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A SIMPLIFICATION OF THE COMPLETENESS PROOFS FOR

GUASPARI AND SOLWAY'S R

Frans Voorbraak

0. INTRODUCTION

This paper deals with the completeness proofs given in (Guas-

pari & Solovay, 1979) for the theory R which is an extension

of the provability logic L introduced in (Solovay, 1976).

R is formulated in a language containing G and < as con-

nectives for witness comparison, which enables one to study

the provability predicate as it occurs in formulas like

Pr(-A-1) < Pr(-B-) , defined as 3x(Proof(x, (-A") A V y < x -.Proof(y,
r Br)). Rosser sentences are good examples of this kind of

formulas.

In section 1 we describe the theories L and R and the alter-

native completeness proofs for L given by Albert Visser.

Our main object is to give similar alternative proofs in`,._.-

the case of R. Section 2. and 3. deal with the Kripke model

and arithmetical completeness proof respectively.

Only elementary facts from modal logic and PA are used.

Formally, no knowledge of provability logic is presupposed.

For background knowledge see (Boolos, 1979) or the more up-

to-date and up-tempo (Smorynski, 1985). For. that matter,

the original articles referred to above are highly readable

themselves.
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1. THE THEORIES L AND R.

For practical convenience we summarize Solovay's completeness

theorems from (Solovay, 1976) and give definitions of some

relevant notions.

1.1 DEFINITION. L is the following theory in 1, the language

of propositional modal logic:

(A,B,.. denote well-formed formulas of L)
axioms: Boolean tautologies

o(A-yB)--> (OA- oB)
OA-* OA

0(C3 A--> A) -, DA

rules: modus ponens

A/ciA

(Some other names for this system to be found in the litera-

ture are PrL, G and GL.)

1.2 THEOREM. (Kripke model completeness)

For any sentence A of £:

L F-A iff A is valid in all finite transitive irreflexive

(tree-ordered) Kripke models

iff A holds at the root of all finite transitive ir-

reflexive (tree-ordered) Kripke models.

1.3 DEFINITION. An arithmetical interpretation X of C is a

map from formulas of .C to sentences of PA satisfying:
for all atomic p: pX is an arithmetical sentence

1 := 0=1; T" := 0=0

( ) commutes with Boolean connectives

(OA)' := Pr('e')



1.4 THEOREM. (Arithmetical completeness)

For any sentence A of aC :

L F-A iff for all x (PA I-A)

In other words, L.axiomatizes the schemata provable about the

provability predicate Pr(x) in PA. We also have a system L

which axiomatizes the true schemata about Pr(x):

1.5 DEFINITION. LB is the following system of modal logic:

axioms: all theorems of L

u A -A

rules: modus ponens

1.6 THEOREM. For any sentence A of L :

LB F- A iff for all x AA is true

Let S(A) := {B: oB is a subformula of Al.
Since L4'- A iff L I- /X\ we also have a Kripke model

completeness theorem for L

1.7 DEFINITION. An A-sound Kripke model is a Kripke model

whose root satisfies /A (0B--->B).
B<-S(A)-

1.8 THEOREM. For any sentence A of.C:

let-- A iff A is forced at the root of all A-sound finite tran-
sitive irreflexive (tree-ordered) Kripke models.

1.9 The proof of the arithmetical completeness of L exploits

the Kripke model completeness by "embedding" finite Kripke

models into PA": if L VA, then we can find an interpretation
x based on a countermodel of A such that PA V Ate.



To justify the use of the phrase "embedding into PA" one

would like to have a representation [A] K of the set of nodes

of the Kripke model K in which A is forced such that

1 ) PA F- [A]K iff A is valid in K, and
2) PA E- where ' is an arithmetical inter-

pretation based on K.
However, this is impossible for finite Kripke models K, since

for such models there exists an n such that 0nland ,n+11

are forced at the same (viz. all) nodes.

But then 2) yields:

PA I- (p'1)' ,(0n+11 )X. Contradiction.

In (Visser, 1981) the notion of tail model is introduced and

it is shown that these tail models are really "embeddable

into PA" in the above sense. Roughly, a tail model is a finite

transitive irreflexive tree-ordered Kripke model with an w+1-

tail attached to its bottom node, where the forcing of atomic

formulas is defined constant on the tail. (See section 2 for

an exact definition)

Since a tail model is automatically A-sound for every A in,
we have the following alternative Kripke completeness theorem

for L0 :

1.8' THEOREM. For any sentence A ofL:

L' i- A iff A is forced at the root of all tail models.
See for a proof (Visser, 1981) or the perhaps more easily

accessible (Visser, 1984).

Tail models will be used extensively in the simplified arith-

metical and Kripke model completeness proofs of the theories

R and RL', which will be described below.



1.10 DEFINITION. The language .C+ is obtained from £ by adding

two (partial) connectives for witness comparison: and <

We have as new formation rule:
to 3B and A< LB are well-formed formulas whenever A and B
are.

The T-formulas are those formulas of.C+ which have, < or
0 as principal connective.
The boxed formulas are those formulas of 4+ which have c as
principal connective.

Prom now on A, B, C, .. denote formulas of X+.

1.11 DEFINITION. R is the theory with the following rules and

axioms:

axioms:

rules:

all schemas of L, for all £+-formulas
A--)QA for all T-formulas A (-soundness)
A--,(A -,<B)v (B < A)

(A <B)--4A for boxed formulas
( --,< B)A(B , C) -- (A 4C) (order axioms)
(A <B)-(A{B)A -'(B CC A)

modus ponens

A/o A

aA/ A

The particular set of order axioms above, which is taken from

(de Jongh, 1985), is somewhat simpler than, but equivalent to

the set given in (Guaspari & Solovay, 1979). (See Appendix 1)

It is easy to see that the order axioms say that < is a weak

pre-ordering of the boxed formulas and that IN is its associ-

ated strict pre-ordering, such that true formulas are witnes-

sed before false ones and false formulas are totally unordered.

.



Some of the following easy consequences of the order axioms

will be used further on:

A-(A{B)v(B-4 A)
A°*(AB)v(B 4A)
(A

B -(A<B)
(A<B)-- (AFB)
(AKB) - - (BA)

Here A, B and C denote boxed formulas. (See App.lfor proofs)

1.12 DEFINITION. The theory which is obtained from R by dele-

ting the last rule (D A/A) is called R_.

R is used to simplify the Kripke model completeness proof of

R, which is the theory of all schemata provable in PA. Again,

like in the case of L, we have a theory Rw of all true sche-

mata:

1.13 DEFINITION. Rw is the following theory:

axioms: all theorems of R (in fact R would do)

GA -1 A

rules: modus ponens

In (Guaspari & Solovay, 1979) it is noted that deductions

in R cannot be normalized, since R V-U T 01 and R V OT -< 1 ,

so any proof of CiT <D1 must use the rule OA/A. We will show
that it is possible to replace the rule cA/A by a rule with

the subformula property. (It remains open whether a variant

of the system so obtained satisfies a normalization theorem.)

1.14 DEFINITION. R' is the theory obtained from R by replacing

<



the rule OA/A by the rule A/ B -4 (OA -< EBB).

1.15 THEOREM. R' 1- A<---> R i- A.

Proof. 114=11: Clearly it is sufficient to show that R' f-oA
implies R' F- A. Suppose therefore R' F- DA, then for all formu-
las B R B A < r 2B) . Substitution of "A" for "B" yields
R' I- A.
" We'11 show that R t-A implies RB>(OA<02B).
Suppose R t- A. Then RF-OA, so we have R F- (aA< n2B)v(p2B.,< rjA).
Clearly RE-(1 A{t ?B)--+ 2(-rB--, (aA<Ii2B)).
And also R F- ([]2B <M A)- 02(-1 B (0 A<r-32B) ), since we have
R F- (tl B;. CEA)-->62B.
Conclude R I- ®2(-1 (MA < 92B) and hence R 1--, B --5 (C3A K d2B) .

The rule A/-, B ---,(t3A K 02B) is similar to a rule of the system
JZ in (Svejdar, 1983), which results from R by replacing the

axiom of Z -soundness and the rule OA/A by A/-r B-4 (AA< nB)
and the axiom C7A-3O(nB (E)A(oB)).

F-



2. KRIPKE MODEL COMPLETENESS

For reasons stated above we employ tail models instead of

the more usual finite transitive irreflexive Kripke models.

2.1 DEFINITION. A. tail model for L is a transitive irreflexive

tree-ordered Kripke model K = <w,-<,IF>, which satisfies:

the forcing relation W satisfies the usual clauses

and is defined for all formulas of ,C.
if m # 0, then 0-< m.
if n 0 and n -< m, then n > m.

for some N # 0: i. for all n, m:;/, N (n> m #,n-{ m)
ii. for n O or n>,N:

for all pi (n ipi4- N 11- Pi)
An N which satisfies i. and ii. is called tailelement. The

subtree generated by a tailelement is called a top part.

Example:

p,q,r

O:p,r



2.2 DEFINITION. A tail model for R is a- tail model for L

which in addition satisfies:

the forcing relation tl- is defined for all formulas
of aC+.

the forcing of the witness comparison formulas is

persistent, i.e.:

kit- A 4 B = > for all k ' } k k' I- A { B
- k N- A 'S B for all k' } k k' IE- A< B

each instance of one of the order axioms is forced

at each node.

Example:

Otp,r,dr <cip

If A * p or B * r:_
i 1F OA { OB iff for some j <i j U-OA and j iff OB
i iff for all j-4 i (jig-[7B4->jl-CA) and i11-OA.

Notice that in a tail model for R for any f-formula A: k n- A
implies for all k' > k k ' u- A. This feature is called
tency.

-



Unless explicitly denied, from now on "tail model" will mean

"tail model for R" and "finite Kripke tree" will mean "finite

transitive irreflexive tree-ordered Kripke model for R".

2.3 TAIL LEMMA. For every tail model K:

0 II-A iff for some IVI, for all n !M n I1-A
0 IVA iff for some lui, for all n a M. n 114A

Proof. Easy induction on A. Well show one case:

"A = B :C C11: Suppose 0 tt-B 4 D. Then, by 2 -persistency, for all n
n 1F-B. C. For the other direction, suppose for all n a M n iF B { C.
Then for all n > M n R-B, so, by i.h. , 0 I{-B. But then OP- B 4 C
or 01-C <B. From 011-C.B we derive by£ -persistency: for all n
n !F-C -<B. Contradiction. So O U-B 4 C.

Next well list some easy definitions.

2.4 DEFINITION. Let K be a tail model. The depth d(n) of a

node n is defined as follows:

d(n) := 1 + sup{d(m) : n< m}.

Note: d(n) = 1 if n is a topelement of K and d(0) = W.

In general we have d(n) = of iff n 11- 0°1 and n IV for all (3 < o(,
where °`1 is defined inductively by 0O1 1-

T

2.5 DEFINITION. A set of formulas S is called adequate if

- S is closed under subformulas

- oAES and DBES =-,? (CIA. OB)ES and (QA <17B)ES

For any formula A, SA denotes the smallest adequate set con-

taining A.

-,<

k+1 13(0 )



2.6 DEFINITION. A Kripke model restricted to a set S of for-

mulas is a Kripke model for which the forcing relation is

only required to be defined for formulas from S.

One easily derives the Kripke model completeness of R from

that of L once one has proved the extension lemma below.

This lemma says that, given a Kripke model <K, {;., IF > restric-
ted to an adequate set S, we can extend it to a Kripke model
for R, i. e. we can define a forcing relation II-' such that
<K,-4 is a Kripke model (for R) and 1!-' agrees with IF- on
formulas from S.

In (Smoryriski, 1985) the extension lemma is proved by induc-

tion on the complexity of formulas, i.e. on the number of

nestings of new witness comparisons, where "new" means not

already in S".

The complexity c(A) of a formula A is defined, relative to S,

as follows:

if A is atomic or AES: c(A) = 0

if ASS: c(A) = c(B) if A = -B or A = B
c'(A) = max(c(B),c(C)} if A = B o C for

c(A) = 1 + max{c(B),c(C)j if A = B GC or
A = BCC.

In (de Jongh, 1985) Dick de Jongh introduced certain order-

ings of boxed formulas in nodes of a Kripke model which made

it possible to define uniformly for all n an extension of the

forcing relation on the set of formulas with complexity S n

to the set of formulas with complexity <n+1. We will show

that it is in fact possible to incorporate the induction on

the complexity of formulas into the definition of the extended

forcing relation.

, iP )



2.7 DEFINITION. The de Jongh orderings
< k,IF- , < k Ii and the

de Jongh equivalence relation =k 'P are defined (relative to
a Kripke model <K, < ,)F-> ) as follows:

A <k, h E:= for some k ' 4 k k' VA and k l )V B

A1 B : C=> k A and for all k k (k' i - B =k' )F- A)
9

A =-
k,1F

B :< A < k,iF- B and B <k A- or k IVA and
k I B.

We will often write A <kB, A <kB and A =kB if it is clear
from the context which forcing relation is relevant.

It is a trivial exercise to show that Ck and ( k satisfy

the order axioms and 2:-persistency. (See Appendix 2)

The lemma below shows the property of the de Jongh orderings

which makes them useful: they correspond with the minimal

structure imposed upon the forcing of boxed formulas by the

requirements of a Kripke model for R.

2.8 LEMMA. Let and < be orderings on the boxed formulas

of an adequate set S which satisfy the order axioms and

persistency on <K,< , l1-> restricted to S. Let k be the
equivalence relation defined as follows:

A ^' k ) B k 1k A,<B and k l)- B <A or k I1f A and k 1VB .

Then for all A, B e S the following hold:
i. A < kB >ktl-A<B..

ii. kI)-A<B > A <kB

ii:~ Nk is a refinement of =k
Proof. i. Suppose A <kB, i.e. for some k',< k k' 11-A and k1 IV B.
Then k' f1- A ^ -,B. This implies k' W- A < B and, by'Z-persistency,

k 1-A. B. Then k 1h-A and for all k 4 k (k' I)-B =Ok

Z -

t
f



for suppose for some k' k k' 11-B and k' II- A, then k1-BA
and, by Z -persistency, k *-B < A. Contradiction.
iii. follows directly from ii. 0

2.9 EXTENSION LEMMA.

i. A tail model restricted to an adequate set S can be ex-

tended to a tail model for R.

ii. A finite Kripke tree restricted to an adequate set S

can be extended to a finite Kripke tree for R.

Proof. i. Let <K,< ,U-) be a tail model restricted to an

adequate set S. Define a forcing relation JW inductively as

follows:
k11-' pi : k Ihpi

the usual clauses for A, V,

kIi- ACB if A, BES
k#PA 4B A <k,1W B if AS, BES

A < k, tF,B if B#S

kII-A<B if A, BES
k (- A < B A 4 k, IF,B if AS, US

A < k, F, B if AS

Notice that our use of the de Jongh orderings relative to R-'
on the right is possible since A <k,,_,B and A C k I,_,B are de-
fined whenever II-' is defined on A and B.

It is easy to verify that II-' extends W, that the forcing of
witness comparison formulas is persistent and that each in-

stance of an order axiom is forced at each node. (See App. 2)

See below for an attempt to visualize the kind of ordering of

boxed formulas the above definition of II-' produces.
ii. Similar.

4



The rationale for the particular extension defined in the

proof above can be extracted from the following considera-

tions:

Suppose <K, ,Ik) is a tail model restricted to an adequate

set S. If we want to extend 11- to a forcing relation R-' de-
fined on all formulas ofoC+, we have to choose which new

comparison formulas are forced in which nodes, in such a way

that the order axioms and Z -persistency are satisfied.

1-persistency is equivalent to the requirement that the choice

of the order in k of boxed formulas which are forced in a node
k'< k has to agree with the choice made in k'. From lemma

2.8 i. it follows that if DA is forced in a node k'< k and

there is no k' k in which oB is forced, then IV has to satis-

fy k1V CiA 4 uB. That means that we only have to choose, for each
node k, the order of formulas within the --

k,lVj-
equivalence

class Fk of boxed formulas forced for the first time" in k

and the =
k,

,,-equivalence class Nk of boxed formulas not

forced in k.

In view of the meaning of the order axioms it is easy to see

(though somewhat tedious to prove) that these axioms are sa-

tisfied iff in addition to £ -persistency the following con-

ditions hold for all k:

- if AENk, then k VA < B and k IV!A < B . (This implies that
all formulas (old and new) in Zqk are k IP -equivalent)

- if AEFk and BEFk, for some k' ,(k, then k II-' B < A

- the -k, ,_,-equivalence classes within Fk form a li-
near ordering.

The situation may be illustrated by the following:

Consider a tail model with 21 as toptailelement and with

0 < .... < 15-,'14<13 < 8 < 5 as the chain of predecessors of 3.

,<

N



Then the ordering of -equivalence classes in 3 is pic-

tured by:

,

FO F14 F13 a18
F5

IF3

Notice that this ordering is independent of the forcing rela-

tion and only depends on the structure of the tail model be-

low the node 3. Of course, the contents of each class Fk does

depend on the forcing relation.

If we represent a
3,0-

-equivalence class of old formulas

by , we get the following kind of picture of the ordering of

those equivalence classes:

C F
0 14

[ 01F
5

[*]N
31

1

We now have to fill each class Fk with new boxed formulas
such that the relative ordering of old formulas is respected
and the k, ,_,-equivalence classes within Fk form a linear
ordering. Thus if we represent a r3 ,1P, -equivalence class
by o, then the situation within each class Fk in the extended

model will in general look something like [Q Q (o o J.

(E.g. the occurrence of is excluded.)

A possible choice is to put all new formulas of Fk into one

k,10
-equivalence class and place this class at the end of

the linear ordering of old ^'k ,-equivalence classes within

Fk (if there are any). In-our example this choice has the fol-

lowing result:

C0I, Cod'
FO X14 F13

01F Cora' 01F [O] N
8 5 3- 3

(where ' represents a -3,1w -equivalence class not containing

C 1 ..... r [ 1 r E C 1

C 1F [***1F
8 3

N



any new formulas.)

The proof of the extension lemma shows that we can effec-

tuate this choice by means of an inductive definition of the

extended forcing relation which exploits the properties of

the de Jongh orderings.

2.10 THEOREM. For any sentence A of4+, the following are

equivalent:

i . R I-A

ii. A is valid on all finite Kripke trees

iii. A holds at the root of every finite Kripke tree.

Proof. i.=-=ii. and ii.=)iii. are obvious. To prove iii. >i.,

assume R If A. Let DO,..., Dn be the formulas of SA with prin-

cipal connective < or < and let p0,...., pn be distinct

atoms of 4+ not occurring in SA. For any B from SA, let B'

be the formula in 4 such that B = BI [pi := Di 1.
Define X : = f (1(pi--) C1pi) : 0 < i ( n I v {(]sB' B is an order
axiom involving only formulas of SA}. Then L V/X\X-;-A' .
By theorem 1.2, there is a finite transitive irreflexive
(tree-ordered) Kripke model for L <K, , 4-> such that
/X\X n -,A' is true at its root.
Define I{-' on SA by ktl-' B iff k Ik-B' , for any B from SA.
Notice that /?(\ X is actually valid on <K, , U-> , so <K,
is a finite Kripke tree restricted to SA whose root satis-
fies -,A. By the extension lemma <K, -< , II-'> can be extended to
a finite Kripke tree whose root does not satisfy A.

The completeness proof for R is now very simple on account

of the following lemma.

2.11 LEMMA (de Jongh) R t - A iff for some n c- 9 R F- 3nA.

24



Proof. From right to left: apply the rule OA/A n times.

For the other direction, apply induction to the length of

the proof of A:
- for all axioms of R the result is trivial.

- (modus ponens) Assume R t- B and R 4- B - A. Then, by i.h.,
R E- OnB and R_!- tJm(B- A). Then we have R- M--Mmax(n'm)B

and R -f- 0max(n,m) (B --A) . So we conclude pmax(n,m)A.

-(necessitation) Assume A° uB and R1-B. Then, by i.h.,
R-(- E1 B , for some ne W. So by necessitation, R I- n A.

- (CIA/ A) Assume R F-[U. Then, by i.h., R F OnOA for some
nc K. So R-1- t:i n+1 A. 0

It is easy to see that, as remarked before, tail models and

all their finite top parts are automatically A-sound for

any formula A. The following lemma establishes that the va-

lidity of a formula A on all tail models is equivalent to

the validity of A on all A-sound finite Kripke trees.

2.12 PROLONGATION LEMMA.

i. An A-sound finite Kripke tree restricted to SA

on which A is not valid can be prolonged to a

tail model on which A is not valid.

ii. If A does not hold at the root of an A-sound

finite Kripke tree restricted to SA, then there

is a tail model whose root does not satisfy A.

Proof. i. Suppose <K,< is an A-sound finite Kripke tree
restricted to SA- Attach an W+1 tail km+1 ' kin+2'' . , k0 to
the bottom km of <K,< while defining forcing for for-
mulas from SA on elements of the tail exactly as on km.
(This definition is possible;°by A-soundness)
This results in a tail model restricted to,SA. on which A is

pmax(n'm)A.

11-x,



not valid. By the extension lemma,-this tail model can be

extended to a tail model for R on which A is not valid.

ii. 1Votice that in the proof above k0IIf A if kmIV- A.

2.13 THEOREM. (Kripke model completeness)

i. RI-A iff A is valid in all tail models K.

ii. RwI- A iff OR- A for all tail models K.

Proof .

i. "if": Assume RA, then by lemma 2.11: for all n e QV
R 1f t]%. In particular R _V nA with n greater than the. num-
ber of subformulas of A. By theorem 2.10, there exists a

finite Kripke tree K = with bottom node k0 on which

nA is not valid. But then A is false at a node kn K such that

there is a chain k0 < k1 k2 < ... < kn in K. By Z-persistency,
there exists an m <n such that km and km+1 force the same

boxed formulas from SA. But then km+11- for all BESA,
since km+1 IF OB implies kmll- OB which in turn implies km+1 t- B.
By the prolongation lemma, the subtree generated by km+1 can

be prolonged to a tail model on which A is not valid.

"only if": Assume K is a tail model on which A is not valid.

Then for some k A 0 k VA. But then for each n c U there
exists a finite Kripke tree on which a nA is not valid, viz.

the finite Kripke tree generated by the node kn l k with

d(kn) = d(k) + n. Therefore, for all n IN R _V dnA. So, by

lemma 2.11, R VA.

ii. only if":

- 0 satisfies the theorems of R .

- closure under modus ponens is trivial.

- suppose 01F- OA. Then for all k 0 k ll- A, hence for all k # 0
k II-- A. So, by the tail lemma, 011--A.

"if": Suppose eV A. Then R -W
B

( A) (0 B -3 B) -- A.

Hence there is a finite Kripke tree K = <K, < , IF-> such that

M
0

<K, ,IF->

-

J4"



the bottom node k of K satisfies k and
By the prolongation lemma, K can be extended to a tail mo-
del K' = <w, < , IP > with OVA.

2.14 REMARK. It follows from the proof of theorem 2.13 that

we may assume that the forcing of witness comparison formu-

las in a tail model is a primitive recursive function of

nodes and boxed formulas, since if R VA we can find a tail

model in which A is not valid as follows:

1. we start with a finite Kripke tree restricted to SA

2. we take the subtree generated by km as specified in the

proof of 2.13
3. we prolongate this subtree to a tail model.

Clearly 3. is the only step which might be problematic, since

in the proof of the prolongation lemma the extension lemma

is used and there are clauses in the definition of the ex-

tended forcing relation at k which depend on the forcing

relation at the nodes k',-,k.

However, it is possible to give for each formula A a number

sd(A), the search depth of A, such that if d(k) = sd(A), then

for all k- <.k k k' fi- A iff k II-A. Therefore. for each formula A
we only have to search at most sd(A) nodes below k to know

in which nodes below k A is forced.

sd(A) is defined as follows:

if A is atomic or AESA: sd(A) = M, with M = the depth of
the toptailelement.

if A

sd(A) = if A = B

sd(A) = if A = B.

(A,

A) (dB

0



3. ARITHMETICAL COMPLETENESS

attempting to define what an arithmetical interpre-

tation for £+ would be, one encounters the following dif-

ficulty: circumstances extrinsic to the nature of the proof

predicate Pr(x) decide whether e.g. Pr( r0 = f )< Pr('-.l = 1")
or Pr(r1 = 1")1 Pr(r0 =

01

). To eliminate the arbitrariness

that would result from fixing a particular proof predicate,

Guaspari and Solovay allow arithmetical interpretations to

be based on any "reasonable" proof predicate, i.e. any 7- e-

numeration of the theorems of PA in PA satisfying the deri-

vability conditions and demonstrable 1-completeness. Such a

reasonable proof predicate is called "standard".

Remark: Guaspari and Solovay actually prove that it is suf-

ficient to allow interpretations to be based on 7-e-formulas

provable equivalent to Pr(x). In (Smorynski, 1985) "standard"

refers to this kind of proof predicate.

An alternative way to abstract from accidental circumstances,

and the one we are going to follow, is to fix a particular

proof predicate Pr(x) and allow arithmetical interpretations

to be based on reasonable (pre-)permutations of the natural

numbers, where a (pre-)permutation is called reasonable if

Pr(x) still satisfies demonstrable 7--completeness when the

witness comparison is based on the ordering of the (pre-)per-

muted natural numbers.

In other words, we allow arithmetical interpretations'to be

based on any (pre-)ordering of the natural numbers such that

Pr('A') ° Pr(rB'), with o a connective for witness comparison
based on the new ordering, is Y.e.

Later in this section well give some motivation for our



choice of the latter alternative.

3.1 DEFINITION. Let < x be a weak pre-ordering on and <x
its associated strict pre-ordering such that Pr(x) satisfies

demonstrable T.-completeness when witness comparison is based

on
x and <

X. An arithmetical interpretation x of.C+ based

on ix is a map from formulas of C+ to sentences of PA satis-

fying:
- for all atomic p: px is an arithmetical sentence.

fix 0 = 1; Tx .= 0 = 0
( )x commutes with Boolean connectives.

(oA)x Pr(r Ax ,)

(DA-,, QB)x (U A)"' 14Ix(rB)x, where 4x 9(x) -,,x3x -r(x)
3x(T(x)AVy <xx - r(y))

- (aA aB)x (oA)x x(©B)x, where 3x 4x) ( x Y(x) : _

3x(T(x)A Vy ','- xx -+y(y))

One easily verifies:

3.2 THEOREM. (Soundness)

i. R !-A for all PA F- Ax

ii. A for all AA is true.

To prove the reverse implications, we'll define, for any

tail model K and any formula A a representation CA]K of the

set of nodes in K in which A is forced and an arithmetical

interpretation <A)K such that the following holds-

i. PA F CAJKH <A>K

li. if A is not valid in K: PA + -,[A]K is consistent

Fix a tail model K= < W, { ,

[N-

:=

:=

x
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3.3 DEFINITION. [A]
K

:= f k E w: k IF Al.

Define as a formula of the language of arithmetic:

± [All K

W f x = i : i IF A } if QA1K if finite
{x i : i IV A if [AIIK is cofinite

By convention, the empty disjunction is 1 and the empty

conjunction is T.

It is easy to see that the following holds:

3.4 LEMMA.

i. PA xCTADKAxGEBIKc--), x 1AABDK

ii. PA x e ITAII K V x 6 TBII K H x E TA v B. K

iii. PA x f LdK' x(-- TA]K

3.5 DEFINITION. 1 := lim h(n), where h is defined as folows:
n- oo

h(0) := 0

h(k+1 )
fn if for some n? h(k) Proof(k+1, rl n")

h(k) otherwise

The following lemma lists some properties of h and 1. Argu-

ments can be found in (Solovay, 1976).

3.6 LEMMA.

i. PA F-- "h is weakly monotonic in { 44

ii. PA!- "1 exists"
iii. PA F if 1= i and i { j, then PA + 'tl = j" is

consistent"
iv. PA F if 1 = i and i j, then PA

I-

I-

-

F "1 :A j""



v. 1 = 0
vi. for all is PA + 111 = i" is consistent.

Remark: the arguments for v. and vi. cannot be formalized

in PA.

'Now we are able to define a representation [AI
K

of QAjK in
PA such that PA + -JA] K is consistent if and only if A is

not valid in K:

3.7 DEFINITION. [A] K := l E UP K.

Our next problem is to find an ordering 4K on N such that

there exists an arithmetical interpretation <>K based on

141K satisfying PA F- <A KH EA IK. That means that we have as
constraints on < ) K:

- PAt--[UA 9x(Proof (x, ( A ) x ,Proof(y, (B> K1) )

- PA k- [DA l oB]KH 3x(Proof(x, r(A>K ndy < KX -,Proof (y, r<B)

Let Minproof(x,n) 4 - 4 Proof (x,n) ndy < X -,Proof (y, n) and
define MINPROOFS fx : Minproof(x, r(A>K ), for some Al.
(AK is of course dependent on .<K, the ordering we still

have to define. But because <A>K occurs at the level of codes,

we can implement this innocent circularity by the recursion

theorem.

Well obtain our new ordering <K by pushing the elements

of MINPROOFS exactly as much forwards as is needed to satisfy

the above constraints. That is, we change the order of m and

a larger n if and only if n is a minimal proof of <A)K and-

for some i h(i)ll QA. B for some B such that either m or, if
m MINPROOFS, some p <m is a minimal proof of <B>K.

If for some i h() `!I-c3A { DB n [lB < aA and m and n are minimal
proofs of <A>K and <B>K respectively, then m and n will be

) Ady

)

:



equivalent in our new ordering. We therefore discriminate

between pairs which are weakly permuted in our new ordering

and those which are strictly permuted. By the recursion the-

orem we can define the following permutation relations of

pairs which are weakly, respectively strongly, permuted:

WPK(m,n) :Ot m< n and Minproof(n, r<A>K ) and for some i
h(i) l oA 4 oB: for some B, such that Minproof(m,

or, if m MINPROOFS, Minproof(p, r<B>K ),
for some p <m.

SPK(m,n) : m< n and Minproof(n, r<A>K ) and for some i
h(i) IF A oB if Minproof(m, r<B)K, )
h(i) It- d A 4, dB if m MINPROOFS and for some

p4 m Minproof(p, r<B>K

Remarks: WPK(m,n) and SPK(m,n) will turn out to be A .

The fact that we restrict our action to the set of minimal

proofs will only later prove to be convenient.

Let us now give the formal definition of < K and < )K:

3.8 DEFINITION.

i. n <Km : WPK(m,n) or (n S m and not SPK(n,m) )

ii. n <Km :cam SPK(m,n) or (n <m and not WPK(n,m))

< >K is the arithmetical interpretation based on <
K

induced by:

- <pi>K := 1 E 1pA Ai = i
- <DA,< OB>K := <oA>K <K<oB>K, where

3x T(x) <K3x 'fi(x) := 3x (p(x) nVy <Kx l(y)) .

- <OA `DB )K := <aA>K K<aB>K, where
3x ?(x) <K-3x ''f(x) 3x ( fi(x) A dy <Kx -(y)).

See Appendix 3 for a proof of the fact that. <K is a weak

pre-ordering and <K is its associated strict pre-ordering.

r-<B>K

)



Example:

Suppose for some i
and suppose Minproof(n, r<1>Kiff is appended to n in the
following picture:

1 2 3 4 5 6 7

D

12 13 14 15 16 17 18 19 20
. . . . . . . . .

E ,rF G H I

Then (1,2,...,20) gets permuted into (1,2,{7,191,12,3,4,5,6,

8,9,10,[11,173,13,14,20,15,16,18)

We admit that it is not immediately clear that <
>K

is indeed

an arithmetical interpretation. However, before checking up

the I -completeness for witness comparison based on 4 K, it

will be convenient to show the provable equivalence of [AIK

and A>K

3.9 THEOREM. PAE-[A]K* <A>K

Proof. (induction on A)

- the cases of atoms and Boolean connectives are easy. (Use

PA 1- "1 existsP1 and lemma 3.4.)

- Suppose A cB

Via) in case EAIlK is cofinite we have, by the tail lemma,
QoBIlK = QB]1K = W. By i.h.: PA t- T`c--GCB>K. Hence PA1-< B>K
which implies PAI- Pr(r<B>K ), i.e. PA I-<aB>K<-4 T.
Conclude PA I- C tJB7 K X43 B ', ,

(b) Suppose A K is finite. Let j0,...,js be all j such
that jJF- B and j Ir/ B. Notice that for each i with
i IV oB there is a jk such that i < jka
Clearly it is sufficient to prove

PA1- Pr(rCB]K") C©BIK.

9 10 11
. . .

h

0 .

1= B

8

:
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Reason in PA:

"-i" Suppose Pr(r[B)K ). Let j be any element of

j0' "'' js By the definition of I I K
we have

Pr(r1 j'). Assume Proof(p+1,r1 4 j-').

Suppose 1< j, then h(p) < j. But then h(p+1) = j.

Contradiction.

So we have 1 itj, through which we obtain W{1 = i

itt-OB 1.
It (__II Suppose 1 = i and i>N 1JB. Since TQBIK is sup-
posed to be finite, O V OB and thus i # 0. So, by

the definition of h, Pr(rl A
i-1

). Moreover, since

for some x h(x) = i, by Z0-completeness: Pr(r3x

h(x) = i') . Hence Pr( rl ? ice) . Since j > i implies
B, we have Pr(7W{1 = j : j It- B ).

Suppose A _= OB4413C.
Reason in PA:

Suppose 3x (Proof(x,r<B)K )wdy <
K
x -, Proof(y, <C), K )).

Then Pr(,<B>K ) and, by i.h., for some i h(i)IF-OB. But then
h(i)ts- (QB{UC) V (OC<tB). Suppose h(i)It-0C OB. Then h(i)t-
0C and thus for some y IVlinproof(y, But then y
for all x such that Proof (x, 4B), K ), so we would have
for all x (Proof(x, <B>K" )-+3y< Kx Proof(y, r<C)K ) ) . Contra-
diction. Conclude h(i)lt- B< C1C, so by Z-persistency, 1 - ' - :

Suppose 1C I©B4t3C K. Then for some i
and thus h(i)lFtB. By i.h., for some x Minproof(x,<B>K ).
Suppose gy < Kx Proof(y, r< C) Kn) , then for some j h(j) A- DC< OB.
Contradiction. So we have
for some x (Proof(x, <B7K )^,Vy <Kx -iProof(y, C>K )).

- the case of A = t3B < bC is similar to the one above. Ct

3.10 DEFINITION. FK is the set of arithmetical formulas

which consists of

- Pr('-A'), for some arithmetical formula A

j -
Bt.,

F-AlK.



Pr(r'A`'). KPr(rB') , for arithmetical formulas A and B.
Pr( rA*) for arithmetical formulas A and B.

3.11 LEMMA. (1-completeness)

Any formula from Y_
K

is provable equivalent to a EO-formula.
Proof.
- A = Pr(rB trivial.

- A = Pr('B") <KPr(rC'), i.e.
A = 3x (Proof (x, rB' )n dy < Kx -,Proof(y, rC
Reason in PA. Define I := {x : x = r<A>K', for some AL
case 1. rBVC'. I: then by the definition of <K

A "3x (Proof (x,'B') ndy <X -,Proof (y, 'C ")).
case 2. rB' = r<D >K , r'C, = r<E>K : then by theorem 3.9:

A" CoD < aE 3K.
case 3. rB' = r<D>K' rC 4-I: Let m(O) := 0 and, for x 0,

m(x) := maxfy : y< x and not WPK(y,x)}. Then m is re-

cursive and by the definition of 4 K
A - 3x (Proof (x, rB AVy < x.(X-);. -,Proof(y,'C')

case 4. "B4 I, '-C' =
r<E>K,

: then by the definition of <K
A H 9x (Proof (x,'"B') tidy .c x (y, rC^) v (3i h(i)(F-

oE,G13D Proof(y, <D>K ))).

- A = Pr(rB') <KPr(rC') : similar.

For the reader's convenience, let us give the informal con-

siderations leading to the particular Z.0-equivalents of A

given in cases 3 and 4 of the above proof:

In case 3 we know that proofs of B may have been pushed for-

wards, but proofs of C not. Therefore we only have to check

whether there is a proof y of C in the set of numbers z below

the minimal proof x of B such that not WPK(z,x).

In case 4 we know that proofs of C may have been pushed for-

wards, but proofs of B not. So we now have to check whether

'))

rB',

.



there is a proof of C below the minimal proof x of B or whe-

ther the minimal proof of C is pushed before x, i.e. whether

there is aproof of some <D>K below x such that for some i

h(i)ll- oE4 oD.

Now we can easily derive the following:

3.12 THEOREM. (Arithmetical completeness)

i . R b A iff for all 3E PA E- AA.

ii. RWk A iff for all AA is true.

Proof. By theorem 3.2 we only have to prove the implications

from the right to the left.

i. Suppose RV-A. Then for some tail model K A is not valid

in K. Therefore PA + -,CA)K is consistent. By theorem 3.9,

PA + <A>K is consistent. Conclude PA V <A>K.

ii. Suppose Rw h A. Then 00 A, for some tail model K. Since

1 = 0 is true, [A]K is not true and therefore <A>K is not

true. a

Notice that we may assume that an arithmetical interpreta-

tion is based on a recursive relation < .

3.13 As remarked before, our definition of arithmetical
interpretation is different from that of Guaspari and So-

lovay. Therefore theorem 5.6 of (Guaspari & Solovay, 1979)

and our theorem 3.12i differ somewhat in meaning, in spite

of their identical appearance.

It is easy to see that if K is a tail model, there is no

interpretation A in the sense of Guaspari and Solovay such

that PA I- [A]K)AA, since in every tail model there is a
t opnode k such that k 11- i

< a(Onl > pn+11) , so PA +n
<

O
n+11IK is consistent.

g

1
/\ ,



Therefore PA + A ( (pn1)x }(yin+1 x would have to be con-
14n<w

sistent, which is clearly impossible if we only allow inter-

pretations to be based on enumerations of the theorems of

PA.

A similar argument shows that the representation of any kind

of Kripke model for R which is really embeddable into PA

cannot be provably equivalent with an arithmetical interpre-

tation in the sense of Guaspari and Solovay. Hence our choice

for a definition of arithmetical interpretation which allows

interpretations corresponding to more flexible ways of ming-

ling witnesses of theorems.

However, even if one isn't concerned with the problem of

really embedding Kripke models into PA, one may be inter-

ested in interpretations where the box is interpreted as the

usual provability predicate, rather than as any standard

provability predicate.

In (Tuttas, A) an arithmetical completeness theorem is pro-

ved for so-called pre-permutational arithmetical interpre-

tations, i.e. interpretations x which have the following

characteristic clauses: (cA)m := Pr(rA ) and (AB) x :=

Pr(rAx') 4HPr((_

B ), where H is a recursive function with
as outputs indices for pairwise disjoint finite non-empty

sets the union of which is the set of natural numbers and

where { H is based on <
HI

defined as follows:

w :v:(dz<u vDH(z)
(DO ; _ fxO1 ...,xn-111 if x = 2NO + .. + 2xn-1I

with x0< ... <xn-1. The terminology derives from (Smoryn-

ski, 1985), where the above aritmetical completeness the-

orem is already proved for sentences of complexity ,< 1.)

Well show that the pre-permutational arithmetical inter-

pretations, ppi's for Short, such.- that' only. finitely ma

py <pairs..(r,n) are. permuted, correspond' with the members

4HPr(

<
H

v

:= Dx



of a proper subclass of our arithmetical interpretations,

and well give a proof of Tuttas' result which does not in-

volve as much hard work as Tuttas' proof.

3.14 DEFINITION. An arithmetical interpretation based on a

recursive fix, such that for all but a finite number, of

pairs (n,m) n <m iff n <Im, is called an arithmetical in-

terpretation based on a finite permutation, aif for short.

3.15 LEMMA. Let K be obtained from an A-sound finite Kripke

tree restricted to SA with root k, by adding a node

k and defining 04-B iff k4-B, for all B from SA.
Then for all B from S:

PA

Proof. (induction on A)

Similar to the proof of theorem 3.9. (In the case of B = \JC,

distinguish between Oil- u C and 000C.)

Since < >K is an aif if K is a finite Kripke tree, we have

the following:

3.16 THEOREM.

i. R F- A iff for all aif's X PA
ii. A iff for all aif's 2 e is true.

Proof. As 3.12.. 0

Suppose H induces a ppi and permutes only a finite number of

pairs, _ then 4. 2, defined by n 4 x
m : 3u (u E DH(u)A V z 4 u

m DH.z)), induces an aif.
.On the other hand, if we have an aif based on < 3, then H,-

defined by'H(0) := for i / 0, H(i) := maxfx x =
n6 nm

2 + ... + 2 and n0 ... n and (for-. ®mt y x-DH ( i

0

0=>

:

m



z >xy - nk < xz, for all k E { O, ... ,m }) , induces a ppi.
Moreover H only permutes a finite number of pairs, so we

have the following pre-permutational arithmetical comple-

teness theorem, which is slightly stronger than the one

proved by Tuttas:

3.17 THEOREM. Let a ppi which is based on a function H which

only permutes a finite number of pairs be called fppi.

i. R - A iff for all fppi's PA AA.

ii. Rwi- A iff for all fppi's e is true.



APPENDIX 1

Let J and GS be the following systems of order axioms:

J: J1. A --j (A,B)v (BA)
J2. (A4 B) -- A
J3. (A {B) (B C) ABC
J4. A B - (A B) n - , (B A )

GS:GS1 . A -i (A A)

GS2. (A{B)-i, A
GS3. (A B) A (B4C) -
GS4. (AvB) ) (AB)v (B4A)
GS5. (A B) ) (A { B)
GS6. (A B)--1(BA)
GS7. (AA-,B)--- (A B)

THEOREM. GS i- A iff J F- A

Proof .
" X94: J1 follows from, GS4; J2 and J3 correspond with GS2
and GS3 respectively. For J4, notice that, by GS5 and GS6,
we have A { B -- (A -, B) n -,(B4 A). On the other hand, by GS2,
A 4 B implies A, which gives, by GS4, B{ A v A K B. Therefore
A4BA -7(B{A)> A-< B.

91: GS1, GS2 and GS3 follow from J1, J2 and J3 respecti-

vely.

(GS4) By J1 , A v B implies A { B v B A, which is equivalent
to A4Bv(-,(A-, B)AB ,<A) and, by J4, to A{BvB<A.
GS5 and GS6 follow from J4.
(GS7) Suppose A n -,B, then, by J1 , A<. B v B A and, by J2,
"(B 4 A) . So we have (A { B v B A) n -,(B ;C A) , which is equiva-
lent to A4B\-,(B ,A). Thus, by J4, A<B.

From GS4 one easily derives A -;, (A- B) v (B 4A) and

n -

{

" 4-

<,
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A -- (A4, B) v (B A). (A <B) -- -,(B { A) follows trivially from
GS5 and GS6.
Suppose A B n B { C , then, _._by GS5, AB i B < C and, by J3,
A< C. If C 4A, then by J1 we would have C< B, which is im-
possible, by GS6. Hence A { C n -r(C 4 A) and, by J4, A < C. So
we have (A B) A (B K C) --, (A C).
(A { B) A (B C) - (A { C) is similarly obtained.



APPENDIX 2

LEMMA. Let K = <w, < ,iF> be a tail model for L which in
addition satisfies:

- the forcing relation 1F is defined for all formu-

las of (+.

- kll-A{B iff A<kB and iff A <kB.

Then K is a tail model for R.

Proof. Let A, B and C denote boxed formulas.

(persistency)

- Suppose k IV A,<B, then k)1- A and for all k',& k (k' IF- B

k' 1F A). But then for all k" ? k k " IF- A and for all k',< k''
(k' II-B =k' *-A). Hence for all k" k k" IF- A <B.

- Suppose k IFA <B, then for some k' < k k' IFA and k'11, B. But
then for all 1C ' ' > k for some k' k'' k' IF- A and k' lV B .

Hence for all k" } k k" t)-A < B.
(order axioms)

A-->(A 4 B v BA): Suppose kit-A. Since either for all k' . k
(k' 1F- B -_ k' 11- A) or for some k' { k k' 11- B and k' IV A, we kave
A S kB or B < kA. Since B < kA:implies B kA, we have A,< kB or
B SkA, i.e. k U-A4B or k li-B < A.

A 4 B A: Obvious.

A<BAB{C.- A,C: Suppose kIFA<BAB4C, then kll- A and for
all k' 4 k (k' t- B k' t1- A) and k' 11- B and for all k.' & k (k' l1- C

k' lt- B). Hence klh-A and for all k' . k (k' Il- C M *-A),
i.e. A 4kC.
A < B A 4 B n (B 4 A) : Suppose k IF- A < B, then for sortie' k' k
k'th A and k ' Iif B . But then we have k $-A and for all k'< k
(k Q ll- B FF A) and not for all k',< k (k' fly- A -*k' 0-B). Hence
A 4 kB A n(B <kA) . On the other hand, suppose k ti-A { Bn z(B A) .

--0

-,<



Then k l- A and (k O B or for some k' ,< k (k' lt-- A and k' IV B)) .
Hence A< kB. 12

Given the above lemma it is easy to verify that If-' as de-

fined in the extension lemma 2.9 satisfies persistency and

the order axioms:

(persistency)
Suppose k 4p--' A <B and k' > k.
If A,B C- S, then obviously k' II~ 'A< B.
If A E S, B S, then we have A,< kB and thus A,,< kQB, which

implies k' 1)-- ' A B.
If A t S, then we have A/, kB and thus A < k,B, which implies

k' II-'A B.
The case A <B is similar to the one above.

(order axioms)

Instances in which only elements of S occur are obvious.

A -P(A<Bv B 4A): Suppose ktl "A.
We have both A < kB V B < kA and A < kB v B < kA. Hence in all
cases k li--'A4BvB -4, A.

ABC B---)A: Suppose k IF'A-<B. If A S and B &S, we have A < kB
and if B 4S, we have A <kB. Hence in both cases k IF'A.
A.4 B^B4C -4 A4 C: Suppose k1-IAtBA B<C.
If A,B C=S and C4 S, then we have k II- A.<\ B and B < kC. By lemma
2.8, A < kB A B <kC. Hence A -< kC, which implies k lF' A.$ C.
If A, C E S and BS, then At kB and B < kC. Hence A < kCO

If B, C C-S and AS, then A< kB and k Iv-'B ,<C. Hence, by lemma
2.8, A<kC.
If A ES, and B,C 4s, then A .<kB and B 4 kC and thus A <kC.
If B E S and A, C 4 S, then A < kB and`'.B < kC, which implies
A S kC.

If C C -S and A,B 4S, then A t< kB and B < kC. Hence A< kC.
If A,B, C 4S, then A <kB and B S kC and thus A 4 kC.

-

-



Hence in all cases k IV' A,< C.

A<B"A4BA -r(B <A):
" --) ": Suppose k IF-'A <B.
If A & S and B S , then A-4- kB, which implies A < kB A -t(B < kA) .
Hence k -r(B,< A).
If A f S, then A< kB, which implies -,(B ,< kA) . Hence k A B A

(B', A).
" <-- ": Suppose k 11-' n (B A).
If AE S and B S, then A 4 kB which implies k a!-'A < B.
If A S and B E S, then k A N< B implies A <.kB, so we have
k!(--'A<.B.
If A,B 4 S, then we have A kB A -,(B .< kA) . Hence A <kB, which
implies k II-' A < B.

N-<

-,

,



APPENDIX 3

Let < )K be defined as in definition 3.8 and let M(n,A) ab-

breviate Minproof(n,r<A)K ) .

For practical convenience we repeat the following definiti-

ons:

'J'WPK(m,n) : 4=) m < n and M(n,A) and for some i h(i)ll- oA< nB,
for some B such that M(m,B) or, if m4 MINPROOFS,

M(p,B), for some p< m.

SPK(m,n) : => m < n and M(n,A) and for some i h(i)11--C) A oB,
for some B. such that`M(m,B) or h(i)ll-QA,CoB,
if m MINPROOFS and for some p< m M(p,B).

n <, Km : 4--=> WPK(m,n) or (n < m and not SPK(n,m) )

n <Km : >SPK(m,n) or (n ( m and not WPK(n,m))

K is a weak pre-ordering and < K is its associated strict

pre-ordering.

Proof .

- n <Kn, since n ,<n and not SPK(n,n)..
- n <Km implies n .<Km, since SPK(m,n) implies WPK(m,n), n< m

implies n,< m and -TWPK(n,m) implies "SPK(n,m) .

(m <Kn) > n <Km:
-,(m '(K n) c=) -,WPK(n,m) A -,(m c n n -,SP K(m,n) )

(-IWPK(n,m) A n < m) v (-,WP Kkxi,m) A SPK(m,n) )
=> (-.WPK(n,m) n n < m) v SPK(m,n)

- n < Km and m 1< Kp > n. < Kp :
Assume n 4K m and m ,< Kp.
case 1. WPK(m,n) and WPK(p,m): then m <n and p< m, thus

p <n. Further we have M(n,A), M(m,B), for some i

h(i) 11- oA4 B and for some j. h(j )11-oB aC, for some

<_>

t> n < Km M.



C such that M(p,C) or, if p MINPROOFS, M(q,C) for
some q < p. Thus for i0 = maxi, j) h(i0)iF oA;< oC,
for some C such that M(p, C) or, if p MINPROOFS,

M(q,C) for some q <p. Hence WPK(p,n) and thus n <Kp.
case 2 . n S M A-,SPK(n,m) n m c PA -iSPK(n,p) : then obviously

n l-- p. Suppose SPK(n,p) , then n< m< p and M(p,C) and
for some i h(i))i QC K oA if M(n,A), or h(i) IF CX, ciA
if n t MINPROOFS and for some q< n M(q, A) .
If M(m,B), then, by -,SPK(n,p), for some i h(i)ll-
bB<riC, which contradicts .,SPK(n,m).
If m MINPROOFS , then for some i h(i) il- i'zC { oB, for
some B such that for some r <m M(r,B). (r = n if n
MINPROOFS, r = q otherwise) This contradicts "SPK(m,
p) 11

Hence n,< p and not SPK(n,p) and thus n '< Kp.
case 3. WPK(m,n)A m<pA-,SPK(m,p):

case 3a. n = p: then n <.p and not SPK(n,p).

case 3b. n < p: suppose SPK(n,p), then for some i
h(i) lF- sC { v A, with iVl(n,A) and IVI(p,C) . By WPK(m,n),
we have for some i h (i) 1- to C { mB for some B such that
M(m,B) or, if m MINPROOFS, M(q,B) for some q< m.
This contradicts -,SP K(m,p). Hence not SPK(n,p)
case 3c. n >p: if p# MINPROOFS, then we have, by
WPK(m,n) and m < p, for some i h(i)ll- JA;S cB, for some
B such that for some q< p M(q, B) and for A such .that
M(n,A). If M(p,C) and M(n,A), then we have, by -iSPK(m,
p), for some i h(i) l--oA< aC. Hence WPK(p,n).
Thus in all subcases, n ,<Kp.

case 4. n < m A -,SPK(n,m) A WPK(p,m) :
case 4a. n <p: Suppose SPK(n,p), i.e. M(p,C) and for

some i h(i)ll- QC < A, for some A such that M(n,A) or,
if n4 MINPROOFS and for some q < n M(q , A.) , h(i) l- is C < 4 A.
By WPK(p,m) , for some i h(i) (l- oB>< ©C and M(m,B).
Hence for some i h(i) IF- oB { aA, for some A such that
M(n,A) or, if n 4 MINPROOFS and for some q <n M(q,A),



t3A. This contradicts -,SP K(n,m).
Hence not SPK(n,p).
case 4b. p< n: by WPK(p,m) we have M(m,B) and for
some i r3C for some C such that M(p,C) or,
if p4 MINPROOFS, for some q< p M(q,C). By -TSPK(n,m),
we have nE MINPROOFS. Moreover, if M(n,A), then for
some i h(i)n- Ll A,4 :C. Hence WPK(p,n).
Thus in both subcases n, Kp. S
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