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Solitons in confining models of the Werle type are considered in one spatial dimension and the interaction between them 
is studied numerically in detail. In the collision process new localized objects are generated, which are pulsating in time. Evi- 
dence is given about their stability. 

Some classical field theoretical models have recent- 
ly been studied by Werle [1] and Morris [2,3],  which 
possess the remarkable property that all solutions have 
a non-dissipative character. Moreover, these models, 
which for brevity we call confining models, admit one- 
soliton-like solutions in four space- t ime dimensions. 
They might provide a good classical description of the 
bag idea [4]. In order that these solutions are physical- 
ly acceptable they should be stable objects. Also the 
question of complete integrability of  these types of  
models is of  interest. 

In this letter some aspects of  these problems are 
studied. In particular, we present results for a confin- 
ing model in one dimension, which show that  the in- 
teraction between solitons can be strong and that this 
leads to the production of  one or several objects with 
a qualitatively different structure than the one-soliton 
solution. Consider a lagrangian for a complex field, 

.6? = lat~kl 2 - I V ~ I  2 - g(l~bl2), (1) 

in any space dimension with 

V(lffl 2) = t~21~OI 2 + Xl~kl2b(l~12). (2) 

For confining models b(y)  satisfies for y > 0 the prop- 
erty 

1 Permanent address: ITEP, Moscow, USSR. 

b (y )  ~> 0, (3) 

b(y).--',o o , y b ( y ) ~ O  f o r y ~ 0 ,  

The asymptotic behaviour of  the solutions of  the 
Euler-Lagrange equations with the explicit time de- 
pendence 

tp(r, t) = e- i~t(~(r) ,  (4) 

can simply be related for a certain class of  V to the 
type of  non-linearity occurring in the interaction. For 

b (y )  = [lnyl~/(l+~/2), c ~ > 0 ,  

we have q5 ~ exp (-crl+a/2), while for b (y)  = ln2y, 
q~ "~ exp ( - c  cosh (2Vc~)). For even more singular 
b (y )  this solution decreases faster and finally in the 
case b (y)  = y -  a/2, 0 < a < 1 the one-soliton solution 
is exactly zero outside some radius. This last property 
was first discovered in ref. [1] for a specific model. 

Since one of our main objectives is to study the in- 
teraction process between solitons and the situation 
with more than one spatial dimension is numerically 
more difficult to treat, we have looked for models 
which allow analytic solutions in one dimension. The 
two models we have considered are 

V = # 2 I ~ [  2 + X I ~ i  2-c~, X > 0 ,  l > t ~ > 0 ,  (5) 

and 
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V = U21@I 2 + v2l~l 2 ln21@l 2 . (6) 

The stability of  the soliton solutions o f  the form (4) 
for small perturbations can in principle be studied [5] 
by linearizing the equations o f  motion about this solu- 
tion. To have stability it is sufficient that all eigen- 
values of  the resulting quadratic form should be non- 
negative. A sufficient condition for this is 

8 2 V(l ~12)/S tp 6 t~ * >~ O . (7) 

Since the charge 

Q = - i  f(c'at¢'* - ~*ot@) dr (8) 

is conserved, the presence of  one negative eigenvalue 
is still allowed as long as 

d2E(Q)/da 2 < 0 (9) 

for the soliton solution [7]. As can be seen from ener- 
gy and charge conservation the concavity condition (9) 
forbids the decay of  one soliton into more solitons. 
The model (5) satisfies clearly the condition (7), while 
for sufficiently small v this is also the case for (6). 

So far our considerations are general and referred 
to a space o f  any dimension. In one space dimension 
the one-soliton solutions o f  the interactions (5) and 
(6) can explicitly be written down. In the c.m. system 
of  a soliton they are given by 

~s(X) = (~/K2)a/~(cos ~Kx)2/~ 
for [xl < ~r/~tK = x  0 , (10) 

---0 f o r l x l > x  o ,  

for the choice of  (5) and 

~bs(X ) = exp [-(K/2v)  cosh(2ux)] ,  (11) 

for (6). In both cases we take #2 > 0 and K 2 = ~22 
_ #2 > 0. The explicit solution of  a moving soliton 
can simply be found from these by the application of  
a proper Lorentz transformation. For the solution (11) 
the linearized stability equation was studied and found 
to admit at most one negative eigenvalue. To show the 
stability of  the solitons for the range of  values of  u2 
used in the numerical calculations (v 2 ~< 4) the disper- 
sion curve E(Q) was computed and indeed found to 
satisfy eq. (9). 

For these one-dimensional models we have studied 
numerically the interaction process between solitons 

by letting two solitons collide on each other. The ini- 
tial condition was chosen such that the two solitons 
are well separated in space and they approach each 
other with opposite velocity u = u 1 = - u  2 . Asymptoti- 
cally for t ~  _oo ~ has the form 

i ~ l  u x ) ]  i x  - Ut  - a 1 
ff = e x p [ -  (1 - u 2 )  1 / 2 ( t -  3 CPs~-(i ~ - u ~  ~-~,] 

(12) 
i~22 . 7 / x  + u t - - a  2 \  

+ ei° exp [-- ( l _ u2)l/2 (t + ux)J(~s~ ( 1 _u2)1/2) " 

Note that for the model (5) eq. (12) is an exact so- 
lution to the equation of  motion in view of  eq. (10) as 
long as the solitons do not overlap. Several cases were 
considered in detail: 

(1) ~1 = ~2 --- ~ ,  0 = 0, symmetric soli ton-soli ton 
collision, 

(2) ~1 = ~2  - ~2, 0 = 7r, anti-symmetric soliton-soli- 
ton collision, 

(3) I21 = - ~ 2  = ~2, 0 = 0, symmetric soliton-anti- 
soliton collision. 

In addition, some nonsymmetric situations have been 
studied corresponding to the scattering of  solitons with 
different charges ( l~ l l  :/: 1~22[). The calculations were 
done by putting the solitons on a ring which was 40 
long. The x-values were discretized with 200 mesh 
points with mesh size Ax = 0.2. The time integrations 
were done using the Numerov method and time steps 
of  At = 0.002. As a testing case the one-soliton expres- 
sion with u = 0.5, f2 = 1.5 was used as initial condition 
at t -- 0 and the time dependence was calculated up to 
t = 400. Up to these times the numerical solution was 
in accordance with the one-soliton expression. Also in 
all the calculations of  the time dependence of  ~ it was 
explicitly verified that the total energy and charge was 
conserved up to four decimals. 

We now turn to discuss the results. Most of  the cal- 
culations were done using the interaction (5) with 
_? ~ , # _ -  1 - 1 and u = 0.5. The values of  the parameters 
and ~2 were taken in the range 0.5 ~< X ~< 1.5 and 1.4 
~< ~ ~< 1.7. In all cases considered the collision was in- 
elastic. For 0 :/: 7r the solitons were passing each other, 
producing an additional lump of  matter and coming 
out with less velocity than before the collision. A typi- 
cal situation is shown in fig. 1 in the x - t  plane for X 
= 1 and ~ = 1.5. As initial condition the two solitons 
were taken to be centered symmetrically around x 
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Fig. 1. The symmetric sol i ton-sol i ton collision wi th h = 1 dis- 
played in the x - t  plane. The dashed lines represent the posi- 
tions of the maxima of the solitons and the ss-breather, while 
the nearby solid lines mark the position where the amplitude 
has decreased half way. 
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Fig. 2. The midpoint of the ss-breather as a function of time 
for the symmetric soliton-soliton collision. 

= 100 in units of  Ax = 0.2. Two important properties 
can be seen from this figure. The solitons suffer some 
delay in time during their interaction, typically of  the 
order o f  several time units and the newly created ob- 
ject at around x = 100 (to be called a ss-breather) is 
pulsating periodically and does not dissipate in space 
with time after the complete separation from the out- 
going solitons. In fig. 2 are shown the magnitude A 
and the time derivative d¢/dt of  the phase o f  the field 
at the center of  the ss-breather as a function of  t. Both 
vary periodically in time with tperiod ~- 26. Further- 
more when A becomes maximal, d~o/dt is large. Also 
the shape dependence of  A in x space changes in time 
as we can see from fig. 3. Here A(x) and the energy 
density e(x) are displayed at two moments. When 
A(100) is maximal the shape is sharp while it broad- 
ens considerably at the times when A(100) is small. 
Several studies of  the ss-breather were done. Firstly we 
computed its charge Qm and energy Em. These values 
lie in all cases considered slightly higher (~5%) than 
the one-soliton dispersion curve E(Q). A remarkable 
property is that although the energy variation of  the 
original solitons for the various initial conditions were 

considerable (a factor of  60) almost the same fraction 
of  energy and charge was transferred to the ss-breather. 
On the average it was 0.14 with a variation from 0.135 
for massive solitons to 0.15 for very light solitons. To 
see how stable the found ss-breather is we studied its 
time dependence for 1000 time units by simply re- 
moving the outgoing solitons when they are well sepa- 
rated from the ss-breather. This was done at t = 55. 
Within the accuracy of  our calculation the period and 
amplitude of  the pulsations is stable and no evidence 
of  dissipation of  the ss-breather was found. 

A completely different situation occurs in the anti- 
symmetric soliton-soliton collision, where the anti- 
symmetry of  the total wavefunction precludes the 
production of  a non-zero amplitude at x = 100. The 
two solitons repel each other and after some deforma- 
tion and time delay they are reflected elastically. We 
have found that the picture described above is specific 
for the pure antisymmetric case. If  the solitons have 
different ~i  but still with the phase 0 = lr the process 
is qualitatively the same as in the symmetric case. The 
solitons pass each other inelastically with the produc- 
tion of  a breather. 

382 



Volume 85B, number 4 PHYSICS LETTERS 27 August 1979 

01 =15 

80  

'A(x) 
02=1,5 

"i~ (x) 

t =82 

120 x ~ 

A(x) 
- . 4  t =12o 

'-.3 

- ~ - 2 ~ 0  90 100 110 ~ 2 ~ -  

-.3 
E(x) 

2O0 

/ /  
Q1=_1. 5 ~2 =1.5 

l oo  , ~ " - -  ,,,.. u v ~ .  l~ .~ff '%),~'~ , , - ~ " [ ; i q ? 4 , ! i  

i oxoo 

75 100 
t - -  • 

Fig. 4. The same as fig. 1, but for the symmetric soliton-anti- 
soliton collision process. The subplot shows the change of the 
envelope of the sa-breather amplitude as a function of time. 

Fig. 3. Two cross sections of the symmetric ss-breather at the 
moments that it is largest and smallest in amplitude. 

We now proceed to discuss the results for the case 
of  the collision between a soliton and an anti-soliton. 
Again a pulsating object is produced (to be called a sa- 
breather). The result is shown in fig. 4 in the x - t  plane. 
The energy of  the sa-breather is around 0.14 of  the 
total initial energy in the case that ~21 = - ~ 2  = 1.5 
while for the cases with different ~i  the energy of  the 
produced sa-breather can drop significantly when the 
~i  are different. For the case that the ratio of  the soli- 
ton and antisoliton mass is 170 the collision process 
has a negligible inelasticity. The structure of  the sa- 
breather is quite different from that of  the ss-breather. 
It has a much smaller charge (Qm ~" 0 in the symmetric 
case). The ratio of  the charge to the energy for the ss- 
breather is about 0.5 being close to that o f  the original 
solitons, whereas for the sa-breather this ratio is much 
smaller and depends on the parameter o f  the initial 
condition. Also the period of  pulsation (tperiod ~ 2 in 
the symmetric case) is much smaller in this case. 

In order to see whether these breathers are specific 

to the model (5) chosen we have also studied the inter- 
action (6). Similar results are obtained with the major 
difference that the inelasticity is much larger in this 
case. The fraction o f  energy transferred to the middle 
bump for p2 = 0.5 was of  the order of  0.9, while for 
larger v evidence is found that the two original solitons 
seem to fuse completely in the region of  the collision. 

In conclusion, we have seen that in the collision 
process of  solitons other particle-like objects can be 
created, which seem to be stable or at least have an 
extremely long life time. To our knowledge this is the 
first time that the production o f  soliton-like objects in 
a classical relativistic field theoretical model has been 
observed. Although this has been found for one-dimen- 
sional models, we expect, since the solitons are also 
stable in higher dimensions, that we also should get 
similar phenomena there. For a non-relativistic model 
having gaussian-shape solitons the production of  an ad- 
ditional soliton in the collision process of  solitons has 
been reported on [7]. Also some evidence has been 
presented for the regularized long wave equation [8]. 
Some work has also recently been done in a chiral 
field theory [9] and in the three-wave problem [10] 
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showing that a nontrivial interaction exists with the 
possibility of  the decay of  one soliton into more soil- 
tons. 

Our results can be compared with the process of  a 
k ink-an t i -k ink  collision, where objects with a long 
life time were found, called pulsons [ 11 ]. However, 
these objects are essentially unstable because a loss of  
energy was found for them. In our case, within the ac- 
curacy of  our calculation, the energy of  the breathers 
does not change even after 2 0 - 4 0  oscillations. An- 
other difference is that pulsons were found in k i n k -  
anti-kink collisions and not  in k i n k - k i n k  collisions. A 
more detailed version of  this work will be presented 

elsewhere. 

This work was done while one of  the authors 
(Yu.S.) was on a two-month visit to the Netherlands 
in the framework of  an agreement between the atomic 
commission of  the USSR and the Reactor Centre in 
the Netherlands. This aaathor would like to thank the 
Free University of  Amsterdam for their warm hospi- 

tality. 
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