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Chapter 1

General Introduction

1.1 The Excitation Step in Magnetic Resonance Imag-

ing

Magnetic resonance imaging is one of the main tools to diagnose soft-tissue patholo-
gies. The relatively high contrast between different kinds of biological tissues or between
healthy and tumorous tissue makes this technique suitable for many clinical applications.
Most hospitals have MRI scanners and rely on the images acquired with them to diagnose
diseases and plan treatments. This young imaging modality has its roots in the 1970s
when the nuclear magnetic resonance principle, independently discovered by Felix Bloch
and Edward Purcell in 1946 [5, 67], was applied to acquire images of phantoms and, later,
of human subjects.

1.1.1 The Bloch Equation

MRI is based on the interplay of three different kinds of magnetic fields. The static

magnetic field, ~B0, is the strongest of the three and, in standard clinical scanners, it
usually measures 1.5 or 3 Tesla. In the laboratory reference system it is, by convention,
aligned along the z or longitudinal, direction: ~B0 = (0, 0, B0)

T . In general, B0 is constant
in time.
The gradient fields are superimposed on the longitudinal component ( ~B0) and, as the

name suggests, have the form of a gradient: ~G · ~r where ~r denotes the position vector
in cartesian coordinates. Typically, each component of G and the corresponding time
derivative are constrained to be in the range of [−35, 35] mT/m [−200, 200] T/m/s,
respectively.
The third type of magnetic field addresses the x and y components, also called the
transverse components. In the present section, the notation refers to the (x, y) plane,
since the z component of this field is negligible with respect to the z-component of the
total magnetic field and can be discarded from the present treatment.
The transverse field in the laboratory frame is denoted by ~B⊥(t). Suppose that ~B⊥(t)

is left circularly polarized (also known as quadrature in MRI), which implies that ~B⊥(t)
can be written as

~B⊥(t) =

(

cos(ωt) − sin(ωt)
sin(ωt) cos(ωt)

)(

b1,x(t)
b1,y(t)

)

. (1.1)
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2 Chapter 1

Under the effect of ~B0, the nuclear spins precess at the so called Larmor frequency, given
by ω0 ≡ γB0 [34] where γ is the gyromagnetic ratio. For the clinical field strengths, ω0

is in the radio frequency range (order of 108 Hz). In the reference frame rotating at the

Larmor frequency, the effective RF field, ~B′
⊥
(t), is given by

~B′

⊥(t) =

(

cos(ω0t) − sin(ω0t)
sin(ω0t) cos(ω0t)

)−1

~B⊥(t) = (1.2)

=

(

cos(ω0t) − sin(ω0t)
sin(ω0t) cos(ω0t)

)−1(
cos(ωt) − sin(ωt)
sin(ωt) cos(ωt)

)(

b1,x(t)
b1,y(t)

)

. (1.3)

Assuming that ω = ω0, the above equation reduces to ~B′
⊥(t) = (b1,x(t), b1,y(t))

T which
gives the resulting transverse magnetic field component in the rotating frame at Larmor
frequency. Since ω belongs to the radio frequency range, the term radio frequency (RF)
field is applied to the transverse field. b1,x(t) and b1,y(t) has a relatively low frequency
content (order of 103 Hz), thus they can be considered ‘at rest’ in the rotating frame
during the Larmor period of rotation (2π/ω0 ≈ 10−8s).
The effect of the static magnetic field is not perceived in the rotating frame and thus the
total magnetic field, ~B′, has the form

~B′(~r, t) = (b1,x(t), b1,y(t), ~G(t) · ~r)T . (1.4)

The Bloch equation describes the magnetic resonance phenomenon using the classical
mechanics interpretation. In the rotating reference frame, the Bloch equation reads

d ~M

dt
= γ ~M × ~B′ (1.5)

where ~M is called the magnetization vector and it represents the vector sum of the spin
magnetic moments over a small volume. ~M is the target of the whole MRI process:
being able to tip it from its initial position, makes it possible to acquire signal, since the
transverse components of ~M , that is Mx and My, can be detected by dedicated RF coils.
Note that the right hand side of Eq. 1.5 does not contain the terms that depend on the
tissue relaxation times T1 and T2: here and for the rest of this work, we assume that
the excitation process takes place in a time which is small compared to T1 and T2. This
implies that the terms in T1 and T2 are negligible.
Substituting Eq. 1.4 into Eq. 1.5 and writing out the vector components, we obtain the
final form of the simplified Bloch equation:

d ~M

dt
= γ





0 ~G · ~r −b1,y
−~G · ~r 0 b1,x
b1,y −b1,x 0









Mx

My

Mz



 . (1.6)

From Eq. 1.6 we explicitly see the effect that the RF and the gradient fields have on the
magnetization. For MRI, it is important to find expressions for b1,x, b1,y and G in a given
time interval [0, T ] such that at time T the magnetization has the desired amplitude and
phase. Typical cases of applications are:

• ~M(0) = (0, 0, 1)T and |M⊥(T )| = sin(θ) for an excitation pulse by tip angle θ ∈
[0, π/2];
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• ~M(0) = (0, 0, 1)T and ~M(T ) = (0, 0,−1)T for an inversion pulse;

• ~M(0) = (Mx,0,My,0,Mz,0)
T and ~M(T ) = (−Mx,0,My,0,Mz,0)

T for a refocusing pulse
around y.

1.1.2 RF Pulse Design

Finding an RF and gradient waveform which satisfies the conditions described above is
the aim of RF pulse design. In two pioneering papers from 1989, Pauly et al first derived
a closed form solution for the case of an excitation pulse with small tip angle. They
showed that [62]

M⊥(~r, T ) = iγM0

∫ T

0

b1(t)e
i~k(t)·~rdt (1.7)

where

~k(t) ≡ −γ
∫ T

t

~G(s)ds (1.8)

and b1(t) ≡ b1,x + ib1,y.
Equation 1.7 shows a Fourier Transform-like relationship between the transverse mag-
netization, the RF pulse and the gradient. The spatial frequency space, k-space is,
analogously to the k-space from the signal acquisition process, traversed along a path,
called a k-space trajectory.
The RF pulse design process is thus reduced to design k-space trajectories taking into
account the Nyquist criterion. The b1(t) waveform follows from Fourier Transform of the
desired M⊥. The classical slice selective, sinc-shaped RF pulse with a rectangular gra-
dient waveform is a special case. Pauly et al subsequently described a class of large tip
angle RF and gradient waveforms which are related to the desired tip angle by a Fourier
transform-like relationship [63].
The Fourier transform approach to RF pulse design is the most used in clinical MRI im-
plementations. Other approaches include the Shinnar-Le Roux algorithm [52, 85], which
reduces the large tip angle design to filter design [32, 64].
RF pulse design can be seen as an example of optimal control, where the state variables
are Mx,My and Mz and the control variables (the unknowns) are b1 and ~G. Optimal
control theory can be and has been applied to RF pulse design [15, 53, 104]. For clinical
applications, this is in general not the case.

1.1.3 Transmit Coil Arrays And Parallel Transmit SENSE

At the end of the nineties of the last century, new impulse towards accelerated MRI came
from the application of coil arrays for signal detection [70]. SMASH [87], SENSE [66]
and GRAPPA [33] techniques are the foremost examples thereof. By exploiting the spa-
tial encoding capability of each individual coil-sensitivity profile, the fold-over artifacts
caused from regular k-space undersampling can be corrected. The reconstructed image
can be acquired with time reduction factors which are dependent on the number of coils,
typically 2 up to 4 per encoding direction [4].
The acceleration strategies exploited by the parallel imaging methods inspired the in-
troduction of parallel transmit techniques. Katscher [46], Grissom [29] and Zhu [114]
applied parallel imaging concepts to the excitation process. Transmit SENSE is the
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product thereof.
Denoting by b1,p(t) the RF waveform which is transmitted by the p-th coil, and by Sp(~r)
the transmit sensitivity of the same coil, Eq. 1.7 can be rewritten in its transmit SENSE
version

M⊥(~r, T ) = iγM0

∫ T

0

P
∑

p=1

Sp(~r)b1,p(t)e
i~k(t)·~rdt (1.9)

where P is the total number of transmit coils.
The coil sensitivity profiles Sp(~r) are the fundamentally new ingredient of Eq. 1.9 with
respect to Eq. 1.7. The transmit maps display an increasingly heterogeneous profile
with the increase of the main field strength [40, 41] due to the shortened wavelength in
the body and thus the presence of destructive interference and reflection. This causes
problems of signal loss at high field MRI (3 tesla and higher) where the resulting images
suffer from bad contrast or, even worse, dark areas without any anatomical information
being present. These problems can be solved by designing RF pulses with Eq. 1.9:
the target M⊥(~r, T ) could be a constant function over the whole FOV or a user defined
pattern, in which case one refers to b1,p as a homogenization pulse or a spatially selective

excitation (SSE) pulse, respectively. Note that RF shimming [37] is a special case of the
homogenization strategy.
Equation 1.9 can be solved if the sensitivity profiles (B+

1 maps) of the coils are known.
Unlike eq. 1.7 which can be solved analytically for most practical situations, e.g. slice
selective pulses or Gaussian pencil beams, Eq. 1.9 has to be solved numerically, since
the B+

1 maps are measured and a closed form solution for the RF does most likely not
exist. An important analogy with the parallel imaging techniques is the exploitation
of the encoding capability of the transmit sensitivity maps, which makes it possible to
undersample the k-space trajectory, and thus to shorten the length of the RF pulse and
the duration of the scan.
The solution of Eq. 1.9 implies knowledge of the B+

1 maps for each transmit channel. B+
1

mapping has been a topic of active research and in the last years several methods have
been proposed. Especially limited dynamic range, low SNR and lengthy scan times have
been the major drawbacks.
It should be pointed out that the sensitivity maps are patient dependent, thus the RF
pulses have to be designed on a patient specific basis. This implies that the whole
RF pulse design process, displayed in Fig. 1.1, has to take place during each scanning
session. Being able to measure the B0 and B

+
1 maps, and to compute the RF and gradient

waveforms in a short time is fundamental for clinical application of the transmit SENSE
method.
The most recent B+

1 mapping methods (Bloch-Siegert [72] and DREAM [60]) have
advantages in terms of acquisition time but might still suffer from artifacts due to dynamic
range (most notably for high fields) and low signal areas. Robust B+

1 mapping methods
are fundamental for the application of transmit SENSE and RF shimming.

1.1.4 Safety Concerns And Specific Absorption Rate

Magnetic resonance imaging is non-invasive and does not rely on ionizing radiation. Still,
the intensive radiofrequency exposure involved in MRI might lead to harmful situations
for the patient. RF tissue heating is of most concern [23]. Since any time varying mag-
netic field induces an electric field, the presence of the latter inside the body results in
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Figure 1.1: Workflow of patient specific RF pulse design. During the acquisition of the B0

and B+
1 maps, the target magnetization can be defined. These data are the input for the

computation of the gradient and RF waveforms, which is carried out taking into account the
SAR limitations for safety. After computation of the RF and gradient waveforms, the scan can
start.

power absorption through ohmic losses in case of conductive tissue and thus heating. To
prevent harmful effects on the patient, the heating should be kept under control.
Quantifying temperature changes in vivo is very difficult, due to the challenging aspects
of in situ measurements. Due to perfusion effects, even a reliable temperature model for
a well known anatomy and a given MRI sequence is problematic [39]. Thermal models
are available, but large assumptions have to be made on tissue perfusion, thermoregula-
tion etc. For these reasons, safety regulations deal with a quantity indirectly related to
temperature: the specific absorption rate (SAR).
The definition of SAR depends on the electric fields and the RF fields in the following
way

SAR(~r) ≡ σ(~r)

2ρ(~r)

1

TR

∫ TR

0

‖ ~E(~r, t)‖22dt (1.10)

where

~E(~r, t) =

P
∑

p=1

b1,p(t) ~Ep(~r) (1.11)

is the effective electric field of an array of P coils given by the weighted sum of the in-
dividual electric fields ~Ep. The integration interval is defined by TR, which is the time
which occurs between two successive RF pulses: clearly, SAR is inversely proportional to
TR. The tissue electric conductivity is denoted by σ and the density by ρ.
Note the quadratic dependence between SAR and RF amplitude versus the linear re-
lationship between SAR and 1/TR: shortening the RF pulse length by increasing the
amplitude leads to SAR increase. Similarly, when scaling an RF pulse to achieve a larger
tip angle, SAR limits quickly become an obstacle. In practice, SAR is computed over a
3D tissue neighborhood, with a given fixed mass. Typical SAR regulations involve SAR
averaged over a 1 gram or 10 gram tissue neighborhood [21].
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1.2 This Work

This work focuses on the topics illustrated above. The transmit SENSE RF pulse design
workflow (Fig. 1.1) is far from being a clinically functioning process and this thesis
addresses and tries to solve three main obstacles:

• stability of computations,

• fast and robust B+
1 mapping

• constrain local tissue heating, i.e. design local SAR optimized RF pulses.

The driving idea of the whole project is the development of robust and fast algorithms
which tackle and possibly solve problems related to the MRI excitation process.

Chapter 2 is devoted to the application of a multi-shift conjugate gradient for least squares

(mCGLS) algorithm for the design of transmit SENSE pulses (Eq. 1.9). The first papers
about this new transmit paradigm already indicated the necessity of regularization for
the numerical inversion problem. The transmit SENSE encoding matrix, derived from
the discretization of the integral operator, is notoriously ill-conditioned [48]: this means
that small perturbations in the input data (e.g. B+

1 -maps) or rounding off effects could
possibly lead to much larger perturbations in the computed solution, that is, the RF
pulse. One of the most common regularization techniques is the so-called Tikhonov reg-

ularization, which consists of modifying the original least square objective by a penalty
term on the Euclidean norm of the RF, that is, the RF power. A weight, that is the shift,
is applied on the latter term, and by tuning it properly, it is possible to achieve a good
trade-off between accuracy of the solution to the underlying model and robustness. The
mCGLS algorithm allows one to compute simultaneously a family of solutions, each with
a corresponding shift value: a single run of the algorithm delivers all candidate solutions.
This results in shorter calculation times for RF pulse design.

The measured B+
1 maps are one of the main sources of error in the design of trans-

mit SENSE pulses. The robustness of B+
1 mapping methods is therefore crucial and is

addressed in chapter 3. A new approach for describing the RF fields in the body is illus-
trated. The driving idea behind this work is to construct a model which can approximate
with reasonable accuracy the B+

1 fields in terms of a few parameters. Once the model is
available, fewer data is necessary to describe the B+

1 fields and thus two main results are
obtained: acceleration in the acquisition and suppression of the measurement artifacts.
The point of departure for the derivation of the model is the Helmholtz equation for the
magnetic fields. This equation is in turn derived from the Maxwell equations in case of
a homogeneous medium and for time harmonic EM fields. The analytical solution of the
Helmholtz equation can be written in terms of a basis function expansion. The basis
functions considered in the present work are a combination of spherical Bessel functions
and spherical harmonics. Even when dealing with a heterogeneous medium, it is shown
that few basis functions are able to accurately describe the RF fields.

In 2010, Brunner and Pruessmann applied singular value decomposition (SVD) to ma-
trices obtained from a short gradient-echo scan with low tip angle (LTA-GE) [8]. They
used SVD to optimize the shim setting and the receive setting of a transceive coil array.
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That work has inspired the method illustrated in chapter 4, called TRIPLET (Trans-
mit and Receive Patterns from a Low Tip angle gradient Echo scan). The TRIPLET
method departs from the work of Brunner and Pruessman to derive explicit relationships
between the output data of the SVD and the transmit and receive RF fields of the coil
array. In chapter 4 it is shown how closely connected these two kinds of datasets are and
how it is possible to exploit this relationship to design an algorithm that simultaneously
reconstructs the transmit and receive maps for each individual coil. As in the previous
chapter, the ability to deploy a compressed model for the RF fields is fundamental. The
SVD analysis of LTA-GE images produces also a voxel selection criterion based on the
quality of the data, which is based on the η-map. The latter is nothing else than the ra-
tio between the second and first singular value: detection of a (non-zero) second singular
value implies that perturbations are present in the data corresponding to a given voxel
and also quantify the magnitude of the perturbation.

Finally, safety has been addressed. No RF pulse sequence can be played out on a human
subject if the SAR is not under control. In clinical scanners, simple SAR calculations
are performed before a sequence is run. These SAR calculations are not patient specific
and are therefore very conservative. This approach prevents the clinical application of
transmit SENSE pulses. Traditionally, only global SAR constraints have been included
in the design process as control on local SAR values in each voxel would be computa-
tionally impossible. The global, or average, SAR value cannot give an idea of the spatial
variation of this quantity, typically characterized by high local peaks, the hot-spots. In
chapter 5, a solution to this problem is illustrated: RF pulses are computed taking into
account the local SAR to minimize the heating while obtaining the desired magnetization
for the given pulse sequence. This is achieved by designing an iteratively reweighted least
squares algorithm that acts on a limited number of control points. The control points
represent groups of voxels which share a similar SAR response to an RF pulse. The local
SAR equation for a given voxel, Eq. 1.10, can be discretized and rewritten in terms of
a symmetric positive semi-definite matrix. By eigenvalue and eigenvector decomposition
of this matrix, the SAR behavior of a given voxel can be assessed and compared to other
voxels in the 3D domain. Voxels with similar SAR characteristics are easily grouped.
The result is that much fewer groups than voxels (reduction factor in the order of 1000)
are formed and thus the numerical complexity of the local SAR optimization algorithm
is dramatically reduced. This is fundamental for implementation of the algorithm in a
clinical environment where the computation time has to fit in the sequence protocol.

Attention has been paid to tackle the above illustrated issues in a clinically feasible
time and fashion. Designing an algorithm which requires hours of computation time is
undesirable. Even with the increasing speed of the processing time in modern computers,
dealing efficiently with the data and the number of operations required is fundamental.





Chapter 2

Time Efficient Design of
Multi-Dimensional RF Pulses:
Application of a Multi-Shift CGLS
Algorithm.

This chapter was published as:

Sbrizzi A., Hoogduin H., Lagendijk J. J., Luijten P. R., Sleijpen G. L. G. and van den
Berg C. A. T. (2011), Time efficient design of multi dimensional RF pulses: Application

of a multi shift CGLS algorithm. Magnetic Resonance in Medicine, 66: 879-885

9
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Designing multi-dimensional RF excitation pulses in the small flip angle regime com-
monly reduces to the solution of a least squares problem, which requires regularization
to be solved numerically. Usually, regularization is carried out by the introduction of a
penalty, λ, on the solution norm. In most cases, the optimal regularization parameter is
not known a priori and the problem needs to be solved for several values of λ. The opti-
mal value can be selected, typically by plotting the L-curve. In this paper, a Conjugate
Gradients-based algorithm is applied to design RF pulses in a time-efficient way without
a priori knowledge of the optimal regularization parameter. The computation time is
reduced considerably (by a factor 10 in a typical set up) with respect to the standard
CGLS since just one run of the algorithm is required. Simulations are shown and the
performance is compared to that of CGLS.



Time Efficient Design of RF Pulses: Application of mCGLS 11

2.1 Introduction

The first design of spatially tailored RF pulses was described by Pauly et al. [62]. This
technique is gaining importance in high field MR, where effects of standing waves cause
the transmit field to be strongly inhomogeneous, thus degrading image quality. To repair
the inhomogeneity, spatially tailored multi-dimensional pulses can be designed [108, 83].
These are typically long pulses, and can be shortened when multi transmit systems are
employed, in which every coil element transmits a specific waveform [46, 114]. Another
application of multi dimensional RF pulses is the spatially selective excitation of a lo-
calized region [114]: the FOV is reduced, resulting in shorter scan times. The RF pulse
design process is usually numerically unstable and time consuming, and considerable
effort is required to enhance robustness and speed of the process towards clinical imple-
mentation. In this paper, a multi shift Conjugate Gradients algorithm is presented that
allows a large reduction in time needed for RF pulse design.
Small-tip-angle parallel RF pulse design relies on the solution of the Bloch Equation [62].
Assuming the flip angle is small, an analytical expression can be found for the transverse
magnetization vector as a function of time and space when (time dependent) RF and
gradient-fields are applied. An extension to parallel transmit systems has been presented
in the literature [46, 114, 29], deriving an integral expression relating the transverse mag-
netization, the RF pulses, the gradient-fields and the B+

1 -sensitivity maps of each coil
element.
The integral formula becomes an integral equation when the gradient fields and the de-
sired transverse magnetization are fixed, and the coil sensitivity maps are known. After
the equation is discretized, numerical methods can be applied to solve the problem in a
Least Squares way [46, 114, 29].
The numerical process is highly unstable and a regularization term has to be added to the
equation [46]. The most frequently used regularization technique relies on a weight, λ,
on the solution norm (Tikhonov regularization). Since the best choice of λ is not known
a priori, several solutions are computed, each for a different value of λ. The optimal
trade-off value λ0 is then chosen by plotting the so-called L-curve [35]. This procedure
can be time consuming when the matrix dimensions are large or when the Least Squares
problem has to be solved several times as part of a larger design process (e.g. in the
design of Magnitude Least Squares pulses [83]).
In this paper, we address the problem of how to solve the equation for several values of
the regularization parameter λ efficiently. A multi shift version of the Conjugate Gra-
dients for Least Squares (mCGLS) algorithm is applied [97]. The numerical solutions
dependent on λ, for λ ∈ {λ1, . . . , λS}, are computed simultaneously during one single
run of the iterative algorithm. The total computation time per iteration step is about
the same as that required by a standard, single shift CGLS in which just one solution is
computed. This results in a major reduction of the computation time.
The algorithm is introduced and two examples of 2D RF pulse design are solved to il-
lustrate the method. Performance comparisons of the multi shift algorithm with the
standard CGLS are presented. Part of this work has been presented recently [75].
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2.2 Theory

RF pulse design in the small flip angle regime [62] can be reduced to the solution of the
least squares problem [29]

argmin
x

(

‖Ax−m‖22
)

. (2.1)

where

• m is the (discretized) desired magnetization on the spatial grid Ns ×Ns.

• A = [S1F S2F . . .SPF] is the full sensitivity encoding matrix.

• Sp is a diagonal matrix containing the spatial sensitivity weights (the B+
1 -maps) of

the p-th transmit coil (with p = 1, . . . , P ).

• F(m,n) = iγM0∆te
irm·kn.

• kn (with n = 1, . . . , Nt) is the n-th component of the discretized k-space trajectory

k(t) ≡ −γ
∫ T

t
G(τ)dτ .

• ∆t is the sampling interval.

• x is the concatenation of RF pulses xp(t) (p = 1, . . . , P ).

A is a N2
s ×NtP matrix.

Note that the above model does not take into account B0 inhomogeneities. Here we focus
only on the B+

1 distortion: including an off-resonance term in the model does not require
any additional mathematical treatment.

2.2.1 Tikhonov regularization

The matrix A will generally be ill-conditioned, being the discretization of a Fredholm
integral equation of the first kind [35]. As a consequence, small perturbations in the
matrixA due to experimental and/or numerical errors make the design problem unstable.
A regularization term must be added to Eq. (2.1) and so the regularized least squares
problem becomes

argmin
x

(

‖Ax−m‖22 + λ‖x‖22
)

(2.2)

where λ is a real, positive parameter.
Clearly, a large λ favors a small solution norm at the cost of a large residual norm, while a
small λ has the opposite effect. A proper choice of λ is therefore crucial to obtain a correct
numerical solution that exhibits a good trade-off between consistency and stability. Since
λ is problem dependent, the objective was to find an efficient and robust method that
allows us to determine the optimal value. The typical approach is to plot the L-curve:
choose a set of values Λ = {λ1, λ2, . . . , λS}, compute the corresponding xλi with 1 ≤ i ≤ S
and plot the curve (log10 ‖xλi‖2, log10 ‖Axλi − m‖2) (the superscript indicates that the
numerical solution depends on λi).
Solving (2.2) is equivalent to solving the system [3]

(ATA+ λI)xλ = ATm (2.3)
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which can be solved by a Conjugate Gradients method for the Least Squares problem
(CGLS) (Algorithm 1 in the Appendix).
Since we are interested in solving (2.3) for a whole set of shift-values (Λ), we employ
a multi shift CGLS (mCGLS) algorithm. The multi-shift CGLS algorithm provides an
efficient technique to calculate RF pulses at a set of regularization values, allowing for
rapid generation of the L-curve. The aim is to adapt CGLS to find xλi

k simultaneously

for all λi ∈ Λ. By simultaneously we mean that minimal computational effort is needed
to update each solution. The idea behind multi-shift methods (see for example [22]) is to
split CGLS into two parts: the first part (Lanczos step) is computed independently of λi,
and is computed only once, the second part (Inversion step) contains the update for the
iterates xλi

k and depends on λi. The splitting is carried out in an efficient and stable way
such that the computation burden in the second part (which has to be repeated for each
λi) is minimized. The two computational intensive matrix-vector products are carried
out in the first, λ-independent, part. We will employ the algorithm derived in [97] and
listed in the appendix as Algorithm 2. A simplified workflow of the algorithms is shown
in Fig. 2.1: only the matrix vector products and the solution updates are included.
In total, for each iteration step, a standard CGLS requires 2 matrix-vector multiplica-

Figure 2.1: Simplified workflows for CGLS and mCGLS. The matrix vector products (MV)
are represented by the large boxes. They are the most intensive computation steps. The other
operations needed to update the solution are much less demanding (in terms of computation
time) and are represented by the small boxes.

tions, 4 vector updates and 3 inner products while mCGLS requires the same number of
matrix-vector products, 2 + 2S vector updates (S is the number of values for λ) and 2
inner products. Since S will be typically in the order of tens and the dimensions of A
in the order of 102, 103, . . . , the major computation burden resides in the matrix-vector
products. In terms of speed, this implies that the mCGLS algorithm computes the S
solutions in approximately the same amount of time as the standard, single shift CGLS,
which computes one solution. See table 2.1 for an overview of the computation costs.



14 Chapter 2

The FLOP (Floating point operations) count in case that A is a square n× n matrix is
also reported.
The overall computation time depends on the total number of iteration steps performed.

CGLS mCGLS

Mat-Vec prod 2 2
Vector updates 4 2 + 2S
Inner products 3 2

FLOPs 4n2 + 14n 4n2 + 8n+ 4Sn

Table 2.1: Comparison of computation costs per iteration step between the standard, single
shift CGLS (one solution is computed) and the multishift version mCGLS (S solutions are
computed). FLOPs count refers to the case that A is a n× n matrix.

Typically, for large values of λ, the algorithm needs fewer iterations to converge than for
small values (the convergence is checked at each step according to the residual of the
normal equation [97] and the iteration procedure is stopped when the desired tolerance
is achieved).
mCGLS is mathematically equivalent to CGLS and is stable with respect to perturba-
tions caused by round-off errors [97]. These facts imply that solutions (i.e. magnetization
profiles) computed with mCGLS and standard CGLS are the same for identical regular-
ization parameters. The distinction between the two methods lies in the computational
efficiency of mCGLS when several regularization coefficients are needed (S > 1). While
CGLS has to be repeated for each λ separately, one single loop of mCGLS returns all the
required solutions simultaneously.

2.2.2 Adding a second regularization term

The time reduction achieved by mCGLS can be further exploited by adding an extra
penalty term to (2.2). For example, the complex roughness of the RF waveform can be
minimized to enhance low cost RF-amplifiers performance [28]. To test the mCGLS al-
gorithm in this more complex optimization problem, a finite differences second-derivative
operator can be used:

D =
1

∆2
t















−2 1 0 0 . . .
1 −2 1 0 . . .
0 1 −2 1 . . .
0 0 1 −2 . . .
...

...
...

...
. . .















.

Adding a weighting term to (2.2), the modified least squares problem becomes

argmin
x

(

‖Ax−m‖22 + λ‖x‖22 + η‖Dx‖22
)

(2.4)

with η ∈ R, η > 0. Again, the choice of η is problem dependent. To determine the
optimal value an extra set of values H = {η1, η2, . . . , ηR} is chosen, the residual over
the two-dimensional domain Λ × H is plotted and the best trade-off pair (λ, η) may be
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selected.
To solve (2.4), η is fixed and the following problem is solved using mCGLS:

argmin
x

(

‖Aηx− m̃‖22 + λ‖x‖22
)

(2.5)

where

Aη ≡
[

A√
ηD

]

and m̃ ≡
[

m
0

]

and 0 is an NtP -long zero vector. This step is repeated for each η.
When all numerical solutions xλ,η are known, the graph

{
(

log10 λ, log10 η, log10(‖Axλ,η −m‖/‖m‖)
)

: λ ∈ Λ, η ∈ H}

can be plotted, which is a 3D version of the L-curve.

2.3 Methods

2.3.1 Simulation 1

To validate the application of mCGLS to RF pulse design, the RF pulses were found for
a desired magnetization on a 2D domain corresponding to the central slice of a spherical
phantom (radius 4.5 cm) filled with water. Realistic B+

1 maps were acquired according
to the AFI method [106] (see Fig. 2.3a and 2.3b). A standard 2-channel volume (P = 2)
head coil (NOVA Medical Systems) on a 7T MR scanner (Achieva, Philips Medical Sys-
tems, Cleveland USA) was used. The computations were carried out with MATLAB 7.4.0
on an Intel Core 2 Duo processor T3400 2.16 GHz.
The procedure may be described by the following example, where a homogeneous trans-
verse magnetization was sought over a circular region centred in the middle of the phan-
tom, with no magnetization outside this region. For practical purposes the desired mag-
netization profile was expressed as a combination of Fermi functions:

My(r) = µ1

(

1

e
ρ−1

β + 1
− 1

e
ρ+1

β + 1

)

(2.6)

with ρ = ((x/a)2 + (y/b)2)
1

2 and a = b = 2 cm. In this way, FWHM = 4 cm (see also
Fig. 2.2a). Mx = 0 everywhere.
The FOV is 12 cm and the number of spatial positions is 80 for each direction, resulting
in a total of 6400 voxels in the 2D domain. The parameter µ1 scales the flip angle θ at the
top of the curve (θ = arcsin µ1) while β quantifies the filtering effect. For larger values
of β the Fourier coefficients of My are distributed over a smaller region, resulting in a
smaller area of k-space to be sampled. Equation (2.6) represents therefore a windowed
version of the ideal cylindrical profile. The following values were chosen: µ1 = 0.25 and
β = 0.05. The resulting My surface is displayed in Fig. 2.2a.
The k-space was scanned following a spiral-in trajectory [62], constrained by maximum
gradient amplitude (30 mT/m) and slew rate (140 mT/m/ms). The sampling time inter-
val, ∆t, was 6.4 µs. The trajectory was accelerated by means of a radial undersampling
factor of 1.5. The pulse length was 6.4 ms. The gradients and corresponding slew rates
are displayed in Fig. 2.3c and 2.3d, respectively.
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Figure 2.2: Simulation 1: My component of the desired (a) and simulated (b) magnetization
profiles.

The rows of the matrix A were reduced by selecting only voxels inside the ROI. In this
way, the number of rows was almost halved. The dimensions of A are 3349×2008. We set
Λ = {10−4, 10−3.75, 10−3.50, . . . , 101.75, 102} (25 values) and compared the computational
speed of mCGLS to solve problem (2.2) with a standard CGLS1. The tolerance for the
stopping criterion was the same for both mCGLS and CGLS as well as the accuracy of
the resulting magnetization profile. The magnetization profiles were verified by a Bloch
equation simulator2.

2.3.2 Simulation 2

For the second simulation, the set up of simulation 1 was maintained, except that a
coarser spatial resolution was used (32 spatial points in both directions, i.e. 1024 grid
points). An extra regularization term was added by introducing a penalty on the second
derivative norm (problem (2.4)). For comparison, we also solved the original problem
(2.2) and denoted its solution by xo,1.
H was set to be {10−5, 10−4.5, 10−4, . . . , 10−1.5, 10−1} (9 values) and mCGLS was run,
using formula (2.5) for each value of H. A solution with the following characteristics
was sought: 1) the corresponding residual must be approximately the same as for the
solution of the problem without the second derivative term; 2) the smoothness should be
optimized, i.e., the corresponding value of η must be maximized. The smooth solution
was denoted by xo,2

1www.stanford.edu/group/SOL/software/cgls.html
2http://mrsrl.stanford.edu/∼brian/blochsim



Time Efficient Design of RF Pulses: Application of mCGLS 17

Figure 2.3: Simulation set up. Amplitude (a) and phase (b) plots relative to the B+
1 -maps

of the two transmit coils. c: Gradients Gx, Gy (dotted) and slew rates (d) for the spiral-in
k-space trajectory.

2.4 Results

2.4.1 Simulation 1

After running mCGLS, the resulting L-curve is plotted in Fig. 2.4a. The computation
time was 8.6 s (in total 112 iteration steps were performed by mCGLS). The total com-
putation time needed by the standard CGLS applied to each value of Λ was 130 s. The
optimal solution xopt corresponds to the point of the L-curve indicated by the arrow,
that is, for λ = 5.6. The relative residual norm ‖Ax−m‖/‖m‖ was 3.8 · 10−2. A Bloch-
equation simulator was run for xopt, the obtained magnetization is displayed in Fig. 2.2b.
The gain in computations obtained by mCGLS in comparison with a standard CGLS

can be expressed by the reduction in the total number of matrix-vector products between
the two methods as function of S (i.e. the number of regularization parameters). Four
cases were considered, S = 4, 7, 13 and 25, respectively. The range of Λ was fixed (i.e. the
largest and smallest values are kept the same, 102 and 10−4, respectively). This implies
that mCGLS in all four cases requires the same number of iteration steps, and therefore
the same number of matrix-vector products (112 and 224, respectively). The reduction
factor is the ratio of the number of matrix-vector products carried out by the two meth-
ods (see Fig. 2.4b). To a good approximation, there is linear relationship between S and
the reduction factor. The greater the number of regularization parameters needed, the
larger the gain in computation time.

2.4.2 Simulation 2

The computation time for Simulation 2 was larger: mCGLS had to be executed 9 times
and the run time was longer for the largest values of the second derivative weight η. For
too large values of η, the modified problem had no solution (within a given tolerance)
and the algorithm performed all maximum allowed iteration steps (in this case 2000)
without reaching the desired accuracy. Solving the problem by the standard CGLS takes
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Figure 2.4: Simulation 1. a: the L-curve. The optimal solution, xopt, is indicated by the
arrow. b: Reduction factor for mCGLS versus standard CGLS with respect to the number of
regularization coefficients.

about 28 minutes, while the computation time required by applying mCGLS is 84 seconds
(time reduction factor: 20), confirming the excellent performance of mCGLS compared
to CGLS.
The relative residual norm over the 2D domain Λ × H is plotted in Fig. 2.5a. Note the
L-shaped profile in both directions of the domain. The optimal solution xo,2 is indicated
in the graph and corresponds to the pair (λ, η) = (100, 10−3). The relative residual norm
is 3.6 · 10−2, comparable to the residual norm for the solution to the simple problem:
3.1 · 10−2. To show the increased smoothness, figure 2.5b is a plot of the RF profiles of
the two solutions: xo,2 exhibits a much smoother profile than xo,1.

2.5 Discussion

The time efficiency of mCGLS applied to problem (2.2) is evident by looking at Fig. 2.4b.
In particular, for a case with 15 regularization coefficients, we can expect a reduction fac-
tor in the computation time of about 10 (without compromising excitation fidelity). For
the two simulations performed, application of mCGLS resulted in time reduction factors
of 15 and 20 for the first and second simulation, respectively. Of course, the reduction
depends on the choice of the regularization values λ and the total number of iteration
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Figure 2.5: Simulation 2. a: The relative residual norm over the 2D domain Λ × H. The
optimal solution xo,2 is indicated on the graph. b: Comparison of RF profiles (real part)
between the two solutions xo,1 (blue) and xo,2 (red) for one of the channels.

steps required for convergence to the desired tolerance: for large values, CGLS converges
faster (thus requiring fewer iteration steps) than for small values. For mCGLS, the num-
ber of iteration steps depends on the smallest value of λ ∈ Λ and is the same as for CGLS
applied to that value. For this reason, the time reduction factor is always smaller or equal
to S. For a large range of values as in our example, the reduction factor is approximately
2S/3, confirming the good time efficiency of the multi-shift algorithm.
As we have seen in the second simulation, the total computation time is reduced from
almost half an hour to about one and half minutes, making real time smooth RF pulse
design feasible. We can expect similar improvements for the 3D pulse design. Much
larger matrices need to be inverted in 3D and a reduction factor of 10 (or higher) in the
computation time can be a major step towards real time RF design.
In the present work, a least squares optimization approach was chosen to guarantee ac-
curacy in the excitation profile with respect to both magnitude and phase of the magne-
tization profile. These constraints can be relaxed by requiring accuracy only with respect
to the profile’s magnitude. Setsompop et al. [83] constructed an iterative procedure to
design Magnitude Least Squares (MLS) pulses solving a problem equivalent to (2.2) in
each iteration of the main loop. mCGLS can also play an important role in this case.
The reduction in computation times achieved by mCGLS can be exploited to add extra
regularization terms to the original design problem [28, 25]. Penalties on the 1-gram
local Specific Absorption Rate (SAR) have been implemented [76] to efficiently design
RF pulses optimized with respect to the maximum local SAR.
An additional application of this algorithm lies in the choice of good regularization param-
eters in the SENSE reconstruction process [66]. Tichonov regularization is an essential
tool in the unfolding (matrix inversion) step. Since the matrix dimension is typically
large, the time reduction factor achieved by mCGLS can dramatically improve the time
efficiency of the image reconstruction procedure.

2.6 Conclusion

In this paper, it was shown how the numerical process underlying the small tip angle RF
pulse design can be drastically accelerated by the application of the multishift algorithm
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mCGLS. Once all solutions are computed (by a single run of mCGLS), the optimal one
can easily be found by plotting the L-curve. Results from simulations confirmed the time
efficiency of mCGLS when applied to multidimensional RF pulse design.
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2.8 Appendix

Below are listed the algorithms CGLS [22] and multi-shift CGLS [97] for the solution of
the shifted problem (2.3).

Algorithm 1 CGLS for solving the shifted problem (2.3)

INPUT: A, m, λ
OUTPUT: xλ

z0 = m, r0 = ATz0, p0 = r0, x0 = 0, φ0 = ‖r0‖2
for j = 1, . . . , k do
cj−1 = Apj−1

αj−1 = φj−1/(‖cj−1‖2 + λ‖pj−1‖2)
xλ
j = xλ

j−1 + αj−1pj−1

zj = zj−1 − αj−1cj−1

rj = ATzj − λxλ
j

φj = ‖rj‖2, βj−1 = φj/φj−1

pj = rj + βj−1pj−1

end for
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Algorithm 2 Multi-shift CGLS for solving the family of shifted problems of the form
(2.3)

INPUT: A, m, λ1, . . . , λS
OUTPUT: xλ1 , . . . ,xλS

z0 = m, r0 = ATz0,
p0 = r0, xλ

0 = 0,
φ0 = ‖r0‖2, tλ0 = λ
for j = 1, . . . , k do

The Lanczos part

cj−1 = Apj−1

αj−1 = φj−1/(‖cj−1‖2)
zj = zj−1 − αj−1cj−1

rj = ATzj
φj = ‖rj‖2, βj−1 = φj/φj−1

pj = rj + βj−1pj−1

The inversion part

for λ = λ1, . . . , λS do
ℓλj−1 = 1 + αj−1t

λ
j−1,

tλj = λ+ (βj−1/ℓ
λ
j−1)t

λ
j−1,

γλj = γλj−1ℓ
λ
j−1

xλ
j = xλ

j−1 + (αj−1/γ
λ
j )p̃

λ
j−1

p̃λ
j = rj + (βj−1/ℓ

λ
j−1)p̃

λ
j−1

end for

end for
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Purpose: Several parallel transmit MRI techniques require knowledge of the transmit
RF field profiles (B+

1 ). During the past years, various methods have been developed
to acquire this information. Often, these methods suffer from long measurement times
and produce maps exhibiting regions with poor SNR and artifacts. In this paper, a
model-based reconstruction procedure is introduced which improves the robustness of
B+

1 mapping.
Theory and methods: The missing information from undersampled B+

1 maps and the
regions of poor SNR are reconstructed through projection into the space of spherical func-
tions which arise naturally from the solution of the Helmholtz equations in the spherical
coordinate system.
Results: As a result, B+

1 data over a limited range of the FOV/volume is sufficient to
reconstruct the B+

1 over the full spatial domain in a fast and robust way. The same model
is exploited to filter the noise of the measured maps. Results from simulations and in

vivo measurements confirm the validity of the proposed method.
Conclusion: A spherical functions model can well approximate the magnetic fields in-
side the body with few basis terms. Exploiting this compression capability, B+

1 maps are
reconstructed in regions of unknown or corrupted values.
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3.1 Introduction

The advent of high field MRI (3 tesla and beyond) has stimulated the development of
advanced RF excitation techniques, e.g. RF shimming [37] and parallel transmit (pTx)
RF pulse design [46, 114], which require knowledge of the transmit magnetic fields, B+

1 .
Over the past few years, several B+

1 mapping methods have been developed (reviewed in
[72] and [60]). These methods suffer from the following issues: 1) signal loss and poor
signal to noise ratio (SNR) in some regions, 2) limited dynamic range over the ROI,
which is a problem especially for RF field mapping at ultra high field MRI, 3) for many
techniques, slow data acquisition leading to artifacts in case of moving organs and/or
limited 3D volume coverage. Consequently, the resultant transmit maps exhibit strong
noise contamination or artifacts which could negatively affect the calculation of the RF
shim parameters or the design of patient specific RF waveforms (error amplification due
to the ill-conditioning of the transmit SENSE encoding matrix, [77]).
The purpose of this work is to improve the robustness of existing B+

1 mapping methods
by overcoming these problems. This is done by first deriving a model which is able to
describe the B+

1 maps in a compact form. Previous work [95, 94, 80] has shown that
the magnetic fields in a heterogeneous object caused by an RF coil can be described ap-
proximately well by a special functions expansion which is the solution of the Helmholtz
equation for simple, homogeneous mediums [44]. Although the special functions expan-
sions are derived analytically for a homogeneous medium, they are also shown to be an
efficient choice for more realistic, heterogeneous configurations such as the human body.
These results are confirmed in the present work for the specific case of the spherical func-
tions [36] (combination of spherical harmonics and Bessel spherical functions) which can
be linearly combined to accurately approximate the 3D B+

1 maps.
The obtained model is able to compress the B+

1 map from the high dimensional spatial
domain (typically on the order of 105 voxels) into the low dimensional spherical functions
domain (on the order of 10 expansion coefficients). To indicate the order of magnitude,
the notation O(. . . ) will be used in the rest of the paper. The compression potential of
the spherical functions is then exploited to reconstruct undersampled transmit field maps.
The expansion coefficients are derived from the available data and used to calculate the
field maps in the intermediate space.
The basis functions exhibit a low-frequency content, typical of transmit and receive RF
fields (see, for instance, [13, 41]). This makes them well suited for denoising purposes.
Furthermore, the method can be applied to recover the signal in regions with low sen-
sitivity. Analogously to the strategy adopted by Jin et al. [43], unreliable data (visual
inspection) is discarded from the fitting. The field in the discarded regions can be recon-
structed with the coefficients derived by the fitting of the reliable data.
Positive results in terms of accuracy of the model and robustness of the reconstructed
maps confirm the validity of the method. In particular, three different transmit coil con-
figurations are investigated: a FDTD simulated electromagnetic model of a 12 channels
TEM head coil, a head in a 2 channel birdcage head coil at 7T (simulated and in-vivo
data) and a torso in a 2 channel body coil at 3T (simulated and in-vivo data).
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3.2 Theory

First, some notation is introduced: ω, µ, σ and ǫ denote, respectively, the Larmor fre-
quency, the magnetic permeability, the conductivity and the dielectric permittivity of the
material. We denote the RF field by ~B = (Bx, By, Bz)

T with ~B ∈ C3. Here and in the

rest of the work, we assume every quantity to be spatially dependent, i.e. ~B = ~B(~r) and
~r ∈ R3 denotes the position vector. Furthermore, the transmit RF field (denoted by B+

1 )
in the positively rotating frame is [38]

B+
1 ≡ Bx + iBy

2
.

3.2.1 Efficient representation of B+
1 fields

In this section, basis functions are derived which can efficiently represent the B+
1 fields.

More explicitly, we look for a set of functions f+
ℓ (~r) such that [19, 50, 61, 102]

B+
1 (~r) ≈

L
∑

ℓ=1

cℓf
+
ℓ (~r) (3.1)

where L is a small natural number and cℓ are complex coefficients. The starting point of
the search for f+

ℓ is the Helmholtz equation.
Suppose that a simple, source-free, homogeneous object is placed in proximity to some
electric current. Then the Maxwell equations for the time harmonic electric ( ~E) and

magnetic ( ~B) fields inside the object can be reduced to two Helmholtz equations [11]:

∇2 ~B + ζ2 ~B = 0 (3.2)

∇2 ~E + ζ2 ~E = 0 (3.3)

where ζ2 = ǫµω2 − iσω where µ, ω, ǫ and σ are constant over space.
In the spherical coordinates system (ρ, θ, φ), the solution for ~B inside the object has the
following form [44]

Bx(~r) =

∞
∑

n=0

n
∑

m=−n

αm
n f

m
n (~r) (3.4)

By(~r) =

∞
∑

n=0

n
∑

m=−n

βm
n f

m
n (~r) (3.5)

Bz(~r) =
∞
∑

n=0

n
∑

m=−n

γmn f
m
n (~r). (3.6)

Here, fm
n denotes the spherical function defined by fm

n ≡ jm(ζρ)Y
m
n (θ, φ) where jn is the

spherical Bessel function of the first kind of order n, and Y m
n is the spherical harmonic

of order n and degree m. The complex weights αm
n , β

m
n and γmn are determined by the

boundary conditions. Since the origin of the coordinate system is inside the object, the
second kind of Bessel functions, which have a pole in 0, are excluded from the solution of
the Helmholtz equation. When considering objects of (approximately) spherical shape,
fast convergence is expected, thus αm

n , β
m
n and γmn should be negligible for n > N and N
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a small natural number.
Since B+

1 ≡ (Bx + iBy)/2, we conclude that the spherical functions also form a basis for
the B+

1 fields and we set thus f+
ℓ = fm

n with ℓ = n2 + n +m + 1 giving the ordering of
the index ℓ in terms of n and m. As a consequence, fast convergence is expected also for
the B+

1 fields when represented in terms of the spherical functions.
When this model is applied to the human body, σ and ǫ are naturally not constant.
However, previous work [77, 95] has shown that, for a proper choice of (σ, ǫ) the spher-
ical functions model is able to approximate well the magnetic fields inside the body for
different RF MRI configurations. The idea behind this approach is borrowed from the
effective medium theory which attempts to describe the fields of a heterogeneous medium
by means of average, effective medium properties [90]. The effect of different choices for
the (σ, ǫ) values is investigated in the Methods section.

3.2.2 Undersampled B+
1 mapping

After discretization, Eq. (3.1) can be expressed in matrix-vector form b = Fc where b
represents the B+

1 voxel values, F is the spherical functions encoding matrix and c the
vector of complex coefficients. In case of 3D mapping, a typical scan contains O(105)
voxels. Since the model is expected to require just O(10) basis functions (see the Results
section), the compression achieved in information content is considerable.
This fact can be exploited to undersample the B+

1 measurements, project the data into the
spherical function space to derive the expansion coefficients, and reconstruct the missing
data in the spatial domain.
In particular, suppose that only some components of |b| are measured, and denote the
undersampled data by d. The expansion coefficients ĉ can be recovered by solving the
magnitude least squares (MLS) problem

ĉ = argmin
c

‖ |Frc| − d‖ (3.7)

where Fr denotes the encoding matrix after elimination of the rows corresponding to the
voxels whose |B+

1 | value is missing. After solving Eq. 3.7, the B+
1 map, b̂ = Fĉ over the

whole spatial domain can be reconstructed.
Note that the magnitude of the B+

1 fields is obtained. The MLS fitting follows from the
relaxation of the phase constraint, a step needed since no information is available about
the phase of the transmit fields. The spherical functions model is chosen for its potential
for large compression, but the reader is warned that the Helmholtz equation is valid only
for fully complex fields, not for magnitude-only fields.
In this work, two undersampling cases are considered: slice-wise undersampling and low
SNR regions exclusion. For the first case, that is the slice-wise undersampling, data
is acquired for few transverse slices. This kind of acquisition is typical of breath-hold
mapping modalities. The missing intermediate slices are then reconstructed by following
the procedure just described.
The second case applies to measured B+

1 maps in regions like the skull/brain interface in
the head or the moving organs in the abdomen. Usually, these datasets suffer from strong
artifacts. By applying a mask to the area of reliable data, it is possible to exclude the
corrupted areas from the model fitting. The coefficients ĉ are estimated only on the basis
of the selected areas. The fields in low SNR regions are then reconstructed according to
the procedure described above for the slice-wise undersampling. An example thereof is
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reported in the section dedicated to de-noising.

3.2.3 De-noising

The numerical solutions of the Maxwell equations for different human models in MRI set-
ups show that the magnetic fields inside the body exhibit mainly a low spatial frequency,
smooth pattern [13, 41]. The spherical functions model displays approximately the same
frequency spectrum. A positive side effect of the model based reconstruction is the
filtering of high frequency, physically unrealistic components, typically caused by noise
or artifacts in the B+

1 measurement. A dedicated experiment will investigate the de-
noising performance of the method.

3.3 Methods

In this section, several tests are executed to validate the performance of the method in 3
different pTx configurations. Only the results corresponding to transmit channel number
1 for each coil are reported because the results for the other channels are very similar.

3.3.1 Model convergence

The compression performance of the model is studied for three configurations. A 2
channel, 7T, birdcage headcoil is loaded with:

i) a spherical phantom filled with oil, (σ, ǫ) = (0.1, 80),

ii) a homogeneous medium shaped as a human head, (σ, ǫ) = (0.3, 50)

iii) a fully segmented human head model.

Electromagnetic fields for these configurations are obtained by numerical solution of the
Maxwell equations carried out by the FDTD package SEMCAD X (SPEAG, Schmid &
Partner Engineering, Zürich, Switzerland). The goal of this study is to investigate which
choice of the (σ, ǫ) parameters is optimal and how many basis functions are needed for an
accurate representation of the B+

1 fields. The optimal (σ, ǫ) values are chosen by running
the least squares fitting procedure over a realistic range of values and then selecting the
best matching pair.
The convergence speed is measured for both least squares (LS) and magnitude least
squares (MLS) solutions by means of the relative error, that is:

eLS ≡ ‖FcLS − b‖
‖b‖ (3.8)

eMLS ≡ ‖ |FcMLS| − |b| ‖
‖b‖ (3.9)

where

cLS ≡ argmin
c

‖Fc− b‖ (3.10)

cMLS ≡ argmin
c

‖ |Fc| − |b| ‖. (3.11)



Robust reconstruction of B+
1 maps 29

This implies that also the phase of B+
1 is taken into account for the LS solution. Note

that in practice, only the MLS problem is solved, since the transmit phase data is not
available directly from the B+

1 maps. Still, the good approximation in the LS sense, that
is, when both magnitude and phase are considered, could be important for applications
of the model in other situations.

3.3.2 Reconstruction of undersampled |B+
1 | maps

The possibility of reconstructing B+
1 maps from undersampled measurements is investi-

gated for the following configurations:

iv) numerical EM model of a 2 channel, 3T, bodycoil loaded with a fully segmented
torso model. The (σ, ǫ) values are chosen upon plotting of the (σ, ǫ) diagram,
analogously to the procedure illustrated in tests i-iii);

v) numerical EM model of a 12 channel, 7T, TEM head coil loaded with a fully
segmented head model. The (σ, ǫ) diagram is employed for the choice of the optimal
parameters;

vi) in vivo |B+
1 | maps measurements of a volunteer’s head in a 2 channel, 7T,

birdcage head coil. The (σ, ǫ) values are taken from the simulated configuration in
test iii);

vii) in vivo |B+
1 | maps measurements of a volunteer’s torso region in a 2 channel,

3T, bodycoil. The (σ, ǫ) values are taken from the simulated configuration in test
iv);

In configurations iv) and v), the 3D |B+
1 | maps are fully simulated by numerical solution

of the Maxwell equations with SEMCAD X, while for setups vi) and vii), the actual flip
angle imaging (AFI) method [106] is employed for the |B+

1 | measurements. These are the
reference maps and they are denoted by b. Subsequently, the undersampled datasets, d,
are assembled. The selected transverse slices for d are separated by 5 intermediate slices,
that is, in vertical ascending order they correspond to slice numbers 1,6,11,16, etc. The
longitudinal range (FOVz) and the slice spacing (∆z) for the input data for each setup
is reported in Table 3.2.
In all four configurations (iv-vii), the reconstruction is performed by solving the MLS
problem given in Eq. 3.7 to derive the expansion coefficients ĉ and computing the re-
constructed B+

1 fields b̂ = Fĉ. The relative error in the reconstruction is defined as
erecon ≡ ‖b̂ − b‖/‖b‖. The error for the experiment vii) is not evaluated, since the B+

1

maps are not measured for the intermediate slices. The number of basis functions and
the optimal (σ, ǫ) values employed are reported in Table 3.2.
For the in-vivo data, i.e. configurations vi) and vii), the regions which exhibit artifacts,
or are strongly corrupted by noise, are masked and selected by means of visual inspection.
This masking procedure is illustrated in Fig. 3.6a) and 3.6b).
In configuration vii), the maps are acquired by a breath-hold procedure [106], and only
seven slices (denoted by capital letters A,. . . ,G) are measured. The longitudinal (z-
direction) FOV is 198.0 mm. The (σ, ǫ) values for the model are set to be equal to the
optimal ones derived from the simulated setup, configuration v), that is (0.1,80).
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The fitting algorithm

The problem defined in Eq. 3.7 is non-convex. This means that fast algorithms to find
a global optimizer are hard to design. To solve this, a three-steps approach will be used:
firstly, an initial guess, c0, is calculated by

c0 = argmin
c

‖Frc− d‖. (3.12)

Note that this step involves the solution of a LS problem. Since no phase data is available
in d, the found coefficients c0 do not represent the solution for the MLS problem, but
they are merely used as the starting value for the next step.
Secondly, a pattern search algorithm [89] is executed to find an approximate solution
to Eq. 3.7, c1. To improve the search strategy, bounds on c are imposed setting
‖c‖∞ ≤ 2‖c0‖∞ (the symbol ‖ · ‖∞ refers to the supremum norm). This choice en-
sures that the search is limited to a realistic range of values, which is thus set to be
twice the range obtained from the least squares solution c0. The scope of the pattern
search algorithm is to find a good candidate for the initial guess of the third and final
step, which is: solve Eq. 3.7 with a line search algorithm. Note that after each step of
the minimization procedure, the search space is reduced and the convergence to a good
minimizer is made more robust.
In conclusion, the fitting procedure is:
Step 1: Solve c0 = argminc ‖Frc− d‖ by the multi-shift CGLS algorithm [77, 97]
Step 2: Solve c1 = argminc ‖|Frc| − d‖ by a pattern search algorithm, with initial guess
c0 and boundaries ‖c‖∞ ≤ 2‖c0‖∞.
Step 3: Solve ĉ = argminc ‖|Frc| − d‖ by a line search algorithm, with initial guess c1
and boundaries as in Step 2.
The computations were carried out in the MATLAB 7.4.0 (The MathWorks, Inc., Nat-
ick, Massachusetts) environment by a dual core Intel E8400 @3.00GHz CPU computer
without taking advantage of the multi-streaming capabilities in Matlab. The duration of
the fitting procedure on this software/hardware configuration is O(10) seconds. Faster
(parallel) computing environments could further reduce the computation time.

3.3.3 De-noising

Finally, the de-noising effect is investigated for three decreasing values of SNR. Three
normally distributed noise maps, with zero mean and increasing standard deviation val-
ues (denoted by std) are simulated. The noise levels are characterized by the standard
deviations given in Table 3.3, which are normalized with respect to the maximum ampli-
tude of the B+

1 maps. See also Fig. 3.7a. The corresponding magnitudes are added to
the FDTD-based B+

1 maps from the torso model at 3T (configuration iv) ). The fitting
procedure (Eq. 3.7) is then applied to the noisy maps, and the reconstructed B+

1 maps
are compared to the original, noise-free, fields.
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3.4 Results

3.4.1 Model convergence

Figures 3.1 and 3.2 and Table 3.1 show the results from the convergence tests for the
birdcage coil with the three different configurations. In Fig. 3.1, the (σ, ǫ)-diagrams (up-
per row) corresponding to the LS fitting are displayed. The following can be observed.
1) The spherical functions model is able to describe accurately the B+

1 fields in all se-
tups. The error is lower for the MLS case, since the constraint on the phase is relaxed.
However, when the phase constraint is also taken into account, the model is able to de-
scribe the complex fields and the convergence curve shows a similar behavior as the MLS
convergence curve.
2) As could be expected, the model exhibits the fastest convergence for the spherical
phantom, given the symmetry of the set-up. However, also for the non-spherical shapes,
the number of basis functions needed for accurate description is about 40 (that is, for
N = 5 or N = 6).
3) The error does not converge to zero, even ifN → ∞, because when more basis functions
are added, the condition number of F increases, and problems related to rank deficiency
arise.
4) The choice of (σ, ǫ) has a strong impact on the performance of the spherical model (see
the corresponding diagrams at the top of Fig. 3.1). In Fig. 3.3, the basis functions corre-
sponding to the 5 largest expansion coefficients for the heterogeneous head (configuration
iii) ) are shown. These principal components are f2, f4, f6, f12 and f20. To illustrate the
scaling effect of (σ, ǫ) [105, 103], the same functions are plotted also for two other, not
optimal, (σ, ǫ) pairs.
5) The obtained optimal (σ, ǫ) values from the optimization procedure are (0.1,80) for
the spherical phantom, (0.3,50) for the homogeneous head-shaped and (0.6, 50) for the
heterogeneous head model.

Table 3.1: Convergence results for the spherical functions model with N = 5 (L = 36).

Setup optimal (σ, ǫ) eLS eMLS

i) Spherical phantom (0.1,80) 0.051 0.022
ii) Homogeneous head (0.3,50) 0.079 0.052
iii) Heterogeneous head (0.6,50) 0.149 0.097

3.4.2 Reconstruction of undersampled |B+
1 | maps

The results from the undersampling tests iv-vii) are reported in Table 3.2. Figure 3.4
shows the reference and the reconstructed B+

1 maps for three transverse, coronal and
sagittal slices of the different configurations. Figure 3.5 shows all transverse slices of the
7T TEM head coil setup with the slices used as input, d, being marked.
Note that the overall transmit fields pattern for all three different cases can be recon-
structed. In particular, this method works also for the relatively large human torso model.
The results from the in-vivo torso B+

1 mapping and the extrapolated fields (intermediate
slices) are shown in Fig. 3.6. The measured B+

1 maps suffer from strong noise contami-
nation in some areas (Fig. 3.6a). These areas are not taken into account for the fitting
procedure (Fig. 3.6b). The model coefficients found from dataset in Fig. 3.6b are used
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Figure 3.1: Tests i,ii,iii). Results from the convergence study of the spherical function model.
2 channels 7T Birdcage head coil loaded with a homogeneous sphere (a), a homogeneous head
(b) and a fully segmented head model (c). Top row : Residual norm as function of (σ, ǫ) values.
The optimal (σ, ǫ) values are indicated by the white boxes in the diagrams. The (σ, ǫ)-diagrams
corresponds to the LS fitting. Bottom row : Residual norm vs number of basis functions

to reconstruct the maps for the strongly noise corrupted regions ( Fig. 3.6d) and the
interleaved slices.
Although the in vivo data is noisy, the maps can still be reconstructed rather accu-
rately. Note that the beneficial effect of noise removal for the in vivo measurement is also
obtained.

Table 3.2: Reconstruction from undersampled B+
1 mapping. The (σ, ǫ) values in tests iv,v)

are selected on the basis of the (σ, ǫ)-diagram in a way similar to tests i-iii). The (σ, ǫ) values
in test vi) are taken from test iii).

Setup FOVz [mm] ∆z [mm] (σ, ǫ) N (L) erecon

iv) Torso, 3T bodycoil, sim. 220.0 20.0 (0.1, 80) 5 (36) 0.125
v) Head, 7T TEM coil, sim. 144.0 45.0 (0.1, 50) 5 (36) 0.141
vi) Head, 7T birdcage coil, in-vivo 72.0 20.0 (0.6, 50) 5 (36) 0.220
vii) Torso, 3T bodycoil, in-vivo 198.0 33.0 (0.1, 80) 6 (49) n.a.

3.4.3 De-noising

The results from the de-noising test are reported in Table 3.3 and Fig. 3.7. As already
deduced in the previous experiment (see Fig. 3.6), the reconstruction procedure is robust
to noise perturbations. The noise levels 1 and 2 have a minor impact: the errors for these
two situations are slightly larger than that for the noise-free setup. Only the highly noisy
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Figure 3.2: Test iii). Results from the convergence study of the spherical function model
according to LS minimization. 2 channels 7T Birdcage head coil loaded with a fully segmented
head model. Amplitude and phase of the reference and fitted B+

1 maps in the transverse, coronal
and sagittal plane.

map (noise level 3) is less accurately reconstructed. Nonetheless, the overall transmit
field pattern is still detected and only small discrepancies with respect to the reference
map can be noted by visual inspection.

Table 3.3: Denoising. Model parameters: N = 5 (L = 36), (σ, ǫ) = (0.1, 80).

Noise level std error
No noise 0 0.073

1 0.05 ∗maxB+
1 0.080

2 0.10 ∗maxB+
1 0.090

3 0.20 ∗maxB+
1 0.162

3.5 Discussion

In this paper, a procedure is described to express the B+
1 maps in terms of a few basis

functions. In particular, the spherical functions are employed, since they naturally arise
from the analytical solution of the Helmholtz equation in the spherical coordinates sys-
tem. The convergence results show that this choice allows a high degree of compression,
requiring only O(10) basis functions for an accurate representation of the transmit field.
Three different realistic configurations are investigated in this work: an abdomen in a
2-channel 3T body coil, a head in a multi-channel 7T TEM coil and a head in a 2-channel
7T birdcage head coil. For all setups, the spherical functions model is able to accurately
represent the transmit field.
The parameters σ and ǫ play an important role in this model. The optimal values for the
spherical phantom and the homogeneous head-shaped object (configurations i,ii) ) were
obtained from the (σ,ǫ) diagram. They resulted to be, respectively, (0.1, 80) and (0.3,
50), equal to the input values of the respective electromagnetic models. In configuration
iii), it is shown that the optimal (σ,ǫ) values for the head in the birdcage coil at 7T are
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Figure 3.3: Test iii). The 5 principal basis functions (fℓ with ℓ = 2, 4, 6, 12, 20) for 3 different
values of (σ, ǫ) employed in the B+

1 maps fitting. The pair (σ, ǫ) = (0.6, 50) gives the optimal
match. Magnitudes for the central transverse and sagittal slices are shown.

(0.6, 50). This is in agreement with the average values in the brain which are estimated1

to be (0.55, 52). This is an indication that the proposed optimization framework matches
the physical configuration. Note that the rather unrealistic values of (0.1,80) for the torso
in the bodycoil at 3T are derived from a MLS fitting procedure: only the B+

1 magnitude
(the B+

1 phase is, in practice, lacking) is taken into account, and the model does not
relate to a true electromagnetic problem [98]. However, the method still works because
the LS fitting is replaced by a MLS optimization.
In this work, the two parameters were determined a priori, based on simulations of the
measured setups. This is explicitly shown in the in-vivo configurations vi) and vii), where
the (σ,ǫ) parameters were pre-computed on the basis of numerical models (configurations
iii) and iv), respectively). This approach is shown to lead to accurate reconstructions.
When representative models for patients are unavailable (e.g. as effect of major anatom-
ical deviation from the numerical human model), the (σ,ǫ) values could be determined
on the basis of the (σ,ǫ)-diagram computed for the in-vivo data (configurations i,ii,iii)
) from a MLS fitting (the B+

1 phase is missing). This procedure can be performed fast
enough to be included in a realistic clinical exam.
In reality, the σ and ǫ values are tissue dependent, thus they vary inside the region of
interest. However, setting them to be constant is a simplification which makes it possi-
ble to employ the spherical functions. Although this assumption may sound awkward,
its mathematical meaning is not that the (σ,ǫ) values are scaling factors which stretch

1Values obtained from Gabriel C. Compilation of the dielectric properties of body tissues at
rf and microwave frequencies. The U.S. Air Force Report AFOSR-TR-96. Available on line at
http://transition.fcc.gov/oet/rfsafety/dielectric.html
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Figure 3.4: Tests iv,v,vi). Reconstructed B+
1 maps. Central transverse, coronal and sagittal

slices are shown. Reference maps are reported for comparison. a: Torso in 3T bodycoil,
simulation. b: Head in 7T TEM coils, simulation. c: head in 7T birdcage head coil, in vivo
measurement.

Figure 3.5: Test v). Reconstructed B+
1 maps for the 7T TEM head coil. Reference maps are

reported for comparison. The slices used as input data d are marked.

or shrink the basis functions profile (see Fig. 3.3). Previous work [95, 94, 80] and the
results from the convergence tests show that this assumption is well founded. The large
compression factor achieved by a good basis can be exploited to reconstruct the transmit
maps from undersampled measurements (shortening thus the measurement time) and/or
to recover signal in highly corrupted areas. This was illustrated in three different set ups.
The B+

1 maps were undersampled in the vertical direction by a factor 5 and only areas
with reliable signal were employed in the fitting. Afterwards, the method was able to
reconstruct the B+

1 maps over the whole 3D domain, including the corrupted areas.
In case of noisy data coming from the measurements, the spherical model filters the noise.
Magnetic fields induced by RF transmit coils are characterized by slowly varying spatial
patterns. The low order spherical functions, which are the building blocks of the model,
approximately share the same frequency range of the magnetic field pattern. Noise and
artifacts from B+

1 measurements derive from a completely different physical process, un-
related to the spherical functions, and they can thus be removed by fitting the model to
the data. It was shown that even a strong noise perturbation can be removed from the
transmit field maps, confirming the robustness of the method.
The spherical functions appear to be an efficient basis expansion also for the in-vivo con-
figurations because they are derived from a similar, although simplified, physical config-
uration, that is a homogeneous object in a transmit coil. Of course, other basis functions
could be employed to further improve the model. The search for a better basis could be
done in an analytical way, like in this work, or employing population study methods to
extract the principal components from a (large) set of human models. This could be the
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subject for a future work.
The reconstruction algorithm could be improved. The non convex MLS reconstruction
problem (Eq. 3.7) can be solved in other fashions. The principal concern when solving
this kind of optimization problem is the risk of being trapped in a local minimum, and
thus a suboptimal solution. The three-steps approach applied in this work is meant to
sequentially reduce the search space to the neighborhood of a good local minimizer but
of course it does not guarantee that the global minimizer is found. However, the fitting
procedure adopted in this work gives good results in terms of convergence to an accept-
able, local or global minimum and it is fast enough for practical use.
Finally, further developments of the spherical functions model can be outlined. As it is
introduced in [80], the model could be jointly adapted to the transmit and receive RF
fields, to reconstruct not only the B+

1 but also the B−

1 maps. Electric properties tomog-
raphy [98, 49] could benefit from the mathematical formalism introduced in the present
work, given that the knowledge of the receive and transmit fields is crucial for that specific
imaging modality. Making a step into electric fields estimations, with direct implications
on SAR measurements [47], the authors have shown a possible approach to gain informa-
tion about the longitudinal electric field component by exploiting the spherical functions
model [78]. This approach should, however, be validated and further developed to be able
to assess the SAR distribution in the human body, which is much less homogeneous than
either the electric or magnetic fields. Broadening the application horizon, the entire RF
pulse design/shimming procedure could be projected into the spherical functions space
(including the B0 gradient fields components which can be modelled by spherical harmon-
ics [71]), towards a more compact, low dimensional problem which could be advantageous
in some situations.

3.6 Conclusion

In this paper, a model which accurately describes the transmit RF field pattern is illus-
trated. Starting with the Helmholtz equation, a set of low order spherical basis functions
is derived which approximates the B+

1 maps. Convergence tests demonstrate good per-
formance of the model in terms of compression and filtering. The high compression rate
can be further exploited to reconstruct B+

1 maps from undersampled measurements and
to recover the transmit fields in regions where signal is missing or corrupted. The filtering
effect can be seen to de-noise the measured B+

1 maps. Simulations as well as in vivo stud-
ies show the feasibility of the method which allows robust and de-noised reconstruction
of B+

1 maps.
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Figure 3.6: Test vii). Results from the fitting procedure from masked data. Only input slices
and corresponding fitting are shown. FOVz = 198.0 mm, ∆z = 33.0 mm. Model parameters:
N = 6, (σ, ǫ)=(0.1,80).
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Figure 3.7: De-noising of B+
1 maps. a: Artificial noise is added to the simulated transmit

field maps for a human torso in a body coil at 3T. The standard deviations of the three noise
levels are reported in Table 3.3. b: Reference and de-noised maps. FOVz = 50 mm. ∆z = 5.0
mm. Model parameters: N = 5, (σ, ǫ)=(0.1,80). Central transverse, coronal and sagittal slices
are shown.
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Purpose: A new method, called TRIPLET, is described which simultaneously maps the
B+

1 and B−

1 fields of a transmit/receive RF coil array. The input data are low-tip-angle
gradient-echo (LTA-GE) images, which can be acquired in a relatively short scanning
time.
Theory and methods: For each voxel in the FOV, a matrix can be assembled with the
LTA-GE image values of the RF coil array. Applying the singular value decomposition
(SVD) to those matrices, datasets are obtained which show a high resemblance with the
true B+

1 and B−

1 fields. These datasets are a voxelwise scaled version of the true RF
maps. The channel independent scaling parameters can be found by implicitly forcing
the reconstructed fields to be solutions of the Maxwell equations. This is achieved by
introducing a multi pole expansion consisting of Bessel/Fourier functions.
Results: 2 FDTD simulated RF fields for two coil array combinations at 7T and a
measured, in-vivo dataset at 7T are investigated to illustrate the SVD analysis of the LTA-
GE images and to show how the B+

1 and B−

1 fields can be reconstructed by TRIPLET.
Conclusion: The TRIPLET algorithm can convert the datasets from SVD analysis of
LTA-GE images to true B+

1 and B−

1 fields.
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4.1 Introduction

In MR imaging, recent decades have shown a trend where improved imaging performance
is achieved by increasing the strength of the main magnetic field [58]. This trend has been
accompanied by an increase of the B1 field frequency, resulting in more inhomogeneous
transmit (B+

1 ) and receive (B−

1 ) field distributions [40]. Particularly for body imaging
applications at ultra-high field strengths, these inhomogeneities can become so severe
that they result in signal voids in the images [100]. The problems with B+

1 field homo-
geneity are addressed by the introduction of multi-transmit systems [37]. These systems
require knowledge of the B+

1 field distributions, preferably within limited time. B+
1 field

knowledge is also needed for designing multi-dimensional transmit pulses [46, 114, 29]
and newly emerging techniques such as EPT and E-field mapping [47]. In the past years,
many B+

1 mapping techniques have been introduced with varying strengths and weak-
nesses. They are reviewed in [72] and [60]. Difficulties most often encountered in these
methods are limited dynamic range, sensitivity to off-resonances, need for high RF pow-
ers and, in many cases, long scan times.
Naturally, the RF receive fields at high field strength are characterized by similar non-
uniformity because the same underlying physical principles apply as for RF transmit
fields. However, since the signals from a coil array can be processed separately for every
image pixel, this has not caused the same problems as for the transmit side [70]. In
fact, there are even some advantages to increased inhomogeneous receive fields as the
concomitant stronger RF encoding results in an improved parallel imaging performance
[103]. In conventional systems, the B−

1 fields of a receive array can be determined by
division through an image with a homogeneous B−

1 field, mostly the body coil. Systems
with a field strength of 7 tesla do not have a body coil and the B−

1 field frequency is
so high that a body coil, if constructed, will not have a homogeneous coverage. For
head imaging, the volume transmit coil is used, which causes already considerable inho-
mogeneity. For body imaging, no alternative is available. This makes it challenging to
determine the correct receive fields of the individual coil array elements at ultra-high field
strengths. Knowledge of these fields is necessary for optimal signal combination, receive
field intensity correction and parallel imaging in the image domain (e.g. SENSE [66]).
Jin Jin et al. [43] describe a method to derive receive fields from the measured B+

1 fields,
but this method is only applicable at low field strengths. Auto-calibration methods for
parallel imaging in the image domain do exist, but they may result in ringing artifacts
[107].
In this work, we introduce a new method that processes the images from one series of low-
tip-angle gradient-echo (LTA-GE) images into B+

1 and B−

1 maps for all elements. These
images can be acquired by a short scan (typically about one minute of measurement time
for a multi-slice, 8 Tx channels set-up). This method will be called ’TRIPLET’: Trans-
mit and Receive Patterns from Low-Tip-angle gradient-Echo Images. It simultaneously
provides the knowledge of the complex transmit and receive field distributions that are
required for parallel imaging [66, 87] and parallel transmit [46, 114, 29].
The B+

1 and B−

1 mapping problems are solved by combining two procedures that have
recently been presented. Brunner et al. [7] have shown that a set of LTA-GE images can
be decomposed by a singular value decomposition (SVD) to acquire the singular vector
distributions. These singular vector distributions have a strong resemblance to the un-
derlying B+

1 and B−

1 maps, but they are not the same. In this work, we first show that
the fields obtained upon SVD are a spatially scaled version of the actual B+

1 and B−

1 fields
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and that the spatial scaling patterns are the same for all receive (or transmit) fields. The
SVD analysis of LTA-GE images can thus provide the actual B+

1 and B−

1 maps, if the
spatial scaling pattern can be determined.
Therefore, we exploit the fact that the SVD fields do not directly fulfill the Maxwell equa-
tions due to extra modulation from the spatial scaling fields. The scaling pattern can be
found by enforcing the Maxwell equations. In this particular case we follow a procedure
presented by Sbrizzi et al [79] where it is shown that the RF field can be described by a
set of basis functions (Bessel/Fourier) which are solutions to the Maxwell equations. As a
consequence, the product of the individual singular vector distributions with the spatial
scaling pattern has to result in the RF field distributions that can be described by a series
of Bessel/Fourier functions. This procedure effectively limits the degrees of freedom in
the problem by finding a combination of spatial scaling patterns and coefficients for the
basis functions. The main advantages of the proposed approach are: 1) limited scan time
since a single scan dataset is sufficient for both transmit and receive fields and 2) short
reconstruction time by efficient implementation of the reconstruction algorithm.
In this work, we start with a theory section where we show why the SVD on a series of
LTA-GE images results in distributions that are closely resembling the B+

1 and B−

1 fields.
In this section, also the scaling patterns are introduced and the complete procedure to
determine them is explained. The methods section then describes the rest of the study.
First, we will analyze the SVD and its resulting singular vector distributions in compari-
son to the true B+

1 and B−

1 fields by means of two simulated coil configurations. Then, we
will demonstrate the applicability of TRIPLET to determine the complex RF fields for
a simulated coil configuration and for a measurement experiment on a volunteer’s head.
Finally, we will analyze the sensitivity of the method to noise and model inaccuracies.

4.2 Theory

The SVD procedure [7] for an RF system with N transmit and M receive channels
consists of N acquisitions, where for each acquisition only one transmit channel is active.
By reconstruction of each acquisition for each individual receive channel, N ×M images
are obtained. For every voxel in the FOV, a N ×M data matrix, S, can be assembled
which contains all image values for that specific voxel. By making sure that the tip angle
remains sufficiently low over the whole FOV, the low tip angle approximation is valid
and the signal intensity is linearly dependent on both the receive and the transmit field
strength. The singular value decomposition (SVD) is a mathematical procedure which
is able to distill the principal components of the matrix S. As a result of the SVD, S is
decomposed into only one pair of right and left singular vectors, t and w, and the singular
value σ1. The singular vectors, as the appendix A shows, contain the relative transmit
and receive intensity of all channels. This is represented by the equation (derived in the
appendix A)

ρb+b−T
= σ1tw

H (4.1)

indicating that the product of spin density ρ, the transmit signal per channel b+ and the
receive signal per channel b− equals the signal matrix S, which is decomposed in the left
and right singular vector t and w, and the singular value σ1 (by construction, there are
no other singular values). See Fig. 4.1. Note that each component ti and wj of t and
w represents a spatial distribution. These distributions will be referred to as the SVD
fields.
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Note that for every voxel only the relative transmit and receive signal intensities are
known. The spatial variation of these intensities is not known, because they are normal-
ized for each voxel. Therefore, to obtain the spatial signal intensities of the transmit and
receive channels, the SVD fields t and w need to be scaled by spatially varying scaling
patterns α and β, respectively. This is explicitly formulated in the following equations

b+ = αt (4.2)

b− = βw (4.3)

Note that the scaling parameters α and β are channel independent, that is: α = B+
i /ti

and β = B−

j /wj for each i and j. In other words, knowledge of the α and β maps guar-
antees knowledge of the true RF fields. This consideration outlines the strategy for a B+

1

and B−

1 mapping procedure: once t and w are obtained from the SVD of S, we focus
on the reconstruction of the scalings patterns α and β to acquire the link with the true
complex RF field maps.

4.2.1 Obtaining the scaling parameters by model-based recon-
struction

α and β will be reconstructed by making use of the knowledge that the B+
1 and B−

1

distributions fulfill the Maxwell equations. Although the underlined anatomy is hetero-
geneous, Sbrizzi et al [79] have shown that such fields can be accurately described by
a multipole expansion in terms of Bessel/Fourier functions, which are solutions of the
Maxwell equations for a homogeneous medium. An accurate description of the fields at
3T or 7T in the head or the abdomen region is already attained by using only approxi-
mately 50 of these functions [79]. This fact severely decreases the number of unknowns
to determine the RF field distributions. Therefore, we set the RF field distributions for
each channel equal to a summation of spherical and cylindrical Bessel/Fourier functions,
fp, with complex weighting coefficients c+p and c−p :

B+
1,i(~r) =

P
∑

p=1

c+p,ifp(~r) ∀i (4.4)

B−

1,j(~r) =
P
∑

p=1

c−p,jfp(~r) ∀j (4.5)

where P is the number of basis functions.
Denoting by F the basis function matrix, and by c+i and c−j the expansion coefficients,
Eqns. 4.4 and 4.5 can be written as

Fc+i = B+
i , ∀i (4.6)

Fc−j = B−

j , ∀j (4.7)
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where B+
i and B−

j represent the RF field distributions B+
1,i(~r) and B

−

1,j(~r) over the whole
FOV. Introducing the SVD fields, the above equations can be rewritten as

Fc+i = Tiα, ∀i (4.8)

Fc−j = Wjβ, ∀j (4.9)

where Ti and Wj denote diagonal matrices whose main diagonal are, respectively, the
SVD fields ti and wj over the whole FOV. In particular, Ti(n, n) = ti(~rn) and Wj(n, n) =
wj(~rn), where ~rn denotes the n-th voxel in the FOV. α and β denote the vectors of the
α and β values over the whole FOV, that is αn = α(~rn) and βn = β(~rn). For the i-th
transmit channel, Eq. 4.8 has the following form:
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0 0 . . . ti(~rR)





















α(~r1)
α(~r2)
...

α(~rR)











.

(4.10)

Ti andWj can be vertically concatenated, obtaining the matrices T = [T1;T2; . . . ;TN ]
for the transmit SVD fields and W = [W1;W2; . . . ;WM ] for the receive SVD fields. Sim-
ilarly, the vectors of coefficients can be vertically concatenated to obtain c+ and c−. Di-
agonal concatenation of the model matrices F gives the block-diagonal matrix F = I⊗F
where ⊗ denotes the Kronecker product and I is the identity matrix of size N for the
transmit setup and M for the receive setup.
The final form of the model is thus:
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0 . . . . . . F
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TN











α (4.11)

whose compact notation is

Fc+ = Tα (4.12)

Fc− = Wβ . (4.13)

Eq. 4.12 and 4.13 represents two (decoupled) systems of equations. The unknowns are
the elements of the vectors c+, c−, α and β. Suppose P is the number of basis functions of
the Bessel/Fourier model, and Ns is the number of voxels in the image. Then, the number
of components for the four unknown vectors is, respectively, NP , MP , Ns and Ns. The
total number of unknowns is therefore NP +Ns for Eq. 4.12 and MP +Ns for Eq. 4.13.
The number of equations is given by the number of rows of the matrix F which is equal to
NNs and MNs for the two systems, respectively. Summarizing, Eq. 4.12 contains NNs

equations in NP + Ns unknowns, while Eq. 4.13 contains MNs equations in MP + Ns

unknowns. Typically, Ns, i.e., the number of voxels in the images, is much larger than P ,
N or M , thus the total number of unknowns is O(Ns). We conclude that the number of
equations is approximately a factor N or M (depending on which system is considered)
larger than the number of unknowns. The introduction of the common scaling patterns



TRIPLET 45

α and β and of the compressed model F contributes to drastically reducing the degrees
of freedom and makes it possible to solve the reconstruction problem.
We now focus on the solution of Eq. 4.12. The solution of Eq. 4.13 can be obtained in
an analogous way.
Eq. 4.12 has to be solved as a minimization problem, that is: find c+ and α such that
‖Fc+ − Tα‖ is minimized. Note that c+ = 0 and α = 0 is the trivial solution of the
problem. To avoid this solution, we impose that the concatenation vector, u, defined as
u ≡ [c+;α] (Matlab notation) has unit norm. Note that any other solution with a norm
not equal to one is actually just a scaled version of the unit norm solution. This solution
can be found with the procedure explained next.
Rewriting Eq. 4.12:

Fc+ = Tα ⇔ [F − T]u = 0 with u ≡
[

c+

α

]

, (4.14)

we obtain the constrained minimization problem

argmin
u

‖[F − T]u‖2 such that ‖u‖ = 1 (4.15)

whose solution is [51] the eigenvector corresponding to the smallest eigenvalue of the
matrix [F − T]H [F − T]. Note that the eigenvalue problem given by Eq. 4.15 is
convex, thus its solution does not suffer from convergence to local minima. The solution,
i.e. the eigenvector corresponding to the smallest eigenvalue, is uniquely defined up to a
global, spatially independent phase factor exp(iψ).
An efficient implementation and solution of this eigenpair problem is illustrated in the
appendix B.
Analogously, the receive fields problem becomes

argmin
v

‖[F − W]v‖2 such that ‖v‖ = 1 (4.16)

with v ≡ [c−; β] (Matlab notation).

The reconstructed B+
1 maps differ from the true B+

1 maps by a global, channel inde-
pendent, scaling factor. To obtain the absolute flip angle map, a short single point B+

1

calibration can be performed.

The influence of noise

The previous considerations are valid in the ideal case where the matrix S is constructed
as in Eq. 4.24, which is based on the assumption that no noise or other inaccuracies
in the data are present. In practice, noise is present and the above analysis has to be
expanded.
Suppose the true image value matrix, S, is corrupted by noise. The resulting matrix, S̃,
can be written as S̃ = S + ∆, where ∆ denotes the noise perturbation matrix. As an
effect of ∆, S̃ has no longer the rank 1 structure of S, but displays a larger spectrum,
that is: other singular values are present, and the decomposition into one single right and
left singular vector (i.e. Eq. 4.26) does no longer hold since other singular vectors play a
role in the product.
The ratio between the second and the first singular value, η ≡ σ2/σ1 can give a good
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indication of the impact of noise in the data: note that 0 ≤ η ≤ 1. In the ideal case we
have η = 0.
The spatially varying η is therefore related to the spatially varying SNR. The thermal
noise in the measurement is usually normally distributed with zero mean and a certain
standard deviation which is spatially independent, thus the SNR is lower when S =
ρb+b−T

is smaller. Small S = ρb+b−T
means that the perturbation ∆ (noise) has a

stronger impact on the second singular value, and thus η = σ2/σ1 becomes larger. The η
map illustrates thus the spatially varying SNR.
From the previous considerations, a criterion for ranking the quality of the measurements
can be deduced: voxels with low values of η are more reliable than voxels with large
values of η. When working with measured datasets, the selection of the data to include
in the reconstruction algorithm could be easily performed by imposing a threshold on the
maximal accepted value for η. The same method can be applied for automatic masking of
non-tissue regions. Since the signal model is not valid in the air (only noise is measured),
the η values are large and the masking can be easily obtained by thresholding on the η
values.

4.2.2 Phase behavior of the SVD fields

Note that all quantities in the present mathematical framework are complex valued.
This means that both magnitude and phase information are taken into account in the
analysis. In case of the t and w fields, the phase of the components is the relative Tx
and, respectively, Rx phase among the channels. After the TRIPLET reconstruction, the
obtained fields fulfill the Maxwell equations, thus the corresponding phase represents the
true propagating phase of the RF fields. This implies that α and β are complex valued
distributions.
Carrying on with the SVD based analysis of the LTA-GE dataset, from Eq. 4.1,4.2 and
4.3 we conclude that:

σ1 = ραβ (4.17)

that is: the singular value, σ1, can be represented as product of the two scaling parameters
with the proton density value, ρ. σ1 is, by construction, real and positive, but α and β
are complex. Assuming a real and positive spin density distribution, ρ, it follows that
arg(α) = − arg(β). In practice, B0 inhomogeneities and/or chemical-shift effects result
in a phase accrual. In the above analysis, this is represented by a complex valued ρ and
thus the phase of α and β are no longer mirrored.
The SVD analysis of the LTA-GE images is summarized in Table 4.1 and Fig. 4.1.

4.3 Methods

First, we will employ two FDTD simulated EM datasets to illustrate the SVD analysis.
Second, B+

1 and B−

1 maps are reconstructed by applying the TRIPLET algorithm to a
simulated dataset and an in vivo measurement. Third, the stability of TRIPLET will be
investigated.
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Table 4.1: Physical meaning of the SVD data.

SVD quantity Physical interpretation
t Voxelwise normalized B+

1 value
w Voxelwise normalized B−

1 value
α Channel independent scaling pattern, αt = B+

1

β Channel independent scaling pattern, βw = B−

1

|α|2 =
∑N

i=1 |B+
i |2 Sum of squares B+

1 magnitudes

|β|2 =
∑M

j=1 |B−

j |2 Sum of squares B−

1 magnitudes

σ1/(αβ) image value
η = σ2/σ1 SNR map

Figure 4.1: Scheme of SVD analysis of LTA-GE images. Here, the number of receive and
transmit channels is 4. Upon image acquisition of 4 transmit combinations by 4 receive channels,
the matrices S are assembled. Here, each frame color corresponds to a distinct receive channel.
Subsequently, the SVD delivers the singular values and the t and w fields. In case of absence
of noise the unique singular value, σ1, is the product of α, β and ρ. Multiplication of the SVD
fields t and w with, respectively, α and β gives the true B+

1 and, respectively, B−

1 maps.

4.3.1 The SVD fields vs the B+
1 and B−

1 maps: the effect of the
scaling patterns α and β.

We first perform an analysis of the SVD output and the relationship with the B+
1 and

B−

1 maps for two FDTD simulated (SEMCAD X, Schmid and Partner Engineering AG,
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Zürich, Switzerland) configurations:

• (i) a 12ch, 7T, transceiver, TEM head coil loaded with an adult male body model

• (ii) a 8ch, 7T, transceiver, surface body array coil [69] loaded with an adult male
body model (Duke, virtual family)

For both configurations, LTA-GE image matrices are assembled according to Eq. 4.23.
For both models, the conductivity distribution is used as a surrogate for the anatomy,
ρ. Furthermore, a spatially varying phase is superimposed to the spin density to mimic
the effect of B0 off-sets and chemical shift. The resulting ρ value is thus complex. The ρ
maps are displayed in the right columns of Fig. 4.2a and 4.3a.

Figure 4.2: SVD analysis of configuration (i): a 12ch, 7T, transceiver, TEM head coil. a) The
singular values, the scaling patterns and the image values. b) The B+

1 and B−

1 maps with the
corresponding SVD fields.

Subsequently, the SVD is applied to the LTA-GE image matrices and the σ1, α, β, t
and w maps are obtained. Since the B+

1 and B−

1 maps for these two configurations are
already known, they can be used to provide insights in the relation between the SVD
fields and the true RF field distributions.
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Figure 4.3: SVD analysis of configuration (ii): a 8ch, 7T, transceiver, surface body array coil.
a) The singular values, the scaling patterns and the image values. b) The B+

1 and B−

1 maps
with the corresponding SVD fields.

4.3.2 TRIPLET reconstruction of the B+
1 and B−

1 maps from

the SVD fields

We perform the TRIPLET reconstruction of the transmit and receive fields for two con-
figurations:

• same as (ii);

• (iii) in vivo measurement of a volunteer’s head with a 8ch, transceiver, degenerate
birdcage head coil at 7T.

For configuration (ii), LTA-GE images are assembled according to Eq. 4.23. For config-
uration (iii), eight gradient-echo scans with tip-angle of 5 degrees are performed. TR =
100 ms and TE = 4.9 ms. Resolution: 3.5× 3.5× 6 mm3. The image acquisition matrix
size is 76 × 73× 7. The total scan time is 61 s. The constructed/measured datasets are
acquired for 7 transverse slices and the reconstruction is performed for all slices at once.
For the in vivo data, we select the input values according to the η coefficient: voxels
whose corresponding η values are larger than 0.15 are excluded, resulting to 14% of the
voxels being discarded. For benchmarking the reconstructed data, B+

1 maps are acquired
for each transmit channel according to the Actual Flip Angle Imaging method [106].
The total number of basis functions employed is 57. This number is derived by employ-
ing cylindrical basis functions up to the order 10, thus 2 × 10 + 1 = 21 in total, and
spherical basis functions up to the order 5, thus (5 + 1)2 = 36 in total. The conduc-
tivity and permittivity values for these functions were derived from simulated datasets
[79] and are equal to, respectively, 0.5 [S/m] and 40 for configuration ii) and 0.6 [S/m]



50 Chapter 4

and 50 for configuration iii). The TRIPLET algorithm is implemented in Matlab (Nat-
ick, Massachusetts) version 7.4.0 on a PC with 4 CPUs at 3.10 GHz (using only one CPU).

4.3.3 Impact of noise and model inaccuracies on the SVD and

TRIPLET

The first step of the stability analysis addresses the impact of noise on the SVD data. A
normally distributed noise map with zero mean, ∆i,j(~r), is simulated and added to the
assembled LTA-GE images Si,j(~r). For the standard deviation of the perturbation, four
increasing values are chosen such that the noise level defined as

noise level ≡

√

∑

i,j,~r |∆i,j(~r)|2
√

∑

i,j,~r |Si,j(~r)|2
× 100 (4.18)

is equal to 0.0% (no perturbation), 5.0%, 10.0% and 20.0%, respectively. This definition
characterizes with one single value the spatially dependent SNR distribution over the
entire FOV. The impact of the noise on η, i.e. the ratio between the two largest singular
values will be investigated. Furthermore, we are interested in the difference between the
obtained SVD field maps and the original maps, which are derived from uncorrupted
images.

Besides noise in the signal, the TRIPLET algorithm can also suffer from instability to
model inaccuracies. By this, we mean the degree to which the RF fields can be described
by the Bessel/Fourier model. There are thus two kinds of perturbations which can be
present: a) noise in the data and b) model inaccuracy.
In the following stability analysis, perturbations are superimposed to the exact fields
and to the signal data to investigate, respectively, the sensitivity of the TRIPLET al-
gorithm to the model inaccuracy, the noise and the combination of them. Eight virtual
RF transmit and receive fields are numerically constructed as linear combinations of the
Bessel/Fourier basis functions. These virtual fields are extracted from the FDTD simu-
lated EM configuration (ii) in the following way: the model is fitted to the B+

1 and B−

1

fields, and the expansion coefficients c+ and c− are obtained. As a consequence of the
fitting, residuals r+ and r− are present. These residuals are used as model-perturbation
maps in the following way:

B+
1 = Fc+ + δm r+ (4.19)

B−

1 = Fc− + δm r− (4.20)

For δm = 0 the model perfectly describes the fields, for δm = 1 the virtual fields represent
the original EM fields as simulated with FDTD and for δm > 1 the model inaccuracies
become larger than in reality. In this experiment, δm is set to be 0.0, 0.5, 1.0 and 2.0 .
Once the virtual fields are constructed, the signal data is assembled according to Eq. 4.23
(appendix A) and the noise perturbations are superimposed. These perturbations maps
are normally distributed with zero mean and standard deviation according to three noise
levels (as described above and defined in Eq. 4.18): 0.0%, 10.0% and 20.0%, respectively.
The TRIPLET is finally applied to the 12 datasets and the relative error between the
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reconstructed fields and the reference virtual fields is then evaluated.
To quantify the quality of the reconstructed fields, the relative error is determined as
follows:

relative error ≡
√
∑

~r(|Brecon(~r)| − |Btrue(~r)|)2
√
∑

~r |Btrue(~r)|2
(4.21)

where
∑

~r denotes the summation over all voxels in the spatial domain.

4.4 Results

4.4.1 The SVD fields vs the B+
1 and B−

1 maps: the effect of the
scaling patterns α and β.

The SVD analysis of the two configurations is reported in Fig. 4.2 and 4.3, respectively.
Some observations follow.
1) To a certain extent, the SVD field patterns recall the true RF fields. The largest
discrepancies occur at the boundaries of the body. In the central region of the FOV, the
α and β maps are rather flat, thus the SVD fields are a good approximation of the true
RF fields.
2) The α and β maps are more strongly decaying in the case of the abdomen model.
The ratio between the maximum (at the edges) and the minimum (in the center) value
is 6.44 for the abdomen configuration and 3.78 for the head configuration. The more
homogeneous field distribution for the head coil is clearly a consequence of the coil ge-
ometry: surface coils typically display much larger field amplitudes in the proximity of
the elements.
3) The magnitude profiles of the α and β maps display a mirror symmetry, which recalls
the well known symmetry between the B+

1 and B−

1 maps.
4) Note that the phase and amplitude profile of the ratio σ1/αβ matches the (complex)
values of ρ.

TRIPLET reconstruction of the B+
1 and B−

1 maps from the SVD fields

The relative error of the reconstructed transmit and receive maps for each channel of the
abdomen configuration are reported in Table 4.2. The reconstructed B−

1 maps for the
abdomen configuration and the B+

1 maps for the head coil are shown in Fig. 4.4a and
4.5a-c, respectively.

The figures show channel nr. 2, 5, and 8 for the abdomen configuration and nr. 3, 4,
5, 6 and 7 for the head configuration. The datasets for the other channels display similar
characteristics. The corresponding SVD fields are also plotted. For benchmarking, the
reference FDTD fields and the AFI maps are shown for the abdomen and head config-
uration, respectively. These results show that the TRIPLET algorithm can reconstruct
B+

1 and B−

1 maps from LTA-GE images.
The TRIPLET maps exhibit a steeper profile than the SVD fields. In the head config-
uration, this is indicated by the arrow A. For the same setup, artifacts due to limited
dynamic range in the AFI method are corrected. See arrow B.
In Fig. 4.5c, three AFI maps which do not apparently suffer of dynamic range artifacts
are displayed next to the corresponding TRIPLET maps. The maps are normalized by
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Table 4.2: Relative magnitude error for the TRIPLET maps as given by Eq. 4.21. Configu-
ration (ii): 8ch, 7T, transceiver, surface body array coil.

Channel Tx error Rx error
1 0.24 0.17
2 0.19 0.19
3 0.19 0.19
4 0.16 0.17
5 0.27 0.20
6 0.23 0.20
7 0.19 0.23
8 0.19 0.28

Figure 4.4: SVD, TRIPLET and reference (FDTD simulated) B−

1 maps for the 8ch, 7T,
transceiver, surface body array coil loaded with an adult male body model (Duke, virtual
family). a) Magnitude and b) relative phase data of channels 2, 5 and 8 are shown. c) B−

1 map
magnitude along the green profiles from a).

the average |B+
1 | value over a central region. For better comparison, profiles along the

indicated sections are also reported. In this figure, the performance of TRIPLET and
that of AFI are compared when the dynamic range is not an issue for the latter method.
The resemblance is rather accurate.
The relative phase, that is the phase relative to channel 1, are reported in Fig. 4.4b and
4.5b, respectively. Note that from an MRI measurement, only the relative phase of the
transmit or receive fields can be obtained. However, FDTD simulations also provide the
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Figure 4.5: SVD, TRIPLET and AFI B+
1 maps for the in vivo measurement of a volunteer’s

head with a 8ch, transceiver, degenerate birdcage head coil at 7T. The magnitude maps are
normalized by the average |B+

1 | value over a central region. a) Magnitude and b) relative phase
data of channels 3, 5 and 7 are shown. The arrow A indicates a region of discrepancy between
the magnitude of the SVD fields and that of the AFI map. The TRIPLET map shows to be
more accurate. The arrow B points to a region where artifacts in the AFI method, probably
due to the limited range, are corrected by the TRIPLET method. c) TRIPLET (right) and
AFI (left) maps for three channels where the dynamic range of AFI is not an issue. Profiles
along the indicated lines are reported at the bottom and show good agreement between AFI
and TRIPLET.

absolute phase of the transmit and receive fields. Using the TRIPLET algorithm, the
absolute phases can be retrieved from measured data. This is shown by Fig. 4.6 where
the absolute phase of the FDTD fields of the abdomen configuration are shown next to
the absolute phase of the reconstructed TRIPLET fields. This shows that the TRIPLET
algorithm is capable of retrieving the absolute phase datasets.
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Figure 4.6: SVD, TRIPLET and reference B−

1 phase maps for the 8ch, 7T, transceiver, surface
body array coil loaded with an adult male body model (Duke, virtual family). The absolute
phase data of channels 2, 5 and 8 is shown.

4.4.2 Impact of noise and model inaccuracies on the SVD and

TRIPLET

The impact of noise on the SVD fields is illustrated in Fig. 4.7. For the head configuration,
the data of transmit channel 1 is reported. For the abdomen configuration, transmit
channel 2 is shown. The effect of noise on the w fields is similar and is not reported.
The corrupted images corresponding to the same transmit/receive combination are also
shown. The error maps are normalized through division by the maximum value of the
true t field. Note that both the η values and the error in the t fields increase with
the increase of the noise level. Furthermore, the error and the η fields displays a close
similarity.
The η and the error values in the abdomen configuration are larger than those for the
head configuration. This can be explained by the relatively lower values of α and β in
the abdomen configuration, compared to the α and β values of the head configuration
(see Fig. 4.3a and 4.2a). Since σ1 = αρβ, the combination of noise and small α and β
cause the second singular value, σ2 to be relatively large, resulting in a larger η. Thus,
the effect of the noise is stronger when the α and β maps have low values, that is, when
the RF channels have less coverage.
The stability results for TRIPLET are displayed in Fig. 4.8. The error with respect to
the reference map (upper row) is reported below each reconstructed field. It can be seen
that, in general, the error in the reconstruction increases with the increase of the two
perturbation levels. In case of δm = 1, that is, when the FDTD simulated EM fields are
considered, the reconstruction error is 0.20 if no noise in the data is present. Clearly, the
reduction of the noise has a positive impact on the reconstruction accuracy. The right
column of Fig. 4.8, corresponding to δm = 2.0, shows how the inaccuracy of the model
negatively influences the reconstruction. Both the choice of a good model and the quality
of the data are thus important for the reliable reconstruction of the maps by TRIPLET.

4.5 Discussion

Processing LTA-GE images by the singular value decomposition reveals important in-
sights in the physical properties of the MRI setup. Features as the B+

1 and B−

1 maps,
and the spatially varying SNR can be related to the singular vectors and singular values
of the LTA-GE image matrices. The main result of the SVD analysis is the derivation of
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Figure 4.7: The impact of noise on the SVD data for configurations (i) (head, left) and (ii)
(abdomen, right). Normally distributed noise is superimposed to the image matrices S according
to 4 magnitude values. The SVD is then computed for the perturbed matrices and the η maps
are constructed. The difference between the perturbed and unperturbed t fields is displayed.
Note the resemblance between the η maps and the error maps. The noise has the strongest
impact on the SVD of the abdomen configuration. Similar results are obtained for the w fields.

Figure 4.8: Stability of the TRIPLET algorithm with respect to model inaccuracy and noise
of LTA-GE images. Only the B+

1 maps are reported. The reconstructed fields and the corre-
sponding relative errors as a function of the two perturbations are reported. For comparison,
also the true virtual fields are shown.
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a link between LTA-GE images and the B+
1 and B−

1 fields. It is shown that the RF fields
are a spatially scaled version of the SVD fields. The respective scaling patterns, α and β,
are channel independent. This implies that the number of unknowns can be considerably
reduced, when focusing on the reconstruction of α and β instead of trying to map all
individual channels. The scaling parameters are obtained by linking the reconstructed
fields to the Maxwell equations, which is done by introducing multi-pole expansions for
those fields. This fact contributes to an ulterior, considerable reduction of unknowns.
The resulting method, which is called TRIPLET, is able to reconstruct the transmit and
receive RF field maps.
The whole SVD analysis holds for complex field maps, and TRIPLET can retrieve not
only the relative but also the absolute RF phase maps as it is shown in the tests per-
formed. Note that only phase variations which can be spanned by the Bessel/Fourier
model are reconstructed.
The overall measurement and computation time for the whole reconstruction process is
about 1 minute, which makes the method very appealing for practical applications. The
TRIPLET B+

1 maps can be an alternative to other B+
1 mapping techniques which could

suffer of lengthy scan-times and/or limited dynamic range. The TRIPLET B−

1 maps can
be implemented in the SENSE reconstruction algorithm to correct the images for the
inhomogeneous receive fields at high field strengths.
Through the SVD analysis of two different coil geometries, it is shown that the SVD
fields resemble, to a certain extent, the RF fields. Especially for the head volume coil,
this raises the question whether the SVD fields could be employed directly for shimming,
RF pulse design or SENSE/CLEAR reconstruction [65] instead of the RF field maps. For
the design of pTx RF pulses for local excitation and for shimming in the central region,
we expect that the SVD fields could be used as surrogates for the true B+

1 fields without
deteriorating the quality of the resulting excitation profile. On the other hand, when a
homogeneous tip angle over the whole FOV is desired, the true B+

1 fields are necessary
for the design of RF pulses or shimming settings.
For SENSE reconstruction in combination with CLEAR, the spatially varying receive
modulation in the image is corrected when the true sensitivity maps are employed. If
instead, the w fields are used for the SENSE/CLEAR reconstruction, some of the re-
ceive field modulation will still be present in the image. This remaining modulation is
nothing else than the β pattern introduced in this paper. The correction of the w fields
as suggested by this paper will provide strong benefit, potentially resulting in perfectly
homogeneous images with no receive field modulation.
TRIPLET can reconstruct B+

1 and B−

1 maps in the cases when the underlying model (in
this work a combined cylindrical and spherical Bessel/Fourier function basis) can accu-
rately describe the RF fields, and when the perturbation due to noise is small. This is
illustrated in Fig. 4.8 for δm ≤ 1.0 and for noise levels smaller or equal to 10%. In case
of large model inaccuracy or low SNR, the TRIPLET maps might be unreliable.
Efforts can be done to make TRIPLET more stable with respect to perturbations, by,
for instance, building a better multi-pole expansion, selecting better the data points on
the basis of the η parameter, or reducing the range of solution by imposing constraints
dictated by prior information on the α, β and/or expansion coefficients. Note that the
TRIPLET framework allows for different implementations of the single steps while main-
taining the same overall scheme.
Regarding the required number of basis functions in the model, this is extensively in-
vestigated in [79]. That work shows that the Bessel-Fourier model is able to compress
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the B+
1 maps from the high dimensional spatial domain (typically on the order of 105

voxels) into the low dimensional spherical functions domain (on the order of 10 expansion
coefficients). The compression potential of the Bessel-Fourier functions is then exploited
to reconstruct undersampled transmit field maps. In [79], the expansion coefficients are
derived from the available data and used to calculate the field maps in the intermediate
space. Positive results in terms of accuracy of the model and robustness of the recon-
structed maps in [79] confirm the validity of that method for three different coil array
configurations.
Acquiring images in the low tip angle regime with just one single transmit channel active
might result in low SNR in large areas of the FOV. As a consequence, the resulting data
might be unreliable. To overcome this problem, transmit channel combinations can be
employed, instead of single channel excitation. This can be achieved by transmitting
with all channels simultaneously, in an interferometric manner [9, 59]. Choosing N sets
of linear independent interferometric settings, the resulting transmit vector, b+

int, can be
represented as b+

int ≡ Rb+, where R is the N × N matrix whose columns are the N
shim weights combinations. The above described formalism can be easily adapted to the
obtained matrix, Sint : Sint = ρb+

intb
−T

= ρRb+b−T
= RS ⇒ S = R−1Sint and the SVD

can be performed for the resulting matrix S.
Note that, focusing on the transmit fields only, the |α| map could be acquired by a single
B+

1 map. The measured B+
1 map would be sufficient to correctly scale the magnitude of all

t fields. Denoting by B+
all the measured B+

1 when all transmit channels are transmitting,

we have: B+
all =

∣

∣

∣

∑N
i=1B

+
1,i

∣

∣

∣
=
∣

∣

∣

∑N
i=1 αti
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∣
= |α|
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∣

∣
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∣

∣
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and thus |α| = B+
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∣

∣

∣
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i=1 ti

∣
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∣
.

This simple approach could be used also with interferometric settings to achieve better
B+

1 coverage in the whole FOV. The advantage of such an approach would be a rather fast
B+

1 mapping without need of reconstructing algorithms. However, this is only possible
for the transmit field maps.
In case of non-linearity in the signal representation, for instance, in case of large tip an-
gle, Eq. 4.23 (appendix A) would no longer be valid and thus neither the SVD analysis.
Measured data has to fulfill the low tip angle condition.
The presented analysis is a generalized mathematical tool that can be applied to common
RF coil configurations such as multi-channel receiver arrays and a single transmit chan-
nel. In this latter case, the SVD is no longer necessary since the matrix S is a column
vector which, upon normalization, gives the vector w.
The study of SVD analysis could go more into depth in certain directions, for instance,
how the phase of the αβ product are explicitly related to the B0 offsets and chemical shift,
or whether an explicit link exists between the α and β scaling patterns and, respectively,
the t and w vectors. Future work could address these questions which, if answered, would
lead to a new, unified strategy for B+

1 , B
−

1 and B0 calibration by means of a single short
measurement.

4.6 Conclusion

In this paper, a SVD analysis of the datasets corresponding to LTA-GE images is illus-
trated. The data delivered by the SVD is directly related with the transmit and receive
RF fields by a unique, channel independent scaling pattern. The TRIPLET method re-
constructs the B+

1 and B−

1 maps by combining the information obtained from the SVD
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of the LTA-GE image matrices with a model that links the RF fields and the Maxwell
equations.
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4.8 Appendix A

Suppose a given coil has a spatial transmit and receive profile denoted by, respectively,
the complex values B+(~r) and B−(~r). For a low-tip-angle gradient-echo imaging scan,
the resultant image value, S(~r), is a spatially weighted version of the true anatomy, ρ,
that is:

S(~r) = B+(~r)B−(~r)ρ(~r). (4.22)

In the following, all quantities are assumed to be spatially dependent, thus the ~r depen-
dency is omitted for ease of notation.
In the case when B0 field inhomogeneities and/or chemical shift effects are present, the
image value ρ displays a phase, that is, ρ is a complex number.
For a parallel transmit and receive coil configuration, the same holds for the image ac-
quired with one of the M receive channels and one of the N transmit channels and Eq.
4.22 becomes

Si,j = B+
i B

−

j ρ. (4.23)

Here, B+
i denotes the B+

1 value of the i-th transmit channel with i = 1, . . . , N . Similarly,
B−

j denotes the B−

1 value of the j-th receive channel with j = 1, . . . ,M . Note that N is
not necessarily equal to M , and that the case N = 1 (single transmit channel) or M = 1
(single receive channel) are included in the model.
A short calibration scan can be performed to acquire a set of images, where each image
corresponds to a distinct transmit/receive combination. The obtained set of values can
be assembled into a matrix, S, such that

S ≡











B+
1 B

−

1 ρ B+
1 B

−

2 ρ . . . B+
1 B

−

Mρ
B+

2 B
−

1 ρ B+
2 B

−

2 ρ . . . B+
2 B

−

Mρ
...

...
. . .

...
B+

NB
−

1 ρ B+
NB

−

2 ρ . . . B+
NB

−

Mρ











. (4.24)

Or, in compact matrix-vector notation:

S = ρb+b−T
(4.25)

where b+ ≡ [B+
1 , B

+
2 , . . . , B

+
N ]

T and b− ≡ [B−

1 , B
−

2 , . . . , B
−

M ]T . Note that a matrix S is
assembled for each voxel in the FOV, that is, S is spatially dependent.
After LTA-GE image acquisition, only the entries of the matrix S are known. Brunner
et al [7] applied singular value decomposition (SVD)[51] to the matrix S with the goal
of obtaining optimal shimming combinations of the receive and transmit arrays. The
application of the SVD to the matrix S is described in the following paragraph.
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The SVD of S gives matrices U,Σ and V such that

S = UΣVH (4.26)

where U and V are, respectively, M ×M and N ×N orthogonal matrices and Σ a sparse
matrix whose only nonzero entries are denoted by σ1, . . . , σr and are placed on the main
diagonal of Σ in non ascending order, that is: σ1 ≥ σ2 ≥ · · · ≥ σr > 0. The columns of U
and V are called, respectively, the left and right singular vectors. The entries σ1, . . . , σr
are called the singular values. The rank of S is the number of nonzero singular values,
i.e. r.
In the ideal case that S is constructed as in Eq. 4.25, we have r = 1, that is, only one
singular value exists. As noted in Brunner at al [7], we have

S = tσ1w
H (4.27)

where t and w denote, respectively, the right and left singular vectors. t and w are
uniquely determined, up to a common complex phase factor exp(iφ). This is easily
shown by: S = exp(iφ)tσ1(exp(iφ)w)H = tσ1 exp(iφ) exp(−iφ)wH = S.
The spatially varying components of t and w describe complex valued fields, which will
be called SVD fields.

4.8.1 The connection between the SVD fields and the RF field
maps

An even narrower relationship can be derived between the singular vectors and the RF
field maps. From Eqns. 4.25 and 4.27 it follows that

ρb+b−T
= σ1tw

H (4.28)

Note that the SVD of S delivers unit length vectors t and w. This means that the two
singular vectors are nothing else than the normalized versions of b+ and b−, that is:

b+ = αt (4.29)

b− = βw (4.30)

where α and β are the corresponding normalization factors, that is:

(

N
∑

i=1

|B+
i |2
)1/2

= ‖b+‖ = ‖αt‖ = |α|‖t‖ = |α| (4.31)

(

M
∑

j=1

|B−

j |2
)1/2

= ‖b−‖ = ‖βw‖ = |β|‖w‖ = |β|. (4.32)

Note that the scaling parameters α and β are channel independent, that is: α = B+
i /ti

and β = B−

j /wj for each i and j.
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4.9 Appendix B

The solution to the problem defined in Eqns. 4.15 is given by the eigenvector correspond-
ing to the smallest eigenvalue of the matrix M defined as M ≡ [F − T]H [F − T].
Note that the model matrix F has dimensions Ns × P where Ns is the number of spatial
locations and P is the number of basis functions. It follows that the dimensions of F

are NsN × PN . The matrix T has dimensions NsN × Ns. For a typical image dataset,
Ns = O(100), P = O(10) and N = O(1), thus M has O(1000) × O(1000) dimensions.
The problem defined in Eqns. 4.15 can be solved efficiently with respect to computer
memory requirements and computations.
First, M, can be written out as

M =

[

FH

−TH

]

[F − T] =

[

FHF −FHT

−THF THT

]

(4.33)

The model matrix F can be made orthogonal by application of the QR decomposition
algorithm [51]. As a result, we have that FHF = I and, by construction, FHF = I.
Here and in the following, the notation I indicates the identity matrix whose dimensions
match the other matrices involved in the expression. By construction, it follows also that
THT = I. M can be efficiently stored, since most of its entries are zeros.
Once M is assembled, the eigenpair problem can be solved by the Jacobi-Davidson algo-
rithm [86], which is the method of choice for extremal eigenvalue/eigenvector pairs. The
algorithm is iterative and due to the sparse structure of M, it converges very quickly to
the smallest eigenvalue, without the need of computing the whole spectrum of the matrix,
which can save a considerable amount of time.
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Designing multidimensional RF pulses for clinical application must take into account
the local Specific Absorption Rate (SAR) since controlling the global SAR does not guar-
antee suppression of hot spots. The maximum peak SAR, averaged over an N grams
cube (local NgSAR), must be kept under certain safety limits. Computing the SAR
over a 3D domain can require several minutes, and implementing this computation in an
RF pulse design algorithm could slow down prohibitively the numerical process. In this
paper, a fast optimization algorithm is designed acting upon a limited number of control
points, which are strategically selected locations from the entire domain. The selection
is performed by comparing the largest eigenvalues and the corresponding eigenvectors
of the matrices which locally describe the tissue’s amount of heating. The computation
complexity is dramatically reduced. An additional critical step to accelerate the com-
putations is to apply a multi-shift Conjugate Gradients algorithm. Two transmit array
setups are studied: a 2 channels 3T birdcage body coil and a 12 channels 7T TEM head
coil. In comparison with minimum power RF pulses, it is shown that a reduction of
36.5% and 35%, respectively, in the local NgSAR can be achieved within short, clinically
feasible, computation times.
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5.1 Introduction

High field MRI faces problems with respect to B+
1 field inhomogeneity [42]. These prob-

lems can be addressed by using parallel transmit systems. In RF shimming, the interfer-
ence of the B+

1 fields of the individual channels is optimized for excitation homogeneity
[40, 99, 93, 37]. Parallel transmit systems employing spatially tailored RF pulses facil-
itate even more control of the local spin excitation within sufficiently short RF pulse
durations, and over a sufficient spectral range [46, 114, 29, 83]. Experimental demon-
strations of these techniques have been shown in recent years [112, 91, 18, 84]. Their
potential goes beyond the compensation for B+

1 inhomogeneity. Other applications in-
clude compensation for B0 distortions [18] and reduced field-of-view imaging by spatially
reduced excited region (inner volume excitation) [74, 81].
A major concern in spatially tailored parallel excitation (pTx) is the heating of the tissue
being scanned. Especially for highly accelerated RF pulses, the Specific Absorption Rate
(SAR) tends to increase rapidly and can easily exceed the SAR guidelines [109, 48, 82, 26].
On the other hand, when integrated in the RF pulse design, pTx offers additional degrees
of freedom to manipulate the SAR deposition for a given target excitation pattern [114].
In vivo local SAR guidelines are more likely to be exceeded than global SAR when using
pTx excitation. Zelinski et al. [109] show for 7T head imaging how intricate the local
SAR behavior can be for various target patterns and acceleration factors. In addition to
factors related to RF pulse design, the SAR is very much dependent on coil geometry
and the patient’s anatomy. Local SAR is difficult to predict and requires patient specific
electromagnetic modeling or measurement [26, 1, 16].
In this paper, we focus on the minimization of maximum peak NgSAR in the design of
pTx RF pulses. The electric field pattern of each channel and the patient’s conductiv-
ity distribution are supposed to be known. The RF pulse design becomes a challenging
optimization problem whose solution 1) must be a set of RF waveforms which fulfill the
accuracy criterion of the obtained excitation profile, 2) exhibit minimal local SAR and 3)
can be computed quickly, for clinical feasibility. Methods to optimize the RF pulse with
respect to the global SAR have been presented in the past [113, 45, 14, 101, 104] but min-
imizing the global SAR does not guarantee that the maximum peak NgSAR value (i.e.
the local SAR) is below the safety limit [96]. For this reason, local SAR minimization
methods are required. This optimization problem can be rewritten as a quadratically
constrained Least Squares problem [110]. However, the number of constraints is equal to
the number of voxels in the 3D spatial domain, which is typically in the order of 105. The
solution requires a long computation time, making the practical application impossible.
Brunner and Pruessmann [8] tackle the problem of multiple SAR constraints by a search
space reduction: the problem is projected into a smaller space and it is solved in that
smaller domain. Reducing the computation time allows implementation of multiple SAR
constraints for several regions of the body (3 in that specific case), but efficiency prob-
lems would arise when local SAR constraints are implemented in the method: the number
of constraints would equal the number of voxels, resulting in a (too) large optimization
problem.
In this paper, we present a solution for local SAR optimized RF pulse design based on
a spatial domain reduction approach [76]: we show that optimizing the pulse with re-
spect to the local SAR over a reduced number of strategically selected points from the
spatial domain gives sufficient local SAR control over the whole domain. To guarantee
validity and efficiency of this method, we propose a selection criterion for the control



64 Chapter 5

points based on an eigenvalues and eigenvectors analysis of the transmit array, which
was inspired by a method from RF hyperthermia [17]. It relies on the largest eigenvalues
and the corresponding eigenvectors of the matrices which contain information about the
electric fields and conductivity in a given voxel: in particular, the largest eigenvalue for
each spatial location indicates whether that point can potentially be a hot spot and the
corresponding eigenvector defines the RF waveforms set which causes the highest SAR.
In this way, the computation complexity is drastically reduced and we solve the design
problem as an iteratively reweighted Least Squares problem employing a multi-shift Con-
jugate Gradients algorithm (mCGLS [97]). The application of the multi-shift algorithm
is of fundamental importance, since it allows a fast solution of the regularized problem
without a priori knowledge of the optimal regularization coefficient [77]. The mCGLS
algorithm computes in a single run a set of solutions (each solution corresponds to a
different regularization parameter). The choice of the optimal regularization parameter
value, which is typically a major issue for RF pulse design [8], is thus efficiently solved.
Two transmit array setups are studied: a 2 channels 3T birdcage body coil and a 12 chan-
nels 7T TEM head coil. Simulations based on these setups show that this approach is
valid and that the local SAR can be reduced without making concessions to the accuracy
of the obtained magnetization profile.

5.2 Theory

In the small flip angle regime [62], the design of pTx RF pulses corresponds to solving
the linear system [29]:

m = Ax (5.1)

where

• x is the concatenation of RF pulses x1, x2, . . . , xP .

• P is the number of transmit coils

• m is the (discretized) desired magnetization on the spatial grid,

• A = [W1T W2T . . .WPT] is a concatenation of sensitivity encoding matrices

• W1, . . . , WP are diagonal matrices containing the spatial sensitivity weights of the
transmit coils

• T(m,n) = iγM0∆te
irm·kn, i.e. T is a Fourier encoding matrix

• ∆t is the sampling interval

• k is the discretized k-space trajectory given by kn ≡ −γ
∫ T

n∆t
G(s)ds

Denoting the number of spatial-grid points by Ns and the number of time sample points
per channel by Nt we derive that A is a Ns ×NtP matrix.
Note that the B0 inhomogeneities are not taken into account in this model. In our
treatment we will focus only on B+

1 (transmit sensitivity profiles) distortion effects: in-
cluding an off-resonance term in the above model does not modify the solving strategy
[46, 114, 29].
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The problem (5.1) is ill-conditioned: finding the solution x requires regularization (by a
Tikhonov term [29, 45]) and the system has to be solved in a least squares sense, i.e., find

argmin
x

(

‖Ax−m‖2 + λ‖x‖2
)

(5.2)

(here and for the rest of the paper, if not otherwise indicated, we intend the Euclidean,
ℓ2-norm).
The real positive value λ acts as a penalty on the solution norm: the larger the value of
λ, the smaller the solution norm will be. For large values, the inversion of matrix A is
more stable, but at the cost of a greater inaccuracy in the resulting solution. An optimal
trade off value for λ is usually not known a priori. A typical approach to determine it is
to fix a set of values for λ and to compute all solutions corresponding to each parameter.
Then, by plotting the so called L-curve, an appropriate value for λ (and hence optimal
solution) can be determined [35].
The solutions of this problem can be quickly found when a multi-shift Conjugate Gradient
algorithm (mCGLS, [97]) is employed: mCGLS computes simultaneously all solutions in
a single run, achieving high acceleration factors in comparison to standard CGLS [77].
This fact allows us to cast the problem as an unconstrained minimum norm problem
since the Lagrange multiplier can be found by applying mCGLS to a (large) set of shifts,
without slowing down the computation which is a major concern in RF pulse design [8].

5.2.1 N gram SAR optimization by spatial domain reduction
and iteratively reweighted Least Squares

The regularization term in (5.2) limits the power of the computed RF waveforms and it
has thus a beneficial effect on the global SAR [29, 109, 45]. The SAR per voxel ~r relative
to the RF pulse x is defined as [109]:

SAR(x, ~r) ≡ σ(~r)

2TRρ(~r)
∆t

Nt−1
∑

n=0

‖ ~E(x, ~r, n∆t)‖2 (5.3)

where

• ~E(x, ~r, t) ≡
∑P

p=1 xp(t)
~Ep(~r) i.e. the vector sum of the coils’ electric fields ~E1, ~E2, . . . , ~Ep

weighted by the respective RF waveforms x1, x2, . . . , xp

• σ is the electric conductivity

• ρ is the tissue density

• TR is the repetition time.

Having control over the global SAR does not suffice for clinical applications, since local
hot spots with a high SAR value (much higher than the safety limit) could appear in
some region of the body. The designed RF waveforms should be optimized with respect
to max~rNgSAR(x, ~r) where the NgSAR denotes SAR averaged over a N grams cube
centered at ~r (typically N = 1 or N = 10).
Implementing an algorithm for local SAR optimized RF design over the whole spatial
domain is very expensive in terms of computation time for on line applications and
computing the SAR repeatedly during the optimization procedure becomes impractical.
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Here we present a solution to the local SAR optimized RF pulse design following a spatial
domain reduction approach: the assumption is that, acting upon a restricted number of
strategically selected points (control points) from the whole spatial domain, and ensuring
a low maximum SAR over that small set, the maximum peak SAR is globally reduced and
no other hot spots appear. We can expect that, given a coil distribution and anatomy,
certain voxels exhibit similar SAR properties and thus they can be represented by a single
voxel (a control point). Limiting the SAR of the control point, automatically limits the
SAR for all members of the corresponding group. The selection of the control points is
described in the next section.
A small set of control points is selected and the RF pulse is optimized with respect to
the SAR in those points reducing drastically the computation complexity of the problem.
This can be now rewritten as an iteratively reweighted Least Squares problem:

argmin
x

(

‖Ax−m‖2 + λ‖x‖2 + η
∑

j

αj‖Sjx‖2
)

(5.4)

where Sj are sparse matrices such that ‖Sjx‖2 is the NgSAR for the j-th control point,
η is a positive real regularization parameter and αj ≡ f(‖Sjx‖) are weights regularly
updated in the iteration steps of the algorithm. The construction and the structure of
the matrix Sj is given in the appendix. Note that both regularizations on the RF power
and on the local SAR are needed: regularizing only with respect to the local SAR does
not guarantee that the condition number of the encoding matrix A decreases.

5.3 Methods

Problem (5.4) can be solved efficiently by the mCGLS algorithm fixing a value for η and
solving it in a single run of mCGLS for all λ. The excellent performance of mCGLS in
terms of speed is thus exploited to quickly solve the local SAR optimization problem.

The role of the iteratively updated weights αj from Eq. (5.4) is to homogenize the
SAR distribution of the control points. The function f has then to be chosen such that
f(‖Sjx‖) attains large values for large ‖Sjx‖ and vice-versa. In other words, we wish
that the function f acts as a filter, relaxing the constraint when ‖Sjx‖/‖S1x‖ < 1 and
hardening it when ‖Sjx‖/‖S1x‖ > 1 (the NgSAR values are normalized with respect
to the NgSAR value of the first control point). From several simulations, the choice
f(‖Sjx‖) = (‖Sjx‖/‖S1x‖)8 appears to be appropriate for this scope.
To save computation time, the weights α are updated every 4th step of the mCGLS
algorithm. The validity of this method does not depend on the choice of N : in this work,
the case N = 1 (i.e. 1-gram SAR) was investigated.

5.3.1 Optimal choice of control points

The choice of the control points is of crucial importance. A control point is selected when
two criteria are met, namely:

1. being a potential hot spot, i.e. exhibiting large SAR values

2. representing all voxels in the corresponding group in such a way that constraining
the SAR on it, constrains the SAR over the other members
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The control points must be chosen before solving problem (5.4), thus a selection criterion
is sought that is independent from any applied RF pulse. The approach followed for a
good selection criterion relies on the maximization of quadratic forms.
In the appendix, the following expression is derived: NgSAR(~rj)=‖Sjx‖2 which is a
quadratic form. For every square matrix Sj the following holds:

max{‖Sjx‖2 : ‖x‖2 = 1} = ξ1(Sj
HSj) (5.5)

where ξ1(Sj
HSj) denotes the largest eigenvalue of the matrix Sj

HSj (the alternative no-
tation ξ1(~rj) will also be used). This implies that the largest eigenvalue of Sj

HSj is the
maximum value that the NgSAR can attain in the voxel ~rj . Note that if the RF wave-
forms are not normalized, i.e. the RF power is ‖x‖2 = Π 6= 1, then Eq. (5.5) has to be
scaled to

max{‖Sjx‖2 : ‖x‖2 = Π} = Π · ξmax(Sj
HSj). (5.6)

From Eq. (5.5) it can be concluded that ξ1(~rj) gives the worst case local SAR value, in
other words: NgSAR(~rj) ≤ ξ1(~rj) for all ~rj. The inequality is tight, that is, the maxi-
mum value is attained in case that x = q1 and q1 denotes the (normalized) eigenvector
corresponding to the eigenvalue ξ1. q1 corresponds to the RF waveforms set which results
in the highest SAR. Note that ξ1 gives the real upper bound of the SAR, in contrast to
the SAR calculated through the sum of magnitudes of E-fields.
These facts can be exploited to investigate which voxels will potentially exhibit high SAR
values: after calculating ξ1 for each voxel, a ξ1-map over the whole 3D domain is obtained
(a convenient way to compute ξ1 is reported in the appendix). The potential hot spots
correspond to the voxels with largest ξ1 value. In this way, we are able to predict a priori

the worst case SAR distribution in the body (given a coil distribution and anatomy) and
to detect in advance which points will possibly attain high NgSAR values.
The potential hot spots can still be too many for an efficient choice of control points.
To avoid that hot spots with the same SAR behavior are taken into account (i.e. re-
dundancy), we perform a clustering procedure based on the similarity of the eigenvector.
Suppose the normalized eigenvectors corresponding to two voxels A and B are denoted
by q1,A and q1,B, respectively. If q1,A

Hq1,B > 0.9, they are assigned to the same group.
Physically, this means that a similar RF waveforms set leads to maximum (time inte-
grated) interference of the electric fields over the RF pulse for both voxels A and B. This
finds its origin in a similar complex relation among the channel’s electric fields. Intu-
itively, a higher correlation threshold leads to more groups. The effect is an increased
peak SAR control at the cost of longer computation times. The dependence of the peak
SAR on this threshold value is reported in Table 5.3.
The selecting procedure is outlined below:

1. Construct the 1gSAR matrices S for each voxel and compute the respective ξ1 and
q1

2. (a) Select the voxel with the largest ξ1 value. This will be a new control point.
Denote its largest eigenvalue and corresponding eigenvector by ξ̃1 and q̃1

(b) Group all voxels whose q1 strongly correlates with q̃1, that is q1
Hq̃1 > 0.9 .

Exclude these voxels from the next control point selections

(c) If no more voxels are left: terminate. Otherwise: go back to 2(a).
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5.3.2 Overall scheme

The overall structure of the local 1gSAR optimized RF pulse design is the following:

1. Choose a desired magnetization profile. Set the required tolerance, emax, the reg-
ularization parameters set Λ ≡ {λ1, λ2, . . . } and the penalty weight on the SAR
term, η.

2. Build up the control points set following the procedure described at the end of
section 5.3.1.

3. Solve problem (5.4) by mCGLS

4. Compute max 1gSAR over the control points and choose the solution (xopt) for
which e ≤ emax and with the lowest peak SAR.

5. (Check) Compute 1gSAR(xopt).

The relative excitation error, e, is defined by e ≡ ‖|msim| − |mdes|‖∞/‖mdes‖∞ where
msim and mdes are the desired and the simulated magnetization profiles, respectively.
msim was obtained from a Bloch Equation simulator, which is available on line1. By
‖a‖∞ it is meant the maximum of |ak|, for any n-dimensional vector a ≡ (a1, . . . , an)

T.
The supremum norm quantifies the maximum deviation from the desired magnetization.
In this way we focus on the local behavior of the error. The RMSE for the simulated
magnetizations was also calculated.
Note that a full domain SAR computation is not needed (the computation in step 5 is
optional and it is requested to check the validity of our method). The computations in
this work were carried out with MATLAB 7.4.0 on an Intel Core 2 Duo processor E8400
3.00 GHz.

5.3.3 Simulations

The performance of this method was investigated for a 2D selective excitation profile in
two different setups.
The first simulation employed a FDTD model of a 2 channel 3 Tesla body coil with a
diameter of 60 cm. We made use of the Ella model from the virtual family [12]. The
FDTD method was employed to calculate the magnetic and electric field distribution over
a 90.5× 90.5× 100.5 cm3 domain with an isotropic resolution of 5mm [92].
The second simulation employed a FDTD model of a 12 channel 7 Tesla head coil, loaded
with the Hugo model. The electric and magnetic fields were calculated over a 3D grid
with isotropic resolution of 2.5 mm. See Fig. 5.1 for a picture of the two simulation setups.

The desired excitation profile was in both cases a central disk with uniform flip angle
and smoothed contour. In Fig. 5.2a and Fig. 5.3a the desired magnetization profiles for
the two cases are displayed. The details of geometry, flip angle, and other parameters are
reported in Table 5.1.

1http://mrsrl.stanford.edu/∼brian/blochsim
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Figure 5.1: The 2 simulation setups. a: 2 channels 3T birdcage body coil with the Ella model.
b: 12 channels 7T TEM head coil with the Hugo model.
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Figure 5.2: Abdomen simulation at 3T. a: y component of the desired magnetization profile.
b: Simulated magnetization obtained with the global SAR optimized RF (solution of step 1a).
c: Simulated magnetization obtained with the local 1gSAR optimized solution. The RMSE for
the simulated profiles is also reported.

Minimum power solution and comparison between SAR distribution and ξ1-
map

For the validation and performance comparison of our method, we also solved problem
(5.2), i.e. find a solution x̂ which is optimized with respect to the RF power but not to
local 1gSAR. The steps are:

• Solve problem (5.2) by mCGLS algorithm.

• Run a Bloch Equation Simulator and calculate the relative excitation error obtained
for each numerical solution.
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Figure 5.3: Head simulation at 7T. a: y component of the desired magnetization profile. b:
Simulated magnetization obtained with the global SAR optimized RF (solution of step 1a). c:
Simulated magnetization obtained with the local 1gSAR optimized solution. The RMSE for
the simulated profiles is also reported.

• Choose the solution x̂ for which the error is smaller then emax and with minimum
norm

• (Check) Compute 1gSAR(x̂) over the whole 3D domain

Computing the minimum power waveform is a pure benchmarking procedure. We will
refer to it as step 1a with respect to the previous list.

5.4 Results

5.4.1 Abdomen simulation at 3 Tesla

We describe step by step the procedure (see also the section Methods) for the 3T, 2
channel, abdomen simulation.
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Table 5.1: Set up data for the two simulations.

Spatial domain: Abdomen Head

Field strength 3 T 7 T
Transmit Channels 2 (body coil) 12 (head coil)
Flip angle [deg] 40 15
Voxels in full 3D spatial domain 5.7 · 105 7.1 · 105
Resolution 53 mm 2.53 mm
FWHM magnetization profile 10 cm 6 cm
k-space trajectory spiral, no us.∗ spiral 3-fold radial us.
pulse length 4.96 msec. 2 msec.
Duty cycle 20 % 20 %

∗us. = undersampling

Step 1 We set emax = 0.15 and we chose for a large range of values for λ:

Λ = {10−4, 10−3.875, 10−3.750 . . . , 101.875, 102}

that is, 49 values. Given the nature of the multi-shift algorithm mCGLS, this choice does
not result in a slow down of the computations in step 3 but allows good accuracy in the
choice of the optimal Tikhonov parameter. Empirically, the value η = 0.06 was found to
be a good choice for the penalty on the SAR term. The desired magnetization profile is
illustrated in the previous section. The FOV was discretized into a 43×43 voxels grid.
Each RF waveform consisted of 775 sample points.
Step 1a (Benchmarking) Running mCGLS for solving problem (5.2) took 4.5 seconds.
The output was a set of 49 numerical solutions, each for a different value of λ. A Bloch
simulator was run for each solution, resulting in 49 simulated magnetization profiles. The
corresponding relative excitation error was then computed. A graph of the error vs. the
regularization parameter is displayed in Fig. 5.4. Large values of λ correspond to solu-
tions with small norm.
From Fig. 5.4 it is possible to select the optimal solution (indicated by the arrow),
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Figure 5.4: Relative excitation error from Bloch Simulator as function of λ for the first
solution, x̂.

that is, a solution for which the relative error is smaller than 0.15(= 10−0.824) and with
maximal regularization parameter (that is, with smallest norm). The solution found,
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denoted by x̂, corresponded to a relative error of 0.145(= 10−0.839) and a regularization
parameter λ = 10. Figure 5.2b displays the obtained magnetization profile.
The computation of 1gSAR over the whole 3D domain took in this case about 2 minutes.
The resulting maximum and average 1gSAR are 15.3 [W/kg] and 0.653 [W/kg], respec-
tively. See Fig. 5.5c for the 1gSAR distribution of x̂ for three transverse slices.
Step 2 The ξ1-map relative to the same transverse slices is plotted in Fig. 5.5b. The

Figure 5.5: The ξ1-map and the 1gSAR distributions for three transverse slices of the abdomen
simulation. The subdivision into groups is also displayed. a: Groups. b: ξ1-maps. c: 1gSAR
for the minimum norm solution x̂ (step 1a). d: 1gSAR for the local SAR optimized solution.
The ξ1-map is multiplied by the factor ‖x̂‖2.

values are multiplied by the factor ‖x̂‖2 (see Eq. (5.6)) to compare quantitatively the
worst case scenario with the SAR distribution of x̂. Indeed the (scaled) eigenvalue map
gives a larger estimate (in fact, a maximum) of the SAR distribution for RF waveforms
with power ‖x̂‖2. Note the strong correlation between the global SAR optimized distribu-
tion and the eigenvalue map. However, there are some regions in the body, in particular
the left arm, where the eigenvalue map attains higher values in comparison with the SAR
distribution of x̂. Using the procedure described in section 5.3.1, 12 control points were
selected. The corresponding groups of voxels are displayed in Fig. 5.5a.
Step 3 The minimum local SAR problem (Eq. (5.4)) was also solved by mCGLS and
the computation time was 19.3 seconds: of course, larger than the previous run, since
the problem is more extended, requiring evaluation of the matrix-vector products in the
SAR penalty term of (5.4). Figure (5.6) shows a graph of the weighting coefficients αj as
function of the iteration step. Note that the coefficients undergo major changes during
the first iterations. The final values for αj ’s are distributed in a narrower range than the
initial values: a consequence of the homogenized 1gSAR distribution achieved over the
control points.
Step 4 To choose the optimal solution, the Bloch simulator was run again. Con-

sequently, the relative excitation error and the maximum value of 1gSAR over the 12
control points for each solution were computed. In Fig. 5.7 the maximum local SAR
values vs. the regularization coefficient are plotted. For λ > 100.75 there are no solutions
fulfilling the excitation fidelity requirement, that is: e < emax, and thus they are not
reported in the graph. This explains the “empty”right side of the graph. The optimal
choice (whose local SAR value is minimized) is indicated by the arrow and corresponds
to a relative error of 0.131 . See Fig. 5.2c for a plot of the obtained magnetization profile.
Step 5 A whole domain 1gSAR computation revealed a maximum and average 1gSAR
values of 9.72 [W/kg] and 0.609 [W/kg] respectively: a 36.5% reduction in the maximum



Fast Design of Local N-gram-SAR optimized RF pulses 73

Figure 5.6: The development of the weighting coefficients during the iterative algorithm. Here
αj for j = 1, . . . , 12 are plotted for the first 160 iterations. Note that the coefficients eventually
converge to a narrower range of values.
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Figure 5.7: max 1gSAR over the control points as function of λ for the SAR-optimized solution

value with respect to the previously found solution x̂, that is, the minimum power RF. In
Fig. 5.5d the 1gSAR distribution of the optimized RF is plotted: note how the optimized
SAR distribution is much more homogeneous than the previously obtained distribution.
Moreover, the hot spots from the SAR distribution of x̂ are removed.
The total computation time for our single processor Matlab environment is in the order
of minutes, confirming the clinical feasibility of this approach.

5.4.2 Head simulation at 7 Tesla

For the head simulation at 7 Tesla, we proceeded in the same way as described above
except for a small difference. The number of control points was in this case much higher:
272. This is a consequence of the larger number of transmit channels employed, resulting
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in a higher dimensional problem (the dimensions of the SAR matrices are 12×12 instead
of 2 × 2) and thus in a more heterogeneous SAR behavior and in more diversity among
the eigenvectors. The algorithm takes thus much longer time (about 35 minutes) to
compute the 1gSAR optimized solution. To further reduce the computation complexity,
we performed an additional domain reduction, taking only the control points with the
highest eigenvalues as they represent the locations with potentially the most intense
heating. Figure 5.8 shows the eigenvalues for each control point. The selection was done
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Figure 5.8: The eigenvalues of the control points. The colored region denotes the half of the
total area.

by weighting the control points with the respective eigenvalue. This is equivalent to
considering the area of the graph in Fig. 5.8: control points from 1 to np are taken such
that

partial area =

np
∑

k=1

ξ1,k =
1

2

272
∑

k=1

ξ1,k =
1

2
total area.

The np control points represent the highest 1 gram SAR peak and the other ones can be
discarded. It was found that np = 36. The results from this simulation are summarized
in Table 5.2. Note the difference between the optimal λ for the local SAR optimized
solutions: λ = 1 and λ = 23.71 for the abdomen and head simulations respectively.
The obtained magnetization for the two solutions (minimum power and 1gSAR opti-

mized) are displayed in Fig. 5.3b and Fig. 5.3c, respectively. The SAR distributions and
ξ1-maps relative to three transverse slices are plotted in Fig. 5.9. In this case, the maxi-
mum 1gSAR reduction with respect to the minimum power pulse is 35% and, again, the
SAR distribution is much more homogeneous. Note that, as in the previous case, some
discrepancies between the eigenvalue maps and the global SAR optimized distribution
appear, especially in the occipital region.

5.5 Discussion

The method described allows a drastic reduction in the computation burden when local
N -gram SAR optimized RF pulses have to be designed. Reducing the whole 3D domain
to a few control points is an idea dictated by a mathematical argument, i.e. the compari-
son between largest eigenvalues of the SAR matrices and the corresponding eigenvectors.
This approach gives positive results in the two examples we studied. The two main
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Table 5.2: Results from the two simulations. Values between parentheses refer to the results
obtained taking into account all 272 control points for the head simulation.

Simulation: Abdomen (3T, 2ch) Head (7T, 12ch)

Minimum power solution, x̂
Comp. time for non opt. solution 4.5 s 6.1 s
optimal λ 10 42.17
Rel. excitation error from Bloch sim. 0.145 0.128
RMSE [deg] 0.50 1.63
maximum local 1gSAR [W/kg] 15.3 10.9
global SAR [W/kg] 0.653 1.38
Comp. time for SAR over full domain 2 min. 7 min.
Local 1gSAR optimized solution
number of control points 12 36 (total: 272)
Comp. time for SAR opt. algorithm (step 3) 19.3 s 67.4 s (2076 s)
optimal λ 1 23.71
Penalty on SAR term η 0.06 0.1
Rel. excitation error from Bloch sim. 0.131 0.125 (0.128)
RMSE [deg] 0.45 1.50
maximum local 1gSAR [W/kg] 9.72 7.12 (6.98)
global SAR [W/kg] 0.609 1.67 (1.65)
max 1gSAR reduction 36.5% 35 % (36%)

Figure 5.9: The ξ1-map and the 1gSAR distributions for three transverse slices of the head
simulation. The subdivision into groups is also displayed. a: Groups. The blue points are not
used for local SAR control. b: ξ1-maps. c: 1gSAR for the minimum norm solution x̂ (step 1a).
d: 1gSAR for the local SAR optimized solution. The ξ1-map is multiplied by the factor ‖x̂‖2.

outcomes are a more homogeneous SAR distribution and a lowered maximum, without
making concessions to the quality of the magnetization profile and reducing dramatically
the computation complexity. The local SAR reductions obtained in comparison to mini-
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mum power RF pulses were of 36.5% and 35% respectively, while the computation time
was in the order of minutes, making the online computations feasible.
The choice of the control points is of fundamental importance for this approach. The
eigenvalues and the eigenvectors of the SAR matrices are powerful tools for this purpose
and we have seen the strong similarity between the eigenvalue maps and the SAR distri-
butions for an RF waveform resulting from the minimum power optimization (Fig. 5.5
and 5.9). The few discrepancies between the two graphs reveal the benefit of our selection
method: the eigenvalue approach detects all potential hot spots, independently from the
RF applied and it is a more reliable criterion than, for instance, selecting the control
points from the SAR distribution obtained with a particular RF pulse.
Note that in this paper we focused on the eigenvalues and eigenvectors as a mean of
assessing quickly the potentially maximum SAR. This analysis indicates whether similar
local SAR behavior for different voxels can be expected: in Eq. (5.5) it was shown that
when the RF waveform is exactly the eigenvector q1, then the local SAR is maximized.
This criterion opens the way to group voxels with similar SAR behavior, reducing con-
siderably the number of constraints to the much smaller number of groups. Such an
approach was already presented for RF hyperthermia array by Das et al. [17]. Recently,
a variant of that approach has been applied to MR transmit arrays [24]. It was shown
(see Table 5.3) that the correlation between eigenvectors is fundamental for local SAR
control: increasing the threshold value, a lower peak SAR is achieved but at the cost of
longer computation times.
Figures 5.5 and 5.9 show two fundamentally different partitionings of the voxels, a fact

Table 5.3: Performance comparison for different correlation thresholds. Head simulation (7T,
12 ch).

Threshold value # groups Comp. time max 1gSAR [W/kg]

0.95 735 10597 s 6.66
0.90 272 2076 s 6.98
0.85 148 882 s 7.04
0.80 93 437 s 7.30
0.75 70 231 s 7.43

that can be attributed to the type of transmit system employed (see Fig. 5.1). The
12 elements of the TEM head coil are distributed close to the surface of the head, in
a regular, azimuthal fashion: the corresponding clustering follows an azimuthal pattern
with higher intensities (eigenvalues) close to the surface. In the center of the head the
magnitude of the electric fields is smaller and the interference of the fields is much higher,
resulting in a less regular pattern. In the 2 channel birdcage body coil, the transmit coils
are inter-located and are placed further away from the body: the clustering has a more
global character, and the first group contains the largest part of the voxels. The resulting
groups pattern is thus strongly related to the geometry of the transmitting elements.
The eigenvalues and eigenvectors are an intrinsic characteristic of the RF transmit array
and they are independent from the RF waveforms applied. They describe the potential
hot spots given a certain coil distribution and anatomy, hence need to be computed just
once. Once calculated, this information can be used for any desired magnetization profile,
accelerating the design process in case that several magnetization patterns are requested.
In the present work we focused on the 1gSAR case. This is a more challenging problem
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than the 10gSAR case, since the former exhibits a more local behavior than the latter and
it is thus more difficult to get control over it. We expect that the number of control points
should decrease (due to the smoothed 10gSAR profile), resulting in a smaller number of
control points needed for the optimization procedure and thus in faster computations.
Although other optimization algorithms to solve the design problem could be employed,
we decided to cast the problem in an iteratively reweighted Least Squares form to exploit
the full potential of the mCGLS algorithm. The fact that mCGLS allows computation of
the solutions corresponding to several λ values almost simultaneously is a major benefit.
As it appears from the simulations, the optimal λ values for the two settings differ con-
siderably. The application of mCGLS tackles the problem of dealing with a potentially
large range of regularization parameters, since a large set of shifts can be chosen without
slowing down the computations (and thus keeping the total time within feasible limits
for practical applications).
While the choice of an optimal λ is straightforward, that of η is problem dependent
(optimal values were empirically found to be different between the two transmit array
setups). The factors that dominate optimal η have yet to be investigated. To circumvent
this problem, the mCGLS algorithm could iteratively be applied to determine the opti-
mal value. This step could be easily implemented in a parallel computing environment
where each processor solves the problem for a different value of η. Also the choice of the
iteratively updated weights (αj) could be subject of further investigation. The choices
we made for αj should not be considered as optimal but rather as one of the possible
alternatives.
Following a different approach, instead of dealing with the weights η and α, the mini-
mization problem could be cast in the form of a semidefinite program (SDP) with SAR
constraints, analogously to Brunner and Pruessmann [8]: the computation time can then
be reduced by combining the strategy outlined there (i.e. a reduced search space obtained
by a Lanczos bidiagonalization) and the strategy outlined in this paper (i.e. a reduced
spatial domain).
The control points approach is not restricted to small flip angle pulses design: it can be
adopted also in case of large flip angles design, allowing an important computation time
reduction for that more complex problem. In particular, optimal control techniques are
being applied to design RF pulses under (global) SAR constraints [104]. Those techniques
require extensive calculations, making it impractical to deal with local SAR constraints.
The domain reduction discussed in this paper could therefore open the way to local SAR
optimization in the field of optimal control RF pulse design. Going even further, since the
SAR is strongly dependent on the k-space trajectory (a concept at the basis of VERSE
[14]), design of local SAR optimized gradients trajectories could be implemented in a
more general RF design process, to achieve higher reduction factors in the local SAR.
Given the complexity of the problem, the spatial domain reduction becomes even more
necessary.
Another field of application could be the combination of this work and the so called
“hot spots suppression by temporal averaging” [27] by making a different choice for the
weights αj (i.e. relaxing the penalty on the local SAR relative to a given control point)
and thus achieving distinct SAR distributions over the control points which are suitable
to be leveled out by time averaging.
The optimization problem we solved is just a part of the overall computation routine re-
quested by pTx RF pulse design: before solving problem (5.4), the B+

1 maps, E-fields and
σ-maps must be acquired or computed. For clinical application, the total time needed
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for electro-magnetic fields maps and the RF pulse computation should be in the order
of some minutes: we have shown that our method contributes to the acceleration of the
overall procedure towards this goal.

5.6 Conclusions

In this paper we showed that control over the local SAR can be achieved by selecting
intelligently a limited number of control points from the whole 3D domain. Designing an
optimization algorithm that acts only upon the control points reduces dramatically the
computation complexity and hence the pulse design time. The choice of the control points
can be done efficiently and independently from the applied RF pulse by considering the
largest eigenvalue and corresponding eigenvector of the SAR operators. The application
of the multi-shift CGLS algorithm contributes to an additional acceleration of the design
process. The overall reduction in time allows for online pTx RF pulse design with local
SAR constraints. For the two demonstrated setups, local SAR reduction of 36.5% and
35%, respectively, were achieved compared to minimum power RF pulses.
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5.8 Appendix: construction of the local SAR matrix

Sj

We illustrate how to construct the matrix Sj such that ‖Sjx‖2 =N gSAR(x, ~rj). The
method is based on the formulation of Zhu [114].
Starting from the definition of the SAR per voxel given in Eq. (5.3), the NgSAR is
evaluated by averaging the SAR over a N gram cube centered at ~rj, i.e.:

NgSAR(x, ~rj) ≡ 1

NK

∑

k∈K

σ(~rk)

2TRρ(~rk)
∆t ×

Nt−1
∑

n=0

‖ ~E(x, ~rk, n∆t)‖2

where K is an index set (a cube centered at ~rj) such that
∑

k ρ(~rk) = Ngram and NK is
the number of elements of K.
To simplify the notation, set wk ≡ σ(~rk)∆t(2TRNKρ(~rk))

−1. It follows that

NgSAR(x, ~rj) =
∑

k∈K

Nt−1
∑

n=0

wk‖ ~E(x, ~rk, n∆t)‖2.
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We set

Ek ≡





E1,x(~rk) E2,x(~rk) . . . EP,x(~rk)
E1,y(~rk) E2,y(~rk) . . . EP,y(~rk)
E1,z(~rk) E2,z(~rk) . . . EP,z(~rk)





that is, the matrix with the electric fields component of all transmit coils at the point ~rj .
We can construct a block diagonal matrix Qk with Nt equal block elements:

Qk ≡ wk











EH
k Ek 0 . . . 0
0 EH

k Ek . . . 0
...

...
. . .

...
0 0 . . . EH

k Ek











It follows that
Nt−1
∑

n=0

wk‖ ~E(x, ~rk, n∆t)‖2 = xHZHQkZx

where Z is a permutation matrix (in each row there is one and only one non zero entry
equal to 1) that reorders the elements of x in the following way:

Zx = [x1,1, x2,1, . . . , xP,1, x1,2, x2,2, . . . , xP,2, . . . , x1,Nt
, . . . , xP,Nt

]T

where xp,n denotes the entry of x relative to the p-th RF waveform at the time n∆t.
Finally we have

NgSAR(x, ~rj) =
∑

k∈K

xHZHQkZx = xHZH
∑

k∈K

QkZx

= x̃HQjx̃

with x̃ ≡ Zx and Qj ≡
∑

k∈K Qk.
Qj is a symmetric positive definite matrix (it is a sum of symmetric positive definite
matrices), thus it can be decomposed by Cholesky factorization into the form Qj = FH

j Fj

where Fj is upper triangular. In conclusion:

NgSAR(x, ~rj) = ‖Fjx̃‖2 = ‖FjZx‖2 = ‖Sjx‖2

with Sj ≡ FjZ.

Note that the matrices Fj and Sj share the same eigenvalues (the two matrices differ by
a permutation), and Fj has a block diagonal form with equal diagonal elements Uj which
are P × P matrices. These small matrices contain all information regarding the electric
fields ~E1, ~E2 . . . ~EP , the conductivity and the density at the point ~rj. The eigenvalue
computation of Sj

HSj can be carried out quicker if applied to the much smaller matrix
Uj

HUj: we use this fact to evaluate the largest eigenvalue map requested for the selection
of the control points (see section 5.3.1).
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Summary and General Discussion

6.1 Summary

The Bloch equation describes the MR excitation process in terms of classical mechanics.
A closed form solution in case of small tip angle (STA) excitation can be derived and
exploited for RF pulse design. After discretization, the resulting linear system has to be
solved to find the RF pulse which, simultaneously with the prescribed gradient waveform,
excites the magnetic spins in the desired way. The same STA formalism has been ex-
tended to the case of parallel excitation, when several RF coils simultaneously transmit
independent RF fields modulated in time by the designed waveform functions. In this
work, an efficient numerical solution of the STA equation for the transmit SENSE pulse
design has been presented.
Particularly at high field strengths, the coil’s transmit sensitivities are not homogeneous,
and knowledge of each individual transmit profile is needed to obtain accurate magnetiza-
tion profiles and/or shorten the RF pulse length by undersampling the k-space. Transmit
RF coil sensitivity maps are thus needed for the RF design process as the receive RF coil
sensitivity maps are needed for parallel imaging techniques. The way to acquire these two
kind of maps has been, up to this moment, performed with two distinct measurements.
In this work, a unifying approach for fast and simultaneous mapping of transmit and
receive fields is introduced.
Finally, not only the global but also the local power deposition in the tissue can be
controlled in the design process by extending the model equation to include terms which
correspond to local SAR. The extended model requires lengthy computations to be solved.
The final part of this thesis is dedicated to the fast solution of this problem.
The outlined points have prevented so far the implementation of the transmit SENSE
RF pulse design process into clinical application. This thesis addresses these issues and
indicates solution strategies which could pave the way to clinical implementation. A short
summary of the methods and results follows.

6.1.1 Efficient regularization techniques

The matrix that describes the STA Bloch equation is typically ill-conditioned. Tikhonov
regularization is therefore needed to avoid ‘bad’ solutions, that is, solutions that suffer
from the amplification of small perturbations, and thus are not true solutions of the
underlying physical model. The Tikhonov regularization is easily obtained by applying
a penalty on a quadratic norm of the solution, typically the Euclidean norm, that is, the
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total power:
argmin

x

(

‖Ax−m‖22 + λ‖x‖22
)

(6.1)

The optimal value of λ is not known a priori and ideally, the equation should be solved
for several values of λ and, upon construction of the trade-off curve (the L-curve) the
optimal solution can be assessed. Application of the multi-shift CGLS algorithm allows
simultaneous solution of Eq. 6.1 for all the parameters. In chapter 2, it is shown that
the time acceleration factor with respect to conventional sequential solution techniques of
the system is approximately linear in the number of regularization coefficients required.
This means that the more coefficients, the higher the efficiency obtained. For a typical
number of coefficients, a reduction factor of 10 is shown to be achieved. This acceleration
in computation time can be exploited to build in other regularization terms like for
instance the norm of the second derivative operator, which has the effect of smoothing
the RF profile.

6.1.2 Robust mapping of transmit fields

Chapter 3 deals with problems related to reliable mapping of B+
1 fields. Since many

existing B+
1 mapping methods have relatively long scan times and/or limited dynamic

range, effort has been made to improve them. This is achieved by introducing a model
for the RF fields. The spherical functions, consisting of composition of spherical Bessel
functions and spherical harmonics, have the attractive property of spatially characterizing
with good approximation and compression rate the RF fields inside the body. This has
been shown for several transmit array configurations and field strengths. A few dozens
of spherical functions are sufficient, resulting in a dramatic compression of information.
This compression has been exploited to accelerate B+

1 mapping by acquiring less data.
For instance, one could reconstruct a full 3D B+

1 distribution from a small number of
differently spaced transverse slices. Following the same principle, regions of low SNR
or measurement artifacts could be masked out from the fitting and then recovered. De-
noising is another application that has been tested with positive results.

6.1.3 A fast and unified approach to transmit and receive RF

fields mapping

Being able to reconstruct the transmit as well as the receive RF field maps from a sin-
gle measured dataset would contribute to a further acceleration of the RF pulse design
process. This is done by coupling the spherical functions model to a SVD analysis of the
datasets obtained with short LTA-GE sequences. By introduction of channel indepen-
dent scaling patterns (α and β maps), the mapping problem reduces to the solution of a
smallest eigenvalue problem. In chapter 4 it is shown that the novel approach, based on
the two main ingredients SVD of LTA-GE images and spherical functions model, can be
exploited to simultaneously map the transmit as well as the receive RF field with a single
measurement. The unified approach requires a reliable model and high SNR data. Under
these conditions, transmit and receive maps can be derived quickly. By further analysis
of the SVD datasets, voxel dependent SNR maps can be easily derived by looking at the
second larger singular value: in an ideal case, that is, perfectly linear relationship given
by Eq. 4.22, and in absence of noise, the LTA-GE matrix should have rank 1, and thus
only one non-zero singular value. Detection of other non-zero singular values is thus an
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implicit sign of data corruption. This criterion has been used to impose a threshold of
0.15 in the η maps: in this way, voxels corresponding to data outside the low tip angle
regime or with a high noise content can be automatically discarded.

6.1.4 Local SAR optimized RF pulses

RF pulse design with local SAR optimization deals with a large number of constraints,
basically one for each voxel in the 3D domain. The solution of the resulting optimization
problem would require too much time for patient specific clinical applications. For this
reason, conventional transmit SENSE RF pulse design algorithms take into account only
the global SAR, which requires only one constraint. However, local SAR is the bottleneck
for the application of these kind of pulses since local hot-spots are more likely to lead to
local, unsafe tissue temperatures.
In chapter 5, a more compact formulation of the local SAR optimized problem is presented
which reduces dramatically its size and thus the time needed for its solution. The concept
of domain reduction is central to this formulation because not every voxel from the 3D
domain can be included in the SAR penalty term. By an eigenvector/value analysis of
the local SAR matrices from the whole 3D domain, voxels are grouped according to their
SAR behavior: the maximum attainable SAR is given by the largest eigenvalue while the
corresponding eigenvector describes the RF waveform which causes the highest heating.
By setting a threshold on the degree of correlation of eigenvectors, it is possible to form
a limited number of groups, which are described by a single SAR matrix. This approach
was inspired by similar work done in the RF hyperthermia field [17].
Extending the STA Bloch equation in a way similar to the smoothing term in chapter
2, a local SAR term has been implemented with a general penalty coefficient and a set
of sub-penalty coefficients which are iteratively reweighted to level out the SAR peaks
appearing in the corresponding voxels. The local SAR level achieved with the resulting
pulses has been shown to be about 35% lower then the SAR from conventional pulses.
The local SAR optimized RF pulse design problem can be solved in short, clinically
feasible, computation times.

6.2 General Discussion

6.2.1 Multi-dimensional RF pulses: design algorithms and clin-

ical implementation

RF and gradient waveforms design is an area of research that has experienced a great
impulse since the introduction of the transmit SENSE concept. Not only the small
tip angle pulses are quickly and efficiently designed, but also the large tip angle pulses
have been addressed successfully [30, 31, 32, 104]. At the moment of writing, spatially
selective excitation, inversion or refocusing is understood and algorithms for the design of
the corresponding RF and gradient waveforms are available. However, this type of pulses
is not clinically feasible. One of the practical problems regards the off-resonance effects
which are present in the body, especially in large and heterogeneous areas such as in the
abdomen [2]: the spatial selectivity is difficult to achieve if the off-resonance response of
the pulse is not properly under control. Therefore, designing multi-dimensional spectral-
spatial selective pulses will be necessary for clinical applications.
The applications may be various. The possibility to selectively excite small parts of the
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3D spatial domain, and thus to reduce the FOV, results in shorter scan times. Although
this is coupled to decreased SNR, applications as organ tracking [88] could still benefit
when the FOV is reduced to the area of interest. Fast tracking of organs is essential for
methods as Linac-MRI [68] and high focused ultrasound (Hi-FU) [56]. Also, high SNR at
high field strengths allows for unprecedented spatial resolution: this will only be feasible
with reduced FOV methods to prevent clinically unacceptable measurement times.
Spatially dependent suppression can also be tackled, for instance to avoid intense signal
from fast streaming blood. Mooiweer et al [55] have obtained high-resolution images of
the hippocampus by exciting a user-defined, horseshoe-shaped pattern inside the brain
region. In this way, the central, frontal and external area of the brain are not magnetized.
Artifacts due to streaming blood, fat and eye motion could be minimized while the
measurement time is reduced.
Application of multi-dimensional RF pulses implies an extra step in the MRI protocol,
which is the definition of the excitation pattern. This is seen by the author as a crucial
step for the translation of this technology to clinical practice. An MRI operator should
be able to define the region of interest and to delineate it with the help of a graphical
user interface.
The way to the clinical practice is still long, but important steps in this direction are
being made by solving the issues related to speed, robustness and safety of RF pulse
design. For the coming years, the largest effort has to be directed towards the in-vivo

practice, which is now made more simple through the computational methods introduced
in this work: through a graphical user interface, the FOV and the desired magnetization
profile can be defined and the RF and gradient waveforms quickly computed.

6.2.2 Maxwell equations and RF field mapping: the missing
link

The work presented in chapters 3 and 4 relies strongly on the spherical functions model.
This family of functions is derived from the analytical solution of the Helmholtz equation
which, in turn, is derived by rewriting the Maxwell equations for a homogeneous object.
Therefore, adopting this model represents an implicit link to the Maxwell equations,
which are the governing equations for any electromagnetic phenomenon. Coupling the
Maxwell equations to MRI measured data is not straightforward, and this is evident when
one looks at the existing transmit and/or receive fields mapping methods: any explicit
link to the Maxwell equations is basically absent. The existing RF mapping methods do
not fully exploit the information that can be derived from them. In chapter 3 and 4,
algorithms have been designed to match the spherical basis function model to MRI data
and can be seen as a contribution in this substantially unexplored area.
In this work, the assumption that the heterogeneous inner structure of the human body
can be approximated by a homogeneous medium is fundamental for the application of
the spherical functions. In particular, the choice of the effective conductivity, σ and per-
mittivity, ǫr, is important for a good matching of the model to the data. In chapter 3, it
is interesting to note that the best matching occurs when the true or average values of
(σ, ǫr) are taken. This is also predicted by the effective medium theory for electromag-
netic fields [90]. Further exploration of effective medium theory applied to human MRI
could reveal new important insights in the RF and electric field estimation.
The question as to whether more accurate models exist emerges naturally. After all,
the spherical functions are only one family of solutions for the Helmholtz equation. The
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author has recently started to study vector spherical wave functions [54] which have the
attractive property of linking all three spherical vector field components by the same
expansion coefficients. This family of functions could be subject of further investigation
in the RF field mapping problem.
The reader should be warned that when dealing with special functions, problems regard-
ing stable implementation quickly arise as Fig. 3.1 shows: for higher order terms, linear
dependency between the basis functions is in danger and the capacity of spanning the
RF fields does eventually come to a halt, even if more functions are added.

6.2.3 Local SAR and tissue heating

Tissue heating in a living organism is a complicated phenomenon. In addition to local
power deposition, cooling due to thermal conduction and perfusion play an important
role in tissue heating. These two phenomena are responsible for the major discrepancy
between temperature and power deposition [57]. Extra tissue dependence enters through
tissue specific conduction and perfusion coefficients. To make it even more complex,
blood perfusion has a temperature dependence, a process known as thermoregulation.
Nonetheless, SAR is considered the standard parameter in many RF safety related fields,
including MRI.
At present, SAR models are validated for few, very simple MRI configurations. The dif-
ficulty lies in the fact that in vivo electric fields and conductivity maps are required for
SAR estimation. Even though much work is being done in both electric field estimations
[111] and conductivity mapping [98, 49], the road to reliable in vivo SAR quantifica-
tion is still long. Models to acquire the electric fields from measured B+

1 maps rely in
general upon very limiting assumptions, as for instance, the presence of pure TM (trans-
verse magnetic) fields, which implies that the only non-zero H-field components are the
transverse one, Hx and Hy. Numerical solution of the Maxwell equations show that this
assumption is far from being realistic for typical RF coil configurations. The author [78]
has applied model-based reconstructions by spherical functions model to link the B+

1

field maps to the corresponding E-field maps: the results obtained look promising but
full 3D characterization of electric fields can not be achieved yet. More work has to be
done in this direction. Similarly, electric property tomography needs to improve robust-
ness as it is still suffering from reconstruction artifacts, mainly due to the nature of the
reconstruction step, which is based on the assumption of piecewise constant media.

6.2.4 Numerical methods in MRI

In conclusion, some words about the role of numerical methods in MRI should be added.
The MRI process deals with large amounts of information which have to be processed in
a stable and fast way. The ability to cast the signal equation into a Fourier transform like
form by introducing the concept of k-space trajectory has enabled the direct application
of the Fast Fourier Transform (FFT) to the measured data. This algorithm is of course
extremely efficient and stable, explaining the success of the FFT not only in MRI but
also in many other fields of applications.
Recent developments in MRI show that the FFT is no longer sufficient in the image re-
construction or RF pulse design step: new stable and efficient numerical algorithms are
needed in addition to the still fundamental role of FFT. The multi-shift CGLS algorithm
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is an example thereof: ill-conditioned least squares can be efficiently tackled as shown in
Chapter 2. Clearly, application of mCGLS goes far beyond the RF pulse design field and
it could be applied in other MR related areas.
The iteratively reweighted algorithm designed and tested in chapter 5 for local SAR
optimization of RF pulses could be re-cast in a more efficient way. More efficient imple-
mentations can be achieved if tools from convex optimization theory [6] are applied in
the solution of this specific problem. Convex optimization has been a quickly growing
field during the last two decades: the possibility of performing large computations in a
short time has paved the way for the development of iterative algorithms for this type
of minimization problems. The compressed sense (CS) reconstruction problem is one
example thereof [10, 20].
Modeling and solution strategy are two inter-connected steps. Often, the same problem
can be cast in different forms: the solving strategy depends on the obtained expression.
A problem that at first sight seems to be unsolvable might be rewritten in such a way
that the solution becomes straightforward, or at least the problem becomes tractable.
Examples thereof in the field of RF pulse design is the STA equation or the less intuitive
Shinnar-Le Roux method. An example in this thesis is the TRIPLET method, where the
final form of the problem is nothing else than an eigenpair problem. Modeling the MRI
process in a way such that efficient and, possibly, unconventional numerical techniques
can be applied while less data is needed is a fundamental ingredient for further successful
development of the field.
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Samenvatting

De Bloch vergelijking beschrijft het excitatie proces in MR imaging volgens de wetten
van de klassieke mechanica. Een gesloten vorm oplossing in geval van een kleine tip hoek
(STA) excitatie kan worden afgeleid en benut voor het ontwerpen van RF pulsen. Na dis-
cretisatie moet het resulterende lineaire stelsel worden opgelost om de RF puls te vinden
die gelijktijdig met de voorgeschreven gradientvelden de spins op gewenste wijze aanslaat.
Het zelfde STA formalisme is uitgebreid naar het geval van parallelle excitatie, waarbij
meerdere RF spoelen simultaan en onafhankelijk van elkaar een RF golfvorm functie
uitzenden. In dit werk wordt een efficiënte numerieke oplossing van de STA vergelijking
voor het ontwerp van een parallelle excitatie puls gepresenteerd.
Vooral bij hoge veldsterktes zijn de spatiële gevoeligheidsprofielen van de excitatie spoel
niet homogeen. Kennis van het excitatie profiel van elke afzonderlijke spoel is nodig om
nauwkeurige magnetisatie profielen te verkrijgen en/of om de RF puls duur in te korten
door undersampling in de k-ruimte.
Excitatie gevoeligheidsprofielen zijn dus nodig voor het RF-ontwerp-proces zoals in ont-
vangst ook de RF-spoel gevoeligheidsprofielen nodig zijn voor parallel imaging technieken.
Deze twee soorten informatie worden tot op heden verkregen door het uitvoeren van twee
verschillende metingen. In dit werk werd een unificerende benadering voor snelle en si-
multane afbeelding van excitatie en ontvangst velden gëıntroduceerd.
Tenslotte kan niet alleen het globale, maar ook de locale warmte depositie (SAR) in
het weefsel worden gecontroleerd in het ontwerp proces door in het model vergelijkin-
gen met termen die overeenkomen met de lokale SAR mee te nemen. De oplossing van
dit uitgebreide model vereist echter een langdurige berekening. Het laatste deel van dit
proefschrift is gewijd aan de snelle oplossing van dit probleem.
De geschetste punten hebben tot dusver klinische toepassingen van deze RF pulse ontwer-
pen verhinderd. Dit proefschrift richt zich op deze problemen en geeft oplossingsstrate-
gieën aan die de weg naar klinische implementatie kunnen vrijmaken.
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