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Introduction

Chapter 1

Epilepsy
Epilepsy is the most common neurological condition affecting about 50 million
people worldwide (Rugg-gunn et al., 2011). It is a condition of the nervous
system in which neuronal populations alternate between periods of normal
ongoing EEG and periods of paroxysmal activity, manifested as epileptic
seizures. The latter are characterized by “the transient occurrence of signs and/
or symptoms due to abnormal excessive or synchronous neuronal activity in
the brain” as defined in Fisher et al.(Fisher et al., 2014). A large number of studies
have been carried out with respect to the (patho)physiology of oscillatory
states, but the precise dynamics of how synchronized activity associated with
epileptic seizures may emerge from a normal ongoing EEG disrupting normal
brain functions are still unknown. In order to clarify basic mechanisms involved
in seizure generation, experimental animal and computational models can be
useful.
Epileptic seizures have been classified according to several criteria leading to
various terminologies. According to the current ILAE (International League
Against Epilepsy) classification (Berg & Scheffer, 2011): focal seizures originate
“at some point within networks limited to one hemisphere”, and generalized
seizures originate “at some point within and rapidly engaging bilaterally
distributed networks”. The mechanisms involved in these different types of
seizures are also assumed to be different.

Treatment options
In many cases epileptiform activity can be suppressed by anti-epileptic drugs.
However, about one-fourth of the cases are pharmaco-resistant (French, 2007;
Kwan et al., 2010) and about 40% of these are not eligible for epilepsy surgery for
various reasons (Kwan & Brodie, 2000). A need exists for additional therapies for
treating these patients. Vagal nerve stimulation is already an established epilepsy
treatment option worldwide (Schachter, 2002) for patients with medically
refractory epilepsy. Alternative therapies based on continuous, intermittent or
reactive brain stimulation are being investigated in animal models of epilepsy
(Bal & McCormick, 1993; Osorio & Frei, 2009) for future therapy options and are
already used in humans as well (Velasco et al., 2007; Vonck et al., 2013).
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Computational modelling
Computational models provide a powerful tool for simulating dynamics of
neuronal networks involved in epileptic seizures and a solid test platform for
testing new treatment options. In general there are three levels of computational
models. i) Detailed neuronal models (Hodgkin & Huxley, 1952), in which the
mechanisms of singles cells, including channel dynamics, e.g. sodium channels,
potassium channels, calcium dynamics, are modelled. Detailed aspects of the
known dynamics within the cells is taken into account and can be studied. ii)
Lumped or neural mass models (Lopes da Silva et al., 1974; Wendling et al.,
2002; Suffczynski et al., 2004), in which populations of cells are modelled, are
at one higher level of abstraction. The microscopic dynamics are averaged over
all cells within a population and the model describes the general dynamics.
Synaptic properties and connections between populations are modelled, but
the lower level channel dynamics is lost in these types of models. At an even
higher level there are the iii) analytical models (Kalitzin et al., 2010), where only
the general behaviour of the system is described in mathematical terms. All
details concerning a direct description of cells, cell populations or connections
are lost, but still essential general properties of the network’s dynamics, such as
system states and transitions between these are still conserved. The parameters
of such models can therefore be mapped to physiological parameters, within
a limited state space.
The transitions between different states in neuronal models, e.g. from nonseizure state and vice versa, can be controlled in different ways (Wendling,
2008). Either by externally changing parameters or autonomously by, for
example internal fluctuation in the system (Ohayon et al., 2004a; Suffczynski
et al., 2004; Jirsa et al., 2014). The latter models, also known as models with
multi-stability, can alternate between states, without any parameters to be
changed. The different states emerge from the dynamics of the system and can
be activated by either initial conditions or noisy input to the system.
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Outline
The aims of this thesis are, using computational models, to better understand
the mechanisms involved in the dynamics in epileptic seizures and to devise
stimulation paradigms that may be applied to control epileptic seizures. These
models provide a comprehensive tool to explore different scenario’s and can
function as a test bench for various treatment strategies.
Computational models can be used as descriptive tools, where certain observed
phenomena are captured within the dynamics of a model. In Chapter 2 the
realistic neuronal model is introduced that will be used throughout the entire
thesis. The model is a lumped neuronal model and can display two types of
behaviour. It can either be in a steady state or in a limit cycle. The model is
autonomous in the sense that due to the bi-stability it can change its state
without any change of parameters. The basics of the model are taken from
Suffczynski et al. (Suffczynski et al., 2004) and slightly simplified to contain two
interconnected neuronal populations, pyramidal cells and interneurons. In
this chapter we show that this model can be used to describe both periods of
ongoing normal EEG activity as well as periods of epileptic seizures.
The main advantage of a realistic neuronal model is the fact that it is constructed
based on principles and assumptions close to the biological data, by defining
cell types and connections with parameters inferred from experimental
data. Drawbacks are the large amount of parameters, not all of which can
be experimentally derived, and the fact that these types of models require
substantial computational power for larger simulations. To be able to e.g. explore
large network dynamics it is more convenient to have less computationally
demanding models, the so called analytical models, as introduced in Chapter
3. Such a model shows the same general behaviour as the realistic neuronal
model. A main drawback of such a model, however, is that it describes only the
general behaviour of a system and cannot be directly linked to physiological
processes. In Chapter 4 we compare the realistic model to the analytical model
to define the parameters space within which they show similar behaviours.
Within this parameter space the analytical model can behave as a substitute
for the realistic model.
Neuronal models can be used not only as descriptive tools, but also as
prescriptive tools. Such models can be designed to explore, for example, the
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efficiency and effectiveness of certain therapeutic strategies. A prescriptive
application of a realistic neuronal model is shown in Chapter 5. Here we propose
a strategy to control epileptic seizures, where direct electrical stimulation of the
brain is applied. Instead of continuous or intermittent stimulation of the brain
the concept of reactive control is tested on our model of seizure generation. A
seizure detection algorithm detects a seizure and starts stimulating the brain
with electrical pulses until the seizure is suppressed. In addition the propensity
of seizures to occur (i.e. the ictality) can be monitored. In this way we can test
conditions under which energy of the administered stimulation is the weakest
possible to keep the amount of seizures as low as possible.
In Chapter 6 we go a step further by prescribing a paradigm to prevent the
seizure onset, instead of detecting the seizure and trying to abort it. It has been
indeed shown experimentally, in PTZ (pentylenetetrazol) induced seizures in
animal models, that a well-tuned stimulation protocol can postpone transitions
to an epileptic state.
In the same chapter we also show that for this type of stimulation strategy, the
analytical model falls short due to the lack of certain dynamic features that are
present in the realistic model.
Furthermore neuronal models may also provide prospective insight into
unknown mechanisms underlying some physiological phenomena. In this
context the question may be asked whether neuronal models may be able to
link phenomena together without relying on directly observed physiological
data? In Chapter 7 we show that a link between two different phenomena at
different scales of organization can be predicted using such models. Namely
high frequency oscillations (HFOs) at a microscopic level and epileptic seizures
at a macroscopic level can be shown to be related by using cascade modelling.
A detailed compartmental model, with Hodgkin-Huxley type of dynamics, is
used to describe the generation of HFOs and also to provide parameters that
can be embedded into the lumped realistic neuronal model. In this way it can
be shown that the latter features transitions to epileptic seizures, suggesting a
common underlying mechanism between HFO and seizure generation.
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This chapter is based on:
Koppert, M.M.J., Kalitzin, S., Lopes da Silva, F.H. & Viergever, M.A. (2011)
Plasticity-modulated seizure dynamics for seizure termination in realistic
neuronal models, Journal of Neural Engineering, 8, 046027

Chapter 2

Abstract
In previous studies we showed that autonomous absence seizure generation
and termination can be explained by realistic neuronal models eliciting bi-stable
dynamics. In these models epileptic seizures are triggered either by external
stimuli (reflex epilepsies) or by internal fluctuations. This scenario predicts
exponential distributions of the duration of the seizures and of the inter-ictal
intervals. These predictions were validated in rat models of absence epilepsy, as
well as in a few human cases. Nonetheless, deviations from the predictions with
respect to seizure duration distributions remained unexplained. The objective
of the present work is to implement a simple but realistic computational
model of a neuronal network including synaptic plasticity and ionic current
dynamics and to explore the dynamics of the model with special emphasis on
the distributions of seizure and inter-ictal period durations. We use as a basis
our lumped model of cortical neuronal circuits. Here we introduce ‘activity
dependent’ parameters, namely post-synaptic voltage-dependent plasticity,
as well as a voltage-dependent hyperpolarization-activated current driven by
slow and fast activation conductances. We examine the distributions of the
durations of the seizure-like model activity and the normal activity, described
respectively by the limit cycle and the steady state in the dynamics. We use a
parametric g-distribution fit as a quantifier. Our results show that autonomous,
activity-dependent membrane processes can account for experimentally
obtained statistical distributions of seizure durations, which were not
explainable using the previous model. The activity-dependent membrane
processes that display the strongest effect in accounting for these distributions
are the hyperpolarization-dependent cationic (Ih) current and the GABAa plastic
dynamics. Plastic synapses (NMDA-type) in the interneuron population show
only a minor effect. The inter-ictal statistics retain their consistency with the
experimental data and the previous model.

Introduction
Epilepsy is a condition of the nervous system where normal functional states are
intermittently changed to oscillatory behaviour characterized by synchronous
activity of neuronal populations. Although the physiology of the oscillatory
states and the underlying biological mechanisms have been studied extensively
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(Bal & McCormick, 1993; Destexhe et al., 1993; Bal & McCormick, 1996; McCormick
et al., 2003), the precise dynamics of transitions to and from these pathological
states are largely unknown. Next to animal models, computational modelling
(Wendling, 2008) is a valuable tool for testing various dynamic scenarios to
obtain a better understanding of seizure generation and termination.
The electrical activity of neurons and their connections to each other can be
modelled by biologically realistic neuronal models. These models can vary from
very detailed biological models to metaphoric models representing only the
most general properties of neuronal networks. Here and in our previous studies
we have adopted the so-called lumped level of modelling (Lopes da Silva et al.,
1974), where each individual unit represents the collective degrees of freedom of
a specific cluster and type of neuronal population. Such computational models
can lead to predictions of various emergent dynamical properties of neuronal
networks, such as the autonomous generation of epileptic type of behaviour.
We found that for a certain range of parameters the model system can have
two distinct patterns of behaviour, depending on the initial conditions. One of
the patterns represents steady-state dynamics or a point type of attractor in the
phase space of the system. The other pattern is a limit cycle type of attractor;
in this state the system produces oscillatory behaviour that is akin to epileptic
activity in cases of so-called primarily generalized seizures, as, for example,
observed in absence epilepsy. The two dynamic states exist simultaneously in
the phase space of the system but are separated such that transitions between
them are possible only by perturbing the system from outside. In a realistic
model of neuronal dynamics there is always a noisy input that accounts for
various influences on the system from exogenous and endogenous sources. We
have speculated that it is this noisy perturbation that may be responsible for the
spontaneous transitions between normal and epileptic patterns of behaviour,
described respectively by a steady state and a limit cycle. However, in other
studies a model exhibiting intermittency (Zalay et al., 2010) has been used to
generate spontaneous transitions between states. It is not yet clear which class
of models can adequately represent the changes of activity patterns in the
various clinical types of epileptic neuronal networks.
One essential property of bi-stability concerns the statistical distribution of
the duration of epileptic seizures and of inter-ictal periods. This property may
be important for the elusive quest of seizure predictability, as described in
recent papers (Winterhalder et al., 2003; Wong et al., 2007). The predictions of
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our basis model, as described in (Suffczynski et al., 2004), were tested using
available experimental data (Suffczynski et al., 2006). In this model the statistical
distributions of interictal intervals fitted experimental and clinical results
(Suffczynski et al., 2006) very well. The distributions of ictal periods differed in
some cases from experimental results, but were confirmed in other cases. In
genetic absence epileptic rats (WAG/Rij), we found in animals that had been
given the anti-epileptic drug Vigabatrin, distributions of durations of ictal
periods (figure 2.1) that did not differ from those found using the computational
model. Moreover, both were indistinguishable from what can be theoretically
expected from a random transition process. In contrast, the distributions of
durations of ictal periods in rats that were not given the drug differed from
those predicted by our model. The main objective of this work is to investigate
which mechanisms have to be added to the model in order to explain this
discrepancy with the experimental facts.
To this end, we use the same statistical analysis of the distributions of ictal and
inter-ictal durations by representing them in terms of g-distributions:
𝛾 = 𝐶𝑥 𝛼−1 𝑒

−𝑥�𝛽

(2.1)

If the transitions between the normal and epileptic states are governed by a
random walk type of process, the a-parameter should be equal to or less than
unity, as in the cases of our original computational model and of the Vigabatrin
treated rats. In the case of the undrugged rats, however, the a-parameter
has been found to be consistently larger than unity. This fact indicates the
involvement of extra dynamic degrees of freedom in the process of termination
of seizures. In other words, a mechanism that may introduce additional time
scales to the process is likely to be present. We hypothesize that possibly the
deviation of a from unity could be accounted for by adding ‘activity-dependent
parameters’, i.e. parameters that change depending on current neuronal activity,
which were not included in the original model. Taking into consideration that
Vigabatrin inhibits GABA-transaminase, we consider that a possible mechanism
would be a post-synaptic voltage dependent plasticity affecting GABAa
receptors. These plastic changes would be effective in undrugged rats, whereas
in Vigabatrin-treated animals (Gram et al., 1989) any effect of possible plastic
changes of GABA receptor activity would be suppressed, which would result in
a random transition type of dynamics, and consequently the a-parameter of the
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Figure 2.1 Left: graphical presentation (mean with 95% confidence intervals) of the values of the shape
parameter, a of the g -distribution of ictal epochs for two different experimental conditions with Wistar
albino Glaxo from Rijskwijk (WAG/Rij) rats. The horizontal line denotes a = 1. On the left the results
for rats injected with saline are shown and on the right those for rats injected with Vigabatrin (GVG).
Right: examples of experimental distributions with different values of shape parameter a. Adapted from
(Suffczynski et al., 2006) figures 1 and 3.

distributions of ictal periods would have a value below or equal to unity. To test
the specificity of the possible influence of plastic changes of the GABAa receptor,
we also investigate those of NMDA receptors, since the plastic properties of the
latter are well known to mediate synaptic potentiation.
There are other mechanisms that have been proposed as possibly contributing
to the termination of seizures, such as gradual intracellular acidification, where
a low pH can inactivate cellular processes that are necessary for continuous
neuronal firing (Xiong et al., 2000), or potassium currents activated by calcium
and sodium entry, the loss of ionic gradients, and the depletion of energy
substrates resulting in cessation of neuronal firing (Lado & Moshé, 2008). These
mechanisms, however, develop rather slowly and thus may be operational
mainly during the relatively long seizures of WAG/Rij rats, typically longer than
those of genetic absence rats.
Therefore, it is more likely that short-acting plastic mechanisms may be more
relevant in these cases. Consequently, we hypothesize that activity-dependent
changes might be caused by homeostatic mechanisms of regulation of
neuronal excitability (Turrigiano, 2008). In general, homeostatic regulation of
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neuronal excitability can be attained in two fundamentally different ways: (1)
by regulation of ion channels that translate changes of membrane potential
into a pattern of action potential firing, or (2) by regulation of synaptic strength.
There is ample evidence that both mechanisms exist and that they are not
mutually exclusive. The former was demonstrated by (van Welie et al., 2004) in
hippocampal CA1 pyramidal neurons; these authors found an increase in the
amplitude of the hyperpolarization-activated cation current Ih after a strong
bombardment of glutamatergic synaptic activity. Indeed, an increased Ih can
speed up the decay rate of EPSPs and reduce EPSP efficacy to initiate action
potential firing (Fan et al., 2005). The opposite change in synaptic strength can
be induced by down-regulation of Ih (Brager & Johnston, 2007).
These findings, taken together, justify the proposal that modulation of Ih
behaves as a homeostatic bidirectional mechanism that assures the stability
of the neuronal network, under conditions where synaptic plastic changes
take place. Based on these findings, we hypothesize that the Ih current should
also be a possible candidate to account for the termination of seizures and,
consequently, for seizure duration. In short, the main objective of this work is to
extend our basic 2004 model (Suffczynski et al., 2004) to take into account the
different experimental results observed, by testing hypotheses with respect to
the role of plastic synaptic processes—GABA and NMDA—and Ih conductances
in the determination of seizure duration in genetic epileptic absence WAG/Rij
rats.

Methods
Lumped model
The original model (Suffczynski et al., 2004) consists of four cell populations,
pyramidal, interneuron, thalamocortical and reticular thalamic; for simplicity,
we have restricted the analysis here to only two interacting cortical populations.
This simplification does not change the essential dynamic patterns of the system.
Most importantly, the simplified cortical circuit can still generate epileptictype activity as a bi-stable system. In this context, the present configuration is
more general as it might also be interpreted as a model of localized epileptic
discharges.
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PY

Cortical
input

IN
Figure 2.2 Schematic overview of the connections in the lumped model. This cortical modules consist of
the pyramidal (PY) and interneuron (IN) populations.

The general network layout is shown in figure 2.2. The parameter values used
in the simulations are presented in table 2.1 and below we give the essential
dynamic content of the model.
Incoming impulses generate post-synaptic currents in each population. The
currents are integrated and contribute to the mean membrane potential of the
population. To simulate the time evolution of the transmembrane potential we
use the general equation
𝐶𝑚

𝑑𝑉 𝑖
𝑖
= − � 𝐼𝑠𝑦𝑛 − 𝑔𝑙𝑒𝑎𝑘 𝑉
𝑑𝑡

with the synaptic currents:
𝑖

𝑖

𝐼𝑠𝑦𝑛 = 𝑔𝑠𝑦𝑛 (𝑉

𝑖

𝑖

𝑖

𝑖

− 𝑉𝑙𝑒𝑎𝑘 , 𝑖 = {𝑃𝑌, 𝐼𝑁}

(2.2)

(2.3)

− 𝑉𝑠𝑦𝑛 )

In these two equations Cm is the membrane capacitance, V is the membrane
potential, Gleak is the leak current conductance, Gsyn is the synaptic current
conductance and Vleak and Vsyn are the reversal potentials of leak current and
synaptic current, respectively. The output of each model population, interpreted
as the collective firing rate, is described by a sigmoid function with offset V0 and
slope (gain) μ:
𝑆 𝑡 =𝜎 𝑉 𝑡

𝜎 𝑉 = 𝑆0 (1 −

(2.4)
1+

1

𝑒 𝜇(𝑉0−𝑉)

)

(2.5)
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Table 2.1 Model parameters (Suffczynski et al., 2004)
Model parameter

Interpretation

Value

Cm
S0, V0, m

Membrane potential
Population nominal response rate, offset and
gain
Reversal potential of leak current
Long term potentiation threshold
Long term depression threshold
Constants of the plasticity process
Step-like function parameter
Amplitude, decay and rise times of synaptic
conductance, reversal potential for AMPA
postsynaptic current

Cm = 1 mF/cm2
S0 = 50, V0 = 7, m = 0.5

Vleak
VLTP
VLTD
k0, l0, k, l
g
AAMPA, a1AMPA,
a2AMPA, VAMPA
ANMDA, a1NMDA,
a2NMDA, VNMDA

Amplitude, decay and rise times of synaptic
conductance, reversal potential for NMDA
postsynaptic current

AGABAa, a1GABAa,
a2GABAa, VGABAa

Amplitude, decay and rise times of synaptic
conductance, reversal potential for GABAa
postsynaptic current

AGABAb, a1GABAb,
a2GABAb, VGABAb

Amplitude, decay and rise times of synaptic
conductance, reversal potential for GABAb
postsynaptic current

qb, sb

Threshold and slope for GABAb receptor
activation
Threshold, slope ande amplitude of sigmoid
function in PY and IN

qs, ss, Gs

V(PY)leak = 60 mV, V(IN)leak = 60 mV
VLTP = 1.5 mV
VLTD = -0.5 mV
k0 = 0.1, l0 = 0.1, k = 2, l = 2
g=1
AAMPA = 10-2 mS/cm2,
a1AMPA = 105 s-1,
a2AMPA = 2500 s-1,
VAMPA = 0 mV
ANMDA = 10-2 mS/cm2,
a1NMDA = 105 s-1,
a2NMDA = 2500 s-1,
VNMDA = 0 mV
AGABAa = 0.1 mS/cm2,
a1GABAa = 85 s-1,
a2GABAa = 2500 s-1,
VGABAa = -75 mV
AGABAb = 0.1 mS/cm2,
a1GABAb = 85 s-1,
a2GABAb = 2500 s-1,
VGABAb = -75 mV
qb = 8 pps, sb = -0.01 pps
qs = 7 mV, ss = 2 mV,
Gs = 50 pps

The dynamics of the synaptic current conductance are described as
𝑑2
2𝑑
1
𝑔 𝑡 +
𝑔 𝑡 + 2 𝑔 𝑡 = 𝐻(𝑡)
𝑑𝑡 2
𝜏 𝑑𝑡
𝜏

𝑚𝑎𝑥 𝑔(𝑡),
𝑔𝑠𝑦𝑛 𝑡 = 𝐺𝑠𝑦𝑛

(2.6)
(2.7)

𝑚𝑎𝑥 is the maximum synaptic conductance and H(t) is the synaptic
where 𝐺𝑠𝑦𝑛
input.

Depending on the parameters, the lumped model can express two different types
of behaviour. It can either be in a steady state or in a limit cycle. But, remarkably,
the model possesses also a third ‘operation point’ (OP) in the parameter space,
namely that of bi-stability, where both dynamic states are present at the same
time and the system can be set to either of them by perturbation or by selecting
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Figure 2.3 State of the model depending on three different synaptic efficiencies, G0 parameters. Above
the red, upper plane the model is in limit cycle only, below the green, lower plane the model is in steady
state only and in between both planes the model is in the bi-stable state.

the initial conditions. The model can therefore have three OPs, depending on
the parameters: an OP with only steady-state behaviour, which reflects normal
brain activity, an OP with only limit cycle behaviour, which reflects paroxysmal
activity and an OP where both types of behaviours can occur. Since we are
interested in the statistical distribution of both ictal and inter-ictal periods we
need to secure the system in the bi-stable state, the state where both types
of behaviour can occur. Figure 2.3 shows the state of the system depending
on three different parameters, representing synaptic efficiencies which will be
discussed later.
NMDA-dependent plasticity
Synaptic potentiation is a plastic phenomenon that depends on properties of
N-methyl-D-aspartate (NMDA) receptors, among other factors. In this work we
introduce NMDA-dependent plasticity only in the interneuron population. Our
model does not have recurrent interactions through the excitatory synapses in
the pyramidal population and therefore the introduction of plastic dynamics on
those synapses will not affect the dynamics of state transitions.
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Depending on pre-synaptic activity and the state of the post-synaptic membrane,
the NMDA synapse can exhibit two types of behaviour. In simplified terms, an
increase of NMDA mediated synaptic conductance represents the process
known as long-term potentiation (LTP); a decrease of the synaptic conductance
is the process known as long-term depression (LTD) (Kalitzin et al., 2000).
In our model the LTP and LTD are modelled by imposing additional time dynamics
on the maximal synaptic conductance, as introduced in equation (2.7):
𝑚𝑎𝑥 = 𝐺 𝑚𝑎𝑥 (𝑡)
𝐺𝑠𝑦𝑛
𝑠𝑦𝑛

(2.8)

Modelling the complete mechanism of NMDA-dependent plasticity would
require multiple channel dynamics, including taking into account the dynamics
of changes of Ca2+ concentration synaptic compartments. Such a model
would still not be complete for the simple reason that the mechanism is not
yet fully understood (Malenka & Nicoll, 1993). Therefore, we use a simplified
two-threshold model hypothesis (Artola et al., 1990; Artola & Singer, 1993),
sometimes referred to as the ABS model. Two voltage thresholds are introduced
for the post-synaptic transmembrane potential. If the potential is above the first
one, the synaptic activity starts to decrease with a rate proportional to the presynaptic activity (LTD effect). Passing the second threshold, however, causes the
reverse effect and the synaptic activity increases (LTP effect). This behaviour is
achieved using the following expression:
𝑚𝑎𝑥 𝑡 = 𝐺 𝑊 1 − 𝑊 𝑡
𝐺𝑠𝑦𝑛
0
𝑚

+ 𝑊 𝑡 , 0 ≤ 𝑊𝑚 , 𝑊(𝑡) ≤ 1,

(2.9)

which splits the synaptic conductance in a dynamic and a constant part. The
conductance can range from G0Wm to G0, with the time-dependent variable
W(t) acting as a new degree of freedom that represents the dynamical part of
the synaptic conductance. Therefore, G0 is the nominal efficiency and Wm is the
minimal fraction according to which the synaptic efficiency can be depressed.
The plasticity dynamics in terms of W(t) can be formulated as
𝑑
𝑡
𝑊 𝑡 = 𝑔 𝑡 [𝜅 𝑊 𝜃𝛾 𝑉 𝑡 − 𝑉𝐿𝑇𝑃
−
𝑑𝑡
𝑡
𝑡
𝜆 𝑊 𝜃𝛾 𝑉 𝑡 − 𝑉𝐿𝑇𝐷 𝜃𝛾 (𝑉𝐿𝑇𝑃 −𝑉 𝑡 )],

(2.10)

where g(t) represents the transmitter release, i.e. the activation of the synapse;
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therefore, both LTP and LTD can only take place when the synapse is active.
𝑡
and
V(t) is the transmembrane potential of the post-synaptic neuron and 𝑉𝐿𝑇𝑃
𝑡
𝑉𝐿𝑇𝐷 are the threshold values for switching between LTP and LTD. The step-like
functions θg are smooth versions of the Heaviside step function and control a
smooth transition between LTP and LTD states depending on the g parameter:
𝜃𝛾 𝑥 =

1
1 + 𝑒 −𝛾𝑥

(2.11)

Finally the k(W) and λ(W) are rates for the modelled LTP and LTD and are
modelled as

𝜅 𝑊 = 𝜅0 1 − 𝑊
𝜆 𝑊 = 𝜆0

𝑊𝑙

𝑘

(2.12)
(2.13)

κ0 and λ0 determine the overall speed of the plasticity process, k and l determine
the behaviour near the terminal points (1 for LTP and 0 for LTD).
GABAa plasticity
Although until now there has been little quantitative knowledge about the
exact mechanism of GABAa plasticity, we examined this process by introducing
plasticity dynamics of the GABAa synapse closely resembling that of the NMDA
model synapses described above. The plastic behaviour of the inhibitory GABAa
synapse is described in terms of the variable fraction W(t) by modifying equation
(2.10) into
𝑑
𝑡
𝑡
𝑊 𝑡 = 𝑔 𝑡 [𝜆 𝑊 𝜃𝛾 𝑉 𝑡 − 𝑉𝐿𝑇𝐷
𝜃𝛾 𝑉𝐿𝑇𝑃
−𝑉 𝑡
𝑑𝑡
𝑡
𝜅 𝑊 𝜃𝛾 𝑉 𝑡 − 𝑉𝐿𝑇𝑃 ],

−

(2.14)

which means that passing the first threshold activates LTP and passing the
second threshold activates LTD of these synapses. Consequently, equations
(2.12) and (2.13) need to be redefined as well, in order to guarantee the stability
of the plastic dynamics:
𝜅 𝑊 = 𝜅0 𝑊 𝑘

𝜆 𝑊 = 𝜆0 1 − 𝑊

𝑙

(2.15)
(2.16)
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To investigate the influence of these forms of plasticity on the seizure
distribution, several simulation sequences were performed using different
parameter settings. In each simulation only one type of plastic synapse was
introduced.
The fraction to which the synaptic efficiency can be depressed was changed at
regular intervals for each simulation and the homeostatic point of the system
was secured in the bi-stable state by setting the nominal efficiency parameter,
G0, accordingly.
Slow Ih channels
A second process that can possibly influence the seizure distribution is the
existence of Ih channels with slow kinetics (Destexhe & Babloyantz, 1993;
Destexhe et al., 1993). These channels are responsible for a hyperpolarization
activated inward current (Ih) and are modelled as follows:
𝐼ℎ = 𝑔̅ℎ 𝐹𝑆(𝑉 − 𝑉ℎ ),

(2.17)

where V is the membrane potential, 𝑔̅ℎ is the maximal conductance of Ih and Vh
the reversal potential of Ih. F and S are the activation variables, where F accounts
for the fast activation and S for the slow activation, defined by
𝑑𝐹
= 𝐻∞ 𝑉 − 𝐹 ⁄𝜏𝐹 (𝑉)
𝑑𝑡
𝑑𝑆
= 𝐻∞ 𝑉 − 𝑆 ⁄𝜏𝑆 (𝑉)
𝑑𝑡

(2.18)
(2.19)

With H∞(V) being the activation function and τF and τS the fast and slow time
constants. The functions are shown in table 2.2.
In order to investigate the influence of the slow Ih channels on the seizure
distribution, an Ih channel was introduced in the pyramidal population.
Simulations were performed with different conductance ( 𝑔̅ℎ ) settings.
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Table 2.2 Activation function and time constants of the slow Ih channels
Function
Activation function

Value

Fast time constant

𝜏𝐹 𝑉 = 𝑒

Slow time constant

𝐻∞ 𝑉 = 1⁄ 1 + 𝑒
𝜏𝑆 𝑉 = 𝑒

𝑉+5 ⁄6.5

𝑉+95 ⁄11.2

� 1+𝑒

𝑉+120 ⁄15.24 ⁄

1000

𝑉+12 ⁄5.5

⁄1000

Statistical fit of model duration of seizure and inter-ictal periods
The membrane potential fluctuations of the pyramidal population is recorded
in the course of the simulations and analysed afterwards. Seizures are
automatically detected by calculating the Gaussian derivative after applying
a Hilbert transform. A threshold is applied to differentiate between seizures
and inter-ictal periods and the durations of both are calculated. The threshold
was set to 0.6 after visual inspection of the signal. A g-distribution fit is applied
to the measured durations. In equation (2.1) g is the fraction of observed (ictal
or inter-ictal) intervals of length x. If the a-parameter, the shape parameter of
the g-distribution, is unity or smaller, the process of starting and terminating
seizures is completely random; if the a-parameter is larger than unity, however,
the system displays a second time scale, or in other words, an activitydependent
mechanism causes the seizures to terminate. The b-parameter, the scale
parameter of the g-distribution, reflects the variation of the length of the
periods, where a large b means more variation.
For each condition we used sequences of 20000 model seconds. We used the
standard function ‘gamfit’ from MatLab® (Mathworks Inc) statistical toolbox
(version 7.5), which gives as output the distribution parameters and their 90%
confidence interval.

Results
Slow Ih channels
The effect of introducing slow Ih channel dynamics is shown in figure 2.4. The
model is initially in a steady state and a pulse is used to force the system into a
limit cycle, which results in an oscillating behaviour of the membrane potential.
The image on the left shows the result with no slow Ih dynamics; in this case
the system stays in limit cycle. On the right, the slow Ih dynamics are active and
cause the limit cycle to terminate and hence the system to return to the steady
state.
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Time

Time

Figure 2.4 Effect of the slow Ih channel dynamics on the system. Left: the system is forced from a steady
state into a limit cycle by a pulse (black, lower line), which results in an oscillating behaviour of the
membrane potential (red, centre line). The slow dynamics (green, upper line) are not active and the
system stays in the limit cycle. Right: the pulse forces the system into a limit cycle, but the activation of
the slow dynamics forces the system back to the steady state.

To give a qualitative impression of the modulation effect of the slow Ih dynamics,
we illustrate typical simulation sequences in the bi-stable regime of the model
with and without the slow dynamics activated. In the upper two plots of figure
2.5 we see that seizure epochs have become shorter and the termination is
facilitated by the increase of the synaptic efficiency.
The corresponding distribution histograms for the seizure and inter-ictal
intervals are shown in the lower four plots of figure 2.5.
To obtain a quantitative validation of these results we derived the gammadistribution properties of equation (2.1) and investigated how the latter are
affected by varying the parameters of the mechanisms studied. Figure 2.6
shows the simulation result of the simulations with the slow Ih channel of the
pyramidal population: it shows a strong effect on the distributions of the seizure
duration, but not on those of the inter-ictal periods. The a-parameter associated
with the seizure duration distribution increases significantly with increasing the
Ih channel conductance, while for the interictal duration distribution it remains
almost constant. The b-parameter plots show a decrease as a function of Ih
channel conductance in the case of seizure duration distribution and a strong
increase for the inter-ictal period distribution.
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Figure 2.5 Typical simulation sequences in the bi-stable regime of the model without (left column)
and with (right column) the slow dynamics activated. The top row shows in red (lower line) the mean
membrane potential of the pyramidal cell population over a period of time and the slow dynamics
current in green (upper line). The middle and bottom rows show histograms of the seizure duration and
the inter-ictal period duration. The vertical axes denote the number of seizures or inter-ictal periods and
the horizontal axes denote the duration in seconds.
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Figure 2.6 Results of slowly varying the Ih conductance of the modelled pyramidal population. The top
row shows the plot of the a parameter, and bottom row the plot of the b parameter. The left column
shows seizure duration results, and right column shows inter-ictal period duration results. The vertical
bars represent the 90% confidence interval of the numerical fit.
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Figure 2.7 Simulation results for the NMDA-type plasticity of the interneuron population. The top row
shows the plot of the a parameter, the bottom row the plot of the b parameter, with the fraction to
which the synaptic efficiency is depressed on the horizontal axis (0: no plasticity, 1: full plasticity). The
left column shows seizure duration results, the right column shows inter-ictal period duration results.
The vertical bars represent the 90% confidence interval of the numerical fit.
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Figure 2.8 Simulation results for GABAa plasticity of the pyramidal population. The top row shows the
plot of the a parameter, the bottom row the plot of the b parameter, with the fraction to which the
synaptic efficiency is depressed on the horizontal axis (0: no plasticity, 1: full plasticity). The left column
shows seizure duration results, the right column shows inter-ictal period duration results. The vertical
bars represent the 90% confidence interval of the numerical fit.

Synaptic plasticity
We investigated the effects of plasticity of the GABAa synapses, as well as of
NMDA synapses on the interneurons. Similar results to those illustrated on figure
2.5 were obtained. In contrast with the result shown in figure 2.4, however, the
introduction of synaptic plasticity did not remove the limit cycle but only made
it ‘less stable’, in the sense that weaker perturbations were able to bring the
system back to the steady state. To quantify this phenomenon we studied the g
-distribution parameters obtained from simulations with noisy input.
Figure 2.7 shows the results of the simulations with the NMDA-type plasticity of
the interneuron populations. It shows a minor increase of the a-parameter for
seizure duration and almost no difference on inter-ictal periods. The plasticity
mechanism of the interneurons causes a minor decrease of the b-parameter
for seizure duration and has almost no effect on inter-ictal periods. The results
of the GABAa plasticity are shown in figure 2.8. A considerable increase of the
a-parameter can be observed for seizure duration and a minor increase for
inter-ictal periods. The b-parameter shows a decrease for the inter-ictal periods.
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Discussion and conclusions
This study demonstrates that plasticity due to ‘activity dependent’ neuronal
parameters, i.e. parameters that change as a function of neuronal activity, can
account for the experimental fact that distributions of the duration of ictal
periods deviate from those of a random walk process. Therefore, the effects
of such plastic changes in bi-stable systems, where state transitions (interictal to ictal) occur randomly (Suffczynski et al., 2004), can provide a realistic
representation of the dynamics of state transitions in the epileptic brain. In the
present modelling study we have investigated three sets of plastic parameters,
namely (i) NMDA- and (ii) GABAa synaptic efficiencies (interpreted as channel
conductances) and (iii) Ih slow-current conductances. The plasticity dynamics
of these model quantities were found to affect the distributions of ictal periods
and to bring these distributions closer to the experimentally observed ones.
This is reflected in changes of the a-parameter of the g-distribution of durations
of ictal periods. The time evolution of these model parameters did not affect
the essential characteristics of the inter-ictal interval distributions, which are in
accordance with the phenomenology. This indicates that seizures are triggered
by random perturbations but that plastic changes in the system play a role in
their termination.
Not all plastic changes contribute equally to the desired effect. The results for
NMDA type plasticity in the interneuron population showed a slight increase of
the a-parameter for ictal periods, but the effect was not very large, indicating
that this parameter does not contribute significantly to this phenomenon. In
contrast, the Ih conductances contribute to a significant increase in a-value. This
is an important result since it shows that these conductances, which play an
important role in neuronal homeostasis, may contribute to seizure termination.
Previous studies show that the impairment of Ih in the cortex of WAG/Rij rats may
be associated with epileptogenesis (Strauss et al., 2004; Schridde et al., 2006).
Another striking result is the significant increase of the a-parameter caused
by GABAa plasticity, although this is more modest than that caused by Ih
conductances. This is particularly interesting in the light of the experimental
observation that WAG/Rij rats showed different kinds of distributions of ictal
periods depending on whether or not they were injected with the GABA
agonist Vigabatrin. While the ‘Vigabatrin rats’ showed an a-value around unity
(Poisson process), the non-injected rats showed values significantly larger than

24

Plasticity modulated seizure dynamics

unity. The former results correspond to those reported here for the original
model without GABAa plasticity added, while the latter correspond to the
model including activity-dependent parameters. Vigabatrin acts by inhibiting
GABA-transaminase and its antiepileptic action is a result of it increasing the
concentration of GABA in the brain. In this way the overflow of GABA would
make plastic changes in GABAa inoperative. Indeed, plastic changes in GABAa
synaptic efficacy will be blocked if the concentration of neurotransmitter is high
enough to saturate the post-synaptic receptors, as pointed out by Gaiarsa et al.
(Gaiarsa et al., 2002).
Accordingly, the blockade of this GABAa plasticity mechanism might leave the
seizure duration simply dependent on a Poisson process. Under the Vigabatrin
condition, however, the Ih conductance parameter might still be operational,
which could also lead to a deviation of seizure duration from random. Such a
deviation was, however, not found in the experimental study (Suffczynski et al.,
2006), suggesting that the increase in GABA induced by Vigabatrin may affect
Ih conductance as well. This corroborates the observation that the activation
of GABAb receptors can decrease Ih by reducing the maximal current (Jiang
et al., 1993). Whether this also holds true for GABAa receptors is not clear. This
possibility, however, may be further tested experimentally.
In conclusion, the results of the computational model support the hypothesis
that certain types of epileptic seizures, namely absence seizures, can be triggered
by random, exogenous or endogenous perturbations, but their termination,
and thus their duration, is determined by activity-dependent parameters.
The most relevant of these appear to be GABA receptor plastic changes and
Ih conductance dynamics. A similar modelling approach to that applied in the
current study can be extended to other, more complex, models of epileptic
seizures, exploring the same and possibly other activity dependent parameters.
This may lead to the development of procedures and protocols for controlling
the duration of epileptic seizures by means of interventions targeting plastic
dynamics of neuronal networks.
These findings can be of relevance in the quest for seizure prediction algorithms
where the evaluation of various proposed schemes has been based mainly
on pure phenomenology and statistics (Winterhalder et al., 2003; Wong et
al., 2007). If certain types of seizures are generated as fluctuation-induced
transitions, their prediction can only be a probabilistic one. In other words,
in such a scenario we can only hope for an assessment of the instantaneous
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probability of epileptic seizures (Lopes da Silva et al., 2003a; Kalitzin et al., 2005),
but not for a ‘classical’ prediction involving a prediction horizon. Alternatively,
if some slow plastic changes that are responsible for seizure generation, have
deterministic dynamic patterns and can be detected prior to the seizure, then
accurate seizure predictions become in principle realistic and well founded.
Finally, validation of model predictions by experimental findings can be used
‘in reverse’, namely to attempt to reconstruct the physiology that causes certain
phenomena, such as transitions to epileptic states. As we have illustrated with the
simulation of postulated GABA synaptic receptor plasticity, changes detected
from the statistical properties of seizure duration distribution may indicate
the partial or complete blockage of certain types of synaptic channels. Such
‘reconstructive computational modelling’ may become a valuable instrumental
addition to the diagnosis and the treatment strategy of epilepsy.
Finally, we note that although our results are obtained within one particular
model of autonomous seizure generation, some of the conclusions may be
valid in more general scenarios of systems with multiple dynamic states. Such
scenarios of multi-stability involving chaotic attractors have recently been
investigated (Dafilis et al., 2009). In our specific model the two states, normal
and epileptic, are defined by a point attractor and a limit cycle. The statistical
analysis of transitions between these two states however, does not depend on
the type of the states. The possibility that certain types of non-epileptic brain
states can be described by limit cycles or higher dimensional attractors has
been explored in biological data by (Stam et al., 1999).
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Abstract
In previous studies we showed that both realistic and analytical computational
models of neural dynamics can display multiple sustained states (attractors)
for the same values of model parameters. Some of these states can represent
normal activity while other, of oscillatory nature, may represent epileptic types
of activity. We showed also that a simplified, analytical model can mimic this
type of behaviour and can be used instead of the realistic model for large scale
simulations. The primary objective of the present work is to further explore the
phenomenon of multiple stable states, co-existing in the same operational
model, or phase space, in systems consisting of large number of interconnected
basic units. As a second goal, we aim to specify the optimal method for state
control of the system based on inducing state transitions using appropriate
external stimulus. We use here interconnected model units that represent the
behaviour of neuronal populations as an effective dynamic system. The model
unit is an analytical model (Kalitzin et al., 2011) and does not correspond directly
to realistic neuronal processes (excitatory-inhibitory synaptic interactions,
action potential generation). For certain parameter choices however it displays
bi-stable dynamics imitating the behaviour of realistic neural mass models. To
analyse the collective behaviour of the system we applied phase synchronization
analysis (PSA), principal component analysis (PCA) and stability analysis using
Lyapunov exponent (LE) estimation.
We obtained a large variety of stable states with different dynamic characteristics,
oscillatory modes and phase relations between the units. These states can be
initiated by appropriate initial conditions; transitions between them can be
induced stochastically by fluctuating variables (noise) or by specific inputs. We
propose a method for optimal reactive control, allowing forced transitions from
one state (attractor) into another.

Introduction
Human brain is arguably the most complex system studied by science. To the
present it is still unclear how information is stored, retrieved and processed in
the brain. It has been suggested that brain oscillations at the higher frequencies,
particularly in the g range, are specially adequate to engage relatively discrete
populations in encoding specific information within neuronal assemblies, but
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how this process would take place is still unknown. At the same time adverse
neurological conditions such as epilepsy are associated with states of highly
synchronized brain activity, called seizures, but the exact nature of these states
and the dynamics of transitions to these states is still largely unknown.
Computational models (van Drongelen et al., 2005) can have face value in
describing given physiological phenomena and can have constructive power in
specifying various factors responsible for such phenomena. They are however
vulnerable to parameter choices, especially in situations when basic data are
scarce. Indeed the interpretation of the results can be ambiguous as many
factors can contribute to the same overall effect and in this way the constructive
power of the model may be compromised. Finally, there is no amount of detail
that can truly render a model as ultimately realistic.
Based on our past experience of constructing neural mass models (Lopes da
Silva et al., 1974; Suffczynski et al., 2004; Suffczynski et al., 2006) we were able
to demonstrate the conditions under which transitions between normal and
abnormal dynamics in neuronal networks occur, as in epilepsy, and were able to
predict the possibility of seizure control based on an acute stimulation procedure
(Suffczynski et al., 2005; Koppert et al., 2013), which has been experimentally
demonstrated (Osorio & Frei, 2009). Other researchers too have exploited the
advantages of neural mass models in the context of distributed systems (Moran
et al., 2013; Pinotsis et al., 2013) but in those works models with only a single
ground state were investigated and the existence of and transitions between
multiple ground states were not explored.
This experience led us to explore the possibility of developing models that
have simpler construction yet at the same time display the powerful property
of multi-stability. In this way we introduced analytical models, the so-called
Z6 models, that can reproduce some fundamental properties of the realistic
models (Kalitzin et al., 2011). A similar model approach was adopted by other
authors and applied to larger scale systems (Benjamin et al., 2012; Goodfellow
et al., 2012; Terry et al., 2012) where new collective phenomena were explored.
The concept of mapped oscillators (Zalay & Bardakjian, 2008) independently
developed showed that simplified models of this type can represent realistic
EEG rhythmic patterns by means of non-linear signal mappings. Recently we
analysed Z6 model units coupled with positive coefficients (mutual excitation)
and found collective properties leading to multi-stability spectra that may
represent multi-level memory states (Koppert et al., 2014).
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In this chapter we concentrate on the detailed mathematical analysis of the Z6
model. The predictions of our model indicate that the system dynamics features
randomly (by noisy fluctuations for example) or purposefully (as, for example,
in therapeutic paradigm) induced transitions between oscillatory states of
different frequencies and noticeably, with different phase relations between
the individual units. Such transitions have been experimentally observed and
quantified in MEG recordings of human subjects during cognitive tasks (Palva et
al., 2005) as well as in on-going EEG recordings in variety of conditions (AlvaradoRojas & Le Van Quyen, 2012). Therefore we have assumed here that discrete
synchronization states may be essential ingredients in brain’s information coding
and processing. Phase synchronization has also been explored extensively
in relation to possible diagnostic applications in various adverse conditions,
or states, such as attention disorders (Ahmadlou & Adeli, 2011), Alzheimer's
disease (Sankari & Adeli, 2011; Sankari et al., 2011) and epilepsy (Serletis et al.,
2013). The majority of works are based on phenomenological signal analysis,
where the main objective is to develop tools for detection and identification
of synchronization related states (Vejmelka et al., 2010; Sankari & Adeli, 2011;
Sankari et al., 2011). The question that remains open is the dynamic origin
of such synchronization. Although the existence of stable periodic states in
systems of coupled nonlinear oscillators has been studied earlier (Ermentrout,
1992), the emphasis here is on the simultaneous existence of such states for
the same system realization. Neural network models dynamically generating
synchronous activity have been developed by various researchers (Liang et
al., 2009), also using structural data from imaging modalities (Rangaprakash
et al., 2013), the main contribution of model is to demonstrate the existence
of multiple, distinct synchronization states that competitively determine the
system’s behaviour for the same set of structural parameters. Understanding
the dynamics behind the multi-stability and the transitions may lead to the
development of new paradigms for brain state control (Koppert et al., 2011)
which may even have therapeutic applications in, for example, epilepsy.
The essential novelties proposed in this work are (1) the presentation of the
full spectrum of states of a single Z6 unit as function of its parameters; (2) the
exploration and quantification of features of multiple stable states in systems of
coupled Z6 units; (3) the proposal paradigms for inducing transitions between
a given state and a target state.
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This chapter is organized as follows. In the methods section we remind the
definition of the Z6 model and introduce also the interaction term. To quantify the
states of the system we present the methods of phase synchronization analysis
(PSA), principal component analysis (PCA) and stability analysis using Lyapunov
exponent (LE) estimation. In the results section we present simulations and
the state-analysis of two model systems, one with two and another one with
nine units. Finally we present our major conclusions and a discussion of the
advantages, limitations and possible future directions of this work.

Pyramidal population

Interneuron population

Y

Z
X

Figure 3.1 A schematic illustration of the correspondence between the realistic and the analytical
models. A two-lump neural mass model, described in detail in (Koppert et al., 2011) is represented as
a functional diagram. The outputs of the two populations, the pyramidal neurons (in blue) and the
inhibitory interneurons (in red) during the oscillatory phase are superimposed on the bottom plot. We
observe the π/2 phase difference between the two signals which justifies the combination of the two
values into a single complex variable as shown in the schematic illustration in the top-right corner.
Therefore we can roughly identify the complex dynamic variable Z(t) of the analytical model composed
of the population-averaged trans-membrane potential of the pyramidal and interneuron populations
as its real and imaginary parts correspondingly.
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Methods
Abstract analytical Z6 model
The core of our present work is the analytical Z6 model introduced earlier in
(Kalitzin et al., 2011). In figure 3.1 we display schematically how this model can
be inferred from a realistic model of neuronal populations described in detail
in a sequence of articles (Lopes da Silva et al., 1974; Suffczynski et al., 2004;
Suffczynski et al., 2006). In short, we interpret the output of a realistic neuronal
cell complex consisting of two groups of neurons – excitatory and inhibitory
respectively as the real and imaginary parts of a single complex variable Z. At
the end of this section we consider the formal correspondence between the Z6
model parameters and fundamental properties of the real neuronal systems. A
more elaborate quantitative analysis of this mapping and the correspondence
between the dynamic properties of these two levels of modelling is provided
in Chapter 4 (Koppert et al., 2014).
The first order dynamics of the complex variable Z is postulated by equation
(3.1).
𝑑
𝑍= 𝑎𝑍
𝑑𝑡

4

+𝑏 𝑍

2

+𝐶 𝑍+𝜀 𝑡

(3.1)

Here 𝑍 = 𝑥 + 𝑖𝑦 is a complex variable, function of time, a,b are real constant
coefficients and 𝐶 = 𝑐 + 𝑖𝜔 is a constant complex coefficient. The term ε(t) is
the complex input to the system, eventually including white noise components.
Equation (3.1) describes the dynamics of a non-linear oscillator. Such systems
have been introduced earlier but of lower polynomial degree. The reason we
introduce the higher degrees in the model is to be able to obtain a system
featuring multiple stable states, or attractors, as we will show in the sequel.
Equation (3.1) is invariant under constant phase rotations 𝑍 → 𝑒 𝑖𝜑 𝑍 . To analyze
the stationary behaviour of the solutions of equation (3.1), ignoring the input
ε(t), we can derive the following two equations describing the time evolution
of the radial and angular components of 𝑍 𝑡 ≡ 𝜌 𝑡 𝑒 𝑖𝜑 𝑡 ; 𝜌 ≡ 𝑍 2 ≡ 𝑍𝑍 .
Multiplying equation (3.1) with 𝑍 ≡ 𝜌 𝑡 𝑒 −𝑖𝜑 𝑡 , the complex conjugate of
Z, and adding the complex conjugated product, one can obtain the following
equation:
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𝑍

𝑑
𝑑
𝑑
𝑑
𝑍+𝑍 𝑍 =
𝑍𝑍 ≡ 𝜌 =
𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑𝑡
2𝑎 𝑍 6 + 2𝑏 𝑍 4 + 2𝑐 𝑍 2 ≡ 2𝑎𝜌3 + 2𝑏𝜌2 + 2𝑐𝜌

(3.2a)

𝑑
𝑑
𝑑
𝑍 − 𝑍 𝑍 ≡ 𝜌 𝑡 𝑒 −𝑖𝜑 𝑡
𝜌 𝑡 𝑒 𝑖𝜑 𝑡 −
𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑
𝑑
𝜌 𝑡 𝑒 𝑖𝜑 𝑡
𝜌 𝑡 𝑒 −𝑖𝜑 𝑡 = 2𝑖𝜌 𝜑 ≡ 2𝑖𝜌𝜔
𝑑𝑡
𝑑𝑡

(3.2b)

Subtracting the complex conjugated product we get the complimentary
equation:
𝑍

The last equation, (3.2b), shows that the rate of change of the complex phase,
or the rotational frequency of the system is given (for ρ>0) by ω, the imaginary
part of the C coefficient in equation (3.1).
The stationary solutions of equation (3.2a)
𝑑
𝜌 ≡ 2𝐹 𝜌 = 0; 𝐹 𝜌 = 𝑎𝜌3 + 𝑏𝜌2 + 𝑐𝜌
𝑑𝑡

(3.3a)

correspond to either a steady state at ρ=0 or to limit cycles for ρ>0 if such
solutions exist. Stability of a stationary solution is given by the condition
𝜇 𝜌 ≡

𝑑
𝐹 𝜌
𝑑𝜌

𝐹 𝜌 =0

< 0;

(3.3b)

To ensure that the system does not diverge at 𝑍 → ∞ , we must assume that
the coefficient in front of the highest order of |Z| in the RHS of equation (3.1) is
negative, therefore we assume throughout this work a<0.
The solutions of equation (3.3a) given together with the stability criterion from
equation (3.3b) are (for detailed derivation see the Appendix)
{𝜌 = 0, 𝜇 = 𝑐}

𝜌 = −𝑏 + 𝑏 2 − 4𝑎𝑐 � 2𝑎 , 𝜇 = 𝜌 𝑏 2 − 4𝑎𝑐

𝜌 = −𝑏 − 𝑏 2 − 4𝑎𝑐 � 2𝑎 , 𝜇 = −𝜌 𝑏 2 − 4𝑎𝑐

(3.4a)
(3.4b)
(3.4c)
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From equations 3.4 it is straightforward to classify the spectrum of dynamic
attractors (stable stationary solutions) for the system, given by equation (3.1),
depending on the selected constant parameters {a,b,c}. If c>0, equation (3.4a)
produces an unstable stationary point (a ‘repulsor’), while either equation (3.4b)
or equation (3.4c) (depending on the sign of b) will yield a real positive root (as a
<0). Therefore in this case the system will have just one stable limit cycle. In the
case c<0, equation (3.4a) gives a stationary stable point attractor at the origin
ρ=0. If further b<0 then equations (3.4b) and (3.4c) will lead to solutions with
only a negative real part (we remind that a<0) and therefore no further stable
attractors. If b≥0, then the system may have a second attractor corresponding
to the solution given by equation (3.4b), a limit cycle, provided 𝑐 > 𝑏 2 ⁄ 2𝑎 .
To summarize, the following stable solutions are possible:
𝑎 > 0 → unstable system
𝑎 < 0, 𝑐 > 0 → one stable limit cycle (LC)
𝑎 < 0, 𝑐 < 0, 𝑏 < 0 → one stable steady state (SS)
𝑎 < 0, 𝑏 ≥ 0,0 > 𝑐 > 𝑏 2 ⁄ 4𝑎 → bi-stability,one SS and one LC
𝑎 < 0, 𝑏 ≥ 0, 𝑐 < 𝑏 2 ⁄ 4𝑎 → one stable SS

A summary of the model asymptotic-state properties is given in figure 3.2. We
see that in addition to the bifurcation features of lower-order models, such as
Landau-Stuart oscillator, our unit features multi-stability, or the possibility to
competitively occupy, depending on the initial conditions, two different states
without changing any parameters. To our knowledge this is the simplest model
with such property and can be regarded as direct extension of the previous
non-linear dynamic models. We note also that our model has a rich bifurcation
structure as seen from figure 3.2, upper plot. Any parameter trajectory that
crosses the borders between the regions can contain one or more bifurcation
points. We present next the multi-unit interaction model of equation (3.1) by
adding an extra index of the unit 𝑍 → 𝑍𝑖 , 𝑖 = 1 ⋯ 𝑁 and introducing linear
coupling term as:
𝑑
𝑍 = 𝑎 𝑍𝑖
𝑑𝑡 𝑖

4

+ 𝑏 𝑍𝑖

2

+ 𝐶 𝑍𝑖 + �

𝑁

𝑗=1

𝐺𝑖𝑗 𝑍𝑗 + 𝜀𝑖 𝑡

(3.5)

In this work we consider the dynamics of N units, interacting linearly through
a general complex matrix G. The coefficients may be the same or different for
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the different units, the noise input is generated independently for each unit.
For the simulations shown below, we assume, unless otherwise stated, parameters
corresponding to bi-stable phase space, 𝑎, 𝑏, 𝑐, 𝜔 = {−1,2, −0.9,1 + 𝛿𝜔}
where δω is a random number distributed equally in the interval -0.2 0.2. This
choice is made to avoid artificial phase locking because of equal phase velocities
in the multi-unit configurations.
Although the model introduced by equation (3.1) does not directly represent
any physiological reality, we can interpret some of the parameters as “surrogates”
of realistic quantities. The coefficient b>0 can be associated with the overall
excitability, or action potential generation feature, in a neuronal lump, the
coefficient a<0 represents the refractory and shunting properties of the neurons
preventing infinite activation rates, while c quantity represents the balance
between synaptic excitation and inhibition inside the neuronal ensemble.
5
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Figure 3.2 Illustration of the parameter regions of a single Z6 unit. We have presented on the left frame the
spectrum of stable state as function of the two essential parameters in the model. Any line that crosses
border(s) between the zones is a bifurcation line (BL) and the crossing points are bifurcation points (BP).
We show two examples, two vertical BL’s, that represent a transition from steady state to limit cycle
(the left BL) and another one (the right BL) that crosses the bi-stability zone in two BPs and represents
transition with a hysteresis. The right frame presents in pseudo-colour code the size (radius) of the limit
cycle as function of the (b,c) parameters. Note the “catastrophic” transition when c parameter rises for
b>0 values due to the bi-stability region compared to the smooth deformation from a steady-state (or
point attractor) into a limit cycle with increasing radius when b<0.
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Phase synchrony analysis (PSA)
To analyse the phase synchronization patterns in simulated multi-unit systems
we introduce the phase locking measure as:
𝑃𝑖𝑗 =

∑𝑇𝑡=1 𝑍𝑖 (𝑡)𝑍𝑗 (𝑡�

∑𝑇𝑡=1 𝑍𝑖 (𝑡)𝑍𝑗(𝑡)

, 𝑖, 𝑗 = 1 … 𝑁

(3.6)

Where T is the size of the time window, in our case the whole simulation session.
In equation (3.6) Pij is a complex Hermitian matrix.
The magnitudes 0 ≤ 𝑃𝑖𝑗 ≤ 1 represent the phase locking strength (1 - full
phase locking, 0 - random relative phase)
Principal component analysis (PCA)
The nominator in equation (3.6) is the cross-correlation matrix between the
elements Zi
𝑇

𝑋𝐶𝑖𝑗 = �

𝑡=1

𝑍𝑖 (𝑡)𝑍𝑗 (𝑡�

(3.7)

𝑉𝑖𝛼 𝑍𝑖 (𝑡)

(3.8)

The system of eigenvectors and eigenvalues of XC 𝑉𝑖𝛼 , 𝜌𝛼 , 𝛼 = 1 … 𝑁 indicate
the number of uncorrelated oscillatory modes contained in the particular
solution of equation (3.5).
Each principal component, corresponding to correlated collective activity, is
defined then as:
𝑊 𝑎 (𝑡) = �

𝑁

𝑖=1

For these components we can define averaged phase velocity as:

𝐹𝑎 ≡

∑𝑡 𝑊 𝑎 (𝑡)

𝑑 𝑎
𝑊 (𝑡�
𝑑𝑡
�
∑𝑡𝑊 𝑎 (𝑡)𝑊 𝑎 (𝑡�

(3.9)

The quantity defined in equation (3.9) can be used to distinguish different
rhythmic components present in the given attractor.
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2d. Stability analysis
The above measures, the PSA and PCA reflect the overall synchronization
properties of the solution but do not provide information about the
dimensionality of the stable attractor occupied currently by the system. There
are various techniques introduced in the literature that provide more subtle
analysis of the non-linear aspects of the dynamics. Here we apply a version
of the Lyapunov exponent estimation (Ohayon et al., 2004a) that does not
assume homogeneity or isotropy of the attractor as some other estimation
techniques do and therefore has been particularly useful in analysing systems
with intermittent behaviour as an alternative scenario for seizure generation
(Ohayon et al., 2004b).
For a real vector valued time series 𝑆 𝑡 = {𝑆𝑘 𝑡 , 𝑆𝑘 ∈ 𝑅, 𝑘 = 1 … 𝐾} we use
the following constructive definition of local Lyapunov exponents. The method
depends on two parameters r, τ representing the size of test neighborhoods
in signal space and the time projection interval. First, assuming Euclidean
vector norm in the measurement space, we define for each sample point t a
neighborhood Ω𝑡 = {𝜃: 𝑆 𝑡 − 𝑆 𝜃 < 𝑟}. Next we define the following two
𝐾𝑥𝐾 matrices:
𝐻𝑘𝑙 𝑡 =

𝑀𝑘𝑙 𝑡 =

𝑆𝑘 𝑡 − 𝑆𝑘 𝜃

𝑆𝑙 𝑡 − 𝑆𝑙 𝜃

𝑆𝑘 𝑡 + 𝜏 − 𝑆𝑘 𝜃 + 𝜏

(3.10a)

𝜃∈Ω𝑡

𝑆𝑙 𝑡 − 𝑆𝑙 𝜃

𝜃∈Ω𝑡

(3.10b)

The phase-space deformation tensor is then estimated as:
𝐷 𝑡 = 𝐻 −1 𝑡 𝑀 𝑡

(3.11)

{𝐿𝑘 𝑡 , 𝑘 = 1 … 𝐾} = 𝑟𝑒𝑎𝑙(log(𝑒𝑖𝑔 𝐷 𝑡 ))

(3.12)

We define then the time dependent Lyapunov exponent system as the K
numbers given at each sample point as the real part of the logarithm of the
eigenvalues of the D matrix:
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In our simulation analysis, the above technique was applied to the K=2N
dimensional time series
𝑆 𝑡 = 𝑟𝑒𝑎𝑙 𝑍𝑖 𝑡 , 𝑖𝑚𝑎𝑔 𝑍𝑖 𝑡

,𝑖 = 1…𝑁

(3.13)

The spectrum of Lyapunov exponents can be used to estimate the dimensionality
of the current attractor the system occupies as the number of non-negative
Lyapunov exponents. For a point-attractor it is zero (all exponents are negative),
for a limit cycle it is one (only the exponent along the limit cycle direction is
non-negative) and so on.
We define the averaged Lyapunov dimension (LD) as
2𝑁

𝐿𝐷 ≡ � 𝐿𝑖 𝑡 ≥ 0
𝑖=1

𝑡

(3.14)

In the sequel we used [r,τ]=0.2,60 and the signals were normalized to unit
standard deviation. All calculations are done on a PC using custom software
written in Matlab®, Mathworks Inc, release 2014a.

Results
Two interacting Z6 units
Here we show that even in the simplest case of two interacting units, a variety
of dynamic patterns can co-exist for the same parameters and couplings. The
system can settle to one or another pattern depending on the initial conditions.
In figure 3.3 four different patterns are shown as results from simulations with
connectivity matrix in equation (3.5) given as the anti-Hermitian matrix
𝐺𝑖𝑗 = 0.5

0
𝑖

𝑖
0

(3.15)

The noise level was set to 0.1 (the standard variation of a random process with
normal distribution). Each trace is generated under different initial conditions
as indicated on the frame titles. Note the different phase velocity for the second
and the third traces indicating different rhythmic modes accompanied by
different phase relations between the oscillators.
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Figure 3.3 Four traces of the two unit model system. All traces correspond to simulations with identical
parameters but different initial conditions. The initial conditions are indicated [S1 S2] on the top of each
frame. The first frame represents steady state point where only filtered noise forms the time course of
the signal. Note the change of frequency when phase relations are changed between traces on the
second and third frame. The last frame represents a quasi-oscillatory attractor where the phase relations
between the two units are not-constant in time.

Figure 3.4 The same traces as in figure 3.3 but presented as 3D trajectories. The X and Y axes are the
real parts of correspondingly the first and the second unit, the Z-axis is the imaginary component of
the first unit. The legend indicates the initial conditions {Z1(t=0), Z2(t=0)} bringing the system to the
corresponding attractors.
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This result conforms to findings of previous work (Izhikevich, 2001; Azad &
Ashwin, 2010) on coupled elliptic oscillators, called “bursters”, obeying dynamics
similar to equation (3.1).
Figure 3.4 represents the 3D rendering of the same traces. The full analysis of
the attractor spectrum as function of the initial phase difference between the
two units is given in figure 3.5. The plot contains information about the selected
initial phase (the polar angle of each line ending on a black star), the phase
velocity of the system (the length of the line), the phase coherency, equation
(3.6), between the two units (the length of the arrow at each black star) and
the asymptotic phase difference between the two units (the polar angle of the
arrow, pointing up means the two units are in-phase). In addition, the solid patch
in the centre represents the average value of the maximal Lyapunov exponent,
given by equation (3.12). Three states for this set of initial conditions can be
seen. Two of the states are of a limit cycle type and remarkably display different
phase difference between the units and different rotational frequency. The third
state has also an oscillatory nature but there is no overall coherency between
the units. As seen from figure 3.4 and the fact that for this state the maximal
Lyapunov exponent is positive, the state corresponds to a two-dimensional
attractor. In addition, a stable steady state is generated by the initial condition
𝑍𝑖 𝑡 = 0, 𝑖 = 1,2. There are no further states than these four stable states for
this parameter set and connection matrix, equation (3.15).
The set of states is dependent on the parameters chosen. Figure 3.6 shows how
changing the c-parameters of both units simultaneously can create or destroy
attractors. The c-parameter controls the transition between steady state, limit
cycle and bi-stability regimes in the case of a single unit. In case of two coupled
units it can create and destroy attractors of higher dimension. Finally in figure
3.7 we show a trace with spontaneous, noise induced transitions between some
of these states.
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Figure 3.5 Scan of the asymptotic behaviour of the system as function of the initial conditions. Thirty six
simulations were conducted with a set of initial conditions 𝑍1 (0), 𝑍2 (0) = 1, 𝑒 𝑖2𝑘𝜋⁄36 , 𝑘 = 0 … 35.
Each line from the centre of the plot corresponds to one simulation, the angle from the positive vertical
axis representing the initial phase between the units. The length of the line represents the phase velocity
measured on the asymptotic trace. The blue arrows from the end of the lines (indicated as stars) visualize
the phase coherence between the two units when reaching the attractor. The length of the arrows is the
phase synchrony and the orientation angle is the relative phase. Therefore an upward pointing arrow of
unit length corresponds to +1, or in-phase oscillators; a downward arrow of unit length indicates -1, or
anti-phase oscillators and finally, arrow of zero length corresponds to no correlation. The radial extension
of the green filled patch in the centre of the plot is the Lyapunov dimension as given from equation (3.14)
calculated when the system reaches its stationary attractor. This number represents the estimation of
the attractor dimension. From this analysis we can distinguish the properties of the three oscillatory
attractors of figures 3.3 and 3.4. The five asymptotic vertical arrows pointing upward correspond to
the second plot of figure 3.3, the limit cycle (attractor of dimension one) with synchronized asymptotic
behaviour. The lower five arrows pointing downwards are the limit cycle state with anti-phase oscillations
as shown on the third plot of figure 3.3. Note the 3:1 ratio of the phase velocity between these two limit
cycles. The rest of the initial conditions lead to an oscillatory attractor which however does not elicit
phase synchronization between the units. It is of higher dimension (in figure 3.4 identifiable as twodimensional torus in the four dimensional phase space) as also clear from the averaged number of
positive Lyapunov exponents (the green patch). This attractor is also presented on the bottom frame
of figure 3.3.

Larger scale (N=9) network of interconnected Z6 units
Systems comprising more units can show multiple different stable states. In
figures 3.8a-c three such states are presented. Along with the time traces, the
coherency matrices, equation (3.7), are also shown (top-left pseudo colour
plots) as well as the PCA (top right pseudo-colour plots) and the distribution of
the instantaneous Lyapunov exponents (the insert box-plots). It is clear that the
two oscillatory states shown on figures 3.8a, b are different but also that they
may involve the same units (unit 2 for example). Each eigenvector, represented
as a column in pseudo-colour in the top-right plots in 3.8a-c, defines a collective
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Figure 3.6. Evolution of the state-spectrum of the system of coupled Z6 units as function of the c-parameter
taken identical for both units. The three axes are the same as in figure 3.4. When the c-parameter is in
the bistability domain (middle plot) there are three attractors as described in figures 3.3 and 3.4. When
the parameter is positive (top plot) there are only two limit cycles left corresponding to the two units
oscillating synchronously in phase or in opposite phases. Finally, when the c-parameter is in the steadystate region, only the point-attractor remains in the state spectrum of the system.

Figure 3.7 Illustration of noise-induced transitions between the various states of the two unit system. The
two units change between the two limit cycles characterized by different frequency of oscillation and by
different relative phase. Also transitions from and to non-oscillatory steady state are shown. Transitions
occur because of the noisy fluctuations of the input and do not involve any parameter changes.

44

Multiple oscillatory states

principal component (see equation (3.8)) as a linear combination of the traces
of the individual oscillators. The pseudo-colour scale represents the weight of
the corresponding oscillator in that collective mode. Therefore, if the weight of a
given individual oscillator is high in two different eigenvectors, we can conclude
that the corresponding unit participates in both collective modes. For the state
shown in figure 3.8a we see that two major principal components are active and
they are associated with units 1,8 and 2,9 correspondingly. Because these two
groups of units are non-overlapping the attractor is a direct product of two limit
cycles. The other state of the same system shown in figure 3.8b has only one
principal component involving units 1, 2 and 3 that oscillate synchronously but
with non-zero phase lags. In this case the attractor is a limit cycle.
The third attractor of the same system shown on figure 3.8c is characterized
by a higher dimension and comprises two essential principal components, or
non-correlated oscillatory modes.
Remarkably, the same units 6, 8 and 9 participate in both components which
is consistent with the high dimensionality of the attractor. For the same system
parameters and couplings we found also a fully entrained state where all units
oscillate in phase, and a non-oscillatory steady state.
Transitions between these states are shown in figure 3.8 where we have used
specially tuned, state dependent stimuli to provide state transitions by applying
a single pulse to the system. We note also that the total activity, the sum of
the real parts of all units, represented as a thick black line in each of the plots
does not change significantly for the first two transitions. Only when the system
undergoes transition from a fully synchronized state to another state does the
total activity change from oscillatory into a background type of activity. This
indicates that certain transitions may be unobservable by means of summed
activity.
The transitions shown on figure 3.9, as explained in the caption, involve
simultaneous stimulation of all units with a state-dependent instantaneous
input. This might be optimal in simulation trials but may present insurmountable
technical challenge in case of an experimental realization. Typically in in-vitro
preparations or in-vivo experiments we can only measure and stimulate one
part of the system without having control over the rest. To produce a testable
paradigm for controlled state transitions, we performed stimulations where
an input of finite time duration and specific shape is applied to only the real
component of one of the units of the system. In the illustration of figure 3.10
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stimulation sequences specifically designed to induce transition from the
current state to any desired state of the two-unit system described and analysed
in the previous section were applied. In both computational experiments the
transitions between the different competitive attractors were achieved using
feedback stimulation, in other words measuring the current state of the system
or part of it and using this signal to construct a suitable input. In the simulations of
figure 3.9 the instantaneous state of all units was used, while for the simulations
of figure 3.10 only the data from the real component of one unit was inverted
and adding the target state signal was fed back to the unit.
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Figure 3.8a Results from simulation of a nine-unit system. The connection matrix is randomly generated.
Then simulations are done with randomly chosen initial conditions. Top left frame represents the crosscovariance matrix, see equation (3.7), as a pseudo-colour plot with intensities proportional to the
magnitude and the hue encoding the phase of the element (shown in the colour bar on the right). Top
right frame. The unit square sum normalized eigenvectors of the Hermitian matrix, equation (3.7), are
shown as intensities, each vector represented by a column, in decreasing order of the corresponding
eigenvalue. Middle frame illustrates the traces of the real components of all units. Bottom frame.
Eigenvalues (black bars) corresponding to the principal eigenvectors in decreasing order. The red bars
show the corresponding phase velocities defined by equation (3.9). The inset in this plot shows the
distributions of the Lyapunov exponents, equation (3.12), in ascending order. The red lines are the mean,
the boxes contain the points between the 25 and 75 percentiles, the vertical lines between the whiskers
contain the points between 5 and 95 percentiles. Outliers are presented as red crosses. We see that in this
case the attractor has two independent modes the computed Lyapunov dimension is 2.7.
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Figure 3.8b The same as in figure 3.8a but for a simulation of the same system with different initial
conditions. It is clear that the pattern has one significant principal component formed predominantly by
units 1, 2 and 3. From the Lyapunov spectrum analysis we conclude that this is most likely an attractor of
dimension one, i.e. a limit cycle. Comparing to figure 8a we see that unit 2 can participate in two different
attractors of the same system.
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Figure 3.8c The same as in figures 3.8a and 3.8b but for a simulation of the same system with different
initial conditions. It is clear that the pattern has two uncorrelated components, one recruiting units 1,
6, 8, and 9 and the second one recruiting units 6, 8, and 9. The two components have different phase
velocities as can be seen from the bottom frame. From the Lyapunov spectrum analysis we conclude that
this attractor is of higher dimension. Comparing also to the analysis of figure 3.8a we see that the same
units can participate in different oscillatory modes of the same higher-dimensional attractor.
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Figure 3.9 Examples of transitions between the different states of the same system as shown in figures
3.8a-c. The plots represent the traces of the real components of all units. The transitions are induced by
state dependent inputs (represented by the vertical red lines). The instantaneous pulse, fed into equation
(3.5) is a complex vector proportional to the difference between any target state (bringing the system
𝑡𝑎𝑟𝑔𝑒𝑡
− 𝑍𝑖 𝑡𝑐𝑢𝑟𝑟𝑒𝑛𝑡 )𝛿(𝑡 − 𝑡𝑐𝑢𝑟𝑟𝑒𝑛𝑡 )
to the new attractor) and the current state of the system: 𝜀𝑖 𝑡 ~(𝑍𝑖
where 𝛿 0 = 1; 𝛿 𝑡 ≠ 0 = 0 .

Real(Z)

-2

0.5

1

1.5
2
Simulation step

2.5

1

1.5
2
Simulation step

2.5

Real(Z)
Real(Z)

1

1.5
2
Simulation step

2.5

4

0
-2

0.5

1

1.5
2
Simulation step

2.5

1

1.5
2
Simulation step

2.5

Real(Z)

4

0
-2

0.5

1

1.5
2
Simulation step

2.5

3

x 10

1

1.5
2
Simulation step

2.5

1.5
2
Simulation step

2.5

1.5
2
Simulation step

2.5

4

1.5
2
Simulation step

2.5

3

x 10

4

0.5

1

3

x 10

4

0.5

1

3

x 10

4

0
-2

3

x 10

2

0.5

2
Real(Z)

0.5

2.5

4

0

4

0
-2

1.5
2
Simulation step

3

x 10

2

-2

3

x 10

2

2.5

0
-2

3

x 10

2

1.5
2
Simulation step

2

Real(Z)

Real(Z)
Real(Z)

0.5

1

0

4

0
-2

0.5

2

-2

3

x 10

2

Real(Z)

4

0
0.5

0
-2

3

x 10

2

-2

Real(Z)

2

Unit 1
Unit 2
Feedback input

0

Real(Z)

Real(Z)

2

0.5

1

3

x 10

2

4

0
-2

0.5

1

3

x 10

4

Figure 3.10 Examples of system control by forced feedback. The plots represent the traces of the real
components of all units. Transitions between the different states of the two-unit system as shown
in figures 3.3-3.4 can be induced by an input to only the real component of the first unit. The input
𝑡𝑎𝑟𝑔𝑒𝑡
𝑡 − 𝑍1 (𝑡)) where FB is a feed-back coefficient. We have
signal is constructed as 𝜀1 𝑡 ~𝐹𝐵 ∗ (𝑍1
applied the feedback for 4000 simulation steps using FB=5 for all cases. The frames show all possible
state transitions between the four states of the model. The plots on the right column show the “inverse”
transitions to those of the left column.
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Discussion
The analytical units used in the present case are of a very generic type. They may
represent relatively large populations, or neural masses that behave in a similar
way. Adding more units to the model can be interpreted as putting together
more of these neural masses, or alternatively, this operation may represent the
result of splitting of the neural masses into sub-systems that may have different
dynamic evolutions, even if correlated.
An essential added value of using computer models is to generate testable
predictions about the real system that the model is attempting to describe.
Therefore the level of modelling, whether it is detailed or coarse grained, is only
important for the level of the predicted effects.
In this work we predict the existence of multiple possible synchronization
patterns or states within the same neuronal system. Transitions between
different patterns can occur spontaneously, due to internal fluctuations, or
under the influence of external stimuli. These findings lead us to make two kinds
of speculation: (1) on the one hand with respect to the functional organization
of information processing in neuronal networks; (2) on the other regarding the
pathological condition of epileptic manifestations.
We may speculate that neuronal systems with this kind of dynamics may behave
similarly to man-made digital devices such as memory chips and processors, in
the sense that a system may use different self-sustained dynamical states to store
information for various time periods. The exact internal logic for the transitions
is yet to be discovered, but we can safely assume that systems with such discrete
states are more robust for data processing than transient-response systems.
A critical issue for the model proposed here is the ability to test its predictive
value in real-world systems and situations. A first prediction is that realistic
neuronal systems should display similar dynamic properties. In order to test
such prediction quantitatively novel experimental paradigms have to be
applied. To verify the existence of multiple synchronous states one can resort
to retrospective analysis of EEG, MEG or SEEG data and try to identify signs
of spontaneous transitions between rhythmic states (Niedermeyer & Lopes da
Silva, 2005), such as reconstructed attractor dimensions, spectra of Lyapunov
exponents or time-frequency spectra identified using wavelet analysis. The
neural mass models are especially adequate for this purpose because they
represent the generators of EEG and/or MEG signals at the right collective scale
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(Lopes da Silva, 2013). The existence of multiple stable or quasi-stable states
is in our view a necessity for the brain to operate as a complex information
processing organ.
Second, the dynamics of neural networks put forward above appear very
appealing to account for typical forms of adverse neural activity that occur
in epilepsy: seizures in first place, but also epileptiform transients as interictal
spikes, ripples and fast ripples of high frequency oscillations. The existence of
multiple stable or quasi-stable states is in our view a necessity to account for
the variety of phenomena displayed by the epileptic brain, as briefly mentioned
above. Prospective experiments specifically dedicated to the validation of one
or another transition scenario are necessary.
A further challenge is to apply a stimulation protocol by means of which
transitions between the oscillatory states may be induced or, in some cases of
adverse pathological conditions such as epileptic seizures, may be prevented.
Clinical trials using different paradigms for electrical current intracranial
stimulation (Velasco et al., 2009) as well as pilot studies based on trans-cranial
magnetic stimulation (Kimiskidis et al., 2013) have been reported. We are
currently exploring such approach by applying different kinds of external stimuli
in epilepsy: (a) intracranial electrical stimulation, (b) trans-cranial magnetic or
direct current stimulation, or (c) sensory stimulation. Combinations of these
modalities may also synergistically enhance their effectiveness. In this context,
the results presented in figures 3.9 and 3.10 can be instrumental in deriving a
possible stimulation paradigm. By stimulation of a single area of a neuronal
system, we may be able to “trans-synchronize” a larger part of the system
and elicit measurable changes of the rhythmic components. Some indirect
indications of such effects may be the finding that in pentylenetetrazol (PTZ)
induced epilepsy in rats, stimulating the network with various input sequences
may enhance or inhibit the chance of epileptic transitions (Cota et al., 2009;
Mesquita et al., 2011). These experimental works were in fact based on model
prediction from studying synchronization dynamics in connected neuronal
networks (Hauptmann et al., 2007b; Hauptmann et al., 2007a; Hauptmann &
Tass, 2007; Tass & Hauptmann, 2007). Those results, however, are based on
models that did not explicitly involve multiple stable states of the system but
rather parameter driven transitions to synchronized behaviour. Bi-stability was
considered previously in models with plastic synapses as potential generator
of oscillatory states (Kalitzin et al., 2000; Maistrenko et al., 2007) but in this case

50

Multiple oscillatory states

the transitions are at a different time scale as compared to the multi-stability
concept based on only fast neuronal dynamics.
Regarding possible therapeutic applications in cases of pharmacologically
resistant epilepsy, direct electrical stimulation has recently become the focus of
increasing attention (Vonck et al., 2013) due to newly developed techniques of
reactive control (Heck et al., 2014) but also due to new ideas related to induced
de-synchronization of the neural activity (Medeiros & Moraes, 2014) as well as
to novel stimulation paradigms (Tang & Durand, 2012). In almost all approaches
the challenge is to stop or avoid the pathological oscillations. In this context,
bringing the system into to a point attractor may be interpreted as stopping
the seizure, but in fact it might also be associated with post ictal generalized
electrographic suppression (PGES state ) which is also pathological and even
can be considered as a risk factor for sudden unexpected death in epilepsy
(SUDEP). We can speculate that the “normal” brain operation is rather related
to complex oscillatory states that are not expressed by neither total phase
coherence of the units nor as total shut-down. Accordingly we found attractive
the property of our model to offer transitions richer than just between limit
cycles and point attractors.
A point of caution is the question of scale. Using analytical units as abstract
representatives of lumped neural masses we did not specify the precise size of
those masses. Selecting the right spatial extent for stimulation can be critical
for eliciting transitions like those illustrated in figure 3.9. If we apply a common
input to the whole system we may, for example, never be able to bring the
system in a state with counter-oscillating units. Or if we stimulate a very small
part of the system we may not be able to affect the synchronization state on a
larger scale.
But even outside the scope of biologically realistic modelling, our model can
be viewed as a particular extension of the concept of Hopfield binary artificial
neural networks, where the “up state” of each individual unit is a rotational state.
Artificial networks with massively parallel processing dynamics can provide
competitive solution for various engineering and automation challenges (Adeli
& Park, 1998). Therefore a network of excitable oscillatory units can in principle
store and/or process information encoded in the relative phases of the units in
addition to only their activation status.
Finally we comment on the implication of our work on the recently growing
trend of network connectivity reconstruction (Lehnertz et al., 2013) from
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measured correlations between EEG signals. As we see from our simulation
results however, the connectivity topology may lead to a spectrum of states
with different synchronization or correlation signatures rather than one specific
state with stationary correlations. One implication of this fact, if confirmed in
real biological systems, is that changes in the measured correlation topology
(for example when the system is approaching a seizure) does not necessarily
mean that the system constitution or underlying connectivity has changed, but
it may be a consequence of a transition to another “competitive” attractor that
corresponds to different oscillatory and synchronization patterns. It would be
interesting to understand the relation between the topology of the network
connectivity and the number and type of generated attractors.

Conclusions
Our model of coupled oscillators-rotators show that for the same parameter
setting and connectivity structure, the system can elicit a variety of dynamic
behaviour patterns depending on initial conditions. These patterns can range
from a steady-state fixed point to a total synchronization that can be interpreted
as an “epileptic seizure” state. In-between we can have different oscillatory sates,
or attractors, involving single or multiple independent, uncorrelated rhythmic
components that oscillate with their own frequencies and modulations. Those
components are not confined to separate network unit subsets but may involve
shared units.
Transitions between the various patterns or attractors can be induced by either
endogenous noise in the system or by appropriate external inputs. The average
unit activity may be very similar in the various dynamic states but the detailed
“microstates” of the system measured by the phase coherency between the
units and accordingly the set of eigenvectors and eigenvalues of the inter-unit
correlations are in general quite different.
Dimensional stability analysis reveals that some of the states, or attractors, can
be different than steady states or limit cycles. Even in the simplest case of two
coupled units we demonstrated that for particular couplings and parameters,
besides the steady state and two different limit cycles, a higher dimensional
attractor can exist and be generated according to appropriate initial conditions.
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Appendix
Derivation of equations 3.4a-c.
Our starting point is the RHS of the radial function evolution equations (3.2a)
𝐹 𝜌 = 𝑎𝜌3 + 𝑏𝜌2 + 𝑐𝜌 ≡ 𝜌 𝑎𝜌2 + 𝑏𝜌 + 𝑐

(3.A.1)

The factorization in equation (3.A.1) gives immediately the three possible
stationary solutions (F(ρ)=0):
𝜌1 = 0

𝜌2 = −𝑏 + 𝑏 2 − 4𝑎𝑐 � 2𝑎
𝜌3 = −𝑏 − 𝑏 2 − 4𝑎𝑐 � 2𝑎

(3.A.2)

Because a<0, if b>0 and b2>4ac then ρ2,3 are non-negative.
To analyse the stability condition at the stationary solutions of equation (3.A.2),
the radial derivative of F(ρ) defined in equation (3.3b) can be written from
equation (3.A.1) as
𝜇 𝜌 =

𝑑
𝜌 𝑎𝜌2 + 𝑏𝜌 + 𝑐
𝑑𝜌

= 𝑎𝜌2 + 𝑏𝜌 + 𝑐 + 𝜌(2𝑎𝜌 + 𝑏)

(3.A.3)

Reminding that ρ2 and ρ3 from (3.A.2) are the roots of the first quadratic
polynomial term in the RHS of equation (3.A.3), we find for the stability function
the following values in the three stationary points:
𝜇 𝜌1 = 𝑐

𝜇 𝜌2 = 𝜌2 2𝑎𝜌2 + 𝑏 ≡ 𝜌2 𝑏2 − 4𝑎𝑐

𝜇 𝜌3 = 𝜌3 2𝑎𝜌3 + 𝑏 ≡ −𝜌3 𝑏 2 − 4𝑎𝑐

(3.A.4)

Those results were used in equations 3.4a-c to explore the stability of the
stationary radial points.
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Abstract
In this study we investigate the correspondence between dynamic patterns
of behaviour in two types of computational models of neuronal activity. The
first model type is the realistic neuronal model; the second model type is the
phenomenological or analytical model. In the simplest model set-up of two
interconnected units, we define a parameter space for both types of systems
where their behaviour is similar. Next we expand the analytical model to two
sets of 90 fully interconnected units with some overlap, which can display
multi-stable behaviour. This system can be in three classes of states: i) a class
consisting of a single resting state, where all units of a set are in steady state, ii)
a class consisting of multiple preserving states, where subsets of the units of a
set participate in limit cycle, and iii) a class consisting of a single saturated state,
where all units of a set are recruited in a global limit cycle. In the third and final
part of the work we demonstrate that phase synchronization of units can be
detected by a single output unit.

Introduction
Epilepsy is a pathological neurological condition in which neuronal populations
alternate periods of normal functioning with periods of synchronized oscillatory
behaviour thereby giving rise to epileptic seizures. Although many studies have
investigated the underlying biological systems (Bal & McCormick, 1993, 1996),
the dynamics of the transition between the two states is still not fully understood
(Osorio et al., 2010). Computational models provide a means to gain insight into
the dynamics of the systems (Lopes da Silva et al., 1974; Suffczynski et al., 2006;
Wendling, 2008). The models that have been studied with this purpose vary
from realistic models that aim to describe the operation of individual neuronal
units (van Drongelen et al., 2005) to phenomenological or analytical models that
aim to portray the behaviour of neuronal populations in formal terms (Zalay &
Bardakjian, 2008; Kalitzin et al., 2011; Benjamin et al., 2012; Goodfellow et al.,
2012; Terry et al., 2012). The first type of models stays close to the biological data
by defining cell types, connections and channels and by deriving its parameters
from in vivo experiments. Conversely, analytical models represent a black box
approach and only describe general dynamic properties of the neuronal system.
Accordingly, the latter type of models is computationally less demanding. This
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can constitute an advantage for studying the behaviour of large networks in
different configurations (Benjamin et al., 2012; Terry et al., 2012), since both
computation time and data storage requirements are low in comparison
with realistic models. In-between these two distinct model classes there are
various levels of quasi-realistic models that combine the relative simplicity of
analytical models with the possibility of interpreting the results of simulations
in the context of real life situations. One class of such models are the so-called
assembly, or lumped models (Lopes da Silva et al., 1974; Wendling et al., 2000;
Suffczynski et al., 2004), where the model describes the behaviour of large sets
of neuronal cells as a whole. We have successfully used this type of models to
describe autonomous transitions from normal to epileptic states by exploiting
the bi-stability feature of their dynamics (Suffczynski et al., 2004; Koppert et al.,
2011), described in Chapter 2 of this thesis. In parallel, we have also showed
that an analytical model possesses the same bi-stable type of dynamics and is
capable of reproducing correctly certain properties of the epileptic condition
(Kalitzin et al., 2010).
In order to better understand the complex behaviour of distributed neuronal
systems, an important step forward would be to establish the rules by means
of which models at various levels of biological realism are related. An analytical
model, for example, would gain significance if its behaviour could be linked to a
realistic model and thereby, ideally, to the real neuronal system. Comparing the
behaviour of different type of models, e.g. see (Visser et al., 2010), is therefore
necessary.
In this work, we deal with this general problem by considering, first, the
correspondence between the realistic model and the analytical model. In both
models each individual unit is associated with the behaviour of a population
of neuronal cells. A common feature of both models is the existence of bistability. For certain parameter sets, each system can be in either of two stable
states: a steady state, representing normal, ongoing activity, and a limit cycle,
representing ictal activity, i.e. activity seen in an epileptic seizure. The state that a
system is in will depend on the initial conditions of the model at hand. A system
may change state by external perturbations or by noisy internal fluctuations.
The objectives of this chapter are (a) to show the relation between the parameter
spaces of a realistic model of neuronal populations, as the model described
in Chapter 2 (Koppert et al., 2011), and an analytical model, as described in
Chapter 3 (Kalitzin et al., 2010), in the case of two interconnected model units.
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We will show that the two dynamic neuronal model systems may behave quite
similarly, despite the fact that the system architectures are very different. This
approach, however, is limited to two interconnected units, while in reality one
has to deal with more complex systems consisting of a larger number of units.
Therefore, our second objective (b) is to investigate larger networks of fully
interconnected analytical units and demonstrate that, depending on the
values of the couplings and other system parameters, a wide spectrum of
oscillatory states can co-exist, thereby generalizing the concept of bi-stability
to multi-stability. This model approach allows studying explicitly the dynamics
of synchronization between different units. Thus finally (c) we examine how
synchronization that characterizes an oscillatory state may be detected by a
single output unit.

Methods
Computational models
In this section, we describe the two types of computational models to be
considered. The first is the realistic neuronal model in which experimentally
determined basic parameters are used and specific cell types and connections
are modelled and is already introduced in Chapter 2. The second type of model
is the analytical model, which aims at describing the overall behaviour of the
neuronal system. This model is introduced in Chapter 3 of this thesis.
Realistic model
The realistic model has the same dynamics and basic design as the model
that is introduced and described in Chapter 2, equations 2.2 – 2.6, and the
parameters in table 2.1. Some changes are shown in the schematic view of
the model as shown in figure 4.1 compared to figure 2.1. The external input
from outside, with a DC offset component representing the mean input from
other cortical areas and a noisy component representing the fluctuations of the
external activity, is removed, since we want our model to be as autonomous
as possible. The control parameter responsible for seizure generation is
currently the direct pyramidal-to-pyramidal feedback loop strength. The
external noise is replaced by internal noise generated by the synaptic channel
dynamics. This is done by adding an extra component to equation (2.7).
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PY
IN
Figure 4.1 Schematic overview of the
connections in the realistic lumped model.
This cortical module consists of interconnected
pyramidal (PY) and interneuron (IN)
populations. The pyramidal cell population is
self-coupled.

𝑚𝑎𝑥 𝑔 𝑡 + 𝜂(𝑡�,
𝑔𝑠𝑦𝑛 𝑡 = 𝐺𝑠𝑦𝑛

Figure 4.2 Two example signals of the different
models. In the upper panel a typical signal of the
realistic model is shown and in the lower panel a
typical signal of the analytical model is shown. Both
signals show a transition from the steady state to the
limit cycle.

(4.1)

where 𝜂 𝑡 = 𝜉(𝑡)𝜃(𝑡), with θ(t) the Heaviside step function, is a randomly
generated signal that emulates postsynaptic noise.
In the schematic view of the model, figure 4.1, it is shown that the model is
autonomous in the sense that its dynamics can generate an epileptic type of
oscillatory behaviour with no input from outside except for a certain amount of
postsynaptic noise as introduced in equation (4.1).
Depending on parameter settings, the model can display different types of
behaviour. It can be in a steady state, representing normal, ongoing activity,
or in a limit cycle, representing ictal activity. In addition, the system also has a
state where both types of behaviour exist, the bi-stability region. In this case,
depending on initial conditions, the system can be in either one of the two
states. In this bi-stable regime the system can switch between states due to
external perturbations or internal noise, without changes in model parameters.
A typical signal, with a state transition, is shown in figure 4.2, upper panel.
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When a network consists of coupled realistic units, the dynamics of the synaptic
current conductance, H(t) in equation (2.6), gets modified into:
𝑁

𝐻 𝑡 = 𝐻𝑙 𝑡 + � 𝐾𝑙𝑘 𝑆𝑘 (𝑡) ,

(4.2)

𝑘,𝑘≠𝑙

where Hl(t) represents any synaptic input originating from the outside of the
network of unit l, Klk is the connection strength between the kth and lth unit, Sk(t)
is the firing rate of unit k and N is the total number of units in the network.
Simulations of the model are performed using Simulink® Version 7.8 (Mathworks
Inc. Natick, MA); Matlab® Version R2011b (7.13.0.564) (Mathworks Inc. Natick,
MA) is used for data analysis.
Analytical model
In contrast with a realistic model, an analytical model has fewer parameters
and needs reduced computation time, but lacks the possibility to distinguish
the contributions of specific physiological properties such as different kinds of
ion channels or synaptic properties. The analytical model we use in this study
is already introduced in Chapter 3 and is a second-order nonlinear system
described by the following ordinary differential equation (ODE) (Kalitzin et al.,
2010):
𝑑
𝑍 = 𝑎 𝑍 4 𝑍 + 𝑏 𝑍 2 𝑍 + 𝑐𝑍 + 𝑖𝜔𝑍 + 𝜂(𝑡),
𝑑𝑡

(4.3)

where a, b, c and ω are real parameters, η(t) is an additive noise and 𝑍 ≡ 𝑍𝑍 .
A single unit of this system, described by equation (4.3) can have different
attractors, i.e. states which are relatively stable and to one of which, depending
on the initial state, the system will revert after some relaxation time as shown
in Chapter 3. Depending on the parameter settings it can have a steady state
attractor, a limit cycle attractor or both attractors. In this sense, the properties of
this system (Kalitzin et al., 2010) resemble the properties of the realistic model
introduced in Chapter 1 (Koppert et al., 2011). We therefore expect that this
analytical model may be used to portray the behaviour of the realistic model
as described above. A typical signal, with a state transition, is shown in figure
4.2, lower panel.
The default parameters of the analytical model are set to a = −1, b = 2, c = −0.9
and the noise level is 0.1. The angular velocity of the rotator, ω, is randomly
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chosen from a normal distribution with a mean of 10 and a standard deviation
of 0.2. Although the model introduced by equation (4.3) does not directly
represent any physiological reality, we can interpret some of the parameters as
representing realistic quantities. The coefficient b > 0 can be associated with the
overall excitability, or action potential generation feature, in a neuronal lump,
the coefficient a < 0 represents the refractory and shunting properties of the
lump preventing from infinite activation rates, while the c quantity plays the
role of representing the balance between synaptic excitation and inhibition
inside the neuronal ensemble. In this work, the c-parameter is considered as a
control parameter, as the self-coupling in a unit of the realistic model. It is shown
in Chapter 3 that, given the above setting for the a and b parameters, for a single
unit only steady state behaviour is possible when c < −1. For −1 ≤ c < 0 the unit
can be in either steady state or limit cycle (depending on initial conditions) and
when c ≥ 0 the unit is always in limit cycle, see figure 3.2.
When a network consists of coupled analytical units equation (4.3) slightly
changes into:
𝑑
𝑍
𝑑𝑡 𝑚

= 𝑎 𝑍𝑚 4 𝑍𝑚 + 𝑏 𝑍𝑚 2 𝑍𝑚 + 𝑐𝑍𝑚 +𝑖𝜔𝑍𝑚
𝑁

+�

𝑘,𝑘≠𝑚

𝐶𝑚𝑘 Re(𝑍𝑘 ) + 𝜂 𝑡 ,

(4.4)

where Cmk is the connection strength between the kth and mth unit and N is
the total number of units in the network. As can be seen from equation (4.4),
we only consider connections between the real component of the units in this
work.
Simulations and data analysis of the model are performed using Matlab® Version
R2011b (7.13.0.564) (Mathworks Inc. Natick, MA).
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Computation time
To compare the computation time of the two models, we simulated systems
of 50 fully interconnected units of each type, producing oscillatory signals of a
limit cycle type. For the test, the same PC platform was used, running on 2.00GHz
dual core Intel Pentium processor, under 32 bit Windows XP. To compare the
performance of the models in terms of the same emulated biological time
scale, the average computation time of 10 oscillations of the output (the
transmembrane potential of any unit) of each model is compared.
Model mapping
In order to perform mapping of the behaviour of the analytical model in the
realistic model, we compared the state space of the two models by connecting
two lumps in each model.
In the realistic model, we took two types of connections into account, the
pyramidal-to-pyramidal feedback connection within a single lump and the
pyramidal-to-pyramidal cross connection between the two lumps.
In the analytical model, we assumed similarly that the c parameter represents
the self-feedback connection, while the two lumps are connected through real
(Z) connections, representing the pyramidal-to-pyramidal cross connection.
Ictality
Methods used previously to calculate the amount of paroxysmal activity in
the signal included determining the beginning and end of a seizure and were
based on the pyramidal membrane potential and pre-defined thresholds. These
thresholds depend always on parameter settings and are, generally, quite
arbitrary. The dynamical state of the realistic system is analysed using the ictality
index (Kalitzin et al., 2011). This index is derived from the auto-covariance of
the pyramidal cell population membrane potential. From the auto-covariance
the first- and second-order peaks are extracted. The ictality (J) of the system is
defined simply as:
𝐽=

𝑃2
,
𝑃1

(4.5)

where P1 is the height of the first-order peak and P2 the height of the secondorder peak. If the signal shows no or little paroxysmal activity the ictality index
will be close to zero. If the signal only consists of paroxysmal activity, the ictality
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index will be close to one. An illustration of this ictality measure is shown in
figure 4.3. On the left hand side a system is shown with only a steady state and
no limit cycle behaviour (i.e., no seizures). The ratio between the first and second
order peaks of the auto-covariance function as shown in the bottom row is low
(low ictality). On the right hand side a bi-stable system is shown that displays a
large number of seizures. The ratio between the first and second order peak is
higher and therefore the system has a higher ictality.
Please note that the signal shows both steady state and limit cycle activity when
the ictality index is between 0.4 and 0.8, as found empirically. These thresholds
are used to determine the bi-stable region in the realistic model.
Multi-stability
To investigate larger networks of interconnected analytical units, we made a
network consisting of two sets of 90 fully interconnected analytical units. The
two sets have an overlap of 30 units, so the network consists of a total of 150
units. Simulations were performed for different initial conditions for each unit.
The initial condition is either Z = 0, a steady state of the Z-unit if such exists, or
abs(Z) = 1, which would bring the unit into a limit cycle if such exists. The initial
state of abs(Z) = 1 will be referred as an excited state in the sequel. The initial
phase is the same in all units. The default noise level is not high enough to allow
transitions between states due to noise.
The analysis is performed by comparing the number of initially excited units
with the final number of units in limit cycle.
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Figure 4.3 Example of the ictality measure. Panel a and b: membrane potential of the pyramidal cell
population of the realistic model. Panel c and d: auto-covariance function of the membrane potential.
Panel a and c: system with no seizures with the pyramidal-to-pyramidal cell feedback set to 0.8. The autocovariance function has a high first order peak and a low second order peak, resulting in an ictality of 0.22.
Panel b and d: system with a large number of seizures with the pyramidal-to-pyramidal cell feedback set
to 1.0. The ictality of this system is 0.60.

Synchrony measure
For the two-unit system, synchronization of the signals in limit cycle does not
influence the state of the system. However, for a larger system synchronization
may play an important role. Therefore, we evaluate the role of synchronization in
a large system using a slightly different system set-up consisting of 50 analytical
units, as illustrated in figure 4.4. There is one input unit present and a layer of
50 units which are not connected among themselves. Finally an output unit is
added with unidirectional connections from the 50 units to this output unit.
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Figure 4.4 Schematic overview of the network layout of the 50-unit system. One input unit (upper unit)
is connected with each of the 50 units in the second layer with bidirectional connections. All units in the
second layer are uni-directionally connected (red dashed lines) to the output unit (lower unit), but are
not connected to each other.

For this system a set of simulations is performed, where one bi-directional
connection between the input unit and one of the 50 units is added for each
additional simulation. The connection strength (W) from the input unit to each
of the 50 units is set to 1; the connection strength (Wout) from each of the 50
units to the output unit is set to 0.011.
To show the relation between the amplitude of the output unit and the phase
correlation of the 50 units in the system, the phase clustering index (κ) is
calculated by:
𝜅=

∑𝑁
𝑖=1 𝑍𝑖 𝑡
𝑁
∑𝑖=1 𝑍𝑖 𝑡

𝑡

𝑡

,

(4.6)

with N being the number of units in the system.

Results
Computation time
The realistic model generates 10 oscillations in 62 s, while the analytical model
generates 10 oscillations in 0.5 s. The analytical model is a factor 120 faster.
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Figure 4.5 a) The state-parameter plot of the realistic model. The horizontal axis denotes the strength
of the self-connection of the pyramidal population within one unit while the vertical axis denotes the
cross connection between the pyramidal population of the two units. b) The state parameter plot of the
analytical model. The horizontal axis shows the c parameter of the model while the vertical axis denotes
the strength of the connection between the two units. The area marked in red in both plots shows the bistable region with two possible states (both systems are either in steady state or in limit cycle) while the
area marked in green shows the bi-stable region with four possible states (each system is independently
in steady state or in limit cycle). In the area below the bi-stable regions the system is only in a steady state
and in the area above the bi-stable regions the system shows exclusively limit cycle type of behaviour.

Model mapping
A single unit of either one of the models can display two types of behaviour,
either a steady state (SS) or a limit cycle (LC), as described earlier. We will refer
sometimes to the LC state as excited state. When using a system of two units,
bi-directionally coupled, these states still exist for both individual units, but in
the bi-stable region the full system can now express four states: (i) both units in
SS, (ii) both units in LC, (iii) unit A in LC and unit B in SS and (iv) unit A in SS and
unit B in LC. However, if the cross connection between units get stronger, states
(iii) and (iv) disappear. This state-parameter dependency is found for both the
realistic model and the analytical model, as is shown in figure 4.5.
Multi-stability
In the case of the larger system, the 150-unit analytical system, more complex
behavioural states emerge. The results are shown in figure 4.6. The two dashed
lines in each panel show the two sets of 90 units, with an overlap of 30 units in
the first four rows and an overlap of 10 units in the fifth row. The left column
shows the initial state of the network and the right column the final state, where
red denotes a unit in excited, limit cycle state and white denotes a unit in steady
state. On the first row, the system is shown with only 11 initially excited units.
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Figure 4.6 Each panel shows two sets, denoted by dashed lines, of 90 analytical units with 30 units overlap
for the panels in the first four rows and 10 units overlap for the two panels of the last row. The left column
shows the initial state of the network and the right column the final state, where red denotes a unit in
excited, limit cycle state and white denotes a unit in steady state. The first row, where 11 units are initially
excited, shows that the units fall back to their steady state, the resting state. When more units are initially
excited, row two, they stay in limit cycle, as shown for the right set. The number of initially excited units
of the left set is still too low and fall back to the steady state. In the third row, the number of initially
excited units is in both sets high enough to keep their excited state. In the fourth row, a second threshold
is crossed, where all other units in a set are recruited into the limit cycle, as can be seen for the right set.
Finally, the fifth row shows that one set (right) completely falls back to a resting state while the other set
goes into a full limit cycle. Note that to this end the overlap between the sets in the fifth row is set to a
lower number (10) as compared to the previous examples.

Now all units fall back to the steady state. When a little more units are initially
excited, row two in figure 4.6, the units stay in limit cycle. In this particular case,
there were enough units in the right set excited to contain their state, while
the units in the left set fall back to the steady state. On the third row, 34 initially
excited units, both sets containing their initial state and almost all excited units
stay in limit cycle. The plots on row four show that when a second threshold is
reached, all non-excited units are also recruited into limit cycle. This is shown for
the right set, which is now in a full saturated state, while the number of initially
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Figure 4.7 a) The average amplitude of the output unit as a function of the phase clustering index (κ)
of the system as shown in figure 4.3. The output units move from steady state to limit cycle behaviour
at a κ value of 0.75. b) The phase clustering index (κ) of the system as a function of the number of units
connected to the input unit.

excited units in the left set was still too little to achieve this. Finally, the fifth
row shows that it is even possible that one set (right) completely falls back to a
resting state while the other set goes into a full limit cycle. Note that to this end
the overlap between the sets in the fifth row is lowered to 10 units.
Synchrony measure
Figure 4.7a shows the phase dependency of the output unit. When the phase
clustering index κ of the system is low, the output unit is in a steady state. When
κ reaches 0.75, the output unit goes in limit cycle. The κ of the system as a
function of the number of units connected to the input unit is shown in figure
4.7b. The value of κ increases monotonically with the number of connections.

Discussion and conclusions
We have shown that an analytical model of two interconnected units can map
onto a corresponding realistic model with the same generic architecture and
that both systems can feature bi-stability, which is a characteristic feature
of epileptic behaviour. The main advantage of the analytical model is that it
has fewer parameters and that the computation time is drastically reduced,
which allows for simulations with much larger networks. However, we have to
keep in mind that the comparability of both types of models only holds true
within a given parameter range. In this work, we only focused on pyramidalto-pyramidal connections, but this is not the only possible type of connections
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between units. Inhibitory connections between units for example, exist in vivo
and their behaviour has still to be analysed.
In this study, we also show that a large, fully interconnected network of analytical
units can be in three distinctive operational regimes. This result allows us to
speculate that dynamical properties of complex systems of this kind account
for some brain functions, such as pattern recognition and memory. If a small
number of units are initially excited, the system autonomously retreats to a
steady state. Above a certain threshold of excited units however, the system will
remain in an excited state preserving the limit cycle state of the corresponding
excited units. We might interpret this phenomenon as a system going from a
resting state to a sort of preserving state, mimicking alertness or even cognitive
attention. This preserving state is asymptotically stable; it can maintain active,
and can therefore be considered as a model of temporary pattern memory
(Sanchez-Vives & McCormick, 2000).
Finally, when a critical number of units are initially excited into limit cycle
behaviour, the system recruits the remainder of the units and brings itself entirely
into a LC state. We can speculate about this process as being a form of pattern
recall where partially available information is being completed, once a specific
pattern becomes discernible. We note that similar properties can be exhibited
by binary Hopfield type of networks (Hopfield, 1982). However, we have shown
that, for certain network topologies, it is possible to exploit the synchronicity of
the units as an additional order parameter of the system. Even when all units of
a given system are excited in limit cycle behaviour, the system may fail to excite
a recipient unit, as long as its units are not sufficiently synchronized. Only when
the units synchronize strongly, the output unit is activated. This process, which
is unique for models with oscillatory degrees of freedom, may be interpreted as
synchronization readout, where the recalled pattern produces activation of the
output unit. Furthermore synchronous states may be involved in cognitive and
attentive functions of the normal brain in an orderly, well-controlled manner.
Returning to the main motivation of this work, the attempt to understand
epileptic seizures as dynamic processes, we can speculate that in pathological
situations, synchronous states may lead to the massive synchronicity
characterizing the ictal state as of epilepsy. When a critical mass of units is
being synchronized by exogenous or endogenous factors the system may
recruit autonomously a large amount of other units in exhibiting synchronous
oscillations, a generalized collective limit cycle, thus causing an epileptic seizure
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to occur. Our model also suggests that this process is reversible in the sense that
decoupling a sufficient number of units from the generalized LC may possibly
bring the system into its normal state. This observation generalizes our previous
work (Koppert et al., 2013) showing that seizures in lumped systems represented
by a single unit can be aborted by short electrical stimulation pulses. On basis
of the simulations presented here, we may predict that in distributed systems
we do not have to annihilate the LC in all parts of the system to stop seizures,
which is also supported by in vivo experiments in rats (Osorio & Frei, 2009).
Properly administered external stimulation can interrupt the pattern of global
synchrony and therefore allow the system to de-synchronize and thus abort the
generalized seizure. This prediction merits being further tested experimentally.

70

Dynamics of collective multi-stability

71

5
Reactive control of epileptiform
discharges in realistic computational
neuronal models with bi-stability

This chapter is based on:
Koppert, M.M.J., Kalitzin, S., Velis, D., Lopes da Silva, F.H. & Viergever, M.A. (2013)
Reactive control of epileptiform discharges in realistic computational neuronal
models with bistability, International Journal of Neural Systems, 23, 1250032

Chapter 5

Abstract
We aim to derive fully autonomous seizure suppression paradigms based on
reactive control of neuronal dynamics. A previously derived computational
model of seizure generation describing collective degrees of freedom and
featuring bi-stable dynamics was used. A novel technique for real-time control
of epileptogenicity is introduced.
The reactive control reduces practically all seizures in the model. The study
indicates which parameters provide the maximal seizure reduction with minimal
intervention. An adaptive scheme is proposed that optimizes the stimulation
parameters in non-stationary situations.

Introduction
Epilepsy is a term used for a variety of pathological neurological conditions
where clinically normal periods are intermittently interrupted by sudden,
sometimes unpredictable attacks or seizures. In many cases the condition is
successfully controlled by anti-epileptic drugs, but in cases of pharmacoresistant localisation-related epilepsy resective epilepsy surgery is, at the
moment, the therapeutic option of choice. Recently, alternative therapies
based on continuous, intermittent or “on demand”, brain stimulation have been
investigated (Osorio et al., 2005; Velasco et al., 2007; Boon et al., 2009). Most of the
trials and approaches are, however, based either on tests using animal models
of epilepsy (Khosravani et al., 2003; Good et al., 2009) or on adapting paradigms
borrowed from the treatment of other neurological disorders. A disadvantage
of stimulation-based therapeutic trials is that they do not take into account
the fundamental dynamic principles of an epileptic condition. Although those
principles are still not well known, computational models can be used to derive
effective schemes for seizure suppression providing novel approaches to the
treatment of epilepsy (Chiu & Bardakjian, 2004; Tsakalis et al., 2006; Chakravarthy
et al., 2009), which may help unravel underlying dynamics of epileptic transitions.
Such a synergy between clinical practice and computational bioengineering
may establish a new paradigm in this challenging research field.
In this context two questions have to be considered: a) what are the dynamics of
epileptic states and b) what causes the transition between normal and epileptic
states (Schiff et al., 1999; Osorio et al., 2010)? There is no single model that
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can explain all the dynamical properties of these neurophysiologic patterns
(Iasemidis et al., 2011). It has been stated that a variety of mechanisms, acting
separately or in combination, may be responsible for the various epileptic
disorders (Lopes da Silva et al., 2003a; Lopes da Silva et al., 2003b). This poses a
tough challenge to both clinicians and investigators in all fields of translational
research in epilepsy. We consider that computational models are indispensable
tools for understanding the mechanisms underlying epileptic disorders
(Wendling, 2008). The flexibility and ease of use of computational models
allows approaching the problem at different levels of detail and considering a
variety of dynamic scenarios. We can classify those scenarios into three major
groups depending on how transitions between a physiological and an epileptic
state occur (Kalitzin et al., 2010). The first scenario, which is perhaps the most
commonly studied in computational models, assumes that parameter changes
(parameter deformation) alter the dynamical state of neural networks. For
example a steady-state type of behaviour as seen in the ongoing activity of the
brain can be transformed into an epileptic state, like a limit cycle (CosandierRimele et al., 2010) and back again. In those models state transitions are
non-autonomous since they are controlled by externally imposed parameter
changes rather than generated by the model’s dynamics. The second class
consists of intermittent systems (Velazquez et al., 1999; Ohayon et al., 2004a;
Zalay & Bardakjian, 2008). In these models the transitions are governed by
deterministic dynamics that contain inherent points of instability, whereby the
dynamics of the system can change from one attractor to another. A third class
includes systems with multiple stable regimes, or attractors, coexisting in the
system’s phase-space, by which both seizure generation and its termination can
be accounted for. We have studied this last class of systems at different levels of
detail (Kalitzin et al., 2000) as likely candidates for providing a unified scenario in
order to understand certain types of epileptic disorders (Suffczynski et al., 2004;
Suffczynski et al., 2005). A distinctive property of a subset of those systems,
the bi-stable systems, is that epileptic seizure behaviour can be triggered
either by internal fluctuations (noise), or by specific external perturbations. In
the former case epileptic events appear as spontaneously occurring seizures,
in the latter as reflex types of seizures. In both cases, however, the system’s
architecture and parameters remain unchanged. We showed in Chapter 2 that
this scenario features realistic properties of the statistics of transitions to and
from the epileptic state by demonstrating bi-stability (Suffczynski et al., 2006;
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Koppert et al., 2011). Another attractive feature of bi-stable models is that these
can allow for a suitable intervention (Suffczynski et al., 2004) at the onset of an
epileptic seizure, namely the possibility of stopping the seizure even with a
single electrical pulse. Recently, Osorio et al.(Osorio & Frei, 2009) corroborated
the possibility of this approach in an experimental animal model. In both model
simulations and experimental studies the success of aborting a seizure was
found to depend on the exact timing of the external stimulus with respect to
the seizure onset or to the phase of the seizure oscillation. This, however, makes
a real-time implementation of this mechanism in a seizure-control device more
difficult, since it is hard to determine the optimal moment to apply the stimulus.
The main aim of this work is to explore further the possibility of developing
a reactive seizure control device based on this kind of model. Towards this
objective we use our realistic lumped model of neuronal dynamics (Suffczynski
et al., 2004; Koppert et al., 2011), as used in Chapter 4, that features bi-stability
and displays epileptic transitions driven by fluctuations and investigate the
behaviour of a threshold-driven reactive control paradigm. The latter can be
directly implemented in a clinical setting. We use the model itself to derive
optimal stimulation settings for a variety of internal parameters of that model.
In addition we construct an adaptive paradigm that can maintain its optimal
regime in non-stationary situations where the system’s parameters drift slowly.

Methods
Computational model
In this study we use the same model architecture and overall dynamics as
presented in Chapter 4. In short, we use a lumped neuronal model consisting
of two neuronal populations, pyramidal cells and interneurons. A schematic
view of the model is shown in figure 4.1. Depending on the values of a number
of parameters, the model can express two different types of behaviour. It can be
in a steady state, representing ongoing (normal) brain activity, or in a limit cycle,
representing paroxysmal activity (epileptic seizure). In addition, the model has
a third operational point in parameter space, where both states are present
simultaneously; depending on the initial conditions, the system can be either in
a steady state (point attractor) or in a limit cycle. This regime is called bi-stability.
Notably, while in the bi-stable regime, the system can switch from one state to
the other as a result of either extrinsic perturbations or internal noise.
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Ictality
The ictality index (Kalitzin et al., 2011) is introduced in Chapter 4, equation (4.5),
to measure the propensity of seizures to occur in a system, based on the autocovariance function. An illustration of this ictality measure is in shown figure 4.3.
The ictality index will be close to zero if the system shows no or little paroxysmal
activity. If the signal only consists of paroxysmal activity, the ictality index will
be close to one.
Reactive control
We introduce a method of reactive control where the simulated membrane
potential of the pyramidal cell population is evaluated and, when appropriate,
the system is stimulated by means of a direct current applied to the pyramidal
cell population as shown in figure 5.1a. The activation of the stimulation is
controlled by two thresholds, a lower one and an upper one. If the membrane
potential rises over the upper threshold a pulse sequence is sent to the system; if
it falls below the lower threshold a pulse sequence of opposite polarity is applied
to the system. The reactive control module will deliver pulses continuously
with a fixed rate of 100 Hz, while the transmembrane potential stays above or
beneath the corresponding thresholds. A typical time course of the operation is
shown in figure 5.1b. To replicate the operation of an electric current stimulator
certified for clinical use, we used pulses with a fixed width of 0.5 ms.
By increasing the strength of the external pulse sequence we can decrease the
ictality of the system, but at the cost of putting more energy into the system.
The goal of efficient and effective electrical counter stimulation in this model
as well as in clinical practice is to sufficiently decrease the system’s ictality at the
expense of least amount of energy required to do so.
To find the optimal counter stimulation strength we performed several
simulation runs using different parameter settings. The upper and lower
thresholds have been fixed during the runs to values of -5 and -7 based on
preliminary simulation results. Three parameters were changed during the
different simulations: the feedback control parameter, from 0 to 2, the control
level, from 0 to 10 and the noise level of the system, from 0.02 to 0.11.

77

Chapter 5

4

2

0

-2

-4

-6

-8

-10
8

a

9

10

11

12

13

Time [s]

14

15

16

17

18

b

Figure 5.1 a) Scheme of the reactive seizure control module connected to the lumped model. The red
circles denote the populations of pyramidal and interneuron cells of the lumped model. The membrane
potential (Output) of the pyramidal population is monitored and serves as the input of the reactive
seizure control module. The reactive control module’s output acts as a direct input to the pyramidal
cell population. b) The blue line shows the pyramidal cell population transmembrane potential and the
green line shows the counteracting control pulses with a frequency of 100Hz and a width of 0.5ms. The
control is continuously operational if the transmembrane potential exceeds one of the thresholds, shown
in red. The reactive control module is activated at t=10s (at the red vertical line). Paroxysmal behaviour
(present before the activation of the reactive control module, from t=8.5s to t=10s) is suppressed by the
contra-stimulation.

Simulink ® (Mathworks Inc, Natick, MA) was used for the simulations and MatLab®
(Mathworks Inc, Natick, MA) for the data processing. Each simulation lasted 200
simulation seconds. The general model parameters can be found in Chapter 2,
table 2.1 (Koppert et al., 2011).
Reactive adaptive control
In real-life situations the operational parameters of neuronal systems, for
example the excitatory feedback between the pyramidal neurons, are constantly
changing and therefore a robust reactive algorithm should adaptively adjust the
optimal stimulation parameters. Therefore to bring the ictality control paradigm
in our model even a step closer to a clinical trial type of application, we introduce
an adaptive scheme by dynamically coupling the ictality measurement to the
seizure control algorithm. Accordingly the system should adapt the control level
in such a way that the ictality stays below a pre-defined acceptable limit, while
delivering the minimum amount of energy to the system. For the simulations
the acceptable ictality limit Jlim was set to 0.2 on the basis of observed values of
the ictality measure during inter-ictal epochs in the model.
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To achieve these objectives, the stimulation strength in the reactive control
module is updated every five seconds. We consider this rate of adjustment
appropriate in view of our model’s potential for generating rapid ictality shifts,
analogous to real-life situations. During each epoch of five seconds the ictality
Jk is measured and the pre-defined acceptable limit Jlim is subtracted from it. The
cumulative sum of this quantity over all previous epochs is used to determine
the modulating factor μn for the instantaneous stimulation strength Tn during
the current nth epoch. The adaptation is presented with the following equations:
(5.1)

𝑇𝑛 = 𝜇𝑛 𝑇0

𝐾 ,𝐾 > 0
𝜇𝑛 ≡ � 𝑛 𝑛
0, 𝐾𝑛 ≤ 0
𝑛

𝐾𝑛 ≡ 1 + � 𝐽𝑘 − 𝐽𝑙𝑖𝑚

(5.2)
(5.3)

𝑘=1

Here the modulation is applied to a fixed base value of the stimulation strength
taken as the optimal stimulation strength level for the non-adaptive scheme. As
can be seen from equations (5.1), (5.2) and (5.3), if the measured ictality exceeds
the postulated acceptable ictality limit, the cumulative sum will increase and the
strength of the control pulse is increased aiming to decrease the pyramidal cell
population’s ictality. When the ictality falls below the threshold, the cumulative
sum is decreased and the strength of the pulse is reduced. In this way we aim
to achieve maximum control at a minimum intervention level.
To compare the adaptive control method with the non-adaptive control
methods, simulations were performed with both methods for different feedback
levels, ranging from 0.8 to 1.8 in steps of 0.05. The non-adaptive control level
was set at two different levels, level 4, the optimal level of the non-adaptive
scheme, and level 10. In all simulations the noise level was fixed at 0.05.
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Results
Reactive control
In figure 5.2a the ictality of the system is shown as a function of the pyramidalto-pyramidal feedback and the control pulse strength. At control strength 0,
we can see the system is in steady state and remains so until feedback level 0.9
is reached. Above 0.9 the system goes into bi-stability up to around feedback
1.4 and from that point onwards the system exhibits only limit cycle (ictal)
behaviour. By activating the reactive control we can witness the decrease of the
system’s ictality in phase space starting at the beginning of the bi-stable area.
The more the control level is increased, the lower the ictality, until a minimum
ictality level is reached.
In figure 5.2b, the energy input due to the control pulse is shown as a function
of the feedback and control pulse level. At the first four control levels energy
expenditure is relatively low; it starts increasing significantly at higher control
levels.
Figure 5.3 shows the system’s ictality as a function of control energy expenditure,
for the different control levels, averaged over the feedback levels of the bi-stable
area. We demonstrate that control strength 4 is optimal for this system, affording
the minimal ictality at a minimum of energy expenditure.
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Figure 5.2 Ictality (a) and energy (b) as a function
of feedback and control pulse strength. While
increasing the feedback the system changes from
only steady state (blue) to bi-stability (yellow/
orange) and finally to only limit cycle (red). The
increase of control level reduces the ictality of the
system, but increases the amount of energy put
into the system.
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Figure 5.3 Ictality as a function of control energy.
The numbers in the plot denote the strength of
control. The values are averaged over different
simulation sequences with different settings for
the feedback control parameter and the noise
parameter. The optimum is reached with control
strength 4, where minimum ictality is reached,
with a minimum amount of energy expenditure.
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Reactive adaptive control
The results of the adaptive control are shown in figure 5.4 along with the results
of the non-adaptive control at two different control levels. The optimal ictality
level for the adaptive method is set to 0.2, which means that the method will
adapt the control strength to keep the ictality at this level. The graphs show
that adaptive control is able to maintain ictality (figure 5.4a) around level 0.2
up to about a feedback of 1.6. The non-adaptive control at level 4 can achieve
this until about feedback level 1.25 while the stronger non-adaptive control is
sufficient until feedback level 1.5.
The adaptation of the control strength is shown in figure 5.4c. The control
strength of the adaptive control increases with increase of feedback. The
advantage of this is that at a low feedback, the level of control can remain low,
meaning less external energy is used, while the system adapts itself to using a
higher control level and more energy at higher feedback levels.
The energy expenditure for ictality control is shown in figure 5.4b; adaptive
control consumes less energy during low feedback levels than the non-adaptive
scheme at control level 10. Adaptive control requires the same amount of energy
as the non-adaptive scheme at control level 4, but it can maintain the system’s
ictality much longer at the desired level, as shown in the ictality graph. Finally
in figure 5.4d the mean pulse-to-pulse intervals are shown with their respective
25 and 75 percentile. There is not much difference between the various control
schemes, although the adaptive scheme demonstrates shorter intervals at
lower feedback levels than the non-adaptive one.
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Figure 5.4 a) Ictality as a function of the feedback control parameter. b) The energy delivered by the
reactive control module as function of the feedback control parameter. c) The contra-stimulation level.
The mean pulse height (dots) with the corresponding 25 and 75 percentile intervals (vertical lines) are
shown. d) Mean pulse-to-pulse durations and the corresponding 25 and 75 percentile intervals. The
black circles denote the adaptive control scheme, the red stars the non-adaptive control scheme at
contra-stimulation level 4 and the purple triangles denote the non-adaptive control scheme at contrastimulation level 10.

Discussion and conclusions
We have shown that in a system that features bi-stability and can undergo
spontaneous transitions to seizure-like states via internal noise, the addition of
a relatively simple reactive control module can effectively prevent transitions
to such states. The algorithm monitors the system’s behaviour and if needed
delivers stimulation pulses to prevent untoward increases in ictality. Optimal
stimulation intensity requirements can be derived to prevent the system from
demonstrating ictal-like behaviour but with minimal intervention. In addition,
an adaptive algorithm is proposed that is able to vary the strength of stimulation
depending on suitable measure of paroxysmal activity introduced in this chapter
to avoid or prevent the occurrence of seizure-like behaviour at minimal energy
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expenditure. As we can see from figure 5.4, the adaptive scheme we have
devised provides better overall control than a rigid scheme with a low stimulus
intensity while at the same time being capable of transferring less “energy” to
the system compared with a rigid scheme of high intensity.
The above results are valid within the scope of our model assumptions, the
most critical one being the assumption that epileptic seizures are caused
by fluctuation-driven transitions in bi-stable, or more generally, multi-stable
systems. In a different dynamic scenario of seizure-like behaviour the strategies
for seizure prevention in addition to seizure annihilation, if possible at all, can
be completely different. Therefore we can look at our results in two different
ways. On the one hand we can use the model as a prospective tool for designing
novel therapeutic paradigms aimed at preventing seizure occurrence. On the
other hand, should such paradigms be experimentally reproduced as it was
attempted in (Osorio & Frei, 2009), we can use our results as a reconstructive
concept, possibly confirming the initial hypothesis of bi-stable dynamics at
least in certain epileptic conditions.
Finally, with this study and similar studies in the past (Wendling et al., 2001;
Kalitzin et al., 2010; Bartolomei et al., 2011), we observe that computational
modelling is evolving from its purely exploratory phase in epilepsy research
and enters an explanatory one. Models of varying complexity and detail can
be used in the near future as tools for complementary diagnostics and as test
benches for designing new therapies in epilepsy.

Applicability and limitations of the approach
The model presented here constitutes simply a "proof-of-principle". More studies
are necessary to enable this approach to be applied in practice. Regarding
modelling it is important to extend the lumped model to spatially distributed
neuronal populations with variable degrees of functional connectivity and
synchronization. Furthermore, tests have to be carried out using experimental
animal models of epilepsy, before applying this protocol in clinical cases.
The central assumption of this study is that seizures are generated as collective
dynamic patterns simulated by our lumped model. Accordingly, we have
assumed that we can measure the collective EEG signal of the pyramidal
neuronal populations involved in the epileptogenesis. We also assume in this
work that the electrical stimulation affects the pyramidal neuronal population
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as a whole. If this hypotheses can be validated in certain animal models of
epilepsy or in human patients (Vincent et al., 2011) (e.g., presurgical evaluation
by means of intracranial EEG recording in pharmacoresistant epilepsy cases),
then the proposed technique can be applicable to arrest seizure transitions in
those biological systems. However, in “real-life” situations, depending on the
size of the electrodes and the extent of the epileptogenic region, the measured
signals may happen to represent only part of the epileptic activity generated
by the system (Stead et al., 2010). Another limitation is that in biological or
clinical settings the stimulation may effect only part of the system involved
in the generation of epileptic seizures. Moreover, in most “real-life” situations
of neurophysiological measurements and direct electrical stimulation, the
stimulation and the measurement contacts have to be different due to
limitations of the typical EEG acquisition hardware that isolates or disconnects
the stimulated contacts from the amplifier. Finally, assuming that the electrical
stimulation is applied between two close contacts, the orientation of the
underlying dendritic and axonal structures may influence the efficiency of the
current injection on the cellular dynamics (Gluckman et al., 2001). Therefore, in
order for it to be applicable, the proposed paradigm may depend critically on
the accurate localization and delineation of the cerebrocortical region involved
in the generation of epileptic seizures and of the technical possibility to affect
this region with electrical stimuli. A scenario that has not been considered in
this chapter is where the external stimulation can be applied to only part of the
neuronal cell population. In this case the model should contain more than two
populations of neuronal cells and will be considered in future studies together
within the context of spatially distributed systems. Distributed neuronal
models will address also another limitation of our lumped model, namely the
assumption of synchronized population activity (Warren et al., 2010). Dynamics
of synchronization between the different populations can be added to the model
to explore the possibility of reactive synchronization control (Chakravarthy et
al., 2007).
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Abstract
Epilepsy is a condition in which periods of on-going normal EEG activity alternate
with periods of oscillatory behaviour characteristic of epileptic seizures. The
dynamics of the transitions between the two states are still unclear. Computational
models provide a powerful tool to explore the underlying mechanism of such
transitions, with the purpose of eventually finding therapeutic interventions for
this debilitating condition.
In this study, the possibility to postpone seizures elicited by a decrease of
inhibition is investigated by using external stimulation in a realistic bi-stable
neuronal model consisting of two interconnected neuronal populations, viz.
pyramidal cells and interneurons.
In the simulations seizures are induced by slowly decreasing the conductivity
of GABAa synaptic channels over time. Since the model is bi-stable, the system
will change state from the initial steady state to the limit cycle state because of
internal noise, when the inhibition falls below a certain threshold.
Several state-independent stimulation paradigms are simulated. Their
effectiveness is analysed for various stimulation frequencies and intensities in
combination with periodic and random stimulation sequences. The distributions
of the time to first seizure in the presence of stimulation are compared with
the situation without stimulation. In addition stimulation protocols targeted
to specific subsystems are applied with the objective of counteracting the
baseline shift due to decreased inhibition in the system.
Furthermore an analytical model is used to investigate the effects of random
noise. The relation between the strength of random noise stimulation, the
control parameter of the system and the transitions between steady state and
limit cycle are investigated.
The study shows that it is possible to postpone epileptic activity by targeted
stimulation in a realistic neuronal model featuring bi-stability and that it is
possible to stop seizures by random noise in an analytical model.

Introduction
Epilepsy, one of the most common neurological disorders (Hirtz et al., 2007),
is a condition of the nervous system in which neuronal populations alternate
periods of on-going normal EEG activity with periods of pathological oscillatory
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behaviour characteristic of epileptic seizures. In many cases such oscillatory
behaviour can be successfully suppressed by anti-epileptic drugs. However
in about one-fourth of the cases the epilepsy is medically intractable; these
patients are pharmaco-resistant (French, 2007; Kwan et al., 2010). Of the
intractable cases about 40% are not eligible for epilepsy surgery for a variety
of reasons (Kwan & Brodie, 2000). There is an urgent for additional options in
treating these patients. Alternative therapies, based on brain stimulation, are
currently being investigated (Velasco et al., 2007; Boon et al., 2009; Osorio & Frei,
2009; Vonck et al., 2013; Fisher & Velasco, 2014). Most of these investigations
are based on experiments in animal models of epilepsy (Khosravani et al., 2003;
Good et al., 2009; Osorio & Frei, 2009) or are inspired by stimulation protocols
applied to other neurological disorders, notably in extrapyramidal disorders
(Johnson et al., 2013), where electrically induced neuromodulation is applied.
In the previous chapter we developed a closed loop adaptive method for
aborting seizures in a realistic neuronal model featuring bi-stability (Koppert
et al., 2013). From other work it is known that it is possible to abort seizures
with a single pulse, both in computer models (Suffczynski et al., 2004) and in
experimental rat models (Osorio & Frei, 2009). A study with rats (Cota et al.,
2009) shows that it is possible to increase the threshold for pentylenetetrazole
induced clonic seizures by random stimulation, as measured by clonic limb
movement.
Here we extend and deepen these research studies using two computational
models to investigate the possibility of postponing or even preventing seizures
by different patterns of electrical stimulation, namely a realistic neuronal
model and an analytical model. Both display bi-stability as the mechanism of
autonomous seizure generation. We investigate the mechanisms and parameter
settings of both random and periodic electrical stimulation that may postpone
or abort epileptic seizures.
The chapter is organized as follows. The first section describes in brief the
models and the measure of ictality, as used in our previous studies. We then
introduce the stimulation strategies applied in the models. The results from
the simulations are summarized and discussed next. Finally we outline the
conclusions and comment on the clinical relevance of this study.
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Methods
Computational models
In this work we use two types of neuronal models: a realistic model, where
specific cell populations and connections between them are modelled based on
experimental data, and an analytical model, where only the general behaviour
of a neuronal system is described.
Realistic model
The realistic neuronal model and the dynamics used have been described in
detail in Chapter 4. A schematic view of the layout of the realistic model network
as shown in this study is shown in figure 6.1, where two cortical modules are
connected through bidirectional connections between the pyramidal cell
populations, as described by equation (4.2).
As described in Chapter 4, one cortical unit of the realistic model is autonomous
in the sense that its dynamics can generate an epileptic type of oscillatory
behaviour with no input from outside except for a certain amount of postsynaptic
noise. The model can display two different types of behaviour. It can be in a
steady state or in a limit cycle. Additionally, the system has a state where both
types of behaviour co-exist, the bi-stability region.
Two coupled units show the same behaviour individually. From a network point
of view, however, there can now be four states instead of two. Both units can
be in steady state, or both in limit cycle, but it is also possible that unit A is in
limit cycle and unit B in steady state, or that unit B is in limit cycle and unit A in
steady state. Depending on the strength of the coupling between the two units
and the pyramidal-to-pyramidal feedback loop of each of the units, the system
either has two of these states, with both units in limit cycle or both in steady
state, or all possible four states, as shown in figure 4.5a.
For the simulations performed in this study the cross coupling between units
is set to a strength where there can only be two states, either both in limit
cycle or both in steady state and the pyramidal-to-pyramidal feedback loop
is set to zero. Simulations of the model are performed using Simulink® Version
7.8 (Mathworks Inc. Natick, MA, USA); Matlab® Version R2011b (7.13.0.564)
(Mathworks Inc. Natick, MA, USA) is used for data analysis.
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PY

PY
STIM

IN

IN

Figure 6.1 Schematic overview of the layout of the realistic lumped model used in this study. One cortical
module consists of interconnected pyramidal cell (PY) and inter-neuron (IN) populations. The pyramidal
cell population is self-coupled. In this layout two cortical modules are bi-directionally coupled through
their pyramidal populations. The stimulation unit (STIM) is connected with both populations of one
cortical unit.

Analytical model
The main reason to use an analytical model, besides the realistic model, is that
it requires fewer parameters and needs reduced computation time compared
to the realistic model. It has the drawback however, that there is no possibility
to distinguish the contributions of specific physiological properties such as cell
membrane ion channel conductances or synaptic properties, which bears the
risk of missing relevant characteristics. The analytical model used in this work is
a second-order nonlinear system as described in Chapter 3.
This system can have different attractors, i.e. states which are relatively stable
and to one of which the system will revert after some relaxation time depending
on the initial state. Depending on the parameter settings the model can have
a steady state attractor, a limit cycle attractor or both attractors. In this sense
the basic properties of this system (Kalitzin et al., 2010) resemble those of the
realistic model (Koppert et al., 2011). The general dynamic behaviour of a single
unit of both models is comparable as shown in Chapter 3.
The default parameters of the analytical model are not changed in the
simulations if not explicitly mentioned and are set to c = -1, b = 2, c = -0.9 and
the noise level is 0.1. The angular velocity of the rotator, w, is randomly chosen
from a normal distribution with a mean of 1 and a standard deviation of 0.2
and is always positive. Although the model does not directly represent any
physiological reality, we can interpret some of the parameters as representing
realistic variables, which is discussed in Chapter 3 and Chapter 4. The c-parameter
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can be considered as the control parameter of the system, as the self-coupling
in the realistic unit.
Ictality
As a measure of the amount of paroxysmal activity in the system we use an
ictality measure as introduced in Chapter 4. A high ictality ratio represents a
large amount of paroxysmal activity in the signal and a low ratio represents a
signal with almost only steady state behaviour.
The ictality measure is applied to all trials of the analytical model. The ictality
indices for each combination of noise level and c-parameter for all trials with
a specific initial condition, either limit cycle or steady state, are averaged. The
presented ictality is the maximum value of these two averages.
Stimulation paradigms
To investigate the behaviour of the system while moving towards a seizure, the
GABAa induced cellular membrane conductivity is gradually decreased in both
neuronal units. From 15, high above the default value of 8, the level is decreased
to 5 which is a value at which the system will always be in a limit cycle due to
very low inhibition. The continuous decrease starts 15 seconds after the onset
of the simulation. The noise level in the system is arbitrarily set to 0.04, which
allows noise-induced transitions between states. The time to first seizure was
determined over 200 simulated runs of 600 seconds each.
Common stimulation of both populations in the realistic model
The possibility of preventing or postponing the system from moving into limit
cycle behaviour was subsequently investigated by applying different external
electrical stimulation protocols, starting at 15 seconds after the onset of the
simulation, at the same moment as the initiation of the GABAa decrease.
The stimulation was applied simultaneously to both the pyramidal and the
interneuron population in one of the two cortical units (figure 6.1), with the
same strength and frequency. Periodic stimulation was applied with a positive
polarity at frequencies of 1Hz, 2Hz, 5Hz and 10Hz and amplitudes of 0.5, 1, 2 and
5. In addition, random stimulation was applied by drawing pulse intervals from
a uniform distribution with 20% and 80% chance of a pulse every 0.1 seconds,
given that the previous 0.1 second was not a pulse, to ensure that that there was
always a silent period between pulses. Also for the random stimulation different
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strengths were applied with amplitudes of 0.5, 1, 2 and 5 with a positive polarity.
The distribution of the time to first seizure of the 200 runs was determined for all
experiments and the distributions of the time values for trials with stimulation
were compared with corresponding trials without stimulation.
Targeted counter stimulation in the realistic model
The membrane potential of both the pyramidal and interneuron population
shows a baseline shift (figure 6.2a) due to the decrease of GABAa cellular
membrane conductivity.
The baseline shift in the pyramidal population is shown as function of the
membrane potential of the interneuron population in figure 6.2b. Counteracting
stimuli, as indicated in figure 6.2b, are applied simultaneously to both
populations of one cortical unit, as shown in figure 6.1. In contrast with the
common stimulation as described above, the polarity is inverted in order to
counteract the baseline shift. To target the baseline shift even more precisely,
stimuli with different strengths were applied to both populations. The ratio is
determined according to the slope of the relationship between the membrane
potential of both populations, which was found to be 1:1.3 for PY:IN. Stimuli
with other ratios were also presented to test the sensitivity of the system to the
value of the ratio.
The distribution of the time to first seizure was determined over 200 runs of
600 seconds for each trial. The stimulus strength, 0.2, and frequency, 1Hz, were
the same for all trials with stimulation. The stimuli were applied with 5 different
ratios of PY:IN, viz. 1:1; 1:1.1; 1:1.2; 1:1.3 and 1:1.4.
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a

b

Figure 6.2 a) Membrane potential of the pyramidal cell (bottom trace) and interneuron (top trace)
population of the realistic model as a function of time. The decrease of GABAa conductivity, denoted by
the colour, causes a baseline shift and finally results in a seizure. b) Membrane potential of the pyramidal
population against the membrane potential of the interneuron population, using the same colour
scheme. The arrow denotes the direction of the counter stimulation.

Random stimulation in the analytical model
In the analytical model the baseline shift is not incorporated in the dynamics.
Since the shift is absent, targeted preventive stimulation as applied in the
realistic model is not possible.
In this model we investigated the possibilities of aborting seizures using random
stimulation. The random stimulation is realized in the model as normally
distributed (m=0, s=1) random noise, multiplied by the noise level. Model
simulations were performed for different levels of noise strength, ranging from
0 to 1, and different levels of the c parameter ranging from c=-1, where there
is only steady state behaviour, to c=0 where there is only limit cycle behaviour.
For the first set of 50 simulations the model was set initially to the steady state.
Analysis of the signal was performed by searching for a seizure lasting at least
one full oscillation. The mean time to first seizure was calculated for each noise
level and c value. For the second set of 50 simulations the model was set to start
in the limit cycle state. This signal was analysed by searching for a seizure-free
period of at least one oscillation. The mean time to first abortion of seizure was
calculated for each noise level and c value. Al simulations were performed for
10000 simulation steps.
To get a clear view of the mechanisms involved and the results of the experiments,
the basin of attraction of the model was determined for different values of the
c parameter.
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Figure 6.3 Distributions of the time to first seizure in the realistic model for the trial without stimulation,
shown in blue, and the trials with both periodic (a) and random (b) stimulation using different strengths
and frequencies as indicated above each plot, shown in red.

Results
Common stimulation of both populations in the realistic model
The occurrence of seizures, when GABAa cellular membrane conductivity
was decreased, was earlier in the common stimulation paradigm, both with
periodic and with random stimulation, than without stimulation. The typical
effect is shown in figure 6.3, for different stimulation parameters. The blue bars
denote the distribution of the times at which the first seizure occurred for each
simulated run without any stimulation and the red bars denote the distribution
where stimulation was applied. Figure 6.3a shows the distributions for periodic
stimulation with different frequencies and strengths and figure 6.3b shows
the distributions for random stimulations with different mean frequencies
and strengths. It can be seen that an increase of either the frequency or the
stimulation strength, for both periodic and random stimulation, evokes seizures
earlier.
Targeted counter stimulation in the realistic model
Figure 6.2a shows the baseline shift of the membrane potential of both the
pyramidal cell population and the interneuron population. The colour scheme
shows the decrease of the GABAa cellular membrane conductivity, moving
from high conductivity (blue) to no conductivity (red). In figure 6.2b the
membrane potential of the pyramidal cell population is shown as a function of
the membrane potential of the interneuron population, using the same colour
scheme to show the GABAa cellular membrane conductivity.
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Figure 6.4 a) Boxplots showing the distributions of the time to first seizure in the realistic model with
the inverted polarity stimuli and for different stimulation ratios. The far left box shows the time to first
seizure without any stimulation, the boxes to the right of the dashed line show the time to first seizure
for different stimulation ratios as indicated on the x-axis. b) Distribution of the time to first seizure for
the trial without stimulation, shown in blue, and the trial with the optimal ratio (1:1.3) of preventive
stimulation in the realistic model, shown in red.

Figure 6.4a shows the distribution of the times at which the first seizure occurred
with different stimulation parameters. The far left box shows the distribution with
no stimulation, the boxes to the right of the dashed line show the distributions
for simulations where stimuli were applied with different ratios as indicated
on the x-axis. It is clear that the ratio 1:1.3 for PY:IN, determined as the slope of
the relationship between the membrane potential of both populations, is the
only stimulation setting at which the time to first seizure is postponed. Figure
6.4b shows the histogram of the distribution of stimulations with the optimal
preventive stimulation (red) and without stimulation (blue).
Random stimulation in the analytical model
In figure 6.5 the basin of attraction of the model is shown for five different c
parameter values, ranging from -1 to 0 in evenly spaced steps. The centre point
of the basin denotes the steady state point and the ring structure around the
centre denotes the limit cycle. When moving from c=0 to c=-1 it is shown that
the steady state point moves from an unstable, small, point to a stable, wide
point. The limit cycle is a very stable and deep ring at c=0 and completely
disappears at c=-1.
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Basins of attraction
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0

Figure 6.5 Basins of attraction of the analytical model for different c parameters. For c<=-1 the system
can only be in steady state (SS), for c>=0 the system can only be in limit cycle (LC) and for -1<c<0 the
system is bi-stable and can be in steady state as well as in limit cycle.
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Figure 6.6 a) The mean time to first seizure, with the duration of at least one period, as function of noise
strength and the c-parameter in the analytical model. b) The mean time to abort the seizure as function
of noise strength and the c-parameter in the analytical model.

Figure 6.6a shows the mean time to seizure (lasting at least one period) due to
random noise as a function of the strength of the noise and the c parameter. A
clear linear threshold is shown. Figure 6.6b shows the mean time to first abort a
seizure as a function of the noise strength and the c parameter of the model. In
the region below a noise strength of 0.5, again an approximately linear relation
is found between c and the noise strength. For higher noise levels the threshold
becomes fuzzier and less noise dependent, if at all.
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Figure 6.7 Ictality of the system as a function of noise strength (vertical axis) and c-parameter (horizontal
axis) in the analytical model.

The mean ictality of the trials of the analytical system is presented in figure 6.7.
The blue region in the plot denotes a low ictality, an area with a low number of
seizures. This area has low values for the c parameter, in keeping with the model
dynamics, and needs a certain noise strength so that the system may recover to
a steady state quickly once it goes into a seizure.

Discussion and conclusions
In this study we have shown that it is possible to postpone seizure-like activity
by targeted stimulation in a realistic neuronal model featuring bi-stability. The
most effective stimulation targets the pyramidal and interneuron population
with different strength at a specific ratio, to counteract the baseline shift
caused by the decrease of inhibition. When we do not take the baseline shift
into account and stimulate the pyramidal and interneuron population with a
“wrong” polarity, seizures are facilitated, irrespective of whether the stimulation
is random or periodic.
Since the experimental setup involves a continuous reduction of the inhibition
in the system until a seizure is evoked, complete suppression of a seizure is not
possible. In reality however, it is not likely that the inhibition can be reduced
to such low levels. In the case of realistic inhibition levels it is likely that the
targeted stimulation may prevent seizure occurrence, instead of postponing it,
as shown in this study. It is also shown that the ratio of stimulations applied to
the two populations should be carefully chosen, which, in a real-life situation,
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might be not easy to accomplish.
We also show the possibility of arresting already developed seizures by random
noise in the analytical model. By looking at the basin of attraction of the model
for different values of the c parameter, the results obtained by simulations can
be explained qualitatively by the relatively simple structure of the model. It is
particularly interesting that the two graphs in figure 6.6 are not identical. When
the initial condition of the neuronal system is a steady state, the parameter space
is divided by an almost straight line in two parts based on the averaged time for
inducing transition to a limit cycle. On the other hand, when the system’s initial
condition is a limit cycle, it is hard to get the system into steady state by any
amount of noise for c>-0.7. We attribute this difficulty to the shape and size of
the basins of attraction, where the steady state behaviour is described by a fairly
small dip in the corresponding graph. In such a case, the abortion of a seizure
can only be reached effectively by administration of a specific, well-timed an
oriented pulse, as we have shown in Chapter 5 (Koppert et al., 2013). By means of
measuring the ictality of the system we are able to determine a region where the
c parameter and noise level are so tuned to each other that it is difficult for the
system to get from steady state to limit cycle. Nevertheless, should this happen,
it is easy for the system to transit back to steady state behaviour just by the sheer
effect of the noise inherent to that system. This may be in concordance with in
vivo situations where stimulation might evoke a seizure and immediately abort
it, without the display of any clinical features.
The current clinical trend of neuromodulation in epilepsy (Johnson et al., 2013)
is marked by a gradual transition from open loop to closed loop paradigms
(Heck et al., 2014). This occurs in parallel with developments that further
refine seizure detection online (Cook et al., 2013) and seizure control (Holmes,
2014). However we are not aware of clinical applications of neuromodulatory
techniques developed especially for the purpose of pro-actively reducing the
chance of seizure occurrence by shifting the brain state away from approaching
a condition where a spontaneously occurring epileptic seizure becomes
unavoidable.
We demonstrate that depending on the underlying mechanisms responsible
for the generation of epileptic seizures, non-reactive control is theoretically
possible. If feasible, it might be advantageous compared with the reactive
control paradigms, because it may actually prevent the onset of an epileptic
seizure rather than aborting it once it has started.
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Finally, our work shows that models at different levels of biological reality may
suggest different strategies for seizure control. While the more realistic neural
mass type of model has dynamic bi-stability properties almost identical to
the analytical model, shown in Chapter 4 (Koppert et al., 2014), the feature of
relative offset of the position of the steady-state attractor relative to the limit
cycle is crucial for the possibility to apply preventive stimulation paradigms. In
contrast, strategies aiming at abortion of the limit cycle once the system has
made the transition, can be equally well studied at both levels of modelling.
In conclusion, the present work can contribute to a better understanding of
the process of ictogenesis in a network which by itself is capable of generating
epileptic seizures and therefore closely resembles naturally occurring epilepsy.
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Abstract
Evidence suggests that axonal-axonal gap-junctions play a role in generating
oscillatory behaviour in neuronal networks. Computational neuronal models
on compartmental scale show that gap-junctions can produce high frequency
oscillations (HFOs). However, there is as of yet no direct link between these HFOs
and epileptic seizures, other than that HFOs seem to appear more often close to
the seizure onset zone. Neural mass models (NMMs), on the other hand, simulate
the behaviour of populations of cells on a macroscopic level and can only
account for low frequency oscillations of up to about 20Hz. While the synaptic
current is explicitly modelled, the microscopic, ion channel electrophysiology
is not taken into account.
In this research we aim to investigate the effect of axonal-axonal gap-junctions
on the oscillatory behaviour on a microscopic level with Hodgkin-Huxley
type of dynamics and the relation to the generation of epileptic seizures at
a macroscopic level in a neural mass model using cascade modelling. We
specifically study the effect of the gap-junction density on the firing rate in the
Hodgkin-Huxley model, which is mapped to the NMM as variation in slope and
threshold of the transfer function from the cell population membrane potential
to the firing rate.
We show that under certain circumstances, the addition of gap-junctions to
a network with Hodgkin-Huxley type of dynamics can generate HFOs, while
simultaneously shifting the homeostatic point of the neural mass model from a
steady state network into bi-stable behaviour that can autonomously generate
epileptic seizures.

Introduction
Epilepsy is a condition in which periods of normal brain functioning are
interrupted by intermittent periods of synchronized oscillatory behaviour,
i.e. epileptic seizures. The physiology of these synchronized events and the
underlying biological mechanisms have been studied in great detail (Bal &
McCormick, 1993; Destexhe et al., 1993; Bal & McCormick, 1996; McCormick et
al., 2003). However, the dynamics of transitions to and from these pathological
states are not yet fully understood.
High frequency oscillations (HFOs) in cortical neurons are synchronized network
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oscillations of more than 80Hz that last for about 100ms, although definitions vary.
While they were first described as physiological oscillations related to memory
consolidation in rodents (Buzsáki et al., 1992; Csicsvari et al., 1999), and later in
human mesial temporal structures (Draguhn et al., 2000; Axmacher et al., 2008),
they recently emerged as a new marker for epileptic areas. These pathological
ripples occur in epilepsy patients and appear to indicate a propensity of cortical
tissue to originate in seizures (Huang & White, 1989; Allen et al., 1992; Fisher et
al., 1992). Single neuron firing may result in fast recruitment of interconnected
cells, resulting in synchronous action potential firing. Due to morphological,
molecular and functional changes in epileptic tissue, this synchronous action
potential firing may manifest itself as HFOs in extracellular recordings. HFOs
are generated locally and synchronizing mechanisms must be fast enough to
synchronize activity within 2ms to 5ms. The most likely candidates of biological
mechanisms behind the HFO generation are: 1 – electrotonic coupling via gapjunctions (Draguhn et al., 1998; Traub et al., 2001; Traub et al., 2002), 2 – ephatic
interactions (Dudek et al., 1986; Jefferys, 1995), or 3 – fast synaptic transmission
(Dzhala & Staley, 2004). It should be emphasized that while there is a correlation
between resection of tissue with HFOs and good surgical outcome, i.e. seizure
freedom (Jacobs et al., 2010), there is as of yet no causal relationship between
the occurrence of HFOs and epileptic seizures.
Computational models are a valuable tool for testing various dynamic
scenarios to gain insight into the dynamics of epileptic seizures (Wendling,
2008). Neural mass models (NMMs) simulate the behaviour of populations of
cells on macroscopic level and are very successful in describing brain rhythms
as measured with an electroencephalogram (EEG). Such models can lead to
predictions of various emergent dynamical properties of neuronal networks,
such as the autonomous generation of epileptic type of behaviour as introduced
in Chapter 2 (Suffczynski et al., 2004; Koppert et al., 2011). Although NMMs are
successful in describing the macroscopic EEG, they can only account for low
frequency oscillations of up to about 20Hz, and while the synaptic current is
explicitly modelled in NMMs, ion channel electrophysiology is not taken into
account.
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Figure 7.1 Overview of the cascade modelling approach to connect phenomenology at different scales
connected by the firing rate curve. On a microscopic scale the compartmental model is able to give rise
to HFOs, while the macroscopic neural mass model shows autonomous generation of epileptic seizures.
Both models are connected through the firing rate curve.

In this chapter we aim to investigate the relations between HFO presence
in the system dynamics and the ability of the system to generate behaviour
resembling epileptic seizures. We investigate in particular the effect of axonalaxonal gap-junctions as a common mechanism causing the oscillatory
behaviour on a microscopic level in a compartmental model with HodgkinHuxley type of dynamics and the relation to the generation of epileptic seizures
at a macroscopic level in an NMM. To this end we use a cascade of two models,
one describing the biological reality at ion channel level and another, an NMM,
that represents the neuronal lump scale of organization. The link between the
two scales is provided by inferring parameters of the NMM from the simulations
of the detailed, compartmental model as illustrated in figure 7.1.

Methods
In this work we use two types of computational neuronal models. A detailed,
microscopic model, where individual neurons and connection between these
neurons are modelled, and a macroscopic model, where neuronal populations
of specific cell types and connections between these populations are described.
The parameters of both models are based on experimental data.
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Axon 1

Axon 2

Axon 3

Figure 7.2 Schematic overview of part of the network of the microscopic model. The total network consists
of 50 axons. Each axon consists of 10 single connected compartments. The axons are interconnected via
gap-junctions, as indicated by the dashed lines.

Microscopic compartmental model
The microscopic compartmental model consists of a network of 50 axons
coupled with gap-junctions, illustrated in figure 7.2. Each axon consists of 10
single connected compartments. The single cell compartments are modelled
with a Hodgkin-Huxley type of dynamics with voltage gated Na+- and K+channels and leak currents (Huxley, 2002). For simplicity, the same parameters
were chosen for all compartments.
The current flowing through the membrane of compartment k is described by:
𝐶𝑚

𝑑𝑉 𝑘
𝑘
𝑘
= − � 𝐼𝑖𝑜𝑛
− � 𝐼𝑒𝑥𝑡
𝑑𝑡

(7.1)

where Cm is membrane capacitance, V is transmembrane potential, Iion is the
total ionic membrane current and Iext the total external current.
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Table 7.1 Parameter values macroscopic compartmental model
Parameter
gNa
gK
gleak
ENa
EK
Eleak
Cm

Value
120 mS/cm2
36 mS/cm2
0.3 mS/cm2
50 mV
-77 mV
-54.38 mV
1µF cm-2

The total ionic current is written as:
𝑘
� 𝐼𝑖𝑜𝑛
= 𝑔𝑁𝑎 𝑚3 ℎ 𝑉 𝑘 − 𝐸𝑁𝑎 + 𝑔𝐾 𝑛4 𝑉 𝑘 − 𝐸𝐾

−𝑔𝑙𝑒𝑎𝑘 (𝑉 𝑘 − 𝐸𝑙𝑒𝑎𝑘 ),

(7.2)
where gNa, gK, and gleak are the maximum values of the conductance of sodium,
potassium and the leakage current respectively. ENa, EK, and Eleak are the sodium,
potassium and leakage reversal potentials, respectively. The parameter values
are shown in table 7.1.
The dimensionless quantities m, h, and n describe the membrane state
variables, which are associated with sodium channel activation, sodium channel
inactivation, and potassium channel activation. A second differential equation
defines the evolution of the membrane state variables m, h, and n. Let zk be one
of the dimensionless state variables m, h, or n in compartment k. The evolution
of the state variable is then given by:
𝑑𝑧 𝑘 𝑧 𝑘
𝛼 𝑉 × 1 − 𝑧 𝑘 − 𝛽 𝑧 (𝑉 𝑘 ) × 𝑧 𝑘 ,
𝑑𝑡

(7.3)

where az and bz are rate functions for that state variable zk and are given in
table 7.2.
The total external current Iext is given by:
𝑘
𝑘
� 𝐼𝑒𝑥𝑡
= 𝐼𝑖𝑛𝑗
+ �𝛾𝑙,𝑘 (𝑉𝑙 − 𝑉𝑘 �,
𝑙

(7.4)

where k and l are the indices of different compartments, Iinj represents the
injected current, and is the coupling conductance between different connected
compartments. The product of the coupling conductance with the potential
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Table 7.2 Rate functions for channel dynamics
Parameter

Rate Function

am

𝛼 𝑚 (𝑉) =

bm
ah
bh
an
bn

0.1(𝑉 + 40)
1 − 𝑒 −(𝑉+40)⁄10

𝛽 𝑚 (𝑉) = 4𝑒 −

𝑉+65 ⁄18

𝛼 ℎ 𝑉 = 0.07𝑒 −
𝛽 ℎ (𝑉) =

𝛼 𝑛 (𝑉) =

1 + 𝑒−

𝑉+65 ⁄20

1

𝑉+35 ⁄10

0.01(𝑉 + 55)
1 − 𝑒 − 𝑉+55 ⁄10

𝛽 𝑛 𝑉 = 0.125𝑒 −

𝑉+65 ⁄80

difference is summed over all compartments connected to compartment k.
It should be noted that only the first compartment of each axon receives the
injected input current in the simulations.
The injected current, Iinj, can serve as different types of input in our simulations. It
can be a pulse generator which represents a short injected current to depolarize
a compartment, but it can also represent dendritic input from other neurons or
a continuous injected current. In the latter case, Iinj is defined as:
𝑘
𝐼𝑖𝑛𝑗
= 𝑔𝑖𝑛𝑗 (𝑉 𝑘 − 𝑉𝑖𝑛𝑗 �,

(7.5)

with ginj the injected current conductivity and Vinj the injected current reversal
potential.
Networks were generated with random gap-junction connectivity, subject to
two constraints: (i) total number of gap-junctions formed by any axon is less than
five, and (ii) one single axonal compartment can only have one gap-junction.
To construct such a network, first the average number of junctions formed on
each axon is specified, called the connectivity Cjunctions. The total number of gapjunctions, Njunctions, to be inserted into the network is defined as:
𝑁𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 = 𝐶𝑗𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠

𝑁𝑎𝑥𝑜𝑛𝑠
,
2

(7.6)

with Naxons the total number of axons in the network. Pairs of cells were generated
using a pseudo-random number generator, and were discarded if constraints (i)
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and (ii) were not met. The connectivity Cjunctions of the network was set to 0, 0.5,
1, 1.5, 2, and 3 for the different simulations.
Five different randomly connected networks for each level of the gap-junction
densities were generated. For each of these networks (25 in total) we simulated
the output from 50 different initial conditions, corresponding to initial
activation of each individual of the 50 somatic compartments. As a result 1250
simulated trials were performed, 250 for each gap-junction density level. In
each simulation, the averaged signal was used to compute the corresponding
quantifier, the relative phase clustering index or the autoregressive residual.
The firing rate curve was determined by stimulating the first compartment of
all axons with an injected current, which represents the dendral input current.
The average firing rate of a single neuron in the population was calculated by
averaging the amount of spikes of the neuronal population in a set time interval.
Macroscopic neural mass model
Neural mass models are successful in describing brain rhythms as observed
in macroscopic measurements such as the electroencephalogram. Every
individual unit in an NMM represents a specific lump of interconnected
neuronal populations. An NMM produces the average activity, i.e. firing rates,
for each population of neurons which generates postsynaptic currents based
on incoming signals. These currents are integrated and contribute to the mean
membrane potential of the neuronal population. The macroscopic NMM or
realistic neuronal model used has been described in detail in chapters 2 and 4.
The output of each model population, interpreted as the collective firing rate,
is usually described by a sigmoid function as given by equations (2.4) and (2.5).
However, with the cascade modelling approach, the firing rate curves acquired
from the detailed model were mapped into the macroscopic model, modifying
the standard sigmoidal function.
Simulations were performed with the realistic model to determine the phase
space of the system for each gap-junction density level by slowly increasing
and decreasing the self-coupling coefficient. The noise level was set to zero to
prevent noise induced state changes.
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Cascade modelling
The concept of cascade modelling is illustrated on figure 7.1. The firing rate
curve is used as link between the microscopic compartmental model where
HFOs can be generated, and the macroscopic NMM where autonomous
generation of epileptic seizures can occur. We specifically study the effects of
the gap-junction density on the single cell firing rate in the compartmental
model, which is mapped to an NMM as variation in slope and threshold of the
transfer function from the cell population membrane potential to the firing rate.
The average firing rate curve of the compartmental model without gapjunctions was mapped to the sigmoidal curve σ(V) in equation (2.5) of the NMM.
The following equation shows the translation function used:
𝜎𝑁𝑀𝑀 𝑉 = 𝑎 � 𝜎𝑐𝑜𝑚𝑝 (𝑐(𝑉 + 𝑏)),

(7.7)

where σNMM is the scaled and translated sigmoidal function, σcomp is the average
single neuron firing rate determined in the compartmental model, and a, b,
and c are the translation and scaling parameters, selected according to best
match (minimal square difference) between the original sigmoidal function
as described by equation (2.4) and the translated sigmoidal function. These
parameters were subsequently used for all gap-junction densities in order to
obtain the gap-junction induced deformed collective population firing rate
function for the pyramidal cell population in the NMM.
Simulations of the models are performed using Simulink® Version 7.8 (Mathworks
Inc. Natrick, MA, USA); Matlab® Version R2011b (7.13.0.564) (Mathworks Inc.
Natick, MA, USA) is used for data analysis.
Ad-hoc derived HFO detection
Two different HFO detection algorithms were applied. The first detection
algorithm is the relative phase clustering index (rPCI) as proposed by Kalitzin et
al. (Kalitzin et al., 2012). The concept behind the rPCI is that perturbing the brain
dynamics through external stimulation can yield a measure for the presence or
absence of a possible epileptic state and the risk of transition to such a state.
The rPCI is a measure of a time-variant propensity of the system to phase-lock
its response to an external stimulus.
The second detection algorithm used is the autoregressive residual (ARR), a
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novel algorithm proposed by Geertsema et al. (Geertsema et al., 2014). The ARR
uses the non-linear features, i.e. the residual error, after an autoregressive model
(AR) fit as HFO detection method. Windows with HFOs in the seizure onset zone
have a higher residual signal variation after autoregressive modelling than EEG
windows with HFOs from a channel outside the SOZ. In this algorithm the
data acquired from the microscopic compartmental model overlapped with
macroscopic EEG data acquired from the NMM was divided into windows of
40ms with 50% overlap. Next, three-pole autoregressive (AR) models were
estimated, thereby obtaining the residual signal variation.
The microscopic compartmental model HFO bursts triggered by stimulation
of the network were overlapped on macroscopic EEG data acquired from the
NMM. Both algorithms were applied to the simulated data.

Results
Network response and HFO like behaviour of the microscopic compartmental
model
Figure 7.3 shows an example of a generated ripple of one of the randomly
generated network realizations. After band pass filtering from 150Hz to 500Hz,
an HFO emerges, shown in the middle panel of figure 7.3. A Huang filter has been
used which is a filter specifically designed to keep the morphology of the signal
intact. Fourier analysis of the filtered data, shown in the lower panel of figure
7.3, shows dominant frequency peaks at 195Hz, 255Hz and 305Hz. Figure 7.4
shows the population or network responses after single neuron firing due to an
injected current pulse for every neuron in the network. For each fixed topology,
increasing the gap-junction density first results in an increase in duration and
amplitude of the ripple like behaviour due to recruitment of interconnected
cells via gap-junctions. Further increasing gap-junction density leads to the
synchronous firing of all the compartments which results in the formation of a
large spike complex.
Figure 7.5 shows the average firing rate of a neuron as function of the membrane
potential for each gap junction density level. The firing rate curve shifts to the
left with increasing gap-junction density.
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Figure 7.3 The upper figure shows an example HFO generated with one of the randomly generated
networks. The middle figure shows the results of a band pass (150-500 Hz) Huang filter. The bottom figure
shows the frequency spectrum of the Huang filtered signal. The Huang filter is specifically designed to
keep the morphology of the signal intact.

Macroscopic neural mass model
In figure 7.6 the amplitude of the oscillations of the neural mass model is mapped
as a function of the self-coupling coefficient in a system without noise. Low
self-coupling coefficients result in steady state behaviour, representing normal
background EEG. When increasing the self-coupling coefficient, the system will
eventually transit to a limit cycle due to excessive excitation. Increasing gapjunction density, i.e. the connectivity of the system, causes the system to elicit
limit cycle type of behaviour for a smaller self-coupling coefficient. When gapjunction density is sufficiently increased, bi-stable behaviour emerges as shown
in figure 7.6c, where both states are present simultaneously. Further increasing
the gap-junction density results in a system which always generates limit cycle
type of behaviour.
The ictality of the system, with the self-coupling value set to 1.65, is measured for
different levels of gap-junction density and shown in figure 7.7. With increasing
gap-junction density, the NMM system’s ictality increases. The ictality is low
when the system is in steady state, for low gap-junction densities. When the
system is in a bi-stable area at gap-junction density level 1, where it alternates
between steady state and limit cycle, the ictality increases. The ictality increases
even more for higher density levels, where the system only elicits limit cycle
behaviour.
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Figure 7.4 Traces for the 1250 simulations. Each row of frames represents one gap-junction density
level (C). The individual frames in each row correspond to the different network topologies (F). In each
frame 50 traces, simulated from the 50 initial conditions, are plotted together. At 50ms a current pulse is
injected into the system. The y-axes denotes the summed amplitude over the last compartments of the
axons in the network, the x-axis denotes time.
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Figure 7.6 Amplitude of the oscillations of the membrane potential of the pyramidal population as a
function of the self-coupling coefficient for five different gap-junctions density levels.

Ad-hoc derived HFO detection
Figures 7.8 and 7.9 show the statistics for the rPCI and ARR respectively, where
each frame represents the results of a given level of gap-junction density.
The box-plot represents the distribution of the rPCI and ARR for the different
random network realizations. Both indices steadily increase in value with
increasing gap-junction density. The ARR seems to better distinguish between
the different levels of gap-junction density, with a much more pronounced
difference between the values of the index for different levels of connectivity.
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Discussion and conclusions
This study demonstrates that microscopic features such as gap-junctions,
channel mutations and biological or molecular mechanisms can be embedded
in a cascade of models to connect phenomenology at different scales. In
particular, axonal-axonal gap-junctions can produce HFO like behaviour and
be responsible for emergent bi-stability leading to autonomous generation of
seizures. Single neuron firing can result in fast recruitment of interconnected cells
by gap-junctions, resulting in HFO-like action potential firing of a population of
neurons and a change in the average firing rate of a single neuron. When these
changes in the firing rate curve are mapped into the collective population firing
rate in the NMM it resulted in phase space deformations, with emergent bistability. In this cascade of models, gap-junctions are a common cause of both
HFO like behaviour and epileptic seizures.
An increase in gap-junction density increases the ictality of the system. Similarly
an increase is shown by both the rPCI as well as the ARR. Both methods have
been shown to successfully detect HFOs on EEG data. Further tests have to be
carried out to see whether these indices can give clinical useful information
about the brain state of a patient. In addition to the results presented in this
study, we note that models can help developing new dedicated HFO detectors.

117

Chapter 7

We observe from figure 7.4 for example, that for higher gap-junction densities
the HFO are superimposed with a slow-wave “carrier” component that can be
used to identify this specific phenomenon.
In epilepsy surgery, removal of tissue with HFOs seems to predict good surgical
outcome, suggesting that HFOs should be taken into account for clinical
evaluations (Jacobs et al., 2010). However, the overlap of physiological and
pathological ripple frequency bands makes it hard to distinguish the ripples on
the basis of frequency band analysis alone. A recent study by Kerber et al. (Kerber
et al., 2014), showed that not only the amount of HFOs but also the HFO pattern
is an important feature for the interpretation of HFOs in epileptic patients.
Ripples occurring in an oscillatory background activity may be suggestive of
physiological activity, while those ripples occurring on a flat background reflect
epileptic activity. In this study, the epileptic HFOs reflect synchronous bursts of
population spikes as suggested by Engel et al. (Engel et al., 2009), which is in
agreement with the observation that oscillations as paroxysmal events should
rather occur form a quiet baseline than continuous oscillatory activity.
Recent research has shown that HFOs can be detected with scalp EEG
measurements, which require the EEG to be sampled at a frequency above the
usual 200Hz or 500Hz (Guggisberg et al., 2007; Ramachandrannair et al., 2008;
Kobayashi et al., 2010). However, non-invasive measurement of HFOs proves
to be difficult due to the relatively large distance from the HFO source. The
microscopic compartmental model predicts that perturbing a neuronal network
with increased gap-junction density through external stimulation such as TMS
or electrical stimulation can generate evoked HFOs.
Finally we comment on the methodology used in our work. Phenomena
associated with different scales of biological organization may have to be
modelled adequately by different models. In fact every model is a compromise
between amount of details incorporated and computational feasibility and
interpretability of the results. In chapters 3 and 4 we have shown that for large
scale phenomena even the NMM can be simplified and reduced to a simple
analytical model that still carries the essential features of seizure generation. In
the same spirit, here we use a cascade, or an ordered pair of models, at different
scales of organization. The link is established by mapping the output of the
detailed model into the collective model, the NMM. We believe that by this
way of modelling the dichotomy of detailed, computationally complex models
versus comprehensive models can be resolved.
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Chapter 8

The aims of this thesis were to get a better understanding, using computational
models, of the dynamics involved in epileptic seizure generation and termination
and to propose stimulation paradigms that may be applied to control epileptic
seizures. A first step was to adopt a neuronal computational model and
reproduce known phenomena. In Chapter 2 of this thesis we introduced a
realistic neuronal model consisting of two interconnected neuronal populations,
excitatory pyramidal cells and inhibitory interneurons. The dynamics of the
model, as introduced by Suffczynski et al. (Suffczynski et al., 2004), included two
possible states, a steady state, interpreted as inter-ictal activity, and a limit cycle
state, interpreted as ictal activity. For certain initial conditions the model has a
type of dynamics where both states are present and the system can alternate
between the two states due to external perturbation or internal fluctuations,
modelled as random noise. However, both transitions, from steady state to
limit cycle and vice versa, can randomly occur. Experiments in rats and humans
(Suffczynski et al., 2006), showed that the length of the inter-ictal periods were
distributed according to a random walk process, while the length of the ictal
periods had a more or less fixed length, indicating a second time process to
be involved. To reflect this behaviour in the model, we introduced activitydependent channels. Three different types of channels were introduced; i)
NMDA-dependent plasticity, introducing long-term potentiation and long-term
depression, that acts on the strength of the synaptic conductances; ii) GABAa
plasticity, although the mechanism is not fully understood, we postulated the
same type of dynamics as for the NMDA plasticity; And iii) slow Ih channels,
introducing a hyperpolarization activated inward current.
It is shown that all activity-dependent channels introduced effect the distribution
of ictal length. The most pronounced effect was shown with the introduction
of Ih channels in the model, where the ictal periods changed significantly
from random length, with no Ih influence, to a preferred length, with strong Ih
influence, better reflecting the results as found in humans and rats.
The results, both of the experimental study and of the computational model
study as performed in Chapter 2, support the believe that the initiation of
certain types of epileptic seizures can be triggered by random perturbations,
but their termination is determined by activity-dependent processes.
It is most likely that a combination of different activity-dependent processes
and homeostatic mechanisms play a role in the termination of epileptic seizures.
Another interesting finding are the results of the postulated GABAa plasticity,
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which show also a significant change of distributions, closely resembling the
experimental results. With such findings the purpose of computational models
slowly shifts from a descriptive tool, where real-life situations are simply reflected
in the model by modelling known mechanisms, to reconstructive modelling,
where mechanism are suggested that can underlie certain phenomena.
In this study we have shown that a neuronal computational model featuring
bi-stability is able to accurately describe autonomous transitions between a
seizure and non-seizure states. It is also demonstrated that activity dependent
neuronal parameters can account for the fact that the distributions of seizure
duration deviates from those of a random walk process.
The main advantage of the realistic neuronal model is that it can be directly linked
to biological processes. It is directly based on biological data and parameters are
inferred from experimental data. Drawbacks are the large amount of parameters
and the fact that it requires substantial computation time for larger simulations.
In Chapter 3 we use a model at another level of abstraction and introduce the
Z6-model, an analytical model. The level of modelling is only important for the
level of the predicted effects. Here we are studying the main dynamical states
of the system. The analytical model features bi-stability as the lumped neuronal
model, however, since the parameters of the analytical model do not directly
relate to the physiology, the meaning of the parameters can only be inferred
based on the dynamics of the system. The correspondence of the parameters is
inferred from the different states incorporated in the dynamics of both models;
a steady state, a limit cycle state and a bi-stability region, where the system can
be in both states depending on initial conditions. These states can be found in
a single unit of each model. When units are coupled into a larger network, even
more states emerge. For two coupled units of the analytical model, four different
patterns of behaviour, all stable states, are shown. Like the state transition in the
realistic model, the analytical model can change state under influence of noise
or external perturbations, without any change of parameters. Larger networks
of units of the analytical model show multiple different stable states. Transitions
to specific states can be evoked by specific external stimulation protocols.
In this study it is shown that a model of coupled oscillators-rotators can elicit
a variety of different dynamic behaviour patterns. This can range from a fixed
point steady state to a fully synchronized limit cycle in all units, where the
latter can be interpreted as a generalized epileptic seizure. Also interesting is

123

Chapter 8

the fact that, although the system may change states, the total activity of the
system does not necessarily change. In other words, while probing the system
at a higher scale, summing multiple units, state changes might not even be
detected, since the average activity of the measured system does not change.
This is for example applicable to a scalp EEG measurement, where an electrode
is covering a large area of neuronal activity and therefore those ‘microstate’
changes might not be picked up.
Parameters of the analytical model do not directly relate to the physiology
and their meaning can only be inferred based on dynamics, as already in the
previous section. In Chapter 4 we compare the lumped realistic model to the
analytical model to show a correspondence. The first correspondence was
already established by the fact that a single unit of each model displays a bistable region for a certain set of parameters. Since we are interested in network
properties and finding multi-stable dynamics, as described in Chapter 3, we
show the correspondence of the models when coupling two units together. For
both models, we find, within certain parameters settings, the same behaviour.
Next to the two states as found in a single unit of each model, steady state
and limit cycle, two different regions in the bi-stable area are observed. The
network of units can in the bi-stable region express four states: i) both units
in steady state, ii) both units in limit cycle, iii) unit A in steady state and unit B
in limit cycle and iv) unit B in steady state and unit A in limit cycle. However, if
the connection between units gets stronger, state iii) and iv) disappear. This
dependency is found for both models. Within the given parameter space and
studying the system at the level of general system dynamics, we can assume
that the analytical model will behave similar as the lumped neuronal model. We
therefore continue in this study with the analytical model and explore a larger
network. Since the analytical model is less computationally demanding, using
this model is more convenient. In the case of a larger network, more complex
behavioural states emerge. The system shows three distinctive regimes. Below
a certain threshold of activated units, the system falls back to the steady state.
Above this threshold the activated units of the system preserve their activated
state and acts as a kind of pattern memory. Finally, when a critical number of
units is activated, the system recruits all other units into the activated state,
which can be interpreted as a fully generalized epileptic seizure.
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In chapters 2, 3 and 4 of this thesis, computational models are used as a
descriptive tool. Different dynamics are studied for epileptic seizure initiation
and termination and some network dynamics, giving rise to multiple different
stable states of the system, are shown. In Chapter 5 we propose a paradigm for
the reactive control of epileptic seizures, using the realistic neuronal model not
only for describing observations but also for prescribing possible therapeutic
applications. We propose an autonomous seizure suppression paradigm based
on the realistic model. A reactive control module based on direct electrical
stimulation in the pyramidal population is added to the model. The stimulation
is activated when the membrane potential of the pyramidal population crosses
a predefined threshold and a contra stimulus is applied to the system. It is shown
that, when increasing the strength of the stimulus, the propensity of seizures
to occur in the network, or ictality as we defined it, is slowly reduced until no
improvement is possible anymore. However, instead of manually setting the
stimulation strength we propose to measure the ictality of the system and tune
the stimulation strength accordingly. If the ictality of the system is low, less
powerful stimuli will be sufficient, while more powerful stimulation needs to be
applied when the ictality is high. In this way the control module can optimize
itself during the course of time and even adapt to the possible changing
dynamics of the system. It is shown that the adaptive control is able to control
the system better, while delivering less energy to the system when possible.
More studies will be needed to apply this method in real-life situations. It will be
interesting to apply the method to a spatial model, where network properties
cause different dynamics. In practice you are limited to the size and location
of electrodes and relation to the epileptic region. You might only be able to
measure and stimulate part of the involved network.
However, in Chapter 4 we showed that when a critical mass of activated units
exists, all units in the network will be recruited in a generalized collective limit
cycle. If a stimulation paradigm, can interrupt the synchrony and allow the
system to de-synchronize, it might be able to fully abort the generalized seizure,
bringing the system back to the normal state.
Instead of detecting an epileptic seizure after onset and abort it, it would be
favourable to detect a seizure before it actually manifests itself and prevent it
from initiating. It is shown in animal models that pentylenetetrazol induced
seizures can be postponed by well-tuned stimulation protocols (Cota et al., 2009).
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In Chapter 6 we analysed the time course of the membrane potential of both
populations in the realistic neuronal model, while slowly reducing the GABAa
conductivity in the system. Due to the lack of inhibition, the system will transit
from steady state to limit cycle at some point. In steady state the pyramidal cell
and interneuron population both show a baseline shift while decreasing the
inhibition. To mimic local stimulation, two units of the realistic model are coupled
and stimulation is applied to only one of the units. Stimulation with positive
polarity, both with periodic and random intervals, evoked epileptic seizures
earlier than without stimulations. However, when applying stimulation with
the polarity and ratio between pyramidal cells and interneurons counteracting
the baseline shifts of the populations, the moment of first seizure could be
postponed compared with the simulation where no stimulation was applied.
It must be made clear that, due to the experimental set-up of reducing the
inhibition continuously until a seizure is evoked, a complete suppression of the
seizure is not possible. In reality it is not likely that the inhibition is lowered to
such levels, so it might be possible to suppress the seizure. This model can be
regarded as a ‘proof of concept’ and still lot of research need to be performed.
The way of tuning the stimulation ratio between two different populations
might not be easy to accomplish in vivo.
The current trend is moving from open loop to close loop stimulation devices,
detecting seizures online and applying stimulations accordingly. The type
of stimulation proposed here, where the seizure might be prevented from
initiating, can possibly be the next step.
We also show that this type of stimulation protocol is not effective in the
analytical model, since there is no baseline shift incorporated in the dynamics of
this system. This shows that by using models at different levels of detail, different
strategies for seizure control can be thoroughly examined. It is also important
to realize that mechanisms at different scales can interact and therefore might
influence the strategy for counter stimulation of epileptic seizures.
Observed physiological phenomena can be connected to each other based
purely on the clinical evidence, without understanding the dynamics of
the underlying mechanism. Computational models can be used to provide
insight into those unknown mechanisms. In the final study included in this
thesis, Chapter 7, we aim to connect two phenomena, namely high frequency
oscillations (HFOs) and epileptic seizures. We show this by presenting a
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possible underlying mechanism that gives rise to both phenomena. We use
two different models acting at different levels of detail. The already introduced
realistic neuronal model is used, because it shows slow dynamics giving rise to
epileptic seizure type of behaviour. A second model is introduced, a detailed
compartmental model, based on Hodgkin-Huxley type of dynamics, which is
able to generate fast dynamics. Using the detailed model, a network of axons is
generated and gap-junctions are introduced in between the axons. Increasing
the gap-junction density in the network gives rise to HFO like behaviour, due
to activation of cells through the gap-junctions. It is shown that the transfer
function between membrane potential and average firing rate shifts when
increasing the gap-junction density. The parameters of the firing rate obtained
from the detailed model are used in the realistic model. The increase of the gapjunction density causes the dynamic properties of the realistic neuronal model
to change. For low density values the system shows only two states, a steady
state and a limit cycle. After increasing the density a little more a bi-stable region
emerges. Finally, for an even higher gap-junction density, the system shows
only limit cycle type of behaviour. It is also shown that the shape of the HFOs
changes depending on the gap-junction density. This result is supported by a
recent study (Kerber et al., 2014) that shows that the pattern of the ripples can
differentiate between physiological and pathological HFOs.
This study shows that microscopic features, like gap-junction dynamics,
can be taken across computational models of different scales to connect
phenomenology, like HFOs and seizures.
In conclusion we improved the insight in certain dynamic mechanisms
underlying epilepsy. Throughout this thesis computational modelling moved
from a descriptive tool, through a specific predictive tool, proposing different
stimulation paradigms, to a prospective tool, by linking observed phenomena
through an underlying mechanism. This research only included a small part of
the total dynamics underlying a specific type of epilepsy. Different mechanisms
are involved in different types of epilepsy and cannot be described by only one
computational model. A lot of research needs to be done, especially the step
from a ‘proof of concept’ in a computational model to the research in animal
models and finally humans will be challenging. However, computational models
proof to be an important factor in gaining insight in the dynamics involved.
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Epilepsie is een conditie van het zenuwstelsel waarbij populaties van zenuwcellen
afwisselen tussen periodes van normale activiteit en paroxismale activiteit,
epileptische aanvallen. Wereldwijd lijden ongeveer 50 miljoen mensen aan
epilepsie.
Het gebruik van computermodellen is een krachtige manier om de dynamiek
van neurale netwerken die betrokken zijn bij epilepsie te simuleren en om te
dienen als testplatform voor nieuwe behandelmethodes.
De doelstellingen van dit proefschrift zijn om, met gebruik van computermodellen,
een beter inzicht te krijgen in de mechanismen die betrokken zijn bij de dynamiek
van epileptische aanvallen en om stimulatieprotocollen te ontwikkelen voor de
beheersing van epileptische aanvallen.
Computermodellen kunnen worden gebruikt om geobserveerde fenomenen te
beschrijven. In Hoofdstuk 2 van dit proefschrift wordt een realistisch neuronaal
model geïntroduceerd. Dit model bestaat uit twee celpopulaties, exciterende
piramidale cellen en inhiberende interneuronen. Het model kan in twee
toestanden verkeren, een evenwichtstoestand, die geïnterpreteerd wordt als
normale activiteit, en een periodieke toestand (limietcykel), die geïnterpreteerd
wordt als epileptische activiteit. Bij specifieke beginwaarden heeft het model
een dynamiek waarbij beide toestanden aanwezig zijn, de bi-stabiele toestand.
Het systeem kan dan door middel van externe perturbaties of interne fluctuaties
wisselen tussen de toestanden.
Experimenten bij mensen en ratten hebben aangetoond dat de lengte van
de periodes tussen epileptische aanvallen willekeurig verdeeld zijn, terwijl de
aanvallen zelf een min of meer vaste lengte hebben. Om dit gedrag met het
model te reproduceren worden activiteit afhankelijke kanalen geïntroduceerd.
Drie verschillende kanalen zijn gebruikt: i) NMDA-afhankelijke plasticiteit, ii)
GABAa-afhankelijke plasticiteit en iii) trage Ih kanalen.
De drie typen kanalen beïnvloeden de lengte van de aanvallen allemaal.
Het sterkste effect wordt gevonden bij de Ih kanalen, waar de lengte van de
aanvallen significant veranderde van een random lengte naar een vaste lengte
bij toenemende invloed op het systeem.
Het grote voordeel van een realistisch model is dat het direct gekoppeld
kan worden aan fysiologische processen. Het is rechtstreeks gebaseerd op
biologische data en de parameters zijn afgeleid van experimentele data. Nadelen
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zijn het grote aantal parameters en het feit dat grote simulaties substantiële
rekentijd kosten.
In Hoofdstuk 3 wordt een model op een ander niveau van abstractie gebruikt,
een analytisch model. Het niveau van modelleren is alleen belangrijk voor het
niveau waarop het systeem bestudeerd moet worden. Hier worden de algemene
dynamische toestanden van het systeem onderzocht. Omdat de parameters
van het analytische model niet direct aan de fysiologie gekoppeld zijn, kan
de betekenis ervan alleen maar afgeleid worden gebaseerd op de dynamiek
van het systeem. Een enkel systeem van het analytische model heeft ook een
evenwichtstoestand, een periodieke toestand en een bi-stabiele toestand.
Twee gekoppelde systemen van het analytische model laten vier verschillende
gedragspatronen zien, die allemaal stabiel zijn. Ook kan het analytische model
van toestand veranderen door externe perturbaties of interne fluctuaties zonder
verandering van parameters. Grotere netwerken van analytische systemen laten
meerdere verschillende stabiele toestanden zien. Overgangen naar bepaalde
toestanden kunnen geïnduceerd worden door specifieke externe stimulatie
protocollen.
In Hoofdstuk 4 wordt het realistische model vergeleken met het analytische model
om overeenkomsten te laten zien. De eerste overeenkomst was al aangetoond
door middel van de verschillende toestanden die overeenkomen bij een enkel
systeem van beide modellen. In dit hoofdstuk worden de overeenkomsten van
twee gekoppelde systemen getoond. Naast de al bekende toestanden worden
in de bi-stabiele regio twee verschillende toestanden gevonden. Een netwerk
van twee systemen kan in de bi-stabiele regio vier soorten gedrag tonen: i)
beide systemen in evenwichtstoestand, ii) beide systemen in de periodieke
toestand, iii) systeem A in evenwichtstoestand en systeem B in de periodieke
toestand en iv) systeem B in evenwichtstoestand en systeem A in de periodieke
toestand. Echter, als de verbinding tussen de systemen sterker wordt verdwijnen
toestand iii) en iv) in beide modellen. Binnen de gegeven parameterruimte
en bij bestudering van het systeem op het niveau van algemene dynamiek,
kunnen we aannemen dat beide soorten modellen zich hetzelfde gedragen.
Grotere netwerken worden nu bestudeerd met behulp van het analytische
model, vanwege het geringe aantal parameters en de gereduceerde rekentijd
benodigd voor simulaties. Bij grotere netwerken doen zich meer complexe
gedragstoestanden voor. Het systeem laat drie verschillende toestanden zien.
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Onder een bepaalde drempel van geactiveerde systemen, valt het systeem terug
in de evenwichtstoestand. Boven deze drempel behouden de geactiveerde
systemen hun toestand, een vorm van patroongeheugen. Uiteindelijk, als
een kritisch aantal systemen is geactiveerd, worden alle andere systemen ook
geactiveerd in een volledige periodieke toestand, die geïnterpreteerd kan
worden als een gegeneraliseerde epileptische aanval.
In de voorafgaande hoofdstukken worden computermodellen gebruikt om
processen te beschrijven, te reproduceren. In de twee volgende hoofdstukken
worden modellen gebruikt om mogelijke therapeutische toepassingen voor
te schrijven. In Hoofdstuk 5 wordt een autonome aanvalsbeheersingsmethode
voorgesteld gebaseerd op het realistische model. Een elektrische stimulatie unit
is toegevoegd aan de piramidale populatie. De stimulatie unit wordt geactiveerd
als de membraanpotentiaal een drempel overschrijdt. Er wordt getoond dat de
hoeveelheid epileptische aanvallen en lengte van de aanvallen, de ictaliteit,
afneemt naarmate de stimulatie sterker wordt totdat een optimum is bereikt.
Echter, in plaats van handmatig de stimulatiesterkte in te stellen, wordt ook
een manier voorgesteld om de ictaliteit van het systeem te meten en aan de
hand daarvan de stimulatiesterkte bij te stellen. Er wordt aangetoond dat de
aanvalsbeheersing met laatst genoemde methode de ictaliteit van het systeem
lager houdt, terwijl er minder energie aan het systeem wordt toegevoegd
indien mogelijk.
In plaats van een aanval na initiatie te detecteren en deze vervolgens te
stoppen zou het de voorkeur hebben om een aanval te ontdekken voordat
deze zichzelf manifesteert en te voorkomen dat deze initieert. In Hoofdstuk
6 is de membraanpotentiaal van beide populaties in het realistische model
geanalyseerd, terwijl de GABAa sterkte langzaam afnam. Door een tekort aan
inhibitie zal het systeem uiteindelijk overgaan van de evenwichtstoestand
naar de periodieke toestand. In de evenwichtstoestand laten beide populaties
een verandering zien van het basisniveau. Bij stimulatie van het systeem met
positieve polariteit, met zowel periodieke als random intervallen, ontstaan
aanvallen eerder dan wanneer er geen stimulatie plaatsvindt. Echter, als er
gestimuleerd wordt met een polariteit en verhouding tussen piramidale cellen
en interneuronen dusdanig dat de verandering van basisniveau tegengewerkt
wordt, kan het moment tot de eerste aanval uitgesteld worden.
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Samenvatting

Geobserveerde fenomenen kunnen met elkaar verbonden worden gebaseerd
op klinisch bewijs, zonder het onderliggende mechanisme te begrijpen.
Computermodellen kunnen worden gebruikt om inzicht te geven in deze
onbekende mechanismen. In de laatste studie van dit proefschrift, Hoofdstuk
7, is de doelstelling om twee fenomenen, namelijk hoog frequente oscillaties
(HFOs) en epileptische aanvallen, te verbinden. Hiervoor worden twee
computermodellen op een verschillend detailniveau gebruikt. Het al eerder
geïntroduceerde realistische model, omdat het gedrag van dit model epileptische
aanvallen laat zien, en een gedetailleerd compartimentenmodel, dat in staat
is om snelle dynamiek te genereren. Met behulp van het gedetailleerde
model wordt een netwerk van axonen gemaakt en worden gap-junctions
geïntroduceerd tussen de axonen. Als het aantal gap-junctions in het netwerk
toeneemt wordt gedrag getoond sterk gelijkend aan HFOs. Ook vindt er een
verschuiving plaats van de overgangsfunctie tussen membraanpotentiaal
en gemiddelde vuursnelheid. De parameters van deze functie, verkregen via
het gedetailleerde model worden gebruikt in het realistische model. Door de
toename van gap-junctions in het gedetailleerde model veranderen op deze
manier ook de dynamische eigenschappen van het realistische model. Voor
een kleine hoeveelheid gap-junctions heeft het realistische systeem maar
twee toestanden, een evenwichtstoestand en een periodieke toestand. Bij
toename van het aantal gap-junctions ontstaat er ook een bi-stabiele regio. Bij
nog grotere toename blijft alleen de periodieke toestand over in het systeem.
Met deze studie wordt aangetoond dat microscopische eigenschappen,
zoals de dynamiek van de gap-junctions, kunnen worden meegenomen naar
computermodellen op een andere schaal om fenomenen te verbinden, zoals
HFOs en epileptische aanvallen.
In dit proefschrift worden computermodellen op verschillende manieren
gebruikt. Ten eerste om bekende dynamische processen te reproduceren,
vervolgens om mogelijke therapeutische toepassingen voor te schrijven en tot
slot om fenomenen met elkaar te verbinden door middel van een onderliggend
mechanisme.
Met dit proefschrift wordt aangetoond dat computermodellen inzicht kunnen
verschaffen in de neurale dynamiek die ten grondslag ligt aan epilepsie.
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