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ABSTRACT: This paper is mainly about Boolean combinations of Y-formulas (B(Z)-formulas) in
HA. We prove a theorem guaranteeing that if a B(2)-formula is provable in HA, then a simpler one is
also provable. Our theorem yields a characterization of the derived rules of HA for X -substitutions.
Another application is a decision procedure for the closed fragment of the provability logic of HA. The
proof of our theorem leads us to such varied subjects as NNIL-formulas, robust formulas and preserva-

tivity notions.
1 Introduction

1.1 The problem and its solution: This paper is about the simple question:
What more do we know, when we know that a Boolean (or, if you prefer, a
Brouwerean) combination of .-sentences is provable in Heyting's Arithmetic?

The answer takes the form:

We often know that a better Boolean combination of the same X.-sentences is
provable in Heyting's Arithmetic. Moreover the better Boolean combination can
be found independently of the specific Y.-sentences under consideration.

Here better has two components. It means ‘stronger’ in the sense that the stronger

sentence implies the weaker one in the Intuitionistic Propositional Calculus (IPC). It

also means ‘simpler’ in the sense that the simpler formula lies in a specific class

NNIL, the class of propositional formulas with No Nestings of Implications to the



Left. The NNIL-formulas are modulo IPC-provable equivalence precisely the for-
mulas preserved under sub-models in the usual Kripke semantics for IPC. The
qualification often in the answer is just a gloss for:

unless our Boolean combination is already in NNIL.

We give a more formal statement of our result. Let A be a propositional formula. We
let  range over assignments of Y.-sentences to (at least) the propositional formulas
occurring in A. We write ‘A[f]’ for the result of substituting f(p) for p in A. Our theo-
rem says: there is an A* € NNIL such that:

a) IPCHA*—A, and

b) forall f: HAFA[f] = HAF A*[f].

A better answer to our question is not possible, at least if we abstract away from the
specific Y-sentences substituted. We will show:
¢)  For every propositional formula B such that IPCi* A*—B, there is an f such that:
HAKF A*[f] and HA¥B[f].
Or contraposed:
d)  For every propositional formula B:
Vi (HAFA*[f] = HAFB[{]) = IPC-A*—B.
From (a),(b) we get:
e Vi (HAFA[f] & HA-A*(f)).
And hence (d) is equivalent with:
f)  For every propositional formula B:
Vi (HA+A[f] = HAFB[f]) = IPC-A*—B.
So A* is the strongest ‘general’ improvement of A. Of course, for specific f often
better improvements are possible, but A* is the best one that works for all . Note that
(f) implies (a) by substituting A for B. So our results are summarized by (b) and (f).

1.2 What more is there in the paper? Our main result has two immediate ap-
plications. Firstly it yields a description of the derived rules of HA for Y -substitutions.
Secondly we can read off a decision procedure for the closed fragment of the prov-
ability logic of HA. Thus we solve a variant of Friedman's 35th problem (see Fried-
man[75]). (This solution occurs already in Visser[85])

Both for the smooth formulation of our main result and for its proof we have to de-
velop some further material. Part of it involves the theory of certain classes of
propositional formulas, like NNIL and ROB (to be introduced in the paper). A second
part is the study of certain relations between formulas, called semi-consequence rela-
tions. The semi-consequence relations include derived rules and preservativity rela-



tions (dual to conservativity relations). One preservativity relation, namely X -preser-
vativity (the ‘dual’ of []-conservativity), will be studied in some detail in a long ex-
cursion (section 7).

The main technical result of the paper is the specification and verification of the
NNIL-algorithm in section 5. Our results in both propositional logic and arithmetic
are immediate consequences of the existence of this algorithm.

The contents of the paper is as follows:

Section 2 preliminaries to propositional logic

Section 3 consequence relations and preservativity notions
Section 4 robust formulas

Section 5 the NNIL-algorithm

Section 6 basic facts and notations for arithmetic

Section 7 digression: assorted facts on Y.-preservativity
Section 8 closure properties of Y -preservativity over HA
Section 9 on Y-substitutions

Section 10 the closed fragment of the provability logic of HA

1.3 Environment and history of the paper: This paper is part of the wider
study of substitutions considered as a kind of semantics. We point to some examples
of related work. First there is, of course, the project of provability and interpretability
logic. See e.g. Smoryfiski[85], Boolos[93], Berarducci[90], Visser[90], EA[91],
Shavrukov[93], Zambella[94]. Then there is the work on derived rules by Rybakov.
See e.g. Rybakov[92]. For a systematical exploration of the notion of derived rule, see
FHY[92]. Finally there is the most immediate environment: research on substitutions
in intuitionistic logic of propositional formulas or arithmetical sentences. See e.g. De
Jongh[82], Smorynski[73], Leivant[75,80,81], Van Oosten[91], DV[94], DC[?].

The present paper is, partly, a remake of the unpublished paper Evaluation, provably
deductive equivalence in Heyting's Arithmetic (Visser[85]). The work in Visser[85]
was inspired by Dick de Jongh's results on propositional formulas of one variable, re-
ported in De Jongh[82]. Since Visser[85] was written, the development of inter-
pretability logic took place (see e.g. Berarducci[90] and Visser[90]). Interpretability
logic inspired me to give the notion of preservativity a more prominent role in the
presentation.

In Visser[85] we proved the identity of certain formula classes NNIL and ROB. Johan
van Benthem gave, independently, around 1984 an alternative proof of the fact that



NNIL=ROB (see his Van Benthem[91]). Gerard Renardel proved (also around 1984,
see his Renardel[86]), that NNIL satisfies both left and right interpolation. The work
of both van Benthem and Renardel is contained and extended in DRVV[94]. This last
paper should be considered as a companion paper of the present paper.

Dick de Jongh and Albert Visser recently reopened the research on Heyting algebras
of arithmetical theories. A number of concerns of the present paper (derived rules, ex-
act formulas) reappear in their paper DV[94], which is another companion paper of

the present paper.

14 Acknowledgements: In various stages of research I benefited from the work,
the wisdom and/or the advice of: Johan van Benthem, Dirk van Dalen, Dick de Jongh,
Karst Koymans, Piet Rodenburg, Volodya Shavrukov, Rick Statman, Anne Troelstra

and Domenico Zambella.

1.5 Prerequisites: Some knowledge of Troelstra[73] or TV[88a,b] is certainly
beneficial. At some places I will make use of results from Visser[82] and DV[94].

2 Preliminaries to propositional logic: J3,52,... will be sets of propositional
variables. p,q.r,... will be finite sets of propositional variables. We define (*B) as the
smallest set & such that:

. PcS, T,Le G,

. If A,Be S, then (AAB), (AVB), (A—>B)e©.

SUB(A) is the set of subformulas of A. By convention we will count L a subformula
of any A. PV(A) is the set of propositional variables occurring in A.

We suppose that the reader is familiar with Kripke models for IPC (see TV([88a], or
Smoryniski[73]). Our treatment here is mainly to fix notations. A model is a structure

K = (K, %), where K is a non-empty set of nodes, < is a partial ordering. F is the
atomic forcing relation for % : it is a relation between nodes and propositional atoms
in R, satisfying: k<k' and k=p = k'Fp (persistence). K is a f-model if Pr=.
Mod(®R) is the set of P-models.

Consider K = (K,<,=,%). We define ki= A for A€ (%) in the standard way. We write
K A for: Vke K ki A.

A model K is finite if both Ky and ¢ are finite.



A rooted model K is a structure (K, b.< %), where (K,<,=,%) is a model and where
beK is the bottom element w.r.t. <.. The set of rooted models is Rmod.

For any ke K [K[k] is the model (K'k.<' =", B), where K':= Tk := {k'lk<k'} and where
<'and ' are the restrictions of < respectively = to K'. (We will often simply write <
and = for<'and ')

21 The Henkin construction: A set Xc(*%) is adequate if it is closed under
subformulas and contains L. A set I is X-saturated if:

) TeX, ) I'r L, (i) T'-A, Ae X = AeTl’,

(iv) '-BVC), (BvC)e X = BeT'or CeI.

The Henkin model Hy( $R) is the L -model with as nodes the X-saturated sets A and as

accessibily relation c. The atomic forcing in the nodes is given by: I'=p < peI'. We
have by a standard argument: for Ae X: I'e A < AeT'. Note that if X is finite, then
l]-[lx(‘:[%) is finite. A direct consequence of the Henkin construction is the Kripke Com-
pleteness Theorem. Let  OPV(A), then:

IPCH A & for all (finite) B-models K: KA.

2.2 Futher Definitions

i) Let K be a set of *I§ -models. M(K) is the {8 -model with nodes (k,K) for ke K,
l<e K and ordering: k,l)<mM) :&= K=M and k< m. As atomic forcing we define:

(k,K)ep 1< k= p- (In practice we will forget the second components of the new
nodes, pretending the domains to be already disjoint.)

ii) Let £ be a $3-model. B([K) is the rooted ¥-model obtained by adding a new bottom
b to [K and by taking: bp < K=p. We put Glue(K) := B(M(K)). O

We will assume below that 8 is fixed. We will often notationally suppress it.

23 Push Down Lemma: Let X be adequate. Suppose A is X-saturated and
(<= A. Then Glue(Hx[A],K)FA.

IH])JA] K



Proof: We show by induction on Ae X that b=A < AeA. The cases of atoms, con-
junction and disjunction are trivial. If (B—>C)e X and b=(B—C), then A=(B —C) and
hence (B—C)e A. Conversely suppose (B—>C)e A. If b B, we are easily done. If
beB, then, by the Induction Hypothesis: Be A, hence Ce A and, by the Induction
Hypothesis: b=C. Qa

We say that A is (3-) prime if it is consistent and:
for every (CvD)e {(R): A-(CvD) = A-C or A-D.
A formula A is prime if {A} is prime.

24 Theorem: Suppose X is adequate and A is X-saturated. Then A is prime.
Proof: A is consistent by definition. Suppose A-CvD and A¥C and A¥D. Suppose

I<= A, K C, M= A and Mi#D. Consider Glue(Hy/(A),KK,M). By 2.3 we have: b=A. On
the other hand, by persistence: b# C and b D. Contradiction. 1

(~C exhibited next to a node means that C is not forced; this is not to be confused
with =C exhibited next to a node, which means that = C is forced.)

2.5 Theorem: Consider any formula A. The formula A can be written (modulo
IPC-provable equivalence) as a disjunction of prime formulas C. Moreover these C
are conjunctions of implications and propositional variables in SUB(A).

Proof: Consider a SUB(A)-saturated A. Let IP(A) be the set of implications and atoms
of A. It is easily seen that IPCH /AIP(A) <> N\A. Take:

D:= V{/\IP(A) | A is SUB(A)-saturated and Ae A}.
Trivially: [PL-D—A. On the other hand if IPC* A—D, then by a standard constructi-
on there is a SUB(A)-saturated set [ such that AeI” and I't* D. Quod non.Q



2.5.1 Remark: Note that in the definition of D in 2.5, we can restrict ourselves to
the c-minimal sub(A)-saturated A with A€ A.

We define a measure of complexity p, which counts the left-nesting of —, as follows:

* pP)=p(L)=p(T)=0

*  p(AAB) :=p(AVB) = max(p(A),p(B))

*  p(A—B) :=max(p(A)+1,p(B)).

NNIL(%) := {Ae £(F) | p(A)<1}. In other words NNIL is the class of formulas with-

out nestings of implications to the left. An example of as NNIL-formula is:
(P—(@Vs—ONA(QV-S)).

It is easy to see that modulo IPC-provable equivalence each NNIL-formula can be

rewritten to a NNILo-formula, i.e. a formula in which in front of implications only

single atoms occur. For more information about NNIL, see DV[94] and DRVV[94].

3 Consequence relations & preservativity notions: An important tool of the
present paper is the use of semi-consequence relations (defined below) and preserva-
tivity relations (defined below). ‘>’ will range over semi-consequence relations. Let
I stand for derivability in IPC.

Let *B be a language (for propositional or predicate logic) and let T be a theory in 8.
A semi-consequence relation on B over T is a binary relation on B satisfying:

Al AFTB = AD>B

A2 APB andBB>C= A>C

A3 C>A and C>B = CP>(AAB).

The name ‘semi-consequence relation’ is ad hoc in this paper. We take:

. A=B :& AD>B and B> A

If we don't specify the theory with the semi-consequence relation, it's always sup-
posed to be over IPC.

A further salient principle is:

B1 APC and B> C = (AvB)P>C.

A relation satisfying A1-A3,B1 is called a nearly-consequence relation. Note that -
is a nearly-consequence relation over T.

3.1 Conventions: We will use X+ Y, XY for respecively AX+VY and
AXP>VY, where X and Y are finite sets of formulas. (/A\@:=T, V@:=1.). We treat
implications similarly.



We write X,Y for: XUY, X,A for XU{A}, etc. O

Nearly-consequence relations over T can be alternatively described in Genzen style as
follows. Nearly-consequence relations are consequence relations satifying:

Al XFTY =2 X>Y

Thin XPY=XZD>Y,U

Cut XP>Y,Aand ZAPU = XZDY,U

We take the permutation rules to be implicit in the set notation. We leave it to the
reader to check the equivalence of the Genzen style principles with A1-A3,B1.

3.2 Fact: Let > be a semi-consequence relation on ¥(*B). Suppose there is a
O:L(PR)—>LW), such that for all A BeYR): A>B < ®(A)-B. Then:

i)  Ifforall Be ¥(R): ADB & CHB, then FCD(A).

i) @ considered as a function on the Heyting algebra of IPC is a co-closure opera-

tion, 1.e.:

. dA) - A (co-inductivity)
. AFB = (AP (B) (monotonicity)
. F ®(P(A)) — P(A) (idempotency).

In fact we have more than monotonicity, viz:
. ADB © ®(A)-D(B).
iii) Suppose [> is a nearly-consequence relation. Then + ®(AvB) < (P(A)v D(B)).

Proof: The simple proofs are left to the reader. a

Some principles involving implication play an important role in the paper. To intro-
duce them we need a syntactical operation. We define the operation [.](.) on proposi-
tional formulas as follows:

* [Blp:=p,[B]T =T,[B]L:=1,

. [.J(.) commutes with A and v,

. [B]I(C—D) = (B—(C—D)).

Note that [.](.) does not preserve provable equivalence in the second component. Note
also that: = B — ([B]C « C). Define: [B]X := {[B]C | Ce X}.

We have the following principles for implication for semi-consequence relations on

(B):

B2 APB = (p—>A)>(p—B)

B3 Let X be a finite set of implications and let Y:={CI(C—D)e X}U{B}. Take
A:=/\X then: (A—B)>[A]Y

We give an example of an instance of B3. Let e.g.



A = ((p=2PAE=(sv1))), C = (A-(uv(p-1),

then we have:
C>([AlpVv[Alrv[A](uv(p—r)), ie.:
CP> (pvrvuv(A—(p—r)).

3.3 Open problem: Is it possible to axiomatize B3 by a finite number of tradi-

tional schemes? We do not allow finite sets or syntactical operations to occur in such
schemes. However we do allow schematic letters ranging over arbitrary formulas and

schematic letters ranging over propositional variables. (So e.g. B2 is acceptable as a

scheme.) @)

We say that a relation satisfying A1-A3,B1-B3 is a o-relation.

Consider again any language B of propositional or predicate logic. Let X8 and let
T be any theory in that language. Let i be a set of functions from % to B. We write:

. For A,Be B: ADTxB :& VCe X (C+TA = C+ 1B),

. Let Ac2(B). A[f] is the result of substituting f(p) for p in A for each pe 3.

. For ABe YP): Ab1x §B := Vie § A[fI>1xB[f]

If YCB and F=Y®, we will write >1x yB for >1x 3. If X or § are singletons we

will omitt the singleton brackets. If B=2(%) and T=IPC, we will often omitt ‘T in
the index. We will call > 1,x & T.X, if-preservativity, etcetera. We will call the > x %

and the DT x preservativity relations. We will call the D1 x pure preservativity rela-

tions.

Clearly P>1x is a semi-consequence relation over T and D1x & is a semi-conse-

quence relation over IPC.
Below we will provide a number of motivating examples for our definitions.

34 Remark: It is instructive to compare preservativity with conservativity.
Define:

. For ABe B: AD*rxB :© VCeX (B 1C = A+ 10),

So AD>*1xB means that T+B is conservative over T+A w.r.t. X. For classical theo-
ries T we have:

%  ADT1xB < -BD*1-x"A, where -X:={-CICe X}.

Thus classically preservativity is a superfluous notion. Constructively, however, the

reduction given in ¥ does not work.



Note that conservativity as a relation between sentences over a theory is a natural ex-
tension of the notion of conservativity between theories. There is no analogue of this
for preservativity. @)

A formula A of B is T-prime if for any finite set of B-formulas Z:

ArTZ = dBeZ A+ TB.
Note that if A is T-prime, then A¥T.L. A class of formulas X is weakly T-disjunctive
if every Ae X is equivalent to the disjunction of a finite set of T-prime formulas Y,
with YcX.

For any class of formulas X, let DISJ(X) be the closure of X under arbitrary conjunc-

tions.

In the next fact we collect a number of noteworthy small facts on preservativity.

3.5 Fact

1) >1x is a semi-consequence relation over T. >1x % is a semi-consequence re-
lation over IPC.

ii)  Suppose X is weakly T-disjunctive, then P>1x and P>1x g are nearly-conse-
quence relations.

i)  Suppose X is closed under conjunction, then:

CeX and AP>TxB = (C>A)>1x(C—-B).

iv) Let range($%) be the union of the ranges of the elements of & . Suppose
range(¥)<X and X is closed under conjunction, then DT,X,% satisfies B2.

v)  Suppose AeX, then: A>T xB <> A 1B.

vi)  Suppose XCY and §c@®, then Dryc Drx and D1y ® c P1x§-

vii) P>TpIsix) = P1x and hence > 1 p1six), & = PT.X.%-

viii) Let 1D :8—L(%) be the function with id (p)=p. Then: >pc x i = >1PCX-

Proof: We treat (ii) and (iii). (ii) Suppose X is weakly T-disjunctive and A>7xC and
BB1xC. Let E be any element of X. Suppose Y is a finite set of T-prime formulas
from X such that E is equivalent to the disjunction of Y. We have:
E- TAVB = VY+TAVB
= VFe Y F-TAVB
= VFe Y F+-T1A or F~1B
= VFe Y F-1C
= VY+1C
= E-1C
B1 for 1 x & is immediate from B1 for 1.

10



iii) Suppose X is closed under conjunction. Suppose A>B. Let C,Ee X and suppose
Er(C—A). Then (EAC)- A and hence (EAC)-B. Ergo E-(C—B). O

3.6 Example 1: Take X:={ T }. We have:

For A,Be 8: A>T 1B & (- TA =+ 1B),

For A,Be ¥(B): ADT,15B < Vied (-1A[f]l =+ B[f)).
Thus B, 7 is the relation of deductive consequence for T and D, T, is the relation
of being a (propositional) derived rule for T w.r.t. . We mention the important result
due to Rybakov (see Rybakov[92]) that B> pc T,2(R) is decidable.

Note that if T has the disjunction property, then >, T and >, 7 & satisfy B1.
We repeat a well known observation.

3.6.1 Theorem: Suppose for all Ce B: -C & VieF +1C[f]. Moreover suppose
S P)® and for any ge® and feF: gofe F. (We read composition in the order of
application, so that A[ g][f]=A[gef].) Then: >1,7.% < PrpC, T,®-

Proof: Suppose A>T, 7 &B and FA[g]. Consider any fe . Clearly FTA[g][f], i.e.
FTA[gof]. Since gofe ¥, we find: - TB[gof]. Hence for all fe F¥: -TB[g][f] and
hence: FB[g]. a

Consider e.g. HA. Let U be the language of HA, let X be the set of X.-sentences and
let B(Z) be the set of Boolean (Brouwerean) combinations of Y.-sentences. We have:
¥ forall CeU: -C & Vie TP FyaClfl

3 is De Jongh's completeness theorem for IPC w.r.t. X-substitutions in HA. There are
many different proofs of 3k, see e.g. Smorynski[73] or Visser[85] or DV[94]. Let i :=
B(2)® and ®:=2(PR)® and T:=HA in 3.6.1. We find: >ya 1) < Pec, T.2%)- In
DV[94] (theorem 6.2) it is shown that D>Ha, T B(T) = D]pc,T,g(gB). So we have:

+  DPHA T, A<SPHA TBE) =Prc,T,2®) SPHATY-

The main result of the present paper implies that (=——p—p)>ya T3 @V-Pp). On the
other hand we have: IPC (——p—p) [p:=—q], but not IPCH (pv-p)[p:=—q]. So the
second inclusion of ¥ is strict. It is open whether the first inclusion of < is strict.

In 3.8 we will see that > pc T ¢(®) is extensionally equal to a pure preservativity re-
lation. We will see in 9.2, that >ga T3 can be alternatively described as a pure
preservativity relation.

11



3.6.2  Reformulation of our main result: The result we are aiming at in this paper
is (a)+(e) of the introduction. In our new notation this becomes:

there is an A* e NNIL such that:
b) ADHA T A*
f) for all Be ¥(): ADHA, T3B = HA*—B.
We show that (b)+(f) is equivalent to:
2 for all Be X(%P): ADHa, T3B © HA*—B.

Thus our main result takes the form of a characterization of >ya T3 .

Proof: “(b)+(f)=(g)” Suppose (b) and (f). We prove (g). From left to right is trivial.
Suppose +A*—B. Then by Al: A*D>ya 13 B. Hence by (b) and A2: ADya T 3B.

“(@=(b)+(f)” is trivial. Q(®)+H =(g)

By 3.2(i) and (ii) we may conclude that (.)* gives unique values modulo IPC-provable
equivalence and that (.)* is a co-closure operation on the Heyting algebra of IPC. We
will see later that >ya 13 satisfies B1 and that, hence, (.)*¥ commutes with disjunc-

tion according to 3.2(iii) O
3.7 Example 2: Take X:=8, > 1x is T-provable consequence or -T.

3.8 Example 3: We show that the notion of derived rule for IPC coincides with a

pure preservativity relation.

An (p)-formula A is IPC,p-exact if there is an € 2(%3)P such that:

e for all Be ¥(p): -B[f] < AFB.

Let's say that the class of IPC,p-exact formulas is EX(p). Let EX be the union of the
EX(p)'s for all finite subsets p of .

De Jongh & Visser show (see: DV[94], Theorem 2.3) that for any fe ()P we can
find an A:=Ase {(p) satisfying ¥. It is easy to see that Af is unique modulo IPC-
provable equivalence. Let q be the set of variables occurring in the range of f. Let f+
be the result of putting *(p):=f(p) if pep, F*(p):=p otherwise. Inspection of the ar-
gument by de Jongh and Visser reveals that A satisfies the stronger:

@ forall Be (pu(R/q)): FB[f'] = AFB.

To see that the variable condition is needed, let e.g. p:={p}, f:=[p:=—q]. It is easy to
see that Aj = (——p—p). Let B:=(-q—p). B[{"]=(~q——q) and so -B[{*]. On the other
hand (—p—p)*(~q—p). (The proof in DV[94], employs Pitts's Uniform Interpolati-

12



on Theorem for IPC (see Pitts[92]). Inspecting the proof it can be seen that the vari-
able condition is analogous to the one of 3-elimination.)

We show: B> 1pc,7,2(8) = PIPCEX.

Suppose B> 1pc, T, 2(33)C and E€ EX, say EeEX(p) and let e ()P witness the fact
that E€ EX(p). As is easily seen (by permuting ¥8) we can arrange that the variables in
the elements of the range of f are disjoint from PV(B)UPV(C). Construct f* as above.
We find using ©:

E+B = FB[f "] = -C[f*] = E-C.

Conversely suppose B>1pc gxC and consider fe &(R)®. Take p:=PV(B)UPV(C) and
a:=flp and A:=Aq. Then:
+B[f]=FB[g] = AFB = A-C = +C[g] = +C[f].

In the cases that 3=@ and P={p}, >pc gx is completely understood. The case that
LB={p} is the subject of De Jongh[82]. He shows that the exact formulas in one vari-
able are precisely: p, =p, =p, ==p—p, T. It follows that DISJ(EX) is finite (mod
IPC). If we set ®(A) := the disjunction of all EX-formulas that IPC-imply A, we get:
ADpcexB & ©(A)FB. O

39 Remark: It is not dificult to see that every NNIL(p)-formula can be written
as a finite disjunction of prime NNIL(p)-formulas. In DV[94] (Theorem 2.8) it is
shown that prime NNIL(p)-formulas are IPC,p-exact. So modulo IPC-provable
equivalence: NNIL(p) < DISJ(EX(p)). Ergo by 3.5(vii) and 3.8:

D>rec, T,2®) = P1pcEXx = P1pc,DISIEX) € PIPCNNIL.
We leave it to the reader to show that the last inclusion is proper. (We will show in
5.2 and 9.2 that > 1pc NNIL .= P HA, T3 - So our result here coheres with «+ of 3.6.) O

3.10 Example 4: Suppose Q. Consider D> ppc,g©)- By 2.5, (L) is weakly
IPC-disjunctive. Hence, by 3.5(ii), > [pc,2(0) is a nearly consequence relation. Note
that >1pc @ () also satifies:

if Ce (£): ADB = (C—A)>(C—B),

if pg ¥(Q): p—=A>Alp:=T]
Andrew Pitts, in his Pitts[92], shows that for every Ae (%), there is a formula
(VA)e (L), such that for all BEL(R): AD>pc,2(0)B < VA-B. We can read VA
informally as the result of universally quantifying out the propositional variables not
in £). Note that we may apply 3.2 to V.
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3.11  List of results on preservativity: We close this section by listing a number
of relationships between various preservativity relations.

1)  DPrpc,g(p) is the minimal preservativity relation and:
>pce@) €@ BHa, 1,4 €® Dpcex < Bpenni < Pree, T
a«)  Non-identity follows from the presence of non-trivial derived rules for
HA, like IP, i.e. (-p—=(qvr)) ByA, T,% (-p—q)Vv(—p—1)).
B) Immediate from (3) below.
v)  Non-identity follows by: (=—p—p)>1pc,NNIL (P v—p) and the fact that
(—p—p) is IPC,p-exact by the substitution [p:=—q]. Hence we do not
have (=——p—p)>1pcEX(P VD).
2 Prce®),e® = Prcem =® PHa ua =0 Dhauy =® Dyax
=®) D>HA* AY =(€) D>HA* T, =(€) D>HA* TY.
d) HA* is introduced in section 6. All the identities follow immediately from
De Jongh's Completeness Theorem for Y -substitutions for HA and HA*.

See e.g DV[94].
€)  The identity of >gax 7,9 and > yax 73 with D> 1pc @), is corollary 5.7
of DV[94]
3) DrpceEx=™ P>rc,T.2®) =% >HA, TBE)-
mn  See 3.8.

{)  This is theorem 6.2 of DV[94].
4) NNIL =) ROB =®) f-ROB (mod IPC), and
>IPC NNIL =() D>HASS =) DHATS-
¥) ROB and f-ROB are defined in section 4 below. The result is proved in
Visser[85] and by a similar proof in section 5 of this paper. A different
proof, due to Johan van Benthem, is contained in Van Benthem[91]. A
version of van Benthem's proof is contained in DRVV[94].

L) See section 9.

In the next section we study robust formulas, as a preliminary to the specification of
the NNIL-algorithm in section 5.

4 Robust formulas: Consider a ®3-models [ and M. We say that:
. KcM = If:KK—Ky, fis injective and
<eof < fopg andVke Ki,pe B (k= kp < fK)= Mp)-
Note that, modulo the identification of the elements of K with their f-images in M,
‘KM’ means that K is a submodel of M.
. AeROB :< Aisrobust : & VM (MEA = VKM K=A)
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We will let 0,0',7,... range over ROB. It is easy to see that NNILcROB. In section 5
we will see that modulo IPC-provable equivalence each robust formula is in NNIL.

In this section we will prove that D>[pc RoB is a o-relation. This result will be our
main tool (in section 5) for proving the NNIL-algorithm to be correct. Let's take as a
local convention of this section: > :=D>1pc ROB-

Clearly we have: 8cROB and ROB is closed under conjunction. So it follows that >
satisfies A1,A2,A3,B2. To verify B1, by 3.5(ii), the following theorem suffices:

4.1 Theorem: ROB is weakly disjunctive.

Proof: Consider any ce ROB. We write ¢ in disjunctive normal form D4 as in 2.5.1.
Consider any disjunct C(A) of Dg: here, as in 2.5.1, A is a -minimal SUB(o)-
saturated set with o€ A and C(A) is the conjunction of the atoms and implications in
A. We claim that C(A) is robust. Consider any models KcMkE C(A). Trivially: MEA.
By the Push Down Lemma 2.3:

Glue(H SUB( 0)[A],M)I=A
Hence:

Glue(H SUB( 0)[A],M )=0.
Now clearly:

Glue(H SUB( a)(A),lK) < Glue( [H]SUB( G)(A),M).
By the stability of o we get: Glue(Hgyp, 0)(A),K)l= o. Consider

I' := {GeSUB(0) | Glue( HSUB(G)(A)’K)':G}-
Clearly I'cA and T is SUB(o)-saturated and o€ I'. By the c-minimality of A we find:
I'=A. Hence Glue(H SUB( U)(A),K)# C(A) and so IK=C(A). Ergo C(A) is robust.

4.2 Theorem: = is closed under B3.
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Proof: Let X be a finite set of implications and let Y:={Cl(C—D)e X}uU{B}. Let
A:=/\X. We have to show: (A—B)>[A]Y. The proof is by contraposition. Consider
any o€ ROB and suppose: ai*[A]Y. Let K=K, b,<,F,%3) be a rooted model such that
K=o and K V[A]Y, ie. for all Ee Y: K#[A]E.

Let K'=K{A}:=K,b.<,=" 1), be the full submodel of K on K:={b}U{k'eKlk=A}.
(A submodel is full if the new ordering relation is the restriction of the old ordering
relation to the new worlds.) Note that {k'e K| k= A} is upwards closed and that on
{k'e Kl k=A} the old and the new forcing coincide. Moreover on this class [A]G is
equivalent with G.

4.2.1 Claim: For all F: b='F = b=[A]F.

Proof of the claim: The proof is by a simple induction on F. The cases of atoms dis-
junction and conjunction are trivial. Suppose F is an implication and b='F. Then cer-
tainly: for all ke K (kA = kE'F). Since on the k with kA, F and ' coincide, we
find: b=(A—F), ie. b=[A]F. ((Claim)

We return to the main proof. Remember that:

beo and b [A]C for all C with (C—D)e X and b#[A]B.
We show that bE'oc and b='A and b#'B.
It is immediate that b='o, since €' is a submodel of K and o is robust.
Remember that A is the conjunction of the (C—D) in X. So it is sufficient to show
that for each (C—D) in X: b='(C—D). Consider any (C—D)e X and any k'>'b with
k'='C. Since b#[A]C, we have by the claim: b¥'C. So k'#b. But then k'=A, hence

k'='A and thus k'='(C—D). We may conclude: k'k'D and hence b='(C—D).

From b#[A]B and the claim we have immediately that: b¥'B. QO
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All the proofs in this section also work when we replace ROB by f-ROB, the set of
formulas preserved by full submodels. Note that ROB< f-ROB. Our result in section 5
will imply: ROB=f-ROB=NNIL (modulo IPC-provable equivalence).

5 The NNIL-algorithm: In this section we produce the algorithm that is the
main tool of this paper. The existence of the algorithm establishes the following theo-

rem.

5.1 Theorem: For all A there is an A¥*e NNIL(PV(A)) such that for all o-rela-
tions >: AD>A* and A*-A.

For convenience we reproduce the defining properties of o-relations here.

Al A-B= AD>B

A2 AD>B and BB>C = ADC

A3 C>A and CD>>B = CP>(AAB)

B1 AP>>C and B>>C = (AvB)D>C

B2 ADB = (p—A)>(p—B)

B3 Let X be a finite set of implications and let Y:={CI(C—D)e X}U{B},. Take
A:= /A\X. Then: (A—>B)>[A]Y

Before proceeding with the proof of 5.1 we interpolate a corollary. Let's write “mod
IPC” for “modulo IPC-provable equivalence”.

5.2 Corollary
i) Let A and A* be as promised by 5.1. Then we have:
APRroBB < A*-B.
It follows that (.)* has the properties promised in 3.2.
ii) NNIL=ROB=f-ROB (mod IPC)
iii) DPRrop is the minimal o -relation. It follows that A1-A3,B1-B3 axiomatizes

>RroB-

Proof: (i) Suppose A>RopB. Since A*IA, it follows by Al that A*D>ropA and,
hence, by A2 that A*[>B. Since A*e NNILCROB, we have, by 3.5(v), that A*+B.
Conversely if A*- B, then A*D> ropB. Since > Rop is a o -relation, we have:
APRoBA* and hence by A2: AP>RoBB.

(i) Consider Ae f-ROB. We have AD>¢.roBA¥*, so by 3.5(v): A-A*. Since also

A*-A, we find: F A< A*. Ergo f-ROBCNNIL (mod IPC). Since obviously
NNILcROBcf-ROB, we are done.
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(iii) Let > be any o-relation. We have by (i), Al, 5.1, A2:
APRroBB = A*B = A*>B = ADB. a

5.2(1i) was proved by purely model theoretical means by Johan van Benthem. See his
Van Benthem[91] or DRVV[94]. The advantage of van Benthem's proof is its relative
simplicity and the fact that the method employed easily generalizes. The advantage of
the present method is the extra information it produces, like 5.2(iii) and its usefulness
in the arithmetical case, see sections 8, 9 and 10. It is an open question whether van
Benthem's proof can be adapted to the arithmetical case.

Proof of 5.1: We introduce an ordinal measure o of complexity on formulas as fol-
lows:

. I(D) := {Ee SUB(D)I E is an implication},

. (D) := max{II[(E)l | EeI(D)},

. ¢(D) := the number of occurrences of logical connectives in D,

. o(D) := w.1(D) + c(D).

Note that we count occurrences of connectives for ¢ and rypes of implications, not oc-

currences, for 1!

We say that an occurence of E in D is an outer occurrence if this occurrence is not in

the scope of an implication.

We prove 5.1 by induction on 0. Consider any o-relation >. We will exhibit the
properties of > that are used between square brackets.

a Atoms: [A1] Suppose A is an atom. Take A*:=A.

B Conjunction: [A1,A2,A3]: Suppose A=(BAC). Clearly o(B)<0(A) and
0(C)<o(A). Take A*:= B¥*AC*. Clearly A*e NNIL(PV(A)). The verification of the
desired properties is trivial.

v Disjunction: [A1,A2,B1] Suppose A=(BvC). Clearly o0 (B)<o(A) and
0(C)<o(A). Take A*:= B*vC*. Clearly A*e NNIL. The verification of the desired

properties is trivial.

) Implication: [A1,A2,A3,B2,B3] Suppose A=(B—C). We split into several

cases.

18



o1 Outer conjunction in the consequent: [A1,A2,A3] Suppose C has an outer
ocurrence of a formula DAE. Pick any J(q) be such that:

. q is a fresh variable,

. q occurs precisely once in J,

. q is not in the scope of an implication in J,

. C=I[q:=DAE].

Let C;:=J[q:=D], C;:=J[q:=E]. As is easily seen C is IPC-provably equivalent to
CiACy. Let A:=(B—C;) and Aj:=(B—C,). Clearly A is IPC-provably equivalent
to AjAA;. We prove: 0 (Aj)<A for i=0,1. Since it is clear that c(Aj}c(A), it is suffi-
cient to show that i1(A;)<i(A). Since A and the A; are implications we have to show
that: [I(A;)I<II(A)l. We treat the case that i=1. It is sufficient to construct an injective
mapping from I(A 1) to I(A). Consider any implication F in I(A;). If F=A;, we map F
to A. Otherwise Fel(B) or FeI(J) or FeI(D) (since q does not occur in the scope of an
implication). In all three cases we can map F to itself. Since A; cannot be in I(B) or
I(J) or I(D), our mapping is injective. The case that i=2 is similar. Set A* :=
(A1*AA2¥).

52 Outer disjunction in the antecedent: [A1,A2,A3] This case is completely

analogous to the previous one.

If A has no outer disjunction in the antecedent and no outer conjunction in the conse-
quent, then B is a conjunction of atoms and implications and C is a disjunction of
atoms and implications. It is easy to see, that applications of associativity, commuta-
tivity and idempotency to the conjunction in the antecedent or to the disjunction in the
consequent do not raise 0. So we can safely write: B=/AX and C=\VY, where X and Y
are finite sets of atoms or implications. This leads us to the following case.

o3 B is a conjunction of atoms and implications, C is a disjunction of atoms
and implications [A1,A2,A3,B2,B3]

83.1 X contains an atom: [A1,A2,B2]

83.1.1 X contains a propositional variable, say p: [A1,A2,B2] Consider:
D:=/\(X/{p}) and E:=(D—C). Clearly -A<>(p—E) and o (E)x0(A). Put
A*:=(p—E¥*). Evidently (p—E*) is in NNIL(PV(A)). We have E*+E by the
Induction Hypothesis and hence: (p—E*) - (p—E) - A. We have ED>E* by the
Induction Hypothesis. It follows by B2 that: (p—E)>(p—E*) From A-(p—E), we
have by Al: AD>(p—E). Hence by A2: AD(p—E*).
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33.1.2 X contains T: [A1,A2] Left to the reader.

63.1.3 X contains | : [A1] Left to the reader.

03.2 X contains no atoms: [A1,A2,A3,B3] This case -the last one- is the truly
difficult one. To motivate it, let's solve the difficulties one by one. Let's first look at
an example.

Example 1: Consider (p—q)—r. B3 gives us: ((p—q)—1)>(pvr). However, we do
not have: (pvr)+ ((p—q)—r). We can repair this by noting that (p—q)—r)-(q—r) and

(p—YPA(pVvI)-((p—q)—1). So the full solution of our example is as follows.

We have: ((p—q)—1) B> ((q—1)A(pvr)), by:

a) (p—q)—1) B> pv) B3

b (p—>9—n*F (g—1) IPC
¢ ((p—q)—-1) > (g—1) Al

d  ((p—>q—1) > ((g—=0)A(pvr) a,c,A3

Moreover: ((q—1)A(pvr)) - ((p—q)—r1) and ((q—r)A(pvr)) € NNIL(PV((p—q)—1)).
O

We implement this idea for the general case. There will be a problem with o, but we
will postpone its discussion until we run into it. A is of the form B—C, where B is a
conjunction of a finite set of implications X and C is a disjunction of a finite set of
atoms or implications Y. For any D:=(E—>F)e X, let:

«  BID:= A(X/{D)HU{F).

Clearly and o((B4D)—C) < o(A).

Let Z:={EI(E—=F)e X}U{C}. Put: Ag := V' [B]Z. We will show that our problem re-
duces to the question whether Ag* exists. So for the moment we pretend it does. We

have:

a) AD A B3

al) Aol Ag* ASS

a2) AD Ap* aal,A2
b) forallDeX: A (B{D)—C) IPC

c) forallDeX: A D> (BID)—C) Al

cl) forall DeX: (BID)—=C) > (BID)—C)* H

c2) forall DeX: A > (BD)—C)* c,cl,A2
d AD A{BID)-C)*IDeX}AAp* a2,c2,A3.
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It is clear that /\{((B4D)—C)*De X}AA* € NNIL(PV(A)). We show that:
A{(BID)=C)*IDeX}rAo* - A.

It is sufficient to show:
A\ {((BID)—C)De X} A[BIE + A for each EcZ.

In case E=C, we are immediately done by: [B]JC - B—C. Suppose (E—F)e X for

some F. Reason in IPC.
Suppose /\ {(B{D)—C)IDe X}, [B]JE and B. We want to derive C. We have:
(\XH{E—F})AF)—C), [BIE and B. From B we find /\(X/{E—F}) and
(E—F). From B and [B]E, we derive E. From E and (E—F) we get F. Finally we
infer from (/\(X/{E—=>F})AF)—C), /\(X/{E—F}) and F the desired conclusion
C.

So the only thing left to do is to show that A y* exists. If 1(Ag)=0, we are easily done.
Suppose 1(A)>0. If for each E in Z with 1(E)>0, we would have: i([B]E)<i(A), it
would follow that 1(Ag)<i(A). Hence we would be done by the Induction Hypothesis.

We study some examples. These examples show that we cannot generally hope to get
1([B]JE)<i(A). The examples will, however, suggest a way around the problem: we
produce a logical equivalent, say Q, of [B]E, such that 1(Q)<i(A). So we replace Ag
by the disjunction R of the Q's, which is logically equivalent and has 1(R)<i(Ag). Put
Ap*:=R*,

Example 2: Consider (p —>q)—(r—s). Take E:=C=(r—s). We have:

[BIE = [p—ql(r—s) = (p—q)—>(—s).
So no simplification is obtained. However [B]JE is IPC-provably equivalent to:
((rAa(p—Qq))—>s), which has lower i. By A1,A2 we can put ([B]E)*:=((rA(p—q))—s)*.

We could have applied the reduction before going to [B]JE. We did not choose to do
so for reasons of uniformity of treatement. @)

Example 3: Consider (((p—q)—r1)—s). Take E:=(p—q). We find:
[BIE = [(p—q)—1](p—q) = (p—q)—=1)—>(P—9).
[B]E is IPC-provably equivalent to ((pA(q—r))—q), which has lower i. O

Consider [B]E for EeZ={EI(E—F)e X}U{C}. [B]E is the result over replacing outer
implications (G—H) of E by (B—(G—H)). If there is no outer implication in E, we
find: [B]E = E and 1([B]E) = 0. In this case [B]E is implication free and hence a for-
tiori in NNIL. We can put ([BJE)*:=E. Suppose E has an outer implication.
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Consider any outer implication (G—H) of E. We first show: 1(B—(G—H))<i(B —C).
We define an injection from I(B—(G—H)) to I(B—C). Any implication occurring in
I(B) or I(G—H) can be mapped to itself in I(B— C). None of these implications has as
image (B—C), since (G—>H)eI(B)UI(C). So we can send (B—(G—H)) to (B—C).

The next step is to replace (B—(G—H)) by an IPC-provably equivalent formula K
with lower 1. Let B' be the result of replacing all occurrences of (G—H) in B by H and
let: K := ((GAB')—H). Clearly K is provably equivalent to (B—(G—H)). We show
that 1(K)<t(B—(G—H)).

We define a non-surjective injection from I(K) to I(B—(G—H)). Consider an impli-
cation M in I(K). If M=K we send it to (B— (G —H)). Suppose MzK, i.e.
MeIB"HUI(G)UI(H). A subformula N of I( B)UI(G)UI(H) is a predecessor of M if M
is the result of replacing all occurrences of (G—H) in N by H. Clearly M has at least
one predecessor and any predecessor of M must be an implication. Send M to one of
its shortest predecessors. Clearly our function is injective, since two different impli-
cations cannot share a predecessor. Finally (G—H) cannot be in the range of our in-
jection. If it were, we would have M=H, but then H would be a shorter predecessor. A

contradiction.

Replace every outer implication in [B]E by an equivalent with lower 1. The result is
the desired Q. Q

53 Remarks: The algorithm given with our proof is non-deterministically spec-
ified. However by 5.2 the result is unique modulo provable equivalence. I didn't try to
make the algorithm optimally quick. In practice the best thing to do is: follow the
main line of the algorithm, but, locally, apply ad hoc simplifications.

In Visser[85] a simple adaptation of the NNIL algorithm is given for >1pc 1. Here
the algorithm computes not a value in NNIL, but a value in {T,L}. Thus we obtain
an algorith that checks for provability. It is easy to use the present algorithm for this
purpose too, since there is a p-time algorithm to decide IPC-provability of NNIL,
formulas, i.e. formulas with only propositional variables in front of arrows. The out-
puts of our algorithm are in NNIL. It has been shown by Richard Statman (see
Statman[79]) that checking whether a formula is IPC-provable is p-space complete.
This puts an absolute bound on what an algorithm like ours can do.
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54 Sample computations (using some obvious short-cuts)
(=p-p) = (pvp) =
@—=@®v-p) A ([7=p—p)=p) v ([=p-plp) v ((-p—plp)) =
—p VPV =
(L-p) A ([=plpvI7p] L)) vpVv-p =
pvp.

(p—q)—r1)—>s=

(1—=8) A (([P—9)—=1l(p—=9) Vv [((p—g)—1]s) =
(r—s) A ((PA(@—1))>q) VsS) =

To8) A ((p=((@o1)—>Q) vs) =

(r—8) A ((p>(r—>PA([q—1]qvig—1]g)) vs) =
(1—>8) A (p—q)V 8).

6 Basic facts and notations in Arithmetic

6.1 Arithmetical Theories: The arithmetical theories T considered in this paper
are RE theories in 2, the language of HA. These theories all extend i-IA(+Exp: the
constructive theory of Ag-induction with the axiom expressing that the exponentiation

function is total. i-IAg+Exp is finitely axiomatizable; we stipulate that a fixed finite
axiomatization is employed. We will use Oy for the formalization of provability in T.

Suppose A is a formula. O1A means Prov4(t(x)), where Prov . is the arithmetization

of the provability predicate of T and where t(x) is the term ‘the Gédelnumber of the
result of substituting the Godelnumbers of the numerals of the x's for the variables in
A,

We illustrate the above by an example. We suppose Godelnumbers are assigned as

follows:
( 11
) 12
= 15
S 8
0 3
+ 19

* is the arithmetization of the syntactical operation of concatenation. We use underlin-
ing for our external numeral function. num is the arithmetization of the numeral func-
tion. We have e.g.: HA + num(3) = 8*8*8*3. And:

Op(x=x) means: Prov(11*num(x)*15*num(x)*12).
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Our notational convention evidently introduces a scope ambiguity. What is
O((x+y)=z) going to mean?

a)  Prov(1ll*num(x+y)*15*num(z)*12) (wide scope)

or:

b)  Prov{1l*1l*num(x)*19*num(y)*12*15*num(z)*12) (small scope)
Fortunately by standard metamathematical results, we know that as long as the terms
we employ stand for T-provably total recursive functions the different readings are
provably equivalent. So (a) and (b) are provably equivalent. In this paper we will only
employ terms for primitive recursive functions, so the ambiguity is harmless.

We write T, for the theory axiomatized by the finitely many axioms of i-IAg+Exp,
plus the axioms of T, which are smaller than n in the standard G6delnumbering. We
write Provy  for the formalization of provability in Tp. We consider Provy as a

form of restricted provability in T. The following well-known fact is quite important:

6.1.1 Fact: Suppose T is an RE extension of HA in the language of HA. Then T is
essentially reflexive (verifiably in HA). I.e. we have:
For all n and for all 2/-formulas A with free variables x: T Vx (Op A — A).

And (using UC for: ‘the universal closure of’) even:
HAF VxVAeFORg OfUC(Op, A — A).

Proofsketch: The proof is roughly as follows. Ordinary cut-elimination for construc-
tive predicate logic (or normalization in case we have a natural deduction system) can
be formalized in HA. Reason in HA. Let a number x and a formula A be given.
Introduce a measure of complexity on arithmetical formulas that counts both the depth
of quantifiers and of implications. Find y such that both the axioms of Tx and A have
complexity <y. We can construct a truthpredicate Truey for formulas of complexity
<y. We have: DTUC(TrueyA — A). Reason inside Or. Suppose we have Op, A. By
cut-elimination we can find a T x-proof p of A in which only formulas of complexity
<y occur. We now prove by induction on the subproofs of p, that all subconclusions
of p are Truey. So A is Truey. Hence we find A. Q

6.2 A brief introduction to HA*: In this section we describe the theory HA*.
This theory was introduced in Visser[82]. HA* is to Beeson's fp-realizability
(Beeson[75]) as Troelstra's HA+ECT,, is to Kleene's r-realizability. This means that
for a suitable variant of fp-realizability HA™ is the set of sentences such that their fp-
translations are provable in HA. The natural way to define HA™ is by a fixed point
construction as: HA plus the Completeness Principle for HA*. (Here it is essential that
the construction is verifiable in HA, see below.) The Completeness Principle can be
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viewed as an arithmetically interpreted modal principle. The Completeness Principle

viewed modally is:

¢

FA— OA

The Completeness Principle for a specific theory T is:

G[T]

FA—> DTA.

We have: HA* = HA + C[HA*].

We briefly review some of the results of Visser[82] and DV[94].

Let A be the smallest class closed under atoms and all connectives except impli-
cation, satisfying: A€ X, and Be A = (A—B)e A. Note that modulo provable
equivalence in HA all formulas of the classical arithmetical hierarchy in their
standard form are in A. HA* is conservative w.r.t. A over HA. Note that
NNIL(2)cA.

There are infinitely many incomparable T with T=HA+E [T]. However if
T=HA+Q&[T) verifiably in HA, then T=HA*.

Let KLS:=Kreisel-Lacombe-Shoenfield's Theorem on the continuity of the ef-
fective operations. We have: HA*- KLS — Oga*-L- This immediately gives
Beeson’s result that HA# KLS (see Beeson[75]).

Every prime RE Heyting algebra £ can be embedded into the Heyting algebra
of HA*. This mapping is primitive recursive in the enumeration of the genera-
tors of § w.r.t which § is RE. The mapping sends the generators to X.-sen-
tences. (See DV[94]).

We insert some basic facts on the provability logic of HA*. These materials will be

only needed in section 10. Clearly, HA* satisfies the Lob conditions.

L1
L2
L3
L4

FA=FOA

+ O(A—B) = (CA — OB)
+FOA —>0O0A

+ O(0A—A) - DA

i-K is given by IPC+L1,L2. i-L is i-K+L3,1L.4. We write i-K{P} for the extension of i-
K with some principle P. We write ‘C[HA*]’ in the modal contexts as C. Note that i-

L{C} is valid for provability interpretations in HA*.

A principle closely connected to C is the Strong L&b Principle:

SL

F (OA—>A)>A
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As a special case of SL we have: - =~ L.

6.2.1  Fact: i-L{C} is interderivable with i-K{SL}.

Proof: L4 is immediate from SL. “i-K{SL}}-C":
FA —(OAADA) = (AADA))

— AADCA
— OA.
“i-L{C}+SL™:
F(OA—>A) — (0A-AADOA—-A)
— (DA->AATA
— A. 0

As a preliminary for section 10 we study the closed fragment of i-L{C}. A formula of
the modal language is closed if it contains no propositional variables. We define: [0 L
=1,0M1] =0On], 0wl :=T.

6.2.2 The Closed Fragment of i-L{C}: For every closed formula A there is an
a=:a*(A), such that - A <> O%L. Itis easily seen that a*(A) is unique.

Proof: The proof is by induction on A. We have:

FTeoeOOl-lLledPl

F (O LAOBL) «» Omin(e.B) |

F (O*LvOBL) «» Omax(ep) |

F(O*L—0P1) & 0%—BL, where (a—B):=T if a<B and (a—>B):=B if B<a.
Note that min(a,y)<p < y<(a—p).

FOOoL &Ol+e] Q

7 Digression: assorted facts about Y -preservativity: In this section we pause
to look in some more detail at the notion of X-preservativity. We will transfer some
classical results about []-conservativity to X.-preservativity and we formulate some
principles of ‘preservativity logic’. The only result of this section that is used in the

rest of the paper is 7.1.

26



Consider any consistent RE theory T, extending HA, in the language of HA. We in-
troduce some notions, closely related to X.-preservativity for T. Define (suppressing
the index for T): '

Provable Deductive Consequence Al>pch > O(OA—OB)
Uniform Deductive Consequence AP 4B o Vxdy (A —>E!yB)
Strong Uniform Deductive Consequence Al 4B © Vx(O,A-0,B)

Uniform Provably Deductive Consequence AD'upch - Vxdy OO xA—)DyB)

We start with some equivalences and derivabilities.

7.1 Orey-Hajek for ) -preservativity and Uniform Provable Deductive
Consequence: T proves that the following are equivalent:
(i) AP>sB, (ii) Vx O(O,A—B), (iii) ADupch.

Proof: Reason in T. “(i)—(ii)” Suppose AI>EB and consider any x. We have
(0,A—A) and (O,A)€ X, hence [0, A—B).

“(ii)—(iii)” From O(0,A—B), we have that for some y Dy(Ele—>B) and hence
EIDy(DxA—»B). Ergo: E](I:lyEle—»IlyB). Clearly for any u: D(EIUA—EJyDuA). We
may conclude: D(DXA—->DyB). Hence: Al>updCB.

“(i) «—(iii)” Suppose ADupch and O(S—A). It follows that for some x: OO, (S—A)
Moreover: O(S—0, S). So O(S—0,A). Hence for some y: D(S—)DyB), Ergo by re-

flection: OJ(S—B). Qa

7.2 Fact: We have: T - ADEB — A[>uch.

Proof: Reason in T. Suppose AD>sB. Consider any x. For some y we have:
Dy(DxA—>B). Suppose 0, A. Clearly for any u: 0 A — DyDuA. It follows that ElyB

Q

7.3 Orey Héjek in HA*: We have: HA* - AD 4 yB € AP 4 ga«B.

Proof: Immediate by the principle €, 7.1 and 7.2. Q

7.4 Fact: HA* - (Oyp+«A — B) — ADHA*,ZB'
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Proof:
FH({OA—>B) — Vx(@O,A— B)
— Vx O(O,A — B)
—>AI>ZB. a

15 Modal logic for X -preservativity: Consider the language of modal proposi-
tional logic with a unary modal operator O and a binary operator >. We define arith-
metical interpretations in the language of HA in the usual manner, interpreting O as
provability in HA and D> as Y -preservativity over HA. We state the principles valid in
HA for this logic, known at present. With the exception of >4 and 2.8 these principles
are the duals of the principles of the interpretability logic ILM.

L1 FA=HFDA
12 + O(A—-B) — (CA — 0OB)
L3 +FOA - 0O0OA

L4 = O(OA—>A) - DA

p | + O(A—B) > AD>B

32 HADB ABP>C — ADC

23 = C>A ACDPB — CP>(AAB)
24 < AD>CABP>C — (AVvB)>C
35 + AD>B — (OA — OB)

26 F AD>DA
b + AD>B — (OC—A)>(0C—-B)
28 Let X be a finite set of implications and let Y:={Cl(C—D)e X}U{B}.

Take A:=/\X. Then: - (A—>B)>{A}Y
Here (A—B)>{A}Y is short for: (A—B)>V{A}Y and {C}D is defined as follows:
. {Clp=(C-p),{C}L:=L,{C}T:=T,
. {C}OE :=OE, {C}(ED>F) = (C—(E>F)), {C}HE—-F) := (C—H(E-F),
. {C}(.) commutes with A and v.

The verification of L1-L4, 1-33, Y4-7 is routine. For Y4 see 8.1 and for 2.8 see
8.2.

From our principles e.g. Leivant's principle can be derived. (This is one of the
Stellingen of Leivant[75].)
Le + O(AvB) — O(AvOB)

We leave this as an exercise to the reader.

It is open whether our axioms are complete.
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7.6 Constructive versions of some results of Lindstrom and Svejdar

In his classical paper Svejdar[83], Vitéslav Svejdar studies logics for interpretabil-
ity, conservativity and Rosser-orderings. Note that while the study of methods is
Svejdar's, the methods studied are for a large part both Lindstrom's and Svejdar's.

The definitions of witness comparisons between sentences are as follows:

. IxAx<exyBy 1< Ix (AxaVy<x —By)

. IxAx<exdyBy 1< Ix (AxAVy<x -By).

If B is decidable these definitions are constructively as useful as classically. However

if we allow non-decidable B, the use of negation is rather heavy. I predict that more

experimentation will reveal that the following notions are more useful and more

pleasant to work with:

. IxAx<L,ndyBy (& Vy (By—3x<y Ax)

. IxAx<ypdyBy i< Vy (By—dx<y AXx).

Classically we have:
IxAx<,,dyBy is provably equivalent to the negation of IxBx<exdyAy,
IxAx<yndyBy is provably equivalent to the negation of IxBx<gxdyAy,
JIxAx<exJyBy is provably equivalent to the negation of 3xBx<,JyAy,
IxAx<ex3yBy is provably equivalent to the negation of IxBx<yp,dyAy.

Constructively all these connections fail.

We do have:
01 F 3xAx<exJyBy — IxAx<y,dyBy,
02 F 3xAx<exdyBy — IxAx<y,JyBy.

<ex and <gx are provably transitive. We have by a ‘downwards induction’:

03 F ~(IXxAx<exdXAX).

But we do not even have: - IxAx — IxAx<exIxAXx, since this expresses precisely
the minimum principle for A, which is constructively not generally valid. (It is valid if
A is decidable.)

We have:

4 <un provably satisfies the axioms of weak partial ordering,
05 <un 1S provably transitive,

06 F (IxAx<ypdxAx) — Vx-AX,

o7 F IxAx<ypdyBy — IxAx<,;nJyBy,

08 F IxAx<yndyBy<un3zCz — IxAx<,p3zCz,

o9 F 3xAx<yundyBy<undzCz — IxAx<ypJzCz.
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Let O*A 1 3x O,A. O, is persistent, i.e. F (x<y A O,A) — DyA. So we have:
F O*A<ex0*B < Jx (O,A A -0, B),
l_ D*MUHD*B > VX (DXB——) DXA) A d BI> SUdCA'

7.6.1  Svejdar Principles: We give some constructive principles in the style of
Svejdar[83]. The superiority of (iii) over (ii) is one of the arguments in favour of the
universal witness comparison relation.

1) + BE>sC — AD y((O*BLy0*A) — C)

1i) F AP y(~B— 0* A< O*B)

1i1) F AP y((B— O*A<yn0*B)—>0O* A< ;nO0*B)

iv) + AD 3((B— O*A<yq0*B)— O0* A<, 0*B)

Proof: Reasonin T
i) Suppose B>y C. For any x:

O( OA A O*BS0*A - 0O,B

—C).
i) O(0,AA-B —>OAA-OB
— O*A<exO*B).

iii) Reason in T. Consider x. Reason inside the 0. Consider y. Suppose: O, A,
(B> O*A<y,0*B) and DyB. We have to show: dz<y 0O,A. If y<x, then O,B and
hence B. So: O*A<,,0*B. We may conclude dz<y O, A. If y>x, we get dz<y O,A
from our assumption O, A.

iv) By a minor modification of the reasoning under (iii). Q

7.6.2 Consequence: - AD> v (O0*B<,z0%A — B).

A version of the Feferman predicate can be defined as follows:

o AA & OFA<xO% 1.

Note thate.g. F-AL.

7.6.3 Fact: - ADyAA.

Proof: Substitute L for B in 7.6.1(i1). a

7.6.4  Orey Sentence: Let >* be [[-conservativity or interpretability over T (in the

classical context). A classical Orey sentence is a sentence G such that:
TD>*G and TD *-G.

30



The existence of an Orey-sentence shows the non-uniqueness of extension via inter-
pretation or []-conservative extension. Its existence also shows that the right hand
side of []-conservativity or interpretability for consistent T cannot be closed under
conjunction. By duality an Orey sentence for X -preservativity (in the constructive
context), should satisfy:
GD>yl and -GDy L.

Disanalogously it does not generally follow that the left hand side of > -preservativity
is not closed under disjunction: in fact in the case of HA it is closed under disjunction.

See 8.1.

Let G be such that T~ G¢>—AG. On the one hand: GB>yAG and hence GI>y-G. On
the other hand GI>yG. Ergo GI>y L. Also: ~GD>3yA-GD>y-AGP>yG and ~GP>y-G.

So-GD>y.l.
In case T=HA, the results of section 8.1 give us: (Gv-G)>y L. O

7.6.5 Lindstrom's Theorem: Per Lindstrom proved that every equivalence class
for interpretability or []-conservativity contains both a 2»- and a [],-sentence. We

explore his argument in our setting.

We first look at the X,-case. Pick by the Godel Fixed Point Lemma (GFL) a X,-sen-
tence R with T - ReO*B<0*R, we have, using the fact that >y is a semi-conse-

quence relation for T:

a) RDy@*B<y0*R— B) 7.6.2

b) RD3(O*BLO*R — B) a, O1, Al, A2
c) RDyO*B<O*R GFL, Al

d RDy3 (O*BLexO*R)A(O*¥B<xO*R — B)) b,c, A3

e) RDP3yB d, Al, A2

f)  BDy (-R>O*B<LO*R) 7.6.1(ii)

g BDy—-—R GFL, A1, A2

So we find: R >y B >y —=—R. It is open whether we can find Q in X, such that
B=sQ.
b
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We turn to the [];-case. Pick by the Godel Fixed Point Lemma a []5-sentence R with
T ReO*B<;,0%R, we have:

a) RDy (@*B<yO0*R - B) 7.6.2

b) Ry O*BS,,0*R GFL, Al

c) RDP3y (O*B<ynO*R)A(O*B<;,0*R — B)) a,b, A3

d RDP3yB c,Al, A2

e) BD3y (R->O*BL,0*R)—»O*B<p,0*R) 7.6.1(iv)

f) BD>y R GFL, Al, A2
g B=yR d f

So every equivalence class contains a [1,-sentence. O

7.6.6  Complexity of X -preservativity: Let U be the theory axiomatized by the set
of A such that THA™". Then U is a consistent theory extending PA in the language of
PA. D>* stands for: conservativity. Let Py be a [];-sentence, say Py is equivalent to
=Sy, for Sge 2. We have:
P13yl < VSeX; (OrS—Po)= OrS)

& VPell; (O1So—P)=0OTP)

& VPe[l; (OuSo—P) = OyP)

& T *ur1So-
By a result, due independently to Per Lindstrém and Robert Solovay, the set
{Soe 241 T>>*y1Se} is complete I1,. It follows that {Poe [1;IPo>T5 L} is complete
IL. O

8 Closure properties of Y -preservativity over HA: In this section we verify
two closure properties of 2-preservativity.

8.1 Closure under B1: We will show that Y -preservativity is closed under B1.

We produce both proofs known to us. The first employs g-realizability. This form of
realizability is a translation from 2 to ¥, due to Kleene. It is defined as follows:

. xgP := P, for P atomic

*  xq(AAB):=((x)ogA A (x)19B)

*  xq(AvB) = (((x)o=0 = (x)19A) A (x)0#0 — (x)19B) )

. xq(A—B) = Vy (yqA — Jz({x}y=z AzgB) ) A (A—>B)

* xgqIyA®y) = (X)0gA((X)1)

* xqVyA(y) :=Vy3z ({x}y=z A 2qA(y)))
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The following facts can be verified in HA:

a) HAF xqA — A,

b) for every Ae X and {yj,...yn} with FV(A)c{y;,...yn} We can find an index e
such that: HA + A — 3z ({e}(y1,.--Yn)=Z A ZqA).

¢) Suppose By,...B;,C have free variables among {y;,...ym} and that {x;,...x,} is
disjoint from { yi,...ym }. Then:
B1,...Ba-HAC = Je [x19B1,..,XngBn+HATZ({€} (X1 .. XsY 1 5---Ym)=Z A 2qC)].

The proofs are all simple inductions. For details the reader is referred to Troelstra[73],
188-202.

We will now show that X-preservativity satisfies B1. As is easily seen our proof is
verifiable in HA.

We reason as follows:

o) ADya 3C Assumption

B B>hA3C Assumption

Y) Se Y and HA-S—(AVB) Assumption.

d) xqS FHaA 3z ({e}(x)=z A zq(AVB)) v, e provided by (c)
€) S +Ha 3z ({e}(f)=z A zq(AVB)) 9, f provided by (b)
m SAdz ({e}(H)zz A (z)o=0) FHA A €

0) Sadz ({e}(f)=z A (z)o#0) FHA B €

) SAdz ({e}(f)zz A (2)0=0) FHA C M o

V) Sadz ({e}(H=z A (z)o#0) FHA C LB

K) S Fya Jz ({e}(D=z A (2)0=0) v Jz ({e}()=z A (2)0#0) €

N) SFuaC D AN |

The second proof employs a translation due to Dick de Jongh. For later use our defini-
tion is slightly more general than is really needed for the problem at hand. Let C be an
9 -sentence and let n be a natural number. Define a translation [C](.) as follows:

. [C]4P := P for P atomic,

. [Cla(.) commutes A, v, 3,

*  [Cla(A-B) :=([C]sA -I[C]B) A Oa(C—(A—-B)),

*  [ClaVyA(y) = Yy [ClnA(y) A On(C—VyA(y)).

Let's first make a few quick observations, that make life easier:
i) HAF [C],A = O,(C—>A)
ii) HAF [C]h((A—-B)A(A'-B")) «
([ClnA = [C]nB) A ([C]pA" — [C]nB') A Ox(C—=((A—B)AA'—BY)).
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Similarly for conjunctions of more than two implications.
i)  HAF [C]VyVzA(y.z) <> (VyVz[Cl A(y,2) A Op(C—VyVzA(Y,2))).
Similary for larger blocks of universal quantifiers.
iv) HAF [C]aVy(A(y)=B(y)) ©
Vy([CInA(y) = [CInB(y)) A On(C—Vy(A(y) -B(y))).
v)  HAF [C]Vy<z A(y) © Vy<z [ClhA(y).
vi) For Se 2: HAF S < [C],S

(v) is immediate from the well know fact that: HAF Vy<z O,A(y) — OpVy<z A(y).
(vi) is immediate from (v).

Let's write [C],I" := {[C],D | DeI'}. We have:
vii) THpganA=I[C] ol FHA [ClaA (verifiably in HA).

Proof of (vii): The proof is by induction on the proof witnessing I'-a nA. We treat
two cases.

I'=@ and A is an induction axiom, say for B(x), of HA . Clearly [C],A is HA-prov-
ably equivalent to:
[ ([C1nB(0) A VX([CInB(x) = [ClaB(x+1)) A Op(C—>VxX(B(x) = B(x+1)))) —
(VX [C]B(x) A Op(C>VxB(x))) ] A Op(C—A).
We have:
HAF O,A, and hence HAF Op(C—A).
So it follows that:
HAF O,(C-Vx(B(x) = B(x+1))) — O,(C—>VxB(x)).
Moreover (as an instance of induction for [C],B(x)):
HAF ([C]nB(0) A VX([C]pB(x) = [C]nB(x+1))) — VX[C];B(x).
Combining these we find the promised: HA[C],A.

Suppose A=(D—E) and the last step in the proof was by:

I'D-HARE = I'-ganD—-E.
From I' ,\D-pya nE, we have by the Induction Hypothesis: [C]yI',[C]nDFHAA[CInE
and hence: [C]uI'+HA n[ClnD—[C]LE. Moreover for some finite I'h,cI', we have:
I'o.DFpAnE. Let B be the conjunction of the elements of I'g. We find:

[C)nT+ HA 0 On(C—B) and + ga o On(B—(D—E)).
Hence: [C] '+ HA nOn(C—(D—E)). We may conclude:

[CInI'+ HA N ([C]nD—-IC]RE) A On(C—(D—-E)) Q(vii)
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‘We now prove our principle. As is easily seen the argument can be verified in HA.

Q) ADyA SC Assumption

B) B>ya3C Assumption

v) Se Y and HA-S—(AVB) Assumption.

d) for some n Skya 5 (AVB) v

€ [TInSFHAIT 1nAV[T]nB) 9, (vii)

)] SFHA(ChAvVOLB) €, (vi), (i)

0 HAF S-C o, B,m 7.1 Q

8.2 A closure rule for implication: To formulate our next closure rule it is con-

venient to work in a conservative extension of HA. Let A+ be 2 extended with new
predicate symbols (including the 0-ary case) for X-formulas. Let f be some assign-
ment of X.-formulas of 2 of the appropriate arities to the new predicate symbols.

Define: [.]°n(.) and {.}(.):A*+—U as follows:

. {A}P :=[A]’ P := P[f] for P atomic,

. {A}(.) and [A]’n(.) commute with A, v and 3,

. {A}B—=C) = (A>B-0)[f], [A' 1B —C) := On((A>B—-C)I[f)),
. {A}VxB(X) = (A= VxBX))[f], [A]’nVXB(x) := Op((A—>VxB®X))[]).

We have for B in U+ (in the numbering of principles for [.] of 8.1):
viii) HAF [A[fTIn(B[f]) — [A]'nB — {A}B,

ix) [A]°pB is provably equivalent to a 2 -formula.

The proof of (viii) is an easy induction on B. (ix) is trivial.

8.2.1 Theorem: Suppose X is a set of implications in A+ and let B be in A +. Say,
A:=/\X and let Y:={Cl(C—D)e X}U{B}. We have, verifiably in HA:
(A—-B)[fI>uasV {A}Y.

Note that 3.8 of section 7 is an immediate consequence of our principle.

Proof: To avoid heavy notations we suppress ‘[f]’. In the context of HA we assume
that an U+-formula is automatically translated via f to the corresponding 2 -formula.
Let S be a X -sentence (of U ). Suppose S-ga(A—B). It follows that for some n
StHA,n(A—B) and hence by (vii) [A],SHHA[A]n(A—B). By (ii) and (vi) we find:

S FHA (/M[AJnC—[A],D | (C-»D)eX} A Oy(A—A)) — [A]LB,
and so:

S Fua N\{[A]nC—[A]D | (C—D)e X} — [A],B.
It follows by (viii) that:
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S FuA N[AT hC—[A],D | (C—D)eX} — [A]°,B.
Since HA is a subtheory of PA, we get:

S Fpa N{[A] h'C—[ALD | (C=D)e X} — [A]’4B.
By classical logic, we get: S Fpa\/[A]",Y. Remember that PA is, verifiably in HA,
conservative over HA w.r.t [],-sentences (see Friedman[77]). Since (S— \/[A]°nY) is
12, we get: SFya\/[A]°hY. Ergo by (viii): SFgA\/ {A}Y. Q

Before closing this section we insert some remarks on the proof.

8.2.2 Remarks on the proof

1)  The above proof was obtained after analyzing an argument in De Jongh[82].

i)  The step involving conservativity of PA over HA uses the Godel-Friedman
translation. Closer inspection reveals that the argument at hand just requires the
Friedman translation. We give a sketch in 8.2.3. It follows that our results gen-
eralize to all essentially reflexive RE extensions T of HA that are closed both
under the Friedman and the de Jongh translation.

iii) From a sufficiently abstract perspective it would become clear that our present
proof is just a variant of the proof of 4.2. {GIC,(A—G)} in the present proof
corresponds to the grey part of the Kripke model in the picture below 4.2.
[A]n(.) corresponds to the operation of adding the bottom-node in the picture
(via Smoryfiski's operation) to the grey part. The detour via PA corresponds to
the fact that our Kripke model argument is essentially classical. The special
behaviour of Y -sentences under translation corresponds with the fact that
whether a Y -sentence is forced or not (in a model of HA) is dependent just on
the node under consideration and not on other nodes.

8.2.3 Appendix to 8.2: We show that the double negation translation can be elimi-
nated from the proof of 8.2.1. We pick up the proof from the point where we have
proved:

a)  Stya N[AI'h"C—[A]D | (C-D)eX} — [A]°;B.

Let H := \/[A]’Y.

The Friedman translation (E)H of an arithmetical formula E is (modulo some details to
avoid variable-clashes) the result of replacing all atomic formulas P in E by (PVvH).
One easily shows:

b) HAF E= HA+ (B)H;

¢) HA+H-EH

d) forSeX:HAF (S)H & (SVH).
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By (a), (b) and (d) we have:

e)  SvHFHA M[A] O VH)=([ALD)H | (C—D)e X} — (([A]°nB)VH).
By (e) and propositional logic we find:

)  Skpa A {H-([Al,D)HI(C—-D)eX} — H.

So by (f) and (c):

2 SrgyaH

Hence by (g) and (viii): SFya\/{A}Y. a

9 On } -substitutions: In this section we prove our main results on Y -substitu-

tions. Given the results we already have, this is rather easy.

9.1 Fact: Let fe 3. We have:
1)  DPHAJY,fls ao-relation.
i) PHAYY is ac-relation.

Proof: (ii) is a direct consequence of (1). We have:

a) Every preservativity relation, and hence >Ha 3§, satisfies A1-3.

b) [HAJY,f satisfies Bl in virtue of 8.1

c) DHAJY,f satisfies B2 by 3.5(iv)

d) DHay,f satisfies B3 by 8.2, noting that {.}(.) of 8.2 behaves like [.](.) of section

3onBQ}). Q

9.2 Theorem
i) Prop=PHAYY=PHATS.

Proof: By 5.2(iii) > rop is the minimal o -relation. So by 9.1(ii): PrRoB CPHA ST -
By 3.5(vi): D HASS € D HA,TY. We show Dya 13 © DRroB. Suppose not
APRroBB. Then by 5.2(i): A** pcB. A* is IPC-provably equivalent to a disjunction
of prime NNIL-formulas. It follows that for some such disjunct, say C: C# pcB. The
Heyting algebra & axiomatized by C is prime and RE. By the embedding theorem
proved in DV[94] (see section 6.2 of this paper) there is an feX¥, such that
HA*-C[f] and HA*¥# B[f]. Since C[f]e NNIL(X), we have by the NNIL(X)-
conservativity of HA* over HA (proved in Visser[82]; see also section 6.2 for the
statement of the full result), that HA+ C[f]. Since HA is a sub-theory of HA*, we
have: HA¥B[f]. Since IPC-C—A, it follows that HA- A[f] and HA¥B[f]. We may
conclude: not ADHA, T3B. Q
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10 The closed fragment of the provability logic of HA

Let IPCUP be the theory in language 11:=R({ 0" L I0#n€e w }) axiomatized by IPC plus:
onl tantl oL,

We identify L with 001 and T with 0@ L. Let 8B := {O"1/0<n<w}. The standard

interpretation 1 of 1 in U is the interpretation mapping "L to OgaP.L.

We will in this section notationally confuse O and Dya. We write O* for Ogax.

We reason as follows:

a  forevery AeNNIL(Y) HA- OA < O*A Visser([85]

b  forevery Be B(X) HA+- OB < OB* section 9

C for every Ce B(2)) HA+ OC < O*C* a,b (C*e NNIL(Y))
d for every ac ou{w} HAF 0% 1 <> 0% | a

e  forevery De B(3) HAF- 0*(D « 0¢'D) 1) d, section 6.2

f for every De B(B) HA- O*D ¢« Ol+*D) | e,a

g  forevery De B(3) HA+ OD ¢ Ol+a*(D*) | £ e

h  forevery Ee {n(@) 38 HA- OE <> OB g

The last step is by induction on the box-depth of E. Note that we can read off from
our proof an algorithm to compute [ from E.

10.1  Sample computations
i) Consider A:=—0 L —»00 L. A*= O.LvOO.L, which is equivalent to OO L. Hence:
HAF DA <> O3 1.
ii) Consider A= (-~0O0 L—00 L)>(OLv-0O1). Let B:=—0O0 1 —00.1. We com-
pute A*,
A =(00L—~xDOLlLv-Ol1l)) A ([B](=OO L)v(BIJOL)v([B]-OL)))
=(00L—>(O0OLv-OL) A(—OOLvOLlv=Ol))
= (0L —>0O1lv-01l)) A(COLvDLlv-0Ol)).
Clearly our last formula is equivalent to O L v=0.1, so via the HA* route we find:
HA- DA & D21,
i) Consider A= (-0 1—01)—=(0O01Lv-031). Let B:===0O.L—0L. We com-
pute A*, using some shortcuts involving IPCUP-principles.
A =(0L—OOLlv-OOl)) A ([BlI(—OL)w(B]OO L)v([B]-OOL)))

=(—0OLlLvOdLlv-Od 1)
=(0OLvOOD Lv-00L).
Clearly our last formula is equivalent to OO L v=00O 1, so via the HA* route we find:
HAF OA & 03 1. ®)
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Define for Aell: a(A) := a*(A*). We show that a(A) has a clear meaning in terms of
the propositional theory IPCUP: it is the maximum of the « such that:
IPCUP - O%1 —A.

10.2  Fact: For ae{0....,0} and Aell:
IPCUP |- O% 1 —A < a<a(A).

Proof: We have:
[PCUP + O*1 —A = B,0%1 +ipc A, for some conjunction B of formulas of
the form OB L — OB+1 1.
Since B is in NNIL, we find:
B,0% L +pcA < B,0% L FpcA*.
Hence:
IPCUP I O0%1 A & [PCUP + O 1L —A*.

It follows that it is sufficient to prove:

For ae {0,...,0} and Ae NNIL({O" LI1<n}):

IPCUP - 0% 1L A & o<a*(A).
The proof is by induction on A. We leave the simple argument to the reader. The case
of disjunction uses the fact that IPCYP + 0L has the disjunction property. O
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