we show how the Airy functions Ai(x) and Bi(x) as 

defined in appendix A can be evaluated accurately and efficiently. For 

full mathematical and computational details we refer to Gordon(1969) 

For small arguments x, there exist power series solutions for Ai and 

Bi, and for large arguments of x asymptotic series solutions exist. (cf. 

Abramowitz & Stegun, pp. 446). However, the asymptotic series solutions 

are divergent and of limited accuracy. 

Therefore, we use for the latter, the following integral 

representations for Airy functions. For large positive arguments we have 

3/2 p(x)dx-~Ai (z) J, Izl-':I7f exp [-2/3I z 1 ]	 f (B.l) 
0 1+3/2x- 3 / 2 

-':I	 3/2 p(x)dx
7f - J,Bi(z) J, i 1 exp1 [+ 2/31zl f	 (B. 2) 

0 1-3/2x- 3 / 2 

where 

-J, -11/6 -2/3 -2/3	 2/3
p (x) 7f 2 3 Ixl exp	 [-·x.]Ai [C3/2x) (B. 3) 

Next, we evaluate these integrals by the method of a generalized 
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Gaussian quadrature rule, resulting in the followinp; approximations 

Ai(z) ~ C (z) exp [-~ ] (B. 4)
l 

Bi(z) ~ C
2 

(z) exp [+~ 1 (B.S) 

where 

2/3 z3/2 (B.6) 

and 

(B.7) 

(B. 8) 

with wi and xi the abscissae and weight in a N-points generalized Gaussian 

quadrature rule. 

Derivatives of Ai and Bi for large positive arguments are conveniently 

expressed as 

dAi (z)
d z ~ D 1 (z) exp [- ~ ] (B.9) 

dBi (z)
dz ~D2(z) exp[+~] (B. 10) 

110 



where 

d (B.ll)- /z C (z) + dz Cl (z)
l 

(B. 12) 

For large negati ve arguments ~z we have the integral representations 

Ai (-z) (B.l3) 
o 2

1 + (x/I:;) 

o 2 
1 + (x/Z;;) 

Applying again the method of generalized Gaussian quadrature we obtain the 

approximations 

Ai(-z) ~ A (z) cos(Z;; - ~~) + A (z) sin(z;; - ~ )c s (B.1S) 

Bi (-z) ~ A (z) cos(Z;; - ~~) - A (z) sin(z;; -~~) (B .16)s c 

where 

Bi (-z) dz (B.14) 
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-l;; N 
1T -~ I z I ~ (B. 17) 

i=l 

(B.18 ) 

Derivatives of Ai(-z) and Bi(~z) are expressed as 

d
dz Ai(-z) ~ sin (B.19 ) 

(B.20) 

where 

(B.21) 

(B. 22) 

Table B.1 indicates the methods that have been used in the actual 

computation of the Airy functions. Integers in the table denote the number 

of abcissae and weights that have been used in the generalized Gaussian 
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quadrature rule. 

Range Ai 6i 

z < ·~O. 

~40. z < "6. 2 

-6. z < -3. 

"3. z < 1.9 powerserl es powerserl es 

1.9< z < 5. powerserl es 

5. z < 8. 

8. < z 2 2 

Table 6.1 Calculation scheme for a 6 digit accuracy of 

Alry functlons and their derl vatl ves. 
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APPENDIX C 

EVALUATION OF AIRY INTEGRALS 

In this appendix analytical solutions of integrals involving products 

of Airy functions and/or their derivatives will be given. These solutions 

are based on the fact (Gordon, 1969) 

z Ai (z) (C.1 ) 

If we define the following functions 

(C .2) 

z ar + b (C.3) 

we have the results that 

2f A (2) dr (C.4) 

f r A
2 

(z) dr (C.5)1/3[ (2 - 3b) II + A dA /'3. ] /a
dz 
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2 
J (dA) dr dA 2 

(C .6)[ A dz - abI l + a I ] fadz 2 

dA 2
J A dz dr ~ A fa (C.71 

dA 2
 
J r (dz) dr
 

(C.9 ) 

These integrals can be sol ved according to the same principle for higher 

powers of r. 
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