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Preface
The Fifth European Workshop on Reinforcement Learning (EWRL-5) has gathered a wide variety
of researchers interested in many different topics in reinforcement learning (RL). First of all, several
papers describe RL algorithms for solving POMDPs. In this category, there is a paper by Hartley

and Wyatt describing using Hidden Markov Models (HMMs), where state splitting is used to
learn the right model. A paper by Dutech and Scherrer describes using contextual information for
handling POMDPs, and a paper by Bakker describes using LSTM recurrent networks for solving
POMDPs.
A different session is on using function approximators in RL. Arleo and Gerstner use a Hippocampal Spatial Model (similar to using Radial Basis functions) for Robotic Reinforcement Learning. Herrera and Santos study the clustering aliasing problem (CAP) which is caused by function
approximators mapping different states with different optimal actions to (nearly) the same internal
representation. Their approach grows Cell Structures to continue partitioning the state space to
diminish the negative effects of the CAP. Shapiro studies modelling the expected time for receiving
reward, which is very useful for modelling animal learning experiments.
The third session is on multi-agent RL. Gutjahr and Eder study dyadic interaction learning in
which two software agents offer a single product to a population of buyers and learn to set their
prices to a number of possible levels. Verbeeck et al. study learning agents in multi-agent systems
where the overall performance is as good as that of the poorest performing agent. Finally, Preux
et al. incrementally learn an artifact to perceive its environment, move in it, and handle and use
objects. For this they use a single agent for manipulating each individual "organ" of the agent.
A fourth session is on exploration issues in RL. Wyatt and Summola study selecting an optimistic model (or using Monte Carlo sampling in the space of possible models) for exploration and
describe several extensions of this method such as combining it with options (multi-time models),
and Dynamic Bayesian Networks. Reynolds studies the Curse of Optimism which arises when

models are initialized to large Q-values. His insight is that it is very difficult to overcome the
initial value biases if these biases are optimistic.
Another session concentrates on reinforcement learning methods which search in the policy
space in an unconventional manner. Strens describes a method using state-parameter evaluation
functions (SPEFs) which map environmental states and policy parameters to expected return acquired by evaluating state-parameter settings. Then, optimizing the policy is done by searching
for the best performing SPEF. Kwee et al. study gradient-based reinforcement planning (GREP),
where an agent plans ahead and improves its policy before it actually acts in the environment.

Matt and Regensburger study policy improvement for several environments at the same time.
They show how an optimal stochastic policy for several environments can be computed. Then
there is also some special work in RL which is not based on using value functions or conventional
RL methods at all, but which describes using theoretical computational science algorithms for
RL. Hutter describes an agent which can optimally learn to make sequential decisions in unknown
environments by using Solomonoff's universal semi-measure for computing prior probability distributions over a set of possible models.
There is also some work on hierarchical RL. Buffet and Dutech look for scalable agents which
can reuse prior knowledge and can learn to choose or combine particular behaviors. Schoknecht
and Riedmiller study using multi-step actions and show that this method provides a useful way for
speeding up RL in particular domains. Driessens and Blockeel describe a hierarchical RL method
for learning the computer game of Digger. For this they use relational reinforcement learning
(RRL), where each subproblem is first learned separately, after which they are combined by RRL.
Several novel RL algorithms for backing up state values are described by Garcia and Reynolds.
Garcia describes ATD and AQ-learning, two. methods for average reward RL for discounted reward
problems. Reynolds describes a novel way for backing up Q-values which extends Backwards replay
and truncated a=return estimates, and shows that this method can learn faster than Q(A) methods.
Santos et al. describe a method for automatically tuning vector parameterized reward functions

for robotic RL applications. Finally there are several papers describing applications of RL. Hunger
and Riedmiller describe using RL for a scheduling problem, and empirically evaluate the usefulness
of this approach. Hing and van Harten describe an application for accepting orders in a business
control framework in which agents should sometimes delay accepting orders to be able to accept
more convenient orders in the future. Finally, Bennane et al. describe using RL for adapting
learning situations in an intelligent tutoring system.
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Abstract
We study reinforcement learning for cognitive
navigation. The state space representation is constructed by unsupervised learning during exploration. As a result of learning, a stable representation of the continuous two-dimensional manifold in the high-dimensional input space is found.

The representation consists of a population of
localized overlapping place fields. This statespace coding is a biologically inspired model
of place fields in the Hippocampus of the rat.
Place fields are learned by extracting spatiotemporal properties of the environment from visual sensory inputs. Visual ambiguities are elim-

inated by taking into account self-motion signals via path integration. This solves the hiddenstate problem and provides a robust representation suitable for applying Q-learning in continuous space. Reward-based function approximation takes place to drive action units one synapse
downstream from place cells. The teaching error models the dopaminergic reward-expectation
signal from neurons in the brainstem. Several action modules share the same space representation
and guide the robot to multiple targets. The ex-

perimental validation of the system is done by
implementing it on a mobile Khepera robot.

1. Introduction
Problems with high-dimensional continuous state space are
a critical issue in reinforcement learning (Santamarfa et al.,
1998). In these cases, optimizing the value function (i.e.,
deriving the function predicting the optimal long-term reward for a given state when selecting a specific action and
following an optimal policy thenceforth) implies to learn
the optimal mapping over infinitely many state-action pairs.

Since exploring the whole state-action space is unfeasible,
a key issue in these problems is the ability of the agent to
estimate the expected value function for never experienced
state-action pairs. Combining reinforcement learning with
function approximation methods provides such a generalization property (Santamarfa et al., 1998; Sutton & Barto,
1998; Lin, 1992; Rummery & Niranjan, 1994).

We study reward-based action learning to provide a robot
with cognitive navigation capabilities. We ask two questions: (i) How can an agent learn a suitable state-space representation based on its high-dimensional and continuous
sensory inputs? (ii) How can goal-oriented action selection
be done based on the learned state-space coding?

We adopt a neuro-mimetic approach and we study spatial learning capabilities of rodents (Arleo & Gerstner,
2000). In particular, we model (i) the functional role of the
hippocampal formation in. mediating space coding in rats
(O'Keefe & Nadel, 1978), (ii) the interaction between the
hippocampus and the ventral striatum (which includes the
nucleus accumbens) for mapping spatial information into
actions (e.g., goal-oriented movements). Since neurons in
the ventral part of the striatum are primarily activated in relation to the expectation of rewards (Schultz et al., 1992),
we model such interaction through reinforcement learning.

2. State-space Representation
Neurophysiological findings suggest the spatial selflocalization of rodents is supported by place-sensitive and
direction-sensitive cells. Place cells in the rat Hippocampus provide a spatial representation in allocentric coordi-

nates (O'Keefe & Nadel, 1978). A place cell exhibits a
high firing rate only when the animal is in a specific region of the environment, which defines the place field of
the cell. Head-direction cells encode the animal's allocentric heading in the azimuthal plane (Taube et al., 1990).
A directional cell fires maximally only when the animal's
heading is equal to the cell's preferred direction, regardless
of the orientation of the head relative to the body, of the
rat's location, or of the animal's behavior.
We present a computational model which is consistent with
several neurophysiological data concerning place and headdirection cells (Arleo & Gerstner, 2000; Arleo & Gerstner,
2001). Place-coding and directional sense are provided by
two coupled neural systems that interact with each other to
form a unitary spatial learning system. We stress the importance of integrating allothetic (e.g., visual stimuli) and
idiothetic (e.g., self-motion cues) information to establish
a stable space code.

High-dimensional visual inputs (images have a resolution
of 422 x 316 pixels) are processed by means of an unsupervised learning technique that allows the robot to detect

a convenient low-dimensional view manifold representing
the visual input space. However, when relying on visual
data only, the state-space representation encoded by place
cells does not fulfill the Markov hypothesis (McCallum,
1996). Indeed, distinct areas of the environment may provide identical visual cues and lead to singularities in the
view manifold (sensory input aliasing). We employ idiothetic signals (i.e., path integration) along with visual in-

Let rp be the activation of a place cell p. Each state
s is encoded by the ensemble activity vector r1s) =

puts in order to remove such singularities and solve the
hidden-state problem. On the one hand, unreliable visual
data are compensated for by means of path integration. On
the other hand, reliable visual information can calibrate the
path integrator system and maintain the dead-reckoning error bounded over time. Correlational learning is applied to
combine visual cues and path integration over time.

where s', a is the state-action pair, and wa = (wI a,., .., w°n )
is the adjustable parameter vector. The learning task consists of updating the vector wa to approximate the optimal
function Qw(s, a). The state-value prediction error is

After learning, the space representation consists of a population of localized overlapping place fields (Fig. 1) covering the two-dimensional workspace densely. Our place
fields provide a "natural" set of basis functions in the sense
that we do not have to choose parameters like width and location of the basis functions. Rather, the basis functions are
created automatically by unsupervised learning. In order to
interpret the information represented by the ensemble pattern of activity of our place cells, we employ population
vector coding (Wilson & McNaughton, 1993).

3. Action Learning: Goal-oriented Navigation
Our spatial learning system provides an incrementally
learned coarse coding representation suitable for applying
reinforcement learning for continuous state spaces. Learn-

ing an action-value function over a continuous location
space endows the system with spatial generalization capabilities. Since our state-space code solves the problem of
ambiguous input or partially hidden states, the current state
is fully known to the system and reinforcement learning
can be applied in a straightforward manner.

(r1(s),... , rn. (s7), where n is the number of place cells.
The state-action value function Q,,,(s, a) is of the form
n

wPrp(s)

Qw(S,a) = (0)TT(sl _

(1)

p=1

St = Rt+1 + -y max Qt(st+1, a) - Qt (9,, at)
a

(2)

where Rt+1 is the immediate reward, and 0 < y < 1 is a
constant discounting factor. At each time step the weight
vector w"a changes according to

wt+1 = ii + abtet

(3)

where 0 < a < 1 is a constant learning rate parameter,
and Ft is the eligibility trace vector. During learning, the
exploitation-exploration trade-off is determined by an egreedy policy, with 0 < e < 1. As a consequence, at each
step t the agent might either behave greedily (exploitation)
with probability 1 - e, by selecting the best action at with
respect to the Q-value functions, at = argmax,Qt(9t, a),
or resort to uniform random action selection (exploration)
with probability equal to e. The update of the eligibility
trace depends on whether the robot selects an exploratory
or an exploiting action. Specifically, the vector a"t changes
according to (we start with a"o = 0)

et = r(st) + 1 yAet-1
0

if exploiting
if exploring

(4)

where 0 < A < 1 is a trace-decay parameter. Learning
consists of a sequence of paths starting at random positions

We take a population A = {a 1 1 < a < rn, } of loco-

and determined by the e-greedy policy. When the robot

motor action neurons one synapse downstream from our
place cells p. Each cell a provides an allocentric directional motor command (e.g., go north). Then, the navigation problem is: How can we establish a mapping func-

reaches the target, a new training path begins at a new random location. After learning, population vector decoding
is applied to map A into a continuous action space A' by
averaging the ensemble action cell activity. Fig. 2 shows
an example of navigation map learned after only 5 training
trials. The vector field representation of Fig. 2 has been obtained by rastering uniformly over the environment. Many
of sampled locations were not visited by the robot during
training which confirms the generalization capabilities of

tion M : P -> A from the place cell activity space P
to the action space A to achieve goal-directed behavior?
We apply Q-learning to approximate this -function from the
continuous space of physical locations to the activity space

of action cells based on the agent's experience. The robot
interacts with the environment, and reward-related stimuli
elicit the synaptic changes of the p -> a projections wP to
adapt the action-selection policy to the task. After training, the hippocampally-dependent activity of cells a E A
provides a map to support goal-oriented navigation and obstacle avoidance.

the method: the robot was able to associate appropriate
goal-oriented actions to never experienced spatial states.

We assume that the anatomical counterpart of our action
cells a are neurons in the nucleus accumbens (NA). NA
neurons receive dopaminergic afferents related to the occurrence of unconditioned or conditioned reward-related

-----------------------------

...,..

ttttt
f

t

f

11

t

t

t

f

t

1

r

t

f_

t

f

f.-__

1

t

t

_

t+ t_ _

It +
t t...,
+

f

_

t_

Environment

Figure 1. The overlapping place fields work as basis functions.

A discrete set of actions A = {north, south, west, east}
is considered, which results in four Q-functions Q(s, north),
Q(9,, south), Q(s, west), Q(s, east) to be approximated.

Figure 2. Vector field representation of a navigational map

learned after 5 trials. The target area (about 2.5 times the area
occupied by the robot) is the upper-left comer of the arena.

events (Schultz et al., 1992). The presence of dopaminedependent plasticity in NA suggests that dopamine responses might be involved in. plasticity changes yielding reward-based learning. Indeed, since the activity of
dopamine neurons is a function of the unpredictability of
a reward, dopaminergic activity might work as a prediction
error signal (i.e., the difference R(t) - R'(t) between the
actual reward R(t) at time t and the predicted reward R' (t))
suitable for learning.

4. Conclusions

McCallum, R. (1996). Hidden state and reinforcement
learning with instance-based state identification. IEEE
Systems, Man, and Cybernetics, 26(3), 464-473.
Morris, R., Garrud, P., Rawlins, J., & O'Keefe, J. (1982).
Place navigation impaired in rats with hippocampal lesions. Nature, 297, 681-683.

O'Keefe, J., & Nadel, L. (1978). The Hippocampus as a
cognitive map. Oxford: Clarendon Press.
Rummery, G., & Niranjan, M. (1994). On-line Q-learning
using connectionist systems (Technical Report CUED/FINFENG/TR 166). Engineering Department, Cambridge
University.

Reinforcement learning takes long training time when applied directly on high-dimensional input spaces (Sutton &
Barto, 1998). We have shown that by means of an appropriate state space representation, based on localized overlapping place fields, the robot can learn goal-oriented be-

Santamarfa, J., Sutton, R., & Ram, A. (1998). Experiments
with reinforcement learning in problems with continuous

havior after only 5 training trials. This is similar to the

state and action spaces. Adaptive Behavior, 6(2), 163-

escape platform learning time of rats in Morris water-maze
(Morris et al., 1982).
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Abstract
Hidden state in non-Markovian reinforcement learning problems (POMDPs) may be
resolved by maintaining a memory of past
events, e.g. using recurrent neural networks.

This work employs the recently proposed
Long Short Term Memory recurrent neural
network for that purpose, using it to approximate the value function of model-free
Advantage(d) learning. The results show
that this combination works well in tasks
with complex and long-term dependencies
between past events and the optimal policy.

2. LSTM
Similar problems appear in supervised learning of
timeseries data. This work explores the use of one
recently developed technique that was successful in
overcoming these problems in that context: Long
Short Term Memory (LSTM) recurrent neural networks (Hochreiter & Schmidhuber, 1997). An LSTM
network can learn complex, long-term dependencies
between relevant events in timeseries data, because it
enforces non-decaying error flow propagated back in
time in a number of specialized units, called memory
cells. Nevertheless, LSTM's learning algorithm is local in space and time (which fits in nicely with online
reinforcement learning), and its update complexity is
only O(1).

1. Introduction
There are a number of techniques for solving nonMarkovian (partially observable, hidden state) reinforcement learning problems. Many of them rely on
remembering (part of) the history of past observations

and actions, e.g. using fixed or variable size history
windows (delay lines), memory bits that the controller

can switch on and off, finite state automata, or recurrent neural networks. The general idea is that the
Markovian environmental state may be inferred from
the combination of the current, possibly ambiguous
observation and the representation of the past.

The learning task becomes increasingly difficult for
most if not all of these techniques when a relevant
piece of information lies further back in the past. For
example, it might be that the decision whether to go
left or right at a T-junction in a maze should depend
on an observation from many timesteps ago. It also
becomes difficult when the relationship between past
observations/actions and the best action at the current
timestep is complex. For example, it might be that the
decision whether to go left or right at the T-junction
should depend not on a single observation in the past,
but on a specific combination of past observations.

In this work, an LSTM network is used to directly approximate the value function of model-free reinforcement learning, in the same spirit as other model-free
recurrent neural network approaches (Lin & Mitchell,

1993). LSTM could also be used as the basis of a
model-based system, where it could learn a predictive
model of the environment, with predictions depending on information from tong ago. One possible advantage of a model-free approach over a model-based
approach is that the system may learn to only disam-

biguate states insofar as that is useful for obtaining
higher returns, rather than waste time and resources
in trying to predict features of the environment that
are irrelevant with respect to returns. The outputs of
the LSTM network represent the values of different ac-

tions. The state of the environment is approximated
by the current observation, which is the input to the
network, together with the representation of the past,
encoded by the recurrent activations in the network
(see Bakker, 2001 for further details).

3..Advantage(i) learning
The particular reinforcement learning algorithm used
here is (direct) Advantage learning (Harmon & Baird,
1996), which was originally designed as a variation of

and improvement on Q-learning for continuous-time
problems. It turns out to also perform much better
than Q-learning in the discrete-time problems investi-

gated in this work. Similar to continuous-time problems, discrete-time problems with long paths to rewards result in small differences between the values
of adjacent states, and Advantage learning deals with
that more effectively.

Eligibility traces have often been shown to improve
learning considerably, especially in non-Markovian
tasks. For this reason, they were added to Advantage learning, yielding Advantage(s) learning. Furthermore, a directed exploration scheme was used,
which effectively increases exploration when estimated
Advantage values for the current observation or in the
nearby future have a lot of uncertainty.

4. Test problems
The ability to learn long-term dependencies was investigated in a simple delayed reward T-maze navigation
task, where the best action at the T-junction depended
on a single observation from long ago. The system was

able to learn this relationship reliably when the minimal number of intervening state-action pairs was as
high as 50, even in the presence of severe noise in the
intervening observations. Beyond 50 intervening steps,
performance gradually becomes worse.

A similar T-maze task was used to test the ability to
deal with more complex temporal regularities. The
sequence of observations in the corridor leading up to
the T-junction was either "grammatical" or "ungrammatical", where grammatical sequences corresponded
to a simple non-regular language, OP. In the limit,
such a language cannot be represented by a finite state

automaton (FSA), but requires a higher class of automaton (with a stack or counter). Grammatical sequences indicated that the agent should turn right
at the T-junction, ungrammatical sequences indicated
that the agent should turn left. The agents reliably
learned this task. Moreover, they could generalize
to sequences (corridors) of much greater length than
the ones they experienced during learning-which is
something an induced FSA would not automatically
do. Inspection of the internal state of the networks
shows that they induce counters. This appears to be
the first time that reinforcement learning systems induce automata of a higher computational class than
FSAs, and it shows that a reinforcement learning system based on LSTM can learn complex relationships
between sequences of past observations and the optimal policy in non-Markovian domains.

A third learning task was a difficult variation of pole
balancing. It had two sources of hidden state. First,
the (continuous) cart velocity and pole velocity were

not part of the observation (as in Lin & Mitchell,
1993). Second, the controller had to learn to operate
in two different modes, in which the two actions corresponded to opposite push directions. The (discrete) information which mode the controller was operating in
was only part of the observation for the first second of
simulated time, and had to be remembered indefinitely
after that. In all cases, the controllers learned to balance the pole for hundreds or thousands of timesteps,
and in some cases, the controller even learned to balance the pole indefinitely in both modes of operation.
This shows that the system can learn to approximate
the continuous velocities, and at the same time learn

to remember the discrete mode information for long
periods of time or even indefinitely.

5. Conclusion
In all experiments, when the LSTM network was replaced by a Simple Recurrent Network trained using backpropagation through time (Lin & Mitchell,
1993), learning performance was significantly worse, in
most cases not reaching a satisfactory policy. Further-

more, Advantage learning worked much better than
Q-learning. The system with eligibility traces (s > 0)
significantly outperformed the system without eligibility traces (s = 0). Finally, using directed exploration rather than undirected exploration was crucial
for the two T-maze tasks. In conclusion, the LSTM
recurrent neural network, combined with model-free
Advantage(s) learning and directed exploration, seems

to. be a promising technique for dealing with nonMarkovian reinforcement learning problems with complex and long-term dependencies between past events
and the optimal policy.
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Abstract
During the development of intelligent tutors, several
techniques were applied resulting from the artificial
intelligence and machine leaning. The goal is to develop

a system, which imitates human behavior in these
various cases and in fact in (1) the reasoning process and
in (2) the level of interactivity with its environment.
An intelligent tutor is composed of the following entities:
(1) the domain expert (2) the tutor (pedagogical module)
(3) the student model and (4) an interface of
communication between expert - tutor on the one hand
and student the other.

The expert interacts with the learner according to the
situation selected by the tutor. Following the action of
the learner, the expert reacts to evaluate the behavior of
the learner knowing that the action of this last is carried
out successfully or failure. In both cases, the expert
presents an adequate feedback to the learner. The tutor
observes the interaction between learner and the expert
and tries to direct the communication according to the
objective to be reached and the abilities of the learner.
In this paper, we expose the entities subjects of
interaction in an intelligent tutor system and we discuss

how reinforcement learning can be applied to

the

tutoring system in order to individualize and to adapt to
the generation of learning situations.
Key words: learning Situation, Tutoring, Reinforcement
learning, ITS, Agent, Environment.

1. Introduction
Using communication and information technology for
teaching and training is an idea, which dates at least from

the beginning of the last century. The majority of
researchers (BRUI, 97; DEP, 87) consider that the
starting point was with the machine built by Pressey in
1926. The objective of Pressey was to build a device
which makes it possible to raise a question, and after the
answer of the pupil, to communicate the correctness of
the answer immediately to him. It considers that the true
work of the teacher is to concentrate on the activities
stimulating thought, to release it from the repetitive spots

new and an ambitious objective for the CAI. They
adopted the human tutor like that of the educational
model and applied the artificial intelligence techniques.
The objective of the Intelligent Tutoring systems (ITS) is
to engage the students in continuous activities of

reasoning and to interact with the student based on a
deep comprehension of its behaviors (ANDE, 97).

The possibility of storing and executing the teaching
domain knowledge constitutes the keystone of intelligent
tutorials. The representation of this knowledge makes it
possible not only to treat the answers, but to penetrate in

the process even of problems solving (DILL, 93). One
must be conscious owing to the fact that research on the
intelligent tutors systems is far from the ideal goal which

is to create a completely autonomous system in its
teaching reasoning (DEP, 99).
In this paper, we expose the entities subjects of

interaction in an intelligent tutor and we discuss how
reinforcement learning can be applied to the tutoring
system in order to individualize and to adapt to the
generation of learning situations.

2. Components of the interaction unit
Recall that, the pedagogical module is a set of rules and
protocols that manages resources and interactive
communication and following the learner's needs.

The pedagogical module has to fulfill the following
tasks:

Evaluate the leaner actions and determine the values of
the transition parameters, the rewards, and the learner
path;

Select the learning situations from the database and
follow the orders of the evaluation unit and present it to
the user;

Look for and send the rewards to learner following the
orders of the evaluation unit.
-`

and to delegate the training exercises to a machine.

At the beginning of the Sixties, the computer-assisted
instruction (CAI) comes to finally seem a true marriage
of programming instruction and data processing (ALBE,
92).

The two aspects interesting of the CAI were (1) the
individual character of the program of teaching: the
learner, with the programmed machine, has the feeling to

be with a system charged to provide him a particular
course, adapted to his needs and his level; and (2) the
interactive aspect which, if it is agreeably exploited,
avoids with the learner sinking in passivity (LESC, 85).

The applications of CAI, with or without audio-visual
dimension, were limited to the organization of
information presented at the screen according to a preset
sequence often under the program testing (DEP, 99). In
the Seventies, a limited number of researchers defined

Figure 1: interaction unit components

2.1 Evaluation unit
The evaluation unit is the core of the pedagogical
module. It is connected to the selection and presentation
unit of the training situation, to the reward unit and to the
student model.
It is designed according the principles of the inferences

and the transitions in a training sequence.

correct answer. The messages generate since the orders
received from the evaluation unit.

3. Tutoring as a reinforcement learning problem
Reinforcement learning is an interesting technique for
solving learning problems. It requires a signal of
reinforcement that is the only feedback of the
environment toward the agent. The agent receives
continuously some sensory information of the
environment called states. It chooses and selects the

Figure 2: Difficulty and complexity

We have four principles: success, failure, remediation
and high-level principles (BENN, 2000).
Success principle:
For every situation executed with success, the transition
to the following situation, it doesn't to make vertically,
but does generally from low toward the high and on the

actions that act on the environment and after every action

it receives the environment rewards (SUTT, 98). The
goal of learning is to obtain the optimal policy that
maximizes the rewards and the agent's performance.

right, but also horizontally and follow the case of the

3.1. Mechanism of training as reinforcement learning

following situation variable.
Failure principle:
For every situation executed with failure, the transition

We begin by defining the mechanism of training like a
reinforcement-learning problem and by ending we will
generate a target functions algorithm. In this order, what

to the following situation, makes following the cases
presented below:
1. One decrements the degree of situation difficulty and
one maintain the degree of complexity.

is the graph of a pedagogical sequence?
A training sequence is defined like a directed graph :

2. If the degree of situation difficulty in progress is
inferior to three (3), and if the situation is executed with
success, then one increments the degree of difficulty and
one maintain the degree of complexity.

We consider that, all situations having a degree of
difficulty lower than the average (3) are conceived in
order to be learned, to surmount the difficulties and to

o

Every situation represents a node (or state) of

o

graph;
The transition relations between nodes represent
the actions and their associate rewards (links).

o

Every sequence admits an initial and final
situation, respectively the start node (start state)
and goal node (goal state).

reach the optimal level.
High-level principle:

If the difficulty degree of the current situation reaches
the ceiling and if it is executed with success, then the
transition to the following situation makes of the

following manner: one increases the meter of the
measurement situations (complexity degree) and one

Figure 3: Sequence Graph

maintains the maximal rank (partial rank) of the situation
difficulty degree.
The remediation principle:
If the difficulty degree in progress situation reaches the
lowest level and if the activity of the learner is executed
with failure, then the transition to the following situation
makes of the following manner: one decreases the meter
of the measurement situations (transition to the column
precursor) in order to see again the previous situation for
to remedied the deficiencies.

3.2. Transition function
One could represent this graph by a matrix line-column,

then determine the representation of states, actions,
rewards.
States representation:

S is a matrix of 5 lines and N columns representing the
situations of a training sequence.

Actions representation:
Normally the actions achieved by the student are:

o Choose an answer (Closed question: MCQ', T-

2.2 Transition Unit
The transition unit loads on one hand, the selection of the
training situations from the database and following the

orders of the evaluation unit, on the other hand, the
presentation of situation containing to the user. This unit
has two objectives, the one is functional, and concerns
search and the recuperation of the information and send
it to the presentation function, the other is ergonomic and

concerns the choice of the forms associated to the

F2, MAQ3);

o Type an answer (Open question);
o Unroll a demonstrative situation.
The agent could execute some other actions, like asking

for help or giving hints, make some counts using a
utilitarian and come back to the situation, etc.

But our interest here is the answer to the following
question: Are the action is executed by success or

situation in progress and following situation parameters.

failure? Knowing that { state + action} gives like result

2.3 Reward Unit

outcome of every pair state-action. We can summarize
by giving the actions set: { A s°""' A Frame}
Rewards representation:

The object of the reward unit is choosing and sending the

adequate feedback to the learner and following his

the following state, and our goal is to determine the

action. The sent message to the learner could be (1) an
encouragement following the action executed with
success, or (2) some indications in order to complete the
instructions to undertake, or (3) a message containing the

1

Multiple Choices Question.

` True - False,

3 Multiple Answers Question.

Recall that we have five situations sl, s2, s3, s4, s5. Each
one of them, is executed with some probabilities: a, Q,
X, R, P.

experiments can conclude the introduction and the use of
the new techniques resulting from the IA in the design
process of the intelligent tutors.

The reward R' u from the current state (s) to next state
(s') by executing the action (a) are: Rte"'- R f"3.3. r"'

3.3. Integration of the success and failure functions
In a concrete situation of learning, the student chooses an

answer (closed question) or types an answer (open
question) ended by validation. The feedback of the
answer validation gives like outcome the rightness of the
answer: success or failure. Below, we address the
algorithm for these two functions.

What data do we need, if we want to make the

connection with a reinforcement-learning problem?
We think that we need four things, a set of states, a set of
actions, a reward function and policy. Our interest is to
develop the policy algorithm, denoted as T.
Then, what is the algorithm of this mapping?
First, we signal that the set of actions will be {0, 1) such

that the element 0 represent the failure action and the
element 1 represent the success action.
// I <_ i <_ 5; 1 <_ j 5 N; a E (0,
T(s, i, j, a)
1}.

f
case a = 0

completely revised Edition, ELSEVIER, 1997.
(BENN, 2000): BENNANE A., Processus de conceptions
des tuteurs intelligents et 1'apprentissage renforce ; VUB
Bruxelles 1999.
(BRUT, 97): BRUILLARD E., Les machines a enseigner.
Editions Hermes, Paris, 1997.
(DEP, 87): DEPOVER C. , L'ordinateur media
d'enseignement, DeBoeck, Bruxelles, 1987.
(DEP, 99): DEPOVER C., GIARDINA M. & MARTON
P. , Les environnements d'apprentissage multimedia ;

L'Harmattan, Paris, 1999.
P.,
Evolution
(DILL,
93):
DILLENBOURG
epistdmologique en EIAO. Ingenierie Educative.
Sciences et Techniques Educatives. 1 (1), 39-52, 1993.
G.;

Reinforcement Learning, A Introduction; A Bradford
Book, 1998.

then

(1) load previous situation s(. j-1); //Previous

column.

(2) s'<case a

(ANDE, 97): ANDERSON J. R., CORBETT A. T. &
KOEDINGER K. R.: Intelligent tutoring systems.
Handbook of human-computer interaction, Second

syst8mes experts ; CEDIC NATHAN, Paris, 1985.
(SUTT, 98): SUTTON, R. & BARTO A.

if (i =1)

partial min <_ 3.
)
-

plus cc qu'elle sera. Le Seuil, Presses du CNRS, 1982.

(LESC, 85): LESCORT A. , Intelligence Artificielle et

//failure

load s(i,j) // current state;
if (i >1)
then s'<-- s(i -1,j);

(

5. References
(ALBE, 92): ALBERTINI J. M., La pedagogie n'est

s(partial_min, j-1); // 1

<_

//success

load s(i,j); //current state;
if (i >= AVG) //AVG: Average..
then

load next situation s(.,j+1); //next column.
partial_max <-- max (s(.,j+1)); // 3 <_ partial_max

<-

5.

if (i < partial_max)
then s'<-- s(i+],j+l)
else s'<- s(partial_max, j+1);

)

if (i < AVG)
then s'<-- s(i+1, j);1

}

4. Conclusion
In this paper we concentrated on the modelisation of a
tutoring systems and the interaction between

its

components. We demonstrate that the use of modern
reinforcement learning techniques can give interesting
results for enhancing tutoring systems. We believe that
this combination was possible because we reformulated
the question like a problem of the reinforcement learning
by determining the whole of the states and the
corresponding actions, the rewards and the policy and the
algorithm correspondents. We believe that the contest
and the multiplication of the efforts in concrete

Ob(c,a): gives the probability to choose action a
while seeing configuration c, and

Looking for Scalable P gents

Qb(e,a): is the expected discounted reward when
choosing action a for the configuration c.

LORIA/INRIA, BP 239, 54506 Vandoeuvre-16s-Nancy,

For a given behavior, both tables are learned through
Reinforcement Learning. More precisely, a gradient
descent is used to search for the stochastic policy
and afterwards the Qb-table can be learned while the
agent behaves according to the stochastic policy.
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An agent confronted to a single configuration c of a
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behavior b will simply use Ob(C, .) to make the choice

Introduction

of its next action. If this agent has to deal with more
configurations, from possibly different behaviors, the

Reinforcement Learning intends to ease and possibly
to perform automatically the design of systems such as

0-tables are not sufficient to weight the relative importance of the different decisions that can be taken. The
Q-tables will thus give a measure of current motivations.

software or robot agents: An important aspect is the
ability of learning agents to adapt to their environment
and to the task they have to accomplish. This kind of
learning is unfortunately restrained by problems like
combinatorial explosion of the state space that limits
the number of sensors or objects an agent can reasonably deal with, especially in the case of Multi-Agent
Systems.
Considering Markov Decision Processes, different solutions exist to overcome the difficulties related to large

state spaces: hierarchical structures (Parr, 1998) or
factored representations (Kearns & Koller, 1999) of the
agent's behavior for example. Nevertheless, these tools
require manual preparations before going through the

learning step, and result in an agent designed for a
specific task.

The work presented here intends to define agents able
to be efficient in several complex situations, reusing
prior knowledge (see also (Dixon et al., 2000)). The

Scene decomposition
When choosing among its available actions, an agent
has to analyse the present situation. This is done by
searching in the scene which configurations are linked.
to behaviors, and are therefore of interest. If P is the
perception, the useful configurations are in
C = {c C P 13b ; Qb(c, .) and Ob(c,.) are well defined}.'
A configuration may be related to different behaviors,
leading to the use of
13(c) = {b Qb(c,.) and

are well
agent

design is based on the use of many basic behaviors which the agent will have to manage, each behavior corresponding to a different motivation. For
now, Reinforcement Learning is mainly employed for
the "recording" of these basic behaviors. Nevertheless there is place for improvements of our framework
through other uses of Reinforcement Learning.

Figure 1. A not so simple scene

Basic behaviors

In the scene shown on this figure, the agent perceives
objects 01, 02 and 03. With two behaviors: avoiding

For each motivation, a basic behavior b is learned
as a stochastic policy mapping perceptions to actions
(Dutech et al., 2001). And for a given behavior, perceptions only consider subsets of the set of all objects
and are called configurations. Useful data concerning each behavior are stored in two tables:

hole

blocs

holes (b") and pushing blocs in holes (bp), the agent has
to manage three different (behavior, configuration) pairs:
(ba, {02}), (bp, {Ol, 02}) and (bp, {03, 02}).
By well defined", we mean that the Qb and Ob tables
are defined for configuration c. For a given behavior b,
only a restricted subset of all possible configurations are of
'
interest, and are therefore defined.

Results and Perspectives

Basic behaviors combination
Once the scene is decomposed, the agent has to use

The method was tried on two different problems: 1-

its knowledge to decide its next action. This is
done by calculating a weighted distribution O(a) _

predators catching a prey while avoiding a wall, and 2-

Kr

ECEC EbEB(c) w(b, c, a)' b(c' a) for each action a, re-

sulting in a probability distribution over actions. In
this formula, the w(b, c, a) are positive functions that

can be defined in various ways, and K is a normalizing
factor.

The basis of this computation is a heuristic lacking
of theoretical support. Nevertheless, this part of the
method is subject to discussion, as tools like fuzzy
logic (Zadeh, 1973) or learned parameters could be
efficiently used. For now our experiments only present
different w functions that helped us analyze the prob-

agents having to merge pairs of blocs (with different
possible fusions at the same time). These examples
involve various forms of motivations (reaching a goal
or avoiding an injury) and various relations between
them (different levels of priority, or equal priority motivations). Whereas it illustrated the complexity of a
behavior composed of many basic behaviors, the efficierrcyr obtained through this method is encouraging.
The next step will be to learn parameters so as to bet-

ter tune the relative importance of the different behaviors. But we also would like to dynamically learn

lem.

hierarchies of basic behaviors, and automatize the creation of a behaviors' library.

Some experiments
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Hierarchical Reinforcement Learning is often used for
reinforcement learning problems that are too large to
be handled directly. Most techniques (Kaelbling et al.,
1996; Tadepalli & Dietterich, 1997) consist of learning to handle subgoals on a lower level and having a
higher level module, often a planner, choose between
different subgoals. This requires the subgoals to have
a sequential nature, i.e., one can be achieved after an-

digging new tunnels (and thereby increasing the mobility of the monsters) when trying to reach certain
rewards. The bags of gold we removed to reduce the
complexity of the game, but we do. plan to reintegrate
them in the future.

other has been completed (not necessarily in a strict
order). This imposes a restriction on the types of
problems where these techniques can be applied. Wlearning (Humphrys, 1995) on the other hand does
deal with multiple parallel goals by generating separate Q-learners for each goal and have them learn a

We make use of the RRL-TG algorithm as described
in (Driessens et al., 2001). Relational Reinforcement
Learning combines relational learning with reinforcement learning. It uses first order representations for
the states, actions and the Q-function, allowing it to'
generalise over different states, actions and goals and
exploit the structural aspects of the environment.

Weight-factor for each state which determines the importance of following a certain agents advice in that
state.

In this work we study the Digger game, an example
problem where several subgoals have to be dealt with
concurrently. We design a new hierarchical reinforcement learning method that makes use of Relational
Reinforcement Learning (RRL) and show some preliminary results of this technique.

1. The Digger Game
Digger' is a computer game created in 1983, by Windmill Software. It is one of the few old computer-games

which still hold a fair amount of popularity. In this
game, the player controls a digging machine or "Digger" in an environment that contains emeralds, bags
of gold, two kinds of monsters (nobbins and bobbins)

and tunnels. The object of the game is to collect as
many emeralds and gold as possible while avoiding or
shooting monsters. In our tests we removed the hob-

bins and the bags of gold from the game. Although
bobbins are more dangerous than nobbins for human
players because they can dig their own tunnels and
reach Digger faster as well as increase the mobility
of the nobbins, they are less interesting for learning
purposes, because they reduce the implicit penalty for
1http://www.digger.org

2. Relational Reinforcement Learning

Ordinary Q-learning techniques would have a hard
time dealing with the large state-space of the Digger
Game. While the game-field is naturally divided into
10*15 squares, the presence of tunnels, an unknown
number of emeralds and monsters causes a standard Qtable to become very large. Moreover, the connectivity
of tunnels and the relative position of the monsters and
emeralds is more important for playing the game than
their absolute positions. Also, tunnels aren't restricted

to clearing a square of the game field all at once, but
can stop half way into a square. Therefore it becomes
very hard to describe all possible tunnel configurations
in a standard attribute value style.

RRL on the other hand can exploit these structural
aspects of the game. Supplying the learning algorithm
with the distance to monsters or emeralds boils down
to adding some background knowledge to the system.

The same goes for whether a monster is in the line
of fire or finding the direction of the nearest emerald.
Another advantage of using RRL is that we can learn
on all the levels of the Digger game at once.

3. Hierarchical Reinforcement Learning
While we can use RRL in its original form to learn
a strategy on the entire Digger game at once, this is
a hard learning task and requires a large amount of

exploration and experience to converge. However, one

can see that the Digger game is very naturally subdivided into several parts. One goal of Digger is to
collect emeralds, while another goal is to avoid or kill

monsters. The difficulty in the Digger game is that
both subgoals have to be handled in parallel, not sequentially as is usually required by hierarchical reinforcement learning techniques.

In the solution we propose, a first step consists of letting RRL learn on the subproblems separately. In our
version of the Digger game these are: collecting emeralds and dealing with monsters. We let RRL generate
a Q-tree for each of those subgoals separately.

so
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One way of combining the separate Q-trees would be to.

Figure 1. Average rewards from normal and hierarchical

use the sum of the predicted values as the Q-function
for the whole problem. This already gives OK results

learning.

but little can be said about its optimality as this relies too much on the exact rewards related to the two
subproblems.

To obtain better results, but still make use of the
already generated Q-trees we devised a new hierarchical reinforcement learning technique. After learning
Q-trees on the sub-problems, we start a new learning
episode on the full scale problem and add the already
learned Q-trees to RRL as background knowledge. We
then allow RRL to compare the two values, to negate

them, to add them together with or without the use
of a factor and then compare them to a series of constant values for building a new tree to represent the
Q-function of the complete problem. One advantage of
this approach is that it can detect actions that are nonoptimal for either of the subproblems (subgoals) but

become optimal when all subgoals are handled simultaneously. The W-learning technique (Humphrys,
1995) differs from our technique at this point since it
will always take an action that is optimal to one of the
agents.

In the case of the Digger game, we also presented the
regular features of the Digger game to RRL to be used

as test for the Q-tree but - as expected - RRL preferred tests related to the Q-function predictions over
other tests it was allowed to use. Figure 1 shows some
(preliminary) results. One can see that convergence to
a higher yielding strategy is faster with the hierarchical learning strategy. However, it is not yet clear to
the authors whether this learning technique will result
in more optimal policies.

4. Conclusion
For future work we would like to investigate the applicability constraints of our hierarchical reinforcement

learning technique for different kinds of concurrent
subgoals and further compare its convergence speed
with regular Q-learning strategies. Also, we are looking into other representation possibilities for the Qfunction in RRL.

References
Driessens, K., Ramon, J., & Blockeel, H. (2001).
Speeding up relational reinforcement learning
through the use of an incremental first order decision tree learner. Proceedings of the 13th European

Conference on Machine Learning (pp. 97-108).
Springer-Verlag.

Humphrys, M (1995). W-learning: Competition
among selfish q-learners (Technical Report 362).
University of Cambridge, Computer Laboratory.
Kaelbling, L., Littman, M., & Moore, A. (1996). Reinforcement learning: A survey. Journal of Artificial
Intelligence Research, .4, 237-285.

Tadepalli, P., & Dietterich, T. (1997). Hierarchical
explanation-based reinforcement learning. Proceedings of the 14th International Conference on Machine Learning.

Learning to use Contextual
Information for Solving Partially
Observable Markov Decision
Problems

Our algorithm is made of two stages. First, a model
of the process is learned off-line using a Bayesian approach and the pertinence of each observation is computed. Then, an extended-version of Q-Learning is
used to learn a policy on-line. The following sections
give more details on various parts of the algorithm.

Contextual Information and POMDP
Let (S, A, T, r, O, I) be a Partially Observable Markov
Decision Problem (POMDP). S is a finite set of states,
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Introduction
While a reinforcement learning agent can rely on
memoryless policies to solve a completely observable

Markov problem, it is no longer the case with partially observable problems. An alternative is to use
the history of previous observations. In theory, an infinite memory of the past. is required, but to prevent
combinatorial explosions, a finite memory, either with
finite or infinite horizon (remember a finite number of
events which can be arbitrary old) is usually used.

The work presented here belongs to the last category as the agents must choose an action given
the present observation and contextual information.
This contextual-memory architecture should be able
to solve many usual partially observable Markov problems by allowing the agent to distinguish between am-

biguous observations. But the learning agent is still
confronted to a highly non-Markovian task. Figure 1
illustrates this on a simple example.
To that effect, several learning algorithms have been
used (Lanzi, 2000), (Lusena et al., 1999), (Peshkin
et al., 1999) but Monte-Carlo-like methods seem
the best compromise as the specific features of nonMarkovian problems are not very well understood.
Following this track of thought, we propose an algorithm to help the agent with the crucial task of choosing the right context. To that effect we introduce the
notion of pertinence for an observation. Ideally, the
pertinence should be a mesure of the rightfulness of
choosing the current observation as a context for future decisions. In practice, as described below, the
pertinence of an observation is based on the information brought by this observation on the current state
of the process.

A a finite set of actions, T(s, a, s') the probability of
transition from state s to s' having chosen action a, r
a reward function of s, O a finite set of observations
and t(s, o) the probability of observing o in state s.
Instead of looking for a policy of the history of observations, we introduce a set of contexts C (here C = O)
and look for policies of the form: O x C -+ A+ where
A+ contains actions which alter the context. The idea
here is to. use the context as a mean to choose between
ambiguous situations, like observation B in Figure 1.
Of course, the agent must learn to change its context
so as to make a pertinent use of it.

Pertinent Context
Ideally, a context is pertinent if it brings valuable information for choosing the current action, given the
current observation. As such, it is very hard to quantify this notion, especially since the context must be
memorized before it will actually be used.
Therefore, to help the agent with the task of learning
to use the right context, we measure the information
brought by a particular observation o, noted I(o). This
will be our pertinence. The reason behind this choice
is to bias the context towards the most informative
observations of the process.

The pertinence is thus set to the mutual information
between two consecutive state distributions of the process Sl and So when So is a uniform distribution and
o is observed:
I (o) = I (So; Sl 1o) = K + K' 2s,s, [4>(s', o),

E

x JEa T(s, a,s'))tog L.

T s',a,s

Algorithm
If we assume that the pertinence of each observation is
known, we use a two-step algorithm. The goal of the

first step is to explore and learn to use the context.
Among the various ways to privilege the memorization of pertinent observations, we .have been mainly
working with the two methods described below. One

Results and Perspectives

observation

yA

D

B

C

B

+5
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(4)
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Figure 1. Simple non-Markovian problem. When relying only on the observation, the learning agent cannot
chose an optimal action when seeing observation B. But,
if it learns to memorize the fact that it was either in A or
D as a contextual knowledge, the agent can decide to go
either left or right when in B. Still, the stochastic process
(Context, Observation) t is non-Markovian while the agent
is learning to use and modify its context.

We have validated the use of pertinent contextual observations to solve POMDP on academic examples of
a path-finding agent in a virtual grid world when the
model is known. The two algorithms (version 2.a and
2.b) behave correctly. We are now investigating on
the incremental learning of a model and preliminary
results show the importance of the prior used in learning the model. Our algorithms, along with others not
described here, need to be tested more thoroughly, especially to test the impact of the different parameters.

Among possible perspectives, we want to focus on
model learning and on the incremental aspect of our
algorithm. In particular, we would like to investigate
on using a neural network derived from the neural gas

algorithm (ritzke, 1995) to learn the topological, or
structural, aspect of the model.
method (step 2.a of the algorithm) is based on memorizing the observation with the highest pertinence, but,
to prevent ending with the memorization of only one
observation, the pertinence of the context is iteratively
decreased. Another method (step 2.b of the algorithm)
focusses on the difference in pertinence between two
consecutive observations, promoting the memorization
of observation which increases the "local" pertinence.

1. From of and ct, choose randomly an at. Obtain
new of+1 and rt+r
2.a If I(ot+1) >

I (ct)

then ct+1

+-- of+r, else ct+1 +- ct

and I(ct+r) =QI(ct)
OR

2.b if I(ot+r) > I(ot) then ct+1 +- of+i, else ct+1 <- ct
with no decrease in I.
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A Model for the Pertinence
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1. Introduction
TD(a), Q-learning or Q(A) are well known temporal

algorithms could outperform classical TD(A) or Q(A)
methods.

difference learning algorithms that have been designed
for efficiently learning (optimal) expected sum of discounted rewards for Markov decision processes. These

We now intend in this presentation to go further in the
understanding and the evaluation of these two reward
baseline reinforcement learning algorithms.

algorithms have been deeply studied, and for TD(.)
and Q(a), efficient implementations based on eligibility traces have been proposed for look-up table representations.

2. ATD and AQ-learning

Average reward RL algorithms constitute another
family of algorithms designed for an average reward
criterion. The main difference between average reward
algorithms and discounted reward algorithms consists
in the presence of a reward baseline in the temporal
difference term that drives the learning process. This

reward baseline is generally updated in order to
approximate the average reward of the (limit) policy.

Let us consider a Markov Decision Process (S, A, P, R),
and a policy 7r from S to A. The ATD algorithm learns

the -1-discounted value function V' of it from the obwhere sn is
servation of a trajectory

the current state at time n, sn+1 the resulting state
obtained when applying the action Tr(sn) on sn and rn
the transition reward. ATD maintains a relative value
function Wn(s) and a scalar pn, with the following update rules:

An important literature has recently emerged on

do = rn - pn +yWn(sn+1) - WW(sn),

such algorithms, and the general belief, suggested by
several experiences - but still not clearly theoretically

founded, is that there seems *to be computational
advantages in using average reward reinforcement

Wn+1(sn )

learning methods for discounted reward problems, at
least for values of the discount factor y close to 1.

Pn+1

We have recently developed two new reinforcement
learning algorithms, called ATD and AQ-learning,
that are designed for the discounted reward criterion

for any value of y < 1, but that includes a baseline
reward in their update rules. The theoretical justifications of these algorithms have been respectively described in (Garcia & Serre, 2000) and (Garcia & Serre,

2001). We have shown that ATD corresponds to an
efficient implementation of an asymptotic approximation of TD(A) with A = 1 (Monte-Carlo), and that
AQ-learning is an efficient implementation of Watkins'
Q(A) with A = ?, where r is the probability of follow-

ing a greedy policy at the current step. Simulations
made on random MDPs have established that these

{- Wn(sn) +
N(sn) dn,
4-

Pn +

dn,

where N(Sn) is the number of time state sn has been
visited at time n. In practice, (WW, pn) converges

to (W * , p") such that V" = W1 +

lryry

p" is the

discounted value function of the policy

This
7r.
convergence can be theoretically established when the
learning rate en is replaced by its asymptotic value

where µ(s) is the steady-state probability of
state s (Garcia & Serre, 2000). In that case, Pn converges to the average gain p = limn, El n P-t) rr,].
n n-

Similarly, AQ-learning learns the optimal value func-

tion of the MDP from the observation of a trajectory {(sn, an, sn+i, rn)}, where an is the random action applied in state sn. Like ATD, AQ-learning
maintains a relative value function Wn(s, a) and a

scalar p..

At time n, the current optimal action

an = argmaxa W. (sn, a) is chosen with probability r.
Wn and pn are then updated as follows:
do = rn - pn + rymax
Wn(sn+1, a) - Wn(sn, an),
a
Wn+1(sn,an)
Pn+1

Wn(sn,an)+Ns

F Wn(Sn, an) +

(- pn + ndn
-

l

1V(sn

In order to accelerate the convergence of Jn toward
J*, trace(M) should be minimized. This can be done
by considering the new algorithm

in, 4- in + n1 r*f(Jn,Xn)
1

where F* is the gain matrix defined by

r* = -(Vjnlim E[f(J,Xn)])-1(J*)

an) dn,

In practice, this algorithm exhibits a very fast convergence toward J*.

if an = an.

AQ-learning converges experimentally toward (w*, p*)

such that Q* = W* + lry-p* is the optimal Q-value
function of the problem.

3. Minimal variance algorithms
We now show that ATD and AQ-learning implement a
simple approximation of optimal gain matrix variants

of TD(O) and Q-learning that minimize the asymptotic variance of the estimate. TD(O) and Q-learning
algorithms can be described as simple stochastic algorithms
Jn+1 = J. + af(Jn, Xn)

where a is the learning rate, J. is the parameter vector and X. the input random vector that brings some
information on J. at time n. For TD(O), Jn = Vn is

the current estimate of V" and Xn = (sn,sn+l,rn)
For Q-learning, Jn = Qn is the current estimate of Q*

and X. = (sn, an, sn+1, rn)
The convergence of this learning process can be easily analysed with the ordinary differential equation
method (ODE). Under general assumptions, J. converges with probability 1 to the unique solution J* of
some equation

E[f(J,X)] = 0

(1)

where E[f ()] is the expectation of the vector f (). For
TD(0), J* = V' and (1) is a linear equation in J. For
Q-learning, J* = Q* and (1) is the Bellman equation.

Another potential application of the ODE method
concerns the optimization of the rate of convergence
of these stochastic algorithms. One can show that
for learning rates a asymptotically proportional to n,
and assuming some general stability conditions (Benveniste et al., 1990), we have

vfn_(J, - J*)n-*oo
-* N(O, M)
where M is a symmetric covariance matrix. This relation implies that for large n,

E[J1 J. - J* 11?1 - n trace(M).

This optimal gain matrix F* can be calculated for
TD(O) or Q-learning (see (Garcia & Serre, 2000;
Garcia & Serre, 2001)). For TD(O), r* is a function of
the transition probability matrix P,,, of the stationary
distribution of this chain, and of ry. For Q-learning, F*
is a function of the transition probability matrices P,
of the optimal policy 7r*, of the stationary distribution
of the Markov chain defined by 7r* and by r, and of

y. Of course, these optimal gain matrices cannot be
a priori calculated since the transition probability
matrices are not known. Nevertheless, the gain matrix

F* can be simply approximated by replacing exact
transition probabilities by steady-state probabilities
that can be simply estimated on line. In that case
we show that the resulting near optimal gain matrix
variants of TD(O) and Q-learning exactly correspond
respectively to ATD and AQ-learning. This result

appears to be a first formal justification for the use
of a reward baseline in value function reinforcement
learning in the context of the discounted criterion.

The experimental study we conducted on random
MDPs or classical benchmarks confirm the very fast
convergence of ATD and AQ-learning, compared to
different TD(a) or Q(a) methods.
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1. Introductory Example

Let us consider an electronic market where two
software agents offer a single product to a population

of buyers (cf. Sairamesh & Kephart, 2000). In an
alternating sequence, the two agents set their prices to
one of three possible levels 1, 2 or 3. The payoff for
each agent (we label them by 0 and 1) depends on the
last two decisions, i.e., its own previous decision and
the subsequent decision of its opponent, as given by

(1995), Wedekind & Milinsky (1996), Posch (1997),

Posch, Pichler & Sigmund (1999), or Greenwald,
Friedman & Shenker (2001). The model studied here
differs from the mainstream of these approaches by the
fact that we assume strictly alternating moves of the

two players, and by admitting payoff matrices of
arbitrary sizes, which do not need to have a specific
structure (as, e.g., that of the prisoner's dilemma) any
longer and need not to be equal. In this way, our model

the matrices below:

is able to capture very general situations of dyadic

Therein, entry a(k)(i,j) of the matrix is the payoff for
agent k, given agent k has first chosen price level i,

in Eder, Gutjahr & Neuwirth (2001), where also a

social interactions among humans, animals or artificial
agents. Sociological aspects of our model are discussed

and agent 1-k has then chosen price level j. For

detailed computational example for a specific pair of

example, if the sequence of price decisions is

payoff matrices is presented.

agent 0: 3, agent 1: 1, agent 0: 2, agent 1: 3, agent 0: 3
then the. resulting payoff values are:

2. Limiting Behavior

agent 0: 0, agent 1: 2, agent 0: 4, agent 1: 3, ....

In order to learn an optimal pricing behavior, each

agent k = 0,1,... keeps a [3 x 3]-matrix where the
entry in line i and column j indicates the probability of

reacting on previous decision i by agent 1-k with
decision j. As in the S-R-C scheme of psychological
learning theory, it is assumed that a stimulus-reaction

pair is reinforced to a degree proportional to the
reward obtained as a consequence of the reaction.
(Here, the stimulus is the other agent's action.) E.g.,
the payoff of 2 units for agent 1 in the example above
increases the probability of agent 1 of reacting on
decision "3" of agent 0 with decision "I" by

and the subsequent payoff' of 4 units for agent 0
increases the probability of agent 0 of reacting on
decision "1" of agent 1 with decision "2" by
After each probability increase, the corresponding
probability vector (the line in the probability matrix)
is re-normalized to a sum equal to unity. (In terms of
Nowak, Sigmund & EI-Sedy, 1995, cf. also Hofbauer
& Sigmund, 1998, each agent applies here a
"memory-one learning rule".) As it can be seen, this
results in a process of co-learning, where each agent
forms the "environment" for the other agent.

In the literature on repeated 2-person games, similar

dynamic processes have been studied (often in the
context of so-called win-stay, lose-shift rules) by
several authors, e.g., Staddon. (1983), Roth & Erev

In its general form, the problem studied here can be

considered as a two-agent reinforcement learning
(RL) problem with specifically structured policies,
reward functions and value functions (see, e.g., Sutton
& Barto, 1998): Let Ark) = (a(k)(i,7)) (k = 0, 1; 1 a i O
j 'a N,-k) be the payoff matrices for agents k
N,, 1
(n = 0,1,...; k = 0,1; 1
-_O 1, and let Xjk) =

Q 'i 8 Nk,

1

'a j Q N,_k ) be their probability

matrices after their nth move (n = 0,1,... ). The start
matrices O(k) are arbitrary, provided that the lines are
probability vectors. The matrices Xna) represent the

current policies of the two agents; the matrices AW
determine the reward functions, and the value
functions can be defined, e.g., as long-run discounted

total rewards. The sequence of actions (decisions) of
agent k is denoted by (iokk), il(k), ... ). We are interested

in the limiting behavior of the process outlined in
First of all, it can be shown that the
Section 1 as n
two stochastic processes with the quadruples
(i- tai (i_p), X °)
(in

in(O),

(n = 1,2,...) resp.

1O) Xn_jni i f(1), X °) (n= 1,2,...)

as states are Markov processes in discrete time. We
distinguish two types of, stationary distributions of
these Markov processes: Type (a) is characterized by
the property that X.(°) and X.O) have point mass
distributions, i.e., xnM(i,j)= const for fixed k, i and j in

the steady state, whereas type (b) is characterized by
the property that either X(O) or XP) has a distribution
that is not a point mass. In our computer experiments,

we only observed the type (a) case. For this case, we
can show the following result. On the condition that
a(k)(i,j) > 0 for all k, i and j, a stationary distribution of
type (a) has the property that there are index sets hO) 0
{ 1,...,N,) and 11) * { 1,...,N,} and bijective functions

(1999), we require an update mechanism that could be
called online delayed step-by-step pheromone
update: Each time an arc <v,w> is traversed,

pheromone update is done for all arcs of the form
<u,v>. It can be shown that the resulting ACO-type

(10): I(O)® FI) and (1 (0): J ® J(O), such that (3)(1)(i) is the

process is equivalent to the dynamic process described

fixed response (chosen with probability one) of agent 1
on decision i 0 J(0) of agent 0, and O(°)(j) is the fixed

response (chosen with probability one) of agent 0 on

in the previous sections. We conjecture that also in
standard ACO implementations, self-en-forcement
(as a consequence of non-terminating walks) leads

decision j 4 J(1) of agent 1.

asymptotically to limit cycles.

Informally speaking, this result predicts a limit cycle

as the final interaction sequence, at least in the case
where the stationary distribution is of type (a). After
some time, the two agents start to reproduce the same
cycle of alternating actions again and again. (The
result is in accordance with the typical occurrence of
cyclical price wars, as they have been observed in
Sairamesh & Kephart, 2000, in a situation generalising

our introductory example.) While approaching the
steady state, the process shows a successive reduction
of (Shannon) entropy, which allows interesting
conclusions on interactions in social systems.

Let us mention that the RL algorithm considered
here is a simple stochastic trial-and-error mechanism
and does not apply more elaborated RL techniques
such as Temporal Difference Learning or Function
Approximation. It might be desirable to extend our

results to agents implementing these more refined
techniques.

3. Relations with ACO
In heuristic optimization, the paradigm of ACO (Ant
Colony Optimization) plays a role of growing

importance. It may be of interest that it is possible to
express our interaction model in close relation to the

ACO framework. The ACO metaheuristic, as
formulated by Dorigo & Di Caro (1999), is a search
process realized by randoms walks of "ants" in a
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Abstract
The starting point of this paper is to note that all traditional Hidden Markov Model (HMM) optimisation
algorithms ' work on the assumption of a static number of states within the model. Traditional approaches
optimise a given HMM with respect to a sequence resulting in the most likely model given the sequence.
However they have no way of changing the resolution of the model; adding more states to better a models description of the sequence. This paper discusses
how a previous dynamic HMM algorithm can be improved for more reliable results in reinforcement learning tasks with hidden state. This allows the agent to
start with a minimal model and expand it when it is
necessary; rather than starting with a massively over
general model.

Introduction
Hidden Markov Models extend the Markov framework to
allow us to model nth order Markov processes. We note
that stochastic process modelling is still very popular within
reinforcement learning (RL) as a way of representing the
dynamics of an agent-world interaction. The HMM framework is appealing as it gives extra descriptive power for
representing those problems with hidden state.
If a process contains hidden state then the problem of
learning a model is harder than the completely observable
case. Techniques based on the Baum-Welch algorithm can
be applied to sequences of observations drawn either from
discrete or continuous spaces. Basic HMM techniques require that the number of states in the model be known in advance. In addition they are only guaranteed to converge to
a local maximum likelihood model, though techniques that
employ a set of randomly generated initial models can give
improved results. However, methods such as Lonnie Chrisman's perceptual distinctions algorithm (Chrisman 1992)
and Andrew McCallum's Utile Distinctions (UDM) algorithm allow the refinement of the number of model states.
From a reinforcement learning perspective McCallum's
(McCallum 1996) approach is appealing since it recognises
that the required model need only provide accurate predictions of the utility of state-action pairs. We refer to such
techniques as task driven dynamic HMM algorithms. However, such algorithms have weaknesses. They require long
For example the Baum Welch algorithm or the Segmental Kmeans Algorithm.

sequences of data and may not detect nth order hidden state
unless there is an improvement in predictive accuracy for
each intermediate order over the previous one. Directly

searching the space of possible models with hidden state
up to order n for a good starting model is clearly computationally intractable.
The power of this Dynamic Hidden Markov Modelling
approach comes from allowing an agent to start with minimal assumptions (e.g. a minimal HMM2). States are only
added when they will benefit the agent in solving a given
task. The end result should be compact models with a high
utility.

Dynamic Hidden Markov Models
A Partially Observable Markov Decision Process,
(POMDP3) is a HMM with action. A POMDP can be described by the tuple (S, A, T, R, Z, O). S = {si, ..., SN} is
the finite set of states of the world. A = {al..., ap} is the
finite set of actions actions available to the agent. T is the
transition function, Pr : S x A -> fl (S) , giving for each
world state and action a probability distribution over the

world states. R is the reward function, R : S x A -> 1R
giving the expected immediate reward gained by the agent
for taking an action in a state. Z = {z1....., zM} is the finite
set of possible observations the agent can experience of its

world. O is the observation function 0 : S x A -> [J (0)
giving, for each action a and resulting state s' a probability
distribution over possible observations. N is the number of

states.' C is the length of the sequence of actions, M is
the length of the sequence of observations.
St denotes the random variable denoting the State at time
t. Zt denotes the random variable denoting the observation
at time t. a denotes the sequence of actual observations

(ot,., OT). POMDP's use the same distributional param-

eters as MDPs: T = {Tij} such that T, = Pr(St+l =

sjlSt = si), O = {Oi} such that Oi(k) = Pr(Zt =

pkISt = si). But POMDP'ss have the additional distributional parameter: it = {Oi} such that 7ri = Pr(So = si),
this is the initial state distribution. Also let a =,{T, O, 7r}
2A minimal HMM is a HMM with just a single state for each
possible observation and is essentially the Markov estimate on the
process.
3 See (Littmann 1994) and (Littamn 1996) for more details and
examples of, their use in reinforcement learning.
4The number of states is known or estimated initially.

which describes a given POMDP with fixed BSI and IZI.

split all possible states or just one; splitting all will increase
the model size many times where as splitting just one may
reduce the variance enough that, on successive iterations,
no more splits are necessary. We have currently made the
assumption that the greatest magnitude between the disjoint
intervals indicates the best state to split.
Once a state is chosen for splitting, how do we rebuild the
model to incorporate the split state. McCallum's diagram
(Figure 1) suggests that based on the confidence intervals
incoming transitions are partitioned across the split states;
disjoint intervals go to different states and overlapping ones
go to both. But McCallum also states that a fully connected
HMM is maintained.
There is definitely a space of possible algorithms for rebuilding the HMM after a state is split. At one end we use
the minimal possible number of transitions. New states inherit out-going transitions from the original state that was
split and incoming transitions are based just on the transition ratios and the confidence intervals. In this case we no
longer have a fully connected HMM as there will only be
certain paths into and out of split states. At the other end

In hidden state problems an agent will have to extract
the true structure and dynamics of its world from the observations it makes. However, perceptual aliasing means that
single observations cannot be relied on to determine outcomes. The agent will have to infer complicated underlying
dynamics which are not evident from just the sequence of
observations.
In the Dynamic HMM as proposed by (McCallum 1996)
the agent starts with a minimal HMM. Data is gathered on
estimated reward values for states (s') given transitions
from all proceeding states (s) under any action and that a
specific action (a) is taken. The data is used to form 95%

confidence intervals for each tuple (s, s', a), with a large
enough sample. Then we search the set of sets of confi-

dence intervals {{(s,s',a)Is E S}Is' E S,a E A}, looking for disjoint or overlapping confidence intervals. Disjoint confidence intervals indicate the presence of hidden
state and so the state is split. This is illustrated in Figure
1.5 The model can then be re-optimised using Baum-Welch
and this repeated as an iterative process.

we use the maximal number of transitions. Using a uniBGro,, soul

form probability of transition from all states into and out of
the new states. This maintains a fully connected HMM and
relies on optimisation to resolve the structure of the model.

QQQQQ

We propose a method in between these two methods.
Statistics are based on interquartile ranges generated for
Aft

each of the possible underlying distributions of the multinomial data set {(s, s', a) Is E S} where data sets are formed
through clustering. The model is then rebuilt using the minimal possible number of transitions to express the intervals,
as illustrated in Figure 1.
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Conclusion
Although McCallum goes on to pursue tree based representational methods we argue that due to the power of graphically based models it is worth pursuing these methods. Pre-

Figure 1: Illustration of state splitting

liminary results suggest that we can stably achieve good
compact models while employing a different statistical approach than McCallum's.

Problems of State Splitting in Learning a
POMDP
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into the following classes:
The selection of the statistical test for deciding on a split.

Deciding on the best state to split
How to rebuild the. model incorporating the new states.
McCallum uses a standard confidence interval which incorporates the assumption that data is normally distributed.
Unfortunately for states that are hidden, estimated return

values are often drawn from a multinomial distribution
rather than a normal distribution. This means that a single data set (s, s', a) can actually contain disjoint intervals
if the data set is modelled as a multinomial.
After statistical analysis there may be more than one possible state to split. For all the sets {(s, s', a) Is E S} more
than one may conform to conditions for splitting. Do we
FFigure i is taken from (McCallum 1996) p52.
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1. Introduction

eters in the algorithms have to be explored. Hence, a
lot of work still has to be done in order to understand
how RL can best be applied to our field and to get
insight into why some domains are considerably more
tractable for RL than others.

Order Acceptance (OA) is one of the main functions in
a business control framework. It is typically a decision
making problem at the interface of customer relations
management and production management. Basically,
OA involves for each order a 0/1 (i.e., reject / accept)

2. Modeling OA

decision (Bertrand, Wortmann & Wijngaard, 1990).
Traditionally this problem is solved as follows: always

2.1 Prototype model

accept an order if sufficient capacity is available. However, always accepting an order when there is available
capacity could unable the system to accept more con-

A first prototype problem is used to gain insight into
RL. Production capacity is modeled as a single server
that can only process one job at a time. Orders arrive in a single arrival process from a set of N order
types. Order type j is characterized by a small set of
attributes: processing time (tj), profit for acceptance
(rj) and arrival chance (pj). Arrivals are checked ev-

venient orders in the future. In Operations Research
literature the idea of opportunity losses is recognized
but not really worked out (Wouters, 1997). Another
important aspect is the availability of information to
the decision maker. Generally in the literature information regarding negotiation with the customer such
as an estimate of the work content of an order, a norm
for the necessary processing time, the price and the
due date are assumed to be known or estimated, and a
model of the production process is also considered to
be known beforehand as in Raaymakers (1999). But
most of the time it is difficult to have such information. How to find a good trade-off between long term
opportunity costs and immediate yield in case of order acceptance under different degrees of uncertainty
due to lack of information is a central problem, in this

ery fixed period of time, and a decision should be taken

immediately at that moment if the server is idle: accept or reject the arrived order. If the server is busy,
the arrived order is lost. This prototype problem can
easily be modeled as a discrete time Semi Markov Decision Problem (SMDP). State s identifies the arriving
order and there are two possible actions, reject or accept (a = 0, a = 1). The state transition is described
in the table below:
actual state
s

study.

There are some aspects that make Reinforcement
Learning (RL) appealing to our problem. The idea of
learning without the necessity of complete model infor-

mation and the possibility that the agent learns even
from delayed rewards (when the effects of an action
can be known only in the future) allows us to consider
different degrees of uncertainty and to take into account the opportunity cost problem in a natural way.
RL is quite a new field and successful applications are
not always fully understood at a theoretical level. It
means that convergence properties of the correspond=
ing algorithms and procedures for tuning the param-

action (a)

0

1

immediate reward rew(s, a)
time until next decision d(s, a)
next state
transition probability p(s, a, s')

0

re
to

1

s'
ps,

The performance of the system is measured as the expected value of the total discounted reward. The Bellman equation for the value function V" of policy 7r is
given by V1(s) = rew(s, 7r(s)) +.yd(e.1r(8)) E pj.V" (s')
81

with y the discount factor. The optimal policy in this.
case has a very special form: an order of type s should
be accepted if and only if r8 > (ry - ryas )Q, where
Q =j p8V"(s) is defined by the problem instance.
9

1

2.2 Extended model
An extended model is formulated that considers multiserver capacity per production stage (Cma.) in a finite

planning horizon (H), with a stochastic perturbation
(p) in the capacity profile, and batch order arrivals
from a set of N order types. Order type i is characterized by arrival rate (X,), due-date( ti), requested
capacity (wi), and profit for acceptance (ri).
The state at each decision moment is defined by s =
(k, c), where k = (kl,..., kN) is the order list and ki
represents the amount of orders of type i requesting
service, c = (cl,..., cH) is the capacity profile and c,
is the total capacity already allocated at stage j. To
reduce the size of the action space to a polynomial
size in the number of order types we impose that decisions are created sequentially by selecting only one
order from the order list. Allocation is done through
an alloc(c, a) procedure. Action ac- [1..N] is possible
if order type a is present in the order list and capacity
is available (i.e., S(s,a)={a E [1..N] lka # 0, alloc(c,,a)
is possible}. The rejection action (a = 0) is always
possible, it rejects the complete order list, so new arrivals (A) and a perturbation (p) in the capacity profile
would be considered. The perturbation p introduces
a penalization (pen(c, p)) in the reward structure and
participates in a reallocation procedure (ralloc(c,.p))
that changes the capacity profile. The state transition
is described in the table below:

rew(s,a)
d(s,a)
.s

p(s,a,s')

model.

Figure 1, Agents comparison in model 1 for N=10,

Figure 2 shows a comparison for the extended model.
The learning agent outperforms the greedy heuristic

"choose best reward per capacity request from the
present order list" and the elitist which only accepts
orders of type 1 and 3. The learning agent converges
to the elitist which only choose orders type 1.

(k,c)

s

a

,,optimal solution than direct methods, direct methods
still converge and they can be a better option for more
complex problems in which the use of an estimated
model is not that straightforward as in this prototype

a ES(s, a)

0

ra

pen(c,p).

0

1

(k-ea, alloc(c,a))

(A, ralloc(c,p))
Pr{A}Pr{ralloc(c,p)}

1

It is clear that in this case the state space can be
tremendously large. As a consequence an optimal policy can be a very complex rule. A simple structure as
found in case of the prototype problem can no longer
be expected. This model is still under study.

Figure 2. Agents comparison in model 2 for N=3,
Cmax=2, H=3.
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Introduction
Learning in multi-agent systems is a field where established
methods for the solution of common applications are scarce
for now. To gather further insight in reinforcement learn-

ing in complex domains, we did empirical research using
a setup which comprehends the following aspects of learning systems: model-free learning, compression of a large
state space, local versus global problem view, cooperation
of multiple agents and exploration versus exploitation of
already learned knowledge. This means working in a domain that is being dictated by practical application and that
is hard to cope with analytically.
We are simulating a job shop production scheduling problem out of the field of Operations Research which is NPhard to solve in the considered instance and that can only
be approximately solved in real world applications. Instead
of using a global approach for the search for an optimal solution, we are breaking the problem down to a sequence of
local decisions which compose the global solution, trying
to yield a nearly optimal result.

The approach of local decision making is broadly used in
production scheduling. It can be seen as an instantiation
of the heuristic rule of thumb: "Find a good solution in
your sphere of influence and look ahead, this will hopefully
optimize the composed overall solution". Classically, the
necessary local decisions of which job to process next on
a given resource are made with the help of heuristic rules.
But the design of such rules can be exceedingly difficult for
real world applications, because there is not only a model
for the process to be found, but also the influence of a local
decision strategy on the global quality of the solution to be
determined.

To get around this, we are coupling an agent to every resource that is subject to planning. The agent has the task
of learning to dispatch the jobs that are waiting in the resource's queue without using an explicit process model. To
accomplish this, we are using the method of Q-learning and
define the agent's state to be composed of parameters describing general characteristics of the waiting jobs (tight-

ness and distribution of the job's due dates) and of parameters describing the current situation of the agent (estimated

makespan and average slack of the waiting jobs). These
features leave the agent with a highly compressed view of
its current state. An action vector is built of parameters
describing characteristics of the selected job with respect
to the waiting jobs (due date index and relative slack), so
that the selection of similar jobs corresponds to similar action vectors. Because of the continuous state and action
space we employ a multi-layer perceptron for function approximation.
We expect this system to be able to exploit inherent regularities of the jobs to be scheduled and to adapt itself dynamically to a changing environment.

Empirical evaluation.
The empirical study is showing some interesting results.
The learned decision making is in some cases a real improvement over sophisticated heuristic rules. We examined
many planning scenarios, differing in the number of adaptive and non-adaptive agents, the applied learning methods
and the learning parameters. We used up to eight agents in
total and rated the overall performance as well as the ability to generalize. As long as a scenario employs only a few
adaptive agents, the following assumptions can be made:

The system finds good policies that, in most cases,
perform better than the considered non-adaptive ones.

The learning algorithm shows good generalisation
abilities.

The learning algorithm converges quickly and shows
a rather constant behaviour.
On an increasing number of adaptive agents in a scenario,
the learning process becomes harder because of the following:

Every agent acts in a non-stationary environment,
which breaks a precondition for the reinforcement

learning algorithm. This can be circumvented by a
round-robin learning mode.
The reinforcement signal for the learning process does
not reflect the quality of one agent's contribution, but

the overall result instead. This can be circumvented
only in part by a round-robin learning mode. The general problem of a cumulated reinforcement signal for

agents that depend on each other's policies remains
untouched, but seems to have great influence.

The effect of an agent's policy change gets weaker on
a raising number of resources, so the reinforcement
learning algorithm has to cope with more noise.

The more adaptive agents in the system, the tighter the
learning parameter domain for which the system is stable
and well-performing. But even with eight agents in total
there are many scenarios that are showing good generalisation, good convergence and a better performance than their
corresponding non-adaptive benchmark versions.

Conclusion
In its present form, the depicted approach of an adaptive
scheduling system shows problematic behaviour for larger
problem instances. Additional techniques have to be found
for the stabilization of the learning process, be it a better rotation policy (adaptive, maybe), a pre-training along
some heuristic priority rule or any method of stabilizing
the learning environment that is perceptible to an adaptive
agent. It seems to be of great importance to improve the
generation of the reinforcement signal, perhaps by partitioning the set of adaptive agents. For smaller problem instances, the approach works promisingly good.
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Introduction: Every inductive inference problem can
be brought into the following form: Given a string
xrx2...xt-1 =xla-r =x<t, take a guess at its continuation xt. We will assume that the strings which have
to be continued are drawn from a probability distribution p. The maximal prior information a prediction
algorithm can possess is the exact knowledge of p, but
often the true distribution is unknown. Instead, prediction is based on a guess p of p. We expect that a
predictor based on p performs well, if p is close to p
or converges to p.

Universal probability distribution: Let M
{pr, p2,...} be a finite or countable set of candidate
probability distributions on strings. We define a
weighted average on M,
C(xr:n)

Ewµ;Yji(xr:n),
µ:EM

Ewp: =1,

wµ, > 0.

µ:EM

wµ, iui(xr;n) for all pi E.M. In the following, we assume

that M is known and contains the true distribution
from which xrx2... is sampled, i.e. ME M. The condition pEM is not a serious constraint if we include all
computable probability distributions in M with high
weights assigned to simple pi. Solomonoff's universal semi-measure is obtained if we include all enumerable semi-measures in M with weights wµ; - 2-K(µ:)
where K(pi) is the length of the shortest program for
pi (Hutter, 2001a). One can show that the conditional
C and p probabilities rapidly converge to each other:
C(xtlx<t) -> ii(xtlx<t)

old strategy with yt ° = 0/1 for p(1lx<t)' -y, where
to, -loo
Let A be anyy prediction
scheme
P
ry'- em
(deterministic or probabilistic) with no constraint at
all, taking any action yi E y with total expected loss
coo+cio-cn

If it is known, A. is obviously the best prediction scheme in the sense of achieving minimal expected. loss LnA ( LnA for any A. For the predictor
At based on the universal distribution C, on can show

LnAE /LnA = 1 + O( K(p //L.A.), i.e. At has optimal asymptotics for LnA -r oo with rapid convergence
of the quotient to 1. If LEAN is finite, then also LEA,
(Nutter, 2001a).

More active systems: Prediction means guessing
the future, but not influencing it. One step in the
direction to more active systems was to allow the A
system to act and to receive a loss f., Y, depending on

the action yt and the outcome xt. The probability p

We call C universal relative to M, as it multiplicatively dominates all distributions in M, i.e. e(xr:n) >

with p probability 1.

loss. For instance for X = Y = 10, 11, Ap is a thresh-

(1)

Since the conditional probabilities are the basis of the
decision algorithms considered in this work, we expect
a good prediction performance if we use C as a guess
of it.
Bayesian decisions: Let ext,t E [0, 1] be the received

loss when predicting yt E Y, but xt E X turns out to
be the true tt^ symbol of the sequence. Let LnA° be
the total expected loss for the first n symbols of the
Bayes predictor AP which minimizes the p expected

is still independent. of the action, and the loss function

ft has to be known in advance. This ensures that the
greedy A. strategy is still optimal. The loss function
can also be generalized to depend on the history x<t
and on t.

Agents in known probabilistic environments:
The full model of an acting agent influencing the envi-

ronment has been developed in (Hutter, 2001b). The
probability of the next symbol (input, perception) Xt
depends in this case not only on the past sequence

x<t but also on the past actions (outputs) yr:t, i.e.
p=p(xtlx<tyi:t) We call probability distributions of
this form chronological. The total p expected loss is

xl

n (Pr+...+t i)p(Xi:nlyr:n), where we assumed a total number of n interaction cycles. Action yt(x<ty<t)
and loss function et(xr:tyi:t) may depend on the complete history, which allows planning and, delayed loss

assignment.

Sequential decision theory: The goal is to perform
the actions which minimize the total p expected loss:

yt := argmin>j... min>j(er+... +en)p(xl:nlyl:n), (2)
Y,

Z
min>...min>j(er+... +en)p(xr:nlyl:n)
Z

Lr,AN

Y1

X1

Y

Y.

X.

(3)

The minimization over yt is in chronological order to
correctly incorporate the dependency of xt and yt on
the history. Note that yt only depends on the known
history x<ty<t, whereas minima and expectations are
taken over the unknown xt:nyt:n variables. The policy
(2) (called AIµ model) is optimal in the sense that no
other policy leads to lower y-expected loss.
Bellman equations: In the case that it is independent of y<t and p is independent of yl:n, policy

it with a universal prior . We define (xl:nlyr:n) :=
LµtEM w,i I.tt(xr:nl y1:n) as a weighted sum over

(2) reduces to the greedy Bayes Au strategy. For
(completely observable) Markov Decision Processes

in cycle t given the history x<ty<t, where xt = x1tlt.
The largest class ELI which is necessary from a com-

A=µ(xtlxt_iyt) (2) and (3) can be written as recur-

putational point of view is the set of all enumer-

sive Bellman equations of sequential decision theory

able chronological semi-measures with weights w, 2-K(a:), where K(p) is the Kolmogorov complexity
of µi. Apart from the dependence on the horizon n
and unimportant details, the AIC system is uniquely
defined by (4) without adjustable parameters. It does
not depend on any assumption about the environment
apart from being generated by some computable (but
unknown!) probability distribution in M.

with state space X, action space Y, state transition
matrix Ii(xtlxt_iyt), rewards -et, etc. The general
(non-MDP) case may also be (artificially) reduced to
Bellman equations by identifying complete histories
x<ty<t with states and Fi(xtlx<tyi:t) with the state
transition matrix. Due to the use of complete histories as state space, the AIM model neither assumes
stationarity, nor the Markov property, nor complete
accessibility of the environment. But since every state
occurs at most once in the lifetime of the system the
explicit formulation (2) is more useful than a pseudorecursive Bellman equation form. There is no principle
problem in determining yk as long as it is known and
computable and X, Y and n are finite.

Reinforcement learning for unknown environment: Things dramatically change if p is unknown.
Reinforcement learning algorithms are commonly used
in this case to learn the unknown p (or directly a value

function). They succeed if the state space is either
small or has effectively been made small by generalization or function approximation techniques. In almost all approaches, the solutions are either ad hoc, or
work in restricted domains only, or have serious problems with state space exploration versus exploitation,
or have non-optimal learning rate. Below we propose
the AID model as a universal and optimal solution to
these problems.

Unknown loss function: Furthermore, the loss
function et(xr:tyr:t) may also be unknown, but there is
an easy "solution" to this problem. The specification
of the loss function can be absorbed in the probability distribution p by increasing the input space X. Let
xt -xtlt, where xt is the regular input, It is interpreted
as the loss, et(xr:tyl:t) is replaced by It in (2) and (3),
and p is only non-zero if It is consistent with the loss,

i.e. lt=et(xr:tyr:t) In this way all possible unknowns
are absorbed in p.
The universal AID" model: Encouraged by the
good performance of the universal sequence predictor
we propose a new, model, where the probability distribution It is learned indirectly by replacing

chronological probability distributions in M. Convergence C(xnlx<nyr:n) -+ lt(xnlx<nyl:n) can be proven

analogously to (1). Replacing p by t in (2) the AIC
system outputs
/
t
yt := argtninE ...rninJ(tt+...+ln)S(xl:nlyl:n)
(4)
Y,
xt
x
Y

-

Universally optimal Al systems: We want to call
an Al model universal, if it is µ-independent (unbiased,
model-free) and is able to solve any solvable problem
and learn any learnable task. Further, we call a universal model, universally optimal, if there is no program
which can solve or learn significantly faster (in terms
of interaction cycles). As the AID' model is parameter-

less, C rapidly converges to p in the sense of (1), the
AIM model is itself optimal, and we expect no other
model to converge faster to AIM (in some sense) by
analogy to the sequence prediction case, we risk the
conjecture that AIC is such a universally optimal system. Further support is given in (Nutter, 2001b) by
a detailed analysis of the behaviour of AIC for various problem classes, including prediction, optimization, games, and supervised learning. We discuss in
which sense AID" overcomes some fundamental problems in reinforcement learning, like generalization, optimal learning rates, exploration versus exploitation,
etc. Computational issues are also addressed.
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1. Introduction
It has been shown that planning can dramatically improve convergence in reinforcement learning
(RL) (Schmidhuber, 1990; Sutton & Barto, 1998).
However, most RL methods that explicitly use planning that have been proposed are value (or Q-value)
based methods, such as Dyna-Q or prioritized sweeping.

of actions A = 1, ..., K. The stochastic policy P is
represented by a matrix P : N x K with elements
Pki = p(aklsi), i.e. the conditional probability of action k in state i.1 Furthermore, let environment E be
defined by transition matrices Tk (k = 1, ..., K) with
elements Tkji = p(sj Isi, ak), i.e. the transition probability to sj in state si given action k.
Now we define the projection matrix F with elements

Recently, much attention is directed to so-called
policy-gradient methods that improve their policy directly by 'calculating the derivative of the future expected reward with respect to the policy parameters.
Gradient based methods are believed to be more advantageous than value-function based methods in huge

state spaces and in POMDP settings. Probably the
first gradient based RL formulation is class of REINFORCE algorithms of Williams (Williams, 1992).
Other more recent methods are, e.g., (Baird, 1998;
Baxter & Bartlett, 1999; Sutton et al., 2000), Our approach of. deriving the gradient has the flavor of (Ng
et al., 1999) who derive the gradient using future state
probabilities.

Our novel contribution in this paper is to combine
gradient-based learning with explicit planning. We
introduce "gradient-based reinforcement planning
(GREP) that improves a policy before actually interacting with the environment. We derive the formulas
for the exact policy gradient and confirm our ideas
in numerical experiments. GREP learns the action
probabilities of a probabilistic policy for discrete problem. While we will illustrate GREP with a small MDP
maze, it may be used for the hidden state in POMDPs.

Fji = F_ Tkii Pki

(1)

k

Important is that matrix F is not modelling the transition probabilities of the environment, but models the
induced transition probability using policy P in environment. E. The induced transition probability Fji is
a weighted sum over actions k of the transition prob-

abilities Tkij with the policy parameters Pki as the
weights.
EXPECTED STATE OCCUPANCY

Using the projection matrix F, states st and st+1 are
related as st+1 = Fst and therefore st = Ftso, where
so is the state probability distribution at t = 0. We
can now define the expected state occupancy as

Z = E[slso] =00F(yF)tso = (I - yF)-lso

(2)

t=o

where -y is a discount factor in, order to keep the sum
finite. In the last step, we have recognized the sum

as the Neumann representation of the inverse. Notice
that z is a.solution of the linear equation

(I - yF)z = so

2. Derivation of the policy gradient

(3)

PROJECTION MATRIX

Let us denote the discrete space of states by S =
{1,...,N}. Our belief on S is decribed by a probability vector s of which each element si represents the

'For computational reasons, one often reparameterizes
the policy using a Boltzmann distribution. Here in this
paper the probability p(aklsi) is just given by Pki and we

probability of being in state i. We also define a set

do not use reparameterization in order to keep the analysis
clear.

which is just the familiar Bellman equation for the
expected occupancy probability z.

a

EXPECTED REWARD FUNCTION

7

In reinforcement learning (RL) the objective is to max-

imize future reward. We define a reward vector r in
the same domain as s. Using the expected occupancy
z the future expected reward H is simply

H=(r,z)

(4)

Figure 1. Left: 10 4x 10 toy maze with start at left and

goal at right side. Center: plot of expected occupancy z.
Right: plot of expected reward q. White corresponds to
higher probability. [Blurring is due to visualisation only].

is the scalar vector product. Because z is
a solution of Eq. 3 it is dependent on F which in turn
depends on policy P. Given r and so, our task is to
find the optimal P* such that H is maximized, i.e.

In words, the gradient of H with respect to policy

P* = arg max H.

next states (j = 1, ..., N) weighted by the transition

where

(5)

P,

parameter Pik (i.e. the probability of taking action ak
in state si) is proportional to the expected occupancy
zi times the weighted sum of expected reward qj over
probabilities Tkji.

CALCULATION OF THE POLICY GRADIENT

A variation dz in the expected occupancy can be
related to first order to a perturbation dP in the
(stochastic) policy. To obtain the partial derivatives
Bz/BPik, we differentiate Eq. 3 with respect to Pik and
obtain:

-ry8 z+(I--yF)P-k
Ptk =0.

From Eq. 4 and Eq. 6, together with the chain rule,
we obtain the gradient of the RL error with respect to
the policy parameters Pik:

aH _ aH az _ (K'r, BF z J
_7
Bz BPik

BPik

If the environment transition probabilities Tkji are
known, the agent may improve its policy using GREP.
Our GREP planning algorithm consist of two steps:

1. Plan ahead: Compute the policy gradient G in
(6)

The right hand side of the equation is zero because we
assume that so is independent of Pik.

BPik

3. Computation of the optimal policy

(7)

where A* means the adjoint operator of A defined by
(u, Aw) = (A*u, w). Let us define: q = K*r. While K
maps the initial state so to the future expected state
occupancy z, its adjoint, K*, maps the reward vector
r back to expected reward q. The value of qi represents
the (pointwise) expected reward in state si for policy

Eq. 7 and improve current policy

P F- P + aG

(9)

where a is a suitable step size parameter; for efficiency we can also perform a linesearch on a.

2. Evaluate policy: Repeat above until policy is optimal.

Matrix P describes a probabilistic policy. We define
the maximum probable policy (MPP) to be the deterministic policy by taking the maximum probable action at each state. It is not obvious that the MPP
policy will converge to the global optimal solution but
we expect MPP at least to be near-optimal.

P.2

4. Numerical experiments

Finally, differentiating Eq. 1 gives us BF/BPik. Inserting this into Eq. 7 yields:

We performed some numerical experiments using
GREP. Our test problem was a planning task in a

Gik =

OH
BPik

oc

Tkjig1.

z.

(8)

J

a Indeed, this is a different way to define the traditional
value-function. Note that generally, neither r nor q are
probabilities because their 1-norm is generally not 1.

10 x 10 toy maze (see Fig. 1) where the probabilistic
policy P represents the probability of taking a certain

action at a certain maze position. The same figure
also shows typical solutions for the quantities z and
q, i.e. the expected occupancy and expected reward
respectively (for certain P).
After each GREP iteration, i.e. after each gradient calculation and P update, we checked the obtained policy
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Figure 2. Plot of simulated path length versus GREP iteration of a small toy MDP maze for the probability weighted
(PW) policy, annealed PW policy and MPP policy. The shortest path to goal is 14. Left: starting from initial uniform
policy. Right; starting from initial random policy.

by running 20 simulations using the current value of P.
The probability weighted (PW) policy selects action k

at state i proportional to Pik, while the annealed PW
policy uses an annealing factor of T = 4; we also simulated the MPP solution. Figure 2 shows the average
simulated path length versus GREP iteration of the
PW, the annealed PW policy and the derived MPP
policy. In the left plot the initial policy P was taken
uniform. The right plot in the same figure shows the
simulated path lengths from a random policy; also here

the MPP finds the optimal solution but slightly later.

We clearly see from the figure that in both cases the
probability-weighted (PW) policy is improving during
the GREP iterations. However, the convergence is
very slow which shows the severe non-linearity of the
problem. The annealed PW does perform better than
PW. Finally, we see that MPP finds the optimal solution quickly within a few iterations. Using Dijkstra's
method, we confirmed that the found MPP policy was
in agreement with the global shortest path solution.

5. Conclusions
We have introduced a learning method called
"gradient-based reinforcement planning" (GREP).
GREP needs a model of the environment and plans
ahead to improve its policy before it actually acts in
the environment. We have derived formulas for the
exact policy gradient.

Numerical experiments suggest that the probabilistic policy indeed converges to an optimal policy-but
quite slowly. We found that (at least in our toy example) the optimal solution can be found much faster
by annealing or simply by taking the most probable
action at each state.

Further work will be to incorporate GREP in online
RL learning tasks where the environment parameters,
i.e. transition probabilities Tkji, are unknown and
have to be learned. While an analytical solution for q
and z are only viable for small problem sizes, for larger
problems we probably need to investigate Monte Carlo
or DP methods.3
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Abstract
In this paper we state a generalized form of
the policy improvement algorithm for reinforcement learning. This new algorithm can
be used to find stochastic policies that optimize single-agent behavior for several environments and reinforcement functions simultaneously. We first introduce a geometric interpretation of policy improvement, define a
framework to apply one policy to several en-

vironments, and propose the notion of balanced policies. Finally we explain the algorithm and present examples.

a is chosen in state s. We say that two policies 7r and
it are equivalent if their value functions coincide, i.e.
V, = V5":

Theorem 1 Two policies Fr and 7r are equivalent if
and only if

E.EA

Q'(a, s)irr(a

I s) = V"(s), for all s E S.

This gives us a description of the equivalence class of a

policy. We interpret ir(- I s) as a point on a standard
simplex and the equivalence class as the intersection
of the hyperplane H defined by Q''(- I s) and V"(s)
with the simplex. See Figure 1 left for an example with
three actions al, a2 and a3. The following theorem is

1. Idea
Until now reinforcement learning has been applied to
learn behavior within one environment. Several methods to find optimal policies for one environment are
known (Kaelbling et al., 1996; Sutton & Barto, 1998).
In our research we focus on a general point of view of
behavior that appears independently from a single environment. As an example imagine that a robot should
learn to avoid obstacles, a behavior suitable for more
than one environment. Obviously a policy for several
environments cannot - in general - be optimal for each
one of them. Improving a policy for one environment
may result in a worse performance in an other. Nev-

ertheless it is often possible to improve a policy for
several environments. Compared to multiagent reinforcement learning as in Bowling and Veloso (2000),
where several agents act in one environment, we have
one agent acting in several environments.

2. Equivalent and Improving Policies
We fix a finite Markov Decision Process (S, A, P, R.),
use the standard definitions of value function V and Qvalue and write ir(a I s) for the probability that action

'We wish to thank Prof. Ulrich Oberst for his motivation, comments and support. This research was
partially supported by "Forschungsstipendien an osterreichische Graduierte" and Project Y-123 INF.

al

, v12

a2

Figure 1. left: A policy in state s and its equivalence class
right: Improving policies in state s

a general version of the policy improvement theorem.

Theorem 2 Let %r and it be policies such that
Y-aEAQ7(a,s)Ir(a

I s) > V"(s) for all s E S.

Then V* > V. If additionally there exists an s E S
such that E Q" (a, s)7r(a I s) > V" (s) then V" > V.
We define the set of improving policies for 7r in s by

C> (s) = {i(- I s) :

Q'r(a, s)*(a I s) > V"(s)}

,

and in analogy the set of strictly improving policies
C> (s) and the set of equivalent policies C?` (s) for 7r in
s. We define the set of strictly improving actions of 7r

exist strictly improving vertices and to find one (Schrijver, 1986). Observe that for a single environment the

strictly improving vertices are just the set of strictly

in s by A' (s) = {a : Qr(a, s) > V'r(s)}.

improving actions.

The set of improving policies Cp(s) is a polytope given
by the intersection of a half-space and a standard simplex. Its vertices are vert (C>' (s)) = vert(C=(s)) U

Let s E S. We define 7rs as the set of all policies that

A' (s). See Figure 1 right, where A> (s) = {al, a3},

vert(C-(s)) = {v12iv23} and Cp(s) is the shaded
area, the side marked by the small arrows.

3. Policies for several Environments
Consider a robot and its sensors to perceive the world.
All possible sensor values together represent all pos-

sible states for the robot. In each of these states the
robot can perform some actions. We call all possible states and actions the state action space (SAS)
E = (S, A). Now we put the robot in a physical environment, where we can observe all possible states
for this environment, a subset SE C S of all possible
states in general, and the transition probabilities PE.
We call E = (SE, A, PE) a realization of an SAS.
Let E =(Ei, Ri)i=1...n be a finite family of realizations

of an SAS with rewards Ri. Since the actions are
given by the SAS it is clear what is meant by a policy
7r for E. For each (Ei,Ri) we can calculate the value
function, which we denote by Vi". We define the set
of improving policies of rr in s E S by

C>(s)=nzE(n], sES C>(s)
7r(3 i E [n]

s) wiG C'(

all8ES.

4. General Policy Improvement
We state a generalized form of the policy improvement
algorithm for a family of realizations of an SAS which
we call general policy improvement (algorithm 1). The
idea is to improve the policy by choosing in each state

a strictly improving vertex. If there are no strictly
improving vertices the policy is balanced and the algorithm terminates.
Input: a policy it and a family of realizations (Ei, Ri)
Output: a balanced policy it : V" > Vi" for all i E [n]

repeat

for all sESdo

th ir(s) s) E Ca> (s)

'

where [n] = {1, ... , n}. The set of improving policies
of 7r in s is the intersection of a finite number of halfspaces through a point with a standard simplex.

if vert(C>* (s)) =,4 0 then
choose rr'(- [ s) E vert(C;(s))

fr(- I s) - ir'(-1 s)

until vert(C>*(s)) = 0 for all s E S

Algorithm 1: General Policy Improvement

Theorem 3 Let Fr be a policy for E such that
S.

Then Vi" _> Vi" for all i E [n]. If additionally there
exist an s E S with Ir(- l s) E C; (s) then there exists
an i E [n) such that Vi" > Vi'.

In order to describe Cp(s) and find an ir(-

Theorem 4 A policy it is balanced if and only if there
are no strictly improving policies, i. e. C; (s) = 0 for

calculate V" and QiF' for all i E [n]

such that

Fr(-[s)EC>(s) for all s E

changes a balanced policy in one state s it is the same
for all environments or it gets worse in at least one.
Compare to the notion of an equilibrium point in game
theory (Nash, 1951). Note that for one environment
the notions of optimal and balanced policies coincide.

1r t-- it

and the set of strictly improving policies of rr in s by

C> (s) - {

are arbitrary in s and equal it otherwise. We call a
policy balanced if and only if for all s E S and all
?r E ir,s either Vi" = V" for all i E [n] or there exists
i E [n] such that Vi" < Vi". This means that if one

l

s) E

C>'(s) we consider its vertices. We call the vertices
of C' (s) improving vertices and define the strictly
improving vertices by vert(C>' (s)) = vert(C>' (s)) n
C> (s). There exist several algorithm to find all vertices of a polytope (Fukuda, 2000). Linear Programming methods can be used to decide whether there

In each step of the algorithm we try to choose a strictly
improving vertex. Different choices may result in different balanced policies and influence the number of
improvement steps before termination. The algorithm
includes policy improvement for one environment as a
special case.

A geometric interpretation of one step of the general
policy improvement algorithm for three states and two
realizations can be seen in Figure 2. In state sl there
are no strictly improving vertices. In state s2 there
are three strictly improving vertices, one of them is
the action a3. In state s3 there are only two, both of
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5. Examples

a

Iterations

All experiments are made with a 10x10 gridworld sim-

ulator to learn an obstacle avoidance behavior. The
robot has 4 sensors, forward, left, right, and back,
with a range of 5 blocks each. There are 3 actions
in each state: move forward, left and right. The robot

Figure 4. The progress of general policy improvement for

gets rewarded if it moves away from obstacles, it gets
punished if it moves towards obstacles.

be used to learn a policy for several environments and
several reinforcement functions together. A useful application is to add a new environment or behavior to
an already optimal policy, without changing its performance. We have already implemented Value Iteration
for several realizations which leads to an extension of
Q-learning. Our future research focuses on the implementation of on-line algorithms, methods to find the
strictly improving vertices and to decide which of them
are best regarding to learning speed. For more detailed
information please consult the extended version of this

Env -( 2

Emuonmem 3

Figure 3. Three different environments

each environment.

action space simultaneously. This means that it can

paper on http://mathematik.uibk.ac.at/"rl.
We choose three environments (see Figure 3) with the
same reinforcement function and run the algorithm. In
all experiments we start with the random policy. We

calculate in each step all strictly improving vertices
and choose one randomly. In order to evaluate and
compare policies we consider the average utilities of all

states, and normalize it, with 1 being an optimal and
0 the random policy in this environment. Four sample
experiments show performances in each environment
of the different balanced policies learned.
Experiment:
Environment 1
Environment 2
Environment 3

1

2

3

4

0.994
0.862
0.872

0.771
0.876
0.905

0.993
0.788
0.975

0.826
0.825
0.878

Figure 4 shows the progress of the algorithm for each
environment in experiment 2. In all experiments the
algorithm terminates after 6 to 8. iteration steps.

6. Discussion
The general policy improvement algorithm can be used

to improve a policy for several realizations of a state
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1.

Introduction

For the last ten years, Reinforcement Learning (RL)
has been extensively used for the behavior synthesis

the subject of the work

performance. This is
presented here.

in robot systems. One of the problems which has
called the attention of several researchers has been to

2. Cluster Aliasing measure

deal with the representation of huge state or state-

We have proposed a CA measure (in immediate

robot learning. Originally,
techniques such as Q-Learning (Watkins, 1989) were
proposed for finite state-action spaces and typically

reinforcement schemes). Let c be a cluster, which has

action

spaces

in

the Q-function could be represented directly in
memory using tables. However, real robots can have
a completely huge set of possible states and actions

which makes it absolutely necessary to consider
strategies to explore such space and memorize it in a
compact way. The use of Artificial Neural Networks
(ANN) to memorize and generalize huge state-action
spaces has had a good impact on this issue. Basically,
ANN work as function approximators (Lin, 1993) of
the Q-function or as clustering techniques to
partition the domain of such function. This strategy
allows the robot to avoid the exhaustive exploration
of its environment by using the generalization
capability of the neural approaches. The use of ANN
to cluster the Q-function domain has been
implemented using different models such as CMAC
(Albus, 1975), RBF (Kretchmar & Anderson, 1996)
and Kohonen Maps (Sehad, 1996). On the other hand,
Moore & Atkenson (1995) proposed a method to get
a partitioning of the state space using a grid with a

non homogeneous resolution. In this approach the
task is specified by a goal region instead of a reward
function and this could be a restrictive fact,
depending on the task that the agent has to learn.
In spite of the clustering method used, to get clusters
of state-action pairs, leads to another problem called

cluster aliasing (CA): The CA problem arises when
the reinforcement function (RF) provides different
reinforcement for configurations belonging to the

same cluster. For example, let us consider an RL
RF delivers immediate
reinforcements. Now, let us suppose two state-action
scheme

where

the

pairs p, and pz which are generalized by the same
cluster and the RF delivers a reward for the pair pi

and a penalty for

the pair

p2.

Obviously, the

computation of the return term, in fact the Q-value,
associated to the cluster will be distorted by this fact,
except that there was a way to divide this cluster into
two. Therefore, we need a way to measure this sort of
situations and a method to continue partitioning the

space in order to avoid a decrease of the learning

mapped, at least, a state-action pair with a reward
associated, then CA measures how many state-action
pairs associated with null or negative reinforcement
have been also mapped by c. In order to weight the

influence of null reinforcements or penalties, two
factors are added. Formally,
p #ref_+po#refo
_
CA(c) _

#ref++#ref_+#refo

where #ref , #ref ,, #ref o are the number of penalties,
rewards and null reinforcements respectively, for the

pairs mapped by the cluster c; and p_ and p+ are
parameter factors.

Algorithm CA-gcs
We have proposed a method which we called CAgcs, to obtain a clustering of the state-action space
3.

which minimizes the clustering aliasing measure. Our

proposal is based on the Growing Cell Structures
(GCS) introduced. some years ago by Fritzke (1994).

In fact, there is an antecedent of our work by
GroBmann and Poli (2000) in which they propose a
pre-learning

robot

collects
these
experiences are used to find a suitable segmentation
experiences in

phase

where

a

a random way and then,

of the input state space using GCS. However, these
authors do not specify when the algorithm finds such
a suitable segmentation.
Our algorithm has four stages:
1) State Space Clustering Construction. This stage

implements the vector quantization variant of GCS
(Fritzke, 1996) to get a partition of the state space. At
the end of this stage the following constraint must be
satisfied for any input

4
,

4

VCEC,

is I ...#robot

sensors

i

where
is the i-component of the input
1' is
the i-component of the cluster c, M(c) is the set of
inputs mapped by c, k is a parameter with k E 9t,

k>O, and C is the set of all clusters.

2) Individual cluster training. In this stage, the action

ac associated to each cluster c is tuned so that the
reinforcement function delivers the maximum
number of rewards for the pairs (s, ac) where s is each
one of the states mapped by cluster c.
3) Partition guided by the clustering aliasing
measure. In this stage, all clusters with a CA measure

greater than a parameter value will be partitioned.
The aim is to minimize the number of states that are
mapped by clusters whose actions associated do not
match (or are not close to) a sub-optimal one.

4) Assignation of Q-values. Based on the aliasing
measure, we assign a Q-value to each individual
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These stages are preceded by a phase where the robot
- using a random walk in its environment - collects
experiences. Each one is stored as a tuple with three
elements: the state and the conducted action at time t,
and the state at time t+1. After that, the method uses

this memory based on a Lazy Q-Leaming strategy
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Figure 1. Obstacle avoidance behavior error vs.
Cluster-Aliasing measure. The stars represent
Kohonen networks and the circle the CA-gcs
network. Values are averages obtained from series of
5 experiments.

(Aha, 1997; Touzet, 1999).

Conclusions
In this work, we have introduced the CA-gcs method

5.

Experiments
We have carried out a series of experiments using
miniature Khepera robots to validate our method.
System state sensed by the robots included a noise
component
(approximately
±10%
of
the
measurement). We have considered two behaviors:
4.

moving toward the maximal light source and obstacle

avoidance. In both cases, we have obtained GCS

to deal with the cluster-aliasing problem in RL
schemes which use clustering as a strategy to
represent huge state-action spaces. We have given a
measure of CA which is minimized by the proposed
method. We obtained behaviors with a better
performance in RL schemes which had a lower CA
measure in their clustering of the state-action space.

networks with decreasing clustering aliasing
measures (controlling the parameter values) and with

4500

increasing performance of the synthesized behavior
(respectively). Additionally, we have used the

25
4000

Kohonen networks to get a clustering of the stateaction space and have measured their clustering

49

aliasing. In this way, we could compare the
performance of the synthesized behaviors with GCS

and Kohonen (with equivalent number of neurons)
concluding

that

systematically,

the

clustering

representations obtained using CA-gcs allow the
robot to learn the desired behaviors better. In Figure
1, we show the performance results for the obstacle
avoidance behavior. In Figure 2, we show the
performance results for the light searching behavior.
Numbers beside each reference point in the figures

represent the number of clusters (neurons) of the
networks.
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Figure 2. Light error vs. Cluster-Aliasing measure.
The stars represent Kohonen networks and the circles
the CA-gcs networks. Values are averages obtained
from series of 5 experiments.
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Our project is based on computer science and psychology. Its aim is to assess to which extent reinforcement
learning (RL) can account for animal dynamics of be-

havior, that is, how behaviors are acquired, learnt,
and evolve during lifespan. To this end, we are incrementally building an artificial creature that we call
MAABAC which behavior is entirely controlled by RL
algorithm. As such, MAABAC is subject to its enviroment to which it continuously adapt itself. We want
MAABAC to be able to learn to reach and grasp objects, to walk, to run, ... in its "physical" environment.
We have interest in the ability to reach an object as it
is one of the first complex motor behavior that is exhibited by human babies. In the same time, we want
that some features of learning are shared by animals
and MAABAC (Multi-Agent Animat for Behavioral
Arm Control). We put a strong emphasis on the development of new behaviors, that is, behaviors have

to be acquired, or learnt, rather than merely being
added as new components to MAABAC. This idea is
shared with the BabyBot project (Metta et al., 2000).
At first sight, it might seem that we follow a project

Reinforcement algorithms (Sutton & Barto, 1998) pro-

vide an interesting implementation of a fundamental law of animal behavior, namely the law of effect
(Thorndike, 1911). Then, assuming that the behavior of living organisms is fundamentally based on the
law of effect, we can try to build artefacts based on
TD that learn their behavior through interacting with
their environment.
Basically, the architecture of MAABAC is a non super-

vised multi-agent system (MAS). There are two reasons for this. The first reason regards modeling: it is
natural that each "organ" maps one agent. The second
is that of reducing the size of search space; assuming
that each organ can be in one of any N states, a system made of k agents would yield a search space of
size Nk, whereas a MAS approach leads to k problems

of size N, thus k x N, which is far smaller than Nk;
interactions between the agents guarantee that constraints are respected; in summary, a MAS approach
simplifies the search of space by each individual agent.
Each agent is controlled by a TD algorithm.

which is close to the COG project at MIT (Brooks
et al., 1998). However, as argued below, we want to

We have designed an arm, originally introduced by S.
Delepoulle in his PhD thesis (Delepoulle, 2000). This

restrict ourselves to the use of RL algorithms because

arm is made of two joint segments (bones); one extremity is the shoulder, the other is the fist (no hand
for the moment), while the joint is the elbow. The

that is of interest for the study of animal behavior,
while COG has a more ingineer, pragmatic approach
to build a robot. In the sequel, we present motivations and methodological choices, the basic architecture of MAABAC, the first stages of development of
MAABAC, the first experiments and current conclusions. Along the text, we outline some points directly
related to the research being performed in the RL community.

position of each segment is controlled by two muscles,
one flexor and one tensor. Each muscle can either con-

tract, or relax itself a little bit more, or remains in its
current state of contraction: these are the 3 possible
actions of the agent, and the number of states of contraction is N = 50. The position of each segment of
the arm is simply given by the difference of contraction of the two muscles controlling it. Each muscle is

an agent which behavior is controlled by a Q-learner
so that to follow the law of effect. When the arm is
activated, each state of contraction leads to a certain
energetic cost, the more contracted, the more costly;
the energetic cost is handled as a negative reward in
each Q-learner; when the arm puts its fist in .a certain target zone of the space, it gets a positive reward,

as with the first arm. To reduce the time to learn correct movements for the two arms, we have also used
the following idea. Once one arm had learnt several
movements, we have used its Q-values to initialize the
second arm. Then, the second arm is readily able to
perform the same movements as the first, whereas both
may still adapt freely their own behaviors to their own

while otherwise, it only receives a negative reward (energetic cost). Among the various tasks that could have

contingencies.

been used, we consider the one aiming at putting the
fist into the target zone. As far as each agent has only
access to its current state of contraction, the whole
task is non markovian. The whole architecture is thus
a hybrid of non supervised and reinforcement learning.

This overall presentation being made, let us present
and discuss the simulations that have been performed.

When activated in an initially random position, the
arm first shows erratic behaviors until its fist reaches
the target zone for the first time. Then, the arm receives a positive reward for the first time and at that
time, it "learns" that it can receive a reward. More
precisely, the 4 muscles receive the same positive reward, either they have contributed to receive it, or
not. After resetting its position and after a certain
amount of reachings of the target zone, the movement

of the arm becomes smooth and straightforward towards the zone. We call a "movement" the whole sequence of behaviors from the initial position to the
target zone. Then, we have shown that the arm exhibits various abilities and perform multi-task reinforcement: learning to reach different positions of the
target zone, learning to reach them from different initial positions, acquiring movements with an optimal
trajectory (with regards to their energetic cost, considering this precise representation of space), extinction,
generalization, shaping, tracking a moving target, es-

caping an uncomfortable zone, and avoiding such a
zone. Clearly, these behaviors and movements are the
outcome of the use of TD algorithms. The coordination and self-organization of muscles come from the
fact that the reward is shared by the muscles while,
in the same time, the negative reward due to energetic
cost leads to the optimization of movements, thus their
straightforwardness and their smoothness. The preci-

The third step has been to add a body on which the
two arms are attached by their shoulders. The body
can turn on itself under the action of a muscle, again
controlled by a Q-learner. The whole artefact is then
controlled by 9 Q-learners, without any central supervisor. It has shown its ability to learn optimal movements. We have noted that the learning time for this
third step artefact scales very favorably with regards
to the simple arm: actually, a movement is acquired
faster by this artefact than by the version made of only
two arms (without a body).

The next steps will be to add legs to the artefact as
well as senses to let it perceive its environment. We
are also considering using TD(A) instead of Q-learning,
foreseeing that it will speed-up learning, while remain-

ing realistic with regards to the law of effect. We are
also paying some attention to training to speed-up the
initial exploratory phase, and study the interaction between supervised, reinforcement, and non supervised
learnings.
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1. The max Operator and Optimistic
Initial Biases

Q(s2, a1) = 10
Q(s2, a2) = 10

This paper introduces the following simple insight:
* Q(s2, a.) = 10

RL algorithms that update their value estimates based upon a return estimate involv-

Figure 1. A simple process in which optimistic initial Q-

ing maxa Q(s, a) find it more difficult to overcome their initial value biases if these biases
are optimistic.

values slows learning.

ally proceeds more quickly if non-optimistic initial Qvalues are provided. In some cases speedups of a factor
20 have been found with value-iteration by initialising

To see that this is so, consider the example in Figure 1.

Assume that all transitions yield a reward of 0. A
learning algorithm is applied that adjusts Q(si, al) towards E[maxa Q(52, a)]. If all Q-values are initialised
optimistically, to 10 for example, then the Q-values
of all actions in s2 must be readjusted (i.e. lowered
towards zero) before Q(su, a,) may be lowered. However, if the Q-values are initialised pessimistically by
the same amount (to -10), then maxa Q(s2, a) is raised

the value function pessimistically than with the same
amount of optimistic bias (Reynolds, 2001):

2. Discussion
It is not suggested that general improvements to RL algorithms can be achieved simply by making the agent's

when the value of a single action in s2 is raised. In
turn, Q(sl,a,) may then also be raised.

initial Q-function less optimistic. The reason for this
is that in practical RL settings, agents often have the
difficult task of managing a tradeoff between exploration (to gain more information about the rewards it
can collect and the structure of the environment) and
exploitation (taking actions that appear to lead to the
highest return based upon the prior experience). Most
effective exploration strategies are defined in terms of
the current Q-function, so in general the initial choice

In general, it is clear that it is easier for RL algorithms

employing maxa Q(s, a) in their return estimates to
raise their Q-value predictions than to lower them. In
effect, the max operator causes a resistance to change
in value updates that can inhibit learning.
It is also clear that the effect of this is further compounded if i) the Q-values in s2 are themselves based

of Q-function plays an important role determining how
this tradeoff is managed. Moreover, optimism is often
deliberately introduced into value estimates as a way
of encouraging exploration, for example: (Meuleau &
Bourgine, 1999; Wyatt, 1996; Wiering, 1999; Strens,
2000; Wyatt, 2001)).

upon the over-optimistic values of their successors, or,

ii) states have many 'actions available, and so many
Q-values to adjust before maxa Q(s, a) may change.

Examples of methods that use maxa Q(s, a) in their
return estimates and are affected by this phenomenon
are: value-iteration (Sutton & Barto, 1998), Q-

We note that better methods may follow that explicitly

learning (Watkins, 1989), R-learning (Schwartz, 1993),
Watkins' Q(a) (Watkins, 1989; Sutton & Barto, 1998),
Peng and Williams' Q(A) (Peng & Williams, 1996) and
their many derivatives.

model optimistic biases and Q-functions separately
(Meuleau & Bourgine, 1999; Strens, 2000). If the Qfunction is initialised non-optimistically, we can benefit by finding accurate Q-values more quickly. In turn,
we might feed this improved Q-function into the exploration method. Improvements in the exploration strategy could arise since better value predictions should allow the agent to better predict the relative value of ex-

Experimental results with value-iteration and Qlearning have shown that, when the effects of optimism

on the agent's exploration strategy are accounted for,
convergence towards the optimal Q-function gener-

if

..NSF.,,.

_Z= w

ploiting instead of exploring. To an extent these benefits may only be afforded to model-free techniques.
At any time, model-learning methods may use their
current model to generate value predictions without
optimistic biases.
Distinguishing value-prediction from optimism for exploration generally seems like a good idea as we can
now deal with these two conceptually different quantities separately (and it adds little to the overall computational complexities of the algorithms). It allows

us to make explicit separations between exploration
and exploitation - at any time we can decide to stop
exploring completely and decide to exploit given the
current Q-function. For example, this is useful in gambling or financial trading problems where we may wish
to learn the relative return available for making bets or
trading shares by initially exploring the problem with
a small amount of capital. Later, if we decided to play

the game for real and bet the farm for the expected
return indicated by the learned Q-values, we might be

extremely disappointed to find that this was in fact
a gross over-estimate because of the optimistic biases
introduced for exploration.
There are also other applications for which accurate
Q-values are needed, but in which exploration is still
required. An example is deciding whether or not (or
where) to refine the agent's internal Q-function representation. This can be done based upon the differences of Q-values in adjacent parts of the space
(Reynolds, 2000; Munos & Moore, 1999; Chapman
& Kaelbling, 1991). In different RL frameworks, the
agent may be learning to improve several independent
policies that maximise several separate reward functions (Humphrys, 1996). Deciding which policy to fol-

low at any time is done based upon the Q-values of
the actions in each policy.
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Reinforcement learning (RL) algorithms that employ eligibility traces, such as TD(a), Q(a) and
SARSA(.A), provide a means to efficiently propa-

x

gate observed return information to many previously
visited states. Thus they usually provide learning
speedups compared to their single-step counterparts,
TD(O), Q-learning and SARSA(O) (Sutton, 1984; Sutton & Barto, 1998; Watkins, 1989; Peng & Williams,
1996; Rummery, 1995). Recently Fast Q(A) and its
derivatives have provided a means of precisely imple-

menting eligibility trace algorithms at a hugely reduced computational cost (Wiering, 1999). However,
eligibility traces themselves are an inconvenience introduced only to allow the algorithms to learn online.
If offline learning is allowed or the learner's environment is acyclic then far simpler and naturally efficient
techniques that directly employ the a-return estimate
can be used (Cichosz, 1997; Lin, 1993).
A brilliantly simple example is backwards replay (Lin,
1993; Sutton & Singh, 1994). This method records
experience and replays it offline. Experience is re-

played backwards, such that a newly updated value
of a state can be used in determining a. new estimate
for its predecessor. Even if single-step updates are
used, a single piece of new reward information can be
quickly propagated to many predecessor states. However, backwards replay is not a method which is generally regarded as suitable for learning online (Cichosz,
1997). In many problems performing learning updates

online is extremely important in order to aid exploration. Methods which explore the environment uninformed of recently collected rewards can suffer huge
losses in performance as a result.

Experience Stack RL is a novel online learning tech-

nique that combines elements of backwards replay
(Lin, 1993; Cichosz, 1997), truncated a-return estimates (Sutton, 1984; Watkins, 1989; Sutton & Barto,
1998) and operates without the need for eligibility
traces. It is a generic method in the sense that analogues can be created of most existing eligibility trace
methods. The method records and replays experience
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Figure 1. A sequence of experiences where SO is revisited
at t3. Sequence X will be updated and removed from memory upon entering sea to obtain a new value estimate that
is immediately useful for exploration. Updates to sequence
W are delayed pending the possibly useful experiences in
sequence Y. Sequence Y will be updated before sequence
W.

as backwards replay but, to allow it to learn online,
value updates are made in a lazy fashion (see Figure 1).

Experience is replayed only when states are revisited
which appear in the experience history. Only at this
point can an exploration strategy benefit from updates
to the value-function or Q-function. All of the states
up to the one revisited are updated in the reverse order
to which they were observed. The updates are made
using a a-return estimate and the experiences required
to make these updates are removed from memory. Updates to states prior to the one revisited are delayed
further with the expectation that the experience yet to
come will provide a better value-function or Q-function
with which to make these updates.

The combination of a-return estimates and backwards

replay provides the method with two separate and
complimentary mechanisms for propagating return information. With low values of a the method employs
mainly backwards replay. With high values of a mainly
the a-return mechanism is used. As a result, experiments have shown the performance of the new method
to be relatively insensitive to values of a in most set-

tings compared to related eligibility trace methods.

With low values of a, the method can be expected
to provide significant improvements upon eligibility
trace methods in most cases. This follows from noting
that, given the same experience, the algorithm makes
updates based upon nearly identical return estimates
but gains an additional speedup since the return will

typically be based on a more up-to-date value or Qfunction.
With high values of a in cyclic online learning tasks,
performance may often be worse due to features of

the method that allow it to function online. In this
case, the backwards replay mechanism will provide lit-

tle benefit since the stored (up-to-date) state-values
or Q-values weigh little in the return estimate. However, in acyclic environments or where offline learning
is allowed, the method is expected to improve upon,
or do no worse than, (accumulating) trace methods for
all values of A in most settings. This follows from the
equivalence of forwards and backwards methods in offline and acyclic tasks (Sutton & Barto, 1998) - again,
the method essentially learns from the same return estimate but with more up-to-date value estimates.

In addition to this, the method also remains extremely
cheap in computation terms (on average it has a cost
of OQAJ) per step where IAI is the mean number of
actions available at each step). This is as efficient as

Fast Q(a) yet the method remains far simpler in its
use of the return estimate. It directly implements the
forward view of truncated a-returns (Sutton & Barto,
1998) whereas Fast Q(a) uses this return only indirectly and is conceptually far less tractable as a result.
It is expected that convergence proofs of the new online algorithm will be easier to obtain because of this.

An issue which is also becoming increasingly important is the need for efficient off-policy methods (Precup
et al., 2000). These are exploration insensitive techniques which can learn about the reward obtainable
under one policy while experience is generated by another. However, most eligibility trace methods are exploration. sensitive and cannot be guaranteed to learn
useful value or Q-functions while following arbitrary
policies. For control optimisation tasks, an exception

is Watkins' Q(A) (Watkins, 1989; Sutton & Barto,
1998). Yet this method is hampered by the need to
reset its eligibility trace every time an off-policy (i.e.
non-greedy) action is taken. In cases where non-greedy

actions are frequently taken, Watkins' Q(a) provides
little benefit over the original single-step Q-learning
algorithm from which it was derived. The most significant results for the experience stack method have been
obtained for an off-policy analogue of Watkins' Q(A).

In this case, the -backwards replay mechanism counteracts the problems caused by frequently truncating the

return estimate. These results and further details of
the algorithm are available in (Reynolds, 2001).
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1. Introduction.

lower or equal to the total number of performed

There is an issue that has recently called the attention
of some researchers: the reinforcement function (RF)

actions.

definition. Since the RF has the responsibility of
delivering the reinforcements during learning, its

with

definition becomes a critical and delicate task for the
Reinforcement Learning (RL) scheme designer. The
difficulty in the RF design is that - given an informal
expression of a desired behavior - the designer would
like to find an easy computable formal function that
makes the agent learn the desired behavior as fast as

using estimators of the unknown state variables

possible. The by-hand-process in order to express
the semantic formulation of the desired behavior as a
formal mathematical representation of the RF is an

intuitive process, which often results in long time
experimenting by the RL Designer. In previous works

Since the situation vector does not match usually
the
state
vector (partially
observed
environments), the dimension of s can be extended

(Watkins, 1989).
Definition (Restricted Reinforcement Function):
f
The
1,0,1)
)---)
Festricd :
is a
function between a 2n-tuple and an element of the
(sl,a1,52,a2,..., sn,an

set 1-1,0,1} that represents the associated
reinforcement.
Definition (General Constraint Representation): The

RFconstraint : (sl,al,s2,a2,..., sn,an )- {-1,0,1)

has
the Restricted

(Santos & Touzet, 1998; Santos 1999) introduced a

the same domain and image as

general expression for RFs (General Constraint

Reinforcement Function. The formal expression is

Representation) based on parametrized constraints
associated separately with positive and negative

RFconstraint (st, al , s2, a2,..., sn, an) _

rprior(c+,c_) if

reinforcements, and additionally a method - the
Update Parameters Algorithm (UPA)

-

for tuning a

two parameter RF in such a way that it will be
optimal during the exploration phase (Santos &
Touzet; 1999).

This paper presents an approach which is a natural

The expressions

one hand, we will introduce a method that can tune

ei

to tune the RF of any Reinforcement Learning

true

where c+ and c_ are constraint lists combined with
C+/- = [notie1 and/or ... [not]ecn
logic operators:

extension and generalization of that previous one. On
RFs with an arbitrary number of parameters. We have
called it the Vectorized Update Parameter Algorithm
(VUPA).
On the other hand, we will introduce some definitions
and connections of different RF representations. The
connections are stated using two lemmas. Their more
important consequence is that VUPA can be applied

(Cl or c_) is
otherwise

el

= (9k OP ek)

are

""' ecn

of the form

cn

is the cardinal of
(sl,al,s2,a2,...,sn,an)-a
v is an
gk.
constraints,
{F,>,:5,?,_}
V usually the
arbitrary function, op"

real space 9R, and Ok a parameter with bounded
values in Im(gk) = V prior: B X B -4 {- 1,+1} B is
the set of Boolean values (true or false). prior is a

scheme in order to facilitate the learning process.

predicate which evaluates the priorities between c+

2. Reinforcement Function representations and

and c-. In general, we could define prior according

their equivalencies
Definition (Classic Reinforcement Function): The
RFciassic : (s,a)-* R

is a function between a
situation-action=pair and a real number that

represents the associated reinforcement. s is usually
a vector of all sensor values perceived by the agent
and a a vector of action values.
Definition (Extended Reinforcement Function): The
RFextended : (sl,al,s2,a2,...,sn,a,, )-* R
is a function
between a 2n-tuple and a real number that represents
the associated reinforcement. n is a natural number

to:

if
prior(c+,c_)= -1 if
+1

pv

if

c+

and

-,c_

-,c+

and

c_

c+

and

c_

where pv is +1 or -1 according to the RF designer
criterion. Usually negative reinforcements are
preferred (a "good and bad" action is a "bad" one).

Lemma 1: For every behavior, there exists at least

one restricted RF so the agent learns the same
behavior as with a given classic RF.

Lemma 2: There is at least one General Constraint
RF for a RFrestricted (and due to Lemma 1 also for a
RFclassic ).

is the dimension of
ne+

Proofs are omitted here due to size restriction. The
first one relates the classic RF representation with the
Restricted RF representation. That is, any RF which
is an instance of the Classic RF representation can be

where

second

lemma

relates

the

Restricted RF representation with our proposed
General Constraint Representation. That is, any RF
which is an instance of the Restricted RF
representation can be expressed as an instance of the
General Constraint one. Therefore, there exists an
equivalence between RFs expressed in Classical way
with the RFs expressed by means of our proposed
representation.

- (.

1

, and.

'

ne+,.,ne+
2

1

is the parameter

-

approximation corresponding to the step n of the
Robbins-Monro Procedure and
t-At
# rOr =

expressed as an instance of the Restricted RF
representation. The

8+

1

8 1,RFI

k=r

\

ne+ ne (t'at

is the number of rewards obtained during the last At
steps of the pure random exploration assuming that
11 0+ n e J.
I

the RF is parameterized at
coefficient that decay

6(a,b)=

proportion of rewards received by the agent and
another for the proportion of penalties received by
the agent, both, over time. The basic idea behind
VUPA is the monotonic relation between these
estimators and the parameter values of the RE Thus,
VUPA can adjust incrementally the RF parameters of
the system with the object of leading the. performance
estimators to some desired values (one, close to 1, for
rewards and close to 0, for penalties). Since our main

application is behavior synthesis in robotics, such
estimators must be observed and we have to obtain a

measure of them experimentally during learning.
These values depend on the received, sensor values
and therefore the convergence of the method will be
influenced by stochastic components. Following this

fact we consider the use of the main concepts of
stochastic methods for function approximation, in
particular, the Robbins-Monro Procedure which uses
a monte-carlo method for non-linear function

minimization (Fukunaga, 1990; Kushner & Clark,
1978). We have taken advantage of this fact to prove
the convergence of VUPA when the time (iterations)
tends to infinity.

Let ()be the RF parameter vector (i.e. 9+ for
rewards and 0 for penalties), and f (0) the
monotonic

function

between

performance

the

estimator and the parameter vector e, which is
possible to sample for arbitrary values of a with a
bounded random error and whose statistical
expectation is the null value.
Definition: The Vector Update Parameter Algorithm
(VUPA) is defined by the stochastic function
approximation Robbins-Monro Procedure in vector

form for the function
components of 0.

(f - p) and
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convergence can be guaranteed. The

3. Vectorized Update Parameter Algorithm.

?'n

over time so that the

Kronecker function defined as

We consider two performance estimators: one for the

J

else

to express that the

n 0 -will remain unchanged

during the computation of the RF for all value of t.
*e
n0
converge w.p.1 to the value
Applying VUPA,

(root of

(f

P)) for n --) °° under the following
Xn

conditions: n-0

i kn2 <

, n=O

Lim . n = 0

and n-'°°

4. Experiments
We have conducted two series of experiments with

the miniature robot Khepera using Q-leaming to
synthesize the obstacle avoidance and wall following
behaviors. In both cases, we have checked the

practical consequences of VUPA: the tuning of RF
parameters improves the Q-Learning convergence
toward the desired behaviors.
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Introduction Standard Reinforcement Learning algorithms, like trajectory based Q-learning, scale very
badly with increasing problem size. Among others, one
intuitive reason for this is that according to the problem size the number of decisions from the start state to
the goal state increases. In order to keep the number of
decisions to the goal tractable hierarchical approaches
based on temporal abstraction have been proposed.
The main contributions are the Option approach, the
Hierarchy of Abstract Machines (HAM) (Parr, 1998)
and the MAXQ approach ('Dietterich, 2000). They are
all based on the notion that the whole task is decomposed into subtasks each of which corresponds to a
subgoal. The existing hierarchical RL approaches are
able to solve problems of the following two types:

1. Abstract actions given: Abstract actions for
achieving subgoals are given in terms of actions
that are lower in the hierarchy.
2. Subgoals given: The concrete realization of abstract actions in terms of subordinate actions is
not known but a decomposition of the whole task
in subtasks is given.
The minimal requirement for the application of existing hierarchical RL algorithms is that a decomposition of the whole problem into subproblems is known.
Thus, problems from technical process control, e.g.
cart-pole balancer, mountain car or acrobot, as well
as general navigation tasks often cannot profit from
those approaches because in such `unstructured' domains subgoals are not known in advance or do not
exist at all. In case no subgoals are given, efficient RL
algorithms are not known to date.
Even if no subgoals are available many control problems show the following characteristic. When controlling the cart-pole balancer, for example, on the one
hand it is necessary to use a temporal resolution that
is fine enough to provide the needed reactivity when
a switch of action is required. On the other hand between those action switches the same action will be
applied for several consecutive time steps. Hence, the
temporal resolution could be coarser which would result in less decisions to the goal. This dilemma cannot
be resolved by existing RL approaches. In this paper

we propose a new hierarchical approach to RL that is
suited for such problems where no decomposition in
subproblems is known in advance.

Multi-step Actions in Reinforcement Learning
In the following we consider a discrete time RL problem with a primitive time step At. Primitive ac-

tions last exactly one such primitive time step. The
set of primitive actions is denoted as AM. We define the set of all multi-step actions (MSAs) of de-

gree n as AW = {anJa E A(1)} where an denotes
the MSA that arises if action a is executed in n consecutive time steps. The next decision is only made
after the whole MSA has been executed. Thus, the
MSA has a time-dependent termination condition af-

ter n primitive time steps. In the general option
framework defined in (Sutton et al., 1999) MSAs can
therefore be modelled as special semi-Markov options.
In order to retain the possibility of learning optimal
policies different time scales are combined in one action set. We denote such heterogeneous action sets as
A(nl,...,nk) = A(nI) U ... U
MSA-Q-Learning In the following we demonstrate
how the concept of MSAs can be integrated in learning algorithms like Q-learning. The agent maintains
Q-functions for all time scales it is acting on. When executing action ai of degree j in a state s the agent goes
to state s' and updates the corresponding Q-value according to Qk+l (s, ai) = (1-a)Qk (s, ai)+a[r(s, ai )+
'yi maxa,EA Qk (s', a')] where j denotes the number of
time steps elapsed between s and s'. The reward accumulated on the primitive time scale is denoted by
A(nk)
A(nk).

r(s, a3) = E;=o y''r(s,., a), so = s. In order to use
the experience from the transitions more efficiently we

apply intra-MSA methods (Schoknecht, 2001). This
enables to extract updates for MSAs on lower level
time scales from a high level transition.

Results We illustrate the behaviour of MSA-Qlearning using the mountain car benchmark. The state

space is bounded by position IpI < 1.0 and velocity
JvJ < 3.0. If the car exceeds these bounds the trajectory is aborted and a terminal reinforcement of -15.0
is received. The immediate reward is 5.0 within the
goal region, 0.5 < p < 0.7, and -0.1 outside.

In this benchmark domain there are obviously no
known subgoals that the agent should try to reach on
its way to the goal region. Approaches that are based
on a task decomposition are therefore not applicable
here. On the other hand an optimal policy will only
involve about two action switches until the goal region
is reached. This is a typical situation where MSAs are
suited. The number of decisions to the goal region can
be reduced by selecting larger time scale actions but
the necessary reactivity is retained because lower time
scale actions are also available. In the following we
investigate how different heterogenous action sets influence the speed of MSA-Q-learning in the mountain
car domain. As the state space is continuous, function
approximation has to be used for the Q-function. We
choose a grid based approach where the state space
is divided into simplices by the Kuhn triangulation.
In a trajectory based learning approach the origin of a
transition (s, a1) -+ s' does not necessarily he on a grid
point. The Kaczmarz update rule (Pareigis, 1998) is
suitable to adapt the Q-function in this situation. Initially all Q-values are set to zero. The discount factor
ry is set to 0.9. Experimentally, a = 0.3 was determined to be a good value for the learning rate in the
mountain car domains. In order to provide enough exploration actions are selected according to an e-greedy
method with c = 0.1. The following experiment is car-

ried out. All trajectories start on the bottom of the
valley in state (-0.5,0). This is a `difficult' starting
state because the thrust is not sufficient to reach the
goal directly by driving up the hill. Instead, the car
has to gain energy by moving up the opposing hill.

action
set

`good' policy
after step

learning speed
relative to A(l)

optimal
policy

A1

212759

100%

yes

A 2

99193.3

46.6%

yes

A4

-

-

no

A 1,2

78877.5
51821.8
33734.5

37.1%
24.4%
15.9%

yes
yes
yes

A(' 4

A8

Table 1. Learning with different action sets. The second
column shows after how many primitive training time steps
a `good' policy of quality 1.152 is permanently achieved on
an average learning curve obtained from 100 independent
learning runs. In the third column the learning speed relative to A"1 is depicted. The fourth column indicates if an
optimal policy is possible with the chosen action set.

be seen that if the degree of the actions in a homogeneous action set becomes too large (A(4)) optimal
policies cannot be learned any more. On the other
hand, heterogeneous action sets with MSAs lead to a
considerable speed-up of learning. With Al'''l, for example, the number of training time steps to reach the
1.152 level is reduced by about 84% compared to AM.

Conclusions We extended Q-learning by integrating the concept of multi-step actions (MSAs) together with the intra-MSA method. The new MSA-

After each step MSA-Q-learning is performed to update the Q-function. If no constraint violation occurs
the trajectories are aborted after 80 steps. A test tra-

Q-learning algorithm efficiently uses training experience from different time scales. In the mountain car
benchmark domain learning could be considerably accelerated by using MSA-Q-learning together with action sets that combine primitive actions and MSAs.
The success of the MSAs is due an implicit reduction
of problem size, which enables the agent to reach the

jectory is carried out every 10 training trajectories.

goal with less decisions.

The performance of the learned policy is measured as
the accumulated discounted reward per test trajectory
plotted against the accumulated number of primitive
training time steps.
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Abstract
One component of the delayed-reward reinforcement learning problem is learning the
expected time to the reward. Animal experiments on delayed-reward timing tasks show
that many animals can learn this, but they do

it in a characteristic way. They exhibit the
scalar property, which states that variability
in their responses increases in proportion to
the length of the interval being measured.
The data also shows a more striking property - results from different time intervals
collapse into a single curve when the data is
scaled relative to the time interval. A simple
model of a network accumulator consisting
of noisy, linear, spiking neurons can produce
the scalar property. When coupled to TD(a)
reinforcement learning algorithm, the model
simulates experimental. results from animal
experiments.

1. Motivation

An aspect of delayed-reward reinforcement learning
which has a long history of study in animal-learning
experiments, but has been overlooked by learning theorists, is the learning of the expected time to the reward, In a number of animal experiments there are
benefits to the animal to learn the time to the reward.
In one example, an animal needs to wait a given time
interval after a stimulus before performing an action
in order to receive a reward. In another example, an
animal receives rewards for a particular action at a
given rate. After a random interval, the rewards stop
and the animal has to change actions. Here the animal needs to learn the inter-reward interval in order
to change actions with minimum delay.

There are two reasons why it might be desirable for
a learner to learn the expected time to receive a reward. First, it allows it to perform the action for an
appropriate length of time. Second, it allows it to compare the rate of rewards between two different actions.

An example studied experimentally by numerous researchers is foraging (for a review, see (Kacelnik &
Bateson, 1996)). An animal which had no sense of
the typical time to receive food could remain too long
at a depleted foraging site and starve; conversely, it
could fail to find food by leaving too frequently. In
addition, the expected time to rewards for two foraging patches allows them to be compared. The ability
to learn reward times is important in more general applications for similar reasons. It allows the system to
recognise when the current strategy has failed and a
new strategy should be found; it allows comparison between two strategies in a form which is easily amenable
to decision-making.

Of course, in order to perform this task, the animal
needs an internal clock or mechanism of perceiving
time intervals, as well as a learning system which can
tackle this as well as more familiar aspects of the
delayed-reward reinforcement learning problem. The
experiments show that a wide range of animals can
learn the expected. time to rewards, but they do so in
a characteristic way. The data, when suitable scaled,
collapses onto universal curves. This is called the
scalar property of interval time. This property is found
in a wide range of experiments and species, so it may
reveal something fundamental about animal clocks, or

some desirable property of solutions to this learning
problem.

2. The Scalar Property of Interval
Timing
In the animal experiments, what is typically found is
the following. First, animals can do these tasks. They
learn to respond and tend to give highest response is

at a time proportional to the waiting time interval,
usually with proportionality factor very close to one.
However, there is variability in the response times; the
animal does not respond at exactly the correct time
even when the reinforcement schedules are deterministic. In addition, the variability increases in proportion
to the measured interval. I.e. the ratio of the standard
deviation in the response time to the mean response

time is constant independent of the length of the time
interval. This is one form of the scalar property (the
weak form).

most prominent features of the animal experiments is
reproduced.

A more striking form of the scalar property (the strong
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multiplied by the time interval and plotted against the
time divided by the time interval, the data from different time intervals collapses into one curve. This is
also called super-imposition. This states that not only
is the ratio of the standard deviation to the mean response rates invariant, but all scale-independent shape
measures, including the skewness, the kurtosis, and
higher order ones, are invariant. In other words, the
response curves have an invariant shape, when scaled
in terms of relative time. For a review of interval timing phenomena, see (Gibbon & Church, 1990).

The strong scalar property can be stated mathematically as follows. Let T be the actual time elapsing,
and f be the subjective time perceived by the animal.
The experiments show that T varies for given T. The
scalar property, in particular super-imposition, implies
that the conditional probability of T given T depends
upon T in a special way,

P(TIT)

Piny I

ZT-

I

.

Here Palv is the function which describes the shape of
the scaled curves. One question which remains unan-

swered is: what is the origin of this property? It is
found in many species, including rats, pigeons, turtles; humans will show similar results if the time inter-

vals are short or if they are prevented from counting
through distracting tasks. It is found "in many types
experiments. It is also hard to understand, since any
model build around an accumulation of independent
errors, such as a clock with a variable pulse rate will
not have the scalar property. It has been very difficult
to find a mechanism which gives rise to this.

We can show that a simple model of a neural clock
can give rise to the scalar property (Shapiro et al.,
2001). Time is measured by an accumulator consisting
of noisy, linear, spiking neurons. The total activity of
the neural network measures the length of time passed.
When the rate of growth of activity is set to be proportional to the time passed, the network activity as
a function of time obeys the strong scalar property.

We also show, analytically and via simulations, that
when the output of the network is used as a stimulus in
a TD(A) learning system such as those used to model
Pavlovian eye-blink experiments and other examples

of classical conditioning (Moore et al., 1990; Sutton
& Barto, 1990), the scalar property is preserved, and
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1. State-Policy Evaluation Function

2. Predicting a policy's performance

Policy search for reinforcement learning in partially
observable environments requires optimisation of a
stochastic function (the return from a trial) in a highdimensional space (the space of policy parameter
vectors). Therefore it is important to find an efficient
comparisons of policies can accelerate the search in
episodic problems: each .policy is evaluated using the

Suppose that a state-policy evaluation function can be
estimated during learning. By integrating this function
with respect to some state occupancy distribution (e.g.
the on-line distribution), we obtain a policy evaluation
function. (If modelling expected return per episode,
empirical state occupancy must be weighted down by
trial duration to obtain an unbiased estimate.) At any
time during learning, minimising this policy evaluation
function with respect to the policy parameters yields an

same set of start states to reduce variance in the outcome
(Sirens & Moore, 2001). Furthermore, if learning with a
simulation, the same random number sequence can also
be used for each policy (Ng & Jordan, 2000) to eliminate
variance in returns, at the cost of some bias.

estimate of the best (exploitative) policy, and can help to
choose the next experiment in exploration of the policy
space. Therefore the estimated policy evaluation function
becomes a substitute for the true (noisy) function in the
search procedure. The main advantage of this is that it is

method which minimises learning time and exploits the
inherent structure in the learning problem. Using paired

unnecessary to perform more than. one trial for each
The paired comparison methods are taking advantage of
the fact that performance of a policy in any given trial is
a function of both policy parameters and (start) state. To
generalise this idea I propose using a function
approximator to estimate a state-policy evaluation
function (SPEF), in order to aid policy search. The SPEF
models the expected return for combinations of (hidden)
states and policy parameters. This function captures all
relevant information about the relationship between the

state, the policy parameters, and the expected return.
(The method is most applicable to problems with
compact, multi-dimensional, continuous-valued, state
and policy spaces.) The SPEF can be defined over the
space of allowable start states or over the whole state
space (assumed here). In an episodic task, the SPEF can
model expected return per episode or average return per
time step. In continuing tasks expected discounted return

is used and the SPEF must be defined over the whole

candidate policy because a smooth interpolating surface
is available. This use of a substitute function has many
characteristics in common with the STAGE algorithm for
optimisation (Boyan & Moore, 2000).

Additionally, if we are able to represent uncertainty in
the parameters of the policy evaluation function, then
samples of size 1 (hypotheses), rather than maximum
likelihood estimates, can be used in the above process.
By integrating each hypothesised SPEF and minimising
the resulting policy evaluation function, exploratory
rather than exploitative experiments are obtained
automatically, Strens (2000) showed that this 'exploring
by hypothesis' is an effective strategy.

When integrating the state-policy evaluation function to
obtain a policy evaluation function, the choice of state
occupancy distribution is important. In some problems, it

state space.

will be sufficient to use the empirical on-line state
occupancy obtained during learning; a decay method

The SPEF satisfies the Markov property if it is defined
over the full state space of the underlying system. (This
property implies that that value of a policy in a particular
state does not depend on how that state was reached.)
Defining the SPEF over the full state space is possible if
(i) the system is fully observable; or (ii) learning is with
a simulation for which the hidden state is made visible to
the learner. If learning is through real-world experience
rather than simulation, the function approximator can
only use the partially observable state. In this case, the
best policy for the system will not necessarily be found
by using the SPEF method. (In episodic tasks, the start
state may be fully observable even if subsequent states

may be used to give recent experience more weighting.
An alternative is to use the empirical distribution
obtained only during trials with similar policies to the

one of interest (the "query"). This yields a localised
policy evaluation function, and provides a means to
guarantee convergence.

4. Approximating the SPEF during learning
A benefit in learning performance can be obtained only
if a function approximator with useful generalisation
performance across policy parameters and state can be

found to represent the SPEF. Therefore the function

approximator

should

be chosen

to

exploit

local

smoothness and global patterns in the SPEF. In

evidence that local representations are required; these

could be introduced progressively during teaming.

particular, we might expect one or more policy

parameters to be irrelevant to the expected discounted
return in large regions of the state-space; generalisation
can take place over those policy parameters within that
region.

For example, suppose during learning in a continuing
task that a single region of state space is visited several
times, and the policies being followed in each case differ
only in (locally) irrelevant policy parameters. Then the
noisy discounted returns from each of these occurrences
can be averaged by the function approximator to obtain a
lower variance prediction.

It is important to use an appropriate representation for

the SPEF, and we are only starting to explore the
possibilities. To
guarantee convergence,
local
representations are preferred (e.g. locally weighted

regression). This ensures that the complexity of the
estimated SPEF can increase during learning, as new
information is gathered, and that representation will be
more accurate in the most interesting (highest return)
regions of the policy space. Local representations also
have some drawbacks: (i) all trajectories must be stored

in memory; (ii) integrating the SPEF over a state
distribution has a high computational cost because it
involves many queries; (iii) consistent sampling is
difficult; (iv) global generalisation capability may be

6. Conclusion & future work

have described an approach to policy search for

I

reinforcement learning that makes use of much of the
structure in the learning problem, including the Markov
property, by estimating a state-policy evaluation
function during learning. The method has the potential to

greatly reduce the number of trials required to find a
good policy in difficult control tasks, and is likely to be
particularly effective when learning with a simulation.
The main outstanding issues before the method can be
applied to difficult tasks are:
(i)

Choice of appropriate function approximator for
the SPEF.

(ii)

Type of state occupancy distribution used in
estimating the value of a policy.

(iii)

Choice of method for minimising the policy
evaluation function.
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Abstract
Periodical policies were recently introduced

as a solution for the coordination problem
in games which assume competition between

the players, but where the overall performance can only be as good as the performance of the poorest player. Instead of converging to just one Nash equilibria; which
may favor just one of the players, a periodical
policy switches between periods in which all
interesting Nash equilibria are played. As a
result the players are able to equalize their

pay-offs and thus a fair solution is build.
Moreover social players can learn this policy
with a minimum of communication.

1. Periodical Policies

are modeled in a game, this game may posses different Nash equilibria, which may be fair to some, but
uninteresting for other players. So how should agents
behave in these situations? Playing pure Nash equilibria is often unfair to at least one of the players, while
playing a mixed strategy doesn't give any guarantee
for coordination and usually results in a sub-optimal
payoff for all agents.

We therefore introduce the notion of periodical policies, see (Nowe et al., 2001). In a periodical policy
players alternate between playing different Nash equilibria. if these equilibria are optimal for some players
but suboptimal for others. In a fair periodical policy
each player gets the chance of playing his best Nash
equilibrium and these equilibria should be alternated
such that the average payoff of all players is equalized, even when they don't give the same payoff to the
players.

This work studies the fairness of strategies learned
by agents in dynamical multi-agent systems, in which
agents experience conflicting objectives, but where the
overall performance can only be as good as that from

2. Homo Egualis Reinforcement
Learners

the poorest performing agent. The kind of applica.

We show how a periodical policy can be learned by
social reinforcement learners, which are inspired on
the Homo egualis society from sociology. In many
decision-making and strategy-settings people do not
behave like the self-interested "rational" actor depicted in neoclassical economics and classical game
theory (Gintis, 2000). In a Homo egualis system,
agents do not only care about their own payoff, but
also about how it compares to the payoff of others. A
Homo egualis agent may be willing to reduce his own
payoff to increase the degree of equality in the group.
On the other hand he is also displeased when receiving a lower payoff than the other group members. As
a result altruists appear in ultimatum and public good

tions we have in mind is for example autonomous task
allocation or job scheduling. Clearly, agents have to
collaborate to distribute the available resources among
them. However since communication has its price in

distributed systems, our goal is to limit the communication required, yet allowing coordination so that
pay-offs are equalized and the global goal is achieved.

For learning in a multi-agent system, two extreme ap-

proaches can be recognized. On the one hand, the
presence of other agents can be completely ignored.
On the other hand, the presence of other agents can
be modeled explicitly. The first approach may lead to
oscillating policies, while in the second approach each
agent learns in a joint action space which may become
very large.

An added difficulty is that it is not always clear what
agents should learn. When the agents' interactions

games, (Gintis, 2000).

We used this idea of inequality aversion to develop an.
algorithm, which is able to let a group of distributed
agents learn a fair periodical policy, with a minimum

of communication. In our "algorithm agents are selfish utility optimizing reinforcement learners who will
converge to some Nash equilibrium of the game. This
is assured by results from Learning Automata theory'
(Narendra & Thathachar, 1989). After convergence
to one of the Nash equilibria, a communication phase
takes place only to compare performances, see Figure 1. Based on Homo equalis arguments agents reduce their action space to go find an alternative Nash

tested. For the latter job scheduling games of the common pool resource type as in Figure 2 were simulated.
The agents where able to learn a periodical policy such
that their overall payoff was equalized optimally, see
Figure 3.
Al

equilibria in another subspace and which will favor an-

other agent. The algorithm proposed is able to learn
the length of the period in which an agent must play

A2

his best Nash equilibrium in order to equalize the average payoff. We use Q-learning (Sutton & Barto, 1998)

to let the agents converge to one of the equilibrium
points, but after communication agents use the communication results instead of their Q-values to decide
what do to, reduce the action set, re-install it or do
nothing. Interesting to note is that while agents are
playing the periodical policy, the mixed strategy policy
is learned off-line.

Figure 2. A simple job scheduling game. Two agents can
use either their private processor or a common processor.
The agents generate jobs according to an exponential law

with a mean value of 1.5 time units.

Both the private

processors handle the jobs with a time consumption chosen
from an exponential distribution with mean value of 1 time
units, while the common processor works with a mean of
0.5 time units.

## COMMUNICATION PHASE
if (time_to_communicate) {
communicate_to-all (cumulative-payoff , last payoff
payoffall := receive-from-all (cumulative-payoff );
last-period-payoff-all :=
receive fromall(last_period_payoff );

if (not-equal-payoffs (payoffall) ) {
if (and (has-best-payoff (payoff-all ))
(has-best-payoff (last-period_payoffall))).
actionSet := actionSet - best-action;
else

if ( not (has-best-payoff (payoffall )))
actionSet := originalactionSet;
INITIALIZATION ;

Figure 3. Average job turnaround time for the job scheduling game with 5 players. Each player can choose between
a private or common processor. Load and processor consumption time are the same as in Figure 2

}

}
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Abstract
In this paper we present three ways of solving

the problem of exploration control for reinforcement learning (RL). In optimistic model
selection (OMS) from a density over possible models. We give results for the basic algorithm, and describe extensions to the case
of optimistic multi-time models; and to dynamic bayes networks. The second method
is based on directly taking Monte Carlo samples from the space of possible models. The
third method is based on taking Monte Carlo
samples by running the MDP and taking trajectories through the information space. We
will sketch all algorithms, give an indication
of the trade-offs, and present new results on
the extensions to OMS and the latter two algorithms. We will relate all these methods to
the Bayesian formulation of the explorationexploitation trade-off.

1. Introduction
The problem of how to act while learning is a class of
optimal control problems with a long history (Bellman,
1961). In RL it has taken the form of problems of (i)
how to act so as to maximise performance during the
learning agent's lifetime; and (ii) how to act to identify as good a policy as possible within the learning
period. In Markov decision processes (MDPs) the optimal Bayesian solution to problem (i) is well known,
but intractable (Martin, 1967; Bellman, 1961). Many
approximations have been proposed. The domain is
a finite state MDP with an unknown transition func-

tion and a known reward function. All the methods
considered here are model-based.

2. Background
The Bayesian approach is based on there being a space
P of possible transition functions (or models) P for the
MDP, and a well-defined prior probability density over

that space. The probability density over the space of
possible finite state MDPs for a known state space
S is a density f (PAM). This is simply a product of
Dirichlet densities, one for each state action pair in
the MDP. In a Bayesian framework we choose a prior
matrix M', which specifies our prior density over the
space of possible models. The value function in an
MDP with unknown transition probabilities is thus itself a random variable, Vi. Given the usual squared
error loss function the Bayesian estimator of expected
return under the optimal policy is the expectation of
vi:

Vi(M) = E[U,IM] = 1, V (P)f(PIM)dP

(1)

where Vti(P) is the value of i given the transition func-

tion P. The central result of both Bellman and Martin was that when this integral is evaluated we transform our problem into one of solving an MDP with
known transition probabilities, defined on the informa-

tion space M x S. The optimal solution to the wellknown exploration-exploitation trade-off (problem (i)
above) is thus to act greedily with respect to the Bayes
Q-values. Because the solution involves dynamic programming over a tree of information states the problem is intractable.

3. Optimistic Model Selection
We integrate the idea of Model Based Interval Estimation (Wiering & Schmidhuber, 1998) with the
Bayesian view of exploration by selecting an optimistic

model Pops from P using probability intervals calculated based on f (PAM). Since the Dirichlet is the
natural conjugate density for sampling from a multinomial distribution, this allows us to correctly incorporate prior knowledge about the transition function,
and to explore using OMS from the outset. One problem is how to choose the prior matrix M in the case
where we have very little knowledge about P. We cre-

ate a single additional terminal state k to represent
possible unobserved transitions. By making this state

highly rewarding we can also induce a distal explo-

5. Monte Carlo methods

ration value function that will drive the learner toward
novel state action pairs.

Two very simple approaches to approximating the ex-

How exactly should we select an optimistic model? In

the full OMS algorithm the model can be optimistic
about the transition probabilities for any of the successors of i, a. To achieve this we employ the idea
of bounded parameter MDPs (Givan et al., 1997).
Rather than perform interval value iteration, we cornpute only the optimistic value function. Given state
action pair i, a we order its successors by the current
estimate of the value function, in descending order.
We then calculate the lower and upper bounds of the

(1 - a) probability interval for each transition. An
optimistic transition function is then constructed by
sending as much probability mass as possible to the
states early in the ordering, while keeping all probabilities within their lower and upper bounds. The state
action pair i, a is then backed up using the optimistic
one-step transition function that results.

We compared simple and full OMS with Wiering's
MBIE algorithm and Meuleau's variance based and
worst case IEDP+ algorithms on four tasks based in
two environments. We measured performance according to three criteria. Results showed OMS significantly
outperformed the other techniques on most criteria in
most cases.

4. Extending OMS
There are two necessary and important extensions of
OMS. In the first we describe how in a hierarchy of
multi-time models we need to construct optimistic
multi-time models at all levels in order to control exploration between options appropriately. We suggest
a simple approach is to calculate an optimistic model
at the level of the lowest MDP, and that all optimistic
multi-time models above this are obtained by treating
it as the correct model. This should work because the
only independent parameters in the model are all at
the level of the lowest level MDP.
In the second extension we sketch a version of the algorithm for use with Dearden and Boutillier's structured
prioritised sweeping using Dynamic Bayes Networks to

represent the one-step model compactly. We hope to
present an algorithm in which the reward function can
be of an arbitrary form. It is likely it will be problematic to cleanly extend OMS to the DBN representation,
and we explain why we currently believe this.

ploration value function are based on Monte Carlo
sampling. In the first, we follow Dearden and Strens
(Dearden et al., 1999; Strens, 2000) by sampling directly from the density over models. Here we describe how to extend this to the case of using a Dynamic Bayes Network to encode the one step transition
model. Since the DBN allows us to compactly represent the model and the value function sampling from
this small space of models is more feasible for reason-

able problems than doing it directly on the space of
unfactored models.

The second approach is to run the MDP defined over
the space of information states and then to infer the
Bayes value function given the sample. This allows

us to use a variety of techniques to infer the value
function, including temporal difference learning. The
hypothesis is that we may obtain some computational
leverage over direct Monte Carlo sampling, because
we are only paying attention to the parts of the model
space that affect our current exploratory choices.
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