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The electrophoretic mobility of a cylindrical particle is calculated by combining the solution of 
the complete Poisson-Boltzmann equation in cylindrical coordinates with the equations of Henry. 
Results are obtained for pointlike counterions (Gouy-Chapman picture) and for counterions having 
a finite diameter (Stern layer model). The deformation of the ionic atmosphere under the influence 
of the external field (relaxation effect) is not taken into account. In application to actual data a 
correction procedure for the relaxation effect, such as the semiempirical method proposed by 
W. J. H. M. Mfller, G. A. J. van Os, and J. Th. G. Overbeek (Trans. Faraday Soc. 57, 312,325, 
1961), should be combined with the present treatment. Results can be applied to stiff (e.g., DNA) 
and to flexible (e.g., vinylic polyacids) polyelectrolytes. 

1. INTRODUCTION 

Natural or synthetic dissolved linear poly- 
electrolytes such as nucleic acids, poly- 
phosphates, and vinylic polyacids can be 
considered to behave approximately as a 
series of randomly oriented cylinders. 

A complete theory of electrophoretic 
mobility for cylinders is lacking, but would 
be highly desirable, because electrophoresis 
is a relatively simple technique for inves- 
tigating the electric and hydrodynamic prop- 
erties of charged particles. An early attempt 
is due to Henry (1). Gorin (see Abramson 
et  al. (2)) has worked out Henry's results 
for a limited number of cases of low ~-po- 
tential. We have shown previously (3) how 
solutions for cylinders oriented perpendic- 
ularly or parallel to the applied field should 
be combined to give results for arbitrary 
orientation. 

In this paper we extend Henry's and 
Gorin's treatments to high surface potential 
by using the complete Poisson-Boltzmann 
equation (in the following abbreviated as 
P - B  equation), still neglecting the relaxa- 
tion effect. Moreover, we consider the in- 
fluence of a charge-free layer between the 

surface charge and the countercharge in the 
solution (Stern model) and our approach is 
applicable to various locations of the slip- 
ping plane and to binding of counterions. 
In the Appendix we show that under many 
circumstances a flexible polyelectrolyte coil 
is so open that electric and hydrodynamic 
interactions between distant parts of the 
same chain and between parts of different 
chains are small and that therefore the cylin- 
der is a much better model than the homo- 
geneously charged sphere. This implies that 
the electrophoretic mobility (to be abbrevi- 
ated as E.M.) of flexible polyions is nearly 
independent of their molecular weights and 
concentrations, and this is more accurately 
true, the higher the concentration of the sup- 
porting electrolyte. 

If our results are used in combination 
with the semiempirical correction for the 
relaxation effect, as given by Mfller et  al. 

(4) (see also van der Drift and Overbeek 
(5)) a complete interpretation of the electro- 
phoretic mobility can be obtained. 

Recently Stigter (6) succeeded in a theo- 
retical calculation of the relaxation effect 
for transversely oriented cylinders, but un- 
certainty still exists about the relaxation 
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contribution for orientation parallel to the 
field, and thus the applicability of Stigters 
computations is still in doubt. 

2. BASIC IDEAS 

2.1. Henry's Electrophoresis Equations: 
The Influence of  Orientation 

In his theory of the electrophoresis of 
infinitely long circular cylinders, Henry (1) 
has solved the problem for two extreme 
orientations. For cylinders with their axes 
parallel to the applied electric field, X, the 
electrophoretic velocity, U~, is given by 

U, E~0to~ 
- - -  [ 1 ]  

X ~3 

For cylinders perpendicular to the applied 
field, H e n r y ' s  resul t  for the e l e c t r o p h o r e t i c  
mobi l i ty  ( U ± / X )  m a y  be  wri t ten  after inte-  
gration by parts as 

U ±  ~+o I ~ l__(dtold r 
X 2+ toa + 2a 4 r4\ dr ] 

_ am I++ + l ( d t o  Idrl [2] 
r2 \ dr ] J 

or, after further integration by parts, as 

u± - Ee°Itoo + 4a4 to dr 
X 71 r ~ 

3~r  j 

In these equations e0 is the permittivity of 
the vacuum, e is the dielectric constant of 
the medium, and ~ its viscosity, to is the 
potential in the medium at a distance r from 
the cylinder axis, a is the radius of the cylin- 
der, and to~ the potential at its surface, which 
is considered to be the slipping plane. 

For low potentials, where the Debye-  
Hiackel linear approximation may be ap- 
plied, t0(r) is the product of toa and a func- 
tion of Kr, where 

F~'2c +z~ 
K 2 - [ 4 ]  

~EoRT 

Here F, R, and T have their usual mean- 
ing, ci and z+ are the concentration and 
charge number, respectively, of the ions of 
type i in the bulk of the solution. 

Then Eq. [2] or [3] may be replaced by 

U L EEOtoa 
- -  - - -  [ 5 ]  

X ~qF(Ka) 

De Keizer et al. (3) have shown that the 
average electrophoretic mobility U/X of a 
randomly oriented cylinder is obtained from 

U 1 U+I 2 U.  
- - -  + -  , [61 

X 3 X  3 X  
or defining 

1 1 2 
- + - - ,  [7] 

B 3 3F(Ka) 

U EE0toa 
- - -  [ 8 ]  

X +B 

Stigter (7) has extended the proof given by 
de Keizer et al. and he has shown that Eq. 
[6] is correct even if the relaxation effect is 
taken into account. 

For Eq. [6] to be valid the applied field 
has to be so weak that it causes no appreci- 
able orientations, the test being that the 
mobilities and conductivities are independ- 
ent of the field strength. 

The limits for B and F(Ka) are 

for Ka "> 1 F(Ka) = 1 and B = 1, 

for Ka ~ 1 F(Ka) = 2 andB = 1.5. 

The function F(Ka) has been evaluated for 
Ka values from 0.4 up to 3 by Gorin (see 
(2)), who applied the solution of the linear- 
ized P-B equation for cylindrical symmetry. 
For higher surface charge density, how- 
ever, the complete P-B equation has to be 
used and F(Ka,toa) depends not only on Ka 
but also on the surface potential toa. 

2.2. Stern Layer and Location of the 
Slipping Plane 

It is often necessary to take into account 
that a layer of solvent adheres firmly to the 
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particle and that consequently the slipping 
plane is located at a certain distance from 
the interface between particle and disper- 
sion medium. In that case the quantity, a, 
in Eq. [2] and the following has to be re- 
placed by the hydrodynamic radius, h, of 
the particle plus adhering liquid. The poten- 
tial at the slipping plane is usually written 
~(=toh). Furthermore the usual form of the 
P - B  equation neglects the finite size of the 
ions. A simple correction for this defect, as 
proposed by Stern (8), is the assumption of 
a charge-free layer between the surface 
charge on the particle and the beginning of 
the diffuse double layer. It is frequently 
assumed that the slipping plane and the 
beginning of the diffuse double layer (Stern 
plane or outer Helmholtz plane, see Grahame 
(9)) are coincident. Another obvious choice 
for the slipping plane is the plane between 
the surface of the particle plus the adhering 
liquid and the first layer of counterions. 
Finally it may occur that the particle charge 
is modified by binding of counterions within 
the adhering solvent layer. 

3. DOUBLE LAYER AROUND A 
CYLINDRICAL PARTICLE 

3.1. Approximate Analytical Solution of  the 
Complete Poisson-Boltzmann Equation 

We have used the approximate analytical 
solution of the P - B  equation, as obtained 
by Philip and Wooding (10). These results 
can be substituted more easily in Henry's  
equations [1]-[3] than the corresponding 
numerical solutions of the P - B  equation. 
Furthermore, we extended the Philip and 
Wooding approximation to unsymmetrical 
electrolytes, and we have applied the Stern 
correction to account for the distance of 
closest approach of the counterions to the 
interface. 

Consider an infinitely long, positively 
charged cylinder with radius, a, a smeared 
out surface charge density, o-a, and sur- 
rounded by a z+-z_ electrolyte with con- 
centrations c+ and c_ (amounts of cations 

and anions per unit volume, respectively). 
The radius of the counterions is a_. The 
radius b (=a  + a_) fixes the boundary of 
the charge-free Stern layer. Reversal of signs 
makes the results applicable to a negatively 
charged cylinder. The potential distribution 
in the static case (no external electrical field) 
is governed by the following equations: 

a ~< r ~< b, Laplace equation: 

with, at 

r ~rr - J r  = O, [9] 

dO o'a 
- [ 9  ] r = a ,  , a 

dr eeo 

r = b, tO = tob. [9b] 

r /> b, Poisson-Boltzmann equation: 

z+c+ exp 
eeo R T  ) 

U~ .... 

I 

xl 

0 
%0 R R* ~ R 

FIG. 1. The potential in the double layer around a 
charged cylindrical particle in dimensionless variables. 
I, Stern layer (Laplace equation). II, Inner region 
(only one exponential for the counterions). III, from 
R* to R--~ ~. Outer region (Debye-Hiickel ap- 
proximation). 
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with, at 

o o  a 

r = b ,  ~rr - ~-~--r)b = - ee0 -~- ,  [lOa] 

r = ~ ,  q J ~ O .  [10b] 

According to Philip and Wooding the diffuse 
double layer  is separa ted  into two regions,  
an inner region with r < r* and an outer  
region with r > r* (Fig. 1), where  r* is de- 

2z_ t 1]2, 
z --- (z+ Tz_j 

R = Kr, Ro0 

q~ _ z _ F O  , ~oo - - -  
R T  

fined by r* = r > b with z _ F O ( r * ) / R T  = 1. 

For  the inner region the te rm with the 
negative exponential  (co-ions) is neglected,  
while for the outer  region the solution of 
the linearized P - B  equat ion is used. At 
the transition (r = r*) both the potential ,  
q~, and its first der ivat ive dtk/dr are con- 
tinuous. 

The solutions can be advantageous ly  
presented in te rms of  the following dimen- 
sionless variables: 

for symmetr ica l  electrolytes Z = 1, [11] 

=- Ka, R0 = Kb, R* =-- Kr*, [12] 

z - F O a  z - F ~ b  
, ~ 0  - -  - -  , [13]  

R T  R T  

a z _ F o r  a 
Y0 - - -  [ 14] 

ee0RT 

Substituting the physical  constants  for water  at 25°C (e = 78.304) in Eqs. [4] and [14], 
we have  

K = 3.291 ( I  moles -1 liter) 1/2 nm -1 
and 

Y0 = 1.4315z_Q nm, [14a] 

where  I (=--(c+z2+ + c_z2_)/2) is the ionic strength of the solution and Q is the number  of  
e lementary  charges per  unit length of  the cylinder. Although the electrophoret ic  mobili ty 
is more  nearly proport ional  to the potential  at the slipping plane (see Eq. [8]) than to the 
linear charge density,  we express  the mobili ty in te rms of  Q, since the charge of  polyions 
can often be determined independently.  

The equations to be solved are now: 

1 
R0o ~< R ~< Ro: ~ -  - ~  

Z 2 expq~ 
Ro ~< R <~ R*: , [16] 

2 

R >t R*: - - - -  R = q~. [17] 
R d R  

The boundary  conditions are 

dq  ~ Y0 
R = Roo, - , [18] 

d R  Roo 

R = Ro, q~ = ~o, [19] 
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d .  Yo 

dR Ro 

R = R * ,  xlt= 1, 

R ----~ oo 

K,(R*) and Ko(R*) are modified Bessel 
functions of R*. If ~0 < 1, Eq. [17] is used 
over the whole range of R > R0, and Eqs. 
[16], [21], and [22] can be left out of 
consideration. 

The complete system of equations [15]- 
[17] and boundary conditions [18]-[23] can 
be solved in analytical form. The solu- 
tions are 

R0 
R0o~<R ~<R, ~ = ~0 + Y 0 1 n ~ ,  [24] 

d ~  KdR*) 

dR Ko(R*) 

~ = 0 .  

[20] 

[211 

[22] 

[231 

Ko(R) 
R t> R*, • - , [28] 

Ko(R*) 

dW KdR) 
- -  - [291 
dR Ko(R*) 

Philip and Wooding point out that in certain 
cases the solution for the inner region shows 
a singularity for R = R e r i t  where ~ and 
d~/dR go to infinity. Obviously the solu- 
tion can only be used when R0 > Refit. 

Ro <~ R <~ R*, 

dq, Y0 
- -  - [251 
dR R 

Table I of Philip and 
Wooding (10) gives 
five sets of  equa- 
tions for qt and for 
d~/dR depending on 
the  v a l u e  of  the  
parameter 

C(symm) = {2 

- -  [R*Kx(R*)/ 

Ko(R*)]} 2 - eR*2. [26] 

For  unsymmet r i ca l  
electrolytes all R and 
R* in Philip and Wood- 
ing's table have to be 
replaced by ZR and 
ZR*, re spectively, but 
C becomes 

C(unsymm) = {2 

- [R*KI(R*)/" 

K0(R*)]} 2 - eZ2R*2~ [27] 

3.2. Comparison with the 
Numerical Solution 

We have compared the results with the 
(exact) numerical solution using the Runge-  
Kutta procedure RK 2 (AP 252) developed 
by Zonneveld (11). An initial guess was 
made for q~ at large R in the region of 
low potential (Eq. [28]). Then with the 
aforementioned procedure values were 
computed for ~00 and (d~/dR)oo. The exact 
value of the last quantity is known from 
the boundary condition [18]. The accuracy 
of the numerical solution is better than 
0.01%. The calculated percentage error in 
~oo for the approximate analytical solution 
of Philip and Wooding is shown in Fig. 2. 
For 1-1 and 2 -2  electrolytes the error 
in ~00 is always smaller than 3.5%. 
The error for the nonsymmetrical 1-2 and 
2-1 electrolytes is sometimes larger, but 
never exceeds 6% at Woo - 1. 

The percentage error in the dimension- 
less electrophoretic mobility, E (see follow- 
ing section), in the approximation of Henry, 
is mainly due to the error in Woo and for 
most vinylic and polysaccharidic polyelec- 
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% 

i i i i i a ~ l ]  I I I I r I l l ]  

Q=I 

i ~ i i i l , i  I i i r i i i l l  

Q=3 = 

i a , l l l . I  , i i t ~ , l l  L I i I I r l l l  i i i l l , i ,  

0.01 0.1 1 10 100 

Roo 

FIG. 2. Percentage error in Woo for 1-1 electrolytes 
as a function of  Roo = ~a at three different linear 
charge densities Q = 1, 3, and 6 nm -1. For  vinylic 
polyelectrolytes ( a -  0.5 nm) and double-stranded 
DNA (a - 1 nm) Ro0 is smaller than 0.5 and 1, respec- 
tively, provided the concentrat ion of  supporting 1-1 
electrolyte does not exceed 0.1 mole/liter. A fully 
neutralized vinylic polyelectrolyte (e.g., polyacrylic 
acid) has a Q of  about 4 nm -1. The linear charge den- 
sity of  double-stranded DNA at pH = 7 amounts  to 
about 6 nm-L The sharp maximum in the curves oc- 
curs at ~I'oo = 1. 

trolytes and double-stranded DNA remains 
smaller than 0.5-1% if the electrolyte 
content does not greatly exceed 0.1 M. Con- 
sequently the approximate analytical solu- 
tion of Philip and Wooding is acceptable 
for the calculation of the electrophoretic 
mobility of a large number of well-known 
macroions with a cylindrical electric double 
layer. For more details concerning the 
subject o f  this subsection see Van der 
Drift (12). 

and 
Ell + 2E± 

E - [30] 
3 

Henry's Eqs. [1] and [2] converted to the 
dimensionless form read 

Ell = 2~0o ,  [31] 

t oo d ~  1 
E l  = ~oo + 2R~o dR 

j~o dR R 4 

rj~ °° 1 dq~dR" [32] 
- R~0 R--- 7 ~- 

By substituting Eqs. [24]-[29] into Eqs. 
[30]-[32] and taking R00 = Ro we obtain 
solutions valid for pointlike ions and in the 
absence of a charge-free (Stern) layer. The 
calculations are performed with a Control 
Data Computer, Type Cyber 73-2 of the 
Academic Computer Centre, Utrecht, by 
the use of a suitable Algol-60 program. The 
surface potential ~00, the actual potential 
~b~ in millivolts for water at 25°C, and the 
dimensionless electrophoretic mobility, E, 
are calculated as functions of z+, z_, R0o 
(=Ka), and Q. For water at 25°C: 

R T  ~oo 
~a - ~oo - × 25.693 mV [33] 

z_F z_ 

and 

U eeoRT 

X 2rlz_F 
m ,  E ~ 

E 
- -  × 1.00029 × 10 -4 cm 2 V -1 sec -1. [34] 
Z _  

4. C A L C U L A T I O N  OF THE ELECTROPHORETIC 
MOBILITY 

4.1. Gouy-Chapman Approximation 

W e  define the dimensionless electro- 
phoretic mobility, E, as 

2rIFz_ U 2rlFz- U ±.ll 
• ~ E ± , I I  = _ _  

E = eeoRT X ' eEoRT X '~ 
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4:2. Results 

The results of the calculations are pre- 
sented in Figs. 3-6. Figure 3 shows how 
the electrophoretic mobility depends on 
Q and on Ka. In Fig. 4, B (Eqs. [7] and [8]) is 
shown. It can be derived easily from Eqs. 
[8], [33], and [34] that B = 2~oo/E. In the 
Debye-Htickel region (~oo ~ 1) B is only a 
function of Ka. There it can be described 
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6 k k ~ . S y y  3 4 5  6 

\ \  
4 

2 

O.Ol 0.1 1 10 100 

Roo 

FIG. 3. Dimensionless electrophoretic mobility, E, plotted against R00 = Ka at various linear charge 
densities Q in elementary charges per nanometer. 1-1 electrolytes. Below the dashed line the Debye- 
Hiickel approximation applies. 

with an a c c u r a c y  o f  be t te r  than  0.1% by  the  
equat ion:  

B ( D - H )  

2.200 + 5.882~a + ( r a )  ~ 
= [35] 

1.4667 + 3.935Ka + (Ka) ~ 

Figure  4 shows  that  Q has prac t ica l ly  no 
influence o n B  a b o v e  xa  = 5, since even  for  
high values  o f  Q,  ~00 remains  be low 1. E v e n  

at l ower  values  o f  Ka the influence o f  Q on  
B remains  modes t ,  the m a x i m u m  dec rease  
o f  B being 3% at Q = 6 nm -1 and r a  = 0.3. 
This d e p e n d e n c y  o f  B on  Q at high sur face  
charge  densit ies can be taken  into accoun t ,  
in the interval  0.001 ~< Ka ~< 0.3, with the 
fol lowing equat ion:  

B = B ( D - H )  - [ Q {0.0109 + 0.00386 log (Kct) 

+ 0.000533 log 2 (Ka)} -- 0.006]. [36] 

1 . 5  , i , , , , , , i  i i , , , , , , i  i i i , i , , ,  

1.4 

1.3 

1.2 

1,1 

1,0 i ....... I ........ I ........ I ....... 

0.01 0.1 1 10 100 

Roo 

FIG. 4. Influence of Q and Roe on B (Eq. [8]). The values for Q --~ 0 coincide practically with those 
forQ = l nm -1. 
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1/. 
E 

12 

1C 

8 

E 

I I I I I I I l l  I I I I I I I 1 [  I I I ~ 

0.01 0.1 1 10 100 

Roo 

FIG. 5. Dimensionless electrophoretic mobility, E, for different z+ - z_ type electrolytes and for 
three values of Q (1, 3, and 6 nm-1). 

The te rm within the square brackets  is posi- 
t ive,  if o therwise  (e.g., for Q = 0) its value 
is zero.  The accuracy  of  Eq. [36] is within 
0.1% for  0 ~< Q ~< 6 nm -1 except  for  Q = 6 
nm -1 and Ka = 0.3 (+0.2%).  For  the range 
0.3 ~< Ka <~ 6, 

B = B (D-H)  

- [Q{0.00686 - 0.00599 log (Ka) 

- 0.00258 log 2 (Ka)} - 0.006]. [37] 

1 .5 ,  . . , , , . , , . ,  , . . . . . . .  , . . . . . . . .  , . . . . . . . .  

1 . / ,  " 

1.3 

1.2 

1.1 

1,0 I , I I I L I , I  I I I I I I I l l  I I I I I I I I 1  I I I I LII 
OIO1 0.1 1 10 100 

~--- Roo 

F I e .  6. I n f l u e n c e  o f  e l e c t r o l y t e  (z÷ - z_) o n  B f o r  
Q = 3 nm -1. 

The latter formula  is valid for 0 ~< Q ~< 6 
nm -1 with an accuracy  of  0.2%. The te rm 
within the square brackets  of  Eq. [37] is zero 
if its value becomes  negative.  

Figures 5 and 6 show the influence of  the 
charge numbers  of  counter ions and co-ions 
on E and on B. Bivalent counter ions lower  
B more  strongly at the same Ka than mono-  
valent  counterions.  At high Ka where  the 
D e b y e - H i i c k e l  approximat ion  applies B is 
unaffected by  the charge numbers  of  the ions. 

4.3. Influence of  the Charge-Free Stern 
Layer and of  Various Locations of  

the Slipping Plane 

The introduction of  the Stern model  in 
order to take the finite size of  the counterions 
into account  results in two effects.  Calling 
the distance of  closest  approach  of  the cen- 
ter  o f  the counter ions to the cylinder surface 
(equal to the radius of  the solvated coun- 
terion) a_ we obtain that  the G o u y - C h a p -  
man layer  extends  f rom (a + a_) to infinity 
ra ther  than f rom a to infinity. The potent ial  
at the Stern plane (Ro in Fig. 1) is then, for 
a given linear charge density Q, smaller  than 
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it would be if a_ were zero. At the cylinder 
surface (R00), however ,  the potential  is 
larger than for a_ = 0, because on the aver- 
age the counter ions are farther away from 
the surface. The exact  course of  the poten- 
tial be tween R00 and R0 is described by the 
Laplace equation [24]. 

The effect of  this modification in the ionic 
a tmosphere on the E.M. depends on the 
situation of  the slipping plane. If  the slip- 
ping plane coincides with the Stern plane 
(an assumption often made in discussing 
electrophoresis ,  e.g.,  Lyklema (13)), the 
only modification that has to be made in 
the calculations of  the previous subsection 
is the change of  the cylinder radius a into 
the larger hydrodynamic  radius (a + a_) 
= b. This results in a lower E.M. for the 
same linear charge density, Q. 

If  the slipping plane remains located at 
the original cylinder surface, the Henry  
integrals (Eq. [32]) have to be extended 
through the charge-free layer with the use of  
Eq. [24] for the relation between ~ and R. 
This results in a larger E.M. at the same 
value of  Q. Figure 7 illustrates the effect 
for a few realistic cases. It is clear that the 
change in mobility may become consider- 
able when the ionic radius and the cylinder 
radius are of  comparable  magnitude. 

Other locations of  the slipping plane could 
be considered,  e.g., be tween R00 and R0, 
for a cylinder with a solvation layer that is 
impenetrable for counterions of  finite size or 
at R > R0 (see following subsection),  but 
the latter choice is then rather  arbitrary. The 
calculations as such are easily made for any 
choice of  the location of  the slipping plane. 

4.4. Adsorption o f  Counterions 

Adsorbed counter ions lower the effective 
charge of  the cylinder.  So do those ions in 
the ionic a tmosphere  that are situated inside 
the slipping plane. In both cases the E.M. 
will be lowered.  It has to be assumed that all 
ions inside the slipping plane, whether  ad- 
sorbed or not adsorbed,  do not  contribute 

14 
E r "N~\ \ \  .a_:0.35 nm 

12 L " ~ \  ~ ~ .a -= ( ) . 2 (3  am 

[ - oo 

001 0.1 1 10 
a (nm)  

FIG. 7. Influence of the Stern layer on the electro- 
phoretic mobility. The curves refer to the case in which 
the slipping plane is located at the original cylinder 
surface, a. The electrophoretic mobility for the case 
of the slipping plane coinciding with the Stern plane 
is found on the curves for a_ = 0 but choosing the 
new radius (a + a_) = b instead of a. Q = 3 nm -1, 
I-1 electrolyte for all curves. Since absolute values 
(0.2 and 0.35 nm, respectively) have been chosen for 
the thickness of the Stern layer, the abscissa in the 
figure is a rather than R00, and separate curves have to 
be given for different electrolyte concentrations. 

any conductivi ty to the particle, since one 
of  the basic assumptions made in deriving 
Henry ' s  equations (Eqs. [2] and [3]) is that 
there is no conductance inside the slipping 
plane. For  a given adsorption and a given 
location of  the slipping plane the calculation 
of  the mobility is straightforward using the 
techniques described above. 

5. C O M P A R I S O N  W I T H  O T H E R  R E C E N T  

C O M P U T A T I O N S  

A few recent  papers have also dealt with 
the calculation of the electrophoresis  of  ran- 
domly oriented cylindrical particles. They  
are limited to 1-1 electrolytes and with the 
except ion of  Stigter 's (6) paper  also neglect 
the relaxation effect. 

Nagasawa et al. (14) and Takahashi et al. 
(15) both obtain E .M. ' s  which are 20-30% 
smaller than our values for the same param- 
eters.  The main part of  the difference is due 
to their choosing the slipping plane to coin- 
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cide with the Stern plane rather than with 
the surface of the cylinder. Furthermore, 
Nagasawa e t  al.  approximate the Henry 
integrals by inserting B = 67re0 (in our nota- 
tion with the rationalized four-quantity sys- 
tem, B = 1.5) for all cases. 

Mills (16), in solving the P -B  equation, 
introduced the method of piecewise lineari- 
zation which results in slightly low values 
for ~00 (a few percent). In the computation 
of the linear charge density of DNA from 
electrophoresis data obtained by Ross and 
Scruggs (17), Mills used Gorin's (2) values 
which are obtained by an incorrect averag- 
ing procedure (3) and are limited to the 
Debye-Hiickel approximation. This re- 
suits in an error of -13.5% in the mobility 
at Q = 6 nm -1. 

Stigter (6) did include the relaxation ef- 
fect in his calculation of the electrophoresis 
of transversely oriented cylinders. He more- 
over concluded that for infinitely long cylin- 
ders parallel to the field, relaxation may be 
neglected and then he estimated the E.M. of 
randomly oriented cylinders and of open 
coils by using Eq. [6] of this paper. He found 
that the relaxation effect lowered the E.M. 
depending on ~00 and on Ka by 0--about  
20%. In our opinion the relaxation effect of 
cylinders of finite length parallel to the field 
should not be neglected. It may even be 
rather large, due to the polarization of the 
double layer along the cylinder. Therefore 
we expect Stigter's estimate of the relaxa- 
tion effect to be lower than the actual value. 

6. FINAL REMARK 

In our previous paper (5) we have shown 
that in certain cases empirical estimates of 
the relaxation effect on polyelectrolytes can 
be made. We shall combine the calculations 
of the E.M. without relaxation effect of the 
present paper with these estimates of the 
relaxation effect in the interpretation of 
measurements of the E.M. of polymethacry- 
late ions in a following paper (23). 

7. C O M P U T E R  D A T A  

A fairly extensive table of values of 
~00 andE as functions of Q and Ka (38 values 
of Q and 25 values of Ka) and the computer 
programs on which it is based are available 
on request from the authors. The computer 
programs are applicable to general z + - z _  

electrolytes and include corrections for the 
Stern layer and for an arbitrary location of 
the slipping plane. 

A P P E N D I X  

Two rather different models have been 
proposed for describing the properties of 
coiled polyelectrolytes. 

In the porous sphere model (18) the fixed 
charges on the polyelectrolyte are assumed 
to be homogeneously smeared throughout 
a sphere and the counterions and co-ions to 
be distributed inside and outside the sphere 
in accordance with the Poisson and the 
Boltzmann equations. The porous sphere is 
a good model, when the ionic atmospheres 
around the individual charges on the polyion 
overlap strongly, even when fairly distant 
parts of the polyion are considered. 

On the other hand, when the thickness 
of the ionic atmosphere is small compared 
to the average distance between different 
chain elements the polyion is better rep- 
resented by a loosely coiled cylinder sur- 
rounded by its ionic atmosphere. 

The situation can be assessed in the fol- 
lowing way. Debye and Bueche (19) have 
shown that a coiled polymer molecule with 
a radius of gyration s may be represented 
as a homogeneous porous sphere with a 
radius Rcoi~ given by 

(R~oi~) = 5/3(s~) .  tall  

If the extended length of the coil is equal to 
l, we may consider the polymer or polyion 
as a cylinder surrounded by a cylindrical 
free space of radius rfree, r~e~ being given by 

zrr~reel = 4rrR~ou/3. [A2] 
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The average distance between different 
parts of the chain is then of the order of 
2rfre~. If this distance is a good deal larger 
than the thickness of the ionic atmosphere, 
I/K, electric and hydrodynamic overlap are 
negligible and the cylinder model is to be 
preferred over the porous sphere model. 

The actual data for most coiled polyions 
are such that Krfree >~ 1. This is due to the 
fact that polyions are either stiff on account 
of their chemical structure (e.g., double- 
stranded DNA) or at least fairly stiff as a 
consequence of the mutual repulsion be- 
tween adjacent charged groups. 

We shall illustrate this more quantita- 
tively with some computations on measured 
values of R~o~t (5) of half-neutralized PMA 
at different concentrations of supporting 1:1 
e l e c t r o l y t e .  MpM A = 270 000 g mole-L For 
the potential at rfr~ the calculation is based 
on the method outlined in Section 3.1. For 
the velocity at rfre~ we used Henry's equa- 
tion (1) for the radius-dependent part of the 
liquid velocity, v/X, around a cylinder per- 
pendicular to the applied field as given in 
Eq.  [A3]. 

v(r = rfree ) 

X 2~) dr 

+ a2r l fr°° 1V2tOdr)dr.--r a [A3] 

Using the analogon of Eq. [30] we con- 
verted Vfree into a dimensionless velocity 
Ef,-ee and compared this value to E itself. 
The results are given in Table I. 

It is obvious, that both the electric and 
hydrodynamic interaction between two parts 
of the coiled cylinder are very small indeed, 
especially at higher ionic strength. Con- 
sequently the cylinder model is to be pre- 
ferred above the porous sphere model. 

Two other important conclusions can be 
drawn at the same time. In the first place the 
E.M. of flexible polyelectrolytes is expected 
to be independent of its chain length, i.e., 
of its molecular weight (20, 21), even at low 

T A B L E  I 

Average Electr ic  and Hydrodynamic  In terac t ion  

be tween Dis tant  Parts of a Coiled Cyl inder  a 

c , l - 1  
electrolyte Rcoil rfree 

(mole liter -~) (nm) (rim) r-rfr~e ~froJ't~00 Erreo/E 

0.001 97 40.6 4.2 2.0 x 10 -3 2.3 x 10 -3 

0.003 87.5 34.7 6.3 2.5 x 10 -4 2.9 x 10 -4 

0.01 76.5 28.4 9.3 1.4 x 10 -3 1.7 x 10 -5 

0.03 63.5 21.5 12.2 8.8 × 10 -r  1.1 x 10 -6 
0.1 52 15.9 16.6 1.4 x 10 -8 1.8 x 10 -8 

a Data  for half-neutral ized polymethacry l ic  acid (M 

= 270,000 g mole -1, contour  length = 735 nm, Q 

= 2.13 e lementary  charges per nanometer .  

ionic strength (14), because in electrophore- 
sis the coiled cylinder behaves as freely 
drained. Moreover, the same type of reason- 
ing explains why the influence of the polyion 
concentration on its mobility is often negli- 
gible at low polyelectrolyte concentration 
and not too low ionic strength. As a matter 
of fact the concentration dependence of the 
mobility is due to hydrodynamic and electric 
overlap (22). We demonstrate this with the 
example of a solution of 0.01 monomole 
liter -1 of polymethacrylate ions in a 0.01 M 
solution of a 1-1 electrolyte, by consider- 
ing the PMA as one giant chain. We define 
rfree for this case as 

7rr~ree × N A v  × l 

x 0.01 mole liter -1 = 1, [A4] 

where 1 = 0.235 n m =  the average length of 
a monomeric segment. Then we compare 
rfree with the radius of the cylinder (0.35 nm) 
and the thickness of the double layer (3.16 
nm), and find 

rfree = 1 5 . 0  nm 

= (0.35 + 4.64 x 3.16) nm. [A5] 

At a distance of 4.64 x (I/K) the electric 
potential is reduced to <0.3% of its value 
at the cylinder surface, showing that the 
electric and thus the hydrodynamic overlap 
is negligible. 
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