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Chapter 1

Introduction

”It was a wonderful moment when the liquid, which looked almost immaterial, was
seen for the first time. [...] I was overjoyed when I could show liquefied helium to
my friend van der Waals, whose theory had been my guide in the liquefaction up
to the end” — Kamerlingh Onnes

Suppose we take a dive into a swimming pool, upon which we realize that we
need not swim to keep on moving. In first instance, we might think that this
is quite amusing, but then we reach the conclusion that we also cannot come to
a standstill. This kind of frictionless flow is what an object moving through a
superfluid experiences. Such a remarkable state of matter occurs when the rules
of the unfamiliar quantum world come to light in our macroscopic realm. Central
to the discovery of such macroscopic quantum effects was the race to ever lower
temperatures at the end of the 19th century, which culminated in the liquefaction
of helium at around 4 Kelvin by Kamerlingh Onnes in 1908 [1]. An isotope of
helium, bosonic helium-4, was used exactly thirty years later by Kapitza, Allen
and Misener in their discovery of superfluidity [2, 3]. A qualitative explanation
of superfluidity was given almost immediately afterward by London in terms of
a phase of matter now called a Bose-Einstein condensate [4, 5]. This phase was
already predicted in 1924 by Einstein and corresponds to the occupation of a
macroscopic number of bosons of a single quantum state [6, 7]. Still, it proved
difficult to provide a quantitative explanation of superfluid helium-4 due to the
strong interactions involved.

Kamerlingh Onnes’ liquid helium did not only result, albeit indirectly, in the
discovery of superfluidity, but also in the discovery of superconductivity [1]. After
the successful liquefaction of helium, he began to study the properties of metals at
these newly reached low temperatures. Thus in 1911 Kamerlingh Onnes discovered
that the electrical resistance of mercury vanished abruptly at about a temperature
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of 4 Kelvin1. Phenomenological descriptions of superconductivity were put forward
by the London brothers in 1930 [9] and by Ginzburg and Landau in 1950 [10]. How-
ever, it took until 1957 before a full microscopic description of superconductivity
was formulated by Bardeen, Cooper and Schrieffer (BCS) [11, 12]. More recently,
another class of superconductors has been discovered that have much higher critical
temperatures, however, they cannot be easily understood theoretically, partly due
to the much stronger (Coulomb) interactions in these systems.

It turned out that superconductivity also has a link to Bose-Einstein conden-
sation. According to BCS theory a low-temperature fermionic system can form
weakly bound pairs, called Cooper pairs, as a consequence of an arbitrarily weak
attractive interaction. In metals this attractive interaction between electrons is
mediated by phonons, the quantized lattice vibrations. Since these Cooper pairs
have bosonic statistics they can subsequently Bose-Einstein condense. Although
the underlying mechanism is quite different, a superconductor can thus be seen as
a superfluid of charge-carrying Cooper pairs.

The generality of BCS theory implies that pairing is expected to occur in many
types of fermionic systems. Arguably the most clear experimental demonstration
of BCS theory have resulted from investigations into superfluidity using gases of
ultracold fermionic atoms [13–16]. As an example of a wildly different system,
it is believed that the interior of a neutron star contains a neutron superfluid
and/or proton superconductor, as has recently been confirmed through careful
observation of the neutron star Cassiopeia A [17, 18]. Also, in the nucleus of an
atom, proton pairs and neutron pairs can form due to the residual strong force,
which qualitatively explains why isotopes with an even number of protons and/or
neutrons tend to be more stable than their odd cousins. However, most important
to this thesis, it has also been proposed that quarks, which carry apart from electric
charge also color charge, could be in a color superconducting state inside the core
of a neutron star [19–21].

Under most circumstances quarks are confined to hadrons, such as protons and
neutrons. Theoretically, the main problem in properly describing this confinement
lies in the fact that the interaction between the quarks, called the strong force, is
in most cases - as the name suggests - strong at the energies accessible on earth.
In general, we thus see that theoretical physicists have a hard time constructing
accurate theories of systems with strong interactions. It is inspiring to see that
in an attempt to tease apart the underlying principles of such strongly coupled

1Interestingly, without realizing the importance, he noted on the same day a sharp change in the
density of liquid helium at 2.2 Kelvin, which is a manifestation of helium’s superfluidity. [8]
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systems that many areas of physics come together, from condensed matter, astro,
nuclear to high-energy physics.

This thesis is concerned with two distinct many-body systems where the two-
body interaction is strong, namely that of a gas of imbalanced quark matter and
of resonantly interacting bosons. To study the quark matter in chapter 2, we
apply methods that have been extensively investigated in the field of condensed
matter, in particular, ultracold atomic gases where fermionic and bosonic many-
body systems can be systematically investigated from weak to strong two-body
interactions. It is also within these latter systems that the thermodynamics of
resonantly interacting bosons might ultimately be examined experimentally, for
which we develop a renormalization-group approach in chapter 3.

In this introductory chapter, we first recapitulate some of the beautifully clear
illustrations of quantum phenomena in ultracold quantum gases such as Bose-
Einstein condensation, and BCS superconductivity for imbalanced systems. Sec-
ondly, some aspects of quantum chromodynamics are explained that are necessary
for understanding deconfined quark matter and its possible color superconducting
phases in neutron stars. Finally, we discuss the composition and properties of such
neutron stars under these conditions.

1.1 Ultracold atomic gases
”The success of a nearly free electron model for most metallic properties offered
no clues for how some metals could be turned into superconductors by an electron
interaction that seemed barely able to affect their normal state behavior. Landau
famously said ”You cannot repeal Coulomb’s law”, but as far as the normal metals
were concerned, it appeared that the best way to deal with it was to ignore it.”
— David Pines

As was the case for most experimental achievements in the previous section, the
systematic investigation of these systems is extremely complicated because the
effect of a change in a single microscopic parameter, such as the interaction, is
practically impossible since these are typically fixed material properties. As a
result, in the past two decades there has been an increasing interest in constructing
quantum systems that are highly tunable. Such systems can then be used to sim-
ulate an idealized version of a more complicated quantum system [22]. It is within
these quantum simulators that complex many-body properties can be investigated
systematically using the well-known underlying few-body physics. Here we discuss
one of the most successful quantum simulators, namely that of cold atomic gases
trapped in magneto-optical traps.

The temperatures in these experiments are extremely low, typically in the
nano-Kelvin regime, since we are interested in the quantum properties of these
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gases. The quantum or wave-like nature of the atoms, given by the thermal de
Broglie wavelength Λ ∝ T−1/2, is negligible under normal circumstances. For
example, for a gas of sodium at room temperature the average wavelength of an
individual atom is Λ ' 10−11 m, which is about a tenth of its own diameter.

The elusive quantum effects start to play a role when the wave nature of the
particles overlap. This occurs when the so-called phase-space density nΛ3 becomes
comparable to one, where n is the density of the gas, and the system is said to be
degenerate. To obtain the desired record-low temperatures, a gas of atoms first
needs to be trapped in a vacuum chamber using magnetic fields so as to avoid
contact with the relatively hot walls of the container. The gas is then cooled
by using carefully tuned lasers to slow down the atoms. Afterwards, a second
cooling stage, using so-called evaporative cooling, is necessary to reach the nano-
Kelvin regime. This stage is similar to how our body cools down after playing a
sports match, namely by evaporating sweat. By effectively lowering the strength of
the magnetic confinement the system ”sweats” out the particles with the largest
kinetic energy and thus lowers the temperature even further. A demonstration
of the wave-like nature of matter, using cold atomic gases, is shown in Fig. 1.1
where a cloud of sodium atoms interferes with itself, similar to Young’s two slit
experiment for the interference of light.

810 nK

Bosons,   Li Fermions,   Li

510 nK

240 nK

67

T = 0:56TF

T = 1:0

T = 0:25TF

TF

T = 1:0 Tc
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T = 1:1 Tc

Figure 1.1: (left) The interference of a thermal cloud of sodium atoms with itself, similar to
Young’s two slit experiment. Adapted from [23]. (right) The effect of bosonic and fermionic
statistics on the size of a gas of bosonic 7Li and fermionic 6Li as the temperature is lowered.
The sizes of the top clouds are about 0.5 mm. Adapted from [24, 25].
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Quantum degeneracy in cold atomic gases

As in the beginning of the twentieth century, we can now ask what happens to mat-
ter at these ultra-low temperatures. We know now that all particles are subdivided
into two classes, i.e., bosons and fermions, which behave very differently from each
other in the degenerate regime. This behavior has been beautifully demonstrated
in experiments with cold atomic gases in a harmonic trap [24], as shown in Fig. 1.1.
We see that bosons tend to coalesce when cooled, while fermions can resist this
due to a purely quantum mechanical pressure, called the Fermi pressure. This
pressure is due to the Pauli exclusion principle, which states that two fermions
cannot occupy the same quantum state. The importance of this principle must
not be underestimated. What we see here is that fermions necessarily occupy
volume. For example, it visualizes that electrons must occupy successively higher
shells in an atom. It also shows that fermions can supply pressure to, for instance,
avoid a star from collapsing under its own gravity, which occurs in white dwarfs
and neutron stars due to the presence of degenerate electrons and neutrons, re-
spectively. Furthermore, it gives insight into why a metal is well described by
a zero temperature Fermi gas since, due to the large amount of electrons, most
energy levels are already occupied and thermal fluctuations only result in changes
in the highest energy levels. Neutron stars and zero temperature Fermi gases will
be extensively discussed in the coming sections.

On the other hand, bosons do not have the above restriction, in fact, they tend
to occupy the same state. This feature is called Bose enhancement in contrast
to Pauli blocking. It is, for example, responsible for the existence of lasers, since
the presence of photons in a laser cavity will stimulate the atoms in the cavity
to emit other photons with exactly the same wavelength. Also, in fundamental
theories most force-carrying particles are bosons such as the photon in quantum
electrodynamics or the gluon in quantum chromodynamics. Since these particles
are not restricted by the Pauli exclusion principle they can therefore always be
present in copious amounts. This feature of bosons will be of great importance
throughout this thesis. It must be noted that the gases of bosons in Fig. 1.1 are not
in the Bose-Einstein condensed state, as the temperature is close but still above
the transition temperature Tc.

Bose-Einstein condensates

Bose-Einstein condensates of weakly interacting bosonic alkali atoms were succes-
fully obtained in 1995 by the groups of Cornell and Wieman [26] and subsequently
those of Hulet [27] and Ketterle [28] using magneto-optical traps and the cool-
ing scheme described above. The phase-space density in the experiment of, for
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Figure 1.2: (left) The momentum-space distribution indicating the formation of a Bose-
Einstein condensate with decreasing temperatures. From left to right the temperature is
400, 100 and 50 nK, respectively. Image from NIST/JILA/CU-Boulder [26]. (right) Vortices
inside a Bose-Einstein condensate (real space). Adapted from [29].

example, the group of Ketterle was indeed large (nΛ3 ≈ 5) as they obtained a
Bose-Einstein condensed phase in a gas of sodium atoms with a density of about
4× 1014 cm−3 at a temperature of around 2 µK. Interestingly, the gases in these
experiments are typically about a million times more dilute than air with a density
of 1019 cm−3 and a billion times colder than outer space, which has a temperature
of about 3 K!

Key signatures of the presence of a Bose-Einstein condensate are shown in
Fig. 1.2. The first image shows the momentum distribution as the temperature
is lowered in the experiment by Cornell and Wieman. Since the experiment was
carried out in an pancake-shaped trap, the momentum distribution of the lowest
energy state has a typical cigar shape due to the Heisenberg uncertainty principle.
On the other hand, the high temperature form of the distribution is isotropic due
to the thermal occupation of the high-energy states.

The second image shows the presence of vortices when a Bose-Einstein con-
densate is subjected to rotation [29]. The formation of vortices is a consequence
of the fact that a Bose-Einstein condensate is described by a single macroscopic
wavefunction 〈φ〉 =

√
neiθ, with n again the density and θ the phase. This implies

that the velocity v is the gradient of a scalar v ∝ ∇θ, which shows that the
velocity field is irrotational (∇×∇θ = 0) except when the field has a singularity,
i.e., a vortex. The vortices in a BEC are seen to form a lattice structure originally
predicted by Abrikosov.

The formation of a Bose-Einstein condensate below a certain critical tempera-
ture Tc is defined by the spontaneous breaking of a global U(1) (phase) symmetry
of the action and thus that its complex order parameter 〈φ〉 becomes non-zero.
This symmetry breaking is similar to the breaking of rotational symmetry in mag-
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nets, with the average magnetization 〈m〉 6= 0, below the Curie temperature. In
the case of magnets a particular magnetization direction is spontaneously chosen,
while for Bose-Einstein condensates a particular phase is chosen. This implies that
two independent Bose-Einstein condensates can form an interference pattern when
forced to overlap. Its experimental confirmation led to an interference pattern
similar to that shown in Fig. 1.1 [30], which is a demonstration of the Bose-
Einstein condensate’s defining feature of coherence and long-range order. Note
that, in contrast to Bose-Einstein condensates, two independent thermal clouds
cannot form an interference pattern [23].

According to Goldstone’s theorem the breaking of a continuous global symme-
try results in a gapless mode in the excitation spectrum. For magnets, the low-
energy excitations are waves in the local magnetization (spins), whose quanta are
called magnons. Similarly, in Bose-Einstein condensates the low-energy excitations
are waves in the phase of the condensate. These gapless phase fluctuations there-
fore dominate the low-energy excitation spectrum and are crucial in the description
of the long-range behavior of the system. As a result, we show in chapter 3 how
to exactly incorporate the phase fluctuations, which will result in a analytical
approach for the description of the atomic Bose gas from weak to strong two-body
interactions.

BCS superfluidity, the BEC-BCS crossover and the unitarity limit

The formation of a superconducting state is theoretically described as a conse-
quence of spontaneuous symmetry breaking of a global U(1)/Z2 symmetry. The
order parameter is 〈ψ↑ψ↓〉 with ψσ the fermionic field with spin σ, and corresponds
to the formation of spin-zero (particle-particle) Cooper pairs. As a result of
Goldstone’s theorem and the coupling of the photon to the electric charge of the
Cooper pairs, the photon becomes massive [31]. This mechanism is sometimes also
called the Anderson-Higgs mechanism. Most famously, this mechanism results in
the phenomenon that external magnetic fields are expelled from superconductors,
as shown in Fig. 1.3 and is known as the Meissner effect. In this section we discuss
the application of BCS theory to cold atomic gases where, in contrast to supercon-
ductivity in metals, the fermionic atoms do not carry charge such that the phase
related to the pairing of fermionic particles is not called BCS superconductivity
but BCS superfluidity and the Meissner effect becomes the absence of a linear
response to rotation.

It was theoretically shown in 1993 that the two-body interactions between
alkali atoms can be tuned by a magnetic field using a so-called Feshbach resonance
[32]. The experimental realization of these magnetic-field-tunable interactions [33]
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Figure 1.3: (left) A superconductor floating above normal magnets. Magnetic field lines are
indicated schematically. The superconductor is seen to expel the magnetic field. The picture
shows a type II (high-Tc) superconductor, which makes it possible to trap the superconductor
above the magnets by allowing the magnetic field to penetrate through so-called flux tubes.
Image from [34]. (right) The scattering length a as a function of magnetic field near a
Feshbach resonance. At a certain value of the magnetic field, the scattering length diverges
and the gas is said to be at unitarity. The strongly interacting regime, where n|a|3 � 1, and
the BEC and BCS limits for fermions are indicated. Adapted from [35].

opened up the possibility to study many-body phenomena from weak to strong and
effectively attractive to repulsive interactions with bosonic and fermionic atoms.
The strength of the two-body interaction is parametrized by the scattering length
a and is shown in Fig. 1.3. These tunable interactions resulted in the study
of the onset of BCS superfluidity in cold fermionic atomic gases with attrac-
tive interactions (a < 0). This study was previously impossible because of the
generally weak interactions and the fact that the transition temperature to the
superfluid phase is exponentially suppressed as kBTc ∝ εF exp (−π/2kF |a|), where
kF = (3π2n)1/3 is the Fermi momentum and εF = ~2k2

F /2m is the Fermi energy
[15, 25]. This exponential suppression is a consequence of the tenuous formation
of a BCS superfluid, namely first weakly-bound bosonic Cooper pairs form, whose
size is much larger than the interparticle distance, and which then need to Bose-
Einstein condense.

Interestingly, the Bose-Einstein condensate of bosonic alkali atoms in the previ-
ous part can also be seen as a Bose-Einstein condensate of tightly bound fermionic
pairs. This is because a bosonic alkali atom is essentially a single electron in the
outer shell bound to a fermionic nucleus with an even number of electrons around
it [25]. This suggests there is a continuous transition from BCS superconductivity,
which describes superfluidity of weakly interacting Fermi gases by weakly bound
fermionic pairs, to Bose-Einstein condensation, which describes the superfluidity of
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weakly interacting composite bosons or tightly bound fermionic pairs, as schemat-
ically indicated in Fig. 1.3. This crossover has indeed been confirmed in a tour de
force of cold atomic gas experiments [16, 36–41].

Furthermore, at zero temperature and when the scattering length a becomes
infinite, which is called the unitarity limit, all thermodynamic quantities of the
Fermi gas are expressed in terms of the length scale given by the density (n−1/3),
since there are no other length scales available. As an example, the universal
chemical potential of the Fermi gas at unitarity is given by

µ = (1 + β)εF ,

where εF = ~k2
F /2m is the Fermi energy. The deviation from the ideal gas result

due to interactions is given by the universal constant β, which was determined
to be equal to −0.63 [42, 43]. This reduction in the energy per particle indicates
that due to many-body corrections the effective interaction at unitarity becomes
attractive. The theoretical description of gases at unitarity, which are strongly
interacting, is quite complicated since there is no small parameter in the theory.
However, there are very successful descriptions of the Fermi gas at unitarity using,
for example, renormalization-group techniques [44, 45]. In principle, unitarity can
be reached not only for fermions but also for bosons. This already gives a hint to
the subject in section 3, where we develop a renormalization-group description of
the Bose gas as a function of the two-body scattering length.

Imbalanced Fermi gases and the Sarma phase
Up to now we have brushed over the fact that at the low temperatures of inter-
est in these atomic gas experiments the atoms interact only through low-energy
scattering for which the angular momentum is zero, called s-wave scattering. The
reason is that at these typically low energies the particles cannot overcome the
centrifugal barrier of the scattering potential in the higher momentum channels.
The strength of this s-wave scattering also defines the s-wave scattering length a

that was previously used in the discussion of the Feshbach resonance. For iden-
tical fermions the wavefunction must be anti-symmetric under particle exchange.
Since for s-wave scattering the spatial part of the wavefunction is symmetric, the
fermions can only interact if they have opposite spin. Note that generally the spin
in these atomic gas experiments refers to two different hyperfine levels in the atom.
This also implies that only Cooper pairs with opposite spin can form.

It is natural to ask what happens when there are more particles of one spin
species than the other. The imbalance between the two spin species is defined



16 Chapter 1 – Introduction

Figure 1.4: The universal phase diagram of the two-component Fermi gas at unitarity,
containing the superfluid Sarma phase (S), the BCS phase, the normal phase (N), the tri-
critical point (TP), and a forbidden region (FR) where phase separation in the BCS and
normal phases occurs. The position of the solid line and the tri-critical point were calculated
with the renormalization group. The dashed lines are only guides to the eye. Image from [35]
with experimental data of [46].

as P = (N↑ − N↓)/(N↑ + N↓), where N↑ and N↓ are the number of up or down
spin particles, respectively. Naturally, when the imbalance is small we still have
Cooper pairs and superfluidity. If the imbalance is one, however, the system is
non-interacting and thus in the normal phase of a degenerate Fermi gas. Therefore,
the Fermi gas exhibits a phase transition from the superfluid phase to the normal
phase as a function of imbalance. These features were seen in experiments at
unitarity [47, 48].

Using renormalization-group methods the phase boundary between the normal
and superfluid phase has been found for the universal phase diagram of a homo-
geneous two-component Fermi gas and is in good agreement with experiments, as
shown in Fig. 1.4. This phase diagram contains an exotic superfluid phase called
the Sarma phase. In both the BCS and Sarma phase the fermionic quasiparticle
dispersions are given by ~ωk,σ =

√
(εk − µ)2 + |∆|2 − σh with the so-called gap

∆ ∝ 〈ψ↑ψ↓〉, the free particle dispersion εk = ~2k2/2m, and the average chemical
potential µ = (µ↑+µ↓)/2 and h = (µ↑−µ↓)/2 the difference in chemical potential
between the two species. Here σ = +1 and σ = −1 indicate spin-up and spin-down
quasiparticles, respectively. These dispersions are shown in Fig. 1.5 for a larger
number of spin-up particles than that of spin down, i.e., h > 0.

In the balanced case (P = h = 0), the quasiparticle dispersion is gapped by
|∆|, which can be interpreted as half the binding energy of the Cooper pairs. This
means that if the temperature is low (kBT � |∆|), thermal fluctuations cannot
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0

|Δ|+ h

|Δ| − h

h̄ωk,± =
√
(εk − μ)2 + |Δ|2 ∓ h

k− k+

Figure 1.5: The quasiparticle dispersion in the BCS and Sarma superfluid phases as a function
of momentum. The thin lines are shown with h = |∆|/2 and the thick lines with h = 3|∆|/2,
and they correspond to the dispersions of the BCS and Sarma phase with |∆| = µ/2,
respectively. The shaded area below zero energy and between the momenta k±, defined
by ~2k2

±/2m = µ±
√
h2 − |∆|2, shows that in the Sarma phase the system lowers its energy

by occupying these states.

excite a single particle from the Cooper pair condensate and the Cooper pairs
move without resistance, i.e., it is in the BCS superfluid phase. However, if there is
imbalance, the quasiparticle dispersion splits into two dispersions for the majority
and minority species. As long as h < ∆ both dispersions are gapped, which still
corresponds to the BCS phase. When h > ∆, one of the dispersions becomes
gapless and the system is said to be in the Sarma phase. The BCS and Sarma
phase are separated by a true quantum phase transition at zero temperature, but
only by a smooth crossover at nonzero temperatures [44].

The Sarma phase has the property that the system lowers its energy by occu-
pying states within the momentum range where the majority (spin-up) dispersion
~ωk,+ becomes negative. The existence of a population of spin-up quasiparticles
in this momentum range thus causes the superfluid to become polarized. Note
that, since the spin-up quasiparticles are excitations related to the break-up of the
spin-zero Cooper pairs, less Cooper pairs are formed in this momentum range.

Unfortunately, it was predicted that the interesting Sarma phase in a homo-
geneous gas is unstable at zero-temperature [49]. Nevertheless, the Sarma phase
can still be present at non-zero temperatures [50], as illustrated in Fig. 1.4. By
approaching the phase transition line from the superfluid to the normal phase, the
order parameter for superfluidity goes to zero. This order parameter is related
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to the formation of Cooper pairs, and in particular to the BCS gap parameter
|∆|. Therefore, it is expected that in some region near this phase transition we
have h > |∆| and the Sarma phase is favored. Furthermore, it has been proposed
that the Sarma phase can become energetically favorable when the gas is confined
within a trap [51, 52] or in the case of very large imbalance in the mass, instead
of the spin, of the two-component mixture [49]. We will see in our discussion of
neutron stars that a phase of quarks similar to the gapless Sarma phase might be
possible in the core in that case.

Landau Fermi-liquid theory

One might have wondered what is precisely meant by the normal phase of the
two-component Fermi gas in Fig. 1.4, since the phase diagram is valid for the
unitarity-limit, i.e., for very strong interactions. We define the normal phase of
a Fermi gas, sometimes called a Fermi liquid in the interacting case, by the fact
that the gas is not superfluid and can be described as a degenerate Fermi gas
with at zero temperature a well-defined Fermi surface, which has fermionic low-
energy excitations. The effect of interactions can then be effectively included in
the parameters of the theory of the Fermi gas. The theory that provides relations
between these effective parameters and the free Fermi gas parameters is called
Landau Fermi-liquid theory. For example, the effective mass of a particle can be
written as

m∗ = m

(
1 + 1

3F1

)
where F1 is one of the Landau parameters which are all related to the effective
two-particle interactions at the Fermi surface. These Landau parameters incor-
porate the effect of arbitrarily strong repulsive interactions. Since all low-energy
behavior of a degenerate system can be interpreted as certain perturbations of the
Fermi surface, we can relate many thermodynamic and transport quantities to the
effective two-particle interaction at the Fermi surface, i.e., the Landau parameters.

Here we must make the distinction between repulsive and attractive interac-
tions, since according to BCS theory even an arbitrarily small attractive interaction
can drastically change the properties of the many-body groundstate. This also
indicates that once the details of the Fermi-liquid state of a fermionic system is
well known, we can study the instability of the Fermi sea due to an attractive
interaction. Hence, first understanding the Fermi-liquid phase is necessary to
quantitatively describe the superconducting phase.

In principle, we can obtain F1 from microscopic considerations. In practice,
however, a set of Landau parameters are usually determined from experiment such
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that the relations provided by Landau Fermi-liquid theory can be used to obtain
the desired effective quantities. This theory has been very succesful in describing
strongly interacting degenerate fermionic systems, such as liquid 3He. It also has
been applied and confirmed in cold atomic gas experiments in the unitarity limit
[53–55]. Moreover, it gives insight into our earlier discussion on why modelling a
metal as a free electron gas is so successful (T � εF /kB ' 5× 105 K).

To better understand the Fermi-liquid phase and possible color superconduct-
ing phases of quark matter in neutron stars, we apply Landau Fermi-liquid theory
to imbalanced quark matter in chapter 2. Next we first briefly discuss quantum
chromodynamics as a preparation for our discussion of these color superconducting
phases.

1.2 Quantum chromodynamics
Molecules and their constituents, the atoms, are the building blocks of the objects
we use in everyday life. These atoms consist of smaller particles, namely electrons,
protons and neutrons. The protons and neutrons are built up out of even smaller
particles called quarks. Particles which comprise of quarks are called hadrons.
The force that binds together quarks in hadrons is called the strong force and is
mediated by particles called gluons. As previously mentioned, quarks are strongly
bound to each other. In fact, a single free quark has never been observed. We say
that quarks are confined to hadrons, see Fig. 1.6.

Imagine that we now compress a gas of hadrons to the point where they start
to overlap. A neutron takes up a volume of about 1 fm3, such that we need to
compress neutrons to a density of n� 1 fm−3. The quarks inside the neutrons can

Figure 1.6: (left) Quarks are confined to hadrons at low density. (right) Quarks become
deconfined at high density. This phase is called the quark-gluon plasma. Image credit: S.
Scherer [56].
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now move around more freely and are said to be deconfined, as also illustrated in
Fig. 1.6. This phase of quarks is called a quark-gluon plasma. The corresponding
energy scale2, the Fermi energy, is εF � 200 MeV ' 1013 K. This is six orders of
magnitude higher in temperature than the core of our sun! Therefore, if a decon-
fined phase of dense quark matter occurs in Nature it will most likely be inside
a gas of degenerate neutrons, namely a neutron star. Likewise, the constituent
quarks have smaller masses than the neutron and therefore an even larger Fermi
energy, such that these quarks are also degenerate. Remarkably, this implies that,
to a good approximation, theoretical calculations can be performed at zero tem-
perature, since excitations above the Fermi surface are suppressed as kBT/εF � 1
with the typical temperature of a neutron star being T ∼ 108 K ' 1 keV.

The strong force, which is described by the theory of quantum chromody-
namics, clearly has an attractive channel since quarks are bound within hadrons.
According to BCS theory this implies that the quarks can form Cooper pairs,
which can subsequently Bose-Einstein condense. Because quarks carry also color
charge apart from electric charge, the quark-gluon plasma is said to be a color
superconductor. This phase is indicated in the phase diagram of quantum chro-
modynamics, Fig. 1.7, at high densities and low temperatures.

The QCD phase diagram shows that at high temperatures quarks are de-
confined from hadrons, since entropy prevents any form of order. In the early
universe, the baryon and anti-baryon densities were equal such that the cooling of
the universe is along the temperature axis, namely zero baryon chemical potential.
As shown in the diagram, no phase transition occurs as the universe cools as is
verified by Monte-Carlo simulations for nonzero temperature and zero chemical
potential [57]. Unfortunately, these kind of computer simulations are not feasible
for finite density due to the fermion sign problem, i.e., for fermions the measure
used in calculating averages is not always positive and leads to cancellations and
therefore numerical loss of digits. Similar to the phase diagram of water, there
is most likely a first-order phase transition line (CDA), where the hadron liquid
”evaporates” into the quark-gluon plasma, which ends in a critical point (C). This
critical point is believed to be around T ' 150 MeV [57].

The composition of neutron stars spans the relatively low temperatures and
high densities on the scale of the diagram, see the gray line in Fig. 1.7. It has been
proposed that this low-temperature part of the diagram is similar to the BEC-BCS
crossover in cold atomic gases. Here the color superconducting phase, determined
by the presence of weakly bound quark Cooper pairs 〈qq〉 6= 0, presumably crosses
over smoothly to a Bose-Einstein condensate of tightly bound diquarks as the
2In this section we temporarily take the natural units ~ = c = kB = 1.
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Figure 1.7: A schematic phase diagram of quark matter. At low temperatures and low density
quarks are confined to hadrons, i.e., particles consisting of quarks, and chiral symmetry is
broken 〈q̄q〉 6= 0. At high density or high temperature the quarks are deconfined in the
quark-gluon plasma and chiral symmetry is restored 〈q̄q〉 = 0. At low temperature and
high density quarks form Cooper pairs 〈qq〉 and are thus in the color superconducting phase.
For intermediate densities it has been suggested that the weakly bound Cooper pairs become
tightly bound diquarks, similar to the BEC-BCS crossover. The gray line indicates the neutron
star composition that varies as a function of radius inside the star. Adapted from [58].

chemical potential is lowered. At even lower chemical potential, these diquarks
could then pair with non-paired quarks to form hadrons (ED).

1.2.1 Asymptotic freedom

In quantum electrodynamics it is possible to calculate most relevant processes to
very high precision by adding up only a finite number of quantum corrections
(loops) in perturbation theory. In quantum chromodynamics the situation is in
general the opposite, namely it is practically impossible to calculate any process
relevant to our everyday experience since it is necessary to add an increasing
amount of quantum corrections. However, in 1973 Gross, Politzer and Wilzcek
discovered asymptotic freedom, which implied that at very high energies again
only a finite number of corrections need to be taken into account. Therefore, this
property allows us to quite accurately study quark matter and its color supercon-
ducting phases at extremely high densities.

The formal statement of asymptotic freedom is that the QCD coupling constant
is energy dependent and becomes small at high energies. The energy dependence
is most elegantly summarized by the renormalization-group equation for the QCD
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coupling constant g, which in the one-loop approximation is [31, 59]

Λ dg
dΛ =

[
−33

4 Nc +NfC

]
g3

12π2 ,

where Λ is the energy scale, and Nc, Nf and Ng = N2
c −1 are the number of colors,

flavors and gluons, respectively. The constant C is defined by the trace over two
generators t of SU(Nc), which are shown for Nc = 3 in appendix A.1.1, and is
given in the fundamental representation by Tr

(
tatb

)
= Cδab with C = 1/2 and

the a, b indices over the number of gluons. The second term in the square brackets
is due to the quarks and is said to have a screening effect, since for increasing
distances it decreases the coupling. The first term in the square brackets is due to
the gluon self interaction and has an anti-screening effect.

Figure 1.8: The QCD coupling
constant as a function of energy
Q with experimental data. Here
αs(Q) = g2/4π. Image altered from
original [60].

Note that ignoring the effects of the gluon self-
interaction terms (Nc = 0), taking only one
type of fermion (Nf = 1) and removing the
overall group theory factors (C = 1) gives
the renormalization-group equation of quan-
tum electrodynamics (QED), which thus con-
tains no asymptotic freedom as the coupling
constant grows going to higher energies.

For the case of three colors we see that as
long as the number of flavors satisfies Nf ≤ 16,
which is the case in our universe where Nf = 6,
the coupling decreases for increasing energies.
Thus quantum chromodynamics is said to be
asymptotically free, as is confirmed experi-
mentally in Fig. 1.8. The solution to the
differential equation is fixed by one exper-
imental value, namely the value for which
αs(ΛQCD) = g(ΛQCD)2/4π = 1 which turns
out to be ΛQCD ≈ 200 MeV. Care should be
taken with how this value is determined and
used, since it depends on to which order the renormalization-group equation was
determined and how many flavors are contributing to the process under consider-
ation. However, the order of magnitude of the value reported here gives a good
indication as to when the coupling in a certain process can be considered weak,
namely when the relevant energy scale is larger than ΛQCD.
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1.2.2 Modeling confinement: The bag model
For low energies (Λ � ΛQCD) the QCD coupling is large, which is sometimes
called infrared slavery to contrast with asymptotic freedom. At these energies
perturbation theory can no longer be used. This and the gauge dependence of the
theory are the major obstacles in the attempts to understand the mechanism of
confinement. Because the exact mechanism is still unknown, we need to use an
effective description of confinement to investigate the possibility of a neutron star
containing deconfined quark matter. The effective description that we use is called
the MIT bag model, which consists of viewing a hadron as a bag of quarks in a
confining medium [61].

The quarks are thus imagined to be confined to a small spherical bag of ra-
dius R and can be considered, to first approximation, as non-interacting, as a
consequence of asymptotic freedom and the typically high kinetic energies of the
quarks according to the uncertainty principle, namely Ekin ∝ 1/R. Outside the
bag no quarks are present such that the gluon field can Bose condense and thus
the vacuum inside the bag has a higher energy than outside the bag. This fact
can effectively be incorporated by adding a constant B, called the bag constant,
to the energy density of the hadron. The hadron energy is thus given by

EH = 4
3πR

3B + χ

R
,

where χ is the proportionality constant of the kinetic energy.
By minimizing this energy with respect to the radius we find R = (χ/4πB)1/4,

such that the hadron mass in natural units is

MH = 16
3 πR

3B.

In principle, we can calculate the bag constant from this equation using the typical
mass and size of a neutron, however, its value is rather sensitive on the radius.
Taking MH ≈ 1 GeV and a radius of 1 fm to 0.6 fm gives B ≈ 60−280 MeV/fm−3.
To discuss deconfinement in neutron stars the typical value of the bag constant
is usually taken to be greater than 200 MeV/fm−3, consistent with our earlier
discussion of the typical energy when neutrons start to overlap. The pressure is
given by

P = −∂EH
∂V

= −B + χ

4πR4 .

For the equilibrium radius defined by minimization of the energy, the confining
pressure −B due to the vacuum is balanced by the contribution from the kinetic
energy of the quarks. Since the non-perturbative effects of confinement are in-
cluded in the constant B, this equation for the pressure of a quark gas is used in
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our discussion of neutron stars by replacing the contribution of the kinetic energy
by the Fermi pressure of free quarks. The bag constant then sets the energy scale
for deconfinement.

1.2.3 Color superconducting phases
In contrast to electrons, quarks come in different flavors and colors such that there
are a myriad of color superconducting phases possible.3 Here we review two types
of color superconducting phases. We concentrate on Cooper pairs with zero spin
and zero momentum as it is known from condensed-matter physics that these
generally have lower energy than their non-zero counterparts.

For very large densities, when the baryon chemical potential µ � ΛQCD, it is
possible to study quark matter perturbatively. In weak coupling, the dominant
interaction is given by one-gluon exchange between quarks.4 Whether this inter-
action is attractive or repulsive depends on the color of the incoming and outgoing
quarks. This is most easily demonstrated by writing out the color-dependent part
of the interaction

taijt
a
kl = −1

3(δijδkl − δilδkj) + 1
6(δijδkl + δilδkj). (1.1)

The first term, which is anti-symmetric in the color indices, is attractive. The
second term, which is symmetric in the color indices, is repulsive. This indicates
that at asymptotically high densities, where perturbation theory is valid, only
Cooper pairs consisting of two different colored quarks can form.

Therefore, we conclude that the Cooper pair wavefunction is antisymmetric in
its spin and color indices and due to the Pauli principle it also has to be anti-
symmetric in its flavor indices for s-wave pairing to occur. The most general form
of the particle-particle expectation value is then [19, 21]〈

ψαi,f (x)ψβj,g(y)
〉

= f(x− y)(Cγ5)αβεijkεfghΦkh,

where f(x − y) is some function of the relative space-time distance and Φkh in-
dicates a freedom in the precise coupling of the color and flavor indices. The
Levi-Civita symbols εijk and εfgh are completely anti-symmetric in their color
(red, green, blue) and flavor (up, down, strange) indices, respectively. Here the
spinor part (Cγ5) is the only anti-symmetric matrix which is a scalar under Lorentz
3This section is based on [19, 62, 63].
4Note that, as previously indicated, by ignoring gluon self-interactions QCD effectively reduces
to QED apart from the group-theory factor C, which is related to the trace over the result in
Eq. (1.1).
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transformations and parity. The defnition of the charge conjugation matrix C and
the fifth gamma matrix γ5 can be found in the appendix A.1.1. If the matrix is
not taken to be a Lorentz scalar then rotational invariance would be broken. This
would imply that pairing of quarks at certain angles on the Fermi surface would be
favored above other angles. Similarly, the matrix has to be a scalar under parity
for inversion symmetry.

The most symmetric form of pairing is to couple all three color and all three
flavor indices, namely Φkh = δk,h. This is called the Color-Flavor-Locked (CFL)
phase [19]. In the asymptotically high-density limit quark matter with the three
lightest flavors (u,d,s) is considered to be in this phase. It is in this limit that the
difference in the mass of the quarks is negligible and the Fermi surfaces are on top
of each other corresponding to a fully balanced situation.

As we will see later, however, charge neutrality in neutron stars and the rel-
atively low densities in its core can cause an imbalance in the densities of the
different flavors of quarks [64]. The resulting mismatch in the Fermi surfaces can
then cause other types of pairing to become more favorable. The most straightfor-
ward less-symmetrically paired form of quark matter occurs when only two of the
three colors and two of the three flavors pair up. This phase is called the two-flavor
superconducting (2SC) phase. If blue quarks and strange quarks remain unpaired,
this corresponds to the choice Φkh = δk,3δh,3. Note that choosing the blue quarks
to remain unpaired is arbitrary, since other colors can be obtained by applying a
color rotation. Whether the strange, up or down quark remains unpaired follows
from the mismatch between the Fermi surfaces. In both the 2SC and CFL phase
the gapped dispersions of the single-particle excitations are similar to those given
in Fig. 1.5 for small imbalance, but they now have a relativistic form.

Similar to the Sarma phase in cold atomic gases, if the imbalance becomes large
a gapless superfluid phase occurs. Both the CFL and 2SC phase have gapless
variants, simply written as gCFL and g2SC, and have been shown to become
important at densities too low for CFL pairing [19]. As we will see from our
neutron star model, at the relatively low densities in the core there is a natural
preferred pairing between two species of quarks, leaving a third quark species
unpaired. There is also a slight mismatch in the Fermi surfaces of the two pairing
quarks such that some of the dispersions could become gapless. Therefore, for our
purposes, the most interesting case is the 2SC and g2SC phases as this directly
corresponds to the BCS and Sarma phases in cold atomic gases. This means
that we can possibly directly apply methods and compare results with the unitary
atomic Fermi gas.

As an example, there is one quantity that we can easily compare with that of
the previously discussed BCS phase in cold atomic gases, namely the gap ∆. A
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self-consistent gap equation can be obtained by taking into account the Cooper
pairs in the mean-field approximation and subsequently requiring that the mean-
field minimizes the action. For the 2SC phase, with a momentum- and frequency-
independent gap, the self-consistent gap equation is

∆ ∝ g2
∑
n

∫
dq
(

1
Q2 + F

+ 2
Q2 +G

)∑
σ=±

∆
(~ωn)2 + (~ωk,σ)2

∝ g2
∑
n

log
(

1 + 64πµ
Nfg2|~ωn|

)
∆

(~ωn)2 + ∆2 .

where the four-momentum is Q = (~ωn, ~cq) with c the speed of light and ~ωk,±
are the relativistic gapped dispersions similar to those in Fig. 1.5. In the first
line we identify the contribution of the longitudinal and transverse polarizations
of the gluon between the round brackets, namely the terms containing F and G,
respectively. The functions F (Q) and G(Q) are a result of the screening of the
gluons due to the presence of the quarks. The factor of two is a consequence of the
two transversal polarizations. In analogy with electrodynamics, the longitudinal
and transverse gluons are sometimes called electric and magnetic gluons, respec-
tively. The second line is seen to be the normal BCS gap equation for a point
interaction, apart from the logarithm. This logarithm comes about from the fact
that the dominant behavior in the gap equation, which is the only part shown
in the second line, is due to the magnetic gluons. This is because low energy
electric gluons are screened by the medium (F ' g2Nfµ

2/2π2), while magnetic
gluons are only dynamically screened (G ' g2Nfµ

2|iωn|/8πc|q|). Integrating
this last equation and expanding for a small gap, we find that the dominant
behavior is ∆ ∝ µ exp (−3π2/

√
2g). Since the interaction via one-gluon exchange

is proportional to g2, we see that the 2SC gap is typically larger than that of
cold atoms with a point interaction strength a where ∆ ∝ εF exp (−π/2kFa).
Color superconductivity can therefore said to be more robust compared to BCS
superfluidity in cold atoms. Also the CFL phase has exactly the same exponential
dependence on 1/g, which is seen to be a result of the dominant magnetic gluons.

The properties of these superconducting phases are relatively easy to find by
studying which symmetries are broken, as was shown for the case of metals where
spontaneous symmetry breaking gives rise to a massive photon, which in turn gives
rise to the Meissner effect. The above-mentioned color superconducting phases
have Cooper pairs containing different colored, flavored and charged quarks, such
that its properties follow from a study of the mixing of these species and quantum
numbers. Here we simply state the results of the various symmetry breaking
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patterns [19] as an indication of the variety in the phases. In the CFL phase seven
of the gluons and one gluon-photon linear combination becomes massive. The
study of the charges of the Cooper pairs ultimately leads to the conclusion that
this phase is a color superconductor but an electromagnetic insulator, and due to
the gluon-photon coupling only a fraction of the magnetic field is expelled via the
Meissner effect. Similarly, it is found that the 2SC phase is a color superconductor
but a normal electromagnetic conductor. From these considerations it is clear that,
if such color superconducting phases are present in the core of neutron stars, they
can have significant effect on the magnetic fields and on transport phenomena.

1.3 Neutron stars and quark matter
Almost immediately after the discovery of the neutron by Chadwick in 1932, the
possibility of a star stabilized by the degeneracy pressure of neutrons, i.e., a neu-
tron star, was proposed by Baade and Zwicky in 1934. Pulsars were discovered by
Bell and Hewish in 1967. These pulsars were identified a year later by Gold to be
rapidly rotating neutron stars whose large magnetic field results in two collimated
beams of intense light. The name pulsar comes from the fact that if the magnetic
poles and rotational axis are misaligned the star behaves similarly to a pulsing
lighthouse. Seven years later a binary system of pulsars was discovered, whose
decreasing period was the first indirect confirmation of gravitational radiation.
Currently, neutron stars are seen as good laboratories for testing our understanding
of matter at extremely high densities. The composition of a typical neutron star
is shown in Fig. 1.9. Most important to this thesis, it shows a possible deconfined
phase of quarks in the core of the star. In this section we construct a model of
a neutron star that incorporates the well-known physics of nuclear matter at low
densities and the possibility of a deconfined phase of quarks.5

Here we review some properties of the typical neutron star. The typical mass
of the neutron star is M ≈ 1.5 M�, which coincidentally corresponds also to
the theoretical maximum mass of stars called white dwarfs that are supported
by electron degeneracy. Furthermore, the reason why neutron stars are expected
to be composed mostly out of neutrons, is because of the fact that at a certain
density the protons and electrons are all converted into neutrons due to inverse
beta decay

e+ p→ n+ νe,

5The results of the neutron star model in this section are based directly on the article Cooling
curves for neutron stars with hadronic matter and quark matter — S. Yin, J.J.R.M. van
Heugten, J. Diederix, M. Kater, J. Vink and H.T.C. Stoof [64].
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Figure 1.9: The composition of a neutron star. Possible condensates of hyperons and a
deconfined phase of quarks are indicated. Image from [65].

where e, p, n and νe are the electron, proton, neutron and the electron neutrino,
respectively. Neutrinos hardly interact with matter and they thus escape from
the star. Consequently, neutrino emission is also the main process with which a
neutron star cools.

Furthermore, using that the neutron degeneracy pressure supports the star
from collapse gives a rough estimate of the radius, namely R ≈ 10 km. Estimates
for the rotational period and magnetic field can be obtained from angular mo-
mentum and flux conservation by assuming a large star collapses to a neutron
star. The radius of a neutron star is very small such that this will give typically
millisecond rotation periods and a very large magnetic fields.

The effects of general relativity as a consequence of rotation become important
when MR2Ω2/(GM2/R) is large, where Ω is the spin frequency measured by a
distant observer. For a typical rotational frequency of Ω = 1 ms−1 for a one solar
mass star with a ten kilometer radius the corrections due to general relativity are
quite small R3Ω2/GM ' 10−2. Therefore, we will not model the rotation of the
star in general relativity. In fact, we altogether neglect rotation. We simply keep in
mind that its effect allows slightly larger stellar masses compared to non-rotating
stars due to the centrifugal force counteracting the force of gravity [66]. Similarly,
we neglect all effects of the magnetic field.

Furthermore, the effect of general relativity on the structure of the star becomes
important when (GM2/R)/Mc2 can no longer be neglected. For a neutron star
of two times the solar mass and a radius of ten kilometers the general relativistic
effects are not that small (GM/c2R ' 0.3) and is the most basic effect that should
be taken into account. In general relativity, non-rotating, hydrostatic and spheri-
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cally symmetric stars are described by the Tolman-Oppenheimer-Volkoff equations.
These equations are differential equations that determine the pressure p(r) in terms
of the energy density ρ(r) and the gravitational mass m(r) =

∫ r
0 4πr′2ρ(r′)dr′/c2

at radius r. These equations are solved given an equation of state p(ρ) and the
boundary condition p(0) = pc, where pc is a given central pressure. The stellar
radius R and gravitational mass M are obtained from the conditions p(R) = 0
and m(R) = M . For a particular equation of state, by variation of the central
pressure, a maximum neutron star mass can be found, defined by the point where
dM/dρc = 0 as this is a precursor to instability (dM/dρc < 0) with ρc the central
energy density.

The equation of state: Effective nuclear and quark matter model

At high densities exotic particles such as hyperons are expected to appear. Hy-
perons are baryons containing at least one strange quark. These particles are
generated in processes that produce strangeness, for example

n+ n→ n+ Λ0 +K0,

where n (udd) is the neutron, Λ0 (uds) the Lambda hyperon, and K0 (ds̄) the
strange meson. The strange meson decays through various processes into photons
and neutrinos that subsequently leak out of the star [67]. Therefore, the reverse
process is reduced and a net amount of strangeness survives inside the dense core.
Note that quark flavors apart from up, down and strange, such as charm, bottom
and top have a too high mass (m > 1 GeV) to be present in neutron stars.

The particles that will be included in our model for the equation of state are
shown in Table 1.1. We use an effective nuclear model to describe the interactions
between all baryons, which are mediated by three types of effective meson fields
[62, 64, 67]. The effect of these interactions on the baryons is obtained in the
mean-field approximation. To describe a possible deconfined quark-matter phase,
the bag model is used with B = 230 Mev/fm−3. This is achieved by adding the
effect of the (non-interacting) quark gas and the confining bag constant to the total
energy density and pressure. Since the whole star is considered to be in equilibrium
and charge neutral, this imposes additional constraints on the chemical potentials
of the particles. The resulting equation of state within this model is shown in
Fig. 1.10a.

Using this equation of state the Tolman-Openheimer-Volkoff equations are
solved. The particle densities as a function of baryon density are shown in Fig. 1.10b
and the particle composition of the maximum mass neutron star of the model
with M = 1.48 M� and R = 9.81 km is shown in Fig. 1.10c. We see that with
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increasing density more exotic particles enter the system and at the scale set by
the bag constant the quarks become deconfined. Note also that at the densities
in our maximum mass star no pure quark phase is reached, however, at the core
densities a mixed phase of hadronic and quark matter exists.

As a consequence of charge neutrality, there is about an equal amount of down
and strange quarks with charge −e/3 and a lesser amount of up quarks, which
have charge +2e/3. The quarks are thus naturally imbalanced and this suggests
that pairing between down and strange quarks occurs, while the up quarks remain
unpaired. Therefore, at these densities the down and strange quarks are presum-
ably in the 2SC or g2SC (Sarma) phase, while the up quarks form a Fermi liquid.
As a prelude to a better understanding of the onset of superconductivity of the
down and strange quarks and the normal (Fermi-liquid) phase of the up quarks,
relativistic Landau Fermi-liquid theory will be applied to imbalanced quark matter
in the next chapter.

Observational constraints

Before we turn to the application of Fermi-liquid theory to quark matter, we briefly
mention how observations of neutron stars can distinguish between the different
equations of state and matter phases. The most straightforward way to constrain
the equation of state is using the relation between the mass and the radius of a star.
By finding a well-determined maximum mass of a neutron star softer equations of
state, i.e., lower pressures for a certain density, are disfavored. Typically equations
of state with exotic matter are softer than that of only nuclear matter, since there
are more degrees of freedom which gives rise to lower Fermi pressures. Arguably
the most well-determined maximum mass was recently obtained using the beautiful
physics of an eclipsing binary system, giving 1.97 ± 0.04 M� [68]. This has put
considerable strain on soft equations of state.

Moreover, different phases of matter such as superfluidity of the neutrons,
protons and quarks give rise to suppression of neutrino emission. This is a conse-
quence of the energy gap in the single-particle dispersions, as was shown in Fig. 1.5,
which suppresses these processes exponentially as exp (−∆/kBT ). For example,
the cooling of neutron star Cassiopeia A has led to the conclusion that both the
neutrons and protons are most likely in a superfluid and superconducting state,
respectively [17, 18].

Some neutron stars are also seen to have strange rotational behavior in which
its rotation suddenly speeds up. These speed-up processes are called glitches.
It has been proposed that the mechanism for these glitches is the depinning of
vortices in the superfluid state of the neutrons (or quarks) [66, 69]. These vortices
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form a lattice and carry angular momentum similar to those in Fig. 1.2. The
magnetic field can play a subtle role in such vortex lattices, similar to the pinning
of the superconductor in Fig. 1.3.

Many more phenomena have been proposed to affect neutron stars [19, 66, 69–
71], however, they are beyond the scope of this thesis. Nevertheless, the cross-
pollination of the fields of condensed matter, astro, nuclear and high-energy physics
gives rise to an understanding of some of the most interesting and complex phe-
nomena in our universe.
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Figure 1.10: (a) The equation of state of the model without quarks
and hyperons (nuclear EoS), with hyperons (hadronic EoS) and
with both hyperons and quarks (mixed EoS). The dots in the inset
indicate the central densities and pressures of the corresponding
maximum mass stars. (b) The particle densities ni/nB versus
baryon density nB . (c) The particle baryon densities inside the
maximum mass neutron star. Note that the quarks have baryon
number 1/3.

Baryons m/MeV
p (uud) 938.27
n (udd) 939.57
Λ0 (uds) 1115.7
Σ+ (uus) 1189.4
Σ0 (uds) 1192.6
Σ− (dds) 1197.4

∆++ (uuu) 1232
∆+ (uud) 1232
∆0 (udd) 1232
∆− (ddd) 1232
Ξ0 (uss) 1315
Ξ− (dss) 1322
Ω− (sss) 1672
Leptons m/MeV
e− 0.511
µ− 105.7

Quarks m/MeV
u 2.4
d 4.9
s 105

Table 1.1: Particles used
in the neutron star model,
where m is the particle mass.
[60, 64]



Chapter 2

Fermi-liquid theory
of

imbalanced quark matter

Abstract — The temperature dependence of the thermodynamic potential of
quantum chromodynamics (QCD), the specific heat, and the quark effective
mass are calculated for imbalanced quark matter in the limit of a large number
of quark flavors (large-NF ), which corresponds to the random phase approxi-
mation.6 Also a generalization of the relativistic Landau effective-mass relation
in the imbalanced case is given, which is then applied to this thermodynamic
potential.

2.1 Introduction
Landau Fermi-liquid theory has seen considerable success in describing a wide
variety of fermionic many-particle systems, such as liquid Helium-3, electrons in
metals, nuclei and nuclear matter [73–76]. It gives an effective description of the
low-lying elementary excitations (quasiparticles) at low temperatures, i.e., at a
temperature T such that the system can be considered degenerate (T � µ, where
µ denotes the chemical potential) but still in the normal phase above any symmetry
breaking phase transition (T � Tc), for example, to a magnetic or superconducting
phase. Nevertheless, the theory is not only important for the description of the
above “normal” (Fermi-liquid) phase, but is also vital to correctly describe the
emergence of a possible ordered phase [77]. Indeed, according to the Bardeen-
Cooper-Schrieffer (BCS) theory the onset of superconductivity is to be viewed as
an instability of the Fermi liquid under an attractive interaction, which results in
6This section is based directly on article [72].
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the formation of Cooper pairs [78]. The same is true for magnetism in the case of
repulsive interactions.

In particular, BCS theory implies that the high-density and low-temperature
region of the phase diagram of quantum chromodynamics (QCD) contains a color
superconducting phase of quarks [19, 21]. In fact, since quarks carry color, flavor
and spin quantum numbers, many distinct superconducting phases are possible
and are characterized by the various symmetries of the Cooper-pair wavefunction.
These phases of cold and dense QCD might occur in the core of neutron stars
where matter is compressed to several times the nuclear density ρ0 ' 0.16 fm−3.
The presence of such a superconducting phase is expected to have observable
consequences on the cooling and magnetic fields of neutron stars [66, 69, 79].

Strictly speaking, Landau Fermi-liquid theory is valid in the normal phase,
where the low-temperature properties of the system can be described in terms of
a gas of weakly interacting, but possibly strongly renormalized, fermionic quasi-
particles. Nevertheless, it is well known from superfluid Helium-3 that knowledge
of the details of these quasiparticles is necessary to correctly describe the onset of
superfluidity [80]. In color superconductivity, which is of interest to us here, we
expect that the critical temperatures of the various color superconducting phases
will also be affected by Fermi-liquid effects, which will modify the competition
between these phases. A particularly interesting phase in this respect is the so-
called 2SC phase in which only two flavors of quarks are paired, while the unpaired
quarks of the third flavor remain a Fermi liquid. This phase further illustrates the
importance of understanding the quark-gluon plasma, i.e., the normal phase of
quarks.

Fortunately, due to asymptotic freedom, the coupling constant g of QCD be-
comes small at large chemical potential µ, such that a systematic study of the
high-density and low-temperature region of the QCD phase diagram is possible
using perturbation theory. At high densities the dominant interaction between
quarks is that of one-gluon exchange, where the long-range behavior of the gluons
is screened due to the quark-gluon plasma. While the electric gluons (longitudinal)
are screened by a Debye mass mg ∼ gµ, the magnetic (transverse) gluons are only
dynamically screened [61, 81]. This residual long-range behavior of the magnetic
gluons dominates the low-temperature behavior of the system. Examples of the
effects of magnetic gluons can be seen in the non-standard scaling of the critical
temperature of the superconducting phase Tc ∼ µg−5 exp

(
−3π2/g

)
[82–84], which

depends exponentially only on 1/g instead of showing the expected 1/g2 behavior,
or of the life-time of elementary excitations of (grand-canonical) energy E near
the Fermi surface τ(E) ∼ |E|−1 [85–88] that signal a (marginal) non-Fermi-liquid
behavior at zero temperature.
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In the context of a possible deconfined phase of quarks inside neutron stars, the
Fermi system is expected to be imbalanced due to the different chemical potentials
of the various quarks. This deconfined phase may contain u, d, and s quarks
with different densities as a consequence of their different masses and charges. In
cold atomic physics, an analogous population imbalance has been realized exper-
imentally between two spin states [47, 48], which resulted in frustration of the
pairing between particles. This will cause very different behavior from the normal
BCS case and is currently a very hot topic in a wide variety of fields [20, 89].
In particular, the imbalance between different flavors of quarks is expected to
significantly alter the properties of the QCD phase diagram, such as the 2SC phase
mentioned above or the color-flavor locked phase where all the colors and flavors
are paired [19]. In the present section, we therefore generalize the quasiparticle
properties based on Fermi-liquid theory to an imbalanced system.

To do so, the effect of the dressed gluons on the thermodynamic potential,
specific heat and effective mass of the quasiparticles is determined at low tem-
peratures. The thermodynamic potential will be calculated for a two-flavor quark
system in the limit of a large number of quark flavors (large-NF ). This approxi-
mation corresponds to the random phase approximation (RPA), which has been
quite successful in condensed-matter systems such as the interacting electron gas
in metals [90]. Using the framework of Landau Fermi-liquid theory for relativistic
systems, derived in section 2.2, the effective mass of the quasiparticles can be
determined from the thermodynamic potential by considering the specific heat.
The result and its implications on the applicability of Fermi-liquid theory is dis-
cussed. As we will show, the logarithmic dependence of the temperature, which is
due to the transverse gluons, shows the breakdown of Fermi-liquid theory at low
temperatures. Furthermore, even though within our approximations there is no
interaction between the different flavors of quarks in the limit of weak coupling,
the RPA correction still presents some mixing between the different flavors, which
stems from the long-wavelength screening of the longitudinal gluons. Above and
throughout this section natural units are used, i.e., units such that ~ = c = kB = 1.
Other conventions and technical details of the calculation can be found in the
Appendices.

2.2 Landau Fermi-liquid theory

To describe the normal state of the quark-gluon plasma at nonzero temperatures,
which is a strongly interacting gas of quarks, Landau Fermi-liquid theory can
be used. This theory takes as a starting point the non-interacting Fermi gas and
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switches on the interaction adiabatically. As long as the temperature of the system
is much higher than the critical temperature Tc for superconductivity, no bound
states (Cooper pairs) will form and each state of the non-interacting Fermi gas is
transformed into a state of the interacting gas. Therefore, the excitations of such a
Fermi liquid remain of a fermionic nature. For simplicity, Fermi-liquid theory will
be introduced here for a system at zero temperature even though the quark-gluon
plasma is formally a marginal Fermi liquid in that case. However, the introduced
concepts turn out to be valid for nonzero temperatures much lower than the Fermi
temperature TF , which is expected to be around 1013 K for quarks in the core of
neutron stars.

The basis of Landau Fermi-liquid theory is to consider the effect of a small
change of the ground-state Fermi distribution on the thermodynamic potential
density, which can be written as

δΩ =−
∑
σ

nσδµσ + 1
V

∑
k,σ

(εσ(k)− µσ)δNσ(k)

+ 1
2V 2

∑
k,σ;k′,σ′

fσσ′(k,k′)δNσ(k)δNσ′(k′). (2.1)

Here δNσ(k) is a small change in the ground-state momentum distribution of
species σ, nσ is the particle density, εσ(k) is the energy of a quasiparticle that
for our purposes only depends on the magnitude of the vector k, and µσ is the
chemical potential. In the case of electrons the index σ specifies the spin of the
electron, while for the case of quarks it specifies the spin, color and flavor of
the quark. Hence, the quasiparticle energy and the effective interaction between
quasiparticles are defined as

εσ(k)− µσ ≡
δΩ

δNσ(k) ,

fσσ′(k,k′) ≡
δΩ

δNσ(k)δNσ′(k′)
.

An important quantity in Fermi-liquid theory is the effective mass m∗σ of a
quasiparticle of species σ near its Fermi surface. It is defined in terms of the group
velocity v∗σ evaluated at the Fermi momentum kσ

m∗σ ≡
kσ
v∗σ
≡ kσ

[
∂εσ(k)
∂k

]−1

k=kσ
, (2.2)

such that upon linearizing the quasiparticle energy around the Fermi surface we
obtain

εσ(k) ' µσ + kσ
m∗σ

(k − kσ), (2.3)
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Figure 2.1: A Galilean transformation (dotted curve) and Lorentz boost (dashed curve) of a
Fermi sphere (solid curve). The boosts have been scaled in order to compare the shapes of
the Fermi sphere after the transformation. The volume of the Fermi sphere, i.e., the density
of the gas, becomes larger due to the Lorentz contraction.

with µσ = εσ(kσ) as the Fermi energy of species σ. In the non-interacting limit,
the effective mass reduces to m∗σ = mσ and m∗σ = εσ0(kσ) =

√
k2
σ +m2

σ for non-
relativistic and relativistic dispersions, respectively.

Using the fact that the pressure is an invariant under Galilean or Lorentz
transformations (see Appendix. A.2.1), of which the effect can be written as a
change in the distribution as shown in Fig. 2.1, Eq. (2.1) should give zero for this
particular choice of δNσ(k) and hence relate εσ(k) to fσσ′(k,k′). In other words,
by performing an infinitesimal Galilean or Lorentz transformation on the Fermi
sphere, the effective mass can be related to the effective interaction at the Fermi
surface [73, 91].

To this end, consider an infinitesimal change in the Fermi surface from kσ to
kσ + δkσ(k̂)

δNσ(k) =


1 kσ ≤ k ≤ kσ + δkσ(k̂) δkσ > 0,
−1 kσ + δkσ(k̂) ≤ k ≤ kσ δkσ < 0,
0 otherwise,

where the change in the Fermi surface solely depends on the direction in mo-
mentum space denoted by k̂. The corresponding change in the thermodynamic
potential density can be written as

δΩ =
∑
σ

∫ dk̂
(2π)3

kσ+δkσ∫
kσ

dkk2[εσ(k)− µσ]

+1
2
∑
σ,σ′

x dk̂
(2π)3

dk̂′

(2π)3

kσ+δkσ∫
kσ

dkk2

kσ′+δkσ′∫
kσ′

dk′k′2fσσ′(k,k′)−
∑
σ

nσδµσ
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=
∑
σ

k3
σ

4π2m∗σ

∫ dk̂
4π δk

2
σ(k̂)

+
∑
σ,σ′

k2
σk

2
σ′

2(2π2)2

x dk̂
4π

dk̂′

4π fσσ
′(kσ, kσ′ , θ)δkσ(k̂)δkσ′(k̂′)−

∑
σ

nσδµσ. (2.4)

In the second line the integrals were expanded to second order in δkσ(k̂), and
fσσ′(kσ, kσ′ , θ) was defined as the effective interaction at the Fermi surfaces be-
tween two species, with θ the angle between the directions of k and k′. Next
we expand δkσ in terms of spherical harmonics and fσσ′ in terms of Legendre
polynomials as

δkσ(k̂) =
∑
l,m

δklmσ Ylm(k̂),

fσσ′(kσ, kσ′ , θ) =
∑
l

fl,σσ′(kσ, kσ′)Pl(cos θ).

For an imbalanced system, the difference in density nσ results in a difference
in µσ, which can cause m∗σ to be different from each other even if their non-
interacting bare masses mσ are the same. For each species, the particle density
obeys nσ = k3

σ/6π2. Inserting these expansions and using the orthogonality of the
spherical harmonics, Eq. (2.4) becomes

δΩ =−
∑
σ

nσδµσ +
∑
l,m,σ

3nσ|δklmσ |2

2m∗σ

+
∑

l,m,σ,σ′

fl,σσ′(kσ, kσ′)k2
σk

2
σ′δk

lm
σ (δklmσ′ )∗

8π4(2l + 1) . (2.5)

In the balanced case, all Fermi momenta are the same, kσ = kF , δklmσ = δklmF ,
then Eq. (2.5) reduces to

δΩ = −nδµ+
∑
l,m

3n
2m∗ |δk

lm
F |2

[
1 + Fl

2l + 1

]
, (2.6)

where the intensive quantities m∗, µ, kF and Fl are the same for all species, and n
is the total density, i.e., the density summed over all species. The (dimensionless)
Landau Fermi-liquid parameters Fl are defined as

Fl =
∑
σ′

k2
F fl,σσ′(kF )

2π2

[
∂ε(k)
∂k

]−1

kF

=
∑
σ′

kFm
∗fl,σσ′(kF )
2π2 . (2.7)
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Note that Fl is species independent, but the inter-species and intra-species inter-
actions can be different, so the subscript σ is shown explicitly in fl,σσ′ but not in
Fl. From the above it is possible to derive the equation for the effective mass, as
we first show for the simpler balanced case.

Consider a change in the distribution due to a Lorentz transformation as shown
in Fig. 2.1. The shape of the Fermi sphere is determined from the equation
µ = −kµuµ, where kµ = (ε(k),k) is the four-momentum, uµ = (γ, γv) is the
four-velocity of the Fermi sphere with the Lorentz factor γ = 1/

√
1− v2. The

minus sign in the previous expression and in uµuµ = −1 are a consequence of our
choice of the metric ηµν = diag(−1, 1, 1, 1). In the rest frame, where uµ = (1,0),
the above reduces to the condition ε(kF ) = µ. Similarly, the shape of the Fermi
surface can be determined from the Lorentz transformation of the momentum to
a frame moving with velocity −v,

k→ k− v̂(v̂ · k)(1− γ) + ε(k)vγ,

which for an infinitesimal Lorentz transformation reduces to k→ k+ ε(k)v and in
the non-relativistic limit to k→ k +mv. Note that the deformation of the Fermi
sphere due to the Lorentz contraction shows up only in higher-order terms of v.

First, consider the non-relativistic case in which an infinitesimal Galilean trans-
formation shifts all momenta from k to k + mv. This results in a change of
the Fermi surface according to δkF = mk̂ · v = mvY10(cos θ)/

√
3, such that

δklmF = δl1δm0mv/
√

3. Furthermore, the total energy of the system transforms
as E → E + 1

2Mv2, where M is the total mass of the system, which induces a
change in the chemical potential µ = ∂E/∂N → µ + 1

2mv
2. Inserting this into

Eq. (2.6) gives the well-known Landau effective-mass relation in the balanced case
[73–76]

m∗ = m

(
1 + 1

3F1

)
. (2.8)

Secondly, for a relativistic system the momenta are shifted by k → k + ε(k)v
such that δklmF = δl1δm0µv/

√
3. Since the total energy of the system transforms

as E → γE ' E + 1
2Ev

2, the change in the chemical potential is δµ = 1
2µv

2.
Inserting these into Eq. (2.6) gives the relativistic Landau effective-mass relation
[91]

m∗ = µ

(
1 + 1

3F1

)
. (2.9)

Note that in the right-hand side F1 also depends on µ, because the Fermi momen-
tum kF is a, in general complicated, function of µ.

Now for the more general imbalanced case. Since the Lorentz transformation
is applied uniformly to each species, according to the symmetry of the formula,
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we can expect that the contribution from each species in Eq. (2.5) should vanish,
namely,

nσµ
2
σv

2

2m∗σ
+
∑
σ′

f1,σσ′(kσ, kσ′)k2
σk

2
σ′µσµσ′v

2

72π4 − nσµσv
2

2 = 0.

Then we get the general expression for the effective mass,

m∗σ = µσ

[
1 +

∑
σ′

f1,σσ′(kσ, kσ′)Nσ′(0)
3

µσ′kσ′m
∗
σ

µσkσm∗σ′

]
, (2.10)

where Nσ(0) = m∗σkσ/2π2 is the density of states at the Fermi energy of species
σ. The arguments in f1 emphasize that, in the imbalanced case, the interaction
may depend not only on the angle between the momenta but also on the absolute
value of the Fermi momentum of each species. In fact, the same expression of m∗σ
can be obtained more strictly by considering the addition of a single particle to
the system and comparing the energy increase in two different frames.

We can introduce the average effective mass, which is of practical importance,
as m∗ =

∑
σm
∗
σ/N with N the total number of species. Correspondingly, the

average chemical potential is µ =
∑
σ µσ/N . In order to get a similar expression

as in Eq. (2.9), we introduce the relative weight of each species as xσ = µσ/Nµ

such that
∑
σ xσ = 1, and then generalize the Landau effective-mass relation with

average values as

m∗ = µ

[
1 + 1

3
∑
σσ′

f1,σσ′(kσ, kσ′)Nσ′(0)xσ
′kσ′m

∗
σ

kσm∗σ′

]
, (2.11)

where the double-sum term, which can be defined again as F1, plays the role of
the Landau parameter in the balanced case as in Eq. (2.9), therefore we obtain
now

F1 =
∑
σσ′

f1,σσ′(kσ, kσ′)Nσ′(0)xσ
′kσ′m

∗
σ

kσm∗σ′
,

which, obviously, reduces to Eq. (2.7) as the system becomes balanced.
In the following sections the effective mass will be derived from a microscopic

RPA calculation. In particular, in Sec. 2.5 it will be determined from the specific
heat. The specific heat (per volume) for low temperatures can be expressed in
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terms of the effective masses by

CV = 1
V

(
∂E

∂T

)
V,N

= 1
V

∑
k,σ

∂E

∂Nσ(k)
∂Nσ(k)
∂T


V,N

'
∑
σ

kσm
∗
σ

6 T =
∑
σ

π2

3 Nσ(0)T, (2.12)

where it was used that ∂(E/V )/∂Nσ(k) = ∂Ω/∂Nσ(k) + µσ ≡ εσ(k) and for the
temperature derivative the Sommerfeld expansion was used, c.f. Eq. (A.16). This
result is a trivial generalization of the single species or balanced case, since the
effective mass already contains the effect of interactions, such that the contribution
to the heat capacity of a single quasiparticle is additive.

2.3 Random-Phase Approximation
Our starting point is the partition function

Z =
∫
Dψ̄DψDAµDη̄Dη exp

(
−
∫

d4xLE
QCD

)
,

containing the Euclidean QCD Lagrangian density fixed in a linear gauge fµAaµ = 0,

LE
QCD =

∑
f

ψ̄f (γµDµ +mf − γ0µf )ψf + 1
4G

a
µνG

a
µν

+ η̄a(∂µfµδab + gfabcAcµfµ)ηb + 1
2ξ (fµAaµ)2,

where ψf is the quark field of flavor f (the color c and spin s degrees of freedom
are not shown explicitly) with mass mf and chemical potential µf , Aaµ are the
gluon fields, ηa are the ghost fields, g is the QCD coupling constant, ξ is a gauge
fixing parameter, fabc are the fine-structure constants of the color SU(3) group,
the covariant derivative Dµ = ∂µ−igtaAaµ and the antisymmetric gluon field tensor
Gaµν = ∂µA

a
ν − ∂νAaµ + gfabcAbµA

c
ν . For large densities, the fermionic degrees of

freedom become increasingly important, such that the large-NF limit could give
insight into the behavior of quarks at high densities. Therefore, consider the large-
NF limit with a fixed rescaled coupling g2 = g2NF ,

LE
QCD =

∑
f

ψ̄f

(
/∂ +mf − γ0µf − gN−

1
2

F iγµt
aAaµ

)
ψf

+ 1
2A

a
µ

(
∂µ∂ν − ∂2δµν −

1
ξ
fµfν

)
Aaν
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+ η̄a
(
∂µfµδ

ab + gN−
1
2

F fabcAcµfµ

)
ηb

+ 1
2gN−

1
2

F (∂µAaν − ∂νAaµ)fabcAbµAcν

+ 1
4g2N−1

F fabcfadeAbµA
c
νA

d
µA

e
ν ,

Integrating out the fermions and the ghosts gives

Leff
QCD =− Trc,f,s ln

[
−G−1

0f

(
1 + gN−

1
2

F G0f iγµt
aAaµ

)]
− Trc ln

(
∂µfµδ

ab + gN−
1
2

F fabcAcµfµ

)
+ 1

2A
a
µD
−1
0,µνδ

abAbν

+ 1
2gN−

1
2

F

(
∂µA

a
ν − ∂νAaµ

)
fabcAbµA

c
ν

+ 1
4g2N−1

F fabcfadeAbµA
c
νA

d
µA

e
ν ,

where the subscripts {c, f, s} explicitly indicate that the trace should also be taken
over color, flavor and spin space. When we expand the first line in NF , the first-
order contribution will vanish due to conservation of color, i.e., Trc[ta] = 0. Only
the second-order expansion in NF of the first line will give a contribution. Thus
expansion in powers of NF gives

Leff
QCD =− Trc,f,s ln(−G−1

0f )− Trc ln(∂µfµδab)

+ 1
2A

a
µ(D−1

0 +
∑
f

Πf )abµνAbν +O(N−
1
2

F ),

where we defined the polarization tensor Πab
f,µν from the contribution of the quark

with flavor f as

Πab
f,µν = −g2Trc,s(G0fγµt

aG0fγνt
b),

which is shown diagrammatically in Fig. 2.2. The polarization tensor Πab
f,µν is

diagonal in color space, as can be seen explicitly from Eq. (A.9). Upon integrating
out the gluons the thermodynamic potential density is

Ω(T, {µf}) =− V −1β−1 lnZ
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' 1
V β

{
−NCTrf,s ln(−G−1

0 ) +

+ NG
2 Tr

[
ln(D−1

0 )− 2 ln(∂µfµ)− ln 1
ξ

]

+NG
2 Tr ln

1 +D0
∑
f

Πf

 , (2.13)

where NC is the number of colors, NG = N2
C−1 is the number of gluons, and we use

the QCD values NC = 3 and NG = 8 in the following. The first two terms are the
ideal Fermi and Bose gas contributions to the thermodynamic potential density,
where the term Tr ln(∂µfµ) cancels the two unphysical degrees of freedom from
Tr ln(D−1

0 ). The last term is the RPA correction (ring sum) to the thermodynamic
potential density, as is shown in Fig 2.3. Since we are mainly interested in the
temperature dependence of Ω and the fact that the above definition contains (di-
vergent) zero-temperature contributions, the T = 0 expression will be subtracted,
i.e., we consider ∆Ω(T, {µf}) ≡ Ω(T, {µf})−Ω(0, {µf}). In Sec. 2.3.1 an example
is considered to check the expression for the Landau effective mass analytically and
in Sec. 2.5 the above thermodynamic potential density is calculated numerically
for the case of a two-flavor imbalanced quark system.

Πab
µν =

Figure 2.2: The polarization tensor Πab
µν to the first order.

ln −G−1
0 ln D

−1
0 ln [1+D0Π]

+ +Ω =

Figure 2.3: The thermodynamic potential in the large-NF or RPA approximation where the
double gluon line signifies the dressed gluon propagator.
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2.3.1 Fermi-liquid parameters in weak coupling
In the limit of weak coupling the interaction contribution to the thermodynamic
potential density is given solely by the exchange diagram

Ωint = NG
2V β

∑
f

Tr(D0Πf ).

Using the definition of the free gluon propagator in the Lorentz gauge, this can be
written as

Ωint = NG
2β

∑
f

∑
ωq

∫ d3q

(2π)3
Πf,µµ(iωq,q)
ω2
q + q2

= g2NG
4
∑
f

∑
s1,s2,s3=±1

∫ d3pd3q

(2π)6 F
f
s1,s2,s3

(p,q)

× [Ns2
f (q)Ns3

B (p− q)(1−Ns1
f (p))

−Ns1
f (p)(1−Ns2

f (q))(1 +Ns3
B (p− q))],

where the Fermi and Bose distributions are defined as

Ns
f (p) = 1

eβ[sε0f (p)−µf ] + 1
, Ns

B(p) = 1
eβ[sεg(p)] − 1

,

respectively, the explicit expression for Πf,µµ is shown in Eq. (A.11), the Mat-
subara sum over the bosonic frequencies ωq was performed, ε0f (p) =

√
p2 +m2

f

denotes the free quark dispersion while εg(p) = p is the free gluon dispersion, and
the function F was defined as

Ffs1,s2,s3
(p,q) = s3

ε0f (p)ε0f (q)εg(p− q)

× −ε0f (p)ε0f (q) + s1s2(p · q + 2m2)
s1ε0f (p)− s2ε0f (q)− s3εg(p− q) , (2.14)

which will soon be shown to play the role of the interaction between two quarks
(s1 = s2 = 1), two anti-quarks (s1 = s2 = −1) or a quark and an antiquark
(s1 = −s2 = 1 or s1 = −s2 = −1) mediated by the emission or absorption of a
gluon (depending on the sign of s3 relative to s1 and s2).

The quasiparticle energy and effective interaction can be obtained by varying
the thermodynamic potential with respect to the Fermi distribution. In the flavor-
imbalanced case, the distributions depend only on the flavor but not on the color
and spin indices. To distinguish between the different contributions for each
particle species it can be checked that the multiplication factor NG/4 could be
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written as
∑
c,c′,s,s′ t

a
cc′t

a
c′c/8, where s and s′ are just dummy indices denoting the

spin degrees of freedom, which are helpful to arrive at the following expressions.
Note that Ωint is independent of the spin index, and in fact the spin degrees of
freedom has already been summed over in the expression for F . Explicitly we find
for these quantities

εc,f,s(k)− µf ≡
δΩ

δN+
c,f,s(k)

= [ε0f (k)− µf ] (2.15)

−
∑
s′

g2

4
∑
c′

tacc′t
a
c′c

∑
s2,s3=±1

∫ d3q

(2π)3F
f
+,s2,s3

(k,q)×

×[(1 +Ns3
B (k− q)(1−Ns2

f (q)) +Ns3
B (k− q))Ns2

f (q)],

f{c,f,s};{c′,f ′,s′}(k,k′) ≡
δ2Ω

δN+
c,f,s(k)δN+

c′,f ′,s′(k′)

=g2

4 t
a
cc′t

a
c′cδff ′

∑
s3=±1

Ff+,+,s3
(k,k′), (2.16)

where
∑
c′ t

a
cc′t

a
c′c = NG

2NC and tacc′tac′c = 1/2−δcc′/2NC , according to the definitions
in Appendix A.1.1.

In the quasiparticle energy Eq. (2.15) the first term is the noninteracting
part, while the second term corresponds to the quark self-energy, as is shown
in Appendix A.7. The angular averaged interaction parameters are defined by
the coefficients of the Legendre polynomial expansions of the effective interaction
Eq. (2.16) evaluated on the Fermi sphere, by denoting cos θ = k̂ · k̂′,

fl;{c,f,s} =
∑
c′,f ′,s′

fl;{c,f,s};{c′,f ′,s′}

=2l + 1
2

∑
c′,f ′,s′

∫
dθ sin θf{c,f,s};{c′,f ′,s′}(k̂kf , k̂′kf ′)Pl(cos θ),

which gives for the zeroth and first interaction parameters

f0;f = g2NGNS
8NC

1
µ2

0f

[
1 +

λ2 + 2m2
f

4k2
f

ln
(

λ2

λ2 + 4k2
f

)]
,

f1;f = g2NGNS
8NC

3
µ2

0f

λ2 + 2m2
f

2k2
f

×

[
1 +

λ2 + 2k2
f

4k2
f

ln
(

λ2

λ2 + 4k2
f

)]
, (2.17)
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where NS = 2 is the number of spin degrees of freedom, and a regulatory gluon
mass λ was introduced, i.e., εgk =

√
k2 + λ2. We see that in this approximation the

interaction is color- and spin-independent. For the sake of simplicity, therefore,
we from now on omit the unnecessary color and spin indices, and use kf and µ0f
for the Fermi momentum and the non-interacting Fermi energy of the quark with
flavor f . The effective mass of the balanced case, Eq. (2.9), can be obtained from
the interaction parameters Eq. (2.17), and Eq. (2.7), by expanding to the first
order in the coupling constant

m∗ = µ+
∑
σ′

µ

3
kFm

∗

2π2 f1,σσ′ = µ+ kFµ
2
0

6π2 f1 +O(g4), (2.18)

where it was used that µ = µ0 + O(g2) as follows from Eq. (2.15). For the
imbalanced case, a similar result can be obtained for each species according to
Eq. (2.10),

m∗f = µf + µff1;f (kf )Nf (0)
3 ≈ µf +

kfµ
2
0f

6π2 f1;f (kf ), (2.19)

where the Kronecker delta δff ′ in the interaction simplifies the expression consid-
erably, such that we obtain the similar expression as in Eq. (2.18).

As a special case, we can use the above results to discuss a two-flavor im-
balanced system, where the average effective mass and chemical potential can be
defined as m∗ = (m∗+ + m∗−)/2 and µ = (µ+ + µ−)/2 with the subscripts +
and − for the majority and minority flavors, respectively. The imbalance can be
quantified as h = (µ+ − µ−)/(µ+ + µ−). For small imbalance, the factors k±f1;±
can be expanded in h with respect to the value in the balanced case, namely
k±f1;±(k±) ≈ kF f1(kF )(1±∆1±h+ ∆2±h

2). Note that, the linear coefficients of
the expansion can, in general, be different for each flavor. We obtain the expression
of m∗ for small h

m∗ =µ+ kFµ
2f1(kF )
12π2 [2 + (∆1+ −∆1−)h

+ (2 + 2∆1+ + 2∆1− + ∆2+ + ∆2−)h2 +O(h3)],

where the h2 term is kept since the linear term may vanish for the symmetric case,
namely ∆1+ = ∆1−, and we have replaced µ0 with µ because the difference is in
higher order of g. Compared with Eq. (2.11), the effective Landau parameter for
the average effective mass is

F1 =kFµf1(kF )
4π2 [2 + (∆1+ −∆1−)h

+ (2 + 2∆1+ + 2∆1− + ∆2+ + ∆2−)h2 +O(h3)].
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Similarly, we can obtain the effective mass difference ∆m∗ = (m∗+ −m∗−)/2 as a
function of h

∆m∗ =µh+ kFµ
2f1(kF )
12π2 [(4 + ∆1+ + ∆1−)h

+ (2∆1+ − 2∆1− + ∆2+ −∆2−)h2 +O(h3)].

It is quite natural to find ∆m∗ ∝ h in the leading order.
The consistency of the above results will now be verified to the lowest order

in the coupling constant using the quark self-energy. Starting from the dispersion
and self-energy of Eq. (2.15), the effective mass in Eq. (2.18) or Eq. (2.19) can also
be derived in a different manner. The quasiparticle pole of the quark propagator
is

εf (p) ≡ ε0f (p) + Σ+
c,f,s(ε0f (p)− µ,p),

where Σ+ is the renormalized positive-energy projected self-energy. The effective
mass corresponding to this pole is most easily defined from the Fermi velocity of
the quasiparticle

m∗f
µf
≡ kf
v∗f εf

= kf

[
1

εf (p)

(
∂εf (p)
∂p

)−1
]
p=kf

.

Inserting the definition of the quasiparticle pole into the above gives,
using ∂ε0f (p)/∂p = p/ε0f (p),

m∗f =µfkf
[
ε0f (p)∂ε0f (p)

∂p

+
∂ε0f (p)Σ+

c,f,s(ε0f (p)− µf ,p)
∂p

]−1

p=kf

+O(g4)

=µf −
[
∂ε0f (p)Σ+

c,f,s(ε0f (p)− µf ,p)
∂ε0f (p)

]
p=kf

+O(g4). (2.20)

Using that the explicit form of the self-energy in the zero-temperature limit can
be written as (c.f. Eq. (A.21))

Σ+
c,f,s(ε0f (p)− µf ,p) =

∑
c′,f ′,s′

∫ d3q

(2π)3 f{c,f,s};{c′,f ′,s′}(p,q)N+
f ′(q),
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and the relation Eq. (A.3) between the vector derivatives of the effective interac-
tion, the derivative in Eq. (2.20) can be rewritten as[

∂p

∂ε0f (p)
∂ε0f (p)Σ+

c,f,s(ε0f (p)− µf ,p)
∂p

]
p=kf

=µ0f

kf

 ∑
c′,f ′,s′

∫ d3q

(2π)3 p̂ ·
∂ε0f (p)f{c,f,s};{c′,f ′,s′}(p,q)

∂p N+
f ′(q)


p=kf

=− µ0f

kf

∫ dq
2π2 q

2ε0f (q)δ(q − kf )1
3

3
∫ dq̂

4π p̂ · q̂
∑
c′,f ′,s′

f{c,f,s};{c′,f ′,s′}(p,q)


p=kf

=−
kfµ

2
0f

2π2
f1;{c,f,s}(kf )

3 ,

where partial integration was used and δff ′∂qN
+
f ′(q) = −δff ′ q̂δ(q − kf ) at zero

temperature. Therefore Eq. (2.20) is identical to Eq. (2.19), which shows that
the phenomenological Landau argument is indeed consistent with the microscopic
diagrammatic calculation.

2.4 Dressed gluon propagator

Before we start the calculation of the temperature dependence of the large-NF
thermodynamic potential, it is useful to examine the dressed gluon propagator,
which is a crucial ingredient of the RPA theory. The most physical gauge to study
the propagator is the Coulomb gauge, since its form results from considering linear
response [61, 81]. This is also by far the most used gauge in condensed-matter
theory. In this gauge the gluon propagator is [61]

Dµν(Q) =
PTµν

Q2 +G(Q) + Q2

q2
δµ0δν0

Q2 + F (Q) + ξQ2

q4
QµQν
Q2

≡DT (Q)PTµν −DL(Q)δµ0δν0 + ξQ2

q4
QµQν
Q2 ,

where PTµν is the three-dimensional transverse projector defined in Appendix A.1.2,
F and G are related to the longitudinal and transverse projections of Πµν including
the contributions of various species as well as the vacuum. More details can be
found in Appendix A.5.
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Consider the spectral functions of the transverse and longitudinal propagator,
which are defined by

ρT,L(ω,q) ≡ 1
π
=
[
DT,L(ω + i0,q)

]
.

In general the spectral function depends on the gauge, however, the positions of the
poles are gauge independent, and the Coulomb gauge has the additional property
ρT,L(ω,q) > 0 for ω > 0 as required of a physical spectral function. For the
balanced case, the spectral functions are shown in Fig. 2.4 for several values of µ
and in Fig. 2.5 for several values of T . The latter includes a small-T correction to F
and G, see Eq. (A.17) 7. The transverse and longitudinal plasmon modes and the
large contribution due to the decay of the gluon into the particle-hole continuum
(0 < ω < q) are clearly visible. Note that massless quarks are used in the limit
of high density, c.f. Appendix A.5. However, a small but finite quark mass is
necessary to renormalize the real part of the polarization tensor of the vacuum, as
shown in Eq. (A.15). Since the vacuum contribution plays no significant role in the
following calculation, we simply take this nonzero quark mass m in the vacuum
term the same for different flavors.

For the two-flavor imbalanced case, it is clear from Eq. (2.13) that in the
leading-order correction each flavor contributes separately to the polarization ten-
sor. Because of the above setting, there is no mass imbalance in the present
system, therefore it is enough to consider only positive h due to the symmetry.
Following the notation in Sec. 2.3.1, all the above results can be easily generalized
to such an imbalanced system by using µ(1 + h) to replace µ+, and µ(1 − h) for
µ−. As h→ 0, the system reduces to the balanced case. Now the low temperature
condition requires T � µ(1 ± h), such that h can not be too close to 1, namely
the extremely imbalanced case. The spectral function for a two-flavor imbalanced
system is shown for various h in Fig. 2.6. Comparing with Fig. 2.5, we see that
increasing h has a similar effect as increasing T .

7Due to the inclusion of a small T -correction the spectral functions will no longer satisfy ρT,L > 0.
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Figure 2.4: The spectral function of the transverse (left) and longitudinal (right) gluon
propagators as a function of frequency ω for several values of µ in the balanced case.
Shown here for T = 0, m = 1, q = 20, g = 1/2, NF = 2 and for different curves
µ = 1, 20, 50, 100, 200, 300 from red to purple.
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Figure 2.5: The spectral functions of the transverse (left) and longitudinal (right) gluons as
functions of ω for various T in the balanced case, with µ = 200, m = 1, q = 20, g = 1/2,
NF = 2 and for different curves T = 1, 40, 80, 120, 160, 200 from red to purple. (Note: In
principle, T should be much smaller than µ.)
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Figure 2.6: The spectral functions of the transverse (left) and longitudinal (right) gluons
as functions of ω for various h, with T = 0, m = 0.001, q = 0.1, µ = 1, g = 1/2 and for
different curves h = 0, 0.2, 0.4, 0.6, 0.8 from red to blue.
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Figure 2.7: The solutions of Eq. (2.21) at T = h = 0, with the dot-dashed curve for ξT ,
the dashed curve for ξL2 , and dotted curve for ξL1 . The solid line is a guide to the eye and
corresponds to the dispersion of undressed gluons, ω = q.

The dispersion relations of the modes can be found by solving

<
[
D−1
T,L(ω, q)

]
= 0. (2.21)

In the transverse case there is a single solution ξT (q) > q, however, in the lon-
gitudinal case there are two solutions ξL1 (q) < q < ξL2 (q), as shown in Fig. 2.7.
Note that ξL1 (q) is not a real propagating mode because the imaginary part in the
region 0 < ω < q is large due to particle-hole creation processes, as explained in
Appendix A.5. The two plasmon modes ξT (q) and ξL2 (q) approach the so-called
plasma frequency ωpl as q → 0. The plasma frequency of the transverse and
longitudinal mode can be found by expanding the inverse propagators for small q
and small ω, which in the zero-temperature limit gives for both cases

1− 2
3
m2
g

ω2

(
1− ω2

4µ2 ln ω2

4µ2

)
= 0,

whose solution for small coupling constant yields ωpl '
√

2/3mg [61]. Here mg is
the gluon thermal mass whose expression is obtained in the hard dense and hard
thermal loop approximation as shown in Eq. (A.18). In the limit q � mg ∼ gµ all
solutions reduce to ω = q, see Eq. (A.19).

Furthermore, for the limit ω, q � µ the vacuum becomes increasingly dominant
such that Eq. (2.21) has a zero at large Q called the Landau pole,
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Q2 = exp
(

5
3 + 24π2

g2NF

)
m2 ≡ Λ2

L [31], c.f. Eq. (A.19), which, however, plays no role
for our purpose as we are interested in the low-temperature behavior of the theory
that is hardly influenced by the high-energy behavior of the gluon propagator.
The dispersion relations for the case with nonzero T or h is similar but just with
a little higher mpl. In fact, as a generalization of Eq. (A.18), the thermal mass of
a two-flavor imbalanced quark system reads

m2
g = g2

4π2

[
µ2(1 + h)2 + µ2(1− h)2 + 2π2T 2

3

]
,

where h thus plays the same role as πT/
√

3µ.

2.5 The full large-NF thermodynamic potential
The full ideal-gas contribution to the thermodynamic potential density with the
zero-temperature contribution subtracted is (c.f. Appendix A.6)

∆Ω0 = −NC

NF 7π2T 4

180 +
∑
f

T 2µ2
f

6

−NG T 4

45π2 .

The first part is the contribution of an ideal massless Fermi gas, while the second
part is the Stefan-Boltzmann law of an ideal Bose gas. The RPA correction to Ω,
the last term in Eq. (2.13), can be written as

ΩRPA(T, {µf}) = NG
2V β

∑
ωn,q

Tr ln(1 +D0Π)

= NG
2V β

∑
ωn,q

ln Det
(

1 + FPL

Q2 + GPT

Q2

)

= NG
2V β

∑
ωn,q

ln
(

1 + F

Q2

)(
1 + G

Q2

)2
,

where the Lorentz gauge is used, while for the Coulomb gauge the second identity
is not valid but the last result is still the same, which is a consequence of the gauge
invariance of the thermodynamic potential density. Using contour deformations
to carry out the Matsubara sum, as shown in Appendix A.4, we obtain

ΩRPA(T, {µf}) = NG
2π

∫ d3qdω
(2π)3 [2NB(ω) + 1]{=[ln F̃ (ω+,q)] + 2=[ln G̃(ω+,q)]},
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where F̃ (ω+,q) = 1 + F (ω+,q)/(−ω2
+ + q2), and similar for G̃ by replacing F

with G. The temperature dependence can be obtained by subtracting the zero-
temperature contribution. Since F and G contain corrections of order T 2, the
leading-order correction in ∆ΩRPA comes from two parts,

∆ΩRPA(T, {µf}) = NG
2π3

∫
dqdωq2

[
NB(ω)(

arctan =(F̃ 0)
<(F̃ 0)

+ πΘ[−<(F̃ 0)]sgn[=(F̃ )0]

+2 arctan =(G̃0)
<(G̃0)

+ 2πΘ[−<(G̃0)]sgn[=(G̃0)]
)

1
2 [=(ln F̃T )−=(ln F̃ 0) + 2=(ln G̃T )− 2=(ln G̃0)]

]
,

where the superscript T or 0 means the corresponding terms are taken at nonzero
T or T = 0. We will refer to the first part as the NB term and the second as
the non-NB term. The leading correction from the non-NB term can be shown
to be proportional to T 2 and is not of great interest in our study, since we will
concentrate on the anomalous and dominant T dependence, which is a consequence
of the NB term. In the NB term, the arctangent terms can be interpreted as
contributions due to production and decay of thermal gluons, because of their
dependence on the imaginary part of the gluon self-energies F and G, while the
theta function terms are interpreted as a correction to the ideal gas law due to
thermal plasmon modes.

The frequency integral over the theta function can be performed explicitly. In
both the transverse and longitudinal case the sign of the imaginary part is positive
when the real part is negative, such that after the frequency integration the result
of the integral is proportional to

T 4
∫ ∞

0
x2 ln 1− e−βξ2(β−1x)

1− e−βξ1(β−1x) dx,

where x = q/T and ξ1 < ω < ξ2 signifies the region where <F,G < 0. In the
limit of low temperature this integral will go to a constant. The theta-function
contribution can thus be neglected since it is of higher order in the temperature
than is of interest to us here.

Next we perform the integrals over the arctangents, whose structure at
T = h = 0 is shown in Fig. 2.8. Note that, for the study of the leading-order T
corrections, it is not necessary to include the T 2 term in F and G since the integral
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Figure 2.8: The structure of arctan(=F /<F ) (upper panel) and arctan(=G/<G) (lower
panel) with T = 0, m = 0.001µ, h = 0, g = 1/2, and for different curves, q/µ = 0.8 (red),
1.6 (green), and 2.4 (blue), respectively. The contribution for max(0, q − 2µ) < ω < q

is solely due to particle-hole contributions, while the contribution q < ω < ∞ is due to
particle-antiparticle processes (a combination of finite density and vacuum processes). The
discontinuities at ω = q correspond to the plasmon modes shown in Fig. 2.7. The constant
tails are due to the vacuum contribution, which, however, will not cause divergence because
of the Bose distribution function NB(ω).

with NB(ω) at low T is already in the order of T 2. The dominant contribution
for small temperatures (T � µ) comes from the frequency integration over the
domain ω ∈ [0, q] for the case q < 2µ, which is due to particle-hole creation. For
the two-flavor balanced case (NF = 2, h = 0), it was found numerically that the
integral in the limit of small temperatures is

g2µ2T 2

π2 (cL1 − cL2 ln g2)

for the electric (longitudinal) gluons and

2g
2µ2T 2

π2

(
−cT1 + cT2 ln g

2T

µ

)
for the magnetic (transverse) gluons, with cL1 ' 0.48, cL2 ' 0.16, cT1 ' 0.42,
and cT2 ' 0.056. These results are quite close to the analytic results for the
leading-order correction terms at small g and T obtained in Ref. [92], where
cL1 = [ln(4π2)− 1]/6 ≈ 0.4460, cT1 = [γE − 6ζ ′(2)/π2 + 3/2 + ln(32π)]/18 ≈ 0.4032,
cL2 = 1/6 ≈ 0.1667, and cT2 = 1/18 ≈ 0.05556.

For the imbalanced case, the above result for the transverse gluons can be
generalized to

1
2
∑
s=±1

2g
2µ2(1 + sh)2T 2

π2

[
−cT1 + cT2 ln g2T

µ(1 + sh)

]
, (2.22)
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where the contributions from both flavors with chemical potentials µ(1 ± h) are
additive. The longitudinal part needs some further discussion. Since the static
long-wavelength longitudinal modes are screened (c.f. Appendix A.5), the two
chemical potentials contributing to <F can not be separated even in the lowest-
order term. This is different from the result obtained in weak coupling, as shown
in Eq. (2.16), where no interaction between the two flavors is involved. Therefore
it is not surprising to find that a simple generalization of the balanced case, as∑
s=±1 g

2µ2(1 + sh)2T 2(cL1 − cL2 ln g2)/2π2, does not fit well with the numerical
results. To obtain a reasonable ansatz for the longitudinal part, we integrate the
corresponding arctangent term of the imbalanced case in the low temperature limit
up to O(g2) to obtain

1
2
∑
s=±1

g2µ2(1 + sh)2T 2

π2

[
1
6 ln 4π2(1 + sh)2

g2(1 + h2) −
1
6

]
, (2.23)

where we see that the factor (1+h2) = 1
2
∑
s=±1(1+sh)2 is a mixture effect of the

two flavors. This expression fits the numerical results very well with an error of
only 3.5%. Furthermore, just based on the numerical data, we find another ansatz
which fits the results even better

1
2
∑
s=±1

g2µ2(1 + sh)2T 2

π2

(
cL1 − cL2 ln g2

1 + sh

)
, (2.24)

where the mixture effect is shown implicitly in the logarithm, since the denom-
inator becomes dimensionless by canceling with the average chemical potential
µ =

∑
s=±1 µ(1 + sh)/2 in the numerator.

The specific heat (per volume) at fixed volume and particle number is [93]

CV = T

(
∂S

∂T

)
V

= T

(
∂S

∂T

)
µf

−
∑
f

[(∂nf/∂T )µf ]2

(∂nf/∂µf )T
,

where the entropy density S = (∂Ω/∂T )V and particle number density
nf = −(∂Ω/∂µf )V . In the low-temperature limit the second term can be ne-
glected, therefore the specific heat can be obtained, using Eqs. (2.22) and (2.23),
as

CV − C0
V = −T

(
∂2∆Ω
∂T 2

)
µf

(2.25)

=− 1
2
∑
s=±1

2g2µ2(1 + sh)2T

π2

[
1
6 ln 4π2(1 + sh)2

g2(1 + h2)

−1
6 − 2cT1 + 3cT2 + 2cT2 ln g2T

µ(1 + sh)

]
,
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where the specific heat C0
V = −T (∂2∆Ω0/∂T

2)µf of an ideal gas has been sub-
tracted.

The effective mass and the first Landau parameter can be determined in the
high-density limit by comparing Eq. (2.12) and Eq. (2.25),

m∗± = µ± + g2µ(1± h)
π2

[
ln 4π2(1± h)2

g2(1 + h2) − 1

−12cT1 + 18cT2 + 12cT2 ln g2T

µ(1± h)

]
, (2.26)

where we used k± = µ± = µ(1 ± h) in the massless limit at high density. The
first term in the effective mass is due to the ideal-gas specific heat. However, as
pointed out before, the factor (1 + h2) shows the mixing of the two flavors, unlike
the weak-coupling results obtained in Sec. 2.3.1, e.g., Eq. (2.19). This is because,
with the RPA correction, we incorporate the sum of an infinite chain of gluon self-
energies, which incorporates interactions between different quark flavors. Since
the longitudinal gluon is screened in the static long-wavelength limit, the mixing
is even present in the low-T and small-g limit. The numerical fit in Eq (2.24) also
provides another expression for the effective mass,

m∗± = µ± + g2µ(1± h)
π2

[
6cL1 − 6cL2 ln g2

1± h

−12cT1 + 18cT2 + 12cT2 ln g2T

µ(1± h)

]
. (2.27)

As expected, all the above results return to the balanced case as h → 0. As
mentioned previously, the contribution from the non-NB term is not included,
which acts as a constant shift on the cL1 and cT1 factors. In Fig. 2.9 the change of
effective mass due to the interaction is given as function of imbalance at various
temperatures. Finally, we emphasize again that h should not be too close to 1 even
though the divergence from ln(1−h) is suppressed by the prefactor (1−h), because
in such an extremely imbalanced case the condition T � µ− is not satisfied for
the minority flavor.

2.6 Summary and Discussion
We have calculated the thermodynamic potential perturbatively in the large-NF
limit and the effective mass of the quarks is determined by using Fermi-liquid
theory for an imbalanced cold dense quark system. The temperature dependence
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Figure 2.9: The RPA correction to the effective mass as function of h, with the red curves
for the majority flavor (+) and the blue curves for the minority flavor (−). The solid curves
correspond to the expression in Eq. (2.26) while the dashed curves to Eq. (2.27), and their
difference is not too much. g = 1/2 and for each group of curves the temperature is
T/µ = 10−6, 10−4 and 10−2 from bottom to top, respectively.

is obtained by using the gluon self-energy, from which the contributions from
transverse and longitudinal gluons are explicitly shown. For the two-flavor imbal-
anced quark system, the effective mass is obtained both analytically within the
weak-coupling limit, and numerically within the RPA approximation. We find
that, in contrast to the weak-coupling result, where the effective mass of each
flavor is independent of each other due to the lack of an inter-flavor interaction,
the effective mass obtained from the RPA calculation depends on the chemical
potentials of both flavors, which is a consequence of the static screening of the
electric gluons at long wavelength.

From the RPA results, the logarithmic dependence on temperature of the
specific heat and effective mass signals a breakdown of Fermi-liquid theory at
zero-temperature. Non-Fermi-liquid behavior, due to unscreened long-range mag-
netic interactions, was already discussed several decades ago for the case of the
electron gas [94, 95]. In the large-NF limit the QCD thermodynamic potential
is essentially the same as that of QED, apart from group theory factors. The
non-abelian effects of QCD only show up if gluon self-interaction corrections are
included. The logarithmic behavior in the balanced case has previously been
seen in analytic and numerical calculations of the QCD thermodynamic potential
and specific heat using the large-NF limit, dimensional reduction, and hard-dense
loop QCD perturbation theory [92, 96–100]. We expect that such a logarithmic
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dependence shall have important effects on the imbalanced QCD phase diagram at
low temperatures and directly influence the properties of quark matter in the core
of neutron stars. As we pointed out in the introduction, with the effective masses
and Landau parameters obtained, we are now able to investigate how Landau
Fermi-liquid theory modifies the properties of the various color superconducting
phases. As a consequence of the color and flavor degrees of freedom, there can
be many different kinds of pairing between quarks, of which some involve quarks
with momenta of different magnitudes. Therefore, the results with imbalance we
obtained here will play an important role to describe the competition between
these imbalanced and superfluid phases. To better understand these effects, it is
ultimately even necessary to go further, such as including the gluon self-interaction
and extending our discussion to the three-flavor imbalanced case. We hope progress
along these directions will be achieved in the near future.



Chapter 3

Crossover from
weak to unitarity-limited
interactions in Bose gases

Abstract — We develop an analytical approach for the description of the
crossover of an atomic Bose gas from small to infinitely large scattering length,
where the two-body interactions satisfy the unitarity bound.8 We obtain several
properties of the Bose gas as a function of interaction strength, namely the
chemical potential, the contact, the speed of sound, the condensate density, the
effective interatomic interaction and the three-body recombination rate. Also,
the energy dependence of the effective interaction at unitarity and the evolution
of the Feshbach bound state are discussed. It is shown how the approach can be
systematically improved with renormalization-group methods and that it reduces
to the Bogoliubov theory in the weak-coupling limit.

3.1 Introduction
The main challenge of statistical physics is to describe the many-body properties
of a system given the underlying few-body physics. Cold atomic gases provide
a versatile experimental testbed for these theoretical descriptions by allowing the
investigation of the crossover of many-body systems from weak to strong two-body
interactions, using magnetic-field-tunable Feshbach resonances [13, 14, 25]. For
example, the universal nature of fermionic many-body systems with resonant two-
body interactions has been successfully studied experimentally and theoretically
[14, 42, 43]. The most remarkable property of such resonant systems, which have
8A shorter version of the article is available online [101]. The extended version presented here is
to be published.
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an infinite scattering length and are therefore said to be at unitarity, is that at zero
temperature there is no other length scale than the average interatomic distance
that is set by the particle density n. As a result all thermodynamic quantities,
when appropriately scaled, can be expressed in terms of a set of universal numbers.
For the case of the Fermi gas at unitarity, one of the most crucial quantities is the
chemical potential

µ = (1 + β)εF , (3.1)

which is given by an universal constant times the Fermi energy εF = ~2k2
F /2m,

where kF = (6π2n/2s + 1)1/3 is the Fermi momentum and s = 1/2 due to the
hyperfine degrees of freedom. The universal constant β can be interpreted as
describing the deviation from the ideal gas result due to interactions and was
found to be β ' −0.63 experimentally as well as theoretically [42, 43].

Recently there has been increasing experimental interest in the strongly inter-
acting Bose gas [102–105]. It is expected on dimensional grounds that the Bose gas
at unitarity, if stable, has similar universal properties as that of the unitary Fermi
gas. For instance Eq. (3.1) is expected to hold also but with s = 0 and a different
value of β due to the different statistics of the atoms. In contrast to the unitary
Fermi gas, the realization of the unitary Bose gas is complicated by an increased
loss of atoms as a consequence of a strong increase in the rate of inelastic three-
body recombination processes caused by the absence of the Pauli principle and the
existence of Efimov trimers. These three-body processes result in the formation
of molecules, which shows that the actual ground state of these gases is a Bose-
Einstein condensate of molecules. Nevertheless, it may still be experimentally
possible to create the meta-stable state of a Bose-Einstein condensate of atoms at
large scattering lengths for a sufficiently long time.

On the theoretical side, the description of the unitary Bose gas has been chal-
lenging and recent theoretical results strongly vary [106–111]. The main difficulty
with constructing a theory of unitary Bose gases comes from the fact that there is
no small parameter in the theory. Variational studies circumvent this by finding
the minimum of the thermodynamic potential. However, since we are interested
in the metastable state, care should be taken to project out the true many-body
groundstate. In addition, diagrammatic approaches beyond Bogoliubov theory
have been known to be plagued by logarithmic infrared divergencies, as was first
noted by Gavoret and Noziéres [112].

In this section, the main objective is to present a renormalization-group ap-
proach to the unitary Bose gas that can be improved systematically. Our renor-
malization procedure is free of the troublesome infrared divergencies by exactly
incorporating the phase fluctuations of the Bose-Einstein condensate, which are
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known to dominate the long-wavelength behavior of the system [112–114]. More
precisely, the theory is first renormalized by all other fluctuations using the renor-
malization group. Then using the renormalization-group-improved theory we next
consider the effects of the phase fluctuations of the Bose-Einstein condensate,
which is reminiscent of bosonization for fermions. That the phase fluctuations are
exactly incorporated will be confirmed by reproducing the exact form of the single-
particle propagator in the long-wavelength limit as derived by Nepomnyashchii and
Nepomnyashchii [115, 116].

The outline of the section is as follows. Subsection 3.2 gives an overview of
Bogoliubov theory (3.2.1) and investigates many-body corrections on the inter-
action within mean-field theory using a two-channel (3.2.2) and single-channel
(3.2.3) model in an attempt to obtain a finite effective interaction at unitarity. In
subsection 3.2.4 we review the difficulties in going beyond Bogoliubov theory, such
as the appearance of the above-mentioned infrared divergencies. Subsequently, in
subsection 3.3, we present a renormalization-group approach which circumvents
these difficulties by incorporating the phase fluctuations of the Bose-Einstein
condensate. The theoretical framework is discussed in subsection 3.3.1. Then
the framework is applied in a suitable approximation in subsection 3.3.2 to obtain
several properties of the Bose gas as a function of scattering length. We then also
show that the theory reduces to Bogoliubov theory in the weak-coupling limit and
finally we discuss some avenues for improvement.

3.2 Beyond Bogoliubov theory

In this section we illustrate the difficulties in constructing a theory of the unitary
Bose gas, which will be of use when presenting the renormalization-group approach
in subsection 3.3. We first review Bogoliubov theory as a benchmark for our
theory. Afterwards, in subsection 3.2.2, it is shown that for a Feshbach resonance
with a finite width mean-field results can be obtained at unitarity using a two-
channel model. However, these results depend on the width of the resonance and
are therefore not truly universal. Next, we return to the single-channel model
and use the ladder approximation to obtain an effective interaction, which turns
out to lead to an instability beyond a certain positive scattering length. As a
result, we recognize that the correct low-energy behavior must be incorporated
into the theory for which we in first instance turn to Bogoliubov theory. To
describe a unitary Bose gas, we need to go beyond Bogoliubov theory at which
point we encounter the logartihmic infrared divergencies, which are discussed in
subsection 3.2.4.



62 Chapter 3 – Crossover from weak to unitarity-limited interactions in Bose gases

3.2.1 The atomic Bose gas
Here we review some of the results of Bogoliubov theory, including the first quan-
tum corrections, as a benchmark for our theory. In general, the Bose gas in cold
atom experiments is well described by the Euclidean action S [φ∗, φ] =

∫
dτdxL

with a point interaction, where the Lagrangian density is

L = φ∗(x, τ)
[
~∂τ −

~2∇2

2m − µ
]
φ(x, τ)

+ 1
2T

2B |φ(x, τ)|4 . (3.2)

Here φ is the atomic field, T 2B = 4πa(B)~2/m is the exact two-body T(ransition)
matrix, a(B) is the magnetic-field-tunable scattering length and m is the mass of
the atoms.

In mean-field theory, which amounts to expanding the field in terms of the con-
densate and neglecting the fluctuations around it, the time-independent equation
for the atomic condensate is

µ = nT 2B = 4π~2

m
(na), (3.3)

where it was used that at this level of approximation the condensate density nc is
equal to the total density n. The first quantum correction to the above result was
calculated by Lee-Huang-Yang using the Bogoliubov theory that also incorporates
the gaussian fluctuations around the mean-field solution, and results in [117]

µ = ~2

ma2 (4πna3)
(

1 + 16
3π
√

4πna3
)
. (3.4)

The condensate density to this order is given by

nc = n

(
1− 4

3π
√

4πna3
)
. (3.5)

This shows the depletion from the condensate due to the interaction. Higher-order
corrections to the chemical potential have been determined [118], however, these
depend also on three-body physics and will not be discussed in detail here.

Another important quantity of the atomic Bose gas is called the contact C
[119–124]. It is determined by the short-wavelength behavior of the single-particle
distribution function, namely n(k) ' C/k4. In Bogoliubov theory the contact is
given by [123]

C = (4πna)2
(

1 + 48
3π
√

4πna3
)
, (3.6)
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where also the first quantum correction is shown, consistent with the Lee-Huang-
Yang correction of the chemical potential.

Clearly all the above quantities diverge in the unitarity limit a → ∞, which
is not surprising since they are expansions in terms of the small parameter

√
na3.

This is a consequence of the fact that in Bogoliubov theory no many-body correc-
tions on the scattering length have been taken into account, such that the effective
interaction cannot become finite at unitarity. Therefore, to be able to describe the
Bose gas in the strongly-interacting limit (na3 � 1) the action S[φ∗, φ] needs to
be properly renormalized. We first investigate the many-body corrections to the
interaction within mean-field theory using a two-channel model, which is suitable
for describing a finite-width Feshbach resonance, and will be seen to remove the
unphysical behavior of Eqs. (3.3-3.6) at unitarity.

3.2.2 Two-channel model

Feshbach resonances with a finite width can be described by a two-channel model
[25, 125]. The scattering of two atoms is then expressed in terms of an open
and closed scattering channel. The low temperatures in cold atom experiments
ensure that scattering in the open channel is energetically allowed, while for the
closed channel it is not allowed. However, the closed channel contains a Feshbach
bound state which couples to the open channel. This bound state can be shifted
in energy with respect to the open channel by the so-called detuning δ(B). This
detuning is magnetic-field dependent since the open and closed channels have
different magnetic moments. The detuning then determines if the effective atom-
atom interaction is attractive (δ > 0) or repulsive (δ < 0). We will see that
when the bound state crosses the open channel (δ = 0) the effective interatomic
interaction diverges and the system is said to be on resonance or at unitarity.

The action of the two-channel model S [φ∗, φ,Φ∗,Φ], which contains the atomic
field φ for the atoms scattering in the open channel and the molecular field Φ
describing the bound state of the closed channel, is given by

∑
k,n

φ∗k,n
[
−~Ga,−1(k, ωn)

]
φk,n (3.7)

+
∑
k,n

Φ∗k,n
[
−~Gm,−1(k, ωn)

]
Φk,n
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+ g√
~βV

∑
{ki,ni}

[
Φ∗k1,n1

φk2,n2φk3,n3 + c.c.
]
δk1,k2+k3δn1,n2+n3

+ T bg

2~βV
∑
{ki,ni}

φ∗k1,n1
φ∗k2,n2

φk3,n3φk4,n4δk1+k2,k3+k4δn1+n2,n3+n4

where for brevity we write φk,n = φ(k, ωn), and k is the wavevector, ωn = 2πn/β
is the Matsubara frequency, β = 1/kBT is the inverse termperature, V is the
volume, g is the atom-molecule coupling and T bg = 4πabg~2/m is the two-body
background scattering matrix. The atomic and molecular propagators are

−~Ga,−1(k, ωn) = −i~ωn + εk − µ,
−~Gm,−1(k, ωn) = −i~ωn + εk/2 + δ(B)− 2µ+ ~Σm(i~ωn − εk/2 + 2µ),

where εk = ~2k2/2m is the kinetic energy of the atoms, δ(B) ≡ ∆µ(B−B0) is the
detuning from the location of the resonance B0 with ∆µ the difference in magnetic
moment between the open and closed channel. The molecular self-energy ~Σm is
necessary to correctly describe the two-body physics of a Feshbach resonance, as
we show next.

Feshbach resonance

First, we show that the above model has an effective interatomic scattering length
consistent with a Feshbach resonance. By integrating out the molecular field,
which leads in the limit of zero energy and momentum to the semiclassical result
Φ = −gφ2/δ(B), the effective interatomic scattering length is given by

T bg − 2g2

δ(B) = 4πabg~2

m
− 2g2

δ(B) ≡
4πa(B)~2

m
≡ T 2B. (3.8)

Here we see that for zero detuning the scattering length diverges. In general, the
scattering length near a Feshbach resonance of width ∆B is written as

a(B) = abg

(
1− ∆B

B −B0

)
,

such that the above relates the atom-molecule coupling to the width of the reso-
nance

g2 = 1
2T

bg∆µ∆B. (3.9)

Second, we show that the molecular self-energy is necessary to obtain the
correct dependence of the molecular bound state on the scattering length. The
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one-loop vacuum self-energy of the molecules due to interactions with the atoms
is given by

~Σm(~ω) = η
√
−~ω, (3.10)

where η = (2g2)m3/2/4π~3. Its derivation can be found in appendix B.1, see
Eq. (B.3). The molecular bound-state energy is given by the zero of the molecular
propagator

Eb = δ(B) + ~Σm(Eb).

If the molecular self-energy were not present the bound-state energy would depend
linearly on the magnetic field, however, by including the molecular self-energy
the bound-state has the correct dependence on magnetic field, namely close to
resonance (|δ| � η2) we have

Eb ' −
δ(B)2

η2 = − ~2

ma(B)2 . (3.11)

Here the background scattering length abg was neglected, however, its incorpora-
tion in Eq. (3.10) and Eq. (3.11) is straightforward and gives the same relation for
the bound state in terms of a(B) [25]. Thus the two-channel model incorporates
the correct physics for a Feshbach resonance of finite width.

Mean-field approximation

The mean-field equations for the atomic and molecular condensate are found by
expanding the fields in terms of the atomic and molecular condensate

φ(x, τ) →
√
na, (3.12)

Φ(x, τ) →
√
nm,

where na and nm are the atomic and molecular condensate density, respectively.
Demanding that the condensates give rise to a minimum of the action gives the
Gross-Pitaevskii equations

µ
√
na = n3/2

a T bg + 2
√
nanmg,

2µ
√
nm = [δ(B) + ~Σm(2µ)]

√
nm + nag.

There is only a non-trivial solution to the Gross-Pitaevskii equations for positive
scattering length, i.e., negative detuning. In this case, the ground state of the
coupled system is a condensate of molecules without an atomic condensate.

However, in this section we are interested in the meta-stable state of a conden-
sate of atoms. This state can be achieved by incorporating a mean-field energy
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Figure 3.1: The Hartree-Fock self-energy felt by the non-condensed atoms (solid line) due
to the condensed atoms (dashed). The double line signifies a molecule and the triangular
vertex is the atom-molecule vertex g.

felt by the non-condensed atoms due to the presence of an atomic condensate
[125]. This Hartree-Fock self-energy then shifts the atomic continuum above the
molecular bound-state and a non-zero atomic condensate becomes possible. The
Hartree-Fock self-energy is shown in Fig. 3.1.

Recasting the equations and including the Hartree-Fock self-energy, we obtain

µ = naT (0), (3.13)
g
√
nm = na

[
T (0)− T bg] ,

~ΣHF = 2naT (~ΣHF − µ),

where we introduced the effective interatomic interaction

T (~ω) ≡ 2g2~−1Gm(~ω,0) + T bg (3.14)

= 2g2

~ω + 2µ− δ(B)− ~Σm(~ω + 2µ− 2~ΣHF) + T bg.

The argument of the molecular self-energy is evaluated at ~ω + 2µ − 2~ΣHF,
which effectively shifts the energy of the two internal atomic lines of this self-
energy to their interacting value εk − µ + ~ΣHF. The factor of 2 in the Hartree-
Fock self-energy comes from the equal direct and exchange contributions. At
equilibrium the effective interaction in the equation for the chemical potential and
the molecular condensate are both evaluated at zero frequency. The argument of
the effective interaction in the Hartree-Fock self-energy follows from considering
an incoming non-condensed atom with energy ~ΣHF and an incoming condensate
atom with energy µ, such that the molecular propagator should be evaluated at
~ω+2µ = ~ΣHF+µ as shown in Fig. 3.1, or equivalently, the effective interaction is
evaluated at ~ω = ~ΣHF−µ. Note that the effective interaction in Eq. (3.14) is the
frequency-dependent version of Eq. (3.8). The effective interaction incorporates
the bound-state of Eq. (3.11) and far off resonance its energy dependence can be
neglected such that it reduces to the expected T 2B = 4πa(B)~2/m.



3.2 Beyond Bogoliubov theory 67

0.0 0.5 1.0 1.5 2.0
0

2

4

6

8

10

12

14

µ
/ǫ

F

1/kFa

Figure 3.2: The chemical potential as a function of inverse scattering length for several values
of η (the width of the resonance increases from bottom to top). The mean-field chemical
potential with (dot dashed) and without (dashed) LHY correction is also shown.

The coupled equations for the chemical potential and Hartree-Fock self-energy
can be solved numerically and in the following we for simplicity take T bg = 0. The
chemical potential as a function of the scattering length is shown for varying width
of the resonance, namely for several values of η, in Fig. (3.2). The Hartree-Fock
self-energy as a function of scattering length is similar to the chemical potential
for each value of η, however, the results are always such that ~ΣHF ≥ µ as required
for stability.

To compare with the Lee-Huang-Yang correction to the chemical potential,
we need to take first the limit of an infinitely broad resonance η → ∞, while
keeping a = ~η/δ

√
m fixed, and subsequently the limit of small scattering length

a. Note that in this limit the molecular condensate nm vanishes, see Eq. (3.13) for
η ∝ g →∞. By setting the condensate density na equal to the total density n, we
obtain the weak-coupling result of the chemical potential

µ ' ~2

ma2 (4πna3)
(

1 +
√

2
√

4πna3
)
, (3.15)

which reproduces 83% of the Lee-Huang-Yang correction. The above chemical
potential, however, does not take into account the depletion of the condensate.
Using the that the depletion is given by n′ = n − na ∝

√
na3 we see that by

incorporating the depletion, which also gives rise to a Hartree-Fock term in the
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chemical potential of 2n′T 2B, we obtain

µ = ~2

ma2 (4πnaa
3)
(

1 +
√

2
√

4πnaa3
)

+ 2n′T 2B

' ~2

ma2 (4πna3)
(

1 +
√

2
√

4πna3 + n′
)
,

which, upon inserting the exact depletion of Eq. (3.5), reproduces 92% of the
Lee-Huang-Yang correction.

At unitarity (δ = 0), the chemical potential, Hartree-Fock self-energy, and the
contact can be determined analytically in the limit of a broad Feshbach resonance
(η � √εF )

µ

εF
'
(

4 + 6
√

2
3π

η
√
εF

)1/2

− 4(216 + 145
√

2)
147
√

2π

√
εF
η

,

~ΣHF

εF
'
(

4 + 6
√

2
3π

η
√
εF

)1/2

− 4(76 + 61
√

2)
147
√

2π

√
εF
η

C

k4
F

' 1
3
√

2π
η
√
εF

+
(

377166 + 268259
√

2
4084101π3

√
εF
η

)1/2

.

The contact was determined by its relation to the derivative of the chemical po-
tential with respect to the scattering length, as will be shown later in Eq. (3.33).
The chemical potential at unitarity is finite for a resonance of finite width η,
nevertheless, it diverges in the limit of an infinitely broad resonance (η →∞). In
Ref. [109], where the same formalism was used, a finite chemical potential was
reported as a consequence of an incorrect sign in the definition of the molecular self-
energy in Eq. (3.10). However, the variational Jastrow analysis of the resonantly
interacting Bose gas of Ref. [109] is independent of this definition.

This unphysical divergence of the chemical potential indicates that the cur-
rent effective interatomic interaction is incapable of describing the Bose gas at
unitarity with an infinitely broad resonance and should be (further) renormalized
by interactions between the atoms. To achieve this renormalization, we restrict
our attention to only the atomic part of the action in Eq. (3.7). Furthermore,
we will replace T bg by the full two-body transition matrix T 2B = 4πa(B)~2/m,
which can be viewed as a consequence of integrating out the molecular fields and
taking the infinitely broad resonance limit (η → ∞) but keeping the scattering
length a(B) = ~η/δ

√
m fixed. In other words, we return to the Euclidean action

of a Bose gas with a point interaction of strength T 2B of Eq. (3.2) known as the
single-channel model.
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Figure 3.3: The ladder diagram included in the definition of Eq. (3.16).

3.2.3 Single-channel model
In this section we consider the mean-field theory of the single-channel model
and renormalize the atomic interaction using the ladder approximation shown
in Fig. (3.3). The effective interaction at zero momentum is in this case

1
T (~ω) = 1

T 2B −
1

8
√

2π

(
2m
~2

)3/2√
−(~ω + 2µ− 2~ΣHF), (3.16)

where the square root is of the same origin as in the one-loop vacuum self-
energy of Eq. (3.10). This equation can also be obtained as the broad reso-
nance limit of Eq. (3.14). Next, we use that the chemical potential is given by
µ = nT (0) as in Eqs. (3.3) and (3.13) and take the Hartree-Fock self-energy to be
~ΣHF = 2µ = 2nT (0). Thus we have obtained a self-consistent equation for the
effective interaction or, equivalently, the chemical potential.

The solution for the chemical potential µ/εF = nT (0)/εF is shown as a func-
tion of scattering length in Fig. (3.4). In the weak-coupling limit the chemical
potential is exactly the same as for the two-channel model in Eq. (3.15). Towards
unitarity the equation no longer has a real solution, this instability occurs at
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/ǫ

F

1/kFa

Figure 3.4: The real part of the chemical potential or effective interaction as a function of
inverse scattering length in the ladder approximation. The thin line is the imaginary part of
the effective interaction and the dashed line is nT 2B/εF .
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1/kFa = (9/π)1/3 ' 1.42 with nT (0)/εF = 4/(3π)2/3 ' 0.90. A similar instability
was reported in Ref. [111] with exactly the same values for the chemical potential
and the scattering length and in Ref. [126] with µ ' 0.64εF at 1/kFa ' 0.78.
Although Ref. [110] restricts their discussion to non-zero temperatures and their
equation of state is determined using a Nozieres-Schmitt-Rink-like approach, it
appears that their reported instability is of a similar nature since their effective
interaction, Eq. (4) in [110], is precisely Eq. (3.16) generalized to nonzero temper-
ature and momenta.

Thus, in the ladder approximation for the effective interaction we see that there
arises an instability when approaching unitarity from the repulsive side. We will
see later that, as a consequence of exactly incorporating the low-energy behavior
of the system, a screening term enters into the effective interaction and causes the
instability to disappear.

3.2.4 Difficulties beyond Bogoliubov theory
We have only considered mean-field theory up to now. In this case, and also in
Bogoliubov theory it appears that we cannot reach the unitarity regime. Therefore,
we now want to go beyond Bogoliubov theory. To correctly describe the low-energy
behavior of the Bose-Einstein condensate it is natural to use Bogoliubov theory
to describe the excitations above the condensate. However, it proves difficult to
renormalize the action of the atomic Bose gas of Eq. (3.2) using the Bogoliubov
propagator. Here we discuss some of the difficulties we encounter when trying to
renormalize the action after using the Bogoliubov substitution. Again we expand
the field around the condensate density nc, i.e.,

φ(x, τ) =
√
nc + φ′(x, τ), (3.17)

and we obtain the mean-field equation

µ = ncT
2B.

In Bogoliubov theory only terms quadratic in the fluctuations are taken into
account in the action, giving for the fluctuations the action

1
2
∑
k,n

Φ′†(k, ωn)
[
−~GB,−1(k, ωn)

]
Φ′(k, ωn), (3.18)

with Φ′(k, ωn) =
[
φ′(k, ωn), φ′∗(−k,−ωn)

]T . The components of the diagonal
2× 2 inverse Green’s function GB,−1 are

− ~GB,−1
11 (k, ωn) = −i~ωn + εk − µ+ ~Σ11,

~Σ11 = 2ncT 2B, ~Σ12 = ncT
2B, (3.19)
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with the properties GB,−1
11 (k, ωn) = GB,−1

22 (−k,−ωn) and −~GB,−1
12 (k, ωn) =

−~GB,−1
21 (k, ωn) = ~Σ12. Taking the inverse of the matrix in Eq. (3.18) we obtain

the 2× 2 Bogoliubov Green’s function, whose components are

−~−1GB11(k, ωn) = i~ωn + εk + ncT
2B

−(i~ωn)2 + (~ωk)2 , (3.20)

−~−1GB12(k, ωn) = −ncT 2B

−(i~ωn)2 + (~ωk)2 ,

where the mean-field equation was used to eliminate the chemical potential and
we defined the dispersion ~ωk as

(~ωk)2 = εk
(
εk + 2ncT 2B) .

To go beyond the Bogoliubov approximation, which as we have seen is necessary
to describe a strongly interacting Bose gas, we need to compute the corrections
to the propagator. The one-loop correction gives rise to an infrared logarithmic
divergency in the normal and anomalous self-energy as a consequence of the lin-
ear mode in the normal and anomalous propagators, as was previously noted in
Refs. [112, 127]. This is easily shown by realizing that at low momenta and low
frequencies both the normal and anomalous propagator are of the relativistic form
1/K2 with K = (~ωn,

√
2ncT 2Bεk) and thus first-order corrections to the normal

and anomalous self-energies give rise to a logarithmic dependence∫
d4K′ 1

K′2(K′ −K)2 ∝ log
[
−(i~ωn)2 + 2ncT 2Bεk

Λ2

]
,

where Λ is some high-energy cut-off (K2 � Λ2). This logarithmic dependence
makes it increasingly difficult to apply diagrammatic renormalization procedures
to find the effective interaction and self-energies of the atoms. Nevertheless, it was
shown by Nepomnyashchii and Nepomnyashchii that an important consequence
of these dependencies is that the exact anomalous self-energy vanishes for zero
momentum and energy (~Σ12(0, 0) = 0) [115, 116], as also shown in Appendix
B.4. This indicates another difficulty with the Bogoliubov substitution, since it
gives rise to a non-zero anomalous self-energy, as for example in Eq. (3.19).

In general, when encountering infrared divergencies we need to perform a
resummation of an infinite amount of diagrams. Indeed a resummation of the
one-loop diagrams gives in the long-wavelength limit ~Σ11 ∼ µ+ ∆Σ−1 +O(ω, εk)
and ~Σ12 ∼ ∆Σ−1 +O(ω2, εk) [116], where ∆Σ is the above logarithm. Thus by
resummation the anomalous self-energy satisfies the exact relation ~Σ12(0, 0) = 0.
Also, to obtain a consistent theory of the Bose gas it is necessary to make sure that
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the theory has a gapless mode at each level of approximation as a consequence
of Goldstone’s theorem. This statement is equivalent to demanding that the self-
energies satisfy the Hugenholtz-Pines relation ~Σ11(0, 0) − ~Σ12(0, 0) = µ [128],
as is also shown in appendix B.4. The resummed self-energies indeed satisfy this
relation, quite simply as ~Σ11(0, 0) = µ.

Now, one might think that because we have obtained reasonable self-energies,
we are in a position to further investigate the effects of interactions. This turns
out to be no simple task, especially since the full self-energies are quite involved.
As an example, in order to re-obtain the sound mode in the propagators in the
long-wavelength limit it is already necessary to deal with precise cancellations of
the logarithms, as was shown by Nepomnyashchii and Nepomnyashchii [116].

To summarize, after the Bogoliubov substitution we encounter difficulties to
go beyond the Bogoliubov approximation because of logarithmic infrared depen-
dencies. To perform self-consistent calculations of the effective interaction and
the normal and anomalous self-energies that always satisfy the Hugenholtz-Pines
relation and the requirement of a linear mode in the single-particle Green’s func-
tion quickly becomes practically unfeasable. In the following we will isolate these
troublesome infrared divergencies, which will be seen to originate from the phase
fluctuations of the Bose-Einstein condensate, and show how to exactly incorporate
these fluctuations in our approach.

3.3 Renormalized Bosonization

Here the framework of our renormalization-group approach is presented. Subse-
quently, we discuss a first application of the framework to obtain several properties
of the Bose gas as a function of scattering length, such as the chemical poten-
tial, the contact, the speed of sound, the condensate density and the effective
interatomic interaction. Lastly, we discuss the energy dependence of the effective
interaction, the many-body effects on the Feshbach bound state, the unitarity-
limited three-body recombination rate and the weak-coupling limit.

3.3.1 Theory

In view of the problems discussed in the previous part, we now show how to in-
corporate the phase fluctuations exactly. To describe the Bose-Einstein condensed
phase, we expand the field as

φ(x, τ) =
√
n0(x, τ) exp [iθ(x, τ)] + φ′(x, τ), (3.21)
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µ E0

n0 exp [iθ] φ′

Figure 3.5: Schematic representation of the expansion of the field φ in terms of the conden-
sate and its phase fluctuations and the non-phase fluctuations φ′, c.f. Eq. (3.21).

where n0 = 〈n0(x, τ)〉 should now be viewed as the quasicondensate density [25]
and not as the density of atoms in the condensate nc. The latter will be related to
n0 by the large-distance behavior of the fluctuations in the phase of the condensate
θ(x, τ). Roughly speaking, the first term of the expansion describes the low-energy
modes of the field, as shown in Fig. 3.5, and includes the phase fluctuations. The
fluctuations φ′(x, τ) describe the high-energy modes and are defined such that
they do not contain phase fluctuations. The non-phase fluctuations φ′ are thus
orthogonal to the first term in Eq. (3.21). By inserting the expansion into Eq. (3.2),
the action S [n0, θ, φ

′∗, φ′] is obtained.
To proceed, we first show how to obtain the exact phase-fluctuation propagator

and the propagator of non-phase fluctuations from this action. The latter will then
be used to renormalize the theory using the renormalization group, after which
the exact contributions of the phase fluctuations are re-introduced.

The propagator of phase-fluctuations

The action for the phase fluctuations can be found by eliminating the phase
dependence of the part of the action involving φ′ through the replacement

φ′(x, τ)→ exp [iθ(x, τ)]φ′′(x, τ).

This procedure of extracting the overall phase of the field φ is reminiscent of
bosonization for fermions. The phase-fluctuation-dependent part of the action
S [n0, θ, φ

′′∗, φ′′] reduces to∫
dτdx

{[
n0(x, τ) + |φ′′(x, τ)|2

]
(i~∂τ )θ(x, τ)

+ ~2

2m

[
n0(x, τ) + |φ′′(x, τ)|2

]
(∇θ(x, τ))2

}
.

As described above, it was used that φ′′(x, τ) and n0(x, τ) or θ(x, τ) are considered
to be orthogonal to each other, i.e., the space-time integral over their products
vanish. Then by expanding the partition function to lowest order in the derivatives
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of the phase-fluctuations and subsequently performing the path integral over the
non-phase fluctuations φ′′, the phase-fluctuation-dependent part of the action after
re-exponentiation is∫

dτdx
{
n(x, τ)(i~∂τ )θ(x, τ) + ~2

2mn(x, τ)(∇θ(x, τ))2
}
.

Here we introduced the field describing the total density

n(x, τ) = n0(x, τ) + 〈φ′′(x, τ)φ′′∗(x, τ)〉
= n0 + 〈φ′(x, τ)φ′∗(x, τ)〉 .

Expanding the latter around its equilibrium value n(x, τ) = n + δn(x, τ) the
gaussian part of the Langrangian can be written in momentum space as

1
2
∑
k,n

[
δn(k, ωn)
θ(k, ωn)

]†(
χnn(k) −~ωn
~ωn 2nεk

)[
δn(k, ωn)
θ(k, ωn)

]
,

where we also introduced the exact density-density correlation function χnn(k).
The phase-fluctuation propagator is thus found to be

〈θ(k, ωn)θ∗(k, ωn)〉 =
1
nmc

2

(~ωn)2 + 2mc2εk
, (3.22)

where we defined the speed of sound as mc2 = nχnn(0). Note that this is the
exact phase-fluctuation propagator in the long-wavelength limit.

The propagator of non-phase fluctuations

When integrating out the non-phase fluctuations φ′ the phase of the condensate
must be considered as non-fluctuating. Therefore, the propagator of the non-phase
fluctuations can be determined from the action with a constant phase. Comparing
the expansions of the field in Eq. (3.21) with Eq. (3.17) we see that the quadratic
part of the action S [n0, θ, φ

′∗, φ′] with constant phase, for simplicity take θ = 0, is
given by the Bogoliubov action of Eq. (3.18). The usual Bogoliubov propagators,
however, contain contributions of the phase fluctuations, which can be identified by
their proportionality to n0, since using φ′ = √n0 exp [iθ(x, τ)]−√n0 ' i

√
n0θ(x, τ)

we see

〈φ′(x, τ)φ′∗(x, τ)〉 ∝ n0 〈θ(x, τ)θ(x, τ)〉 ,
〈φ′(x, τ)φ′∗(x, τ)〉 ∝ −n0 〈θ(x, τ)θ(x, τ)〉 .
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Thus we can remove the phase fluctuations from the Bogoliubov propagators in
Eq. (3.20) by writing

〈φ′(k, ωn)φ′∗(k, ωn)〉 = ~
i~ωn + εk + n0T

2B

(~ωn)2 + (~ωk)2 − ~
n0T

2B

(~ωn)2 + (~ωk)2 ,

〈φ′(k, ωn)φ′(k, ωn)〉 = ~
−n0T

2B

(~ωn)2 + (~ωk)2 + ~
n0T

2B

(~ωn)2 + (~ωk)2 = 0,

where the second term on both right-hand sides is the phase-fluctuation propagator
with mc2 = n0T

2B and the dispersion 2mc2εk is extended to the full Bogoliubov
dispersion ~ωk = εk

(
εk + 2mc2

)
. In contrast to the exact phase-fluctuation prop-

agator, the factor nc/n is not present in the Bogoliubov propagator, which can
be attributed to a renormalization not present in Bogoliubov theory. After the
subtraction of the phase fluctuations, the propagator of the non-phase fluctuations
is given by

~−1 〈φ′(k, ωn)φ′∗(k, ωn)〉 = i~ωn + εk
(~ωn)2 + (~ωk)2 , (3.23)

while the anomalous averages vanish, i.e.,

〈φ′(k, ωn)φ′(k, ωn)〉 = 〈φ′∗(k, ωn)φ′∗(k, ωn)〉 = 0.

The vanishing of the anomalous averages means that the Green’s function is diag-
onal and this greatly simplifies the renormalization procedure of the interaction.

Renormalization of the action due to non-phase fluctuations

The accuracy of the action S [n0, θ, φ
′∗, φ′] can be improved systematically by

incorporating the φ′ fluctuations into a renormalization of the action. However, it
turns out to be more convenient to carry out this renormalization at the level of
S [φ∗, φ], c.f. Eq. (3.2), and then apply the expansion of the field, as in Eq. (3.21).
The exact Wilsonian renormalization-group flow equation for the action S [φ∗, φ]
is

dS
dΛ = ~

2 Tr
[
δΛ ln

(
−G′−1 + 1

~
δ2Sint

δΦδΦ∗

)]
,

which is derived in Appendix B.2. Here S [φ∗, φ; Λ] is the effective action obtained
by integrating out all non-phase fluctuations above the momentum ~Λ, G′ is the
matrix propagator of the non-phase fluctuations, Sint is the non-gaussian part of
the effective action, the trace is over space, imaginary time and Nambu space
Φ(k, ωn) = [φ′(k, ωn), φ′∗(−k,−ωn)]T , and δΛ = δ(k − Λ). Although there are no
small parameters in the theory of unitary Bose gases, the renormalization group
can distinguish between the relevance of the various coupling constants based
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on their scaling dimension under renormalization. As the effective interaction
evaluated at zero momentum and zero frequency is expected to be a crucial
variable, since it induces a flow of the chemical potential that corresponds to
the most relevant operator of the action, let us here restrict our attention to
these parameters, allowing us also to give an explicit illustration of the general
procedure. The running of the chemical potential and effective interaction g are
in general found to be given in terms of the so-called beta functions by

Λ dµ
dΛ = βµ(µ, g), Λ dg

dΛ = βg(µ, g).

By solving these equations the renormalized action S [φ∗, φ; Λ] is found. Then,
after inserting the expansion of the field, the renormalized action S [n0, θ, φ

′∗, φ′; Λ]
is obtained. This action defines the propagator of the non-phase fluctuations in
terms of the effective interaction, which in this case is simply Eq. (3.23) with
the interaction replaced by the effective interaction at zero momentum and zero
frequency, namely mc2 ≡ n0g.

Before we turn to the solution of the renormalization-group equations, we first
show that our approach reproduces the exact propagator in the long-wavelength
limit derived by Nepomnyashchii and Nepomnyashchii, as mentioned in the intro-
duction, and that the condensate density and the total density can in general be
expressed in terms of the quasi-condensate density and the effective interaction at
zero frequency and momentum.

The exact normal and anomalous propagator

To reproduce the exact propagator in the long-wavelength limit we take the Fourier
transform of the exact one-particle correlation function, which in our theory is
given by

〈φ(x, τ)φ∗(0, 0)〉 = n0 〈exp [i (θ(x, τ)− θ(0, 0))]〉+ 〈φ′(x, τ)φ′∗(0, 0)〉

By expanding the exponential we find that the dominant long-wavelength behavior
is due only to the first three terms in the expansion, where the first term is the
condensate density and the second term is simply the exact phase-fluctuation
propagator in Eq. (3.22). The third term gives a non-trivial logarithmic term,
which results from a convolution of two phase-fluctuation propagators as was
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shown in section 3.2.4. The expansion is thus

~−1 〈φ(k, ωn)φ∗(k, ωn)〉 ' ncβV δk,0δn,0 +
nc
n mc

2

(~ωn)2 + 2mc2εk
(3.24)

− 3
√
mc2

32
√

2ε3/2F

nc
n

log
[

(~ωn)2 + 2mc2εk
(8mc2)2

]
.

To obtain the denominator inside the logarithm using the phase-fluctuation prop-
agator in Eq. (3.22) with mc2 = n0g, an ultra-violet subtraction was needed. This
subtraction removes the ultra-violet divergences associated with a point interaction
[25], and is a result of the renormalization of the bare coupling to T 2B, as explained
in appendix B.3. Also, it was used that

n0 〈exp [i (θ(x, τ)− θ(0, 0))]〉 = n0 exp
[
−1

2

〈
[θ(x, τ)− θ(0, 0)]2

〉]
= nc exp [〈θ(x, τ)θ(0, 0)〉] ,

and the condensate density is defined in terms of the off-diagonal long-range order
of the one-particle density matrix

nc ≡ lim
|x|→∞

〈φ(x, 0)φ∗(0, 0)〉 (3.25)

= n0 exp [−〈θ(0, 0)θ(0, 0)〉] .

In the last line it was used that in the long-range limit 〈θ(x, 0)θ(0, 0)〉 = 0, as is
shown in Appendix B.3.

Similarly, the exact anomalous propagator is given by

〈φ(x, τ)φ(0, 0)〉 = n0 〈exp [i (θ(x, τ)− θ(0, 0))]〉
= nc exp [−〈θ(x, τ)θ(0, 0)〉] ,

such that the Fourier transform in the long-wavelength limit only differs from
Eq. (3.24) by a minus sign in front of the second term in the right-hand side.
The above expressions are the exact normal and anomalous propagators in the
long-wavelength limit, as derived in a different manner in Refs. [115, 116]. In
particular, this leads to the counter-intuitive conclusion that the anomalous self-
energy vanishes at zero momentum and frequency [116].
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S [φ∗, φ] S [n0, θ, φ
′∗, φ′] S [n0, 0, φ

′∗, φ′]

Expand φ Non-fluc. θ

Effective interaction g and chemical potential µ due to fluctuations

Figure 3.6: Schematic representation of the renormalization procedure that shows the self-
consistent nature of our theory, as described in the text.

The condensate density and the total density

The condensate density can be expressed in terms of the quasicondensate density
and the effective interaction using Eq. (3.25) as

nc = n0 exp
[

3
4

(
2
√

2− π
)(n0g

εF

)3/2
]
, (3.26)

In order to determine the condensate density, the quasicondensate density n0 needs
to be eliminated in favor of the total density n = 〈φ(x, τ)φ∗(x, τ)〉 using

n = n0 + 1
4

(
8
√

2− 3π
)(n0g

εF

)3/2
n, (3.27)

where the second term is the contribution from the high-energy fluctuations
n′ = 〈φ′(x, τ)φ′∗(x, τ)〉, see Eq. (3.23). As required, exactly the same ultra-violet
subtraction was used for the high-energy fluctuations as in Eq. (3.26), see appendix
B.3. To solve these equations only the effective interaction at zero momentum and
zero frequency remains to be determined using the renormalization group.

To summarize our general approach and as illustrated in Fig. 3.6, the action
S [φ∗, φ] of the Bose gas can be systematically renormalized by the non-phase
fluctuations φ′ using the renormalization-group flow equation, giving in particular
rise to an effective coupling g and a renormalized chemical potential µ. The
propagators of the non-phase fluctuations are determined self-consistently after
expansion of the field. The theory includes the exact propagator of phase fluctu-
ations and reproduces the exact normal and anomalous propagator in the long-
wavelength limit.

3.3.2 Results
In this subsection we apply the general framework within a suitable approximation
to obtain several quantities of the Bose gas as a function of scattering length.
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The effective interaction, (quasi-)condensate density and
one-particle density matrix

To proceed, we must now determine the effective interaction g in some approxima-
tion. Taking only the renormalization of the coupling constant and the chemical
potential into account, which turns out to be very accurate for the unitary Fermi
gas [45], the beta functions are given by

βµ = −2g 4πΛ3

(2π)3

[
v2

Λ + n0g

2εΛ + 2n0g

]
, (3.28)

βg = g2 4πΛ3

(2π)3

[
u4

Λ + v4
Λ − 8u2

Λv
2
Λ

2~ωΛ
− 1

2εΛ

]
,

where the Bogoliubov dispersion ~ωk and the coherence factors u2
k = v2

k + 1 =
(~ωk + εk) /2~ωk are evaluated at Λ. For a derivation of these expressions, com-
pare with the frequency and momentum-dependent integral expressions of
Eqs. (B.2) and (B.4).

The effective interaction is obtained by integrating its differential equation
using the boundary condition g(Λ = ∞) = T 2B, where it must be noted that
the effective interaction inside the Bogoliubov dispersion is the fully renormalized
value g(Λ = 0) which, as previously explained, is determined self-consistently.
Ultimately, we obtain

1
g

= 1
T 2B − [Ξ (0, 0) + 4Π(0, 0)] (3.29)

= 1
T 2B + 1

4
√

2π2

(
2m
~2

)3/2√
n0g, (3.30)

Note that this equation can also be obtained directly as the result of a resummation
of an infinite number of the diagrams shown in Fig. 3.7, see appendix B.1 for the

Figure 3.7: The Feynman diagrams for the fluctuations φ′ that contribute to the beta
function βg and can be viewed as the ladder sum Ξ and bubble sum Π contributions included
in the Bethe-Salpeter equation for the effective interaction g.
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Figure 3.8: (left) The effective interaction as a function of scattering length. The gray
dashed line is the weak-coupling limit for positive scattering length. (right) The fractional
depletion from the condensate (n − nc)/n (thick) and from the quasi-condensate (thin)
n′/n = (n − n0)/n as a function of scattering length. The dashed lines are the weak-
coupling result for the condensate density in Eq. (3.5) and for the quasi-condensate density
as derived in Ref. [25].

derivation of the ladder sum Ξ and bubble sum Π contributions. The equation
also shows the highly non-perturbative nature of the renormalization group.

The effective interaction and the condensate density in terms of the total den-
sity are found analytically as a function of scattering length by solving Eqs. (3.25-
3.29) and are plotted in Fig. 3.8. As can be seen from the figure of the effective
interaction, the position of the resonance shifts due to many-body effects to nega-
tive scattering lengths as a consequence of the screening effects of the bubble sum.
In the unitarity limit, T 2B →∞, the effective interaction and condensate density
are given by

ng

εF
= 2

32/3 (1 + λ)1/3 ' 1.09,

nc
n

= 1
1 + λ

exp
(

2
√

2− π√
2(1 + λ)

)
' 0.59,

n′

n
= n− n0

n
= λ

1 + λ
' 0.31,

where
λ ≡ n′

n0
= 1

3
√

2

(
8
√

2− 3π
)
' 0.45.

The depletion from the condensate is given by 1−nc/n ' 0.41, which clearly differs
from the density of particles contributing to the non-phase fluctuating modes n′
by phase-fluctuation contributions.
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The one-particle density matrix is defined by

n(x) = 〈φ(x, 0)φ∗(0, 0)〉
= nc exp [〈θ(x, 0)θ(0, 0)〉] + 〈φ′(x, 0)φ′∗(0, 0)〉 ,

where the expressions of the phase-fluctuation and the non-phase fluctuation prop-
agator with the appropriate ultra-violet subtractions can be found in appendix B.3.
The one-particle density matrix is shown for several scattering lengths in Fig. 3.9,
including at unitarity. Clearly the condensate density reduces to the total density
in the weak-coupling limit.

0 2 4 6 8 10

0.6

0.7

0.8

0.9

1.0

n
(x
)/
n

kF |x|

nc/n

Figure 3.9: The one-particle density matrix n(x)/n as a function kF |x|. Here the thick
line is the one-particle density matrix at unitarity with the thin line its contributions due
to the condensate and its phase fluctuations. From the difference of the two graphs the
contribution coming from non-phase fluctuations can be inferred. The condensate density
nc/n at unitarity is indicated on the right. The dashed lines correspond to the one-particle
density matrix with a finite scattering length, namely with 1/kF a = {1/10, 1/2, 1, 2, 4} from
bottom to top, respectively.

The chemical potential and speed of sound

The change in the chemical potential follows from integrating Eq. (3.28) and is
given by ∆µ = 2n′g. According to the exact Hugenholtz-Pines theorem [128] the
chemical potential in our theory is then given by µ = n0g+ ∆µ = n0g+ 2n′g. The
chemical potential and the speed of sound mc2 = n0g are shown as a function of
scattering length in Fig. (3.10). The value of the chemical potential at unitarity
is found to be

µ

εF
= n0g + 2n′g

εF
= 2

32/3
1 + 2λ

(1 + λ)2/3 ' 1.42.
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The chemical potential at unitarity is usually written as µ = (1 + β)εF , such that
we have for the universal constant β ' 0.42. Furthermore, the speed of sound at
unitarity is given by

mc2

εF
= n0g

εF
= 1

1 + 2λ
µ

εF
' 0.53 µ

εF
' 0.75.

The expected value for the speed of sound at unitarity in terms of the chemical
potential is mc2 = n(dµ/dn) = 2µ/3 ' 0.66µ, which is remarkably close to our
result and shows the accuracy of the simplest first approximation that we have
presented here.

In comparison to the literature, our result for the chemical potential differs
from the variational studies which find β ' −0.2 [107] and β ' 1.93 [106] and the
renormalization-group study (β ' −0.34) [108]. As mentioned in the introduction,
it is however not clear that the variational studies are always inside a Hilbert space
orthogonal to the true many-body ground state. Also, as correctly presented in
these articles, these variational results should not be viewed as upper bounds to
β, as it is the energy which is determined variationally and not its derivative with
respect to the number of atoms. Furthermore, the variational study in Ref. [107] al-
ways has an attractive interaction whose normal mean-field contribution is treated
in the Hartree-Fock approximation, which might explain its negative value of β.
In contrast, our result uses for both the normal and anomalous contributions an
effectively repulsive interaction and as a result β can becomes positive.
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Figure 3.10: (left) The chemical potential (thick) and speed of sound (thin) as a function of
scattering length. The gray dashed line is the Bogoliubov chemical potential with and without
Lee-Huang-Yang correction, see Eq.(3.4). (right) The contact as a function of scattering
length. The thick line is obtained from Eq. (3.31) or Eq. (3.33) with µ = n0g. The dashed
lines are the Bogoliubov results with (top) and without (bottom) Lee-Huang-Yang correction,
see Eq. (3.6).
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The contact

Another interesting property is called the contact C and is related to the short-
wavelength behavior of the momentum distribution, namely [120, 129]

n(k) ' C/k4.

The value of the contact is determined by the non-phase fluctuations and is found
after performing the Matsubara sum over Eq. (3.23) and expanding for large
momenta to be

C

k4
F

=
(
n0g

2εF

)2
. (3.31)

This expression is of the same form as that found in Bogoliubov theory [123] but
with the two-body T matrix replaced by the effective interaction. At unitarity, its
value is

C

k4
F

= 1
34/3

1
(1 + λ)4/3 ' 0.14

The contact as a function of the scattering length is shown in Fig. 3.10.
An equivalent definition of the contact is through the average of the interaction

term in the action [121, 123, 129]

C

k4
F

=
(
T 2B

2εF

)2 〈
|φ|4

〉
. (3.32)

Assuming that the action is first renormalized, such that the two-body T -matrix
is replaced by the effective interaction g, and that all non-phase fluctuations have
been included into the renormalization of the action, i.e., we take

〈
|φ|4

〉
= n2

0 to
avoid double counting, we re-obtain Eq. (3.31).

Yet another definition of the contact can be given in terms of the derivative of
the total energy or the chemical potential with respect to the scattering length,
namely

C

k4
F

= − 4π
εF k4

F

d(E/V )
d(1/a) , (3.33)

where the total energy per volume is obtained from the chemical potential as
E/V =

∫ n
0 µ(n′, a)dn′. By neglecting the contribution of the non-phase fluctu-

ations in the chemical potential, i.e., taking µ = n0g, we analytically re-obtain
the same value of the contact at unitarity as obtained from Eq. (3.31) and nu-
merically we re-obtain the same contact as a function of scattering length. If the
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contact is determined through the derivative of the complete chemical potential
µ = n0g + 2n′g, which includes contributions from the non-phase fluctuations,
it becomes larger. We expect that this difference is a consequence of a double
counting, since the effects of non-phase fluctuations have already been included in
the effective interaction and should not be included again through the derivative
of the self-energy contribution 2n′g of the chemical potential. In the discussion we
will comment on these issues in more detail.

Energy-dependent effective interaction and bound state

The center-of-mass energy dependence is most easily investigated by generalizing
Eq. (3.29) for non-zero frequencies, giving

1
g(~ωn) = 1

T 2B − [Ξ (0, ωn) + 4Π(0, 0)] .

Here the bubble sum contribution Π is not energy dependent, since at this level of
approximation it only depends on the relative energy. The frequency-dependent
ladder contribution can be found analytically and its integral expression is shown
in appendix B.1. For high energies the expression reduces to the vacuum expression
in Eq. (3.16). The frequency dependence of the effective interaction at unitarity
is shown in Fig. 3.11, where the Kramers-Kronig-like feature in the real and
imaginary parts, that is a consequence of the molecular bound state, is clearly
visible. This feature shifts to more negative frequencies for decreasing scattering
lengths, as is shown in Fig. 3.11.

The bound-state energy for small scattering lengths is

Eb ' −
~2

ma2 −
32
π

√
2

3π
1
kFa

εF ,

where the second term in the right-hand side depends on the square root of the
density. At this level of approximation the bound state only reduces asymptotically
to the two-body behavior. This is a consequence of the bubble sum contribution
which does not vanish fast enough, since its energy dependence is not taken into
account. We will later suggest a way to improve this behavior.

Three-body recombination rate

As mentioned in the introduction, the atomic Bose gas is metastable. The primary
mechanism for the system to decay to the true groundstate of a Bose-Einstein
condensate of molecules is by inelastic three-body collisions. In these collisions
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Figure 3.11: (left) The real (solid) and imaginary (dashed) part of the effective interaction at
unitarity normalized to its value at zero frequency as a function of center-of-mass frequency.
(right) The bound-state energy as a function of scattering length. The dashed line is the
two-body behavior of the bound-state in Eq. (3.11).

three particles interact to form a diatomic molecule and a free atom. The molecular
binding energy is then released in the form of kinetic energy of the molecule and
atom, which results in a loss of atoms from the shallow traps used in cold atomic
gas experiments. Here the dependence of the decay rate on the scattering length
is investigated using our knowledge of the contact and of how the bound state
energy is shifted away from the original position of the resonance due to many-
body effects.

The particle loss is written as

dn
dt = −Ln3,

where L is the three-body loss rate [109, 130]. The dependence on the scattering
length of the loss rate is found by application of Fermi’s golden rule

L ∝ |〈f |V |i〉|2 qf .

Here |f〉 and |i〉 indicate the final and initial state, respectively, and qf is the
wavevector of the final state. The final state is the Feshbach bound state [25] and
is given by

〈r|f〉 = 1√
2πab

e−r/ab

r
,

where we defined the effective scattering length ab that without many-body cor-
rections is simply equal to a(B). The wavevector of the final state is given by
qf ∝ a−1

b . The two-body scattering states in the open channel [25] are given by

lim
r↓0

〈
r|ψ(+)(k)

〉
' 1− a

r
.
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The initial state can be viewed as a product of three such scattering states, such
that for small radii where the interaction potential is non-vanishing

〈r|i〉 ∝ a3.

When no many-body corrections are present, we therefore expect

L3B(a) ∝
(

1
√
ab
a3
)2 1

ab
∝ a6

a2
b
∝ a4.

From Efimov physics it is known that for a shallow bound state

L3B(a) = F (a) ~
2ma4, (3.34)

where F (a) is a logarithmically periodic function of the scattering length and its
maximum value is Fmax ' 67.12 [130–132]. From now on we neglect the Efimov
physics and concentrate on the maximum value L3B(a) = Fmax~a4/2m.

When the scattering length becomes large, many-body effects become impor-
tant. The scattering state is then renormalized by the wavefunction renormaliza-
tion factor

√
Z(a), which leads to the renormalized initial state

〈r|i〉 ∝ (
√
Za)3 = C3/2

(4πn)3 ,

where it was used that the wavefunction renormalization factor can be related to
the contact by C = Z(4πan)2. The effective scattering length ab is given in terms
of the bound-state energy Eb(a) = −~2/mab(a)2. The many-body loss rate can
then be expressed in terms of the contact and the bound-state energy, namely

LMB(a) =
(
Fmax

~
2m

)[
1
√
ab

C3/2

(4πn)3

]2 1
ab

= −Fmax
1
2
C3(a)Eb(a)
~(4πn)6 ,

In dimensionless form the many-body recombination rate is

LMB/
( εF
~n2

)
= −Fmax

π2

2

(
3
4

)4(
C

k4
F

)3
Eb

εF
.

The many-body recombination rate as a function of scattering length is shown in
Fig. 3.12.
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Figure 3.12: The many-body recombination rate as a function of scattering length. The
thick line is determined using the contact in Eq. (3.31). The three-body recombination rate
in Eq. (3.34) is shown as the dashed line.

At unitarity, where the bound-state energy is Eb ' −2.39n0g ' −1.80εF , this
gives for the universal recombination rate

LMB/
( εF
~n2

)
' π2 (2.39Fmax)

2832/3(1 + λ)14/3 ' 0.61.

The dependence of LMB indicates that the many-body loss rate saturates at unitar-
ity to a finite value. A similar saturation of the loss rate was seen experimentally
in non-degenerate Bose gases at unitarity in Ref. [133], where the saturation is
determined by the temperature. When the temperature becomes small the many-
body loss rate is eventually set only by the density and this crossover is determined
by a universal function of kBT/εF .

Weak coupling and discussion

All quantities in this section have been determined analytically as a function of
scattering length, which allows us to compare to the known weak-coupling results,
of which some are shown in section 3.2.1. The coefficients of the weak-coupling
expansions are shown numerically in Table 3.1. It is clear from this table that the
Bogoliubov (first-order) results are correctly incorporated into the theory as can
be verified analytically. Also, the second order of the expansion of the condensate
density can be shown analytically to be equal to the known result, which is another
indication that the phase fluctuations are exactly incorporated.

There is, however, a clear deviation in the second-order corrections of the
quantities besides the condensate density. As was seen from the behavior of the
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× ng/εF (kFa) nc/n n0/n µ/εF (kFa) mc2/εF (kFa) C/k4
F (kFa)2 Eb(kFa)2/εF LMB/

(
εF /~n2) (kFa)4Fmax

1
0.42 1 1 0.42 0.42 0.045 −2 0.29× 10−3

0.42 1 - 0.42 0.42 0.045 −2 0.29× 10−3

(kFa)3/2 −0.13 −0.20 −0.13 −0.07 −0.18 −0.038 −4.69 −0.60× 10−5

- −0.20 - 0.33 0.50 0.070 - -

Table 3.1: A comparison of the first-order and second-order weak-coupling results. The
first row of each order are the results of the theory presented here, whereas each second
row are the known weak-coupling results of which some are shown in section 3.2.1. For the
contact and the many-body recombination rate Eq. (3.31) for the contact is used. Note that
nT 2B/εF = 4(kF a)/3π ' 0.42(kF a).

bound state, one of the reasons for these deviations may be that the bubble sum
contribution is currently not vanishing quickly enough for small scattering lengths.
Therefore, it may be that the energy-dependence of the bubble sum contribution
is crucial to re-obtain the correct behavior of the bound state. However, for the
quantities besides the bound state, we believe that the deviations presumably have
its origin in the ultra-violet subtraction from a point interaction to T 2B(0) instead
of T 2B(−2µ). Further analysis into the origin of these discrepancies is needed.

Furthermore, we take the fully-renormalized value of the effective interaction
inside the Bogoliubov dispersions of the renormalization-group flow equations,
Eq. (3.28). Therefore, it would be interesting to see the effect of a full numerical
solution of the coupled renormalization-group-flow equations, which is expected to
be a great improvement and is also interesting to study the stability of the result.

Another improvement would be to obtain the renormalized thermodynamic
potential of the theory. This will allow the determination of all quantities using
thermodynamic relations and will avoid inconsistencies common in Bogoliubov-
based theories. These inconsistencies are a consequence of the fact that some
relations are not always consistent with the requirement that the expansion of the
field is around the minimum of the thermodynamic potential. An example of these
inconsistencies was visible in the two different values of the contact. In particular,
using the full renormalized thermodynamic potential Ω(n0, µ, T ), the minimization
of the thermodynamic potential is ensured by solving the coupled equations for
the equilibrium condition ∂Ω/∂n0 = 0 and the total density n = ∂(Ω/V )/∂µ.
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3.4 Conclusion
We have constructed a self-consistent approach to describe Bose gases as a function
of scattering length which can be improved systematically by renormalization-
group methods and reduces to the Bogoliubov theory for small scattering lengths.
The effective interaction, condensate density, one-particle density matrix, chemical
potential, speed of sound, contact, bound-state energy and many-body recombi-
nation rate are found as a function of scattering length. The generalization of
the theory to non-zero temperature is straightforward, see appendix B.1. Further-
more, we expect that the approach can be applied to other systems with a broken
continuous symmetry, where similar infrared divergencies occur as a consequence
of the presence of Goldstone modes. We hope that our results stimulate further
experimental developments toward unitarity-limited Bose gases in the near future.





Chapter A

Appendix to Chapter 2

A.1 Conventions

A.1.1 Euclidean conventions
The four-momentum vectors in Euclidean space-time will be written with capital
letters Q = (i(iωn),q), while for the Wick-rotated case (iωn → ω+ i0) the roman
capital letters Q+ = (i(ω+ i0),q) are used. Three momentum vectors are written
in bold face q and its length as q. And ω ± i0 are sometimes written as ω± for
short.

The Euclidean gamma matrices in the standard representation are

γ0 =
(

1 0
0 −1

)
, γi = −i

(
0 σi
−σi 0

)
,

γ5 = γ0γ1γ2γ3 =
(

0 1
1 0

)
.

All the above entries are 2× 2 matrices and σi are the Pauli spin matrices

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

The gamma matrices obey the following relations

{γµ, γν} = 2δµν , {γ5, γµ} = 0, γ2
5 = 1.

The charge conjugation matrix is

C = γ0γ2 = −i
(

0 σ2
σ2 0

)
,



92 Chapter A – Appendix to Chapter 2

which satisfies
CγTµC = γµ, CT = C−1 = −C.

The eight generators of the fundamental representation of SU(3) are taken to
be

t1 = 1
2

 0 1 0
1 0 0
0 0 0

 , t2 = 1
2

 0 −i 0
i 0 0
0 0 0

 ,

t3 = 1
2

 1 0 0
0 −1 0
0 0 0

 , t4 = 1
2

 0 0 1
0 0 0
1 0 0

 ,

t5 = 1
2

 0 0 −i
0 0 0
i 0 0

 , t6 = 1
2

 0 0 0
0 0 1
0 1 0

 ,

t7 = 1
2

 0 0 0
0 0 −i
0 i 0

 , t8 = 1
2
√

3

 1 0 0
0 1 0
0 0 −2

 ,

and have been normalized according to Tr[tatb] = 1
2δ
ab. In general, the product of

the generators is

taijt
a
kl = NC − 1

4NC
(δijδkl + δilδkj)−

NC + 1
4NC

(δijδkl − δilδkj).

Furthermore, one will frequently encounter the following group-theory factors

fabcfabd = NCδ
cd, δaa = N2

C − 1 ≡ NG,

tailt
a
lj = N2

C − 1
2NC

δij = NG
2NC

δij ,

in the above expressions NC is the number of colors and NG the number of gluons.
Fourier transforms are normalized as

ψ(τ,x) = 1√
β

∑
n

∫ d3p

(2π)3/2ψ(iωn,p)eip·x−iωnτ

=
∫ d4p√

V
ψ(p)eipµxµ ,

where ωn = π(2n + 1)/β are the fermionic Matsubara frequencies, V = β(2π)3 is
the imaginary time phase space volume and pµ = (i(iωn),p) and xµ = (τ,x).
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The Dirac equation in Euclidean space is

(/∂ +m)ψ(x) = 0,

where /∂ = γµ∂µ. In momentum space the Dirac equation reads

(i/p+m)ψ(p) = 0.

The eigenvalues of the matrix i/p are ±m, since (i/p)2 = −p2 = m2. The eigen-
spinors corresponding to these eigenvalues are

i/pus(p) = −mus(p),
i/pvs(p) = mvs(p).

Note that i/p is not a hermitian matrix and that vs(−p) satisfies the same equation
as us(p). However, they can also be viewed as the the eigenspinors of a hermitian
matrix

γ0(ip · ~γ +m)us(p) = εpus(p),
γ0(ip · ~γ +m)vs(−p) = −εpvs(−p).

The positive and negative energy eigenspinors have the following form

us(p) =
√
εp +m

2εp

(
ξs

p·~σ
εp+mξs

)
, (A.1)

vs(−p) =
√
εp +m

2εp

(
− p·~σ
εp+mξs

ξs

)
, (A.2)

where ξ↑ = (1, 0)T and ξ↓ = (0, 1)T . They are orthonormal in the sense that

u†s(p)u′s(p) = v†s(−p)v′s(−p) = δss′ ,

v†s(−p)u′s(p) = u†s(−p)v′s(p) = 0,

and satisfy the completeness relation∑
s

[us(p)u†s(p) + vs(−p)v†s(−p)] = 1.

Using the above eigenspinors the positive and negative energy projectors can
be defined as

P+
E (p) ≡

∑
s

us(p)u†s(p) = εpγ0 − i~γ · p +m

2εp
γ0,

P−E (p) ≡
∑
s

vs(−p)v†s(−p) = εpγ0 + i~γ · p−m
2εp

γ0,
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which in the massless case reduce to

P sE(p,m = 0) = 1 + siγ0~γ · p̂
2 .

The helicity projection operators project the spin along the momentum of the
particle and read

Ps(p) = 1 + sΣ · p̂
2 = 1 + siγ5γ0~γ · p̂

2 ,

where Σ = iγ5γ0~γ =
(
~σ 0
0 ~σ

)
is the spin operator. Note that [P sE(p)γ0,Ps

′(p)] = 0.

A.1.2 The Green’s functions
The Green’s functions of quarks and gluons in Euclidean space are defined by

G(τ,x; τ ′,x′) = −〈ψ(τ,x)ψ̄(τ ′,x′)〉,
Dµν(τ,x; τ ′,x′) = 〈Aµ(τ,x)Aν(τ ′,x′)〉.

In momentum space, the free quark propagator is

G0(p) = (iωn + µ)γ0 − i~γ · p +m

(iωn + µ)2 − p2 −m2 = i /P −m
P 2 +m2 .

In the Lorentz gauge (∂µAµ = 0), the momentum-space free gluon propagator is

D0,µν(q) = 1
Q2

[
δµν − (1− ξ)QµQν

Q2

]
= Pµν

Q2 + ξ

Q2
QµQν
Q2 ,

while in the Coulomb gauge (∂iAi = 0) it is [61]

D0,µν =
PTµν
Q2 + Q2

q2
δµ0δν0

Q2 + ξ
Q2

q4
QµQν
Q2 ,

where ξ is a gauge-fixing parameter and the projectors can be written as

Pµν = δµν −
QµQν
Q2 ,

PTij = δij −
qiqj
q2 , PTµ0 = PT0ν = 0,

PLµν = Pµν − PTµν .

Note that the free gluon propagator in the Lorentz gauge satisfiesQµD0,µν = ξQν/Q
2,

such that in the Landau gauge (ξ = 0) it is purely four-momentum transverse,
i.e., QµD0,µν = 0. The free gluon propagator in the Coulomb gauge satisfies
qiD0,iν = ξq2Qν/Q

4, such that in the Landau gauge it is three-momentum trans-
verse. These propagators are diagonal in color space.
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A.2 Lorentz transformation properties
In this section the Lorentz transformation properties of some quantities are sum-
marized, such as the thermodynamic potential, the distribution function and the
effective interaction. The Lorentz transformation to a frame moving with velocity
v is

Λµν(v) =


−γ · · · −γvT · · ·
...

. . .
γv δij + vivj

v2 (γ − 1)
...

. . .

 ,

such that the four-momentum Pµ = (ε(p),p) of a particle transforms as(
ε(p)
p

)
→
(

γ(ε(p)− v · p)
p + v̂(p · v̂)(γ − 1)− γε(p)v

)
.

Not to be confused with the Dirac matrices γµ, the γ used in this section is the
Lorentz factor γ = 1/

√
1− v2.

A.2.1 Lorentz invariance of the thermodynamic potential
density

The invariance of the thermodynamic potential density under Lorentz transfor-
mations can be shown using the stress-energy tensor. Consider the change in
the thermodynamic potential density under a Lorentz transformation from the
rest frame to a frame moving with velocity v. Since an interacting gas of quarks
in the rest frame is specified only by an energy density ρ and a pressure p, the
stress-energy tensor is diagonal and of the form

Tµν = diag(ρ, p, p, p)µν ,

such that under a Lorentz transformation the thermodynamic potential density
Ω = ρ− µn = −p changes as

δΩ = δT00 − δ(µn) = γ2v2(ρ+ p)− δ(µn)
= µnγ2v2 − δ(µn).

The transformation of the chemical potential (µ = ∂E/∂N) follows from the
Lorentz boosted total energy of the system E → γ(E − v · P) = γE, where
P = 0 is the total momentum of the system in the rest frame, which results in
µ→ γµ. The transformation of the density is due to a Lorentz contraction in the
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volume n → γn. Thus the total change in µn is δ(µn) = (γ2 − 1)µn = γ2v2µn,
such that under a Lorentz transformation δΩ = 0. For an alternative derivation
which uses that the pressure transforms the same way as a force per area, see Ref.
[134].

A.2.2 Transformation properties of f(p, p′)
Consider the lowest-order correction to the free thermodynamic potential density

Ωint = 1
2
∑
σ,σ′

∫ d3pd3p′

(2π)3 fσσ′(p,p′)Nσ(p)Nσ′(p′).

Note that the distribution function N(p) is a Lorentz invariant, which can be easily
derived from the fact that the number of particles in a volume d3xd3p of phase
space is invariant under Lorentz transformations [135], i.e., Ñ(p̃) = N(p) where
the tilde signifies the Lorentz transformed quantity. Subsequently, it is possible
to derive a transformation law for f(p,p′) by using that the distribution, the
thermodynamic potential density and dp/ε0(p) are Lorentz invariant. It follows
that ε0σ(p)ε0σ′(p′)fσσ′(p,p′) should be Lorentz invariant, giving

ε0σ(p)ε0σ′(p′)fσσ′(p,p′) = ε̃0σ(p̃)ε̃0σ′(p̃′)f̃σσ′(p̃, p̃′),

where ε0σ(p) =
√
p2 +m2

σ. Expand f̃ to the lowest order in v, using
ε̃0(p̃) = ε0(p)−v ·p +O(v2), p̃ = p− ε0(p)v +O(v2), and p/ε0(p) = ∂ε0(p)/∂p,

fσσ′(p,p′) = f̃σσ′(p̃, p̃′)
[
1− v · p

ε0σ(p)

] [
1− v · p′

ε0σ′(p′)

]
+O(v2)

=f̃σσ′(p,p′)− ε0σ(p)v · ∂fσσ
′(p,p′)
∂p − ε0σ′(p′)v ·

∂fσσ′(p,p′)
∂p′

−fσσ′(p,p′)
[
v · ∂ε0σ(p)

∂p − v · ∂ε0σ
′(p′)

∂p′

]
+O(v2)

=f̃σσ′(p,p′)− v ·
[
∂ε0σ(p)fσσ′(p,p′)

∂p + ∂ε0σ′(p′)fσσ′(p,p′)
∂p′

]
+O(v2).

If it is assumed that to the lowest order the interaction does not depend on any
distribution functions, i.e., f̃σσ′(p,p′) = fσσ′(p,p′), the above implies

∂ε0σ(p)fσσ′(p,p′)
∂p = −∂ε0σ

′(p′)fσσ′(p,p′)
∂p′ . (A.3)

Note that the above derivation is similar to that given in Ref. [91].
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A.3 From Minkowski to Euclidian space
In this section it is summarized how to turn the Minkowski quantum field theory
(QFT) of quantum chromodynamics into a Euclidean statistical field theory (SFT)
suitable for studying the dynamical properties of a many-particle system. The
starting point is the gauge-fixed path integral for QCD∫

DAµDψ̄DψD η̄Dη exp
{
i

∫
LQCDd4x

}
, (A.4)

where Aµ are the gluon fields, ψ and ψ̄ = iψ†γ0 the quark fields, η and η̄ = iη†γ0

the ghost fields and the QCD Lagrangian in Minkowski space fixed in a linear
gauge (fµAaµ = 0) is given by

LQCD =−
∑
f

[ψ̄f (/∂ +mf )ψf + igψ̄fγ
µtaψfA

a
µ]

− 1
2A

µ
a(∂µ∂ν − ∂2ηµν)Aνa

− η̄a∂µ∂µηa − gfabc(η̄a∂µηb)Acµ

− 1
2g(∂µAνa − ∂νAµa)fabcηµσηνρAσbAρc

− 1
4g

2fabcfadeηµσηνρA
µ
aA

ν
cA

σ
dA

ρ
e + 1

2ξ (fµAaµ)2, (A.5)

where ψf is the quark field with flavor f , and the summation over color and spin
indices are shown implicitly. The metric was chosen to be ηµν = diag (−1, 1, 1, 1)
and the Minkowski gamma matrices in the standard representation are

γ0 = −i
(

1 0
0 −1

)
, γi = −i

(
0 σi
−σi 0

)
,

γ5 = iγ0γ1γ2γ3 =
(

0 1
1 0

)
. (A.6)

The gamma matrices satisfy

{γµ, γν} = 2ηµν , {γ5, γµ} = 0, (γ5)2 = 1.

By performing a Wick rotation the above quantum field theory can be trans-
formed into a statistical field theory. A Wick rotation amounts to taking an
analytic continuation from real time to imaginary time (t = −iτ), which turns the
Minkowski metric ds2 = −dt2 + dx2 into the Euclidean metric ds2 = dτ2 + dx2.
To do this consistently the zeroth component of all four-vectors need to change
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accordingly. The procedure is most easily understood by considering the length of
the position four-vector

xµxµ = xµηµνx
ν = (t,x)

(
−1 0
0 1

)(
t

x

)
= (it,x) I

(
it

x

)
≡ xEµ δµνxEν ,

xµη
µνxν = (−t,x)

(
−1 0
0 1

)(
−t
x

)
= (it,x) I

(
it

x

)
≡ xEµ δµνxEν ,

where it is seen that the minus sign of the Minkowski metric is absorbed in the
definition of the Euclidean four-vectors xEµ = (it,x) = (τ,x). In Euclidean space
no distinction is made between upper and lower indices. A simple way to obtain
the Euclidean form of a vector is to multiply the contravariant vector by the matrix
diag (i, 1, 1, 1) or the covariant vector by diag (−i, 1, 1, 1) and set t = −iτ . Note
that the spatial components do not change. For example, the Euclidean position
four-vector, the four-divergence and the zeroth gamma matrix are in terms of their
Minkowski definitions Eq. (A.6)

xEµ = (ix0,x) = (−ix0,x) = (it,x) = (τ,x),

∂Eµ = (i∂0,∇) = (−i∂0,∇) =
(
−i ∂
∂t
,∇
)

= (∂τ ,∇),

γE0 = iγ0 = −iγ0 =
(

1 0
0 −1

)
.

Generalizations to tensors is straightforward and follows for instance from the
example Aµν = aµaν . Using the above procedure to find the Euclidean versions
of all tensors, the partition function is easily found from Eqs. (A.4) and (A.5) by
setting the tensors to their Euclidean versions, taking ηµν → δµν and t → −iτ .
The partition function is

Z =
∫

DAµDψ̄DψD η̄Dη e−S
E
,

where the Euclidean action is defined as

SE =
∫

L E
QCDdτdx,
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with the Euclidean Lagrangian

L E
QCD =

∑
f

[ψ̄f (/∂ +mf − γ0µf )ψf − igψ̄fγµtaψfAaµ]

+ 1
2A

a
µ(∂µ∂ν − ∂2δµν)Aaν

+ η̄a∂2ηa + gfabc(η̄a∂µηb)Acµ

+ 1
2g(∂µAaν − ∂νAaµ)fabcAbµAcν

+ 1
4g

2fabcfadeAbµA
c
νA

d
µA

e
ν −

1
2ξ (∂µAaµ)2.

In the above the tensors are all Euclidean but the index E has been dropped for
convenience, the conjugate fields are now defined as ψ̄f = ψ†fγ

E
0 and η̄ = η†γE0 and

the chemical potential has been added as the Lagrange multiplier of the density
ψ†fψf . Additionally, to complete the connection between QFT and SFT, the time
integration domain is changed to τ ∈ [0, β], where β is the inverse temperature
T of the system. Due to the definition of the partition function as a trace over
all states, the bosonic (fermionic) fields are required to obey symmetric (anti-
symmetric) boundary conditions, namely ψf (τ = 0,x) = ±ψf (τ = β,x).

A.4 Nonzero temperature calculations

At nonzero temperature one needs to calculate Matsubara summations which
usually can be done using contour integration. In the following an expression
is derived for such summations and the interpretation of the result is discussed.
Consider to this end the sum over bosonic Matsubara frequencies (ωn = 2nπT ) of
the function f(iωn)

β−1
∑
ωn

f(iωn) = 1
2πi

∮
Cmats

f(z) 1
eβz − 1dz,

where the contour Cmats is given in Fig. A.1. If f(z)NB(z) → 0 when |z| → ∞
then it is possible to close the contour by adding the arcs of C±semi−circ, in which
case Cmats = C+

semi−circ +C−semi−circ. In general f(z) will only have poles or branch
cuts on the real axis, such that the contours can be contracted along the real axis,
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Re[z]

Im[z]

Cmats

C
+
semi-circC

-
semi-circ

Figure A.1: The contour for the bosonic Matsubara summation, where Cmats along the
imaginary axis is used to rewrite the frequency summation as a contour integral. The contours
C±semi−circ are the positive and negative energy semicircular contours obtained by adding arcs
at infinity to Cmats.

which gives

β−1
∑
ωn

f(iωn) = 1
π

∫ ∞
0

NB(ω)=[f(ω + i0)]dω

− 1
π

∫ ∞
0

[1 +NB(ω)]=[f(−ω + i0)]dω, (A.7)

where 2i=[f(ω + i0)] ≡ f(ω + i0) − f(ω − i0) and it was used that ω < 0
for the contour C−semi−arc, such that it is more convenient to take ω → −ω
and use NB(−ω) = −1 − NB(ω) . The first line can be interpreted as due to
thermal gluons and the second line due to thermal (anti)gluons and a vacuum
contribution. The fact that the gluon is its own antiparticle will be reflected by
=[f(−ω + i0)] = −=[f(ω + i0)].

Let us evaluate the above for the specific case f(z) = ln[g(z)] which satisfies
=[g(−ω + i0)] = −=[g(ω + i0)]. Expanding the logarithm in terms of its real and
imaginary parts

ln[g(z)] = ln |g(z)|+ i arctan
(
=[g(z)]
<[g(z)]

)
+ iπΘ(−<[g(z)])sgn(=[g(z)]),
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then Eq. (A.7) can be written as

β−1
∑
ωn

ln[g(iωn)] = 1
π

∫ ∞
0

dω(1 + 2NB(ω))
[
arctan

(
= [g(ω+)]
< [g(ω+)]

)
+πΘ(−<[g(ω+)])sgn(=[g(ω+)])

]
,

which will be used in the calculation of the RPA correction to the thermodynamic
potential.

For fermionic Matsubara frequencies a similar derivation can be done, but now
the chemical potential is included by writing f(iωn + µ)

β−1
∑
ωn

f(iωn + µ) = − 1
2πi

∮
Cmats

f(z) 1
eβ(z−µ) + 1

dz,

where the contour Cmats is given in Fig. A.2 and N(z) ≡ (exp(βz) + 1)−1 has
poles at the fermionic Matsubara frequencies with residue −1. If f(z)N(z) → 0
when |z| → ∞, then it is possible to close the contour as given in Fig. A.2
by adding the arcs of C±semi−circ and the lower- and upper-boundaries of Cbox.
The full Matsubara sum can thus be written as a contour integral over Cmats =
C+

semi−circ +Cbox +C−semi−circ. Again if f(z) only has poles and branch cuts on the
real axis, contracting the contours along the real axis gives

β−1
∑
ωn

f(iωn + µ)

=− 1
π

∫ ∞
µ

N(ω − µ)=[f(ω + i0)]dω

− 1
π

∫ µ

0
[1−N(µ− ω)]=[f(ω + i0)]dω

− 1
π

∫ ∞
0

[1−N(ω + µ)]=[f(−ω + i0)]dω, (A.8)

where in the first-to-last line it was used that 0 < ω < µ for the contour Cbox, such
that it is more convenient to writeN(ω−µ) = 1−N(µ−ω). Similarly for C−semi−circ,
where ω < 0, we take ω → −ω in the integral and write N(−ω−µ) = 1−N(ω+µ).
From the above it is clear that the first line corresponds to particles above the
Fermi sphere, the second line to those in the Fermi sphere and the last line is due
to anti-particles and contains a vacuum contribution. Note that the above formula
must be used with care, since one has to check if the above simplifications are valid
on a case-to-case basis.
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Re@zD

Im@zD

Μ0

Cbox

Cmats

C+semi-circC-semi-circ

Figure A.2: The same as in Fig. A.1 but for the fermionic case, where Cbox, the contour
between 0 < ω < µ, is related to processes inside the Fermi sphere.

A.5 The gluon self-energy
The gluon self-energy, or the so-called polarization tensor, is given to the lowest
order by

Πab
f,µν = −g2taijt

b
ji

∫ d4P

V
Trs[γµG0f (P +Q)γνG0f (P )]δabΠf,µν . (A.9)

The polarization tensor is purely transverse, i.e., QµΠf,µν = 0, which can be easily
seen using

i /Q = G−1
0f (P +Q)−G−1

0f (P ),

and the cyclicity of the trace. Expanding the polarization tensor in terms of the
longitudinal and transverse parts relative to the three-momentum q gives

Πf,µν = FfP
L
µν +GfP

T
µν ,

where Ff and Gf can be obtained by

Ff = Q2

q2 Πf,00, Gf = 1
2 (Πf,µµ − Ff ) . (A.10)

Noticing that even in the imbalanced case, the contribution from each flavor simply
adds up to the total polarization tensor, therefore, throughout this section, we will
not explicitly write out the subscript f , and all the formulae presented here are
applicable to any flavor. However, in the main text, we use Πµν , F and G as the
summation over all flavors if the subscript f is not explicitly shown.
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After performing the Matsubara sum, the individual processes involved can be
identified

Πµν =g2

2

∫ d3p

(2π)3

{∑
ss′ [ūs(p)γµus′(p + q)ūs′(p + q)γνus(p)]

iωq − ε0(p + q) + ε0(p) ×

×[N(p + q)(1−N(p))− (1−N(p + q))N(p)]

+
∑
ss′ [v̄s(p)γµus′(p + q)ūs′(p + q)γνvs(p)]

iωq − ε0(p + q)− ε0(p) ×

×[N(p + q)N̄(p)− (1−N(p + q))(1− N̄(p))]

+
∑
ss′ [ūs(p)γµvs′(p + q)v̄s′(p + q)γνus(p)]

iωq + ε0(p + q) + ε0(p) ×

×[(1− N̄(p + q))(1−N(p))− N̄(p + q)N(p)]

+
∑
ss′ [v̄s(p)γµvs′(p + q)v̄s′(p + q)γνvs(p)]

iωq + ε0(p + q)− ε0(p) ×

×[(1− N̄(p + q))N̄(p)− N̄(p + q)(1− N̄(p))]
}

=g2

2
∑

s1,s2=±1

∫ d3p

(2π)3
Tr[P s1

E (p)γ0γµP
s2
E (p + q)γ0γν ]

iωq − s2ε0(p + q) + s1ε0(p) ×

× [Ns2(p + q)(1−Ns1(p))− (1−Ns2(p + q))Ns1(p)], (A.11)

where Ns(p) = 1
exp[β(sε0(p)−µ)+1] , N

+(p) = N(p) is the Fermi distribution of
the corresponding flavor and N̄(p) = 1

exp[β(ε0(p)+µ)]+1 = 1 − N−(p) is the Fermi
distribution for the corresponding anti-particle. The first line is related to particle-
hole creation and annihilation, the second and third line to particle-antiparticle
(and hole-antihole) production and annihilation, and the last line to antiparticle-
antiparticlehole creation and annihilation. Note that, as expected, the first line
vanishes in the T, µ → 0 limit and the last line vanishes in the T → 0 limit. The
second and third line contain infinite vacuum (T, µ = 0) contributions, which need
to be renormalized. The gluon self-energy will be decomposed in terms of a matter
part, a renormalized vacuum and an infinite vacuum contribution according to

Πµν(Q,T, µ) = Πmat
µν + Πren.vac.

µν + Πinf.vac.
µν ,
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where the various functions have been defined as

Πmat
µν ≡ Πµν(Q,T, µ)− Pµν

3 Πλλ(Q, 0, 0),

Πren.vac.
µν ≡ Pµν

3

[
Πλλ(Q, 0, 0)−Q2

(
Πλλ(Q, 0, 0)

Q2

)
Q2→0

]
,

Πinf.vac.
µν ≡ Pµν

3 Q2
[

Πλλ(Q, 0, 0)
Q2

]
Q2→0

.

For the vacuum expressions it is possible to extract the projection matrix Pµν , since
the polarization tensor is purely transverse and for T, µ = 0 there is no preferential
frame such that the tensor is built up out of only two possible quantities δµν and
QµQν . To include the dynamical properties of the vacuum expression a renormal-
ization procedure is necessary. In the above the renormalized vacuum expression
was obtained by extracting the infinite contributions from the vacuum polarization
tensor at the renormalization pointQ2 = 0. The reason for extracting the factorQ2

from the vacuum Πλλ before setting Q2 = 0 is because in the vacuum the dressed
gluons are massless, i.e., Πλλ ∝ Q2, c.f. Eq. (A.15). Therefore Q2 = 0 is still a
pole for the vacuum expression, at which the residue is 1 after the renormalization.
In conclusion, the following full renormalized polarization tensor will be used

Πren
µν = Πµν −Πinf.vac.

µν = Πmat
µν + Πren.vac.

µν . (A.12)

In the high-density limit (µ � m), a good approximation is to evaluate the
matter part for the case of massless quarks. Thus for massless quarks in the zero-
temperature limit the matter parts of Π00 and Πµµ can be calculated explicitly

Πmat
00 (T = 0) = g2

2π2

{
2
3µ

2 − 1
24

∑
s1,s2=±1

[
q2 − is1ωq

2q (Q2 + 2q2)
]

ln
[
1− 2s1s2µ

q − is1ωq

]

+
∑
s2=±1

[
s2
µ(3Q2 − 4µ2)

24q − µ2

4
iωq
q

]
ln
[

1− 2s2µ
q−iωq

1 + 2s2µ
q+iωq

]}
, (A.13)

Πmat
µµ (T = 0) = g2

π2

[
µ2

2 −
Q2

8q

{
µ
∑
s1=±1

s1 ln
[

1 + 2s1µ
q−iωq

1− 2s1µ
q+iωq

]

+1
2

∑
s1,s2=±1

(q − is1ωq) ln
[
1 + 2s1s2µ

q − is1ωq

]}]
. (A.14)

These expressions give the same result as can be found in Refs. [136–138]. Per-
forming an analytic continuation to real time (iωq → ω+i0), the above expressions
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have branch cuts from max (0, q − 2µ) < |ω| < q and q < |ω| < q + 2µ, the origins
of which can be found from Eq. (A.11) and are due to particle-hole processes
and finite-T, µ contributions to particle-antiparticle production and annihilation,
respectively. Because Lorentz invariance is broken due to the presence of the gas,
Πmat is a function of q0 = i(iωq) and q separately since it can be a function of
qµuµ and q =

√
Q2 − (qµuµ)2, where uµ = (1, 0, 0, 0) defines the rest frame of the

system [81].
The renormalized vacuum part Πren.vac.

µν has been found in Ref. [139]

PµνQ
2 g

2

4π2

∫ 1

0
dxx(1− x) ln

(
m2

m2 + x(1− x)Q2

)
=− 1

3PµνQ
2 g

2

4π2

[
1
6 −

(
1− 2m2

Q2

)(
1−

√
1 + 4m2

Q2 ArcCoth

√
1 + 4m2

Q2

)]

'Pµν
g2Q2

[
5
3 + ln

(
m2

Q2

)]
24π2 , (A.15)

where it was assumed that the quarks have equal masses and in the last line it
was expanded for small masses. In real time this expression has a branch cut
for |ω| >

√
q2 + 4m2 ' q, which is due to particle-antiparticle production and

annihilation.
Using a Sommerfeld expansion temperature corrections to the gluon self-energy

can be obtained. The Sommerfeld expansion can be summarized as

N(εp − µ) =Θ(µ− εp)−
∞∑
n=1

2(1− 21−2n)ζ(2n) ∂
2n−1

∂ε2n−1
p

δ(εp − µ)T 2n. (A.16)

The derivation is analogous to that of the non-relativistic Sommerfeld expansion
[140]. One has to keep in mind that the above is not a complete expansion for
small temperatures since also the chemical potential depends on temperature. In
this manner the T 2 correction to the gluon self-energy is found to be

Πmat
00 −Πmat

00 (T = 0) =g2

2
1
6T

2
∑
s=±1

iωq + 2sµ
2q ln

[
(iωq − q)(iωq + 2sµ+ q)
(iωq + q)(iωq + 2sµ− q)

]
,

Πmat
µµ −Πmat

µµ (T = 0) =− g2

2
1
6T

2 8µ2[3(iωq)2 − (2µ− q)(2µ+ q)]
[(iωq)2 − (2µ− q)2][(iωq)2 − (2µ+ q)2] . (A.17)

Using Eqs. (A.10-A.17) the behavior of F and G can be found in several limits.
Keeping the ratio x = q/ω fixed and expanding up to zeroth order in ω, the hard
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dense and hard thermal loop (HDL/HTL) expressions are re-obtained [81, 86]

lim
ω→0

F (ω, q = xω) =2m2
g

(
1− 1

x2

)[
1 + 1

2x ln
(

1− x
1 + x

)]∣∣∣∣
x=q/ω

,

lim
ω→0

G(ω, q = xω) =m2
g

[
1
x2 −

1
2x

(
1− 1

x2

)
ln
(

1− x
1 + x

)]∣∣∣∣
x=q/ω

,

where

m2
g ≡

g2

4π2

(
µ2 + 1

3π
2T 2

)
, (A.18)

is the gluon thermal mass. The reason that the above limit returns the HDL and
HTL expressions, is due to the fact that the HDL/HTL approximation (m = 0 and
ω � q � µ) takes into account only the low-energy processes around the Fermi
surface, namely particle-hole processes. Some other useful limits are

lim
q→0

lim
ω→0

F = 2m2
g

(
1 + i

π

2
ω

q

)
,

lim
q→0

lim
ω→0

G = −2m2
gi
π

2
ω

q
,

where it can be seen that in the static long-wavelength limit (ω, q → 0) the electric
gluons (F ) are screened, while magnetic gluons (G) are dynamically screened.
Furthermore, the large momenta and frequency behavior of the matter and vacuum
parts are separately seen to be

lim
q,ω→∞

Fmat =
µ2 (4m2

g + 5
3g

2T 2)
3Q2 ,

lim
q,ω→∞

Gmat = −
µ2(4m2

g + 5
3g

2T 2)(q2 + ω2)
3Q4 ,

lim
q,ω→∞

T,µ→0

F,G =
g2Q2

[
5
3 + ln

(
m2

Q2

)]
24π2 . (A.19)

The vacuum expressions are proportional to Q2 since in the vacuum the gluons
remain massless and thus Q2 = 0 is still a pole of the propagator. The logarithmic
Q2 dependence is usually absorbed into the vertex and subsequently interpreted
as the varying of the coupling constant with the energy scale Q.
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A.6 The thermodynamic potential of ideal gases
Consider first the well-known ideal Fermi gas term of a single species

− 1
V β

Tr ln(−G−1
0 ) = − 1

V β

∑
ωn,p

ln det[(i /P +m)]

= − 1
β

∑
ωn

∫ d3p

(2π)3 2 ln[−(iωn + µ0)2 + ε20(p)].

Using Eq. (A.8) with f(z) = ln[−z2+ε20(p)] and using the principle value logarithm
with a branch cut on the negative real axis

lim
η↓0
=[f(ω + iη)] = lim

η↓0
=[ln(−ω2 + ε20(p)− 2iωη)] = πΘ[ω2 − ε20(p)]sgn(−ω),

the ideal Fermi gas contribution becomes

− 2
∫ d3p

(2π)3

∫ ∞
0

[N(ω − µ0)− (1−N(ω + µ0))]Θ[ω2 − ε20(p)]dω

=− 2β−1
∫ d3p

(2π)3

{
ln
[
1 + e−β(ε0(p)−µ0)

]
+ ln

[
1 + e−β(ε0(p)+µ0)

]}
+ 2

∫ d3p

(2π)3

∫ ∞
ε2

0(p)
dω.

In the above it was assumed that the arc at infinity vanishes, which is the case if the
time-ordering in the path-integral is taken into account properly by multiplying the
integrand by e−iωnη and taking the limit η ↓ 0. The infinite vacuum contribution
is clearly visible and should be subtracted, giving for massless fermions

Ωideal-Fermi = −
[

7π2T 4

180 + T 2µ2
0

6 + µ4
0

12π2

]
.

The ideal Bose gas follows from

1
V β

1
2Tr

[
ln(D−1

0 )− 2 ln(∂µfµ)− ln 1
ξ

]
,

which will lead to the same expression in both the Lorentz and Coulomb gauges.
In the following, the Coulomb gauge is taken (fµ = (0,∇)µ),

1
2V β

(
Tr ln[D−1

0,µν(Q)]− 2Tr ln q2 − Tr ln 1
ξ

)
= 1

2V β
∑
ωn,q

(
ln
[
q2

ξ
q2(Q2)2

]
− 2 ln q2 − ln 1

ξ

)
= 1
V β

∑
ωn,q

ln[−(iωn)2 + q2].
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The unphysical degrees of freedom clearly drop out due to the ghost contribution
∂µfµ. Using Eq. (A.7) with f(z) = ln(−z2 + q2), the ideal Bose gas contribution
is

2
β

∫ d3q

(2π)3 ln[1− e−βq]−
∫ d3q

(2π)3

∫ ∞
q

dω.

Again the vacuum term is clearly present and will be subtracted, giving the Stefan-
Boltzmann law

Ωideal-Bose = − T 4

45π2 .

A.7 The quark self-energy
For completeness also the quark self-energy will be derived in the Lorentz gauge
to lowest order.

Σ(P ) =
∫ d4Q

V
Tr[−igγµtaG0(Q)(−igγνta)Dµν(P −Q)].

Performing the Matsubara sum gives

Σ(iωp,p) =− g2 NG
2NC

∫ d3q

(2π)3
1

2εg(p− q)

×
{ ∑

s[γµus(q)ūs(q)γµ]
iωp + µ− ε0(q)− εg(p− q)×

×[(1 +NB(p− q))(1−N(q)) +NB(p− q)N(q)]

+
∑
s[γµus(q)ūs(q)γµ]

iωp + µ− ε0(q) + εg(p− q)×

×[NB(p− q)(1−N(q)) + (1 +NB(p− q))N(q)]

+
∑
s[γµvs(q)v̄s(q)γµ]

iωp + µ+ ε0(q)− εg(p− q)×

×[(1 +NB(p− q))N̄(q) +NB(p− q)(1− N̄(q))]

+
∑
s[γµvs(q)v̄s(q)γµ]

iωp + µ+ ε0(q) + εg(p− q)×

× [NB(p− q)N̄(q) + (1 +NB(p− q))(1− N̄(q))]
}
,

∆Σ(iωp,p) =− g2 NG
4NC

∑
s2,s3=±1

∫ d3q

(2π)3×

×
[

s3

εg(p− q)
γµP

s2
E (q)γ0γµ

iωp + µ− s2ε0(q)− s3εg(p− q)

]
× (A.20)

×[(1 +Ns3
B (p− q))(1−Ns2(q)) +Ns3

B (p− q)Ns2(q)− Is2,s3 ].
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In the last line the indicator function Is2,s3 = δs2+δs3+ − δs2−δs3− is exactly
the vacuum contribution such that ∆Σ is the vacuum subtracted self-energy, i.e.,
∆Σ (T = µ = 0) = 0. To first order the self-energy for a single quark and antiquark
can be found by using the free quark energy projectors and helicity projectors

Σs1
s (iωp,p) = Tr[Ps(p)P s1

E γ0Σ(iωp,p)].

After projecting and evaluating the self-energy at iωp = s1ε0(p)− µ the function
in the first square brackets in Eq. (A.20) reduces to Fs1,s2,s3(p,q) defined in
Eq. (2.14). In the zero-temperature limit the self-energy for a single quark then
reduces to

lim
T→0

∆Σ+(ε0(p)− µ,p) = g2NG
4NC

∑
s3=±1

∫ d3q

(2π)3F+,+,s3(p,q)N+(q). (A.21)

Note that the final result is independent of helicity s.





Chapter B

Appendix to Chapter 3

B.1 The ladder and bubble sum contributions
In this section the ladder and bubble sum contributions to the effective interac-
tion are derived. The full energy-momentum and temperature-dependent ladder
contribution is

Ξ(k, ωn) (B.1)

= 1
~2βV

∑
k′,n′

G′(k′+, ωn′+)G′(k′−, ωn′−) = 1
V

∑
k′
×

{
u2

k′+
u2

k′−
i~ωn − ~ωk′+ − ~ωk′−

([
1 +N(~ωk′+)

] [
1 +N(~ωk′−)

]
−N(~ωk′+)N(~ωk′−)

)
−

u2
k′+
v2

k′−
i~ωn − ~ωk′+ + ~ωk′−

(
N(~ωk′+)

[
1 +N(~ωk′−)

]
−
[
1 +N(~ωk′+)

]
N(~ωk′−)

)
−

v2
k′+
u2

k′−
i~ωn + ~ωk′+ − ~ωk′−

([
1 +N(~ωk′+)

]
N(~ωk′−)−N(~ωk′+)

[
1 +N(~ωk′−)

])
+

v2
k′+
v2

k′−
i~ωn + ~ωk′+ + ~ωk′−

(
N(~ωk′+)N(~ωk′−)−

[
1 +N(~ωk′+)

] [
1 +N(~ωk′−)

])}
,

where we defined k′± = k/2± k′, n′± = n/2± n′, (~ωk)2 = εk(εk + 2mc2) and the
coherence factors u2

k = v2
k + 1 = (~ωk + εk) /2~ωk. The bubble diagram is given

by

Π(k, ωn) = 1
~2βV

∑
k′,n′

G′(k′+, ωn′+)G′(−k′−,−ωn′−),
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whose form is obtained by taking u2
k′−
↔ −v2

k′−
, while not modifying u2

k′+
, v2

k′+
, in

the expression for the ladder contribution. In the zero-temperature limit only the
first and last line of both the ladder and bubble sum contribution survives, where
the former is

Ξ(k, ωn) = 1
V

∑
k′

[
u2

k′+
u2

k′−
i~ωn − ~ωk′+ − ~ωk′−

−
v2

k′+
v2

k′−
i~ωn + ~ωk′+ + ~ωk′−

]
(B.2)

In cold atomic gases the momentum dependence of these quantities is of little
importance. The momentum-independent ladder and bubble sum contributions
can then be integrated analytically, however, due to the size of the expressions
they are not shown here. Evaluating the expressions also at zero frequency we
obtain

Ξ(0, 0) = 3
4
√

2π2

√
n0g

εF

k3
F

εF
,

Π(0, 0) = − 1
4
√

2π2

√
n0g

εF

k3
F

εF
.

For the non-interacting case, where ~ωk = εk and u2
k = v2

k + 1 = 1, we have that
the bubble sum contribution vanishes (Π(k, z) = 0) and at zero momentum the
ladder contribution

Ξ(0, z) = 1
V

∑
k′

(
1

z − 2εk
+ 1

2εk

)

= 1
8
√

2π

(
2m
~2

)3/2√
−z, (B.3)

where z = i~ωn and an ultra-violet subtraction was needed as a consequence of
the point interaction. The molecular self-energy found in Eq. (3.10) follows by
writing ~Σm(z) = (2g2)Ξ(z).

B.2 Renormalization group
Here we derived the renormalization group flow equation. Starting from the action
of a homogeneous Bose gas as shown in Eq. (3.2), we take the Fourier transform
of the fields

φ(x, τ) = 1√
~βV

∑
n

∑
k<Λ

φk,ne
i(k·x−ωnτ)

and split up the field in terms of low- φ< and high-momentum modes φ> as

φ(x, τ) = φ<(x, τ) + φ>(x, τ),
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where the low- and high-momentum modes are defined as

φ<(x, τ) = 1√
~βV

∑
n

∑
k<Λ

φk,ne
i(k·x−ωnτ),

φ>(x, τ) = 1√
~βV

∑
n

∑
Λ<k<Λ+dΛ

φk,ne
i(k·x−ωnτ).

Rewriting the partition function leads to

Z =
∫
Dφ∗Dφ∗ exp

{
−~−1 (S0 [φ∗, φ] + Sint [φ∗, φ])

}
=
∫
Dφ∗<Dφ∗< exp

{
−~−1 (S0 [φ∗<, φ<] + Sint [φ∗<, φ<])

}
×
[∫
Dφ∗>Dφ∗> exp

{
−~−1S0 [φ∗>, φ>]

}
× exp

{
−~−1 (Sint [φ∗, φ]− Sint [φ∗<, φ<])

} ]
,

where the gaussian part of the action is denoted by S0 [φ∗, φ] and the non-gaussian
part by Sint [φ∗, φ]. Expanding up to second order in the high-momentum fields
gives

− ~−1S0 [φ∗>, φ>]− ~−1 (Sint [φ∗, φ]− Sint [φ∗<, φ<])

= −1
2Tr

[
Φ†>

[
−G−1

0 + 1
~
δSint

δΦδΦ† [φ∗<, φ∗<]
]
φ>=0

Φ>

]
.

Here the trace is over momentum, frequency and Nambu space

Φ(k, ωn) = [φ(k, ωn), φ∗(−k,−ωn)]T .

By integrating out the high-momentum fields, we obtain the effective action for
the low-momentum fields

−~−1S [φ∗<, φ<] = −~−1S0 [φ∗<, φ<]− ~−1Sint [φ∗<, φ<]

− 1
2Tr ln

[
−G−1

0 + 1
~
δSint

δΦδΦ† [φ∗<, φ∗<]
]
.

Thus the change in the action after integrating out the high-momentum modes is
given by, using that the trace is over an infinitesimal momentum interval Λ < k < Λ+dΛ,

dS = ~
2 TrδΛ ln

[
−G−1

0 + 1
~
δSint

δΦδΦ†

]
dΛ.
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B.3 The ultra-violet subtractions
To calculate the condensate density and total density a ultra-violet subtraction
is necessary, see Eq. (3.25) and Eq. (3.27). This subtraction is a consequence of
the renormalization of the bare coupling to the two-body T -matrix. The phase-
fluctuation and non-phase-fluctuation propagator in real space with subtraction
at zero temperature are written as

〈θ(k, ωn)θ(k, ωn)〉 =
1
nmc

2

(~ωn)2 + (~ωk)2 −
1
nmc

2

(~ωn)2 + (εk +mc2)2

〈φ′(k, ωn)φ′∗(k, ωn)〉 = i~ωn + εk
(~ωn)2 + (~ωk)2 + mc2

(~ωn)2 + (εk +mc2)2

wheremc2 = n0g. This implies that the equal time correlation function 〈θ(x, 0)θ(0, 0)〉
at zero temperature is given by

1
V

(
1
n
mc2

)∑
k

(
1

2~ωk
− 1

2(εk +mc2)

)
cos(k · x).

In the long-range limit (|x| → ∞) we therefore also have 〈θ(x, 0)θ(0, 0)〉 = 0
as is used to define the condensate density in Eq. (3.25). Whereas the equal
time correlation function of the non-phase fluctuations 〈φ′(x, 0)φ′∗(0, 0)〉 at zero-
temperature is

1
V

∑
k

[
εk − ~ωk

2~ωk
+ mc2

2(εk +mc2)

]
cos(k · x). (B.4)

The contribution to the total density of due to non-phase-fluctuations follows from
evaluating this expression at equal position n′ = 〈φ′(0, 0)φ′∗(0, 0)〉.

B.4 Hugenholtz-Pines and the exact anomalous
self-energy

In this section we re-derive the Hugenholtz-Pines relation [128] and that the exact
anomalous self-energy at zero energy and momentum vanishes as was shown by
Nepomnyashchii and Nepomnyashchii [115, 116]. To derive these exact results we
define the effective action where all Fourier modes with momenta and frequency
unequal to zero have been integrated out from the action of the Bose gas Eq. (3.2).
This effective action is given by

S = ~βV
∞∑
n=1

Γ(2n)
0
n
|φ|2n,
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as required by the U(1)-invariance. Here φ is the atomic field and Γ(2n)
0 denote

the exact 2n-point vertex functions at zero energy-momentum. We apply the
Bogoliubov approximation φ → √nc + φ The condensate minimizes the action
such that [

δS

δφ

]
φ=√nc

= ~βV
∞∑
n=1

Γ(2n)
0 nn−1

c

√
nc = 0

The propagator and anomalous self-energy at zero energy and momentum are
related to the derivative of the effective action by

−~G−1(0, 0) = −µ+ ~Σ11(0, 0) =
[
δ2S

δφ∗δφ

]
φ=√nc

,

1
2~Σ12(0, 0) =

[
δ2S

δφ∗δφ∗

]
φ=√nc

.

Then the Hugenholtz-Pines relation is obtained from

−µ+ ~Σ11(0, 0)− ~Σ12(0, 0) =
[
δ2S

δφ∗δφ
− 2 δ2S

δφ∗δφ∗

]
φ=√nc

= ~βV
∞∑
n=1

Γ(2n)
0 nn−1

c = 0,

where in the last line we neglected the phase of the condensate.
It was shown by Nepomnyashchii and Nepomnyashchii that the exact anoma-

lous self-energy vanishes as a consequence of infrared divergencies coming from the
linear mode in the normal and anomalous propagator. First, we show that there is
a relation between the effective three-point vertices and the anomalous self-energy.
The effective three-point vertices at zero energy-momentum are defined by

Γ(3)
+−−(0, 0) =

[
δ3S

δφ∗δφ∗δφ

]
φ=√nc

,

Γ(3)
+++(0, 0) =

[
δ3S

δφ∗δφ∗δφ∗

]
φ=√nc

,

where the ±-sign indicates an incoming or outgoing particle. Note that Γ(3)
+−−(0, 0)

=
(

Γ(3)
−++(0, 0)

)∗
and Γ(3)

+++(0, 0) =
(

Γ(3)
−−−(0, 0)

)∗
. Similarly higher order effec-

tive vertices can be obtained. Writing out in terms of derivatives with respect to
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the density gives

δ2S

δφ∗δφ∗
= δ

δφ∗

(
φ
δS

δ|φ|2

)
= φ2 δ2S

[δ|φ|2]2
,

δ3S

δφ∗δφ∗δφ
= δ2

δφ∗δφ∗

(
φ∗

δS

δ|φ|2

)
= δ

δφ∗

(
δS

δ|φ|2

)
+ δ

δφ∗

(
|φ|2 δ2S

[δ|φ|2]2

)

= 2φ δ2S

[δ|φ|2]2
+ |φ|2φ δ3S

[δ|φ|2]3
,

δ3S

δφ∗δφ∗δφ∗
= φ3 δ3S

[δ|φ|2]3
.

It follows that the three-point vertices are related to the anomalous self-energy at
zero energy-momentum as

√
nc

[
Γ(3)

+−−(0, 0)− Γ(3)
+++(0, 0)

]
=
[
φ

δ3S

δφ∗δφ∗δφ
− φ∗ δ3S

δφ∗δφ∗δφ∗

]
φ=√nc

=
[

2nc
δ2S

[δ|φ|2]2
+ n2

c

δ3S

[δ|φ|2]3
− n2

c

δ3S

[δ|φ|2]3

]
φ=√nc

=
[
2 δ2S

δφ∗δφ∗

]
φ=√nc

= ~Σ12(0).

On the other hand, the exact anomalous self-energy is given in terms of irre-
ducible loops and the effective n-point vertices by the diagrams in Fig. (B.1). From
section 3.2.4 we know that the propagators are dominated by the fluctuations in
the phase of the condensate and have a relativistic form, namely for low energies
and momenta the diagrams in Fig. (B.1) give rise to

Γ(n+1)
∫

(d4K)n−1 1
(K2)n .

Only the diagram with 4(n− 1)− 2n = 0, namely n = 2, is potentially dangerous
and corresponds to the second diagram in Fig. (B.1).

Here we will calculate this diagram from the action, where in the following we
will for clarity ignore the phase of the condensate. The action with at least two
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fluctuating fields is given by

Sfluc = (−µ+ ~Σ11)φ∗φ+ 1
2~Σ12 (φ∗φ∗ + φφ)

+ 1
2Γ(3)

+−− (φ∗φφ+ φφ∗φ∗)

+ 1
6Γ(3)

+++ (φ∗φ∗φ∗ + φφφ) + . . . .

The constants in front of the vertices are determined by our definition of the vertex
in terms of derivatives of the action. Note that to first order in the condensate
Γ(3)

+−− = 4T 2B√nc. Considering only the potentially dangerous diagram in the
anomalous self-energy, where we labeled the fields l and r to distinguish between
the left- and right-side fields of the diagram and only averages of fields l and r are
considered since they do not give rise to disconnected diagrams, the anomalous
self-energy ~Σ12(0) is proportional to〈

δ

δφ∗l

[
T 2B√nc (φ∗l φlφl + φlφ

∗
l φ
∗
l )
]
×

× δ

δφ∗r

[
1
2Γ(3)

+−− (φ∗rφrφr + φrφ
∗
rφ
∗
r) + 1

6Γ(3)
+++ (φ∗rφ∗rφ∗r + φrφrφr)

]〉
∝
〈[
T 2B√nc (φlφl + 2φlφ∗l )

](1
2Γ(3)

+−− (φrφr + 2φrφ∗r) + 1
6Γ(3)

+++ (3φ∗rφ∗r)
)〉

∝ T 2B√nc
∫

d4Q

[
1
2Γ(3)

+−−
(
2G2

12 + 4G11G12 + 4G11G12 + 4G2
11 + 4G2

12
)

+1
6Γ(3)

+++
(
6G2

11 + 12G12G11
)]

∝ T 2B√nc
[
Γ(3)

+−− − Γ(3)
+++

] [∫
d4QG2

11(Q)
]
,

where the anomalous propagator is −G12(Q) = 〈φlφr〉 = 〈φ∗l φ∗r〉, the normal
propagator is −G11(Q) = 〈φlφ∗r〉 = 〈φrφ∗l 〉, and at low energy and momentum
Gij(−Q) = Gij(Q) and G12 = −G11, see section 3.2.4. Since the integral over

h̄Σ12 = ++ Γ(3) Γ(4)

Figure B.1: The exact anomalous self-energy, where the solid and dashed lines are non-
condensed and condensed atoms, respectively. The black dot is the vertex T 2B and Γ(n) are
the exact effective n-point vertices.
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energy-momentum diverges and it was shown that Γ(3)
+−− − Γ(3)

+++ ∝ ~Σa
12(0) we

must have
~Σ12(0) = 0,

assuming all higher-order effective vertices Γ(n) are regular at zero energy and
momentum.

From the vanishing of the anomalous self-energy it is also possible to show that
the normal self-energy obeys

∂

∂ω

1
2 [Σ11(ω,0)− Σ11(−ω,0)]ω=0 = 1,

as was first shown in [112]. This follows from considering that an increase in the
chemical potential δµ of the system implies, through the use of the Hugenholtz-
Pines relation,

~Σ12(0,0;µ+ δµ)− ~Σ12(0,0;µ)
= [−µ− δµ+ ~Σ11(0,0;µ+ δµ)]− [−µ+ ~Σ11(0,0;µ)]
= −δµ+ [~Σ11(0,0;µ+ δµ)− ~Σ11(0,0;µ)] = 0.

The normal self-energy is a function of ω + µ, since there are an even number of
incoming and outgoing condensate lines, an increase of the chemical potential by
δµ in the diagram of the self-energy can be considered as an increase in energy of
the external propagator. The above relation can thus be interpreted as an increase
in energy δµ = ~ω

Σ11(ω,0)− Σ11(0,0) = ω,

or equivalently
∂

∂ω

1
2 [Σ11(ω,0)− Σ11(−ω,0)]ω=0 = 1.

Note that going from µ to µ+ δµ also increases the energy of the condensate lines,
however, since the number of incoming and outgoing condensate lines are equal
this shift can be ignored.

First shown in [112], another way to view the relation

Γ(3)
+−−(0, 0)− Γ(3)

+++(0, 0) = n−1/2
c ~Σ12(0)

is that from a diagram contributing to ~Σ12(p) with two incoming external lines
and with 2s vacuum lines, which should have s + 1 outgoing vacuum lines and
s − 1 incoming vacuum lines to conserve particle number, one can construct a
contribution to Γ(3)

+++(p, 0) by assigning the external momentum to one of the
s− 1 incoming lines of ~Σ12(p). In other words,

Γ(3)
+++(p, 0) = (s− 1)n−1/2

c ~Σs12(p).
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Similarly, a diagram contributing to ~Σ12(p) with two outgoing external lines
and with 2s vacuum lines, which should have s − 1 outgoing vacuum lines and
s + 1 incoming vacuum lines to conserve particle number, one can construct a
contribution to Γ(3)

+++(p, 0) = (s + 1)n−1/2
c ~Σs12(p). Subtraction of the vertices

gives the required relation.
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De twintigste eeuw is een belangrijk tijdperk in de geschiedenis van de mensheid.
De ontdekkingen die zijn gedaan in deze periode hebben ertoe geleid dat de wer-
king van onze alledaagse wereld op een fundamenteel niveau bekend is geworden.
We weten nu dat de mens en alle objecten om ons heen uit maar een aantal
verschillende deeltjes bestaan. De precieze manier waarmee deze onderliggende
deeltjes met elkaar omgaan, door krachten op elkaar uit te oefenen, is vastgelegd
in wiskundige formules.

Zo weten we bijvoorbeeld dat alles om ons heen bestaat uit protonen, neutronen
en elektronen. De protonen en neutronen vormen samen de kern van atomen en
hun onderlinge kracht geeft onder andere een uitleg waarom sommige kernen in
de natuur voorkomen, oftewel stabiel zijn, en anderen niet. De elektronen worden
aangetrokken door de protonen en verblijven in een baan rond de kern. Uit de
structuur van deze banen volgt dat atomen bepaalde kleuren licht uitzenden als
ze opgewarmd worden. Denk aan bijvoorbeeld de oude gele natriumlampen langs
de snelweg.

De eigenschappen van materie volgen uit de krachten tussen de atomen of
samenstellingen van atomen, de moleculen. Bijvoorbeeld, sommige atomen trekken
elkaar sterker aan dan anderen en vormen daardoor sneller een vaste stof bij lage
temperaturen. Omdat in ons dagelijks leven materie meestal uit een ongelofelijk
grote hoeveelheid atomen bestaat, is het praktisch onmogelijk om al deze atomen
individueel te beschrijven. Het is ook onnodig. Immers gedragen twee glazen
water zich altijd hetzelfde als ze worden afgekoeld, terwijl het onwaarschijnlijk is
dat in elk glas de watermoleculen op dezelfde plek zitten. We gebruiken hiervoor
de statistische fysica. Deze legt een verband tussen de microscopische deeltjes,
hun onderlinge krachten, en de macroscopische alledaagse wereld.

Met behulp van de succesvolle methodes uit de statistische fysica, worden er in
dit proefschrift twee heel verschillende gassen van deeltjes beschreven waarvan de
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interactie tussen de deeltjes zeer sterk is. Deze situatie is natuurlijk veel moeilijker
te beschrijven dan wanneer de interactie tussen de deeltjes zwak is en ze nauwelijks
iets van elkaar voelen. Simpelweg gezegd, moeten we voor sterke interacties met
veel meer deeltjes tegelijkertijd rekening houden. Voordat het mogelijk is om deze
twee verschillende gassen te bespreken moet er eerst uitgelegd worden waarom ze
zo verschillend zijn.

Bosonen en fermionen

Stern-Gerlach experiment: Een bun-
del van neutronen splitst zich in twee
stralen als gevolg van een inhomo-
geen magneetveld.

Het blijkt dat alle deeltjes in de natuur onder
te verdelen zijn in twee klassen: bosonen en
fermionen. Hier leggen we eerst uit hoe we
kunnen bepalen wanneer een deeltje behoort
tot een van de twee klassen, waarna we laten
zien dat het gezamenlijk gedrag van een gas van
fermionen of bosonon van elkaar verschilt.

Of een deeltje een fermion of een boson is,
kan met een simpel experiment getest worden.
Als voorbeeld nemen we een heleboel neutronen en sturen we ze door een magneet-
veld heen, zoals rechts afgebeeld. We zien hier dat de neutronen in twee stralen
naar buiten komen. Deeltjes die in een even aantal stralen opsplitsen noemen
we fermionen, zoals bijvoorbeeld neutronen, protonen en elektronen. Tevens,
blijkt het dat atomen die uit een oneven aantal fermionen bestaan zelf ook weer
fermionen zijn. Daarentegen als de deeltjes in een oneven aantal opsplitsen noemen
we ze bosonen. Een foton is bijvoorbeeld een boson9, maar ook atomen die uit
een even aantal fermionen bestaan zijn bosonen!

Waarom maken we dit onderscheid? Het antwoord kan gezien worden in het
gezamenlijk gedrag van fermionen of bosonon in Figuur 1.1 op p. 10, waar we zien
dat een gas van bosonen en een gas van fermionen zich heel anders gedragen als de
temperatuur zeer laag wordt. Een gaswolkje van bosonen krimpt terwijl een gas-
wolkje van fermionen dat niet doet. Oftewel, als we de deeltjes antropomorfiseren,
zijn bosonen “sociale” deeltjes die graag bij elkaar zijn, terwijl fermionen “asociale”
deeltjes zijn die van elkaar weg blijven. Om iets preciezer te zijn, bosonen hebben
de eigenschap dat ze allen dezelfde energie kunnen hebben, terwijl voor fermionen
dat juist niet kan. Dit verschijnsel heeft niets met de krachten tussen de deeltjes te
maken en we zeggen daarom dat dit puur kwantum mechanisch is, in tegenstelling
9Fotonen splitsen eigenlijk maar in twee stralen, de twee polarisaties van licht, wat een gevolg is
van het feit dat een foton massaloos is. Voor fotonen, oftewel licht, kan iedereen dit experiment
makkelijk zelf uitvoeren met een polaroid zonnebril.
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tot de klassieke mechanica van Newton. Vele verschijnselen kunnen begrepen
worden met dit feit. Bijvoorbeeld dat elektronen in steeds grotere banen rond de
kern van een atoom moeten voorkomen. Het gevolg is dat atomen volume innemen.
Ook verklaart het dat sterren die voornamelijk opgebouwd zijn uit fermionen, zoals
zogenaamde witte dwergen en neutronensterren, niet in elkaar vallen als gevolg van
hun eigen zwaartekracht.

Supervloeibaarheid en supergeleiding

Het “sociale” karakter van bosonen en het “asociale” karakter van fermionen zorgt
ervoor dat er heel bijzondere fases van materie ontstaan bij lage temperaturen. Als
we bosonen tot bijna het absolute nulpunt (−273.15 ◦C) afkoelen dan hebben zo-
wat alle bosonen de laagst mogelijke energie, aangezien de temperatuur gerelateerd
is aan hoe hard de deeltjes bewegen oftewel hoeveel energie ze gemiddeld hebben.
Dit verschijnsel wordt Bose-Einstein condensatie genoemd en is vernoemd naar de
twee natuurkundigen die, respectievelijk, de kwantum eigenschap van bosonen en
de fase van materie in 1924 al theoretisch hadden voorspeld. Uiteindelijk werd in
1995 Bose-Einstein condensatie eenduidig experimenteel geverifieerd in ultrakoude
gassen door Cornell, Wiemann en onafhankelijk door Ketterle een aantal maanden
later, waarvoor ze in 2001 de Nobelprijs kregen. Bose-Einstein condensaten hebben
ook veel overeenkomsten met laserlicht, waar fotonen ook allemaal dezelfde energie
hebben.

Fontein van super-
vloeibaar helium-4.

Meestal gaat Bose-Einstein condensatie ook gepaard met su-
pervloeibaarheid, hetgeen betekent dat het gas of de vloeistof
kan bewegen zonder wrijving. Zo kan bijvoorbeeld helium in
de supervloeibare fase langs de wand van een container naar
buiten klimmen, door poreuze wanden heen stromen waar het
in de normale fase niet doorheen kan, en een fonteintje vormen
als het een klein beetje wordt opgewarmd.

Aangezien twee fermionen samen weer een boson zijn, kun-
nen fermionen ook supervloeibaar worden als ze eerst paartjes
vormen. Als de fermionen elektrische lading dragen, zoals elek-
tronen in metalen, noemen we het supergeleiding en kan het
systeem elektriciteit vervoeren zonder weerstand. Het verdwij-

nen van de weerstand in een draadje van kwik bij lage temperatuur (−269 ◦C) was
ontdekt door Kamerlingh Onnes in 1911. Een complete theoretische beschrijving
van supergeleiders kwam pas tot stand in 1957 door Bardeen, Cooper en Schrieffer,
waarvoor ze in 1972 de Nobelprijs kregen. Bovendien is Bardeen de enige persoon
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die twee keer de Nobelprijs voor de natuurkunde heeft gewonnen: namelijk ook
voor de transistor in 1956, hetgeen de basis vormt voor alle computers.

Supergeleiders worden al volop gebruikt, voornamelijk om de zeer sterke mag-
neetvelden op te wekken in MRI scanners, onder zweeftreinen, en in deeltjesversnel-
lers zoals de Large Hadron Collider in Genève. Tevens kan je er een van de meest
nauwkeurige magneetveld detectoren mee maken, zogenaamde SQUIDs. Een van
de grote onopgeloste problemen in de natuurkunde is het mechanisme achter ma-
terialen die al supergeleidend worden bij vrij hoge temperatuur (−140 ◦C). Naar
de oplossing van dit probleem wordt actief gezocht, aangezien een flink deel van
het energieprobleem van de wereld opgelost zou kunnen worden als het mogelijk
zou zijn om een supergeleider bij kamertemperatuur te maken.

Universeel gedrag van bosonen

De kracht van de natuurkunde ligt in het feit dat de ideeën en wiskundige methodes
zeer algemeen kunnen worden opgesteld, zodat ze in veel en zeer verschillende
situaties kunnen worden gebruikt. In hoofdstuk 3 van deze dissertatie stellen we
een theorie op om een beschrijving te geven van een Bose-Einstein condensaat
ongeacht van uit wat voor een soort boson het bestaat en de precieze details van
het botsingsproces tussen twee bosonen.

Ten eerste, gebruiken we hiervoor dat, als het gas ijl is, het niet vaak gebeurt
dat drie of meer deeltjes tegelijkertijd met elkaar botsen. We hoeven dan alleen de
botsingen tussen twee deeltjes in rekening te brengen om het gas te beschrijven.
Ten tweede, kunnen de precieze details van een botsing tussen twee deeltjes met
lage snelheden samengevat worden in de zogenaamde verstrooiingslengte. Hoe
groter de verstrooiinglengte des te groter de kans dat een deeltje door een ander
deeltje wordt beinvloed als ze dicht bij elkaar komen. De waarde van de verstrooi-
ingslengte hangt normaliter af van het soort deeltje, namelijk of het bijvoorbeeld
een rubidium of lithium atoom is.

In sommige gevallen is echter de verstrooiingslengte groot. Systemen waar-
bij dit gebeurt zijn theoretisch zeer moeilijk te beschrijven, maar in de natuur
veel voorkomend. Als de verstrooiingslengte zeer groot wordt dan hangen de
eigenschappen van het gas alleen af van de dichtheid. We noemen dit universeel
gedrag, aangezien de eigenschappen van het gas niet afhangen van de details van
de botsingsprocessen en van het soort boson.

De theorie die in hoofdstuk 3 is opgesteld kan mogelijk in experimenten met
ultrakoude atoomgassen worden getest. In deze experimenten houden we een
wolkje atomen vast in een vacuüm met magneetvelden en lasers. De atomen in
het wolkje worden dan afgeremd door lasers zodat de temperatuur omlaag gaat.
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Hierna wordt het systeem verder afgekoeld door de meest snelle atomen weg te
blazen, wat vrijwel hetzelfde is als dat wat we doen om een heet kopje koffie af
te koelen. In een dergelijk systeem met bosonische atomen ontstaat er bij deze
lage temperaturen een Bose-Einstein condensaat. Bovendien kan het systeem zo
geprepareerd worden dat de verstrooiingslengte simpelweg kan worden aangepast
van klein tot groot door het veranderen van een extern magneetveld. Het bereiken
van zeer grote verstrooiingslengtes is echter niet zonder complicaties, maar men
is druk bezig deze te omzeilen en hoopt dat het mogelijk zal zijn in de nabije
toekomst.

Fermionen in neutronensterren

In tegenstelling tot bosonen, is recentelijk het universele gedrag van fermionen
zorgvuldig uitgezocht in experimenten met ultrakoude atoomgassen. Deze expe-
rimentele resultaten stellen ons in staat om theoretische methoden te testen en
te ontwikkelen om andere fermionische systemen met grote verstrooiingslengte te
beschrijven. In de experimenten is bijvoorbeeld ook onderzocht wat het effect van
ongebalanceerde mengsels is. Ongebalanceerd betekent dat er twee verschillende
soorten fermionen zijn waarvan er één in minder grote hoeveelheid voorkomt en dat
deze twee fermionen dus minder paartjes kunnen vormen met elkaar. Dit betekent
dus hoe ongebalanceerder het gas, des te moeilijker het is om het supervloeibaar
te krijgen totdat het uiteindelijk compleet onmogelijk wordt.

Dit soort ongebalanceerde systemen komen in de natuur veel voor, zoals bij-
voorbeeld in de kern van een atoom en in neutronensterren. Neutronensterren
zijn sterren ongeveer even zwaar als de zon. In tegenstelling tot de zon hebben
neutronensterren maar een straal van ongeveer tien kilometer! Dit betekent dat
materie in deze sterren zeer hoge dichtheden bereikt. Niet alleen vallen alle atomen
door de druk uit elkaar, maar ook alle protonen en electronen worden omgezet
in neutronen. Een neutronenster bestaat dus voornamelijk uit neutronen. In
tegenstelling tot de zon, waar kernfusie ervoor zorgt dat de ster niet in elkaar valt
door zijn eigen zwaartekracht, zorgt alleen het kwantum mechanische “asociale”
karakter van neutronen (fermionen) voor de benodigde stabiliserende druk.

In het centrum van neutronensterren zou het mogelijk kunnen zijn dat neu-
tronen zo hard worden samengeperst dat de bestandsdelen van de neutronen, de
quarks, vrijkomen. Quarks zijn ook fermionen en zouden vanwege hun onderlinge
aantrekkende kracht paartjes kunnen vormen. Dit betekent dus dat quarks mo-
gelijk supergeleidend zouden kunnen zijn in de kern van een neutronenster! De
aanwezigheid van zulke fases van materie hebben onder andere effect op hoe deze
sterren afkoelen en hoe zwaar en groot ze maximaal kunnen worden.
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Voordat we de succesvolle methodes kunnen toepassen die ontwikkeld zijn voor
het bestuderen van de supergeleidende fases van ultrakoude ongebalanceerde fermi-
onische gassen, moeten we eerst een beter begrip krijgen van de niet-supergeleidende
fase van quarks. Dit is het onderwerp van hoofdstuk 2. Daar laten we zien
hoe we de macroscopische eigenschappen van een ongebalanceerd gas van quarks
kunnen beschrijven in termen van een aantal parameters. Tevens leiden we deze
parameters direct af uit de kwantum chromodynamica, de microscopische theorie
die de quarks en hun onderlinge kracht beschrijft.

Waarom?

Waarom zijn we gëınteresseerd in deze systemen die zo ver van de dagelijkse wereld
zijn? In het geval van neutronensterren is het belangrijk te weten dat we de
extreem hoge dichtheden in neutronensterren niet in het laboratorium kunnen
bereiken. We kunnen dus onze huidige kennis, die zeer goed werkt bij relatief
lage dichtheden, testen in deze extreme situaties door modellen te maken van
neutronensterren en vervolgens te vergelijken met observaties door middel van
telescopen. Uiteindelijk zouden we dus kunnen bepalen hoe materie zich moet
gedragen van lage dichtheden tot hoge dichtheden, wat ons inzicht geeft in wat er
mogelijk is in het universum.

Bovendien weten we door middel van het op elkaar botsen van deeltjes in
deeltjesversnellers zoals de Large Hadron Collider in Geneve, dat quarks de on-
derliggende structuur vormen van de deeltjes die de massa van onszelf en de hele
wereld opmaakt, zoals de neutronen en protonen. We zien ook dat quarks niet
vrij voorkomen in de natuur en ze zijn dus onder normale omstandigheden altijd
opgesloten in andere deeltjes. De precieze theoretische beschrijving van het me-
chanisme is op dit moment onduidelijk, maar er zijn zeer sterke aanwijzingen voor
het feit dat het ingebouwd zit in de zeer succesvolle kwantum chromodynamica.
De oorzaak van de problemen in het beschrijven is dat de krachten tussen quarks
zeer groot zijn voor de relatief lage energieën op aarde. Door het observeren van
neutronensterren, waar de quarks vrijkomen door de hoge dichtheden, zouden we
meer te weten kunnen komen over dit mechanisme.

De experimenten met ultrakoude atoomgassen zijn heel anders dan die van
de deeltjesversnellers. In deze experimenten kunnen we bijna alles aanpassen,
namelijk welk soort atoom, hoe de atomen met elkaar interactie aangaan, of ze zich
in een kristalrooster bevinden en nog veel meer. De technologie is tegenwoordig zo
ver gekomen dat we met deze experimenten andere, meer complexe, systemen in
geidealiseerde vorm kunnen nabootsen. Denk aan bijvoorbeeld metalen en derge-
lijke systemen waar de onzuiverheden moeilijk uit te halen zijn. Het simuleren van
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deze systemen geeft een manier om systematisch effecten in rekening te brengen
en daardoor de complexiteit van de theoretische beschrijving stapsgewijs op te
bouwen en te testen. Uiteindelijk levert dit ons een beter inzicht in hoe de materie
om ons heen is opgebouwd en wat voor een soort fases van materie er mogelijk
zijn, zoals supervloeistoffen en supergeleiders. De technieken die ontwikkeld zijn
hebben bijvoorbeeld ook zeer nauwkeurige atoomklokken opgeleverd die cruciaal
zijn voor het werken van het Global Positioning System (GPS) in onze auto’s en
telefoons, en worden gebruikt in prototypes van kwantumcomputers.
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