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ABSTRACT

The impact of atmospheric feedbacks on the multiple equilibria (ME) regime of the Atlantic meridional

overturning circulation (MOC) is investigated using a fully implicit hybrid coupled model (HCM). The HCM

consists of a global ocean model coupled to an empirical atmosphere model that is based on linear regressions

of the heat, net evaporative, and momentum fluxes generated by a fully coupled climate model onto local as

well as Northern Hemisphere averaged sea surface temperatures. Using numerical continuation techniques,

bifurcation diagrams are constructed for the HCM with the strength of an anomalous freshwater flux as the

bifurcation parameter, which allows for an efficient first-order estimation of the effect of interactive surface

fluxes on the MOC stability. The different components of the atmospheric fluxes are first considered in-

dividually and then combined. Heat feedbacks act to destabilize the present-day state of the MOC and to

stabilize the collapsed state, thus leaving the size of the ME regime almost unaffected. In contrast, in-

teractive freshwater fluxes cause a destabilization of both the present-day and collapsed states of the MOC.

Wind feedbacks are found to have a minor impact. The joint effect of the three interactive fluxes is to

narrow the range of ME. The shift of the saddle-node bifurcation that terminates the present-day state

of the ocean is further investigated by adjoint sensitivity analysis of the overturning rate to surface fluxes.

It is found that heat feedbacks primarily affect the MOC stability when they change the heat fluxes over the

North Atlantic subpolar gyre, whereas interactive freshwater fluxes have an effect everywhere in the

Atlantic basin.

1. Introduction

The circulation of the North Atlantic Ocean is thought

to be a particularly sensitive component of the cli-

mate system. According to a long-standing hypothesis,

the Atlantic meridional overturning circulation (MOC),

which controls the meridional heat transport, is vulner-

able to freshwater anomalies because of the so-called

salt-advection feedback (Stommel 1961; Bryan 1986).

This feedback arises because of the fact that the distri-

bution of salinity is affected by the advection of salt,

while at the same time determining the strength and

pattern of the circulation through its effect on the

density. Although there is a similar nonlinear coupling

between the temperature and the circulation, it is far

less effective because changes in sea surface tempera-

ture (SST) are strongly restricted by variable surface

heat fluxes. As a result of the salt-advection feedback

there may be another stable equilibrium of the MOC,

additional to the present-day temperature driven over-

turning, in which a self-sustained salinity distribution

drives a reversed (and usually much weaker) circulation.

Model results show that a collapse of the present-day

MOC would strongly affect the Northern Hemisphere

climate (Vellinga and Wood 2002) as a result of the re-

duction of the meridional heat transport.

In a hierarchy of ocean-only models, such as box

models (Thual and Mcwilliams 1992), two- (Cessi and

Young 1992) and three-dimensional models (Weijer and

Dijkstra 2001), and Earth System Models of Intermediate
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Complexity (EMICs; Rahmstorf et al. 2005), multiple

equilibria of the MOC exist. In these models a relatively

rapid (on a decadal-to-century time scale) transition from

one equilibrium state to the other can be induced by

changing the freshwater boundary conditions or by per-

turbing the salinity field. MOC-induced abrupt transi-

tions between different equilibria are also an important

component of current theories regarding the Dansgaard–

Oeschger oscillations that occurred during the last glacial

period (Clark et al. 2002; Ganopolski and Rahmstorf

2001).

In state-of-the-art global climate models (GCMs), such

as those used in the Fourth Assessment Report (AR4)

of the Intergovernmental Panel on Climate Change

(IPCC; Meehl et al. 2007), however, multiple equilibria

have not been found. Computational constraints cur-

rently prevent performing the extensive parameter sweep

experiments that are required to detect a bistable re-

gime of the MOC in these models. The fact that no per-

manent collapse of the MOC is observed in the Special

Report on Emissions Scenarios (SRES) A1B scenario

runs, as discussed by Schmittner et al. (2005), or in ex-

periments in which the high-latitude freshwater flux is

temporarily perturbed, as analyzed by Stouffer et al.

(2006), does not necessarily provide conclusive evi-

dence about the existence of multiple stable equilibria in

state-of-the-art GCMs. Different conclusions have been

reached based on coupled ocean–atmosphere models that

use a coarser resolution than the state-of-the-art models.

The results of Yin et al. (2006) suggest that the presence

of a dynamically active atmosphere causes the bistable

regime of the MOC to disappear. In that case the pres-

ence of multiple equilibria should be considered as an

artifact of ocean-only models and EMICs that arises

because of the poor representation of the interaction be-

tween atmosphere and ocean. In contrast, a recent exten-

sive investigation by Hawkins et al. (2011) demonstrated

the presence of multiple equilibria in Fast Met Office/

U.K. Universities Simulator (FAMOUS), which is a low-

resolution version of a fully coupled GCM. Although

differences in spatial resolution and in the representation

of unresolved processes are also likely to affect the

MOC stability in different models, this study will focus on

the effect of atmospheric feedbacks.

A reduction of the MOC due to freshwater anomalies

leads to changes in sea surface temperatures, which, in

turn, induce a change in wind fields, near-surface air

temperatures, and evaporation and precipitation pat-

terns. These atmospheric processes constitute changes

in the ocean forcing and hence may feed back on the re-

sponse of the MOC to freshwater anomalies. The south-

ward shift of the intertropical convergence zone (ITCZ) in

response to a reduction of the MOC is a well-documented

example of how the atmosphere interacts with the ocean,

both as a mechanism for decadal variability (Vellinga

and Wu 2004) and as a process that destabilizes the

collapsed state of the MOC (Vellinga et al. 2002; Yin

et al. 2006).

The main question of this paper is, how do atmo-

spheric processes affect the bistable regime of the At-

lantic MOC? We approach this problem by starting

from the ocean-only case for which the stability prop-

erties have been systematically analyzed over the last

decade. It is known that multiple equilibria in an ocean-

climate model are connected to the existence of two

saddle-node bifurcations (Dijkstra 2005). The distance

between the two saddle-node bifurcations in terms

of the magnitude of a freshwater perturbation deter-

mines the width of the hysteresis that is found in quasi-

equilibrium simulations (Rahmstorf et al. 2005). Using

techniques from numerical bifurcation theory, the saddle-

node bifurcations have been determined for a global

ocean-only model (Dijkstra and Weijer 2005) and an

indicator was suggested to monitor the presence of the

multiple equilibria regime (Huisman et al. 2010). In this

study, we will use a fully implicit Hybrid Coupled Model

(HCM) and techniques of numerical bifurcation theory

to determine the changes (and the physical processes

causing these changes) in the position of the saddle-node

bifurcations when atmospheric feedbacks are repre-

sented. The HCM consists of a global ocean general

circulation model coupled to an empirical atmosphere

model. The latter is based on linear regressions of the

momentum, heat, and freshwater fluxes generated by

a fully coupled climate model onto local as well as

Northern Hemisphere averaged sea surface tempera-

tures (Cimatoribus et al. 2012).

The outline of this paper is as follows: the model

and methodology used are described in section 2. Section

3 presents the results on the changes in the bifurcation

diagrams, of which the physics is further analyzed in

section 4. A summary and discussion follows in section 5.

2. Model

The behavior of the coupled ocean–atmosphere sys-

tem is investigated using numerical steady-state con-

tinuation and adjoint sensitivity analysis. These methods

require that our model admits true steady-state solu-

tions. So, it must exhibit less rich dynamics than state-

of-the-art GCMs, but it should include the relevant

long-term-mean ocean–atmosphere interaction. This is

achieved by adopting a hybrid approach in which we

combine a fully implicit, coarse-resolution ocean model

with an empirical description of the fluxes at the ocean–

atmosphere interface.
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The core of the hybrid model is the Thermohaline

Circulation Model (THCM; Weijer et al. 2003), which

is a fully implicit ocean model designed specifically to

perform numerical bifurcation analysis. The THCM is

based on the rigid-lid primitive equations in spherical

coordinates, formulated in longitude–latitude–depth co-

ordinates on an Arakawa C-grid. The model domain

covers a near-global region extending from 85.58S to

85.58N, and incorporates realistic bottom topography.

The zonal (meridional) grid spacing is 3.758 (4.58) and

there are 12 levels, ranging in thickness from 50 m for

the top layer to 950 m for the bottom layer. The implicit

approach can be used effectively only when the eddy

viscosity is relatively high (Wubs et al. 2006) and when

no convective adjustment scheme is applied (Vellinga

1998; den Toom et al. 2011). Despite these limitations,

many of the characteristics of the large-scale circula-

tion, and, specifically, its equilibrium sensitivity to an

anomalous freshwater forcing, are consistent between

THCM and traditional ocean models with the same res-

olution (Weijer et al. 2003; Dijkstra and Weijer 2005).

The new element presented in this paper is the

treatment of the surface forcing. In addition to bound-

ary conditions corresponding to fixed atmospheric

conditions, we use the empirical model developed by

Cimatoribus et al. (2012) to calculate momentum, heat,

and freshwater fluxes as functions of changes in sea

surface temperature. We perform a number of computa-

tions in which we track the state of the global ocean as a

function of the strength of a persistent anomalous fresh-

water flux. Each of these computations results in a bi-

furcation diagram that provides exact information about

the parameter regime for which the present-day and

‘‘collapsed’’ states of the MOC exist. The effect of dif-

ferent atmospheric feedbacks is evaluated by comparing

the bifurcation diagram of a model in which the boundary

conditions are (partially) interactive to the diagram of

a model in which atmospheric feedbacks are absent.

We start with a description of the boundary condi-

tions for the ocean-only (indicated by superscript oo)

version of the model. The momentum fluxes, denoted

by Foo
u and Foo

y for the zonal and meridional directions,

respectively, are given by the annual mean wind stress

climatology of Trenberth et al. (1989). The buoyancy

fluxes are defined with respect to a reference (super-

script R) solution for which the anomalous freshwater

flux is zero.1 The reference freshwater flux FR
E (positive

for evaporation; Fig. 1a) is equal to the flux implied by

FIG. 1. Reference fields of (a) evaporation minus precipitation,

(b) atmospheric temperature, and (c) SST.

1 Although the boundary condition is implemented as a flux of

salt, we adhere to the ‘‘freshwater’’ terminology throughout the

paper.
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a restoring boundary condition on the reference sea

surface salinity using the Levitus dataset (Levitus et al.

1994) as the target field. The total freshwater flux for

grid point (i, j) is now given by

Foo
E (i, j) 5 FR

E (i, j) 2 g pF
p
E(i, j) 2 DFE. (1)

Here, g p is the control or bifurcation parameter in all

computations. It represents the amplitude of a fresh-

water perturbation that is applied over a region south

of Greenland, indicated by Fp
E, and defined as the area

confined by longitudes 608 and 248W and latitudes 548

and 668N. The term DFE is a spatially constant com-

pensation that is defined such that the flux integrates

to zero. In the formulation of Weijer et al. (2003), the

boundary condition for sea surface temperature follows

from a one-layer energy balance model, in which the

atmospheric temperature Ta is computed. To avoid in-

terference with the empirical description of the atmo-

sphere adopted in this study, the energy balance model

is disabled. This is done by fixing the atmospheric tem-

perature to the reference field TR
a (Fig. 1b), while re-

taining the coupling to the ocean. The heat flux into the

ocean is then given by

Foo
Q (i, j) 5

I0

4
S [f( j)](1 2 a)C0 2 m[SST(i, j) 2 TR

a (i, j)].

(2)

Here, I0 5 1360 W m22 is the solar constant,

S(f) 5 1 2 0:241(3 sin2f 2 1)

the latitudinal (f) dependence of the shortwave radia-

tive heat flux, a 5 0.3 the albedo, C0 5 0.43 the trans-

mission coefficient, and m 5 13.0 W m22 8C21 a coupling

coefficient. The formulation of the heat flux in Eq. (2) is

mathematically equivalent to a restoring condition, but

the relaxation time scale (about 200 days) is much longer

than the often-used 30-day damping time scale. Further-

more, note that the target field would not be TR
a , but

rather TR
a 1 (I0/4m)S(f)(1 2 a)C0. So, since S(f) is pos-

itive everywhere, sea surface temperatures must exceed

TR
a to realize a balance between incoming solar radiation

and heat loss to the atmosphere, as illustrated in Fig. 1c

for the reference sea surface temperature.

The effect of atmospheric feedbacks is represented by

two additional contributions to the boundary conditions

that depend linearly on SST (Cimatoribus et al. 2012).

Both are assumed to vanish at the reference solution, for

which SST 5 SSTR. The first contribution is pro-

portional to local SST anomalies, while the second de-

pends on SST averaged over the Northern Hemisphere

and is assumed to account for the large-scale changes

that arise when the strength of the Atlantic MOC de-

creases. For heat (C 5 Q), net evaporation (C 5 E), and

momentum (C 5 u or C 5 y), the hybrid model fluxes

can be written as

FC(i, j) 5 Foo
C (i, j) 1 jCp

F
C

1 (i, j)[SST(i, j) 2 SSTR(i, j)]

1 jCp
F

C

2 (i, j)[hSSTiNH 2 hSSTRiNH], (3)

where the h�iNH indicate the average over the Northern

Hemisphere. The homotopy parameters jC serve to

control which of the individual feedbacks are active.

The fields p
F

C

1 and p
F

C

2 in Eq. (3) are derived from a lin-

ear regression analysis on the output of two simulations

with the fully coupled Speedy-Ocean (SPEEDO) model

(Severijns and Hazeleger 2009) as detailed by Cimatoribus

et al. (2012). The local regression parameters p
FC

1 are cal-

culated from a yearly averaged time series of the un-

perturbed SPEEDO simulation, while the large-scale

parameters p
FC

2 derive from a simulation with the same

model in which the Atlantic MOC is forced to collapse.

Cimatoribus et al. (2012) have evaluated the perfor-

mance of the empirical atmosphere model by coupling

it to SPEEDO’s ocean component, the Coupled Large-

Scale Ice–Ocean model (CLIO; Goosse and Fichefet

1999). It was shown that the relevant long-term mean

behavior of the MOC is essentially the same in the hy-

brid CLIO model and in the fully coupled SPEEDO

model, thus validating the approach of regressing atmo-

spheric fluxes onto SST.

It should be kept in mind, however, that the regression

coefficients were derived with reference to the unper-

turbed present-day state. Predictions of the changes in

MOC stability are therefore probably more reliable for

the present-day MOC than for the collapsed MOC.

In addition, there are several differences between

the hybrid CLIO model of Cimatoribus et al. (2012) and

the implicit hybrid model described here that should be

considered in the interpretation of the results. First, as

discussed above, the implicit methodology places con-

straints on the complexity of the parameterizations of

subgrid-scale mixing in THCM, while CLIO includes

sophisticated schemes to represent the unresolved phys-

ics. As a consequence, both models need to use their

own set of ocean-only boundary conditions. Otherwise

a very unrealistic circulation would result because of the

strong sensitivity of the overturning to the patterns of

heat and freshwater fluxes. The hybrid CLIO model uses

the climatological mean fluxes of SPEEDO, while the

implicit hybrid model uses the fluxes Foo
C defined above.

Hence, the fundamental assumption behind Eq. (3) is that

its expression of the atmospheric response to changes in
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MOC strength is sufficiently generic as to give reliable

results in different ocean models. A second difference is

that the climatological mean fluxes and the local re-

gression parameters vary seasonally in the hybrid CLIO,

while the forcing in the implicit hybrid model is neces-

sarily constant in time. As a result it does not capture the

possible effects due to the rectification of interactive

atmospheric fluxes. Several tests with the hybrid CLIO

in which constant local regression parameters were used,

however, indicate that this rectification effect is small.

Finally, the implicit hybrid model does not include a sea

ice component, whereas the hybrid CLIO does. The re-

gression parameters p
FC

1 and p
FC

2 used here therefore

include the effect of changing sea ice cover, so that

they express the ‘‘effective’’ feedback of the combined

atmosphere–sea ice system. This issue is further discussed

in the paper by Cimatoribus et al. (2012, section IVB).

3. Bifurcation diagrams

a. Computation of steady states

Here we briefly sketch the techniques to find steady-

state solutions of an ocean model without using con-

ventional time stepping methods. A more elaborate

description of the steady-state continuation method im-

plemented in THCM may be found in the work of

Weijer et al. (2003).

We define the state of the model by an N-dimensional

vector x, containing the three velocity components, the

pressure, the temperature, and the salinity at each grid

point. For the configuration described above, N 5 284 544.

The space-discretized model can be expressed as a set of

N coupled differential equations of the form

M
dx

dt
5 ~F (x, g p, jC)

5 F (x, g p) 1 �
C5Q,S,u,y

jCLC(x 2 xR), (4)

where M is a diagonal matrix, and ~F a nonlinear oper-

ator, which we split into two parts. The operator F on

x is the expression of all the processes included in the

ocean component of the model: the pressure gradient

and Coriolis forces, advection, diffusion, etc. It depends

on many parameters, but here we only highlight its de-

pendence on the control parameter g p. The second part

of ~F is the expression of the empirical atmosphere model

and corresponds to the terms added to Foo
C in Eq. (3). The

vector xR is the reference steady state at g p 5 0. The

matrices LC define the action of the coefficients p
FC

1 (i, j)

and p
FC

2 (i, j) on the part of x that corresponds to the SSTs.

Steady-state solutions x of Eq. (4) are found by

Newton’s method, which can be used to find steady

states irrespective of their linear stability. Starting from

an initial guess x0, the Newton updates xk11 2 xk of each

iteration (with counter k) are found from

~Fk(xk11 2 xk) 5 2 ~Fk, (5)

where ~Fk is the Jacobian matrix of ~F k 5 ~F (xk, gp, j
C

).

The method to solve the linear system in Eq. (5) is de-

scribed in more detail in the appendix. The Newton it-

erations stop when the largest entry of ~F k11 is smaller

than some user-defined tolerance level. Provided that

the initial estimate x0 is sufficiently close to x and that

x is a regular point, the convergence of Newton’s method

is quadratic.

b. Results

The bifurcation structure of the ocean-only model

(Fig. 2), which is computed by setting all jC 5 0, includes

two saddle-node bifurcations, labeled L1 and L2. These

bifurcations define three branches of solutions, whose

characteristics are discussed in detail by Dijkstra and

Weijer (2005). Figure 2a shows the bifurcation diagram

with the Atlantic meridional overturning strength, CA,

as a measure of the solution. We define CA as the maxi-

mum of the meridional overturning streamfunction, mea-

sured below a depth of 500 m to exclude the contribution

from shallow wind-driven cells. The solutions on the

branch labeled ON are linearly stable and correspond

to present-day climate states, characterized by a strong

overturning in the Atlantic with a typical pattern as

shown in Fig. 3a. The ON state can only be maintained

for g p , g p (L1) 5 209.8 mSv (5 Sv 3 1023, where 1 Sv 5

106 m3 s21). For g p , g p (L2) 5 48.0 mSv it coexists

with an unstable (UNS; Fig. 3b) and a linearly stable

collapsed (OFF) state of the Atlantic MOC (Fig. 3c). In

Fig. 2b we plot the diagram using the Northern Hemi-

sphere averaged SST (hSSTiNH) as a measure of the

solution. The reduction in the Atlantic MOC strength

leads to a reduction in hSSTiNH, as is required for our

representation of the large-scale atmospheric feedbacks

[see discussion surrounding Eq. (3)] to be valid. The dif-

ference in temperature between ON and OFF states is

approximately 0.28C, which is comparable to the re-

sponse in the ocean-only version of the hybrid CLIO

model of Cimatoribus et al. (2012).

The next step is to allow the operation of air–sea in-

teractions by setting all jC 5 1. Figure 4a shows that,

although the size of the multiple equilibria regime is

reduced compared to the ocean-only case, the bistability

of the Atlantic overturning circulation is maintained in

the hybrid coupled model. Both the ON and OFF states

are destabilized by atmospheric feedbacks, in the sense

that bifurcation point L1 occurs at a smaller and L2 at
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a larger value of g p than in the ocean-only model.

Quantitatively, however, the shift of L1 is bigger than

the shift of L2 (Table 1).

The relative importance of the heat (C 5 Q), fresh-

water (C 5 E), and momentum (C 5 u and C 5 y) flux

feedbacks in the hybrid coupled model can be assessed

by setting the respective homotopy parameter jC 5 1,

and leaving the others at zero. If only heat is interactive

(jQ 5 1), the bifurcation diagram shifts toward smaller

values of the freshwater anomaly g p (Fig. 4b). The de-

stabilization of the ON state, as measured by the change

in the value of g p corresponding to L1, is about as large

as the stabilization of the OFF state (Table 1). In con-

trast, switching on only the freshwater feedback (jE 5 1)

results in a significant decrease in the size of the multiple

equilibria regime, because both the ON and OFF states

are destabilized (Fig. 4c). When only the momentum

feedback is switched on (ju 5 jy 5 1), both the ON and

OFF states can be maintained across a range of gp that

is only slightly larger than for the ocean-only model

(Fig. 4d).

The shifts of the bifurcation points L1 and L2 in the

full hybrid model (Fig. 4a) appear to be consistent with

a simple combination of the shifts in each of the partially

interactive models (Figs. 4b–d). This is only true in

a qualitative sense, however. As listed in Table 1, the

value of g p at L1 is 18.0 mSv smaller in the full hybrid

model than in the ocean-only model, while the shifts

of the individual feedbacks added together amount to

a shift of only 13.2 mSv. The actual shift of L2 in the full

hybrid model, on the other hand, is much smaller than

simple addition would predict: 3.1 rather than 18.9 mSv.

Although a complete analysis of this issue is beyond the

scope of this paper, two aspects of it are worth discus-

sing in more detail.

First, we emphasize the role of interactive heat

fluxes in determining the SST field. For solutions that

are relatively close to the reference state, atmospheric

feedbacks do not significantly alter the pattern of the

circulation compared to the ocean-only case. This ex-

plains why the value of CA at saddle-node bifurcation L1

is approximately the same in all of the cases shown in

Fig. 4. Despite the similarity of the circulation, the SST

field differs depending on whether the heat feedback

is enabled or not. As can be deduced from Eq. (3), the

sea surface temperature contrast SST(i, j) 2 SSTR(i, j) at a

particular location (i, j) is either amplified [if FQ(i, j) 2

Foo
Q (i, j) is of the same sign as SST(i, j) 2 SSTR(i, j)]

or damped [if the two quantities are of opposite sign]

by the interactive heat flux. Figure 5 shows that the

Northern Hemisphere averaged SST is less sensitive

to changes in CA when the heat feedback is enabled

(jQ 5 1). As a consequence, the large-scale interactive

freshwater and momentum fluxes, which are propor-

tional to hSSTiNH 2 hSSTRiNH, will be smaller when the

heat feedback is switched on. Whether the local inter-

active freshwater and momentum fluxes are enhanced

or reduced by the direct feedback of heat on SST de-

pends on the location that is considered, as will be shown

in section 4 for a solution close to bifurcation point L1.

The fact that the shift of L1 is larger in the full hybrid

model than the sum of the shifts in each of the partially

interactive models suggests that the heat feedback mod-

ifies the SST field in such a way that those fluxes are fa-

vored that destabilize the ON state of the MOC.

Second, we point out that as atmospheric fluxes in-

crease in magnitude, they not only affect the strength of

the MOC, but the pattern of the circulation as well. So,

in addition to the direct impact of the heat feedback,

interactive fluxes also influence the SST field indirectly

FIG. 2. Bifurcation diagram for the ocean-only model showing (a) the maximum of the Atlantic meridional

overturning streamfunction, measured below 500 m, and (b) the NH averaged SST. Solid lines indicate that the

branch is linearly stable, while dashed lines mean it is linearly unstable.
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by modifying the surface velocity field. This effect ex-

plains the (slight) differences in the plots of CA versus

hSSTiNH (Fig. 5) between the three models without in-

teractive heat fluxes (ocean only, freshwater, and mo-

mentum), as well as the difference between the two

models with interactive heat fluxes (fully hybrid and

heat). The effect described here implies that there is a

complex coupling between SST and all interactive at-

mospheric fluxes. Figure 5 suggests, however, that in

our model results, indirect effects are of secondary im-

portance compared to the direct influence of the heat

feedback on SST.

As reported above, the window of bistability hardly

changes when the feedbacks in the momentum fluxes

are switched on (Fig. 4d). This can be attributed to the

relatively high eddy viscosity that is used in THCM

(Dijkstra and Weijer 2005). Using an EMIC, Arzel et al.

(2011) showed that wind stress feedbacks do not al-

ter the stability of the ON state. Consistently, coupled

GCM results of Dixon et al. (1999) suggest that the

ON state overturning strength is hardly affected by mo-

mentum fluxes being interactive or not. We are there-

fore confident in the result that saddle-node bifurcation

L1 does not shift much because of wind feedbacks. The

OFF state, however, is expected to have a substantially

different surface circulation as a result of altered winds

(Vellinga and Wood 2002). In the hybrid CLIO model

of Cimatoribus et al. (2012) the difference in hSSTiNH

between the ON and OFF states is about 1.28C. By

switching off the wind feedback in the hybrid CLIO

model it is found that interactive winds are responsible

for about 18C of this difference. The destabilization of

the OFF state due interactive freshwater fluxes (Fig. 4c)

appears to be reduced in the full hybrid model (Fig. 4a)

as a result of the direct impact of interactive heat fluxes

on SST. This reduction may well be counteracted, how-

ever, by the indirect effect of interactive momentum

fluxes that is described here. As this effect is not ac-

curately reproduced by THCM, it is not possible to re-

liably compare the relative amounts by which the ON

and OFF states are destabilized. This deficiency will be

discussed further in section 5.

4. Adjoint sensitivity analysis

It was shown in the previous section that the addi-

tion of atmospheric feedbacks results in changes in the

bifurcation diagram of the persistent freshwater per-

turbation g p. In particular, we described the shifts of

the two saddle-node bifurcations, which define the

multiple equilibria regime, but noted that the results for

saddle-node L2 should be treated with care if feedbacks

acting through the momentum fluxes are enabled. In

FIG. 3. Contour plots of the Atlantic meridional overturning

streamfunction for the (a) ON, (b) UNS, and (c) OFF states at g p 5

0.13 Sv (see crosses in Fig. 2a). The contour interval is 1 Sv and

shading indicates negative values.
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addition, we recall that the regression coefficients p
F

C

1

and p
FC

2 [Eq. (3)] were derived with reference to the ON

state with g p 5 0. The focus of this section is therefore

on the shift of saddle-node bifurcation L1. Using ad-

joint sensitivity analysis we aim to link the changes in

the stability of the ON state to the physical processes

responsible for it.

a. Overturning rate as measure of stability

Figure 4 shows that the overturning strength CA is

roughly the same (about 8.8 Sv) at bifurcation point L1,

irrespective of which fluxes are interactive. So, those

atmospheric fluxes that cause a reduction of the over-

turning strength push saddle-node bifurcation L1 to

smaller values of g p, and vice versa. We therefore ar-

gue that it is sufficient to explain how CA is modified by

atmospheric feedbacks to understand the changes in the

stability of the present-day branch. In fact, as will be

shown below, it is possible to compute a first-order esti-

mate of the shift of L1 by calculating the change in the

freshwater perturbation g p that would oppose the

change in CA caused by enabling the atmospheric feed-

backs.

b. Computation of adjoint sensitivities

Numerical steady-state continuation provides the sen-

sitivity of a solution to a single control parameter and

bifurcation diagrams can be drawn for any metric of the

solution. In contrast, adjoint sensitivity analysis provides

the sensitivity of a single metric of the solution to any

model parameter. We argued above that a useful metric

FIG. 4. Changes in the bifurcation diagram due to the surfaces fluxes being interactive. The black line represents the

ocean-only case as in Fig. 2a and the red lines correspond to (a) the full HCM, and the cases with only (b) interactive

heat fluxes, (c) interactive freshwater fluxes, and (d) interactive momentum fluxes enabled.

TABLE 1. Changes in the value of g p (mSv) corresponding to

the saddle-node bifurcation points L1 and L2 as a result of atmo-

spheric feedbacks. Positive values mean that the saddle-node bi-

furcation shifts to larger values of g p.

L1 L2

Heat 25.2 25.8

Freshwater 28.7 27.2

Momentum 0.7 22.5

All 218.0 3.1
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is defined by the Atlantic MOC strength, which must be

computed at a fixed depth and latitude (denoted by

C
f,z
A ). To explain the shift of saddle-node bifurcation L1

we consider simultaneous infinitesimal variations of

the strength of one of the feedbacks and of the ampli-

tude of the freshwater perturbation g p in such a way that

the steady-state overturning remains constant. We start

from the ocean-only solution (all jC set to zero) at g p 5

0.2 Sv, which is close to bifurcation point L1. For this

solution the maximum of the Atlantic overturning stream-

function occurs at f 5 548N and z 5 1247 m.

In view of the insignificance of the wind feedback on

the ON state stability we limit the analysis to the heat

and freshwater feedbacks. For each case let the homo-

topy parameter be the independent variable, so g p 5

g p(jC) and the steady-state x 5 x[gp(jC), jC], where C

may indicate either heat (Q) or net evaporation (E). The

requirement of constant C
f,z
A can be expressed as

dC
f,z
A

djC

5
›C

f,z
A

›x

 !T
›x

›gp

dgp

djC

1
›x

›jC

� �
5 0, (6)

where ›C
f,z
A /›x denotes the N-dimensional vector whose

entries are formed by taking the derivative of C
f,z
A with

respect to each state variable. The definition of C
f,z
A

implies that the only entries that are nonzero are those

corresponding to the meridional velocities in the Atlantic

at f 5 548N. The goal of our analysis is to compute

dg p/djC, which is the shift of bifurcation point L1 per

unit feedback strength. Note, though, that dg p/djC may

vary along the path in parameter space from jC 5 0 to

jC 5 1. So, dg p/djC must be considered as a first-order

estimate of the total shift of L1.

The following step is to compute the derivative of

Eq. (4) with respect to jC, and to evaluate it at jC 5 0:

F
›x

›gp

dgp

djC

1
›x

›jC

� �
1

›F
›gp

dgp

djC

1 LC(x 2 xR) 5 0,

(7)

where F is the Jacobian of the ocean-only operator F
introduced in Eq. (4). Next, we define the adjoint sen-

sitivity vector y as the solution of

yTF 5 2
›C

f,z
A

›x

 !T

. (8)

Finally, we combine Eqs. (6)–(8) to find

dC
f,z
A

djC

5 yT ›F
›g p

dg p

djC

1 yTLC(x 2 xR) 5 0. (9)

The sensitivity of C
f,z
A to simultaneous variations of g p

and jC is now elegantly expressed as the inner product

of the sensitivity to a change in forcing and a change in

forcing per unit feedback strength. The change in forc-

ing per unit feedback strength is split into a contribution

from the anomalous freshwater flux and a contribution

from the empirical atmosphere model. The compensa-

tion between these two defines the shift per unit feed-

back strength. By examining the spatial patterns of

the adjoint sensitivity vector y and the forcing per unit

feedback strength, we get insight into the physical mech-

anisms that are responsible for the shift of the saddle-

node bifurcation.

In the following two subsections we discuss the term

yTL
C

(x 2 xR) in Eq. (9), first for heat (C 5 Q) and then

for net evaporation (C 5 E). The vector LC(x 2 xR) is

the derivative of the empirical atmosphere model flux

with respect to the homotopy parameter. Only the en-

tries corresponding to surface variables are nonzero, and

follow from Eq. (3):

›FC(i, j)

›jC

5 p
F

C

1 (i, j)[SST(i, j) 2 SSTR(i, j)]

1 p
F

C

2 (i, j)[hSSTiNH 2 hSSTRiNH]. (10)

The temperature contrast SST 2 SSTR for g p 5 0.2 Sv is

shown in Fig. 6. The most pronounced signal is seen in

the Atlantic basin, where the reduction of the over-

turning strength (CA decreases by about 5 Sv; Fig. 2a)

causes strong and widespread cooling in the North Atlantic

FIG. 5. The NH averaged SST vs Atlantic MOC strength for the

computations with the ocean-only model, and the hybrid model

with (partially) interactive fluxes as indicated. Solid (dashed) line

indicates (un)stable.
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between 308 and 608N, and a moderate warming in the

region south of 308N. The increase in SST in the seas

surrounding Greenland is related to the application

of the freshwater perturbation. The local (equilib-

rium) response to this perturbation is enhanced up-

welling of relatively saline water. Because the deeper

water is also relatively warm, the SSTs increase and

more heat is lost to the atmosphere. Outside the At-

lantic, the SST contrast is confined to a number of

small areas around Antarctica. Averaged over the

Northern Hemisphere, the SST difference is hSSTiNH

2 hSSTRiNH 5 20.0188C.

c. Heat feedback

Figure 7a shows the part of y [Eq. (8)] that corre-

sponds to the sensitivity of C
f,z
A to local changes in the

surface heat flux, which is defined as positive into the

ocean. As demonstrated by Dijkstra (2008) there is

a linear relation between CA and the large-scale north–

south density difference, which helps to explain the

patterns in Fig. 7a. In examining a variety of different

locations on the grid, we find that if at a grid point (i, j)

a small, persistent perturbation is applied to the back-

ground heat flux, the first-order (steady state) response

is restricted to the local sea surface temperature, SST(i,

j). The anomaly does not spread horizontally because the

time scale associated with the standard atmospheric

damping [Eq. (2)] is short compared to the advective

time scale. It appears that such a heat flux perturbation

can only bring about a significant change in the large-

scale density difference, and hence the overturning

strength, if there is deep-reaching downwelling at loca-

tion (i, j). Consistent with this idea, the sensitivity of C
f,z
A

to changes in the heat flux is strongly negative in the

northeastern part of the Atlantic basin, which is the

region where dense water sinks in the model. The

strongly positive sensitivity in the region along the coast

of South America also coincides with a zone of down-

welling. In this area the vertical velocity is negative from

the surface downward to a depth of about 1000 m be-

cause of the convergence of the northward-flowing

extension of the Antarctic Circumpolar Current (the

model’s representation of the Malvinas Current) and the

southward-flowing western boundary current of the sub-

tropical gyre (the Brazil Current). In the largest part of

the Atlantic that we did not discuss so far, the adjoint

sensitivity of C
f,z
A to changes in the heat flux is weakly

negative. In these areas there is no deep injection of

surface waters. When a perturbation is applied here,

it affects the MOC only indirectly by changing the sur-

face velocity field.

As discussed more extensively by Cimatoribus et al.

(2012), the local regression parameter field p
FQ

1 (Fig. 7b),

as found from the SPEEDO model, can be interpreted

as the expression of different physical feedback pro-

cesses. We remind the reader that the regression pa-

rameters include the net effect of changes in sea ice.

The strong damping in the (sub)polar areas (negative

values in Fig. 7b) is mainly accounted for by the fact that

the area of the ocean covered by sea ice decreases with

increasing SST, while the ocean is losing heat to the

atmosphere in this region. A positive SST anomaly at a

certain grid point is thus damped, because it causes

a larger fraction of the gridcell area to be exposed to

upward heat fluxes. The same applies conversely to neg-

ative SST anomalies. So, the positive temperature con-

trast in the seas surrounding Greenland (Fig. 6) induces

cooling (Fig. 7c). The net effect on C
f,z
A , however, is small

because the sensitivity of C
f,z
A to changes in the heat

flux is weak and of opposite sign in the Labrador Sea and

the Nordic Seas. The SST changes around Antarctica are

also damped because of sea ice dynamics, but the net

effect on C
f,z
A is again small.

Outside the polar areas, local heat flux changes are

dominated by changes in latent heat release, followed

in importance by changes in sensible heat and long-

wave radiation (Cimatoribus et al. 2012). In the (north-

ern) midlatitudes and in the equatorial region, the local

heat feedback enhances the standard atmospheric damp-

ing of SST anomalies. In the (sub)tropics, on the other

hand, the heat feedback tends to amplify SST anoma-

lies, probably as a result of the convection–evaporation

feedback mechanism (Zhang et al. 1995; Chang et al.

1997). On climatically relevant time scales, positive SST

anomalies in these regions give rise to enhanced con-

vection and thus to increased low-level convergence,

weaker surface winds, and hence reduced latent heat

FIG. 6. Difference between the SST field of the ON state solution at

g p 5 0.2 Sv and the reference field (Fig. 1c).
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loss by the ocean. It is worth noting that the different

responses of latent heat are roughly consistent with the

pattern of the local freshwater regression parameter p
FE

1

(Fig. 8b). The strongly negative temperature contrast

in the midlatitude North Atlantic mainly projects onto

negative values of p
FQ

1 and is therefore counteracted by

local heating. Because of the negative adjoint sensitivity

of C
f,z
A to changes in the heat flux, this finally results in

a decrease in overturning strength. The heat fluxes as-

sociated with the positive heat contrast south of 308N are

relatively weak, and have little effect on C
f,z
A .

The combined effect of the different physical feed-

backs leads to an overall sensitivity of C
f,z
A to the local

heat feedback strength of 20.44 Sv per unit feedback

strength.

Figure 7d shows the heat flux due to the large-scale

feedback, calculated as the product of hSSTiNH 2

hSSTRiNH 5 20.0188C and the large-scale regression

parameter field p
FQ

2 . The large-scale heat feedback is

entirely dominated by changes in insulation due to

changing sea ice cover. Similar to the expression of this

effect in the local regression parameter p
FQ

1 (Fig. 7b),

this causes p
F

Q

2 to be negative and hence the large-scale

interactive heat flux to be positive in the subarctic re-

gion. Regions where the adjoint sensitivity of C
f,z
A to

changes in the heat flux is strongly negative roughly

overlap with regions of strong large-scale heat fluxes,

resulting in an overall sensitivity of 20.22 Sv per unit

feedback strength. The total response of C
f,z
A to enabling

the heat feedback is thus yTLQ(x 2 xR) 5 2 0:66 Sv per

unit feedback strength.

d. Freshwater feedback

The part of y [Eq. (8)] corresponding to the sensi-

tivity of C
f,z
A to local changes in the net evaporative flux

(Fig. 8a) shows a less localized pattern than the sensi-

tivity to the heat flux (Fig. 7a), which is due to the fact

that sea surface salinity anomalies are not damped by

FIG. 7. Analysis of the heat feedback for the ON state solution at g p 5 0.2 Sv. All heat fluxes are positive

downward. (a) Map of the adjoint sensitivity of the steady-state Atlantic MOC strength with respect to local vari-

ations in heat flux. (b) Local regression parameter. (c),(d) Derivative of the heat flux with respect to the homotopy

parameter as in Eq. (10), with the flux due to the (c) local regression parameter and (d) large-scale coupling.
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the atmosphere. By applying a small, persistent per-

turbation to the local freshwater flux at a number of

different locations, we find for each case that such a

perturbation produces a steady state with a large-scale

anomaly in the sea surface salinity, in contrast to the

localized response of SST to local heat flux perturba-

tions. A positive perturbation (enhanced evaporation)

typically causes sea surface salinities to increase up-

stream, and to decrease downstream of the location

where the perturbation is applied. It thus appears that

perturbations in the freshwater flux can influence the

MOC strength directly by exerting a remote influence

on the salinity field in the regions of strong downwelling,

and hence on the large-scale density contrast. Consis-

tently, the sensitivity of C
f,z
A to changes in the net

evaporative flux is positive in the Atlantic basin, ex-

cept in the region close to the southern coast of South

America. Since gridcell area decreases with latitude,

a smaller change in net evaporation (which is measured

in mm day21) is needed at the equator than at higher

latitudes to produce the same change in the total amount

of salt in a grid cell. The fact that the strongest sensitivities

are found at the equator therefore fits with the idea that

evaporation changes have a remote but direct effect on

the salinity in the downwelling region and hence on the

strength of the MOC.

The local freshwater regression parameter p
FE

1 (Fig.

8b) is largest in magnitude in the subtropics and tropics.

The evaporation–convection feedback (Zhang et al. 1995)

is at work in these areas: higher SSTs lead to enhanced

convection and stronger precipitation. The SST con-

trast is positive in the (sub)tropical part of the Atlantic

where p
FE

1 is negative. This means that the evaporation–

convection feedback leads to a net input of freshwater

into the Atlantic (Fig. 8c), and hence to a decrease in

overturning strength. In the midlatitudes the parame-

ter p
FE

1 is weakly positive, implying that net evapora-

tion is enhanced at higher SSTs. A significant part of

the negative midlatitude SST contrast projects onto the

area of positive p
FE

1 and thus leads to a smaller over-

turning rate. The positive SST contrast at the equator

does not have a significant effect on C
f,z
A though. In the

polar areas and south of Greenland the local feedback

causes an enhanced freshwater input at higher SSTs,

FIG. 8. As in Fig. 7, but for the freshwater feedback. Positive fluxes represent net evaporation.
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which is probably a combined effect of enhanced dis-

charge from the land surface and increased precipita-

tion. The positive temperature contrast in the Labrador

and Nordic Seas therefore results in a net freshwater

input and hence in a decrease in C
f,z
A . The overall sen-

sitivity of C
f,z
A to the local freshwater feedback strength

equals 20.72 Sv per unit feedback strength.

The dominant signal in the large-scale freshwater re-

gression parameter p
FE

2 is the signature of the south-

ward shift of the intertropical converge zone (Yin et al.

2006) in response to a weaker overturning circulation

(Fig. 8d). However, because the adjoint sensitivity of

C
f,z
A to changes in the net evaporative flux is relatively

constant just north of the equator, the ITCZ shift hardly

affects the Atlantic overturning rate. The sensitivity

to the large-scale feedback strength is therefore only

0.03 Sv per unit feedback strength. The total sensitivity of

C
f,z
A to the freshwater feedback is hence yTL

E
(x 2 xR) 5

2 0:69 Sv per unit feedback strength.

e. Shift of saddle-node bifurcation L1

As explained in section 4b, the final aim of our anal-

ysis is to calculate dg p/djC from Eq. (9):

dgp

djC

5 2yTLC(x 2 xR) yT ›F
›gp

� �21

, (11)

which provides a first-order estimate of the shift of bi-

furcation point L1. The term yTLC x 2 xR)
�

was com-

puted in sections 4c and 4d for feedbacks acting through

the heat (C 5 Q) and freshwater (C 5 E) fluxes, re-

spectively. The term yT ›F /›gp)ð represents the sensi-

tivity of C
f,z
A to g p and can be thought of as the slope

of the tangent to the bifurcation diagram at g p 5 0.2 Sv.

It follows from Eq. (1) that ›F /›gp)ð corresponds to the

perturbation pattern 2F
p
E. Using the adjoint sensitivity

to net evaporative fluxes (Fig. 8a), the sensitivity of CA

to g p is found to be 20.0682 Sv mSv21. The total re-

sponse of CA to enabling the heat feedback (20.66 Sv

per unit feedback strength) can thus be compensated

by a shift in g p of dg p/djQ 5 29.7 mSv per unit feed-

back strength. The actual shift is smaller (25.2 mSv; see

Table 1) because of the direct negative feedback between

the interactive forcing and SST. The total response of

CA to enabling the freshwater feedback (20.69 Sv per

unit feedback strength) can be counteracted by a shift in

g p of dg p/djE 5 210.1 mSv per unit feedback strength,

which is very close to the actual shift of 28.7 mSv (Table 1).

The fact that the first-order estimates of the shifts are

close to the actual values indicates the relevance of the

physical mechanisms described above for explaining the

changes in the stability of the ON state.

5. Summary and discussion

Using a global hybrid ocean–atmosphere model and

techniques from numerical bifurcation theory to solve

for exact steady states of this model, we investigated the

changes in the multiple equilibria regime of the Atlantic

meridional overturning circulation (MOC) due to atmo-

spheric feedbacks. The main new element of this study

is a systematic assessment of how different interactive

ocean–atmosphere fluxes affect the position of the two

saddle-node bifurcations that bound the multiple equi-

libria regime of the MOC.

Atmospheric feedbacks cause the saddle-node bi-

furcation that terminates the present-day (ON) branch

of solutions (L1) to occur at a smaller magnitude of

the freshwater perturbation (g p) than in the ocean-only

model (Fig. 4). Feedbacks acting through the freshwater

flux appear to contribute most to the destabilization of

the ON state. Their effect is probably enhanced by the

direct impact of interactive heat fluxes on the sea sur-

face temperature (SST) field. The implication of this

result is that, if the freshwater input into the northern

part of the North Atlantic increases gradually in time,

the threshold value for collapse will be reached sooner

as a result of air–sea interactions. If, instead, the present-

day state of the ocean is perturbed by a temporary fresh-

water pulse, a smaller magnitude or shorter duration of

the pulse will suffice to force a transition to the collapsed

(OFF) state (Dijkstra et al. 2004).

In general, the MOC will recover from a collapse in-

duced by a temporary perturbation if the unperturbed

state is in the unique regime, but it will remain collapsed

when it is in the bistable regime. This means that the

bifurcation point that terminates the OFF branch of

solutions (L2) must also be considered when assessing

the nonlinear sensitivity of the MOC to freshwater per-

turbations. The hybrid coupled model predicts that L2

occurs at a larger value of g p. Although its position on

the bifurcation diagram is uncertain, the consequence

might be that the present-day state of the climate is

brought to the unique regime as a result of atmospheric

feedbacks.

Atmospheric feedbacks arise because changes in the

MOC induce changes in the atmospheric momentum,

heat, and freshwater fluxes, which in turn influence the

strength and pattern of the MOC. Using adjoint methods

we identified which physical mechanisms are responsible

for the shift of L1. We analyzed the sensitivity of the

MOC to the feedback strengths of heat and freshwater,

which dominate the response (section 4). The impact of

interactive heat fluxes on the MOC stability is roughly

limited to the region of the North Atlantic subpolar

gyre (Fig. 7a), where the regression coefficients of the
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hybrid model represent atmosphere and sea ice dy-

namics that act to reduce the negative SST anomalies

(Fig. 6). Interactive freshwater fluxes, on the other hand,

have an effect everywhere in the Atlantic basin (Fig. 8a).

We identified the (sub)tropical evaporation–convection

feedback (Zhang et al. 1995; Chang et al. 1997), the mid-

latitude coupling between SST and net evaporation, and

the polar changes in precipitation and runoff as impor-

tant mechanisms for the MOC stability. Because of the

SST signature of the MOC decrease (Fig. 6), their net

effect is to shift the saddle-node L1 to smaller values

of g p. The shift of the ITCZ captured by the large-scale

regression parameter was found to have little effect on

the ON state MOC stability.

The qualitative results on the shifts of the saddle-node

bifurcations and the mechanisms derived from the ad-

joint sensitivity are more important than the quantita-

tive shifts themselves. We need to recall here that the

hybrid model is based on regression coefficients that

were derived with reference to the ON state with g p 5 0.

Furthermore, we noted that the small response to winds

being interactive is due to the relatively high lateral

viscosity of the ocean model. The results of Arzel et al.

(2011) suggest that this deficiency only affects the posi-

tion of L2. In addition to possible direct effects, which

only modify the strength of the overturning but not

its pattern, interactive momentum fluxes influence the

OFF state SST field (and hence all atmospheric fluxes)

indirectly by modifying the surface expression of the

overturning. We found that this effect is not reproduced

by THCM. As a consequence of these limitations, pre-

dictions for the shift of L1 will be more reliable than for

the shift of L2.

Another weakness of the hybrid model approach is

that certain feedbacks may be underestimated or even

ignored. First, although the linearized effect of sea ice on

the heat flux feedback is taken into account through the

regression parameters (Cimatoribus et al. 2012), the full

nonlinear response due to sea ice dynamics is not cap-

tured. Furthermore, it should be realized that the effect

of the hydrological cycle on the stability of the MOC is

a very complex issue. It is possible that for a different

mean climate, other feedbacks dominate over the ones

that were captured in the regression coefficients, which

were derived with respect to the present climate. For

example, Tziperman and Gildor (2002) pointed out that

the temperature–precipitation feedback, according to

which there is less precipitation over higher latitudes

during colder periods, may stabilize the thermohaline

circulation, in contrast to our results. Additional feed-

backs may also arise if other parameters, such as CO2

concentration, are varied besides the high-latitude input

of freshwater. For instance, Latif et al. (2000) showed

how tropical air–sea interactions may stabilize the MOC

in a greenhouse warming scenario.

Our motivation to study the effect of atmospheric

feedbacks stems from the apparent absence of a multi-

ple equilibria regime in state-of-the-art IPCC AR4

models. The results in this paper show (i) that atmo-

spheric feedbacks reduce the size of the multiple equi-

libria regime, or hysteresis width, of the Atlantic MOC,

and (ii) that the present-day state is more vulnerable

to long-lasting increases in the northern high-latitude

freshwater input when air–sea interactions are taken

into account. Emphasizing that the results are mainly

qualitative, it is not expected that atmospheric feed-

backs remove the multiple equilibria regime. In agree-

ment with Hofmann and Rahmstorf (2009), we argue that

the feedbacks are too weak to induce substantial changes

in the positions of the saddle-node bifurcations. The ex-

tent of the multiple equilibria regime in state-of-the-art

GCMs is hence more likely affected by biases in the

GCMs (Huisman et al. 2010; Drijfhout et al. 2011) than by

the effect of atmospheric feedbacks.
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APPENDIX

Steady-State Continuation of the Hybrid
Coupled Model

Steady-state solutions of Eq. (4) are found using

Newton’s method, which involves solving linear systems

with the Jacobian matrix

~F 5 F 1 �
C5Q,S,u,y

jCLC. (A1)

The matrix F is the Jacobian matrix of the ocean-only

operator F . Because the stencil used for space discreti-

zation is compact, this matrix is sparse. As a result, sys-

tems with F can be solved relatively efficiently using

preconditioning and iterative solvers (Weijer et al. 2003).

The matrices LC, however, are dense because of the av-

eraging operations implied by the definitions of hSSTiNH

and DFE. This means that ~F cannot be handled efficiently

with iterative solution techniques.
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We therefore separate out the averaging operations

and rewrite the hybrid model as

M
dx

dt
5 ~F (x, gp, jC) 5 F 9(x, g p, jC) 1 pP(jC) 1 qQ,

(A2)

where the additional variables p and q are the Northern

Hemisphere averaged temperature, that is,

hSSTiNH 2 p 5 0, (A3)

and the freshwater correction, that is,

DFE 2 q 5 0. (A4)

The vector P contains the large-scale regression coeffi-

cients p
FC

2 (i, j), while Q corresponds to a spatially uni-

form correction to the sea surface salinity field. The

remaining sparse parts of the matrices jCLC, which cor-

respond to the local coupling through the regression

coefficients p
F

C

1 (i, j), are added to F , and the result is in-

dicated by F 9. As will be explained below, the advantage

of introducing the additional variables p and q is that the

calculation of Newton updates now only requires solving

systems with the Jacobian matrix of F 9 (denoted by F9),

which is a sparse matrix.

Steady states are tracked in parameter space by a

pseudoarclength parameterization of the branches (Keller

1977). So, yet another additional parameter, s, is in-

troduced, which is used to parameterize a branch of

solutions [x(s), p(s), q(s), g p(s)].The set of equations is

closed by adding an equation of the form

r(x, p, q, g p) 5 _xT
0 (x 2 x0) 1 _p0(p 2 p0) 1 _q0(q 2 p0)

1 _g
p
0 (g p 2 g

p
0 ) 2 Ds 5 0. (A5)

The subscript 0 is used to denote a previous solution

on the branch, dots indicate the derivative with respect

to s, and Ds is the step size of the arclength parameter.

In addition to the N-dimensional state vector x, three

additional variables, p, q, and s, were introduced, so

that the total number of equations that must be solved

is N 1 3. Omitting the Newton iteration counter k in

the Jacobian, the Newton updates for this extended sys-

tem [Eqs. (A2)–(A5)] are found from

F9 P Q
›F 9

›gp

›hSSTiNH

›x

� �T

21 0 0

›DFE

›x

� �T ›DFE

›p
21

›DFE

›gp

_xT
0 _p0

_q0
_g

p
0

0
BBBBBBBBB@

1
CCCCCCCCCA

xk11 2 xk

pk11 2 pk

qk11 2 qk

g p,k11 2 g p,k

0
BB@

1
CCA5

2 ~Fk

pk 2 hSSTiNH

qk 2 DFE

2rk

0
BB@

1
CCA.

The extended Jacobian thus consists of the sparse Ja-

cobian matrix F9, bordered by three dense rows and

columns. We exploit the sparsity of F9 by first solving the

four systems F9z1 5 2 ~F , F9z2 5 P, F9z3 5 Q, and

F9z4 5 (›F 9/›gp) for zi, i 5 1, . . . , 4, and then con-

structing the Newton update from the zi.
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