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1 Introduction

The theory of geometric random graphs was initiated by Gilbert [2] al-
ready in 1961 in the context of what is called continuum percolation.
In 1972, Hafner [4] focused on the typical properties of large but finite
random geometric graphs. Here N points are sampled within a certain re-
gion ofRd following a certain distribution and any two of them are joined
when their Euclidean distance is smaller than some threshold which, in
general, is a function of N . In the last two decades, this class of random
graphs has been studied extensively – see the monograph of Penrose [6].
However, what structural characteristics emerge when one considers

these points distributed on a curved space where distances are measured
through some (non-Euclidean) metric? Such a model was introduced by
Krioukov et al. [5] and some typical properties of these random graphs
were studied with the use of non-rigorous methods.

1.1 Random geometric graphs on a hyperbolic space

The most common representations of the hyperbolic space is the upper-
half plane representation {z : 2z > 0} as well as the Poincaré unit
disc which is simply the open disc of radius one, that is, {(u, v) ∈ R2 :
1−u2−v2 > 0}. Both spaces are equipped with the hyperbolic metric; in
the former case this is 1

(ζ y)2
dy2 whereas in the latter this is 4

ζ 2
du2+dv2
(1−u2−v2)2 ,

where ζ is some positive real number. It can be shown that the (Gaussian)
curvature in both cases is equal to−ζ 2.We will denote byH2

ζ the class of
these spaces.
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In this paper, following the definitions in [5], we shall be using the
native representation of H2

ζ . Under this representation, the ground space
of H2

ζ is R2 and every point x ∈ R2 whose polar coordinates are (r, θ)
has hyperbolic distance from the origin O equal to r . Also, a circle of
radius r around the origin has length equal to 2π

ζ
sinh(ζr) and area equal

to 2π
ζ 2
(cosh(ζr)− 1).

Let N = νeζ R/2, where ν is a positive real number that controls the
average degree of the random graph. We create a random graph by select-
ing randomly N points from the disc of radius R centred at the origin O,
which we denote by DR . If such a random point u has polar coordinates
(r, θ), then θ is uniformly distributed in (0, 2π], whereas the probabil-
ity density function of r , which we denote by ρ(r), is determined by a
parameter α > 0 and is equal to

ρ(r) = α sinhαr

coshαR − 1 . (1.1)

When α = ζ , then this is the uniform distribution. This set of points
will be the vertex set of the random graph and we denote it by VN . The
random graph G(N ; ζ, α) is formed when we join two vertices, if they
are within (hyperbolic) distance R.
Krioukov et al. [5] focus on the degree distribution of G(N ; ζ, α),

showing that when 0 < ζ/α < 2 this follows a power law with ex-
ponent 2α/ζ + 1. They also discuss clustering on a smooth version of
the above model. Their results have been verified rigorously by Gugel-
mann et al. [3]. When 1 < ζ/α < 2, the exponent is between 2 and 3,
as is the case in a number of networks that emerge in applications such
as computer networks, social networks and biological networks (see for
example [1]). Krioukov et al. [5] introduce this model as a geometric
framework for the study of complex networks. In fact, they view the de-
gree distribution as well as the existence of clustering at a local level as
“natural reflections of the underlying hyperbolic geometry”.

1.2 Component structure of G(N ; ζ, α)
This paper focuses on the component structure of G(N ; ζ, α) and, in par-
ticular, on the size of its largest component. We also denote by |L1| the
size of a largest connected component of G(N ; ζ, α).
In this contribution, we show that when ζ/α crosses 1 a “phase transi-

tion” occurs. More specifically, if ζ/α < 1, then asymptotically almost
surely (a.a.s.), that is, with probability 1 − o(1) as N → ∞, |L1| is
bounded by a sublinear function, whereas if ζ/α > 1, then |L1| is linear.
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Theorem 1.1. Let ζ, α be positive real numbers. The following hold:

• If ζ/α > 1, then there exists c = c(ζ, α, ν) > 0 such that a.a.s.
|L1| > cN .

• If ζ/α < 1, then a.a.s. |L1| < CR2N ζ/α, where C = C(ζ, α) > 0.

Furthermore, one can show that when ζ/α > 2, then G(N ; ζ, α) is a.a.s.
connected. We now proceed with a brief sketch of the proof of each part
of the above theorem.

2 The supercritical regime

For any given point v ∈ DR , we let tv = R − rv, where rv denotes the
radius of v – we call this the type of point v. We define a partition of
DR into homocentric bands Bi , for i = 1, . . . , T , where T = T (N ) is
a suitably defined function of N . More specifically, the central band B0
consists of all points in DR whose type is larger than R/2, that is, their
radius is less than R/2. Note that any two vertices in B0 are connected
by an edge as their hyperbolic distance is less than R. In other words,
the subgraph of G(N ; ζ, α) induced by the vertices in B0 is the complete
graph. To define the remaining bands, we define a decreasing sequence
of positive real numbers t0 > t1 > · · · , where t0 := R/2 and for i ≥ 1
we have

ti − 2

ζ
ln

(
8π

ν
ln ti

)
= λti−1, (2.1)

where λ := 2
ζ

(
α − ζ

2

)
< 1 (as ζ/α > 1) and

Bi = {v ∈ DR : ti ≤ tv < ti−1} .
We define T as the largest i such that e−α(ti−1−ti ) < 1/2 and ti > e. Let
N0 denote the set of vertices that belong to the set B0. In turn, for i > 0
we letNi denote the set of vertices in Bi that have at least one neighbour
in Ni−1. Since B0 is a clique, the subgraph of G(N ; ζ, α) that is induced
by ∪Ti=0Ni is connected and has size

∑T
i=0 |Ni |.

We establish bounds on the sizes of the sets Ni , for i = 1, . . . , T .
In particular, we show that the number of vertices in Ni stochastically
dominates the number of vertices that are contained in a subset of Bi that
has arc !i , where the sequence of !i satisfies for i ≥ 1

!i ≥ !i−1
(
1− exp

(
− ν

4π

(
e−αti−1 − e−αti−2

)
θ(i)

))
, !0 := 2π

and θ(i) := e
ζ
2 (ti−1+ti ) (here t−1 := R). We denote this number by N ′i . A

concentration argument shows that a.a.s. N ′i ≥ 1
2 N

!i
2π

(
e−αti − e−αti−1

)
.
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As e−α(ti−1−ti ) < 1/2, it follows that(
e−αti−1 − e−αti−2

)
θ(i) = e−αti−1

(
1− e−α(ti−2−ti−1)

)
θ(i)

>
1

2
e−αti−1+

ζ
2 (ti−1+ti ) = 4π

ν
ln ti ,

whereby

!i ≥ !i−1
(
1− 1

ti

)
(2.1)
> !i−1

(
1− 1

λi t0

)
.

It then follows that for some c = c(ζ, α, ν) > 0 a.a.s.

T∑
i=0

N ′i ≥ N
(
e−αtT − e−αt0

) T∏
i=0

(
1− 1

λi t0

)
> cN .

The stochastic domination implies this part of the theorem.

3 The subcritical regime

A first moment argument shows that all vertices have type at most ζ2α R+
ω(N ), where ω(N ) is a function such that ω(N ) → ∞ as N → ∞.
Hence, since ζ/α < 1, it follows that all vertices have types which are
smaller than and bounded away from R/2. We consider a vertex v which
has this type and we analyse a breadth exploration process through which
we bound the total angle of the component which v belongs to. We define
the total angle of the component of v to be the largest relative angle
between any two of its vertices – if the component has only one vertex,
then this is equal to zero. We denote this angle by !(v). We show that
the assumption that the type of v is ζ

2α R+ω(N ) gives a stochastic upper
bound on the total angle of the component of any vertex in VN . Our
bound is as follows.

Lemma 3.1. Let v ∈ VN be a vertex having tv = ζ

2α R + ω(N ). There
exists a constant C ′ = C ′(ζ, α, ν) > 0 such that with probability 1 −
o
(

1
N1−ζ/α

)
we have

!(v) ≤ C ′
R2N ζ/α

N
.

The breadth exploration process is a process that is somewhat similar to
the breadth-first search algorithm. More specifically, starting from vertex
v with type as in the above lemma, we expose the vertex of the largest
type among those vertices that are within distance R from v in clockwise
direction. Subsequently, we continue this procedure until a vertex of type
K is reached, where K is a large constant. We repeat this in anticlockwise
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direction. This completes the first phase of the process. Thereafter, we
bound the contribution that comes from vertices of type smaller than K .
If these have also vertices within distance R that have not been covered
previously, then we start the first phase again. We show that the num-
ber of repetitions of this phase is bounded in probability. A first moment
argument shows that the probability that there is a vertex v with !(v)
larger than the bound of the above lemma is o(1). The result provides a
bound on the total angle of each component. This needs to be comple-
mented by a result which associates the total angle of a component with
the number of vertices. We show that a.a.s. there is no component with
total angle at most C ′R2N ζ/α/N that has more than CR2N ζ/α vertices,
where C = C(ζ, α, ν) > 0 is another constant. This completes the proof
of Theorem 1.1.

4 Conclusions - Further directions

This contribution focuses on the size of the largest component of random
geometric graphs on the hyperbolic plane. We show that when the ratio
ζ/α crosses 1 a giant component emerges. But is this component unique?
What is the size of the largest component in each case? Moreover, our
results do not cover the critical case ζ/α = 1, that is, when the points are
uniformly distributed on DR . This is a natural direction that goes along
the lines of the theory of random geometric graphs on Euclidean spaces.
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