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Abstract: A spherical tensor expansion is carried out to express the resonant inelastic scattering cross-section as
a sum of products of fundamental spectra with tensors involving wavevectors and polarization vectors of
incident and scattered photons. The expression presented in this paper differs from that of the influential ar-
ticle by Carra et al. (Phys. Rev. Lett. 74, 3700, 1995) because it does not omit interference terms between
electric dipole and quadrupole contributions when coupling each photon to itself. Some specific cases of
the spherical tensor expansion are discussed. For example the case of isotropic samples is considered
and the cross-section is expressed as a combination of only three fundamental spectra for the situation
where electric dipole or electric quadrupole transitions in the absorption process are followed by electric
dipole transitions in the emission. This situation includes the case of untextured powder samples, which
corresponds to the most frequent situation met experimentally. Finally, it is predicted that some circular
dichroism may be observed on isotropic samples provided that the circular polarization of the scattered
beam can be detected.
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1. IntrOductlon ergy range, from infrared frequencies for phonon excita-
tions, through optical photons for electronic excitations
to x-ray energies for Resonant Inelastic X-ray Scattering
. . . . (RIXS). The richness of these spectroscopies is due to the
Resonant inelastic scattering (RIS) spectroscopies are re- . . .

large number of possible spectra obtained by varying the
energy, direction and polarization state of the incident and

scattered electromagnetic waves. As a matter of fact, there

markable tools to study electronic, magnetic and vibra-
tional properties of materials [1]. They span a broad en-

is so much information in the spectra that it is difficult to
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#E-mail: FM.F.deGroot@uunl potential information. The main purpose of this paper is

323

@ Springer



Angular dependence of resonant inelastic x-ray scattering: a spherical tensor expansion

324

to determine a finite set of fundamental spectra in terms of
which all possible experimental spectra can be expressed.
More precisely, the resonant inelastic scattering spectrum
obtained for a given wavevector and polarization vector of
the incident beam (k and €) and scattered beam (ks and €;)
is written as a sum of terms which are fundamental spec-
tra [2, 5] (independent of the incident and scattered beam)
multiplied by an explicit polynomial in k, €, ks and e.

The fundamental spectra will be computed by a spherical
tensor analysis, which was used with great success for the
x-ray photoemission of localized magnetic systems [6, 8—
11] and in x-ray absorption spectroscopy [2, 4, 5, 7, 12].
For the case of x-ray absorption [12] such geometric (i.e.
coordinateless) and fully-decoupled expressions are useful
(i) to disentangle the properties of the sample from those
of the measurement; (ii) to determine specific experimental
arrangements aiming at the observation of specific sam-
ple properties; (iit) to provide the most convenient starting
point to investigate the reduction of the number of funda-
mental spectra due to crystal symmetries.

Following the same idea in the present case, the reso-
nant inelastic scattering cross-section is expressed as the
smallest possible combination of fundamental spectra. To
do so, the remarkable angular momentum recoupling tech-
niques developed by the Lithuanian school [13, 14] are
used. As an application of the general results, the most
common experimental case of an isotropic sample (disor-
dered molecules, liquids, polycrystals or powders) is de-
scribed in detail. It is demonstrated that the spectrum of
an isotropic sample for electric dipole excitation and elec-
tric dipole emission with undetected scattered polarization
is the sum of only three fundamental spectra, compared to
19 in the general spherical-tensor-based expression (and
versus the 81 components of a general fourth-rank Carte-
sian tensor).

The starting point of this work is the Kramers-Heisenberg
formula [15, 16], extended to take electric quadrupole
transitions into account. The Thomson scattering term
is not explicitly considered but it can be easily included
(see below). For simplicity, the non-resonant term in the
Kramers-Heisenberg formula is neglected (i.e., assuming
the vicinity of an absorption edge). If the non-resonant
term is sizeable [3], it can be taken into account by similar
methods. It would also be possible to take variable de-
cay lifetimes into account [17], but in this paper only the
standard Kramers-Heisenberg formulation is considered
for simplicity. Electric dipole and quadrupole transitions
contribute significantly in the x-ray range [19]. Using x-
ray photons, typically from a synchrotron radiation source,
one can choose a specific atomic species and orbital in a
complex compound by selecting the suitable absorption
edge. The sample can be magnetic, it can be submitted to

an external electric or magnetic field, as long as the orien-
tation of the external fields remains constant with respect
to the sample. Thus, the results presented in this paper
are a pure group theoretical consequence of the resonant
scattering cross-section formula. Such an expansion does
not need to assume that a specific edge is measured (i.e.,
only the nature of the transitions involved is specified) nor
to assume that the states involved in the transitions are
localized or delocalized.

The paper consists of three parts. In the first part, the
spherical tensor expression is derived for the resonant
scattering amplitude. Similar expressions were already
published [20, 22-24]. The second part of this paper con-
sists of a full recoupling of the scattering amplitude to ob-
tain the spherical tensor decomposition of the scattering
cross-section. At this stage, several works in the literature
make specific approximations, for example by considering
a localized initial state or by using the fast collision ap-
proximation (which is not generally valid [25]). Finally,
recoupling techniques are used to separate the incident
beam from the scattered beam in the cross section and to
separate the polarization part from the wavevector part.
This enables to treat the frequent experimental case where
the polarization state of the scattered beam is not mea-
sured.

Related results were obtained in specific experimental
conditions [26, 27] or in specific coordinate systems [28—
30] but this general expression is new. Its coordinate-
less form enables descriptions of the general form of
the resonant inelastic spectroscopy of isotropic samples.
Other works use an approach similar to that presented
in this paper [1, 20, 31], but they do not take into ac-
count the interference between electric dipole and electric
quadrupole transitions which generates natural circular
dichroism [32, 33], or they carry out a different coupling.

A consequence of the formula presented in this paper is
that circular dichroism can be observed for isotropic (in
particular not magnetically oriented) samples, if the po-
larization of the scattered beam can be measured experi-
mentally. The third part of the paper contains appendices
giving the detail of the derivations.

2. General case

2.1. The Kramers-Heisenberg formula

The scattering of light by a quantum system is described
by an equation derived by Kramers and Heisenberg be-
fore the advent of quantum theory [15]. Its first quantum
derivation (in the electric-dipole approximation) is due to
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Dirac [34]. The multipole scattering cross-section is [35]:

e(Feftk=ks)r| )
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where m is the electron mass, r. is the classical elec-
re = e*/(4megmc?), |I), |N), |F) are re-
spectively the initial, intermediate and final states, y is
the total width of the intermediate state |N), P and r
are the momentum and position operators. The incident

tron radius:

and scattered photons are characterized by the pulsation,
wavevector and polarization vectors w, k, € and ws, ks, €,
respectively. Note that € denotes the complex conjugate
of €.

The first term of this expression describes Thomson scat-
tering, which will not be considered explicitly here. E;
being negative and large, E; + hw can be small, and
E; — hws is large. Hence, it can generally be assumed
that the third matrix element in Equation (1) can be ne-
glected with respect to the second one (although it could
be treated with similar methods). Therefore, only the sec-
ond transition amplitude remains in the expression of the
scattering cross-section, yielding the well-known partial
Kramers-Heisenberg formula:

oo = |

8(Er + hws — E, — hw). 2)

Pe kst INYNle - Per|1) |2
— En+ hw+iy

For notational convenience, a single variable Pe™" is writ-

ten instead of a sum over all electrons of the system

N iker;
Z/:1 Pjefn.

2.2. Multipole expansion

First the matrix element (N|e - Pe®"|/), describing the
absorption from the initial state |/) to the intermediate
state |N), is transformed by expanding e™" to first order:
et ~ 1 + ik - r. Hence,

(N]e-Pe®"|I) =~ (Nl|e-P|l)+ i(Nl|k-re-P|l).

The electric dipole matrix element is transformed by using
the equation of motion of P which is P = (m/ih)[r, Ho][19].
Thus,

(Nle-P|) =

(m/ih)(E, — En)(N]e - r|l).

For the quadrupole matrix element, one uses the identity
from Ref. [36],

k-re-P = —(im/2h)[e-rk-r, Ho]+ 1/2(k x €) - L,
where L is the angular momentum operator. In this work

the second (magnetic dipole) term is not taken into account
because it is small in the x-ray range [19]. Therefore

(Ne - Pe™7|1) z—%(E,—EN)(<N|e . r|/>+é(N|e -t i)

. 1
=~ (Er = EN) L felNle -t

with fo =1 and f1 = é
Similarly, on transforming the matrix element describing
the emission from the intermediate state |N) to the final
state |F),
(Flet - Pe ™™ |N) =~
im i
— S (En — ER)((Fles - rIN) = 5(Fles - -rIN) ) =

. 1
tm % % o
— 5 (Ex — Ef) S fi(Fled -riks -1)"N).

Finally,
I‘ Ws (E/ EN) EN — EF)
UKH_* Z‘Z —En+hw+iy
! 2
> fofp(Nle-rik-r)[){Fle: 0’ [N)| o,
0,0=0
3)
where 0 = 0(EF + hws — E; — hw). Denoting C =

r2ws/(h*w) and

:
Fine = ) fefip(Nle-r(k-0)|I)(F|e: - rike - 1) N),
0,0'=0

Equation (3) becomes:

Oty = CZ)Z(E/

EN)(En — EF)
En+ hw+ iy

2
ILLN,F 5E- (4)

Equation (4) is a general expression describing the reso-
nant inelastic scattering intensity for any combination of
Each
transition operator can be either pure electric dipole (E7),

the absorption and emission transition operators.

or pure electric quadrupole (E;), or a mixture of both
(B4 + E3).
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2.3. The Kramers-Heisenberg formula ex-
pressed in terms of spherical tensors

The expression of the F;n r intensity factor appearing in
the Kramers-Heisenberg equation (Equation (4)) is trans-
formed using spherical tensors and their coupling prop-
erties. This transformation is detailed in Appendices A.1
and A.2. For a short introduction to spherical tensors
and their application to x-ray spectroscopies, the reader
is referred to Ref. [12] for the case of the X-ray absorp-
tion cross-section. First the notation is briefly explained.

|

(Er— EN)(En — EF)  (=1)%hehy,
UKH—CZ’ZZ —En+ hw+ iy (2€+3)(20f+3)

N g

where ¢ runs from [¢ — &'| to (¢ + ¢ + 2), ¢ and ¢ run
from 0 to 1. The h, factors are defined by hy = -3,
hy = £V/5.

In Refs. [20, 31], a similar formula was obtained in terms
of vector spherical harmonics. The present coupling is
chosen (as in [20]) to avoid irrelevant powers of V4x in
the final result.

The first tensor product {{e;‘ ki @ {e@k! e+
characterizes the incident beam (€, k) and the scattered
beam (e, k). The variables describing the sample are

|

an=CY_ |2 ze+3 21!’+3 e

F g

Note that Thomson scattering can be taken into account
as a contribution to the term AQ}(0,0). In the case of x-
rays, at this stage of the spherical tensor expansion, the
local nature of the initial core orbital is often used in the
literature to specify the absorption edge [37]. Such an
approach is powerful to derive sum rules, for instance. In
this paper a general initial state is used.

As remarked by Carra and coll. [31], it is much more con-
venient to work with each photon coupled to itself instead
of with the incident photon coupled to the scattered one

An ¢th-rank spherical tensor T is written as 71, not to
be mistaken for T¥¢, the ¢th power of T. Cartesian vec-
tors, such as ¢, r or k are written in their usual form, i.e.,
without brackets. However one should keep in mind that
Cartesian vectors correspond to first-rank spherical ten-
sors, and as such they shall also be written as e, r(1),
k" or €', r', K.

After the transformation of F; n £ (see Appendices A.1 and
A.2), Equation (4) becomes:

' (9)
{{ ®ke}(e+1)®{€®ke}(e+1)} { £J1)®re+1}9’ 5e,

(

(9)
gathered in the second tensor product {ng,\J/r1 ® r%f”} .

Then, defining

Ej— EN(En — EF) | (w41) _ (o4
A(g) gl el — ( ! N (+) +) (g)
A=) EF i hariy T © )

()

one obtains

' (9) 2
K’ }(e +) @ {e® ké}(€+1)} 9 'A(Fgl)(g’ )| . (6)

as in Eq. (6). This is achieved by expanding the square
modulus in Eq. (6) and recoupling the spherical tensors
describing the incident and scattered beams. In the in-
fluential Ref. [31] the authors note that “This is a rather
technical part in our derivation, and will not be discussed
here” The calculation is indeed lengthy and a detailed
derivation is given in Appendices A.3 and A.4). This allows
the derivation of the final expression for ok, which now
has fully decoupled sample- and beam-dependent parts:
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Oy = Z Z (_1)a+€z+€£*92hg1 2hzzhfﬁrlgmgz,h,t,u,v,u',v’
91.92.01 ,£’2,€1’,€£ a,b,c,uu’ v,V
Gg+1 6+1 g1 (16 a+1] [1 ¢ ¢+
G+1 041 gop 41 6 H+1141 8 & 4+1Fyhe- 5P, 7)
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(

where hg = —V/3, hy = é\/g, U= (uv,u,v)and L =

(61,0, ¢;,8). The tensors y2( describe the incident and
Sg920

beam and the tensors Out(fﬁ of the scattered (outgoing)
beam, where

scattered x-rays, the tensor
More precisely,

describes the sample.

(b)
Outy;

’ 4 2 on]®
{ta®e) o ek }} ",

{{€® e*}(u) ® {k€1 ® kfz}(v)}(f). (10)

(a)
vie = {ouflem}", (®) inf}

is obtained by coupling the tensors In(UC)L of the incident

|

The tensors describing the sample are

2
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The spherical tensors S7'%%° are the fundamental spec-
tra from which all experimental spectra can be expressed.
These fundamental spectra are weighted by coefficients
yffL" which are polynomials in ¢, €, k and ks and which de-
scribe the experimental conditions. The three 9-j-symbols
(and the related trianqular conditions) ensure that these
variables are coupled in the scattering process in a correct

(physical) way.

The result presented in this paper differs from that of
Ref. [31] because, as noted by Ferriant [21], these au-
thors neglect some interference effects. More precisely,
they replace the square modulus of the sum | Y, ...|? in
eq. (4) of the present paper by the sum of the square mod-
ult Y, | ... |?. Since this approximation is not made here,
there is an additional 9/ recoupling coefficient describing

— En+ hw— iy

(

the interference between electric dipole and quadrupole
contributions when each photon is coupled to itself. These
interference terms are physically relevant since, even in
the simpler case of x-ray absorption, they lead to impor-
tant effects such as natural circular dichroism [32, 33]
non-reciprocal gyrotropy [38] and magnetochiral dichro-
ism [39].

The sum rules derived in Ref. [31, 37] may have a restricted
range of validity inasmuch as they neglect these inter-
ference terms. In subsequent articles [1, 20], the multi-
pole matrix elements are coupled in a different way, which
avoids the additional 9j-coefficients but is no longer com-
patible with sum rules or Green function representations.

Applications of the above general expression to particular
cases will be given as examples in Section 3, but before
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that the range of values of the different variables in Eq. (7)
is specified.

2.4. Possible values of the different indices
appearing in Equation (7)

The “selection rules” of the 9-j symbols give the following
possible values taken by the angular variables in Equa-
tion (7).

e 0< ¥ <1 (fori=1,2): these indices deal with
the transition operator in the absorption.
¢; =0 for dipole excitation, ¢ = 1 for quadrupole
excitation

e 0< ¥ <1 (fori=1,2): these indices deal with
the transition operator in the emission.
¢/ = 0 for dipole emission, ¢/ = 1 for quadrupole
emission

o |6, —¥| < g, <&+ +2 (fori =1,2): these
indices couple absorption and emission transition
operators.

e 0 < u < 2: u deals with the polarization of the
incident beam.

e 0 < u' <2:: u deals with the polarization of the
scattered beam.

o |6 — 6| < v <O+ & vdeals with the direction
of the incident beam.

e lu—vi<c<u+vand |l —GH|<c< b +b6+2
¢ gathers all characteristics of the incident beam.

o |4 — 8| <V <& +&: v deals with the direction
of the scattered beam.

o |U—V|<b<u+Vand |l <b< O++2:
b gathers all characteristics of the outgoing beam.

e|lb—cl<a<b+cand|g1—gz] <a< g+ gy
a couples everything.

3. Applications to special cases

In this section several special cases of Equation (7) are
considered.

3.1. Conditions due to the type of polarization

Knowing the type of beam polarization reduces the num-
ber of values that the indices u and u’ are allowed to
take. When the incident beam is linearly polarized, then

u = 0 or 2. Note that there is a basic difference between
the polarization of the incident beam and that of the scat-
tered beam. Indeed, the incident beam is prepared by the
experimental setup (e can be tuned as one wishes) while
the polarization state of the scattered beam is entirely
determined by the incident beam and the sample. It can-
not be tuned. However, the polarization properties of the
scattered beam can be measured. If the requirement is to
measure the intensity along the polarization direction ¢,
then that e is introduced in the formula. If the polarization
state is not measured, then the trace of the density matrix
representing the polarization state of the scattered beam
can be taken. In other words, the measured cross-section
is equal to the sum over two perpendicular directions of
the scattered polarization (see Appendix C). In this case
the term corresponding to u’ = 1 in Equation (7) vanishes
since ({es ® e:}M) = 0.

It is important to discuss the case where the polarization
of the scattered beam is not measured. As proved in Ap-
pendix C, this corresponds to an average of polarizations
but not to an “isotropic photon”. The concept of isotropic
photon was used in the literature [1, 20, 31, 37, 40, 41].
An isotropic incoming photon would correspond to b =0
in Eq. (10) and an isotropic outgoing photon to ¢ = 0 in
Eq. (9). At first, it was mistakenly stated that an isotropic
photon is an unpolarized photon [37]. As shown in Ap-
pendix C, this is not the case and an unpolarized incident
photon (for example) is the sum of a contribution ¢ = 0
and a contribution ¢ = 2. Indeed, the photon polarization
vector € is always perpendicular to the photon direction k.
Thus, an unpolarized photon is not isotropic in all space,
it is only isotropic in the plane perpendicular to k. For
example, angle-dependent x-ray absorption can be car-
ried out with unpolarized beams [19]. This anisotropy of
unpolarized light is the origin of the b = 2 contribution
to the scattered beam. The multipole (ie. b = 0 and
b = 2) nature of unpolarized light was clarified by Vee-
nendaal and Benoist [20]. The identification of isotropic
and unpolarized photons was corrected in Ref. [37].

In the next sections, RIXS spectra are discussed for elec-
tric dipole emission (Le. (&7, 4) = (0,0)), and either
electric dipole excitation (i.e. (¢,6) = (0,0)) or elec-
tric quadrupole excitation (i.e. (4,4) = (1,1)). Mixed
excitations (i.e. (¢1,%,) = (0,1) and (1,0)) are deferred to
a forthcoming paper.

3.2. Electric dipole excitation, electric dipole
emission

Let an electric dipole transition in the absorption be fol-
lowed by an electric dipole transition in the emission:
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6,=0,06=0,¢=0and & =0. Thus:

Since ¢ = 0, & = 0, then v = 0. This implies ¢ = u.
Since ¢; =0 and ¢ =0, then v/ =0 and b = u’. These

|

11 g
g =) Y ()T g1 1 g2
g1.92 a,b,c b ¢c a

where Lo = (0,0,0,0).

3.3. Electric dipole excitation and dipole
emission, isotropic sample

A further simplification arises when the sample is
isotropic. This corresponds to the case of a liquid or a
powder sample, with no prefered orientation and no re-
manent magnetization. The ensuing isotropy implies that
a=0and

1o 0419, 06c(=1)71+" {1 1 91}

192 =
b e o 21 +)2b+1) |11 b

Therefore,

11
g = Z(—nbﬂg,b{ﬂg} VoSt (13)
g.b

Note that the variables g can take the values 0, 1 and
2, so that only three fundamental spectra are needed to
generate all the spectra that can be measured on a pow-
der. The variable b describing the incident and scattered
beams can take the value 0, 1 and 2.

e For b =0:

2
2
oEF(b=0) = 3 (—1)p YT gm0

conditions allow the calculation of the values of all 9j
symbols needed (see Appendix D.1).

The scattering cross section simplifies to:

(a)
{{e}‘@es}(b)@){e@e*}(‘)} - S[19, (12)

where P, is the rate of circular polarization. Note
that P, is positive for a right circular polarization
in the traditional sense (i.e. for a negative helicity).
P. = 0 if the polarization is linear. Similarly, P
is defined by P.s = i€l x €, and

1 1
b0 — PP, k.k = e- € —le- el
YLOU 2\/§ , Zf(l | | |)
Thus
0.E1E1(b:1):
2
11g *|2 2) 990
Z {“1}”5 &l —le-el’)Sf. (14)

This result is interesting: for an unoriented sample,
in particular for a powder sample without perma-
nent magnetization direction and in the absence of
magnetic dipole transitions, some circular dichroism
can be observed when measuring the circular polar-
ization of the scattered beam, for example using the
polarization analysis device described in Ref. [42].
However, the incident and scattered wavevectors
must not be perpendicular. This remark shows the
power of the geometric (coordinateless) approach.
Note that € - € and € - €5 are expected to be in-
volved in this formula because they are the only
non-trivial scalars that can be built from €, € and
their conjugates.

e For b=2:
0.E1E1(b:2):
i V29 +1 1|e*-e|2-i-l|e-€|2—1 5990
2—g)!3+g) \2" T2 B 3T

9=
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The final expression of the Kramers-Heisenberg cross- and dipole emission is:
section for an isotropic sample, electric dipole absorption

E1E1_Z (1)9V29+ V29 +1 {119 W29 +1 %|e*-

X2 3 2 I At
T L 2 111}(| el =le- e+ a =g+

If the polarization of the scattered beam is not detected, then the term b = 2 is calculated using the relation: ({e; ®
e}y = —k?/2 (see Appendix C) and

1 1
(2} = 375 (e~ 3. 1o

In this case,

< E1E1> i(( 1)9\/W_ ZW) (|ks'€|2 ))5990. (17)

(2—9)!3+9g)!

9=0

3.4. Electric quadrupole excitation, electric  transitions in the emission: ¢, =1, & =1, ¢ = 0 and
dipole emission ¢, = 0. Thus:

This section considers the case of electric quadrupole
transitions in the absorption followed by electric dipole

Since ¢ =1and & = 1,0 < v < 2. Additionally, v # 1 since {k®@ k}V = ﬁk x k =0. Thus, v =0 or 2. Since ¢ =0
and ¢, =0, v =0 and b = u’. The values of all 9j symbols needed are given in Appendix D.2.

Thus,
112 12qg,
o =y Z )02y g bewn 41120412 g0 p vOSHT, (18)
g1gzubcuv uvce bca

where Ly = (1,1,0,0).

3.5. Electric quadrupole excitation, electric dipole emission, isotropic sample

Isotropy implies that @ = 0. This further implies that g = g, and b =c = u".

112] (129
Pl ZZ ~1)'792g + 1)(2b+ N,y 111214129 ¢ vi0ST,
g buv uvb bbo0
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with U = (u,v, b,0).

As in the case of electric dipole absorption and emission, only three fundamental spectra are needed to describe all the
experimental spectra of a powder. The tensors YﬂlZ?, are evaluated for all possible values of (u, b, v) (see Appendix D.3).
This leads to the final expression of the Kramers-Heisenberg cross-section for an isotropic sample, in the case of
quadrupole absorption with dipole emission:

3
V29 +1 1 12
5251:Z _1)9 > 1 9 P — e e
OKH (( ) 120 +16\/§ g+ 211 X(|€ €s| |€ €|)

g=1

V3 12¢g 11 1 1 0
— /2 1 _ *752_7 ~52—*k~*2 gg’ 19
+4\/7 g+ 212 X (3 4|6 €| 4|6 6| 2| esl ) SL1 ( )

' 10V3 ' 10V3

" 6v5

12 12
where:{ g}:ﬁfcrg:3ﬁforg:Zﬁforg:L{ 9}23\1/5f0rg:31f0rg:2,and—2\1/5

212
forg =1.

211

If the polarization of the scattered beam is not detected the polarization average yields:

e e R

W7

3
g=1

4. Conclusion

This paper presents a detailed derivation of the resonant
inelastic scattering cross section in geometric spherical
tensor form. Starting from the Kramers-Heisenberg equa-
tion and using angular-momentum coupling techniques,
this expression is derived without any assumption on the
nature of the states involved in the scattering process. The
use of spherical tensors allows to drastically reduce the
number of fundamental spectra that shall be measured in
order to extract the full information from a sample. For
example, for electric dipole absorption followed by elec-
tric dipole emission transitions, 19 fundamental spectra
(versus 81 for a general fourth-rank Cartesian tensor) are
required, that reduce to three for a powder.

Angular momentum techniques are used to recouple each
photon (incident and scattered) with itself. This step is re-
quired to discuss the common case where the polarization
of the scattered beam is not measured.

Some special cases were studied to illustrate the abil-
ity of this expression to describe global properties of
the sample. In the case of isotropic samples, which
are most often measured experimentally, the electric
dipole absorption-electric dipole emission and electric
quadrupole absorption-electric dipole emission cross-
sections are each expressed as a combination of only three
fundamental spectra. This method predicts that circular
dichroism may be observed on isotropic samples provided

12g¢ _1 1 2 1 L2 990
212]»><( 6+4|k ks|+4|e ks|))SL1. (20)

(

that the circular polarization of the scattered beam is de-
tected.
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A. Derivation of Kramers-
Heisenberg formula using spherical
tensors

A.1. Expressionof ¢ - r(k - r)*
First it is shown that e - r(k - r)’ can be expressed as

gg{{e QK g r(€+1)}(0)
For £ = 0, according to Ref. [12] (Eq. 13):

where g, is a constant.

e.r:_ﬁ(_ " er) = Vifeor)

]
= —\/§{{e®k(°)}(”®r“>}w). (A1)
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For £ =1, according to Ref. [12]p. 5]:

e rtkr=V5{{e@k}?® {r@r}@}0 = \@{{e ®kl?® r(z)}(O). (A2)

0)
Thus, €-r(k-r)f = gg{{e® k) ® r(””} ,with ¥ =r, go = =3, r? = {r®r}? and g; = V5.
(E; — EN)(En — EF)
E/— En+ hw+ iy

Defining Ejpn = , Equation (4) becomes:

(0) _ , (0) 2
UKH—CZEE/FNZ& igege{NI{{e @K} @tV T (FI{{e: @ K} @ e ET N e, (A3)
N £,00=0

and

— , (0))2
OKH = CZ‘ZE/FN Z h[ {{e@k[} f+1)®<N|r?+1)|/>} {{E:@kf }(€+1)®<F|r(l’+1)|N>} ‘ 3k, (A4)

0=

with hy, = f,g,. If one now defines r(H” (N[r&D|]y and ¥ (g +1) = (F|r+M|N), one obtains:

Ok = CZ ‘ Z Eien Z heh’ {{e Kk} @ r(””} {{e @K'} @ (é"+1)}(0))255, (A5)

0=

A.2. Recoupling spherical tensors

Now using the recoupling identity (Ref. [12], Eq. 14), which is:

i’ 1y (P @ RA}9) . {01 @ S@}9)

Pl @ QW0 (R g SN0 — A6
t H s = Qa+1)2d + 1) Aol
where the scalar product - of two spherical tensors P and QY is defined by: P9 . Q€ = 39 —1yPY QY
Equation (A.5) becomes:
—1)9h,h%, _ (9) ’ (9)
UKH_CZ‘ZZ ) o {{eﬁ@kﬁ}(“1)®{e®k‘7}(‘7+1)}g.{gl\f”@» (€+1)}g‘5E'

~ (22+3)(2e’+3

where g runs from | — €| to (¢ + ¢ +2), € and ¢ run from 0 to 1. This is Equation (5).

A.3. Expansion of the square in Equation (6)

Now the modulus of the amplitude inside the sum over the final states in Equation (6) is squared. When expanding the
square, Equation (6) becomes:

( 1)91 +6+6

e = C he, % s
w=C)_ ) o heh % /120 1 3)20, + 3)26 + 326 + 3)

Fg1,0,0'1.92.6,¢'

- (g1
{{e;‘®kf*}“’1+”®{e®k"1}(‘““’} A (1, 8)

I (92
{{65 ® kfz}(l’zﬂ) ® {6* ® kéz}(izﬂ)} 92)(€2, gz) 3¢, (A7)
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where g; runs from |6 — €/| to (¢; + ¢/ + 2), with ¢; and ¢/ equal to 0 or 1. In Appendix B, it is shown that A(QZ)(EZ, o) =
—(92) ,

Air (62, 6)).

Therefore,

( 1)gq +£’2+Z2

o = C he, Iy b
w=C2 2 bl V(26 +3)(28 + 3)(26, + 3)(26 + 3)

Fog1.6.0'1.92.6.¢;

A (91)
f{tesriyero oy} g, )

N (92) —,
{te @ ki @ e @K AR 6, )0

If one defines

X0 = {{e; 8k} @ {e® k! }‘“”}(91). (A-8)
X9 = {{es ® kfé}(qm ® [ ® k£’2}(l’z+1)}(92)’ (A9)
Moy te1.0+1.641 = V(20 +3)26 + 3)(26 + 3)(26 + 3), (A-10)

one obtains

(_'] )g1+€2+€§h[ h* hézhf

X0 A g, 1) X192 A 4,, 05 (A11)

wi=CY ¥

|_| 7 ’
g1l gty O4+1,04+1,6+1,8)+1

The identity P@ . Q) = (=1)7v/2a +1 {PY & Q}0) [43, pp. 64-65]) becomes:

X Ag (0, )
X AR 6, €)

—1)9v/2g: + 1 {X{") @ AZ (&, )},
(=1)72/292 +1 (X @ A (02, )},

and then:

(_1){72-%-‘72_92/7&]1 hgzh‘;/ (91) 0 (92) —(9) 0
owm=Cy_ Y g+ g, XY @ A%, 61O (X9 @ A% (6, €)} 0.

Fg1.01,0'1,92.6,¢5

n€1+1,€2+1,€1’+1,££+1

Using Equation (A.6):

( (91) (92) wgz (=1)°
X91 ®A91 e g' (0) ng ®A Y , 0 —
{ WA Fe = 3 e

a=|g1—-g|

{X1(91) ® Xz(gz)}(a)

{AD @, ) @ AP (0, )}, (A12)
Then,

(—1)2+b-92 he, hz h,he

S ()X @ XY AL (0, 8) @ A (6, )}V 0e,  (A13)

a

wi=CY ¥

|_| ’ ’
F 160, g0 41,0416 +1,6)+1

with @ running from |g1 — g2| to g1 + ga.
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In order to transform the tensor product:

N s 0 . (a)
{X1(91) ® XZ(QZ)}(U) — {{{55 ® k51}(€1+1) ® {e® K& }(z1+1)}(g1) ® {{Es ® kSZ}(€2+1) ® {e ® kiz}(42+1)}(gz)} ’

one uses the following identity [43, p. 70]:

abc

(k) (k)

{{p(ﬂ) ® 0¥} g RV @ S(e)}(f)} =Y Nergnidef {{p(a) ® R0 @ {0V @ S(e)}(h)} ,
g9.h ghk

where [ —d| < g<a+d |b—e|<h<b+eand]|g—h|<k< g+ h. This recoupling transforms the coupling of
the incident photon with the scattered photons into a coupling of each photon with itself. The 9-j symbol that appears
in this formula was overlooked in ref. [31]. This yields:

o G4+1 6 +1 gy
(X7 @ XY = Z Mgrgobe 1 +1 &4+1 go b {X},
b,c b c a

with

(X} = {{{e: ® kgﬁ}(egﬁ) ® {6, ® kﬁé}(egﬂ)}(b) ®{{ea ki) g (e ® k&}(égﬁ)}(d}(a).

According to the triangular conditions, the 9-j-symbol is zero if any of the following conditions is not satisfied
| — 0| <b< € +0, |6—0<c<b+0, |b—c<a<b+c.

A.4. Recoupling of { X}

In {X}9, the variables concerning the scattered beam (e, k) are gathered in the first tensor product, while those
concerning the incident beam are gathered in the second product. However, to treat the case of a partially polarized
incident or scattered beam, it is required to couple the polarization vectors with themselves: in {X}\@ = {{Xout}(b) ®

(a)
{Xin}(c)} the polarization vectors in {Xou}!® and {X,} are recoupled. According to Eq. (A.14), one obtains:

1 €‘| €1 +1
X} = {{e®ki} @@ (e @k?} =) =3 My piau 41 6 641 1IN,
oy uv ¢
(c)
where 0] = {{e® €11 @ it @ke11] and
. , 10 6 +1
* 112 . b !
o} = {{e @k} @ (e @k} =3 Ny 11 6 6 +1 1 Outf],
u' v u v b

, ;g 1)
where Out(ﬂ = {{eﬁ@es}(“ )®{kf1 ®kf2}(v)} . In these expressions the multi-indices U and L stand for U = (u, v, u’, V')

and L = (6,6, 07, ¢5). A similar recoupling of the polarization vector with itself was also carried out by Veenendaal and
Benoist [20].
The 9-j-symbols vanish if any of the following trianqular conditions is not fullfilled:

0<u<2, |6—0|<v<b+6, 0<u' <2, |6—0|<V <+
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B. Complex conjugate

It is required to calculate the complex conjugate of A(Fg,)(ﬁ, ¢'). The position operator x is Hermitian. Therefore
(NIxlly = (NIXT|1) = (IIxIN)",
and (N|x|l)* = {l|x|N). The same is true for y and z. For the corresponding spherical tensors,
(NI = =(UV2) (NI + iNl D) = (VD) ((IXIN) = i1y IN)) = =1 N

An analogous calculation for the other components of r gives (N|r"|1)* = (=1)*(/|F")|N). For ¢ = 2,

(NIF211y =Y (X 2p)NIAY A1y = > (X 2m) Y (NIRYIK) (K| |1y

AN AN K
= Y (X Ru) =0y (KIAINYA K.
N K

The Clebsch-Gordan coefficient (1A1A'|2p) implies that A + A" = p. By replacing A and X' by —X" and —A, respectively,
the following is obtained

(NIr211y

(=1 01 =120 KK IN)

AN

(=1 (1-X1 —A|2u)</|r£”r&”|N>-

AN

Now, the symmetry (€1m1&ym;|63m3) = (&, — ma€ — mq|€3 — m3) is used to obtain

(NP1 = (=1 Y (N2 = (1 i INY = (=1 rEIN)D.

AN

A recursive use of this argument leads to (N|ri|1)* = (=1)"(/|r)|N) for any 2.
A similar calculation can be carried out for

’ Y v
o= {rEA @t =3 (@m'em|gy)(FIr) INYNIFD|T).

m’'m

The complex conjugate of X, is

= (@' em|gy)(FIXDINY(NIEOLY = S (@' em]gy) (=)™ (NI 1F)IEE,IN).

m’'m m’'m

The same reasoning as for the complex conjugate of (N|r{|/) gives

({ FN® NI}(g) = (=1 {rIN®rNF}(g
Finally,
) E - Ex)(En—E
AZL 0. 0) = Z(’ e e PTG TV (A14)
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Therefore, defining

(9) ’ — En)(En — EF) e 1) " 41)
AL, o) Z it hoo ey, (A15)
N

the final result AY) (¢, € = (=1)YAL_, (£, ) follows.
The relation (/\/|r§€)|/) = (—1)A(/|r(ﬁ|N)* is standard and it just remains to calculate the complex conjugate of {{e;‘ ®
ry (0 q)
k1 @ {e® ké}(“”} . The polarization vectors € and e; are complex. For a complex vector z = a + ib, where
Y
a=(ay,a,,0a,) and b= (b, by, b,) are real, the complex conjugate of the spherical component z&“ forA=11is

(") = —%(ax+ibx+i(ay+[by))*— —iby —ia, — b))

1
_ﬁ(ax
—ib, — i(a, — iby)) = —(z")").

—
V2

The calculation of the other components gives (2))" = (=)}(z")}. Therefore, ()" = (=1)(¢")_s and ((e2),)" =
(=1)*(es)—». The vector k is real and (k(nf))* = (—1)"’k(f,),,. The same proof as for A(Fg,)(ﬁ, ?') leads to

({e ® k"}s,{“))* = (=" _(1—Al—ple + 1, mek.

Au
Since 1A and ¢y are not interchanged, another symmetry relation must be used
(ermi6amy|l3ms) = (=) %750 —mi 6, —my |6 —m3), (A.16)
to obtain

({e®k"}£§“))* = ()" Y _(AAgu|e + 1, —m)ek? = (—1)"{e" @ K},
Ay

Here, the symmetry relation does not bring any additional sign because ¢3 = ¢; + ¢,. Similarly, ({e ® kgl}fffr1 ) =
(=)™ {e, @ kI Y.

"y (9) ,
In the calculation of the complex conjugate of {{e;* Rk @ {e® ke}(””} , the sign (—1)*¥~9 must be retained
14

to obtain

i (g)\ * ’ S (gt (9)
({{e: ® kf }(e ) @ {e® ke}(e+1)} 9 ) _ (_1)y(_1)e+e 79{{65 ® kf }(@ ) @ (e® ke}(un} g
Y -v
v (0 (9)
Finally, the complex conjugate of X = {{e;‘ Rk @ {e® k"}(“”} ’ A9, 0) is

' r o (9 —
X* = (_1)“@ *9{{65 ® ksé }(@ e (e ke}(un} g ~A$?(€, 7).
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C. Average over polarizations

One of the most powerful features of the geometric expres-
sions is that they can be calculated in a specific coordi-
nate system adapted to a particular problem, and then be
valid in any system. This is illustrated by describing the
average of the coupling of € and €*:

#10)\ _i
({le@et™) = V3’
(fewe) = 0,
2
({e®@ e}y = —%z_ %YZ(k)'

Taking a reference frame where k is along Oz, the lin-
ear polarization vector is € = (cos,siny,0) and the
corresponding spherical tensor components are eg =
Fer¥\/2, e(()” = 0. Therefore, it is easy to calculate

et2iY
{€®€*}$)2 = 2 !
{e@e}y =0,
1
x1(2)
€ERQ€ = ——.
{ }0 \/6

The average over two perpendicular polarizations (¢ and
¢+ 1t/2) or the average over all ¢ gives

({fe@e}) = 0,
({fe@e}h) = 0,

1
({e®¢€” gz)) = ——.

In that reference frame kg) = On0V2/3. Thus, {e®
€*}@) = —k®@/2 and this relation is true in any refer-
ence frame because it is a relation between two tensors.
Considering elliptically-polarized x-rays, the most general
polarization vector in a frame where k is along Oz is

cos x cos i + isin y sin ¢
€ = cosxsiny—isinycosty |,
0

for which the degree of circular polarization is sin2y. In
particular, ¥ = /4 for a fully circularly polarized x-ray.
Then,

{e® e}

|
o

1
{e®¢€" g) = ———sin2y,

V2

and

1 .
{e®e*}$)2 = icosteiz“”,
{e®e} =0,
1
x1(2)
eERe = ——.
{ 0 \/6

Therefore, by using left and right fully circularly polarized
beams, the same average as with linear polarization is
obtained.

Similarly, it can be shown that (Ja-¢|?) = (|a|*—|a-k|?)/2.

D. Values of9-j-factors and geomet-
ric coefficients for particular cases of
Equation (6)

D.1. Electric dipole excitation, electric dipole
emission

e The first 9-j-symbol is:

14 6+1 101
_ _ 1
16 6+1+=4101 = 377
u v c c0c
e The second 9-j-symbol is:
10 6 +1 101
16 &6+1+=4101 :3\/2117T'
u v b0b
Thus:
11 g1
g =) ) (NN 1T g2 vl ST
g1.92 a,b,c b ¢ a
(A7)

where Ly = (0,0,0,0) because ¢ = & = ¢ = & =
0 for electric dipole emission and absorption and U =
(b,0,c,0). Additionnally, recall that yf,ig = {Out(lf,’)L ®
In(jLO}("), where Outl’) = {ef ® e} and In(&o ={e®
e*}9). Further simplifications arise when the sample is a
powder (i.e. a = 0).

It can be shown that:

1 1 31 591925bf(_1)g1+b 11 g4
20 = .
b co VR2gi+1)2b+1) (11 b
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e For b =0:

1T1g| _ (=
110 & 3

with g =0,1,2, and v} =
Thus,

2

ol (b =0) Z

9=

e For b=1:

1)9

1

\/2 1

T 12 1
111 = 111 "6’

1mo|p _ 1
T3
; P
e@e}) = exet =Sk,
{ } 7 7

where P, is the rate of circular polarization.

1
o= PcPcsks - k=
T T o3 e

" le-ep -
2\/§

4

'3+ g)V

111
g=0
e Forb=2
Mgl _
112 (2-9)
with g =0,1,2.
11, .
Vlz,/zL?) = ﬁ(jf ‘€s|2+
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|e-es|2).

2
2 1
-y L ke - e st

Thus,

(b =2)
2 4\/2g +1 2] P Y
—Z f| &l T+ zle et =) ST
5(2=9)!3+9)! ’
This leads to Equation (15).
If the polarization of the scattered beam is not detected,

then the term b = 2 is calculated using the relation: {{e;®
€}y = —ki?/2 and Eq. (17) is obtained because

(#2) = —50 (keb=3)- ma

D.2. Electric quadrupole excitation, electric

dipole emission

In the case of electric quadrupole transitions in the ab-
sorption followed by electric dipole transitions in the
emission, & =1, 4 =1, ¢, =0 and &, = 0. Thus,

Since 4 =1 and & =1, 0 < v < 2. Additionally, v # 1
since {k' @ k'}(V = \iﬁk x k=0. Thus, v=0 or 2.
Since ¥, =0and & =0,v =0and b =u".

Therefore:

e The first 9-j-symbol is:

1 6, 6 +1 112
16 6+1¢=4112
u v c uvece

It is zero if u + v + ¢ is odd.

e The second 9-j-symbol is:

16 6 +1 101
16 6+1-=4101 :3\/217bﬁ'
u v b b0b
e The third 9-j-symbol is:
€1,+1 4 +1 gy 129
€£+1 H+1 gor=112q;
b c a bca

D.3. Electric quadrupole excitation, electric
dipole emission, powder sample

Isotropy implies that a =0, g1 =g, and b = c = u'.
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]
oiE =CY > Y (=) ThihhihoNg g b b 11244101
r u

g buyv

with Ly = (1,1,0,0) and U = (u,v,u',V') = (u,v, b,0).
The angular term is

(0)
vl = {{tev etV e ko ki) e {c @e}®} .

More precisely,

e b=0,u=0,v=0: yﬂﬁ?:—3

B

e h=0u=2,v=2: yfﬁ?:%\/ﬁ.

e b=1u=1,v=0: yfﬂ? :—%PcPc,sk~k5.

eb=1u=1v=2 yﬂ’l? =—3+/§P[P(,5k~k5.

o b=2,u=2,v=0 vy} = —J=(5le" &+ jle:
&> —1).
. __ 1
e b=2u=0v=2 v == (lk &’ - 3).

eb=2,u=2,v=2: yfﬁ? = ﬁ(6|k-€5|2—4+
3le- €]? +3le- &l?).

This leads to Equation (19). Note that the term b =
2,u = 2,v = 2 is obtained by using classical invariant
theory [44, 45]:

If the polarization of the scattered beam is not detected,
then <y2]£> = 0 and the polarization average yields:

(0)
({tee e o ke k?} P e (@ e}?} )
23k k2 —3e - k2
B 3v105

<{{{e® e1%@ (ke k}(z)}(z) ®{er ® es}(Z)}(O)>

11
(= — |k k).
2\/ﬁ(3 )

<{{{e® P ke k}(o)}(z) ®{e® 65}(2)}(0)>

11
= (5 — e k.
2\/ﬁ(3 € k)

This leads to Equation (20).

12] [101] (129 .
129 v ST,
vb| [bob| [bbO
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