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We construct the hydrodynamic theory for spin-1=2 Bose gases at arbitrary temperatures. This theory

describes the coupling between the magnetization and the normal and superfluid components of the gas. In

particular, our theory contains the geometric forces on the particles that arise from their spin’s adiabatic

following of the magnetization texture. The phenomenological parameters of the hydrodynamic theory are

calculated in the Bogoliubov approximation and using the Boltzmann equation in the relaxation-time

approximation. We consider the topological Hall effect due to the presence of a Skyrmion, and show that

this effect manifests itself in the collective modes of the system. The dissipative coupling between the

magnetization and the normal component is shown to give rise to magnetization relaxation that is fourth

order in spatial gradients of the magnetization direction.
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Introduction.—Geometric forces are abundant in virtu-
ally all areas of physics, from the classical conical pendu-
lum [1] to a single quantum spin [2]. In particular, after the
advent of the Berry phase [3], a large number of manifes-
tations of geometric forces, including the optical Magnus
effect [4], the topological Hall effect [5,6], and geometric
forces due to synthetic gauge fields [7] have been predicted
and observed.

In metallic ferromagnets, magnetization dynamics leads
to forces on quasiparticles of geometric origin, called spin
motive forces, that have recently gained considerable
attention [8–12]. Furthermore, spin textures with nonzero
chirality, such as the recently observed Skyrmion lattice
[13,14], induce the so-called topological Hall effect [5,6].
In addition, the coupling between magnetization and qua-
siparticles has also been shown to give rise to novel forms
of magnetization relaxation in this case. A prominent
example is inhomogeneous Gilbert damping [15–17].
This effect is important in clean solid-state systems.
Therefore, we expect these effects to be particularly impor-
tant for gases of ultracold atoms, that, in contrast to con-
ventional condensed-matter systems, are free of impurities.

The field of ultracold atoms is characterized by exquisite
experimental control [18–20]. Relevant for our focus is the
great amount of recent activity on spinor Bose gases. First,
it has been discovered that these gases can be either ferro-
magnetic (FM) or antiferromagnetic depending on the
details of the scattering lengths [21,22]. Furthermore,
numerous studies at zero temperature, based on the
Gross-Pitaevskii equation, have elucidated the long-
wavelength properties of spinor gases [23,24]. Other areas
of current interest in the field include topological excita-
tions, magnetic dipole-dipole interactions, and nonequilib-
rium quantum dynamics [25]. The recent progress in the
understanding of ferromagnetic spinor gases and their
manipulation by light has also enabled detailed studies of
magnetization dynamics [26,27].

Despite these activities, a theory that describes simulta-
neously all phases of ferromagnetic spinor Bose gases and
includes both geometric and dissipative coupling between
superfluid, ferromagnetic order parameter and quasipar-
ticles is lacking. The purpose of this Letter is to put
forward such a theory. This theory is needed to determine
properties of collective modes at arbitrary temperatures
that consist of combined dynamics of the ferromagnetic
and superfluid order with the normal component of the gas.
These results can, e.g., be used to detect the presence of
Skyrmions and their dynamics in the gas. We choose to
work in the hydrodynamic regime, where the coupling
between the magnetization and the normal and superfluid
components of the gas is controlled by a gradient expan-
sion. This approach is valid in the regime where local
equilibrium is enforced by frequent collisions. In addition,
we make a connection between long-wavelength and
microscopic physics by calculating all the hydrodynamic
parameters from first principles. In the microscopic deter-
mination of the parameters, we focus on the spin-1=2 case
leaving higher spin for future work.
Hydrodynamic equations.—Describing a ferromagnetic

Bose gas requires considering three phases: unpolarized
normal fluid, normal ferromagnet, and superfluid ferro-
magnet. These three phases have different sets of relevant
hydrodynamic variables that have to be taken into account
in order to fully describe the behavior of the system. A
complete set of relevant variables includes the order pa-
rameters and the conserved quantities. The order parame-
ters of a homogeneous Bose ferromagnet are the superfluid
velocity vs and the magnetization density Pn��. Here P is
the polarization, and �� is the dimensionless magnetiza-
tion direction, normalized such that ���� ¼ 1. (We use
the Einstein summation convention throughout the paper.)
The conserved quantities are the total particle density
n, the total particle current j, the magnetization density
Pn��, and the energy. In the hydrodynamic approach, we

PRL 110, 260404 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending
28 JUNE 2013

0031-9007=13=110(26)=260404(5) 260404-1 � 2013 American Physical Society

http://dx.doi.org/10.1103/PhysRevLett.110.260404


write a continuity equation for each conserved quantity.
Not considering energy conservation for simplicity,
we therefore have the following set of hydrodynamic
equations

@tnþ r � j ¼ 0; (1)

@tðPn��Þ þ r � ððj?spinÞ� þ ðjkspinÞ�Þ ¼ 0; (2)

m@tjþmr ��þ nrV � PnE� Pj� B ¼ 0: (3)

In these equations, m is the particle mass, � ¼ nnvnvn þ
nsvsvs þ 1p=m is the energy-momentum tensor, and V is
the trapping potential. We have also introduced the pres-
sure p, the normal fluid velocity vn and the normal fluid
density nn, and equivalent quantities vs and ns for the
superfluid. We use these quantities to define the normal
and superfluid particle currents jn ¼ nnvn and js ¼ nsvs,
such that j¼jnþjs. The total density is then n¼nsþnn.
Note that coordinate space tensors and vectors are denoted
by bold font, while spin space vector components are
denoted by Greek superscripts.

The coupling between magnetization and normal fluid
leads to geometric forces [28,29]. These can, e.g., be
understood as resulting from the Berry curvature and
spin Berry phases that the atoms pick up as their spin
adiabatically follows the magnetization texture. More con-
cretely, there exist now an artificial electric field

E ¼ @"�����ð@t��Þðr��Þ=2 (4)

and an artificial magnetic field

B ¼ �@"�����ðr��Þ � ðr��Þ=4; (5)

where we have introduced the totally antisymmetric Levi-
Civita tensor "���. As we have already seen in Eq. (3),
these fields enter the hydrodynamic equations as the elec-
tric and magnetic parts of the Lorentz force, respectively,
acting on the particle current.

A more detailed discussion on the spin currents is now
in order. The longitudinal spin current describes spin
transport with spin polarization along the magnetization

direction due to particle currents: ðjkspinÞ� ¼ Pj��. The

transverse spin current has, to lowest order in the gradient
expansion, terms proportional to the spin stiffness As and a
parameter proportional to the transverse spin diffusion
constant �? [30]

ðj?spinÞ� ¼ �"���
1

n
�?��ðn@t þ j � rÞr��

� As"
�����r��: (6)

The first term describes transverse spin relaxation. It con-
tains the usual hydrodynamic derivative and illustrates the
fact that only gradients of magnetization relax because spin
is conserved in our system. The second term represents

nondissipative transverse spin transport. Note that the
above results can be understood as containing all
symmetry-allowed terms up to second order in gradients.
The superfluid velocity obeys the Josephson relation

m@tvs þ r½mv2
s=2þ V þ�� �E ¼ 0; (7)

where� is the chemical potential, and also the Mermin-Ho
relation

mr� vs ¼ �B: (8)

This completes the set of hydrodynamic equations.
Our hydrodynamic equations correctly describe the sys-

tem at any temperature relevant for cold-atom experiments.
At sufficiently low temperatures, both order parameters are
nonzero, and we have a ferromagnetic Bose-Einstein con-
densate (BEC) with a negligible normal fluid density.
Setting the normal fluid density and its velocity to zero,
and setting the polarization to P ¼ 1, we obtain the well-
known T ¼ 0 limit [25]. At higher temperatures, where the
normal fluid density is sizable, we have to use the full set of
equations. Heating the system even further results in the
disappearance of the Bose-Einstein condensate at TBEC.
(Note that, in general, the critical temperature for Bose-
Einstein condensation is lower than the ferromagnetic
transition temperature, as shown in Ref. [31].) We then
have to discard Eqs. (7) and (8), and set the superfluid
density as well as its velocity to zero. Finally, in the high
temperature limit T > TFM, the average magnetization is
zero, and the distinction between longitudinal and trans-
verse spin polarization disappears. In addition, there are no
artificial electromagnetic fields and consequently the geo-
metric forces vanish. For those reasons, the spin current
becomes j�spin ¼ �Dsrðn��Þ, where Ds is the spin diffu-

sion constant, which is related to the longitudinal spin
relaxation time determined previously [32].
Collective modes.—As a first application of the above,

we consider the collective modes. Following the usual
procedure, we linearize the equations and put in a plane-
wave ansatz for the hydrodynamical variables. Solving for
frequency ! as a function of momentum k results in

! ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffi
1

m

@p

@n

s
� ck; (9)

! ¼ AsðPnk2 � i�?k4Þ
�2
?k

4 þ ðPnÞ2 !k!0 As

Pn
k2 � i�?As

ðPnÞ2 k4: (10)

The first equation describes a density wave, first sound,
which propagates at the speed of sound c as expected. The
second equation gives the dispersion for the spin waves and
includes their damping. We remark that in the long-
wavelength limit it reduces to a quadratic dispersion with
quartic damping, which is in agreement with previous
results for conventional (Fermi) ferromagnets [33].
Finally, we did not consider energy as a hydrodynamic
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variable and hence, neglected the resulting heat diffusion.
Thus, our theory does not properly predict the velocity of
second sound.

Skyrmion dynamics and topological Hall effect.—To
illustrate the importance of geometrical forces, we inves-
tigate the motion of a 2D or baby Skyrmion (Fig. 1). There
are several reasons warranting a closer look at this 2D
Skyrmion. First, we expect to see a topological Hall effect,
due to the artificial electromagnetic fields generated by the
spin texture. Second, due to the interplay between magne-
tization relaxation and spin gradients, we anticipate irre-
versible dynamics. Third, baby Skyrmions have been
experimentally realized in spinor Bose gases [34], suggest-
ing that our theory could be confronted with experiments in
the near future.

Considering a rigid Skyrmion texture �� ¼
��ðx� xskÞ with a velocity vsk ¼ ð _xsk; _yskÞ, we derive its
equations of motion from our hydrodynamic description of
the dynamics of the atomic cloud. To that end, we take a
cross product of �� with Eq. (2), then take an inner
product with r��, and finally perform an integral over
the coordinate space. Moreover, we assume a pancake-like
geometry at a low temperature, and a Thomas-Fermi den-
sity profile for this calculation. We define the trap to be
isotropic and harmonic in the xy plane with the frequency
!d. Furthermore, �? is taken to be constant, AsðxÞ ¼
nðxÞas, and as ¼ @P=2m as is shown below. We also
introduce the density in the center of the cloud n0, the
density in the center of the Skyrmion nsk and the radius of
the cloud R. The equations of motion ultimately read

€xþ!2
dx� � _yP@I112nsk=�mn0R

2 ¼ 0;

€yþ!2
dyþ � _xP@I112nsk=�mn0R

2 ¼ 0;

� _xð�?I212 þ nskPI
1
12Þ þ � _y�?I222 þ�yn0asI

3=R2 ¼ 0;

� _yð�?I212 � nskPI
1
12Þ þ � _x�?I211 þ�xn0asI

3=R2 ¼ 0;

where �x ¼ xsk � x and �y ¼ ysk � y are the Skyrmion
coordinates relative to the center of the cloud. The quanti-
ties I1ij, I

2
ij, and I3 are real and only depend on the texture

[35], where i, j can be 1 or 2, corresponding to the x or y
direction, respectively. The integral I112 is determined by a
topological invariant known as the Skyrmion number or
the winding number: W ¼ I112=4� ¼ 1. Furthermore, for
cylindrically symmetric Skyrmion textures, I3 ¼ h and

I2ij ¼ �~h�ij=l
2, where h and ~h are dimensionless numbers,

while l is the length associatedwith the size of the Skyrmion
[36]. The latter integrals are, therefore, not determined by
the topology of the magnetization texture only.
Following the procedure described above, we find, in

addition to the dipole mode with frequency!d, a collective
mode pertaining to the motion of the Skyrmion with the
frequency

!sk ¼ hn0@ð4nskP�þ i~h�?=l2Þ
2mR2ð16n2skP2�2 þ ~h2�2

?=l
4Þ : (11)

The real part of the frequency implies that the Skyrmion is
moving around the center of the trap, cf. Fig. 1, while the
positive imaginary part means that the Skyrmion is spira-
ling out and is pushed away from the center of the trap.
We now turn our attention to the case of no damping

(�?¼ 0). The eigenvectors of the various modes, written
in the form (x, y, �x, �y), are (1, 0, 0, 0), (0, 1, 0, 0),
(� i�, �, �i, 1), and (i�, �, i, 1) with

� ¼ 32hn2skP
2�@2

64m2n2skP
2�2R4!2

d � h2n20@
2
: (12)

The first two eigenvectors describe the dipole mode, where
the cloud and the Skyrmion move in phase in either the x
or the y direction, respectively. In order to investigate the
implications of the third and fourth eigenvectors, we set the
initial coordinates �xð0Þ � 0 and xð0Þ ¼ ��xð0Þ with
yð0Þ ¼ �yð0Þ ¼ 0. We set the initial velocity of the cloud
to zero. In that case, x and �x oscillate in phase with the
frequency !sk ¼ hn0@=8mnskP�R

2

x ¼ ��xð0Þ cosð!sktÞ; �x ¼ �xð0Þ cosð!sktÞ: (13)

However, both the center of the cloud and the Skyrmion
start moving in the y direction as well (cf. Fig. 1)

y ¼ ��xð0Þ
�
sinð!sktÞ �!sk

!d

sinð!dtÞ
�
; (14)

�y ¼ �xð0Þ sinð!sktÞ; (15)

due to the force exerted on them by the artificial electro-
magnetic field, which can also be seen in the equations of
motion. Physically, this effect is a Hall effect as it corre-
sponds to transverse motion in response to a longitudinal
force—in this case, the restoring force of the trapping
potential. Because of the nature of this particular spin
texture, this effect is known as the topological Hall effect.

FIG. 1 (color online). A baby Skyrmion in a two-dimensional
ferromagnetic cloud (left). In an isotropic trap, which has its
center in the middle of the picture (right), the Skyrmion (empty
circle) precesses around the center of the trap. The center of the
cloud (filled circle) also moves around the center of the trap due
to the topological Hall effect. The amplitude of the motion of the
center of the cloud has been enhanced for clarity.
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Microscopic theory.—We proceed to evaluate the hydro-
dynamic input parameters P, As, and �?. To calculate the
polarization P, we employ the Bogoliubov theory around
the ferromagnetic ground state of the gas. That amounts to

populating only one of the condensate components, n"c ¼
nc � 0, while n#c ¼ 0. Scattering amplitudes in ultracold
gases are governed by the two-body T matrix g [37], which
can have different components for collisions of different
spin states. We only consider the case with equal T-matrix
elements g"# ¼ g"" ¼ g## ¼ g � 0. Furthermore, we inves-
tigate a balanced mixture, i.e., with equal chemical poten-

tials �" ¼ �# ¼ gn"c. This leads to decoupling of the spin
components. The " particles obtain the usual Bogoliubov
propagator, while the # particles retain the noninteracting
propagator within this approximation. Thus, we find the
following particle densities in the noncondensate (nc)
states

n"nc¼ 1

V

X
k�0

�
"kþgnc
@!k

1

e�@!k �1
þ"kþgnc�@!k

2@!k

�
; (16)

and n#nc¼P
k�0½expð�"kÞ�1��1=V, where the

Bogoliubov dispersion @!k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"kð"k þ 2gncÞ

p
, � ¼

1=kBT is the inverse thermal energy, and "k ¼ @
2k2=2m

is the free particle dispersion. The density distributions are

subject to the constraint n ¼ nc þ n"nc þ n#nc. We note that
after fixing the total density n, temperature, and interaction

strength, we can solve these equations for nc and obtain n
"
nc

as well as n#nc at the same time. This gives us the polariza-
tion of the gas

P ¼ ðnc þ n"nc � n#ncÞ=n ¼ 1� 2n#nc=n: (17)

In the intermediate temperature regime ng �
kBT < kBTBEC it is straightforward to calculate P analyti-
cally. To that end, we approximate @!k ’ "k þ gnc, so that

n"nc ¼ n#nc ¼ �ð3=2ÞðmkBT=2�@
2Þ3=2 and

P ¼ 1� 2�ð3=2ÞðmkBT=2�@
2Þ3=2=n; (18)

where � denotes the Riemann zeta function. Note that in
this approximation we have P ¼ 1 at zero temperature, as
the depletion of the condensate is neglected and all the gas
particles end up in the condensate.

We now turn to the calculation of the spin stiffness As.
According to the Bogoliubov theory, when only one spin
component is populated with a Bose-Einstein condensate,
excitations in the other spin components are free particles,
corresponding to spin waves. Therefore, the dispersion of
the spin waves is simply @!k ¼ "k. Comparing this with
the real part of the dispersion relation for the spin waves
given by the hydrodynamics in Eq. (10), we conclude that

As ¼ @

2m
Pn: (19)

The only quantity that remains to be evaluated is �?. An
upper bound for this quantity is found by considering the

noncondensed phase. In this case, we note that it is equal to
the transverse spin conductivity [30]

�? ¼ @	?: (20)

We calculate 	? in the normal phase from a set of
Boltzmann equations and use the relaxation-time approxi-
mation. For a given species, e.g., " , the momentum-
dependent relaxation time ð
""Þk is given by the well-known
collision integral

1

ð
""Þk
¼ 2�

@
g2"#

Z dk2
ð2�Þ3

dk3
ð2�Þ3

dk4
ð2�Þ3 f

##ðk2Þ½1þ f""ðk3Þ�

� ½1þ f##ðk4Þ�ð2�Þ3�ð3Þðkþ k2 � k3 � k4Þ
� �ð"k þ "k2 � "k3 � "k4Þ; (21)

that can be derived using Fermi’s golden rule. Here we only
consider the term due to interspecies scattering, as intra-
species scattering terms drive the distributions f"" and f##
towards the Bose-Einstein equilibrium distribution.
The transverse spin relaxation time is then given by

2=ð
?s Þk ¼ 1=ð
""Þk þ 1=ð
##Þk: (22)

Given this relaxation time, the transverse spin conductivity
is obtained by evaluating the integral

�? ¼ � @
3

m2

Z
dkk2

ð
?s Þk
1þ ½ð
?s Þk�=@�2

@f0
@"k

; (23)

where f0 is the sum of the equilibrium distributions of " and
# particles and � ¼ �" ��# is the exchange splitting. For
a particular kind of atom, �? depends on the temperature
and all the scattering lengths in the system. However, by
fixing the interspecies T matrix g"#, we can obtain a more

general picture as a function of temperature and polariza-
tion, as shown in Fig. 2.
Discussion and conclusion.—In summary, we have con-

structed a hydrodynamic theory for a ferromagnetic
spin-1=2 Bose gas that is valid for any temperature relevant
for cold-atom systems. We have also calculated all the

FIG. 2 (color online). Transverse spin diffusion �? as a func-
tion of polarization P and temperature for a homogeneous gas.
The three surfaces correspond to ng"#�BEC ¼ 1, 0.5, and 0.1

from top to bottom. Here a"# is the interspecies scattering length

and �BEC � 1=kBTBEC.
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input parameters for the hydrodynamic theory within the
Bogoliubov approximation. Finally, we have considered
dynamics of a topological spin texture (Skyrmion) and
found it to lead to a topological Hall effect.

To determine whether the topological Hall effect can be
observed experimentally, we estimate the Skyrmion pre-
cession frequency !sk and the eigenvector parameter �.
Considering a condensate of 104 23Na atoms in a pancake-
like geometry with radial confinement !?=2� ¼ 1 Hz
and perpendicular confinement !z ¼ 10!?, we estimate
!sk ¼ !? and � ¼ 0:1. This corresponds to a cloud size
of 50 �m and a Hall amplitude of 5 �m, which should be
observable with current experimental techniques.

When it comes to the damping of spin waves, we con-
sider a homogeneous 87Rb gas (jF ¼ 1; mf ¼ �1i and

jF ¼ 2; mf ¼ 1i) with the density of 1016 cm�3 as an

example. In particular, at the Bose-Einstein condensation
temperature and polarization P ¼ 1=2, a spin wave with
momentum k ¼ 1 �m�1, which is within the reach of
current experiments, has a damping time of 0.7 s.

In the future work, we plan to calculate �? in the
superfluid phase (T < TBEC), which would complete the
microscopic input for the parameters of the hydrodynamic
theory in the entire temperature range. Moreover, it is
worthwhile to apply the current approach to higher spin
systems, where extra degrees of freedom such as the ne-
matic tensor [38] enter the theory.
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P. G. Niklowitz, and P. Böni, Phys. Rev. Lett. 102, 186602
(2009).

[6] Y. Li, N. Kanazawa, X. Z. Yu, A. Tsukazaki, M. Kawasaki,
M. Ichikawa, X. F. Jin, F. Kagawa, and Y. Tokura, Phys.
Rev. Lett. 110, 117202 (2013).

[7] J. Dalibard, F. Gerbier, G. Juzeliūnas, and P. Öhberg, Rev.
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