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or

.:...,Tine-closed :firagment of the provability ,logic of
IAo+QI with -a:proposntfoual: constant, far. EXP

Albert V sser -

January .8.1989

1 Introduction

Paris & -Wilkie, in their paper On the scheme: of induction for- bounded arithmetic formulas (Paris &

>Wilkie[87]), paint a gripping picture of the interrelations between IA`e+K2 and IAo+EXP. Two of

their most memorable results are their Corollary 8.14: 1A0+EXPVCon(IA0+Q1) and their
Theorem 8.19: IAo+EXP+Con(IA0+Q1)VCon(IA0+EXP). In this paper I give a generalization of

;theorems:inthis style= Consider the closed modal language generated by 1.jT. the propositional

connectives and , with, anadditional logical .constant-=EXP. We interpret the propositional

constants as themselves, as provability in IA0+Q1 and EXP as the arithmetical axiom EXP. In

this language Paris and Wilkie's results can be reformulated as ID0+Q1 V (EXP-SOT) [as usual O

abbreviates - -] and 1A0+S21 V ((EXPAO T):-+:OEXP):.In this paper-Icharacterize all principles

of the closed modal language under the given interpretation that are provable in IAo+S21. One

special case of our result of a distinctly different flavour than, the theorems of Paris and Wilkie

discussed above is: IDo+Q1 t- (O O T -> O EXP).

Our result can-be described as a solution of a variant for a special case of Friedman's 35th: problem.

Friedman original problem is to give a characterization, of the formulas of the closed', fragment of the

language of modal propositional logic which are provable under the standard provability interpreta-

tion in reasonable arithmetical theories like PA. Friedman's problem was solved independently by

van Benthem, Boolos (see Boolos[76]) and Magari (see Magari[75]) Their result works (modulo a

slight refinement in case a theory proves its own n=iterated=inconsistency for sore n) for all A1b_

axiomatized theories containing a sufficiently large fragment of 1A0+S21 or even: better Buss's S21.

The reason that the result goes through weak theories is that it doesn't require Rosser

style arguments: to formalize Rosser style arguments one seems to need EXP. In contrast
Solovay's proof of his arithmetical ;completeness theorem for Provability Logic doesn't work in

IDo+921. (For an elaboration of this theme see Verbrugge[88].) A solution of Friedmans problem

for the case of. Heyting's Arithmetic was -given in Visser[85.] h

Hajek and Svejdar in Hajek & Svejdar[1=98-?] generalize 'riedman`s=problern:by adding a binary

operator d for relative interpretability to the language. If the theory:we consider is T A>B means:

T+B is relatively interpretable in T+A. Hajek and Svejdar solve the generalized problem for all

Alb-axiomatitzed extensions of ID0+S21 (again modulo a slight: refinement case T proves its own

n-iterated. inconsistency). Ins section 6 of this paper I , prove a'sirnilar-gefleraiization of our main
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result.

The contents of the paper are as follows: in section.1the,necessary conventions and elementary

facts are introduced. Section: 4 contains our main technical lemma.`The lemma is a variant of the

main lemma of Visser[88]. It is the result of formalizing a model theoretical argument due to Paris

and Wilkie. In Section 5 our main result is proved and section 6 gives the generalization to the

language also involving interpretability.

We presuppose some knowledge of either Boolos[79] orSmoryr1ski[85].,=and of either Buss[85]

or Paris &, Wilkie[87,], At a :few places results from Pudlak[85],[86] and: from Visser[87b] are
used..

The reader who is not familiar., with Buss[85], or Paris s& Wilkie[87] and -who. is interested in the

,modal .materialcould try to. understand the statement of lemma 4.1 and then proceed= immediately to

section 5.

,Facts, notions, and conventions

3.1,- 'Theories and Provability.

We will assume that the axiom-set of a theory T is given by a Alb-predicate (see Buss[1985]). We

,.take this predicate .-to be partrof the identity conditions of, the theory. ProofT is the Alb proof

predicate based on the predicate defining T's axiom set.

We write par abus de, Ian gage 'ProofT(u, (x .;,..,xn) )'for: ProofT(u,ro(X1,...,X,)), here:

i): all free variables of :0:. are among those shown.

(X1,.:..;Xn) is -the "Gddeiterm" for O(xl,...,xn) asdefined in, SmoryRski[85]', p43. Here

we casein tend of the usual numerals the efficient numerals of Paris`& Wilkie[87], so that:

IAA+S Ix1,...,xn3.y ;(Xf =y:

DT0(x1,...,xn) will stand for: ProvT001,..

Occurrences of terms inside` T should be treated with some.: care. Is laT(0[t/x]) intended
(DT0(x))[t/x]? We will always use the first, i.e. the small scope reading. In cases where: U prove

that t is total and U-t=x-out=x, the scope distinction may be'igrftored within- U w:r..t. v. W
have:.UF- (ov$(X))It/x] °H -0 V($[t/x])

We will use the sameconvehtion for occurrences. of variablesinsideth- e in=ferpretability predicate.

For some _uses in section 4 our conventions are not sufficient. Rather than introducing a heavier

An inside view of EXP
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notational apparatus I prefer to explain what is going on there in words.

The theory that we will be-lookinggat in this paper is IA +Q1: this theory is explained in Paris &

Wilkie[87]. It is ;(modulo `some translation work) the same as 'Buss's theory S2, (see B-uss[85]).

Sometimes, especially in subscripts, we, Will call IA0+S21.sii ply Q We will also be looking at

IA0+EXP, which we will call sometimes -if no confusion is possible- simply EXP.

3.1". 1 Cuts & a strengtheni°ed !G b's Principle

We follow the discussion of cuts of Paris & Wilkie[87]., For reasons of convenience we use a

slightly idiosyncratic notion of cut: a cut I° is given by ari arithmetical predicate, is downwards

closed w.r.t. the standard ordering of the natural r ummbers is closed under successor, addition,

multiplication and co, (i.e. xlog(x)) The attentive reader-of Paris & Wilkie[87] will easily see that

our restricted notion is not really restrictive. We will say that I is a T-cut if T proves the
arithmetization of "I is a cut".

In section 5 we will use a strengthened Lob's principle: this is a direct adaptation of Pudlak's
strengthening of Godels Second Incompleteness Theorem in Pudlak[85]. Let's say that a T-cut I is

T-reasonable if according to T we have enough instances of A0 induction in I to verify the various

metamathematical principles formalized by Paris and=Wilkie' in%IAO+Sai. It is well known that every

T-cut can be shortened to a T-reasonable T-cut. Moreover if T proves 'enough' instances of IA0

then automatically every T-cut is T-reasonable (by downwards preservation of Ih-sentences). Let

T extend Q. We have:

Strengthened Lob's Principle (SLP)'

11

IAD+Q1 I- for all T-reasonable T-cuts I T(OTIA-+A)

Proof: Reason in IA0+Qi: Let I be a T-reasonable`T-cut a=r (1'suppo-se T(oTIA-+A). By the

Diagonalization Lemma we can find a sentence k such that T(X H We also have

T0TI(?`. 3(DTIX_A)) and hence in I we have enough

axioms of I +S2` :Moreover: a IX-4p 10- Ik . Er o . o Ik IA and hence0 t) T( 11 T T) g T( T T)
Conclude: TX. It follows that for some x TProofT(x,X). -By a result of both

Pudlak and Parts & Willeie: Thence I_rTOTIX. and so: -`TA

3.2 Interpretability

Interpretations are in this paper: one dimensional interpretations without parameters.

For a discussion see Pudlak[83] or Visser[886]."We'say that: U

in V if for every theorem C of U there is a proof in V of Cm. Here CM is the translation of C under

M. In the definition I assumed that the theorems are sentences; if we allow formulas D(x.... ) as

theorems we should take: (8(x)n...)-aD(x.... )M, where S is the formula giving the domain of the

An inside view of EXP
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interpretation M.

Warning: our definition of interpretability speaks of ,theorems npt.axioms. In, strong theories a

definition involving axioms is equivalent to ours: As far as Lean seethe proof of equivalence needs

E-induction. 'Theorems-interpretability' seems to be what is needed for applications.

We write: M:U[ V, for the arithmetization of: V is interpretable in U via M. We can arrange it so

that M occurs in the arithmetization as,a-number; so it is, possible to quantify over M in the theory.

Define:

UV>V 3M.M,Ud V
M:AUB lu(,(U+A)P(U±B)

A>uB a (U+A)E> (U+B)

U=V A VDU

In Visser[88b] It is shown that the following principles are valid in any sequential theory extending

L1 t-A = HDA
L2 i- (PA- q:B);
L3 aA - ooA
L4 i-

Jl E- (A-B) - AtB
J2 E- (A>BAB>C) -4 A>C
J3 F- (A>CAB©C) -4 C

J4 A >B - (0A-->,C>M

J5 i- OA[>A
W E- A[>B -

The principles L145 make up"the theory IL. IL+W=:ILW. I conjecture that the principles of ILW

are precisely the principles. valid in every, sequential theory :extending IA07FS21. To be precise the

conjecture is:

ILWHA for all sequential T extending IAo+ 21 for all T-interpretations (.)* THA*

4 Doing some simple model theory in IAo+S21

In this section we formalize axnodel,theoretic ar-gurnent,frora Paris and Willcie[87]. The result will

,be our. main, technical tool in sections :5 and

An inside view of EXP
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4.;1 Main Lemma

For every A(x,y)EA0 with only x,y free::.

=0+521 1- (V IA0+ 21-cut IO xE I Vy A(x,y))=n,(EXPA3xVy A(x,y))
, Q-3

Proof: Some details of the proof not given here are presented in Visser[88b]

">" We reason in IAD+S21. Let J be a (standard) Id0+52 -cut such that g2(Vxe J exp(x) exists).

Let itexp(x,O):=x, itexp(x,y-i1) v=exp(itexp(x,y)). One -.find a :00-formula representing the

graph of itexp, such that the recursive clauses of the definition are verifiable.

Reason in. IA.0+S21 (so this is really in IA0+921 in IA0+S21):

Suppose that for every IA0+S21-cut I: O xE IVy A(x,y). By a result of Pudlak (see Pud-

lak[86], the proof of Lemma 4.2): VUE J 3 IAD+521-cut I (Vv(=`I itexp(v u) exists). It

follows that: VUE J (itexp(x,u) exists n Vy A(x,y)). Let c be a new constant and let

V:=IA0+S21+Vy. A..(c,y)+'{itexp(c,u) exists: I.uE.:..J'}. As is easily seen V is consistent.

We want, to formalize the following more or less trivial.model.theoretical argument (keeping in

mind that model=interpretation). For the moment-read 'w' for J. Pick a model K of V. Say D

is the domain of K. Let D*={d DI for some nE co Let K* be the restriction

of K to D*. -Clearly K* EXP. Because the ID -axioms are III: K*f=lA0; similarly K*f=Vy

A(c,y). Conclude. that A(x,y)<

We formalize the Henkin construction to produce an internal model K of V.

We proceed as follows first define the Henkin tree for formulas in the language
extended with Henkin constants. The formula treated at depth x will be precisely the formula

with code x. be to make the Henkin constants riot too big. We pick the

leftmost path, n in the tree. We cannot prove that our path is infinite in the -usual sense, but we

can produce an IA0+5 1-cut Io such that for each x.in I: there is a sequence in it with length x.

Without loss. of generality we'may `assurne that 110 9 J. Let K be the set of formulas .given by

elements of it with length in I0; clearly I0. Let D be the set of Henkin constants in 10. It

can:be ,arranged that if (the code. of) 3xB(x) is in K and b is the Henkin constant of 3xB(x),

then b is in D. We can show: VxE I0 Provv(x) :-4 K(x).

We, use .d,d', range over, D We write e.g. K(B(d,d')) for K(b(d,d')), where b(d,d') is

a term for:.the code of the sentence by substituting the Henkin constants coded by d

.: and d' for -u and v in B(u,v). We write ,for°x in Ia e..g. K(C. `(x)) for K(c(x)), where c(x) is a

term for: the code of the sentence obtained by substituting the efficient numeral of x for u in
C(u)

An inside view of EXP 5



K is one form of appearance of the 'model K' we are looking for. Its other form of appearence

is as an interpretation (.)K. The domain of this interpretation is going to be D. Let R be a

relation of the language of V, we have: RK(d,.,.) :H K(R(d,...))-. .For'- arbitrary formulas

B(d,...) BK(d,...) is defined as usual. ;For- vividness we will- write, KlB(d,..) for BK(d,...).

As usual we can show,,V,x; K(conj(x,y))H(K(x),AK(y)), etc.. By an external induction we can

show:

For d,... in D: ,K B d -3 -KlR d ).
More on the meaning of *.andlts proof below: see the discussion on **;:

Finally we can define a homomorphism f from I0 to the natural numbers of the 'internal model'

K. Consider x in 10, f(x) will be the code of the Henkin of r3,u u=x We will have:

K(f(x) ) _ We can arrange it -so (by shortenirig,,Io' if necessary) "that the range of f is

downwards.. closed, in K.

;Let c* be the Henkin constant of 3:x x ,c. We have K(c*=e): Moreover: VxE

exists), ergo Vxe 10 K(itexp(c,x) exists), so Vxe 10 K(itexp(c*,f(x)) exists). Conclude:
/xe IQ p(.c*,f(xj) ;exists),. Let D* ={de D-BxE:I- K=mod<itexp(c*,f(x))}. Clearly:

c*E.l*- and VdE D*3ee D* Kl-exp,(d)=e.,

Let (.) be, like (.) ,exept that we useD* instead of D. We write for d,... in D-*: K*lB(d,...)

for BK*(d.... ). Because the graph of expis A0'it}follows` by a simple argument that K*lEXP.

Moreover A(c*,y), A is hence K*lVy A(c*,y) and thus K*t=3xVy A(x,y).

Finally we have for all codes z of instances Z of A0-induction: fZE Ia and QProvv(z), hence

%K(z), so o ( *-Z). Because these Z have form we may conclude:

Let's- look at, these last, four steps a, bit- more carefully. As is well. known (see e:g.'Paris & Wilkie
F I[87]) the, proofs of zE Io ,and Provv(z)" can be explici=tily bounded by terms in z involving the

usual arithmetical ,operations and co (o -terms for short). (A mbm-ent's reflection that I0 is

,given by ,a standard formula.) Hence the proof of KK(Z) can: be bounded by an (a term in z.

Next we nuove.to-0Q(KlD) using (momentarily- confusing formulas and their codes):
** Vd.... E D (K(C(d,.:.)) H,Ka='C(d;.. )) ): >,

Let's call the statement following DQ in **: E{C}. To prove ** we use which is

available in IAa+'Q1. To do this' we mustrbound the of E{ C}- with c01 -terms in C; in

other words the lengths (=number of symbols) of these proofs should be bounded by a polynomial

in, ICIJ.e. the length of C .,."Lets call the length of the proof of E { C) X(C). I consider a specific

example-: say:C=(FAG): and suppose we have proofs of Ej} and E-{G}. To construct a proof of

E{C} we give proofs of: C=conj(F,G), and Vx K(conj(x,y))H(K(x)AK(y)). The length of the

first proof is polynomially bounded in ICI and the length of the second one is standard. Now the

An inside view of EXP
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proofs of E{F}, E{G), C=conj(F,G), and Vx K(conj(x,y))H(KOAK(y)) can be combined to a
proof of E(C) of length bounded by: k(F)A(G)+P(ICI), where P is a suitable polynomial. For
each connective we find such a polynomial. Let Q be a polynomial that majorizes all polonomials

corresponding to the connectives. Noting that IFI+IGI<ICI it is now easy to show that:
k(C)<_ICI.Q(ICI), e.g. in the case considered we have e.g:,,

X(C)(F)+),(G)+Q(ICI)<_IFIQ(IFI)+IGIQ(IGI)+Q(ICI)<_(IFI+IGI+l)Q(ICI)<_JCIQ(ICI).

Finally we move to dK*l=Z). Here we use:
*** Vd,...E D* (K*IC(d,..) ,+
The proof shares many features with the proof of **. Again the lengths of the proofs will be
polynomially bounded in ICI. Let t range over ao1-terms. An important lemma is,

+ Vt,( `dd,...E D*VeE D ((K1e=t(d,...)) -4 eE D*) ).
The lemma is proved by induction on t using a bound. on the lengths of the proofs that is
polynomial in itl.

Concluding: let AX be the set of axioms of IAO+EXP+3xVy A(x,y). We have for a suitable
tot-term t: VCE AX 3p<t(C) Proofs(p,rK*IC). By induction we find for a suitable 'coi-term u:

VxVC<x (Proof (x,C) -+ 3z<u(x). ProofQ(z,rK*Id).

"a" Let 3 be an IA0+EXP-cut such that IA-o.+EXP-VuE 3Vv itexp(v,u) exists. We first show for

B in AO having only x,y free:

IAO+EXPHVIE 3( 2 "I is a cut" -+ ((2zE 3 f4zVxE I 3y B(x,y)) - Vx2y B(x,y))

Reason in IAO+EXP: Suppose IE 3, Q3"I is a cut", zE 3 and Q ZVXE I`3y B(x,y). For some
uE 3 and for all v Q uVE I. It follows that for some wE 3: Way B`,y). Using the estimate

on cut-elimination in Paris & Wilkie - [87], p293 we :may .conclude:; VxA2y B(x,y). Paris and

Wilkie also show reflection for tableaux, provability in IAa+EXP. w`.ra. 112-formulas, hence:
Vx2y B(x,y)

From the above we have by E-completeness, contraposition and by weakening the statement a bit:

for A in 0o having only x,y free:

IA0+Q1H E1EXP(3xVyA(x,y),`- (d==IAo+S2 -cut IO .x I `dy A(x;y))3 )

From this the result were looking for is immediate using 3 as our interpretation.

4.2 , Corollary

For any 12 sentenee-R: o-t;Qj i- BP>6(Bn:-_;EXP).

Proof: from 4.1 we have: IA0+Q1 I- (BAEXP_) d-K20 QB; hence by principle 'W: IA0+S21i-

so IA0+Q1 l- (BAEXP)>QOg2(BA-,EXP). Conclude by

J5: IA0+Q1 1- (BAEXP)>Q(BA-EXP). Also IA0+Q1 F-- (Bn-EXP)>Q(BA_lEXP), hence by J3:

An inside view of EXP

).

7



IAO+Q1 -,B.>Q(BA EXP).

Corollary -

i) Suppose A is A. having only x;y free, then:

IAo+ i F- [] 'XPb x y A(x,y) H [ I4a::+S21-cut I b xE I 3y`A(x,y)

ii) Suppose B is a E2 sentence, then IAo+S21H %(B---)EXP) -4 n- B.

Proof: (i) is immediate from 4.1 and (ii) is :immediate frotri 4.2.

4.4 Corollary

Suppose _A is a 1 sentence, then:

i) IAo+S21 I- EXPA H Q j2A
ii) IAo+S21 F_ EXp(oOA-->A) EXPA

Proof: (i) is immediate from 4.3(i). For (ii) we have:

IA 1 F- E -4A) - Ii +f2l-cut Iou(DQ1'A-A)
-

Cl EXP

5 The closed fragment of the provability logic of IAc+Q1 with a constant for

A is the closed language .of.provability logic, i.e. A is the =smallest set containing 1,T, which is

closed ,under and:D . If a-logical :constants-c,c',.. are added to Awe write: A[c,c',...].

O abbreviates -. -
.

Dually theThe. degrees of falsity DF are-defined as follows: 119_L:.=_L,

degrees of truth are defined by: <>0T:=T, On,1T:=OO°T, If X is a set of formulas

we write' Boole(X) for the set of Boolean combinations of elements of X.

We will only consider a fixed interpretation of our languages: the propositional connectives are

interpreted as themselves, is interpreted as u, EXP is interpreted as the arithmetical axiom
EXP. The fact that our interpretation is constant makes that we can conveniently confuse modal

formulas and their arithmetical counterparts. From now on we will do, so

The system LC[EXP] in A[EXP] is given by the following principles:

An inside view of EXP
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(SLP)

(4.3(i))
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L2.° I `o(A-4B) - (DA oB)-
L3 I- DA L-) -110A

L4 F-

C1 E- (EXP-413) H B, for BE Boole(DF)
C2 f ,E- -(;EXP-B) t--* fft, for BE Boole(DF)

We verify the validity of LC[EXP] for interpretations yin IAo+f2i. C2 is immediate from 4.2(ii).

In our verification of Cl we will,usethe "=some finite subset" notation: {AIIP(A)} means
approximately: some finite (possibly empty) subset of { AIP(A) 1. When the notation is repeatedly

used however it will function in an anaphoric way: so sometimes it means: the finite subset we

were talking about; or even: the finite subset connected in the evident way with the finite subset we

were talking about.

Verification of CI in IAo+SZi Consider B in- Boole(D-F).. Clearly B is equivalent to a
sentence of the, oc}° (Here: a ranges over`w+l) By 4.2(i) we have that:

IA0+01 E- (EXP-B) <-4 3 I0+1-cut 1oA\ T1--Dk:-L11k a }.

On the other hand:

IAo+S2i E .3 IA0+0 cut-Io /X\
L)ilk<ca}

1A0+921, =cutI/X\ {

cO}

1+a* L

AX { aL -4 k I llk<a}

(SLP)

(a,*=inf{kilkE co})

3 IAa+Q1-cut 10,A\-{0'rx" I --*ok=lllk<a}.

Ergo IA0+S21 E- (EXP-+B) H = B.

5.1 Theorem

i) For every Ae A[EXP]: LC[EXP]'E- A.. H a1, for some ae (0+1.
ii) For every Ac= A[EXP] there is a BE Boo1e(DFu( EXP) ): LC[EXP] E- A H B.

iii) For every Ae A[EXPP LC[EXP] A `LC[EXP]E- A.

Proof: for (i) and (ii) it is sufficient to-show that fore Be Boole(DFu{EXP}): LC[EXP]E- B

a1,. for some aE (o+ 1. The rest of the argument is a simple induction. As is easily seen there are

C,D in Boole(DF) such that LC[EXP]E- B H

((EXP- so by Cl, C2: LC[EXP]±- 11 B H So by the usual

reasoning the desired result follows.

To prove (iii) suppose L'CIEXP]°E- I-A. We note that by (ii): is LC[EXP]-equivalent to:

An inside view of EXP
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(EXP-/X\ {0 a1-4D L llk<(x})n(-aEXP- - /X\ { E L;- D L,lln<z 3 }). If both conjunctions are
empty we are done. If not it follows that for some m LC[EXP]- qm:.L and hence IOo+Qlt mL.

quod non. unO

Consider two Kripke models K=<W,R.,It-.> and K'=<W'R';tt--'>.:AA-bi-simulation i3 between K

and K' is a relation between W and W' such that: (i) for every k in W there is a k' in W' with klk';

(ii) for every k' in W', there is, a k in. W with ,k(3k'; .(iii) if, kft' and kRs, then ,there is an s' with

k'R's' and s(3s'; (iv) if k(3k' and k'R's', then there is an s with kRs and sl3s'. As is easily seen: if
(3 is a A-bisimulation between K and K' and kpk', then for AE A: kit--A k'IH'A.

Theorem

LC[EXP]t-A a IA0+Qlt-A.

Proof:, has already been checked. =For,'.' suppose IA0+Qi A. upposetthat LC[EXP]
does not prove A, then vLC[EXP] does not prove> DA, so DA 'must be. LC[EXP] -equivalent to kl

for some k. We; find IDa+nl1 H DA, hence IA0+Qt=t=-Ok1. Quod non. _. n o .

We define a Kripke model M as follows: the °domain of M ,is { <n,i> Ine :w; E _(O,1}); M has an

accessibility relation given by: <n,i>R<m,j> :<--* n>m+j., We stipulate <n,i>it-EXP := i=1. The

forcing; relation is extended, to the whole, language ih the<usual° way. We show that LC[EXP] is

,valid in M. As is easily seen R is transitive and upwards wellfounded. Hence the principles Ll-L4

are valid on M.

The model M

Let N be the model with domain oo and accessibility relation R* given by: nR*m :<= n>m. Define a

relation f3..between nodes of N and nod s,of.M»by p=m.: It is easily seen that Pisa

An inside view of EXP 10 -' '
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A-bisimulation between N and M. Conclude that for A in A: a <n,1>II-A.

Verification of C1 in M: suppose B is a Boolean combination of degrees of falsity.

First suppose <n,i>It- B and <n,i>R<m,j> and <n ,j>I-=EXP; -i;e j=1. We have: n>m+l, so
<n,i>R<m+1,0>R<m,O>. Hence <m,0>tHB. B is in A. so <m,1>It-B Conclude: <n,i>I-
11 (EXP-4B).

Suppose for the converse: <n,i>I- (EXP-- B) and :<n,i>R<m;j>R<p,k>. -Clearly n>m+j>p+k,

so n>p+1 and thus <n,i>R<p,1>. <p,1>It--EXP and so <p,1>11-B. B is in A so we-may conclude:

<p,k> IF- B. Ergo

Verification of C2 in M: suppose B is a Boolean combination of degrees of falsity.

One direction is trivial. Suppose: <n i>IEfo(-tEXP---B) and <n i>R<in,j>.,Clearly <n,i>R<m,0>,

so ,<m,0>II-B. B-is,in A so°we may conclude: <m,j>I-B.-E

5.3 Theorem

LC[EXP] 1--A= t= N,[11-A. -

Proof: entirely analogous to the proof of 5.2.

Thei closed fragment of the interpretability logic of IA0+Qi with a constant
for EXP

The system ILC[EXP] is given by the following principles:

HA =
l- (A--- >B) ->

I- 0(A---)B) -a A>B
t- (AL>BABL>C) - AL>C

t- (A> CAB> C) -a (AvB)L>C

I- AL>B -- (OA-OB)
H,'9A©A
-I-AL>B--->A>
t-: (EXPAB)=OB, where BE B6o1e(DF)

We verify the validity of ILC[EXP] -forr'interpretations-in IAo+Q1.

An inside view of EXP `'fl 1
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Verification of C in IA o+S2 i :

Suppose BE Boole(DF). Clearly B is equivalent to a sentence of the form W { 11k<a},

where a ranges over o+1. By 4.1 we have that:

±S2i F-;.(EXPtB)=()V IAa+Qi-cuts IO W

By contraposition of the reasoning concerning the verification of Cl:

Ida+S21 F- 10o+Q1 Cuts IOW { OkT a I 111tk<a }) <- OB.

Conclude: IA0+Q11 -- (EXPAB)=O B.

6.1 Theorem

i) For every AE A[>,EXP]: ILC[EXP]F- A t-4 a1, for some aE co+l.
ii) , ForeveryA,BE A[ t?.,EXP]:-ILC[EXP] t- At?-B H -oa.L,. for some,,ae co+1

iii) For every Ae A[©,EXP] there is a Be Boole(DFu f EXP)): B-.

iv) For every AE A[EXP]: LC[EXP]F- A = LC[EXP]F- A.

Proof: for (i), (ii), (iii) it is sufficient to show that for A,BE Boole(DFu{EXP}): ILC[EXP]F- A

H a1, for some aE co+1 and ILC[EXP] F- AC' B H for some 'cxe o +l . The rest of the

argument is a simple induction. We can restrict ourselves to the case of I> noting that A is

equivalent to A> I.

First consider C in Boole(DF). We some a. We have:

ILC[EXP]F- (EXPnC)=OC =OaT.

Next we show: ILC[EXP]i- (-,EXPnC)=OPT, for some (3. First note:

ILC[EXP]F- (EXPAC) I> OC

©O (-EXPnC)

I> (-EXPnC)

Also: ILC[EXP]F- (-EXPAC)I>(-EXPnC), hence ILC[EXP]F- C>(,- EXPnC). We find:

ILC[EXP] I- (-EXPnC) =C

(CvOC)
-OPT

Consider A in Boole(DFU{EXP}). Clearly A is equivalent to (EXPAC)v(-EXPAD) for some C

and D in Boole(DF). By the above: ILC[EXP]F- (x and ILC[EXP]F-

(-EXPAD)=OPT, for some P. Hence ILC{.EXP]E-cA=(OxaT-,vOPT)-;OYT, for some y.
Conclude for A,B in Boole(DFU{EXP}): ILC[EXP]E- A> B H OYT I> ObT for some y,8. If

y>_8: ILC[EXP] F- A I> B H- T, and-we. are done. y<6-'-

An inside view of EXP 12" ;,
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ILC[EXP]- AFB H OYT>OST
H
H OYT>(05TADY+11)
HOYTL1
H 1+71

The proof of of (iv) is the same as the proof of 5,1(iii

6.2 Theorem

ILC[EXP]E--A <= IAo+S21l-A.

Proof: the same as, the proof of 5.2. 11

We- define a Kripke model M as follows: the domain of M is {<n,i>InE co,iE M has an two

accessibility relations R and S given by: <n,i>R<m,j> :tom n>m+j and <h,i>S<m,j>:-a= n+i>_m+j.

We stipulate <n,i>IE- EXP .: i=1. The, forcing relation is extended to the whole language in the

usual way using R as the accessibility relation for Q and:

xlF-A>B :rte for all y: xRy and yi}-A there is a z with ySz and zil-B.

As before R. is transitive and, upwards wellfounded We have: RI S; S is reflexive and transitive; S

satisfies property P, i.e.: xRySz z xRz.

Excursion: The ,property 'xRySz; xRz' makes M into an ILP-model (see Visser[88a] or. Visser[88b] or De Jongh

& Veltman[88]). This implies that the principle: A B -> o(AP B): is, valid on M. There are a priori reasons, given

the fact that M fully characterizes what is and what is not provable in the restricted language and seeing the methods

we. used, that this -should .be so-For suppose M-would-provide a,counterexample to the principle. This shows or at

least strongly suggests that IAO+S is not finitely axiomatizable. (The loophole here is that it might be the case

that, yes, I00+921 is in fact finitely axiomatizable.but,. no,.its finite axiomatizability is not verifiable in

But the problem of finite axiomatizability of Ito+921 is connected with difficult complexity theoretic problems and

it seems clear that the methods used .in .section 4 are= not 'heavy' enough to. solve, such -problems. So a full

characterization of the valid principles of A[EXP, > ] in I4b+S21 using light methods as in section=4 cannot but

satisfy principle P.

Verification of C in M: suppose <B is a Boolean combination of degrees of falsity.

First suppose <n,i>ll- B and <n,i>R<m,j,> a p& <m;j>lH EXP, j=i. We have- n>m+l, so
<n,i>R<1n+1,0>R<tn,0>.,. Hence <=m,0>11-B =B is, in A; so,,<m,1>[1-B,. Conclude:` <n,i>l-

o (EXP:-a$).

Suppose for the converse: <n;i>lH p (-EXP-B)= and <n,i>R<m,j>R<p,k>. Clearly n>m+j>p+k,

so n>p+l and thus <n,i>R<p,i>.: <p,a>JF- EXP ,and so is it A so we may conclude:

An inside view ,of EXP . 13-;.
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<p,k> I[- B. Ergo <n,i> IF- B

6.3 Theorem

ILC[EXP]I-A Mll-A.

Proof: entirely analogous to the proof of 53.''
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