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The formation of the holding potential of physical adsorption is studied with a model in
which a hydrogen atom interacts with a perfectly imaging substrate bounded by a sharp planar
surface; the exclusion of the atomic electron from the substrate is an important boundary
condition in the model. The interaction energy and the dipole and quadrupole moments of the
ground state are determined with a variational calculation. The polarizability tensor of the
ground state and the interaction energies in the first few excited states are also determined. A
quantitative analysis is given of the transition to the dispersion-force, large-separation regime
using results of perturbation theory and of the variational solution for the ground state of a
hydrogen atom in the presence of a nonimaging wall. The relation of results for the image
model to ideas used in the modelling of experiments is discussed; this includes a treatment of
image field contributions to the depolarizing field at an adatom.

1. Introduction
In this paper we report the results of calculations of an idealized model for the
physical adsorption of a hydrogen atom: a hydrogen atom in the presence of a
perfectly imaging semi-infinite metal [ 1,2]. The simplifications made in the construction of the model enable us to give an accurate account of its content. It
provides a concrete illustration of the balancing of the contributions
of different
intermolecular
force mechanisms ln the adsorption energy and in properties of the
ground state of the adatom-substrate
complex. The analysis of this model may be
a useful preliminary to detailed treatments of adsorption which would include
correlation effects between the electrons of the adatom and the metal [3-61.
The holding potential of an adatom to a surface in physical adsorption is
thought [3-lo]
to be formed by a balance between an attractive dispersion force
and an exchange repulsion arising from the overlap of adatom and substrate
electrons. To improve upon this qualitative understanding, it is desirable to have a
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model where the balance between these two processes can be traced as a function
of separation, and for which a local minimum is formed in the holding potential.
For our model we trace the balance in the interaction energy and in such derived
properties as the dipole and quadrupole moments of the adatom and in its polarizability.
We reduce the manyelectron
problem of adsorption theory [3-61 to a oneelectron problem by introducing several simplifying assumptions. The electrodynamic response of the substrate is specified by a continuum dielectric constant, which
is a considerable simplification even for a perturbation theory treatment [ 111. Our
model does not include the intermingling of adatom and substrate electrons which
occurs in chemisorption
[3,4].
The interaction of a hydrogen atom with a metal modelled by jellium has been
studied in other works recently [6-81. Compared to such work, our model has the
defect of being less realistic physically, but it has the advantage that our treatment
can be more transparent and more complete.
The paper is organized in ten sections and an Appendix which are grouped as
follows: Section 2 contains the statement of the model, definitions of the coordinate system, and a discussion of the assumptions made in constructing the model.
Sections 3 through 5 contain treatments of the model in the limits of large and
small adatom-surface
separations; these establish the framework in which the later
results are discussed. In section 3, qualitative featurese of the interaction energy are
established. Perturbation
theory results for large separations are reviewed and
extended in section 4. A variational calculation for small separations is presented in
section 5. The principal body of detailed results is contained in sections 6 through
8. The results of a large scale variational calculation of the ground state and the first
few excited states are presented in section 6. In section 7 these results are compared
with the results of section 4 to give a quantitative analysis of the transition to the
large-separation dispersion-theory
regime. Section 8 contains the treatment of the
polar-izability tensor of the system. Several of the results may be useful in the discussion and analysis of experiments on physisorbed atoms. We collect some of this
information in section 9, including the energy level spectrum for atomic motion in
the holding potential and the results of a calculation for a finite dielectric constant.
We present our conclusions and a summary in section 10. We include an Appendix
which shows the role of image-charge fields in determining the dipole moment of an
adatom; this is a rederivation of a result of Antoniewicz [ 121.

2. The model
We determine properties of a hydrogen atom interacting with a perfectly imaging
semi-infinite metal with a sharp planar surface [ 1,2].
The proton is at a perpendicular distance L from the (non-diffuse) surface and
the instantaneous
potential energy is the sum of the Coulomb interactions. The
geometry is shown in fig. 1.
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Fig. 1. Coordinate system for the adsorbed hydrogen atom. The figure shows the relative positions of charges and images for the proton (p and p’) and the electron (e and e’). The basic
cylindrical coordinate system is also indicated.

2.1. Coordinate systems
Three coordinate systems are used to describe the positions of the charges. Each
leads to considerable simplifications in parts of our treatment.
The basic system is indicated in fig. 1: cylindrical coordinates with the polar z
axis going from position of the image-proton to the proton and with the origin of
coordinates at the intersection of the polar axis with the planar substrate surface.
The lateral distance from the polar axis is denoted p and the azimuthal angle is
denoted $I.
A second coordinate system is used in defining multipole moments of the
adatom charge distribution
and in the perturbation
theory of section 4. The
cylindrical coordinates just described are used with the origin of coordinates taken
at the proton. Then the coordinate z is replaced by a 5 variable which is related to it
by

(=z-L,

(2.1)

and the distance from the electron to the proton is
r={p2+{2}r/2.

(2.2)

The third coordinate
system is used in the variational
solution of the
Schrodinger equation in section 6: confocal elliptic coordinates [13] with foci at
the proton and image proton. The coordinates .$ and n are defined in terms of the
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first set of coordinates

by

r;= [{pa+(z-L)~}r’2+{p~+(z+L)~}r’2]/2L)
Tj = [{p? + (z + L)2} 112-{p”
The azimuthal

+ (z - L)2}1’2]/2L

(2.3)
.

(2.4)

angle 4 remains as before. Then the element of volume is

p dp dz d$ = L3(t2 - v2) dE dr) d@ ,

(2.5)

and the Laplacian is [ 131

v2 = [L”@

- $)I

-1 _32_1)~+31-n’)a+_
(

a?l

In the half-space z > 0, the ranges of the coordinates
l<,$<-,

(E2-q2)
<
(E” - 1x1 - v2) wJ

2’ 6)
1.

[ and 71are

O<Tj<l.

(2.7)

2.2. Hamiltonian and observables
The Hamiltonian is composed of the kinetic energy of the atomic electron and
the Coulomb electrostatic energy of the proton, the atomic electron and their
images (fig. 1).
The atomic electron is assumed to be excluded from the interior of the metal so
that its accessible space is the half-space z > 0.
The adatom-metal
interaction energy (holding potential) and the ground-state
electron distribution
are obtained in the Born-Oppenheimer
approximation
[13]
by solving the Schrodinger equation for the ground state of the atomic electron as a
a function of the proton-metal
distance L:
HJI, =Fo$o

(2.8)

>

H=K+V,

(2.9)

K = -iv2

(2. IO)

V= -{p2 + (z - L)2}-1/2

--l/r+
J/,=o,z<o.

Vi@, Z;L) 9

t (p2 + (z +l5)2}-‘/2

- 1/(4L) - l/(42)
(2.11)
(2.12)

Atomic units are used throughout this paper: the electron mass m, the magnitude
of electron charge and the reduced Planck constant are all set equal to unity. The
unit of distance is 1 bohr, 1 a0 z 0.529 A, and the unit of energy is 1 hartree,
$/a0 N- 27.2 eV. In these units the ground state energy of an isolated hydrogen
atom is -0.5. The interaction energy is @ = Ee + 0.5.
The boundary
condition eq. (2.12) is the device by which effects of the
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exchangeoverlap
repulsion of the adatom and metallic electrons are included in
the model.
The interaction energy for an excited-state hydrogen atom is obtained by solving
eqs. (2.8)-(2.12)
for an excited state of the system and then subtracting the
corresponding excited state energy for the isolated hydrogen atom.
The dipole moment operator for the adatom charge distribution is defined to be
&=L-z=-5.

(2.13)

A positive expectation value for pz denotes a state in which the dipole is directed
away from the substrate.
The quadrupole moment tensor of a distribution
of charge density p(x) is
[ 14,151, in Cartesian coordinates,
Qij

=J(IJX$j

-

r26ii)

P(X)

(2.14)

dX a

The charge distribution
for the hydrogen atom-metal
system has a net dipole
moment so that it is necessary [ 141 to specify that the origin of the coordinates we
use in evaluating Qij with eq. (2.14) is at the proton. For the adatom-substrate
geometry here, the ground-state expectation value of Qij is diagonal in a coordinate
system with z axis along our z axis and x and y axes in the plane parallel to the surface. The nonvanishing terms in the expectation values are

Q,, = -2Q,,

= -2Qyv = Q = -(AI, (3r2 - 2) 90)1(~0, $0) .

(2.15)

The polarizability of the system is also a tensor which is diagonal in the same
coordinate system which makes Q,j diagonal. The independent components CY,,and
cr,, can be defined [16,17] in terms of a second-order perturbation theory energy
using a complete set of eigenstates $I,, and energies E,, of the Hamiltonian H:

%z= -2

nqo
I(J/n,r90Y2/(Eo- J%)

3

Krx = -2

nc,

I($,

xlLoY2/(Eo -L).
(2.16)

The evaluation of azz and (Y,. by methods
[ 16,171 is discussed further in section 8.

which approximate

these expressions

2.3. The assumptions
We give here a preliminary discussion of the extent to which the simplifications
made in constructing the model, eqs. (2.8) to (2.12), give an inaccurate representation of the conditions obtaining in ordinary physical adsorption.
The use of perfect imaging for the evaluation of the interaction of the adatom
charges with the substrate would be accurate if the metal responded instantaneously to changes in the electric field during the motion of the atomic electron. This
limiting behavior of the response is approached for a metal with a high plasma
frequency, i.e., high compared to the characteristic frequencies of the adatom [7,
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18-201. In a jellium model for the metal, this is fulfilled for a metal of high
electron density.
We use a sharp, nondiffuse, metallic surface as the boundary for the accessible
space of the adatom electron. In fact the substrate electrons spill out past the ion
cores, with the density dropping to nearly zero over a distance of the order of a few
ae. Model calculations show the spillout distance becomes small for a high density
metal [19,21].
The response of the substrate is characterized by a dielectric constant, which is a
concept of linear response of the substrate to an external field. At small chargesubstrate separations, the strong electric field of the charge may drive a significantly
nonlinear response [6]. The substrate is treated as a continuum, with no allowance
for effects of its discrete atomic structure [18].
These complications
place a lower limit on the charge-surface
separations for
which the use of electrostatic image potentials is physically accurate [5,6]. Phenomena calculated with our model which depend appreciably on small charge-surface
separations must be treated with reservations.
The assumption that the atomic electron is excluded from the interior of the
substrate will reflect the physical situation if the work function of the substrate is
appreciably smaller than the ionization potential of the adatom [3]. This assumption appears likely to be more accurate for the ground state of the system than for
the excited states. Our use of this assumption is an essential ingredient of the model
and we do not see a way to begin a systematic approximation
method which
improves upon it and retains the one-electron nature of the model.

3. Qualitative features of the interaction energy
The ground state interaction energy Cp is defined to be the difference between
the ground state energy E. of eq. (2.8) and the ground state energy of an isolated
hydrogen atom (-l/2).
Here, in section 3.1, we show that the limiting behaviors of
@ at large and small separations can be established by inspection: at large separations Cp is negative and at small separations (L + 0), @ is unboundedly
negative
(a + -m). Thus there is a question whether a local minimum in @ is formed for the
model. In section 3.2 we establish that there is a region of positive Q’, and therefore
that a local minimum is formed, by construction of a positive lower bound on @ at
some separations. The interaction energy in excited states of the atom does not
necessarily have a local minimum, as shown by detailed results in section 6.3.2.
3.1. The limits of large and small L
The model in eqs. (2.8) to (2.1 l), without the specification of eq. (2.12) was
used by LennardJones
[l] to estimate the interaction energy of a hydrogen atom
with a metal. His treatment, a perturbation theory at large L, gives the result [l]
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(3.1)

The physical picture is that in this limit the system decouples into an isolated atom
plus metal, with a small lowering of the total energy coming from the interaction of
the fluctuating dipole moment on the atom with its image in the metal. Eq. (3.1) is
discussed further in section 4.1.
At small separations, the simplifications made in constructing the Hamiltonian
become suspect [5,6]. Nevertheless, we discuss this limiting case to establish the
qualitative content of the model. The potential V can be viewed as the energy of
the proton and its image plus the energy of the electron and its image plus the
energy of the electron in the field of a finite dipole formed from the proton and the
image proton. At small L the dipole becomes small and the electron energy is
dominated by its binding to its Image, with an energy -l/32. Then the interaction
energy is dominated by the proton-image
proton energy:
a=-1/(4L),

L+O.

(3.2)

Eqs. (3.1) and (3.2) are consistent with many possible variations of Q, at intermediate separations. Our intent in constructing the model was that a minimum in @
would be formed by a balance between the attractive polarization
potential,
indicated in eq. (3.1), and an effective repulsion of the atomic electron from the
metal, incorporated in eq. (2.12). The arguments leading to eq. (3.2) fail for physical systems because image potentials are not to be used so literally at small L. We
now investigate whether this failure influences the model so much that no finite
potential minimum is formed.
3.2. Potential barrier at intermediate sepamtions
The results of a Rayleigh-Ritz
variational calculation of the ground state energy
of eq. (2.8), presented in sections 5 and 6, show that there is indeed a region of
positive Cp between the large and smaIl L regions discussed in section 3.1. In
practice there are questions about the effective convergence of variational calculations with fmite basis sets, so that we believe it is appropriate to give a further
proof of the existence of the potential barrier for this model.
The technical difficulty we encounter in solving eq. (2.8) is that we do not know
of a coordinate system in which the variables separate [6]. Even for the ground
state, with cylindrical symmetry about the z axis, the Schrodinger equation remians
a partial differential equation in two variables. We now construct a comparison
problem with separable Hamiltonians
for which the equations to be solved are
ordinary second order differential equations and which leads to a lower bound on
EO and Cp.
Rewrite the Schrodinger equation as

[Eo + 1/(4L)I

J/O =

Wi

+Hd)

J/O

9

(3.3)
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with
Hi=(l

-h)K-

l/(42),

(3.4)

and
I& = AK + [p’ + (z +L)2]--1/2 - [p” + (z - L)2] --1/a ,

(3.5)

subject to
$a=O,

z=o.

(3.6)
The separation of K between eqs. (3.4) and (3.5) is made with a quantity h
(0 < X< 1) which is available as a variational parameter. The Hamiltonian Hi
describes the interaction of a charge with its image [22,23] and & describes the
interaction of a charge with a finite dipole [24].
The lower bound on ,!?a results from the observation that E,, t 1/(4L) must be
greater than or equal to the sum of the ground state energies of Hi and Hd, each
subject to eq. (3.6):
E,vI)~-(1/4L)tE,(Hi)+Eo(Hd).

(3.7)

The ground state energy of Hi is available analytically:
Ee(Hi)=-1/[32(1

-A)] e

(3.8)

The ground state energy of & is obtained by an analysis similar to that of Wallis
et al. [24] for the energy levels of a finite-dipole potential. The Schriidinger equation separates in the confocal elliptic coordinates of section 2.1: the &Y
equation is
the same equation as treated by Wallis et al.; the q equation is formally the same as
theirs but the plane z = 0 is not a symmetry plane of Y so that the boundary condition at z = 0 (17= 0) prevents us from making direct use of their results. We solved
for the ground state energy with our boundary condition by numerical integration
of the separated equations to get a pair of simultaneous equations for the separation constant in terms of the energy. Our results for the { equation agree with those
of Wallis et al. [24]. We obtain, numerically, the ground state energy in the form
E&IJ

= -(V?L2) P2(4L/X) 3

(3.9)

where p2 is a reduced energy which depends on the combination 4LIX.
The function pa arises in expressing the Schrodinger equation in reduced units; it
is a nonnegative increasing function of its argument.
Because there is no binding for Hd, with eq. (3.6), for Values [25] of 4L/x less
than 2.958, we have a lower bound on @ at small L with the same leading terms as
shown in eq. (3.2).
The lower bound, eq. (3.7), is
Ec >E,,, = -1/(4L) - l/132(1 -A)] - (x/2L2)p2(4L/X),

(3.10)

and we may choose the parameter X to make the rhs a maximum for a given value
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Fig. 2. Potential barrier at intermediate separation. Upper and lower bounds on the groundstate interaction energy @ are shown as a function of proton distance L from the surface
(entries are in atomic units): (X) lower bound calculated as described in section 3.2; (0) upper
bound calculated as described in section 5; (o) upper bound calculated as described in section
6.1; solid line: upper bound calculated from eq. (3.11).

there are more convenient procedures, based on the fact that the
function p2 is calculated at discrete values of its argument, but the principle
remains the same: we maximize the lower bound.
The resulting lower bound on @ is shown in fig. 2: it proves that there is a region
of positive @ which includes the range of L from 0.7 to 0.95 ao. There is a potential
barrier in @ of height at least equal to 0.024 au. Because a lower bound based on
arguments such as those leading to eq. (3.7) is frequently a poor approximation to
the exact energy we may expect that the barrier is much higher than the estimate
gives. Our detailed calculations show it to be approximately 0.1 au.
of L. Actually
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The lower bound const~ction we have just presented differs from many application of such arguments in not working solely with analytical results, so that it is not
simple to reproduce the results we have used. However, the comparison problem for
Hd can be treated with much higher precision than the problem for H, so that the
resort to numerical methods in the lower bound remains of value. A conservative
statement of the situation is that use of the lower bound to establish the barrier is a
calculation with a very different computational bias than the variational calculations on which we base most of our discussion.
3.3. Further estimates

of the interaeti~n

We obtain an upper bound on the interaction @without detailed c~culation by
the observation that the potential in Hd, eq. (34, is negative in the half-space
z>O:
Q,Q (15/32) - 1/(4L) .

(3.11)

This upper bound is shown in fig. 2 Eq. (3.11) and the argument below eq. (3.9)
confirm the estimate given in eq. (3.2).
The importance of the wall boundary condition for the existence of the barrier
in Cpcan be seen from the following arguments which overlook the boundary condition.
First, rewrite the image potential Vi in eq. (2.11) with cylindrical coordinates
centered on the proton:
Vi=-1/(4L)-1~[4~~+L)]+[p2t(~+2L)2]-”2,

-L<5<m.

(3.12)

The image potential Vi is negative throughout the half-space z < 0 (5 > -I?,), and
thus is a negative definite perturbation on the isolated atom Hamiltonian Because
of the boundary condition eq. (2.12) we must not conclude that Ee is always less
than the energy of the isolated hydrogen atom.
Similarly, although we can show that
aVi/aLIf,p>O,

f>-L

t

(3.13)

we must not use the Hellman-Feynman theorem [13,26] to conclude that the
ground state energy Ee is monoto~c function of L.
Both conclusions would be false, as is shown by the results of sections 3.2, S and
6.

4. Perturbation theory results
Our model has been analyzed for large proton-surface separations L by LennardJones [l] and by Antoniewicz [2], using perturbation theory. In their calculations,
the condition on the atomic electron wave function in the region of the metal, our
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eq. (2.12), is not stated explicitly. Specifying the substrate response with image
potentials reduces the complexity of the calculations [ 1 I] so that the polarization
of LennardJones
arises in the first order of perturbation theory for the energy and
the dipole moment of Antoniewicz is obtained with first-order perturbation theory
for the wave function.
In this section we review and refine the perturbation theory results [27]. In later
sections they are used as guides in deciding how complex a variational trial function
is needed to represent the leading multipole distortions of the adatom-electron
density and for quantitative analysis of the results of the variational calculations at
large L.
The basic Hamiltonian
in the perturbation
theory is the Hamiltonian for an
isolated hydrogen atom:
H,,=-iV2

-l/r.

(4.1)

The image interactions, Vi in eq. (2.11) provide the perturbing
(and finite r), Vi is expanded to form a series:

potential.

Vi=(1/L3)V3+(1/L4)V4+(1/Ls)Vfj+***y

At large L
(4.2)

with
V, = -(C2 +?)/16,

(4.3)

V4 = {({’ + r2)/16 ,

(4.4)

I’s = (3/256) r4 - (1 S/128) r2f2 - (29/256)

s” .

(4.5)

4.1. The interaction energy
The ground-state
#e = n-r/*

exp(-r)

energy of H,,, do), is -l/2,
.

with a normalized

wave function
(4.6)

First order perturbation theory for the ground-state energy [l] shows the leading
term in the interaction energy @ to be the expectation value of Vi in the state 40:
a(‘) = (@O,I/i~O)/(~O, 40) .
A calculation
a(l)

(4.7)

with eqs. (4.3) to (4.5) gives

= -1/(4L3)

- 9/(8L5) - . . . .

(4.8)

The second order of perturbation theory for @ is discussed in section 4.4.
Similar constructions hold for the interaction energy of the excited state atom.
We list here results for states formed from the degenerate first excited state of the
hydrogen atom. The interaction energy then is the difference between the excited
state energies of eq. (2.8) and the energy [-(l/8)]
of the isolated atom. The first
excited state of the isolated atom (principal quantum number n = 2) [28] is 4-fold
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degenerate, but in interaction with the metal the degeneracy is partially lifted. The
2p, m = il states remain degenerate (polar axis perpendicular to the metal), but the
2s and the 2p, m = 0 states split from these.
Perturbation theory for the 2p, Im I = 1 states follows the calculation with eq.
(4.7). The result is
cP(‘)(Zp, I m I = 1) N -9/(4L3) .

(4.9)

Perturbation theory for the 2s and 2p, m = 0 states must include the fact that
they are mixed by the V, part of the perturbation, which is odd in t. Applying
degenerate perturbation theory gives the results
&‘)(2p)”
N(2s)

[l/(4L3)]{-13

+ [i + (90~~)2]1’2} ,

= [1/(4L3)]{-13 - [l +(9o/L)*]r’a3

.

(4.10)

The labelling of these interactions is based on analysis of the perturbed wave functions at very large L; at values of L near 5, however, the unperturbed 2s and 2p,
m = 0 states are nearly equally mixed.
4.2. The dipole moment
The average dipole moment of the system lies along the z axis and is given by the
expectation value of the dipole moment operator, eq. (2.13) in the ground state:
!J = f&l ~~~~)/(~~, $0).

(4.11)

Perturbation theory leads to a series for the wave function
e. = r#Iot JI(1) t ... ,

(4.12)

with
(4.13)
The factor 1 -PO is a projection operator to enforce that J/(l) is orthogonal to 40.
The leading term in the dipole moment at large L is [2]
Er(‘) = 2f#o, cl&(‘)) *

(4.14)

Of the terms shown in eqs. (4.2) to (4.5), only V, gives a nonvanishing contribution
to y(l). We evaluate this in two ways. First, we note that there is a closed form
solution [29] for the first order Stark-perturbed wave function of a hydrogen
atom:
(4.15)
The self-adjointness of the resolvent operator in eq. (4.13) can be used to bring eq.
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(4.14) to a form where eq. (4.15) is used; the result is
/.&‘) = (99/16)(1/L4)

(4.16)

+ ... .

Second, the same methods [29] which lead to eq. (4.15) are used to find a closed
form for the part of J/(r) (V4) which gives a nonvanishing contribution
to eq.
(4.14)
hs

($,P’)

Go = -5‘[(3/80)

r3 + (9/gO) r2 + (9/32) r + (9/16)1
GO

.

(4.17)

Eq. (4.17) is the dipole contribution of V4 in @‘); V4 also gives an octupole contribution to J/ (l). Using eq. (4.17) in eq. ( 4.14) again leads to eq. (4.14).
Eq. (4.16) is a slight improvement on the result of Antoniewicz [2], who approximated the evaluation of the coefficient of ( 1/L4).
The next term in ~(‘1 arises from the VS term in eq. (4.2), not shown explicitly
there. Its contribution is easily found using eq. (4.15):
~“‘2:(99/16)(1/L~)

(4.18)

t (585/8)(1/L6).

This series does not appear to converge rapidly, even at L near 5.
4.3. The quadrupole moment
The quadrupole moment tensor is defined and discussed at eqs. (2.14)
(2.15), where it is given in terms of a single expectation value Q.
Using eq. (4.12), the leading term in Q at large L is

(4.19)

Q(l) = -2(Qo, [3c2 - r’] J/t”) .
The leading contribution
J/(l) from Va is
L$~I;o

]-(l/4gX3C2

to Q(l) comes from Vs. The quadrupole

- r2) Go] = (1/96)[1

and

+ (2r/3)](3c2

perturbation

- r2) Go .

in

(4.20)

Thus the leading term in Q(l) is
Q(l) = -(5/4L3).
An extended
Q(l) N-

(4.2 1)
calculation

l(5/4L3) -

(72/L’)

using eq. (4.15) and V, leads to a second term:
.

(4.22)

4.4. Second-order perturbation theory for @
We have shown the leading dipole and quadrupole contributions
to the firstorder perturbed wave function G(l) in eqs. (4.17) and (4.20). The derivation of
these terms is quite similar to the derivation [29] of the first-order Stark term, eq.
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(4.15). To complete the calculation of the leading term in the second-order energy
(Pt2), which varies as 1/L6, we now evaluate the contribution of the’spherically
symmetric portion of k’s to I#‘). There is a slight complication in the evaluation of
this piece, which we denote $$,‘I. Therefore we include an outline of it.
The equation determining $6’) is
(4.23)
If we defme a function f.by
$#)=

-4W3)h(~Me

7

(4.24)

eq. (4.23) can be written as a differential equation for&:
2(& -

Ho)fo@o= P - PO1r2$o= (I” - 3) $0 >

(4.25)

where the last equality is a consequence of the orthogonality imposed by the
projection operator PO. Explicitly the differential equation for f.is
d2f0/dr2 t [(2/r) - 21 dfoldr = r2 - 3 .

(4.26)

The solution, with an additive term determined by the requirement that r&r) is
orthogonal to #o, is
f. =-(1/6)r3-(lf2)r2

+(11/4).

(4.27)

As in the calculations with differential equations [29] leading to eqs. (4.1.5),
(4.17), and (4.20), there is a singular solution to the homogeneous version of eq.
(4.25). It is rejected because of an implicit condition that the first order perturbed
wave function is nonsingular.
The leading term in the second-order energy is evaluated using eqs. (4.27) and
(4.20):
G?(2)= ($0, IJi$(‘l) N -(9 1/384)(1/L6) e

(4.28)

5. Variational calculation at small separations
At small separations L, the discussion of section 3 shows that the binding of the
electron to its image is the dominant process and that the lateral (p coordinate)
localization is rather weakly enforced by the interaction of the electron with the
finite dipole of the proton and image proton. This picture is now incorporated in a
variational trial function for the ground-state energy which reflects these effects
already in its nonoptimized form, Inspection of the results shows that the picture
becomes accurate only for values of L which are much smaller than those which are
signitlcant for the physical holding potential.
Specifically, we adopt B trial function
Jlt = 2 exp(--=)R@)

,

(5.1)
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where OLis a variational parameter and R(p) is a function to be determined by minimizing the Rayleigh-Ritz
trial energy. The choice a = l/4 makes the z-dependence
exactly that of the electron+lectron
image ground state wave function, The
functional variation of the trial energy with respect to R(p) leads to a Schrodinger
equation for planar motion in a purely attractive potential which is formed by
averaging the potential V, eq. (2.1 l), with the z density. For any finite L there is a
bound-state,
square-integrable,
solution
[30] for R(p). Thus the trial energy
obtained in this way is a tighter upper bound than is given in eq. (3.11).
The upper bound resulting from the use of eq. (5.1) is shown in fig. 2. The
evaluation of the effective potential in the Schrodinger equation for R@) and the
solution for R(p) were done by numerical integration for several values of a at given
To measure the extent to which the picutre of the dominant process being the
electron binding to its image is confirmed by these calculations, we compare the
electron trial energy, Et t 1/(4L), with the ground state energy -l/32 = -0.03125
of the electron-image system. At L = 1.0, the electron trial energy is -0.101 and at
L = 0.6 it is -0.0432;
the optimal values of OLat these separations are 0.614 and
0.347 respectively.
We conclude that the picture is accurate only for values of L much smaller than
1. The considerations
for choosing eq. (5 .l) as a trial function are much less compelling at values of L greater than 1; indeed the corresponding trial energy is a
noticeably poorer upper bound than we obtain in section 6.
The results obtained here with eq. (5.1) eatablish the small-L limit for a largescale variational calculation, while the perturbation
theory results establish the
large-l limit.

6. Detailed treatment of the model: multiparameter variational calculation
To get accurate solutions at intermediate distances L for the interaction energy
@ and the dipole moment ~1 and the quadrupole moment Q of the atomic charge
distribution,
we resort to a variational solution for the ground state of the model
stated in eqs. (2.8) to (2.12). The values we give for @ are in fact upper bounds to
the exact @, but we conclude from the stability of our values for @‘,p, and Q as the
scope of the variational search is expanded that we have essentially obtained the
exact values of these quantities for the model.
This section also contains results for the first excited states of the model, corresponding to the n = 2 states of an isolated hydrogen atcm, and results for the
ground state of a model obtained from eqs. (2.8) to (2.12) by omission of Vi from
the potential. The latter model is the case of hydrogen atom in the presence of an
impenetrable wall (“no images”).

524

L. W. Bruch, Th. W. Ruijgrok /Model for physical adsorption of atomic hydrogen

6.1. Ttil functions and pattern of calculation - ground state

The trial function which we use for the ground-state c~culations has the form
J/t = exp(-oE/2) sinhtil2)

2 GXk# ,

(6.1)

in the confocal elliptic coordinates [ 131 of section 2.1. It has two nonlinear parameters (Yand p and up to 28 linear parameters Ckl, There are several advantages to
the use of this form of the trial function.
The volume integral in the trial energy and the expectation values for 12and Q
reduce to combinations of the integrals

1, (a) = 1 Ena1 e-@ dl ,
1

J&3) = i

q”-” sinh2(pr1/2) dq .

(6.2)

Except for the case n = 0 these can be given in terms of elementary functions; for
n = 0 the evaluation is simplified by using tabulated values [31] of exponential
integrals as reference points for numerical iterations.
Thus most of the reduction
of the integrations is performed analytically.
Second, at large L the function J/t closely approximates the ground-state wave
function of an isolated hydrogen atom when only the k = I= 0 term is retained in
the sum and the nonlinear parameters are chosen to be ~1= /I = 2L. The trial energy
then has the leading l/L3 term of the perturbation theory [ 11, eq. (4.8).
Third, we find that for values of L in the range 1 to 6 the ~rn~ed
trial energy
with 28 linear parameters differs by less than $% from the value obtained with only
the k = I = 0 term if (Yand /.Iare chosen to minimize the l-term trial energy. The
values for M and Q also appear to go rapidly to limiting values as the number of
linear parameters is increased; the values ordinarily change by less than 1% as the
number of linear parameters is increased from 10 to 28.
The principal disad~tage of the trial function eq. (6.1) is that the separate
powers do not form an orthogonal basis in the half-space z > 0. An overlap matrix,
S(kZl k’l) s j

0

dv i
1

a(g2 - v2) tksk T$+”e-*

sinl?(pr)/2) ,

(6.3)

appears in the linear vacations problem for the coefficients CM. The matrix eigenvalue problem for the. &r’s is first reduced to a more standard eigenvlaue problem
by applying a Cholesky decomposition [32] to the overlap matrix. This step,
particularly at small L, is sensitive to lack of precision in the evaluation of the
elements of the overlap matrix. It is not routine to extend the calculations beyond
28 linear parameters with our methods.
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Our procedure for increasing the number of variational parameters in (6.1) is
to include all terms in the sum (k and 1 are nonnegative integers) satisfying

for successive values of N. We use N values of 0 to 6, or a range from 1 to 28 terms
in the sum. The powers of the coordinates shown in the first-order perturbed wave
functions in eqs. (4.17) and (4.20) are included in the trial function when N is
greater than or equal to 5. However, as in other applications of variational methods,
we find our values for ~;rand Q are already near their apparent limits at N equal to 3
or 4.
In outline, the steps of the variational calculation for the ground state are, at each
L : (1) For a l-term trial function, with k = I = 0, we determine the values of (Yand P
(to 1%) which minimize the trial energy. (2) The values of ar and fl are held futed
and the minimum trial energy is found for values of N up to 6, using library
routines of our computer center for the Choiesky decomposition and the determination of matrix eigenvalues. (3) The optimized trial function is used instead of
the exact ground-state function to calculate I_C
and Q from eqs. (2.15) and (4.11).
(4) At scattered values of L the effect of varying OLand /3 in the N= 6 case is
checked to see if they need to be reoptimized; in all cases we have found the
changes in @, B, and Q to be negligible compared to the precision with which our
results are reported.
At large and small L values the overlap matrix has some very small eigenvalues
for the optimized cr and /l and values of N greater than 3. This led, at times, to
instability in the N= 6 calculations; for such cases our reported results were
obtained as limits inferred from the 3,4, and 5 values and were checked with limits
derived from the N= 6 case with a small stabil~ing component added to the overlap matrix.
We believe the results we obtain for the energy Ee(= -0.5 t @) are accurate to 6
figures and for y and Q are accurate to 3 figures.

Variational principles are available for the interaction energy of the excited-state
atom [32,33].
For the degenerate states formed from the 2p, m = +l states of the isolated atom
(discussed in section 4.1), we use a variational trial function
5 = exp(~i~)[(~2 - 1x1 - n”)] l/2 exp(-ff’~~2) si~(~‘~/2) 2

t

d&?

,

64)

and determine the minimum trial energy, following the same pattern of calculation described in section 6.1. However, the search for the optimal values of o’ and
6 in the N = 0 case is less thorough, because of the insensitivity of the N = 5 results
to the precise values taken for ar’and 8’. Most of the results which we report for the
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excited states are obtained with the N = 5 trial function.
The @dependence assures that this trial function is orthogonal to the groundstate function, so that the usual Rayleigh-Ritz
procedure leads to an upper bound
on the interaction energy in these excited states. The stability of the trial energy as
the number of linear variational parameters is increased gives us confidence that we
have evaluated the interaction energy to within 2 X 10T4 au.
The interaction energies for the other two n = 2 states, formed from the 2s and
2p, m = 0 states of the isolated atom, are obtained from the results for the trial
function of section 6.1. These states are independent of $J. Upper bounds on the
interaction energies in the excited states are derived from the diagonalization of the
(truncated) trial Hamiltonain matrix. The lowest eigenvalue of the linear variational
problem is an upper bound on the ground-state energy; the next two eigenvalues are
upper bounds on the energies of the first and second excited states [32,33]. For
each eigenvalue we vary the nonlinear parameters a! and 0 to obtain the best upper
Table 1
Properties of the ground state of the hydrogen atom - imaging substrate system a
Lb

aJc

I.rd

Qe

0.85
0.95
1.05
1.2
1.6
2.0
2.4
2.8
3.0
3.2
3.4
3.6
3.8
4.0
4.4
4.8
5.2
5.6
6.0
6.4
6.8

9.98 x 1O-2
0.1001
9.35 x 10-s
1.188 x.10-2
3.151 x 10-2
1.384 x 1O-2
2.29 x 1O-3
-2.54
x 10 3
-3.59 x 10-s
-4.11 x 10-s
-4.21 x 1O-3
-4.21 x 1O-3
-4.02 x 1O-3
-3.75 x 10-s
-3.14 x 10-s
-2.55 x 1O-3
-2.05 x 1O-3
-1.65 x 1O-3
-1.34 X 10-s
-1.09 x 10-s
-8.96 x lo4

-1.605
-1.253
-1.010
-0.161
-0.428
-0.251
-0.153
-8.59
-6.24
-4.38
-2.94
-1.85
-1.02
-4.24
+2.95
+5.95
6.66
6.23
5.46
4.54
3.70

-3.30
-1.94
-1.14
-0.411
+0.158
+0.302
0.304
0.253
0.220
0.186
0.154
0.124
9.74 X 10-a
1.42 X 1O-2
3.83 X 10”
1.52 X 1O-2
1.50 X 10-a
-5.57 x10-3
-8.51 X 1O-3
-9.23 x 10-j
-8.78 x 1O-3

x 1O-2
x 1O-2
x 10-s
x 1O-2
x 1O-2
x 10-a
X 1O-3
X 1O-3
x 10-s
x 10-s
x 1O-3
x 1O-3
X 10-s
x 10-a

a All entries in atomic units: 1 hartree = 21.21 eV, lao = 0.5292 A, 1 eao =Z2.542 X lo-‘*
em-cm = 2.542 debye, 1 et; = 1.345 X 1O-26 esucm”.
b Perpendicular distance of proton to surface.
c Interaction energy, @ = Eo + 0.5.
d Dipole moment, eq. (4.11); positive p denotes an outward directed dipole.
e Quadrupole moment, eq. (2.15).

L. W.Bruch, Th. W. Ruijgrok /Model for physical adsorption of atomic hydrogen

521

bounds on the energies of the ground and first and second excited states of
azimuthal symmetry with the trial function eq. (6.1).
The convergence of the variational approximation
with increasing basis size is
less rapid for the excited states than for the ground state. Also, the problems of
numerical stability mentioned in section 6.1 become more severe in the excited
states. We believe our results for the energies of the excited states of azimuthal
quantum number m = 0 are accurate to within 2 X 10V4 au.
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Fig. 3. Interaction energy of a ground state hydrogen atom and perfectly imaging wall. The
energy 4 is shown as a function of proton distance L from the wall (entries are in atomic units).
The points are the results of the multiparameter variational calculation described in section 6.1;
the data are also presented in table 1.

L

Fig. 4. Contours of constant density deviation. Contours are shown for constants values of lJto 12 - 2e- 2r, fox the change in the probability
density of the atomic electron relative to the isolated atom probability density (both densities are normalized to 8~). See discussion in section 6.3
of the text. The ordinate is the distance z from the surface and the abscissa is the lateral distance p from the z axis. The proton is at distance L
from the surface along the z axis: (a) L = 1.6, (b) L = 3.4, (c)L = 4.8.
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Table 2
Properties of the ground state of the hydrogen atom-impenetrable
L

@

I(

0.85

0.233
0.205
0.1428
7.56 X 1O-2
3.92 x 1o-2
2.01 x 10-s
1.03 x 1o-2
5.21 X 1O-3
2.62 X 10-j
1.31 x 10-s
6.47 X 1O-4
3.18 X lo4
1.55 x 10-4
7.53 x 10-s
3.63 x lo-’
1.74 x 10-s
8.3 x 10-e

-1.20
-1.02
-0.704
-0.432
-0.279
-0.182
-0.117
-0.074
-4.53
-2.72
-1.60
-9.22
-5.21
-2.90
-1.59
-0.86
-0.46

0.95
1.2
1.6
2.0
2.4
2.8
3.2
3.6
4.0
4.4
4.8
5.2
5.6
6.0
6.4
6.8

wall system *

Q

x 10-s
x 1O-2
X 1O-2
x 10-s
X 10-j
x 10-s
x 10-a
x 10-s
x 1O-3

-2.27
-1.53
-0.54
+0.027
+0.201
+0.237
0.218
0.177
0.133
9.47 x 10-a
6.42 x 1O-2
4.18 x 1O-2
2.64 X 1O-2
1.62 X 1O-2
9.73 x 10-s
5.73 x 10-s
3.31 x 10-s

a Definitions are as in table 1.

Table 3
Energy of excited-state hydrogen atom with perfectly imaging wall alb
LC

-E(2p,

1.05
1.5
2
2.5
3
3.5
4
4.5
5
5.5
6
6.5,
7
8
9
10.5
12

0.266
0.1980
0.1626
0.1468
0.1403
0.1376
0.1363
0.1355
0.1348
0.1340
0.1332
0.1323
0.1315
0.1300
0.1288
0.1274
0.1266

lml= 1)d

-E(2s) e

-E(2p, m = 0) f

0.2716
0.2100
0.1785
,0.1620
0.1523
0.1459
0.1415
0.1383
0.1358
0.1340
0.1326
0.1317
0.1318
0.1331
0.1330
0.1314
0.1295

0.2548
0.1926
0.1527
0.1288
0.1144
0.1046
0.1015
0.1060
0.1130
0.1195
0.1246
0.1279
0.1292
0.1285
0.1276
0.1267
0.1262

a States formed from the n = 2 state of the isolated atom; the interaction energy is @ = E +
0.125.
b Entries in atomic units.
c Perpendicular distance of proton to the wall.
d Energy for a 2-fold degenerate state, see section 6.2.
e Energy for a state which evolves from the 2s state of the isolated atom, see sections 4.1 and
6.2.
f Energy for a state which evolves from the 2p, m = 0 state of the isolated atom, see sections
4.1 and 6.2.
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6.3. Results of the calculations
6.3.1. Ground state
The results for +, E.C,and Q for the ground state of the model defined in eqs.
(2.8) to (2.12) are presented in table 1.
A clearly developed local minimum in @ is formed at L of approximately 3.44
ao, of depth 4.28 X 10-j au, as shown in fig. 3.
The ground-state electron density is shown as contour plots in fig. 4 for three
values of L. The values of L were chosen to be near the minimum in Q, (L = 3.4), in
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Fig. 5. Energies of the first 4 excited states, as a function of proton distance L from the wall.
The energies were obtained from variational calculations described in section 6.2. The labelling
of the states is discussed in section 4.1. The state 2p, Irn1= 1 is 2-fold degenerate. Notice the
absence of a potential barrier in all these states for L less than 2. Points are labelled by: X for
2p,ImI=l;ofor2p,m=O;ofor2s.
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the region of strong repulsion between the atom and the surface (Z, = 1.6) and in
the region where the Van der Waals attraction to the surface becomes the dominant
co~t~bution to ip (I, = 4.8).
For use in the discussion and interpretation of these results, we performed the
variational calculation also for the case of a hydrogen atom in the presence of an
impenetrable wall; this differs from the above model by the omission of the image
potential Vi from eq. (2.11). The results for the nonimaging wall model are
presented in table 2. These data are discussed in sections 7 and 9, where the index
“W” is used to identify them.
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Fig. 6. Energies of the first 4 excited states, as a function of proton distance L from the wall.
The identifications are as in fii. 5; the large-l region is shown on an expanded scale here to display level crossings and the formation of local potential minima.
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6.3.2. Excited states
The results for the energies of the n = 2 states are shown in figs. 5 and 6 and are
listed in table 3.
Of the three energy functions shown in tig. 6, there is no local minimum in @ for
the 2p, m = + 1 states; there is a clearly developed local minimum for the 2p, m = 0
state and a rather poorly developed local minimum in the 2s state. The form of the
energy function for the 2p, m = 0 state is similar to the form of @ for the ground
state of the system.
These results are discussed in sections 7.2.4 and 9.3.

7. The transition to the dispersion-force limit
As discussed in section 3, simplifying
large separations.

features appear in the model at small and at

7.1. Small separations-ground-state energy
At very small separations, the dominant term in the interaction energy is the
proton-image
proton
energy. The variational
calculation
of section 5 was
performed to extend this picture to somewhat larger separations. From table 1 and
fig. 2 we see that the results for the ground-state Cpobtained with the trial function
of eq; (6.1) supersede the variational results of section 5 at values of L near 1: both
are upper bounds and the second calculation yields a lower barrier in Cp.The lower
bound construction of section 3.2 shows that there is a region of positive @; the use
of yet more complex variational trial functions cannot cause the barrier to
disappear from the calculated a.
We believe that our calculations with eq. (6.1) give a reliable account of the
barrier, so that the exact results for the model are close to these values: the barrier
is approximately 0.1 au high and has an effective width of approximately 2 ao. The
tunneling probability for a proton through the barrier is so small that henceforth
we ignore the small-L region as being a nonphysical artifact of the model which is
well-separated from the local minimum in the holding potential.
7.2. Dispersion forces
The minimum in the ground-state interaction energy near 3.4a. arises from a
balancing of the contributions
of an effective repulsion, eq. (2.12), and of the
dispersion forces. The dispersion energy here arises from the correlated charge
fluctuations of the adatom and their images. At large separations it can be evaluated
with perturbation theory.
For our model the perturbation results are stated in section 4. For more realistic
models there is a similar reduction in the complexity of the calculations by evaluat-

L. W.Bruch, Th. W. Ruiigrok /Model for physical adsorption of atomic hydrogen

533

ing the dispersion terms using perturbation
theory methods. We use the data of
tables 1 and 2 to analyse the transition to the range of separations where the
leading perturbation theory results are accurate representations
of the contents of
the model. The transition is traced in the interaction energy and in the dipole
moment. A related question is on the approximate additivity of the dispersion
energy calculated by perturbation
theory and the overlap-repulsion energy [7,10,
341; it is discussed again in section 9.4 in conjunction with the results of table 5.
7.2.1. Theground-state
At large separations

interaction energy

the combination
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-L%

should decrease monotonically
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Fig. 7. Comparison of the ground-state interaction energy with the perturbation theory prediction. The solid curve is the combination -L3@(‘), from eq. (4.8). The points X denote -L&P
formed from the data of table 1. The points o denote -L3(@ - Cw) formed from the data of
tables 1 and 2. For discussion see section 7.2.1 of the text.
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increasing L, according to the perturbation theory formula eq. (4.8). We show tests
of this behaviour and a comparison with eq. (4.8) in fig. 7. In addition to’the points
which are formed from the data of table 1 there are points formed with a construction which tests the approximate additivity of the overlap and dispersion energies.
These points are the combination
-L3(4i - a~), in which the positive interaction
energy of the nonimaging
wall model (table 2) is subtracted
from Cp. If the
processes were additive this would isolate the dispersion energy. Without the subtraction of Qw, the tr~sition
to a region of monotone decrease occurs only for L
larger than 5.5. With the subtraction the transition occurs near L = 4.5, which is
markedly closer to the position of the potential minimum, L = 3.4.
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Fig. 8. Comparison of ground-state dipole moment with the perturbation theory prediction.
The solid curye is the combination L 4 P(l), from eq. (4.18). The points x denoteL’$ formed
from the data of table 1. The points o denote L4(& - i(w) formed from the data of tables 1 and
2. For discussionsee section 7.2.2 of the text.
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7.2.2. The dipole moment of the ground state
Antoniewicz
noted [2] that in the leading order of perturbation
theory the
dispersion dipole moment is positive or directed outward. The positive sign is
achieved in our model for L larger than 4.2.
According to eq. (4.18), the combination
L*p should decrease monotonically
with increasing L at large L. Tests of this behaviour and a comparison with eq.
(4.18) are shown in fig. 8. As in fig. 7, we attempt to isolate the dispersion contribution in the dipole moment by subtracting the nonimaging wall result (table 2) to
form L‘Q - c(“). Even with the subtraction the approach to the large L, leading
perturbation theory result is slow; the region of monotone decrease sets in at values
of L greater than 6.
The perturbation
theory remains accurate for smaller L in the energy @ than in
the dipole moment y.
7.2.3. The quadrupole moment of the ground state
The dispersion quadrupole moment is negative at large L, according to eq.
(4.22). However, the perturbation
series for Q is not dominated by its first terms
even for L near 7. Further, an extension of the results in tables 1 and 2 shows QW
for the nonimaging wall problem to be approximately 25% of the total Q at L = 7.
Thus, simple trends in Q are not yet apparent at L = 7, apart from the sign being
that predicted from perturbation theory.
7.2.4. The excited-state interaction energies
Perturbation-theory
results for the interaction energies in states formed from the
n = 2 atomic states are given in eqs. (4.9) and (4.10). These only begin to approximate the results of the variational calculations, table 3, for values of L larger than 9.
The ordering of the excited state energies is then the same as given by the perturbation results.
The crossing of energy levels shown in fig. 6 is not exceptional because the
associated wave funtions have different azimuthal symmetries.

8. Polarizability of the ground state
The polarizability of the adatom-substrate
complex is characterized by a tensor
with the two independent
components defined in eq; (2.16): the response of the
system in an electric field perpendicular to the surface, CY,, and the response for an
electric field parallel to the surface, (Y,. In calculating the depolarizing field in a
simple twodimensional
lattice of adsorbed atoms (see section 9.2), azz is the parameter needed.
For the perfect conductor model of the substrate used here, the perpendicular
polarizability is a quantity observable in principle by application of a uniform field
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perpendicular to the surface and measurement of the variation of “the dipole
moment with field strength. We mimic this with a calculation of (Y, by the fmitefield [ 16,171 method in which the variational calculation of section 6.1 is repeated
with a Stark term added to the Hamiltonian eq. (2.9).
For the perfect conductor model, the definition of the parallel polar&ability as
the response for a uniform electric field parallel to the surface is not practical.
Further, field ionization of the atom would occur in this geometry. Therefore, we
work with the pe~urbation theory definition [ 16,171 of 01, for a localized charge
d~t~bution, eq. (2.19, and evaluate it by use of the Hylleraas v~iational principle
[I 6,17,26]. The pola~zab~ity component oXXis thus determined by a perturbation procedure.
8.1. Perpendicular polarizability
In the finite-field method,
Hamiltonian to be
H(F)=H+F(z-L),

we calculate the polarizability by taking the
W)

and repeating the multiparameter variational calculation to obtain the part of the
dipole moment which is linear in the field F. For positive F: the Stark operator
F(z - t) is bounded from below. If the field direction is reversed, we find that
upon reoptimizing (Yand 0 the trial energy can be driven arbitrarily negative, as
discussed by Killingbeck [ 171.
We adjusted the linear and nonlinear parameters to minimize the trial energy for
the N = 6 (or N = 5, to similar accuracy) trial function of section 6.1 at three values
of F, 0.001, 0.0025, and 0.005 au. The dipole moment for these fields is nearly
linear in F, with zero field intercept equal to the values shown in table 1, Reoptimization of the parameters a! and 6 from their zero field values has negligible effect on
the results when positive values of F are used.
Calculating the polarizability from the initial slope of fi with F is equivalent to
working with the second derivative of the trial energy with respect to F at zero
field, because the He~rn~-Feynman
theorem remains valid [26] in a variational
calculation such as ours.
The polar&ability ar,, for the model of eqs. (2.8) to (2.12) and o$! for the
nor&raging wall model (omitting Vi from eq. (2.11)) are listed in table 4 and are
shown in fig. 9.
8.2. Parallel polarizability
The parallel polarizability CX, defined in eq; (2.16) can be viewed as a secondorder perturbation theory expression based on the exact spectrum (including the
continuum) of the zero-field Hamiltonian. As such, the ‘Hylleraas variational
principle [16,17,26] facilitates its evaluation if the exact ground-state wave func-
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Fig. 9. Ground-state polarizability tensor components. The perpendicular (&
and parallel
(crXX) polarizabilities are shown for the perfectly imaging wall (o and 0, respectively) and for
the nonimaging wall (X and +, respectively). The data are also listed in table 4. The polarizability of an isolated hydrogen atom is 4.5 G$. (For discussion, see section 8 of the text.)

tion is known. The polarizability or,, is to be obtained as the maximum of the
functional
o$Y = I2($, (Eo - H) IIl) - 4($0. XJ/)~/($o9 $0) 9

(8.2)

under variations of J/, at futed L.
For an approximate evaluation of or,,, which loses the rigorous bounding
character of the calculation, we replace J/e in eq. (8.2) by the optimized trial function for the ground state obtained from eq. (6.1) with N= 6. Then we use a trial
function of the form of eq. (6.4) and its complex conjugate for the function J/.
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Table 4
Polarizability of the hydrogen atom-substrate
L

1.2
1.4
1.6
1.8
2.0
2.4
2.8
3.2
3.4
3.6
4.0
4.4
4.8
5
5.2
5.6
6.0

ozz

b

oxx

d
QZZ

We
%L

6.64
4.50

4.40
3.50

“f””

“P’

3.10
3.15

2.82
2.91

“f”
“f”’

“:’
“:’

4.22
_f
4.51
_f
4.58

3.88
_f
4.21
_f
4.31
4.:8
_

4.8’

(YXX

system a
c
d

We

Qxx

_f

_f

6.62
5.44
4.90
4.64
4.48
4.50
4.55
4.58
4.60
4.63
4.64
4.63
4.63
4.62
4.60
4.59

4.69
4.23
4.02
3.94
3.96
4.06

T.-j”
4.28
4.35
4.41
4.44
4.46
4.46
4.48
4.49

a AU entries are in atomic units: the distance unit is 1 ao 2 0.529 A, the polarizability unit is
1 a: 2 0.1482 A3.
b Perpendicular polarizability calculated by the finite field method.
c Parallel polarizability calculated by the perturbation-variation method.
d Hydrogen atom with perfect imaging metal and impenetrable wall at distance L from the proton.
e Hydrogen atom with impenetrable wall at distance L from proton.
f No calculation performed in this case.

This leads to a series of approximate values of CY, which appears to converge
rapidly to a limit (to within $%) as N is increased to 6. The value of CY$~at N = 6 is
insensitive to changes of a’ and 0 from the values of a and f3 in the ground-state
trial function.
The values obtained in this way for models with and without images, 01, and
q.& are shown in fig. 9 and listed in table 4.
8.3. Discussion
The polarizability of an isolated hydrogen atom is 4.5 ai; the results for the
polarizability
components in table 4 are of this order of magnitude. The polarizability components (Y, and (Y, show an appreciable anisotropy in the region of the
local minimum in @, L near 3.4. The component a,, which enters in treatments of
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depolarizing fields (see section 9.2) is decreased by 15% from the isolated atom
value.
We now discuss the departures of cr,, and OL,,from the isolated atom value in
terms of the mechanisms discussed for the ground-state properties in section 7.
Consider the effective polarizability [35] of a point “atom” of isolated polarizability a0 at a distance L from a planar perfectly imaging substrate. Then the components 012 and & a re expected to be unequal and to be both greater than oo.
When the classical response is calculated, including the reinforcing fields of the
induced image dipoles, the components are
a$

= c&J/[ 1 - (&J4P)]

c$ = ao/[ 1 - (oo/8L3)]

,
.

(8.3)

The data in table 4 do show oXX and arr to be larger than oe (=4.5) at large L,
where the image charge effects in the dispersion terms give the dominant distortions
of the ground state from the isolated atom ground state, section 7.2. However, the
magnitude of the increase of the polarizability is less than would be calculated from
eq. (8.3). There is only an indication in table 4 of a region of L greater than 5.6
where OL,,would be significantly larger than LU,,.
As the values of 01, and oZZ are traced below L = 5 in table 4, both decrease,
and then increase again for small L values. We attribute the decrease to the
increased rigidity of the charge distribution in the presence of the wall, and most of
the increase we attribute to image effects becoming dominant again at small I,
values. This interpretation
is supported by the trend of the nonimaging wall values,
c$ and o2”, in table 4. The rise in cryXand o”, at small L we attribute to another
effect, visible in the ground-state electron distributions shown in fig. 4. At small L
values (the effect is visible in fig. 4 at L = 1.6), the electron density has a part which
is significantly displaced from the proton and which therefore is able to respond
much more freely than in the isolated atom. Thus, the effect of the wall over most
of the range of L in table 4 and fig. 9 is to increase the rigidity of the atomic charge
distribution.
At small L, the ground-state density is modified enough by the
presence of the wall to have a component which is quite polarizable.
While the existence of the competing processes which we have identified in the
results could be recognized without detailed calculations, the quantitative treatment of the model shows that the balance between the processes alters in a marked
way as the distance L varies.

9. Relation to the modelling of experiments
Because of the simplifications made in the construction of the basic model, eqs.
(2.8) to (2.12), we do not attempt a quantitative comparison between the detailed
results of sections 6 through 8 and experimental data on physisorbed atoms. How-
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ever, the physical processes which we have attempted to incorporate in the model
are believed to be the dominant processes in many physisorbed systems. In this
section we review the results of sections 6 through 8, with an emphasis on the relation to models used in the interpretation of experimental data.

Most discussions of the motion of physically adsorbed atom at a surface are
based on the Born-Oppenheimer approximation [ 121, in which the nuclear motion
occurs adiabatically on the ground-state electronic energy surface. This surface is
the function E*(L) in our model. There are crossings of the energy surfaces for
excited electronic states of different azimuthal symmetries, as shown in the results
in table 3. Such crossings may lead in some cases to significant corrections to the
lowest-order adiabatic description of the motions of excited-state adatoms.
The local minimum in the holding potential Cpof the ground-state atom, in
table 1 and fig. 3, is slightly shallower than the strength of the Iennard-Jones
polarization potential ( l/L31 evaluated in the region of the burns.
This is in
accord with our view of the minimum being formed by a balance between the
polarization potential 1181 and an overlap repulsion with the substrate electrons
which is a sharply increasing function of decreasing distance L. It goes counter to
an approximate calculation by van Himbergen and Silbey [9] for adsorbed inert
gases which found a much stronger attractive potential than anticipated from an
extrapolation of the pola~zat~on potenti~.
The holding potential G(L) is obtained from our calculations as a numerical
table. We found a good fit to the potential welI with a Morse-hybrid potential:
a[exp(2c[l -L/L,])-2

exp(c[l -L/Lo])]

,

LK5.32,

V(L) =

(9.1)

‘I -(0*25[L3) - (1.125fL5) )

L > 5.32 ,

with E = 4.28 X 10e3 au, L 0 = 3.445 ao, and c = 2.488. The hybrid potential V(L) is
continuous and has a continuous first derivative. Constructions we made using 3parameter models [36] other than the Morse potential yielded less satisfactory fits
to the numerical data.
Energy levels for perpendicular (z direction) motion of an adatom in the holding
potential have been derived from selective adsorption molecular beam experiments
[37-391. We therefore determined the number and location of such levels for the
model potential of eq. (9.1). V(L) is taken to be the potential for hydrogen atom
motion at all separations L > 0, with an infinite barrier against atomic penetration
into the substrate. Thus, the structure in Q, found at L values less than 1 ae is
omitted; we consider it be an unphy~c~ aspect of the model which results from a
too-literal application of image-charge fields at small charge-substrate separations.
There are 12 bound states for motions perpendicular to the surface. This number
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was obtained by integrating the Schriidinger equation,
-(l/3672)

$9

+ V(L) J/ =EJ, ,

(9.2)

at zero energy, E = 0, and counting the number of nodes 1401 in 9. The absolute
values of the’energies of the lowest 8 states are (all with an uncertainty of 5 X 10m6
au): 3.525 X 10W3, 2.265 X 10s3, 1.2885 X 10-3, 6.55 X 10-4, 2.95 X 10-4,
1.15 X 10m4, 3.5 X lo-’ and 1.5 X 10m5. The total number of bound states found
by counting the nodes agrees with an estimate obtained using the extrapolation procedure of LeRoy and Bernstein [41]. As in other examples [37-391 most of the
bound states have such small energies that it is difficult to resolve them in selective
adsorption experiments. This also makes it difficult to use [39,42] the experiments
to determine the strength of the polarization potential.
9.2. clzanges of work function with adsorbate coverage
The dipole moments of adatom-metal complexes have been derived from the
change of the work function of the metal with adsorbate coverage. In one analysis
of such data [43], the dipole moment per adatom was found to vary with surface
coverage. Such a variation is expected to occur because the dipole moment of the
adatom is reduced by the depolarizing fields of the other adatoms.
In the case of xenon adsorbed on palladium, Palmberg [43] estimated the
polarizability of the adatom-metal complex to be twice the polarizability of an
isolated xenon atom. As noted by Antoniewicz [12], a part of the effective
polarizability can be attributed to the depolarizing fields of the induced image
dipoles; we present a generalized form of the Antoniewicz argument [ 121 ln Appendix A.
The polarizability component which enters in the calculation of depolarizing
fields in a simple two-dimensional lattice [43] is OL,.In the region of the minimum
of the holding potential, our model has values of ozz which are reduced from the
isolated atom value by 15%. There is no evidence in our model for major increases
in the polarizability at intermediate atom-surface separations.
The dipoles of heavy inert gases adsorbed on metals are found to be positive or
directed outward. The dipole moment for our model is negative, or directed inward,
in the region of the minimum of the holding potential although the dispersion
theory contribution eq; (4.18) does become the dominant term at larger separations. Zaremba and Kohn have suggested [lo] that the balance between the
processes determining the orientation of the dipoles of physisorbed atoms is
different for light and heavy atoms. The sign found in our model may yet be found
to be the physical sign for few-electron atoms.
9.3. Excited-state interactions
Some discussions [44] of mechanisms for electron-impact desorption of atoms
adsorbed on metals rely on qualitative features of the interaction energies of
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electronically-excited adatoms with the metal. There is interest in whether the
excited-state interaction curves at the separation of the minimum of the groundstate holding potential have repulsive branches.
In the states formed from the n = 2 atomic states in our model, all the interactions at 3.4 a0 are on strongly attractive branches. There are no repulsive branches
at smaller L, a phenomenon we believe is similar to the small L behaviour of the
ground state discussed in section 3 .I. We do not know whether the behaviour of the
excited states of the model at 3 to 4 a0 is made nonphysicaI by the failure of image
charge methods at small separations. However, according to the pe~urbation theory
of section 4.1 the dispersion energy terms are much larger in these states than in the
ground state.
We did not calculate the transition rate for radiative decay [45] from these
excited states to the ground state.

We have not identified a metal for which our model of hydrogen atom-metal
interaction should be quantitatively accurate. However, the assumptions of a sharp
substrate boundary and high characteristic substrate frequencies may be fulfilled
for some alkali halides. Features of the holding potential for a hydrogen atom on
lithium fluoride have been obtained f37] from the energy levels observed in
selective adsorption. Here we present the results of a calculation for a modification
of the model intended to resemble H/LiF.
The modification of the Hamiltonian to minic a hydrogen atom interacting with
a dielectric is to assign a factor (E - l)/(E + 1) to the image term Vi in the electrostatic potential I’ of eq. (2.11). E is an effective dielectric constant, which is
adjusted to be an average of the frequency-dependent function of the physical
system. For an alkali halide, the actual dielectric constant has marked frequency
dependence so that there is some arbitrariness in the choice of E.
We choose E by fitting the coefficient Ca of the Lifshitz polarization potential
[18] evaluated [ZO] using optical data for HlLiF so that the leading perturbation
theory term in Cpis reproduced by the model:
c, = &

- l)/(E + 1) .

(9.3)

The value of Ca obtained from experimental data for the optical constants of the
atom and substrate is 0.048 au. We use
(f - l)/(E + 1) I H/LiF = 0.2 .

(9.4)

The ground-state calculations for this dielectric model are made in the way
described in section 6.1. The results for @ are shown in table 5. In the region of the
potential minimum, values of L from 4.4 to 7 ao, these results are matched to within
10% by a simple estimate based on the numerical data of section 6. The estimate is
formed by adding the no~ma~g wall potential (q, of table 2 to a dispersion-
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Table 5
Interaction of hydrogen atom with dielectric wall alb
c

L

@E

2.8
3.2
3.6
4.0
4.4
4.8
5.0
5.2
5.4
5.6
6.0
6.4
6.8

1.828
3.432
1.314
3.368
-8.30
-2.388
-2.665
-2.156
-2.729
-2.631
-2.336
-2.01
-1.71

a
b
c
d
’

Qest
x 1o-3
X 1O-3
x 10-3
X lo4
x 10-s
X lo4
X lo4
X lo4
x10-Q
X lo4
X lo4
x 10-4
x 104

d

Pe

+3.1 x 10-s
-7.6 X lo-’
-2.22 x 10-4
-2.60 X lo4
-2.50
-2.24
-1.94
-1.66

X lo4
X lo4
x 10-4
x 10-4

-0.112
-6.85
-4.66
-2.32
-1.27
-6.55
-4.57
-3.10
-2.02
-1.25
-3.1
+1.4
+3.1

X 1O-2
X 1O-2
x 1O-2
X 1O-2
X 1O-3
x 10-J
x 10-3
x 10-J
X 1O-3
x 10-4
x 10-4
x 10-4

Atomic units.
Model with image charge strength 0.2, defined in section 9.4.
Ground state interaction; as in table 1.
Estimate of cp according to eq. (9.5).
Dipole moment, as in table 1.

theory attraction obtained by multiplying the perturbation
0.2, which is the strength of the image charges:
@p, = *w + 0.2 @Jr) .

energy of eq. (4.8) by

(9.5)

The success of this simple procedure is encouraging for the prospects of similar
constructions
which have been proposed [8,10] for physisorption holding potentials. Similar constructions have been used also for isolated pairs of inert gas atoms
[341.
The depth of the holding potential quoted [37] for H/LiF is 18 meV (6.6 X
10m4 au); our value calculated for the dielectric model is 2.8 X 10m4 au. The position of the potential minimum relative to the substrate boundary is not derived
directly from the experimental data, but a model fitting some aspects of the data
put [37] the location at 2.7 A (5.1 a,-,) above the centers of the topmost layer of
atoms. Our value of 5.2 a0 from the wall translates to a much larger value than this,
even allowing for some uncertainty in specifying the location of the imaging surface
relative to the atomic positions in an insulator [ 191.
Even with the specification of the parameter E by eq. (9.4), we only achieve a
qualitative
agreement with the experimental
data. Perhaps the discrete ionic
character of the substrate is important in determining the depth of the holding
potential minimum.
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10. Conclusions
We have shown that a local minimum in the holding potential, of the order-ofmagnitude of energies encountered in physical adsorption, is formed for our model
of atomic hydrogen adsorption. The minimum is formed by a balance between the
attractive polarization potential, studied by Lennard-Jones, and the overlap repulsion with the substrate, modelled here by a condition that the atomic electron is
excluded from the substrate.
We have emphasized two areas in which increased information
could lead to
improvements upon the model: (1) For small charge-surface separations the potential energy for physical systems deviates from the value calculated with image
charge fields. (2) The overlap repulsion between the atomic electron and the substrate electrons arises in a region where the probability densities of both species are
nonzero; for this one must consider a diffuse boundary for the substrate rather than
the mathematical plane used here.
We have given a brief comparison of our results with experimental
data;
increased experimental data could help to identify the points where effort at an
improved model should be focussed. The poor quantitative
agreement of the
calculation to model hydrogen on lithium fluoride may reflect, in part, the ionic
character of the substrate. Perhaps determining the holding potential for physical
adsorption on a nonionic insulator would be a simpler test of the model. The
balance of processes in the dipole moment and polarizability of the hydrogen atom
has been traced: work function data for physisorbed few-electron atoms would give
useful information for guiding extensions of this work.
We have discussed the relation of our results to the methodology of intermolecular force theory. Perturbation theory for the ground-state energy and the dipole
moment was found to be fairly accurate for proton-surface distances down to
1.5 LO, L,, being the distance of the holding potential minimum. An approximate
additivity was found for the competing processes in the holding potential; it was
illustrated with the hydrogen-lithium
fluoride model.
We have presented a one-electron model for physical adsorption. It is a simplification of the complex many-electron problem of adsorption. It provides an instance
where processes discussed in qualitative terms for complex systems can be followed
quantitatively
as parameters of the model are varied. It may serve to sharpen the
understanding of these processes.

Appendix A: Image charge contniutious

to depolarizing fields

If image charge terms are included in the Hamiltonian of charged particles in the
presence of a dielectric, it is plausible that image charge fields will contribute to the
expectation values of dipoles induced in the charge distributions. Antoniewicz [ 121
confirmed this assertion in a Drude model calculation. Here we show how the
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assertion is proved with a perturbation
theory for two well-separated charge distributions.
We calculate the depolarizing fields for two hydrogen atoms, labelled a and b, in
the presence of a perfectly-imaging metal substrate. The argument is easily generalized to manyelectron
atoms. Assume the solutions for the ground-state energy and
wave function of the single atom-substrate
problems are known:
&J/,

=&(a)

$, ,

Hbtib

=Eo@)

tib .

(A.1)

The wave functions J/, and $b in general describe charge distributions with net
electric dipole moments.
When the two atoms are well-separated, the electrostatic interaction between the
charge distributions,
including image terms, can be expanded with a multipole
series. The leading term is the dipole-dipole
interaction:
vdd =

-pa

(A-2)

‘Tab’Clb-Pa*Tab”Pb’.

pa and pb are dipole moment

operators for the charge distributions of atoms a and
b ; pa’ and pb’ are dipole moment operators for the image charge distributions, given
in terms of pa and pb by the rules for the construction of images. The tensor Tii is
the dipole tensor linking distributions separated by a vector distance Rii:

T,=(I/R~)(3(RiiRii/R~)1) .

(-4.3)

We emphasize that although a multipole series is used in
expansion is implicit in eqs. (A.l). The perturbation theory
two atoms being well-separated; they both may be strongly
strate .
For large separations of the two atoms, the Schrodinger
atom problem is approximately
(Ha+&,+

equation

=E\Ir .

v,,)\k

If v&r is treated
tion

forming V&J, no such
we use is based on the
perturbed by the sub-

as a perturbation,

(A-4)
there is a

SeIieS

\k()=J/o+$r+...,
with $0 = $a&,

for the ground-state

wave func-

(A.9
and

J/r = [(l -PO)/@,(a)
The dipole moment
(Pa)=(*09Pa\kO>/(+0,

for the two-

+Eo(b) -Ha

- &)I

Vdd$o .

(A.6)

on atom a is
\kO)=CPa)O

+ hall

+ *-* 9

64.7)

where
ba)O

= (3/a9Pa9aY(Jla2

J/a)

w-9
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is the dipole moment of the single atom-substrate
@a)1 = 2(J/o, PaJ/l)/($O,

complex and

$0)

(A.9)

is the leading change in the dipole moment caused by the presence of the second
complex.
The first-order perturbation term in eq. (A.9) factors because no excited states
of the b-system occur in the intermediate sum over states when it is written as a
matrix product. Hence, the first order term is written
(pa)1 = -2(ti,,!4,[(1
=aa

* [Tab * bb)o

-pO>/(EO(a>

-Ha)]

+ Tabf * @b’>ol .

IsaGa> ’ [Tab’@b)O + Tab’ ’ (Irb’)ol

(A.lO)

The tensor a, of eq. (A.lO) is the (generally anisotropic) polarizability tensor of
system a; for the hydrogen atom the definition implicit in eq. (A.lO) is the same
definition used in eqs. (2.16).
The terms on the right-hand-side of eq. (A.lO) have a direct interpretation
as the
classical fields of the dipole and image dipole of atom b.
There are quantum
corrections
to this classical result for calculating the
depolarizing field. They occur in higher orders of the perturbation theory and are
higher order in the inverse atomic spacing.
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