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INT-RDUCTIGNY-

is called strict if "fl _
A function f: X -=Y (X, Y ,, partial,;orde i .gs.with
1 {"Strictness ;is the .semhntical:.counterpa ,t -of need-edness, defined by : subtern ,s (not in.
normal .form) of term .t : =is called: needed if every reduction of t" to :normal form contains -a
contraction within s. (See. [BKKS86] for more tinformation about neededness.)
Strictness Strictness, analysis3.is, anvana1-ysis technique for lazy functional programs It is kintended, to

improve efficiency of execution by detecting "strict functions and strict subterms: thisinformation can be used to replace lazy call-by-need.evaluation. by call-by-value evaluation.;
This is attractive since call-by-value evaluation is more efficient and can safely be done in
parallel.

Abstract interpretation, first presented by Cousot & Cousot ([CC77], [CC79]), is a general
The idea behind is: simplify the intended; denotational,
theoryfor-statict
interpretation of the languagein°question to: an, abstract interpretation; in such a way, that the,
analysed and can be determined
resulting:denotatiom of a prograrm
quickly. Several types of analysis lend, themselves "for,tn sapproach ,,besides strictness, analysis

one may think of type verification, program
A"frequently studied application of abstract interpretation is strictness analysis. The first work
functions:
in . this direction is performed by vlycroft ([M8Q];; ;JiM81,]) for flats=domains,
equations. A generalisation to higher-order functions (with a,
defined by " f i r s t order
type,structure characterised by_ ti ,=-.-c 1, ti --> c) is developed in [DHA86] " [A85] contains a;
type variables:.
generalisation to polymorphic types ::.=,c"I, o l ti - z); bained.by

via an operational semantics, it is shown that stricness analysis is a.,polymorphic invariant.
Generic polymorphism, obtained by adding type schemes where quantification over type
is ,shortly
variables is allowed (types ti :=c 1. ncyI ti; -4 ., r ype schemes 6 ::= ti I `dc
discussed in a remark ,,it;the end of [A85].

n

of

A mor..evgeneralstreatment

--(,[N8,4],,

developed for a
[N86]; [N88]>). sIn [N88]. a generak theOr- one abstract- interpretations
the
is comparable
language TMELb (with types ti ::= c I a I ti x r I ti+ ti r - ti)
[N8-8] as an example: A
of [BHA86] is
language in [BHA86]. =Th°e strictness
sera ltiesmsed in [BHA86] an[N88] " lies in the function
difference between the
I

in [B X486] the functions are continuous, in
spaces used for the interpretation, of types a
monotonic -This has to do with the fact that the. abstraction function for types 6
[NH I they
ple:([N8 p 8$),, but only
--) t does not pr"eserve contirtuity,sa is shown in -a countere
4.4.(i) of ,this :paper, we :show that cont nnity..can be preserv ed,
nonotonic ty. In
;

provided ': the= abstraction

pr-_t;serve compactness; this settles- a,conjccture implicitly

formulated in the Conclusion of [N88], p. 76.
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In this paper, we extend strictness analysis, based on abstract interptetationt in. the-style of
[BHA86] and [N88], to a language with polymorphic and recursively defined types (ti ::= a I
µ ;type constraetors (D ::= K I -)Lt T-[, VT I Sa: )r The semantics of..types µ ( a=unary.
of domains.

type constructor) ilsobtained viaa a,,. well'-known

A,

The definition" of the abstraction= functions which= ar'e.aused*to define the relation ,between-the

concrete (i.e. intended) and the abstract`interpretation; is rather `sensitive: `their properties should,-k
be` preserved under `the :various -o ieratiolrts on -types s-a id=at the::same time.guarantee> some.desired properties of the abstract interpretation edefined in terms of a abstractions: We use here the,',
following definition: (see,4.1 .(i)) `for abstractions f:

f is 1-unique, preserves compactness and has a continuous right inverse.

We give a survey of what follows. "Ir §2, soiiae preliminaries on,cpd .complete lattices;
categories and lim tconstructions are presented, =with references :for more details .The.- definition
of the=language IL."- appears in 3.1 in -the form of a context free syntax arid=

for elIf6rinedneswhe'r e the collection of constants `off , . ; actsas a- parameter. A, general.
definition of interpretations of -: ' in. soiree categor}f domains is -given in 3.2, `with, the
intended interpretation -C--of L- as an instance. xirr ° § another instance, the abstract
interp`r'etation A, is derived==using the type interpretation abs (which is almost an interpretation
the
in the sense'nf 3:2). §4 contains theory about

finalTlteore ri{ .11) hich implies directly that-sttctness analysis based on A: .is safe.- §5
concludes the paper with sorrie remarks .on variants of the methods used here and: some,
suggestions -dffurther work

.,

-'

Before'we go'to work, asfinal remark on practical aspects of strictness=analysis It is not hard to

see that exact strictness analysis is as difficult as evaluatioii4and,therefor<emint interesting for
static analysis imended-for evafiration-speedttp t'he' approx i ative4 strictness analysis for a.
-sim° ple'tYP " es aspgiven ,`e.g- in [BHA86] -ris` based on effectivelcon p' itatipns n
:lattices.,-However, as has been pointed out.by several authors (see
finite
[H87]),- this' does rrcit`giarantee a feasible stitnessa;al=y since it ay take an amountof timethe
Broriti a:compuational paint of
which ,is `e poneitral in the size of the =pogr
respect>to-the- strictness analysis developed here is even worse: is:ev-ep=worse`:- due -to-the limit
situation
t domains. of thee abstract
-of<t e fixpoittt
the
construction
irtterpretarionslraze riot even finite S&this`st-rietnessl anal si ..does not.3lead directlyy to air
,upon-,-.wwhich more efficient methods of
gas =a =the6retieai
algorithm; but 'sl
analysiscan:be- developed: "not `only =strictness analysis, -but also c.g,hackwards analysis the

sense of [H87].
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2- PRELIMINARIES.
We list° some ,,we-.1lestablishhdznfacts= about complete partial orderings, categories ;and limit

eor structiong For,

ore information and proofs, we 'refer to the references ugiven in the

subsections and to [R88].
t,

; d _: ssk

2.1. Complete partial orderings:
(See [S76], [S82] for more information.) X = <X,5:> is a complete partial ordering (cpo) if it

is a partial ordering with a least element 1 where every Y E D(X) has a supremum (least
upper bound) VY. Here D(X)
YCX I Yt-o n d'xye Y3ze.Y(x z `Ay<_z) }. , is the ,collectia
of directed subsets of X.
Let X, Y be cpo's with f : X -4 Y. f is called strict if fl = 1, 1-unique if VxE X(fx=1 H
x=±), continuous if f(VZ) = Vf[Z] for all directed Z. The-,c llection.:[X -,i-4 ,Y] =_{f : X -- > Y

I f continuous) is again a cpo.
A nice property of cpo's is that they allow the definition, of a . i point operator fix =`fixX e
[[X-)X]-*X] (X some epo) by fie(f) = Y{ L I nEo)), :satisfying: f(f x(f)) = fix;(f) and

b'xe X(fx=x - fix(f) 5 x).
rAn ;element° x of a cpoa=.X '=is called compkactt. (also called .,finite or kisolated elsewhere) if
r

'vYE:D(X)(x<VY=- 3yEY(x_y)). We put c(X)'= {XEX,I x.:comgact}, 11e(x) = c(X n {y I
<Lc(x)e D(X). Afunetion - f
y_<x}. X is called algebraic if every element x is
between cpo's is called compactness preserving if fc is compact whenever c is.
A subset Y of a cpo X with axe X\ye Y(y<-x) is called bounded (also called consistent);. if
every:'bounded
is
(also called: consistently
complete)
A domain is an algebraic and
cpo. if tX Y ere;d mins,, then so is- [X -4
Y] A proof for this well=knQ vn-fact. runs as
a=al r..,an and b=bi,...,bn, lie
:finite sequences of elements
c(X) rresp }'c.(Y).. 7de define Adr (a,b,)m: `di;j5n (ai<aj,-a
{;)air 1 ai5x f bi_bj)> A xE
-a -31-n(aiaj<ak,x))) and., fab.(x)':
nctions of the
are -called, finite and, admissible; if, also
holds. (We: shall use these
form
notions later on, in the proof of (c) in lemm4.4 4=,(i);) NovYthe, compact elements of `[X'-4 Y]
are -exactlythe.adnussible finite ones;.andthis: can `be used
.that .[X;-= Y] is ,algebraic.
Preservation of boundedly completeness rider --* is- straightforward.
.

.

2.2. Complete lattices,

lattice if each subset
°has°;a supremurri:: Then X has a top
,;element T defined by VX, and, for` subsets .,Z_ the
-AZ defined by V`{xe X I
Vze Z(x<-z)}. If :f X - Y satisfies f(VZ) = V(fZ) for all Z c X, then f is called additive,.
A cpo' XX is. called >a

3

Let X, Y be cpo's, 0 E {X -4 Y]. 0 is called an embedding if (i) `Ixye X(x<_y k4 Ox <_ O-))
,and (ii) dyE Y({x I ox<_y) E D(X)). Embeddings 0 have a continuous left inverse OL
defined: by OL(y)=-V {u I xn<- y}' satisfying besides?:(iii)a. Lip.°=:idx :also (iv)
L <_ ids.
left`inverse'°OL°4satisfyiirg (iii) and. (iv) then 0 is aneinbedding,-Pairs
Conversely, if
<O,>L> for which (iii) and (iv) hold are called projection pairs.
If X is a complete lattice, then condition (ii) is superfluous (follows from (i)) and embeddings
I zE;Z}) <
are additive (for V {oz I zE Z) < O(VZ) = O(V {OL(OZ) I ZE=Z})°<
V{Oz IzEZ}):'
Some examples of complete lattices:

1 :_< {1},<_>
2.: < {1,T},<>, with .L <T1".
31,

_-r_ ,

a:= < { 1,*,T },<_ >, with 1 < * < T
B := < { i', true,false,,T _,< 5 -,with. x y iff (x# or x=y or Y=T)
},<>, with *<y iff (x= L W x=y or. y:.T
N < {,fir,
.r{

Besides s-;:, we have the binary operations) x: (product) 6nxpo's4and +

sum) on

.

complete lattices. x iswas tsual and X + Y `is defined as the

union of X and Y

:extended with a top and aibottom element .
2.3: `Categories'.fuirctors.

`(See e;g {AM7SJ [M71] for more ii1formation.),Categonzs.e`C consisting of objects =®bj(C)

and arrows Ar(C), are defined as usual, together with functors between them. Composition of
`arrows i f t and, g is denoted
Isomorphic objects int a `.category shall be identified.
Sometimes wet identify, :objects zC " with their atrov = °1 C, and this leads to.Obj((C) c Ar(C) _
<denoteti- by ,. C*cC';
C ,Eien taw eategor
and -.-t',. the
for
C*.: *C ,(n::st ties) weiumte
atl
the
to Z. A
`mapping H :Obj(C) --4Y=Ar( -}.is'a natural transformation betweent F', GKe
G(f) Il dotn( ) = I(cod( )) ]F(f) `:far=`all fe Ar(C);
the sequel, we-shall, use the categories A and Ae, both hawing the
-of, algebraic
complete lattices as objects-the-arrows: of A are,,the:<continupus funotions
of Ae
are embeddings. A and Ae are full subcategories of the corresponding categories ID and De
of domains.
A functor ,f E -F(Dn,D)' 'are
5 such a functor is al:,() a
from men to -De, wwith¢ F( $1, 1
! <<n, Vn>)°= <F($1, n), ( 'i
n) Ides or A
instead of D.
'
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The operations- x 4- `on Obj(A) are extended straightforwardly to_A by the.usual pointwise
definitions,, thus becoming monotone functors in i l (A?,A). Since_yi oraotonic ;functors F e,
IF(An,A) ' presea`ve =enitbeddings (with. °
4 nL) , we have x,-i
n)L; =
IF(An,A),,

1

Ae2,Av),

already defined on Obj(A), is extended to Ar(A), by .(f -> g)x = g x f. Thus - is a
monotonic functor in IF(AOP*A,A). The contravariance in the first argument prevents
straightforward extension to Ae, therefore we define -4e on Ae2 by (0 ---)e V) = (OL --> yr).
Using ((1 -e yr)L = ((1. VL), it follows that (0 -tee yr) is again an:embedding -no; ,-->e E
--> ,

IF(Ae2,Ae). Observe that --> and

behave the same on Obj(A) = -Dbj(Ae):.

2.4. Chains, limits, fixpoints.
We now sketch the theory of fixpoints of functors on D, based on limits of chains of domains.

(See..SP 2] for more information.) A `cha it

rs

n>On>n `of cpo's,iwitl

embeddings On E [Xn --)Xn+1]. The limit of the chain is defined by lim<Xn4n>n = { <xn I
Vn(XnE Xn A OnL(xn+l) = xn)), often abbreviated to limnXn; the ordering on 1imnXn is
= { <xn>n I
defined pointwise. Then 1imnX,n is again a cpo;. moreover, we haue ,c(lI
3n(xnEc(Xn) A b'm?n(xm+1=(1m(xm)))). Being algebraic; boundedly completeness and having

a top element are all preserved under taking limits; as a consequence, Ae is closed under lim.

Functors F on Ae are continuous if they cotifrx ttte-with taking jimits i.e (for- unary - F) if
F(lim<Xn,$n>n) = limn<FXn,FOn>n. x, + and
are examples of continuous functors.
ch(F), the chain of functor F is defined as <Fnl,FnO>n, where 0 is the unique, embedding

from 1 to Fl (mapping 1 to 1). Fix(F), the fixpoint of F, is defined as lim(ch(F)) and
we:havea.F(Fix(E)) = F:ix(F) for continuous F

..

1

Let <Xn,(n>, <Yn,yrn> be chains with limnXn = X, lirnnl'n =.Y. By the continuity of :tee,
[X - Y1 = limn[Xn --) Yn], so elements f of [X--4Y] are identified with sequences <fn>n
E limn[Xn - Yri], i.e. satisfying (i) fn = (On.-` n) ' n+i = t nL.fn .. Sri for all n; such
sequences <fn>n are called arrow chains, and the correspon ng f E [X -4 Y] ;is called the
limit limnfn of <fn>n. It is clear that A is closed under limits of arrow chains. Limits of
arrow> chains satisfy (limnfn)( xn>.n = <V { (yr n
limnfn,<_ lirnng f iff fr;

<_

,

' - ri-i)('i :,m<xn+m)) l zmE

} >n; ,also

gn:afor all;tin and (hmnft )'(i
.

ngn) =
n,,.`ther <fn>n z is,.cai'led.a;strong,-arrow-. chain-

If, moreover, (ii)_yrn fn' .:f +t n r.fo a1
(observe that (ii) implies (i); the notion of strong arrow chain is used in the construction of
limits; of abstractions, see 4.14.(ii)).

For FE IF(Ci*C2,C3) and fE tC1 ; we define Ff

:= ?g.F(f,g) If

FfE IF(C2,C3); moreover, if F is continuous, then so is Ff.
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fE Obj(C1), then

Let F be an=(n+1)-ary=functo',on Ae and 0 _ E1,
Fc

and
n>`E
-are`una y f-motors"nn= A and their chains have limits in Obj(A e),say X -and Y. Now

Fix(Ft) E [X =f- Y] is, a'n arrow in Ae:caned the ftzpo nt of F -in : By abstracting from 0
we get the fixpoint functor Fix(F) := 4.Fix(FO) E IF(Aen,Ae). If F is continuous, the so is
Fix(F) "(proved via perrni tationryof limits of!chains).

Some nonstandard notation used in the sequel:
nC;=-def CIF(Cn,C

*C =def UPCI;n=0,1 ..
nC =def Cn

_ uObj (C)

*C =def U{nC I n=0,1,... )
t, q,
Observe thaf=3 0C -arid ;C, are isomorphic;,', they will be identified. The same holds_-for`0CCf. and

UObj(C). The relation E on Cx *CC is defined .as. -=u{E, I nE (o), here
E F(X1...Xn)).

f En F. iffeVXi..:Xne Obj(C)(f(X1.

3 THE LANGUAGE AND ITS III
3. 1. The`Iangua

L.

L is a typed lambda calculus, defined in the style- of [89.0). "IIt has expressions of Three sorts:
object; type an'd`'kind Tf ere are.two: sorts of s[Aterrtents: °

.'

<typeexpression> -. <kind expression>,

'object expression> : <type expression>.
Object expressions are caaled (poly Mrorpbic7terms Kind:,. expressions, have the forrnf . n0

(n=0,1,...). 00, also written O, is tthie kind of type:.expressi5ns`of order zero;-these type
`expressions pare V suall-y-called types rn0 can be thought of a`s the collection ; On _ 0 of n-ary
type constructors.

The collection K = Kvype u Kobject acts as a parameter of L. Ktype contains statements of the

form K : nO where K is a type constant; Kobject contains statements k : ci where k is a
`term constant 'and' C a closed an wellfbrmed,type expression.

Candidates for inclusion in K are:

6

s<,

i) N : O (the natural numbers), B : O (the Booleans), together with their usual unary and
binary operations like + : N - N -- N, not : B -4 B, etc.;

ii) x : 20 and + : O:the ttpemope'rators of product and=sum, and the associated polymorphic
-*y, etc.;
operations like pair:
case : Saj3y.(a-*y)
iii) the conditional cond : 8a.11 i4bf-4a-m.
Besides the constants in K we have:
nO (n=0,1,...; the kinds of the language, see above)
(binary
constructor, with the,u ual,eanin
S (for type abstraction in the definition of type constructors)
(for the definition of the fixpoint of type constructors)
X (for object abstraction defined on
as usual)
A (for type abstraction in
defihitieri-of
terms)
fix (the polymorphic fixpoint operator)

.

The expressions of the language are defined by giving the syntactical categories, followed by
their metavariables and generating rules (if any):

0OI 1OI2OI ...

KIND
TVAR
TYPE

(kinds)

x

(type variables)
(types)

a, V Y
p,6,ti

CONSTR
OVAR r
TERM

(constructors)

(D

Object ariables)
(object term s)r

PTERM

:>.

.;

terms):

(D ::= KI --> I tiI(DtiISa.(D

x,y,z

xittIkx:t.t

i> .urTs,t.

p,q

;p ¢ ::

kI

t I `px is Aax.p

It is clear that we have TVAR c TYPE C CONSTR and OVAR c TERM c PTERM. We
postulate that KIND, CONSTR and PTERM are disjoint.
The notational conventions are as usual: e.g. rst means (rs)t, s(tl,...,tn) means stl...tn,
Ll.:.xnn:t:means .xl:ii:'-..(?Lxn
-Kai is written d-4t ..etc.
L has a deduction system for wellformedness. This system has the form of a sequent calculus

with sequents of the form F I- S, where S is

statemens and .Y? -2ts a-finite set of

statements of the form x:ti. The intuitive meaning of F" f- E ,E' 7s:

the type

assignment given by F, E is a wellformed expression and belongs to F.
For: 04-- S=:v ee write

E-

S.-JF F E<l : E2 : E3
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abbreviates .;1: F E1 : E2, ai d I' FEZ E3

A

Axoims and rules for types:
F- a : OE)

F- (D :n+10

20

:

F- ti:DO

F- qn: no

F- S for S E Ktype

F- (D :n0

F- (D : 10

F- 8(X. (D : n+1E)

F- g(D : OE)

- fix

F- S for S E Kobject

Axioms and rules for terms:
17

t - X :'r

' x:

:

6a

rF- s:6- t:00 11' 1-t:6:06
r F- st :

F- a : 00

r F- xx:6.t : 6-4'L

ti

FF-p:(D:n+10

r, x : 6 F- t : ,r : oo

F-ti:00

F F- p:(D

a not free in F
F F- Aa.p : 8a.(D

V"44 pt (Dr Finally there is a weakening rule:

F-S
ruAF- S
The fixpoint operator t can be used for the explicit: definition of recursive types. Two wellknown examples:: the: list constructor L, recursively- defined by L(ti) = 1 + (ti x L(ti)), has the
explicit definition L :=
.1.+(ax(3)); secondly, the equation ti, = a + (ti -> ti) of a model
for the type-free lambda calculus over 6, which is solved by ti = µ(6a.6+((x-)(x)).
3.2. Interpretations.

An interpretation .ITyof-L is=ainapping:-defined.:olt-sthe'hornstants.'in,,K.:Associated to an
interpretation I is a Cartesian closed category C1 which is a subcategory of D. I satisfies:

if:: (Kn) E Kt

:.then= J(K) e=-nC1;

4, (k:(D)`eKobject::thei I(k)IF- I[,4)].

(n CI, and E °-anr defined ate' the end of 2.4.) We ex-'tend, I '-to .a mapping defined *on. all

wellformed expressions of

L.This is done as usual with assignments (also called

8

environments), which are mappings defined of variables of some syntactical, category. If a is
such an assignment, x a variable and d an object, then a'-.=a [ c- -d],, is the assignment
defined by a'(x)=d, a'(y)=a(y) if y is a variable different from ,x: Given I and Ci, _there are
two collections of, assignments:

-

TENVI =def TVAR CI
OENVI =def OVAR - oCI
Now we extend, I.,; to

I : KIND -4 {nCI I n=O, 1,... }

I : CONSTR - TENVI -4 *(Ci
I : PTERM - TENVI -4 OENVI ---) *CI
We adopt the usual convention of writing the first argument of I between open square brackets
[ ]. The other arguments a e TENVI, b e OENVI are written without parentheses. They will
be dropped sometimes later on, e.g. if the value of I[E] does, not depend. owthem (this is the

case when E is closed).
I[ne] = nCI

I[a]a = a(a)
I[K,]a-=..I(K),
I[---)]a = --)
I[(Dti]a = IQ(D]a(I[ ]a)

I[Sa.ti]a = .fE CI.I[t](a[a-*f])
I[µ(D]a = Fix(IQI)]a)
I[x]ab = b(x)

I[k]ab- I(k)
.I[fix]ab = AfE Cr fi -ebd(f)

I[st]al = (I[s]ab)(I[.t]au)
I[? x t]ab = Leo 16]a.I[t]a(b[x=ae])

I[p,t]ab = I[p]ab(I['t]a)
I[Aa.t]ab = ? fe CI.I[t](a[a-*f])b
We also put

9

(I,a,b):k<

(

def I a E I ]

:=is

"(I. ab) kP : (D

=def I[plab -C IE(D]a

(I;a;b) k h =def- (Ia,b) k S - forrall ' S t F
F k I S =def for all a E TENV1, b E OENV1: if (I,a,b) k' F then (IA, b) k, S
I- k S =def r k I S for all interpretations I

; t-F

3.2.1. Lemma (soundness). If I- I- S then IF k S.
Proof. With induction over the length of a derivation of I' k S, first for type statements, then
for object statement. Some induction loading is required: for type statements: C=:11.nO with free

tye variables al,...ak, the conclusion of the lemma has to be strengthened to
F k 8a1...ak.(D : k+nO;

for object statements p :

(D

: nO with free type variables a = a1.... (xk, free term variables. x =
xl,...*m -*and' {x:>t} = {x°i
.,xn;: Ct, }'c=i the required strengthening reads

I' - f x:'t) K A Ax .pD °Scx
:

f *±00
:

where 3 =13i,...,(3, are fresh term variables.
3.3 The concrete interpretation C.
C is the straightforward interpretation of L into the category Ae of algebraic complete lattices
with embeddings. Its effect on the constants is as expected: C(N) = N, C(B) = &; C(-4) _ -)e,
C(x) = x, C(+) = +, and likewise for other constants.

4 ABSTRACTION
In order to perform strictness analysis, the idea is to simplify the concrete interpretation C to
an abstract interpretation A. This is done with help of a type interpretation - abs; presented as a
mapping on type constants K : no with abs(K) : Dn -* D. It willturnnut that abs(--) is not
a functor, so abs is not exactly an interpretation in the 'sense of 3. Instead 'of the conditions
given there, abs must satisfy (taking for simplicity n=1 in K : nO):
(1)
(2)

dom(abs(K)f) = C(K)(dom(f)),
cod(f) = cod(g) > cod(abs(K)f) = cod(abs(K)g).
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Now the abstract interpretation A is defined on types by
A(K) =def f ,f.cod(abs(K)1cod(t))
Then:

cod(abs(K)f) = A(K)(cod(f)).
On (polymorphic) object constants k : (D : n0, A must be defined in such a way that
(3)

A(k)(AQ,c11, ,A[tin]) ? abs[ til..:tinl((, tzt

This reduces to A(k)

>_

absfQtil
ft (C(k))

for k :

for`all-wellformed types ti,
r

: 00, o' here° we can take 'A(k) =def
.phi`.

abs[tt](C(k)). Now A is an interpretation of , satisfyng:
(4)
(5)

dom(abs[tt]) = Qt], cod(abs[tt]) = AQtt] for ti : 06
abs[r](CQt]) S A[t] for t: ,t : OO

The obvious example for abs`` and 'A is: take",-A(K) = 2, abs(K) _' 2ix.(if x-1 then 1 else
T) for K : 0O, and A(x) = abs(x) = x, A(+) = abs(+) +; A(4) _ -)e; as we shall see later
on,
cannot be
at to `tee.
Under reasonable assumptions; (5) canricst be`strengtheried to equality. To see this, assume that
absN (abse`stricted to n satisfies` absN(rri) = absN(t) # absN(') `forsdrrie m, 'n with min
Y

(in general, absN will identify all natural numbers). Define t := .x.cond(eq(m,x),l,n), then
we have absN(CQtm]) = absN(1) # absN(n) = absN(CQtn]), but A[tm] = AQtj(absN(m)) _
AQtl(absN(n)) = AQtn]. So'
A is impossible, unless absN is injective one {0,1,2,...}
(hence hardly an abstraction) or absN(n) absN(1) for some` n (so absN is not 1-unique):
we do `not'lra e
As a consequence, the strictness analysis based;°on `A will not
(A[t] strict r=> Qt] strict) for all terms t.
absN.

In order to preserve the more interesting implication of this last equivalence, i.e.
(6)

A[t] strict = CQt] strict,

property (5) and
(7)

abs[tt](xy) <_

abs[a]y
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are required ((7) is also used in the proof of (5), see Theorem 4.17). (6) makes strictness
analysis a safe approximation: if it tells us that t is strict then t is strict. indeed; on the other
hand, there may (and will) be cases in which t is strict but the analysis does not tell us. It
follows from (7) that the analysis will be a better approximation as abs[c - t], defined in terms
of abs[o] and abs[ti], is smaller. We claim that this is obtained by defining

=?;zy.V{abs[tt](zx) I abs[a]x <_y};

(8)

to verify the claim, we observe:
_< {abs[ojy} > abs[:t],(xy);
i) abs[6-*'t]x
=
ii) if f satisfies abs[r](xy) <_ fx(abs[o]y), then we have z >_ abs[o]y = fxz > abs[ti](xy), so
fxz is an upper bound of {absQtii(xu) habs[a]x S abs[a]y},, ejqce abs[a- t] _< f.
I

We conclude: abs[a--ti] as defined by (8) is the rsrnallest satisfying, _(7).
(6) is verified as follows:

A[t]i = 1 =

1

(by (5))

>abs[a

(abs ;is strict)

abs[6-- >iQ(C[t]l) =1

(by (7))

C[til

(abs preserves 1)

=

.L

.

We now work out the definition of abs in£ more detail, starting, with the definition of the
category of abstractions in which abs resides Wereturn at the definition of A and abs after
4.15.

4.1. Definition.

i). Let X,Y _,.be, algebraic- complete lattices,: f X - Y., f is called an abstraction if it is
continuous, 1,-unique, preserve compactness an as a continuous Lright inverse f* (i.e. ff* _
ly). <f,f*> is called an abstraction pair.
ii) Aa is the category of abstraction pairs, with composition defined by

<f,f*><g,g*> = <fg,g*f*>.
4.2. Remarks.
i) The reasons for the definition of abstractions are the following: strictness is used in the proof
of 4.7 (((f)>f)»f)fix 5 fix), 4.14.(i) and (6); 1-preservation is needed in the argument for (6);
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preservation of compactness is required in the proof that (f»g)z -is continuous whenever z is
ii) Aa is indeed a category, i.e. identity functions,are abstractions arid, the composition of two
abstraction pairs is again an abstraction pairs;`-_ m

iii) Examples of abstractions are absN and: absB, the unique L -unique; function in N - Z
and B -4 2 respectively.
4.3. Definition.
i) x and + are defined componentwise on abstraction pairs.
ii) The binary operation » (the intended interpretation of --> under abs) on abstractions f : X

-* Y, g : X -* Y' is defined by

(z e [X. - X'], y E Y)

(f»g)(z)y = V {

So f»g : [X --> X'] --> Y --> Y'. » is extended to abstraction pairs by
<f,f*> » <g,g*> = <f»g,f--4g*>.

4.4. Lemma.
i) x, + E IF(Aa2,Aa);
ii) » : Aa2 --> Aa (» is not a functor: see the remark after the proof);
Proof. (i) Easy, using c(XxY) = c(X)xc(Y) and c(X+Y) ---c(X) + c(Y) to see that fxg and
f+g preserve compactness whenever f and g do.
(ii) This involves several steps. Let <f,f*>, <g,g*> be abstraction ;pairs with f: X -4 Y, g :
X' -4 Y'; furthermore let zE [X --> X'], yE Y. It suffices to show:
(a)

: (f»g)(z) is -continuous,

(b)

f»g is continuous,

(e)

f»g preservr=es connpactriess,'

(d) J f»g -iss: L -urri4.ue

(e)

-Y

.

f_ g* is a continuous right inverse of f»g.

(a) Let ° Z g: Y be directed." Then
g

(f»g)(z)(VZ) = V{g(zx) I fx<_VZ}
{;ag(z(Wc(x)))
=

V

(X is ealgebraic) ;.:

I "fx<-VZ }

= Vx{ Vi{ g(zx') --1=x'E }l(x)

Z}

= V {g(zx') I x'Sx, x' compact, fx<_VZ}

13 ..

(llo x) difected; -g,z,contir uous)

= V [g(zx`) lYxn compact, fx <VZ)t;
= V { g(zx') I x' compact, 3yE Z fx'<_y }

(f preserves compactness)

= V { V {g(zxl) I x'°corp_act fx'<y }Ik yam:>Z }
= V { V {g(zx') I x'<_x, x' compact, fx<_y} I yEZ),-,
x =V{ V {°V.{ g(zx) I x

fx<y<};:l yE Z}-

= V{V{g(zx) I fx<y) I yEZ}
= V { (f»g)(z)(y) I yEZ}.

(b) Let Z c [X --> X'] be directed. Then

(f»g)(VZ) = ly.V{g((VZ)(x)) I fx<y}
= Ay.V{g(V(zx I zEZ)) I fx<_y}
= Xy. V { V { " : g : ( z x ) ti

zE

J-1-

fx<_y }

(g is continuos),

=xy. V { V { g(zx) I fx<_y } I zE Z)
= A,y. V { (f » g)f z)(y) I,

V { (f » g)(z) I zE Z)

(c) Let z E [X - X'] be compact, so z = zab = A,y. V {bi I ai<y } with Adm(a,b) (see 2.1).
Then

(f»g)(z) = 1y. V (g(zx)' l fx<-y.}

= ky'-V {g(V { bi `4i x})' I =x<v}
I

= Z ,y. V { gbi I ai<_x, fx<y }

=

y"V{gbrpl fa <y}

= zfa,gb
so (f»g)(z) is compact (by lemma 3.17.(ii), for fa, gb are compact,, since .f and)°g. preserve
compactness) and we see that f»g preserves compactness.
x
(d) For z E [X -* X] we have (f»g)(z) = 1 t b'y. V: { (zx) I. fx<y.} =

1p

(g(zx)=1) r-* b'x (zx=1) r--> z=1, using for the third equivalence the; fact that; -g is ; l unique.

(e) Continuity of (f-* g *) is straightforward. Now let z E [Y --) Y'], y E Y, then
(f»g)((f--*g*)z)y = V {g(((f»g)*z)x) I fx<y} = V
z(f(f*y)) = zy. So (f»g)((f_*g*)z) = z, i.e.

fxSy} = -V:{z(fx)' I, fxy =

idly .4 y,l.

4.5. Remark. » is not a functor on Aa. For if so, then;: ' and. > wo ld'have'to commute, i.e.
i.e. ` f»f = . (f>> 1:);4 which is refuted by-` the following
counterexample.
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4.6. Counterexample. There is an abstraction f : X - Y with f> >f #
Proof. Define
{1,Q,1,;T }, Y; °s.3., Zi,=,[X

fl=1,fo=fl=*,fT=T.
We observe f> .j X = Xzy. V { zx I fx < y 1. Now

(f»f)(lZ)* = V {fx I fx <_ * } = V (.L'*) _ *,
f((f» 1X)lZ)* = f(V {x I fx <_ * }) = fT = T.

We have a look atrthe`behavio-of,fx under abstractions,

4.7. Lemma. If f: X - Y is an abstraction, then ((f»f)»f)fixx = fixy.
Proof. Let ac= [Y - Y]. Then
(((f»f)»f)fix)a =V {f(fix(z)) I (f»f)z <_ a)

= V {f(V { znl I nE co)) I (f»f)z < a}

= V{V{f(znl) I nE(),I (f»f)z;<,a};;
= V {f(znl) I nE co, (f»f)z <_ a}
= V{f(znl))I nEC,aj,bEZ},

where Z = {z I (f» f)z <_ a} = {z I VxE XVyE Y(fx<_y -4 f(zx) <_ ay)}; now, if _ zE Z, then
f(zn 1) < an 1 (proved with induction over n, using strictness of, f), Fso.we have
((f» f)» f)(fix)a <_ V {anl I nE co) = fix(a). But (f»f)((f_ f*)a) _
f)*)a.=a, so (f-)f*)a
E Z and

,((f»f)»f)(fix)a> V:{f((ff)a)nl),I nE co)
=V
I nE (o}
= V { an(fl) I nE co
>_ V { and I nE co) = fix(a)

We go one level higher and introduce abstraction transformations.

4.8. Definition.

i) Let <f,f*>,. g,g*> be abstraction pairs with f :;X. - Y, g : X' -a Y' and let 0:.,X-4X',
yt : Y - Y' be-embeddings., We
(0,Nf,<f f*>,eg,g*>) an
diagram if
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Y-f = g'O;
f* = OL.g*.w.

ii) Let F,G E F(Aen,Ae). H is called an abstractibrt -transfor,nation- between F- and G
(notation: H : F = G) if the following holds:

if (01,v1,P1,g1),..., ($n,Nfn,pn,gn) --"a=re :abstrae ion° iia> rants, then so is
(F(1,.. ,On),G(Wl,...,Vn),H(P1,...,Pn),H(gl,...,gn))
g..

4.9. Remark.

If H : F = G and there is an H1

with (H<f,f*>)i = H1(f), then Hi is a natural
<ly ly>) is an
that 'transformation from F to G. To see this,
=
abstraction diagram, so

4.10. Lemma.

i) x:x=x.
ii) +:+=+.
iii) » : -)e =>
iv) Abstraction transformations are closed undePcomposition
Proof. i), ii), iv): straightforward.
*>,<g',g'*>) --,be- two abstraction diagrams, so
iii): Let (0,yr,<f,f*>,<g,g*>) and

(10) Vrf = g$,
(11) f* = OL.g*.V,

(12) V'f = g'0',
(13) f* =
<g»g ;g

We must show that
i.e.

g'*>) 1s ah- abstraction diagram,

(14)
(15)

For (14) we argue as follows. We have
((Vr

e

')`(f»f))(x)y

`

y '(V { f (xz) -1 xtz' OY j )7_

= V {g'W(x( Lz)))14

16

z< {'= r'(V {f(x( L'z))" g y)),

where the last equahtyholds'because`of (12) and the additivity of (see 2:2), so it suffices to
show
(16) {z I fz<_VrLy} _ {OLz I gz<_y},

which is done in two steps. First assume ` z' E {'z I < jLy J', i.'e. fz'<t Ly, tfien yi(fz') <
Vj(VjLY) < Y `so (by (10)) g(oz') <_ y "and z" --0 L($z`) E .1{ Lz l gzSy } . For the` other way
O
round, assume u'E {L'z 1 gz<y`} then ?u = L z `forsorrle z` with gz<_y;°then yL(gz) < yrLy
(a consequence of (10) and the properties of embeddings), so f(Vrz) <_
and also
VLY, so u = OLz E { z I fz<Vr - y 1. So (16) is proved, and we conclude (14).

(15) is proved as follows: (f-a f'*)(z) = f*

'L g' *.IV
li'jL)(z), using (13) and (10) for the'secorid equality:

44. 11.'=Remarl ' Thecondition

`g

L

_

in ' the` definition of abstraction diagram is needed for

the definition of fixpoints of abstraction transformations (see 4.14.(ii)) - The-'next
counterexample shows that it is also required in the proof of lemma 4.10.

f
4.12. Counterexample. There are diagrams
VfL.g.0, f =
but (f)>f) #
(g»g)
proof We have,
(a)

''(f»f)xy = V {nfxu) I fu

g) and ('

satisfying f =

y}

V'L(v(g'(O'(x($Lz)))) I gz

(b)

Now take

f:3-42 with f1=l,f*=fT=T
V : 2 - 3 with Wl =

VT =* (so ,VL = f)

=tg'
x= _

1

, y _ T ,E ,.2
2

then f,g,f,g' are abstractions (with f* = yr, g* = f = g'* =

1), ,Vr,'1

(with VrL = f, OL = O'L = Vr'L = 11) satisfying the conditions, and moreover

(a)=V{uIfu<_T1=T#*=V{l,*)=V{zIz<_yfT)=(b).
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Finally we consider fixpoints of abstraction transformations, beginning with the simple case
without parameters.. We extend the definition of fixpoints of functors (see 2.4) to abstraction
transformations.
4.13. Definition.

i) Let F,G E IF(Ae,Ae) and H : F = G. The arrow chain of H is defined by arch(H) _
'<Hnl>x,, the fixpoint of H by Fix(es) = lim(arch(H)) ,
W,
Ylp <,
ii) Now let F,G.E lF(Aem*Ae e), H : F =* G,.f c=.Aem Then arch Ht) = <H 1.>n is the
arrqwehain of H in f, and Fix(H) . - ,f.Fix(Hf),, is
fixpoint of H.
4.14. Lemma.

Let H:F=

G.

i)-<(HnzL)1>n is, a strong arrow chain,: <(Hnl ),2>ri is an, arrow,-chain.

ii) Fix(H) is an abstraction pair.
Proof, i) Let 0 : 1:- F:(1),. c : 1 -4 F(
show,,. for all

defined by.

l = 1, Vi = 1. We have to

n:;.
11

Gn(Vi).(Hnl)1 = (Hn+11)1'Fn(0),

(H°z;:

(fin+12'Gn(Vr);

i.e. (Fn(0),Gn(Vr),Hnl Hn+11) is an abstraction diagram. This follows with induction over
n. The base step is yr lj = (H=L) 1'0, 11 =
the second equation is trivial, the first
follows from the fact that H preserves abstractions, so (H±) t, is strict. For the induction step

we use H:F=G.
ii) Let fn =(Hn-1-)1,n = (Hn.L)2, f = (Fix(H))1, f* = (Fix(H))2, On = Fn($), Vrn = Fn(W); then
f = limnfn, f* = limnf*n. We observe that, by (i), the. Hnl are abstraction pairs, so all,, fn, are
1. We shall show: (a) f is 1-unique, (b)
1-unique, preserve compactness and satisfy
f preserves compactness and (c)
lFix(G).
.
(a)

<V ( (Vf n

... VrLn+m-1)(fn+m(1)) I mE c,),?n = V:(XVLn

1)0-)1 ME co}>n

_ <V { 1 I ME CO } >n = 1. On the other hand, if f(<xn>n)-!-,,,then,;, V I (WLn K . VtLn+m-i )

(fn+m(xn+m)) I ME co) = 1 for all n, so (m:=0) fn(xn) = 1 for all n, hence <xn>n.= 1.
(b) Let <Xn>n E Fix(F) be compact, then xkE c(Xk) A dm_k(xm+1=$m(xm)) for some k.
Now ;let <yn>g = f<xn>n, then for -n > k:
Yn = V { (VrnL'

.

V { (WnL'

Vrn+m-1L'fn+m)xn+m I

Yn+tti , fnt- rP,- `m if

k) k(Vri'fi = fi+1'0i)
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I

n-k)

so Yk E C(Yk),, and Vm>k(ym+.i=Vm(yni)) 1 e
(c) Easy, for f.f* = (limnfn).(limnf*n) =

Conclusion: Fix(H) = c;

n>r compact.
=1imn1 = 1.

is:anbstacto :pair.
t".

4.15. Lemma.
i) If H : F => G and p is an abstraction, pair, then-, Hp Fdom(p)-.
=*
:

ii) If H : F = G, then Fix(H) : Fix(F) = Fix(G).
Proof. i) Easy, using -that (1a6m.(p) lco i(p),p=P,),-is, an'abstracq

diagram.

ii) Assume H : F = G and let (4i,Wi,pi,gi) (i = 1,...,m) be abstraction diagrams with p =
<f,f*> E Aam, q = <g,g*> E Aam, ON E Aem -=By (i) fand ;lemma 4.14 (ii) we see that
Fix(H)p and Fix(H)q are abstractions. So we only must show
(Fix(H)q)1-(Fix(F)4) and (Fix(H)p)2 =
(F)4), i.e.

limn(Hpnl)2 =
by commuting '-and=lim, this come down to

(Hpn L)2 =

n )2.F41

,

for all n. This is proved with induction n=0 this is trivial, the induction step requires:

(H(p,Hpnl))2

(H(P,Hpnl>"))..Gn°}2`FF$n

and, this, follows from the induction hypothesis_ = g0, f =

and -H,.: F =G,

We return to the abstraction interpretation abs. The associated category is Aa, but we loosen
the requirement abs(K) E CF(Aan,Aa) to i
D-,
01L

if (K : nO) E K, then abs(K) : C(K) =* A(K);
-furthermore we putt

abs[- ] = ».
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4.16. Lemma. If F- cI : no, then abs[c ]a :" CQc ;Zdotn(a.)

.

-A[cI]cod(a) `for all a E

=>

1EN Vabs

Proof. Induction over the length of a derivation of F- (D::-nO; strengthening the conclusion like
in the proof of lemma 3.2.1 and using 4.10, 4.14, 4.15.

We now derive abs -

iesgli oti C, A and abs.

4.17. Theorem. If IF F- p : (D and aaE T U N V a bs b-E
(T):

for all (x : d-) t I',

9'_

E OENVA satisfy

b'x,

then
AQp}(cod(a))b' .

(p,(I)

Proof. Induction over the length of a derivation of F F- p : c1. We write d for dom(a), c for
cod(a) and inspect the various cases. Observe that ,(t,ti) nreads ab's[[]a(C[t]db).; A[t]cb'...
p = x, cI =,T: now (x :,T) E F and (x,tt) is part of (F).
p is a constant: then (p,(I) follows from (3).
p = st, ch = ti: (st, t) follows with the induction hypothesis and (7) ,i
p = Xy: a.t, cI = 6-4r: then F, y : c F- t : 'r is the premiss of the conclusion F F- X y : c .t : c.
i.e. (after sonie- rewriting .using.= /X < Z<:*
Assuming 1T, we'h3ust show (Xy : a.t,
VxE X x<_z)

Ve'E A[a}c ( abs[ ]a(by)V e-a abs[,Qa(Cj{t}db) 5 A{tJ (b`[y

e?},)))

and this is equivalerit`to (y : t )' =:> 1(t -t) whieh follows-.from IF -by theindac ion;hypothesis,.°f°

The other cases are straightforward.

This completes the development of abs and A: nova
(6)

A[t] strict = C[t] strict

holds, for we have (5) (theorem 4.17) and (7) (i.e. abs{'t](xy) _<
provides a safe strictness analysis.

abs[ ]y),.so.<.;A

4.18. We end this section with some examples of (polymorphic) constants and their
abstractions, using the notation x v y = V { x,y } , x A y = A { x,y } .

2 (6' "

The usual operations associated with products and sums of types (pairing, projection, case
distinction, etc.) remain unchanged under abstraction, due to the fact that x and + remain:
unchanged. The :usual unary 'and<binary.. operations on N arid s B (plus, times, and, or, not,
etc.) become 3x.x , and : ,xy.xny, respectrvolyw.. :pre sire that they _are strict, in all their
arguments. More interesting are the conditional and the parallel (or Plotkin) conditional:

cond, pcond:Sa.Bxaxa -tea
a°'CQconn`d]' = cond, C[pc©nd] = pcond

A[cond] = ab.'s ond,°AC P.corid = abspcon:d
where cond, pcond, abscond, abspcond are defined by
cond(T,x,-y)r= x°vKy

cond(true,x,y) = x
cond(false,x,y) = y

cond(l,x,y) = 1
pcond(b,x,y)= cond(b,x,y) if: bpi
pcond(l,x,y) = x A y
(x v y)
abspetnd(b,x;y)°= (b n:x) v (b
absec rrd(b x;y)"!#

b, A

A

y) v (x A Y)

5 CONCLUDING REMARKS
5.1. A simplification: no right inverses to abstractions.

The only reason for adding the requirement of having a right inverse in the definition of
abstraction lies in 'the-, proof of (.(f»f)»f)fix = fix. This=,ena4 lec ,,us-=t, put -Affix, ,XE Cbj (A\).fixX i.e. to interptet `the (polymorphic) `fixpo nt operator of ,L by the:,_'rea
`fikpoint operator-in the abstra:ct,3r terpret tioi However Withoi aright inverse to abstractions
_
nQugl to
we are still able to prove ((f»f)»f)fx=<_ fix,= and
tie defn tion:
e.,XE.Obj (A)fixX awhile
property r.als C < A.
;'
We indicate briefly the consequences of this simplification.
1. The interpretation C can be defined in the category D of domains, which is in some sense
more natural. Then + can be interpreted by the usual separated sum of two domains (i.e. not
adding a top element as in the definition given in 2.2). The abstract interpretation A remains in
the category A of algebraic complete lattices. But now it is no longer possible to find a right
.

2 t'

_:

inverse for -f +;g:= ;the new'top':elem.ent of . cod(f)'+ cod(g) has, nocount rp,ari-_in -dorn(f) +

dom(g). ,

-ajs bclass:of H.
2- 7The -category,'Aa ,has to" be replaced by the collection
which is nota°category (i f is an 'abstraction and dom(f) is not a lattice, then ldom(O =is not
an abstraction):5-: `-,{
3. The definition of abstraction diagram can be simplified to tuples (O,yr,fg) with
similarly for abstraction transformations.
f never occur in
Inspection of the proofs learns that right inverses,: f* of
proof of .((f».f)»f)f x = fix, see
arguments involving abstractions (with
exception
.x

4.7).
Another option is to work in 1D with the + of A, i.e. with + E IF(1D2,A). This makes the
interpretation C somewhat more natural-, but we chose not to do so here in order tomake the
.

argument more smoothly.

5.2. Perspectives for future research.
The following items, not covered in this paper, seem of

for future research;ib

,

i) Extension of the method to stronger languages, e.g. second-order-lambdacalo lus-or other
versions of typed lambda calculus (see [B90]). The obvious question is: given some concrete
interpretation, find an abstract interpretation and an abstraction mapping between the
ii) Generalisation (e.g. using adjunctions in the
induction of the abstract
interpretation A from the concrete interpretation C.
iii) Refinement of the method, e.g. by considering finite approximations of limits of chains, in
order to make computation of demonstrable strictness feasible..
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