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Transferability of Dipole Moment Derivatives: Calculation 
of Absolute Rotational Contributions 

for Symmetrical Molecules 
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3522 AD Utrecht. The Netherlands 

It is shown that Polo’s method for the calculation of the D-l and G-’ matrices can 
be extended to the calculation of the absolute rotational contributions involved in the molecu- 
lar dipole moment derivatives in terms of symmetry coordinates. The method applies to both 
stretching and bending modes. The method is outlined for A& (C,,) molecules. 

INTRODUCTION 

In order to study the transferability of ap/dS and other polar quantities 
from one molecule to another the absolute rotational contributions involved in the 
molecular dipole moment derivatives have to be known (I, 2). Special reference 
molecules have been proposed to calculate such contributions for a number of sym- 
metrical molecules (I -3). However, as will be seen below, the use of heavy-iso- 
tope (I) and zero-isotope (3) reference molecules leads to absolute rotational 
corrections only for the stretching modes. Further, it has been shown that the 
absolute rotational contributions can be calculated directly from the bond direction 
changes involved in stretching modes (4,5). Unfortunately, however, the absolute 
contributions involved in the bending modes cannot be obtained in this way as 
long as one cannot distinguish between the pure vibrational bond direction changes 
and those originating from the Eckart conditions. 

In 1956 Polo (6) published a method for obtaining analytical expressions for 
the D-l and G-l matrix elements. His method was based on the use of pure 
geometrical symmetry distortions to which appropriate amounts of translation 
and rotation were added to satisfy the Eckart conditions. Obviously, the added 
amounts of rotation are directly related to the rotational contributions involved 
in the dipole moment derivatives. We therefore have investigated the possibility 
of extending Polo’s method to the calculation of absolute rotational contributions. 
In the following it will be shown that absolute rotational contributions can be 
obtained for small symmetrical molecules based on the definition of a unique 
set of pure geometrical symmetry distortions. 
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THEORETICAL CONSIDERATIONS 

The complete set of 3 N coordinates describing the normal modes of an N atomic 
molecule can be defined as 

(1) 

The inverse transformation is given by 

X = IA& -f- 
1 I 

= A$ + cup. (2) 
P 

The (3N - 6) S coordinates describe the internal symmetry distortions of the 
molecule, while the six p coordinates describe the external modes, viz., the trans- 
lations and rotations. In order to ensure orthogonality between the internal and 
external modes the Eckart conditions should be satisfied: 

PAs = 0, 
(3) 

Bscu = 0. 

In general, the internal symmetry coordinates S defined by Eqs. (l)-(3) do 
not represent pure geometrical distortions but include small amounts of transla- 
tion and rotation in order to satisfy the conditions of Eq. (3). A pure geometrical 
symmetry distortion may be defined by a particular set of Cartesian displacement 
vectors such as to cause a unit change in Si while all other internal symmetry 
coordinates remain unchanged. The components of the vectors of that particular 
set are the elements of the ith column of the ASg matrix, given by 

X = A,&.. (4) 

However, such sets can be chosen in an infinite number of ways. If additional 
conditions leading to a unique choice of the pure geometrical symmetry 
distortions S, exist, the absolute amounts of translation and rotation involved 
in the S coordinates can be easily obtained. For the moment let us suppose 
that such conditions can be found. In matrix notation the Polo definition of A,, 
reads 

AS = AS - @Asp, (5) 

which corresponds to Eq. (II, 8) of Polo’s paper (6). The product-matrix /3Asg 
represents the amounts of translation and rotation set up in the molecule by the 
pure geometrical distortions, while a/3Asg gives the Cartesian displacements cor- 
responding to these translations and rotations. 

From the condition 

BsAs = L-6, (6) 

one easily arrives, viewing Eqs. (3) and (5), at 

B&g = L-6, (7) 

in accordance with the definition of ASg. Multiplying Eq. (5) from the left by 
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the Px polar tensor (7) gives 

PxAsg = PxAs + P&Asp 

Equation (8) can be rewritten as 

(8) 

PSI = Ps + P,BAsg. (9) 

The elements of the polar tensor Psp are the desired dipole moment derivatives 
in terms of pure geometrically defined symmetry coordinates. It is hoped that 
these quantities are transferable from one molecule to another when corresponding 
modes of the same groups in both molecules are considered. 

In accordance with common usage, let us define the product-matrix 

V = -P,BAsp, (10) 

which contains the absolute rotational contributions that should be subtracted 
from the observed dipole moment derivatives collected in Ps in order to obtain 
the transferable derivatives of Psr. Thus the elements of V may be referred to 
as the absolute rotational corrections. Equation (10) can be evaluated to obtain 
expressions for the individual rotational corrections. Since translational motions 
do not change the molecular dipole moment ZL, P, can be taken as (5) 

i 

000 0 CLoz-CLOU 
P, = Pxa = 000-CL02 0 pox 7 0 0 0 POU -Pox 0 1 

the (Y matrix being normalized by (I, 5) 

(11) 
C%MCX = N-l. (12) 

Note eat the form of P, given by Person and Newton (7) is slightly different 
due to the different normalization they use for the (Y matrix, viz., &‘Mcu’ = E, 
leading to the following relationship between their (Y’ matrix and our cu matrix: 
(Y’ = CXFJ~‘~, the N matrix being a 6 x 6 diagonal matrix with the elements M-l, 
M-l, M-l, I;‘, I;‘, I;‘, where M denotes the molecular mass and I,, I,, and 
I, are the principal moments of inertia (I, 5). The rotational correction, however, 
is not affected by the normalization chosen since V = -P,&j3’Asp = -P,+xN”~ 
x N-“*fiAsp = -P&3Asg = -P,PAsn. 

Viewing Eq. (1 l), one easily arrives at 

where @A& (t = x, y, z) denotes the product-matrix element originating from 
multiplication of the p-matrix row corresponding to the rotational coordinate 
pr and the ith column of ASI, while par denotes the &component of the molecular 
equilibrium dipole moment cc0 - V, is the rotational correction belonging to a&aSi. 

Equation (13) can be further evaluated by making use of the general form of 
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the @ matrix (I) normahzed by 
PM-‘8 = N (14) 

and the method given by Polo (6) to determine the ASg matrix elements. In the 
next section expressions for the absolute rotational corrections will be derived 
for AB3 (C,,) molecules. 

APPLICATION TO A& ( C3J MOLECULES 

The Cartesian axes, the internal coordinates, and the bond unit vectors for the 
pyramidal A&, molecule are given in Fig. 1. The nonzero p-vectors in terms of 
the internal coordinates are (6) 

R, = Ardl, Pll = klle419 

p12 = p13 = p14 = -k14e4,, 

and similar expressions for R2 = Ard2 and R3 = Ar& 

R, = ALY~, 
k,(r4* x e4d sin a 

P42 = 
e4&42 x e43) ’ 

(15) 

-k43(r43 x edI) sin CY 
P 43 = 

e4h42 x e43) ’ 

and similar expressions for R5 = Aar2 and R, = Aa3. The symmetry coordinates are 

A,: S, = 33”7R, + R2 f R3), 

S, = 3-‘i2(R4 + R5 + R,) 

E: Sss = V2(2R, - Rz - R3), 

S,, = 6-“2(2R4 - R, - Rs). 

The constants k in the expressions for the R-vectors can be chosen arbitrarily 

FIG. 1. The A& molecule. Definition of internal coordinates, Cartesian axes, and bond unit vectors. 
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within certain conditions. For the stretching mode RI these conditions are: 

k,, + k,, = 1, 

k,, = k,, = k,,. 

Similar canditions hold for R, and RS. Moreover, in order to ensure a zero 
tional correction for the S, mode, the k-values have to satisfy the relations 

k,, = kzz = k,,. 

The values actually chosen are k,, = k,, = k,, = 1, and thus 

k,, = k,, = k,, = 0. 

(16) 

rota- 

(17) 

The same choice has been made for the S,, mode. The only choice leading to a 
zero rotational contribution involved in the SZ bending mode is: 

k,, = k,, = k,, = k,, = k,, = kG2 = ‘/2. (18) 

The same choice has to be made for the Sqr mode. 
This leads to the following p-vector components for SSX: 

S 3x: P31 = ( -%(61’2) sin p, 0, -%(61’2) cos p), 

~33 = (-Y12(6”~) sin p, !4(21’2) sin P, Y~46~‘~) cos P), 
(19) 

p33 = (-1/12(61’2) sin /3, -lV1(2l’~) sin j3, 1/6(61’2) cos /I), 

P 34 = (O,W). 

The components of the position vectors rOa in the principal-axis system can be 
derived to be 

ro1 = -r sin p, 0, 
-mAr cos 0 

! M ’ 

r 02 = Mr sin j3, -M(31’2)r sin j3, 
-mAr cos p 

i M ’ 

r03 = lhr sin p,1%(31/2)r sin p, 

This leads to the following expression for the (@AS,),,a, element: 

(PA &,3r = 

-3/2(61’2)mfr sin /3 cos p 

MI, 

9 

and thus the rotational correction for the S,, mode can be written as 

V 
3/2(61’2)mir sin /3 cos ppo 

1,3x = 

MI, 

9 

(20) 

(21) 

(22) 
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in full accordance witb the expression obtained from the bond direction 
changes (4,5). 

The p-vectors for S4* are found to be 

-r sin a! 
S 

( 

r sin M 
4x: P41 = 

3(6l’*) sin p “’ 3(6l”) cos /3 ’ 1 

i 

-2r sin Q -_y sin fll r sin cy 
P45 = 

3(W*) sin p ’ 3f2i’2) sin p ’ 6(61j2) cos #3 1 ’ (23) 

i -2rsina 

r sin cy r sin 1y 
f&3 = 

3(6*‘2) sin p ’ 3(2112) sin p ’ 6(6? cos ,B ’ 

p44 = @,Q,W 

The resulting expression for the absolute rotational contribution for Sqs reads 

V 
Fn/ sin cu(3 sir? @nB - 2 cos am,)pO 

x,4x = 
* 2(W2f sin p cos pMI, 

(24) 

DISCUSSfON AND CONCLUSIONS 

The expressions for the absolute rotational contributions obtained from the 
definition of pure geometrical distortions lead, for the asymmetrical stretch- 
ing modes of pyramidal AB, molecules, to values identical to those obtained 
both from the bond direction changes (4, 5) and from the use of heavy-isotope 
reference molecules (I), However, the value obtained from Eq. (24) for the 
asymmetrical A& bending mode differs substantially from the one obtained 
from the heavy-isotope method. Thus, the heavy-isotope molecule does not be- 
have rotation-free with regard to the S, mode, which leads to the general con- 
clusion that the zero- and heavy-isotope reference molecules are not rotation- 
free with regard to bending modes. Hence rotational corrections for bending 
modes obtained from the use of these reference molecules should not be referred 
to as absolute corrections. This means that reference molecules can only be 
used for the calculation of relative rotational corrections. Such corrections 
may be used to compare dipole moment derivatives within an isotopic series 
(8, 9). However, in such cases the parent molecule (the molecule containing the 
most abundant isotopes) seems to be the obvious reference (9). 

The construction of the ASg matrix elements from the components of Polo’s 
pure geometrical p-vectors leads to a very useful method for the calculation 
of absolute rotational contributions without making use of a reference molecule. 
In The Appendix of his paper Polo has given the expressions for the p-vectors 
for all kinds of internal coordinates. For the simple symmetrical AB, molecule 
the arguments to fix the k-values of the p-vectors to particular values are 
straightforward. If proper conditions for the k-values can be found for all kinds 
of coordinates in any molecule the absolute rotational contributions can be 
easily obtained. 

In a fo~h~oming paper the generalization of this method will be discussed 
and applied to a number of asymmetrical molecufes. 



484 BODE, SMIT, AND VAN STRATEN 

ACKNOWLEDGMENT 

Helpful discussions with Dr. F. G. Dijkman are gratefully acknowledged. 

RECEIVED: May 26, 1978 

REFERENCES 

I. A. J. VAN STRATEN AND W. M. A. SMIT, J. Mol. Spectrosc. 56, 484-493 (1975). 
2. M. GUSSONI AND S. ABBATE, J. Mol. Spectrosc. 62, 53-59 (1976); M. GUSSONI AND 

S. ABBATE, J. Chem. Phys. 65, 3439-3445 (1976). 
3. A. D. DICKSON, I. M. MILLS, AND B. L. CRAWFORD, JR., J. Chem. Phys. 27,445-45.5 (1957). 
4. A. J. VAN STRATEN AND W. M. A. SMIT, J. Mol. Spectrosc. 62, 297-312 (1976). 
5. A. J. VAN STRATEN AND W. M. A. SMIT, J. Mol. Spectrosc. 65, 202-218 (1977). 
6. S. R. POLO,.!. Chem. Phys. 24, 1133-1138 (1956). 
7. W. B. PERSON AND J. H. NEWTON, J. Chem. Whys. 61, 1040-1049 (1974). 
8. B. L. CRAWFORD, JR., J. Chem. Phys. 20, 977-981 (1952). 
9. W. M, A. SMVIIT, J. H. G. BODE, AND A. J. VAN STRATEN, J. Mol. Spectrosc. 72, 180-181 

(1978). 


