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SUMMARY 

Mathematical procedures for calibration require assumptions to be made, e.g. the 
homogeneity of variances and the mathematical relationship between the analyte content 
x and the signal y_ Little is known about the magnitude of errors arising from incorrect 
assumptions. The variation of the standard deviation of the analytical procedure with the 
content of the analyte, the selection of the type of mathematical relationship between 
x and y, and the types of errors made in testing hypotheses are discussed. In certain prac- 
tical situations, the standard deviation (s-d.) is nearly independent of x if x < 22~ 
(p = detection limit) and the relative standard deviation (r.s.d.) is nearly independent of 
x if x > 50~. If the s-d. is constant, calibration relations of the type y = a + bx are fre- 
quently to be preferred; with a constant r-s-d., relations of the type log y = a + b log x 
have advantages_ 

In most types of quantitative instrumental analysis, calibration is vital. 
Generally a calibration curve is prepared or a corresponding mathematical 
relation between the content x (amount or concentration) of the analyte and 
the signal y is calculated and applied to the unknown sample. For the calcu- 
lation of the relation between x and y, the mathematical procedures generally 
used are based on the “method of least squares”_ Only this type of procedure 
is discussed here_ The calculation of the content x of the unknown sample 
frequently includes calculation of a confidence region for this content. The 
mathematical formulae applied in calibration have been given in many texts 
along with the mathematical criteria for their application [l-6]. The paper 
by Got&chalk [6] is part of a series on standardization in quantitative analy- 
tical procedures [7]. 

Analytical procedures do not generally obey the conditions imposed by 
mathematics, and some authors - recently Gottschalk [6] and Maessen et al. 
[ 51 - have therefore provided statistical methods to test the validity of the 
assumptions made. At least one point, however, seems to have escaped atten- 
tion: a statistical test is not necessarily correct if it cannot be proved that it 
is incorrect. As has been shown by Agterdenbos [ 81, serious errors may re- 
sult if this is not realized. Some other points are rarely discussed in analytical 
calibration_ The mathematical relationship applied can be different from the 
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true relation between content x and signal y. Not much is known about the 
error caused by discrepancies, or about the way this error is influenced by 
factors such as the calibration range, or about the magnitude of the discrep- 
ancy_ Calibrations made are justified only if certain mathematical conditions 
are fulfilled such as the homogeneity of variances (see below). Here, too, 
little is known about the error caused by unjustified assumptions and its 
dependence on the factors mentioned [ 81. 

Another point rarely discussed is the importance of the location of the 
calibration points on the concentration axis if the number of these points is 
fixed_ Shewell [9] calculated which location of five calibration points gave 
the best information (smallest confidence region) for the slope and intercept 
of a linear plot. However, he ignored the mutual dependence of these two 
parameters [lo, 111. In a recent paper, Franke and de Zeeuw [12] discussed 
a theory for achieving the optimum Iocation of calibration points in the stan- 
dard addition method_ No general or more detailed discussion of the influence 
of the location of calibration points on accuracy seems to have been given. 

A final point is “bracketing” the measurement of the concentration of an 
unknown sample by interpolation between two samples of known concentra- 
tions The precision of such a procedure in dependence on some of the factors 
mentioned above was recently discussed by Schwartz (133 . 

GENERAL ASPECTS 

Two steps may be distinguished in calibration: the preparation of the curve, 
i.e. calculation of the relation between x and y, and application of the relation 
to unknown samples. The preparation of the curve is sometimes preceded by 
or combined with an investigation of the type of mathematical relation be- 
tween x and y. It always includes the calculation of the parameters (z, b _ _ . _ . , 
and sometimes includes tests of the significance of the parameters [6] and 
of the homogeneity of variances [ 5,6] _ The application of the curve always 
includes the calculation of the analyte content of the unknown sample. 
Sometimes it also includes a comparison of the standard deviation found 
from the calibration measurements with the standard deviation found from 
the measurements of the unknown sample. Finally, a confidence region for 
the analyte content of the unknown sample is sometimes calculated [ 5,6]. 

Types of mathematical relations in calibration 
(The symbols and abbreviations used are listed in Table 1.) 
Some mathematical relations that are frequently used are: 

y = bx 

y=a+bx 

logy =u + b Zogx 

(The Scheibe-Lomakin equation applied in emission spectrometry) 

(1) 

(2) 

(3) 
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TABLE 1 

Symbols and abbreviations 

s-d. = absolute standard deviation = u or s in formulaea*b 
r.s.d. = relative standard deviation = or or s, in formulae (expressed as a fraction) 

at orst = total s-d. in formulae 
urt or .srt = total rs.d. in formulae 
x 
3, 6. z 

= content: y = signal 
are the best estimates and a, 6, c are the population values of the calibration 
curve parameters 

Cj = the same parameters, with special reference to equation j 
A = difference between the measured and calculated value of y 

P = limit of detection 

k. 4. = = factors (see text) 

a,P = errors of the fit and second kinds, respectively, in testing hypotheses 

=“Standard deviation” in the text means that both s-d. and r.s.d. are considered. The 
terms “population” or “sample” are added if their omission may lead to confusion. 
by is applied for population values, and s for sample values. 

y=a+bxtcx2 (4) 

(Found in atomic absorption spectrometry by Wagenaar et al. [ 141; Agter- 
denbos and Vlogtman 1151 found that it may be expected in absorption 
spectrometry if non-monochromatic light is the cause of non-linearity. The 
possible validity of eqn. (3) was not investigated by these authors.) 

Other equations, rarely encountered, are: 

logy = a + logx (5) 

logy=a+blogx+c(logx)2 (6) 

Calculations of the parameters in all the equations is based on the method 
of least squares, where for example, in eqn. (2) X(LI i)2 is a minimum for i 
measurements (i > 2) of y. The values calculated are the best estimates for 
the population parameters. Formulae for the calculation of the best 
estimates, their standard deviations and confidence intervals are given in 
standard texts. It should be remembered that these intervals are not inde- 
pendent of each other. For eqn. (2) this has been discussed in more detail 
[lo, 111, and has been applied recently to practical analysis [5,12]. More 
complicated relations between x and y may exist and the corresponding 
parameters can be c&uIated [ 13,161. 

With the procedure mentioned, good results are obtained only if some 
statistical conditions are fulfilled (see below) and if the true relation between 
x and y can be described adequately by a mathematical relationship. 

Conditions to be fulfilled 
Several conditions have to be fulfilled to justify the calculation procedure 

mentioned. One is that the precision of the measurement of the x values is 
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much better than the precision of the measurement of the y values. A second 
condition is that values found for y if parallel determinations are made at 
the same x value have a Gaussian distribution_ In the present paper both con- 
ditions are assumed to be valid. 

A third condition is the “homogeneity of variances” (variance = u2 or s2), 
i-e_ the s-d. of the measured y values must be the same for the whole range of 
x values covered by the calibration curve. The population s-d. should be con- 
sidered, not the sample value or the r.s.d. Simple weighting procedures exist 
to take into account variations in the s-d. with x, if the values of ii and 6 are 
calculated. However, if this is done, there is no good procedure for calcula- 
tion of a confidence region for the analyte content in the unknown sample. 
Therefore such weighting procedures are not discussed here. The homo- 
geneity of variances is discussed in more detail in t.he following section. 

VARIATION OF THE SD. OR R.S.D. IN y, WITH x 

Some special cases 
The condition that the s-d. of y should be independent of x was mentioned 

above. It will be shown below that by mathematical manipulation this con- 
dition may sometimes be changed to the condition that the r.s.d. of y should 
be independent of X. Therefore in the present section, the variation of the 
s-d. or r.s.d. of y within the range of x values applied for calibration is dis- 
cussed in a more general way_ 

It seems difficult to give a single general discussion for ali practical pro- 
cedures, but some cases where the final measurement only is considered are 
well known. For counting errors, the s-d. increases with N:, and the r.s.d. 
decreases with N-e (N = number of counts). In photometric anaIysis the 
Ringbom curve [ 171 is frequently cited, sometimes with some adaptations. 
In its original form, the Ringbom curve indicates that the r-s-d. in photo- 
metric measurements is reasonably constant if absorbance values between 
about 0.2 and 0.75 are considered_ It seems unusual in the literature to con- 
sider the variation of the s-d. with absorbance; calculation shows that it is 
reasonably constant at lower absorbance values, but increases greatly at higher 
values (Table 2). (If the assumptions made are different from Ringborn’s, 
other values are obtained, but the trend is similar.) 

In many analytical procedures the sample preparation step may contribute 
more to the total error than the final measurement does. Here, too, a general 
theory for calculating the variation of the s.d. with the analyte content is not 
available. Agterdenbos [18] suggested that the total standard deviation may 
sometimes be found by (quadratic) addition of a s-d. and a r.s.d. component; 
quadratic addition is required because variances are additive. An obvious 

_consequence of this consideration is that at smaller x values the s.d. is con- 
. slant (“homogeneous”) and at larger x values the r.s.d. is constant. 

The situation considered here is similar to that discussed by Boumans 
[ 19,20]- He suggests that inductively-coupled plasmas applied in emission 
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TABLE 2 

Variation of s-d. and r&d. (both in arbitrary units) with absorbance A if the precision of 
the transmittance measurement is considered independent of transmittance 

A 0.01 0.02 0.05 0.10 0.15 0.20 0.30 
S-d. 0.444 0.455 0.487 0.547 0.613 0.688 0.867 
R.s.d. 44.4 22.7 9.75 5.47 4.09 3.44 2.89 
A 0.40 0.50 0.70 1.00 1.20 1.50 
S-d. l-09 1.37 2.18 4.34 6.88 13.7 
R.s.d. 2.73 2.75 3.11 4.34 5.74 9.16 

spectroscopy behave as fluctuation-noise limited systems. Measurements 
with such a plasma, therefore, also give a totai standard deviation composed 
of a s-d. and a r.s.d. component. For this consideration a relation between 
(TV, ur, p, k (see below) and x was derived [ 20]_ 

Regions for constant s.d. and comtant r.s.d. 
The assumption that the total standard deviation is composed of a s.d. and 

a r.s.d. component seems useful for discussions of the homogeneity of vari- 
ances in calibration. The following discussion shows which is the upper limit 
of the region. where the s-d_ is approximately constant and which is the lower 
limit of the region where the r.s.d. is approximatily constant. By “approxi- 
mately constant” is meant that ct or urt does not vary by more than a factor 
(z - 1) where z is either 1.1 or 1.2 over the range of x values considered. 
Also (J < ct < zu and c= < crt < zor, with z = 1.1 or 1.2. 

In the calculation the detection limit p/may be introduced: p = ho, where 
k depends on the risk accepted for drawing false conclusions (often, k = 2 or 

3). The total standard deviation is then 

(7) 

The equation for ati is equivalent to that given by Boumans [ 20]_ From 
eqns. (7) it follows that: 

u < ut < zu if 0 < x < p (z* - l)t/ku, and ur < urt < zu, 

if * > x > p/k (z’ - l)+. 

From these relations, Iimits for x can be calculated. Some examples for k = 3 
are: 0 < ct < 1.10 if Jc < 0.153 p/u,; u < ut < 1.20 if 3c -C 0.221 P/o,; ur -C urt < 
1.10, if x > 0.73 p/u,; and cr, < uti < 1.20, if 1c > 0.50 p/a,. 

One conclusion is that with ur = 1% and z = 1.2 (i.e. a variation of 20% in 
ut or urt) u can be considered as a constant if x < 22p and ur as a constant if 
x > 50~. The region of x values where neither u nor ur can be considered 
constant is only a factor 9 = 50:22 = 2.3. The value of q is independent of 
u,. If z = 1.1 (i.e. avariation of 10% in ut or uti), q = 73:15.3 = 4.8. Actually 
q is proportional to (2’ - 1). 
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SELECTION OF A CALIBRATION RELATION 

In selecting a calibration relation, it is seldom realized that an important 
difference exists between the application of eqn. (1) or (2) on the one hand 
and eqn. (3) on the other hand, if the variation of the s-d. with x is con- 
sidered. In Fig. 1 (a, b), linear relationships hold. In Fig. l(a) the s-d. of y 
represented by vertical bars has the same value for all values of X; the condi- 
tions of homogeneity of variances is fulfilled. In Fig. l(b) however, the s-d. 
increases regularly with y; the r.s.d_ is constant, but the condition required 
is not fulfilled. Figure l(c) is a logarithmic plot and the vertical bars show a 
constant value for the s-d. of log y_ Therefore when eqn. (3) is applied, the 
homogeneity of variances is fulfilled in this instance. However, the situation 
that the s-d_ of log y is independent of x implies that the r.s.d.of y is inde- 
pendent of x. This is the same situation as in Fig. l(b) but now conditions 
for application of the usual type of calculation are fulfilled. 

It is possible, therefore, to apply the usual method of calculation even if 
the r.s.d. is constant, but in this case the logarithmic eqn. (3) has to be used. 
A limitation of the latter equation, however, is that it cannot be used when 
y f 0 at x = 0. In such cases all y values measured can be diminished by the 
y value found for x = 0 (“blank”). This subtraction can be applied in many 
problems but it may suggest too high a precision in the results if the blank 
c-d_ is too large_ A difference between eqns. (2) and (3) is that eqn. (3) rep- 
resents a non-linear relation between x and y in the general case that b, # 1. 
In this respect it seems somewhat equivalent to eqn. (4), and so it could be 
concluded that for non-linear relations between x and y, it is preferable to 
apply eqn. (3) if the r.s.d. of y is independent of x, and to apply eqn. (4) if 
the s.d_ of y is independent of X. 

Another important consideration in selecting eqn. (3) or (4) as a calibra- 
tion equation is that the equation applied must represent correctly the true 
relationship between x and y. Some preliminary calculations [ 81 showed 
that if the curvature is only slight, the validity of one of these equations 
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Fig. 1. Variation of the standard deviation in the signal y with the content x: (a) s.d. of y 
independent of x; (b) s-d. of y proportional to y, r.s.d. of y independent of x; (c) logarith- 
mic plot with s-d_ of log y independent of x, and r.s.d. of y independent of x. 
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implies that the other is also valid to a good approximation (of course after 
subtraction of any blank present). With large curvature, however, only one 
of the equations can be valid. 

A relation that may be useful in the case of a constant r.s.d. of y if eqn. (3) 
does not apply, is eqn. (6), which was found satisfactory in some atomic 
absorption measurements [ 81. For a linear relation between x and y and a 
constant r-s-d., eqn. (5) can be useful. 

The conclusion that logarithmic calibration curves may be applied advan- 
tageously in situations where the r.s.d. is approximately independent of X, 
suggests that analytical instruments designed to perform the types of analyses 
where this situation can be expected, should be designed with appropriate 
calculation units. 

Finally, it should be considered that’forla straight-line plot (Fig. 1, a, b, c) a 
constant value of the s-d. of y or log y corresponds to a constant value of the 
s-d. of x or log X. For a non-linear plot (eqn. 4 or 6), however, a constant 
value of s-d. or r.s.d. in y results in a gradually varying value of the s-d. or 
r.s.d. of X. 

Errors in testing hypotheses 
In calibration, statistical tests are sometimes applied to obtain informa- 

tion on the validity of assumptions or approximations. Such tests have been 
applied [ 56 3 in testing the homogeneity of variances, in testing if a relation 
between x and y is curved, and in testing if the s-d. of the calibration pro- 
cedure differs from the s-d. of the analysis of the real sample. 

If hypotheses are tested, two types of errors can be made. First, the hy- 
pothesis is correct but it is assumed that it is false. This is an error of the first 
kind, and its probability is represented by 01. Secondly, the hypothesis is 
incorrect but it is not rejected and is assumed to be correct (an error of the 
second kind with probability 0). The maximum acceptable values for Q! and /3 
should depend on the consequence of making a false decision. For Q, a value 
of 0.10, 0.05 or 0.01 is often considered acceptable. Acceptable values for p 
are seldom given, however. This may be due partly to the fact that calcula- 
tion of p is possible only for rather simple cases. An important reason why 
calculation of fl is difficult is that it depends on the degree of incorrectness 
of the hypothesis, and this degree is difficult to describe in most cases. 

An unwanted consequence of the difficulty of calculating fl is that in 
many cases the existence of p is completely ignored. In such cases the 
hypothesis is considered correct if it cannot be proved that it is incorrect, 
even if fl is large. This way of drawing statistical conclusions is comparable 
in some respects to drawing the analytical conclusion that a component is 
not present in a mixture because it cannot be detected, if one is not aware 
of the detection limit of the analytical method applied. Application of a 
different analytical method may give a positive result. Analogously, if it is 
considered necessary to test the hypothesis that homogeneity of variance 
exists, the result may depend on the type of statistical test applied-[ 81. It 



is clear that other factors such as the number of observations also influence 
the probability that inhomogeneity will be detected. In the literature on 
analytical calibration no attention seems to have been given to this point. 

A last point to be mentioned is that Gottschalk [63 applied a “heuristic” 
procedure. This can be demonstrated with an example: if eqn. (4) is applied 
and parameter c is found to be significantly different from zero, the con- 
clusion may be that the application of the simpler eqn. (2) is not allowed. 
However, if c is so small that it may be neglected without significantly 
influencing the conclusions drawn about the analyte content of the sample, 
it may be preferable that eqn. (2) is applied. It seems that this is a good 
philosophy but good criteria for neglecting c must be given. 

CONCLUSIONS 

Calibration curves can be prepared in several ways. The simplest seems to 
be the graphical presentation, but very often mathematical procedures are 
applied, which can have different degrees of complexity. A discussion and 
comparison of graphical presentation and several mathematical procedures 
has been given by Kelly [ 21) _ 

One limitation of the present paper is that only calibrations based on the 
method of least squares have been discussed_ A second limitation is that the 
mathematical relations between x and y are rather simple. More complex 
relationships may be required in some practical situations. Some of these 
have been discussed recently by Schwartz [ 131. However, the limitation 
of the present paper seem justified for at least two reasons: (2) the method 
of least squares is applied frequently in practice; (b) too frequently, analysts 
are not sufficiently aware of the assumptions and approximations made in 
their calculations and of the errors made in the final conclusions on the 
content of the unknown sample, if deviations arising from the assumptions 
made are too large_ 

The problem has been discussed only qualitatively here, and a more quan- 
titative discussion is required_ Some of the points to be included in such a 
more quantitative discussion, which will be discussed in further papers are 
the following: methods of detecting non-linearity of calibration curves and 
if possible a comparison of the “quality” of such methods; errors caused by 
the application of an improper calibration curve; dependence of the error 
on the degree of curvature and of the range of the calibration curve; methods 
of detecting inhomogeneity of variances and errors caused by unjustified 
assumptions of homogeneity; optimum location of calibration points on the 
x-axis if the number of observations is fixed. 
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