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Chapter 1

General introduction

1.1 Priority effects

In ecology, a community is a group of organisms belonging to different species whose
populations potentially interact, for instance through competition or predation.
Species communities do not come into existence instantaneously, but develop over
time in the process of community assembly. Community assembly proceeds through
the arrival and subsequent population growth of species. Communities are thus
constructed through species invasions. An intriguing question is: when do the arrival
times of species determine the abundance of the species in a community in the long
run? If the arrival times matter, a priority effect occurs. Priority effects imply that
assembly history determines species abundances. The question of when priority
effects occur is not just intriguing for its own sake. It may have consequences for
biodiversity patterns at the regional scale because places which are initially identical
or very similar may develop different species communities because arrival times
differ between places (Shurin et al., 2004). It may also have consequences for how
communities function (Fukami et al., 2010). Furthermore, priority effects imply that
restoring a habitat after disturbance does not necessarily restore the original species
community (Suding et al., 2004). The question of when priority effects occur is at the
heart of this thesis.

To study community assembly, ecologists develop community assembly models
(e.g. Drake, 1990; Luh and Pimm, 1993; Law and Morton, 1993; Capitan and Cuesta,
2011). These models consider a pool of potentially invading species (the regional
species pool) and a local community which they may attempt to invade. The regional
species pool has a fixed species composition and one-by-one species are randomly
drawn from it and added to the local community. This process of random selection
and addition is repeated ad infinitum. At the beginning of the assembly process the
community may be empty, meaning there are no species in it. As time progresses,
species from the regional species pool are introduced into the community. Successful
invaders become, at least for some time, members of the community (they become
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residents), interacting with their own and other species. After a number of invasions
the community may attain a state in which none of the species that are not already a
member can invade. Community assembly has then arrived at an endstate (Morton
and Law, 1997; Law, 1999), and there are no long lasting trends of change in the
abundances of species in the community. For a given regional species pool, there
may be several endstates of community assembly, so that it depends on the arrival
times of the species which endstate is eventually attained. This means that different
runs of an assembly model, with the same regional species pool and the same local
conditions in each run, may yield different communities at the community assembly
endstate because the times at which species from the regional pool invade the local
community are different between model runs. If this is the case, priority effects
determine the species composition of the local community.

In this way, the concept of priority effects is closely linked to the idea of alternative
stable states. Alternative stable states (or coexisting attractors) mean that the state
(i.e. the abundances of species) that the community eventually attains depends
on the initial state of the community. If there are several endstates of community
assembly, these endstates represent alternative stable states. These community states
are stable in the sense that after a small deviation from the stable state the community
returns to that state. For instance, a community that is at an endstate, may undergo
a small perturbation by an invasion attempt of a species that is not present in the
community endstate. However, since the community was at an endstate, the invader
has a negative net population growth rate and its population will go extinct and the
community will thus return to the endstate.

I should be clear about what I mean with the state of a community. With com-
munity state I mean the population abundances (either density or numbers) of the
species that make up the community. It is sometimes convenient to include other
types of attractors than just stable equilibria in the definition of stable state, such
as limit cycles and chaotic attractors (as do Grover and Lawton, 1994). Using the
term state to refer to species abundances is different from how Law (1999) uses the
term in the context of community assembly, who defines the state of a community as
the set of species that are present, i.e. that have a positive density. In this definition
community state is synonymous to species composition sensu Grover and Lawton
(1994) and Law (1999), i.e. the identity of the constituent species of the community.
Law (1999) makes the proposition that when studying the dynamics of community
assembly, the most appropriate way to characterize the community is by listing the
identity of the constituent species. The state, or state variable, is then a set of species
identities. This contrasts with the state variable in community dynamics, which is
a set of species abundances. I do not agree that this shift from species densities to
just the presence or absence of species, when shifting the attention from the internal
community dynamics to the dynamics of community assembly, is always very use-
ful. Communities can be very different, despite them having the same constituent
species. Therefore, I will make a distinction between endstates at which the same
species are present but at different densities.

Grover and Lawton (1994) define a priority effect as a form of alternative stable
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states which differ in the presence and absence of species. This is, however, different
from how ecologists use the term today. A more general definition is due to Fukami
and Nakajima (2011):

A priority effect is the phenomenon of the effect of biotic interactions
on species abundances depending on the order and timing of species
immigration during community assembly.

Thus, a priority effect means that the abundance of species (as determined by in-
teractions such as competition) depends on the times species arrive in the local
community. The definition nicely captures how ecologists use the term in recent lit-
erature: priority effects imply that the outcome (in terms of population abundances)
of species interaction depends on which species arrives first (and on how much
earlier it arrives). The definition notably omits the time at which the outcome is to
be determined. Obviously, species abundances are different at least for some time
if one species arrives first instead of another species arriving first. However, initial
differences between communities sharing a regional species pool that allows for only
a single endstate will disappear after a long enough time. Thus, the definition allows
for priority effects which do not imply alternative stable states. Instead, priority
effects may lead to alternative transient states (Fukami and Nakajima, 2011). If the
transients on the way to the endstate last for a long time, they may be biologically rel-
evant. However, given enough time, these alternative states will eventually converge
to a single state.

Given the definition above, priority effects may also occur during community
assembly that has no endstate at all. This occurs in communities that exhibit neutral-
ity. Neutrality means that individuals from different species have equal fitness, i.e.
have an equal expected contribution to the future community through reproduction
and survival. The dynamics in neutral communities are determined by chance and
the composition of such communities is ever changing. Priority effects in neutral
communities are stronger when population growth rates relative to immigration
rates are higher, because then the species that happens to arrive first can build up a
larger population before the others arrive. The priority effect is then stronger in the
sense that the first arriving species attains a larger population size relative to the later
arriving species (i.e. stronger sensu Urban and De Meester, 2009). The alternative
states arising in this way are, however, merely transient and not stable. This thesis will
focus on alternative states which are stable and are therefore potentially endstates of
community assembly.

1.2 Positive feedback

How do alternative stable states and priority effects come about? It is often said that
they are caused by positive feedback of population density on per capita growth rate.
This is exemplified by the well known Lotka-Volterra competition model (Volterra,
1926; Lotka, 1932). This model models the growth of two competing species in a
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phenomenological manner, that is, it models competition without specifying what
the species compete for. This allows for conclusions which are more general in the
sense that they apply both to, for instance, competition for resources and competition
through direct interference between individuals (e.g. through aggression). The model
is given by the following ordinary differential equations:

dN1

dt
= N1 (r1 −a11N1 −a12N2) (1.1)

dN2

dt
= N2 (r2 −a21N1 −a22N2) , (1.2)

where Ni denotes the density of species i , ri denotes the intrinsic growth rate, i.e. the
per capita growth rate in the absence of intra- or interspecific interactions and ai j

denotes the competition coefficient which measures how much one unit of species
j decreases the per capita growth rate of species i . The ai i ’s measure the strength
of intraspecific competition and the ai j ’s measure the strength of interspecific com-
petition. The necessary and sufficient condition for alternative stable states and a
priority effects in this model is

a12

r2
> a11

r1
and

a21

r1
> a22

r2
, (1.3)

which implies that for equal intrinsic growth rates interspecific competition should
exceed intraspecific competition. This causes the positive feedback of species density
on the per capita growth rate of a species. It is the text book example of an priority
effect (e.g. Morin, 1999). An example where this condition is met is given in the phase
plane of figure 1.1. In this figure, the density of each species is plotted along the
axes and the black dashed curve separates initial densities for which the system is
attracted to stable equilibrium with only species 1 or with only species 2, indicated
with filled dots.

1.3 Thesis outline

The next four chapters of this thesis each deal with a model of population growth
of interacting species. These community models are not formulated explicitly in
terms of a regional species pool which supplies species to a local community through
dispersal. A species pool is, however, implied. Each of the models exhibits alternative
stable states, and thus positive feedback. Except for the model of chapter 2, each
model models plankton populations.

Chapter 2 presents an abstract two species model that includes both positive and
negative interactions within and between species. Here, positive and negative refer
to whether a rise in density of a species increases or decreases the net reproduction of
the own or the other species. This chapter focuses on the "higher level phenomena"
(such as alternative stable states) and therefore the details of how positive or negative
interactions come about are intentionally left out. This approach is similar to that of
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Figure 1.1. Phase plane for the
Lotka-Volterra competition model
(equations 1.1 and 1.2) with in-
terspecific competition exceeding
intraspecific competition. The
thick continuous curves indicate
the zero growth isoclines of species
1, the thick dashed curves those of
species 2. The dashed thin curve
indicates a separatrix. The contin-
uous thin curves indicate trajecto-
ries that serve as examples. The ar-
rows indicate the direction of flow
of trajectories. The open dots indi-
cate unstable equilibria, the closed
dots indicate stable equilibria.

the Lotka-Volterra competition model of the previous section. The model of chapter
2 addresses two issues. First, it presents conditions for when the combination of
positive and negative interactions leads to priority effects and alternative endstates of
community assembly. Second, it discusses how assumptions about the community
assembly process determine the reachability of alternative stable states.

Chapter 3 deals with a model for population growth of phytoplankton that suf-
fers from light stress. In most photosynthesising organisms light is an essential
resource for growth, but if light is too strong, it may inhibit growth by damaging
the photosynthetic machinery of cells. At low population densities, this may cause
positive feedback of population density on population growth because increased
population density causes shade protecting against damaging high light levels. The
consequences of this for a community of phytoplankton species are determined.

Chapter 4 explores the effects of predation and food supply on the occurrence of
alternative endpoints of community assembly in a community of two zooplankton
species, sharing a single resource and a predator. One of the competitors interferes
with the feeding of another species through the production of an inhibiting chemical.

Chapter 5 presents a model for a fungal parasite and its algal host. This model
contains quite a lot of biological detail and exhibits some interesting phenomena
including alternative stable states. It shows, among other things, what can happen if
alternative stable states and cyclic population dynamics co-occur.

In the final chapter, Chapter 6, I discuss the results from the previous chapters to
draw conclusions on when one may expect priority effects and alternative endstates
of community assembly to occur. Furthermore, I suggest the existence of a general
principle which states how the number of resources (or: the number of niches)
species compete for limits the number of endstates of community assembly.





Chapter 2

Alternative stable states and alternative
endstates of community assembly through
intra- and interspecific positive and neg-
ative interactions

Daan J. Gerla and Wolf M. Mooij

Abstract. Positive and negative interactions within and between species may occur
simultaneously, with the net effect depending on population densities. For instance,
at low densities plants may ameliorate stress, while competition for resources domi-
nates at higher densities. Here, we propose a simple two-species model in which con-
and heterospecifics have a positive effect on per capita growth rate at low densities,
while negative interactions dominate at high densities. The model thus includes
both Allee effects (intraspecific positive effects) and mutualism (interspecific positive
effects), as well as intra- and interspecific competition. Using graphical methods
we derive conditions for alternative stable states and species coexistence. We show
that mutual non-invasibility (i.e. the inability of each species to invade a population
of the other) is more likely when species have a strong positive effect on the own
species or a strong negative effect on the other species. Mutual non-invasibility
implies alternative stable states, however, there may also be alternative stable states
at which species coexist. In the case of species symmetry (i.e. when species are
indistinguishable), such alternative coexistence states require that if the positive
effect exerted at low densities at the own species is stronger than on the other species,
the negative effect at higher densities is also stronger on the own species than on
the other species, or, vice versa, if the interspecific positive effects at low densities
are stronger than the intraspecific effects, the negative effects at higher densities
are also stronger between species than within species. However, the reachability of
alternative stable states is restricted by the frequency and density at which species
are introduced during community assembly, so that alternative stable states do not
always represent alternative endstates of community assembly.



8 2. Positive interactions

2.1 Introduction

How do positive and negative interactions between organisms combine to determine
community composition and its dependency on initial population densities? This
is an interesting question because evidence suggests that positive and negative
interactions occur simultaneously, with the net effect depending on population
densities. This is especially true in stressful environments, where organisms may
ameliorate harsh conditions while at the same time competing for scarce resources
(Bertness and Callaway, 1994; Stachowicz, 2001; Bruno et al., 2003). For instance,
in semi-arid grasslands plants increase water availability by reducing evaporation
(Maestre et al., 2003), in salt marshes reduced evaporation reduces salinity (Bertness
and Yeh, 1994) and in phytoplankton communities under strong light self-shading
reduces photoinhibition (Mur et al., 1977; Gerla et al., 2011). Such facilitation occurs
both within and between species (Stachowicz, 2001; Fajardo and McIntire, 2011), and
may cause alternative stable states through positive feedback, making community
composition dependent on initial densities. If initial densities are important, places
with very similar abiotic conditions and the same pool of potential colonizers may
develop distinct communities because initial densities differ between places. This
may have important consequences for restoration ecology (Suding et al., 2004; Young
et al., 2005). Also, it may increase diversity between local communities and increase
regional diversity even if abiotic heterogeneity is limited and the diversity of each
local community is low (Chase, 2003). Thus, it is well justified to investigate the
consequences of positive and negative interactions for the dependency of community
composition on initial densities.

Initial densities are determined by the arrival times and densities of species. Thus,
arrival times may have a long lasting effect on the species composition of the com-
munity, due to priority effects. In such priority effects, early arriving species inhibit
the establishment of later arriving species and may cause a type of alternative stable
states, where the alternative states are the different communities that eventually
develop (Morin, 1999). The archetypal example of a priority effect occurs in the two
species Lotka-Volterra competition model (Volterra, 1926; Lotka, 1932) in the case
in which interspecific competition exceeds intraspecific competition. In this case,
positive feedback of population density on relative fitness causes alternative stable
states where in each state only one or the other species survives. Each of the two
single species equilibria is stable against invasion by the species that is absent when
it is introduced at a low density. This situation is called mutual non-invasibility and
in the Lotka-Volterra competition model, mutual non-invasibility is a necessary and
sufficient condition for alternative stable states through a priority effect.

To study how species combine to form communities, theoreticians have con-
structed assembly models (Drake, 1990; Luh and Pimm, 1993; Law and Morton,
1993, 1996; Capitan and Cuesta, 2011). These models model community assembly
by randomly picking a species from a "regional species pool" and adding it to the
community, which is then left to evolve through population growth and interactions
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within and between populations. This process is repeated until none of the species
from the regional pool that are absent in the community can invade. The community
is then at an endstate (Law, 1999). For a given species pool, there could in principle
be more than one endstate (alternative endstates, Law and Morton, 1993) due to
priority effects. Often, assembly models make the simplifying assumptions that
species are introduced at a low density and that introductions take place at a low
rate relative to the rate at which the resident community develops. As we will show,
these assumptions restrict the number of endstates that can be reached through the
community assembly process. Therefore, as we will argue, it is important to take the
reachability of a community state into account.

In another type of alternative stable states, the eventual outcome is also depen-
dent on initial population densities. The archetypal example here may be the Allee
effect (Allee, 1931), in the case where a population has a negative growth rate below a
threshold density, and a positive growth rate above this threshold. Positive feedback
of population density on the per capita growth rate of the population defines the
Allee effect (Stephens et al., 1999). The Allee effect is called strong in the case that
the population declines to extinction if it starts off below a threshold density, and
weak if there is no such threshold but merely the positive feedback on population
growth (Wang and Kot, 2001; Taylor and Hastings, 2005b). In the case of a strong Allee
effect the alternative stable states correspond to extinction of the population and its
survival.

Among the first to model the Allee effect were Vito Volterra (1938) and Vladimir
Kostitzin (1940), who considered decreased fertility at low population densities in sex-
ually reproducing species due to difficulty finding mates. Both Volterra and Kostitzin
found a population density threshold: populations starting off below this threshold
go extinct, above the threshold they survive. This implies a strong Allee effect. Since
this pioneering work, many simple models of the Allee effect have been studied in the
literature (for an overview, see Boukal and Berec, 2002). Studies of the Allee effect in
competing species are relatively rare. The seminal paper of John Vandermeer (1973)
seems to be the first to study the effects of low density positive intraspecific interac-
tions (i.e. Allee effects), finding a multiplicity of stable states. Similar results were
found by Wang et al. (1999) and Ferdy and Molofsky (2002), who found that in two-
species communities, Allee effects may destabilize coexistence and lead to alternative
stable states. In his purely graphical model, Vandermeer (1973) also considered low
density positive interspecific interactions (i.e. mutualisms), again finding multiple
stable states as well as oscillatory population dynamics. Since, authors studying two-
species models have emphasized the stabilizing effect of mutualism on coexistence
(Zhang, 2003; Zhang et al., 2007). It remains unclear, however, how positive and nega-
tive inter- and intraspecific interactions determine community composition when
acting simultaneously and how they interact with negative interactions (specifically,
competition).

In the present paper we propose a simple model to explore the effects of positive
and negative intra- and interspecific interactions on community composition and its
dependency on initial population densities. Here, positive and negative are defined
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by the effect the interactions have on per capita growth rate, either of individuals of
the same species or of another species. The strength of these interactions depends
on population densities and turn from positive to negative as densities increase. The
model exhibits both strong Allee effects and priority effects. We look for conditions
under which these effects lead to alternative stable states, alternative endpoints of
community assembly and coexistence. To asses how outcomes change as conditions
change we vary the intrinsic growth rate of species from positive to negative values.
Furthermore, we discuss how frequency and density of species introductions deter-
mine the reachability of alternative stable states and limit the number of community
assembly endstates.

2.2 Model description

To study the effects of positive and negative interactions on community composition,
we develop a simple model which is not explicit about the mechanisms that cause
the positive and negative interactions. This level of abstractions allows us to arrive
at more general conclusions and use graphical methods which illustrate our results.
The model is defined as follows. For a community of n species, the population growth
rate of the i th species is compactly given by

dNi

dt
= Ni

(
ri +

n∑
j=1

N j

(
bi j −

n∑
k=1

Nk ai j k

))
i = 1, . . . ,n, (2.1)

where t denotes time, Ni denotes the population density of species i , ri denotes the
intrinsic growth rate of species i , which is the per capita growth rate in the absence of
con- or heterospecifics, bi j measures how much the per capita growth rate of species
i is increased by one population unit of species j and ai j k measures how much this
positive effect is reduced by one population unit of species k. We assume that all
parameters are positive, except for the r ’s, which may be positive, negative, or zero. In
our model, the density of each species is measured in the same units. For simplicity,
we will not mention units of measurement when specifying numerical values for the
variables and parameters.

For the case of n = 1 species, (2.1) becomes, after dropping the subscripts,

dN

dt
= N

(
r +bN −aN 2) . (2.2)

The case of n = 1 species was first studied by Vito Volterra (1938), who had r < 0. It
is a simple model of the Allee effect, and in the case of a negative intrinsic growth
rate and positive intraspecific effects strong enough to offset negative effects, of the
strong Allee effect.

We now set n to n = 2 species, which gives the smallest community with which we
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can study interaction between species. The population growth rates are now given by

dN1

dt
= N1

(
r1 +b11N1 +b12N2 −a111N 2

1 − (a112 +a121) N1N2 −a122N 2
2

)
(2.3)

dN2

dt
= N2

(
r2 +b21N1 +b22N2 −a211N 2

1 − (a212 +a221) N1N2 −a222N 2
2

)
. (2.4)

Special cases of this model with the b’s smaller than zero have been studied by a
number of authors, including Alfred Lotka (1925), Vito Volterra (1931), George Gause
(1934) and Evelyn Hutchinson (1947), who considered only negative interactions.

2.3 Results

Zero growth isoclines

We analyse the two species model of equations (2.3) and (2.4) by means of invasion
analysis and by drawing the phase plane with the zero growth isoclines. The phase
plane is the plane with the density of species 1 along the x-axis and the density of
species 2 along the y-axis. The zero growth isocline of a species is the set of points in
the phase plane at which the population growth rate of the species equals zero. At the
intersections of the isoclines of species 1 and 2, both species have a zero population
growth and hence are at equilibrium.

To get the zero growth isoclines, we equate the left hand sides of (2.3) and (2.4)
to zero, which gives two polynomial equations of degree 3. According to Bézout’s
theorem, two planar curves of degree n and m, have, unless the equations have
a common factor, at most nm points in common. This means that the system of
equations (2.3) and (2.4) has at most nine equilibria. The isocline for which dN1

dt = 0
is given by

0 = N1 (2.5)

0 = r1 +b11N1 +b12N2 −a111N 2
1 − (a112 +a121) N1N2 −a122N 2

2 (2.6)

and the one for which dN2
dt = 0 by

0 = N2 (2.7)

0 = r2 +b21N1 +b22N2 −a211N 2
1 − (a212 +a221) N1N2 −a222N 2

2 . (2.8)

The graphs of (2.6) and (2.8) are, if they exist, conic sections. Whether they are ellipses,
parabolas or hyperbolas depends on the signs of D1 = (a112 +a121)2 −4a111a122 and
D2 = (a212 +a221)2 −4a211a222. For instance, if (2.6) has a graph, it is an ellipse for
D1 < 0 and a hyperbola for D1 > 0. In any case, (2.6) and (2.8) intersect four times,
twice or not at all; (2.6) and (2.7) intersect twice or not all, as do (2.5) and (2.8).
Together with the origin this gives nine, seven, five, three or one equilibrium.

We label the equilibria as in the figure 2.1. In the phase plane of this figure, the
blue continuous curves are the zero growth isocline of species 1, the red dashed
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Figure 2.1. Phase plane and zero
growth isoclines with all equilib-
ria feasible. At the blue continu-
ous curves dN1

dt = 0 and at the red

dashed curves dN2
dt = 0. The ar-

row heads indicate the direction of
flow in the tip of the arrow head.
Closed dots indicate stable equilib-
ria, open dots unstable equilibria.
The thin black curves are separatri-
ces that separate domains of attrac-
tions. The axes extend to a popula-
tion density of one unit. Parameter
values: r1 = r2 = −0.3, b11 = b22 =
2, b12 = b21 = 0.4, a111 = a222 =
2.5, a112+a121 = 0.1, a122 = a211 =
0.5.

curves are the zero growth isocline of species 2. The equilibria at the intersections
are marked by a closed dot when stable, and by an open dot when unstable. (With
stability we mean that densities tend to return to the equilibrium after a small per-
turbation. We call saddles unstable.) In figure 2.1 all nine equilibria exist and are
feasible. (With feasibility we mean that the equilibrium densities are non-negative.)
This means that for each species with the other species at a zero density there exist
three equilibria, one stable equilibrium at which it has a high density (E2,0 and E0,2),
one at which it has a low but positive density which is unstable (E1,0 and E0,1), and
one in the origin which is stable (E0,0). Furthermore, the isoclines cross four times
in the interior of the phase plane, yielding three unstable equilibria (E1,1, E1,2, E2,1

and E2,2) and one stable equilibrium (E2,2). Thus, depending on the initial densities,
one of four things happens: extinction of both populations, survival of species 1 and
extinction of species 2, extinction of species 1 and survival of species 2 or coexistence.
Which initial densities lead to which equilibrium is indicated by the thin curves,
which are separatrices separating the domains of attraction of each equilibrium.

Besides the phase plane of figure 2.1, where all equilibria are feasible, we have
constructed series of phase planes where transitions between existence, feasibility
and stability of the equilibria occur as the intrinsic growth rates vary. In figure 2.2,
intraspecific interactions exceed interspecific interactions (b11 > b12, a111 > a122,
b22 > b21 and a222 > a211). This figure is accompanied by the bifurcation diagram
of figure 2.3, where equilibrium population densities are plotted as a function of
intrinsic growth rate. In figure 2.4 the reverse inequalities hold (b11 < b12, a111 < a122,
b22 < b21 and a222 < a211) and the accompanying bifurcation diagram is given in
figure 2.5. The species in figure 2.2 resemble the Type II species of Vandermeer (1973),
in the sense that they have a strong "positive low density intraspecific effect" (empha-
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sis by DJG and WMM). This means that for low densities of a species, increasing this
species density (while keeping the density of the other species constant) increases
the growth rate of this species. For instance, the positive slope of the isocline of
species 1 at low densities of species 1 in figure 2.2b means that an increase in the
density of species 1 turns its growth rate from negative to positive as it crosses its
isocline. Another way to look at this is that at low density of a species the "potential
equilibrium value" of that species increases as its own density increases (with the
density of the other species kept constant, Vandermeer, 1973). In figure 2.4, inter-
specific interactions are stronger and the reverse effect is more pronounced: at low
densities of one species an increase in the density of that species benefits the other
species (e.g. as in figure 2.4b). Hence, there is a positive low density interspecific
effect and the species in figure 2.4 resemble more the Type I species of Vandermeer
(1973).

Existence, feasibility, and stability of the border equilibria

We will now determine the existence, feasibility and stability of the border equilibria,
that is, of the equilibria at which at least one species has a zero density. (With exis-
tence of an equilibrium we mean that the intersection of isoclines that is associated
with that equilibrium actually exists.)

The criteria for existence, feasibility and stability of the border equilibria are easily
derived. E0,0 always exists and is of course always feasible. Criteria for its stability
can be derived by means of invasion analysis. Stability requires that the growth rates
of both populations are negative when their densities are close to zero, that is, for
small N1 and N2 the right hand sides of equations 2.3 and 2.4 should be negative.
For N1 > 0 and N2 > 0, the sign of the growth rate is determined by the expressions
between the outer brackets in (2.3) and (2.4), which are the per capita growth rates.
For small N1 and N2 the per capita growth rates are dominated by the r ’s which
are the intrinsic growth rates of the species. Thus, the condition for stability of the
equilibrium at the origin is

r1 < 0 and r2 < 0. (2.9)

Graphically, this condition is equivalent to the origin of the phase plane lying outside
of the areas of positive growth delimited by the zero growth isoclines of (2.6) and
(2.8), for instance, outside of the ellipses as in figure 2.1.

The other border equilibria do not necessarily exist, and non-existence can corre-
spond to biologically meaningful situations. For instance, the ellipse of species 1 in
figure 2.1 may be shifted upwards up to a point where E1,0 and E2,0 collide and then
vanish in a saddle-node bifurcation, as happens on the transition between figures
2.2d and 2.2e when decreasing the intrinsic growth rate. This disappearance of the
two border equilibria does not necessarily mean that the internal equilibria cease to
exist, so coexistence may then still be possible. Survival of species 1 then depends
on the positive effects it experiences from species 2. For instance, in figure 2.2e and
figures 2.4d and e, the border equilibria of both species 1 and 2 do not exist, the
coexistence equilibria do.
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We will now give conditions applying to the border equilibria of species 1. Similar
conditions exist for the border equilibria of species 2. The population densities at the
equilibria with only species 1 present can easily be found by substituting 0 for N2 in
(2.6) and solving for N1:

E1,0 =

b11 −
√

b2
11 +4a111r1

2a111
,0

 and E2,0 =

b11 +
√

b2
11 +4a111r1

2a111
,0

 .

The criterion for which these equilibria exist is

b2
11 +4a111r1 ≥ 0. (2.10)

Thus, if the intrinsic growth rate is positive, this criterion is always fulfilled. If it is
negative, the single species equilibria exist if intraspecific positive effects are strong
enough to make up for the negative intrinsic growth rate and the competitive effects

measured by a111. When existing, E1,0 is feasible if b11 ≥
√

b2
11 +4a111r1, which is

true when

r1 ≤ 0. (2.11)

A feasible E1,0 is always unstable, because if r1 < 0, species 1 has a negative growth
rate at low densities, and this growth rate changes sign at E1,0. Feasibility of E1,0

defines a strong Allee effect in species 1.

E2,0 is always feasible when it exists and is stable if it cannot be invaded by
species 2. This is the case if the per capita growth rate of species 2 is negative at E2,0.
Graphically, the condition is that the close vicinity of E2,0 lies outside of the area of
positive growth of species 2, delineated by the conic factor of its zero growth isocline
(i.e. by equation 2.8):

b11 +
√

b2
11 +4a111r1

a111
6∈

b21 −
√

b2
21 +4a211r2

a211
,

b21 +
√

b2
21 +4a211r2

a211

 ,

given that E2,0 actually exists. Thus, E2,0 must lie to the right of the right-most
intersection of the species 2 isocline with the N1-axis (as in figure 2.2d), or E2,0 must
lie to the left of the left-most intersection (not shown), or the species 2 isocline must

Figure 2.2 (facing page). Phase planes with intraspecific interactions stronger than inter-
specific interactions, for several values of the intrinsic growth rate, r (= r1 = r2). For the
meaning of used symbols etc., see figure 2.1. Parameter values: b11 = b22 = 1, b12 = b21 = 0.4,
a111 = a222 = 2, a112 +a121 = 0.2, a122 = a211 = 1.
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Figure 2.3. Equilibrium densities
as a function of the intrinsic growth
rate, r (= r1 = r2), with other pa-
rameters as in figure 2.2. Equilibria
are plotted with a thick curve if sta-
ble, if unstable with a thin curve.
The letters a to f indicate the r val-
ues of figure 2.2a to f. Other param-
eter values are as in figure 2.2.

-0.2 -0.1 0.0 0.1 0.2 0.3
0.0

0.2

0.4

0.6

0.8

intrinsic growth rate r
eq

ui
lib

riu
m

de
ns

ity
of

sp
ec

ie
s

1

E1,0
E2,0
E1,2
E2,1
E1,1
E2,2

abcdef

-0.2 -0.1 0.0 0.1 0.2 0.3
0.0

0.2

0.4

0.6

0.8

intrinsic growth rate r

eq
ui

lib
riu

m
de

ns
ity

of
sp

ec
ie

s
2

E0,1
E0,2
E1,2
E2,1
E1,1
E2,2

abcdef

not intersect the N1-axis at all (as in figure 2.1):

b11 +
√

b2
11 +4a111r1

a111
>

b21 +
√

b2
21 +4a211r2

a211
or (2.12)

b11 +
√

b2
11 +4a111r1

a111
<

b21 −
√

b2
21 +4a211r2

a211
or (2.13)

b2
21 +4a211r2 < 0, (2.14)

Conditions (2.13) and (2.14) are never fulfilled if r2 > 0. In that case, the condition for
non-invasibility is given by (2.12). The left hand side of this inequality increases with
b11 and decreases with a111. The right hand side increases with b21 and decreases
a211 (given that the intersection of the isocline of species 2 crosses the N1-axes).

Figure 2.4 (facing page). Phase planes with interspecific interactions stronger than intraspe-
cific interactions, for several values of the intrinsic growth rate. For the meaning of used
symbols etc., see figure 2.1. Parameter values: b11 = b22 = 0.4, b12 = b21 = 1, a111 = a222 = 1,
a112 +a121 = 0.2, a122 = a211 = 2.



2.3 Results 17



18 2. Positive interactions

Figure 2.5. Equilibrium densities
as a function of the intrinsic growth
rate, r (= r1 = r2), with other pa-
rameters as in figure 2.4. Equilibria
are plotted with a thick curve if sta-
ble, if unstable with a thin curve.
The letters a to f indicate the r val-
ues of figure 2.4a to f. Other param-
eter values are as in figure 2.4.
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Thus, if species 2 has a positive intrinsic growth rate, increasing the positive effect of
species 1 on itself relative to the positive effect it has on species 2, or increasing the
negative effect it has on species 2 relative to the negative effect it has on itself, makes
non-invasibility of the monoculture of species 1 is more likely.

Existence, feasibility, and stability of the interior equilibria in the case of species
symmetry

Conditions for existence, feasibility and stability of the interior equilibria are not so
easily derived. We did obtain expressions for the equilibria by equating the right hand
sides of (2.3) and (2.4) to zero and solving for N1 and N2, however, the obtained ex-
pressions for the internal equilibria are very large. Therefore, we now make the simpli-
fying assumption that the species interactions are symmetric, that is, we assume that
r1 = r2 = r , b11 = b22, b12 = b21, a111 = a222, a122 = a211 and a112 +a121 = a212 +a221.
The population growth rates are now given by

dN1

dt
= N1 f (N1, N2) and

dN2

dt
= N2 f (N2, N1).
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(Note the exchange of arguments form the first to the second equation.) The per
capita growth rate f is given by

f (N1, N2) = r +b11N1 +b12N2 −a111N 2
1 − (a112 +a121) N1N2 −a122N 2

2 . (2.15)

We can find the equilibrium values of N1 and N2 by noting that f (N1, N2) = f (N2, N1)
(since f (N1, N2) = 0 and f (N2, N1) = 0). Solving the equation for N2 using (2.15) gives
two solutions:

N2 = N1

and

N2 = b11 −b12 + (a122 −a111)N1

a111 −a122
. (2.16)

The first solution gives f (N1, N1) = 0. Since N2 = N1, this equation also gives the
equilibrium values for N2:

E1,1 =
(

B −
p

B 2 +4Ar

2A
,

B −
p

B 2 +4Ar

2A

)
and (2.17)

E2,2 =
(

B +
p

B 2 +4Ar

2A
,

B +
p

B 2 +4Ar

2A

)
(2.18)

where A = a111 +a112 +a121 +a122 and B = b11 +b12. These equilibria exist if

B 2 +4Ar ≥ 0. (2.19)

This condition is always fulfilled if r ≥ 0. If r is negative, it is more likely to be fulfilled
if the positive interactions increase or the negative interactions decrease. If existing,
E2,2 is always feasible and E1,1 is feasible if r ≤ 0. The stability of these two equilibria
can be determined using the slopes of the isoclines at the equilibria, in a manner
similar as outlined in Vandermeer (1973). If species start off at equal densities,
because of the symmetry assumption their densities will remain equal. At a feasible
E1,1, the population growth rates turn from negative to positive as densities increase
along the line N1 = N2. This means that E1,1 cannot be a stable equilibrium. Further
more, at E1,1 and E2,2, the slope of the isoclines are each other’s inverse, because of
the species symmetry assumption and because at these equilibria N1 = N2. Thus,
the slopes have the same sign. If the slopes are negative at E2,2, stability requires that
the slope of the isocline of species 1 is less than the slope of the isocline of species
2. If the slopes are positive, stability requires the reverse inequality. Using implicit
differentiation to find the slopes and the fact that at E2,2 the slopes are each others
inverse, the stability criterion for E2,2 reduces to(

b11 − (2a111 +a112 +a121)N1

b12 − (2a122 +a112 +a121)N1

)2

> 1, (2.20)

where N1 = N2 is given by E2,2 in (2.18). Thus, roughly, the stability depends on
the balance between positive and negative intraspecific interactions relative to the
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balance between positive and negative interspecific interactions. If the reverse in-
equality holds, E2,2 is a saddle (i.e. is only stable along the line N1 = N2). Using
similar reasoning, we find that E1,1 is either a saddle, or unstable in any direction.
Further more, oscillatory dynamics near E1,1 and E2,2 are ruled out.

The other two coexistence equilibria can be found using the second solution,
equation (2.16):

E1,2 =
(
β−

√
β2 −4αγ

2α
,
β+

√
β2 −4αγ

2α

)
and (2.21)

E2,1 =
(
β+

√
β2 −4αγ

2α
,
β−

√
β2 −4αγ

2α

)
, (2.22)

where α= a112 +a121 −a111 −a122, β= −α(b11−b12)
a111−a122

and γ= r + (a111b12−a122b11)(b11−b12)
(a111−a122)2 .

(Looking at equation (2.16) or (2.22), one might think that if a111 = a122 division by
zero occurs. However, in that case E1,2 and E2,1 do not exist.) Existence of these
equilibria can be inferred from the feasibility and stability of the border equilibria,
if they exist, and from the stability of E2,2. If the border equilibria and E2,2 have the
same stability (i.e. are all stable or unstable), the isoclines of species 1 and 2 must
have additional intersections, implying that E1,2 and E2,1 exist. If the border equilibria
and E2,2 are stable, then E1,2 and E2,1 are unstable. If the border equilibria and E2,2

are unstable, then E1,2 and E2,1 may be stable, or unstable, with either oscillatory
or non-oscillatory dynamics near the equilibria. Furthermore, because E1,2 and
E2,1 have the same stability (because of the species symmetry), existence of these
equilibria implies the existence of E2,2. A necessary – but not sufficient – condition
for the feasibility of E1,2 and E2,1 follows from (2.16):

b11 ≥ b12 and a111 > a122 (2.23)

or
b11 ≤ b12 and a111 < a122. (2.24)

Thus, feasibility of these equilibria is only possible if intraspecific interactions are
consistently stronger or weaker at low and high densities. In other words: feasibility
requires that if positive interactions at low density are stronger within species than
between species, negative interactions at high densities are also stronger within
species than between species (condition 2.23), or vice versa, that if low density
positive interspecific interactions are stronger, that then also high density negative
interspecific interactions are stronger (condition 2.24).

Transitions between qualitatively different phase planes

We have constructed the sequences of phase planes in figures 2.2 and 2.4 to show
how existence, feasibility, and stability of the equilibria change as the configuration
of isoclines changes. In these figures, the intrinsic growth rate ranges from positive to
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negative values. These sequences of phase planes are accompanied by the bifurcation
diagrams of figures 2.3 and 2.5, where equilibrium population densities are plotted as
a function of the intrinsic growth rate. In the bifurcation diagrams, density is plotted
with a thick curve if the equilibrium is stable and with a thin curve if unstable. The
letters a to f indicate the values of the intrinsic growth rate used in the phase planes
of figures 2.2 and 2.4.

In figure 2.2, intraspecific interactions are stronger than interspecific interactions,
so that condition (2.23) is fulfilled. At r = 0.3 (figure 2.2a, corresponding to the far
right of figure 2.3) there are two unstable (invadable) border equilibria and one stable
interior equilibrium, which is a global attractor. This is the same situation as in
the classical Lotka-Volterra competition model with coexistence of the competitors.
Decreasing the intrinsic growth rate leads to the feasibility of two more interior equi-
libria, E1,2 and E2,1 (figure 2.2b). Here mutual invasibility has given way to mutual
non-invasibility through two transcritical bifurcations. However, the coexistence
equilibrium is still stable, so that there are three attractors. Decreasing r to negative
values leads to the stability of E0,0 and the feasibility of E1,0 and E0,1 (figures 2.2c
and d). Further decreasing the intrinsic growth rate leads to the collision and dis-
appearance of the single species equilibria E1,0 and E0,2 and of E0,1 and E0,2. These
saddle-node bifurcations are apparent in figure 2.3 from the joining of the curves
for the respective pairs of equilibria. After the saddle-node bifurcations, the single
species equilibria have ceased to exist (figure 2.2e). Further decreasing r leads to a
subcritical pitchfork bifurcation in which E1,2 and E2,1 disappear in E2,2, leaving the
E2,2 unstable. After this bifurcation, the equilibrium in the origin is the only attractor
(figure 2.2f).

A situation similar to figure 2.4d, but with a larger difference between intra- and
interspecific interaction strengths, is depicted in the phase planes of figure 2.6. In
figure 2.6a, the equilibria E1,2 and E2,1 are unstable, as opposed to figures 2.4b-e.
In figure 2.6a, when species are introduced at densities close to E1,2 or E2,1, their
densities will oscillate with increasing amplitude and eventually both species will go
extinct. Increasing the intrinsic growth rate will lead to the birth of an unstable limit
cycle in the equilibria E1,2 and E2,1 through two subcritical Hopf bifurcations. These
limit cycles serve as separatrices, delineating the domains of attraction of the now
stable E1,2 and E2,1 (figure 2.6b). Further increasing the intrinsic growth rate leads
to a global bifurcation at which there is a heteroclinic connection between E1,1 and
E2,2. For higher values of r , the unstable limit cycle disappears and the domains of
attraction of E1,2 and E2,1 extend to high densities of the two species (figure 2.6c).
These domains of attraction grow larger as r increases (figure 2.6d.)

2.4 Discussion

In the present paper we have proposed a two species model of positive and negative
interactions, both within and between species. The model is a straight forward
generalization to multiple species of the single species model first studied by Vito
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Figure 2.6. Phase planes with interspecific interactions stronger than intraspecific interactions,
for several values of the intrinsic growth rate. In (b) there is an unstable limit cycle. For the
meaning of used symbols etc., see figure 2.1. Parameter values: b11 = b22 = 0.4, b12 = b21 = 1.5,
a111 = a222 = 0.5, a112 +a121 = 0.1, a122 = a211 = 2.5. 2.1.

Volterra (1938) (additionally relaxing the restriction that the intrinsic growth rate
can only be negative). Previously, two species models of positive interactions have
either modelled only intraspecific positive interactions (Allee effects) or interspecific
positive interactions (mutualism). By simultaneously incorporating Allee effects
and mutualism, we have assessed how the balance between these interactions and
competition, leads to coexistence and alternative stable states. We have done so by
determining conditions for existence, feasibility and stability of equilibria.

In our model, per capita growth rate is a second degree polynomial function
of population densities, as in the single species model of Volterra (1938). In this
respect our model differs from the class of models which are generalizations of the
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single species model of Vladimir Kostitzin (1940), in which per capita birth rate is
modelled as a rectangular hyperbola (Gyllenberg et al., 1999; Ferdy and Molofsky,
2002) or in which the benefit of mutualism is modelled in a saturating manner using
a rectangular hyperbola (e.g. May, 1976). However, both classes of models have the
conic sections as zero growth isoclines, so that our conditions for existence, feasibility
and stability can be easily translated to conditions for the other class of models.

If both single species equilibria are stable against invasion of the species that is
absent, we have mutual non-invasibility. Mutual non-invasibility, i.e. non-invasibility
of a monoculture of species 1 by species 2 (condition 2.12-2.14) and non-invasibility
of a monoculture of species 2 by species 1 (a condition analogous to 2.12-2.14), im-
plies alternative stable states. In the case of positive intrinsic growth rates, this occurs
if the intraspecific positive interaction coefficients are sufficiently large relative to
interspecific positive interaction coefficients, or if interspecific negative interaction
coefficients are sufficiently large relative to intraspecific negative interaction co-
efficients. Thus, if species help their own species more than the other species, or
compete more strongly with the other species than with the own species, alterna-
tive endstates of community assembly are more likely. A simple example of mutual
non-invasibility and alternative endstates occurs in figure 2.4a.

Whether mutual non-invasibility implies alternative endpoints depends also
on the community assembly process and on the reachability of the single species
equilibria. If community assembly proceeds through invasions from low density
and if the single species equilibria are reachable, mutual non-invasibility does imply
alternative endstates. However, the reverse is not necessarily true: alternative end-
states do not imply mutual non-invasibility. For instance in figure 2.4b, where there
are two stable coexistence equilibria, there is mutual invasibility, yet there are also
alternative endstates. However, whether species arrival times determine community
composition depends on how community assembly takes place. It is reasonable to
assume that in most natural systems, species have a low density when they arrive.
This severely restricts the number of community assembly endstates. For instance, if
each species has a strong Allee effect, so that that population growth is negative for
small populations, none of the species can establish itself and community assembly
cannot proceed. This is the case in figure 2.1.

Community assembly also depends on the rate at which species are introduced.
In natural systems, invasion attempts may be frequent or infrequent, depending on
the system. This frequency may have consequences for the number of endpoints
that can be reached, as in figure 2.2b, where each species has a stable single species
equilibrium, there is a stable coexistence equilibrium and the species can invade the
empty system. Here, if species introductions are infrequent and are at low density, so
that the resident is close to its attractor when the invader is introduced, only the single
species equilibria can be reached. On the other hand, if introductions are frequent,
species are more likely to attain approximately equal densities, so that coexistence
is the more likely outcome. Thus, sometimes the number of alternative endstates
depends on the frequency at which species are introduced. Such outcomes were also
observed during experimental community assembly with protists, in which some
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communities could be assembled when species were introduced at equal densities at
the same time, but not when they were introduced sequentially (Warren et al., 2003).
Thus, even though some community states are stable in themselves, they may not be
reachable through community assembly (Luh and Pimm, 1993; Warren et al., 2003;
Capitan and Cuesta, 2011).

As noted before by Vandermeer (1973), positive interactions may lead to oscilla-
tory dynamics. In figure 2.4, species densities approach the coexistence equilibria
E1,2 and E2,1, when existing, with damped oscillations. In figure 2.6a, these equilib-
ria are repellors, and starting off close to these equilibria, densities oscillate away
from them with increasing amplitude, eventually ending up in the origin. In figure
2.6b, c and d, the equilibria are stable, in figure 2.6b, their domains of attraction
are delimited by an unstable limit cycle. If the species start off at densities within
the domains of attraction, they will oscillate towards the equilibria, from densities
outside of them, they will go extinct. This result shows that if species oscillate away
from an equilibrium, they may not end up coexisting on a limit cycle (figure 2.6a).
Also, if a limit cycle exists, coexistence on that limit cycle may not be stable in the
sense that the slightest deviation from the cycle may drive the species extinct (figure
2.6b). Furthermore, the domain of attraction of the coexistence equilibria may be
small (figure 2.6b). Even if the domain of attraction is large, reaching very close to the
borders of the phase plane, as in figure 2.6d, it depends on the community assembly
process whether these equilibria can be reached.

If assembly proceeds through invasions from low density, how can alternative
stable states that are not reachable be attained? This is an important question,
because many ecological models exhibit alternative stable states, with one of the
states being unreachable from low density (e.g. Courchamp, 1999). One answer is
that parameters may gradually change over time in such way that an equilibrium is
first reachable and later unreachable. The change in the parameters may take place
through environmental change or through evolution. For instance, deterioration
of the environment may turn intrinsic growth rates negative, making the stable
equilibria unreachable from low density, as in figure 2.2d, after the community has
settled on one of the stable equilibria when they were still reachable, as in figure
2.2b. This is also illustrated by the bifurcation diagrams of figures 2.3 and 2.5. Here,
the stable equilibria become reachable from low density only when curves for the
unstable equilibria intersect the r -axes at r = 0. Alternatively, a community state may
be reachable if more species are considered, whereas it is unreachable if one only
considers assembly with the species present at the community state in question. For
instance, some species may facilitate the invasion of others, and become themselves
extinct in the process. A nice example is the facilitation of phytoplankton inhibited
in strong light by phytoplankton which is not so sensitive to strong light (Mur et al.,
1977; Gerla et al., 2011). Such a case of species sorting is actually very similar to
evolution, if one regards natural selection as a series of genotype invasions.

The conditions we have derived for existence and stability of the border equilibria
do not depend on our assumption of species symmetry, however conditions for
the coexistence equilibria do. This simplifying assumption is that each species
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experiences the same per capita effect of the own species and of the other species
on its per capita growth rate. This means species are indistinguishable and only
differ by their name. This approach has also been adopted before by Gyllenberg et al.
(1999) and Ferdy and Molofsky (2002). Although the assumption of exact species
symmetry is probably never met in nature, pairs of species may be approximately
symmetric, so that conclusions dependent on the symmetry assumption may be a
good approximation.

One such conclusion is that feasibility of the additional coexistence equilibria
(the ones at which N1 6= N2, i.e. E1,2 and E2,1) requires that if at low densities positive
interactions within species are stronger than between species, at high densities nega-
tive interactions within the species are stronger than between species (condition 2.23)
or, the other way round, that both the positive and the negative interactions between
species are stronger (condition 2.24). One would expect that, unless species inter-
fere strongly with each other, competition within species is stronger than between
species, because the niches of conspecifics completely overlap and the niches of
heterospecifics only partially. In that case, the feasibility of the additional coexistence
equilibria requires that positive effects are also predominantly intraspecific.

Models of single populations with a strong Allee effect come in many forms
(Boukal and Berec, 2002). Often, these models are parameterized in terms of the
population equilibria, as with the logistic growth equation which is most often stated
in terms of the carrying capacity. The Allee effect models then also have a parameter
for the lower unstable equilibrium, which is the ’Allee threshold’ (e.g. Courchamp,
1999). Starting off below this density the population goes extinct, above it it will
grow. The disadvantage of parameterizing the model like this, is that for no real-
valued parameters one observes a saddle-node bifurcation at which the single species
equilibria disappear. If one is only interested in situations in which the population
can survive for at least some initial densities, it may make sense to parameterize
the model in terms of the equilibria. However, when generalizing to more than one
species, a species may be able to persist through coexisting with another while being
unable to persist by itself because its single species equilibria do not exist.

To summarize, positive interactions may lead to alternative stable states, es-
pecially if positive interactions are stronger within species than between species.
These alternative stable states may represent alternative endpoints of community
assembly if these alternative states can be reached through the assembly process.
This is not necessarily the case, especially if community assembly is limited by the
density and frequency at which species are introduced. This is not only true for our
model, but for all models in which alternative stable states of the strong Allee type
occur. We therefore argue that it is important to acknowledge the assumptions about
how species communities are formed when alternative stable states are found in
ecological models.
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Abstract. Photoinhibition is characterised by a decreasing rate of photosynthesis
with increasing light. It occurs in many photosynthetic organisms and is especially
apparent in phytoplankton species sensitive to high light. Yet, the population and
community level consequences of photoinhibition are not well understood. Here,
we present a resource competition model that includes photoinhibition. The model
shows that, in strong light, photoinhibition leads to an increase of the specific growth
rate with increasing population density due to self-shading. This so-called Allee
effect can be either weak or strong. In monoculture, a strong Allee effect results in
two alternative stable states. A low population density does not provide sufficient
shade to protect itself against photoinhibition, such that the population goes ex-
tinct. Conversely, above a threshold population density the population may create
sufficiently turbid conditions to suppress photoinhibition, so that the population
can establish itself. When several species compete for light, a species which cannot
establish itself due to photoinhibition can be facilitated by other species less sensitive
to photoinhibition. If such facilitators are absent, photoinhibition may cause alterna-
tive stable states in community composition. Since each alternative stable state is
dominated by a single species, photoinhibition does not favour species coexistence.
The model predictions are consistent with published competition experiments, and
illustrate the complex effects of photoinhibition on community assembly.

3.1 Introduction

Alternative stable states in species composition have important consequences for
community structure. For instance, the presence of alternative stable states implies
that habitats very similar in abiotic characteristics may develop distinct communities.
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This may lead to differences in species composition between local communities,
thereby increasing biodiversity at regional scales even when abiotic heterogeneity is
limited (Chase, 2003; Shurin et al., 2004). Furthermore, the presence of alternative
stable states may imply that restoring the abiotic characteristics of a habitat does not
necessarily restore the species composition, which has important consequences for
restoration ecology (Suding et al., 2004; Young et al., 2005).

One phenomenon that might be capable of causing alternative stable states in
phytoplankton and plant communities is photoinhibition of photosynthesis. Pho-
toinhibition is defined as a decrease in the rate of photosynthesis due to high light,
and is caused by damage to the photosynthetic machinery of cells and by protective
mechanisms to avoid this damage (Long et al., 1994; Takahashi and Murata, 2008).
Here, we take photoinhibition to be a negative slope of the relation between pho-
tosynthetic rate and light intensity, as evident from a hump-shaped light-response
curve (figure 3.1). Such hump-shaped light-response curves have been observed in
many laboratory studies (e.g. Henley, 1993; Helbling et al., 2008; Moser et al., 2009)
and are also evident from depressed rates of photosynthesis near the water surface
(e.g. Belay, 1981).

Although many phototrophic organisms are vulnerable to photoinhibition, its
population and community level consequences are not well understood. In phy-
toplankton populations suffering from photoinhibition, one would expect positive
feedback of population density on growth rate, because a denser population provides
shade that protects against inhibiting strong light. In population ecology, such a
positive relation between per capita growth rate and population density is called
an Allee effect (e.g. Stephens et al., 1999). When there is a threshold population
density below which the population goes extinct, this Allee effect is said to be strong
(Taylor and Hastings, 2005a). A strong Allee effect implies alternative stable states. In
one state the population would disappear because it suffers from photoinhibition,
while in the other state high population densities cast sufficient shade to protect
against photoinhibition. If several species are involved, one might speculate that
such alternative stable states may differ in species composition. For instance, each
of two species may only be able to establish a population when it arrives before the
other, because of a "priority effect" (Morin, 1999).

In a series of papers, Huisman and Weissing (1994, 1995) and Weissing and
Huisman (1994) developed a theory on competition for light. They showed that,
given a constant light supply and increasing light-response curve, competition for
light among phytoplankton species in a well-mixed water column leads to compet-
itive exclusion. The species with the lowest "critical light intensity" is the superior
competitor for light. These theoretical predictions were confirmed by competition
experiments (Huisman et al., 1999; Passarge et al., 2006; Agawin et al., 2007; Kardinaal
et al., 2007). In subsequent work, the theory was extended to investigate implications
of incomplete mixing (Huisman et al., 2004, 2006) and the underwater light spectrum
(Stomp et al., 2004, 2007). Thus far, however, effects of photoinhibition on phyto-
plankton competition and community structure have not yet been investigated (but
see Huisman, 1997).
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Figure 3.1. Specific production
rate, p(I), as a function of light
intensity I, assuming photoinhibi-
tion. Here, pmax is the maximum
specific production rate, Iopt is the
light intensity at which pmax is
reached, and Ik is the light intensity
at which pmax would be attained
if the initial slope of the p-I curve
would be maintained.

In the current work, we develop a general tractable model of phytoplankton
competition that includes photoinhibition, we identify the conditions under which
strong Allee effects and alternative stable states in species composition may arise,
and we show that some species may overcome these alternative stable states through
the shade cast by their competitors.

3.2 Competition model

In our model we strive for a balance between realism, generality and tractability.
We consider a vertical water column, in which a number of phytoplankton species
compete for light. The model assumes that nutrients and carbon dioxide are in ample
supply, so that light is the single factor that limits growth. We consider phytoplank-
ton species that are of equivalent colour, so that there is no niche differentiation
among species using different parts of the underwater light spectrum (Stomp et al.,
2004, 2007). We further assume that there is no photoadaptation, i.e. the pigment
concentration in cells is constant. Furthermore, we assume that the water column is
well mixed. Mixing does not prevent the formation of a vertical light gradient: light is
intenser at the top of the water column than at the bottom. These assumptions lead
to the mathematical model developed by Huisman and Weissing (1994) and Weissing
and Huisman (1994), which we extend by the incorporation of photoinhibition.

Let z denote the depth of the water column, where z runs from z = 0 at the water
surface to z = zmax at the bottom of the water column. Let small xi denote the
population density of species i per unit volume of water, and let capital Xi denote its
population density per unit surface area (i.e., Xi = xi zmax). The population growth
rate of each species depends on the balance between its total production rate Pi and
its total loss rate Li :

dXi

dt
= Pi −Li i = 1,2, ...,n, (3.1)

where n is the total number of phytoplankton species in the community.
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Figure 3.2. Total production rate,
P, and total loss rate, L, as func-
tions of population density X, for
a single species grown in monocul-
ture. The total production rate, P,
has an inflection point when Iin
> Iopt. The slope of the total loss
rate, L, is given by the specific loss
rate, m. (a) If the specific loss rate
is low, the stable equilibrium X* is
a global attractor. (b) An interme-
diate value of the specific loss rate
yields a strong Allee effect. If the
initial population density is below
the unstable equilibrium X**, the
population goes extinct. If the ini-
tial population density exceeds this
threshold value, the population will
grow to the stable equilibrium X*.
(c) If the specific loss rate is high,
the equilibrium at zero biomass is
a global attractor. Closed dots in-
dicate stable equilibria, open dots
unstable equilibria.
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Light is absorbed by phytoplankton, water, dissolved organic matter and other
light-absorbing substances in the water column (Kirk, 1994). We therefore assume
that light intensity decays exponentially with depth according to the law of Lambert-
Beer:

I (z) = Iinexp

(
−

n∑
j=1

k j x j z −Kbgz

)
, (3.2)

where Iin is the incident light intensity at the top of the water column, the k j ’s are the
specific light attenuation coefficients of the phytoplankton species, and Kbg is the
background turbidity due to light absorption by water, dissolved organic matter and
other light-absorbing substances in the water column. We use Iout to indicate the
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light intensity at the bottom of the water column:

Iout = I (zmax) = Iinexp

(
−

n∑
j=1

k j X j −Kbgzmax

)
.

Accordingly, an increase in the population densities of the phytoplankton species
will absorb more light, hence reducing light availability penetrating to the bottom of
the water column. Although Lambert-Beer’s law offers a good approximation of the
underwater light gradient, and will be used in all our simulations, it can be shown
that a more general mathematical formulation as in Weissing and Huisman (1994)
suffices for our main results.

The total production rate of species i is the integral of its local production rates
over the depth of the water column:

Pi =
∫ zmax

0
pi (I )xi dz, (3.3)

where pi (I) is the specific production rate of species i as a function of light intensity
(i.e., the p-I curve). We assume that the specific production rate is a non-negative
function. It is zero only in absolute darkness, increases with light intensity under low
light, and decreases with light intensity at high light due to photoinhibition (figure
3.1). That is,

p(0) = 0,
dp

dI
> 0 for 0 ≤ I < Iopt,

dp

dI
< 0 for I > Iopt, (3.4)

where Iopt is the light intensity that gives the maximum specific production rate
(i.e., p(Iopt) = pmax). Note we have dropped the subscripts i for readability. Several
p-I curves proposed in the literature fullfill these assumptions (e.g., Steele, 1962;
Peeters and Eilers, 1978; Platt et al., 1980; Han et al., 2000). For instance, based on a
simple mechanistic model of photoinhibition, Eilers and Peeters (1988) derived the
following equation:

p(I ) = I

aI 2 +b I + c
. (3.5)

Equation (3.5) can be rewritten in terms of Iopt, the optimal light intensity for photo-
synthesis, Ik, the light intensity at which pmax would be attained if the initial slope of
the p-I curve would be maintained, and pmax itself:

p(I ) = pmax I
Ik

I 2
opt

I 2 +
(
1−2 Ik

Iopt

)
I + Ik

. (3.6)

The shape of this p-I curve is illustrated in figure 3.1. However, as in Weissing and
Huisman (1994), our qualitative results do not depend on the specific mathematical
formulation of the p-I curve. The assumptions of equation (3.4) are sufficient to
derive our main results, while equations (3.5) and (3.6) serve as an example and for
the construction of figures.
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Finally, we assume that the total loss rate of a species is proportional to its popu-
lation density:

Li = mi Xi (3.7)

where mi is the specific loss rate of species i, which includes losses through respira-
tion, sedimentation, wash-out, cell lysis and grazing.

3.3 Results

Single species

First, we discuss the growth of a single phytoplankton species in the absence of other
light absorbers (i.e., Kbg = 0), and we drop the unnecessary subscripts.

We are interested to see how the growth rate of this single species depends on its
population density. It can be shown, using the Fundamental Theorem of Calculus,
that the derivative of P with respect to X equals the specific production rate at the
bottom of the water column (Weissing and Huisman, 1994):

dP

dX
= p(Iout). (3.8)

Since p(I) > 0 for all I > 0, this implies dP/dX > 0. Moreover, for large population
densities, Iout approaches zero, and hence dP/dX approaches zero as well. Hence, the
total production rate is an increasing and ultimately saturating function of population
density. The second derivative is

d2P

dX 2 = d

dX
p(Iout(X )) = dp

dIout

dIout

dX
. (3.9)

The second term on the right-hand side, dIout/dX, is negative. The first term, dp/dIout,
is positive at low light intensities but negative at high light intensities due to photoin-
hibition (see the inequalities in equation (3.4)). Thus, d2P/dX 2 > 0 for Iout > Iopt. In
the limit of low population density, Iout ≈ Iin. Therefore,

lim
X ↓0

d2P

dX 2 > 0 f or Iin > Iopt. (3.10)

In other words, if the incident light intensity exceeds the optimal light intensity, the
phytoplankton wil suffer from photoinhibition. An increasing population density
will cast more shade, thereby reducing light availability and diminishing the negative
impact of photoinhibition. Equation (3.10) shows that, at low population densities,
the total production rate P accelerates with increasing population density X. This
implies that the per capita production rate, and hence the per capita population
growth rate, increases with population density. That is, there is an Allee effect.

Based on these considerations, the total production rate can be sketched as a
function of population density. In case of photoinhibition (Iin > Iopt), it will be an
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S-shaped function (figure 3.2). According to equation (3.7), the total loss rate L is
a linear function of population density, with slope m. The intersections of P and L
define the equilibria of our dynamical system, at which dX/dt=0. We can distinguish
three possible scenarios (figure 3.2). First, in figure 3.2a, the specific loss rate, m,
is low. In this case, there are two equilibria, one at X = 0 and the other at X = X*.
The equilibrium at X = 0 is unstable, because P > L for a slightly higher population
density, so that the population will grow. The equilibrium at X = X* is globally stable,
because P > L for a lower population density while P < L for a higher population
density. Second, in figure 3.2b, the specific loss rate has an intermediate value. In
this case, there is a third equilibrium (denoted X**). The equilibria at X = 0 and X
= X* are now both locally stable. In contrast, X** is an unstable equilibrium and
acts as threshold population density: a population starting below this threshold
will decrease towards X = 0 and go extinct, whereas a population starting above the
threshold will grow until it settles at X = X*. Hence, there is a strong Allee effect,
resulting in two alternative stable states (X = 0 and X = X*). Third, in figure 3.2c,
the specific loss rate is high. In this case, the loss rate exceeds the production rate
irrespective of population density. The equilibrium at X = 0 is the only equilibrium
and a global attractor for the dynamics.

Thus, the main result of this section is that photoinhibition causes an Allee effect.
This Allee effect can be weak, meaning that the production rate exceeds the loss rate
at low population density, such that photoinhibition does not prevent population
growth (as in figure 3.2a). Or the Allee effect can be strong, meaning that there is a
threshold population density below which the population goes extinct (as in figure
3.2b).
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Figure 3.3. Equilibrium popula-
tion densities of a species in mono-
culture, plotted against the specific
loss rate m. Solid curves indicate
stable equilibria, dashed curves un-
stable equilibria. A transcritical bi-
furcation occurs at mTC and a fold
bifurcation at mF. Parameter val-
ues: pmax = 1 day−1, Ik = 40 µmol
photons m−2 s−1, Iopt = 100 µmol
photons m−2 s−1, Iin = 600 µmol
photons m−2 s−1, zmax = 1 m, and
Kbg = 0 m−1.

Effects of environmental conditions

It is interesting to investigate in further detail how the three possible scenarios
sketched in figure 3.2 depend on environmental parameters such as the specific loss
rate, the incident light intensity and the background turbidity. In figure 3.3, we have
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Figure 3.4. Two dimensional pa-
rameter diagrams for a single
species, indicating three regions
with qualitatively different out-
comes as function of the incident
light intensity (Iin) and the spe-
cific loss rate (m). In the region
with "strong Allee effects", there
are two alternative stable states:
the species either goes extinct or
reaches its equilibrium population
density. Panel (a) ignores back-
ground turbidity (Kbg = 0 m−1),
while panel (b) includes back-
ground turbidity (Kbg = 2 m−1).
Other parameter values: pmax = 1
day−1, Ik = 40 µmol photons m−2

s−1, Iopt = 100 µmol photons m−2

s−1, zmax = 1 m.
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plotted the equilibrium population densities X** and X* against the specific loss rate
m. The point at which the unstable equilibrium X** appears is called a transcritical
bifurcation. It occurs at the specific loss rate mTC. The point at which the unstable
equilibrium X** and the stable equilibrium X* merge and disappear is called a fold
bifurcation. This occurs at the specific loss rate mF (figure 3.3).

To visualise how the incident light intensity affects the model predictions, we
construct a parameter diagram with Iin and m along the axes and divide the Iin-
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m plane into regions delineating the three possible scenarios (figure 3.4). If the
background turbidity is negligible, the curve at which the transcritical bifurcation
occurs is easily derived. The transcritical bifurcation occurs at the transition from
figure 3.2a and b, when L is tangent to P at low population density (i.e., when L and P
have equal slopes at the point X=0). Zero population density implies that Iout equals
Iin and p(I) = p(Iin) at all depths in the water column. In view of equation (3.8), L and
P have equal slopes at this point if

mTC = p(Iin). (3.11)

Thus, the specific loss rate mTC at which the transcritical bifurcation occurs depends
on the incident light intensity. More specifically, it is simply given by the curve p(Iin)
(figure 3.4a).

Likewise, the curve describing the fold bifurcation in figure 3.4a can be derived.
The fold bifurcation occurs at the transition from figure 3.2b and c, when the equilib-
rium population densities X* and X** merge. Let us call this population density X̃ .
At X̃ , L is again tangent to P. That is, in view of equation (3.8),

mF = p(Iout(X̃ )). (3.12)

Thus, the specific loss rate mF at which the fold bifurcation occurs is given by p(Iout)
evaluated at the point X̃ . This is implicitly a function of Iin. However, we do not have
an exact expression for mF as function of Iin, and we therefore used the software
package AUTO-07p to calculate the fold bifurcation in figure 3.4a numerically. In the
special case Iin = Iopt, we find X̃ = 0. This implies Iout(X̃ ) = Iin, so then mF = mTC. If
Iin increases from Iopt, X̃ increases, Iout becomes less than Iin, and we get mF > mTC.
Thus, for Iin > Iopt, there exists a window of specific loss rates, ranging from mTC to
mF, for which the system exhibits alternative stable states (figure 3.3a).

In the above, light is absorbed by phytoplankton only, while background turbidity
is assumed to be negligible. However, in reality, light absorption by water and dis-
solved substances contributes significantly to the total light absorption of aquatic
ecosystems (Kirk, 1994). Therefore, we now add background turbidity (figure 3.4b).
The curve at which the fold bifurcation occurs does not change position, although
the fold bifurcation now becomes feasible only at a higher light supply. The curve at
which the transcritical bifurcation occurs shifts upwards and to the right. That is, light
absorption by background turbidity partly protects phytoplankton cells from pho-
toinhibition, thus making the region with alternative stable states smaller (compare
figures 3.4a and b).

Multiple species

We will now look at the growth of two or more species competing for light. In this
context, it is useful to rewrite the total production rate, Pi , of each species from
an integral over depth into an integral over light intensity. More specifically, using
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Lambert-Beer’s law, equation (3.3) can be rewritten as (Huisman and Weissing, 1994;
Weissing and Huisman, 1994):

Pi = ki Xi∑
k j X j +Kbgz

∫ Iin

Iout

pi (I )

ki I
dI . (3.13)

This equation has an important interpretation. The first term on the right-hand side
describes the relative contribution of species i to the total light absorption in the
water column. The integral term describes how the absorbed light is converted into
primary production. Hence, in total, this equation states which fraction of the total
light absorbed by the entire community is captured by species i and subsequently
converted into primary production.

We note from Lambert-Beer’s law that
∑

k j X j +Kbgz = ln(Iin)− ln(Iout). Hence,
we may define a function fi (Iout)

fi (Iout) = ki

ln(Iin)− ln(Iout)

∫ Iin

Iout

pi (I )

ki I
dI , (3.14)

such that the population dynamics of the competing species can be written as:

dXi

dt
= [

fi (Iout)−mi
]

Xi . (3.15)

This expression illustrates that each species will have one or more "critical light
intensities", which are defined by the values of Iout at which dXi /dt = 0. More
specifically, if a species does not suffer from photoinhibition or if the Allee effect is
weak, then this species will have a single critical light intensity I∗out,i . It will increase if
light availability exceeds its critical light intensity (Iout > I∗out,i ), while it will decrease
if light availability is less than its critical light intensity (Iout < I∗out,i ). The species with
the lowest critical light intensity will be the superior competitor for light, and will win
the competition from all other species irrespective of the initial conditions (Huisman
and Weissing, 1994; Huisman et al., 1999).

If a species suffers from photoinhibition with a strong Allee effect, then this
species will have a subcritical light intensity I∗out,i and a supercritical light intensityI∗∗out,i .
These provide a lower and upper bound on the light conditions at which this species
will be able to grow. That is, if light availability is either too low (Iout < I∗out,i ) or
too high (Iout > I∗∗out,i ), the species will decrease. If light availability is within an in-
termediate range (I∗out,i < Iout < I∗∗out,i ), this species will increase. Both critical light
intensities can be measured in monoculture. The subcritical light intensity I∗out,i can
be measured as the value of Iout at the stable monoculture equilibrium X ∗

i and the
supercritical light intensity I∗∗out,i can be measured as the value of I∗∗out,i at the unstable
monoculture equilibrium X ∗∗

i .
In competition, the species with the lowest subcritical light intensity is the su-

perior competitor for light. However, if it suffers too much from photoinhibition, it
may not be able to reach dominance and therefore may not win. The basic idea is
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Figure 3.5. The intervals over which species have positive growth rates, plotted as function
of the light availability Iout. The growth interval of each species ranges from its subcritical
light intensity I∗out,i to its supercritical light intensity I∗∗out,i . The point Iout,0 indicates the
value of Iout in the absence of phytoplankton. Closed dots indicate stable equilibria, open
dots unstable equilibria. (a) Two species with non-overlapping intervals. Since Iout,0 lies
outside the growth intervals of the two species, the system has three alternative stable states
(no phytoplankton, species 1 wins, or species 2 wins). (b) A four-species community with
overlapping growth intervals. Species 1 and 2 are the same as in panel (a), but now they are
facilitated by species 3 and 4, making the equilibrium of species 2 the global attractor. That is,
species 2 has the lowest subcritical light intensity, and will ultimately win.

illustrated in figure 3.5. In figure 3.5a, species 2 has the lowest subcritical light inten-
sity, but the growth intervals of the two species do not overlap. The subcritical light
intensity of species 1 exceeds the supercritical light intensity of species 2. Hence, if
species 1 attains its monoculture equilibrium, at I∗out,1, then species 2 cannot invade
because light availability is too high and species 1 will remain dominant. Conversely,
if species 2 attains its monoculture equilibrium, at I∗out,2, then species 1 cannot invade
because light availability is too low and species 2 remains dominant. Accordingly, the
outcome depends on the initial conditions. Another way to look at this example is by
visualizing the competitive dynamics in phase space, where the population densities
of the two species are plotted along the axes (figure 3.6). Each species has two zero
isoclines in the interior of phase space, one corresponding with the set of population
densities that yield its subcritical light intensity and the other corresponding with its
supercritical light intensity. We note that all zero isoclines run parallel in phase space
(Huisman and Weissing, 1994). This parallelism rules out coexistence, because the
zero isoclines do not intersect.

In our example, the area in phase space where a species has positive growth
(between its two isoclines) lies outside the area of positive growth of the other species
(figure 3.6). Hence, assuming both species have a strong Allee effect, there are three
alternative stable equilibria: a stable equilibrium in the origin, a stable monoculture
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Figure 3.6. Phase plane with 3 al-
ternative stable states. At the thick
continuous zero growth isoclines
species 1 has zero growth (dX 1/dt =
0), at the thick dashed zero isoclines
species 2 has zero growth (dX 2/dt =
0). Closed dots indicate stable equi-
libria, open dots unstable equilibria.
Arrows indicate the direction of the
population dynamics. Thin curves
are separatrices, separating the do-
mains of attraction of the three al-
ternative stable equilibria.

of species 1, and a stable monoculture of species 2. Which stable equilibrium will
be reached depends on the initial population densities of the two species. The
black curves in figure 3.6 indicate the separatrices, which separate the domains
of attraction of each stable equilibrium. Note that the domain of attraction of the
equilibrium in the origin extends to high population densities of species 1 and 2.
Introducing both species together at high population densities may therefore lead
to extinction of both species. The explanation for this counter-intuitive result is
that when species 2 occurs at high population density, the population of species 1
declines rapidly due to competition. This increases light availability in the water
column, so that the population growth rate of species 2 may turn negative as well
due to photoinhibition. This increases light availability even further, aggrevating
the impact of photoinhibition on both species. As a consequence, both species
eventually disappear due to photoinhibition (figure 3.6).

In figure 3.5 b, we added two more species, such that the growth intervals of
the different species overlap. Now, if species 3 attains its monoculture equilibrium,
at I∗out,3, then species 1 can invade. Subsequently, species 1 may suppress light
availability further and attain its monoculture equilibrium, at I∗out,1, where species
4 may invade. Species 4 may continue to grow, casting even more shade, such that
conditions become dark enough for species 2 to invade. In the end, species 2 will
win, because it reduces light availability below the subcritical light intensities of all
other species. It ultimately reaches dominance, after it has been facilitated by the
shade cast by its competitors.

To assess which of these theoretical scenarios are likely to exist in real commu-
nities, we have assigned values to the model parameters according to empirically
determined phytoplankton characteristics. These characteristics are such, that one
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species performs better at low light, but is more sensitive to photoinhibition at high
light than the other species. Such a trade-off has been observed between species or
strains (e.g. Mur et al., 1977; Partensky et al., 1993) and also between populations of
the same strain adapted to different light climates (e.g. Partensky et al., 1993; Callieri
and Piscia, 2002).

Figure 3.7 contains a two-dimensional parameter diagram for these two species,
analogous to the diagram in figure 3.4. The solid curves separate regions in the Iin-m
plane with different outcomes. The diagram is the superposition of the two single
species diagrams, with an additional curve describing the transcritical bifurcation
which separates the regions where species 1 can invade the equilibrium of species 2
and vice versa. Some interesting phenomena occur. For instance, in region c, species
2 cannot increase from low density when alone. However, species 1 can and as it
does, it paves the way for invasion by species 2 and its own competitive exclusion. In
region f, there are three alternative stable states, and the phase space in this region is
qualitatively the same as in figure 3.6 .

3.4 Discussion

Alternative stable states and community assembly

We have shown that photoinhibition can cause alternative stable states in light-
limited phytoplankton communities. In monoculture, a low population density may
not cast sufficient shade to protect against photoinhibition, such that the population
will ultimately go extinct. However, a high population density of the same species
may create more turbid conditions to provide at least partial protection against the
deleterious effects of photoinhibition, such that the population can establish itself
(figure 3.2b). This configuration is called a strong Allee effect, because there is a
threshold population density below which the population goes extinct (Taylor and
Hastings, 2005a). When several species compete, there can be several alternative sta-
ble states. Each stable state contains at most one species, and sustained coexistence
is therefore impossible. Which species will become dominant depends on the initial
conditions.

The possible outcomes of competition are numerous and depend in complex
ways on many parameters, even for just two species (figure 3.7). A full analysis, if
feasible at all, is beyond the scope of the current study. However, we have studied the
interactions of two species that differ in their photosynthesis parameters according
to trade-offs observed in real organisms (e.g. Mur et al., 1977; Partensky et al., 1993).
In this case, the outcome of the competitive interactions depends on light supply and
the loss rates of the species. In figure 3.7, alternative stable states occur in regions d,
e, f, g and h. Region f has even three alternative stable states (as in figure 3.6).

Although our results show that photoinhibition can cause alternative stable states
in community composition, the order in which species arrive has no influence on
the identity of the ultimate survivor if each species initially starts at low population
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Figure 3.7. Two dimensional parameter diagram for two competing species, indicating regions
with qualitatively different outcomes as function of the incident light intensity (Iin) and the
specific loss rates (m). TC1 and TC2 indicate the transcritical bifurcations where species 1 and
2, respectively, can invade the empty system. F1 and F2 indicate the fold bifurcations where
the stable and unstable equilibria of the corresponding species merge. TC3 separates the two
regions where species 1 can invade the equilibrium of species 2, and vice versa. In regions
a-c, the equilibrium with only species 2 is the global attractor. In region a, species 1 cannot
survive even when alone. In region b it can, but it is competitively excluded by species 2. In
region c, species 2 has a strong Allee effect when alone, but its invasion is facilitated by species
1, which is competitively excluded. In region d, species 2 has a strong Allee effect and species
1 cannot survive even when alone. Region e has two alternative stable states: species 1 can
invade the empty system and its equilibrium cannot be invaded by species 2, while species 2
has a strong Allee effect but its equilibrium cannot be invaded by species 1. Region f is similar
to region e, but now species 1 also has a strong Allee effect, such that there are three alternative
stable states. In region g, both species have a strong Allee effect, but species 2 can invade the
equilibrium of species 1 and competitively exclude it. In region h, species 2 cannot survive
even when alone, and species 1 has a strong Allee effect. In region i, species 2 cannot survive
even when alone, while species 1 can invade the empty system. In region j, neither species can
survive, irrespective of their initial population densities. Parameter values: m1 = m2, pmax,1 =
1 day−1, pmax,2 = 0.9 day−1, Ik,1 = 40 µmol photons m−2 s−1, Ik,2 = 0.02 µmol photons m−2

s−1, Iopt,1 = 100 µmol photons m−2 s−1, Iopt,2 = 20 µmol photons m−2 s−1, Kbg = 1 m−1 and
zmax = 1 m.

density. Consider, for instance, the hypothetical community in figure 3.5b but without
species 4. In that case, there are two alternative stable states. Either species 1 or
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species 2 will dominate. However, dominance by species 2 cannot be reached from
low population densities, because there is a gap between the growth interval of
species 2 and the other species. Instead, if community assembly proceeds through a
series of species invasions, species 1 ultimately dominates irrespective of the order
in which the species invade. In other words, the species with the lowest critical light
intensity attainable from invasion will ultimately dominate the community. As such,
the order of invasion does not result in alternative endpoints of community assembly.

Interestingly, when the number of species is increased, it becomes more likely that
some species facilitate others and thereby suppress the potential for alternative stable
states. For instance, suppose that we add species 4 to the scenario discussed above
(figure 3.5b). The light requirements of species 4 bridge the gap between species 2
and the other species, such that reduction of light availability by species 4 paves the
way for species 2 to invade. Hence, species 2 will ultimately become dominant in
the community, irrespective of the initial conditions (figure 3.5b). Alternative stable
states due to photoinhibition may thus be overcome in natural waters, if some of the
species are sensitive to photoinhibition but others can facilitate their dominance.

Experimental tests of theoretical predictions

A key advantage of resource competition models is that the theoretical predictions
can be experimentally tested in a straightforward manner. For instance, if one would
measure the light response curves of different phytoplankton species, one can make
predictions about the outcome of competition and test these predictions in chemo-
stat experiments, along the same lines as in earlier experiments on competition for
nutrients (e.g. Tilman, 1977; Sommer, 1985; Van Donk and Kilham, 1990; Grover,
1991) and competition for light (Huisman et al., 1999; Passarge et al., 2006; Agawin
et al., 2007; Kardinaal et al., 2007). In chemostat experiments, the specific loss rates
of the species are dominated by the dilution rate of the chemostat. Hence, by run-
ning monoculture and competition experiments inoculated with different initial
population densities, across a range of different dilution rates and incident light
intensities, one can easily test for the presence of alternative stable states predicted
by our model.

In fact, some of these experiments have already been carried out. Mur et al.
(1977) studied competition for light between the freshwater green alga Scenedesmus
protuberans and the cyanobacterium Planktothrix agardhii (then named Oscillatoria
agardhii). The latter species can produce microcystins, a family of toxins affecting
the liver of higher organisms. Such harmful cyanobacteria become an increasing
problem in many eutrophic waters (Chorus, 1999; Tonk et al., 2005; Paerl and Huis-
man, 2008). In Mur’s experiments, Planktothrix had a higher specific growth rate at
low light than Scenedesmus. However, Planktothrix suffered from photoinhibition at
high light, whereas Scenedesmus was insensitive to high-light conditions. When both
species were introduced simultaneously at low population densities, Scenedesmus
steadily increased but Planktothrix quickly went extinct because the incident light
was too strong. Once Scenedesmus established a dense monoculture, light intensity
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had sufficiently decreased for Planktothrix to invade. Indeed, when Planktothrix
was reintroduced several weeks later, its population did grow. And as it did, the
population of Scenedesmus declined. In the end, Planktothrix dominated the experi-
mental community and had replaced Scenedesmus (Mur et al., 1977). Accordingly,
in this experiment, one species paved the way for invasion of the other species and,
subsequently, its own competitive demise. Van Liere and Mur (1980) suggested that
such facilitation is important for the invasion and ultimate dominance of the harmful
cyanobacterium Planktothrix agardhii in eutrophic lakes.

Suggestions for further extensions

To what extent will our predictions be robust to changes in model structure? The
model predictions do not depend on the exact way in which photoinhibition is
modelled, because we made general assumptions about how photosynthetic rate
depends on light intensity. Thus, qualitatively, our results should apply to a wide class
of photoinhibition models (e.g. Steele, 1962; Peeters and Eilers, 1978; Platt et al., 1980).
It would be interesting to replace our assumption of a static p-I curve by a more
dynamic p-I curve, representative of photoadaptation (Ross et al., 2008) and the slow
development of photoinhibition (Macedo et al., 1998; Han et al., 2000; Macedo and
Duarte, 2006). Although a dynamic p-I curve will change the quantitative predictions
of our model, we do not expect that it will affect the predictions of our model in a
qualitative manner as long as the p-I curve remains hump-shaped (e.g. Partensky
et al., 1993; Macedo et al., 1998; Callieri and Piscia, 2002). However, photoadaptation
might affect our results qualitatively if it changes p-I curves in such a way that
photoinhibition is avoided (cf. Cullen and Lewis, 1988).

We expect profound differences between our model predictions and the outcome
of competition between phytoplankton species of different colours. For instance,
it has already been shown that competition between red and green phytoplankton
species favours stable coexistence, because the species use different parts of the
light spectrum (Stomp et al., 2004, 2007). It is conceivable that differently pigmented
species are sensitive to high light in different parts of the light spectrum. Competi-
tion between species suffering from photoinhibition in different parts of the light
spectrum may well lead to complex results with several alternative endpoints of
community assembly.

We expect that incomplete mixing will also affect our model predictions, because
it may enable species to avoid photoinhibition by growing deeper down in the water
column. If water clarity is high and the system is shallow, it will be hard to escape
from photoinhibition and many of our model predictions will probably still apply.
However, species living in deeper or more turbid waters may escape more easily from
photoinhibition, for instance by actively migrating away from the water surface (Ault,
2000; Whittington et al., 2000; Regel et al., 2004) or by growing in deeper parts of
the water column such as the deep chlorophyll maximum (Moore and Chisholm,
1999; Modenutti et al., 2004; Six et al., 2008). It would be interesting to combine our
present model analysis with earlier competition studies under incomplete mixing
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(Huisman et al., 1999, 2004; Klausmeier and Litchman, 2001; Yoshiyama et al., 2009)
to investigate how reduced vertical mixing may affect the impact of photoinhibition
on community assembly.

Implications of photoinhibition in a food-web context could offer another promis-
ing avenue for further research. In many aquatic ecosystems, the phytoplankton
spring bloom is followed by a distinct clearwater phase due to zooplankton grazing
(Lampert et al., 1986; Straile and Adrian, 2000; Talling, 2003). This clearwater phase
exposes phytoplankton to high light conditions. Theory predicts that an Allee effect
in the prey, for instance due to photoinhibition, may cause sustained predator-prey
cycles even in the absence of saturation of the predator. If the Allee effect is strong,
these predator-prey cycles may drive the prey below its existence threshold, such that
the food web collapses (Van Voorn et al., 2007). This suggests that photoinhibition
could play an interesting role during the clearwater phase, affecting the community
dynamics resulting from phytoplankton-zooplankton interactions.

Photoinhibition occurs not only in phytoplankton communities, but in other
communities as well. For instance, experiments with a freshwater biofilm showed
that it lost all of its chlorophyll-containing species under elevated light conditions
(e.g. Lear et al., 2009). Likewise, some tree species cannot reestablish themselves
in alpine vegetations due to inhibition by strong light (e.g. Bader et al., 2007). In
these examples, strong Allee effects could play a role, and it is conceivable that these
phototrophic organisms can reestablish themselves if a critical threshold density
is overcome, or if they are facilitated by the shade cast by other species less sensi-
tive to photoinhibition. Thus, although our model was specifically developed for
phytoplankton communities, photoinhibition is a widespread phenomenon and
the general implications of our findings are likely to be of relevance for many other
communities as well.





Chapter 4

Effects of resources and predation on
the predictability of community compo-
sition
Daan J. Gerla, Matthijs Vos, Bob W. Kooi and Wolf M. Mooij

Published in Oikos 118:1044-1052 (2009)

Abstract. When does community assembly lead to a predictable species composition
and when does this process depend on chance events, such as the timing of species
arrivals? We studied the combined effects of enrichment and predation on the oc-
currence of priority effects, i.e. dependency on the timing of arrival, using a model
of a small food web consisting of a predator, two competing prey and interference
through allelopathy. Our analysis shows the conditions under which priority effects
can occur. In the system we studied, the interfering species has to be the weaker
resource exploiter of the two consumers, or it has to be more susceptible to preda-
tion. When it is the weaker resource exploiter, a minimum level of nutrient input is
required for interference to be strong enough to cause a priority effect. When the
interfering species is more susceptible to predation, a priority effect actually requires
predation, which in itself also requires a minimum level of nutrient inflow. How-
ever, the priority effect disappears when predation pressure rises above a threshold
value, also when the two competitors are equally preferred by the predator. This
is so because predation reduces population densities and thereby the strength of
interference. Our analyses make clear how the effects of resources and predation can
combine to result in the absence or presence of priority effects during community
assembly.

4.1 Introduction

When does the order in which species arrive to colonize a habitat matter for the
composition of the community that develops in the long run? This is an important
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question in community ecology (Chase, 2003) and restoration ecology (Young et al.,
2005). If succession is deterministic in the sense that it repeatedly leads to the same
eventual species composition given certain environmental conditions, its result is
predictable. If community assembly is sensitive to the timing of species arrivals, it is
not. When it is early arrival or high initial density that determines the establishment
of a species in the community, we say there is a priority effect.

Because colonization is a stochastic event, priority effects may cause initially
identical habitats to diverge in their species composition. This has for instance been
shown for zooplankton communities in a set of experimental ponds with natural
colonization (Jenkins and Buikema, 1998). Priority effects have been shown more rig-
orously by experimentally manipulating initial densities or the timing of introduction
of species in a variety of systems. These include a toxin producing and a sensitive
strain of the bacterium Escherichia coli (Chao and Levin, 1981), two species of flour
beetles that predate upon each other (Neyman et al., 1956; Park, 1954; Park et al.,
1965), a simple aquatic food web of ciliates and bacteria with intraguild predation
(Price and Morin, 2004), cladoceran zooplankton species (Louette and De Meester,
2007) and pairs of competing algal species (Zhang and Zhang, 2007).

Quite a few mechanisms are known to cause priority effects. Most of them have
in common that they enhance interspecific competition relative to intraspecific
competition so that the competitive strength of a species increases with its own
density. For instance, an Allee effect (a positive correlation between per capita growth
rate and population size) can have this effect (Szathmary, 1991). Also competition for
two resources with each of two species consuming more of the resource that limits its
competitor’s growth most can cause a priority effect (Tilman, 1980). Another example
is intraguild predation, where one competitor predates upon the other (Holt and Polis
1997, Price and Morin 2004)(Holt and Polis, 1997; Price and Morin, 2004). Interference
competition, in which one species directly interferes with the other for instance by
hindering its feeding or by killing it, may also cause priority effects (Amarasekare 2002,
Chao and Levin 1981, DeFreitas and Fredrickson 1978)(Amarasekare, 2002; Chao
and Levin, 1981; DeFreitas and Fredrickson, 1978). Interference competition occurs
among many species. In zooplankton communities it occurs both through physical
contact (e.g Gilbert and Stemberger, 1985) and through the excretion of allelopathic
chemicals that inhibit resource uptake (e.g. Conde-Porcuna, 1998; Matveev, 1993).

It has been shown previously that the occurrence of priority effects may depend
on a minimal level of nutrient flow into the system (e.g. Chase 1999, Chase 2003b,
Diehl and Feissel 2000, Mylius et al. 2001)(Chase, 1999; Diehl and Feissel, 2000; Mylius
et al., 2001). However, the effect of an additional trophic level on the occurrence of
priority effects has received less attention. In the present paper, we study a small food
web model of one resource, two competing consumers, allelopathy and a shared top
predator in a homogeneous environment. This system shows priority effects under
certain conditions. We investigate how bottom-up control (limitation of resource
input) and top-down control (predation intensity) affect the occurrence of priority
effects by simultaneously varying enrichment and predation pressure. We show that
strong predation pressure removes priority effects, both when the predator has no
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Figure 4.1. Structure of the model.
Two consumers compete for a sin-
gle resource. A predator predates
potentially on both of these con-
sumers. The thick arrows depict
nutrient or energy flows. The thin
arrow marked with a minus sign
depicts the inhibitory effect of the
compound excreted by consumer 2
(the interference competitor) on the
resource intake rate of consumer 1.

preference for one of the consumers and when it does. We discuss when the assembly
of this model community has a predictable outcome and when it is subject to priority
effects, and thus contingent on colonization history and initial conditions.

4.2 Methods

The model

The model consists of a biotic basic resource (e.g. phytoplankton), two herbivorous
consumer species competing for this resource (e.g. grazing zooplankton), and a top
predator that eats both these consumer species (e.g. an invertebrate carnivore). One
of the two competing consumer species interferes with the resource uptake of the
other through the excretion of an allelopathic chemical. The structure of the model
is depicted graphically in figure 4.1 and the meaning of the symbols used below is
given in table 4.1.

We first introduce the functional response of consumer 1, the victim of interfer-
ence. Its response is of Holling type II, modified to include inhibition. Thus, the per
capita rate of resource uptake of consumer 1 depends both on resource density R
and inhibitor concentration H :

f1 (R, H) = aC 1R

(1+aC 1hC 1R) (1+s H)
, (4.1)

where aC 1 is the attack rate of consumer 1 on the resource and hC 1 is its handling
time for the resource. The sensitivity of consumer 1 to the inhibitor is determined by
s. It is the reciprocal of the inhibitor concentration at which the consumption rate
is half of what it would be in the absence of inhibition. This functional response is
analogous to the Michaelis-Menten equation with non-competitive inhibition and
has been used before in a model for microorganisms (DeFreitas and Fredrickson,
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Table 4.1. Symbols for variables and parameters, their meaning, values and units of measure-
ment. The values used in the construction of figures 4.2B and 4.3B are given between brackets
if they deviate from the ones used in figures 4.2A and 4.3A.

symbol meaning value units
variables

R density of basic resource mg C L−1

Ci density of grazer species i mg C L−1

H concentration of inhibitor mg C L−1

P density of predator mg C L−1

t time day
parameters

r intrinsic growth rate of basic re-
source

0.275 day−1

K carrying capacity of basic re-
source

varied mg C L−1

eC 1 conversion efficiency of basic re-
source to grazer species 1

0.36 None

eC 2 conversion efficiency of basic re-
source to grazer species 2

0.30 mg C (mg C)−1

aC 1 attack rate of grazer species 1 0.77 L day−1 (mg C)−1

aC 2 attack rate of grazer species 2 0.77
(1.1165)

L day−1 (mg C)−1

hC 1, hC 2 handling time of biotic resource
by grazer species 1, 2

0.5 day mg C (mg C)−1

s sensitivity of species 1 for in-
hibitor

8.3 L (mg C)−1

dC 1, dC 2 background death rate of grazer 1,
2

0.17 day−1

eH conversion efficiency of biotic re-
source to inhibitor

0.06 mg C (mg C)−1

dH degradation rate of inhibitor1 0.1 day−1

eP 1, eP 2 conversion efficiency of grazer 1,
2 to predator

0.5 mg C (mg C)−1

aP 1 attack rate on grazer 1 by predator 2.71 L day−1 (mg C)−1

aP 2 attack rate on grazer 2 by predator 2.71
(3.9295)

L day−1 (mg C)−1

hP 1, hP 2 handling time of grazer 1, 2 by
predator

0.83 day mg C (mg C)−1

dP death rate of predator varied day−1

1978). It assumes that both attack rate and handling time are affected by the inhibitor.
The effect of the inhibitor is saturating: at high levels of the inhibitor, adding more
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has little effect. This is in accordance with studies on inhibition in zooplankton
(Helgen, 1987; Matveev, 1993).

The resource uptake of consumer 2 is not inhibited and depends only on resource
density:

f2 (R) = aC 2R

1+aC 2hC 2R
, (4.2)

where aC 2 and hC 2 are the attack rate and handling time of consumer 2, respectively.
The basic resource, R, grows logistically in the absence of consumption. Its growth

rate is
dR

dt
= r R

(
1− R

K

)
−C1 f1 (R, H)−C2 f2 (R) , (4.3)

where r is the intrinsic growth rate of the resource, K is its carrying capacity, and C1

and C2 are the densities of the consumers. Changes in population densities of the
consumers are given by

dC1

dt
=C1

(
eC 1 f1 (R, H)−dC 1 − aP1P

1+aP1hP1C1 +aP2hP2C2

)
, (4.4)

dC2

dt
=C2

(
eC 2 f2 (R)−dC 2 − aP2P

1+aP1hP1C1 +aP2hP2C2

)
, (4.5)

where eCi denotes the efficiency with which consumer i converts consumed resource
into new biomass, dCi its background death rate, aPi the attack rate of the top preda-
tor on consumer i, and hPi the handling time of the predator for species i. Consumer
2 excretes the inhibitor at a rate proportional to the rate at which it consumes the
resource and produces new biomass:

dH

dt
= eH f2 (R)C2 −dH H , (4.6)

where eH denotes the yield of inhibitor per unit of consumed resource. The inhibitor
degrades at a constant rate dH . The predator’s density P changes due to feeding on
both consumers and due to a constant mortality rate dP :

dP

dt
= P

(
eP1aP1C1 +eP2aP2C2

1+aP1hP1C1 +aP2hP2C2
− dP

)
, (4.7)

where ePi is the efficiency with which the predator converts consumer i into predator.

TWO SCENARIOS

In our basic scenario, consumer 1 and consumer 2 only differ in the efficiency eCi

with which they convert consumed resource into biomass and in that only consumer
2 produces the inhibitor and only consumer 1 is sensitive to it. Here, consumer
1 is a more efficient resource exploiter (because eC 1 > eC 2) and only consumer 2
interferes with its competitor’s resource uptake. In a second scenario we added more
differences between the two consumers. In this scenario of differential vulnerability
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to predation, the attack rate of consumer 2 on the resource (aC 2) and the attack rate
of the predator on consumer 2 (aP 2) are increased by 45%, making consumer 2 the
stronger resource exploiter at the cost of a higher vulnerability to predation. The
values we assigned to the parameters are as in table 4.1. These are largely based
on realistic parameter estimates for a planktonic system (Vos et al. 2004a, Vos et al.
2004b).

ANALYSIS

We varied enrichment and predation pressure by varying the carrying capacity of
the resource (K ) and the death rate of the predator (dP ), respectively. We divided
the K -dP plane for both scenarios into regions of qualitatively different model be-
haviours, identifying those regions in parameter space where priority effects occur.
This has resulted in the two-dimensional bifurcation diagrams of figure 4.2, where
priority effects occur in the grey shaded region. To understand what happens in these
diagrams, we additionally constructed two one-dimensional bifurcation diagrams
in which K is held fixed at 1.6 mg C L−1 (figure 4.3A) and 1.4 mg C L−1 (figure 4.3B)
and only dP varies). In these diagrams the changes in equilibrium densities that
lead to qualitative changes in model behaviour are depicted. The crossing points
of a vertical line at K = 1.6 mg C L−1 (figure 4.2A) and at K = 1.4 mg C L−1 (figure
4.3B) with the curves in each two-dimensional bifurcation diagram correspond to the
bifurcation points in the one-dimensional bifurcation diagrams (i.e. the dP values
where equilibria become stable or unstable, indicated by the vertical dotted lines in
figures 4.3A and B).

The basic method for finding most curves that divide the K -dP plane is invasion
analysis, which is performed by determining when the per capita growth rate of a
species that itself is absent (the invader) is positive or negative under the conditions
set by the other species (the resident species). The values of K and dP for which the
growth rate of an invader is exactly zero define the invasion boundaries that divide the
parameter space of figures 4.2A and B into regions with different possible community
compositions. When the invasion analysis shows mutual non-invasibility of the
two consumer species, this indicates a priority effect: when consumer 1 is present
at a high initial density consumer 2 cannot invade, and vice versa. Mutual non-
invasibility is a sufficient criterion for priority effects. Also, in this relatively simple
food web there are no priority effects without mutual non-invasibilty. However, a
more complex criterion may be required in communities that have more species and
more complex interactions.

We assumed that all species in the food web have the possibility to attempt
invasion; we do not consider scenarios in which species are absent due to mere
dispersal limitation. Using Mathematica, we found exact algebraic expressions for
all curves in figure 4.2 that indicate thresholds for invasion of resident communities
that exhibit stable (i.e. non-cyclic) dynamics , For the criteria for invasion in resident
communities that show cyclic population densities, and of curves that separate
stable and cyclic regimes we used numerical continuation (i.e. we used the software
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packages LocBif and AUTO to determine for which pairs of for K and dP values the
transcritical bifurcations for cyclic resident communities and the Hopf bifurcations
occurred, respectively, see Kooi et al. 2002). We also used numerical continuation for
locating the coexistence equilibrium of all four species in figures 4.3A and B, and for
determining its stability.

4.3 Results

The model community shows a variety of qualitatively different behaviours, in terms
of species composition, the presence of priority effects and the occurrence of either
stable or cyclic population densities, as shown in figures 4.2A and B. In these figures,
the carrying capacity K of the resource and the death rate dP of the predator represent
bottom-up and top-down controls and the lines and curves separate regions with
different community compositions and dynamics. Symbols in each region indicate
the set of species that can coexist at the particular K and dP values, and that form
a community that cannot be invaded by any of the other species when these are
introduced at a low density. For instance, in the region marked "R C1" in figure 4.2,
only the resource and consumer 1 can stably coexist.

We are particularly interested in the areas in which two distinct communities can
resist invasion by other species, and where the initial densities of species determine
which community becomes established. This is where there are priority effects. For
instance, in the region "R C1 or R C2" the resource can stably coexist with either
consumer 1 or consumer 2, depending on the initial densities of these species. In
figure 4.2, the regions with priority effects are shaded.

Equilibria may also be unstable in the sense that small deviations from these
equilibria lead to sustained oscillations in species densities. These equilibria are
marked with the word "cycles".

Scenario 1: no preferential predation

The case where the attack rates of the predator on the two consumers are equal is
depicted in figure 4.2A. In the left most region of this figure, region "R", only the
basic resource can exist. This region is delimited on its right side by the existence
boundary K = R∗

C 1, that is, the carrying capacity of the basic resource that equals
the resource level at which the gains and losses of consumer 1 exactly balance – its
R∗ (Tilman 1982). To the right lies region "R C1" and further to the right region "R
C1 or R C2". In this region, at high K, two equilibria are stable, so above a minimal
productivity level there is a priority effect. Note that this minimal productivity level
is not the R∗ of consumer 2: consumer 2 can maintain a population at lower levels of
productivity, however, there consumer 1 can invade and exclude consumer 2. Below
"R C1" and "R C1 or R C2", at high K and low dP values, the predator can establish
a population feeding on consumer 1. At slightly higher K and lower dP values the
predator can also sustain itself feeding on consumer 2. In region "R C1 P or R C2",
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the system is sufficiently productive to sustain a predator population on consumer
1 (the more efficient resource exploiter), but not on consumer 2, so that a priority
effect determines whether the predator can exist. If starting in region "R C1 P or R
C2 P" predator mortality is decreased, the equilibrium with the resource, consumer
2 and the predator loses its stability against invasion by consumer 1. Thus, at high
levels of predation the priority effect disappears.

To clarify the disappearance of the priority effect due to intense predation, we
constructed figure 4.3 3, where we plotted equilibrium densities against predator
mortality dP , at a fixed value of carrying capacity K = 1.6 mg C L−1. At values below
dP âL’́L 0.067 day−1 the density of consumer 1 at the equilibrium with coexistence of
all species is negative, so here the coexistence equilibrium becomes unfeasible. This
means there are no positive initial densities from which the system is attracted to
the equilibrium with consumer 2 and the predator. The equilibrium with consumer
2 and the predator is now unstable and the equilibrium with consumer 1 and the
predator becomes a global attractor: the priority effect has disappeared.

Because we assume in this scenario that the two consumers only differ in their
resource conversion efficiencies eCi and the sensitivity to the inhibitor s, the inhibitor
concentration at the coexistence equilibria with and without the predator (Hcoex ) is
independent of predator mortality dP (see appendix 4.5 and figure 4.3). It is also easy
to see that when dP = 0, the inhibitor concentration at the equilibrium of resource,
consumer 2 and the predator (H∗∗

C 2 ) is zero and that when dP is greater than zero, H∗∗
C 2

is greater than zero. This means that H∗∗
C 2 decreases to levels at which H∗∗

C 2 < Hcoex , if
dP is reduced far enough. As we show in appendix 4.5, invasion of the equilibrium
with consumer 2 and the predator by consumer 1 is possible when H∗∗

C 2 < Hcoex . Thus,
if predator mortality is reduced far enough, the priority effect, if present, disappears.
(For a more exact argumentation, see appendix 4.5.)

In the right-most regions of figure 4.3A, at high system productivity, equilibria
become unstable and densities fluctuate. This makes it more difficult for the predator
to establish a population, because it needs a higher average prey density when prey
have cyclic dynamics.

Scenario 2: preferential predation

A different scenario is depicted figure 4.2B. Here, consumer 2 is more vulnerable to
predation but is also the more efficient resource exploiter (it has a lower R∗). In this
case the predator enables the priority effect. However, there is still a region at low
predator mortality at which consumer 1 outcompetes consumer 2 without a priority
effect (region "R C1 P"). Figure 4.3B shows the equilibrium densities for a range
of dP values at a fixed value of K = 1.4 mg C L−1 for the scenario with differential
predation. As can been seen, the loss of the priority effect with decreasing predator
mortality is accompanied by a loss of feasibility of the coexistence equilibrium of the
four species, as it is in figure4.3. However, in the scenario with preferential predation,
the coexistence equilibrium is also unfeasible at high predator mortalities (because
C2 and H become negative). There, in regions "R C2 P" and "R C2" consumer 2
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Figure 4.2. Regions in parameter
space with qualitatively different
model behaviours for (A) the sce-
nario in which the interference
competitor is the less efficient re-
source exploiter, but with no differ-
ences between the consumers with
respect to the predator and (B) the
scenario in which the interference
competitor is the stronger resource
competitor, but is more vulnera-
ble to predation. Parameters are
as in table 4.1. The symbols in each
region indicate which species can
coexist at the parameter values of
that region. Sets of species marked
with "cycles" show persistent oscil-
latory dynamics. In the shaded re-
gions, there are two sets of coexist-
ing species and a priority effect de-
termines the outcome of commu-
nity assembly. The dotted vertical
lines in (A) and (B) indicate the K -
values used in figure 4.3A and B, re-
specitively. Region 1: R C1 (cycles)
or R C2; region 2: R C1 (cycles) or R
C2 (cycles); region 3: R C1 (cycles)
or R C2 P (cycles). (B) Region 1: R
C2 P (cycles); region 2: R C1 P (cy-
cles) or R C2 (cycles).

always excludes consumer 1, which in this scenario is the lesser resource exploiter.
In the other regions in figure 3B at least one equilibrium is unstable in the sense
that densities oscillate. The effect of these density fluctuations on the possibility of
existence of the predator is similar to those in figure 4.2. However, since existence
of the predator is a prerequisite for a priority effect in the scenario with differential
predation, cycles reduce the region where a priority effect occurs, especially when
both the carrying capacity is high and predator mortality is low.

We also performed a more elaborate numerical analysis for the case in which the
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two consumer species are not nearly identical, following the methods presented in
Kooi et al. (2002), but these results are beyond the scope of this paper. The main
lesson we learned from that analysis concerns the importance of certain parameters,
such as s, the sensitivity to the inhibitor which has to have a minimal or threshold
value for priority effects to occur.

4.4 Discussion

When do the combined forces of bottom-up and top-down control allow priority ef-
fects to occur during community assembly? For interference to cause a priority effect
there needs to be a minimum level of productivity, because only then population
levels or levels of excretory compounds are sufficiently high for interference to be
strong enough. However, our results show that if predation pressure is strong, the
priority effect disappears because it reduces interference between the competitors,
even if the two competitors are equally vulnerable to predation (figures 4.2 and 4.3
and appendix 4.5). Also when the interfering species is the stronger resource exploiter
but is more vulnerable to predation, high predation pressure prevents the occurrence
of a priority effect (figure 4.2B). However, in this case the predator in fact enables a
priority effect at intermediate predation pressures: in all areas with a priority effect
the predator is present, in contrast with the findings shown in figure 4.2A. It should
be noted that the occurrence of the priority effect does not only depend on resource
carrying capacity and predation pressure, but also on for instance whether sensitivity
s to inhibitor is large enough.

We will now discuss in more detail the bottom-up effects on the occurrence of
priority effects for both the scenario with and without predator preference. Then we
will discuss top-down effects for both scenarios.

Bottom-up effects

When each of the consumers cannot invade a population of the other, there is a
priority effect. When consumer 2 (the interference competitor) is invading, the

Figure 4.3 (facing page). Equilibrium densities plotted against predator mortality dP (A) for
the scenario without preferential predation and (B) for the scenario with preferential predation.
Parameters as in table 4.1, with K = 1.6 mg C L−1 in (A) and 1.4 mg C L−1 in (B). Solid lines
indicate densities at stable equilibria, dashed lines indicate densities at unstable equilibria.
The vertical dotted lines separate ranges of dP values for which the model has qualitatively
different outcomes; these outcomes are indicated in the top panels with letter symbols as in
figure 4.2. Equilibrium densities have only been plotted for the range in which an equilibrium
is biologically feasible (i.e. for which all densities at that equilibrium are all non-zero). The
inhibitor concentration at the equilibrium with all species present has been slightly shifted
down for clarity. More than one stable equilibrium in a plot implies a priority effect. All
densities are measured in mg C L−1, dP is measured in day−1.
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environment contains little or no inhibitor. If consumer 1 is a more efficient resource
exploiter than the interference competitor, the resource level in this environment is
too low for the interference competitor to grow. So, one criterion for the occurrence of
a priority effect is that the interference competitor is the weaker resource exploiter. An
empirical example in which this requirement is met is a pair of copepod species, with
the weaker grazer of the two producing a compound that reduces the filtering rate of
the other (Folt and Goldman 1981). Being the weaker resource exploiter, species 2 has
a higher R∗(Tilman 1982). This R∗ does not depend on the productivity of the system.
Whether the first consumer can invade a population of the interference competitor
depends on the resource density and inhibitor level in the environment that is set by
the interference competitor. The resource level set by the interference competitor
does not depend on system productivity either, but the level of inhibitor does: it
increases with increasing productivity. So there is a value of K above which the
growth rate of the invading consumer is negative: the system needs to be sufficiently
productive for a priority effect to occur. If it is not, the level of inhibitor in a population
of the interference competitor is insufficient to keep the more efficient resource
competitor out. This is the situation at the top of figure 4.2A, where predator mortality
is too high for the predator to exist. In the top part of figure 4.2B, there is no priority
effect, because here consumer 2 is both the interference competitor as well as the
stronger resource exploiter and there is no predation.

Top-down effects

In the presence of a predator, things are quite different. In this case, whether a priority
effect occurs, does not only depend on the productivity of the system, but also on the
exact strength of predation pressure. If it is too strong, as in the regions at the bottom
of figure 4.2A, there is no priority effect. This is because the population density of
the interference competitor, which is controlled by the predator, is kept at such a low
level that the inhibitor concentration is insufficient to keep the stronger resource
exploiter out (see figure 4.3 and appendix 4.5).

In the scenario of figure 4.2A, the attack rate of the predator is the same on each of
the two consumers, and the same is true for the attack rates of each of the consumers
on the resource. In some cases this may be a good approximation and slight devia-
tions from equality do not alter the picture much (as evident from results obtained
with slightly altered parameter sets; results not shown). However, sometimes the
more efficient resource exploiter is also the stronger interference competitor. For
instance, in some aquatic communities both resource exploitation efficiency (Gli-
wicz 1990), strength of interspecific interference (Burns 2000) and vulnerability to
predation (Brooks and Dodson 1965) correlate positively with body size. We have
adapted attack rates to reflect this in the scenario of figure 4.2B. Here, a priority effect
only occurs when the predator exists, because the interference competitor is now the
stronger resource exploiter and thus has a double advantage in the absence of the
predator. However, there is still –again– a region at high predation pressures, where
the priority effect is lost (figures 4.2B and 4.3B). This loss is now not only caused by
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decreased interference, but also by apparent competition (i.e. by interaction through
the shared predator).

In both scenarios, oscillations in consumer densities make it more difficult for
the predator to exist. This results from the saturating (Holling type II) functional
responses of the consumers and the predators (Armstrong and McGehee 1980). In
the scenario of figure 4.2 this had very little effect on the occurrence of priority
effects. However, in the scenario of figure 4.2B, where predation enables the priority
effect, the region where a priority effect occurs is reduced by the fluctuations of the
population densities. The amplitude of the oscillations increases as productivity
increases (Rosenzweig 1971), thus the bottom-up effect of resource carrying capacity
reduces the top-down effect of predation on the occurrence of priority effects. In this
second scenario priority effects therefore disappear when productivity is too high.

General discussion

The results from either scenario show that there is a minimum level of productivity
below which a priority effect cannot occur. This is not just true for the system we
considered here. With a chemostat model of microbial growth of two species on
one resource, with one species excreting an inhibitor that affects the other species,
DeFreitas and Frederickson (1978) showed that if nutrient input is sufficiently high,
a priority effect may occur. Studies of intraguild predation have also found that a
minimal level of nutrient input is required for a priority effect to occur (Diehl and
Feissel 2000, Mylius et al. 2001). This not surprising: intraguild predation can cause a
priority effect if the conversion efficiency of intraguild prey to intraguild predator is
low (Amarasekare 2002, Holt and Polis 1997) so that intraguild predation resembles
interference competition through killing. Competition between two species in which
one has a size refuge against predation also requires a minimal nutrient input to
cause a priority effect (Chase 1999, Chase 2003b). In all of these cases, it was the
more efficient resource exploiter that excluded its competitor at low nutrient inputs.

The effect of additional trophic levels has been studied only to a limited extent.
However, in an experimental study with zooplankton, the addition of predators
prevented a priority effect between two species, apparently because they were both
outcompeted by a third species that was better equipped to resist predation (Louette
and De Meester 2007). In a study of a multispecies Lotka–Volterra competition model,
the addition of a higher trophic level reduced the number of alternative attractors
(van Nes and Scheffer 2004). In an experimental study, E.S. Bakker et al. (unpublished)
showed that the exclusion of herbivores increased the between-plot variation in plant
community composition of otherwise identical plots. In an aquatic system, Morin
(1984) showed that priority effects occurred only in the absence of predatory fish.
Our result suggests a reason for the results of the latter three studies: predation
suppresses competing populations to levels at which the interaction between these
populations is not strong enough to cause a priority effect. Jiang and Patel (2008)
suspected a similar effect in a study with bacteria and ciliates, where disturbance in
the form of indiscriminate density-independent mortality promoted convergence
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of communities of which the arrival times of species were experimentally varied.
Besides removing priority effects, mild predation and interference can, as we have
shown, also cause priority effects if there is differential vulnerability to predation
A similar result has been obtained by Vance (1978) who modelled interference in
a phenomenological, Lotka-Volterra manner. Also without interference, predation
can cause a priority effect if there is a trade-off between exploitation and predation
and if the better resource exploiter has a lower density when in equilibrium with the
predator (Grover and Holt 1998, Holt et al. 1994).

Although in our system of interference competition the priority effect implies
the loss of one or the other species, diversity may still be maintained regionally if
different competitors arrive first in different places. However, if local populations go
extinct by disturbance, priority effects are not enough to cause regional coexistence
(e.g. Shurin et al. 2004, Yu and Wilson 2001). Regional coexistence then requires that
each species has places in the region where it is competitively dominant, irrespective
of initial densities (Shurin et al. 2004). For a variety of mechanisms that cause priority
effects this could be achieved through varying the productivity between patches, with
the superior resource exploiter being dominant in patches with a low productivity
and the other species being dominant in patches with a high productivity, with a
priority effect at intermediate levels. In the model communities we studied, this only
happens when there is predation and differential vulnerability to predation (figure
4.2B, at e.g. dP = 0.05 or 0.25 day−1).

Our results may also be relevant for mechanisms other than allelopathy that cause
priority effects. Especially our result that priority effects disappear if predation is too
strong is likely to apply to other systems as well, because high predation intensity
reduces population densities and thereby the interaction between the species that
are predated upon, irrespective of how exactly they interact.

Ecology is faced with the task to predict when community (re-)assembly after en-
vironmental disturbance leads to a predictable community composition. Our results
contribute to understanding how bottom-up and top-down controls determine when
the outcome of community assembly is predictable as opposed to when it depends
on history and initial conditions.

4.5 Appendix: Disappearence of the priority effect due
to predation

Consumer 1 can invade an equilibrium community of the resource, consumer 2 and
predator if its per capita growth rate, evaluated at that equilibrium, is greater than
zero:

dC 1

C1 dt
> 0. (4.8)
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Because at an equilibrium with C2 > 0, dC 2
C2d t = 0, condition (4.8) is equivalent to

dC 1

C1d t
> dC 2

C2d t
. (4.9)

Using equations (4.2), (4.2), (4.4) and (4.5), we can write (4.9) as

eC 1 f 1(R∗∗
C 2)− dC − g P∗∗

C 2 > eC 2 f 1(R∗∗
C 2)

1+ s H∗∗
C 2

− dC − g P∗∗
C 2 , (4.10)

where dc = dc1 = dc2 and g = aC 1
1+aP1hP1C1+aP2hP2C2

= aC 2
1+aP1hP1C1+aP2hP2C2

, and the dou-
ble stars and C2 in the subscript of R, H and P indicate values at the equilibrium of
resource, consumer 2 and the predator. Solving inequality (4.10) for H∗∗

C 2 yields the
condition for which consumer 2 can invade:

H∗∗
C 2 < eC 1 −eC 2

eC 2s
. (4.11)

The right hand side of inequality (4.11) is the inhibitor level at the coexistence equi-
libria of consumer 1 and 2 with and without the predator. It is independent of dP .
H∗∗

C 2 does depend on dP . Using Mathematica, we found an expression for the H∗∗
C 2 by

solving for equilibrium densities of the subsystem with consumer 1 left out. Also with

Mathematica, we found, assuming positive values for the parameters, that
∂H∗∗

C 2
∂dP

> 0
reduces to

r > 4 dP aC 2

aP2 (2+K aC 2hC 2) (eP2 − dP hP2 )
(4.12)

for eP2 −dP hp2 > 0. This last inequality is always satisfied if the predator can exist at
all feeding on consumer 2. Condition (4.12) is true for the parameter values used in
figure 4.2 in the range of dP values for which the predator can exist. If dP is chosen
small enough, this condition is true for all biologically feasible parameter values. This
means that if predator mortality is reduced far enough the priority effect, if present,
disappears.





Chapter 5

Alternative states and population crashes
in a resource-susceptible-infected model
for planktonic parasites and hosts

Daan J. Gerla, Alena Gsell, Bob W. Kooi, Bas W. Ibelings, Ellen van Donk
and Wolf M. Mooij

Accepted for publication in Freshwater Biology (with minor revisions)

Abstract. There is an increasing awareness that parasites can regulate phytoplankton
communities to the same degree as resource competition or predation by grazers.
However, only few models have been developed that specifically include parasitism
in phytoplankton ecology or aquatic food web studies. Here we provide a susceptible-
infected model for a diatom-chytrid host-parasite system that explicitly includes
nutrients, infected and uninfected hosts, reproduction of the parasite on the hosts,
and free-living infective stages. A distinguishing feature of the model is that para-
site reproduction on hosts increases with nutrient availability to the infected host.
Published experiments have corroborated this assumption, both in a diatom-chytrid
system as well as in several bacterium-virus systems. Thus, the model is likely to have
a broad applicability to the epidemiology of plankton communities. It follows from
this assumption that the parasite’s basic reproduction number, R0, increases with
nutrient concentration, because at higher nutrient concentrations infected hosts
consume more nutrient, which is used for the reproduction of the parasite. Another
important result is that under certain conditions, there may be an Allee effect in the
parasite population (i.e. a decreased per capita reproduction of the parasite with
decreasing parasite density) due to the parasite suppressing the host population,
which increases nutrient availability to the remaining host population, which in
turn increases the growth rate of the parasite. A strong Allee effect may result in two
alternative states to which the densities may converge: one with only the host and
one with host and parasite co-existing. Which of these two states is attained, depends
on the initial nutrient concentration and densities of host and parasite. The parasite
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can then only invade a host population if it is introduced above a threshold density.
Finally, the model shows a strong tendency for host-parasite cycles, which may be
chaotic. These may lead to a Paradox of Enrichment, i.e. a collapse of the system due
to nutrient enrichment causing cycles of increasing amplitude which leads to host
or parasite population extinction due to stochastic fluctuations during periods of
low population density. A collapse of the parasite population is especially likely if
alternative stable states and cycles co-occur. Then, increased population cycle ampli-
tude due to nutrient enrichment may drive the parasite below its threshold density
for successful invasion, causing a "deterministic Paradox of Enrichment". Published
results confirm that host-parasite cycles and collapse of host-parasite systems may
occur in real plankton communities. Our results underline that ecological detail in
host-parasite models may have consequences for disease dynamics which may be
overlooked when ecological interactions between environment, host and parasite
are not explicitly taken into account.

5.1 Introduction

Traditionally, phytoplankton populations are considered to be regulated by resource
availability and grazing (Sommer et al., 1986). However, there is an increasing aware-
ness that microparasites can be at times similarly important in regulating phyto-
plankton populations (Lund, 1957; Canter and Lund, 1969; Van Donk and Ringelberg,
1983; Ebert et al., 2000; Gons et al., 2002; Ibelings et al., 2004; Brussaard et al., 2008;
Gachon et al., 2010). In lakes these plankton parasites include viruses, bacteria, and
fungi. They can have a strong impact on the abundance and diversity of hosts and
the distribution of resources within food webs. For instance, selective parasitism on a
species may abruptly terminate phytoplankton blooms and favour the development
of other species competing for the same resources (Canter and Lund, 1951; Ibelings
et al., 2004). Parasites may also change food web topology (Marcogliese, 2001). For
instance, aquatic microparasites, which have a free-living stage that is vulnerable
to predation, can transfer nutrients of large inedible hosts to higher trophic lev-
els (Kagami et al., 2007). Furthermore, viral-induced lysis of host cells may divert
nutrients and organic carbon away from higher trophic levels towards the pool of
dissolved nutrients and organic matter (Wilhelm and Suttle, 1999). Thus, parasitism
in lakes cannot be neglected and should be included in food web studies.

Despite the importance of parasites, models of plankton communities that in-
clude parasitism remain relatively rare, although some models have been developed
for phytoplankton and their parasites, especially viruses. Although it has been shown
that resource availability to infected hosts has a strong impact on parasite reproduc-
tion (e.g. Bruning, 1991a; Middelboe, 2000; Hall et al., 2009), often these models do
not include nutrient competition explicitly. Nevertheless, in many of these models
the density of infected hosts does negatively affect the growth of uninfected hosts,
even though infected hosts do not reproduce (e.g Beltrami and Carroll, 1994; Beretta
and Kuang, 1998; Siekmann et al., 2008). For instance, Siekmann et al. (2008) model
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virus reproduction within infected hosts, but keep this reproduction independent
of competition between hosts. Weitz and Dushoff (2008) do model a direct effect of
host growth rate on virus reproduction, by making the rate at which host cells lyse to
release new virus particles decline as the host population gets closer to its carrying
capacity. Despite these models being simple, they are hard to interpret because
they do not model the mechanisms behind the phenomena. Recently, progress has
been made by addressing the role of nutrients explicitly by including parasitism into
standard nutrient-phytoplankton models (e.g. Chattopadhyay et al., 2003; Fuhrman
et al., 2011) or nutrient-phytoplankton-zooplankton models (e.g. Rhodes and Martin,
2010). Fuhrman et al. (2011) even have variable nutrient quota, although in their
model the rate at which viruses are produced does not depend on the nutritional
state of the host cell.

Besides the effects of resource competition between hosts, researchers also have
to make a choice on how to model parasite transmission from host to host. The
options range from simple linear mass-action terms to more complex, non-linear
transmission functions (McCallum et al., 2001). Also, infection may occur through
contact with infective particles or free-living infective stages, rather than through
direct contact between susceptible and infected hosts. How host-parasite interaction
is modelled may have a profound impact on host-parasite dynamics. For instance, a
saturating transmission function may lead to sustained host-parasite cycles. However,
most models of these host-parasite interactions assume simple linear interaction
terms (e.g. Miki et al., 2011). Although simplification has the advantage of keeping
models tractable, the weight of evidence is that the resulting models often do not
describe the host-parasite systems adequately (McCallum et al., 2001). Thus, it is
necessary to investigate the consequences of relaxing these assumptions.

In the present paper, we address the above two issues, i.e. the effects of resources
and of the complexity of parasite transmission on host-parasite dynamics. We do so
by introducing explicit nutrient dynamics, free-living infective stages and reproduc-
tion of the parasite on the host into a susceptible-infected model, drawing upon both
the disciplines of epidemiology and of plankton community ecology. The resulting
eco-epidemiological model is based on a specific host-parasite system, namely the
freshwater diatom Asterionella formosa Hassall and its virulent fungal parasite, the
chytrid Zygorhizidium planktonicum Canter. In this system, infection by the parasite
prohibits reproduction of the host and leads to its death (Canter and Lund, 1951).
The infective life stage of the parasite is a motile, flagellated zoospore that actively
searches for host cells and depends entirely on its internal energy storage during
dispersal (Holfeld, 2000). When successfully infecting, the zoospore attaches itself to
the host and becomes a sporangium. It then forms a germ tube which invades the
host cell and by which it extracts nutrients from the host, ultimately killing the host
(Canter and Lund, 1953; Van Donk and Ringelberg, 1983). The attached zoospore
then ripens into a mature sporangium which produces new zoospores by mitosis.
These zoospores are released when the sporangium bursts. Until maturation, the
sporangium depends on the host cell for sustenance and is dependent on the nutri-
ent condition of the host and its further fate. Moreover, the production of zoospores
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per sporangium increases with increasing resource availability to the host (Bruning,
1991a,c). This system (or systems of closely related species) has been studied exten-
sively both in the field (e.g. Canter and Lund, 1948; Van Donk and Ringelberg, 1983;
Holfeld, 2000; Ibelings et al., 2011) and in the laboratory (e.g. Bruning, 1991b,a,c;
De Bruin et al., 2004; Kagami et al., 2007).

The model we present here takes these characteristics of the host-parasite system
and its resource dependence into account by making the rate of zoospore production
an increasing function of ambient nutrient concentration. Furthermore, the model
keeps track of the number of infected hosts, zoospores contained within sporangia as
well as free-living zoospores. Although developed for a specific host-parasite system
(Asterionella and its chytrid parasite), it shares many features with other systems
such as lytic viral infections i.e., with a life cycle in which the host cell bursts releasing
new virus particles). We thus expect that the model has a broad applicability. It may
be used to make predictions on the dynamics of the host-parasite system, interpret
field observations and develop components of larger food web models.

5.2 Methods

Summary of model assumptions

We assume that the system is limited by a single nutrient, phosphorus, which ap-
peared as the limiting nutrient for host growth during spring chytrid epidemics in the
Dutch Lake Maarsseveen I (Van Donk and Ringelberg, 1983). The limiting nutrient is
consumed by the host and via the infected host by the parasite. The host population
is divided into two compartments: susceptible (uninfected) and infected hosts. Infec-
tion occurs according to the law of mass-action, that is, at a rate proportional to the
densities of susceptible hosts and free-living zoospores. It is important to note that
this is different from assuming mass-action of susceptible hosts and infected hosts.
For each infection event one susceptible host becomes an infected host, and one
zoospore is removed from the population of free-living zoospores. For simplicity, we
assume that a host can only be infected once, so that the number of infected equals
the number of sporangia. Both susceptible and infected hosts consume the nutrient.
Nutrient consumed by susceptible hosts is used for the reproduction of susceptible
hosts. However, nutrient consumed by infected hosts is used for the production of
zoospores in sporangia attached to hosts. Sporangia burst at a constant rate releasing
their zoospores in a process called dehiscence and the zoospores become free-living
zoospores. The host then dies and the nutrients leftover within it and within the
empty sporangium are lost by sedimentation.

By assuming a constant phosphorus content of host cells, we limit the complex-
ity of the model. We focus instead on how nutrients are divided over the different
parasite stages i.e. sporangia, zoospores contained within sporangia and free-living
zoospores). The assumption that resource consumed by infected hosts is allocated
to the production of zoospores is supported by the observation that the number of
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zoospores per sporangium is roughly a linearly increasing function of the specific
growth rate of uninfected hosts, both for phosphorus-limited (Bruning, 1991a) and
light-limited hosts (Bruning, 1991c). Bruning (1991a,c) also observed that the de-
velopment time of sporangia is only very weakly affected by resource availability,
supporting the assumption of a constant rate of dehiscence.

Model equations

The above mentioned assumptions guide us to formulate the following model. Nutri-
ent concentration, N, follows semi-chemostat dynamics (Persson et al., 1998), which
is commonly used to model nutrient dynamics. Nutrient is consumed by infected
and susceptible hosts.

dN

dt
= D(N in − N ) − cµ(N )(S + I ), (5.1)

where t denotes time, N is the nutrient concentration, D is the chemostat dilution
rate, Nin is the nutrient concentration in the inflow, c is the nutrient content of the
host, µ(N) is the specific growth rate of the host, S is the density of susceptible hosts,
and I is the density of infected hosts. For a summary of the symbols, their meaning
and units of measurement, see table 5.1. The population growth rate of susceptible
hosts is given by

dS

dt
= µ(N )S − dS − βSZ , (5.2)

where d is the per capita loss rate of the host (not including losses related to para-
sitism), β is the infectivity constant, which measures how efficiently zoospores infect
hosts, and Z is the density of free-living zoospores. The population growth rate of
infected hosts, or equivalently, of sporangia, is given by

dI

dt
= βSZ − d I − γI , (5.3)

where γ is the rate at which sporangia release zoospores, which is the inverse of spo-
rangium maturation time. The total density of zoospores contained within sporangia
(attached zoospores), Y, is given by

dY

dt
= bµ(N )I − dY − γY , (5.4)

where b is the ratio of nutrient content of zoospores to the nutrient content of hosts,
which is the number of zoospores that can be produced from the amount nutrient
required to produce exactly one new host cell. The population growth rate of the
free-living zoospores is given by

dZ

dt
= γY − δZ − βSZ , (5.5)
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where δ is the per capita loss rate of free-living zoospores, which is the inverse of
their infective life-time. The specific growth rate µ(N) of the host is given by

µ (N ) = µmaxN

N +K
, (5.6)

whereµmax is the maximum specific growth rate and K is the half-saturation constant
for growth.

Table 5.1. Symbols, their meaning, standard values, and units of measurement.

symbol meaning value units
variables

t time days
N concentration of free nutrient µg P L−1

S density of susceptible, uninfected hosts cells L−1

I density of infected hosts cells L−1

Y density of zoospores contained within spo-
rangia attached to hosts

cells L−1

Z density of free-living zoospores cells L−1

parameters
D dilution rate 0.1 day−1

K half-saturation constant 0.5(a) µg P L−1

Nin resource concentration in inflow varied(b) µg P L−1

b ratio of resource content of zoospores to
that of hosts

8(c) cells cell−1

c resource content of host 10−6(d) µg P cell−1

d specific loss rate of host varied(e) day−1

β infectivity 10−6( f ) L cell−1 day−1

γ bursting rate 0.6(g ) day−1

δ specific loss rate of free-living zoospores 0.4(h) day−1

µ specific growth rate of susceptible hosts day−1

µmax maximum specific growth rate of suscepti-
ble hosts

1.0(i ) day−1

(a) 0.62 at 20◦C (Tilman and Kilham, 1976); 0.62 to 1.1 at 5 to 20◦C (Van Donk and Kilham,

1990). (b) In Lake Maarsseveen: depth-averaged total phosphorus: circa 5 to circa 20, time

average: circa 12 (Lingeman et al., 1987). (c) Under high ambient phosphorus concentrations:

4.08 (Kagami et al., 2007); estimate from Bruning (1991a): circa 11. (d) Minimum: 2.3 10−7 to

2.9 10−7 (Van Donk and Kilham, 1990); under high ambient phosphorus concentrations: 9.8

10−6 (Kagami et al., 2007). (e) Hard to estimate and hence varied. (f) Under constant light and

low turbulence (see Methods) at 16◦C: circa 2.5 10−6 to circa 5 10−6 (Bruning, 1991a). (g) circa

0.6 at 16 ◦C (Bruning, 1991a); on light limited hosts: 0.05 at 2◦C to 0.5 at 21◦C (Bruning, 1991b).

(h) 0.09 at 4◦C to 0.33 at 19◦C (Bruning, 1991b) (i) 0.88 at 20◦C (Tilman and Kilham, 1976); 0.44

at 5◦C to 0.80 at 20◦C (Van Donk and Kilham, 1990); 0.95 at 16◦C (Bruning, 1991a).
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Methods of analysis

We analyse the model through bifurcation analysis (see e.g. Kuznetsov, 2004), which
shows how the long term model behaviour changes as model parameters are varied.
At certain parameter values the change may be qualitative instead of just quantitative.
Such change is called a bifurcation. We thus identify regions of parameter values for
which certain model behaviours occur. Some bifurcations can be determined directly,
for instance invasion criterions for host and for parasite as illustrated in figure 5.1.
The bifurcations are depicted in parameter diagrams (figures 5.2, 5.3 and 5.4). Such
diagrams tell us how robust model outcomes are against variation in parameters,
and how system behaviour changes with the parameters.

We have done most of the bifurcation analysis in a numerical manner, because
of the complexity of the model. To this end, we have parameterized the model with
realistic values that are similar to those reported in the literature for A. Formosa
and Z. planktonicum, and then varied one or two parameters (see table 5.1 and
the references at the bottom of the table). We probably have reliable estimates of
the upper bound of infectivity constant β (Bruning, 1991a). However the infectivity
constant varies with turbulence and infection ceases in the dark (Canter and Jaworski,
1981). Therefore, we have chosen an infectivity constant that is substantially lower
than under optimal conditions.

For construction of the two dimensional parameter diagram (figure 5.2, where
we varied two parameters), we used the software package AUTO-07p (Doedel and
Oldemans, 2007, homoclinic connections can be calculated using the HomCont part
of AUTO-07p). The one dimensional parameter diagrams (see figures 5.3 en 5.4) were
constructed through simulation. The parameter Nin was increased in steps of 0.001
µg P L−1. For each step, a simulation was run for 2000 days (figure 5.3) or 10000 days
(figure 5.4) and the local minima and maxima of nutrient concentration and of the
population densities in the last 1000 days (figure 5.3) or 5000 days (figure 5.4) were
plotted as individual dots in the graph. The final densities of one simulation (at t =
2000 days (figure 5.3) or at t = 10000 days (figure 5.4)) served as initial densities for
the next simulation.

5.3 Results

Invasion of the nutrient-phytoplankton system by the parasite

Some relevant insights can be derived from the basic reproduction number, denoted
R0. The basic reproduction number is defined as "the expected number of secondary
cases produced by at typical infected individual during its entire infectious period, in
a population of susceptibles only" (Heesterbeek and Dietz, 1996). If R0 < 1, a small
parasite population invading a population of susceptible hosts is expected to die
out. If R0 > 1, invasion is expected to be successful and an initially small parasite
population will grow. Thus, R0 gives a criterion for invasion of the parasite.
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We calculate R0 from equations (5.3-5.5) as follows:

R0 =
infections

per zoospore
per unit time

×
infective
life time

zoospores
×

zoospores produced
per sporangium

per unit time

× life time
infected

×
fraction of infected

that survives till
sporangium bursts

= βS∗× 1

δ+βS∗ ×bµ
(
N∗)× 1

d +γ × γ

d +γ
= βS∗

δ+βS∗ × bµmaxN∗

N∗+K
× γ(

d +γ)2 ,

(5.7)

where N∗ and S∗ denote nutrient concentration and host density at equilibrium in
absence of the parasite. (For a more rigorous derivation of the invasion criterion,
based on linear stability analysis, see appendix 5.5). Thus, R0 increases with the
density of susceptible individuals as well as with nutrient concentration and these
saturate as susceptible host density or nutrient concentration become high. We have
depicted the dependence of R0 on susceptible host density and nutrient concentra-
tion for various values of nutrient supply Nin and host loss rate d (figure 5.1). In this
figure, R0 is greater than 1 in the grey shaded areas, that is, for higher susceptible and
nutrient densities. The curve at which R0 = 1 has two asymptotes parallel to the axes
(the grey dashed lines), which means that there are low nutrient densities for which
R0cannot be greater than one, no matter how high the density of susceptible hosts is,
and similarly that there are low densities of susceptible hosts for which there are no
nutrient concentrations that give R0 > 1.

Thus, whether the R0 is greater than one depends on whether the nutrient con-
centration and susceptible host density at the disease-free equilibrium fall within
the grey shaded areas of figure 5.1. To determine this, we have also plotted in figure
5.1 the zero growth isoclines of the nutrient and the susceptible host (see legend
of figure 5.1). At these isoclines, dN/dt = 0 and dS/dt = 0, and their intersection
marks the nutrient concentration and susceptible host density at the disease-free
equilibrium, i.e. N∗ and S∗. N∗ is the nutrient concentration at which the uninfected
host can reproduce just fast enough to make up for its losses, that is µ(N∗) = d. As
Nin increases, the position of the vertical isocline at which dS/dt = 0 does not change.
Thus, N∗does not depend on Nin. Also, the area for which R0 is greater than one does
not change with N i n (see also equation 5.7). However, the isocline at which dN/dt
= 0 does change with nutrient supply. At high host loss rate and very low nutrient
supply this isocline does not intersect the isocline of the host and the host cannot
persist (figure 5.1a). At a higher nutrient supply, Nin exceeds N∗ and the isoclines
do intersect. So then the host can establish a population. However, the intersection
does not fall in grey shaded area, so we still have R0 < 1 (figure 5.1b). As nutrient
supply increases further, S∗ increases along the black dotted host isocline. In figure
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5.11c, N∗ and S∗ do fall within the grey shaded area and thus there the parasite can
invade a population of the host.

In figure 5.1d-f, host loss rate is much lower. Here, the asymptotes of the curve R0

= 1 have shifted towards the axes and the area for which R0 > 1 is larger due to reduced
losses of infected hosts (see equation 5.7). (Note that the S-axis in figure 5.1f extends
to a larger density.) This in itself facilitates invasion by the parasite, however, the
susceptible, uninfected host has become a much more effective nutrient consumer
due to the reduced loss rate, and now has much lower N∗. In fact, the isocline of
the host now lies to the left of the vertical asymptote of the curve R0 = 1. Thus, even
though S∗ increases with nutrient supply, the disease-free equilibrium will never fall
within the area for which R0 > 1 and parasite invasion is impossible no matter how
many susceptible hosts there are.
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Figure 5.1. The dependence of the basic reproduction number, R0, on the density of suscepti-
ble hosts, S, and nutrient concentration, N, for various values of nutrient supply Nin and host
loss rate d. Other parameter values are as in table 5.1. Note that the S-axis in (f) extends to a
higher density than in the other panels.
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Figure 5.2. Two dimensional parameter diagram indicating regions of nutrient supply (Nin)
and host loss rate (d) with qualitatively different dynamical attractors. (b) is a magnification
of the bottom-left of (a). Thick solid curves separate regions where different species persist,
dashed or dotted curves separate regions with different dynamical regimes. The arrows at
d = 0.75 µg P L−1 and d = 0.08 µg P L−1 indicate the host loss rate used in figure 5.3 and 5.4,
respectively. Other parameter values are given in table 5.1.

Dependence of host-parasite coexistence on nutrient supply and host loss rate

R0 tells us whether the parasite can invade a host population from low density.
However, it does not tell us what happens after the parasite population has started to
grow and reached appreciable densities. Furthermore, in principle it may be possible
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for the parasite population to grow when introduced at a higher density, even when it
cannot invade when introduced at a low density. To investigate this further, we have
constructed the parameter diagram of figure 5.2. In this diagram, we vary nutrient
supply Nin and host loss rate d along the axes, and divide the Nin-d plane into regions
with qualitatively different attractors. By attractor we mean the dynamical behaviour
the model tends to when time gets large. Qualitatively different attractors differ
in the absence and presence of species and the type of population dynamics. The
solid curves in figure 5.2 separate regions where different species persist: in region 1
("host and parasite extinction"), neither host nor parasite survives; in region 2 ("host
only"), only the host survives; in region 3-4-5 ("host-parasite coexistence"), host and
parasite coexist; in region 6-7-8 ("alternative states"), either only the host survives, or
host and parasite coexist, depending on the initial population densities and nutrient
concentration; in region 9 ("deterministic parasite extinction"), only the host survives
in the long run. The dashed curve in figure 5.2 separates regions where the dynamics
of host and parasite converge to a stable equilibrium and regions where host-parasite
cycles persist. The dotted curve encloses a region where the host-parasite cycles are
complex or chaotic. In the next paragraph we will explain what this means.

In the one dimensional parameter diagram of figure 5.3, we have plotted for a
range of nutrient supplies (but with host loss rate fixed at d = 0.75 day−1) the local
minima and maxima of nutrient, susceptible host and free zoospore density between
t = 1000 days and t = 2000 days, as determined from simulations. The plots for
infected hosts and attached zoospores (not shown) look very similar to the plot
for free zoospores. The arrow at d = 0.75day−1 in figure 5.2 indicates the host loss
rate used in figure 5.3. As Nin increases, the dynamics change quantitatively and
qualitatively as Nin passes through the different regions of figure 5.2 and the system
undergoes several different bifurcations. At low Nin, resource supply is too low for
the host to persist and nutrient concentration settles at N = Nin (region 1). At Nin =
N∗ = 1.5 µg P L−1, a transcritical bifurcation occurs (TCs ) and for larger Nin the host
persists and nutrient concentration remains constant as long as susceptible density is
too low for the parasite to invade (region 2). However, if Nin increases further, another
transcritical bifurcation occurs at which R0 = 1 (TCp ). From that point on, the parasite
can invade. Now, nutrient concentration and parasite density increase with Nin and
susceptible density decreases (region 3). Further increasing Nin leads to a Hopf
bifurcation (H) at which the coexistence equilibrium becomes unstable and nutrient
concentration, host density, and parasite density start to oscillate at a limit cycle.
Hence, from the Hopf bifurcation onwards, the minima and maxima are distinct. First
the cycle is a simple cycle, that is, each cycle has one maximum and one minimum
(region 4). As Nin increases further, the number of maxima and minima doubles at a
period doubling bifurcation (PD), and the cycle becomes complex (region 5). Further
increases in nutrient supply cause a cascade of period doublings en route to chaos.
Thus, eventually, the dynamics become chaotic. Increasing Nin even further leads to
more period doublings, periodic (non-chaotic) windows within the chaotic regions
and period halvings (note that the sudden jumps of the minima and maxima at Nin of
circa 8.6 µg P L−1 and Nin of circa 10.0 µg P L−1 are due to the sudden disappearance
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of one of two alternative stable cycles). Finally, at high nutrient supply, the cycle
becomes a simple cycle again (region 4).

We have constructed another parameter diagram similar to figure 5.3, but with
d = 0.08 day−1(figure 5.4). Here, for part of the nutrient supply range, the system
exhibits alternative stable states, where in one state only the host is present, and in
the other state host and parasite coexist (region 6-7-8-7). In these parameter regions,
persistence of the parasite depends on the initial densities of nutrient, host and para-
site. All initial densities from which the system converges to one or the other stable
state are called the attractor’s domain of attraction. As nutrient supply increases from
low values in figure 5.4, we first encounter the transcritical bifurcation from beyond
which the host can persist (TCs ). As nutrient supply increases further, we encounter
a saddle-node bifurcation (SN). At the saddle-node bifurcation, a stable equilibrium
and a saddle (not stable) equilibrium originate. (The saddle equilibrium is not shown
in figure 5.4.) Following the stable equilibrium we encounter the Hopf bifurcation (H),
where the equilibrium becomes unstable and a stable limit cycle originates (note that
for Nin between approximately 2.5 µg P L−1 and 3.2 µg P L−1 free zoospore density
has two minima and maxima in one cycle, while for the same range of Nin nutrient
concentration and susceptible host density have only one). As Nin increases, the
amplitude of the cycle increases (undergoing a period doubling and halving at the
PD’s) and as we approach the homoclinic bifurcation (HC), the orbit of the limit cycle
passes nearer and nearer to the saddle equilibrium. This saddle equilibrium lies at
the border of the domain of attraction of the limit cycle. Therefore, at the homoclinic
bifurcation, the domain of attraction disappears together with the limit cycle itself.
At the homoclinic bifurcation, the cycle has become a homoclinic orbit connecting
the saddle equilibrium with itself. Beyond this bifurcation, populations starting close
to the unstable equilibrium (the one from which the limit cycle originated), end up,
after a number of oscillations, in the disease-free, stable, equilibrium. Note that,
when following the homoclinic bifurcation by increasing both Nin and d in figure 5.2,
it merges with the transcritical bifurcation for the parasite (TCp ).

Thus, to summarize, at high host loss rates (figure 5.3), host-parasite coexistence
requires a minimum nutrient supply. At this nutrient supply (at TCp ), the basic
reproduction number of the parasite turns greater than 1, and from then on, the
parasite can invade a population of susceptible hosts from low density. However, at
high nutrient supply, the amplitude of the limit cycle is very large and the population
densities periodically become very small, at which times one or both populations may
go extinct due to stochastic fluctuations. This phenomenon is called the Paradox of

Figure 5.3 (facing page). One dimensional parameter diagram with local minima and maxima
of nutrient concentration N, susceptible density S, and free zoospore density Z, as determined
by simulation, for a range of nutrient supplies, Nin and host loss rate fixed at d = 0.75 day−1.
For each value of Nin, a point is plotted for each minimum and maximum between t = 1000
days and t = 2000 days. The bifurcations and numbers for regions correspond to those in figure
5.2. Other parameter values are given in table 5.1.
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Enrichment: increasing nutrient supply leads to a collapse of the system (Rosenzweig,
1971).

In contrast, at low host loss rates (figure 5.4), the basic reproduction number is
less than 1 for all nutrient supplies (as in figure 5.1-d-f). Nonetheless, for a minimum
nutrient supply (at SN), the parasite may invade a population of susceptible hosts if
introduced at high enough density. Thus, for a range of nutrient supplies, there are
alternative stable states, with survival of the parasite depending on initial population
densities. The state with host and parasite coexisting need not be a stable equi-
librium, instead, population densities may oscillate. As nutrient supply increases,
the amplitude of the oscillation increases and from some nutrient supply (at HC)
onwards, densities cycle, as it were, into the domain of attraction of the host-only
equilibrium. Thus, for large nutrient supplies, the parasite goes extinct independent
of initial densities, even in the absence of population stochasticity. Therefore, this
phenomenon may be termed the deterministic Paradox of Enrichment.

The deterministic extinction of the parasite in this Paradox is illustrated in figure
5.5, where nutrient concentration and population densities are plotted as a func-
tion of time. Initially, nutrient concentration is high. When susceptible hosts and
zoospores are introduced at t = 0 days, susceptible hosts quickly increase, followed
by the parasite. Then, the susceptible host population declines while the infected
host population, the attached spores and the free zoospores increase, leading to an
eruption of disease and a collapse of the host population. During this collapse, the
parasite goes extinct deterministically, because it falls below its threshold density
for successful invasion. Also, the density of the susceptible host becomes very low
(staying below 1 cell L−1 for circa 9 days), making the host vulnerable to stochastic
extinction. In our deterministic model, however, the host eventually recovers.

5.4 Discussion

Despite the high abundances and strong impact of parasites in aquatic ecosystems,
their role in shaping food webs has been little studied when compared to the roles of
herbivores and predators (Kagami et al., 2007; Gachon et al., 2010). Food web models
often do not include parasites (Marcogliese and Cone, 1997). In the present paper,
we proposed a model of a food web module (sensu Holt, 1997) consisting of an algal
host and a parasite with a free-living infective stage. The model keeps track of both
the number of free-living parasites, as well as the number of parasites contained

Figure 5.4 (facing page). One dimensional parameter diagram with local minima and maxima
of nutrient concentration N, susceptible density S, and free-living zoospore density Z, as
determined by simulation, for a range of nutrient supplies, Nin, and host loss rate fixed at d =
0.08 day−1. For each value of Nin, a point is plotted for each minimum and maximum between
t = 5000 days and t = 10000 days. The bifurcations and numbers for regions correspond to
those in figure 5.2. Other parameter values are given in table 5.1.
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on the host. By explicitly modelling both infected hosts and individual parasites
our model forms an alternative to standard epidemiological models in which the
rate at which new infections occur follows mass-action, i.e. is proportional to the
densities of susceptible and infected hosts. Furthermore, our model accounts for
resource consumed by infected hosts by making the production of new parasites pro-
portional to resource uptake by infected hosts. This assumption is in accordance with
the observation of (Bruning, 1991a) that the amount of zoospores per sporangium
increases with the specific growth rate of uninfected hosts in phosphorus-limited
cultures. The same observation has been made with light-limited cultures (Bruning,
1991c). It is also a reasonable assumption for other host-parasite systems, such as
algae and their viral parasites, that parasite reproduction in or on hosts increases
when hosts consume more of the limiting resource. For instance, Bratbak et al. (1998)
showed a thirty-fold increase in the number of viruses produced per host in expo-
nentially growing, nutrient replete algal cultures as opposed to nutrient depleted
or light-limited cultures. Also, Middelboe (2000) observed an increased number of
viruses per host in algal cultures in chemostats at increased nutrient concentrations
and increased specific growth rates of the host. Furthermore, parasite production
has also been shown to increase in Daphnia hosts as ambient food levels increase
(Hall et al., 2009).

One of the consequences of the assumption that parasite reproduction depends
on the rate of resource supply to the host becomes clear in the basic reproduction
number, R0. As can been seen from equation (5.7), R0 increases with susceptible
host density. This is expected, because a higher density of susceptible hosts makes it
easier for the parasite to find a host (e.g. Anderson and May, 1979; May and Anderson,
1979). An additional result, however, is that R0 also increases with nutrient concen-
tration. This is so because resource taken up by infected hosts is used for parasite
reproduction. This results in more zoospores per sporangium, because sporangium
maturation time is not affected by nutrient concentration. This is why the parasite
cannot invade from low density when host loss rate is low: then, the host in absence
of the parasite can reduce nutrient concentrations to very low levels, because low
nutrient levels are sufficient for the host to maintain itself (compare figure 5.1a-c with
figure 5.1d-f and figure 5.3 with figure 5.4). This makes that infected hosts produce
simply too few spores for the parasite to spread. Figure 5.1 illustrates that invasion
from low density by the parasite of a susceptible population, i.e. R0 > 1, requires both
a minimum host density as well as a minimum resource density.

One of our most striking results is the strong tendency of the model to produce
sustained host-parasite cycles. The possibility for sustained population cycles has
been shown before in models with free-living infective stages (May and Anderson,
1979). A large area in the parameter diagram of figure 5.2 contains host-parasite
cycles, thus for a wide range of parameter values these cycles occur. This is also clear
from the parameter diagram of figure 5.3: starting from the nutrient supply marked
with "H" (for Hopf bifurcation) the minima and maxima of the population densities
are distinct, meaning that there are population cycles. It is perhaps more surprising
that these cycles can be complex and even chaotic. With complex cycles we mean
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that the cycles have a periodicity higher than one and population densities have more
than one minimum and maximum per cycle. In figure 5.3, this happens between
nutrient supplies marked with "PD" (for period doubling bifurcation). In parts of
this range, the number of minima and maxima is so large, that the plot in figure 5.3
becomes grey with dots. In this area we speak of chaos. Chaos implies that densities
at a future time depend very sensitively on the current densities, that is, there is a
strong sensitivity to initial conditions. This sensitivity has important consequences
for the predictability of the population dynamics, because approximate knowledge
of the current state is not enough to predict the approximate densities at some future
time, even if the exact mechanisms, parameter values, etc. are known.

Another interesting result is that for some parameter values, there are two alter-
native states to which the densities may converge, one with only the host, and one
with host and parasite co-existing. Which of these two states is attained, depends on
the initial nutrient concentration and host and parasite densities. This is the case
in the region marked with "alternative states" in figure 5.2, i.e. at low host loss rates.
An intuitive explanation could be the following. At low levels of infection and at low
host loss rates, a low nutrient concentration is sufficient for the host to maintain
itself, allowing the host population to reduce the nutrient concentration to low levels
(Tilman’s R∗ rule (Tilman, 1982), figure 5.1d-f and figure 5.3). This impairs parasite
reproduction because infected hosts can produce only few parasites due to lack of
nutrients. This causes the level of infection to drop even further. However, a parasite
that is already at high population density suppresses the host population through
increased host mortality and decreased host reproduction. Although a reduced host
population by itself is detrimental to the parasite because it impairs transmission,
suppressed host densities increase nutrient availability, increasing nutrient uptake
by infected hosts, which in turn increases parasite reproduction per infected host.
If the net effect is positive, the per capita growth rate of the parasite increases with
increasing parasite density, enabling the parasite to persist.

The existence of such alternative stable states limits the usefulness of the basic
reproduction number as an indicator of whether the parasite can persist. Often, it
is assumed that if the parasite cannot invade from low density, the parasite cannot
persist under any circumstances. However, as in our case, the parasite may be able to
persist if it is introduced above a threshold density. In population biology, such an
effect is called a strong Allee effect (Stephens et al., 1999; Taylor and Hastings, 2005a).
Allee effects and alternative stable states in parasite populations have been observed
before in eco-epidemiological models (Regoes et al., 2002; Weitz and Dushoff, 2008),
which suggests that Allee effects may be more common in host-parasite systems.
Especially the model of Weitz and Dushoff (2008) is interesting, because they include
a direct effect of host growth rate on the rate at which parasites reproduce, even
though they do not model nutrients explicitly. Their bifurcation diagram is strikingly
similar to our figure 5.2, the main difference being that Weitz and Dushoff (2008) did
not find sustained host-parasite cycles.

The combination of host-parasite cycles and alternative states gives rise to yet
another result: the deterministic extinction of the parasite population at high nutrient
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Figure 5.5. Nutrient concentration and cell densities plotted as function of time, illustrating
deterministic extinction of the parasite. Parameters are as in table 5.1, with d = 0.08 day−1 and
Nin = 5.0 µg P L−1. Initial densities: N(0) = Nin, S(0) = 105 cells L−1, I(0) = 0 cells L−1, Y (0) = 0
cells L−1, Z(0) = 5×104 cells L−1

supply and low host loss rates (region 9 in figure 5.2 and 5.4). Here, only the host
survives in the long run, like it does in region 2. The difference is that in region 2 host
density is too low for the parasite to reproduce. In region 9, the host can reproduce,
however, the host-parasite cycles are of such amplitude that the densities get close
enough to the equilibrium at which the parasite is absent for this equilibrium to
become the only attractor. Here, we have a type of Paradox of Enrichment: increasing
nutrient supply leads to a collapse of the system. The difference from the classical
Paradox of Enrichment (Rosenzweig, 1971), is that the parasite population goes
extinct even if population densities can become arbitrarily small. The collapse may
be very sudden: for some nutrient supply, the population densities stay well away
from zero, for a slightly larger nutrient supply, the host-parasite system collapses and
the parasite goes extinct. Thus, here, parasite extinction is not due to population
stochasticity. Hence, this phenomenon may be termed the "deterministic Paradox
of Enrichment". Deterministic extinction of the parasite is illustrated in figure 5.5,
where the parasite can initially invade, but fails to recover after the host-parasite
system crashes, whereas the host does recover. Deterministic extinction of parasite
or host and parasite were also found in a plankton model that included fish predation
(Hall et al., 2005). A similar phenomenon was also studied by Kooijman et al. (2004),
in a model for a grazer-alga system with a varying biomass composition of the algae.

Thus, one of our key results is that host-parasite cycles may be a prominent
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feature in plankton communities. Such cycles may lead to parasite extinction or
the collapse of an entire host-parasite system. This is true even if host and parasite
can invade from arbitrarily low densities as in figure 5.3, because the minimum
densities of host or parasite may be so low that one or the other goes extinct due
to stochastic fluctuations, as in the classical Paradox of Enrichment (Rosenzweig,
1971). In figure 5.5, the host is prone to such extinction during the period in which
its density is very low. Some empirical evidence has suggested the existence of host
parasite cycles in lakes. For instance, time series of the densities of A. formosa and
its chytrid parasites in a Dutch lake showed some alternating peaks in the density of
uninfected and infected hosts, often ending in the demise of the host-parasite system
(Ibelings et al., 2011; Gsell et al., 2012). Also, cyanobacterial populations have been
shown to collapse due to virus induced cell lysis in continuously enriched cultures
(Gons et al., 2002; Simis et al., 2005).

Of course, the situation in real lakes is considerably more complicated than in
our model. An obvious difference is that in lakes many more species interact. It
would therefore be reasonable to extend the model with more species. For instance,
the host A. formosa has a number of resource competitors, such as the diatoms
Stephanodiscus hantzschii Grunow and Fragilaria crotonensis Kitton (Van Donk and
Kilham, 1990). Adding more diatom species to the model is interesting, not only
because they compete for limiting resources with Asterionella, but also because the
presence of non-host diatoms may interfere with the ability of zoospores to find a
suitable hosts (due to dilution effects, see e.g. Keesing et al., 2006). A. formosa is
itself not vulnerable to grazing by zooplankton, however, zooplankton may consume
the free-living zoospores of Z. Planktonicum (Kagami et al., 2007). Theoretically,
this predation can lead to a "food web mutualism" between A. formosa and its
competitors (Miki et al., 2011). Another interesting extension of the model would be
to include seasonality. In temperate lakes, build-up and breakdown of stratification
drives seasonal variance in nutrient supply. Such variance can lead to chaos in
plankton community models (Beltrami and Carroll, 1994; Huppert et al., 2005; Dakos
et al., 2009). This effect may be reduced by climate warming, which may increase the
stability of thermal stratification in lakes (Livingstone, 2003).

Models of aquatic communities have neglected parasites for a long time, and
when they have included parasitism, they have often neglected the ecological details
of the interaction between host and parasite. For many host-parasite systems it is
plausible – and has indeed been shown experimentally – that parasite reproduction
increases not only with host availability, but also with the availability of resource
to the host. As we have shown, such detail may have unexpected consequences,
such as a sudden collapse of the parasite population and chaos. Thus, in order to
make predictions based on model results, such ecological detail should be explicitly
acknowledged.
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5.5 Appendix: Analysis of the disease-free system and
derivation of the invasion criterion

The disease-free system reads:

dN

dt
= D(Nin − N ) − cµ(N )S (5.8)

dS

dt
= µ (N )S − dS (5.9)

with

µ (R) = µmaxN

N +K
. (5.10)

The non-trivial equilibrium values denoted by N∗and S∗read:

N∗ = dK

µmax −d
S∗ = D(Nin −N∗)

cµ(N∗)
. (5.11)

Hence S∗ > 0 when Nin > N∗and the latter condition holds for a positive equilibrium.

J =
( −D − cµmaxS∗

K+N∗ + cµmaxN∗S∗
(K+N∗)2 − cµmaxN∗

K+N∗
µmaxS∗
K+N∗ − µmaxN∗S∗

(K+N∗)2
µmaxN∗
K+N∗ −d

)
(5.12)

Evaluated at the trivial solution S = 0 and N = Nin we have

J =
(

−D − cµmaxNin
K+Nin

0 µmaxNin
K+Nin

−d

)
(5.13)

and therefore the two eigenvalues are -D and µmaxNin
K+Nin

−d . Thus the trivial solution

is unstable when µmaxNin
K+Nin

> d . The equality fixes the transcritical bifurcation. We
assume that the positive solution, which obviously exists when the criterion is met, is
stable so that invasion by the susceptible population leads to a stable equilibrium.
Now we consider the complete system (equations 1-5) and derive in a similar way
the invasion criterion (5.7).We consider the invasion of the N, S system where S∗> 0,
N i n> N∗, I = 0, Y = 0, Z = 0. The Jacobian matrix evaluated at that point reads

J =


−D − cµmaxS∗

K+N∗ + cµmaxN∗S∗
(K+N∗)2 − cµmaxN∗

K+N∗ − cµmaxN∗
K+N∗ 0 0

µmaxS∗
K+N∗ − µmaxN∗S∗

(K+N∗)2
µmaxN∗
K+N∗ −d 0 0 −βS∗

0 0 −γ−d 0 βS∗

0 0 bµmaxN∗
K+N∗ −γ−d 0

0 0 0 γ −δ−βS∗


(5.14)

Due to the zero 3-by-2 lower-left matrix the 3-dimensional I, Y, Z system is decoupled
from the 2-dimensional N, S system. The real parts of the eigenvalues of the 2-by-2
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upper-left diagonal matrix are those of the disease-free system and have a negative
real part because that equilibrium is stable. The remaining three eigenvalues are
those of the lower-right diagonal matrix. In order to derive the invasion criterion we
require that det(J) = 0. This gives

λ1 = bβγµ
(
N∗)

S∗− (
d +γ)2(δ+βS∗) (5.15)

or equivalently
bβγµ(N∗)S∗(

d +γ)2(δ+βS∗)
= 1 = R0. (5.16)

This is condition (5.7). When R0 > 1 at least one eigenvalue is positive and the
equilibrium (N∗, S∗, 0, 0, 0) is unstable. Besides the zero eigenvalue there are two
eigenvalues:

λ1 = 0 (5.17)

λ2,3 =−γ−d − 1

2
δ− 1

2
βS∗± 1

2

√(
δ+βS∗)2 −4

(
δ+βS∗)(

γ+d
)
. (5.18)

Since λ2,3 < 0 or Re λ2,3 < 0 the sign of the eigenvalue λ2,3 = bβγµ(N∗)S∗ − (d −
γ)2(δ−βS∗) determines the stability of the equilibrium.





Chapter 6

Synthesis

6.1 Priority effects

When does the outcome of species interactions depend on the order and timing of
species arrivals? Or: when do priority effects determine the outcome? Much of this
thesis is centred around this question. As argued in the introductory chapter (chapter
1) and in chapter 2, the answer to this question depends on how one exactly defines
priority effects, and on how communities are assembled. The definition of priority
effect given in the General Introduction (on page 3) defines a priority effect in terms
of the effect on species abundances, without mention of when this effect is to be
determined. Obviously, abundances differ for at least some time if one species arrives
before another in stead of the other species arriving first. In this thesis, however, I
have dealt with the asymptotic behaviour of species communities, meaning the state
the dynamical system converges to as time gets large (more precisely: the attractor
the system converges to). In a way, the community state is to be determined after
an infinite amount of time. Thus, in this thesis, a priority effect implies alternative
stable states (or coexisting attractors).

Often community assembly models make the following simplifying assumptions
on how communities are assembled (e.g. Drake, 1990; Luh and Pimm, 1993; Law and
Morton, 1993; Capitan and Cuesta, 2011):

1. Species are introduced at low density only.

2. A new species is introduced only when the resident community has reached
an attractor.

Of course, what one calls low density is rather arbitrary. The models assume that
a species can only invade if the long-term low-density growth rate of the invader
is positive. The long term low density growth rate is the time-averaged population
growth rate in the limit of low density, where the time to be averaged over runs from
the time of introduction to infinity. Besides the assumptions on how the community
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assembles, one also has to decide how the species community is characterised when
determining the effect of arrival times. There are two possibilities: (1) the community
is characterised by the density or abundance of each species, or (2) the community is
characterised merely by the absence or presence of species. The first option is used
in the definition of priority effects given in the General Introduction (the definition
of Fukami and Nakajima (2011), section 1.1).

I will now discuss what the the previous four chapters tell us about the occur-
rence of priority effects, with the outcome of species interactions determined as the
asymptotic behaviour of the system. I will do this either with assumption 2 (about
the timing of species introductions) in effect or with this assumption relaxed, and
with either option 1 or option 2 above applied.

In the model of chapter 2, the regional species pool consisted of two species,
which interact positively or negatively, depending on their population densities. Posi-
tive and negative interactions were modelled in a very simple and abstract way, which
allowed for general conclusions (at least general in the same way that conclusions
derived from the Lotka-Volterra two species competition model are general; see
the conclusions about priority effects in the Lotka-Volterra model in section 1.2).
Perhaps the most interesting result of chapter 2 is given in inequality (2.12). This
inequality, together with its analogue, for the other species states the condition for
mutual non-invasibility, in the case both species have a positive intrinsic growth
rate. Mutual non-invasibility means that neither species can invade (here: increase
from low density) when the resident species is at its attractor. The mutual non-
invasibility criterion of chapter 2 may be phrased informally as follows: in the case
that each species can establish a population from low density when alone, mutual
non-invasibility becomes more likely when each species facilitates its own species
more relative to the other species or inhibits the other species more relative to its own
species. It is the balance of these two effects that determines whether the resident can
keep the invader out. This condition nicely complements the condition for mutual
non-invasibility in the Lotka-Volterra competition model, which states that interspe-
cific competition (inhibition) must exceed intraspecific competition (inhibition). See
section 1.2. The conditions for mutual non-invasibility in the Lotka-Volterra model
and in the model of chapter 2 reflect the notion that priority effects are caused by
positive feedback of relative density on relative fitness, i.e. an increase of the per
capita population growth rate of the one species relative to the per capita population
growth rate of the other species, with an increase in its population density relative to
the population density of the other.

Whether mutual non-invasibility is a necessary or sufficient criterion for a priority
effect, depends on how the community is characterised. Assuming that the resident
community (the one resisting invasion) is reachable through community assembly,
mutual non-invasibility is a sufficient criterion for a priority effect. If communities
are characterised only by the absence or presence of species, it is also a necessary
condition. However, if we consider not just the presence or absence of species, but
also their densities, priority effects are possible even when mutual non-invasibility
does not occur, and the criterion is merely sufficient. This is the case in figure 2.4e.
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Here, each species can invade the single species equilibrium of the other, however,
each invasion leads to another stable equilibrium. Thus, here there is a priority effect
without mutual non-invasibility, at least if we characterise the community by species
densities. If we characterise the community merely by the presence of species, there
is no priority effect because each of the two alternative stable states has the same
species present in it. Let us now abandon the assumption that the single species
equilibria are reachable through community assembly. This is for instance the case
when species are introduced only at low density and the empty community is stable
against invasions from low density, as in figure 2.2c. In this figure, there is also mutual
non-invasibility, but because the the single species equilibria are unreachable, there
is no priority effect. The same is true for the phase plane with alternative stable states
of chapter 3 (figure 3.6).

The number of endstates of community assembly may also be determined by how
often invasion attempts are made. This is the case in figure 2.2e. Here, if new invasion
attempts are only made after the resident has reached its attractor, the coexistence
equilibrium is unreachable. A priority effect still occurs, but only decides between
survival of one species or the other, coexistence being excluded from the possibilities.

Photoinhibition (chapter 3) causes per capita growth rates to increase with in-
creasing population density for low population densities because the shade the
population casts on itself protects against damaging high levels of irradiance. This
mechanism of positive feedback of population density on per capita population
growth causes and Allee effect, which may lead to alternative stable states and hys-
teresis in single species populations, as is illustrated by figure 3.3. This has recently
found experimental verification in phytoplankton laboratory cultures (Veraart et al.,
2012). With multiple species, there are more alternative stable states possible. In the
model of chapter 3, there may be one stable state for each species plus one stable
state at which none of the species is present. An example of this is given in the phase
plane of figure 3.6. In this figure, two species compete and there are three alternative
stable states. However, if the community is assembled by species invasions from
low density starting from an empty community, the single species equilibria are
unreachable, and community assembly begins and ends with the empty community.
It is possible for one species to facilitate another. For instance, a species sensitive
to photoinhibition may be unable to invade an empty system because of a strong
Allee effect caused by high levels of irradiance. Another species, less sensitive to
photoinhibition may be able to invade, and as its population grows it reduces the
light levels, facilitating the invasion of the first species. Coexistence is impossible
and this invasion will lead to the exclusion of the first species. This scenario is sup-
ported by the the experiments of Mur et al. (1977). Community assembly thus again
leads to a single endstate independent of the order in which species are introduced.
This scenario in which alternative stable states become unstable by including more
species in the species pool is illustrated in figure 3.5. Thus, photoinhibition may
cause alternative stable states, but not alternative endpoints of community assembly
if species are introduced at low density only.

Chapter 4 dealt with a model of two prey species competing for a single resource
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(food) and sharing a predator. One of the two produces a chemical that decreases
the food ingestion rate of the other (this may be regarded as a form of interference
competition). This may cause either the first or the second species to exclude the
other due to a priority effect through mutual non-invasibility. Mutual non-invasibility
occurs here because one species is a stronger resource competitor and reduces the
resource to a level that is too low for the other species to grow. However, the second
species, the interference competitor, can, if it arrives a sufficiently long time before
the first, build up high concentration of the inhibiting chemical. The amount of
resource in a population of the interference competitor would be high enough to
allow invasion of the stronger resource competitor, were it not for the inhibitor.
However, whether this priority effect actually occurs depends on environmental
conditions. For interference to be strong enough to cause a priority effect, there
must be a large enough population of the interference competitor. This requires a
sufficient supply of the resource. However, if predation is too strong, the priority
effect disappears because predation suppresses populations, reducing the strength
of interference. These effects of nutrient enrichment (food supply) and predation are
illustrated in the parameter diagram of figure . An important message here is that
including additional trophic layers may have a strong influence on the occurrence of
priority effects.

The model for the planktonic host-parasite system of chapter 5 exhibits alterna-
tive stable states but no alternative endstates of community assembly, if community
assembly proceeds through invasions from low density. The alternative states are
a host-only equilibrium and a state of host-parasite coexistence. In a model of a
similar system, Weitz and Dushoff (2008) also found such alternative states, and
argued that the timing of parasite (virus) addition while the host is approaching its
carrying capacity, determines whether the parasite persists. The phase plane for
their model is depicted in figure 6.1. In the phase plane it is clear that it is easy to
find introduction densities for which this effect of timing is absent. Importantly, for
a sufficiently small initial parasite density, the timing effect disappears. Thus, the
presence of a priority effect depends critically on the condition that the parasite is
added at a high enough density (but not a density that is too high). The same is
true for the more complicated host-parasite model of chapter 5. Furthermore, in
this model nutrient enrichment may lead to a stable host-parasite cycle, and further
enrichment leads to the disappearance of this cycle, so that parasite extinction is
inevitable and not dependent on initial densities or timing of arrival.

6.2 A principle of community assembly

What limits the number of alternative endstates of community assembly? Is there a
general principle that allows us to determine the maximum number of endstates for
a given community?

Consumer-resource theory gives us the R∗-rule (Tilman, 1982), which states
(loosely speaking) that when species compete for a single resource, the species which
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reduces the resource concentration to the lowest level, that is, the species with the
lowest resource concentration at equilibrium when grown alone (the lowest R∗), will
competitively exclude all other species when grown together. Since only one species
can have the lowest R∗, only one species will persist and the rest will be excluded.
This rule is most often regarded as setting a limit to the number of species that exist
on a single resource (namely, only one). However, it also sets a limit to the number of
alternative endstates of community assembly, which is also just one: the community
state with the species with the lowest R∗ at equilibrium. Thus, in the situation that
the R∗-rule limits the number of coexisting resource competitors, it also limits the
number of endstates.

The R∗-rule is related to the competitive exclusion principle, which states, loosely
speaking, that if species interact solely through resource competition, no more
species can coexist at equilibrium than there are resources they compete for (see e.g.
Armstrong and McGehee, 1980). The relatedness with the R∗-rule suggests that there
is a similar principle that limits the number of endstates of community assembly. This
principle would relate the maximum number of endstates to the number of resources
species compete for. For the case of a single resource, the community assembly

Figure 6.1. Phase plane and
zero growth isoclines for the
host-virus model of Weitz and
Dushoff (2008). Their non-
dimensionalized model reads
dN
dt = N (1−N ) − φNV (1−N ) −

d N , dV
dt = φNV (1−N ) − mV ,

where N denotes rescaled host
density and V denotes rescaled
virus density. Parameter values:
φ = 5, m = 1, d = 0.1. For more
details, I refer to the original paper
of Weitz and Dushoff (2008). The
thick continuous curves indicate
the zero growth isoclines of the
host population, the thick dashed
curves those of the virus popu-
lation. The dashed thin black
curve indicates a separatrix. The
continuous thin black curves
indicate trajectories that serve as
examples. The open dots indicate
unstable equilibria, the closed dots
indicate stable equilibria (one of
which is in the centre of the spiral
trajectory). The arrows indicate the
direction of flow of trajectories
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principle follows from the R∗-rule. For two species, we may deduce the principle as
follows. If the outcome of competition between two species depends on their initial
densities, and each of the coexisting attractors is reachable from low density, there is
a separatrix starting at the origin of species space. Since there are only two species,
this separatrix is a single trajectory in species space. In any reasonable model this
trajectory is bounded in both species densities, because population growth cannot
be sustained for ever. This suggests that this trajectory that is the separatrix ends
(in the limit of large time) on a limit set. Let this limit set be a single point, i.e. an
equilibrium. This equilibrium is an unstable equilibrium (a saddle point), however,
this does not prevent the competitive exclusion principle from applying. Thus, if
the alternative endstates require the (unstable) equilibrium coexistence of the two
species, they require that the species compete for at least two resources. In this case,
the resources define the niches of the species. More generally, one might say the
number of niches limit the number of endstates of community assembly.

This result, if verified in more formal manner and generalized to more species
and resources would connect consumer-resource theory to community assembly
theory and would represent a major step forward in understanding when priority
effects and alternative endstates of community assembly occur. This would in turn
contribute to more complete understanding of regional biodiversity and may find
applications in restoration ecology.
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Summary

Under some circumstances, the eventual population densities in a species commu-
nity depend on the initial densities or the times at which species are introduced.
If the timing of arrival determines the species composition, a priority effect has
occurred. Priority effects may occur if the species community exhibits alternative
stable states. Alternative stable states (and other forms of coexisting attractors) are in
general caused by positive feedback of population density on the reproduction of
individuals. This thesis studies four model communities of mostly plankton species
that exhibit such positive feedback.

The first model is an abstract model in which two species either stimulate or
inhibit, depending on population densities, the population growth of the own or
the other species. An example of this situation is found in communities of plants
that compete for scarce resources and at the same time ameliorate harsh conditions.
In the model, a priority effect is more likely if the species compete more strongly
with the own species than with the other species, or if they help the own species
more than the other species (given that each species can establish a population when
introduced at low density). The reachability of a community state may be limited by
the density at which species are introduced during community assembly and on how
often introductions occur.

The second model models the growth of light-limited phytoplankton populations
that suffer from photoinhibition, meaning that their photosynthetic rate decreases
with increasing light if light is strong. In a single population, photoinhibition may
lead to alternative stable states where in one state the population is extinct, and
another in which it survives. If several species grow together, there may be several
alternative stable states, with at most one species at each state. Species that are
less sensitive to photoinhibition may facilitate the establishment of those that are.
However, sustained coexistence is not possible. Furthermore, if populations start
off only at low density, the community species composition does not depend on the
arrival times of species.

The third model is of a community of two zooplankton prey species competing for
a single resource (food) and sharing a predator. One competitor interferes with the
feeding of the other, but is more vulnerable to predation. Given the right trade-offs, a
priority effect occurs if food supply is sufficient, and if predation pressure is not too
strong.
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The fourth model models a planktonic host-parasite system, where nutrient con-
sumed by infected hosts is used for the reproduction of the parasite. Alternative
stable states, where persistence of the parasite depends on a high enough initial
density, arise if nutrient supply is sufficient and host loss rate not to high. Increas-
ing nutrient supply and decreasing host loss rate lead to host-parasite cycles and
extinction of the parasite through a deterministic Paradox of Enrichment.

In all these cases, the occurrence of alternative stable states and priority effects
depends on environmental conditions such as resource supply and loss rates. One
should realise however, that not all alternative stable states may be reachable if
species communities are assembled with species starting off at low density only. If
communities are assembled in this way, the number of alternative stable states that
can be reached may be limited by the number of niches the environment harbours.



Samenvatting

Soms hangen de uiteindelijke populatiedichtheden in een soortengemeenschap af
van de initiële dichtheden of van de tijdstippen waarop soorten worden geïntro-
duceerd. Als het tijdstip waarop een soort arriveert de soortensamenstelling van een
gemeenschap bepaalt, heeft er een prioriteitseffect plaats gevonden. Prioriteitsef-
fecten kunnen optreden als de soortengemeenschap alternatieve stabiele toestanden
heeft. Alternatieve stabiele toestanden (en andere vormen van coëxisterende attrac-
toren) worden in het algemeen veroorzaakt door positieve terugkoppeling van de
populatiedichtheid op de reproductie van individuen. Dit proefschrift bestudeert vier
modelgemeenschappen van met name planktonsoorten die zulke terugkoppeling
vertonen.

Het eerste model is een abstract model waarin twee soorten hun eigen popu-
latiegroei of de populatiegroei van de ander stimuleren of remmen, afhankelijk van
hun populatiedichtheden. Een voorbeeld van een dergelijke situatie vindt men in
gemeenschappen van planten die concurreren om schaarse hulpbronnen en tege-
lijkertijd moeilijke omstandigheden verzachten. In het model neemt de kans op een
prioriteitseffect toe als de soorten meer met de eigen soort concurreren dan met de
andere soort, of als ze de eigen soort meer helpen dan de andere soort (gegeven dat
elke soort zich kan vestigen wanneer hij geïntroduceerd wordt in een lage dichtheid).
De bereikbaarheid van een gemeenschapstoestand kan beperkt worden door de
dichtheid en frequentie waarmee soorten worden geïntroduceerd tijdens de opbouw
van een gemeenschap.

Het tweede model beschrijft de groei van licht-gelimiteerde fytoplanktonpop-
ulaties die last hebben van fotoinhibitie, dat wil zeggen dat in sterk licht hun foto-
synthesesnelheid afneemt met toenemende lichtsterkte. In een enkele populatie
kan fotoinhibitie leiden tot alternatieve stabiele toestanden waarbij in één toestand
de populatie is uitgestorven en in de andere toestand de populatie overleeft. Als er
meerdere soorten zijn, kunnen er meerdere alternatieve stabiele toestanden zijn met
op zijn hoogst één soort per toestand. Soorten die minder gevoelig zijn voor fotoin-
hibitie kunnen de vestiging van soorten die wel gevoelig zijn faciliteren. Duurzame
coëxistentie is echter niet mogelijk. Verder is het zo dat als populaties alleen op een
lage dichtheid beginnen, de soortensamenstelling van de gemeenschap niet afhangt
van de tijdstippen waarop soorten aankomen.

Het derde model is van een gemeenschap van twee zoöplankton-prooisoorten
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die concurreren om een enkele hulpbron (voedsel) en die een gemeenschappelijke
predator hebben. Één van de twee concurrenten hindert de ander bij het foerageren
maar is kwetsbaarder voor predatie. Gegeven de juiste trade-offs, is er een prior-
iteitseffect als de toevoer van voedsel voldoende is en als predatiedruk niet te sterk
is.

Het vierde model beschrijft een planktonisch gastheer-parasietsysteem waarbij
door geïnfecteerde gastheren geconsumeerde nutriënten worden gebruikt voor de
reproductie van de parasiet. Alternatieve stabiele toestanden, waarbij persistentie
van de parasiet afhangt van een introductiedichtheid die hoog genoeg is, ontstaan
als de nutriënttoevoer voldoende is en de verliezen van de gastheer niet te hoog zijn.
Een toenemende nutriënttoevoer en afnemende verliezen van de gastheer leiden
tot gastheer-parasiet cycli en uitsterven van de parasiet door een deterministische
Paradox van de Verrijking.

In al deze gevallen hangt het optreden van alternatieve stabiele toestanden en
prioriteitseffecten af van omgevingsfactoren zoals de toevoer van hulpbronnen en
verliezen van organismen. Men moet zich er echter van bewust zijn dat niet alle
alternatieve toestanden bereikbaar zijn als de opbouw van de gemeenschap uitslui-
tend plaats vindt door middel van introductie van soorten op lage dichtheid. Als de
gemeenschapsopbouw op deze manier plaats vindt, wordt het aantal alternatieve
stabiele toestanden dat bereikt kan worden wellicht beperkt door het aantal niches
dat de omgeving herbergt.
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