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Abstract

In this paper, we show that the predicate logics of consistent extensions
of Heyting’s Arithmetic plus Church’s Thesis with uniqueness condition
are complete I13. Similarly, we show that the predicate logic of HA*, i.e.
Heyting’s Arithmetic plus the Completeness Principle (for HA*) is com-
plete TI3. These results extend the known results due to Valery Plisko. To
prove the results we adapt Plisko’s method to use Tennenbaum’s Theorem
to prove ‘categoricity of interpretations’ under certain assumptions.
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1 Introduction

In this paper, we extend Plisko’s negative results concerning predicate logics
of constructive theories. We show, for two classes of theories, that the set of
schematically valid predicate logical sentences of those theories is complete T19.
The first class consists of theories which prove a version of Church’s Thesis.!
The second class contains sufficiently sound theories T that prove their own
Completeness Principle: if A, then A is provable in T'.

The methodology we employ is to prove a version of Tennenbaum’s Theo-
rem for interpretations, showing that, over the given theory T, a suitable weak
arithmetic F is categorical for interpretations. This means that T proves, for
any two interpretations, that if they both interpret F then they are isomor-
phic. This method was developed by Valery Plisko in a series of papers, to wit
[P1i73, Pli77, P1i78, P1i83, P1i90, P1i91, P1i93, P1i02].

There is an illuminating way of looking at these results. We can view the
constructive connectives as an extension of the classical ones. Let’s put our-
selves at the standpoint that the constructive connectives are basic and that
the classical ones are defined via the double negation translation. From this
point of view, classical conjunction, implication and universal quantification co-
incide with their constructive counterparts, but classical disjunction is = (= A —)
and classical universal quantification is =3-, Thus, constructive disjunction and
existential quantification appear as mew connectives additional to the classical
ones. We view e.g. HA as an extension of PA. Now the demand that relative
interpretations commute with the new connectives appears as an extra con-
straint. It is not at all surprising that under this further constraint we will find
less relative interpretations.

We could also extend our classical language not with constructive disjunc-
tion and existential quantification, but with, say, a modal necessity operator
and see what happens then. In fact, this idea was extensively studied for the
interpretation of the necessity operator as formal provability. It turned out that
we meet analogous phenomena. E.g., following a similar path, we can show that
the predicate provability logic of PA is complete I19.2

LOur result for the first class improves Plisko’s result by eliminating the use of Markov’s
Principle.

2For an exposition, see [Boo93] or [AB04]. The original papers are [Art80, Mon87, Var86,
BMS87]. For a further development, see [Vis03].



Remark 1.1 There is a clear connection between interpretations and models.
A relative interpretation of V' in U can be viewed as a uniform construction
of V-models as inner models of U-models. Thus, it is not surprising that an
analogous categoricity theorem can be proved for models. It is consistent with
reasonable constructive metatheories like CZF that Heyting Arithmetic (HA)
is categorical.® What is more: in a constructive metatheory, like CZF, rich
enough to formalize the notion of satifaction, enriched with a suitable version of
Church’s Thesis and Markov’s Principle, we can prove that (a sufficiently rich
subsystem of) Heyting’s Arithmetic (HA) is categorical. See e.g. [McC91]. It
seems to me that Markov’s Principle is superfluous: mimicking the methods of
this paper one should be able to show, in a sufficiently strong metatheory which
includes Church’s thesis, that iS3, i.e. the constructive version of Buss’ theory
Si, is categorical. I will not explore this line further in this paper. Q
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2 Relative Interpretations

In my paper [Vis04], I developed a framework for translations and interpreta-
tions. In the present paper, we need only a small part of that framework. We
introduce the notions we need.

2.1 Constructive Predicate Logic

We study the predicate logics of certain arithmetical theories. For that reason
it is important to be clear what predicate logic is supposed to be. We choose
to study constructive predicate logic in relational languages of finite signature
with identity. Informally, we will also work with languages with terms. These
languages can be translated using a standard algorithm to corresponding rela-
tional languages. This algorithm, fortunately, is also correct for constructive
logic.

A signature X is a triple (pred, ar, E'), where pred is a finite set of predicate
symbols, where ar : pred — w is the arity function. The special predicate E is
binary. It represents the identity relation. We will often write ‘=’ for: E.

We assume that we are given a fixed w-ordered sequence of variables vg, v1, . . ..
We will use z,y, xo, . .. as metavariables ranging over variables. (We will follow
the usual convention that, if e.g. “v3”, “z” and “y” are used in one formula,
they are supposed to be distinct.) Formulas and sentences based on ¥ and
Vg, V1, . . . are defined in the usual way.

A theory of signature ¥ will be given by its axioms, i.e. a set of sentences of
the signature. Derivability from the theory employs the axioms and the rules of

3 Models here are supposed to be models in the classical sense.



constructive predicate logic including the identity axioms and rules for £. We
will assume that the axiom set of our theories is appropriately simple, say p-
time decidable. The minimal theory of a given signature ¥ is the (constructive)
predicate logic Preds;.

2.2 Relative Translations

Let ¥ and © be signatures. A relative translation T : ¥ — © is given by a
pair (J, ®). Here 0 is a ©-formula representing the domain of the translation.
We demand that ¢ contains at most vy free. The mapping ® associates to each
relation symbol R of ¥ with arity n an ©-formula ®(R) with variables among
Vg, ..., Un_1. We translate X-formulas to ©-formulas as follows:

4 (R(y07 Ty yn—l))T = CI)(R)(y07 Ty yn—l);4
e ()7 commutes with the propositional connectives;
o (VA :==Vy((y) = A7);

e (JyA)T =3y ((y) NAT).

We call 7 unrelativized if 6, is given by vy = vg. Suppose 7 is (4, D). Here are
some convenient notations.

e We write ¢, for § and F; for F'.
e We write R, for ®,(R).

o We write Z € ¢ for: §(xo) A... ANd(zp—_1).

We write VZ€d A for: Vg ...Vr,—1 (T €6 — A).
o We write 37€d A for: Jzg...3x,—1 (F €I A A).
We can compose relative translations as follows:
® dry = (6, A (67)"),
o Ry = (R.)".

We write v o7 := 7v. Note that (A7)” is provably equivalent in predicate logic
to A™Y. The identity translation id := idg is defined by:

e 0ig := (voFvyp),
L] Rid = R(’UQ, cee 7vn—1)-

4Here ®(R)(yo, " --,Yn—1) is our sloppy notation the result of substituting the y; for the
v; in ®(R). We assume that some mechanism for a-conversion is built into our definition of
substitution to avoid variable-clashes.



2.3 Relative Interpretations

A translation 7 supports a relative interpretation of a theory U in a theory V,
if, for all U-sentences A, U+ A = V I A7. (Note that this automatically takes
care of the theory of identity. Moreover, it follows that V F Jug d,.) We will
write K = (U, 7, V) for the interpretation supported by 7. We write K : U — V
for: K is an interpretation of the form (U, 1, V).

When no confusion is possible, we will often write ‘R’ for ‘R..°, ‘AK’ for
ATE | etc.

Suppose that T and T” have signature ¥ and T C T”. Suppose further that
K:U—-V,M:V — W. We define:

o Erg i T — T is (T,idy, T'). idy == Ep .
e MoK :U—Wis(UmyoTk,W).
We identify two interpretations K, K' : U — V if:
e Vg <« Ok,
e V.¥:0F Px < Py, where ar(P) =n and ¥ = vy, ..., Vn_1.

One can show that modulo this identification, the above operations give rise to
a category of interpretations that we call iINT.

We will be interested in interpretations of Predy in a theory U. It should be
noted that it is not automatic that a translation between the right signatures
supports such an interpretation. What is needed is precisely that U verifies
that d, is inhabited and that E. is a congruence (on §,) w.r.t. the translated
predicates P,. All of this can be expressed in a single sentence.

In classical logic, this point is of minor importance. Let’s write ‘cPred’ for
classical predicate logic. Consider any translation 7 from X to ©. We can
effectively find a new translation 7° such that 7° supports an interpretation of
(¢)Preds; in cPredg, and such that, whenever 7 supports an interpretation of
(c)Predy in U, then the interpretations from (¢)Preds; to U, supported by 7 and
7° are the same. The idea is simple. Let C be the single sentence expressing
that 7 supports an interpretation of predicate logic. Now define:

e 0.0(vg) i ((C'Adr(v0)) V (=C Avg = 1g)),

e voE vy i ((CAvoErv1) V (—C Avg = v1)),

e Pot:— P.1.
So, in the classical case, we could always work with the modified translations.
These would always give us an interpretation of predicate logic. However, the
correctness of this construction relies heavily on classical logic. Thus, in the

constructive case, we must take care not to confuse translations with interpre-
tations of predicate logic. Note that we have proved the following lemma.



Lemma 2.1 Suppose U and V are classical theories and U is a subtheory of
V. Suppose further that K : Preds, — V. Then we can find a K° : Predy, — U,
such that K = Eyy o K°.

The following picture shows the situation of Lemma 2.1

&

Vv

KO

U
*
LS

Preds;

2.4 Definable Maps between Interpretations

We extend iINT with extra structure. In this enriched category, iINT™™" the
arrows between two objects play themselves the role of objects in a category as
follows. Consider K, M : U — V. An arrow F : K = M is a V-definable, V-
provable morphism from K to M considered as ‘parametrized internal models’.
Specifically, this means that a morphism from K to M is given as a triple
(K, F, M), where F is a formula with the following properties.

e The free variables of F' are among vg,v;. We write F(z,y) or xFy, for:
Flvg := z,v1 :=y].

o VEaFy — (x €0 Ny € dp).
o VE(x€dx Ny € oy NxEga'Fy Eyy) — xFy.
o VFVaedx Jyedy ©Fy.
o VE (xFyAzFy') — yEny'.
o VI ZFj — (Px® — Puyi).°
Here ‘ZF73’ abbreviates xoFyg A ... A xp_1Fy,_1, for appropriate n.

We will call the arrows between interpretations: i-maps. We consider F,G :
K = M as equal when they are V-provably the same. The identity IDg :
K = K is given by: vo(IDg)v1 1> vg,v1 € g AvoEgvi. If A: K = L and
B:L= M,then B-A: K = M is the obvious ‘vertical’ composition of B and
A.

An isomorphism of interpretations is easily seen to be a morphism with the
following extra properties.

o VI VYyedy Jxedy xFy,
o VF (xFyAa'Fy) — xExa,

5Note that if P represents a function in U, then, by elementary reasoning, we have:
V + ZFy§ — (PxT < Pyy).



o VI ZFy— (PM:J—> PKf).

In some cases we can define meaningful horizontal compositions between i-maps
and interpretations. However, this idea is beyond the scope of the present paper.
The reader is referred to [Vis04].

We may obtain a new category thINT by dividing out i-isomorphisms between
morphisms.

2.5 Predicate Logics of Theories

Consider any theory U. Let X be a signature and let Predg be predicate logic
in the signature 3. We define:

o PREDy;(U) := {A€sents, | VK ((K : Preds, — U) = U + AX)}.

We will speak of the predicate logic of U. Note that, strictly speaking, the
predicate logic of U is a function from signatures to sets of sentences. We will
measure the complezity of the predicate logic of U by considering a signature for
which this complexity is maximal. (There will always be such a signature.)

The unrelativized predicate logic of U is what we obtain if we restrict our-
selves in the definition of PRED to unrelativized interpretations.

There is an obvious generalization of our definition. Let U and V' be theories.
We define:

e VALY (U) := {Acsenty | VK (K : V = U) = U - AK)}.

So, VALy (U) is the set of all U-admissible consequences of V.

We have the following theorem.

Theorem 2.2 Suppose V is a classical theory and U is a subtheory of V.. Then,
PREDys(U) C PREDx (V).

Proof

Suppose A is in PREDy(U) and K : Preds, — V. By Lemma 2.1, we can find
a K° : Predy — U, such that, for any sentence B of signature ¥, we have
Ut BE® = V+ BE. Clearly, U - AX®. Hence, V  AX. Q

It would be interesting to know a bit more of when we can have monotonicity
in the constructive case.



2.6 Preliminaries on Arithmetical Theories: Part 1

In this subsection, we will introduce the preliminaries on arithmetical theories
needed for the paper as a whole. For Section 7, we will need some further
notions and notations. We postpone their introduction to Subsection 7.1.
Suppose that U is an extension of HA in the language of HA. Suppose also
that K : V — U, where V is a subtheory of U which extends iQ, the constructive
version of Robinson’s Arithmetic. We define in U (modulo arithmetization):

o rFia’ iff there is a sequence o with length(o) = x + 1, such that Zx (0y),
and for all i < z we have 0;Sko;41 and o, = 2.

We have the following theorem.

Theorem 2.3 Suppose V and U are arithmetical theories. Suppose further that
U satisfies full induction and that iQ CV CU. Let K : V — U. Then, Fg is
an initial i-embedding from Evy to K, i.e. Fi s an injective i-morphism which
embeds Ev 17 into an initial part of K. Moreover, modulo provable sameness, Fi
is the unique i-morphism from Eyy to K.

The proof is a formalization of the standard Dedekind argument that the stan-
dard numbers are initial in any non-standard model.

We introduce the following useful notation:
(1) (AD)E 1 F2’ (zFga’ A (Az')K).

Note that U F xFxy « (Z = y)X. We may view our notation as follows. First,
we extend the predicate logical language with a new variable & for each variable
x. We stipulate that the £ may only occur as free variables. Now we extend the
clauses for interpretations, by (1), stipulating that this clause is always executed
before the clause for the main connective.

Note that (B# A CZ)¥ will not be syntactically equal of to (BZ)% A (C%)K.
However, using the functionality of Fix, we can get the commutation clauses for
(1), modulo provable equivalence. E.g.

o Uy c gt (Azy A Biy)® « ((Axy)X A (Biy)X),
o Uycogk (mAiy)K — = (Axy)K.
o Uycdxk (V2 ATyz)E « V2ed) (ATyz)E.
From the fact that F is an initial embedding, we have that, for ©9-formulas S7,

o UF S%— (S7)K.

SSuppose U extends iQ. Then, the statement that, for every K : iQ — U, there is a unique
morphism from &;q iy to K, is equivalent to induction. L.o.w., £q y is initial in the i-category
of interpretations from iQ to U iff U satisfies full induction. See [Vis04].



3 The Classical Case

Our focus in this paper is on predicate logics of constructive arithmetical the-
ories. The aim of this section is just to briefly survey what is known in the
classical case. We will just treat arithmetical theories. For discussion of the
general case, see [Yav97]. We have:

Theorem 3.1 Consider any finitely axiomatized arithmetical theory U. Then,
we can find a recursively axiomatizable extension W of U such that the predicate
logic of W is complete T19.

This is in essence Theorem (C.7) on pl27 of [Vis05]. In case we consider essen-
tially reflexive theories, the situation is different. The following theorem is a
special case of the results of Appendix A of [Vis99).

Theorem 3.2 Let U be an extension of PA in the language of PA. We have:
PREDx(U) F A iff U F Ocpreds, A.

So, the predicate logic of U corresponds precisely with U’s idea of what predicate
logic is.

Proof

By formalizing the model existence lemma we can find an interpretation K :
B — (U + con(B)). Here consistency is consistency in classical logic. By
Lemma 2.1, we can find an interpretation K° : cPreds; — U such that

SU,U+con(B) oK°=Ko cPreds;, B+
It follows, taking B := = A, that, if U = A% then U F Ocpreqy, A.

Conversely, suppose U I Ogpreds, A. Let K be any interpretation of cPredy, in U.
We only need finitely many axioms to verify that K is such an interpretation.
Let these axioms be below n. We find U F DUmAK . By the essential reflexivity
of U, we get U - AK. Q

We have the following corollary.

Corollary 3.3 Let U be an extension of PA in the language of PA. We have
that PREDx(U) is recursively enumerable. Moreover, the predicate logic of U is
ordinary predicate logic iff U is ¥9-sound.

Proof

We treat the second claim. In case U is Z?—sound, then U F Opyedy, A implies
Preds = A. Conversely, suppose that U S, where S is a false ¥{-sentence.
Let © be the signature of arithmetic. Then, we have, for any interpretation K
of Predg in U, U - (Q — S)X. So, PREDe(U) F Q — S. Q



Open Question 3.4 Let U be an extension of PA in the language of PA. It
is a bit unsatisfactory that we do not have an axiomatization of PREDx (U). I
conjecture that this is cPreds plus all axioms of the form (Q — S)¥, where
U+ S and where K : cPredg — cPredy. Here O is the signature of arithmetic.

Q

4 Categoricity

In this section, we study categoricity for interpretations. We fix some finitely
axiomatized theory F, which is not too strong. It is pleasant to keep this theory
‘fluid’, so that we can add assumptions to it, when needed. For the time being F
could be any theory between iQ and EA, the constructive version of Elementary
Arithmetic, which is given by Ag-induction and the axiom Exp, which states that
exponention is total. We will always assume that F is a subtheory of the theories
we are considering.

We define the Categoricity Scheme Cat and the Categoricity Rule CatR, as
follows:

CatS F FE — “Fg is an isomorphism”.
CatR F F¥ = F “Fy is an isomorphism”.

In the formulation of the scheme and the rule, “K” ranges over interpretations
of Predg in U. Here O is the signature of arithmetic.”

Both CatS and CatR are inconsistent with classical logic, under rather general
circumstances. Suppose U is classical and U + con(F). In this case, there is
a K : F — U that is restricted, i.e. such that there is a predicate K with
U F AKX « K(TA"), for all arithmetical sentences A. Using the supposed
isomorphism F, we may transform K into an ordinary truthpredicate. Thus,
both CatS and CatR are in immediate contradiction with Tarski’s theorem of
the undefinability of truth.

We will consider the Scheme and the Rule for extensions of HA in the lan-
guage of HA. Since, HA + con(iEA) and {EA will be the strongest version of F
we consider, there are no classical extensions of HA satisfying CatS or CatR.

Open Question 4.1 Are there interesting equivalents or characterizations of
CatS and CatR? 0

We sketch an argument due to Valery Plisko. Suppose that U is a consistent
extension of HA in the arithmetical language and that U implies CatS. We show
that the predicate logic of U is complete I19.

To avoid cluttering the presentation, let’s first suppose that U is X{-sound.
We consider relative interpretations of predicate logic for O x, the signature of

"Note that my use of ‘Scheme’ versus ‘Rule’ is abus de langage. In fact, the Scheme is
also a rule, since the Scheme is only applicable if U F C7 ), where Cr, is the single axiom
expressing that Tx supports an interpretation of predicate logic.

10



the arithmetical language plus one additional unary predicate X. We define, in
this language, a formula TP(z, X) expressing that ‘X is a truth predicate for
arithmetical formulas up to complexity 2’ (in the sense that it commutes with
the predicate logical connectives in the desired way). Here we take any system
of computing complexities such that in HA we have (i) a partial truthpredicate
for formulas of any complexity and (ii) a complexity for each formula.® Consider
any I13-sentence A = Vz Jy Agzy, where Ag is AJ. We define A as follows:

o A: (AF — 3u (= TP(u, X) AVo<u Iy Apzy)).

We claim that A is in the predicate logic of U iff A is true.

First, suppose that A is true. Consider any K : Predg, — U. Let K~ be the
restriction of K to the signature ©. Thus, K~ : Predg — U. By CatS, we find
that F := Fg- is an i-isomorphism in U + FX. We have, for any n and any
arithmetical sentence C' of complexity < n with Gédelnumber c,

U+ F5F (TP(i, X) — (X(¢) < €))" (1)
(Here, we read the underlining with wide scope.) Let B := XX. It follows that:
U+F¥+ (TP(1, X))* — (32 (cFz A Bx) < C) (2)

Using the Godel Fixed Point Lemma, we can construct a formula L with Godel-
number ¢ such that:
HA+ L « =3z ({Fx A Bx) (3)

We take N to be the complexity of C' plus 1. We may conclude, combining
equation (2) (with L,¢, N for C,c,n) with equation (3):

U+FK -~ (TP(N, X )& (4)

We clearly have F = Va<N 3y Agzy. So, Uk (AF — Va<N Iy Agzy)X. Thus,
U (A)X. We find that A is in the predicate logic of U.

Conversely, suppose Ais in the predicate logic of U. Consider any n. We define
e, as follows. The interpretation e,, is unrelativized. When restricted to © it is
the identical interpretation. Moreover, e, sends X to a partial truthpredicate for
formulas of complexity n. Specializing the U-validity of A to the interpetation
en, it follows that U - Va<n Jy Agxy. By L{-soundness we are done.

To handle the non-X{-sound case, we use the following theorem, which is a
minor variation of a theorem due independently to Friedman, Goldfarb and
Harrington.

Theorem 4.2 Let U be a consistent arithmetical theory that extends i1Q. For
any X9-formula Sz, we can effectively find a X9-formula Rx, such that Sn is
true iff Rn is true iff U F Rn.

8See e.g. [Bur00] for good notion of complexity.

11



See [Vis05] for an exposition. Now take Sz to be Jy Agzy. Let Rx be as
promised by the above theorem and take B := Vx Rx. Define A° := B. Then
we clearly have that A is true if B is true. Moreover, since U F Vz<n Rz implies
that Vz<n Rx is true, we find that A° is in the predicate logic of U iff B is true.
Combining, we have that A° is in the predicate logic of U iff A is true.

Note that the above result holds also when we restrict the class of interpreta-
tions to any class that includes the e,. Thus, the result holds for unrelativized
interpretations.

5 Church’s Thesis with Uniqueness Condition

In this section, we will show that, over HA, Church’s Thesis with uniqueness
condition implies the Categoricity Scheme. Let’s for the moment assume that
F is iEA. Later, we will argue that with some care F can be taken to be iS3.
Let T be Kleene’s T-predicate. We define:

o x-y~z:— Ju(Teyu ANUu = z),
o (z-y) | = JuTzyu,
o -y~ 2z Ju<v (Teyu AUu = 2).
Let U be an extension of HA 4+ CTg!. Here:
CTo! FVa3dly Azy — JeVx ((e-x) | A Ax(e- x))

The scheme CTy! is essentially weaker than the scheme CTy. This has been
shown by Vladimir Lifschitz in his [Lif79]. See also [O0s90].

Suppose K : F — U. Let FF = Fg be the unique initial embedding. We
will show that F' is surjective and, hence, an i-isomorphism. Thus K will be
i-isomorphic to & .

By our stipulation that F is ¢<EA, we have:

(1) FEVaVe (= (z gz ~=0)V (x4 2z =0)).
This follows from the following facts.
a) iEA proves Ag(exp)-induction.
b) Ag(exp)-induction proves decidability of Ag(exp)-formulas.
¢) The T-predicate is Ag(exp).

Reason in U. Consider any a € dx. We have:

(Vz (= (z gz >0)V(z-z>0))K (5)

12



So, it follows:
Vo (—(Z g 2~ 0KV (%2 ~0)K) (6)

By CTy! we can find a recursive index e such that:

Ve W<l erx~y (7)
Y e-x0— (i, & ~0)K (8)
Y e-x~1— (-0 ~0)5K 9)

Suppose e - e ~ 1. Then, by the initiality of Fg, (¢-¢& ~ 1)X. On the other
hand, by equation (9), (¢-¢é ~ 0)X. A contradiction.

So, e - e ~ 0. Thus, for some v, we have e -, e ~ 0 and, hence, (€ -5 € ~0
Suppose that (¢ < ). Tt follows that (€ -4 & =~ 0)¥. So, we have a contradiction
with equation (8). We may conclude that (a < ¥)¥. Hence, for some z, zFa.

K

Thus, F is surjective and, hence, an isomorphism.

Note that (1) is the most heavy assumption we made about F. Since Kleene’s T-
predicate is A in 4S3, the main problem is the first bounded universal quantifier
in (-, & ~0). Note, however, that we could replace (I) by

(£) FEVaVr (= (z gz >0)V (24 &~ 0)¥.

The principle (£) is verifiable in iS}, since (-4 @ ~ 0) will be A}, Our
argument now tells us that b := |a| in K is in the range of F. Say xFb. Now
it is easy to see that, there is a ¢ with 227! Fc and ¢ > a. Hence, for some 7,
yFa, and we are done.

Finally, consider any theory W extending HA+ CTg!. We verify that W satisfies
CatS. Consider any K : Predg — W. Let 7 := 7k be the underlying translation.
Clearly, T also supports an interpretation K# : F — (W + F7). Now apply the
above result, noting that, qua formula, Fix = F, = Fy%.

Remark 5.1 Let I be a formula with just = free, Consider, the following variant
of CTyl.

CTol(I) F (cut(l) AVzel yel Axy) — Jecl Vael (((e-z) |)! A Az(e - z))

We extend EA with all CTo!(I). We can adapt the above arguments to show
that the resulting theory satisfies full induction, and, thus, coincides with HA +
CTp!. Thus, in a rather weak sense, Church’s Thesis implies induction. Q

6 Interpretations over HA
In the light of the results of the previous section what can we say about inter-

pretations in HA? Suppose K : F — HA. Then, it follows that ya na+cTy © K
is isomorphic to Ef Ha+cT,r- Thus, if HA A then HA + CTy! F A. So the
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arithmetical extensions of F that are interpretable in HA will be bounded by
HA + CTo!.

It also follows that such a K cannot be restricted, since it is i-isomorphic to €
in HA + CTyl.

We can do better if we assume the domain of K to be almost negative. Suppose
dx in almost negative. We find:

HA FVaedx (Vo (= (2o 7 2 0) V (x4 2 = 0)))* (10)

Hence:
HA - Va€dx Vo (= (2 +1q & 2 0)5 V (214 2 =~ 0)F) (11)

Now we may apply extended Church’s Rule to obtain the desired index e of a
function that chooses between the disjuncts.” We now argue as before to show
that F is an isomorphism.

Thus, we find that, over HA, the theory HA itself admissibly follows from iS3,
provided that we only consider interpretations with almost negative domain

formulas. Since, unrelativized interpretation have, a fortiori, an almost negative
domain, we have: VA ;‘gg(HA) = HA.

Open Question 6.1 Can we relatively interpret some strict extension of HA
in HA? Q

7 The Completeness Principle

In this section we study the predicate logic of the theory HA*. We will introduce
the theory in Subsection 7.2.
7.1 Preliminaries on Arithmetical Theories: Part 2

We will employ Guaspari’s witness comparison notation. Suppose A is of the
form 3z Agz and B is of the form Jy Byy. Suppose further that z is not free in
B and y is not free in A.'° We will write:

o A< B :— Jz (Ax AVy<z -By).
e B < A:— Jy(ByAVae<y -Azx).

o Ey:eFzy==z

9We need the extended rule to find e on the assumption that a € g, for an almost
negative 0. Note that Troelstra and van Dalen misstate the principle in their [TvD88],
p243, forgetting the restriction on the antecedent.

101f A and B do not satisfy the variable conditions, we take suitable a-variants that do.
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So, we have e.g.: Ey < Jdo Ax < Ve<y - Ax. If we have a disjunction 3z Agz V
Jy Boy in a witness comparison, we read this formula as 3z (Agz V Byz).

We will employ the following arithmetizations.

sent: the predicate defining the set of (godelnumbers of) sentences of the
arithmetical language.

proof-(p, z): the arithmetization of the proof predicate.
provp(z): the arithmetization of the provability predicate.

neg: the arithmetization of the operation that sends a formula to its nega-
tion.

n: the numeral of n.
TA™: the numeral of the the gédelnumber of A.

sub(z,y, z): the relational arithmetization of the function that sends x and
y to the godelnumber z of the formula that is the result of substituting
the numeral of x for vg in the formula coded by y. So, e.g., the following
is a true sentence: sub(n, vy =v1,"n =v1");

OrAy: dp3z<p (sub(y,” Avy™, 2) Aproof(p, z)) (and similarly for several
variables). We put the quantifier over proofs in front because of the role
this quantifier will play in witness comparisons.

p: OpAy: Jz<p (sub(y,” Avg™, 2) A proof p(p, 2)).

We won’t consider the dot notation under multiple nestings of the O, so we need
not discuss what happens in that case. To get some feeling for the combination
of the dot notation and the breve notation, we look at some examples.

i) Op(AZ)X: this is 3pIz<p (sub(z, 3v; (voFrvr A Avi)7, 2) A proof1(p, 2)).

ii) DT(A:%)K: this makes no sense. To unwind the dot notation, we first have

to compute the K-translation. This cannot be done without first removing
the dot.

i) (OpA#)K: this is Jy (xFxy A IpTz<p (sub(y, AveT, z) A proof(p, z))).

7.2

What is HA*?

The theory HA* was introduced in [Vis82]. The theory consists of HA plus the
Completeness Principle for HA*. The Completeness Principle for a theory T is
given by:

CP[T] + A — OrA.
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We have HA* := HA 4+ CP[HA*].!! The theory HA* was used as a technical tool
in [dJV96] and in [Vis02].

A principle closely connected to the Completeness Principle is the Strong
L&b Principle SLP. This principle is given by:

SLP[T] FH(OrA— A)— A

As a special case of SLP we have - ——Or_L. One can show that SLP and CP
are interderivable.

We briefly review some of the results of [Vis82] and [dJV96].

e Michael Beeson introduced the notion of fp-realizability in [Bee75]. The
simplest variant of this form of realizability is a provability translation.
The theory HA* is to this translation as Troelstra’s HA + ECTq is to
Kleene’s r-realizability. This means that HA™ is the set of sentences such
that their provability translations are provable in HA.

e Let 2 be the smallest class closed under atoms and all connectives, where
the clause for implication is restricted as follows:

(AeXjand Bed)= (A— B) el

Note that modulo provable equivalence in HA all prenex formulas (of the
classical arithmetical hierarchy) are in 2. The theory HA™ is conservative
w.r.t. 2 over HA.

e There are infinitely many incomparable T with ' = HA+ CP[T"]. However
if T =HA + CP[T] verifiably in HA, then T = HA™.

o Let KLS:=Kreisel-Lacombe-Shoenfield’s Theorem on the continuity of the
effective operations. We have HA* - KLS — Opa+_L. This immediately
gives Beeson’s result that HA ¥ KLS. See [Bee75].

e Every prime RE Heyting algebra H can be embedded into the Heyting al-
gebra of HA*. This mapping is primitive recursive and sends every element
of the algebra to a X-sentence (modulo provability). See [dJV96].

7.3 The Predicate Logic of HA"

In this subsection, we will show that the predicate logic of HA* is complete TI9.
We will write O* for Opya+, etc. We start with an analogue of Tennenbaum’s
theorem. We will take F := {EA.

Theorem 7.1 We have:
HA* + FE - Yyedk (32 (y = 2)K vO*l).

1The natural way to define HA* is by a fixed point construction as: HA plus the Complete-
ness Principle for HA*. Here it is essential that the construction is verifiable in HA.

16



Proof
Define the following formula:
e Buy > 3z (sub(y,u,2) A ((Ey V prov*(neg(%))) < prov*(2))X)
Note that Buy is equivalent over HA* 4+ FX 4y € 6 with Cuy, where:
o Cuy :+ (3w (sub(y, %, w) A (Ey V prov*(neg(w))) < prov*(w)))X
By the Godel Fixed Point Lemma, we can find a formula Rvy such that:
iQF Ry < B("Ruvo ™, y) (12)
Equation (12) implies:
HA* + FK 4y € 65 - Ry « ((Ey v O"= Rj) < O*Rj)¥ (13)

Note the strangeness of the double role that y plays in the right hand side of
this equivalence. In the occurrence in ‘Ey’ we have y in the role of a domain
element of K. In the occurrences with a breve, y is an element of the external
numbers mapped into the K-numbers. So, in a sense, y stands for two different
K-numbers, to wit y and z with yFkz.

Reason in HA* + FX +y € §x. We clearly have (Ey)¥. Hence, since F is iEA,
we have Ry or Ry, where

o RYy:— (0"Ry < (Ey Vv O Ry))*

Suppose we have Ry. Then, by the Completeness Principle, we have 0" Ry. Let
p be a witnessing proof. It follows that (p : O*Ry)X. By, equation (13), we
either have (y < p)¥ or (D*—|Rf1 < Ep)¥. In the first case, we find that, for
some z, we have (y = Z)%. In the second case, we find that, for some ¢, we
have (¢ : O0*— Rj)X and, hence, ¢ : O*= Ry. Combining this with O* Ry, we
find O* L.

Now suppose Rty. It follows that = Ry. By the Completeness Principle, we
find that, for some r, we have r : 0%~ Ry. Hence (7 : O0*-Ry)%X. Now, using
Rty again, we find (0*Ry < E#)X and, hence, 0* Ry. We may conclude O* L.

Combining our two cases, we see that, for some z, (y = )X or O* L. Q

Here is an immediate consequence of Theorem 7.1.

Theorem 7.2 We have: )
HA* + ZFgy F O AT « (O*Ay)K.
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Proof

We reason in HA™ + ZFk . From left to right is immediate. For the right to
left direction, suppose that (g : O* Ay)X. By Theorem 7.1, either, for some p,
pFrq, or O* L. In the first case we have p : D*Af, in the second case 0% AZ. So
in both cases, we are done. a

For a generalization of Theorem 7.2, see Appendix A.

Theorem 7.3 The predicate logic of HA* is complete T19.

Proof

Suppose A 1« Vz Iy Aomy, where Ag is in AY. We will (effectively) construct
a formula A, such that A4 is in the predicate logic of HA™ iff A is true. The
theorem is immediate from this claim. The predicate logical language that we

interpret is the relational language of arithmetic enriched by a 0-ary predicate
symbol Q). We define:

o A:o ((FA3Jzesent (Q « prov*(z))) —
Tz, yesent ((Q < prov*(z)) A
(prov*(y) < 0 (prov*(z))) A
Yu<y Jv Aguv)).
First, suppose Vx Jy Agzy. Consider any K. Let B be the arithmetical sentence
QK- Let C be the consequent of the implication A. Consider the following
theory:
T := HA* + F&  (3zesent (Q « prov*(z)))¥.

Note that, for any n, T F Yu<n v Aguv and also T+ (Yu<n Jv Aguv)X

Reason in T. We have to prove C¥. Suppose = witnesses
(3zesent (Q « prov*(z)))*.

We have either zFgx, for some z, or O* 1. We first treat the second case.
Suppose we have 0* 1. Let n:="T . Now it is easy to see that we can choose
z and y to be equal to n.

We turn to the first case. We find that z € sent and, applying Theorem 7.2,
B < prov*(z). So, we have O*B « O(prov*(2)), by the Completeness Principle.
Thus, taking n := "B, we find:

z,n € sentA (B < prov*(z))A(prov*(n) < O%(prov*(2))) AVu<n Jv Aguv. (14)

Using Theorem 7.2 again, from this we immediately obtain C¥.

For the reverse direction, let a,, be unrelativized and let a,, be the identity on all
arithmetical predicates and let @Q,, := 0*"*1 1. Suppose A is in the predicate
logic of HA*. Tt follows, by instantiating with a,,, that, for any n,

HA* F Jyesent ((prov* (y) < O* "2 1) A Vu<y v Aguv). (15)
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Since HA*

has the existence property, for some k = k,,,

HA* - k€sent A (prov* (k) « O*" 2 1) A Vu<k Jv Aguw. (16)
So, by the X{-soundness of HA*, we find Yu< k Jv Aguv. Suppose k,, = k,,, for
m > n. Then,
HA* F O* "2 |« O*m T2 1, (17)
So, by the Strong Léb Principle, HA* - 0*"*+2 1. Quod non. Thus, the k,, take
infinitely many values. We may conclude that A. Q
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A The Friedman Translation

In this appendix we give a generalization of Theorem 7.2. T do not know any
application of the generalization, but it seems fairly natural.

The Friedman interpretation (-)Z is defined as follows. It sends atomic
formulas a to oV B. It commutes with all connectives including the quantifiers,
with the exception of 1 which is treated like an atomic formula. Note that the
Friedman translation is not a relative translation in the sense of this paper.

Theorem A.1 Suppose all the free variables in A are among . We have:
HA* + FE R VEVijedy (fFky — (A7 L7« (A7 L9)K)).

Proof

The proof is by induction on A. We reason in HA* + FX.

Let A be an atomic formula oe. Suppose ZF k4. Since Fi is an initial embedding,
we have o iff (ag)®. By Theorem 7.2, we have O* L iff (O* L)X, So, we have:

a7 ar vO*L
(ag)™ v (O* )F
(ayVD 1K

T

The cases of the propositional connectives are trivial.

1111
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Let A% be Ju BuZ. Suppose £F k1. We treat the right to left direction. Suppose
(3v Bug)?" K. Say v witnesses this. We either have uFgv, for some u, or 0% L.
In case 0% 1, we are easily done. So assume uFxv. We have u, ZFxv,y. By
the induction hypothesis, we find B® 1w and, hence (3u BuZ)® +. The other
direction is easier.

The case of the universal quantifier is similar. a
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