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Introduction
The following pages make form a new chapter for the book Logic and Structure. This chapter deals with the incompleteness theorem, and contains
enough basic material for the treatment of the required notions of computability, representability and the like.
This chapter will appear in the next edition of Logic and Structure. Com-

ments are welcome.

Dirk van Dalen
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Godel's theorem

7.1 Primitive recursive functions
We will introduce a class of numerical functions which evidently are effectively computable. The procedure may seem rather ad hoc, but it gives us a
surprisingly rich class of algorithms. We use the inductive method, that is, we
fix a number of initial functions which are as effective as one can wish; after
that we specify certain ways to manufacture new algorithms out of old ones.
The initial algorithms are extremely simple indeed: the successor function,
the constant functions and the projection functions. It is obvious that composition (or substitution) of algorithms yields algorithms The use of recursion
was as a device to obtain new functions already known to Dedekind'; that recursion produces algorithms from given algorithms is also easily seen. In logic
the study of primitive recursive functions was initiated by Skolem, Herbrand,
Godel and others.
We will now proceed with a precise definition, which will be given in the
form of an inductive definition. First we present a list of initial functions
of an unmistakably algorithmic nature, and then we specify how to get new
algorithms from old ones. All functions have their own arity, that is to say,
they map Nk to N for a suitable k. We will in general not specify the arities
of the functions. involved, and assume that they are chosen correctly.
The so-called initial functions are
- the constant functions C n with C,n (no, ... , nk_1) = in,
- the successor function S with S(n) = n + 1,
- the projection functions Pk with Pk (no,. .. , nk_1) = ni (i < k).
New algorithms are obtained from old ones by substitution or composition and
primitive recursion,:

- A class.F of functions is closed under substitution if g, ho,... , hp_1 E Jr =
f E F, where f (n) = g(ho(iii), ... , hp-1(n))

I
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- F is closed under primitive recursion if g, h E T =- f E .P, where
J f (0, n) = g(n)
t f (m + 1, n) = h(f (m, n), il, m).

Definition 7.1.1 The class of primitive recursive functions is the smallest
class of functions containing the constant functions, the successor function,
and the projection functions, which is closed under substitution and primitive
recursion.

Remark. Substitution has been defined in a particular way: the functions
that are substituted have all the same string of inputs. In order to make
arbitrary substitutions one has to do a little bit of extra work. Consider
for example the function f (x, y) in which we want to substitute g(z) for
x and f (z, x) for y: f (g(z), f (z, x)), This is accomplished as follows: put
ho(x,z) = g(z) = g(Pi (x, z)) and h(x,z) = f (z, x) = f (Pi (x, z), Po (x, z)),
Then the required f (g(z), f (z, x)) is obtained as f (ho(x, z), hj (x, z)). The
reader is expected to handle cases of substitution that will come. up.

Let us start by building up a stock of primitive recursive functions. The
technique is not difficult at all, most readers will have used it at numerous
occasions. The surprising fact is that so many functions can be obtained by
these simple procedures. Here is a first example:
x + y, defined by
J

x+O=x

x+(y+1)=(x+y)-} -1

We will reformulate this definition so that that the reader can see that it indeed fits the prescribed format:
f +(0, x) = PO' (x)

l +(y + 1, x) = S(Po (+(y, x), Po (x, y), p12 (x, y) ))

As a rule we will we stick to traditional notations, so we will simply write
x + y for +(y, x). We will also tacitly use the traditional abbreviations from
mathematics, e.g. we will mostly drop the multiplication dot.

There are two convenient tricks to add or delete variables. The first one is
the introduction of dummy variables.

Lemma 7.1.2 (dummy variables) If f is primitive recursive, then so is g
with g(xo,... , xn-1, zo,... , zm-1) = f (xo, ... , xn-1)

Proof. Put g(xo,...,Xn-1,z0i...,zm-1) = f(Po+"`(i,z,...,Pn+'n(i,z
Lemma 7.1.3 (identification of variables) If f is primitive recursive, then
so is f (xo, ... , xn_1)[xi/xj], where i, j < n
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1) [xi/x jJ =

P (xo,...,xn-1),...,Pn(xo,...,x,_i),... ,P`(xo,... ,xn-1),...,

P_1 (xo, ... , x,,_1)), where the second Pi is at the jth entry.
A more pedestrian notation is f (xo,... , xi, ... , xi, ... xn_1).

Lemma 7.1.4 (permutation of variables) If f is primitive recursive, then

so is g with g(xo,.:.,xn-1)=f(xo., ,xn-1)[xi,xj/xj,xi], where i,j <n
Proof. Use substitution and projection functions.

From now on we will use the traditional informal notations, e.g. g(x) =
f (x, x, x), or g(x, y) = f (y, x). For convenience we have used and will use,
when no confusion can arise, the vector notation for strings of inputs.
The reader can easily verify that the following examples can be cast in the
required format of the primitive recursive functions.

Ix+O=x
x+(y+1)=(x+y)+1
2.

(weuse(1))

3. xy

x°=1

xy+1 = xy , x
4. predecessor function
AX)

_

-

x-1ifx>0
if x = O

0

Apply recursion:
p(0) = 0

I p(x + 1) = x
5. cut-of subtraction (monus)

x>y
x-y= x-yif
0 else.

Apply recursion:

Ix-O=x

x-(y+1)=p(x-y)

6. factorial function

n!=1.2.3...(n-1).n.

7. signum function
sg(x)

Apply recursion:

_ Oif x=O
1 otherwise
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j sg(O)=0

t sg(x + 1) = 1
8. 9g(X) = 1 - sg(x).

_sg(x) _- { 1ifx=0

0 otherwise

9. Ix-yI.
Observe that l x - y l_ (x - y) + (y - x)
10. f (x, y) = E:L o g(i, i), where g is primitive recursive.

I

o q(Y,i) = g(Y,0)
E ±o g(f, i) _ EZ 0 g(f, i) + g(x, y + 1)

11. 11Y O g(1, i), idem.

12. If f is primitive recursive and 7r is a permutation of the set 10,. .. , n - 1},
then g with g(i) = f (xno, ... , x,r(n_1)) is also primitive recursive.
13. If f (x, y) is primitive recursive, so is f (x, k)
The definition of primitive recursive functions by direct means is a worthwhile challenge, and the reader will find interesting cases among the exercises.
For an efficient and quick access to a large stock of primitive recursive func-

tions there are, however, techniques that cut a number of corners. We will
present them here.
In the first place we can relate sets and functions by means of characteristic
functions. In the setting of number theoretic functions, we define characteristic
functions as follows: for A C Nk the characteristic function KA : Nk
{0, 1}

of A is given by n E A t= KA (il) = 1 (and hence n ¢ A t* KA(n) = 0).
Warning: in logic the characteristic function is sometimes defined with 0 and
1 interchanged. For the theory that does not make any difference. Note that
a subset of Nk is also called a k-ary relation. When dealing with relations we
tacitly assume that we have the correct number of arguments, e.g. when we
write A fl B we suppose that A, B are subsets of the same Nk.

Definition 7.1.5 A relation R is primitive recursive if its characteristic function is so.
Note that this corresponds to the idea of using KR as a test for membership.
The following sets (relations) are primitive recursive:

1. 0 : Ko(n) = 0 for all n.
2. The set of even numbers, E:
KE(O) = 1
KE(X + 1) = sg(KE(x))

7.1 Primitive recursive functions
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3. The equality relation: K= (x, y) = sg() x - y 1)
4. The order relation: K< (x, y) = sg((x + 1) = y).

Lemma 7.1.6 The primitive recursive relations are closed under u, fl, c and
bounded. quantification.

Proof Let C = A n B, then x E C t* x E A A x E B, so Kc(x) = 1
KA(x) = 1 n KB (x) = 1. Therefore we put Kc(x) = KA(x) KB(x). Hence
the intersection of primitive recursive sets is primitive recursive. For union
take KAUB(x) = sg(KA(x) + KB(x)), and for the complement KAC(x) _
S (KA(x))
We say that R is obtained by bounded quantification from S if R(n, m)
Qx < mS(n, x), where Q is one of the quantifiers V, 3.
Consider the bounded existential quantification: R(x, n) := 3y < nS(x, y),

then KR(x, n) = sg(Ey<, Ks(x, y)), so if S is primitive recursive, then R is
so.

The V case is similar; it is left to the reader.

Lemma 7.1.7 The primitive recursive relations are closed under primitive
recursive substitutions, i. e. if fo,... , f,t_i and R are primitive recursive, then

so is S(x) := R(fo(x),..., fn-i(x))
Proof Ks(x) = KR(fi(x), ..., fn-i(x))

.

Lemma 7.1.8 (definition by cases) Let RI,... , R, be mutually exclusive
primitive recursive predicates, such that Vx(R1(x") V R2 (x) V . . . V R,(x)) and

let gi,... , gp be primitive recursive functions, then f with

f V) =

91(x) if Ri (x)
92(x) if R2 V)

g,(x) if Rp(x)
is primitive recursive.

Proof If KR,, (x) = 1, then all the other characteristic functions yield 0, so we
put f (x). = 91(x) . KRi (x) + ... + 9n (x) - KRP (x).
The natural numbers are well-ordered, that is to say, each non-empty subset has a least element. If we can test the subset for membership, then we can
always find this least element effectively. This is made precise for primitive.
recursive sets.
Some notation: (µy)R(x, y) stands for the least number y such that R(x, y)
if there is one. (µy < m)R(x, y) stands for the least number y < m such that
R(x, y) if such a number exists; if not, we simply take it to be m.

,i
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Lemma 7.1.9 (bounded minimalization) R is primitive recursive = (µy <
m)R(i, y) is primitive recursive.
Proof Consider the following table:
R R(Y, 0) R(:6, 1) , ... , RV, i), R(Y, i + 1) , ... , R(Y, m)
...
1
KR
0
0
0
...
1
g
h

0

0

...

1

1

...

1

1

1

...

0

0

...

0

f

1

2

...

i

i

...

i

In the first line we write the values of KR(i, i) for 0 < i < m, in the second
line we make the sequence monotone, e.g. take g(a, i). = sg r_'-o KR(Y, j).
Next we switch 0 and 1: h(x, i)=sgg(i, i) and finally we sum the h : f (x, i) =
E'=0 h(x, j). If R(Y, j) holds for the first time in i, then f (x, m - 1) = i, and
if R(Y, j) does not hold for any j < m, then f (x,m - 1) = m.
So (µy < m)R(z, y) = f (Y, m - 1), and thus bounded minimalization yields a
primitive recursive function.

We put (Ay :5 m)R(z, y) := (µy < m + 1)R(:5, y).
Now it is time to apply our arsenal of techniques to obtain a large variety
of primitive recursive relations and functions.

Theorem 7.1.10 The following are primitive recursive:
1. The set of primes:

Prime(x)4 xis a prime #?x#1nVyz<x(x=yz-+y=1Vz1).

2. The divisibility relation:

xIy

3. The exponent of the prime p in the factorisation of x:
(py <_ x) [py I x A - py+n

I

x]

4. The `nth prime' function:
p(0) = 2

p(n + 1) _ (µx < p(n)^)(x is prime n x > p(n))
Note that we start to count the prime numbers from zero, and we use the
notation p,, = p(n). So po = 2, pn = 3, p2 = 5,.. - The first prime is po, and
the ith prime is pi- 1.

.

Proof. One easily checks that the defining predicates are primitive recursive
by applying the above theorems

Coding of finite sequences
One of the interesting features of the natural number system is that it
allows a fairly simple coding of pairs of numbers, triples, ..., And n-tuples
in general. There are quite a number of these codings around, each having
its own strong points. The two best known ones are those of Cantor and of
Godel. Cantor's coding is given in exercise ??, Godel's coding will be used

7.1 Primitive recursive functions
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here. It is based on the well-known fact that numbers have a unique (up to
order) prime factorization.
The idea is to associate to a sequence (no,... , nk_1) the number 2"°+1
3nr+1 .. , .. pZ:+i .... , pkk ii+1 The extra +1 in the exponents is to take
into account that the coding has to show the zero's that occur in a sequence.
From the prime factorization of a coded sequence we can effectively extract
the original sequence. The way we have introduced these codes makes the
coding unfortunately not a bijection, for example, 10 is not a coded sequence,
whereas 6 is. This is not a terrible drawback;. there are remedies, which we
will not consider here.

Recall that, in the framework of set theory a sequence of length n is a
mapping from {0,.. . , n - 1} to N, so we define the empty sequence as the
unique sequence of length 0, i.e. the unique map from O to N, which is the
empty function (i.e. set). We put the code of the empty sequence 1.

Definition 7.1.11 1. Seq(n) := dp, q < n(Prime(p) A Prime(q) A q < p n
p I n -+ q I n) A n# 0. (sequence number)
In words: n is a sequence number if it is a product of consecutive positive
prime powers.

2. lth(n) :_ (px < n + 1)[- px I n] (length)
3. (n)i = (lix < n)[pI I n n - p,+1 I n] - 1 (decoding or projection)
In words: the exponent of the ith prime in the factorisation of n, minus
1. (n)i extracts the ith element of the sequence.

4 n * m = n [L=o )-1 (m);+1

(concatenation)

In words: if m, n are codes of two sequences rrt, n, then the code of the
concatenation of to and n is obtained by the product of n and the prime
powers that one gets by `moving up' all primes in the factorization of m
by the length of n.
Remark: 1 is trivially a sequence number. The length, function only yields the
correct output for sequence numbers, e.g. lth(10) = 1. Furthermore the length
of 1 is indeed 0, and the length of a 1-tuple is 1.

Notation. We will use abbreviations for the iterated decoding functions:
(n)i,J = ((n)i)b, etc.
Sequence numbers are from now on written as (no,... , nk_1). So, for example,.
(5, 0) = 26 31. We write () for the code of the empty sequence. The binary
coding, (x, y), is usually called a pairing function.

So far we have used a straightforward form of recursion, each next output
depends
the parameters and on the previous output. But already the
Fibonacci sequence shows us that there are more forms of recursion that occur
in practice:
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F(O) = 1

F(1) = 1
F(n + 2) = F(n) + F(n + 1)
The obvious generalization is a function, where each output depends on the
parameters and all the preceding outputs. This is called course of value recursion.

Definition 7.1.12 For a given function f (y, x) its `course of value' function
f (y. Y) is given by

f(0,x)=1
fAY
( + 1, ) = 1(y Y)
Example: if f (0) = 1, f (1) = 0, f (2)
21+1 ., 31. 1(3) = 22 , 3 . 58 = (1,0,7)

)+1

= 7, then 1(0) = 1, 1(1) = 21+1 f (2) _

Lemma 7.1.13 If f is primitive recursive, then so is f .
Proof. Obvious.

Since f (n+1) `codes' so to speak all information on f up to the nth value,
we can use f to formulate course-of-value recursion.

Theorem 7.1.14 If g is primitive recursive and f (y, x) = g(f (y, x), y, x),
then f is primitive recursive.
Proof We first define f.
f (0, x) = 1

f(y+ 14) = f(y,x) * WAY 4), y, Y))
f is obviously primitive recursive. Since f (y, Y) = (f (y + 1, x))b we see that
f is primitive recursive.
By now we have collected enough facts for future use about the primitive
recursive functions. We might ask if there are more algorithms than just the
primitive recursive functions. The answer turns out to be yes. Consider the
following construction: each primitive recursive function f is determined by
its definition, which consists of a string of functions fo, f1, ... , ff- 1 =. f such
that each function is either an initial function, or obtained from earlier ones
by substitution or primitive recursion.
It is a matter of routine to code the whole definition into a natural number
such that all information can be effectively extracted from the code (see [Hinman], p.34). The construction shows that we may define a function F such
that F(x,y) = fx(y), where ff is the primitive recursive function with code
x. Now consider D(x) = F(x, x) + 1. Suppose that D is primitive recursive,
so D = fn for a certain n, but then D(n) = F(n, n) + 1 = fn(n) + 1 =A fn(n).
contradiction. It is clear, however, from the definition of D that it is effective,
so we have indicated how to get an effective function which is not primitive
recursive. The above result can also be given the following formulation: there

7.2 Partial Recursive Functions
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is no binary primitive recursive function F(x, y) such that each unary primitive function is F(n, y) for some n. In other words, the primitive functions
cannot be primitive recursively enumerated.
The argument is in fact completely general; suppose we have a class of
effective functions that can enumerate itself in the manner considered above,
then we can always "diagonalize out of the class" by the D function. We
call this `diagonalization'. The moral of this observation is that we have little
hope of obtaining all effective functions in an effective way. The diagonaiization technique goes back to Cantor, who introduced it to show that the reals
are not denumerable. In general he used diagonalization to show that the cardinality of a set is less than the cardinality of its power set.
Exercises

1. If hl and h2 are primitive recursive, then so are f and g, where
f (0) = al
9(0) = a2
f(x + 1) = hi (f (x), g(x), x)

9(x + 1) = h2(f(x),9(x),x)

2. Show that the Fibonacci series is primitive recursive, where

f(0) = f(1) = 1
f(x + 2) = f(x) + f(x + 1)

3. Let [a] denote the integer part of the real number a (i.e. the greatest
integer < a). Show that [y+1J, for natural numbers x and y, is primitive
recursive.

4. Show that max(x, y) and minx, y) are primitive recursive.
5. Show that the ged (greatest commion divisor) and lcm (least common
multiple) are primitive recursive.
6. Cantor's pairing function is given by P(x, y) = 2 ((x + y)2 + 3x + 2y).
Show that P is primitive recursive, and that P is a bijection of N2 onto
N (Hint. Consider in the plane a walk along all lattice points as follows:
(0,1)
(1, 0). - (0,2)
(0,0)
(1,1) -. (2,0) -+ (0,3) - (1,2) -+
...). Define the `inverses' L and R such that P(L(z), R(z)).= z and show
that they are primitive recursive.
7. Show p. < 22" . For more about bounds on p see [Smorynski 1980].

, ,

-

7.2 Partial Recursive Functions
Given the fact that the primitive recursive functions do not exhaust the numerical algorithms, we extend in a natural way the class of effective functions.
As we have seen that an effective generation of all algorithms invariably brings
us in conflict with diagonalization, we will widen our scope by allowing partial
functions. In this way the conflicting situation D(n) = D(n) + 1 for a certain

n only tells us that D is not defined for n.
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In the present context functions have. natural domains, i.e. sets of the form
Nn (= { (mo, ... , m,i_1) I mi E NJ, so called Cartesian products), a partial

function has a domain that is a subset of N. If the domain is all of N", then
we call the function total.
Example: f (x) = x2 is total, g(x) = uy[y2 = x] is partial and not total, (g(x)
is the square root of x if it exists).

The algorithms that we are going to introduce are called partial recursive functions; perhaps recursive, partial functions would have been a better
name. However, the name has come to be generally accepted. The particular
technique for defining partial recursive functions that we employ here goes
back to Kleene. As before, we use an inductive definition; apart from clause
R7 below, we could have used a formulation almost identical to that of the
definition of the primitive recursive functions. Since we want a built-in universal function, that is a function that effectively enumerates the functions,
we have to employ a more refined technique that allows explicit reference to
the various algorithms. The trick is not esoteric at all, we simply give each
algorithm a code number, called its index. We fix these indices in advance so
that we can speak of the `algorithm with index e yields output y on input
(xo,... ,xn_1)', symbolically represented as {e}(xo,...,xn_1) a- y.
The heuristics of this `index applied to input' is that an index is viewed as
a description of an abstract machine that operates on inputs of a fixed arity.
So {e}(n) - m must be read as the machine with index e operates on n and
yields output m'. It may very well be the case that the machine does not yield
an output, in that case we say that {e} (n) diverges. If there is an output, we
say that {e}(n) converges. That the abstract machine is an algorithm. will
appear from the specification in the definition below.
Note that we do not know in advance that the result is a function, i.e. that
for each input there is at most one output. However plausible that is, it has to
be shown. Kleene has introduced the symbol - for `equality' in contexts where
terms may be undefined. This happens to be useful in the study of algorithms
that need not necessarily produce an output. The abstract machines above
may, for example, get into a computation that runs on forever. For example, it
might have an instruction of the form the output at n is the successor of the
output at n + V. It is easy to see that for no n an output can be obtained. In
this context the use of the existence predicate would be useful, and ti would
be the - of the theory of partial objects (cf. Troelstra-van Dalen, 2.2). The
convention ruling -- is: if t ^_- s then t and s are simultaneously defined and
identical, or they are simultaneously undefined.

Definition 7.2.1 The relation {e}(i)

^J y

is inductively defined by

RI {(0,n,q)}(mo,...,mn_1) -- q
R2 {(l,n,i)}(mo,...,mn_1) ^- mi, for 0 < i < n

R3 {(2,n,i)}(mo,...,mn_i) --rn + 1, for 0 < i < n

1
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R4 1(3,n+4) }/(p, q, r, s, mo, ... , mn_1) ^_- p if r= s
{ (3, n + 4) } (p, q, r, s, mo,... , mn-1) ^' q if r # s
R5 {(4,n,b,co,...,ck_1)}(mo,...,m,_1) ^' p if there are qo,. .,qk-1 such
that {ci}(mo, ... , mn-1) a, qi (O < i < k) and {b}(qo, , qk-1) ^' p
R6 {(5,n +2) } (p, q, mo, ... , mn-1) ,,, S,1, (p, q)
R7{(6,n+1)}(b,mo,...,m,1_1)
if {b}(mo...... mn-1) ^' P.

The function Sn in R6 will be specified in the Sn theorem below.
Keeping the above reading of {e}(x) in mind, we can paraphrase the

schema's as follows:

R1 the machine with index

(0, n, q) yields for input
(mo,..; , mn_ 1) output q (the constant function),
R2 the machine with index (1, n, i) yields for input ffi output mi (the projection function Pi ),
R3 the machine with index (2, n, i) yields for input rn output mi+1 (the successor function on the ith argument),
R4 the machine with index (3, n + 4) tests the equality of
the third and fourth argument of the input and yields
the first argument in the case of equality, and the second
argument otherwise (the discriminator function),
R5 the machine with index (4, n, b, co, ... , ck-1) first simulates the machines with index co,... , ck-1 with input
rn-, then uses the output sequence (qo,... , Qk_1) as input
and simulates the machine with index b (substitution),
R7 the machine with index (6, n + 1) simulates for a given
input b, mo, ...., m.,_1i the machine with index b and
input mo,... , mn_1 (reflection).

Another way to view R7 is that it provides a universal machine for all
machines with n-argument inputs, that is to say, it accepts as an input the
indices of machines, and then simulates them. This is the kind of machine
required for the diagonalization process. If one thinks of idealized abstract
machines, then R7 is quite reasonable. One would expect that if indices can
be `deciphered', a universal machine can be constructed. This was indeed accomplished by Alan Turing, who constructed (abstractly) a so-called universal
Turing machine.
The scrupulous might call R7 a case of cheating, since it does away withall the hard work one has to do in order to obtain a universal machine, for
example in the case of luring machines.
As {e}(i) ^_, y is inductively defined, everything we proved about induc
tively defined sets applies here. For example, if {e}(2) - y is the case, then
we know that there is a formation sequence (see page 9) for it. This sequence
specifies how {e} is built up from simpler partial recursive functions.

Note that we could also have viewed the above definition as an inductive
definition of the set of indices (of partial recursive functions).

Lemma 7.2.2 The relation {e}(x) ^ y is functional.

7 Gode['s theorem
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Proof. We have to show that {e} behaves as a function, that is {e} (x) ^ y,
{e}(i) ^-, z = y = z. This is done by induction on the definition of {e}. We
leave the proof to the reader.
The definition of {e} (n) -- m has a computational content, it tells us what
to do. When presented with {e}(n), we first look at e; if the first `entry' of e
if O, lor2, then we compute the output via the corresponding initial function.
If the first `entry' is 3, then we determine the output by cases'. If the first
entry is 4, we first do the subcomputations indicated by {ci}(m), then we use
the outputs to carry out the subcomputation for {b}(n). And so on.
If R7 is used in such a computation, we are no longer guaranteed that it
will stop; indeed, we may run into a loop, as the following simple example
shows.

From R7 it follows, as we will see below, that there is an index e such that
{e}(x) = {x}(x). To compute {e} for the argument e we pass, according to
R7, to the right-hand side, i.e. we must compute {e} (e), since e was introduced

by R7, we must repeat the transitions to the right hand side, etc. Evidently
our procedure does not get us anywhere!
Conventions. The relation {e}(!) c y defines a function on a domain, which is
a subset of the `natural domain', i.e. a set of the form N. Such functions are
called partial recursive functions; they are traditionally denoted by symbols
from the Greek alphabet, V, ,O, o', etc. If such a function is total on its natural
domain, it is called recursive, and denoted by a roman symbol, f, g, h, etc.
The use of the equality symbol `_' is proper in the context of total functions.
In practice we will however, when no confusion arises, often use it instead of
`^-' . The reader should take care not to confuse formulas and partial recursive
functions; it will always be clear from the context what a symbol stands for.
Sets and relations will be denoted by roman capitals. When no confusion can
arise, we will sometimes drop brackets, as in {e}x for {e}(x). Some authors
use a `bullet' notation for partial recursive functions: e Y. We will stick to
`Kleene brackets': {e}(a).
The following terminology is traditionally used in recursion theory:

Definition 7.2.3 1. If for a partial function cp 3y(cp(:) = y), then we say
that cp converges at i, otherwise cp diverges at X.

2. If a partial function converges for all (proper) inputs, it is called total.
3. A total partial recursive function (sic!) will be called a recursive function.
4. A set (relation) is called recursive if its characteristic function (which, by
definition, is total) is recursive.
Observe that it is an important feature of computations as defined in defini-,
tion 7.2.1, that {e}( /io(n), V)1(ii), ... , zl1k_1(n)) diverges if one of its arguments

bz(n) diverges. So, for example, the partial recursive function {e}(x) - {e}(x)
need not converge for all e and x, we first must know that {e}(x) converges!
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This feature is sometimes inconvenient and slightly paradoxical, e.g. in
O(x), 0, 0) is
direct applications of the discriminator scheme R4, {(3,
undefined when the (seemingly irrelevant) function O(x) is undefined.
With a bit of extra work, we can get an index for a partial recursive function that does definition by cases on partial recursive functions:
tell (Y) if gl(:e)

{e}(x) _ { { e2}(x). if 91(x)

92(y)

92(x)

for recursive gi, gz:
Define

Jel if 91 (x) = 92(x)
(x) = je2 if 91(x)
92(x)

by o(x) = {(3,4)}(e1ie2,91(x),92(x)). So {e}(x) = {1/i(x)}(x) = [byR7]
{(6, n + 1)}(z/i(x), x). Now use R5 (substitution) to get the required index.
Since the primitive recursive functions form such a natural class of algorithms, it will be our first goal to show that they are included in the class of
recursive functions.
The following important theorem has a neat machine motivation. Consider
a machine with index e operating on two arguments x and y. Keeping x fixed,
we have a machine operating on y. So we get a sequence of machines, one for
each x. Does the index of each such machine depend in a decent way on x?
The plausible answer seems `yes'. The following theorem confirms this.

Theorem 7.2.4 (The Sn Theorem) For every m, n with 0 < m < n there
exists a primitive recursive function Sn such that

{S,',n-(e,xo,...,xm-1)}(xm,...,xn-1) = {e}(1).
Proof. The first function, S,1 occurs in R6, we have postponed the precise
definition, here it is:
Sn (e, y) =

(4,.(e)1 - 1, e,

(0, (e)1 - 1, y), (1, (e)1

-

(1, (e)1 ' 1, n - 2)).

Note that the arities are correct, {e} has one argument more than the constant function and the projection functions involved.
Now {Sn (e, y)} (x) = z 4 . there are qo ... qn_1 such that

{(0,(e)1 - l,y)}(x) = qo
{(1,(e)1 = 1,0)}(x) = ql

{(1, (e)1

= 1,n - 2)}(x) = q.-1

{e}(go,...,gn-.1) = z.

By the clauses Rl and R2 we get qo = y and qi+l = xi (0 < i < n - 1), so
{Sn(e,y)}(x) = {e}(y,x). Clearly, Sn is primitive recursive.
The primitive recursive function Sn is obtained by applying Sn m times.
'From our definition it follows that Sn is also recursive.
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The ST function allows us to consider some inputs as parameters, and
the rest as proper inputs. This is a routine consideration in everyday mathematics: `consider f (x, y) as a function of y'. The logical notation for this
specification of inputs makes use of the lambda operator. Say t(x, y, z) is a
term (in some language), then Ax t(x, y, z) is for each choice of y, z the function x t--> t(x, y, z). we say that y and z are parameters in this function. The
evaluation of these lambda terms is simple: Ax t(x, y, z) (n) = t(n, y, z). This
topic belongs to the so-called lambda-calculus, for us the notation is just a
convenient tool to express ourselves succinctly.

The Sn theorem expresses a uniformity property of the partial recursive
functions. It is obvious indeed that, say for a partial recursive function p(x, y),
each individual p(n, y) is partial recursive (substitute the constant n function
for x), but this does not yet show that the index of Ayp(x, y) is in a systematic,
uniform way computable from the index of o and x. By the ST theorem, we
know that the index of {e}(x, y, z), considered as a function of, say, z depends
primitive recursively on x and y: {h(x, y)}(z) = {e}(x, y, z).
We will see a number of applications of the Sn theorem.
Next we will prove a powerful theorem about partial recursive functions,
that allows us to introduce partial recursive functions by inductive definitions,
or by implicit definitions. Partial recursive functions can by this theorem be
given as solutions of certain equations.
Example.
w(n)

_

if n is a prime, or 0, or 1
p(2n + 1) + 1 otherwise.
0

Then p(0) = p(1) _ ip(2) = p(3) = 0, p(4) = cp(9) + 1 = p(19) + 2 = 2,
,p(5) = 0, and , e.g. W(85) = 6. Prima facie, we cannot say much about such
a sequence. The following theorem of Kleene shows that we can always find a
partial recursive solution to such an equation for <p.

Theorem 7.2.5 (The Recursion Theorem) There exists a primitive recursive function re such that for each e and i {re(e)1(x) = {e}(rc(e), 9).

Let us note first that the theorem indeed gives the solution r of the following equation: {r}(x) = {e}(r, x). Indeed the solution depends primitive
recursively on the given index e: { f (e)}(x) = {e}(f (e), x). If we are not interested in the (primitive recursive) dependence of the index of the solution on
the old index, we may even be content with the solution of If }(x) = {e} (f, x).

Proof. Let cp(m, e, i) = {e} (Sn+2 (m, m, e), i) and let p be an index of p. Put
re(e) = Sn}2(p, p, e), then
{rc(e)}(t) _ {S.+2(p,p,e)}(t) = {p}(p,e,x) = p(p,e,t)

_ {e}(SS+2(p, p, e), x) = {e}(rc(e), x).

As a special case we get the
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Corollary 7.2.6 For each e there exists an n such that {n}(x) _ {e}(n,x).
Corollary 7.2.7 If {e} is primitive recursive, then the solution of the equation f f (e)} (x) = {e} (f (e), x) given by the recursion theorem is also primitive
recursive.

Proof. Immediate from the explicit definition of the function rc.
We will give a number of examples as soon as we have shown that we can
obtain all primitive recursive functions. For then we have an ample stock of
functions to experiment on. First we have to prove some more theorems.
The partial recursive functions are closed under a general form of minimalization, sometimes called unbounded search, which for a given recursive
function. f (y, x) and arguments x runs through the values of y and looks for
the first one that makes f (y, x) equal to zero.

Theorem 7.2.8 Let f be a recursive function, then W(x) = py[f (y, x) = Oj
is partial recursive.

Proof. The idea is to compute consecutively f (0, x), f (1, x), f (2, x),. .. until

we find a value 0. This need riot happen at all, but if it does, we will get
to it. While we are computing these values, we keep count of the number of
steps. This is taken care of by a recursive function. So we want a function zb

with index e, operating on y and x, that does the job for us, i.e. a z. that
after computing a positive value for f (y, x) moves on to the next input y and
adds a 1 to the counter. Since we have hardly any arithmetical tools at the
moment, the construction is rather roundabout and artificial.
In the table below we compute f (y, x) step by step (the outputs are in the
third row), and in the last row we compute 0(y,x) backwards , as it were.
y

(

0

1

3

2

k-1

k

3

0

1

0

f(y,x) f(0,x) 70, Y) f(2,x) f(3,x) ... f(k -1,x) f(k,x)
2

,b(y,1)

k

7

j

6

12

...

k-1 k-2 k-3 ...

0(0,:F) is the required k. The instruction for 0 is simple:
V'(y' x)

0 if f(y,x)=0
t( 0(y
+ 1, x) + 1 else

In order to find an index for zi, put V) (y, x') = {e}(y, x) and look for a value for
e. We introduce two auxiliary functions r/ir and 02 with indices b and c such
that 01 (e, y, x) = 0 and 'tb2(e, y, x) = z(i(y + 1 , x) + 1 = {e}(y + 1, x) + 1. The
index c follows easily by applying R3, R7 and the Sn -theorem. If f (y, x) = 0
then we consider fir, if not, 02. Now we introduce, by clause R4, a new function
Xo which computes an index:

f b if f(y,x")=0

Xo (e, y, x) = l c else
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and we put x(e, y, i) = {Xo (e, y, x) } (e, y, Y). The recursion theorem provides

us with an index eo such that X(eo,y,i) _ {eo}(y,s).
We claim that {eo}(0;i) yields the desired value k, if it exists at all, i.e.
eo is the index of the ?p we were looking for, and cp(s) = {e}(o, 2).
If f (y, x) y 0 then X(eo, y, i) = {c} (eo, y, s) = b2 (eo, y, x) = t4(y + 1,9) +
and if f (y, i) = 0 then x(eo, y, s) = {b}(eo, y, x') = 0.
If, on the other hand, k is the first value y such that If (y, x) = 0, then

1,

+2 = ... _'%(yo,Y) +yo = k.

0(0,x) _'b(1,i) + 1

Note that the given function need not be recursive, and that the above
argument also works for partial recursive f . We then have to reformulate
µy[ f (x, y-) = 0] as the y such that If (y, x) = 0 and for all z < y f (z, a') is
defined and positive.

Lemma 7.2.9 The predecessor is recursive.
Proof. Define

0ifx=0
x-1= f py[y
+ 1 = x] else

where fty[y + 1. = x] = uy[ f (y, x) = 0) with

f(y,x)

f(y,x)_

0ify+1=x
1 else

Theorem 7.2.10 The recursive functions are closed under primitive recursion.

Proof. Let g and h be recursive, and let If be given by

f f(0,x) = g(s)
f(y+ 1,s) = h(f(y,Y),9,y)
We rewrite the schema as
If (y,

)

g(x)

=0
h(f(yif=y1,x),i,y
= 1) otherwise.

On the right hand side we have a definition by cases. So, it defines a partial

recursive function with index, say, a of y, i and the index e of the function
If we are looking for. This yields an equation {e} (y, s) _ {a} (y, x, e). By the
recursion theorem the equation has a solution ea. And an easy induction on
y shows. that {eo} is total, so If is a recursive function.
We now get the obligatory

Corollary 7.2.11 All primitive recursive functions are recursive.
Now that we have recovered the primitive recursive functions, we can get
lots of partial recursive functions.
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Examples

1. define V(x) = {e} (x)+{ f }(x), then by 7.2.11 and R5 cp is partial recursive

and we would like to express the index of cp as a function of e and f.
Consider rlb(e, f, x) = {e}(x) + { f }(x). 0 is partial recursive, so it has an
index n, i.e. {n} (e, f, x) = {e}(x) + { f }(x). By the Sn theorem there is
a primitive recursive function h such that {n}(e, f, x) _ {h(n, e, f)}(x).
Therefore, g(e, f) = h(n, e, f) is the required function.
2. There is a partial recursive function.cp such that cp(n) _ (cp(n + 1) + 1)2:
Consider {z}(n) = {e}(z, n) = ({z}(n+1)+1)2. By the recursion theorem
there is a solution re(e) for z, hence ca exists. A simple argument shows
that cp cannot be defined for any n, so the solution is the empty function
(the machine that never gives an output).
3. The Acker'ittann function, see [Smorynski 1991], p.70 . Consider the following sequence of functions.
+

cpo(m, n) = n + m
V2 (m, n) =
=

nm

pk+1(0,n) = n

1ck+1(m + 1, n) = cpk(Wk+1(m, n), n) (k>2)

This sequence consists of faster and faster growing functions. We can lump
all those functions together in one function

cp(k,m,n) = cpk(m,n).
The above equations can be summarised
cp(O, m, n) = n + m

Oifk=O
cp(k+1, 0, n) =

1 if k = 1

ln else
cp(k + 1, m + 1, n) = cp(k, cp(k + 1, m, n), n).

Note that the second equation has to distinguish cases according to the
cpk+l being the multiplication, exponentiation, or the general case (k > 2):
Using the fact that all primitive recursive functions are recursive, we

rewrite the three cases into one equation of the form {e}(k,m,n) =
f (e, k, m, n) for a suitable recursive f (exercise 3). Hence, by the recursion

theorem there exists a recursive function with index e that satisfies the
equations above. Ackermann has shown that the function cp(n, n, n) grows
eventually faster than any primitive recursive function.
4. The recursion theorem can also be used for inductive definitions of sets
or relations; this is seen by changing over to characteristic functions, e.g.
suppose we want a relation R(x, y) such that
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R(x, y)

0 A y j4 0)V(xA0Ayj4

0)AR(x-1,y-1)).

Then we write
KR(x, y) = sg(sg(x) sg(y) + sg(x) - sg(y) . KR(x _' 1, y - 1) ),

so there is an e such that

KR(x,y) _ {e}(KR(x -- l,y - 1),x,y).
Now suppose KR has index z then we have
{z} (x, y) _ {e'} (z, x, y).

The solution {n} as provided by the recursion theorem is the required
characteristic function. One immediately sees that R is the relation `less
than'. Therefore {n} is total, and hence recursive; this shows that R is
also recursive.Note that by the remark following the recursion theorem we
even get the primitive recursiveness of R.

The following fundamental theorem is extremely useful for many applications. Its theoretical importance is that it shows that all partial recursive
functions can be obtained from a primitive recursive relation by one minimalization.
So minimalization is the missing link between primitive recursive and (partial) recursive.

Theorem 7.2.12 (Normal Form Theorem). There is a primitive recursive
predicate T such that {e} (x) = ((pz)T(e, (x"), z)) 1.

Proof. Our heuristics for partial recursive functions was based on the machine
metaphor: think of an abstract machine with actions prescribed by the clauses
RI through R7. By retracing the index e of such a machine, we more or less
give a computation procedure. It now is a clerical task to specify all the steps
involved in such a `computation'. Once we have accomplished this, we have
made our notion of `computation' precise, and from the form of the specifica-

tion, we can immediately conclude that "c is the code of a computation" is
indeed primitive recursive. We look for a predicate T(e, u, z) that formalizes
the heuristic statement `z is a (coded) computation that is performed by a
partial recursive function with index e on input u' (i.e. (x0)). The `cornputation' has been arranged in such a way that the first projection of z is its
output.
The proof is a matter of clerical perseverance--not difficult, but not exciting either. For the reader it is better to work out a few cases by himself and
to leave the rest, than to spell out the following details.
First two examples.
(1) The successor function applied to (1,2,3):
Si (1, 2, 3) = 2 + 1 = 3. Warning, here Sl is used for the successor function.
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operating on the second item of the input string of length 3. The notation
only used here.
The index is e = (2, 3, 1), the input is u = (1, 2, 3), and the step is the direct
computation z =. (3, (1,2,3),(2,3, 1)) = (3, u, e)
(2) The composition of projection and constant functions.

P2(Co(7,0),5,1) = 1.
By R5 the input of this function has to be a string of numbers, so we have
to introduce a suitable input. The. simplest solution is to use (7,0) as in-

put and manufacture the remaining 5 and 1 out of them. So let us put
P2(Co (7, 0), 5,1) = P2(Ca (7, O), Cs (7, 0), Ci (7, 0)).

In order to keep the notation readable, we will use variables instead of the
numerical inputs.
T(yo,yr) = P23(Co(yo,yr),C5(yo,yl),Ci (yo,yi)) = P2 (Co(yo,yi))xi,x2)
Let us first write down the data for the component functions:
input

step

(yo, y1) = u

(0,u,eo) = zo

index
Co (0,2,0) = eo

(xi, u, el) = z1
Cy (0, 2,x1) = er (yo, yr) = u
C' (0, 2, x2) = e2 (yo, yr) = u
(T2, u, e2) = Z2
P2 (1, 3, 2) = e3 (0, xi, x2) = u' (x2, u, e3) = z3
Now for the composition:
index

input

step

.f (yo, YO (4, 2, e3, eo, el , e2) = e (yo, yr) = ul (x2, (yo, yl) , e, z3, (z0, 21, 22)) = 2'

As we see in this example, `step' means the last step in the chain of steps
that leads to the output. Now for an actual computation on numerical inputs,
all one has to do is to replace yo, Y1, XI, x2 by numbers and write out the data
for cp(yo,yr).

We have tried to arrange the proof in a readable manner by providing a
running commentary.
The ingredients for, and conditions on, computations are displayed below.
The index contains the information given in the clauses Ri. The computation
codes the following items:
(1) the output
(2) the input

(3) the index (4) subcomputations.

Note that z in the table below is the `master number', i.e. we can read
off the remaining data from z, e.g. e = (Z)2, lth(u) = (e)1 = (2)2,1i and
the output (if any) of the computation, (z)o. In particular we can extract
the `master numbers' of the subcomputations. So, by decoding the code for a
computation, we can effectively find the codes for the subcomputations, etc.
This suggests a primitive recursive algorithm for the extraction of the total

,
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`history' of a computation from its code. As a matter of fact, that is essentially
the content of the normal form theorem.
Input

Index

u

e

Conditions on
Subcomputations

Step
z

RI (0, n, q)
R2 (1 n i)

(x)
(x-

R3 (2, n, i)

(x-)

R4 (3, n + 4)

(p, q, r, s, x") (p, u, e) if r = s

_

(q, u, e)

(x, u e)
(x +1, u, e)
(q, u, e) if r # s

R5 (4. n, b, co, ..., ck_ 1) (x

((z)o,u,e,z',

z',zo,...,zk-1 ar'e

(z,... , zk_ 1)) computations with
indices b, co, .

. .

, ck _ 1.

z' has input
((zo)o,...;(zk-1)o)

R6 (5, n + 2)

(p, q, x)

(s, u, e)

R7 (6, n + 1)

(b, x-)

((z')o, u, e, z')

(cf. 7.2.4)
z --W a computation
with input (b")

and index b.

We will now proceed in a (slightly) more formal manner, by defining a
predicate C(z) (for z is a computation), using the information of the preceding
table. For convenience, we assume that in the clauses below, sequences u (in
Seq(u)) have positive length.
C(z) is defined by cases as follows:
3q, u, e < z[z = (q, u, e) A Seq(u) A e = (0, lth(u), q)]
or

(1)

3u, e, i < z[z = ((u)i, u, e) A Seq(u) A e = (1, lth(u), i)]
or
3u, e, i < z[z = ((u)i + 1, u, e) A Seq(u) A e = (2, lth(u), i)]
or

(2)
(3)

3u, e < z[Seq(u) A e = (3, lth(u)) A lth(u) > 4 A ([z = ((u)o, u, e)n

C(z) :=

A(u)2 = (u)3] V [z = ((u)1, u, e) A (u)2neq(u)31)]
(4)
or
Seq(z) A Ith(z) = 5 A Seq((z)2) A Seq((z)4) A lth((z)2) _
= 3 + lth((z)4) A (Z)2.o = 4 A C((z)3) A (z)3,o = (z)o n (z)3,1 =
= ((Z)4,0,0,... , (Z)4,Ith((i)a),0) A (z)3,2 = (z)2,2A
A A=tho(=)a)-1 CC(Z)4,i) A (z)4,i,2 = (Z)0,2+i n (z)4,i,1 = (z)1J

(5)

or

3s, u, e < z[z = (s, u, e) n Seq(u) n e= (5, lth(u))A
s = (4, (u)o,1 = 1, (u)o, (0, (u)o,1 - 1, (u) 1), (1, (u)o,I = 1, 0), .. .

.... (1,(u)o,i - 1,(e)1 - 2))],

(6)

or
3u, e, w < z[Seq(u) A e = (6, lth(y)) A z = ((w)o, u, e, w) A C(w)A A(w)2 = (u)o n (w)1 = (MI, ... , (u)Ith(,.)-1)]
(7)

i
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We observe that the predicate C occurs at the right hand side only for
smaller arguments, furthermore all operations involved in this definition of
C(z) are primitive recursive. We now apply the recursion theorem, as in the
example on page 4, and conclude that C(z) is primitive recursive.
Now we put T(e, x, z) := C(z) A e = (z)2 .A (x) = (z) 1. So the predicate T(e, x, z) formalizes the statement `z is the computation of the partial recursive function (machine) with index e operating on input (x)'. The

output of the computation, if it exists, is U(z) = (z)o; hence we have
{e}(x) = (pzT(e,x,z))o
For applications the precise structure of T is not important, it is good
enough to know that it is primitive recursive.

Exercises
1. Show that the empty function (that is the function that diverges for all
inputs) is partial recursive. Indicate an index for the empty function.
2. Show that each partial recursive function has infinitely many indices.
3. Carry out the conversion of the three equations of the Ackermann function
into one function, see p.227.

7.3 Recursively enumerable sets
If a set A has a recursive characteristic function, then this function acts as
an effective test for membership. We can decide which elements are in A and
which not.. Decidable sets, convenient as they are, demand too much; it is
usually not necessary to decide what is in a set, as long as we can generate it
effectively. Equivalently, as we shall see, it is good enough to have an abstract
machine that only accepts elements, and does not reject them. If you feed it
an element, it may eventually show a green light of acceptance, but there is
no red light for rejection.

Definition 7.3.1 1. A set (relation) is (recursively) decidable if it is recursive.

2. A set is recursively enumerable (RE) if it is the domain of a partial recursive function.

3. We = {i c Nk13y({e}(Y) = y}, i.e. the domain of the partial recursive
function {e}. We call e the RE index of W, ,k. If no confusion arises we
will delete the superscript.

Notation: we write cp(Y) j (resp. cp(x') j) for W(Y) converges (resp. V(F) diverges).

It is good heuristics to think of RE sets as being accepted by machines,
e.g. if Ai is accepted by machine Mi(i = 0, 1), then we make a new machine

a
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that simulates Mo and Ml simultaneously, e.g. you feed Mo and Ml an input,
and carry out the computation alternatingly - one step for Mo and then one
step for M1, and so n is accepted by M if it is accepted by Mo or MI. Hence
the union of two RE sets is also RE.

Example 7.3.2 1. N = the domain of the constant 1 function.
2. 0 = the domain of the empty function. This function is partial recursive,
as we have already seen.
3. Every recursive set is RE. Let A be recursive, put

i(x) =Iay[KA(x) =yAy76 O]
Then Dom(rb) = A.

The recursively enumerable sets derive their importance from the fact that
they are effectively given, in the precise sense of the following theorem. Furthermore it is the case that the majority of important relations (sets) in logic
are RE. For example the set of (codes of) provable sentences of arithmetic
or predicate logic is RE. The RE sets represent the first step beyond the
decidable sets, as we will show below.

Theorem 7.3.3 The following statements are equivalent, (A C N):
1. A = Dom(q) for some partial recursive cp,
2. A = Ran(<p) for some partial recursive gyp,
3. A = {xI 3yR(x, y)} for some recursive R.
(2). Define o(x) =
x E Dom(p), then ??(x) = x,
Proof. (1)
so x E Ran(-O), and if x E Ran(s1), then 0(x) f., so x E Dom(p).
(3) Let A = Ran(p), with {g} =.p, then
(2)
xEA

3w(T(g, (w)o, (w)1) A x= (w)i,o]

The relation in the scope of the quantifier is recursive.
Note that w 'simulates' a pair: first co-ordinate-input, second co-ordinate
computation, all in the sense of the normal form theorem.
(3) = (1) Define p(x) = pyR(x, y). W is partial recursive and Dom(cp) = A.
Observe that (1) = (3) also holds for A C Nk.

Since we have defined recursive sets by means of characteristic functions,
and since we have established closure under primitive recursion, we can copy
all the closure properties of primitive. recursive sets (and relations) for the
recursive sets (and relations).
Next we list a number of closure properties of RE-sets. We will write sets
and relations also as predicates, when that turns out to be convenient.

Theorem 7.3.4 1. If A and B are RE, then so are A U B and A.n B
2. If R(x, y-) is RE, then so is 3xR(x, y)
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3. If R(x, y-) is RE and cp partial recursive, then R(cp(y, z-), y) is RE
4. If .R(x, y-) is RE, then so are Vx < zR(x, y) and 3x < zR(x, y-).

Proof (1) There are recursive R and S such that
Ay as 3xR(x, y),
By e 3xS(x, y).

Then

AY A By to 3xix2(R(xl, y) A S(x2i Y))
The relation in the scope of the
3z(R((z)o, y-) A S((z)i, yy)

q

quantifier is recursive, so A fl B is RE. A similar argument establishes the
recursive enumerability of A U B. The trick of replacing xl and x2 by (z)o and
(z)1 and 3x1 x2 by 3z is called contraction of quantifiers.
(2) Let R(x, y) a 3zS(z, x, y) for a recursive S, then 3xR(x, y')
3x3zS(z, x, y) <--* 3uS((u)o, (u)1, y). So the projection 3xR(x, y) of R is RE.
Geometrically speaking, 3xR(x, y) is indeed a projection. Consider the twodimensional case,

b

S

The vertical projection S of R is given by Sx <=> 3yR(x, y).

(3) Let R be the domain of a partial recursive zb, then R(cp(y, z), y) is the
domain of z/i(<p(y, z-), y-).

(4) Left to the reader.

Theorem 7.3.5 The graph of a partial function is RE iff the function is
partial recursive.

Proof. G = {(x,y)ly = {e}(x)} is the graph of {e}. Now (i,y) E G s
3z(T(e, (x), z) A y = (z)o), so G is RE.

Conversely, if G is RE, then G(i, y) t> 3zR(x, y, z) for some recursive R.
Hence cp(Y) = (ltwR(i, (w)o, (w)1))o, so cp is partial recursive.

We can also characterize recursive sets in terms of RE-sets. Suppose both
A and its complement A' are RE, then (heuristically) we have two machines
enumerating A and A`. Now the test for membership of A is simple: turn
both machines on and wait for n to turn up as output of the first or second
machine. This must necessarily occur in finitely many steps since n E A or
n E A` (principle of the excluded third!). Hence, we have an effective test. We
.

formalise the above:

Theorem 7.3.6 A is recursive e* A and A' are RE.
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Proof. =. is trivial: A(x) 4* 3yA(i), where y is a dummy variable. Similarly
for A`.
--- Let A(x)) t=> 3yR(9, y), -A(i) to 3zS(v, z). Since Vx(A(i) V -.A(it)), we.
have Vx`3y(R(i, y) V S(it, y)), so f (9) = ay[R(it, y) V S(i, y)] is recursive and

if we plug the y that we found in R(i, y), then we know that if R(x, f (Y)) is
true, the it belongs to A. So A(it) Gs R(i, f (x)), i.e. A is recursive.
For partial recursive functions we have a strong form of definition by cases:

Theorem 7.3.7 Let 01, ... , Ok be partial 'recursive, Ro, . . . , Rk_1 mutually
disjoint RE-relations, then the following function is partial recursive:
'bo(it)
'+b1(it)

if Ro(x)
if R1(it)

,P(Y) =
V)k-1(x) if Rk-1(x)
T

else

Proof. We consider the graph of the function W.

G(it,y)

t, (Ro(it) n y = 01(it)) V ... V (Rk-l(it) Ay = V)k-1(it))

By the properties of RE-sets, G(i, y) is RE and, hence, sp(it) is partial recursive. (Note that the last case in the definition of cp is just a bit of decoration).
Now we can show the existence of undecidable RE sets.
Examples

(1) (The Halting Problem (Turing))
Consider K = {xJ3zT(x, x, z)}. K is the projection of a recursive relation, so
it is RE. Suppose that KC is also RE, then x E KC t- 3zT (e, x, z) for some
index e. Now e E K <=> 3zT(e, e, z)
e E K°. Contradiction. Hence K is not
recursive by theorem 7.3.6. This tells us that there are recursively enumerable
sets which are not recursive. In other words, the fact that one can effectively
enumerate a set, does not guarantee that it is decidable.
The decision problem for K is called the halting problem, because it can be
paraphrased as `decide if the machine with index x performs a computation
that halts after a finite number of steps when presented with x as input. Note
that it is ipso facto undecidable if the machine with index x eventually halts
on input y'.
It is a characteristic feature of decision problems in recursion theory, that they
concern tests for inputs out of some domain. It does not make sense to ask
for a decision procedure for, say, the Riemann hypothesis, since there trivially

is a recursive function f that tests the problem in the sense that f (0) = 0
if the Riemann hypothesis holds and f (0) = 1 if the Riemann hypothesis is
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false. Namely, consider the functions fo and fl, which are the constant 0 and
1 functions respectively. Now logic tells us that one of the two is the required
function (this is the law of the excluded middle), unfortunately we do not
know which function it is. So for single problems (i.e. problems without a
parameter), it does not make sense in the framework of recursion theory to
discuss decidability. As we have seen, intuitionistic logic sees this `pathological
example' in a different light.

(2) It is not decidable if {x} is a total function.
Suppose it were decidable, then we would have a recursive function f such
that f (x) = 0 t* {x} is total. Now consider
O(x, y)

f O if x E K

t T else

By the S;n theorem there is a recursive h such that {h(x)}(y) = cp(x, y). Now
{h(x)} is total <= x c K, so f (h(x)) = 0 a x E K, i.e. we have a recursive characteristic function sg(f (h(x))) for K. Contradiction. Hence such an
f does not exist, that is {xJ{x} is total} is not recursive.
(3) The problem We is finite' is not recursively solvable.
In words, it is not decidable whether a recursively enumerable set is finite'.
Suppose that there was a recursive function f such that f (e) = 0 ,# We is finite. Consider the h(x) defined in example (2). Clearly Wh(x) = Dom{h(x)} =
x K, and Wh(x) is infinite for x E K. f (h(x)) = 0t* x ¢ K, and hence
0
sg(f (h(x))) is a recursive characteristic function for K. Contradiction.

Note that x E K

<=>

{x}x 1, so we can reformulate the above solutions as

follows: in (2) take cp(x,y) = 0 O. {x}(x) and in (3) cp(x,y) = {x}(x).

(4) The equality of RE sets is undecidable.
That is, {(x,y)IWW = Wy} is not recursive. We reduce the problem to the
solution of (3) by choosing Wy = 0.

(5) It is not decidable if We is recursive.
Put c(x, y) = {x}(x) {y}(y), then cp(x,y) = {h(x)}(y) for a certain recursive
h, and
_ K if x E K
Dom{h(x)}
0 otherwise.
Suppose there were a recursive function f such that f (x) = 0 <=> Wx is

recursive, then f (h(x)) = 0 t* x V K and, hence, K would be recursive.
Contradiction.

There are several more techniques for establishing undecidability. We will
treat here the method of inseparability.
and Wn are recursively separable
Definition 7.3.8 Two disjoint RE-sets
if there is a recursive set A such that Wn C A and W. C Ae. Disjoint sets
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A and B. are effectively inseparable if there is a partial recursive cP such that
for every m, n with A C Wm, B C Wn, W. fl W. = 0 we have cp(m, n) J. and
;p(m, n) V Wm U Wn.

r

. cp m, n

AT A`
I

/

rn \

We immediately see that effectively inseparable RE sets are recursively
inseparable, i.e. not recursively separable.
Theorem 7.3.9 There exist effectively inseparable RE sets.

Proof. Define A = {xt{x}(x) = 0},B = {xl{x}(x) = 1}. Clearly A fl B = 0
and both sets are RE.
Let W. fl Wn = 0 and A C Wm, B C Wn. To define co we start testing
x E Wm or x E Wn; if we first find x E Wm, we put an auxiliary function a(x)
equal to 1, if x turns up first in Wn then we put a(x) = 0.
Formally
1 if 3z(T(m, x, z) and Vy < z-*T (n, x, y))

a(m, n, x) =

0 if 3z(T(n, x, z) and Vy < z-T(m, x, y))
T else.

By the Sn theorem {h(m, n)}(x) = a(m, n, x) for some recursive h.
h(m, n) E Wm = h(m, n) ¢ Wn. So 3z(T(m, h(m, n), z) A
Vy < z-T(n, h(m,n),y))

a(m,n,h(m,n)) = 1 = {h(m,n)}(h(m,n)) = 1
h(m, n) E B = h(m, n) E Wn.
Contradiction. Hence h(m, n) ¢ Wm. Similarly h(m, n) ¢ Wn. Thus h is the
required V.

Definition 7.3.10 A subset A of ICY is productive if there is a partial recursive
function cp, such that for each Wn C A, cp(n) j and c(n) E A - Wn.

The theorem above gives us the following
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Corollary 7.3.11 There are productive sets.

Proof. The set A` defined in the above proof is productive. Let Wk C A`.
Put We = B U Wk = WW U Wk = Wh(,,,k) for a suitable recursive function h.
Now apply the separating function from the proof of the preceding theorem
to A = W. and Wh(.,k)): o(m, h(n, k)) E Ac - W,n.
0
Productive sets are in a strong sense not RE: no matter how one tries to

fit an RE set into them, one can uniformly and effectively indicate a point
that is missed by this RE set.

Exercises
1. The projection of an RE set is RE, i.e. if R(Y, y) is RE then so is 3yR (x, y).
2. (i) If A is enumerated by a strictly monotone function, then A is recursive.

(ii) If A is infinite and recursive, then A is enumerated by a strictly increasing recursive function. (iii) An infinite RE set contains an infinite
recursive subset.

3. Every non-empty RE set is enumerated by a total recursive function.

4. If A is an RE set and f a partially recursive function, then f -' (A)(=
{xj f (x) E A}) and f (A) are RE.
5. Show that the following are not recursive
(i) {(x,y)1 W- = Wy}
(ii) {xIW,, is recursive}
(iii) {x10 E WW}

7.4 Some arithmetic
In the section on recursive functions we have been working in the standard
model of arithmetic; as we are now dealing with provability in arithmetic we
have to avoid semantical arguments. and to rely solely on derivations inside
the formal system of arithmetic. The generally accepted theory for arithmetic
goes back to Peano, and thus we speak of Peano arithmetic, PA (cf. 2.7)
A major issue in the late 1920s was the completeness of PA. Godel put
an end to prevailing high hopes of the day by showing that PA is incomplete
(1931). In order to carry out the necessary steps for Godel's proof, we have
to prove a number of theorems in PA. Most of these facts can be found in
texts on number theory, or on the foundation of arithmetic. We will leave a
considerable number of proofs to the reader. Most of the time one has to apply
a suitable form of induction. Important as the actual proofs are, the heart of
Godel's argument lies in his ingenious incorporation of recursion theoretic
arguments inside PA.
One of the obvious stumbling blocks for a straightforward imitation of 'selfreference' is the apparent poverty of the language of PA. It does not allow us
to speak of, e.g., a finite string of numbers. Once we have exponentiation we
can simply code finite sequences of numbers. Godel showed that one can indeed
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define the exponential (and much more) at the cost of some extra arithmetic,
yielding his famous O-function. In 1971 Matiyashevich showed by other means
that the exponential is definable in PA, thus enabling us to handle coding of
sequences in PA directly. Peano arithmetic plus exponentiation is prima facie
stronger than PA, but the above mentioned results show that exponentiation
can be eliminated. Let us call the extended system PA; no confusion will
arise.

We repeat the axioms:

- Vr(S(x) 0 0),
dxy(S(x) = S(y) - x = y),
- Vx(x+0 = x),
- bxy(x + S(y) = S(x + y)),
- Vx(x 0 = 0),
-

- dxy(x . S(y) = x y + x),
- bx(x° = 1),

- dxy(xsy = xy. X),
- c(0) A Vx('P(x) - 'P(S(x))) -* dx,p(x).

1 = S(0), we will use both S(x) and x + T, whichever is convenient.
We will also use the usual abbreviations. In order to simplify the notation,
we will tacitly drop the `PA' in front of `I-' whenever possible. As another
Since

harmless simplification of notation we will often simply write n for Ti when no
confusion arises.

In the following we will give a number of theorems of PA; in order to
improve the readability, we will drop the universal quantifiers preceding the
formulas. The reader should always think of the universal closure of ... '.
Furthermore we will use the standard abbreviations of algebra, i.e. leave
out the multiplication dot, superfluous brackets, etc., when no confusion arises.
We will also write `n' instead of `n'.
The basic operations satisfy the well-known laws:

Lemma 7.4.1

. Addition and multiplication are associative and commutative, and distributes over +.
(i) I- (x + y) + z = x + (y + z)

(ii) F-x+y=y+x
(iii)

f

x(yz) _ (xy)z

(iv) I- xy = yx
(v) I- x(y + z) = xy + xz

(vi) - xy+z

xyxz

(vii) J- (xy)z = xyz

Proof. Routine.

0
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Lemma 7.4.(3) F- x = 0 V 3y(x = Sy)

(ii) F- x+ z= y+ z --* x= y

(iii)F-z0--4 (xz=yz-*x=y)
O--+(xY=x2 -+y=z)

(iv) F-x

(v) l-y540-*(xY=zy--+x=z)
Proof. Routine.

A number of useful facts is listed in the exercises.

Although the language of PA is modest, many of the usual relations and
functions can be defined. The ordering is an important example.

Definition 7.4.3 x < y := 3z(x + Sz = y)
We will use the following abbreviations:

x<y<z standsforx<yny<z

Vx < yp(x)

,,

3x < yW(x)

,,

x>y
x<y

Theorem 7.4.4(i)

Vx(x < y --+'P(X)
3x(x < y n W(x)

y<x
x<yVx=y.

F- -x < x

(ii) F-x<yAy<z-+x<z

(iii) F-x<yVx=yVy<x
(iv) F-0=xV0<x
(v) F-x<y--*Sx=yVSx<y
(vi) F- x<Sx

(vii) F`-x<yAy<Sx
(viii)F-x<Sy*-*(x=yVx<y)

(ix) F'x<y*-+x+z<y+z
(x)

F-z540-*(x<y*--+xz<yz)

(xi) F-x#0-+(0<y<z-+xy<x2)
(xii) F-z#0--* (x<y-+x2 <y2)
(xiii) F- x < y *--* Sx < Sy

Proof routine.
Quantification with an explicit bound can be replaced by a repeated disjunction or conjunction.

Theorem 7.4.5 F- Vx < i (x) +-4 c,(O) n ... A

(n > 0),

F-3x<ncp(x)"W(0)V...VWP n-1),(n>0)
Proof. Induction on n.

11
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Theorem 7.4.6 (i) well-founded induction
l- Vx(Vy < x Ay) - W(x)) - Vxcp(x)
(ii) least number principle
(LNP)
!- 3xW(x) A Vy < x-W(y)))

-

Proof (i) Let us put O(x) := Vy < xW(y). We assume Vx(i(x)
p(x)) and
proceed to apply induction on zp(x).
Clearly I- 0(0).
So let by induction hypothesis O(x).
Now ?(Sx) +-> [Vy < Sxp(y)] H [Vy((y = x V y < x) - sp(y))] H
[Vy((y = x --+ sp(y)) A (y < x -+ p(y)))] '-' [Vy(V(x) A (y < x
[V(x) nVy < xp(y)] -+ [p(x) n'fi(x)]
Now ip(x) was given and b(x) --+ p(x). Hence we get 2/i(Sx). This shows
Vx?p(x), and thus we derive Vxp(x).
(ii) Consider the contraposition and reduce it to (i).
In our further considerations the following notions play a role.

Definition 7.4.7 (i) Divisibility
xly:= 3z(xz = y)
(ii) Cut-off subtraction.

z=y=x:= (x <yAx+z=y)V (y<xAz=0)

(iii) Remainder after division.

z = rem(x,y) := (x j4 OA 3u(y=ux+z) nz < x) V (x = 0 A z = y)
(iii) x is prime.

Prime(x):=x> lAVyz(x=yz - y=xVy=1)

The right hand sides of (ii) and (iii) indeed determine functions, as shown in

Lemma 7.4.8 (i) I- Vxy3!z((x < y A z + x = y) V (y < x n, z = 0))
(ii) !- Vxy3!z((x # 0 A 3u(y = ux + z) A z < y) V (x = 0 A z = 0)).
Proof. In both cases induction on y.
There is another characterization of the prime numbers:

Lemma 7.4.9 (i) l-Prime(x) " x >
I-

1

A Vyz(xlyz -+ xiyV xlz)

Proof (i) is a mere reformulation of the definition.
(ii) -+ is a bit tricky. We introduce a bound on the product yz, and do uif-.
induction on the bound. Put W(w) = Vyz < w(xlyz -+ xly V xlz). We now
show Vw(Vv < wp(v) -+ p(w))

Let Vv < wcp(v) and assume -p(w), i.e. there are y, z < w such that
xlyz,

- xly,

xlz We will `lower' the y such that the w is also lowered. Since
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xly,- xlz, we have z # 0. Should y > x, then we may replace it by y =
rem(x, y) and carry on the argument. So let y < x. Now we once more get
the remainder, x = ay + b with b < y. We consider b = 0 and b > 0.
If b = 0, then x = ay; hence y = 1Vy = x. If y = 1, then xlz. Contradiction.
If y = x then xly. Contradiction.
Now if b > 0, then bz = (x - ay)z = xz - ayz. Since xl yz, we get xl bz.
Observe that bz < yz < w, so we have a contradiction with Vv <
Hence by RAA we have established the required statement.
For <- we only have to apply the established facts about divisibility.
Can we prove in Pearlo's arithmetic that there are any primes? Yes, for
example PA h Vx(x > 1 -> 3y(Prime(y) A ylx)

Proof. Observe that 3y(y > 1 A ylx). By the LNP there is a least such y:
3y(y > 1 A ylx n Vz < y(z > 1 -+ -, zly))
Now it is easy to show that this minimal y is a prime.
Primes and exponents are most useful for coding finite sequences of natural
numbers, and hence for coding in general. There are many more codings, and
some -of them are more realistic in the sense that they have a lower complexity.
For our purpose, however, primes and exponents will do.
As we have seen, we can code a finite sequence (no... , nk_1) as the number
nk-1+1
2no+1 .3 n1+1
pk-1
We will introduce some auxillary predicates.

Definition 7.4.10 (Successive primes) Succprimes(x, y) := x < y n
Prime(x) A Prime(y) A Vz(x < z < y , -Prime(z))
The next step is to define the sequence of prime numbers 2,3,5 .... pn......
The basic trick here is that we consider all successive primes with ascending
exponents: 2°, 31, 52, 73, ... px,. We form the product and then pick the last
factor.

Definition 7.4.11 (The xth prime number, px) px = y := 3z(-21z A
Vv < y
Vu < y(Succprime(v,u) - Vw < z(vwlz -+ uw+llz)) A yxlz n -, yx+l Iz)

Observe that, as the definition yields a function, we have to show

Lemma 7.4.12 1- 3z(-21z n Vv < yoVu < yo(Succprime(v,u) -+ Vw <
z(vwlz

- uw+l lz)) n yorlz n - yo+1lz) A

3z(-21z h Vv < y1Vu < yl(Succprime(v,u) -+ Vw < z(vwlz - uw+1lz)) A

yilzA-,yi+llz)- yo=y1
The above definition just mimicks the informal description. Note that we
can bound the existential quantifier as 3z < y12 We have now justified the
notation of sequence numbers as products of the form
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pono+1 . pl n,+1
...

, pk-l nk_1+1

The reader should check that according to the definition po = 2. The decoding
can also be defined. In general one can define the power of a prime factor.

Definition 7.4.13 (decoding) (z)k = v := pk+l lz A - pkv+2Jz
The length of a coded sequence can also be extracted from the code:

Definition 7.4.14 (length) lth(z) = X:= pxlz A Vy <.z(p,lz -* y < x)
Lemma. 7.4.15 I- Seq(z) -4 (lth(z) = x H (p.1 z A -py+i I Z))
We define separately the coding of the empty sequence: () := 1
The coding of the sequence (x0, ... , xn_1) is denoted by (xo, ... ,
Operations like concatenation and restriction of coded sequences can be
defined such that
(x0 . . . xn-1) * (yo . . . ym-1) _ (x0,
xn-1, yo . . . ym-1)
(XO . . . xn - I) IM = (xo . . xm - 1), where m < n (warning: here I is used
for the restriction relation, do not confuse with divisibility).
The tail of a sequence is defined as follows:
tail(y) = z H (3x(y = (x) * z) V (lth(y) = 0 A z = 0)).
.

Closed terms of PA can be evaluated in PA:

Lemma 7.4.16 For any closed term t there is a number n such that F- t = n.

Proof. External induction on t, cf. lemma 2.3.3. Observe that n is uniquely
determined.

Corollary 7.4.17 N -- t1 = t2 = F- tl = t2 for closed t1 i t2.
Godel's theorem will show that in general `true in the standard model' (we will
from now on just say `true') and provable in PA are not the same. However
for a class of simple sentences this is correct.

Definition 7.4.18 (i) The class A0 of formulas is inductively defined by

o E Ao for atomic l
o, VE4o =- -W,WAVG,WV0,W- bE40

pEAo=Vx<yp,3x<ypEz0

(ii) The class El is given by:
lp, -gyp

E El for atomic (p

c,,bEEl =cV0,WA0GE1
cP E El = Vx < yip, 3x < yip, 3xc E El

A formula is called strict El if it is of the form

r

where cc is 40.

I
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We will call formulas in the classes Do and E1, Do, El-formulas respectively. Formulas, provably equivalent to E1 formulas, will also be called E1
formulas.
For El-formulas we have that `true = provable'.
Lemma 7.4.19 I- pp or F- -p, for L10-sentences W.
Proof. Induction on W.
(i) pp atomic. If W = tl = t2 and t1 = t2 is true, see corr. 7.4.17.

If tl = t2 is false, then tl = n and t2 = m, whore, say, n = m + k with k > 0.
Now assume (in PA) t1 = t2, then m = m + k. By 7.4.2 we get 0 = k, 7.4.19
But since k = S(l) for some 1, we obtain a contradiction. Hence l- -t1 = t2.
(ii) The induction cases are obvious. For Vx < tpp x), where t is a closed term,
use the identity Vx < WW(x) - pp(0) n ... A W(n - 1). Similarly for 3x < tpp(x).

Theorem 7.4.20 (El-completeness) N [-- pp to PA F- V, for El sentences
W.

Proof. Since the truth of 3xV(x) comes to the truth of pp(n) for some n, we
may apply the above lemma.

7.5 Representability
In this section we will give the formalization of all this in PA, i.e. we will show

that definable predicates exist corresponding with the predicates introduced
above (in the standard model) -- and that their properties are provable.

Definition 7.5.1 (representability) - a formula pp(xo,... , xn_1, y) represents an n-ary function f if for all k0,. .. , kn_1

f(k0,...,kn_1) =p

F-Vy(pp(k0i...,kn-1,y)'-* y =p)

- a formula pp(xo, ... , xn_1) represents a predicate P if for all ko,... , kn_1
P(ko,...,kn-1) =4>' l- w(ko,...,kn-1)
and

-P(kl,...,kn)

b _w(ko,...,kn-1)

- a term t(xo, ... , xn_1) represents f if for all
f (ko, .... , kn_1) = p

kn_1

F- t(ko, ... ,'kn-1) =:p

Lemma 7.5.2 If f is representable by a term, then f is representable by a
formula.

I
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Proof. Let f be represented by t. Let f (k) = p. Then I- t(k) = p. Now define the formula W(x,y) := t(i) = y. Then we have I- cp(k,p). And hence
p = y - p(k, y). This proves I- cp(k, y) - p = y.
Sometimes it is convenient to split the representability of functions into
two clauses.

Lemma 7.5.3 A k-ary function is representable by p if
f (no - nk-1) = rn = - O(no..... nk_1, gin) and F- TzV(no ... nk_l, z).
Proof. Immediate. Note that the last clause can be replaced by

F-W(no...nk_1,z)-+z=m.
The basic functions of arithmetic have their obvious representing terms.
Quite simple functions can however not be represented by terms. E.g., the
sigma function is represented by cp(x, y) := (x = 0 A y = 0) V (-x = 0 A y = 1),
but not by a term. However we can easily show F- bxE]!yp(x, y), and therefore
we could conservatively add the sg to PA (cf. 3.4.6). Note that quite a number
of useful predicates and functions have 1o formulas as a representation.

Lemma 7.5.4 P is representable t-> Kp is representable.
Proof. Let p(a) represent P. Define O(x", y) = (W(i) A(y = 1)) V (-po(x) A (y =

0)). Then -0 represents Kp, because if Kp(k) = 1, then P(k), so I- Ak)
and F- V)(k,y) H (y = 1), and if Kp(k) = 0, then -P(k), so F- -p(k) and
F- r,b(k, y) <-+ (y = 0). Conversely, let i,b(i, y) represent Kp. Define W(Y)
O(i, 1). Then cp represents P,
There is a large class of representable functions, it includes the primitive
recursive functions.

Theorem 7.5.5 The primitive recursive functions are representable.
Proof. Induction on the definition. of primitive recursive function. It is simple to show that the initial functions are representable. The constant function
Cam, is represented by the term in, the successor function S is represented by
x + 1, and the the projection function Pk is represented by xi.
The representable functions are closed under substitution and primitive recursion We will indicate the proof for the closure under primitive recursion.

= g(x)
Consider (f (x' 0)
lllf(Y,y+1) = h(f(x,y),x,y)
g is represented by gyp, h is represented by r/i

F- c(n, rn) and
y=m
F- cp(n, y)
b
and
(p,
n,
q,
m)
E

-

rna

h(p, n, q) = rn

:

=>

I I- ' b(p, n", 9, y) ---* y = m

1.
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Claim: f is represented by o(x, y, z), which is mimicking ]w E Seq(lth(w) _
y + 1 A ((w)o = g(x) A Vi < y((w)i+l = h((w)i,.x, i) A z = (w)y)
o(x, y, z) := dw E Seq(lth(w) = y + 1 A cp(x, (w)o)A
Vi < y(?,b((w)i,1, i, (w)i+1) A z = (w),,)

Now let f (n, p) = m, then
f (n, 0) = g(in)
f (n, 1) = h(f (n, 0), n, 0)
f (n, 2) = h(f (n,1), n, 1)

= ao

- al

= a2

f(n,P) = h(f(n,P - 1),n,P - 1) = ap = m
Put w = (ao,... , ap); note that lth(w) = p + 1.
g(n) = f (n, 0) = ao = *4- p(n, ao)
f(n,1) = a1 =*F- ' b(ao, A, 0, a1)

f (n, P) = ap r - i,i(a,-1, n, P - 1,ap)
Therefore we have f- lth(w) = p + 1 n cp(n, ao) A 1/i(ao, n, 0, a,) A ... A
7/i(ap_i i n) p - 1, ap) A (w)p = m and hence I- o(il, p, m).
_

Now we have to prove the second part: F- o(n, p, z) -+ z = m. We prove
this by induction on p.
(1) p=0. Observe that F- o(n, 0, z) H ip(i2, z), and since p represents g, we get
I- W(n, z) --* z = Tn

(2) p = q + 1. Induction hypothesis: F- o(ii, q, z) -+ z = f (n, q)(= m)
U(n, q + 1, z) = 3w E Seq(lth(w) = q + 2 A cp(il, (w)o) A
Vi < y(0((w)i, of i, (w)i+1) n z = (w)q+1)
We now see that
I- o(n, q + 1, z) -* 3u(o(n, q, u) n 1(i(u, n, 4, z).
Using the induction hypothesis we get
F- o(n, q + 1, z) -4 3u(u = f (n, q) A 1()(u, n', q., z))

And hence F-o(n,q+1,z) - ,b(f(n,q),n,q,z)
Thus by the property of z

:

F- o(n, q + 1, z) -z = f (if, q + 1)

It is now one more step to show that all recursive functions are representable, for we have seen that all recursive functions can be obtained by a
single minimalization from a primitive recursive predicate.
Theorem 7.5.6 All recursive functions are representable.
Proof. We show that the representable functions are closed under minimalization. Since representability for predicates is equivalent to representability for

i
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functions, we consider the case f (x) = ayP(z , y) for a predicate P represented
by gyp, where Vx3yP(i, y).
Claim: zb(a, y) := cp(x, y) n Vz <

z) represents pyP(Y, y).

m = p yP(n, y) = P(il, M) A -P(il, 0) A... A -P(ii, m - 1)
= I- p(n, m) n
0) A ... A
m - 1)
cp(n, m) A Vz < m-W(fa, z)

=

F-

=:>.

P TG(n,m)

Now let cp(n, y) be given, then we have cp(ii, y) A Vz < y- p(n, z). This
immediately yields m > y. Conversely, since cp(n, m), we see that m < y.
Hence y = m. This informal argument is straightforwardly formalized as
I- 'p (n, y) -' y = m.

We have established that recursive sets are representable. One might per-

haps hope that this can be extended to recursively enumerable sets. This
happens not to be the case. We will consider the RE sets now.

Definition 7.5.7 R(x) is semi-represen table in T if R(n) t* T I- p(7n) for a
X0(4

Theorem 7.5.8 R is semi-representable to R is recursively enumerable.
For the proof see p. 251.

Corollary 7.5.9 R is representable a R is recursive.
Exercises
1. Show

F-x+y=0 x=0Ay=0
I-xy=O-*x=OVy=0

I xy=1-*x=1Ay=1

f xY=1--*y=0Vx=1
xY=0-*x=0Ay54 0
I-x+y=1--*(x=0/A y = 1)V(x=1Ay=0)
2. Show that all E1-formulas are equivalent to prenex formulas with the existential quantifiers preceding. the bounded universal ones (Hint.. Consider

the combination Vx < t3yp(x, y), this yields a coded sequence z such
that Vx < tp(x, (z)x)). I.e. in PA El formulas are equivalent to strict El
formulas.

3. Show that one can contract similar quantifiers. E.g. VxVyp(x, y)
Vzca((z)U,(z)1).

t-+

i
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7.6 Derivability
In this section we define a coding for a recursively enumerable predicate
Thm(x), that says "x is a theorem". Because of the minimization and upper bounds on quantifiers, all predicates and functions defined along the way
are primitive recursive. Observe that we are back in recursion theory, that is
in informal arithmetic.

Coding of the syntax
The function r-, codes the syntax. For the alphabet, it is given by

-

exp
(
n V0S +
2i3 5 711 13/17/19 123129

)

xi

pir+i

Next we code the terms.
. .
(r f ,, r(,, rtl,, ....
, rt,a,, r),)

rf(tl,...,tn)-I

Finally we code the formulas. Note that {A,-,V} is a functionally complete
set, so the remaining connectives can be defined.

_

r(W nV)),

(Ti, rt,, r=,, rs,, r),)
(r( rp-1 Wl r,b_ r)1)

%0 -0),

(r(,, rV,, rte,, r0,, r),)

r(t = S),

r(Vx. ,),
(r(,, rV,, rxi,, rcp,, T)
Const(x) and Var(x) characterize the codes of constants and variables, respectively.

Const(x)
Var(x)

:=

Fncl(x)

:=

x = ro-,

Eli < x(pll+i = x)

x = rS-1

x= r+, V x=
is a term - and Form(x) - x is a formula - are primi-

Fnc2(x)
x

tive recursive predicates according to the primitive recursive version of the
recursion-theorem. Note that we will code according to the standard function
notation, e.g. +(x, y) instead of x + y.
Term(x) := Const(x) V Var(x)V
(Seq(x) A lth(x) = 4.A Fncl((x)o)A

(x)i = r(, n Term((x)2) A (x)3 = r), 1 V
(Seq(x) A lth(x) = 5 A Fnc2((x)o)n /

(x)i = r(, A Term((x)2) A Term((x)3) n (x)4 = r),ll
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Form(x) := rSeq(x) A lth(x) = 5 A (x)o = r(1 A (x)4 = r)1A
L(Term((x)1) A (x)2 = r=-' ATerm((x)3))V
Form((x)1) A (X)2 = rAl A Form((x)3)) V

Form((x)i) A (X)2 = r_4l A Form((x)3))V
(x)1 = rVl A Var((x)2) A Form((x)3))]
All kinds of syntactical notions can be coded in primitive recursive predicates, for example Free(x, y) - x is a free variable in y, and FreeFor(x, y, z)

- x is free for y in z.

Free (x, y) :=

(Var(x) A Term(y) A -Const(y)A
(Var(y) -# x = y)A
(Fncl((y)o) --> Free(x, (y)2))A
(Fnc2((y)o) -4 (Free(x, (Y)2) V Free(x, (Y)3))))
or
(Var(x) A Forrn(y)A

IV' - (Free(x, (y)1) V Free(x, (y)3)))A

((y)1

(MI = 'V' -+ (x I' (Y)2 A Free(x,(y)4))))
Term(x) A Var(y) A Form(z)A
((Z)2

FreeFor(x, y, z) :=

(z)1

= r=,) V

:A

rV, A FreeFor(x, y, (z)1) A FreeFor(x, y, (z)3) V

(z)1 = rV_I A -Free((z)2, x)A

l (Free(y, z)

-+ (Free((z)2, x) A Free(x, y, (Z)3))))]

Having coded these predicates, we can define a substitution-operator Sub
such that Sub(r_ pol,

rx-,,

rt-,)

= rcpt/xp.
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if Const(x)

if Var(x) n x # y
if Var(x) Ax = y
if Term(x)A

z
((x)o, r(', Sub((x)2, y, z), r)7)

Fncl((x)o)
((x)o, r(,, Sub((x)2, y, z), Sub((x)3, y, z), r),) if Term(x)n
Fnc2((x) o )
S u b (x, y,') :_ { r
r -,)) i, f F orm(x) n
S ub ((x) I , y, z), (x)2, Sub ((x)3, y, z),

((,

FreeFor(x, y, z) A
(x)o

rd-7

if Form(x)n
(r (,, (x)1, (x)2, Sub((x)3, y, z), r),)
FreeFor(z, y, x)A
(x)o = rd,
0 else
Clearly Sub is primitive recursive (course of value recursion).

Coding of derivability
Our next step is to obtain a primitive recursive predicate Der that says
that x is a derivation with hypotheses yo, ... , ytth(y)-1 and conclusion z. Before
that we give a coding of derivations.

initial derivation
[V1 = (0,'G)

AI

D2

D1

((0, rn,),

rDli [D2] ,r(PA'l),)
,

I

J

('P A

J

AE
D
A

-+I
'P

D

0
(w

0

-+E
D1

D2

P

(P - 'b)

RAA

((I, r1,), ID ]
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VI

D
((0,rV,),

[D1

,r(VxG),)

(V P)

VE
(VD

r

l

((I, rV,), [ VD ) ]

,p 1t/x]

, r P[t/

)

For Der we need a device to cancel hypotheses from a derivation. We consider
a'sequence y of (codes of) hypotheses and successively delete items u.

y if lth(y) = 0
Cancel (u, tail (y)) if (y)o = u
((y)o,Cancel (u,tail (y))) if (y)o 4 u
Here tail(y) = z t* (lth(y) > 0 A 3x(y = (x) * z) V (lth(y) = 0 A z = 0)
Cancel (u, y) :=

Now we can code Der, where Der(x, y, z) stands for `x is the code of a
derivation of a formula with code z from a coded sequence of hypotheses y'.
In the definition of Der 1 is defined as (0=1).
Der(x, y, z) :=

Form(z) A Ai"

oy)-1

A

[(3i < lth(y)(z = (y)i A x = (0, z))
or

(3xix2 < x3y1y2 < x3z1z2 < xy = yi * Y2 A
\Der(xi, yi, zi) A Der(x2, y2, z2) A
z = (r(,, zi, rn,, z2, r),) A x = ((O, rn,), xi, x2, z))
or

(3u < x3xi < x3zi < x Der(xi, y, zi) A
(z1 = (r(,, z, rA,, u, r),) V (z1 = (r(,, u, rn,, z, r),)) A
x = ((1, 'A,), xi, z))
or

(3xi < x3yi < x3u < x3zi < x(y = Cancel(u, yi) V
y = yi) n Der(xi, yl, zi) n z = (r(,, u, r-,, zl, r),) n
x = ((O,r-,),xi,zi))
or

(3x1x2 < x3yiy2 < x3ziz2 5 x (y = yi * Y2 A
Der(x1, yl, zi) A Der(x2, y2, z2) A

z2 = (r(,,zi,r-,,z,r),) Ax = ((l,r-,),xi,x2,z))).
or
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(3x1 < x3z1 < x3v < x(Der(xl, y, zl) A Var(v) A
/
/ \ihp y)-1 -Free(v, (y)i) A z = (rd,, v, r(,, zlar) 1) A

x = ((O,rd,),xl,zl)))
or

(3t < x3v < x3x1 < x3zl < x(Var(v) A Term(t) A
Free f or (t, v, z1) A z = Sub(zl, v, t) A
Der(xi, y, (rd,, v, r(1, z1, r),) A x = ((1, rd-'), y, z) ))
Or

(3x1 < x3y1 < x3z1 < x(Der(xl, yl, (r1-1)) A

y = Cancel((z,r1,),yl) Ax =
Coding of provability

xl,zl)))lJ

The axioms of Peano's arithmetic are listed on page 238. However, for
the purpose of coding derivability we have to be precise; we must include the
axioms for identity. They are the usual ones (see 2.6 and 2.10.2), including
the `congruence axioms' for the operations:
(xl = yl n x2 = y2) (xl=yiAx2=y2)-*(S(xl)=S(yl) A x1+x2=y1+y2 A
xl ' x2 = Y1 * y2 A x12 =yl2)

These axioms can easily be coded and put together in a primitive recursive

predicate Ax(x) - x is an axiom. The provability predicate Prov(x, z) - x is
a derivation of z from the axioms of PA - follows immediately.
lth(y)-1

Prov(x,z)

:=

3y< x(Der(x, y, z) A A Ax((y)i))
i-O

Finally we can define Thm(x) - x is a theorem. Thm is recursively enumerable.

Thm(z)

3xProv(x, z)

Having at our disposition the provability predicate, which is Z°, we can
finish the proof of `semi-representable =- RE' (Theorem 7.4.9).
Proof. For convenience let R be unary recursively enumerable set.
=: R is semi-representable by gyp. R(n) <--* I- cp(n) e* 3yProv (rcp(n),, y).
Note that rcp(ny is a recursive function of n. Prov is primitive recursive, so
R is recursively enumerable.

G: R is recursively enumerable = R(n) = 3xP(n, x) for a primitive recursive P. P(n, m) e* F- c(n, m) for some W. R(n) to P(n, m) for some
m t* f- cp(n, m) for some m =>. t- 3ycp(n, y). Therefore we also have
I- 3ycp(n, y) = R(n). So 3ycp(n, y) semi-represents R.
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7.7 Incompleteness
Theorem 7.7.1 (Fixpoint theorem) For each formula cp(x) (with FV(p) _
{x}) there exists a sentence b such that F- V(77) F+ 0.
Proof. Popular version: consider a simplified substitution function s(x,y)
which is the old substitution function for a fixed variable: s(x, y) = Sub(x, r-xo-,, y).
Then define O(x) := p(s(x,x)). Let m := rO(x)1, then put ?P := 9(7Ti). Note
F,
that V) +8(m) H p(s(m,m)) «+
p5Ji1).

-

This argument would work if there were a function (or term) for s in
the language. This could be done by extending the language with sufficiently
many functions ("all primitive recursive functions" surely will do). Now we
have to use representing formulas.
Formal version: let o'(x, y, z) represent the primitive recursive function s(x, y).
Now suppose 9(x) := 3y(p(y) A c,(x, x, y)), m = r9(x), and 0 = 9(m). Then
z/ f-, 9(yn) - 3y(pp(y) A or(Fi,`m,y))

(7.1)

F Vy(c(m, m, y) `-' y = ;-(MM))
I- b'y(cr(m, m, y) .. y = r9(rn)l)

(7.2)

By logic (1) and (2) give

4-+ 3y(p(y) A y ='-9(7n)1) so 0 '-' i0(r9(m)l) f-+

p(r?/i,) .

Definition 7.7.2

(i) PA (or any other theory T of arithmetic) is called

w-complete if F- 3xp(x) = F- p(n) for some n E N.
(ii) T is w-consistent if there is no cp such that (1- 3xp(x) and F- -p(n) for
all n) for all V.

Theorem 7.7.3 (Godel's first incompleteness theorem)
If PA is w-consistent then PA is incomplete.
Proof. Consider the predicate Prov (x, y) represented by the formula Prov (x, y).
Let Thm (x) := 3yProv (x, y). Apply the fixpoint theorem to -Thm (x): there
exists a cp such that F- p +-+ -Thm (7). gyp, the so-called Godel sentence, says
in PA: "I am not provable."
Claim 1: If F- cp then PA is inconsistent.

Proof. F- p = there is a n such that Prov
[- 3yProv (rips, y) = F- Thm (yip,)

=*

n), hence F- Prov (rip', Ti) =t-

F- -up. Thus PA is inconsistent.

Claim 2: If F- -W then PA is w-inconsistent.
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Proof. I- -p

F- 3xProv (gyp', x). Suppose PA is
=>.
F- Thm ('gyp,) =>
w-consistent; since w-consistency implies consistency, we have Y V and
therefore -Prov (gyp' n) for all n. Hence F- - Prov (gyp,, n) for all n. Contradiction.

Remarks. In the foregoing we made use of the representability of the provabilitypredicate, which in turn depended on the representability of all recursive functions and predicates.

For the representability of Prov (x, y), the set of axioms has to be recursively enumerable. So Godel's first incompleteness theorem holds for all
recursively enumerable theories in which the recursive functions are representable. So one cannot make PA complete by adding the Godel sentence,
the result would again be incomplete.
In the standard model N either cp, or -gyp is true. The definition enables
us to determine which one. Notice that the axioms of PA are true in N, so
= p * -Thm (rcp'). Suppose N t-- Thm (yep,) then N = 3xProv (gyp,, x) e=>
N = Prov (7,7i) for some n e= F- Prov (gyp,, n) for some n G=> F- cp

F- -Thm (x,01) = N 1 -Thm (7). Contradiction. Thus p is true in N. This
is usually expressed as `there is a true statement of arithmetic which is not
provable'.

Remarks. It is generally accepted that PA is a true theory, that is N is a
model of PA, and so the conditions on Godel's theorem seem to be superfluous. However, the fact that PA is a true theory is based on a semantical
argument. The refinement consists in considering arbitrary theories, without
the use of semantics.

The incompleteness theorem can be freed of the w-consistency-condition. We
introduce for that purpose Rosser's predicate:
Ros (x) := Ely(Prov (neg (x), y) A `dz < y -=Prov (x, z)),

p1. The predicate following the quantifier is represented
by Prov (neg (x), y) A dz < y
(x, z). An application of the fixpoint
with neg('-cp-') =

theorem yields a T 1 such that
F- 0 F-+ Ely [ Prov

(l- , y) A dz < y -Prov (W, Z)

Claim: PA is consistent =* } 0 and } -0
Proof. (i) Suppose F- , then there exists a n such that Prov (VP, n) so
(2)
F- Prov(V, Ti)

(1)
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From (1) and (2) it follows that F- 3y < KProv F,O', y), i.e. F- Prov

0) V

V Prov (_ 1 7--1). Note that Prov is do, thus the following holds:
a V T- t--> F- o- or F- r, so F- Prov (77z/i-', 0) or ... or F- Prov ('77, n - 1)
i) for some i < n = F- -?P =:>. PA is inconsistent.
hence Prov
F

(ii) Suppose F- -0 then F- dy[ Prov (F-7, y) , 3z < y Prov (V, z)
also F- - = Prov
n) for some n => F Prov (-7, n) for some n
Y

= F- 3z < 7TProv (7, z) => (as in the above) Prov (VP, k) for some k < n,
so F- V)

=:>

PA is inconsistent.

We have seen that truth in N does not necessarily imply provability in PA
(or any other (recursively enumerable) axiomatizable extension). However, we
have seen that PA IS E° complete, so truth and provability still coincide for
simple statements.

Definition 7.7.4 A theory T (in the language of PA) is called E°-sound if
T F- cp = N E ep for Z'-sentences W.
We will not go into the intriguing questions of the foundations or philosophy
of mathematics and logic. Accepting the fact that the standard model ICY is a
model of PA, we get consistency, soundness and E)-soundness for free. It is
an old tradition in proof theory to weaken assumptions as much as possible,
so it makes sense to see what one can do without any semantic notions. The
interested reader is referred to the literature.
We now present an alternative proof of the incompleteness theorem. Here
we use the fact that PA is E° -sound.

Theorem 7.7.5 PA is incomplete.
Consider an RE set X which is not recursive. It is semi-represented by a a E°
formula p(x). Let Y = {nIPA F- p(n)}.
By E°-completeness we get n E X =:>- PA F- p(n). Since E° -soundness im-

plies consistence, we also get PA F- -p(n) = n V X, hence Y C Xc. The
provability predicate tells us that Y is RE. Now X` is not RE, so there is a
number k with k E (X U Y)`. For this number k we know that PA Ff -cp(k)
and also PA V p(k), as PA F p(k) would imply by E° -soundness that k E X.
As a result we have established that -ncp(k) is true but not provable in PA,
i.e. PA is incomplete.
We almost immediately get the undecidability of PA.

Theorem 7.7.6 PA is undecidable.

I
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Proof. Consider the same set X = {njPA I- gyp(- )} as above. If PA were decidable, the set XS would be recursive. Hence PA is undecidable.
Note we get the same result for any axiomatizable L0 -sound extension of
PA. For stronger results see Smorynski's Logical number theory

that f with f (n) = 1 C(nY is pr. rec.
Remarks. The Gode1 sentence y "I am not provable" is the negation of a strict
EO-sentence (a so-called 110-sentence). Its negation cannot be true (why ?).

So PA + ,y is not E0-sound.
We will now present another approach to the undecidability of arithmetic,
based on effectively inseparable sets.

Definition 7.7.7 Let o and zl) be existential formulas: W = 3xp' and z,b =
3xz/i'. The witness comparison formulas for cp and r/i are given by:
W < ? , b :=
AVy < x -x/i'(y))

W < 0 := 3x('P(x) AVy < x -0'(y)).

Lemma 7.7.8 (Informal Reduction Lemma) Let cp and b be strict E0, cpl
P < r/i and b1 := ?,b < W. Then
(z) N k Cpl - (p
(ii) lY 01 - V)

(iii)NIWV0 -

l Vol

Proof. Immediate from the definition.

Lemma 7.7.9 (Formal Reduction Lemma) Let W, fib, cpl and 01 be as
above.

(i) F
(ii)

nP//''

'Nl

(iii) N k
(iv)
N
N

b

W

1=

I- pl
F- 01

t--

- (Wi n 01).

Proof. (i)-(iv) are direct consequences of the definition and
EO-completeness.

(v) and (vi) are exercises in natural deduction (use Vuv(u < v V v < u)) and
(vii) follows from (v) (or (vi)).

Theorem 7.7.10 (Undecidability of PA) The relation 3yProv (x, y) is not
recursive. Popular version: i- is not decidable for PA.
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7 G&iel's theorem

Proof. Consider two effectively inseparable recursively enumerable sets A and

B with strict 4-defined. formulas W(x) and O(x). Define cpr(x) := cp(x) <

-

V) (x) and z/il(x) := V) (x) < cp(x).
then n E A = ICY I-- cp(n) A -V)(n)
ICY

k pi (n)

and nEB= N 0(n)A-cp(n)
ICY I= ?Pi (n)

Let A= in I

F- -Wi(n).
i i)},

l-

_

f3= In j H- 1(n)} then A C A and B C

B.

PA is consistent, so A fl B = 0. A is recursively enumerable, but because of
the effective inseparability of A and B not recursive. Suppose that Iv, j l- o}
is recursive, i.e. X = {k j Form(k) A 3zProv (k, z)} is recursive. Consider f
with f (n) = rips (fir, then In 13zProv (rcpt (n),, z) } is also recursive, i.e. A
is a recursive separator of A and B. Contradiction. Thus X is not recursive.
From the indecidability of PA we immediately get once more the incompleteness theorem:

Corollary 7.7.11 PA is incomplete.
Proof. (a) If PA were complete, then from the general theorem "complete
axiomatizabletheories are decidable" it would follow that PA was decidable.
(b) Because A and b are both recursively enumerable, there exists a n with
p(n).

Remark. The above results are by no means optimal; one can represent the
recursive functions in considerably weaker systems, and hence prove their
incompleteness. There are a number of subsystems of PA which are finitely
axiomatizable, for example the Q of Raphael Robinson, (cf. Smorynski, Logical
number theory, p. 368 ff.), which is incomplete and undecidable. Using this
fact one easily gets

Corollary 7.7.12 (Church's theorem) Predicate logic is undecidable.
Proof. Let {ol, ... , on} be the axioms of Q, then ol, ... , on I- cP q
I- (oi A ... A on) --* cp. A decision method for predicate logic would thus .provide one for Q.

Remark. (1) Since HA is a subsystem of PA the Godel sentence y is certainly independent of HA. Therefore -y V --y is not a theorem of HA. For
if HA i- y V -,-y, then by the disjunction property for HA we would have
HA 1- y or HA F- --I, which. is impossible for the Godel sentence.. Hence we
have a specific theorem of PA which is not provable in HA.
(2) Since HA has the existence property, on can go through the first ver-

sion of the proof of the incompleteness theorem, while avoiding the use of
w-consistency.

,

7.7 Incompleteness

Exercises
1. Show that f with f (n) = rt(nyl is pr. rec.

2. Show that f with f (n) =

is pr. rec.

3. Find out what W --* cp < w means for a W as shove.
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