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MANUFACTURING A CARTESIAN CLOSED CATEGORY WITH
EXACTLY TWO OBJECTS OUT OF A C-MONOID
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Abstract: A construction is described of a cartesian closed category 4 with exactly two elements out
of a C-monoid 2 such that M can be recovered from 4 without reference to the construction.

Note: The first author was partially supported by the Dutch government through the SPIN project
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We answer a question of Lambek and Scott (see [LS] p.99) by proving the following:

Theorem. Let # be a C-monoid, with C-structure (w, ', €, ()*, <_,_
cartesian closed category 2 with exactly two objects U and 7, such that End(U) = A

»). Then there exists a

The construction of 4 is entirely by hand. The intuitive idea is as follows. # may be viewed
as a collection of endomorphisms of a set U. Let T={*} be a one-point set; then u - A*.u is a
one-to-one correspondence between U and the set of all functions from 7T to U. Now if Zis a
cartesian closed category with just U and T for its objects, where T is terminal, then in 4 we
must have

Hom(U,U) = Hom(TxU,U) = Hom(T,UY) = Hom(T,U);

so if we put Hom(U,U) = M, and like to think of Hom(7,U) as Homgets({*},U), we must
have M= U, as sets. Since it does not matter much what the elements of U are, we take M=U.
Then we have functions ff = A% f: {*}- U for every fe U. Composing with O =
Aux:U—-{*}, we have

(Ax.f) o (hu.x) =Auf: U- U.

This we identify with the arrow A, f = (fn)* in M, described in [LS] §15. The longer defini-

tions (notably, those of goff and {gT,ht}) were forced upon us by this identification. The rest
were the simplest at first sight.

Remark. By [LS] §16, the Karoubi envelope K(M) of 4/ has a full cartesian closed subcat-
egory Ko(M) consisting of all objects isomorphic to U (the unit of M) or the terminal object 7.

Taking one representative from either isomorphism class, one gets another full subcategory,



which is easily shown to be cartesian closed; and since the monoid End(U) of endomorphisms
of U is isomorphic to M, M can now be recovered.

This method is unsatisfactory since we are not told how to identify U in K(). With the
approach set out below, it is not necessary for the recovery of # that we know which of the
objects of Z1is U. We have a constructive criterion: take the object that is not terminal. If both

objects are terminal, the choice is free.
We use the notation of [LS], but for one exception: we write f*a for “f applied to a”.

Proof of the theorem. Let U be the object of M. Take some thing T distinct from U. We form

4 from M in a number of steps. First we add the object 7 to 4/ as a terminal object, i.e. we also
add arrows O:U-T and 1,:T-T, and specify

Of = O for all arrows fin 44

Moreover, for each fin 4 we take a distinct new arrow f1:T—U with

flo =(m)*, oft = 11, filp =41, and
gft = (gNT (= (ecgo(fr’)*,1>)T) for all arrows g in M.

The category 4 has now been defined. To be sure that 2 is indeed a category, the axioms for
categories must be checked. The unit axioms are easy; in particular, 1,0of7 = (1)T =T by C12

([LS] p. 96). Associativity of composition dissolves into sixteen cases
A-B-C-D

with each of A,B,C,D either U or T. We write out the four least trivial.
(1) Suppose we have

U _L> U _O_> T _f_f.> U
Then fto(0g) = ffo = (fn')* = (fn')*g by C9, [LS] p. 96
= (ffo)g.
(i1) If we have
U ___O_> T _fT> U _g_> U

b

go(ff0) = go(f')* = (ecgo(fn)*m,H)* = (ego(fr')*,1>n')* (using C9)
= ((g‘Hn)* = (g*Ho = (gfHo.

(ii1) Given
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we find ho(gft) = ho(g‘NT = (h*(g‘N)T = ((hg)‘HT by C10, [LS] p. 96
= (hg)fT.
(iv) In a diagram

| t
T_f_>U o»T g»U ,

we have gto(off) = g7 = ((Aug)‘HT (cf. [LS] Cor. 15.3)
= (@n)*NT = (gn)*fT = (gTo)fT.

The next step is to define the cartesian structure.

UxU =U,UxT =TxU =U,TxT =T.

Tyu =" YU =T,
Ty = lys Ty =0

Brp =0, Ty =1y
Trr = 1p nrr =11

We write {f,g} for the pair of fand g in 4, and set

{f.g} = 4.g> if f.g belong to H;

{f,o} =f, {o.f} =ffor fin &,

{0,0} = {1,0} ={0,17} =0, {117} = 11
(1,81} = (Aufdug> DY, (15T} =f1, {ff,17} =11,

We must check if these definitions satisfy the additional axioms for a cartesian category, the
equations E3 of [LS] p. 52. A number of these checks are trivial. We shall write out one case of
E3a, and three cases of E3c.

(ad E3a.) my {f1.87} = mo(Aufhug> DT = (m*(Aufdug> )T
= (mAufdug> DT by C10 ([LS] p. 96)
= (MH DT =f1, by [LS] Cor. 15.3.
(ad E3c.) (i) If k&:U-TxU, then in fact k:U-U, and

Il
i

(g gk gk} = (Okk) = (0.k)

(i1) Let g,h be arrows of M. Then



(*) Au.g'h=((g'MT)* = (ego(hm)*,L')* = go(hn')*,

since by C9 (hn)*r' = (hr')* = (hn')*x. Now if k:T-UxU, then in fact k = f1:T- U for some
f:U-U, and we have

{(ny yk.my gk} = {mfLnfT} = {(HT,@HT) = (Aur'f, Ay DT
= (echy TS, My H()*, )T = (Bcemo(fr) *,m'o(fr')*>, 1>)T by (¥)
= (e«(fn)*, 1) = (1‘NT = fi =k, using C12 ([LS] p. 96).
(iii) If &:T-TxU, then k = ft for some fU-U, and
(mp gk gk} = (Oft 1) = (151} =fF = .
The last step is the specification of exponents and evaluation. We define
uU=uT=U, TU=TT=T;
ey =8&err=I1pery=0igyr=1y
Cartesian closed categories associate to each ffAXB-C an arrow Aé B():A—~CB. Usually one

. A . ..
writes f* for A¢ p(f), since the indices A,B,C tend to be clear from the context. In our category

4, however, many products cannot be distinguished (recall UxU = UXT = TxU), and because
of this the type of f does not contain enough information. Thus we must specify the operations

A
Ac p instead of just ()*.

U .

Ay,uh =r*
T

Ay uh =11
U

AT,U(O) =0
U

Ay, 1h =f
U

AT,T(O) =0
g

Ay, () =f
T

Ar,y(0) =1r

T
AT,T(1T) = 1T



We finish by checking a few cases of the evaluation laws E4 ([LS] p. 53).

T
(ad E4a) (1) EU,U {AU,U(f)ﬂ:T,U,m}‘,U} = 8(_]4-0,1(]) = 8((f7'[')*,1U) =f

by the corollary to the functional completeness theorem, [LS] 15.3.

(i) ey {AY TRy 1 1) = 1y{f.0) =f.
(i) ey 1 (A 70T 1o ) = 1017} = 1.
(iv) Ery {ATTU(O)ET,U’WT,U} =ofo,1y} = 0.

(ad E4b.) (i) Suppose k:T-UU, then k = fT for some .U~ U. Then

T T L
AU,U(€U,U{k75T,U,T°1"’U}) = AU,U(amO,IU}) = Ay, y(e(fn)*,1>)

=AgyP=k (cf. (@) ad Eda).

(ii) Suppose k:T-UT; again k is of the form ft, and

T T T
AU,T(EU,T{knT,T,TUI",T}) = AU,T(UT,IT}) = AU,T(fT) = k.
(iii) If &:T~TY, then k = 1, and

T T T
AT,U(ET,U{knT,U’TEYL,U}) = AT,U(O{O’]'U}) — AT’U(O) = k.

The proof is complete.
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