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Abstract

A model is discussed which describes the interaction between tidal currents,

sediment transport and bedform changes in a one dimensional short embay-

ment with a constant width. The water motions are described by the depth{

integrated shallow water equations. They are forced by prescribed free surface

elevations at the entrance which consist of a basic tide and a �rst overtide. For

the sediment dynamics both a bedload and a suspended load transport model

are considered. The sediment balance is averaged over a tidal period to retain

only the long{term behaviour of the bottom pro�le.

The equilibrium pro�les are calculated and the stability properties of these

pro�les are studied for various combinations of the model parameters. If the

forcing does not contain overtides the suspended load model has a unique stable

equilibrium which represents a constantly sloping bottom with zero depth at

the closed end and spatially uniform tidal currents. In contrast the equilibrium

pro�le of the bedload model is a at bottom. The introduction of overtides in

the forcing results in more complex dynamics. The equilibrium bottom pro�les

in the suspended load model can be convex or concave, depending on the ratio

of advective and di�usive transports. Solutions of the bedload model tend to

a bottom of constant slope where the water depth at the closed end may be

�nite. A physical interpretation of these results is also given.

�This research was supported by NWO{grant nr. NLS 61-261. Furthermore, we thank A. van

Harten, A. Doelman and C.T. Friedrichs for their comments on earlier versions of this paper.

1



1 INTRODUCTION 2

1 Introduction

From various points of view (coastal protection, water and bottom quality, ecology,
etcetera) tidal estuaries and basins are very important elements of the coastal system.
Due to prevailing currents, generated by tides, wind and density di�erences, the
bottom in these areas tends to develop channels and shoals. These morphological
changes in turn have a signi�cant e�ect on the ow dynamics and hence on the general
tendency of the tidal embayment to import or export sediment (Aubrey & Speer, 1985;
Speer & Aubrey, 1985). Besides, the shoals as well as the channels are of paramount
importance to the ecosystem (Jonge, 1992). The bottom evolution in such areas is the
result of a delicate balance between large in{ and outgoing uxes of sediment. This
balance can easily be disturbed by external factors, such as extreme storm events,
mean sea{level rise, changes in the tidal regime, human interferences, etcetera. A
better quantitative explanation of these morphological processes is required in order
to be able to understand and predict quasi{stable and transient bottom topographies,
and to investigate their sensitivity to changing external conditions.

Although tidal basins and estuaries have been widely investigated during the past
decades, the mathematical{physical modelling of the combined interactions between
currents and changing bottom topographies is still at an initial stage. Many studies
focused on the derivation of empirical relationships between various morphological
parameters of the system (Bruun & Gerritsen, 1960), but no dynamical interpretation
of these results was given.

Most theoretical studies (Speer & Aubrey, 1985; Parker, 1991; Friedrichs & Aubrey,
1994) were concerned with the dynamics of currents induced by tides, without con-
sidering the feedback to morphology. However, it was demonstrated in (Zimmerman,
1981) that the e�ect of bottom topography on tidal motions is to generate residual
currents and overtides, which turn out to have a large impact on the mixing properties
of such systems (Ridderinkhof & Zimmerman, 1992). This is not only relevant for
the transport of pollutants and nutrients, but also for the transport of �ne sediment.
Although the expertise and knowledge gathered is useful it is still unclear which fun-
damental mechanisms cause the morphological evolutions observed in such models.
Moreover, due to computer storage problems and pronounced numerical instabilities
it is not possible to carry out long{term simulations. These limitations motivate
supplementary research on idealized models in which speci�c physical processes are
isolated and which are simple enough to be investigated by analytical methods. It is
hoped that the study of such models may contribute to a better understanding of the
behaviour of more complicated models as well as observed bed form evolutions.

In the present paper a simple morphodynamic model of a tidal embayment will
be developed and analyzed. In particular the relation between dynamical mecha-
nisms and the bed form patterns predicted by this model will be investigated. The
organization of this paper is as follows. In section 2 the model equations and bound-
ary conditions are introduced. A schematized rectangular embayment is considered
where only its bottom is an erodible boundary. Since tidal basins are very shallow,
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the full equations of motion may be approximated by the shallow water equations.
Here we shall consider their depth{integrated version which implies that we neglect
baroclinic e�ects. The sediment transport model considered describes both bedload
transport and transport resulting from suspended load processes. It appears that the
time scales of the morphological phenomena (evolution of the channel{shoal system)
are much larger than the characteristic ow time scale (the tidal period). This implies
that in the analysis use can be made of the method of averaging (Sanders & Verhulst,
1985). Essentially it means that ow and bottom dynamics are treated separately,
whereas only the tidally averaged sediment uxes govern the slow evolution of the
bed. Since the width of the embayment is assumed to be small compared to both
its length and the Rossby deformation radius, a one dimensional model can be de-
rived. In this model no width variations are considered, as studied in (Friedrichs &
Aubrey, 1994). Furthermore, it is assumed that the length of the tidal embayment is
much smaller than the tidal wave{length such that the system is far from resonance.
Hence, the tidal forcing can be externally described, i.e., the interaction between the
tidal embayment and the adjacent sea may be neglected (Garret, 1975). Moreover
it implies that the free surface elevations are spatially uniform, which simpli�es the
analysis considerably. Although the short embayment condition is rather severe, there
are natural systems, such as the Dutch Wadden inlets, where it is marginally obeyed.
In section 3 the prescribed tidal forcing consists of the leading tidal constituent only.
Using this forcing, equilibrium bottom pro�les are derived for both the bedload and
the suspended load transport formulation. Results of numerical simulations are pre-
sented which describe the evolution from a at bottom to the equilibrium pro�le.
Furthermore, the time scales associated with the di�erent processes are obtained and
discussed. The stability of the bottom pro�les is investigated, resulting in explicit
expressions for both the perturbations and the growth rates of these disturbances.
It turns out that the equilibrium pro�les are stable within the context of the one
dimensional model.

In section 4 the prescribed tidal forcing is given by the basic tide and the �rst
overtide. In this case, even this idealized model already turns out to be very compli-
cated. It must be decided which terms represent the leading order sediment transport
contributions. To make this decision, characteristic parameters as found in real em-
bayments are used. Next, equilibriumpro�les are obtained analytically. These pro�les
are found by numerical integration of the bottom evolution equation as well. The sta-
bility of these equilibria is investigated. Using variational techniques, the stability of
these equilibrium pro�les can be determined. In some special cases, the perturbations
and their associated growth rates can be written down explicitly. It turns out that
even if an overtide is introduced, all equilibria are stable.

In the last section, the results are recapitulated and the two transport models
(bedload and suspended load) are compared. Some suggestions for further investiga-
tions are made.
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2 Model Formulation

2.1 Geometry and Model

The geometry that will be considered is that of an idealized tidal embayment of rect-
angular shape (width B and length L), ignoring width variations that often strongly
constrain the dynamics (Friedrichs & Aubrey, 1994). The coast-lines are assumed to
be �xed whereas the bottom (described by z = �H + h, with H a reference depth)
is erodible. The free surface is described by z = � (see �gure 1). The water motions
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Figure 1: Situation sketch: top view [A] and cross{sectional view [B] of the tidal
embayment.

are described by the depth{averaged shallow water equations for a homogeneous uid
(Csanady, 1982). When studying a suspended load model this set of equations must
be supplemented with a depth-averaged concentration equation (Rijn, 1993) which
describes sediment uxes due to both advective and di�usive processes and the bot-
tom evolution equation. In case of a bedload model (Dyer, 1986; Rijn, 1993) only
the bottom evolution equation is required. As boundary conditions the free surface
elevation at x = 0 is prescribed and we require that there is no normal water and
sediment transport at solid boundaries.

As reported by (Wang et al., 1992), the morphological time scales are much longer
than the tidal time scales. For example, in the Friesche Zeegat, one of the tidal
embayments in the Dutch Wadden Sea, the typical time scale on which bed forms
evolve is of the order of 20 years. The bottom pro�le only changes on the slow
morphological time scales Ts and Tb which are the characteristic time scales of bottom
changes due to suspended load and bedload transport, respectively. Therefore, on the
short tidal time scale, the bottom h may be considered constant in time. The slow
evolution of the bed is not directly determined by the sediment transport within a tidal
cycle, but rather by the net, i.e. tidally averaged sediment uxes if the driving tides �
all have a commensurate period. The mathematical foundations of this approach are
discussed in (Sanders & Verhulst, 1985; Krol, 1991). In the present case, this implies
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that the bottom pro�le h is only a function of a slow morphological time variable � ,
which will be de�ned later. Averaging theory guarantees that the averaged bottom
evolution equation is a good approximation of the original bottom equation at the
morphological time scale.

It appears that it is di�cult to obtain analytical solutions of the model equations
formulated so far. However, as shown in for example (Csanady, 1982), it turns out
that in the case of a narrow channel (B � R and B � L, where R is the Rossby
deformation radius) our system of equations may be reduced to a one{dimensional
model in which no variations in the cross{channel directions are present. The resulting
continuity equation is given by

�t + [(H + � � h)u]x = 0 (1)

As a boundary condition we prescribe � at x = 0, which will represent tidal motions
with a characteristic frequency �, to be speci�ed in section 2.2. In this paper a
strongly reduced momentum equation is used, which reads

�x = 0 (2)

It models a spatially uniform variation of the free surface which is fully determined
by the boundary condition at the entrance. The momentum equation (2) is valid if
the embayment length is much smaller than the tidal wave{length and if the frictional
time scale is at least of the same order as the tidal period. These conditions are rather
severe as the dynamics of many tidal embayments are highly a�ected by frictional
terms (Friedrichs & Madson, 1992). However, there are examples of relatively deep
embayments, such as the main channel of the Frisian inlet system, where these con-
ditions are marginally satis�ed. As boundary condition, we require that the normal
water ux at the �xed boundary vanishes.

We assume that the sediment in the embayment is noncohesive and may be trans-
ported both as suspended load and bedload. The transport due to whirling up
and settling of the �ner sediment particles is called suspended load transport, the
transport due to rolling and saltating of coarser sediment particles in a thin active
layer is called bedload transport. Roughly stated, suspended load transport occurs
if u? > ws > u?c, where u? is the friction velocity, ws the settling velocity of sedi-
ment particles and u?c the critical friction velocity for erosion. Bedload transport if
ws > u? > u?c. A derivation of u?c can be found in (Dyer, 1986; Fredsoe & Deigaard,
1992). The former mechanism is described by the depth{integrated concentration
equation

Ct + (uC � �?Cx)x = S � �u2 � C (3)

For a derivation see (Rijn, 1993). Here C is the depth{integrated sediment concentra-
tion, i.e., the amount of sediment stored in a column sea water with unit horizontal
area and �? is a constant di�usion coe�cient. Here the function S describes the
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sedimentation at the top of the active layer. The �rst contribution to S models the
whirling up of sediment, where � is a coe�cient related to sediment properties (grain
size, shape, etc.). This parameterization is motivated by the analysis of �eld ob-
servations reported by (Dyer & Soulsby, 1988), see also (Fredsoe & Deigaard, 1992).
Typical values of � are O(10�2{10�4kgsm�4) corresponding to �ne and medium sand,
respectively.

The term �C models the deposition of the sediment. The constant  can be
related to the settling velocity and a di�usion coe�cient �v that describes the mixing
of the sediment in the vertical. Assuming a constant �v it follows from (Rijn, 1993)
that  = w2

s=�v. The boundary conditions for the concentration equation are that
the normal component of the sediment ux is zero at solid walls. Furthermore, it is
imposed that at the entrance of the embayment no di�usive boundary layer should
develop. Thus near x = 0 the solution for C in the limit �? ! 0 should be consistent
with the solution of the concentration equation (3) with �? = 0. This condition
yields only information in case the bed level at the entrance is known. Here we
require that outside the open boundary there is no net sedimentation, hence ht = 0
at x = 0. This condition ensures that we are studying the entire region where the
bottom pro�le changes.

The bottom evolution equation can be derived from continuity of mass in the
sediment layer and reads

�s(1� p) (h� + hSb;xi) = �hSi (4)

with �s the density of the individual grain particles, p the bed porosity and < � >
denoting tidal average. The sedimentation function S is de�ned in (3). Furthermore,
Sb is the volumetric sediment ux in the active layer. A parameterization of the
bedload model motivated by results presented in (Dyer, 1986; Rijn, 1993) is used:

Sb = ŝ
jujb
ubc

 
u

juj � ��hx

!
(5)

for some b > 1 and �� > 0. Here uc is the critical velocity for erosion which, for �ne
sand, is of the order of 0:3 m s�1. Typical values for b and �� are b � 3 and �� � 2,
see (Rijn, 1993). The parameter ŝ is a function of the sediment properties. From

dimensional arguments it follows that ŝ = O
�q

g0d3s
�
where g0 = (�s � �)g=� denotes

reduced gravity, ds the sediment diameter. Typical values of ŝ areO(10�6{10�4m2s�1)
for �ne and medium sand, respectively (see (Dyer, 1986; Fredsoe & Deigaard, 1992;
Rijn, 1993)). The di�usive term measured by the coe�cient �? is a bed slope cor-
rection term which models the preferred downhill transport of sediment. The corre-
sponding boundary condition is that Sb = 0 at the solid boundary x = L. In order to
solve the model an initial bottom pro�le should be given. For the other state variables
no initial conditions are necessary as we are looking for nontransient solutions on the
short tidal time scale.
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2.2 Scaling; Nondimensional Model

The equations of motion are made dimensionless by introducing the following trans-
formations:

x = Lx�; t = t���1; u = Uu�

� =
HU

�L
��; C =

�U2


C�; h = Hh� (6)

The asterix refers to nondimensional variables and U is a velocity scale related to
the tidal forcing (with frequency �) at the entrance of the embayment. The scale
for the free surface elevations follows from mass conservation arguments: the �rst
two terms in the continuity equation should be of the same order. The scale for the
concentration is obtained from (3) by requiring an approximate balance between the
erosion and deposition mechanisms. After suppressing the asterix the nondimensional
equations of motion read

�t + [(�� + 1� h)u]x = 0 (7)

�x = 0 (8)

a[Ct + (�uC � �Cx)x] = u2 �C (9)

ht = �Fx (10)

where

F = �sa [� huCi � � hCi
x
] + �b

*"
jujb

 
u

juj � �hx

!#+
(11)

is the net sediment ux. The nondimensional parameters in these equations are

� =
U

�L
; a =

�


; � =

�?
�L2

� =
H��
L

; �s =
�U2

�s(1 � p)H�
; �b =

ŝ

�HL

�
U

uc

�b
(12)

Here � is, apart from a factor of 2�, the ratio of the tidal excursion (the distance
traveled by a uid particle in a tidal period) and the tidal inlet length. Furthermore,
a is the ratio of the timescale of the deposition process and the tidal period, � is the
ratio of the tidal period and the di�usive time scale and � measures the e�ect of bed
slope corrections in the bed load sediment ux. The parameters �s and �b can also
be written as �s = T=Ts and �b = T=Tb. Here T is the tidal period and Ts and Tb are
time scales related to the suspended load and bedload mechanism, respectively. Both
�s and �b should be small in order for the tidal averaging procedure to be applicable.
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The corresponding boundary conditions become

� = cos t+
�

2
cos(2t+ �) at x = 0 (13)

(1� h+ ��)u = 0 at x = 1 (14)

lim
�!0

C(x; t; �) = C(x; t; � = 0) at x = 0 (15)

�uC � �Cx = 0 at x = 0 (16)

ht = 0 at x = 0 (17)

F = 0 at x = 1 (18)

Thus the tidal forcing at the entrance of the embayment consists of a basic tide and
a �rst overtide. The relative strength of the overtide compared to the leading order
tide is �=2 and � is the phase di�erence between the two tidal components.

2.3 Solving the Model

According to (8) the elevation of the sea surface is independent of x in �rst order.
This means that the surface excursions are determined by the excursion at the open
end. With the boundary condition (13) for the free surface elevation, (7) can be
solved explicitly which yields the velocity �eld

u(x; t) =
(x� 1)

1 + � [cos t+ �=2 cos(2t+ �)]� h
(sin t+ � sin(2t+ �)) (19)

As can be seen for �nite values of � mass conservation results in the internal gen-
eration of overtides, which will also occur in case that the parameter � = 0. Us-
ing (19) in (9) the concentration can be computed. Finally the substitution of the
solutions for u and C in (11) yields a net sediment ux which can be expressed as
F = F (h; hx; a; �; �; �; �; �s; �b). Thus (10) becomes a single partial di�erential equa-
tion for h which is of the advection di�usion type. In general, this procedure is
di�cult to carry out. Therefore we �rst estimate characteristic values of our model
parameters for relatively short and deep embayments, for which (8) holds. As an
example, consider the main channel of the Frision inlet system (Wang et al., 1992). It
has an approximate length of 20km and a depth of 10m. The forcing is due to the M2

tide and the M4 overtide contribution is rather strong. The sediment in the channel
is �ne sand with a grain size of 2 � 10�4 m. A typical value for the horizontal di�usion
coe�cient is �? � 100m2s�1, as discussed in e.g. (Ridderinkhof & Zimmerman, 1992).
Using the information presented in (Dyer, 1986; Rijn, 1993) other quantities can be
computed, such as the settling velocity, erosion coe�cient �, etc.. They are listed in
the �rst part of table 1.

Using (12), characteristic values for the parameters fo the nondimensional model
are found, which are also shown in table 1. First of all it appears that both the
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Quantities in the dimensional model

H � 10 m L � 2 � 104 m � � 1:4 � 10�4 s�1
�̂ = HU

�L
� 1:5 m �v � 0:1 m2 s�1 �? � 102 m2 s�1

ds � 2 � 10�4 m ws � 2 � 10�2 ms�1  � 4 � 10�3 s�1
uc � 0:3 ms�1 �s � 2650 kgm�3 p � 0:4
�� � 2 � � 10�2 kg sm�4 ŝ � 3 � 10�6 m2 s�1

Parameters in the nondimensional model

� � 0:15 a � 0:04 � � 1:8 � 10�3
� � 1 � 10�3 b � 3
�s � 8 � 10�4 �b � 5:4 � 10�7
� � 0:5 � � 7�

Table 1: Quantities and parameter values for the Frisian inlet system.

parameters �s and �b are very small, which justi�es the application of a tidally aver-
aged model. In this case the suspended load transport dominates over the bedload
transport, but for other embayments with coarses sand the opposite will occur. It
will be assumed that either bedload or suspended load is the main transport mecha-
nism. Furthermore, it can be seen that the parameter �, which measures the e�ects
of nonlinear terms, is small. Hence we may expand the velocity u and concentration
C in this small parameter, resulting in approximate solutions for the bed pro�le h.
We will also use the observation that the parameters a and � are often small in order
to estimate the various contributions to the sediment ux F .

The following physically interesting cases will be studied:

� No overtide present: The parameter � = 0

{ advectively dominated suspended load transport: a�2 � � and �b � �s.
The sediment ux is given by

F = �s�
2a2Fsa + h:o:t:

{ di�usively dominated suspended load transport: a�2 � � and �b � �s.
The sediment ux is given by

F = �sa�Fsd + h:o:t:

{ combined suspended load transport: a�2 � � and �b � �s. The sediment
ux is given by

F = �s
h
a�Fsd + �2a2Fsa

i
+ h:o:t:

{ bedload transport: �b � �s with sediment ux

F = �bFdb + h:o:t:
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� Overtide present and relevant for the dynamics: The parameter � 6= 0

{ advectively dominated suspended load transport: a�2 � �, 2�j sin(�)j �
3a� and �b � �s. The second condition is necessary to study the e�ect of
the overtide. The sediment ux is given by

F = �s
h
a��Fsao+ �2a2Fsa

i
+ h:o:t:

{ di�usively dominated suspended load transport: a�2 � �, �� � � and
�b � �s. The second condition states that even if an overtide is present,
the di�usive e�ects are more important than the advective e�ects due to
an overtide. The sediment ux is given by

F = �sa�Fsd + h:o:t:

Furthermore, it is assumed that �� � �j sin(�)j (this is highly unrealis-
tic). With this choice, the leading order correction is given by the a��2

contribution:
F = �sa�

�
Fsd + �2Fsdo

�
+ h:o:t:

{ combined suspended load transport: a�� � �, �b � �s. We assume that
� � a�. The sediment ux is given by

F = �s [a��Fsao+ a�Fsd] + h:o:t:

The system of table 1 satis�es the conditions of this case.

{ bedload transport: �b � �s with sediment ux

F = �b [Fbd + �Fabo] + h:o:t:

The subscript a of the ux components denotes that the ux is related to advec-
tive processes. The subscripts d; s;b and o denote uxes due to di�usive processes,
suspended load processes, bedload processes, and the introduction of an overtide
respectively.

Explicit expressions for the di�erent ux contributions and the corresponding
bedform behaviour will be given in the appropriate sections.

3 Simple Harmonic Tidal Forcing

In this section, the case that the parameter � = 0. Thus the forcing is represented by
only one component of the tidal potential which excludes the possibility of modula-
tions like spring{neap cycles. Furthermore higher harmonics which may be indirectly
excitated by tide{topography e�ects and nonlinear terms in the equations of motion
outside the domain of consideration are not taken into account. However, overtides
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are generated internally due to mass conservation, as can be seen from the solution
for the velocity �eld:

u(x; t) =
(x� 1) sin(t)

1 + � cos(t)� h
(20)

We will see that by taking only one tidal component into account signi�cant di�er-
ences between the behaviour of the bottom in the suspended load and bedload model
are found.

3.1 Suspended Load Model

In this section, it is assumed that �b � �s and hence that the dominant transport
mechanism is described by the suspended load model only, neglecting the bedload
transport mechanism.

3.1.1 Advectively Dominated Transport

We �rst consider the transport due to advective processes. Hence we neglect di�usion
completely by putting the di�usion coe�cient � equal to zero in the concentration
equation. This case is also important to generate the boundary condition for the
concentration at x = 0 for arbitrary �, as can be seen from (15). In this case the
concentration C can be easily obtained, since the concentration equation is of the
hyperbolic type. Using the method of characteristics it appears that the solution
is determined by specifying initial conditions, since t = 0 is a curve that intersects
all characteristics. This implies that the non{transient part of the solution can be
constructed by straightforward means.

Since the expansion in the small parameter � of the velocity can be made explicitly,
(9) can be used to �nd the expansions for the concentration C. From the results of
appendix B it follows that

C(x = 0) =
1

2
� a

1 + 4a2

�
1

2a
cos(2t) + sin(2t)

�
+O(�) (21)

This yields the boundary condition on C at x = 0.
The sediment ux for a� 1 (which seems realistic according to table 1) becomes

F = �9

8
�sa

2�2
�
x� 1

1� h

�3 �x� 1

1 � h

�
x

(22)

From (10) and (18) it follows that an equilibrium bottom pro�le (ht = 0) should obey
F = 0 in the entire embayment. From the result shown above, it follows that heq = x
is a stationary solution. However, the relevance of this result is limited since it cannot
be reached from arbitrary initial conditions. This is because at the solid boundary
x = 1 the velocity is zero and hence no net sedimentation occurs at this position.
Therefore it is important to include di�usive transports as well.
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3.1.2 Di�usively Dominated Transport

In this subsection we consider the limit that advective transport can be neglected
compared to di�usive transport. In that case the net sediment ux in (9) and (11)
can be approximated as

F = ��sa� < C0 >x (23)

where C0 is the solution for the concentration equation (9) for � = 0. In appendix C
the residual part < C0 > is expressed as a power series in the parameter a�, which
appears to be a small parameter for the embayments we study (see table 1). Substi-
tution of (58) of appendix C in (23) yields the bottom evolution equation

ht = �s
a�

2

�
x� 1

1 � h

�2

xx

(24)

where terms of order a2�2 and higher are neglected. This yields the equilibrium
bottom pro�le

heq = x (25)

It should be remarked that near x = 1 the condition j1�hj � j��j is no longer satis�ed.
Strictly spoken, the model is not valid anymore in this region but nonetheless solutions
for the transport and concentration are regular everywhere. Note that this equilibrium
can always be reached since as x = 1 the sedimentation function is not necessarily
zero.

To investigate the linear stability, we introduce a long time scale � = �a�st and
perturb the equilibrium pro�le (25) with an arbitrary function ~h(x; � ) that satis�es
the boundary condition ~h(x = 0; � ) = 0 and the condition that the perturbed ux
~F (x; � ) is zero at x = 1. Thus substitute h = heq + ~h in (24) and linearize the
equation. The equation allows solutions of the type

~h = g(x) exp(!� ) + c:c (26)

where g(x) and ! are solutions of the eigenvalue problem

gxx + 2
gx

1 � x
+

"
2

(1 � x)2
� !(1� x)

2

#
g = 0 (27)

In appendix A it is demonstrated that the only frequencies which give a non{trivial
perturbation satisfying (27) and the imposed conditions on ~h satisfy

J
�

1

3

(
2

3

p�!) = 0 (28)

where J
�

1

3

is the �rst order Bessel function of index �1
3. Hence the eigenfrequencies !

correspond to the zeroes of the Bessel function. Since the index of the Bessel function
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is real and larger than �1, all eigenfrequencies ! are real and negative (Abramowitz
& Stegun, 1965) and hence equilibrium pro�le (25) is asymptotically linear stable.
The corresponding eigenfunctions are given by

~h(x) = A(1� x)
3

2J
�

1

3

(
2

3

p�!(1 � x)
3

2 ) exp(!� ) (29)

where A is an arbitrary amplitude. In �gure 2 the evolution of an initially at bottom
towards the equilibrium pro�le as given by (25) is shown.
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Figure 2: Evolution of an initially at bottom towards equilibrium in the di�usively
dominated case. The timesteps taken are on the morphological time scale � = �a�s
with t1 = 0, t2 = 1� , t3 = 3� , t4 = 5� and t5 = 8� .

3.1.3 Combined Di�usive and Advective Transport

As shown in appendix B the leading order advective sediment transport is of order
�sa

2�2, whereas the leading order di�usive transport is of order �sa�. Considering
realistic values of the parameters a� and � it is obvious that for the tidal embayments
we consider both transports will be of the same order. Thus it is interesting to combine
both mechanisms in an overall model. Retaining only the leading order di�usive and
advective transport, the bottom evolution term is given by

ht = �s

(
9

8
a2�2

"�
x� 1

1 � h

�3 �x� 1

1� h

�
x

#
x

+
a�

2

�
x� 1

1� h

�2

xx

)
(30)
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This equation is based on (24) and (22). The equilibrium pro�le is heq = x. If we
introduce the slow time � = a2�2�st and investigate the stability properties of this
equilibrium, we again �nd that the perturbations are of the type (26), where g is the
solution of the eigenvalue problem

gxx + 2
gx

1 � x
+

"
2

(1� x)2
� !

9
8
+ �̂

(1 � x)

#
g = 0

with boundary conditions and �̂ = �=(a�2). Using the results from appendix A and
the discussion following (27), it is found that the equilibrium pro�le is stable.

In �gure 3 the bottom evolution in the case that the di�usive and advective trans-
port contributions are of comparable order is shown. The behaviour now contains
elements of both the advectively and di�usively controlled case (Compare with �g-
ure 2 where only di�usive transport is taken into account). The advective character
is seen by noting the front formation as the sediment moves into the basin.
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Figure 3: Evolution of an initially at bottom towards equilibrium in the case that
advective and di�usive transport contributions are of the same order of magnitude.
The timesteps taken are on the morphological time scale � = a2�2�s with t1 = 0,
t2 = 2� , t3 = 5� , t4 = 8� , t5 = 10� and t6 = 17� .

3.2 Bedload Model

In this section, it is assumed that the main transport mechanism is bedload transport
and that suspended load transport can be neglected. Hence �s � �b in (11). Note that
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when suspended load transport is neglected, the concentration C and sedimentation
function S need not be calculated.

The bottom evolution equation is given by

ht = ��b
*
@

@x

"
jujb

 
u

juj � �hx

!#+
(31)

De�ne the long time scale � = �bt. The volumetric sediment transport consists of an
advective part and a di�usive part. The velocity �eld u is given by (20). Since in
this case u is anti{symmetric in t, it is clear that the advective part of the volumetric
sediment transport is zero on average in all orders of the parameter �. Hence the
averaged bottom evolution equation to leading order in � is given by

h� = �B(b)
@

@x

"����x� 1

1� h

����
b

hx

#
+ (32)

with

B(b) =
1

2�

Z 2�

0
jsin tjb dt

with B(b) � 0 for all b.
Again we have as boundary conditions that the sediment ux F (x = 1; � ) = 0

and h(x = 0; � ) = 0 in equilibrium. The only equilibrium pro�le that satis�es these
conditions is the at bottom

h(x) = 0 (33)

(note that the boundary condition (18) is not satis�ed if we would allow heq(x) = x).
This is not surprising since (32) is a di�usive equation as only sediment transport
due to gravitational bed slope e�ects is described. For the stability analysis we refer
to section 4.2 where a more complicated case is discussed. Thus an equilibrium
completely di�erent from that in the case of suspended load transport is found.

Note that the present bedload model su�ers from the problem that there is no
net sedimentation at the solid boundary x = 1 because the velocity vanishes at this
position. In order to obtain bed evolutions at x = 1 it is possible to extend the
ux in (11) with a contribution ��hx, which models the rolling of particles on a
sloping bed. The parameter � is assumed to be small with respect to �b such that
this mechanism is only e�ective near x = 1 where bed slopes can become extremely
large. The additional term is used in our numerical simulations with the bedload
model, as discussed in section 4.2.

4 Introducing An Overtide

Instead of only considering the leading order tide, higher harmonics can be introduced.
These higher harmonics are called the overtides. As discussed in section 2.1 they may
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be generated by interaction of the basic tide with the spatial geomorphology of the
coastal sea to which the tidal tidal embayment is connected. Furthermore, overtides
are excitated by self{interaction of the basic tide (Nihoul & Ronday, 1975). We
only take the �rst overtide into account which results in free surface elevations at
the entrance of the tidal embayment described by (13). The corresponding velocity
�eld is given by (19). We will now analyze the behaviour of the model in case the
prescribed overtides in the forcing of the entrance of the embayment signi�cantly
a�ect the dynamics.

4.1 Suspended Load Model

4.1.1 Advectively Dominated Transport

In this section, the di�usion coe�cient � equals zero. This limit is needed to obtain
the boundary conditions for C at the entrance of the tidal embayment.

The solution method is equivalent to that used in section 3.1.1 for simple harmonic
forcing. Thus the velocity (19) and concentration C are expanded in power series of
the small parameter �. Explicit expressions for the boundary condition on C at
the entrance can be derived from the results of appendix B. Note that in this case
the advective ux F at the entrance of the embayment is given by < u0C0 >, see
appendix B. This yields F ' 3

4� sin�, thus for 0
� < � < 180� there is net import of

sediment whereas for �180� < � < 0� there will be net export of sediment. In these
cases no equilibrium will exist.

4.1.2 Di�usively Dominated Transport

The derivation of the bottom evolution equation is similar as was done in section 3.1.2.
We neglect the contribution resulting from advective transport compared to di�usive
transport. Next we solve the concentration equation (9) to zeroth order in �, using
the velocity pro�le as given by (19). This leads again to an integral expression for the
bottom evolution equation which, with the realistic assumption that a�� 1, reduces
in the leading order to

ht = �s
a�

2

�
1 + �2

��x� 1

1 � h

�2

xx

(34)

In deriving this equation, results from appendix C have been used. Note that in
order to let the di�usive ux of O(�sa��2) dominate over the advective ux, which
is O(�sa�� sin�) (see appendix B), we have to assume that �� � j� sin�j which is
not realistic for the embayment of table 1.

If we introduce as the long time scale � = �a�st, the ux is given by

F (x; � ) = Fsd + �2Fsdo

= � 1

2
(1 + �2)

�
x� 1

1 � h

�2

x
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and our equilibrium is given by
heq = x

The ux and equilibrium pro�le are exactly the same as studied in section 3.1.2.
Therefore, the equilibriumpro�le is stable. Due to increased di�usion, the equilibrium
is reached faster. This was to be expected because the only e�ect of the overtide is
to the increase the di�usion coe�cient, resulting in faster di�usive transport.

4.1.3 Combined Di�usive and Advective Transport

In this section, the situation that the a2��{term in the advective transport and the
a� di�usive contribution are of the same order is studied. All other contributions are
assumed to be negligible. The bottom evolution equation reads

h� =

"
1

2

�
x� 1

1� h

�2

xx

+D
�
x� 1

1 � h

�3

x

#
(35)

with
� = �sa�

and

D =
3

4

�� sin(�)

�
(36)

which compares the relative strength of advective and di�usive transport. These
results follow from (35) and (56) in appendix B. Since it was assumed that these
e�ects were almost of equal strength, jDj ' 1. If jDj 6' 1, one should refer to either
the advectively or the di�usively dominated case instead of to this mixed case.

The equilibrium pro�le that gives a zero sediment ux at x = 1 is given by

heq = 1� (1� x)(1�Dx) (37)

Note that the only physically relevant equilibrium pro�les are given by D � 1. If
D > 1, the equilibrium pro�le would exceed the water level. This is not allowed
by our model. Obviously in this case the net import of sediment due to advective
processes (because sin � > 0) can no longer be compensated by net export caused
by di�usive transport. As a consequence the embayment partly �lls up, such that it
length becomes smaller, velocities reduce, the scaled di�usion coe�cient � becomes
larger and a new equilibrium can be found. In �gure 4 some equilibrium pro�les for
di�erent values of D are plotted.

To study the stability of the physically allowed equilibrium pro�les, write the
perturbed bottom pro�le as

h(x; � ) = heq + ~h
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Figure 4: Equilibriumpro�les in the advection{di�usion case with an overtide present.
The parameter D refers to the ratio of advective and di�usive sediment transport.

This pro�le is put in the bottom evolution equation and linearized with respect to ~h.
This results in the perturbed evolution equation

(1 � x)
@

@t
f =

@

@x

"
fx

(1�Dx)3

#
(38)

with

f(x; � ) =
~h

1 � x

Write ft = !f where ! is the (complex) growth rate of the perturbation. De�ne the
inner product

< g; h >D=
Z 1

0
(1 � x)g�hdx

and the operator

LD =
1

1 � x

@

@x

1

(1 �Dx)3
@

@x

With this inner product, it can be shown that

< LDg; h >=< g;LDh >

and therefore that all eigenvalues ! of (38) are real. Multiply (38) with f and integrate
from x = 0 to x = 1. After integration by parts one �nds that

1

2

Z 1

0
(1 � x)f2 dx = �

Z 1

0

f2x
(1�Dx)3

dx (39)
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Here it has been used that ~h � (1 � x)2 near x = 1 (as follows from analysing the
equation near x = 1) and ~h(x = 0) = 0. It is seen that the right{hand side of (39)
is non{positive whenever D � 1. This is exactly the physically relevant parameter
region. Because it is known that the eigenvalues of the problem are real, the physically
relevant equilibrium pro�les as de�ned in (37) are stable. In �gure 5 the evolution of
the bottom pro�le is shown in the case that D = �2.
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Figure 5: Bottom pro�le at di�erent times during the bottom evolution of the
advection{di�usion case with overtide with D = �2. The timesteps taken are on
the morphological time scale � = �a�s with t1 = 0, t2 = 1� , t3 = 3� , t4 = 5� and
t5 = 8� .

IfD = 1, the equation can be solved analytically. Write the perturbed equilibrium
as

h(x; � ) = heq + g(x) exp(!� )

resulting in the perturbed bottom evolution equation, which is given by

gzz � 5
gz
z
+
�
5

z2
� !z4

�
g = 0

Using the method as described in appendix A, it is found that the growth rate ! of
the perturbations is found by solving

J 2

3

(
1

3

p�!) = 0
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Figure 6: Growth rates as function of the parameter D.

These eigenfrequencies ! are used as starting values to �nd numerically the eigenfre-
quencies of (38) for other values of the parameter D. The results are presented in
�gure 6 where the eigenfrequencies are plotted as function of D.

As was predicted by the variational method, the equilibrium pro�le (38) is linearly
asymptotic stable.

Note that if D = 0, the evolution equation reduces to the purely di�usive case.
With this in mind, it is seen that if the tidal embayment is ood dominated (0� �
� � 180�), the advective contribution to the transport is stabilizing (the combined
advection{di�usion transport model has a smaller growth rate than the purely dif-
fusive model). If the tidal embayment is ebb dominated (�180� � � � 0�), the
advective term is destabilizing.

4.2 Bedload Model

If we introduce an overtide in the bedload model, the average of the advective part of
the volumetric sediment ux in (32) is not zero, unless the phase di�erence � between
the two tides is zero or 180 degrees. A special case of a slightly di�erent model is
studied in (Dongeren & de Vriend, 1994). The leading order di�usive contribution (i.e.
the contribution coming from the �hx term) is of O(�0), the leading order advective
contribution (i.e. the contribution coming from the u=juj term) is of O(�0�). These
contributions can be calculated using the velocity pro�le as given by (19) and the
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bottom evolution equation (31), yielding in leading order

h� = � @

@x

("
k(b; �; �)� �B(b; �; �)

@h

@x

# ����x� 1

1� h

����
b
)

(40)

with � = �bt,

k(b; �; �) = �
D
jsin(t) + � sin(2t+ �)jb�1 [sin(t) + � sin(2t+ �)]

E
and

B(b; �; �) =
D
jsin(t) + � sin(2t+ �)jb

E
In equilibrium, the sediment ux has to be zero on average. Therefore, the only

equilibrium pro�le is given by

hst1 =
k(b; �; �)

B(b; �; �)�
x (41)

Note that if

k(b; �; �)

�B(b; �; �)
� 1 (42)

the equilibrium pro�le cannot be reached because the bottom pro�le would exceed
the water level. Physically this case is similar to that discussed in section 4.1.3 for
D > 0, i.e., the di�usive transport cannot compensate for the advective transport.

The stability of the equilibrium solution (41) can be studied using the variational
method. To this end, write

h(x; � ) = hst1(x) + ~h(x; � )

with ~h the perturbation on the equilibrium pro�le. Inserting this in (40) and lin-
earizing with respect to ~h yields the perturbed bottom evolution equation. It can
be shown that the resulting operator is self adjoint and hence that all eigenvalues
of h are real. Multiply the eigenvalue equation with ~h and integrate over the tidal
embayment length. This yields, after integration by parts (using that at the end of
the tidal embayment h(x = 1) = 1)

1

2

@

@�

Z 1

0

~h2 dx = ��B(b; �; �)
Z 1

0

������
x� 1

1 � k(b;�;�)
�B(b;�;�)

x

������
b  
@~h

@x

!2

dx (43)

Hence (41) is stable since B(b; �; �) > 0. In �gure 7 the bottom pro�le is shown
at subsequent times, starting from two di�erent initial pro�les. The parameter
k(b; �; �)=B(b; �; �)� was set to a half.

It can be concluded that the parameter k(b; �; �)=B(b; �; �)� determines the be-
haviour of the tidal embayment. If this parameter is larger than one, meaning that
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Figure 7: Time evolution of the bottom. The subsequent pro�les are denoted by ti
for the initial pro�le h(x; t = 0) = 0:9x and si for initial pro�le h(x; t = 0) = 0. The
timesteps taken are on the morphological time scale � = �b with t1 = 0, t2 = 1� ,
t3 = 3� , t4 = 8� , s1 = 0, s2 = 1� , s3 = 3� , s4 = 5� , s5 = 8� .

di�usive e�ects cannot balance the advective uxes, no equilibrium position is found
and the embayment will �ll up. This means that the length of the tidal embayment
decreases until the situation that k(b; �; �)=B(b; �; �)� = 1 is reached. At that mo-
ment, the linear sloping bottom is stable. Thus a tidal at area is formed until a
situation is reached in which there is no net transport anymore. Hence the coupling
between the tides determines the length of the tidal embayment. This phenomenon
was found numerically in (Wang, 1992).

5 Conclusions

In this paper, we investigated the presence of equilibrium bottom pro�les in tidal
embayments which are short compared to the tidal wave length and which are driven
by prescribed surface elevations at the seaward boundary. Relative deep embayments
were considered for which the frictional time scale is at least of the order of the tidal
period. This distinguishes our systems from the highly frictional embayments studied
e.g. in (Friedrichs et al., 1990; Friedrichs & Madson, 1992). It was assumed that the
width of the tidal embayment was small compared to both its length and the Rossby
deformation radius so that the model could be reduced to a one dimensional model.
Since the tidal period is much shorter than the morphodynamical time scale, the
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method of averaging was used to separate the time scales. We investigated both lead-
ing order tidal forcing and forcing due to a leading order tide and its �rst overtide. It
appears that overtides are also generated internally in the model due to mass conser-
vation. The main conclusion is that stable equilibria can be found and that there are
important di�erences between a morphodynamic model for a tidal embayment based
on a suspended load transport mechanism and a bedload model.

If no overtide was considered, it was found that with sediment transport domi-
nated by suspended load transport, the equilibrium pro�le that satis�ed all boundary
conditions represents a constantly sloping bottom. In the case of bedload transport,
the bottom evolution equation reduced to a di�usion equation with the at bottom
as equilibrium pro�le. It turned out that all pro�les were stable within the context
of the one dimensional model.

In the case that an overtide was introduced in the forcing of the system, a wide
variety of equilibrium pro�les could be found, depending on the magnitude of the
various parameters in the problem. It was demonstrated that not only the intensity
of the overtide was important, but also its phase di�erence � with the leading order
tide. Although the changes of the equilibrium pro�les in the suspended load case
appeared to be profound, the change of equilibrium pro�le was most profound when
bedload transport is considered. If an overtide was present, the bedload transport
model resulted in a linear bottom pro�le whereas in the case with no overtide the
at bottom was the only equilibrium pro�le. Depending on the phase � the tidal
embayment could be exporting or importing sediment. The equilibrium pro�les were
all stable.

It appears that the equilibrium solutions of the one dimensional model are also
solutions of the original two dimensional model except for the case that advective
suspended load transport is considered in a system driven by overtides. However,
their stability properties in the full model may be quite di�erent compared with
the one dimensional case because the perturbation have more degrees of freedom.
Similar results in river{like problems (Schielen et al., 1993) suggest the excitation of
instabilities when a one dimensional model is extended to a two dimensional version.
This will be investigated in a forthcoming paper. It is expected that the spatial
structure of unstable perturbations will resemble in some sense observed channel{
shoal systems in tidal embayments. Furthermore, it would be interesting to study
e�ects of width variations in the channel geometry and include frictional terms in the
momentum equations, as they are relevant in most realistic tidal embayments.
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A Stability Analysis Of Perturbed Pro�les

In this appendix the stability of the equilibriumbottom pro�le heq = x will be studied.
The bottom is perturbed with perturbations given by (26)

~h = g(x) exp(!� ) + c:c (44)

resulting in a perturbed bottom evolution equation

gxx + 2
gx

1 � x
+

"
2

(1� x)2
� f(!)(1 � x)

#
g = 0 (45)

where f(!) is ! in the case of di�usively dominated transport and !=(98 + �̂) when
advective and di�usive transport are combined. For clearity, take f(!) = !. The
other case goes along the same line of thoughts.

First, de�ne z = 1� x and g(z) = z (z) and rewrite the equation as

 zz � !z = 0 (46)

which is the Airy equation. The solution of this equation can be given in terms of
Bessel functions (Abramowitz & Stegun, 1965). The di�erential equation (46) is of
the Sturm{Liouville type which has always real eigenvalues. Hence ! is real.

The �nal result for the bed topography becomes
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with A and B arbitrary complex constants.
To determine the constants, consider the special case that B = 0 and insert ~h in

the perturbed ux
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First, assume that ! > 0. Using the behaviour of the Bessel functions near z = 0,
one �nds that

~F � Ae�
1

3
i� + c:c:

Hence, the ux does not vanish at z = 0 unless A exp(�1
3
i�) 2 C . However, with this

choice and the identities
J�(z) = J�(�z)

and
J�(ze

m�i) = em��iJ�(z)

with m an integer (see (Abramowitz & Stegun, 1965)), it can be shown that the
perturbation is zero identically. The same can be done for ! < 0. Therefore, we can
put A = 0.
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If A = 0, the ux vanishes at z = 0. This can be seen by noting that
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This means that
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The boundary condition h(x = 0) = 0 will give us our set of eigenfrequencies. If
! > 0 the condition that must be satis�ed at x = 0 is
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again using the identities
J�(z) = J�(�z)

and
J�(ze

m�i) = em��iJ�(z)

Since �1=3 > �1 and real, all zeroes of the Bessel function are real, as was to be
expected. In (49) the argument of the Bessel function is imaginary and hence the
constant B must be chosen in such a way that the condition ~h(x = 0) = 0 is satis�ed.
However, with this choice of the constant B, it is seen, using (48), that ~h = 0 for all
x. Therefore the only frequencies that give a non{trivial perturbation satisfying the
boundary conditions satisfy
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Using again the argument that � > �1 and real, all zeros of the Bessel function are
real. From this it follows that ! < 0 and real and hence that the bottom pro�le is
asymptotically linear stable.

If f = !=(98 + �̂), the case with combined advective and di�usive transport, the
eigenfrequencies are found by solving
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with the corresponding eigenfunctions
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B Advectively Dominated Transport

B.1 Simple Harmonic Tidal Forcing

In the case we have to solve (7){ (9) with � = 0, �b = 0 and the velocity �eld (20).
Approximate solutions are constructed by expanding both the velocity and the con-
centration in the small parameter �:

u = u0 + �u1 + : : :

C = C0 + �C1 + : : :

The zeroth order concentration equation reads

aC0t = u20 � C0 (53)

with solution
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(54)

Since C0 is T{periodic, it follows that

< u0C0 >= 0

Hence the sediment ux becomes

F = �sa�
2 hu0C1 + u1C0i +O(�3)

By solving the �rst order equation for C1, it �nally follows that
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B.2 Overtide

The di�erence with section B.1 is that the velocity �eld is given by (19). We use
the same method as in section B.1 to solve the concentration equation. For small a
we �nd for the O(�0) concentration C0 ' u20 where u0 = u(� = 0). From this the
boundary condition for C at x = 0 can be obtained. Thus < u0C0 >'< u30 > and
this yields
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The corresponding sediment transport becomes

F = �sa� < u0C0 >' �3

4
�sa�� sin(�)

�
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�3

(56)

which is the result used in the text. Note that it only dominates the advective
transport due to the basic tide, given in (22), in case j� sin �j � a�. For the system
of table 1, this condition is satis�ed.
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C Di�usively Dominated Transport

C.1 Simple Harmonic Tidal Forcing

The equations to be solved are (7){ (9) and (20) with � = 0, �b = 0. in this case the
sediment ux reads F = ��sa� < C0 >x, so only the stationary concentration pro�le
has to be computed. It obeys

�a� hC0ixx + hC0i = 1
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(57)

Since the parameter a� � 1 for most embayments (see e.g. table 1) a solution
follows from the application of singular perturbation thechniques. Since the boundary
condition (15) guarantees that there will be no di�usive boundary layer near x = 0
the solution of (57) is

< C0 >=
1

2

�
x� 1

1� h

�2
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which is the result used in the text. Note that it also obeys the boundary condi-
tion (16) at x = 1, hence it is a valid solution in the entire domain.

C.2 Overtide

The method of analysis is similar to that discussed in the previous section, except
that the velocity �eld is given by (19). Solving the stationary concentration equation
now yields

hC0i = 1
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and the corresponding sediment ux is F = ��sa� < C0 >x.


