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Chapter 1

Introduction and motivation

The main subject of this work, the analysis of the vacuum structure of four-dimensional
N = 2 supergravity, might at first seem rather technical and disconnected from the
fundamental questions of modern high energy physics. This thesis is after all just a
case study of a particular theory that is ill-defined at high energies and does not seem to
describe the physics of our universe even only at an effective level. The very meaning of
“vacuum structure” is somewhat obscure and the question which background solutions
are “vacua” will be further pursued in the main body of this work. Nevertheless, I
will try to argue that classifying and understanding the various solutions in D = 4
N = 2 supergravity is in fact very much relevant for a number of important topics. This
particular supergravity theory is connected in numerous direct or more subtle ways to
different branches of theoretical physics, a more detailed account of which follows. This
list encompasses a number of major topics in high energy physics at present. However,
due to the vast amount of research topics, it is far from being comprehensive and some
interesting implications have been omitted.

General Relativity
General Relativity (GR) has been one of the two hugely successful and groundbreaking
ideas in 20th century physics. It is essentially a classical theory of gravity, developed
by Einstein to reconcile his special theory of relativity with the notions of gravitational
acceleration and space and time. GR introduces the revolutionary idea that the space
and time are not just a background for physics to happen, but a dynamic part of it. Thus
matter can influence and change the curvature of the spacetime, which in turn dictates
the motion of matter. These ideas have been tested and verified in numerous experiments since they were first published in 1915, and GR is at present the best established
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and least controversial theory in physics1 . Crucially, GR predicts its own failure at small
scales due to the generic appearance of singularities in spacetimes. In this sense it is an
incomplete theory and it is generally thought that GR should be viewed as the classic
limit at low energies (large scales) of a more fundamental theory of quantum gravity.
Notice that, although GR is a relatively old and well-understood theory, we are
very far from having a full classification of its possible solutions, i.e. of the spacetime
and matter configurations permitted by the Einstein equations. Many attempts have
been made but due to the infinite possibilities for matter couplings to gravity this is a
hopeless task in its full generality. It is also important to understand which solutions are
physically possible, starting from some realistic assumptions for the matter inside our
universe. This is related with the well-known cosmic censorship conjectures (see e.g.
[9] for more details). It is here that studies of D = 4 N = 2 supergravity solutions can
be connected with the theory of GR. At the classical level, N = 2 supergravity is just a
particular type of relativistic theory coupled with matter. However, due to the presence
of supersymmetry its symmetric solutions are governed by first instead of second order
differential equations. This makes classification of solutions a much more feasible task,
although it has also not been accomplished yet. Further details on the progress towards
classification will be presented in the main body of this thesis.
Quantum gravity
The other paradigm shift of 20th century physics was the quantum theory, explaining
how things at the very small scales behave. The foundations of the quantum theory
were laid by Planck’s work on black body radiation, giving birth to quantum mechanics. Subsequent work of Einstein on the photo-electric effect and of Bohr on the atomic
model led to further confirmation of the quantum theory of particle physics. The nonintuitive concepts of uncertainty and probabilistic interpretation, developed further by
Heisenberg and Schrödinger among others, remain some of the most puzzling physics
facts. These quantum principles have been of major importance to humanity, giving
rise to a number of technical applications. A further quantum treatment of relativistic
electrodynamics led to the formulation of quantum field theory (QFT), the framework
describing all particle interactions.
As successful as they have been until now, the principles of quantum mechanics
have not yet been reconciled with the Einstein theory of General Relativity. As already
mentioned, GR cannot be a complete theory and it is generally desired and believed that
1 The superluminal neutrinos found in a recent experiment [8] seem to be potentially incompatible with the
theories of special and general relativity, but further evidence and analysis are needed before more definitive
statements can be made. At present, it seems likely that the final outcome of the experiment will be in
accordance with Einstein’s theory after some technical errors are corrected.
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a theory of quantum gravity can be formulated. Any consistent quantum theory that in
its classical (large scale) limit reduces to GR would in principle qualify for a theory of
quantum gravity. However, such a theory is notoriously difficult to formulate. There
have been numerous proposals in literature, but they are all a subject of current research
and are heavily disputed. Therefore it is fair to say that a theory of quantum gravity has
not been established yet, while mentioning as most notable candidates at present loop
quantum gravity and string theory. From this point of view, D = 4 N = 2 supergravity
is usually placed inside the broader framework of string theory, but it does not need to
necessarily take a stand in this competition (see more later).
It is worth mentioning that we can explore some aspects of the quantum nature
of gravity even without advocating any of the above mentioned theories. Although
N = 2 supergravity might not be a sensible quantum theory at very high energies, it is
believed that the solutions preserving some of the fermionic symmetries of the theory
remain stable at all energies. This can be used to probe some of the quantum properties
of gravity. Black hole solutions are particularly interesting in this sense because they
possess a classical entropy that remains the same in the quantum regime. A full theory
of quantum gravity has to then explain the microscopic origin of this entropy in terms
of fundamental degrees of freedom [10, 11]. This quantum aspect is less emphasized in
the main text, but we will nevertheless be able to gain some intuition and comment on
it in the concluding chapter.
String theory
One of the leading candidates for a theory of quantum gravity, string theory is based
on a relatively new idea developed in 1970. It assumes that all elementary ingredients
of nature are strings, instead of particles, propagating in a 10-dimensional spacetime.
The gravitational interaction in this context is just one of the infinitely many string
excitations. All other particles that we observe in nature are also supposed to arise via
the same mechanism. At low-energies string theory can still be described by effective
particle theories, such as supergravities, and the hope is that eventually this will lead to
the Standard Model of particle physics.
The Standard Model is at present the quantum field theory that describes best all
physical phenomena, except gravity. It is being constantly checked and updated by the
particle accelerators, presently by CERN’s Large Hadron Collider (LHC). In the context
of string theory, the Standard Model is thought of as a low-energy limit of the theories
of supergravity, which in turn arise as low-energy limits of string theory. This topic
within string theory is usually called flux compactification because one needs to split
the original 10 dimensions into 6 small and compact directions and the 4 dimensions
we can all see. This way 4-dimensional supergravities arise, and the less amount of
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supersymmetry there is (quantified by the value of N ), the closer to real world physics
we are. In other words, we live in an N = 0 universe. However, this could still happen
within an N > 0 theory by the process of supersymmetry breaking. It is conceivable that
the universe is a N = 0 symmetric vacuum that can be found in N = 2 supergravity,
which in turn is a limiting case of string theory. Whether this is the correct approach to
embedding our universe in string theory remains highly speculative and there is neither
theoretical, nor experimental evidence to substantiate it. We will see in more detail in
what follows that in fact de Sitter (dS) universes like ours are very rarely found and
generally unstable solutions of supergravity.

AdS/CFT correspondence
A field that originated from string theory and now enjoying life of its own, the AdS/CFT
correspondence is presently generating most of the interest in high energy physics. The
correspondence was discovered by Maldacena in 1997 [12] and has its roots in earlier
ideas of ’t Hooft [13, 14]. It relates quantum gravity on a d-dimensional anti-de Sitter
(AdS) spacetime and a (d − 1)-dimensional conformal field theory (CFT) in the absence
of gravity. Although the precise correspondence involves the full quantum theories, it
can also be partially verified in the corresponding classic or semi-classic limits. This is
where supergravity enters the picture, being the low-energy effective action of string
theory via flux compactifications. For some particular cases and dimensions the duality
between the two sides can be made very precise and extremely non-trivial checks in
the case of AdS5 /CFT4 have been performed, suggesting that the general concept is
correct. However, mathematically speaking, AdS/CFT remains a conjecture and one is
even tempted to invert the statement and use it as a definition of quantum gravity given
complete knowledge of the dual CFT.
Connection with the fundamental theory of quantum gravity aside, the real importance of AdS/CFT in very recent years has been in its various applications in experimentally reachable areas of physics. It turns out that even with simple classical solutions, e.g.
black holes that asymptote to AdS, one can simulate to a good approximation a number
of physically relevant field theories at strong coupling, such as the quark-gluon plasma
[15, 16] tested at particle accelerators like the LHC and numerous condensed matter
systems, e.g. [17–19]. It is therefore very important to understand well the possible
asymptotic AdS solutions in supergravity, a subject that is directly related with the topic
of this thesis.

15
Supersymmetry and supergravity
A fundamental particle in a quantum theory can be either a fermion or a boson. This
defines the quantum statistics it obeys - only a single fermion can occupy a particular
quantum state at a given time, while no such restriction applies for bosons. Matter
we know of is made entirely of fermions, e.g. the electrons, the protons and neutrons
made out of quarks, atoms and molecules made out of electrons, protons and neutrons.
Bosons on the other hand are the mediators of forces, such as the particle of light, the
photon, that carries the electromagnetic force. Supersymmetry relates these two different types of particles. Each boson has a fermionic partner, and vice versa, forming a
pair of superpartners. There can be situations where more than two particles are related
this way, leading to a higher amount of supersymmetry (i.e. higher N , see the more
precise meaning in the next chapter). As mentioned above, the Standard Model does
not exhibit such a symmetry, whereas it is an essential component for supergravities
and (super)string theory.
The other essential ingredient of supergravity is of course gravity, i.e. we need to
describe the graviton, the boson carrying the force of gravity. Its superpartner fermion is
standardly called the gravitino. There will be N gravitini in any theory of supergravity,
thus one can think of N = 2 supergravity as the collection of all possible theories of
gravity with supersymmetry and exactly two gravitini. There is no further restriction on
the form of matter that can be included (as long as it exhibits the required symmetry),
thus we will see that different possibilities for matter-coupled N = 2 supergravities
exist.
Originally, supergravities were discovered independently of any connection with
string theory as separate candidates for theories of quantum gravity [20], but it was
soon realized that they are non-renormalizable, i.e. not well behaved at high energies.
However, recent progress suggests that in fact D = 4 N = 8 supergravity may be finite
and thus well-behaved even if non-renormalizable by power counting. All supergravity
theories are related via a complicated web of dualities, compactifications, and reductions. Their interconnection and intrinsic similarity mean that studying one particular
theory can lead to a better understanding of all of them. In this sense the particular case
of N = 2 among the other 4-dimensional theories is best-suited for making relations
with others. It does not have so much symmetry to only allow for very restricted classes
of solutions, and possesses just enough symmetry to be still mathematically tractable.
This will be explained in more details in the following with explicit examples. Many of
the tools used for classifying solutions immediately generalize to other supergravities.
One is thus able to infer many implications about supergravity as a general concept
from the case study of D = 4 N = 2 supergravity.
Having introduced supersymmetry and supergravity, we need to say that the no-
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tion of supersymmetric, or BPS, states is central for this thesis. These are background
solutions that remain invariant under some of the supersymmetry transformations of
the theory they exist in. The BPS states, together with the corresponding BPS bounds
they obey, are the building blocks of the vacuum structure of any supergravity theory.
Leaving the technical terminology for later chapters, one of the important conceptual
ideas in this thesis is that every supersymmetric solution in supergravity can be viewed
as a vacuum in the sense that it defines a ground state. Another related notion, which
has a prominent role in this thesis, is the supergroup of symmetries corresponding to a
given BPS state and described by its superalgebra. BPS states and their superalgebras
are a bridge between classical and quantum gravity since the existence of supersymmetry protects solutions from any high energy corrections that can destabilize them. This
means that a BPS state in an effective theory such as 4d N = 2 supergravity continues
to exist and keeps its main properties, i.e. superalgebra, in the full quantum theory.
Thesis contribution
The relation between the main topic of this thesis and the above short list of major
branches in theoretical physics might at this point seem rather obscure and sometimes
contradictory. D = 4 N = 2 supergravity has been placed among both effective and
fundamental theories, useful for its BPS solutions while real world physics does not
exhibit any supersymmetry. This reflects well the state of the art in high energy physics
at present: there is a general fuzzy pattern of what seem to be the relevant pieces of the
puzzle and their internal connections. Still, there are many loose ends that need to be
fitted in the full picture. In this sense the present work has the aim of understanding
some particular ideas, representing just a single piece in the puzzle of physics. Although
the results of this work might not be of great importance for solving the puzzle, many
of the general concepts could turn out to be useful in the future.
In more precise terms, the study of the vacuum structure of D = 4 N = 2 supergravity will enable us to make concrete statements on some of the issues mentioned
above. This unfortunately cannot be achieved with a pure physics intuition and without
a certain degree of technicality in the discussions. I will therefore use exact definitions
and try to present only fully rigorous results in the remaining chapters of the thesis,
returning to more general and speculative discussions in the concluding chapter.
The direct contributions of this thesis to the major topics introduced above can be
summarized briefly as follows. In the context of General Relativity, the vacuum structure of N = 2 supergravity gives a new perspective on the cosmological censorship
conjecture. We are going to see how BPS bounds provide a stability criterion on classical
solutions in GR and project out some undesired solutions. We further use BPS bounds
and superalgebras to learn more about the quantum gravity aspects of black holes and
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discuss possible outcomes for the faith of certain (classically) nakedly singular spacetimes in a full quantum gravity regime. Supersymmetric black hole solutions are also
discussed from string theory perspective, since we show that certain novel classes of
four-dimensional static black holes can be embedded in M-theory. These are interesting
for the study of microscopic entropy from brane constructions. Since these new black
holes have AdS asymptotics, their dual field theories can be of potential use for direct
applications of the AdS/CFT dictionary. We give a very detailed analysis of the symmetries of AdS and the conserved charges on its boundary, showing that there are several
distinct AdS-like vacua in N = 2 supergravity. The techniques we use for determining
supersymmetric solutions, BPS bounds and conserved charges, are directly applicable
to other supersymmetry and supergravity theories in various dimensions. Several of the
main chapters in this thesis can thus be used for applications in 10 and 11 dimensional
supergravities that are of more fundamental nature from string/M-theory point of view.
These main lessons from the vacuum structure of N = 2 supergravity are spread
somewhat eclectically in the main body of this thesis. This is inevitably due to the
different mathematical tools needed in the separate parts of the thesis, a more detailed
account of which follows.
Thesis content
In chapter 2 the theory at question, namely D = 4 N = 2 supergravity, is introduced in
some detail. This is done separately for pure supergravity and for the possible matter
couplings to vector and hypermultiplets. A clear distinction between the gauged and
ungauged theories is made with explanation of the physical significance in each case.
This chapter is the groundwork for all further discussions and results in this thesis and
is thus of central importance. The reader needs to posses a reasonable understanding of
supergravity theory before reading further.
The remaining main chapters of this thesis are divided into three parts to ease the
reader in choosing topics. Each of these parts can in principle be read independently
of the others, although the understanding of certain technical points in part II can be
facilitated by first reading part I and part II provides some examples for the general
concepts in part III.
In part I we start with the “easiest” solutions one can find in supergravity theories, the ones that follow entirely from supersymmetry. This means that the equations to be solved are only first order partial differential equations instead of second
order. As shown in chapter 3, this is enough to completely determine the solutions
that preserve all supersymmetries of the action. This is equivalent with saying that
only fully-supersymmetric (or fully-BPS) solutions are discussed. We then solve the
differential equations and determine certain algebraic conditions on the fields of the
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theory that will ensure one can find such solutions. As far as the allowed spacetimes
are concerned, there are only four possible configurations: three flat vacua, amongst
which four-dimensional Minkowski space, and one vacuum with constant non-zero
curvature, AdS4 . These solutions are also important in the later chapters when we
try to find asymptotically flat (Minkowski) or asymptotically AdS black hole solutions
(see later in part II). The next chapter of this part, 4, is very similar in spirit. It uses
some of the identities discovered in the study of fully-supersymmetric vacua in order to
propose a method of generating new solutions with extra matter from already known
ones. Alternatively, one can view the results as describing a consistent supersymmetric
truncation for the matter-coupled D = 4 N = 2 theories. This leads to a reduced number
of degrees of freedom and thus to a simplification of the theory whenever needed.
Part II deals primarily with the study of black hole solutions in D = 4 N = 2
ungauged and gauged supergravity. It contains a general summary of all known black
hole solutions that asymptote either to Minkowski or to AdS space, but focuses on the
supersymmetric solutions that can be to a large extent fully classified. In chapter 5 the
focus is entirely on asymptotically flat black holes. The supersymmetric solutions in
this case are fully classified in the ungauged theory, and some generic statements can
be made in the case of gaugings that leave the asymptotics flat. An attempt to find a
qualitatively new class of solutions with charged hypers is made, but it turns out that
some of the fields in this case need to be ghosts, which generally renders such solutions
unphysical. In the next chapter only asymptotically AdS black holes are considered.
These solutions can only be found in the theories with gauging. They are relevant
for some applications of the AdS/CFT correspondence and exhibit qualitatively very
different relation with supersymmetry compared to their flat analogs. We discuss in
details particularly the case of static supersymmetric black holes that are shown to exist
only when nontrivial scalar profiles are considered [21, 22]. This is an example where
the addition of extra matter can crucially change the properties of the spacetime and
teaches us an important lesson for the supersymmetric vacuum structure. This topic
comes into focus also in the next part of this thesis.
The last main part of this work is devoted to superalgebras and BPS bounds in
D = 4 N = 2 supergravity. It provides a different viewpoint towards the classification of solutions and some other issues discussed in parts I and II. It zooms out of the
particular details of a given solution and concentrates on large classes that have the
same asymptotics, e.g. asympotically flat or asymptotically AdS solutions of any type.
In chapter 7, the general procedure of finding the superalgebra of a given field configuration is outlined. Although it is focused on the specific supergravity theory at hand,
the principles are in fact completely general and thus applicable for any field theory
possessing supersymmetry (i.e. all supersymmetric field theories and supergravities).
It turns out that this approach leads to well-defined asymptotic charges for all solutions
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that asymptote to a supersymmetric vacuum. Thus the technique of holographic renormalization [23–30] at the boundary of AdS is no longer explicitly needed. In chapter
8 we then concentrate on the simplest type of gauged D = 4 N = 2 supergravity.
The focus of this chapter is on the surprising fact that there are two different vacua
with the same AdS asymptotics, differentiated by the value of the magnetic charge.
The two different superalgebras and BPS bounds are discussed in details and some
previous confusion in literature is clarified. The next chapter then discusses D = 4
N = 2 supergravity with matter couplings. The main fermionic anticommutator of
the superalgebra is derived, allowing one to find the relevant superalgebra practically
in every possible case allowed by the theory. Some particular examples are discussed,
showing how the black holes from chapter 6 fit in the story. The final chapter of this
part of the thesis, 10, presents a very explicit application of the superalgebra analysis
to the purpose of classifying solutions. The different static BPS solutions of part II are
discussed and their corresponding superalgebras are derived. This allows us to prove
a no-go theorem for the existence of spherically symmetric BPS black holes in AdS4 in
absence of hypermultiplets, while giving a clear prediction on the attractor mechanism
for such black holes in theories with suitable hypermultiplet gaugings. We also show
that the near-horizon geometries for black holes in Minkowski and magnetic AdS are
unique and distinct from each other.
In the end of the main body of this work, chapter 11 summarizes and emphasizes
the important lessons learned from the analysis of the vacuum structure of D = 4 N = 2
supergravity. Connections with the issues raised in the present chapter are made and
some more general statements and conjectures are discussed. The outlook section includes a proposal for the microscopic description of black holes in AdS4 via a version of
the AdS/CFT correspondence. This chapter concludes the relevant physical discussion
in this thesis. In order to make the main text less technical, some more mathematical
aspects are left to the appendices. They are referred to inside the main text and are
included to ensure that this work is self-contained. Additionally, there are plenty of
references to original work used in this thesis and therefore the interested reader should
be able to explicitly check and understand all equations and discussions.

Chapter 2

D = 4 N = 2 Supergravity

This chapter gives an introduction to D = 4 N = 2 supergravity. It is a central chapter
in this work as it explains the lagrangian and field content that will be used throughout
the thesis, along with the main notation and conventions. However, it is not a comprehensive review and concentrates on the features of supergravity that are important for
the purposes of the later chapters. A more thorough introduction to supersymmetry
can be found in [31–33], whereas supergravity is covered in [34–37]. The connection
between the four- and ten-dimensional supergravities is reviewed in [38–40].
We will start directly with the most general bosonic lagrangian of D = 4 N = 2
supergravity with electric gauging, explaining the main field content and supersymmetry variations. The remaining parts of the chapter discuss more carefully the main
supersymmetry multiplets: the gravity multiplet that is always present in a theory of
supergravity, and the vector and hypermultiplets that provide additional matter couplings. Particular emphasis will be put on the difference between ungauged and gauged
theories and the respective scalar potentials. We finish with a qualitative discussion
about the other local and global symmetries of the theory.

2.1

The full bosonic lagrangian

The standard (two derivative) bosonic part of the on-shell lagrangian of D = 4 N = 2
electrically gauged supergravity with nV vector and nH hypermultiplets is given by2 :
1
1
Λ
Λ
Σ
F Σ µν + RΛΣ µνρσ Fµν
Fρσ
L = R(g) + gī ∇µ z i ∇µ z̄ ̄ + huv ∇µ q u ∇µ q v + IΛΣ Fµν
2
2


1
3
µνρσ Λ Σ
Π
Π Ω Γ
− g cΛ,ΣΠ 
Aµ Aν ∂ρ Aσ − fΩΓ Aρ Aσ − V (z, z̄, q) ,
(2.1)
3
8
2 We

always use the action S =

R

√
d4 x −gL.
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with potential
h
i
i ̄
u v
V (z, z̄, q) = g 2 (gī kΛ
kΣ + 4huv kΛ
kΣ )L̄Λ LΣ + (g ī fiΛ f¯̄Σ − 3L̄Λ LΣ )PΛx PΣx .

(2.2)

In what follows we always put fermions to zero on classical solutions, therefore we
concentrate on the bosonic part of the lagrangian. The fundamental bosonic fields are
i
the metric gµν , nV + 1 vector fields AΛ
µ (Λ = 0, 1, ..., nV ), nV complex scalar fields z
u
(i = 1, ..., nV ), and 4nH real scalar fields q (u = 1, ..., 4nH ) called hypers. The fermionic
degrees of freedom match exactly the bosonic ones because of supersymmetry. There
are two gravitinos ψµA (spin 3/2), 2nV gauginos λiA (spin 1/2), and 2nH hyperinos ζα
(spin 1/2), where A = 1, 2. The full lagrangian is supersymmetric, i.e. invariant under
transforming the bosons and fermions into each other in a particular way. Since we
eventually put all fermions to zero, all bosonic variations vanish, while the fermionic
variations read:

1
i
δε ψµA = ∂µ − ωµab γab εA + Aµ εA + ωµA B εB +
4
2
− ν
+ Tµν
γ AB εB + igSAB γµ εB ≡ D̃µ εA ,
(2.3)
µν AB
δε λiA = i∇µ z i γ µ εA + G−i
εB + gW iAB εB ,
µν γ 

δ ε ζα =

i UuBβ ∇µ q u γ µ AB Cαβ εA

+

gNαA εA

,

(2.4)
(2.5)

upto terms of higher order in fermions. The two Weyl spinors εA are the arbitrary
supersymmetry transformation parameters that carry a total of 8 free parameters (in 4
dimensions). We therefore say that this is an N = 2 theory with 8 supercharges (the
number of supercharges depends on the spacetime dimension).
The matrices W iAB , NαA and SAB are called the gaugino, hyperino and gravitino
mass matrices respectively, and are given by
i Λ AB
W iAB = kΛ
L̄ 
+ ig ī f̄Λ PΛx σxAB ,
A u Λ
k̃Λ L̄ ,
NαA = 2Uαu
i x Λ x
SAB = PΛ L σAB .
2
The scalar potential (2.2) can be written in terms of the mass matrices as

(2.6)
(2.7)
(2.8)

1
̄
V = −6S AB SAB + gī W iAB WAB
+ NαA NAα .
(2.9)
2
i
The quantities gī , IΛΣ , RΛΣ , LΛ , f̄Λ , kΛ
, Tµν , Giµν , Aµ are related with the special geometry of the vector multiplet moduli space and are explained in detail a bit later, just
A
u
like huv , Uαu
, k̃Λ
, ωµA B that come from the quaternionic geometry of the hypermultiplet
moduli space. The structure constants fΩΓ Π , cΛ,ΣΠ are also considered in more detail
further in the text, while the conventions for the γ, σ, , C matrices, as well as some
other notational issues, are left for App. A.
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2.2

The graviton multiplet

The N = 2 graviton multiplet [41, 42] consists of the graviton gµν , a doublet of gravitinos ψµA with positive chirality3 and a gauge field Agµ , called the graviphoton (the
reason for the index 0 will become clear when we introduce the vector multiplets). As
everywhere in this thesis, the negative chirality fermions are given by ψµA ≡ (ψµA )∗ . The
supersymmetric theories that only consist of the graviton multiplet are called minimal
supergragravities.

2.2.1

Ungauged

The bosonic part of the supersymmetric action for the ungauged D = 4 N = 2 minimal
theory is:
1
1 g g µν
L = R(g) − Fµν
F
,
2
2

(2.11)


1
∂µ Agν − ∂ν Agµ .
2

(2.12)

with
g
Fµν
=

The gravitino variation in this case is just

1
g ν
δε ψµA = ∂µ − ωµab γab εA + Fµν
γ AB εB .
4
The theory remains invariant under global rotations of the gravitino doublet (ψµ1 , ψµ2 ),
i.e. there is a a U (1)R ×SU (2)R symmetry group. This symmetry of the action is called Rsymmetry and is generally present in all N > 1 ungauged supergravities, corresponding
to the rotations between the N gravitinos. There is also a local U (1) gauge symmetry
acting on the vector field.

2.2.2

Gauged

We can use the gauge symmetry to gauge some of the global isometries of the theory,
i.e. the R-symmetry group. One then picks a U (1) subgroup of the U (1)R × SU (2)R
and promotes it to a local symmetry (in the same time explicitly breaking the remaining
global symmetries). This results in the so called minimal gauged supergravity, where
3 Chiral

spinors are the eigenspinors of γ 5 . Spinors of positive (negative) chirality therefore obey:
γ 5 χ = ±χ .

(2.10)
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the gravitinos become charged under the vector field (via a covariant derivative) with
a charge (coupling constant) g. Due to supersymmetry, the bosonic action also gets
modified by a negative constant proportional to g 2 , which effectively plays the role of a
cosmological constant term:
1
1 g g µν
L = R(g) − Fµν
F
+ 3g 2 .
2
2

(2.13)

The gravitino variation becomes

1 a B
1
g ν
γ AB εB − gσAB
ε ,
δε ψµA = ∂µ − ωµab γab εA + Fµν
4
2
with a = 1, 2, or 3 corresponding to the 3 different ways of embedding the U (1) gauge
group in the original U (1)R × SU (2)R symmetry.
Notice that although only slightly different, the lagrangians of the gauged and the
ungauged theories (2.13) and (2.11) will have qualitatively different solutions. In the
ungauged case one can only have spacetimes with vanishing Ricci scalar as solutions,
while in gauged case the scalar curvature is forced to be negative: R = −3g 2 . Therefore already at this stage we can predict that the ungauged theory will give rise to
Minkowski and other more general asymptotically flat solutions, while the gauged
theory has an AdS4 vacuum and asymptotically AdS solutions of different types. On
the other hand, it is certain that de Sitter vacua are not allowed in these simple minimal
supergravity theories. We in fact need to include more general matter couplings to the
gravity multiplet in order to make the vacuum structure richer and more interesting.

2.3

Vector multiplets

The N = 2 vector multiplet contains a complex scalar z, a doublet of chiral fermions λA ,
called the gauginos, and a vector field Aµ .
We then couple a number nV of vector multiplets, with an index i = 1, . . . , nV , to the
graviton multiplet. We use a common index Λ = 0, . . . , nV to group the gauge fields Agµ
and Aiµ together4 .
Special geometry
Supersymmetry requires that the moduli space, described by the metric gī (z, z̄), is a
special Kähler manifold [43]. The Kähler property implies that gī is locally the deriva4 In the lagrangian (2.1) the graviphoton Ag and vector fields Ai mix between each other and appear as
µ
µ
Λ
vector fields AΛ
µ , Λ = 0, ..., nV , with corresponding field strengths Fµν .
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tive of a real function K
gī = ∂i ∂̄ K ,

(2.14)

where ∂i = ∂z∂ i . The function K is called the Kähler potential. It is not unique as the
metric gī remains the same under the Kähler transformation
K → K + f (z) + f¯(z̄) .

(2.15)

The metric gī typically depends on the fields z i , and could contain regions in field space
where it is no longer positive definite. Therefore, one has to restrict the fields to the socalled positivity domain, where the metric is positive definite.
The extra property of special Kähler manifolds is the existence of sections X Λ and
FΛ , which are holomorphic functions of z i . The Kähler potential K for the metric gī , as
in (2.14), is then given by


K(z, z̄) = − ln iX̄ Λ FΛ − iX Λ F̄Λ .

(2.16)

From the sections X Λ and FΛ , we can construct
LΛ ≡ eK/2 X Λ ,
fiΛ
where ∂i K ≡

≡e

∂
∂z i K.

K/2

MΛ ≡ eK/2 FΛ ,
Λ

(∂i + ∂i K)X ,

hΛ|i ≡ e

K/2

(∂i + ∂i K)FΛ ,

(2.17)
(2.18)

A further requirement of special Kähler geometry is
X Λ hΛ|i − FΛ fiΛ = 0 .

(2.19)

The terms proportional to ∂i K make fiΛ and hΛ|i transform covariantly under Kähler
transformations (2.15). These terms define the U (1) Kähler connection
i
Aµ ≡ − (∂i K∂µ z i − ∂ı̄ K∂µ z ı̄ ) ,
2

(2.20)

that appears in the supercovariant derivative (2.3).
The period matrix NΛΣ is defined by the properties
FΛ = NΛΣ X Σ ,

hΛ|ı̄ = NΛΣ fı̄Σ .

(2.21)

It can be shown [44] that the matrix (LΛ fı̄Λ ) is invertible, which gives the expression

NΛΣ =

hΛ|ı̄
MΛ

  Σ −1
f
· ı̄Σ
,
L

(2.22)
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and it additionally follows that NΛΣ is symmetric. We define
IΛΣ ≡ ImNΛΣ ,

RΛΣ ≡ ReNΛΣ ,

(2.23)

and these matrices appear as couplings in the Lagrangian. IΛΣ is invertible and negative
definite [44], and therefore each gauge field has a kinetic term with a positive sign.
Some further identities one can derive are
1
LΛ IΛΣ L̄Σ = − ,
2

LΛ IΛΣ fiΣ = 0 ,

(2.24)

fiΛ IΛΣ LΣ = 0 ,

1
fiΛ IΛΣ f̄Σ = − gī ,
2

(2.25)

and
1
fiΛ g ī f̄Σ = − I ΛΣ − L̄Λ LΣ .
2

(2.26)

It is sometimes possible to specify the sections X Λ and FΛ in terms of a single holomorphic function F (X Λ ), called the prepotential. In applications to supersymmetry, F
is then given as F = 12 X Λ FΛ , and is homogeneous of second degree. We then have
FΛ = ∂X Λ F and z i = X i /X 0 .
Using the period matrix, we define the linear combinations
−
Σ−
Tµν
= 2iLΛ IΣΛ Fµν
,

(2.27)

ī Λ
Σ−
Gi−
µν = −g f̄ IΛΣ Fµν ,

which are the anti-selfdual parts of the graviphoton and matter field strengths (earlier
g
i
denoted by Fµν
, Fµν
), respectively. These relations can be inverted to yield
Λ−
−
Fµν
= iL̄Λ Tµν
+ 2fiΛ Gi−
µν .

(2.28)

Examples
A simple example of special geometry is given by the prepotential
i
F = − (X 0 X 0 − X 1 X 1 ) .
2

(2.29)

Using a coordinate z = X 1 /X 0 , and choosing the gauge X 0 = 1, the sections X Λ and
FΛ read
X0 = 1 ,

X1 = z ,

F0 = −i ,

F1 = iz ,

(2.30)

27
which are clearly holomorphic functions of z. The metric gī can easily be computed
from (2.16) and reads g = (1 − z z̄)−2 dz dz̄ . We see we have to restrict ourselves to
|z| < 1 and recognize this as the metric on the Poincaré disk.
Another important class of examples, which arise in Calabi-Yau compactifications in
string theory, is given by
F =−

1 Kijk X i X j X k
,
6
X0

(2.31)

where the Kijk are constant, real numbers, determined by the topology of the CalabiYau manifold.

2.3.1

Ungauged

The bosonic terms in the lagrangian are given by
L=

1
1
Λ
Λ
Σ
R(g) + gī (z)∂ µ z i ∂µ z̄ ̄ + IΛΣ (z)Fµν
F Σ µν + RΛΣ (z)µνρσ Fµν
Fρσ
.
2
2

(2.32)

As before, we have the Einstein-Hilbert term that now comes together with a non–linear
sigma model for the complex scalars z i . The third term is the kinetic term for the gauge
fields, and the last term is a generalization of the θ-angle term of Maxwell theory. The
fermionic supersymmetry transformations now include both gravitinos and gauginos:

1
i
− ν
γ AB εB ,
δε ψµA = ∂µ − ωµab γab εA + Aµ εA + Tµν
4
2
µν AB
δε λiA = i∂µ z i γ µ εA + G−i
εB .
µν γ 

(2.33)
(2.34)

Electro-magnetic duality
The introduction of vectors allows for one important symmetry of the equations of
motion in the ungauged theory called electro-magnetic, or e/m, duality. If we define5
GµνΛ ≡ iµνρσ

δL
,
Λ
δFρσ

(2.35)

Λ
it turns out that the Bianchi identities for the “electric” field strengths Fµν
are the same
as the equations of motion for the “magnetic” field strengths GµνΛ ,

 +µνΛ
F
− F −µνΛ
Dµ
=0.
(2.36)
G+µν
− G−µν
Λ
Λ
5 We are using the standard notation in literature, which unfortunately uses the very similar notations
GµνΛ and Giµν for different field strengths.
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Λ
One can therefore rotate Fµν
and GµνΛ between each other while keeping the equations
of motion invariant. It turns out that the relevant symmetry group is the symplectic
group Sp(2(nV + 1), Z). The electric and magnetic field strengths therefore make up a
single symplectic vector,

 µνΛ 
 µνΛ   Λ
U Σ
F
F̃
=
→
µν
W
G̃
Gµν
ΛΣ
Λ
Λ

Z ΛΣ
VΛ Σ

  µνΣ 
F
.
Gµν
Σ

(2.37)

The e/m duality also rotates the sections X Λ and FΛ as a symplectic vector in the
above way in order to keep the equations of motion of the scalar fields invariant. It
is a symmetry of the equations of motion, but not of the lagrangian. Nevertheless, it
only changes the lagrangian in a very restricted sense, i.e. it leaves it in the general form
(2.32) with different gī , IΛΣ , RΛΣ due to the change of the sections and field strengths.
This means that e/m duality transforms between different N = 2 supergravities with
the same dynamics.

Example
E/m duality essentially relates theories with different prepotentials/sections. A simple
and often used example is the (electric) STU model that is a special case of (2.31) with
sections X 0 ...X 3 :
Fel =

X 1X 2X 3
.
X0

(2.38)

If one now rotates the X Λ ’s and the corresponding FΛ ’s with all possible symplectic
matrices one will generate the full duality orbit of theories that have the same solutions.
One particular choice of symplectic rotation (we will give the explicit details in chapter
6.3 when we really need them) leads to a different prepotential in the same orbit, the
magnetic STU model:
√
Fmagn = −2i X 0 X 1 X 2 X 3 .

(2.39)

Note that not all lagrangians in this or any other given duality orbit come with a prepotential. However, in any given duality orbit there is at least one lagrangian with a
prepotential. Due to the more compact notation and often simpler calculations one usually prefers to deal only with theories with prepotentials, knowing that this is enough
to capture the dynamics of all possible duality orbits in ungauged D = 4 N = 2 supergravity.
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2.3.2

Gauging internal isometries

We first consider the N = 2 vector multiplets and assume the scalar sector to be invariant under the isometries
i Λ
δG z i = −gkΛ
α ,

(2.40)

where αΛ are the parameters of the transformations, and we have included a coupling
constant g. To preserve supersymmetry when we gauge these isometries, the Killing
i
vector fields kΛ
must be holomorphic.
To close the gauge algebra on the scalars, the Killing vector fields must span a Liealgebra with commutation relations
[kΛ , kΣ ] = fΛΣ Γ kΓ ,

(2.41)

and structure constants fΛΣ Γ of some Lie-group G that one wishes to gauge. Not all
holomorphic isometries can be gauged within N = 2 supergravity. The induced change
on the sections needs to be consistent with the symplectic structure of the theory, and
this requires the holomorphic sections to transform as

δG

XΛ
FΛ




 Λ
 Λ 
X
X
= −gα TΣ ·
+ rΣ (z)
.
FΛ
FΛ
Σ

(2.42)

The first term on the right-hand-side of (2.42) contains a constant matrix TΣ that acts on
the sections as infinitesimal symplectic transformations. For electric gaugings, which
we mostly consider in this thesis, we mean, by definition, that the representation is of
the form


−fΛ 0
TΛ =
,
(2.43)
cΛ fΛt
where fΛ denotes the matrix (fΛ )Σ Π = fΛΣ Π and fΛt is its transpose. The tensor cΛ,ΣΠ ≡ (cΛ )ΣΠ
is required to be symmetric for TΛ to be a symplectic generator. Moreover, there are
some additional constraints on the cΛ in order for the TΛ to be symplectically embedded
within the same Lie-algebra as in (2.41). The second term in (2.42) induces a Kähler
transformation on the Kähler potential

δG K(z, z̄) = gαΛ rΛ (z) + r̄Λ (z̄) ,

(2.44)

for some holomorphic functions rΛ (z). Finally, closure of the gauge transformations on
the Kähler potential requires that
i
i
kΛ
∂i rΣ − kΣ
∂i rΛ = fΛΣ Γ rΓ .

(2.45)
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We summarize some other identities on vector multiplet gauging in appendix C.
Magnetic gaugings allow also non-zero entries in the upper–right corner of TΛ , but
we will not consider them here. The gauged action, in particular the scalar potential,
that we consider below is not invariant under magnetic gauge transformation. To restore this invariance, one needs to introduce massive tensor multiplets, but the most
general lagrangian with both electric and magnetic gauging is not fully understood yet
(for some partial results see [45–49]). The theory with mutually compatible electric and
magnetic gaugings was recently derived in [50].
Given a choice for the gauge group (2.43), one can reverse the order of logic and
determine the form of the Killing vectors, and therefore the gauge transformations of the
scalar fields z i . This analysis was done in [36], and the result is written in the appendix,
see (C.6).
In the lagrangian, one replaces the partial derivatives with the covariant derivatives
i Λ
∇µ z i = ∂µ z i + gkΛ
Aµ ,

(2.46)

Λ
Λ
where the gauge fields AΛ
µ transform as δG Aµ = ∂µ α . Notice that the additional terms
effectively introduce additional couplings for the “electric” gauge fields AΛ
µ but not for
their magnetic counterparts (one can define them to be the gauge fields BµΛ from GµνΛ ).
This is why such gaugings are called electric and they break electromagnetic duality.
Therefore the gauged supergravity lagrangians in this work can no longer be related by
e/m duality6 . Furthermore, the lagrangian contains the full nonabelian field strengths
Λ
Fµν
=

1
1
Γ
(∂µ Aν − ∂ν Aµ ) + fΣΓ Λ AΣ
µ Aν .
2
2

(2.47)

Finally, to preserve supersymmetry, we have to modify the supersymmetry transformations and add additional terms to the lagrangian [37], such as mass terms for the
fermions (c.f. (2.8)). Also a scalar potential has to be added, given by
i ̄ Λ Σ
V = g 2 gī kΛ
kΣ L̄ L .

(2.48)

The lagrangian and susy variations in this case take essentially the most general
form as written in the beginning of the chapter, without the terms that concern the
hypermultiplet sector which we are yet to discuss. However, we first need to give some
more details on the gauging, concerning the notion of moment maps and the tensor
cΛ,ΣΠ .
6 In

the context of the example presented above with the electric and magnetic STU models, they are
equivalent only for ungauged supergravity. When gauged, these two models lead to different physics as
we will show explicitly in chapters 6.3.
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Moment maps
i
The Killing vectors kΛ
are holomorphic. Using the Killing equation, one finds that they
can be written as
i
kΛ
= −ig ī ∂̄ PΛ ,

(2.49)

where the real, scalar functions PΛ are called moment maps. For special Kähler spaces,
it is convenient to use instead a definition
i
PΛ ≡ i(kΛ
∂i K + rΛ ) ,

(2.50)

where rΛ was defined in equation (2.42). Since the Kähler potential satisfies (2.44), it is
easy to show that PΛ is real. From this definition, it is easy to verify (2.49). Hence the
PΛ can be called moment maps, but they are not subject to arbitrary additive constants.
Using (2.45) and (2.50), it is now easy to prove the relation
̄
̄
i
i
kΛ
gī kΣ
− kΣ
gī kΛ
= ifΛΣ Γ PΓ ,

(2.51)

also called the equivariance condition. The U (1) Kähler connection also gets additional
terms due to the gauging and reads
Aµ ≡ −

 i
i
∂i K∇µ z i − ∂ῑ K∇µ z̄ ῑ − gAΛ
(rΛ − r̄Λ ) .
2
2 µ

(2.52)

Gauge invariance
Under the gauge transformations (2.40), the period matrix NΛΣ transforms. From (2.22)
one finds

δG NΛΣ = −gαΠ fΠΛ Γ NΓΣ + fΠΣ Γ NΓΛ + cΠ,ΛΣ .
(2.53)
To compensate for this transformation, we need to add an additional term to the lagrangian [51], which involves the cΛ tensor. There are some additional constraints on
this tensor. In the abelian case, the only constraint is that the totally symmetrized ctensor vanishes, i.e.
cΛ,ΣΠ + cΠ,ΛΣ + cΣ,ΠΛ = 0 .

(2.54)

This implies that for a single vector field, the cΛ tensor term vanishes. The additional
constraints for nonabelian gaugings involve the structure constants [51]:
fΛΣ Γ cΓ,ΠΩ + fΩΣ Γ cΛ,ΓΠ + fΠΣ Γ cΛ,ΓΩ + fΛΩ Γ cΣ,ΓΠ + fΛΠ Γ cΣ,ΓΩ = 0 .

(2.55)
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Fayet-Iliopoulos (FI) gauging

Instead of gauging an internal isometry, one can also proceed in analogy to the mininal
gauged case, i.e. promote a subgroup of the U (1)R × SU (2)R to a local symmetry. This
is standardly called Fayet-Iliopoulos or FI gauging and involves a number of constants
x
ξΛ
that appear in the scalar potential and specify the charge of the gravitinos. These
will become more clear once we discuss hypermultiplet moment maps in the next section. Here we will just give the lagrangian and susy variations for the U (1) FI gauged
supergravity that will be used in the later chapters of the thesis,
L=

1
1
Λ
Λ
Σ
a a
R(g) + gī ∂ µ z i ∂µ z̄ ̄ + IΛΣ Fµν
F Σ µν + RΛΣ µνρσ Fµν
Fρσ
+ 3L̄Λ LΣ )ξΛ
ξΣ , (2.56)
2
2

a
, a = 1, 2, or 3 and susy rules
with FI parameters ξΛ


1
i
1 a Λ a
a Λ aB
− ν
δε ψµA = ∂µ − ωµab γab εA + Aµ εA + gξΛ
Aµ σA εB + Tµν
γ AB εB − gξΛ
L σAB γµ εB ,
4
2
2
µν AB
a a,AB
δε λiA = i∂µ z i γ µ εA + G−i
εB + igg ī f̄Λ ξΛ
σ
εB .
(2.57)
µν γ 
If there are enough (at least three) vector fields, one can alternatively choose to
gauge the SU (2)R symmetry. This results in a nonabelian gauged supergravity with
FI terms, the theory in this case is discussed in [52, 53]. The abelian and nonabelian
gauged supergravities with FI terms can be more easily understood once we discuss
hypermultiplet moduli spaces, to which topic we turn our attention now.

2.4

Hypermultiplets

An on-shell N = 2 hypermultiplet consists of four real scalars q u and two chiral fermions
ζα . For nH hypermultiplets, we have bosonic fields q u , with u = 1, . . . , 4nH and fermions
ζα with α = 1, . . . , 2nH . The bosonic Lagrangian for the hypermultiplets is a non-linear
sigma model
L = huv ∂µ q u ∂ µ q v .

(2.58)

Supersymmetry [54] now requires the 4nH -dimensional metric huv to be a quaternionicKähler space, of negative scalar curvature7 . This requires that there are three almost
complex structures J x , x = 1, 2, 3, that satisfy a quaternionic algebra
J x J y = −δ xy + xyz J z .

(2.59)

7 A quaternionic-Kähler space need not be Kähler, and by a slight abuse of nomenclature, we will refer to
them as quaternionic spaces.
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The metric huv is hermitean with respect to each J x , and we can define three quaterx
nionic two-forms Kuv
= huw (J x )w v . They are not closed, but they are covariantly
constant with respect to an SU (2) connection ω x :
DK x ≡ dK x − xyz ω y ∧ K z = 0 .

(2.60)

The SU (2) connection ω x defines the SU (2) curvature Ωx ≡ dω x− 12 xyz ω y ∧ ω z , and then
we have the relation
Ωx = λK x ,

(2.61)

where λ is a non-zero8 constant. Supersymmetry requires this constant to be related
to Newton’s constant as λ = −κ2 , and therefore we have λ = −1 (we work in natural
units where all constants are set to 1). With these units, the Ricci scalar curvature of the
quaternionic manifold is given as R = −8nH (nH + 2), and is therefore always negative.
We can decompose the metric huv in quaternionic vielbein UuAα as
huv = UuAα UvBβ Cαβ AB ,

(2.62)

where Cαβ and AB are the antisymmetric symplectic and SU (2) tensors.
The universal hypermultiplet
As an example of a quaternionic space, we discuss the so-called “universal hypermultiplet”. In compactifications of type II string theory one typically finds a number of
hypermultiplets. One of them is always present, and is therefore called the universal
hypermultiplet.
It is possible to construct consistent truncations, such that it is the only hypermultiplet. The metric is then the coset space SU (2, 1)/U (2), which can be written in terms of
the real coordinates {r, χ, ϕ, σ} as
ds2 =

2 
1 2
2
2
dr
+
r
(dχ
+
dϕ
)
+
dσ
+
χdϕ
.
r2

(2.63)

The field r is called the dilaton and the metric is restricted to the region where r > 0.
Its expectation value hri determines the string coupling constant gs via gs = Vhri−1/2 ,
where V is the volume of the Calabi-Yau space. For more details about the universal
hypermultiplet and its isometries see appendix D.
8 When

λ = 0, we have a hyper-Kähler manifold, which features in the rigid N = 2 hypermultiplet.

34

2.4.1

CHAPTER 2. D = 4 N = 2 SUPERGRAVITY

Ungauged hypermultiplet sector

In the case when the hypermultiplet sector is not gauged, one can just directly add
the bosonic piece (2.58) to the full supergravity lagrangian, i.e. the ungauged hypermultiplets couple minimally with the gravity multiplet and do not directly couple to
the vectormultiplet fields. One is therefore still free to gauge an internal isometry in
the vector multiplet sector and keep the hypermultiplets ungauged. Gaugings of the Rsymmetry are however no longer possible if we want to keep the hypermultiplet scalars
ungauged. We still need to mention the hyperino supersymmetry variation, which is
simply
δε ζα = i UuBβ ∂µ q u γ µ AB Cαβ εA .

2.4.2

(2.64)

Gauged quaternionic isometries

Similar to the vector multiplet scalars, the hypermultiplet lagrangian (2.58) has its isometries as global symmetries, and we can gauge them. The transformation of the scalars is
denoted as
u Λ
δG q u = −g k̃Λ
α ,

(2.65)

u
and these Killing vectors k̃Λ
form a representation of the same gauge algebra as in (2.41):

[k̃Λ , k̃Σ ] = fΛΣ Γ k̃Γ .

(2.66)

These gaugings again introduce additional fermionic terms and a scalar potential, as
given in (2.2). The full bosonic lagrangian and supersymmetry transformations for general hypermultiplet and vector multiplet gaugings were already given in the beginning
of this chapter.
Moment maps
Although the quaternionic spaces are not complex, we can still define moment maps for
the quaternionic Killing vectors. The moment maps PΛx are defined by
x v
Kuv
kΛ = Du PΛx ≡ ∂u PΛx − xyz ωuy PΛx .

(2.67)

Using these, we find the equivariance condition
1
1
x u v
Kuv
kΛ kΣ + xyz PΛy PΣz = fΛΣ Γ PΓx .
2
2

(2.68)
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The SU (2) connection gets modified to
B
ωµ A B ≡ ∂µ q u ωu A B + gAΛ
µ PΛ A ,

(2.69)

where PΛ A B = 2i σ x A B PΛx . In absence of hypermultiplets, nH = 0, and for suitable
structure constants fΛΣ Γ , it is possible to keep the PΛx ’s as non-zero constants, stanx
. This is only possible if the gauge group contains SU (2)R or U (1)R
dardly denoted ξΛ
factors. Such constants are called Fayet-Iliopoulos (FI) terms, as already explained.

2.5

Symmetries

We have already mentioned several types of symmetries of the lagrangian, but here we
go over the symmetries of D = 4 N = 2 supergravity a bit more comprehensively,
skipping technical details. A detailed technical account can be found in [55]. We will
separate the symmetries in three categories: local symmetries, global symmetries, and
dualities, or equation of motion symmetries. It is important to stress that the following
symmetries concern only the supergravity action, not its solutions. Any given solution
could preserve a part of the original symmetries, but this is strictly case dependent and
will be discussed when we turn our attention to solutions of the theory in the remainder
of this thesis.

Local symmetries
The local symmetries are: general coordinate transformations, local Lorentz transformations, gauge invariance, and of course local N = 2 transformations. We have given
details about the supersymmetry transformations, while the others are very standard
physical symmetries so we will not spell them out more explicitly here. Note that the
general coordinate, local Lorentz, and gauge transformations are all parametrized by
a bosonic parameter, i.e. they are bosonic symmetries. On the other hand, supersymmetry is a fermionic symmetry (parametrized by the spinors εA ). The commutator of
two supersymmetry variations is then also a bosonic quantity, and is in fact always a
linear combination of the bosonic symmetries present. In this sense, the supersymmetry transformations of a given theory are always explicitly dependent on the bosonic
symmetries. Therefore D = 4 N = 2 supergravity always comes with all the above
listed local symmetries, while the global symmetries and dualities can depend on the
details of the multiplets included.
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Global symmetries
The different global symmetries were already mentioned above. Apart from the Rsymmetry group that is fixed by N being 2, the other global symmetries need not always
be the same. These are the internal symmetries of the special and quaternionic Kähler
manifolds of the vector and hypermultiplet scalars. All the global symmetries can be
promoted to local ones using the gauge fields. This is the process of gauging that was
explained for the various parts of the lagrangian above. Therefore it is not always
easy to distinguish between local and global symmetries of the action. In some cases
promoting a part of a global symmetry to a local one can break the remaining global
symmetry, e.g. the FI gaugings breaking the SU (2)R × U (1)R to a gauged U (1)R or
SU (2)R .
Dualities
We already discussed the meaning of dualities when we introduced electro-magnetic
duality above. They are important for this work because they are symmetries of the
equations of motion, i.e. solutions of the theory are forced to respect them by construction. This often turns out to be a good guiding principle for constructing general classes
of solutions. E/m duality can even be used for the construction of the supergravity lagrangian itself. Restoring it in the case of gauged supergravity leads to the formulation
of magnetically gauged theories [47, 48, 50] that will be discussed in more details when
needed.

Part I

Maximal Supersymmetry

Chapter 3

Fully supersymmetric vacua

3.1

Introduction

In this chapter, we study the configurations that preserve maximal supersymmetry,
i.e. the classical solutions of the general lagrangian (2.1) that preserve all eight supercharges. These models include arbitrary electric gaugings in the vector and hypermultiplet sectors. We present several examples of such solutions and connect some
of them to vacuum solutions of flux compactifications in string theory. It is of general
interest to study four-dimensional supersymmetric string vacua and their low-energy
effective supergravity descriptions. Firstly, in the context of flux compactifications and
gauged supergravities, one is motivated by the problem of moduli stabilization and
the properties of string vacua in which these moduli are stabilized. Often, one focuses
on supersymmetric vacua since there is better control over the dynamics of the theory,
though for more realistic situations, e.g. in accelerating cosmologies, the vacuum must
break all supersymmetry. Secondly, we are motivated to look for new versions of the
AdS4 /CFT3 correspondence. The recently proposed dualities studied in [56] are based
on AdS4 string vacua preserving 32 or 24 supersymmetries. Versions of the AdS/CFT
correspondence with less amount of supersymmetry are not yet well established, but are
important for studying aspects of four-dimensional quantum gravity, and potentially
also for certain condensed matter systems at criticality described by three-dimensional
conformal field theories.
In string theory, ungauged N = 2 models arise e.g. from Calabi-Yau compactifications of type II string theories or K3 × T 2 compactifications of the heterotic string. Both
models are known to have a rich dynamical structure with controllable quantum effects
in both vector and hypermultiplet sectors that are relatively well understood. Gaugings
in N = 2 supergravity are well studied and have a long history [37, 43, 51, 57–61]. Their
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analysis in terms of string compactifications with fluxes started in [62–64], and is an
ongoing research topic. For a (partial) list of references, see [65–72].
In the ungauged case, a complete classification of all the supersymmetric solutions
already existed [73–76], and there were some partial results in the gauged case for
(abelian) vector multiplets [77–79]. We extend this by taking completely general vector
and hypermultiplet sectors. Since we concentrate only on the maximally supersymmetric solutions, we use different methods than the ones in the above references. The
spacetime conditions we obtain for our solutions closely resemble other maximally supersymmetric solutions in other dimensions such as [80].
Plan of this chapter
In section 3.2 we analyze the supersymmetry rules and derive the conditions for maximally supersymmetric vacua. The possible solutions divide in two classes of spacetimes, with zero scalar curvature and with negative scalar curvature, and we explicitly
list all the possible outcomes. We discuss further the scalar potential for the obtained
vacua in section 3.3 and show that they automatically satisfy all equations of motion.
In section 3.4, we consider explicit cases from string theory compactifications and general supergravity considerations that exemplify the use of our maximal supersymmetry
conditions. Some helpful identities and notation are left for the appendices, where we
also present some intermediate formulas that are important for our results.

3.2

Supersymmetry transformations

We consider in this section vector multiplets, hypermultiplets and the gravitational multiplet, with arbitrary electric gaugings as given by the general lagrangian (2.1). It can
be seen by inspection that the maximally supersymmetric configurations9 are purely
bosonic, and the fermions need to be zero. This follows from the supersymmetry variations of the bosonic fields, which can be read off from [37]. Therefore, we can restrict
ourselves to the supersymmetry variations of the fermions only.

3.2.1

Gauginos

As seen in the previous chapter, the transformation of the gauginos is given by
µν AB
δε λiA = i∇µ z i γ µ εA + Gi−
εB + gW iAB εB ,
µν γ 

(3.1)

9 In this thesis we use interchangeably the terms supersymmetric configurations and BPS configurations,
meaning the field values that are invariant under some supercharges in the theory.
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up to terms that are higher order in the fermions and which vanish for purely bosonic
configurations.
A maximally supersymmetric configuration preserves all eight supercharges, hence
the variation of the fermions should vanish for all choices of the supersymmetry parameters. Since at each point in spacetime they are linearly independent, the first term on
the right hand side of (3.1) must vanish separately from the others,
i
∇µ z i ≡ ∂µ z i + gAΛ
µ kΛ = 0 .

(3.2)

It implies the integrability condition10
Λ i
Fµν
kΛ = 0 ,

(3.3)

Λ
is the full non-abelian field strength, given by
and complex conjugate. Here, Fµν
Λ
Fµν
=

1
1
Γ
(∂µ Aν − ∂ν Aµ ) + fΣΓ Λ AΣ
µ Aν .
2
2

(3.4)

The second and third term in the supersymmetry variation of the gauginos, equation
(3.1), need also to vanish separately, since they multiply independent spinors of the
same chirality. For the second term, this leads to
Giµν− = 0 ,

(3.5)

where g ī is the inverse Kähler metric, with Kähler potential K from (2.16).
Finally, setting the third term in the supersymmetry variation to zero leads to
i Λ AB
W iAB ≡ kΛ
L̄ 
+ ig ī f̄Λ PΛx σxAB = 0 .

(3.6)

Close inspection of (3.6) shows that both terms are linearly independent in SU (2)R
space, hence they must vanish separately,
i Λ
kΛ
L̄ = 0 ,

PΛx fiΛ = 0 ,

(3.7)

and their complex conjugates.

3.2.2

Hyperinos

The hyperinos transform as
δε ζα = i UuBβ ∇µ q u γ µ εA AB Cαβ + gNαA εA ,

(3.8)

10 We will assume in the remainder of this chapter that the gauge coupling constant g 6= 0. The case of g = 0
is treated in the literature in e.g. [75, 76].
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again, up to terms that are of higher order in the fermions. The hyperino mass matrix
NαA is defined by
u Λ
NαA ≡ 2 UαAu k̃Λ
L̄ .
(3.9)
Similarly as for the gauginos, N = 2 supersymmetric configurations require the two
terms in (3.8) to vanish separately. Since the quaternionic vielbeine are invertible and
nowhere vanishing, the scalars need to be covariantly constant,
u
∇µ q u ≡ ∂µ q u + gAΛ
µ k̃Λ = 0 ,

(3.10)

implying the integrability conditions
Λ u
Fµν
k̃Λ = 0 .

(3.11)

Furthermore, there is a second condition from (3.8) coming from the vanishing of the
hyperino mass matrix NαA . This leads to
u Λ
k̃Λ
L = 0,

(3.12)

and complex conjugate.
In the absence of hypermultiplets, i.e. when nH = 0, the N = 2 conditions from the
variations of the hyperinos disappear. However, the second condition in (3.7) remains,
with the moment maps replaced by FI parameters. Our formalism therefore automatically includes the case nH = 0.

3.2.3

Gravitinos

The supersymmetry transformations of the gravitinos are (up to irrelevant higher order
terms in the fermions)
− ν
δε ψµA = ∇µ εA + Tµν
γ AB εB + igSAB γµ εB .

(3.13)

Here, ∇µ εA is the gauged supercovariant derivative (specified in equation (2.3)).
Notice again that for nH = 0, in fact even also in the absence of vector multiplets
when nV = 0, the gravitino mass-matrix SAB can be non-vanishing and constant. In the
lagrangian, which we discuss in the next section, this leads to a (negative) cosmological
constant term. The anti-selfdual part of the graviphoton field strength Tµν satisfies the
identity (2.28)
Λ−
−
Fµν
= iL̄Λ Tµν
+ 2fiΛ Giµν− ,
(3.14)
with Giµν− defined in (2.27). From the vanishing of the gaugino variation, we have that
Λ−
−
Giµν− = 0, so a maximally supersymmetric configuration must satisfy Fµν
= iL̄Λ Tµν
, or
Λ

Λ
−
+
Fµν
= iL Tµν
− iLΛ Tµν
.

(3.15)
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Using this, we then see that equation (3.12) implies the integrability conditions (3.11) in
the hypermultiplet sector. For the integrability equations in the vector multiplet sector,
the situation is more subtle, as the Killing vectors are complex and holomorphic. Now,
the BPS condition (3.7) only implies that
i
Λ
i Λ +
kΛ
Fµν
= −ikΛ
L Tµν .

(3.16)

i Λ
In appendix C we show that kΛ
L = 0 is an identity of the theory, and hence the integrability condition is always satisfied. The integrability condition might only locally
be sufficient, but this is fine for our purposes. One might however check in addition
whether the covariant constancy of the vector multiplet scalars imposes further (global)
restrictions.
To solve the constraints from the gravitino variation, we must first look at the gauged
supercovariant derivative on the supersymmetry parameter, c.f. (2.3)

1
i
∇µ εA = (∂µ − ωµab γab )εA + Aµ εA + ωµ A B εB .
4
2

(3.17)

Besides the spin connection ωµab , there appear two other connections associated to the
special Kähler and quaternion-Kähler manifolds. We need to compute their curvatures
since they enter the integrability conditions that follow from the Killing spinor equations. The first one is called the gauged U (1) Kähler-connection, defined by [36, 37]
 i
i
Aµ ≡ − ∂i K∇µ z i − ∂ῑ K∇µ z̄ ῑ − gAΛ
(rΛ − r̄Λ ) .
(3.18)
2
2 µ
Under a gauge transformation, one finds that
h
i
i
δG Aµ = g ∂µ αΛ (rΛ − r̄Λ ) .
2

(3.19)

The curvature of this connection can be computed to be
Λ
Fµν = igī ∇[µ z i ∇ν] z̄ ̄ − gFµν
PΛ ,

(3.20)

where PΛ is the moment map, defined in (2.50), and we have used the equivariance condition (2.51). For maximally supersymmetric configurations, the scalars are covariantly
Λ
constant and hence the curvature of the Kähler connections satisfies Fµν = −gFµν
PΛ .
The second connection appearing in the gravitino supersymmetry variation is the
gauged Sp(1) connection of the quaternion-Kähler manifold (2.69). It reads
B
ωµ A B ≡ ∂µ q u ωu A B + gAΛ
µ PΛ A ,

(3.21)

where ωu A B is the (ungauged) Sp(1) connection of the quaternion-Kähler manifold,
whose curvatures are related to the three quaternionic two-forms. The effect of the
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gauging is to add the second term on the right hand side of (3.21), proportional to the
triplet of moment maps of the quaternionic isometries, with PΛ A B = 2i PΛx (σ x )A B . The
curvature of (3.21) can then be computed to be
Λ
Ωµν A B = 2Ωuv A B ∇[µ q u ∇ν] q v + gFµν
PΛ A B ,

(3.22)

where Ωuv A B is the quaternionic curvature. For fully BPS solutions, we therefore have
Λ
Ωµν A B = gFµν
PΛ A B .
We can now investigate the integrability conditions that follow from the vanishing
of the gravitino transformation rules (3.13). From the definition of the supercovariant
derivative (3.17), we find11
1
Λ
Λ
PΛ εA + 2gFµν
PΛ A B εB ,
[∇µ , ∇ν ]εA = − Rµν ab γab εA − igFµν
4

(3.23)

where we have used the covariant constancy of the scalars. We recall that PΛ are the
moment maps on the special Kähler geometry, whereas PΛ A B are the quaternion-Kähler
moment maps. Alternatively, we can compute the commutator from the vanishing of
the gravitino variations spelled out in (2.3). By equating this to the result of (3.23), we
get a set of constraints. Details of the calculation are given in appendix C, and the
results can be summarized as follows. First of all, we find the covariant constancy of the
graviphoton field strength12
+
Dρ Tµν
= 0.
(3.24)
Secondly, we get that the quaternionic moment maps must satisfy
xyz P y P z = 0 ,

P x ≡ LΛ PΛx .

(3.25)

Moreover, there are cross terms between the graviphoton and the moment maps, which
enforce the conditions
+
Tµν
Px = 0.
(3.26)
This equation separates the classification of BPS configurations in two sectors, those
with a solution of P x = 0 at a particular point (or locus) in field space, and those with
non-vanishing P x (for at least one index x) but Tµν = 0. We will see later on that this
distinction corresponds to zero or non-zero (and negative) cosmological constant in the
spacetime.
11 Strictly

speaking, we get the supercovariant curvatures appearing in (3.23), which also contain fermion
bilinears. Since the fermions are zero on maximally supersymmetric configurations, only the bosonic part of
the curvatures remains.
12 Recall that T + and T − are related by complex conjugation, and hence the vanishing of DT + implies
DT = 0.
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Another requirement that follows from the gravitino integrability conditions is
Λ
Fµν
PΛ = 0 ,

(3.27)

where PΛ is defined in (2.50), and is real. Using (3.15), this is equivalent to the condition
−
+
L̄Λ PΛ Tµν
= LΛ PΛ Tµν
,

(3.28)

which is satisfied as PΛ LΛ = 0, so (3.27) does not lead to any new constraint.
Finally, there is the condition on the spacetime Riemann curvature. It reads
+
−
Rµνρσ = 4Tµ[σ
Tρ]ν
+ g 2 P x P x gµσ gνρ − (µ ↔ ν) .

(3.29)

It can be checked that this leads to a vanishing Weyl tensor, implying conformal flatness.
From the curvature, we can compute the value of the Ricci-scalar to be
R = −12g 2 P x P x .

(3.30)

Hence, the classification of fully supersymmetric configurations separates into negative
scalar curvature with P x P x 6= 0, and zero curvature with P x = 0 at the supersymmetric
point. In both of these cases there are important simplifications.
Negative scalar curvature
The case of negative scalar curvature is characterized by Tµν = 0 and P x P x 6= 0 at the
supersymmetric point. Since the BPS conditions imply that then both Tµν and Gi−
µν = 0
Λ
(see equation (3.5)), we find that all field strengths should be zero: Fµν = 0. The gauge
fields then are required to be pure gauge, but can still be topologically non-trivial. Furthermore, because of the vanishing field strengths, the integrability conditions on the
scalar fields are satisfied, and a solution for the sections X Λ (z) is obtained by a gauge
transformation on the constant (in spacetime) sections. Finally, the Riemann tensor is
given by
Rµνρσ = g 2 P x P x (gµσ gνρ − gνσ gµρ ) ,

(3.31)

which shows that the space is maximally symmetric, and therefore locally AdS4 . The
scalar curvature is R = −12g 2 P x P x .
Zero scalar curvature
The class of zero curvature is characterized by configurations for which P x = 0 at the
supersymmetric point. In this case, we can combine the conditions PΛx fiΛ = 0 and
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P x ≡ PΛx LΛ = 0 into
PΛx



L̄Λ
fiΛ


= 0.

(3.32)

The matrix appearing here is the invertible matrix of special geometry (as used in (2.22)),
hence we conclude that PΛx = 0. The Riemann tensor is then
+
−
Rµνρσ = 4Tµ[σ
Tρ]ν
− (µ ↔ ν) .

(3.33)

From the covariant constancy of the graviphoton, condition (3.24), we find Dρ Rµνστ = 0.
Spaces with covariantly constant Riemann tensor are called locally symmetric, and they
are classified, see e.g. [55, 80, 81]. In our case we also have zero scalar curvature, and
then only three spaces are possible:
1. Minkowski space M4 (Tµν = 0)
2. AdS2 ×S2
3. The pp-wave solution
The explicit metrics and field strengths for the latter two cases are listed in appendix A.2,
while M4 and AdS4 are further discussed in great detail in the coming chapters of this
thesis.

3.2.4

Summary

Let us now summarize the results. There are two different classes: negative scalar curvature (leading to AdS4 ) and zero scalar curvature solutions (leading to M4 , AdS2 ×S2
or the pp–wave).
The result of our analysis is that all the conditions on the spacetime dependent part
are explicitly solved13 , and the remaining conditions are purely algebraic, and depend
only on the geometry of the special Kähler and quaternionic manifolds. The solutions to
these algebraic equations define the configuration space of maximally supersymmetric
configurations. There are two separate cases:
13 This is apart from the scalar fields and Killing spinors, which are spacetime dependent. The integrability
conditions that we have imposed guarantee locally the existence of a solution, although we did not explicitly
construct it. Its construction cannot be done in closed form in full generality, but can be worked out in any
given example [55].
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Negative scalar curvature (AdS4 )
This case is characterized by configurations for which P x P x 6= 0 at the supersymmetric
point. The BPS conditions are
Λ

i
kΛ
L = 0,

u Λ
k̃Λ
L = 0,

PΛx fiΛ = 0 ,

xyz P y P z = 0 ,

(3.34)

which should be satisfied at a point (or a locus) in field space. The field strengths are
Λ
= 0, and the space–time is AdS4 with scalar curvature R = −12g 2 P x P x .
zero, Fµν
Zero scalar curvature (M4 , AdS2 ×S2 or pp–wave)
In this case, the BPS conditions are
Λ

i
kΛ
L = 0,

u Λ
k̃Λ
L = 0,

PΛx = 0 .

(3.35)

We remind that, when Tµν = 0 (Minkowski space), all field strengths are vanishing
Λ
(Fµν
= 0).

3.3

Scalar potential and equations of motion

As shown in the previous chapter, the scalar potential can be written in terms of the
mass-matrices,
1
̄
V = −6S AB SAB + gī W iAB W AB + NαA NAα .
(3.36)
2
Since the gaugino and hyperino mass-matrices, W iAB and NαA respectively, vanish
on N = 2 supersymmetric configurations, one sees that the scalar potential is seminegative definite, and determined by the gravitino mass-matrix SAB . Even in the absence of vector and hypermultiplets, the gravitino mass-matrix can be non-vanishing,
leading to a negative cosmological constant in the lagrangian. We thus find for N = 2
preserving configurations
V = −3g 2 L̄Λ LΣ PΛx PΣx .
(3.37)
In the absence of hypermultiplets, N = 2 preserving AdS4 vacua can therefore only be
generated by non-trivial Fayet-Illiopoulos terms.
It can be verified that maximally supersymmetric configurations also solve the equations of motion. To show this, one varies the lagrangian (2.1) and uses the identities (2.54), (2.55) and the formulas in section 3.2.4. After a somewhat tedious but straightforward computation one sees that all equations of motion are indeed satisfied by the
maximally supersymmetric configurations.
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3.4

Examples

In this section we list some (string theory motivated) examples of N = 2, D = 4 theories,
leading to N = 2 supersymmetric configurations. We first mention briefly some already
known and relatively well-understood N = 2 vacua from string theory and then concentrate on our two main examples in subsections 3.4.1 and 3.4.2 that exhibit best the
different features discussed above. In the last subsection we include some supergravity
models, not necessarily obtained from string compactifications, leading to AdS4 vacua
that can be of interest.
Obtaining gauged N = 2, D = 4 supergravity seems to be important for string theory compactifications since it is an intermediate step between the more realistic N = 1
models and the mathematically controllable theories. Thus in the last decade there
has been much literature on the subject. An incomplete list of examples consists of
[65, 69–72] and it is straightforward to impose and solve the maximal supersymmetry
constraints in each case. In some cases the vacua have been already discussed or must
exist from general string theory/M-theory considerations.
For example, it was found that the coset compactifications studied in [71] do not
lead to N = 2 supersymmetric configurations. This can also be seen from imposing the
constraints in section 3.2.4. In contrast, the compactification on K3 × T 2 /Z2 presented
in [65] does exhibit N = 2 solutions with non-trivial hypermultiplet gaugings. The
authors of [65] explicitly found N = 2 Minkowski vacua by satisfying the same susy
conditions as in section 3.2.4. From our analysis, it trivially follows that also the ppwave and the AdS2 ×S2 backgrounds can also be found in these theories.
A similar example is provided by the (twisted) K3 × T 2 compactification of the
heterotic string, recently analyzed in [72]. For abelian gaugings, one can verify that
the three zero scalar curvature vacua are present in these models.
We now turn to discuss the remaining models in more detail.

3.4.1

M-theory compactification on SU(3) structure manifolds

There is a very interesting model for N = 2, D = 4 supergravity with non-abelian
gauging of the vector multiplet sector, arising from compactifications of M-theory on
seven-manifolds with SU (3) structure [69]. More precisely, they consider Calabi-Yau
(CY) threefolds fibered over a circle. The c-tensor, introduced in (2.53)-(2.54), is nontrivial in these models. For the precise M-theory set-up, we refer the reader to the
original paper [69]; here we only discuss the relevant data for analyzing the maximal
supersymmetry conditions:
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• The vector multiplet space can be parametrized by special coordinates, X Λ = (1, ti ),
ti = bi + iv i , and prepotential
1
X iX j X k
F (X) = − Kijk
,
6
X0

(3.38)

with the triple intersection numbers Kijk that depend on the particular choice of
the CY-manifold. This gives the Kähler potential
hi
i
K = − log κijk (ti − t̄i )(tj − t̄j )(tk − t̄k ) ≡ − log V ,
(3.39)
6
where V denotes the volume of the compact manifold. The gauge group is nonabelian with structure constants
fΛΣ 0 = 0 = fij k ,

fi0 j = −Mij ,

(3.40)

and a c-tensor whose only non-vanishing components are
ci,jk =

1 l
M Kljk .
2 i

(3.41)

The constant matrix Mij specifies the Killing vectors and moment-maps of the
special Kähler manifold:
k0j = −Mkj tk ,

kij = Mij ,

(3.42)

Pi = Mij ∂j K .

(3.43)

and
P0 = −Mij ti ∂j K ,
Mij

Not for any choice of
is the Killing equation satisfied. As explained in [69],
this is only the case when the relation (2.54) holds. This also ensures that (2.55) is
satisfied, as one can easily check.
• Generally in this class of compactifications there always appear hypermultiplet
scalars, but there is no gauging of this sector, so the Killing vectors and the moment maps PΛx are vanishing.
The scalar potential in this case reduces to the simple formula
V =−

8
M k M l Kklm v i v j v m ,
V2 i j

(3.44)

which is positive semi-definite.
Analyzing the susy conditions is rather straightforward. Since P x = 0, the only
allowed N = 2 vacua are the ones with zero-scalar curvature. What is left for us to
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i Λ
check are the conditions kΛ
L̄ = 0 and PΛ LΛ = 0. The latter is very easy to check and
holds as an identity at every point in the special Kähler manifold. Also, it is equivalent
i Λ
to the relation kΛ
L = 0 which is satisfied whenever there exists a prepotential [59]. The
i Λ
condition kΛ L̄ = 0 eventually leads to

Mji (tj − t̄j )
Mji v j
= 2i
=0,
V
V

∀i .

(3.45)

The solution to the above equation that always exists is the decompactification limit
when V → ∞. The other more interesting solutions depend on the explicit form of the
matrix M . In case Mij is invertible there are no further solutions to (3.45). On the other
hand, when M has zero eigenvalues we can have N = 2 M-theory vacua, given by (a
linear combination of) the corresponding zero eigenvectors of M . For the supergravity
approximation to hold, one might require that this solution leads to a non-vanishing
(and large) volume of the CY three-fold. Each eigenvector will correspond to a flat
direction of the scalar potential, and with V = 0 along these directions. The case where
the full matrix M is zero corresponds to a completely flat potential, the one of a standard
M-theory compactification on CY × S 1 without gauging.
Thus it is clear that Mij is an important object for this type of M-theory compactifications and we now give a few more details on its geometrical meaning [69]. In the above
class of M-theory compactifications we have a very specific fibration of the Calabi-Yau
manifold over the circle. It is chosen such that only the second cohomology H (1,1) (CY )
is twisted with respect to the circle, while the third cohomology H 3 (CY ) is unaffected.
Thus the hypermultiplet sector remains ungauged as in regular CY × S 1 compactification, while the vector multiplets feel the twisting and are gauged. This twisting is
parametrized exactly by the matrix M , as it determines the differential relations of the
harmonic (on the CY manifold) two-forms:
dωi = Mij ωj ∧ dz ,

(3.46)

where z is the circle coordinate.
Let us now zoom in on the interesting case when we have nontrivial zero eigenvectors of M , corresponding to non-vanishing volume of the CY manifold. For a vanishing
volume, or a vanishing two-cycle, the effective supergravity description might break
down due to additional massless modes appearing in string theory14 . Therefore the
really consistent and relevant examples for N = 2 vacua are only those when the matrix
M is non-invertible with corresponding zero eigenvectors that give nonzero value for
every v i .
To illustrate this better, we consider a particular example, given in section 2.5 of [69],
of a compactification where the CY three-fold is a K3-fibration. In this setting one can
14 For

a detailed analysis of the possibilities in a completely analogous case in five dimensions see [82].
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explicitly construct an M -matrix, compatible with the intersection numbers Kijk . Here
one can find many explicit cases where all of the above described scenarios happen. As a
very simple and suggestive example we consider the 5-scalar case with K144 = K155 = 2,
K123 = −1, and twist-matrix


0 0 0
0
0
0 4 0 −2 −2




(3.47)
M = 0 0 −4 2
2 .


0 1 −1 0
0
0 1 −1 0
0
The general solution of M · ~v = 0 is
 
 
 
1
0
0
1
0
1
 
 
 
 
 
 
~v = λ 0 + µ 1 + ν 1 ,
 
 
 
0
2
0
0
0
2

(3.48)

and the resulting volume is

V = 8λ 2µ2 + 2ν 2 + (µ − ν)2 ,

(3.49)

which is clearly positive semi-definite. In the case when either µ or ν vanishes we have
a singular manifold that is still a solution to the maximal supersymmetry conditions.
When all three coefficients (that are essentially the remaining unstabilized moduli fields)
are non-zero, we have a completely proper solution both from supergravity and string
theory point of view, thus providing an example of SU (3) structure compactifications
with zero-curvature N = 2 vacua. This example can be straightforwardly generalized to
a higher number of vector multiplets, as well as to the lower number of 4 scalars (there
cannot be less than 4 vector multiplets in this particular case).
Finally we note that a special case of the general setup described above was already
known for more than twenty years in [51] (3.21), where M11 = −2, M22 = 1, and K122 = 2.
It was derived purely from 4d supergravity considerations, but it now seems that one
can embed it in string theory.

3.4.2

Reduction of M-theory on Sasaki-Einstein7

There has been much advance in the last years in understanding Sasaki-Einstein manifolds and their relevance for M-theory compactifications, both from mathematical and
physical perspective. A metric ds2 is Sasaki-Einstein if and only if the cone metric,
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defined as ds2cone ≡ dr2 + r2 ds2 , is Kähler and Ricci-flat. These spaces are good candidates for examples of the AdS4 /CFT3 correspondence and an explicit reduction to
D = 4 has been recently obtained in [70]. Originally the effective lagrangian includes
magnetic gauging and a scalar-tensor multiplet, but after a symplectic rotation it can be
formulated in the standard N = 2 formalism discussed here. After the dualization of
the original tensor to a scalar we have the following data for the multiplets, needed for
finding maximally supersymmetric vacua:
p
• There is one vector multiplet, given by X Λ = (1, τ 2 ) and F (X) = X 0 (X 1 )3 ,
leading to FΛ = ( 12 τ 3 , 32 τ 2 ) and Kähler potential
i
K = − log (τ − τ̄ )3 .
2

(3.50)

i
There is no gauging in this sector, i.e. kΛ
= 0 and PΛ = 0 for all i, Λ. This also
Π
means that both fΛΣ and cΛ,ΣΠ vanish.

• The hypermultiplet scalars are {r, χ, ϕ, σ} with the universal hypermultiplet metric15 , introduced in (2.63):
ds2 =


1
dr2 + r(dχ2 + dϕ2 ) + (dσ + χdϕ)2 .
2
r

(3.51)

We have an abelian gauging (see app. D for all isometries of the universal hypermultiplet), given by:

1
k̃0 = 24∂σ + 4 χ∂ϕ − ϕ∂χ + (φ2 − χ2 )∂σ ,
2
k̃1 = 24∂σ ,

(3.52)

and the moment maps, calculated in appendix D, are
4χ
P01 = √ ,
r

4ϕ
P02 = √ ,
r

P11 = 0 ,

P12 = 0 ,

12
χ2 + ϕ2
+4−
,
r
r
12
P13 = − .
r

P03 = −

(3.53)

We can now proceed to solving the maximal supersymmetry constraints. The condiu Λ
tions involving vector multiplet gauging are satisfied trivially, while from k̃Λ
L = 0 we
1
15 The relation with the coordinates {ρ, σ, ξ, ξ̄} used in [70] is given by ρ = r, σ
there = σhere + 2 uv and
ξ = 12 (χ + iϕ). Furthermore, there is an overall factor 14 in their definition of the universal hypermultiplet.
Finally, they use a different SU (2) frame to calculate the moment maps PΛx , which is why they are rotated
with respect to the ones displayed here.
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obtain the conditions χ = ϕ = 0 and 1 + τ 2 = 0. Therefore τ = i (the solution τ = −i
makes the Kähler potential ill-defined) and K = − log 4. However, not all the moment
maps at this vacuum can be zero simultaneously, leaving AdS4 as the only possibility
for a N = 2 vacuum solution. One can then see that xyz P y P z = 0 is satisfied, so the
only remaining condition is PΛ3 fτΛ = 0. This fixes r = 4. Therefore we have stabilized
all (ungauged) directions in moduli space: χ = ϕ = 0, τ = i, r = 4. The potential is
nonzero in this vacuum since P 3 = 2, which means the only possibility for the spacetime is to be AdS4 with vanishing field strengths. This is indeed expected since SE7
compactifications of M-theory lead to an N = 2 AdS4 vacuum, the one just described
by us in the dimensionally reduced theory.
One can verify that this vacuum is stable under deformations in the hypermultiplet
sector of the type discussed in [83, 84]. To show this, first observe that the condition
u Λ
L = 0 for u = χ and u = ϕ always ensures vanishing χ and ϕ. Secondly, one may
k̃Λ
verify that the deformations to the quaternionic moment maps are proportional to χ or
ϕ, and hence the remaining N = 2 conditions from section 3.2.4 are satisfied. It would
be interesting to understand if this deformation corresponds to a perturbative one-loop
correction in this particular type of M-theory compactification.

3.4.3

Other gaugings exhibiting AdS4 vacua

Another example of an AdS4 supersymmetric vacuum can be obtained from the universal hypermultiplet. In the same coordinates {r, χ, ϕ, σ} as used in the previous example,
the metric is again given by (3.51). This space has a rotational isometry acting on χ
and ϕ, given by k̃1 − k̃0 in the notation of (3.52). We leave the vector multiplet sector
unspecified for the moment, and gauge the rotation isometry by a linear combination of
the gauge fields AΛ
µ . This can be done by writing the Killing vector as


1
u
k̃Λ
= αΛ 0, −ϕ, χ, (ϕ2 − χ2 ) ,
2

(3.54)

for some real constant parameters αΛ . The quaternionic moment maps are given by (see
appendix D)


ϕ2 + χ2
ϕ χ
PΛx = αΛ √ , √ , 1 −
.
(3.55)
4r
r
r
It can be seen that there are no points for which PΛx = 0, ∀x, so this means that only
AdS4 N = 2 vacua are possible. To complete the example, we have to specify the vector
u Λ
multiplet space, and solve the conditions PΛx fiΛ = 0 and k̃Λ
L = 0. The latter can
xyz y z
be solved as χ = ϕ = 0, and then also  P P = 0. The first one then reduces to
αΛ fiΛ = 0. This condition is trivially satisfied when e.g. nV = 0. A more complicated
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example is to take the special Kähler space of the previous subsection with no gauging
in the vector multiplet sector. There is one complex scalar τ , a sectionq
X Λ = (1, τ 2 )
p
0
and a prepotential F = X 0 (X 1 )3 . We then find a solution for τ = i −3α
α1 , under
the condition that α0 and α1 are non-vanishing real constants of opposite sign. More
complicated examples with more vector multiplets may be constructed as well. It would
be interesting to study if such examples can be embedded into string theory.
A similar situation arises in the absence of hypermultiplets. As mentioned in the
end of section 3.2.2, we can have non-vanishing moment maps that can be chosen as
PΛx = αΛ δ x3 . Then we again need to satisfy the same condition αΛ fiΛ = 0 as above, and
we already discussed the possible solutions.

Chapter 4

Supersymmetry preserving Higgs
mechanism

4.1

Introduction

This chapter is a bridge between the fully supersymmetric solutions that were described
in the previous discussion and the solutions that break some of the supersymmetries,
which will be a subject of the coming chapters. We use the results derived in chapter
3 to define a consistent truncation of gauged D = 4 N = 2 supergravity into another
(un)gauged D = 4 N = 2 lagrangian with reduced number of multiplets. The main idea
is simple - in gauged supergravity, one can give expectation values to some of the scalars
(from both the vector and hypermultiplets) such that one breaks the gauge symmetry
spontaneously in a maximally supersymmetric N = 2 vacua, specified by the conditions
(3.34) or (3.35). Let us suppose for simplicity that the vacuum has zero cosmological
constant, the argument can be repeated for N = 2 preserving anti-de Sitter vacua. Due
to the Higgs mechanism some of the fields become massive, and as a consequence of
the N = 2 preserving vacua, the gravitinos remain massless and the heavy modes form
massive N = 2 vector multiplets. As a second step, we can set the heavy fields to zero,
and the theory gets truncated to an ungauged N = 2 supergravity. These truncations
are consistent due to the fact that supersymmetry is unbroken. Black holes and other
types of solutions can then be found by taking any solution of the ungauged theory and
augmenting it with the massive fields that were set to zero. In fact, it is clear from this
procedure that one can even implement a non-BPS solution of the ungauged theory into
the gauged lagrangian. This procedure works for non-abelian gaugings, as long as it is
broken spontaneously to an abelian subgroup with residual N = 2 supersymmetry.
Let us now illustrate the above mechanism in some more detail. We restrict ourselves
first to spontaneous symmetry breaking in Minkowski vacua, where one has hPΛx i = 0
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Λ

u Λ
i
and hk̃Λ
L i = hkΛ
L i = 0 according to (3.35). At such a point in the moduli space,
the resulting scalar potential is zero as required by a Minkowski vacuum. After the
hypermultiplet scalar fields take their vacuum expectation values, the lagrangian (2.1)
contains a mass term for some of the gauge fields, given by
µΣ
LVmass = MΛΣ AΛ
,
µA

u v
MΛΣ ≡ g 2 hhuv k̃Λ
k̃Σ i .

(4.1)

There is no contribution to the mass matrix for the vector fields coming from expectation
values of the vector multiplet scalars, since the gauging was chosen to be abelian. The
number of massive vectors is then given by the rank of MΛΣ , and as huv is positive defu
). Hence, the massive vector fields are encoded by
inite, one has rank(MΛΣ ) = rank(k̃Λ
u Λ
the linear combinations k̃Λ Aµ . Similarly, some of the vector and hypermultiplet scalars
acquire a mass, determined by expanding the scalar potential to quadratic order in the
fields. Then one reads off the mass matrix, and in general there can be off-diagonal mass
terms between vector and hypermultiplet scalars. Massive vector multiplets can then
be formed out of a massive vector, a massive complex scalar from the vector multiplet,
and 3 hypermultiplet scalars. The fourth hypermultiplet scalar is the Goldstone mode
that is eaten by the vector field. We will illustrate this more explicitly in some concrete
examples below.
Upon setting the massive fields to zero (or integrating them out), one obtains a
supergravity theory with only massless fields. Because of hPΛx i = 0, the mass matrix
for the gravitinos is zero as follows from (2.8). Therefore, the resulting theory is an
ungauged supergravity theory. Black hole solutions and other solutions of interest can
then be simply copied from already existing literature. By going through the Higgs
mechanism in reverse order, one can uplift this solution easily to the gauged theory by
augmenting it with the necessary expectation values of the scalars. The original solution
is not charged with respect to the gauge fields that acquired a mass.
The situation for spontaneous symmetry breaking in an AdS vacuum is similar. To
generate a negative cosmological constant from the potential, we must have a hPΛx i 6= 0
in the vacuum. The conditions for unbroken N = 2 supersymmetry are given in (3.34).
After expanding the fields around this vacuum, one can truncate the theory further to
a lagrangian with a bare cosmological constant, in which one can use already known
solutions of minimal gauged supergravity. We will discuss explicit black hole examples
both in Minkowski and AdS4 in the next part of this thesis.

4.2

Solution generating technique

We now elaborate on constructing solutions more explicitly. As explained above, the
general technique is to embed a (BPS) solution in ungauged supergravity into a gauged
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supergravity. The considerations in this section also apply for the more general case
of non-abelian gaugings, although explicit use of this technique will only be made in
the abelian case in following chapters. First, to illustrate the systematics of our procedure, we analyze a simpler setup in which we embed solutions from pure supergravity
into a model with vector multiplets only. Then we extend the models to include both
hypermultiplets and vector multiplets, i.e. the most general (electrically) gauged supergravities. We always consider solutions with vanishing fermions, i.e. the discussion
concerns only the bosonic fields.

4.2.1

Vector multiplets

We start from pure N = 2 supergravity, i.e. only the gravity multiplet normalized as
L = 12 R(g) − 12 Fµν F µν − Λ. Let us assume we have found a solution of this lagrangian,
which we denote by g̊µν , F̊µν . We can embed this into a supergravity theory with only
vector multiplets as follows. If we have a theory with (gauged) vector multiplets we can
find a corresponding solution to it by satisfying
∇µ z i = 0 ,

Giµν = 0 ,

i Λ
kΛ
L̄ = 0 .

(4.2)

Note that the integrability condition following from ∇µ z i = 0 is always satisfied given
the other constraints. We further have the relations
p
−
−
gµν = g̊µν ,
2IΛΣ L̄Λ L̄Σ Tµν
= F̊µν
.
(4.3)
−
. Then we can find the solution for our
The last equality is to be used for determining Tµν
Λ −
Λ−
new set of gauge field strengths by Fµν = iL̄ Tµν since we already know that Giµν = 0.
The new configuration will, by construction, satisfy all equations of motion of the
theory and will preserve the same amount of supersymmetry (if any) as the original
one. This can be checked explicitly from the supersymmetry transformation rules (2.3)
and (2.4), combined with the results from the previous chapter. Indeed, (4.2) comes from
imposing the vanishing of (2.4), while (4.3) is required by the Einstein equations.

4.2.2

Hypermultiplets

Given any solution of N = 2 supergravity with no hypermultiplets, we can obtain a new
solution with (gauged) hypermultiplets preserving the same amount of supersymmetry
as the original one. We require the theory to remain the same in the other sectors
Λ
(vector and gravity multiplets with solution g̊µν , F̊µν
, z̊ i ) and impose some additional
constraints that have to be satisfied in addition to the already given solution. We then
simply require the fields of our new theory to be
gµν = g̊µν ,

Λ
Λ
Fµν
= F̊µν
,

z i = z̊ i ,

(4.4)
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under the following restriction that has to be solved for the hypers. Here we are left with
two cases: the original theory was either with or without Fayet-Iliopoulos (FI) terms
(cosmological constant). In absence of FI terms, a new solution after adding hypers is
given by imposing the constraints:
u Λ
∇µ q u = 0 ⇒ k̃Λ
Fµν = 0 ,

PΛx = 0 ,

u Λ
k̃Λ
L =0,

(4.5)

while in the case of original solution with FI terms we have a solution after adding
hypers (thus no longer allowing for FI terms but keeping PΛx LΛ the same) with:
u Λ
∇µ q u = 0 ⇒ k̃Λ
Fµν = 0 ,

PΛx fiΛ = 0 ,

xyz PΛy PΣz LΛ L̄Σ = 0 ,

u Λ
k̃Λ
L =0.

(4.6)

The new field configuration (given it can be found from the original data) again satisfies all equations of motion and preserves the same amount of supersymmetry as the
original one. This is true because the susy variations of gluinos and gravitinos remain
the same as in the original solution, and also the variations for the newly introduced
hyperinos are zero.

4.2.3

Vector and hypermultiplets

This case is just combining the two cases above. If we start with no FI terms the new
solution will be generated by imposing equations (4.5) and (4.2). If we have a solution
with a cosmological constant we need to impose (4.6) and (4.2). Then the integrability condition following from ∇µ q u = 0 is automatically satisfied in both cases, using
relations (4.3).

Part II

Black Hole Solutions

Chapter 5

Asymptotically flat black holes

5.1

Introduction

One of the interesting predictions of general relativity is the existence of black hole
solutions. It was followed by various experimental indications for the presence of such
objects in the universe and even in our own galaxy. Black holes are places in spacetime
where gravity becomes strong enough to stop even light from escaping. There is an
event horizon, and particles that pass the horizon can (classically) never return to the
external spacetime.
In 1974, Stephen Hawking discovered that black holes do emit radiation [85], due
to quantum effects. It was shown that black holes follow the rules of thermodynamics, and one can derive their temperature and entropy [85, 86]. It is then a challenge
for a theory of quantum gravity to provide the microscopic description of black hole
thermodynamics.
From the point of view of this thesis, black holes are interesting for a variety of
reasons. They are solutions one finds in supergravity and can often be embedded in
the full-fledged string theory. If string theory is a viable theory of quantum gravity, it
should provide a complete, microscopic description of a black hole. One can compare
this with the macroscopic description in supergravity, which is its low energy effective
action. For instance, in the macroscopic picture, one can compute the entropy. In the
microscopic picture, this corresponds to counting the number of microstates, which was
shown to exactly reproduce the same entropy in a number of examples [10].
Let us now briefly consider the basic black hole solutions that asymptote to Minkowski
spacetime.
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The Schwarzschild solution
The simplest and best studied black hole solution is the Schwarzschild spacetime. It
is a solution of pure gravity without any matter, i.e. all fields of N = 2 supergravity
except for the graviton are frozen to zero. The Schwarzschild metric is typically written
in spherical coordinates due to its manifest spherical symmetry:


2M
dr2
 − r2 dΩ22 ,
ds2 = 1 −
dt2 −
(5.1)
r
1 − 2M
r

with dΩ22 = dθ2 + sin2 θdϕ2 and M an arbitrary parameter that corresponds to the
mass of black hole with respect to the ground state (M = 0 clearly corresponds to
Minkowski). In the limit r → ∞ one recovers flat spacetime, while r = 0 is a genuine point singularity of the solution. Additionally, there is a coordinate singularity at
rh = 2M , which is a spherical shell and corresponds to the event horizon. One then
typically says that the black hole has a radius rh and area A = 4πrh2 . Note that in case
M < 0, rh is negative and thus no horizon exists to shield the singularity. The spacetime
is then said to contain a naked singularity and is typically no longer of physical interest.
Such a configuration will not form under gravitational collapse of a spherical mass shell,
see e.g. [87].
From the rules of black hole thermodynamics it can be shown that the Schwarzschild
black hole has a temperature that is proportional to the mass, T ∼ M and an entropy
proportional to the area16 , S ∼ A ∼ M 2 .
The last thing we need to mention in this very brief review are the symmetries of
the Schwarzschild solution. The metric (5.1) has 4 Killing vectors, corresponding to
time translations (R) and space rotations (SO(3)). The full Lorentz symmetry SO(1, 3)
is restored only asymptotically as r → ∞. The metric is therefore static, spherically
symmetric and asymptotically flat.
The Reissner-Nordström solution
The Reissner-Nordström solution describes a charged black hole solution in the theory
of general relativity with a Maxwell field. It can be then directly embedded in minimal
ungauged supergravity (with vanishing gravitino expectation values), or more general
lagrangians of the sort (2.1) where the additional fields are frozen to zero or constant
and the moment maps are vanishing. The gauge field has non-vanishing components
At =
16 The

2Q
,
r

Aϕ = −2P cos θ ,

(5.2)

entropy-area law holds for all black holes and other black objects in any spacetime dimension, while
the temperature is proportional to the surface gravity and thus depends explicitly on the metric that is considered.
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where Q is the electric and P the magnetic charge of the black hole. The metric can be
written as
ds2 = U 2 (r)dt2 −

dr2
− r2 dΩ22 ,
U 2 (r)

(5.3)

with the metric function
U 2 (r) = 1 −

Z2
2M
+ 2 ,
r
r

Z 2 ≡ Q2 + P 2 .

(5.4)

In the limit as r goes to infinity the metric approaches flat Minkowski space and the
electric and magnetic fields computed from (5.2) vanish. Besides the point r = 0, which
is a true singularity, there are other possible values of r where V (r) = 0, corresponding
to event horizons. They follow from the equations
p
(5.5)
r± = M ± M 2 − Z 2 ,
which could have two, one or zero real solutions for r± depending on:
M 2 > Z2
In this case, there are two different roots of V , given by r = r± . There is an inner
and an outer horizon.
M 2 = Z2
If the charge balances the mass, we call the black hole an extremal black hole. The
real singularity is shielded by a single event horizon at r = r+ = r− .
M 2 < Z2
If the charge exceeds the mass, there are no roots of V , and any observer can travel
to the real singularity at r = 0, which is not shielded by an event horizon. This is
again a naked singularity and is deemed unphysical.
Note that the Reissner-Nordström solution is also static and spherically symmetric,
just as the Schwarzschild one. However, it enjoys very different thermodynamic properties. The temperature in this case is proportional to the difference between the two
horizons, T ∼ r+ −r− , while the entropy is proportional to the area of the outer horizon,
2
S ∼ A ∼ r+
. We see now that something very special happens for extremal black holes
when r+ = r− : the temperature vanishes while keeping the entropy and event horizon
non-zero. This was not possible for Schwarzschild solutions and is generally a very rare
example of a physical system with vanishing temperature and macroscopic disorder.
The extremal black hole is also very particular from the point of view of supersymmetry. Supersymmetry is incompatible with temperature, therefore only extremal
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black holes can potentially preserve some amounts of supersymmetry in a theory of
supergravity. This is also the case with the example at hand - the extremal ReissnerNordström solution preserves half of the supercharges of N = 2 supergravity, thus it is
1/2 BPS. Let us examine more closely the metric in this extremal case. If we redefine the
radial coordinate as r → r + M , the metric is given by
ds2 =


r2
(r + M )2  2
dt2 −
dr + r2 dΩ22 .
2
2
(r + M )
r

(5.6)

The true singularity is now at r = −M , and the horizon is at r = 0. Close to the horizon,
we can approximate r + M ' M , and we find
ds2 =

r2 2 M 2 2
dt − 2 dr + M 2 dΩ22 .
M2
r

(5.7)

The metric becomes a product metric: we have an AdS2 space, parametrized by t and
r, and a sphere S2 , parametrized by θ and ϕ. The mass M determines the curvature
of both spaces, which are equal in magnitude; as AdS2 has negative curvature and S2
positive, the total curvature at the horizon is zero. The spacetime outside of the black
hole therefore interpolates between the fully supersymmetric configurations AdS2 ×S 2
and flat Minkowski space, discussed in chapter 2.
The Kerr-Newman solution
This is the most general asymptotically flat black hole solution of the Einstein-Maxwell
lagrangian. In addition to mass and charges, the Kerr-Newman spacetime also possesses a constant angular momentum, i.e. the black hole rotates around a given axis.
The spacetime is therefore stationary but not static, with a symmetry group R × U (1)
(time translations and axial symmetry). The metric of the Kerr-Newman spacetime is
typically written in the so called Boyer-Lindquist coordinates and reads


(2M r − Z 2 )2a sin2 θ
2M r − Z 2
2
dt
−
dtdϕ
ds2 = − 1 −
ρ2
ρ2
(5.8)


ρ2
(2M r − Z 2 )2a sin2 θ
2
2
+ dr2 + ρ2 dθ2 + r2 + a2 +
sin
θdϕ
,
∆
ρ2
where
a2 + Z 2 ≤ M 2

(5.9)

for a genuine black hole with an event horizon, and
M ≡ mass,

Z 2 = Q2 + P 2 ≡ charge,

a=

J
≡ angular momentum per unit mass,
M
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∆ ≡ r2 − 2M r + a2 + Z 2 ,

ρ2 ≡ r2 + a2 cos2 θ .

One can easily see that when the angular momentum parameter vanishes we recover
the Reissner-Nordström solution.
We postpone the discussion of the thermodynamic and supersymmetric properties
of the Kerr-Newman solution here since they are somewhat more involved in comparison with the static cases. For the purposes of this introductory section it is enough to
mention that Kerr-Newman black holes that satisfy (5.9) can never be supersymmetric,
even in the extremal limit. Additionally, the Kerr-Newman spacetime is somewhat special in another aspect - it contains a closed timelike curve inside its inner horizon, which
is causality violating and often considered very unphysical. In addition, due to the fact
that the spacetime has a constant rotation, it follows that the parts of the spacetime very
far from the black hole will need to move faster than the speed of light in order to keep
up with the rest. The solution therefore cannot be taken seriously in its full domain, but
can nevertheless be used as an important example in this thesis. It often serves also as a
good first approximation to the physics of cosmological black holes.
Plan of this chapter
The plan of this chapter is as follows. We split the discussion of asymptotically black
holes in ungauged and gauged supergravity. There are many general results in ungauged supergravity where the BPS black hole solutions are fully understood and there
exist various advances towards full classification of extremal and non-extremal black
holes. We then move to the less well-explored topic of Minkowski black holes in gauged
supergravity, where we provide the first attempts of generalizing the ungauged solutions.
First, in section 5.2.1, we give a summary of the known supersymmetric black hole
solutions in ungauged N = 2 supergravity with neutral hypermultiplets. We then also
briefly comment on the results concerning non-BPS extremal and non-extremal black
holes with non-trivial scalar profiles17 in section 5.2.2.
Moving on to the black holes in gauged supergravity, in section 5.3.1 we make use
of the Higgs mechanism for spontaneous gauge symmetry breaking explained in the
previous chapter, in order to obtain effective N = 2 ungauged theories from a general
gauged N = 2 supergravity. We show how this method can be used to embed already
known black hole solutions into gauged supergravities and explain the physical meaning of the new solutions. We illustrate this with an explicit example of a static, asymp17 The

classification of solutions without scalars was already presented above, therefore from the spacetime
point of view one does not expect qualitatively new solutions to appear. We will however see that this point
of view is too naive when discussing asymptotically AdS black holes in the next chapter.
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totically flat black hole with the well-known STU model and one gauged hypermultiplet
(the universal hypermultiplet).
In section 5.3.2 we discuss in more general terms asymptotically flat, stationary
spacetimes preserving half of the supersymmetries. We analyze the fermion susy variations in gauged supergravity after choosing a particular ansatz for the Killing spinor.
−
One finds two separate cases, defined by Tµν
= 0 and PΛx = 0, respectively. Whereas
the former case contains only Minkowski and AdS4 solutions, the latter leads to a class
of solutions that generalize the standard black hole solutions of ungauged supergravity.
We analyze this in full detail and give the complete set of equations that guarantees
a half-BPS solution. We then explain how this fits to the solutions obtained in section
5.3.1.
Finally, in section 5.3.3, we study asymptotically flat black holes with scalar hair18 .
We find two separate classes of such solutions. One is a purely bosonic solution with
scalar hair, but with the shortcoming of having ghost modes in the spacetime. The other
class of solutions has no ghosts but along with scalar hair we also find fermionic hair,
i.e. the fermions are not vanishing in such a vacuum.
Some of the more technical aspects of this chapter, including explicit hypermultiplet
gaugings leading to Minkowski asymptotics, are presented in the appendices.

5.2
5.2.1

Ungauged theory
Supersymmetric stationary solutions

Asymptotically flat and stationary BPS black hole solutions of ungauged supergravity
have been a very fruitful field of research in the last decades. In absence of vector
multiplets (nV = 0), with only the graviphoton present, the supersymmetric solution
is just the well-known extremal Reissner-Nordström (RN) black hole19 . This solution
was later generalized to include a number of vector multiplets [88]. The most general
classification of the BPS solutions, including multicentered black holes, was given by
Behrndt, Lüst and Sabra [73] and we will refer to those as BLS solutions. The hypermultiplet scalars q u do not mix with the other fields (apart from the graviton) at the level
of the equations of motion, and it is therefore consistent to set them to a constant value.
18 By scalar hair, in this thesis, we mean a scalar field that is zero at the horizon of the black hole, but nonzero outside of the horizon. According to this definition, the vector multiplet scalars subject to the attractor
mechanism in N = 2 ungauged supergravity, do not form black holes with scalar hair. The solutions that we
discuss in section 5.3.3, however, will have hair.
19 The Kerr-Newman spacetime with M = |Z| and an arbitrary angular momentum is also a supersymmetric solution, but it does not have an event horizon and is therefore a naked singularity rather than black
hole.
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We will briefly list the main points of the solutions, as they will play an important role
in what follows. For a comprehensive review of these black holes solutions and their
important implications we refer the interested reader to [89].
To characterize the black hole solutions, we first denote the imaginary parts of the
holomorphic sections by
H Λ ≡ i(X Λ − X̄ Λ ) ,

HΛ ≡ i(FΛ − F̄Λ ) .

(5.10)

We assume stationary solutions with axial symmetry20 parametrized by an angular coordinate ϕ. The result of the BPS analysis is that the metric takes the form21

ds2 = eK (dt + ωϕ dϕ)2 − e−K dr2 + r2 dΩ22 ,
(5.11)
where K is the Kähler potential (2.16) of special geometry. The metric components and

the symplectic vector H Λ , HΛ only depend on the radial variable r and the second
angular coordinate θ, and the BPS conditions imply the differential equations on ωϕ
r2

1
∂θ ωϕ = HΛ ∂r H Λ − H Λ ∂r HΛ ,
sin θ

−

1
∂r ωϕ = HΛ ∂θ H Λ − H Λ ∂θ HΛ . (5.12)
sin θ

From this follows the integrability condition HΛ H Λ − H Λ HΛ = 0, where  is the
3-dimensional Laplacian.
Λ
. First we define (c.f. the
What is left to specify are the gauge field strengths Fµν
discussion about electro-magnetic duality in chapter 2) the magnetic field strengths
1
Σ
GΛµν ≡ RΛΣ Fµν
− IΛΣ µνγδ F Σγδ ,
2

(5.13)

such that the Maxwell equations and Bianchi identities take the simple form
µνρσ ∂ν GΛρσ = 0,

Λ
µνρσ ∂ν Fρσ
=0,

(5.14)

such that (F Λ , GΛ ) transforms as a vector under electric-magnetic duality transformations.
Λ
For the full solution it is enough to specify half of the components of Fµν
and GΛµν ,
since the other half can be found from (5.13). In spherical coordinates, the BPS equations
imply the non-vanishing components22
Λ
Frϕ
=

−r2 sin θ
∂θ H Λ ,
2

Λ
Fθϕ
=

r2 sin θ
∂r H Λ ,
2

(5.15)

20 Thus we do not allow for multicentered solutions with more than two centers. It this thesis we are mostly
concerned with the general classification of solutions and will not elaborate much on the multicentered case.
21 Note that all the results are in spherical coordinates, see [73, 75] for the coordinate independent results.
22 The BPS conditions also imply F Λ = G
Λrθ = 0 due to axial symmetry.
rθ
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and
GΛrϕ =

−r2 sin θ
∂θ HΛ ,
2

GΛθϕ =

r2 sin θ
∂r HΛ .
2

(5.16)

From (5.14) it now follows that HΛ and H Λ are harmonic functions. With the above
identities we can always find the vector multiplet scalars z i , given that we know explicitly how they are defined in terms of the sections X Λ and FΛ . The integration constants
of the harmonic functions specify the asymptotic behavior of the fields at the black hole
horizon(s) (the constants can be seen to be the black hole electric and magnetic charges)
and at spatial infinity.
The complete proof that these are indeed all the supersymmetric black hole solutions
with abelian vector multiplets and no cosmological constant was given in [75]. Note
that the BLS solutions describe half-BPS stationary spacetimes with (only in the multicentered cases) or without angular momentum. The near-horizon geometry around
each center is always AdS2 ×S2 with equal radii of the two spaces, determined by the
charges of the black hole (see [90] for a more general discussion of possible near-horizon
geometries). All solutions exhibit the so-called attractor mechanism [88, 91, 92]. This
means that the (vector multiplet) scalar fields get attracted to constant values at the
horizon that only depend on the black hole charges. As the scalars can be arbitrary
constants at infinity we also find the so-called attractor flow, i.e. the scalars flow from
their asymptotic value to the fixed constant at the horizon.

5.2.2

Non-supersymmetric black holes

The full classification of non-BPS black hole solutions and attractors as opposed to the
supersymmetric ones is much more involved and is still in progress. The presence
or absence of unbroken supercharges at technical level results in a difference between
solving first and second order partial differential equations, respectively. Therefore it is
not a surprise to find that much less is known about the general structure of black hole
solutions and the microscopic theories behind them.
The simplest generalization from BPS to non-BPS black holes is of course to still consider zero temperature solutions. They share some similar features to the BPS solutions,
notably the attractor phenomenon [93–95] and the fact that in certain cases they can also
be found from first order differential equations after a suitable rewriting of the action
[96]. In contract to the BPS case, non-BPS attractors exhibit flat directions, i.e. the scalars
are not completely fixed at the horizon by the values of the charges. A few examples
have been found where changing some of the signs in the BPS solutions result in nonBPS extremal solutions [97, 98], but such examples are not generic enough. The role
of electro-magnetic duality is very prominent in the attempts to find general classes of
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solutions, since full duality orbits can be found just by having a single (generic enough)
solution.
When discussing non-BPS solutions, we need to remember that there is another
symmetry that is allowed to be broken - the spherical symmetry. There can be various extremal and non-extremal generalizations of the Kerr-Newman black hole, usually
referred to as overrotating black holes (since the limit of vanishing angular momentum
for these solutions leads to a naked singularity). Their underrotating counterparts,
on the other hand, are rotating generalizations of the Reissner-Nordström solutions.
The organizing principle for the general structure of either classes is unfortunately still
unclear.
Recently, there has been some advance in simplifying the equations of motion also
for non-extremal black holes [99], but results on this topic are even more scarce and
disorganized. Virtually all solutions of asymptotically flat black holes can be embedded
in supergravity theories. We will therefore not go into details on the topic since it extends very far from the techniques one can employ from supersymmetry considerations.
The situation at present is even more hopeless for theories with gauging, where the
equations of motion allow for even broader classes of solutions than in the ungauged
case. In what follows, however, we only concentrate on solutions that can be analyzed
purely from a supersymmetric point of view.

5.3
5.3.1

Gauged theory
Solutions via spontaneous symmetry breaking

The simplest solutions one can have in gauged supergravity are the ones that exist also
in ungauged supergravity. As we saw above, there are many results in the literature on
the subject of black holes in ungauged supergravity and via the method of spontaneous
symmetry breaking they can all be used in general classes of gauged supergravities.
These, in a way trivial, solutions follow directly from our discussion in chapter 4 and
we find them easier to understand in the context of a canonical example from BPS black
holes in ungauged supergravity: the STU model.

The STU model with gauged universal hypermultiplet
Let us consider an N = 2 theory with the universal hypermultiplet (UHM). Its quaternionic metric and isometries are given in appendix D, and isometry 5 is chosen to be
gauged. This allows for asymptotically flat black holes, since we can find solutions of
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(4.5), as we shall see below23 . The quaternionic Killing vector and moment maps are
given by
k̃Λ = aΛ (2r∂R + χ∂χ + ϕ∂ϕ + 2σ∂σ ) ,


σ + 21 ϕχ
χ
ϕ
P~Λ = aΛ − √ , √ , −
,
R
R
R

(5.17)
(5.18)

with aΛ arbitrary constants. In this chapter we will use R to denote the coordinate on
the UHM, to avoid confusion with the radial, spacetime coordinate r.
In the vector multiplet sector we take the so-called STU model, based on the prepotential
X 1X 2X 3
,
(5.19)
F =
X0
i

X
3
together with z i = X
0 ; i = 1, 2, 3. The gauge group is U (1) , but it will be broken
2
to U (1) in the supersymmetric Minkowski vacua, in which we construct the black
vev
= 0,
hole solution. The conditions for a fully BPS Minkowski vacuum require Fµν
ivev
i
i
i
vev
vev
vev
vev
z
= hz i = hb i + ihv i, χ
= ϕ
= σ
= 0, R
= hRi, with arbitrary
constants hz i i and hRi. Moreover, from (4.5), the vector multiplets scalar vevs must
obey (aΛ LΛ )vev = 0 (which is an equation for the hz i i’s). Then, after expanding around
this vacuum, the mass terms for the scalar fields are given by the quadratic terms in
the scalar potential (2.2). Now, if we make the definition z ≡ aΛ LΛ , we have z vev = 0.
Expanding the first term in (2.2) gives the mass term for z,



u v Λ Σ
4huv k̃Λ
k̃Σ L̄ L

quadratic

= 16z z̄.

Expanding the second term to quadratic order gives the mass for three of the hypers:
quadratic
g ī fiΛ f¯̄Σ PΛx PΣx



(σ + 21 χϕ)2
a2i hv i i2
2
2
= 1 2 3
χ +ϕ +
,
hv v v ihRi
hRi

(5.20)

while the third term vanishes at quadratic order and does not contribute to the mass
matrix of the scalars.
Therefore two of the six vector multiplet scalars become massive (i.e. the linear combination given by our definition for z), together with three of the hypers. The fourth
hyper R remains massless and is eaten up by the massive gauge field aΛ AΛ
µ (with mass
4 given by (4.1)). Thus we are left with an effective N = 2 supergravity theory of
one massive and two massless vector multiplets and no hypermultiplets, which can be
23 A

suitable combination of isometries 1 and 4 would also do the job. Note that typically in string theory
isometry 5 gets broken perturbatively while 1 and 4 remain also at quantum level. For the present discussion
it is irrelevant which one we choose since we are not trying to directly obtain the model from string theory.

71
further consistently truncated to only include the massless modes. One can then search
for BPS solutions in the remaining theory and the prescription for finding black holes is
again the one given by Behrndt, Lüst and Sabra and explained in section 5.2.1.
We now construct the black hole solution more explicitly, following the solution
generating technique of chapter 4. For this, we need to satisfy (4.4) and (4.5). The
condition PΛx = 0 fixes χ = ϕ = σ = 0 and the remaining non-zero Killing vectors are
R
u Λ
u Λ
kΛ
= 2RaΛ . Now we have to satisfy the remaining conditions k̃Λ
X = 0 and k̃Λ
Fµν = 0.
To do so, we use the BLS solution of the STU model. For simplicity we take the static
limit ωm = 0, discussed in detail in section 4.6 of [73]. The solution is fully expressed in
terms of the harmonic functions
H0 = h0 +

q0
,
r

H i = hi +

pi
,
r

i = 1, 2, 3 ,

(5.21)

under the condition that one of them is negative definite. The sections then read
s
H 1H 2H 3
Hi
,
(5.22)
X0 = −
,
X i = −i
4H0
2
with metric function
e−K =

p
−4H0 H 1 H 2 H 3 .

(5.23)

i
0
components (here m, n are the spatial indices) are
= 0 and the Fmn
In this case Fmn
expressed solely in terms of derivatives of H i . After evaluating the period matrix we
i
0
obtain Fmt
= 0 and Fmt
are given in terms of derivatives of H0 , H i . Thus the equations
R Λ
R Λ
k̃Λ X = 0 and k̃Λ Fµν = 0 lead to

a0 = 0 ,

ai hi = 0 ,

ai pi = 0 .

(5.24)

The solution is qualitatively the same as the original one, but the charges pi and the
asymptotic constants hi are now related by (5.24). So, effectively, the number of independent scalars and vectors is decreased by one, consistent with the results from
spontaneous symmetry breaking. The usual attractor mechanism for the remaining
massless vector multiplet scalars holds while for the hypermultiplet scalars we know
that χ = ϕ = σ = 0 and R is fixed to an arbitrary constant everywhere in spacetime with
no boundary conditions at the horizon. In other words the hypers are not ‘attracted’.
Our construction can be generalized for non-BPS solutions as well. In the particular
case of the STU model, we can obtain a completely analogous, non-BPS, solution by
following the procedure described in [98]. We flip the sign of one of the harmonic
functions in (5.10) such that
p
e−K = 4H0 H 1 H 2 H 3 .
(5.25)
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This solution preserves no supersymmetry, but it is extremal. By following our procedure above, we can embed this solution into the gauged theory.

5.3.2

1/2 BPS solutions

In this section we will take a more systematic approach to studying the supersymmetric
solutions of the general gauged theory (2.1). We search for a solution where the expectation values of the fermions are zero. This implies that the supersymmetry variations
of the bosons should be zero. The vanishing of the supersymmetry variations (2.3)(2.4) then guarantees some amount of conserved supersymmetry. Depending on the
number of independent components of the variation parameters εA we will have different amount of conserved supersymmetry. Here we will focus on particular solutions
preserving (at least) 4 supercharges, i.e. half-BPS configurations. A BPS configuration
has to further satisfy the equations of motion in order to be a real solution of the theory,
so we also impose those. The fermionic equations of motion vanish automatically, so
we are left with the equations of motion for the graviton gµν , the vector fields AΛ
µ , and
the scalars z i and q u . We will come to the relation between the BPS constraints and the
field equations in due course, but we first introduce some more relations for the Killing
spinors εA .

Killing spinor identities
We will make use of the approach [100] where one first assumes the existence of a Killing
spinor. From this spinor, various bilinears are defined, whose properties constrain the
form of the solution to a degree where a full classification is possible. We use this
method in D = 4, N = 2, which is generalizing the main results of [75, 76] to include
hypermultiplets in the description. As it later turns out, we cannot completely use this
method to classify all the supersymmetric configurations, but the method nevertheless
gives useful information.
We define εA to be a Killing spinor if it solves the gravitino variation δε ψµA = 0,
defined in (2.3), and assume εA to be a Killing spinor in the remainder of this article.
Such spinors anti-commute, but we can expand them on a basis of Grassmann variables
and only work with the expansion coefficients. This leads to a commuting spinor, which
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we also denote with εA , and we define24
εA ≡ i(εA )† γ0 ,
1
X ≡ AB εA εB ,
2
Vµ A B ≡ iεA γµ εB ,

(5.26)

ΦABµν ≡ εA γµν εB .
We now show that this implies that V µ ≡ V µA A is a Killing vector. For its derivatives
we find
+
−
∇µ Vν A B = iδ A B (Tµν
X − Tµν
X̄) − gµν (S AC CB X − SBC AC X̄)

− i(AC Tµ+ ρ ΦCBρν + BC Tµ− ρ ΦAC νρ ) − (S AC ΦCBµν + SBC ΦAC µν ) .

(5.27)

The second and third term are traceless, so they vanish when we compute ∇µ Vν . The
other terms are antisymmetric in µν, so this proves
∇µ Vν + ∇ν Vµ = 0 ,
thus Vµ is a Killing vector. We make the decomposition V A Bµ = 12 Vµ δ A C +
and using Fierz identities one finds
1
Vµ A B Vν B A = Vµ Vν − gµν V 2 .
2

(5.28)
√1 σ xA B V x
µ
2

(5.29)

One can show that Vµ V µ = 4|X|2 , which shows that the Killing vector Vµ is timelike or
null. For the remainder of this chapter we restrict ourselves to a timelike Killing spinor
ansatz, defined as one that leads to a timelike Killing vector. We make this choice, as our
goal is to find stationary black hole solutions, which always have a timelike isometry.
In this case, by definition, Vµ V µ = 4|X|2 6= 0, so we can solve (5.29) for the metric as
gµν =


1
Vµ Vν − 2Vµx Vνx .
4|X|2

(5.30)

It follows that
1
V x (V x V ν ) ,
(5.31)
2|X|2 µ ν
√
so Vµx V µ = 0. We define a√time coordinate by V µ ∂µ = 2∂t , which implies Vtx = 0.
We decompose Vµ dxµ = 2 2X X̄(dt + ω), where the factor in front of dt follows from
V 2 = 4X X̄ and ω has no dt component. The metric is then given by
Vµ = gµν V ν = Vµ −

ds2 = 2|X|2 (dt + ω)2 −
24 We

1
γmn dxm dxn ,
2|X|2

(5.32)

will be brief on some technical points of the discussion, and refer to [75, 76] for more information.
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where |X|, ω and γmn are independent of time.
Now we are ready to make a relation between the susy variations (2.3)-(2.4) and
the equations of motion, using an elegant and simple argument of Kallosh and Ortin
[101] that was later generalized in [75, 76]. Assuming the existence of (any amount of)
unbroken supersymmetry, one can derive a set of equations relating the equations of
motion for the bosonic fields with derivatives of the bosonic susy variations. For the
theory at hand these read:
EΛµ ifiΛ γµ εA AB + Ei εB = 0 ,

Eaµ (−iγ a εA ) + EΛµ 2L̄Λ εB AB = 0 ,
u
Eu UαA
εA

(5.33)

=0,

where E is the equation of motion for the corresponding field in subscript. More precisely, Eaµ is the equation for the vielbein eaµ (the Einstein equations), EΛµ corresponds to
u
i
AΛ
µ (the Maxwell equations), Eu corresponds to q and Ei to z . Now, let us assume that
µ
the Maxwell equations are satisfied, EΛ = 0. If we multiply each of the remaining terms
in the three equations by εB and γ ν εB and use the fact that the Killing spinor is timelike
such that X 6= 0 we directly obtain that the remaining field equations are satisfied. So,
apart from the BPS conditions, only the Maxwell equations
u µ v
µνρσ ∂ν GΛρσ = −ghuv k̃Λ
∇ q ,

(5.34)

need to be satisfied.
Killing spinor ansatz
Contracting the gaugino variation (2.4) with εA we find the condition
√
ρ
i Λ
2gg ī f¯̄Λ PΛx Vµx .
0 = −2iX̄∇µ z i + 4iG−i
ρµ V − igkΛ L̄ Vµ −

(5.35)

Using this to eliminate ∇µ z i and plugging back into δλiA = 0 we find25



1 x µ A
µ
ρ A
ρ AB
ī ¯Λ x
xAB
√
Gi−
γ
2iV
ε
−
X̄γ

ε
+
gg
f
P
−
V
γ
ε
+
i
X̄σ
ε
= 0 . (5.36)
B
B
ρµ
̄ Λ
µ
2
It is here that we find an important difference with the ungauged theories. In the latter
case, g = 0, and the second term is absent. Then, assuming that the gauge fields Gi−
ρµ are
non-zero, one can rewrite equation (5.36) as
εA + ie−iα γ0 AB εB = 0 ,
25 One

could, as done in e.g. [75, 76], eliminate the gauge fields Gi−
ρµ to obtain an equivalent relation.

(5.37)
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X
where eiα ≡ |X|
. We have thus derived the form of the Killing spinor, which is not an
ansatz anymore.
In gauged supergravity, g 6= 0, so there are various ways to solve equation (5.36).
One could, for instance, generalize (5.37) to

εA = bγ 0 AB εB + axm γ m σ xAB εB .

(5.38)

Plugging this back into (5.36), one obtains BPS conditions on the fields which one can
then try to solve. While this is hard in general, it has been done in a specific case.
Namely, the ansatz used for the AdS-RN black holes in minimally gauged supergravity
(with a bare cosmological constant), as analyzed by Romans [102], fits into (5.38), but
not in (5.37). In fact, we will see later that with (5.37) one cannot find AdS black holes.
In the remainder of this section and chapter, we will use (5.37) as a particular ansatz,
hoping to find new BPS black hole solutions that are asymptotically flat. The reader
should keep in mind that more general Killing spinors are possible. The search for BPS
black holes that asymptote to AdS4 , and their Killing spinors, is postponed for the next
chapter.
Metric and gauge field ansatz
We will further make the extra assumption that the solution for the spacetime metric,
field strengths and scalars, is axisymmetric, i.e. there is a well-defined axis of rotation,
such that ω = ωϕ dϕ lies along the angle of rotation (we choose to call it ϕ) in (5.32).
For a stationary axisymmetric black hole solution the symmetries constrain the metric
not to depend on t and ϕ. These symmetries also constrain the scalars and gauge field
strengths to depend only on the remaining coordinates, which we choose to call r and
Λ
θ. We further assume Frθ
= 0, such that (after also using the gauge freedom) we can set
Λ
Λ
Ar = Aθ = 0 for all Λ.
Gaugino variation
Plugging the ansatz (5.37) into the gaugino variation δλiA = 0 gives
PΛx fiΛ = 0 ,

(5.39)

and

µν
e−iα ∂µ z i γ µ γ 0 + G−i
εA = 0 .
µν γ

(5.40)

The latter condition can be simplified further, but we will see in what follows that it
automatically becomes simpler or gets satisfied in certain cases, so we will come back to
(5.40) later. We will make use of condition (5.39) when solving the gravitino integrability
conditions.
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Hyperino variation
With the ansatz (5.37), setting the hyperino variation to zero gives the condition
u Λ
e−iα ∇µ q u γ µ γ0 + 2g k̃Λ
L̄ = 0 .

(5.41)

Using the independence of the gamma matrices, one finds
∇r q u = ∇θ q u = 0 ,
∇ϕ q u = ωϕ ∇t q u ,
√

u
X L̄Λ + X̄LΛ ,
∇t q u = − 2g k̃Λ

u
0 = k̃Λ
X̄LΛ − X L̄Λ .

(5.42)

Λ
Using axial symmetry and the gauge choice for the vector fields, AΛ
r = Aθ = 0, it follows
u
u
u
u
that ∇r q = ∂r q and ∇θ q = ∂θ q , and these both vanish from the BPS conditions.
Furthermore, the hypers cannot depend on t and ϕ, because this would induce such
dependence also on the vector fields and complex scalars via the Maxwell equations
(5.34). Thus the hypers cannot depend on any of the spacetime coordinates, so they are
constant. This will be important when we analyze the gravitino variation.

Gravitino variation
The gravitino equation reads

− ρ
∇µ εA = −e−iα Tµρ
γ δA C + gSAB BC γµ γ0 εC .

(5.43)

We study the integrability condition which follows from this equation. The explicit
computation is presented in appendix B.3. The main result that we will first focus on is
equation (B.9),
− x Λ
Tµν
PΛ L = 0 ,

(5.44)

−
so that there are two separate cases: Tµν
= 0 or PΛx LΛ = 0. We will study these two
cases in different subsections.

Case 1: T−
µν = 0
In this case the integrability conditions imply that the spacetime is maximally symmetric with constant scalar curvature PΛx LΛ , as further explained in appendix B.3.1 .
This corresponds either to Minkowski space when PΛx LΛ = 0, or AdS4 when the scalar
curvature is non-zero. Although there might be interesting half BPS solutions here, they
will certainly not describe black holes.
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Case 2: PΛx = 0
The second case is PΛx LΛ = 0. We combine this identity with PΛx fiΛ = 0 from (5.39). We
now obtain
 Λ
L̄
= 0.
(5.45)
PΛx
fiΛ
The matrix between brackets on the left hand side is invertible. This follows from
the properties of special geometry, and we used it also in the characterization of the
maximally supersymmetric vacua in [1]. We therefore conclude that PΛx = 0. Next, we
show that in this case we have enough information to solve the gravitino variation and
give the metric functions.
From the definition for ∇µ εA , the quaternionic Sp(1) connection ωµA B vanishes,
as the hypers are constant by the arguments in section 5.3.2. Combining this with
PΛx = 0, we see that the gravitino variation (2.3) is precisely the same as in a theory
without hypermultiplets and vanishing FI-terms. Thus our problem reduces to finding
the most general solution of the gravitino variation in the ungauged theory. The answer,
as proven by [75, 76], is that this is the well-known BLS solution [73] for stationary black
holes (or naked singularities and monopoles in certain cases). Thus we can use the BLS
solution, which in fact also solves the gaugino variation (5.40). We now only have to
impose the Maxwell equations, which are not the same as in the BLS setup, due to the
gauging of the hypermultiplets.
The sections are again described by functions HΛ and H Λ , as in (5.10), although
not all of them are harmonic. The metric and field strengths are given by (5.11), (5.15)
and (5.16). In terms of our original description (5.32), we have that γmn is three dimensional flat space and
eK = 2|X|2 .

(5.46)

In the ungauged case the Maxwell equations have no source term and the field strengths
are thus described by harmonic functions, while now in our case they will be more
complicated. We can then directly compare to the original BLS solution described in
section 5.3.2 and see how the new equations of motion change it. At this point we have
chosen the phase α in (5.37) to vanish, just as it does in the BLS solution. We can do this
without any loss of generality since an arbitrary phase just appears in the intermediate
results for the symplectic sections (5.10), but drops out of the physical quantities such
as the metric and the field strengths.
We repeat that the Maxwell equations are given by (5.34),
u µ v
µνρσ ∂ν GΛρσ = −ghuv k̃Λ
∇ q ,

(5.47)
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with Gµν defined as in (5.13). Since our Bianchi identities are unmodified, and the
same as in BLS, we again solve them by taking the H Λ ’s to be harmonic functions. The
difference is in the Maxwell equations.
We plug in the identities from (5.42), (5.11) and (5.16). The components of (5.47) with
µ 6= t are then automatically satisfied. The only non-trivial equation follows from µ = t,
and reads
u v
HΛ = −2g 2 e−K huv k̃Λ
k̃Σ X Σ .

(5.48)

Here,  is again the three-dimensional Laplacian in flat space. The left hand side is real,
and so is the right hand side, as a consequence of the last equation in (5.42) and the fact
that we have chosen the phase in X/|X| (see (5.37) to vanish. In other words, X is real,
u Λ
and therefore also k̃Λ
X is real.
We furthermore have a consistency condition for the field strengths. The gauge
potentials appear in (5.42), but also in (5.16), and these should lead to the same solution.
These consistency conditions were not present in the ungauged case, since in that case
there are no restrictions on F Λ from the hyperino variation. The constraints can be easily
derived from the integrability conditions of (5.42), and are given by
u Λ
k̃Λ
H =0,


u Λ
u
k̃Λ
Frϕ = −k̃Λ
∂r ωϕ eK X Λ ,

u Λ
u
k̃Λ
Fθϕ = −k̃Λ
∂θ ωϕ eK X Λ ,

u Λ
u
k̃Λ
Frt = −k̃Λ
∂r eK X Λ ,

u Λ
u
k̃Λ
Fθt = −k̃Λ
∂θ eK X Λ .

(5.49)

The first condition can always be satisfied as it merely implies that some of the harmonic functions H Λ depend on the others (remember that the hypermultiplet scalars
u
are constant, and therefore also the Killing vectors k̃Λ
). In more physical terms, this
u
constraint decreases the number of magnetic charges by the rank of k̃Λ
. The other
constraints have to be checked against the explicit form of the field strengths (5.15) and
(5.16). This cannot be done generically and has to be checked once an explicit model is
taken.
u Λ
u
In chapter 4, we explained how the vanishing of k̃Λ
L and k̃Λ
Aµ led to a BPS solution
using spontaneous symmetry breaking. We can see that also from the equations of this
u Λ
section. When k̃Λ
L = 0, the right hand side of (5.48) is zero. This equation is then
u
solved by harmonic functions HΛ . Furthermore, as k̃Λ
is constant, we can move it inside
the derivatives in (5.49), so the right hand sides are zero. The left hand sides are zero as
u Λ
u Λ
u Λ
well, as k̃Λ
Fµν = 0. Finally, the condition k̃Λ
H = 0 is satisfied as k̃Λ
L is already real.
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5.3.3

Solutions with scalar hair

In this section, we search for solutions of the above BPS conditions that do not fall in the
class described in chapter 4. They describe asymptotically flat black holes and would
have non-trivial profiles for the massive vector and scalar fields, i.e. they would be
distinguishable by the scalar hair degrees of freedom outside the black hole horizon.
Remarkably, we could not find models with pure scalar hair solutions without the
need to introduce some extra features, such as ghost modes or non-vanishing fermions.
Below, we describe two examples of solutions that lead to at least one negative eigenvalue of the Kähler metric. We show that if we require strictly positive definite kinetic
terms in the considered models, one cannot find scalar hair solutions, but only the ones
described in chapter 4. It is of course hard to justify these ghost solutions physically.
However, there have been cases in literature where this is not necessarily a problem,
e.g. in Seiberg-Witten theory [103, 104] one has to perform duality transformation such
that the kinetic terms remain positive definite. Whether a similar story holds in our case
remains to be seen. If such duality transformations exist they will have to map the ghost
black hole solutions of our abelian electrically gauged supergravity to proper black hole
solutions, possibly of magnetically gauged supergravity. However, we cannot present
any direct evidence for such a possibility.
Ghost solutions
Before we present our examples, we start with a general comment. We can obtain some
more information from the Einstein equations. The trace of the Einstein equations reads
R = T q + T z + 4V ,

(5.50)

where R is the Ricci scalar, and we have defined
T q = −2huv ∇µ q u ∇µ q v ,

T z = −2gī ∂µ z i ∂ µ z̄ ̄ .

(5.51)

Using the BPS conditions in (5.42), one quickly finds T q = −2V . Furthermore, as
∂t z i = 0, we find26 T z ≥ 0, and V ≥ 0 by equations (2.2) and the condition PΛx = 0.
We therefore find
R = T z + 2V ≥ 0 ,

(5.52)

as long as the metric gī is positive definite. So the BPS conditions forbid the Ricci scalar
R to become negative. In our examples below, the metric components will show some
oscillatory behavior, as a consequence of the non-linear differential equation (5.48).
26 Recall

that our spacetime signature convention is (+, −, −, −).
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Therefore, their derivatives, and hence the Ricci scalar, will oscillate between positive
and negative values. This would contradict the positivity bound (5.52), unless the
Kähler metric gī contains regions in which it is not positive definite. We now discuss
this in detail with two examples.
Quadratic prepotential
We start with two simple models, which have only one vector multiplet. They are
described by the two prepotentials
F =−


i
X 0X 0 ± X 1X 1 .
2

(5.53)

These lead to the special Kähler metrics
gzz̄ =

∓1
,
(1 ± z z̄)2

(5.54)

where z = X 1 /X 0 . With the upper sign, we therefore get a negative definite Kähler
metric and the vector multiplet scalar is a ghost field. With the lower sign, we obtain
a positive definite metric. We couple this to the universal hypermultiplet, and gauge
isometry 5 from appendix D, using A1µ as the gauge field. The condition PΛx = 0 fixes
χ = ϕ = σ = 0 and the only non-vanishing component of the Killing vectors is then
k̃1R = 2Ra1 , where a1 is a constant.
From the relations (5.10) follows that X 0 = 12 (H0−iH 0 ) and X 1 = 21 (±H1−iH 1 ). The
Kähler potential (2.16) is then

e−K = 2 X 0 X̄ 0 ± X 1 X̄ 1 .
(5.55)
As we do not use A0µ for the gauging, X 0 remains harmonic, such that even if the
solution for X 1 is considerably different, we still have hope of producing a black hole by
having X 1 as a small perturbation of the leading term X 0 in the metric function e−K . For
simplicity, we restrict ourself to the spherically symmetric single-centered case, so now

u Λ
u
our constraints (5.49) lead to H 1 = 0 and k̃Λ
Frt = −k̃Λ
∂r eK X Λ . The latter eventually
implies that H 0 is constant. Since we can absorb this
by rescaling H0 , we will
√ constant
q0
0
2
+
(q
set H 0 = 0. Thus we are left with 2X
=
H
=
0
0 > 0), where we set the
r
√
constant of the harmonic function to 2 to obtain canonically normalized Minkowski
space as r → ∞.
The metric is given by (5.11), where


1 √
q0 2
−K
2
e
=
2+
± H1 .
(5.56)
2
r
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The only undetermined function is H1 , which is subject to the only equation left to be
satisfied, (5.48), which in this case is given by


1 √
q0 2
−K
2
H1 = ∓e H1 = ∓
± H1 H1 ,
(5.57)
2+
2
r
after setting g|k̃| = 1. Besides the trivial solution H1 = 0 (belonging to the class solutions
from chapter 4), we could not find an analytic solution to these equations. We can
analyze the differential equation as r → 0 and r → ∞. As r → ∞, we require e−K → 1,
to obtain flat space at infinity. Likewise, we require, as r → 0, that e−K → q 2 r−2 , to
obtain AdS2 × S 2 at the horizon. The constant q (which is not necessarily equal to q0 )
determines the (equal) radii of AdS2 and S 2 . If we solve (5.57) for large values of r, we
have to solve H1 = ∓H1 ; for small values of r we have to solve H1 = ∓ 12 q 2 r−2 H1 .
• With the upper sign (the ghost model), we find the general solution
H1 = A

cos(r)
sin(r)
+B
,
r √
r
1

1

H1 = Cr− 2 − 2

1−4q 2

1

√
1

+ Dr− 2 + 2

1−4q 2

,

r→∞,

(5.58)

r→0.

(5.59)

As long as 4q 2 < 1, all the asymptotics are fine.
• With the lower sign (the non-ghost model), we find the general solution
er
e−r
+B ,
r
√r 2
√
1
1
1
1
2
H1 = Cr− 2 − 2 1+4q + Dr− 2 + 2 1+4q ,

H1 = A

r→∞,

(5.60)

r→0.

(5.61)

When B is nonzero, this violates the boundary condition that e−K → 1 as r → ∞,
so we have to set B = 0. Likewise, we have to set C = 0. We will now prove
that imposing such boundary conditions implies H1 = 0. To do this, we use the
identity
Z ∞
Z ∞
r=∞
2
(rH1 )∂r (rH1 ) dr = −
∂r (rH1 )∂r (rH1 ) dr + (rH1 )∂r (rH1 )
. (5.62)
0

r=0

0

Using (5.60) and (5.61) one finds that, for B = C = 0, the boundary term vanishes.
On the left-hand side, we use (5.57), and we obtain (using H1 = r−1 ∂r2 (rH1 ))
Z ∞
Z ∞
−K
H1 e H1 dr = −
∂r (rH1 )∂r (rH1 ) dr .
(5.63)
0

0

The left-hand side is non-negative, whereas the right-hand side is non-positive, so
this proves H1 = 0. This argument can easily be repeated for solutions with only
axial symmetry.
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We could plot the solution with the upper sign numerically with generic starting
conditions, and the result is that the scalar field z = H1 /H0 oscillates around zero in the
region of interest. The metric function also gets oscillatory perturbations, while having
its endpoints fixed to the desired values. This is due to the fact that the function H1
approaches zero as r → ∞ in an oscillatory fashion. To investigate the behavior near
the horizon at r = 0, we also checked that rH1 approaches zero, and hence H1 diverges
slower than 1/r. Both are in agreement with the asymptotic analysis above.
The numerics further show that the metric function for negative values of r yields
q0
the expected singularity at r = − √
. We conclude that this is indeed a black hole
2
spacetime, having one electric charge q0 , and the fluctuations around the usual form of
the metric are due to the effect of the abelian gauging of the hypermultiplet.
Let us now try to give a bit more physical interpretation of this new black hole
spacetime. After more careful inspection of the solution, we see that at the horizon
and asymptotically at infinity we again have supersymmetry enhancement, since the
vector multiplet scalars are fixed to a constant value. It is interesting that the electric
charge, associated to the broken gauge symmetry vanishes at the horizon, i.e. the black
hole itself is not charged with q1 exactly as in the normal case without ghosts. Yet there
is a non-zero charge density for this charge everywhere in the spacetime outside the
black hole, which is the qualitatively new feature of the ghost solutions. Clearly the fact
that there is non-vanishing charge density everywhere in spacetime does not change the
asymptotic behavior, but it seems that it is physically responsible for the ripples that can
be observed in the metric function (of course this is all related to the fact that we have
propagating ghost fields). We should note that these are not the first rippled black hole
solutions, similar behavior is found in the higher derivative ungauged solutions, e.g. in
[105], where one again finds ghost modes in the resulting theory. The detailed analysis
in section 4 of [105] holds in our case, i.e. the main physical feature of the ripples is that
gravitational force changes from attractive to repulsive in some spacetime points.
Cubic prepotential
The example above shows already the general qualitatively new features of this class
of black holes with ghost fields, but is still not interesting from a string theory point of
view, since Calabi-Yau compactifications lead to cubic prepotentials of the form
F =−

Kijk X i X j X k
.
6X 0

(5.64)

The simplest case one can consider is the STU model of section 5.3.1. We coupled it
to the universal hypermultiplet with a single gauged isometry and found it impossible
to produce any new solutions. However, other choices of Kijk allow for interesting

83
numerical solutions of (5.48). For this purpose we consider a relatively simple model
with three vector multiplets:
F =

(X 1 )3 − (X 1 )2 X 2 − X 1 (X 3 )2
.
2X 0

(5.65)

We again use the universal hypermultiplet and gauge the same isometry as before, but
we now use only A3µ for our gauging. Again, the condition PΛx = 0 fixes χ = ϕ = σ = 0,
and the only non-vanishing component of the Killing vector is k̃3R = 2Ra3 . In parts
of moduli space this model exhibits proper Calabi-Yau behavior, i.e. the Kähler metric
is positive definite, but there are regions where gī has negative eigenvalues (or e−K
becomes negative). There is no general expression for this so-called positivity domain;
one has to analyze an explicit model to find the conditions.
For simplicity, we set H i = H0 = 0, so the non-vanishing functions are Hi and H 0 .
Inverting (5.10) we obtain for the Kähler potential
e

−K

=

p

√
2H2

H0



H32
.
H1 + H2 +
4H2

(5.66)

We see that, as is commonly encountered in these models, one has to choose the signs
of the functions Hi and H 0 such that this gives a real and positive quantity. With these
we satisfy all conditions in (5.49) and are left to solve (5.48) that explicitly reads:
H3 =

−a23 H 0



H2
H1 + H2 + 3
4H2


H3 ,

(5.67)

where H 0 , H1 and H2 are harmonic functions, and we have set g|k̃| = 1 for convenience.
We impose the same boundary conditions, so as r → ∞, we require e−K → 1, to
obtain flat space at infinity. Likewise, we require, as r → 0, that e−K → q 2 r−2 , to obtain
AdS2 × S2 at the horizon. Using (5.66), we then find that we have to solve
H3 = −a23 q 2 r−2 H3 ,
H3 =

−a23 c2 H3

,

as r → 0 ,

(5.68)

as r → ∞ ,

(5.69)

where c2 is also a constant, specified by the asymptotics of H 0 , H1 and H2 . We therefore
again find
H3 = A

cos(a3 cr)
sin(a3 cr)
+B
,
r
r

as r → ∞ .

(5.70)

These functions are oscillating; therefore the Kähler potential (5.66) will also oscillate.
This causes the Ricci scalar to become negative, which is in violation of the bound (5.52).
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Therefore, there is always a negative eigenvalue of the metric, corresponding to a ghost
mode.
We could only find a numerical solution to this equation, and the results are qualitatively the same as the ones with quadratic prepotential, so we will not elaborate the
details for this model.
It is therefore possible to find black hole solutions in these Calabi-Yau models, but
they do contain regions in which some of the scalars become ghost-like.
Fermionic hair
There is a different way of generating scalar hair with properly normalized positivedefinite kinetic terms. As such, we can thereby avoid the ghost-like behavior of the
previously discussed examples. The idea is simple and works for any solution that
breaks some supersymmetry. By acting with the broken susy generators on a bosonic
solution, we will turn on the fermionic fields to yield the fermionic zero modes. These
fermionic zero modes solve the linearized equations of motion and produce fermionic
hair. In turn, the fermionic hair sources the equations of motion for the bosonic field,
and in particular, the scalar field equations will have a source term which is bilinear
in the fermions. The solution of this equation produces scalar hair and can be found
explicitly by iterating again with the broken supersymmetries. This iteration procedure
stops after a finite number of steps and produces a new solution to the full non-linear
equations of motion. By starting with a BPS black hole solution of the type discussed
in chapter 4, one therefore produces new solutions with both fermionic and scalar hair.
For a discussion on this for black holes in ungauged supergravity, see [106].
The explicit realization of this idea is fairly complicated since it requires to explicitly
find the Killing spinors preserving supersymmetry. This can sometimes be done also
just by considering the possible bosonic and fermionic deformations of the theory, as
done in e.g. [107, 108] for black holes in ungauged supergravity. The extension of
this fermionic-hair analysis to gauged supergravities would certainly be an interesting
extension of our work.

Chapter 6

Asymptotically AdS black holes

6.1

Introduction

Compared to their Minkowski relatives, black holes in AdS4 have been somewhat neglected in the literature. This is understandable, since such solutions seem not to be relevant for describing observable objects in our universe. However, due to the AdS/CFT
correspondence, solutions in AdS presently enjoy a great deal of attention. The thermal black objects in AdS turn out to be relevant for describing the effective physics
in quark-gluon plasmas and various condensed matter phenomena at strong coupling,
such as high temperature superconductivity and quantum Hall effect. The problem of
constructing and classifying solutions in AdS is therefore more pressing than ever.
Before going into a more technical discussion, it is important to explain that the
usage of the term “black hole” in AdS has a much broader meaning than in Minkowski.
Unlike the case for asymptotically flat static black holes, the topology of the horizon of
AdS4 black holes is not unique. The horizon can be a Riemann surface of any genus as
explained in [109]. The black holes can thus be divided into three classes - spherical,
or ordinary, black holes, toroidal black holes or black branes in the infinite volume
limit, and higher genus black holes. All these objects share the same thermodynamics
properties, like the entropy-area law.
In this zoo of black objects it is fairly easy to lose track of the discussion. In order
to ease the presentation, we relegate the analysis of the three major types of black holes
to separate sections. The focus of this work falls on spherical black holes, which are
very thoroughly analyzed, but the interested reader can find a comprehensive (although
much shorter) discussion of the other two cases.

86

CHAPTER 6. ASYMPTOTICALLY ADS BLACK HOLES

Plan of this chapter
Section 6.2 is devoted to a literature review on spherical black holes in AdS with an
emphasis on supersymmetric results. After a general introduction to the basic types
of black hole solutions in minimal gauges supergravity, section 6.2.1 and 6.2.2 aim at
generalizing these results in order to allow for additional matter multiplets. Section
6.2.1 exemplifies the solution generating technique of chapter 4, while section 6.2.2 is
devoted to the static electric Reissner-Nordström-AdS solutions with nontrivial scalars
[110].
Section 6.3 is entirely focused on a new type of static spherically symmetric BPS
black holes with magnetic charges. These solutions require non-constant scalar profiles
in order to develop event horizons. As we will see in the following chapters, these
black holes define a separate vacuum solution that is topologically disconnected from
AdS4 . Still, their spacetime asymptotics provide a good evidence that a version of the
gauge/gravity correspondence should be applicable.
Sections 6.4 and 6.5 discuss the cases of black branes and higher genus black holes,
respectively. Many analogies are drawn with the spherically symmetric solutions, while
the differences are clearly emphasized and pursued.

6.2

Spherical solutions

The main types of spherically symmetric black holes in AdS4 closely resemble their flat
analogs, with one additional parameter corresponding to the cosmological constant, or
radius of AdS. As a start, we consider the solutions embeddable in minimal gauged
supergravity, i.e. Einstein-Maxwell theory with a bare cosmological constant. As a
consequence of the gauging, there is an additional subtlety in this theory. Recall that
in minimal gauged supergravity the U (1)R symmetry of the gravitinos is promoted
to a local one via the graviphoton. Although not explicitly given as a formula, this
naturally means that the kinetic term of the gravitinos in the lagrangian acquires a gauge
covariant derivative, with the term gAgµ in it, i.e. the gravitinos become charged under
the graviphoton with an electric charge g, which is also giving the bare cosmological
constant, Λ = −3g 2 . Due to this electric charge (the gauging is electric, therefore the
gravitinos remain with a vanishing magnetic charge), a Dirac quantization condition is
imposed on every solution of the theory: each object needs to have a magnetic charge
P that obeys 2gP = n, n ∈ Z. Since the magnetic charge of the gravitinos is zero,
the electric charge of the solutions remains a continuous parameter, at least a priori.
This subtlety of the quantum theory might on first sight be of little relevance for the
topic of classical solutions, but we will soon find that supersymmetry is not oblivious
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to these issues. Without further delay, we can now discuss the different types of static
and stationary solutions in minimal gauged supergravity.
Static solutions
First we focus on static spherically symmetric spacetimes with metrics of the form
ds2 = U 2 (r) dt2 − U −2 (r) dr2 − h2 (r) (dθ2 + sin2 θdϕ2 ) ,

(6.1)

for some functions U (r) and h(r) to be determined from the BPS conditions and/or the
equations of motion.
For Minkowski spacetime, we had U = 1 and h = r, and for four-dimensional antide Sitter spacetime, one has
AdS4 :

U 2 (r) = 1 + g 2 r2 ,

(6.2)

h(r) = r ,

where g is related to the cosmological constant of AdS4 through the scalar curvature
relation R = −12g 2 . So, in the standard conventions the cosmological constant is
Λ = −3g 2 . The simplest generalization of AdS is to Schwarzschild-AdS, with mass
M and vanishing charges:
Schwarzschild − AdS4 :

U 2 (r) = 1 −

2M
+ g2 r2 ,
r

h(r) = r .

(6.3)

Just as in the asymptotically flat case, there is no extremal Schwarzschild-AdS black
hole and only positive masses result in an event horizon. From the point of view of the
AdS/CFT correspondence, a Schwarzschild-AdS with positive mass corresponds to a
thermal field theory on the boundary.
We then move to the more interesting (from the supersymmetry point of view)
case when we allow for non-vanishing graviphoton field strength. For the ReisnnerNordström black hole solution in AdS4 (RN-AdS), with mass M and electric and magnetic charges Q and P , we have
RN − AdS4 :

U 2 (r) = 1 −

Q2 + P 2
2M
+
+ g2 r2 ,
r
r2

h(r) = r .

(6.4)

Imposing BPS conditions leads to exactly two different possibilities in pure supergravity
without vector multiplets, as analyzed long ago in [102]. One solution is usually referred
to as ”extreme RN-AdS electric solution”, it is half-BPS and it requires M = Q, P = 0,
hence
extreme

electric

RN − AdS4 :

U 2 (r) = (1 −

Q 2
) + g2 r2
r

h(r) = r .

(6.5)
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The function U (r) has no zeroes and therefore no event horizon exist. The point r = 0
is then a naked singularity. The other solution is referred to as an ”exotic AdS solution”
and is only quarter-BPS, imposing M = 0, P = 1/(2g),
exotic

AdS4 :

U 2 (r) = (gr +

1 2 Q2
) + 2 ,
2gr
r

h(r) = r .

(6.6)

This case has no flat space limit for g → 0 and is therefore very different in behavior
from the first solution. Still, the solution has a naked singularity.
The aim of the following sections is to find generalizations of these BPS solutions that
include vector and hypermultiplets. The extension of the extreme RN-AdS solutions for
many vector multiplets and non-trivial scalars has been investigated in [110] with the
outcome of nakedly singular spacetimes once again, which will be discussed in detail in
section 6.2.2. Some generalizations of the exotic solution also exist in the literature, e.g.
in [111], but these set the scalars to constants and are thus not general enough to resolve
the naked singularity. Our strategy will be to replace the cosmological constant with a
nontrivial potential for the vector multiplet scalars that contains Fayet-Iliopoulos terms,
see more in section 6.3.
Kerr-Newman-AdS
The Kerr-Newman-AdS (KN-AdS) spacetime is the most general stationary solution in
AdS4 . Just as the KN black hole in Minkowski, KN-AdS has a mass parameter m, electric
and magnetic charges q and p (with z 2 ≡ q 2 + p2 ), and angular momentum parameter
a. The metric is axisymmetric and is written in Boyer-Lindquist-type coordinates,
ds2 =

2
2
ρ2 2 ∆θ sin2 θ
ρ2 2
∆r
2
dt
−
a
sin
θdϕ
−
dr
−
dθ −
adt − (r2 + a2 )dϕ ,
Ξ2 ρ2
∆r
∆θ
Ξ2 ρ2
(6.7)

with
ρ2 ≡ r2 + a2 sin2 θ ,

Ξ = 1 − ag ,

and
∆r ≡ (r2 + a2 )(1 + g 2 r2 ) − 2mr + z 2 ,

∆θ ≡ 1 − a2 g 2 cos2 θ .

From the metric we can see that the spacetime is well-defined only when ag < 1, i.e. the
angular momentum is bounded from above.. This comes from the requirement that the
angular velocity at the conformal AdS boundary (r → ∞) does not exceed the speed
of light, see [112]. The analysis of KN-AdS black hole thermodynamics and extremality
conditions is slightly more involved and can be found in [109, 112].The conditions imposed from supercharge conservation on the parameters m, p, q, a will be discussed in
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details in the next part of this thesis. Here we just note that the BPS KN-AdS solution is
the only supersymmetric configuration in minimal gauged supergravity with a genuine
horizon, corresponding to a black hole with a finite entropy.

6.2.1

Solutions via spontaneous symmetry breaking

The simplest solutions in gauged supergravity are the of course the ones where the
scalars are just constants. Because of the non-trivial scalar potential of the gauged
lagrangian (2.1), however, the scalars cannot be just frozen to arbitrary constants. In
principle one can try to find all minima of the scalar potential in a given solution,
but this is often an impossible task if the number of scalars is too big. A way out is
provided by our analysis in chapter 4 which essentially provides a way of finding the
supersymmetric minima of the scalar potential.
Here we give a simple but yet qualitatively very general example of how to apply
the procedure outlined above to find asymptotically anti-de Sitter black hole solutions
with gauged hypers, starting from already known black hole solutions without hypers.
In this case we start from a solution of pure supergravity and add abelian gauged vector
multiplets and hypermultiplets. Alternatively, one can think of it as breaking the gauge
symmetry such that all hyper- and vector multiplets become massive, and one is left
with a gravity multiplet with cosmological constant. Here we already know the full
classification of black hole solutions, as described above.
An already worked out example in section 3.4.2 is the case of the gauged supergravity, arising from a consistent reduction to four dimensions of M-theory on a SasakiEinstein7 manifold [70]. The resulting low-energy effective action has a single vector
multiplet and a single hypermultiplet (the universal hypermultiplet). The special geometry prepotential is given by
F =

p

X 0 (X 1 )3 ,

with X Λ = {1, τ 2 }, where τ is the vector multiplet scalar, and the isometries on the
UHM are given by

1
k̃0 = 24∂σ + 4 χ∂ϕ − ϕ∂χ + (ϕ2 − χ2 )∂σ ,
2
k̃1 = 24∂σ ,

(6.8)

which is combination of isometries 1 and 4 from appendix D. The corresponding mo-
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ment maps, see appendix D, are given by
4χ
P01 = √ ,
R

4ϕ
P02 = √ ,
R

P11 = 0 ,

P12 = 0 ,

χ2 + ϕ2
12
+4−
,
R
R
12
P13 = − .
R

P03 = −

(6.9)

Maximally supersymmetric AdS4 vacua were found in section 3.4.2. The condition (4.6)
fixes the values of the vector multiplet scalar τ vev ≡ (τ1 + iτ2 )vev = i and two of the four
hypers χvev = ϕvev = 0. The third ungauged hyper, which is the dilaton, is fixed to the
constant non-zero value Rvev = 4. The remaining hypermultiplet scalar is an arbitrary
constant σ vev = hσi. All the gauge fields have vanishing expectation values at this fully
supersymmetric AdS4 vacuum. If we now expand the scalar field potential (2.2) up to
second order in fields we obtain the following mass terms
3
V quadratic = −12 + 138(τ12 + τ22 ) + R2 + 6Rτ2 + 10(χ2 + ϕ2 ) .
4

(6.10)

We can see that three of the hyperscalars and the (complex) vector multiplet scalar
acquire mass. There is also a mass term m2 = 36 for the gauge field A0 + A1 , this
field thus eats up the remaining massless hyperscalar σ. So we observe the formation
of a massive N = 2 vector multiplet consisting of one massive vector and five massive
scalars, and we can consistently set all these fields to zero. The resulting Lagrangian
is that of pure N = 2 supergravity with a cosmological constant Λ = −12. Using the
static class of black hole solutions in minimal gauged supergravity, it is straightforward
to provide a solution of the gauged supergravity theory. All the solutions described in
the beginning of this section will also be solutions in our considered model as they obey
the Einstein-Maxwell equations of pure supergravity.

6.2.2

1/2 BPS solutions

Here we briefly summarize the solutions of Sabra, [110], which generalize the extremeelectric RN-AdS configurations of minimal gauged supergravity. In short, the solutions
of are in gauged supergravity with an arbitrary number of vector multiplets and U (1)
FI parameters ξΛ . The solutions are purely electric with arbitrary charges qΛ . The metric
and symplectic sections are
e−K dr2
− e−K r2 dΩ22 ,
(1 + g 2 r2 e−2K )
qΛ
.
ImX Λ = 0,
2 ImFΛ = HΛ = ξΛ +
r


ds2 = eK 1 + g 2 r2 e−2K dt2 −

(6.11)
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These solutions represent nakedly singular spacetimes that preserve 4 of the original 8
supercharges. They seem to be the most general static supersymmetric solutions with
spherical symmetry that strictly asymptote27 to AdS4 . It is natural to expect that supersymmetry preserving generalizations of the KN-AdS spacetimes with non-constant
scalars should exist, but these have not been constructed yet.

6.3

Static magnetic spherical BPS black holes

This section deals with a BPS extension of the exotic AdS4 nakedly singular solution
discussed briefly in the previous section. Recall that
exotic

AdS4 :

U 2 (r) = (gr +

1 2 Q2
) + 2 ,
2gr
r

h(r) = r .

(6.12)

We will see that there exist generalizations of this within N = 2 gauged supergravity
such that this naked singularity is resolved due to non-trivial scalar behavior.
Anticipating our results, we now briefly explain how the exotic solution is modified
to make a proper black hole in AdS4 . We set the electric charges to zero but allow for
non-trivial scalars, which will in the end result in changing the metric function U to
be28 :
c 2
) ,
(6.13)
U 2 (r) = (gr +
2gr
with a constant c 6= 1 that depends on the explicit running of the scalars. The important
outcome from this
q is that in certain cases we will have c < 0, and then a horizon will
−c
appear at rh = 2g
2 to shield the singularity. In this way, one can find a static quarterBPS asymptotically AdS4 black hole with nontrivial scalar fields and magnetic charges.

6.3.1

Gauged supergravity with Fayet-Iliopoulos parameters

In this section we focus on abelian gauged N = 2 supergravity in four dimensions in the
absence of hypermultiplets. We consider nV vector multiplets and briefly recall some
already discussed facts about U (1) gaugings with FI parameters. This will be needed
to make a distinction later when discussing lagrangians with magnetic FI parameters.
Recall that as the gauge group is abelian, the vector multiplet scalars are neutral, and
the only charged fields in the theory are the two gravitinos. The gauge fields that
27 The

solutions presented in the following section have non-vanishing magnetic charge coming from the
graviphoton and will not be counted as asymptotically AdS. This is explained carefully in the coming chapters.
28 Here, the discussion is only schematic in order to underline the main point, the actual solution is more
involved as we explain in section 6.3. There we also comment further on the other function in the metric, h(r).

92

CHAPTER 6. ASYMPTOTICALLY ADS BLACK HOLES

couple to the gravitinos appear in a linear combination of the graviphoton and the nV
vectors from the vectormultiplets, ξΛ AΛ
µ , with Λ = 0, 1, ..., nV . The bosonic part of the
Lagrangian for such a system is
L=

1
1
Λ
Λ
Σ
R(g) + gī ∂ µ z i ∂µ z̄ ̄ + IΛΣ Fµν
F Σ µν + RΛΣ µνρσ Fµν
Fρσ
− g 2 V (z, z̄) ,
2
2

(6.14)

V = (g ī fiΛ f¯̄Σ − 3L̄Λ LΣ )ξΛ ξΣ

(6.15)

where
is the scalar potential. The supercovariant derivative of the spinor reads:

1
i
1
3B
Ki ∂µ z i − Kῑ ∂µ z̄ ῑ εA + gξΛ AΛ
∇µ εA = (∂µ − ωµab γab )εA +
µ σA εB ,
4
4
2

(6.16)

and similarly for the gravitino’s
i
3B
∇µ ψν A = ∂µ ψν A + ... + gξΛ AΛ
µ σA ψµ B .
2

(6.17)

The fact that only σ 3 appears in the supersymmetry transformation rules and covariant
derivatives reflects the fact that the SU (2)R symmetry is broken to U (1).
We have to stress that the above theory is gauged only electrically, since we have
used only electric fields AΛ
µ for the gauging of the gravitino. Thus the FI parameters can
be thought of as the electric charges ±eΛ of the gravitino fields, with
eΛ = gξΛ ,

(6.18)

The fact that the gravitinos have opposite electric charge finds its origin from the eigenvalues of σ 3 . Generically in such a theory one encounters a Dirac-like quantization
condition in the presence of magnetic charges pΛ ,
eΛ pΛ = n ,

n∈Z,

(6.19)

as explained already in the previous section. Clearly, (6.19) is not a symplectic invariant,
due to the choice of the gauging. Later, in section 6.3.4, we generalize this to include also
magnetic gaugings.

6.3.2

Black hole ansatz and Killing spinors

As already stated above, we look for a supersymmetric solution similar to the “exotic
AdS solution” of [102], but with nonconstant scalar fields. We start with the general
static metric ansatz
ds2 = U 2 (r) dt2 − U −2 (r) dr2 − h2 (r) (dθ2 + sin2 θdϕ2 ) ,

(6.20)
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and corresponding vielbein


eaµ = diag U (r), U −1 (r), h(r), h(r) sin θ .

(6.21)

The non-vanishing components of the spin connection turn out to be:
ωt01 = U ∂r U,

ωθ12 = −U ∂r h,

ωϕ13 = −U ∂r h sin θ,

ωϕ23 = − cos θ .

(6.22)

We further assume that the gauge field strengths are given by
Λ
Ftr
= 0,

Λ
Fθϕ
=

pΛ
sin θ,
2

(6.23)

or alternatively
Λ
Λ
AΛ
t = Ar = Aθ = 0,

Λ
AΛ
ϕ = −p cos θ,

(6.24)

which are needed in the BPS equations below. If we allow also electric charges, we then
Λ
, Gµν,Λ 29 , and require
should use an electromagnetic basis Fµν
GΛ,θϕ =

qΛ
sin θ,
2

Λ
Fθϕ
=

pΛ
sin θ .
2

(6.25)

These automatically solve the Maxwell equations and Bianchi identities in full analogy
to the case of ungauged supergravity30 [73]. However, we start with a purely electric
gauging (6.14) and we set the electric charges of the black hole to zero since otherwise
we cannot directly solve for the gauge fields AΛ
t that are needed for the BPS equations.
This is a particular choice we make at this point in view of the BPS conditions we derive
below. In section 6.3.4 we will explain how to explicitly find a solution also with electric
charges in a more general electromagnetic gauging frame.
Killing spinor ansatz
With the gamma matrix conventions spelled out in appendix A we make the following
ansatz for the (chiral) Killing spinors:
εA = eiα AB γ 0 εB ,
29 Recall

3
εA = ±eiα σAB
γ 1 εB ,

(6.26)

that the magnetic field strengths can be defined from the lagrangian to be
Σ
GΛµν ≡ RΛΣ Fµν
−

1
IΛΣ µνγδ F Σγδ .
2

30 Notice that the vector field part of the lagrangian (6.14) is the same as in the ungauged theory, so they
have the same equations of motion.The only difference appears in the coupling to the gravitinos.
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where α is an arbitrary constant phase, and the choice of sign in the second condition
will lead to two distinguishable Killing spinor solutions with corresponding BPS equations. This Killing spinor ansatz corresponds (in our conventions for chiral spinors) to
the Killing spinor projections derived in [102] for the exotic solutions. Note that the
choice of phase α is irrelevant due to U (1)R symmetry, i.e. any value of α leads to
the exact same physical solution. It will nevertheless amount to putting the symplectic
sections of the vector multiplet moduli space in a particular frame, as we explain in more
detail in the next subsection. Furthermore, from the above equations one can deduce
that the Killing spinor can be parametrized as follows. Using our convention from App.
A, one finds that, ∀a ∈ C, for the upper sign (which we call type I) in (6.26):




−i
1
 1 
 i 


(6.27)
εI2 = ā(x)eiα 
εI1 = a(x) 
 1 .
 −i  ,
−i
−1
For the negative sign (type II) one finds,
 
1


 i ,
εII
1 = a(x) 
i 
1


i
 −1 


 1 .
−i


iα
εII
2 = ā(x)e

(6.28)

This type of Killing spinors explicitly break 3/4 of the supersymmetry. The two degrees
of freedom of the complex function a give the remaining two supercharges.
We look for spacetimes that are static and spherically symmetric, so in particular
invariant under the rotation group. This rotation group acts on spinors, and can in
general leave or not leave our Killing spinor ansatz invariant. It will be a check on our
explicit solution for the Killing spinors that they should be also rotationally invariant,
just as in the original case for exotic solutions [102].
Note that our choice of Killing spinors makes them timelike, i.e. they give rise to a
timelike Killing vector (see [75, 76, 101] for more details about Killing spinor identities).
It was already shown in section 5.3.2 that, to obtain a supersymmetric solution, one
needs to check only the Maxwell equations and Bianchi identities in addition to the BPS
conditions. The equations of motion for the other fields then follow, due to the timelike
Killing spinor.
BPS conditions and attractor flow
With the above ansätze for the spacetime and the Killing spinors one can show that the
gaugino and gravitino variations (2.4), (2.3) simplify substantially but do not yet vanish
identically.
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From the gaugino variation we obtain the following radial flow equations for the
scalar fields:


IΛΣ pΣ
−iα
i
ij̄ ¯Λ
e U ∂r z = g fj̄
∓ gξΛ ,
(6.29)
h2
where the two different signs correspond to the two types of Killing spinors in the given
order.
If we require the gravitino variation (2.3) to vanish, we derive four extra equations
that need to be satisfied (one for each spacetime index). The equations for t and θ
determine the radial dependence of the metric components,
eiα ∂r U = −

LΛ IΛΣ pΣ
± gξΛ LΛ ,
h2

LΛ IΛΣ pΣ
U
∂r h =
± gξΛ LΛ .
h
h2
The ϕ component of the gravitino variation further constrains
eiα

gξΛ pΛ = ∓1 ,

(6.30)
(6.31)

(6.32)

and the radial part gives a differential equation for the Killing spinor, solved by
R
p
i
a(r) = a0 U (r) e− 2 Ar (r) dr ,
(6.33)
with


i
Ki ∂r z i − Kj̄ ∂r z j̄
(6.34)
2
the U (1) Kähler connection. These results are in agreement with rotational symmetry
since the Killing spinor is only a function of r. The solution is 1/4 BPS and has two conserved supercharges, corresponding to the two free numbers of the complex constant
a0 . We further see that (6.33) does not give an extra constraint on the fields, but can be
used to determine the explicit radial dependence of the Killing spinor parameter a(r).
One can always evaluate the integral of A(r) for a given solution and thus the Killing
spinor can be explicitly found once the BPS equations (6.29)-(6.32) are satisfied.
Notice also that (6.32) is in accordance with the generalized Dirac quantization condition (6.19) with the smallest non-zero integer n = ±1. It will be interesting to understand how one can generate other solutions with higher values of n or whether supersymmetry always strictly constrains n as in the present case. Furthermore, it is easy to
see that in the limit g → 0 where the gauging vanishes one recovers the well-known
first order attractor flow equations of black holes in ungauged N = 2 supergravity
[88, 91, 92]. The presence of the extra terms due to the gauging is precisely where the
difference between ungauged and gauged black holes lies. Thus we believe the BPS
Ar (r) = −
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equations are now written in a simpler and more suggestive form compared to [21] (see
also [22] where the above BPS equations are derived from a different perspective by a
smart rewriting of the original lagrangian).
A short comment on the phase α is in order. One can see in eqs. (6.30), (6.31) that the
quantities e−iα LΛ must always be real. Thus, if e.g. α = 0 then LΛ will need to be real,
while if α = π2 , LΛ have to be imaginary. This U (1)R symmetry of the BPS conditions
is of course well understood in the ungauged case and there are generally two ways of
proceeding. One can just fix the phase to a particular value and go on to write down
the solutions, as originally done in [73], or one can also put explicitly the phase factor in
the definition of the sections as done in [96]. Here we choose to fix α = 0 for the rest of
the section as it will minimize the factors of i in what follows (note that [73] makes the
opposite choice and thus the solutions are given for the imaginary instead of the real
parts of the sections). It should be clear how one can always plug back the factor of e−iα
and choose a different phase if needed in different conventions. In particular this choice
implies that (after adding (6.30) and (6.31))
ξΛ Im(X Λ ) = 0 .

6.3.3

(6.35)

Black hole solutions

Now we would like to find explicit solutions to eqs. (6.29)-(6.31). We already know (by
assumption) the solution for the vector field strengths (6.23), so we search for solutions
of the metric functions U (r), h(r) and the symplectic sections X Λ (r), FΛ (r) that determine the scalars. We propose the following form for the solution of the BPS equations
in the electric frame (for the choice of phase α = 0):

1
X Λ + X̄ Λ = H Λ ,
2
H Λ = αΛ +
and



c
U (r) = eK/2 gr +
,
2gr


1
FΛ + F̄Λ = 0 ,
2

(6.36)

βΛ
,
r
h(r) = re−K/2 ,

(6.37)

where K is the Kähler potential

e−K = i X̄ Λ FΛ − X Λ F̄Λ ,
and c some constant. The line element of the spacetime is then

2
c
e−K dr2
2
K
−K 2
2
ds = e
gr +
dt2 − 
2 − e r dΩ2 .
2gr
c
gr + 2gr

(6.38)

(6.39)

97
The constant c above is not specified yet and depends explicitly on the chosen model.
This is also the case for the constants αΛ , β Λ that may eventually be expressed in terms
of the FI parameters ξΛ and the magnetic charges pΛ . We give some explicit examples
in section 6.3.5. Here we just use the above results to show how the BPS equations
simplify to a form where they can be explicitly solved given a particular model with
a prepotential (we further assume that (6.36) implies Im(X Λ ) = 0 in accordance with
(6.35)). Eqs. (6.30)-(6.31), together with (6.36)-(6.37), lead to:
ξΛ αΛ = ±1,

ξΛ β Λ = 0 ,


FΛ −2g 2 rβ Λ + cαΛ + gpΛ = 0 .
Multiplying (6.29) with fiΛ we eventually obtain




c
1
FΣ X Σ ∂r X Λ − X Λ FΣ ∂r X Σ = − 2 FΣ X Σ pΛ − X Λ pΣ
gr +
2gr
2r

(6.40)
(6.41)

(6.42)


+ gFΣ X Σ X Λ ± iFΠ X Π (I −1 )ΛΓ ξΓ .
We chose to rewrite it in this form in order to have equations only for the symplectic
sections, as standardly done also in ungauged black holes literature [73]. In principle
however fiΛ is non-invertible and thus (6.42) does not strictly speaking imply (6.29).
Practically this never seems to be an issue since in fact (6.42) gives one extra equation.
In all cases we solved explicitly the equations, we found that the condition coming from
the gaugino variation is already automatically satisfied after solving (6.40) and (6.41).
Unfortunately, we were not able to prove that it must vanish identically with the above
ansatz.
Using (6.36) it is straightforward to prove that the Kähler connection (6.34) vanishes
identically (c.f. Eq.(29) of [73]). Thus the functional dependence of the Killing spinors
becomes
p
a(r) = U (r) a0 ,
(6.43)
just as in the original solution without scalars [102].
Note that with (6.36) one can now also show that the field strengths (6.23) identically
solve the Bianchi identities and the Maxwell equation as they fall in the form (6.25) with
qΛ = 0. Thus any solution of (6.40)-(6.42) will be a supersymmetric solution of the
theory with no further constraints.
One particular solution (the only one in absence of vector multiplets) of the above
equations that is always present, is when αΛ = −gpΛ , β Λ = 0, for all Λ, and c = 1. This
solution is in fact the one discovered in [111] with constant scalars (X Λ is constant when
β Λ = 0). However, this solution has a naked singularity, since c > 0. A horizon is not
present in this case, since generally it will appear at rh2 = − 2gc 2 and thus only for c < 0.
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We will see in section 6.3.5 that indeed there exist solutions of the above equations in
which c < 0, such that a proper horizon shields the singularity. These solutions however
necessarily have nonzero β Λ ’s. Thus a proper black hole can only form in the presence
of some sort of attractor mechanism for the scalar fields.

6.3.4

Black holes with electric and magnetic charges

We now explain how one can restore the broken electromagnetic duality invariance of
the theory (6.14). As discussed in section 6.3.1, the electric gaugings break electromagnetic invariance, i.e. performing symplectic rotations leads us to a new Lagrangian that
will be of different form from (6.14). One then needs to allow for both electric and
magnetic gaugings and change the form of the scalar potential in order to recover the
electromagnetic invariance of the ungauged theory. There have been various proposals
in literature for extending it to gauged supergravity [46, 63, 113]. It turns out that the
correct approach to introducing real magnetic gaugings is the embedding tensor formalism, and we closely follow the analysis of [47, 50]. It restores full electromagnetic duality
invariance of the gauge theory (when the electric and magnetic charges are mutually local) by introducing additional tensor fields in the Lagrangian. Unfortunately the theory
is not yet fully developed in general for supergravity (for rigid N = 2 supersymmetry,
see [48]), but we will nevertheless be able to write down particular solutions due to the
fact that we can do duality transformations on the solutions of the electrically gauged
theory.
Even though we cannot give the most general Lagrangian and susy variations for
the theory with electric and magnetic gaugings, we know how the bosonic part of the
Lagrangian should look like in this very special case of FI gaugings. It is most instructive to integrate out the additional tensor field that has to be introduced, following the
procedure of section 5.1 of [47]. Exactly half of the gauge fields (we will originally have
both electric and magnetic gauge fields, (AΛ
µ , Aµ,Λ )) will also be integrated out in this
process. One first splits the index Λ in two parts, {Λ} = {Λ0 , Λ00 }, for the non-vanishing
electric and magnetic gauge fields respectively. The Lagrangian will then consist only of
0
Λ00
AΛ
µ , AΛ00 ,µ , while Aµ , AΛ0 ,µ are integrated out together with the additional tensor field.
0
Λ00
Thus the linear combination of fields used for the U (1) FI gauging is ξΛ0 AΛ
AΛ00 ,µ .
µ −ξ
00
Λ
The ξ ’s are the magnetic charges of the gravitinos, and the new generalized Dirac
quantization condition for electric and magnetic charges (qΛ , pΛ ) of any solution is
0

00

eΛ0 pΛ − mΛ qΛ00 = n,

n∈Z,

(6.44)
00

00

with electric and magnetic gravitino charges eΛ0 ≡ gξΛ0 and mΛ ≡ gξ Λ . The scalar
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potential is then of the form
0
0
0
00
00
0
V = (g ī fiΛ f¯̄Σ − 3L̄Λ LΣ )ξΛ0 ξΣ0 − (g ī hi,Λ00 h̄̄,Σ00 − 3M̄Λ00 MΣ00 )ξ Λ ξ Σ .

(6.45)

The main point about electromagnetic invariance is that the equations of motion are
now invariant under the group Sp(2(nV + 1), R), which at the same time rotates the Lagrangian from a purely electric gauging frame to a more general electromagnetic gauging. The symplectic vectors transforming under the symmetry group are the sections
Λ
, Gµν,Λ
(FΛ , X Λ ) and the FI parameters (ξΛ , ξ Λ ), as well as the vector field strengths Fµν
Λ
(which come from the respective electric and magnetic gauge potentials (Aµ , Aµ,Λ )).
One can then see how natural equations (6.44),(6.45) are if we start from a purely electric
Λ
nonzero and then perform an arbitrary symplectic transformaframe with only ξΛ , Fµν
tion. The important message is that once we have found a solution to the purely electric
theory we can always perform any symplectic transformation of the theory to see how
the solution looks like in a more general electromagnetic setting.
It is in fact easy to guess how the solution looks like in a more general theory with
electric and magnetic gaugings. We have not proven the existence of such a BPS solution
due to the lack of a properly defined Lagrangian and supersymmetry variations, but
we can nevertheless indirectly find it by symplectic rotations. This procedure leads to a
solution, where the metric is again given by (6.39), together with
0

0

0

Λ
Ftr
=0,

GΛ00 ,tr = 0 ,

pΛ
sin θ ,
2
qΛ00
=
sin θ ,
2

Λ
Fθϕ
=

GΛ00 ,θϕ

and harmonic functions that determine the sections


0
0
1  Λ0
1
X + X̄ Λ = H Λ ,
FΛ0 + F̄Λ0 = 0 ,
2
2


00
1  Λ00
1
X + X̄ Λ = 0 ,
FΛ00 + F̄Λ00 = HΛ00 ,
2
2

(6.46)

(6.47)

0

βΛ
βΛ00
,
HΛ00 = αΛ00 +
.
r
r
The above should give solutions provided that the following identities (coming from
the BPS conditions) are satisfied,
0

0

H Λ = αΛ +

0

00

2g(ξΛ0 pΛ − ξ Λ qΛ00 ) = ∓1 ,
0

00

0

(6.48)
00

ξΛ0 αΛ − ξ Λ αΛ00 = ±1,
ξΛ0 β Λ − ξ Λ βΛ00 = 0 ,



0
0
0
00
FΛ0 −2g 2 rβ Λ + cαΛ + gpΛ − X Λ −2g 2 rβΛ00 + cαΛ00 + gqΛ00 = 0 ,

(6.49)
(6.50)
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together with the symplectic invariant version of (6.42) coming from contraction with
fiΛ . This expression becomes lengthy and cumbersome to check and we will not write it
down explicitly. In this case it will be easier to explicitly check the symplectic invariant
version of (6.29) by first defining the complex vector multiplet scalars from the sections.
Of course in case of confusion one can always take a model and rotate it to the electric
frame where the susy variations are clearly spelled out ((2.3)-(2.4)).

6.3.5

Explicit black hole solutions

p
nV = 1 with F = −2i X 0 (X 1 )3
This is the simplest prepotential in the ordinary electrically gauged theory that leads to
a black hole solution. We have one vector multiplet with the prepotential
p
F = −2i X 0 (X 1 )3 ,
(6.51)
0

1

thus one finds X 0 = α0 + βr , X 1 = α1 + βr from (6.36). This theory exhibits an AdS4
vacuum at the minimum of the scalar potential (corresponding to the cosmological constant)
q
2g 2
ξ0 ξ13
(6.52)
V∗ = Λ = −√
3
q
3ξ0
X1
at z ∗ =
ξ1 (defining z ≡ X 0 ). This can be easily deduced using the results of
the previous chapters. Going through the BPS equations (6.40)-(6.41), we can fix all
the constants of the solution in terms of the FI parameters ξ0 , ξ1 apart from one free
parameter (here we leave β 1 to be free for convenience, but it can be traded for one of
the magnetic charges or for β 0 ). We obtain that the magnetic charges are given by:




1 8(gξ1 β 1 )2
2
3 8(gξ1 β 1 )2
2
+
, p1 = ∓
−
,
(6.53)
p0 = ∓
gξ0 8
3
gξ1 8
3
for spinor I and II respectively. The other constants in the solution are
β0 = −

ξ1 β 1
,
ξ0

α0 =

±1
,
4ξ0

α1 =

±3
,
4ξ1

c=1−

32
(gξ1 β 1 )2 .
3

(6.54)

Using the definition of the gravitino charges (6.18), eΛ = gξΛ , these relations imply
eΛ αΛ = ±g ,

eΛ β Λ = 0 ,

eΛ pΛ = ∓1 ,

(6.55)

and one can check that the complete solution is a function of the variables eΛ , pΛ and
g. Note that in fact the dependence on g is artificial since it can always be absorbed in
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the definition of the coordinates. In particular, the rescaling gr → r, t → gt makes the
metric and the scalar flow dependent only on eΛ , pΛ as is also the form of the solution
presented in [21].
Interestingly, one can verify that the condition coming from the gaugino variation,
(6.42), is automatically satisfied with no further constraints. One can see that the two
spinor types in the end amount to having opposite magnetic charges and to flipping
some signs for the solution of the sections.
We now analyze the physical properties of the solution. In this case it is important
to give explicitly the metric function in front of the dt2 term. Using the form of the line
element in (6.39), the specific form of the sections with constants given in (6.54), one can
explicitly compute:

2
p
1
1 2
2 ξ0 ξ13 r2 gr + 2gr
− 16g
3r (ξ1 β )
p
gtt =
.
(6.56)
(r ∓ 4ξ1 β 1 )(3r ± 4ξ1 β 1 )3
The leading terms of the (infinite) asymptotic expansion of the metric for r → ∞ are
then

 
1
Λr2
1
256(ξ1 β 1 )3 1
1
1 + 2 (1 + c) 2 −
gtt (r → ∞) = −
+O
.
(6.57)
3
2g
r
27
r3
r4
Clearly, the metric has the correct AdS4 asymptotics. Although the constant term of the
asymptotic expansion is not exactly 1 when we compare to the RN-AdS metric, we are
still tempted to think that the coefficient in front of the 1/r term determines the physical
mass of the black hole,
128
M =−
Λ(ξ1 β 1 )3 .
(6.58)
81
The issue of defining the mass is a bit more subtle in asymptotically AdS spacetimes and
we address it more carefully in the following chapters, where we show that this naive
expectation is in fact wrong.
One can also notice that there are some subtleties for the radial coordinate that usually do not appear for black hole spacetimes. In particular, r = 0 is neither a horizon
(where gtt = 0), nor a singularity (where gtt → ∞). In fact the point r = 0 is never part
of the spacetime, since the singularity is always at a positive r, where the space should
be cut off. Thus the r coordinate does not directly correspond to the radial coordinate
from the singularity. The horizon for both signs is at
r
16
1
rh =
(ξ1 β 1 )2 − 2 ,
(6.59)
3
2g
while genuine singularities will appear at rs = ±4ξ1 β 1 , ∓ 34 ξ1 β 1 . The spacetime will
then continue only until the first singularity is encountered. If we want to have an

102

CHAPTER 6. ASYMPTOTICALLY ADS BLACK HOLES

actual black hole spacetime we must insist that the horizon shields the singularity, i.e.
rh > rs , otherwise we again have a naked singularity and the sphere at rh will not be
part of the spacetime. This requirement further sets the constraints |gξ1 β 1 | > 83 , with
ξ1 β 1 < 0 for solution I (upper sign) and ξ1 β 1 > 0 for solution II (lower sign). Since the
parameter β 1 is at our disposal, it can always be chosen to be within the required range,
thus the singularity can be shielded by a horizon in a particular parameter range for β 1 .
So, putting together both solutions, we know that a proper black hole with a horizon
S
will form in case gξ1 β 1 ∈ (−∞, − 38 ) ( 38 , ∞), with the corresponding relations given
above between the magnetic charges and ξ1 β 1 for the two intervals. In between, we are
dealing with naked singularities, which are of no interest for us at present. The constant
c is always negative, and satisfies
1
(6.60)
c<− ,
2
which reflects again the existence of a horizon, as announced in section 2.
Let us now investigate further the properties of these new black holes. Their entropy
is proportional to the area of the black hole at the horizon,
A
3
S=
=
4
4Λ

p
q
(rh ∓ 4ξ1 β 1 )(3rh ± 4ξ1 β 1 )3
3
p
(rh − rs,1 )(rh − rs,2 ) =
,
8 ξ0 ξ13

(6.61)

so the entropy is effectively a function of ξ0 , ξ1 , β 1 , which can be rewritten in terms of
the FI-terms and magnetic charges. Thus the entropy is a function of the black hole
charges pΛ and the gravitino charges eΛ . One can further observe that in case of fixed
gravitino charges eΛ , the entropy scales quadratically with the parameter β 1 and thus
linearly with the charges p0 or p1 in the limit of large charges. The opposite limit of fixed
magnetic charges shows that the entropy remains constant for large gravitino charge.
It is interesting to note that the fact that the scalars at the horizon are fixed in terms
of the gravitino and black hole charges is not directly obvious from the general form
of the solution. The scalars depend on the constants αΛ , β Λ that might not always be
fully determined by ξΛ , pΛ . One example of this is for the prepotential F = −iX 0 X 1
where the magnetic black hole charges are fully fixed in terms of FI parameters and
either β 0 or β 1 can be freely chosen. However, one can show that in this case there is no
parameter range for the β Λ ’s where the singularity is shielded by the horizon, thus black
holes do not exist. In all the cases for which we checked that a black hole is possible we
could verify that indeed the scalar values at the horizon can be expressed in terms of
the charges and FI parameters, but we have no general proof of this31 .
31 The

BPS equations (6.40)-(6.42) can be relatively easily solved in full generality for a prepotential of the
form F = (X 0 )n (X 1 )2−n . The outcome is that black holes exist for n ∈ (0, 1). The solution for general n is
in full analogy to the one presented here. There is only certain n dependence in the way the various constants
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Another interesting question is what the near-horizon geometry of this black hole is.
It is natural to expect that a static four dimensional BPS black hole has a near-horizon
geometry of AdS2 ×S2 and this is indeed the case. The radii of the two spaces are
RS 2 = rh e−K/2 |r=rh ,

RAdS2 =

e−K/2 |r=rh
√
,
2 2g

(6.62)

√
and it can be shown that RS 2 > 2RAdS2 from the constraints on having a horizon.
As the radii are inversely proportional to the scalar curvature of these spaces, it follows
that the overall AdS2 ×S2 space has a negative curvature, as expected for asymptotically
AdS4 black holes. Thus it is clear that near the horizon we do not observe a supersymmetry enhancement to a fully BPS vacuum as is the case for the asymptotically flat static
BPS black holes32 . Nevertheless, there is still a supersymmetry enhancement from a 1/4
BPS overall solution to a 1/2 BPS vacuum near the horizon, as shown in [50].
F =

(X 1 )3
X0

in a mixed electromagnetic frame

In order to give an example of black hole solutions in a more general electromagnetic
frame, one can rotate the sections and FI parameters of the previous example by the
symplectic matrix


1 0 0 0
0 0 0 1/3

S=
(6.63)
0 0 1 0  ,
0 −3 0 0
such that the prepotential after rotation corresponds to the well-studied in ungauged
supergravity T 3 model with prepotential
F =

(X 1 )3
,
X0

(6.64)

and the non-vanishing FI parameters are ξ0 , ξ 1 . The theory will then be electrically
gauged with A0µ and magneticaly gauged with A1,µ . This prepotential cannot lead to
an AdS BPS black hole in the purely electric gauging, because it does not exhibit a
supersymmetric AdS4 vacuum. However, in this mixed electromagnetic gauging, the
T 3 model does have a proper fully supersymmetric AdS vacuum.
Now we can follow the more general procedure outlined in section 6.3.4. In this case
0
it turns out that X 0 = α0 + βr , F1 = α1 + βr1 . The black hole solution will then have
depend on each other, which does not lead to any qualitative differences. Here we chose to explicitly describe
the case with n = 1/2 since it is the most relevant case from a string theory point of view as we will see in the
next section.
32 We already saw that AdS ×S2 is maximally supersymmetric only for R
2
S 2 = RAdS2
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one magnetic charge p0 and one electric charge q1 . Going through the BPS equations
(6.48)-(6.50), we can fix all the constants of the solution in terms of the FI parameters
ξ0 , ξ 1 , apart from one free parameter which we choose to be β1 . The charges are given
by:




2
3 8(gξ 1 β1 )2
1 8(gξ 1 β1 )2
2
p0 = ∓
+
, q1 = ± 1
−
,
(6.65)
gξ0 8
3
gξ
8
3
for spinor I and II respectively. The other constants in the solution are
β0 =

ξ 1 β1
,
ξ0

α0 = ±

1
,
4ξ0

α1 = ∓

3
,
4ξ 1

c=1−

32
(gξ 1 β1 )2 .
3

(6.66)

and one can see that the metric and scalar profile in this case are analogous to the
example in the previous subsection, as expected. This confirms the consistency of the
results in section 6.3.4. The entropy of the black hole is now a function of the electric
and magnetic gravitino charges, e0 = gξ0 and m1 = gξ 1 , and the black hole charges p0
and q1 .
Note that we could have for instance rotated the frame from a fully electric to a fully
magnetic frame, by the symplectic matrix

0 0
0 0
S=
1 0
0 3

−1
0
0
0


0
−1/3
 ,
0 
0

(6.67)

p
and it turns out that the prepotential F = −2i X 0 (X 1 )3 is in fact invariant under this
transformation. The resulting solution will be the same, but there will be two electric
instead of two magnetic charges.

6.3.6

M-theory lift

An explicit string theory example of abelian gauged N = 2, D = 4 supergravity with FI
terms was found by a consistent truncation of M-theory on S 7 in [114, 115]. A standard
Kaluza-Klein compactification on S 7 leads initially to an SO(8) gauged N = 8 supergravity in four dimensions. To avoid some of the complications of non-abelian gauge
fields, the authors of [114, 115] further defined a consistent truncation of this theory to
an U (1)4 gauged N = 2 supergravity. The 11-dimensional metric ansatz is given by:
ds211 = ∆2/3 ds24 + 2g −2 ∆−1/3

3
X



g Λ 2
2
2
√
A
)
,
a−1
dµ
+
µ
(dφ
+
Λ
Λ
Λ
Λ
2
Λ=0

(6.68)
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where ∆ = Λ aΛ µ2Λ with the µΛ ’s satisfying Λ µ2Λ = 1. They can be parameterized
by the angles on the 3-sphere as explained in more detail in [114, 115]. The remaining
4 angles φΛ together with the µΛ describe the internal space, while xµ are coordinates
of the four-dimensional spacetime on which the resulting N = 2, D = 4 gauged supergravity is defined. The factors aΛ depend on the four-dimensional axio-dilaton scalars
µ
τi = e−ϕi + iχi (defined below) and the gauge fields AΛ = AΛ
µ dx are exactly the ones
appearing in the four-dimensional theory. Note that if all the gauge fields are vanishing
and the scalars are at the minimum of the potential, the internal space becomes exactly
S 7 . Apart from the metric, the field strength of the 11-dimensional three form field is
given by:
√

X
1 X −1
(a2Λ µ2Λ − ∆aΛ )4 + √
aΛ ¯∗daΛ ∧ d(µ2Λ )
2g Λ
Λ
g
1 X −2
aΛ d(µ2Λ ) ∧ (dφΛ + √ AΛ ) ∧ ¯∗dAΛ ,
− 2
g
2
Λ

F4 =

2g

(6.69)

with ¯
∗ the Hodge dual with respect to the four-dimensional metric ds4 , and 4 the
corresponding volume form.
With these identifications, the four-dimensional N = 2 bosonic Lagrangian, written
in our conventions, reads
3


1X
1
Λ
R(g) +
(∂ϕi )2 + e2ϕi (∂χi )2 + Im(M)ΛΣ Fµν
F Σ µν
2
4 i=1

3 
X
1
1 2 ϕi
µνρσ Λ
Σ
2
+ Re(M)ΛΣ 
Fµν Fρσ + 2g
cosh ϕi + χi e
.
2
2
i=1

L=

(6.70)

One can then check explicitly (using also the particular result for the matrix M given in
[114, 115]) that the above Lagrangian is indeed of the form of (6.14) with prepotential
√
(6.71)
F = −2i X 0 X 1 X 2 X 3 ,
where the sections X Λ define the three scalars τi by
The FI parameters take the particularly simple form

X1
X0

ξ0 = ξ1 = ξ2 = ξ3 = 1 .

2

3

X
≡ τ2 τ3 , X
X 0 ≡ τ1 τ3 , X 0 ≡ τ1 τ2 .

(6.72)

In this theory one can find a black hole solution in analogy to the example in section
Λ
6.3.5. Following the general results in section 6.3.3, X Λ = αΛ + βr , and from (6.40)-(6.41)
one can find the full solution with α0 = α1 = α2 = α3 = ± 41 and three arbitrary parameters β 1 , β 2 , β 3 (or equivalently p1 , p2 , p3 ). We will not write down the full solution
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as the expressions for the constant c and the magnetic charges in terms of the β Λ ’s are
very long and do not lead to further insight. It is clear that the particular solution when
we choose β 1 = β 2 = β 3 in fact coincides precisely with the solution in section 6.3.5
and this means that in any case a genuine black hole of the M-theory reduction exists
particularly when the three complex scalars are equal. In the full solution of course
there is a wider range of values for β 1 , β 2 , β 3 that will lead to a black hole, but this will
suffice for our purposes here.
We now comment on the meaning of these four-dimensional black holes from the
point of view of M-theory as a first step towards constructing the corresponding microscopic theory. It is notable that the particular M-theory reduction we have leads
to an electrically gauged N = 2 supergravity and thus the resulting solution has only
magnetic charges. This in fact makes the higher dimensional interpretation a bit more
involved. There are two main points one can notice about the full 11-dimensional geometry from the form in (6.68). First, due to the nonconstant scalars τi , the full space
is a warped product of the internal seven-dimensional space with the AdS4 black hole
Λ
spacetime. Second, due to the non-vanishing gauge fields AΛ
ϕ = −p cos θ, there is an explicit mixing between the four angles φΛ of the internal space and the four-dimensional
angle ϕ. This leads to four topological charges of the 11-dimensional spacetime, in analqΛ
ogy to NUT charges. Note that in case the charges were only electric, i.e. AΛ
t = r , the
time coordinate would mix with the internal angles and we would obtain four angular
momenta, leading to the interpretation of the spacetime as arising from the decoupling
limit of rotating M2-branes as explained in detail in [114, 115]. In the present case
however the interpretation of the four-dimensional black holes from M-theory is more
involved because apart from M2-branes we need to have some Kaluza-Klein monopoles
in the M-theory solution, in order to account for the topological charge coming from the
magnetic charges in four dimensions. Unfortunately we were not able to find an explicit
example for this type of solutions in the literature, which probably is also related to the
fact that they would break almost all supersymmetry33 .

6.4

Black branes and toroidal black holes

Many of the above results considering spherically symmetric black holes in fact can
easily be extended to objects with a flat horizon, namely toroidal black hole and black
brane solutions. A very good reference for such solutions in minimal gauged super33 The black hole solutions in four dimensions preserve only two supercharges, i.e. they are 1/4 BPS in
N = 2. In N = 8, they are 1/16 BPS. This means that at least 30 of the original 32 supercharges in the
original 11-dimensional supergravity will have to be broken for the conjectured bound state of M2-branes
and Kaluza-Klein monopoles.
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gravity is [109]. Here we will concentrate on the static solutions with charges, which
already exhibit the similarity between toroidal and spherical solutions, and allow us to
also point out the major differences. We will then explain how the BPS solutions can be
extended to include non-constant scalars in matter coupled supergravity.

6.4.1

Static solutions in minimal gauged supergravity

We start from the minimal D = 4 N = 2 gauged supergravity and consider static metrics
of the form
ds2 = U 2 (r) dt2 −

1
U 2 (r)

dr2 − r2 dσ 2 ,

U 2 (r) = g 2 r2 −

2η q 2 + p2
+
,
r
r2

(6.73)

with a toroidal area element (with V the volume of the torus and τ the complex structure)
V
dσ 2 =
(dx2 + 2Reτ dxdy + |τ |2 dy 2 ) .
(6.74)
Imτ
The electromagnetic 1-form (the graviphoton) and its corresponding field strength are:
q
q
A = dt + pVxdy ,
F = 2 dt ∧ dr + pV dx ∧ dy .
(6.75)
r
r
The range of the coordinates is restricted to x ∈ [0, 1], y ∈ [0, 1] with periodic boundary
conditions. The case of black branes can be obtained by decompactifying the torus, e.g.
by considering a rectangular torus with V = R1 R2 , τ = iR2 /R1 and sending the radii
R1 and R2 to infinity. Doing so, we can use the volume as a regulator for black branes,
and mass and charge densities will therefore be finite and well-defined.
The above metric describes a class of static charged toroidal black hole solutions
with compact horizons. They asymptote at r → ∞ to the vacuum configuration with
η = q = p = 0, which is a quotient of AdS4 , due to the identifications on x and y. This
spacetime is sometimes referred to in the literature as Riemann-anti-de Sitter (RiAdS)
[116]. Supersymmetric toroidal solutions with magnetic charge do not exist, as shown
in [21, 109] from the analysis of the integrability condition. The conditions to have a
supersymmetric solution of the form (6.73)-(6.75) that asymptotes to RiAdS are:
η=p=0

(6.76)

for arbitrary electric charge. The resulting spacetime has a naked singularity whenever q 6= 0, which is often considered unphysical. In minimal gauged supergravity
there is therefore no genuine BPS black brane solution. To make the situation more
appealing, we now turn to general gauged supergravities. We will see that turning
on matter couplings allows us to generate non-zero central charge and mass for the
BPS configurations, which also leads to the existence of supersymmetric black brane
solutions with horizon.
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Magnetic BPS black branes with scalars

A class of BPS solutions with genuine horizons, corresponding to black branes and
toroidal black holes in abelian gauged supergravity with FI terms, can be derived from
the example in [21] and following the steps in [3]. The solutions are in complete analogy
to the ones found in section 6.3 with the only exception that the flat horizon forces the
magnetic charge carried by the graviphoton to vanish, ξΛ pΛ = 0, as already mentioned
above34 . In short, one can find a class of 1/4 BPS solutions, given by

2
c
e−K dr2
2
K
−K 2
2
ds = e
gr +
dt2 − 
2 − e r dσ ,
2gr
c
gr + 2gr
(6.77)
βΛ
ReX Λ = H Λ = αΛ +
,
ReFΛ = 0 ,
r

ξΛ αΛ = −1 ,
ξΛ β Λ = 0 ,
FΛ −2g 2 rβ Λ + cαΛ + gpΛ = 0 ,
under the restriction ξΛ pΛ = 0, with the toroidal area element given by (6.74).

6.5

Higher genus black holes

The story of higher genus black holes is very similar in spirit to the cases with spherical
and toroidal topology. We will therefore be very brief in this section, just marking some
small differences. We again refer the interested reader to [109] and [21] for more details
on higher genus black holes in minimal and non-minimal gauged supergravity.
In order to outline the main differences, we again consider minimal gauged supergravity and metrics of the form
ds2 = U 2 (r) dt2 −

1
dr2 −r2 dσ 2 ,
U 2 (r)

U 2 (r) = −1+g 2 r2 −

2η q 2 + p2
+
, (6.78)
r
r2

this time with a hyperbolic plane area element
dσ 2 = dθ2 + sinh2 θdϕ2 ) .

(6.79)

The electromagnetic 1-form (the graviphoton) and its corresponding field strength are:
A=

q
dt + p cosh θ dϕ ,
r

F =

q
dt ∧ dr + p sinh θ dθ ∧ dϕ .
r2

(6.80)

In order to have a compact horizon, one again needs to periodically identify θ and ϕ
just as in the toroidal case. The main difference here is that the function U (r) includes
34 The solution holds in gauged supergravity with FI parameters P a = ξ = const. See section 6.3 for all
Λ
Λ
technical details.
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the term −1, which makes it much more easier for these solutions to develop event
horizons. It turns out that the supersymmetry in this case requires
η=0,

p = ±1/(2g) ,

(6.81)

with an arbitrary electric charge q. For vanishing electric charge, this becomes a higher
genus BPS black hole with a genuine event horizon and finite entropy. This is the only
example of static supersymmetric black hole in minimal gauged supergravity. Again,
these configurations have a generalization to non-constant scalars in gauged supergravity with vector multiplets, following precisely the same steps as in section 6.3.

Part III

Superalgebras and BPS Bounds

Chapter 7

Conserved supercharges

7.1

Introduction

In this short chapter we outline a novel procedure for determining the superalgebra
of a given background solution in supergravity. This procedure relies on the Noether
theorem and is completely general. There is no assumption about the supergravity
theory or the background of interest. In the scope of this thesis we are going to apply our
method to D = 4 N = 2 supergravity, focusing on the asymptotically Minkowski and
AdS solutions of the previous chapters. We will see that our approach leads not only to
unique answer for the superalgebra, but also to explicit expressions for the asymptotic
charges in a given vacuum. These turn out to be automatically finite and well-defined,
something previously not known to be obvious. In fact, there exists an explicit procedure for holographic renormalization [23–30] of quantities on the boundary of AdS,
developed for AdS/CFT applications. In our analysis such renormalization is shown to
be superfluous.
Before going into details, it is worth explaining that a well-defined and algorithmic procedure for determining superalgebras was already developed in [117] (see also
[55]). It relies on finding the Killing vectors, k i , and spinors, A , of a given vacuum
solution, which correspond to the spacetime and fermionic isometries. Each isometry
has its corresponding abstract symmetry generator in the superalgebra, B i or QA . The
commutator algebra of the Killing vectors and spinors directly gives the superalgebra
structure constants,
[B i , B j ] = f ij k B k ,
[QA , B i ] = fA iB QB ,
i

{QA , QB } = fABi B .

(7.1)
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This is similarly extended to include any other internal bosonic symmetries, such as
gauge invariance.
While our proposed method is of course in full agreement with (and to a certain
extent relying on) the procedure of [55, 117], we extend the known results and make
them more explicit. The improvement is that we provide a more direct way of including
possible central charges in the supercharge anticommutator. There is no longer need to
use more general arguments and knowledge of the possible solutions (e.g. the historic
path to finding the extension of the M-algebra via the M2 and M5 solutions can be
substantially simplified). Furthermore, our method allows for very explicit evaluation
of the anticommutator on given states, which to our best knowledge was not possible
earlier.
In the next section we will therefore explain carefully our procedure. We keep discussion fully general and minimize notational details that will inadvertently depend on
the explicit supergravity theory of interest.

7.2

Supercurrents and charges from the Noether theorem

Given a lagrangian L(φ, ∂µ φ), depending on fields collectively denoted by φ, we have
that under general field variations
δL =

X

Eφ δφ + ∂µ N µ ,

(7.2)

φ

where Eφ vanishes upon using the equation of motion of φ, and
Nµ =

δL
δφ .
δ(∂µ φ)

(7.3)

Under a symmetry variation, parametrized by , the lagrangian must transform into a
total derivative, such that the action is invariant for appropriate boundary conditions,
δ L = ∂µ Kµ .

(7.4)

Combining this with (7.2) for symmetry variations, we obtain
X

Eφ δ φ = ∂µ (Kµ − Nµ ) .

(7.5)

φ

From the previous expression we see that the quantity
Jµ ≡ Kµ − Nµ ,

(7.6)
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is the (on-shell) conserved current associated with symmetry transformations. For the
case of supersymmetry, we call Jµ the supercurrent. It depends on the (arbitrary)
parameter  and is defined up to improvement terms of the form ∂ν I µν where I is
an antisymmetric tensor, as usual for conserved currents. The associated conserved
supercharge is then
Z
Q≡

d3 x J0 (x) .

(7.7)

This supercharge should also generate the supersymmetry transformations of the fields,
δ φ = {Q, φ} ,

(7.8)

via the classical Poisson (or Dirac in case of constraints) brackets. Since the supercurrent
and correspondingly the supercharge are defined up to improvement terms and surface
terms respectively, it is not directly obvious that the Noether procedure will lead to
the correct supersymmetry variations using (7.8). In practice, one always has the information of the supersymmetry variations together with the supergravity lagrangian. It is
then possible to cross check the answers and thus derive uniquely the correct expression
of the supercharge.
The supercharge Q as derived above is unique for each different theory, i.e. every
supersymmetric lagrangian leads to a different Q. For any background solution of
a given theory, the supercharge will be a conserved quantity evaluated as a surface
integral at the boundary of spacetime. However, at this stage Q is a bosonic quantity,
containing in its definition the supersymmetry transformation parameter . Thus, in order to evaluate Q on a given background solution (let φ0 denote the collection of fields),
one also needs to know the parameter φ0 that corresponds to the field configuration φ0 .
Since Q is evaluated asymptotically, it turns out that we only need the asymptotic value
of φ0 , in fact the parameter φ0 needs not exist anywhere else except on the boundary of
spacetime. This asymptotic spinor is the Killing spinor of the asymptotic background.
It must satisfy the equation
δφ0 φ0 |boundary = 0 .
(7.9)
The solution for the Killing spinor φ0 is always of the form
φ0 = M(x)0 ,

(7.10)

with M(x) a general spacetime dependent matrix, possibly carrying spinor and other
types of indices, and 0 an arbitrary constant spinor. Since we need only the asymptotic
Killing spinor, it will turn out that there are large classes of different field configurations
with the same φ0 . To give a simple example, all asymptotically Minkowski solutions
will have M inkowski . It is crucial therefore that the asymptotic vacuum preserves some
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supersymmetry such that a corresponding φ0 indeed exists. One can therefore define
supercharges for every different vacuum configuration φvac ,
Qvac (φ0 ) ≡ Q(φ0 |boundary = φvac , φvac ) .

(7.11)

This definition keeps the field configuration φ0 arbitrary, as long as it asymptotes to the
given vacuum. Therefore at this stage Qvac is a field dependent scalar quantity, whose
dependence on the spinor  is fixed by the asymptotic vacuum. We can also define its
spinorial analog that typically appears in the superalgebra by stripping off the constant
spinors 0 in (7.10),
Qvac (φ0 ) ≡ QTvac (φ0 )0 = T0 Qvac (φ0 ) .
(7.12)
The abstract supercharge Q̃vac in the superalgebra of the vacuum φvac can act explicitly
on the state |φ0 > whose fields asymptote to the vacuum via the eigenvalue equation,
Q̃vac |φ0 >= Qvac (φ0 )|φ0 > .

(7.13)

In explicit calculations one needs to know the Killing spinors of the asymptotic vacuum
and the field configuration at hand to be able to evaluate Qvac (φ0 ).
It is then clear how the calculation of the supercharge anticommutators proceeds.
The quantity {Q, Q} can be explicitly found via the Poisson (Dirac) brackets of the
fundamental fields. It will result in a field dependent boundary integral that again
includes the supersymmetry parameters  and is fixed by the lagrangian. For a given
asymptotic vacuum with known Killing spinor, one can then evaluate
{Qvac , Qvac }(φ0 ) = T0 {Qvac , Qvac }(φ0 )0 .

(7.14)

The (bosonic) matrix {Qvac , Qvac }(φ0 ) now depends on the asymptotic vacuum and on
the field configuration at hand. Every vacuum defines its own different superalgebra,
where the anticommutator of the abstract quantities Q̃vac is given in terms of bosonic
conserved charges, coming from the bosonic symmetries of the lagrangian. The eigenvalue equation
{Q̃vac , Q̃vac }|φ0 >= {Qvac , Qvac }(φ0 )|φ0 >= Bvac (φ0 )|φ0 > ,

(7.15)

produces a matrix of bosonic symmetry eigenvalues Bvac for each field configuration
φ0 . Since it is a square of a hermitean operator, we further require Bvac to be positive
definite for each field configuration that asymptotes to the given vacuum. The inequality
Bvac (φ0 ) ≥ 0 , ∀φ0 |boundary = φvac ,
(7.16)
is the BPS bound for the corresponding vacuum. It projects out all negative norm states
and keeps the states that are stably asymptotic to the vacuum state.

Chapter 8

BPS bounds in minimal gauged
supergravity

8.1

Introduction

The procedure described in the previous chapter might seem somewhat abstract at this
moment, but here and in the next chapter we will see very explicitly how to perform
it both for minimal and non-minimal gauged supergravity for the Minkowski and AdS
vacua. In this chapter we realize the general procedure outlined above in the case of
minimal gauged supergravity. Due to some technical reasons, e.g. the form of the Killing
spinors, we use slightly different conventions from the rest of the thesis. This simplifies
substantially the discussion and allows us to concentrate on the physical meaning of
our analysis.
The main motivation for our analysis comes from the following paradox. Similarly
to BPS states in asymptotically flat spacetimes, the authors of [118] provided a BPS
bound in asymptotically anti-de Sitter spacetime that in the static case reduces to:
p
M ≥ Q2e + Q2m .
(8.1)
Supersymmetric configurations would have to saturate the bound with M 2 = Q2e + Q2m ,
for a given mass M , electric charge Qe , and magnetic charge Qm in appropriate units.
However, in N = 2 minimal gauged supergravity, Romans [102] found two supersymmetric solutions, one of which does not saturate the BPS bound, and therefore an
apparent paradox arises. The main aim of this chapter is to resolve this conflict. The
resolution of the paradox will lie in understanding the BPS ground states of gauged
supergravity, the associated superalgebras, and in a proper definition of the mass in
asymptotically AdS4 spacetimes, as we will explain in the coming sections.
Minimally gauged supergravity has only two bosonic fields, the metric and the
graviphoton Aµ . Shortly repeating our analysis from the previous part of the thesis to
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ease the reading, the most general static and spherically symmetric solution of Einstein’s
equation with a negative cosmological constant and an electromagnetic field is given by,
ds2 = U 2 (r) dt2 − U −2 (r) dr2 − r2 (dθ2 + sin2 θdφ2 ) ,

(8.2)

with

2M
Q2 + Q2
+ e 2 m + g2 r2 ,
r
r
and with nonvanishing components of the graviphoton
U 2 (r) = 1 −

At =

Qe
,
r

Aφ = −Qm cos θ .

(8.3)

(8.4)

In this class, there are two solutions that preserve some fraction of supersymmetry
[102]. The first one is the so-called AdS “electric Reissner–Nordström (RN)” solution,
for which the magnetic charge Qm is set to zero and M = Qe so that the factor U has the
form:

2
Qe
U2 = 1 −
+ g2 r2 ,
Qm = 0 .
(8.5)
r
This solution preserves one half of the supersymmetries (it is 1/2 BPS). Clearly, it saturates the BPS bound (8.1). Notice that the function U (r) has no zeros. Therefore, there
is no horizon and the point r = 0 is a naked singularity35 . Asymptotically, for r → ∞,
the solution is that of pure AdS4 , with cosmological constant Λ = −3g 2 in standard
conventions.
The second supersymmetric solution is the so-called “cosmic dyon”, having zero
mass M but nonzero fixed magnetic charge Qm = ±1/(2g). Such a solution will never
satisfy the BPS bound (8.1). Moreover, the electric charge Qe can take an arbitrary value:
2

Q2
1
2
+ 2e .
(8.6)
M = 0 , Qm = ±1/(2g) ,
U = gr +
2gr
r
Again, there is a naked singularity at r = 0. However, asymptotically, when r → ∞,
the solution does not approach pure AdS4 , due to the presence of the magnetic charge.
Instead, the solution defines another vacuum, since M = 0, but this vacuum is topologically distinct from AdS4 in which M = Qm = 0. For this reason36 , we call this vacuum
magnetic anti-de Sitter, or mAdS4 .
35 In

AdS spacetimes, supersymmetry does not seem to provide a cosmic censorship, contrary to most cases
in asymptotically flat spacetimes [119]. Whether cosmic censorship in AdS4 can be violated is still an open
problem, see e.g. [120]. This issue however has nothing to do with the paradox or contradiction mentioned
above.
36 One may argue that ground states should not have naked singularities. Clearly, this discussion is related
to cosmic censorship in AdS, which we mentioned in the previous footnote. It is important to disentangle
this discussion from the derivation of the BPS bounds. In fact, we already know that in matter coupled
supergravity there is a magnetic ground state without naked singularities, c.f. chapter 6.3.
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The cosmic dyon solution is 1/4 BPS, i.e. it preserves two out of eight supercharges.
For both the electric RN-AdS and the cosmic dyon, the Killing spinors were explicitly
constructed in [102]. The fact that the BPS bound (8.1) is not satisfied for the cosmic
dyon leads to a contradiction since states that admit a Killing spinor should saturate the
BPS bound.
In this chapter we show that the cosmic dyon in fact satisfies a different BPS bound
that follows from a superalgebra different from the usual AdS4 superalgebra. We will
determine the new BPS bound starting from the explicit calculation of the supercharges
and computing the anticommutator37 . In summary, to state the main result of this
chapter, for stationary configurations, the new BPS bounds are:
• For asymptotically AdS4 solutions with vanishing magnetic charge, Qm = 0, the
BPS bound is
~ ,
M ≥ |Qe | + g|J|
(8.7)
where J~ is the angular momentum.
• For asymptotically magnetic AdS4 solutions with Qm = ±1/(2g), the BPS bound
is simply
M ≥0,
(8.8)
~
with unconstrained electric charge Qe and angular momentum J.
Other values for the magnetic charges are not considered. The quantization condition requires it to be an integer multiple of the minimal unit, Qm = n/(2g); n ∈ Z, but it
is not known if any other supersymmetric vacua can exist with n 6= 0, 1.
The meaning of the BPS bound is not that all solutions to the equations of motion
must automatically satisfy (8.7) or (8.8). Rather, one constructs a physical configuration
space consisting of solutions that satisfy a BPS bound like (8.7) or (8.8), as mentioned in
the previous chapter.
Our procedure also provides a new way of defining asymptotic charges in AdS4
backgrounds with automatically built-in holographic renormalization, somewhat different than the procedure developed in [23–30]. The same technique can also be applied
to non-minimal gauged supergravity, which will be the topic of the next chapter.
Additional motivation to study more closely the magnetic AdS4 case and its superalgebra is provided by the AdS/CFT correspondence. There are suggestions in the literature [19] that excitations of the dual theory are relevant for condensed matter physics
in the presence of external magnetic field, e.g. quantum Hall effect and Landau level
splitting at strong coupling. A better understanding of the mAdS superalgebra could
then provide us with more insights about the dual field theory.
37 An alternative approach based on the Witten-Nester energy was proposed in an unpublished paper by
Izquierdo, Meessen and Ortı́n, leading to similar conclusions.
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Plan of this chapter
First, in section 8.2, we explain our conventions about the minimal gauged supergravity
we consider. We follow the procedure of chapter 7 and derive the form of the asymptotic supercharges and their anticommutator. We then take special interest in deriving
explicitly the form of the anticommutator for spherically symmetric AdS configurations,
showing how the difference between AdS and magnetic AdS arises. We then extend the
results to include the solutions with non-spherical symmetry in section 8.4. We see that
for toroidal topology we find somewhat different results compared to both the AdS and
the mAdS cases, while the hyperbolic solutions are in complete analogy to the spherical
mAdS. In the last section of this chapter we take a more abstract approach and write
down the full superalgebra for all the asymptotic vacua that are discussed. Some of
the intermediate calculations that facilitate the discussion in this chapter are left for the
appendices and referred to when needed.

8.2

Minimal gauged supergravity

First we compute the supercurrent from the lagrangian of minimal D = 4 N = 2 gauged
supergravity following the conventions of [55] (which is written in 1.5-formalism):
Z

2
S = d4 x e R(e, ω) + 6g 2 + µνρσ ψ µ γ5 γν (D̂ρ + igAρ σ 2 )ψσ − F 2
e
(8.9)

1
1 µνρσ
ψ ρ γ5 σ 2 ψσ (iψ µ σ 2 ψν − µν τ λ ψ τ γ5 σ 2 ψλ ) ,
− 
2e
2e
p
where ψ = iψ † γ0 , e = detgµν ,
1
i
D̂ρ = ∂ρ − ωρab γab − gγρ ,
4
2

(8.10)

and
Fµν = ∂µ Aν − ∂ν Aµ + iψ µ σ 2 ψν −
= Fµν + iψ µ σ 2 ψν −

1
µν ρσ ψ ρ γ5 σ 2 ψσ =
2e

1
µν ρσ ψ ρ γ5 σ 2 ψσ .
2e

(8.11)

The spin connection satisfies
dea − ω a b ∧ eb = 0

(8.12)

for a given vielbein ea = eaµ dxµ . The g 2 -term in the Lagrangian is related to the presence
of a negative cosmological constant Λ = −3g 2 .
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In most of our calculations, such as in the supercurrents and supercharges, we only
work to lowest order in fermions since higher order terms vanish in the expression
of the (on shell) supersymmetry algebra, where we set all fermion fields to zero. The
supersymmetry variations are:
eµ  = (∂µ − 1 ωµab γab − i gγµ + igAµ σ 2 + 1 Fλτ γ λτ γµ σ 2 ) ,
δ ψµ = D
4
2
4

(8.13)

δ eaµ = −iγ a ψµ ,

(8.14)

2

δ Aµ = −iσ ψµ .

(8.15)

U (1) gauge transformations act on the gauge potential and on the spinors in this way:
A0µ = Aµ + ∂µ α ,

(8.16)

2

ψµ0 = e−igασ ψµ .

(8.17)
38

We use the conventions in which all the spinors are real Majorana ones , and the
gamma matrix conventions and identities of appendix A.
The quantities N µ and K µ for this theory are:
Nµ =

∂L
eσ  + 4ieF µν σ 2 ψν .
δω + 2µνρσ ψ ν γ5 γρ D
∂µ ω

(8.19)

Kµ =

∂L
eσ  + 4ieF µν σ 2 ψν .
δω − 2µνρσ ψ ν γ5 γρ D
∂µ ω

(8.20)

Hence the supercurrent has the form:
eσ  .
J µ = −4µνρσ ψ ν γ5 γρ D

(8.21)

This expression is gauge invariant due to the cancelation between the variation of the
gravitino, the vector field and the supersymmetry parameter. Furthermore we can show
that the supercurrent is conserved
eσ ) = 0
∂µ J µ = ∂µ (−4µνρσ ψ ν γ5 γρ D

(8.22)

if we enforce the equation of motion for ψ ν and use the antisymmetry of the Levi-Civita
symbol.
38 In

conventions here, the two real gravitini in the gravity multiplet are packaged together in the notation:


ψµ 1
ψµ =
,
(8.18)
2
ψµ

where each gravitino is itself a 4-component Majorana spinor. Similar conventions are used for the supersymmetry parameters. In other words, the SU (2)R indices are completely suppressed.
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The Dirac brackets defined for the given theory read (we only need those containing
gravitinos):
{ψµ (x), ψσ (x0 )}t=t0 = 0 ,
(8.23)
{ψ µ (x), ψ σ (x0 )}t=t0 = 0 ,

(8.24)

{ψµ (x), 20νρσ ψ ρ (x0 )γ5 γσ }t=t0 = δµ ν δ 3 (~x − x~0 ) .

(8.25)

We can now check if (7.8) holds with the above form of the supercurrent. It turns out
that, up to overall normalization, we indeed have the right expression without any
ambiguity of improvement terms. We only need to rescale, since the factor of 4 in (8.21)
does not appear in the supersymmetry variations (8.13)-(8.15). The supercharge is then
defined as the volume integral39
I
Z
eν  e.o.m.
= 2
dΣµν µνρσ ψ σ γ5 γρ  ,
(8.27)
Q≡2
dΣµ µνρσ ψ σ γ5 γρ D
∂V

V

where the second equality follows from the Gauss theorem via the equations of motion (in what follows we will always deal with classical solutions of the theory). The
Dirac bracket of two supersymmetry charges is then straightforwardly derived as the
supersymmetry variation of (8.27):
I
eσ ) ,
{Q, Q} = 2
dΣµν (µνρσ γ5 γρ D
(8.28)
∂V

which is again a boundary integral.
The above formula is reminiscent of the expression for the Witten-Nester energy
[121, 122], which has already been implicitly assumed to generalize for supergravity
applications [123, 124] (see also [30]). Thus, the correspondence between BPS bounds
and positivity of Witten-Nester energy is confirmed also in the case of minimal gauged
N = 2 supergravity by our explicit calculation of the supercharge anticommutator.

8.3

Two different BPS bounds with spherical symmetry

In this section, we derive two BPS bounds based on the two BPS sectors that we consider.
What is relevant for the BPS bound are the properties of the asymptotic geometries
and corresponding Killing spinors. The Killing spinors of AdS4 and magnetic AdS4
(“cosmic monopole”) are given in App. E, see also [102]. Since only the asymptotics
39 For

volume and surface integrals in this chapter, we use the notation that
dΣµ =

1
µνρσ dxν ∧ dxρ ∧ dxσ ,
6e2

dΣµν =

1
µνρσ dxρ ∧ dxσ .
2e2

(8.26)

123
are important, we can set Qe = 0 in the cosmic dyon solution. The AdS4 solution is
characterized by M = Qe = Qm = 0, while mAdS4 by M = 0, Qe = 0, Qm = ±1/(2g).
The corresponding Killing spinors take a very different form:
i

i

1

1

AdS = e 2 arcsinh(gr)γ1 e 2 gtγ0 e− 2 θγ12 e− 2 ϕγ23 0 ,
mAdS

1
=
4

r
gr +

1
(1 + iγ1 )(1 ∓ iγ23 σ 2 )0 ,
2gr

(8.29)
(8.30)

where 0 is a doublet of constant Majorana spinors, carrying 8 arbitrary parameters.
From here we can see that AdS4 is fully supersymmetric and its Killing spinors show
dependence on all the four coordinates. mAdS4 on the other hand is only 1/4 BPS: its
Killing spinors satisfiy a double projection that reduces the independent components to
1/4 and there is no angular or time dependence. We will come back to this remarkable
fact in section 8.5.
The form of the Killing spinors is important because the bracket of two supercharges
is a surface integral at infinity (8.28). Writing out the covariant derivative in (8.28), one
obtains


I
1 ab
i
1
2
λτ
2
µνρσ
γ5 γρ (∂σ − ωσ γab − gγσ + igAσ σ + Fλτ γ γσ σ ) ,
{Q, Q} = 2
dΣµν 
4
2
4
∂V
(8.31)
and it depends on the asymptotic value of the Killing spinors of the solution taken into
consideration. Therefore the superalgebra will be different in the two cases and there
will be two different BPS bounds.
The procedure to compute the BPS bound is the following. From (8.27) we have a
definition of the supercharges QAdS (AdS ) and QmAdS (mAdS ). We will then make use
of the following definition for the fermionic supercharges QAdS , QmAdS :
QAdS ≡ QTAdS 0 = T0 QAdS ,

QmAdS ≡ QTmAdS 0 = T0 QmAdS ,

(8.32)

i.e. any spacetime and gamma matrix dependence of the bosonic supercharges Q is left
into the corresponding fermionic Q. We are thus able to strip off the arbitrary constant 0
in any explicit calculations and convert the Dirac brackets for Q into an anticommutator
for the spinorial supercharges Q that is standardly used to define the superalgebra.
Therefore now we compute the surface integrals (8.28) for the Killing spinors of AdS4
and mAdS4 respectively. After stripping off the 0 ’s, we find the anticommutator of
fermionic supercharges given explicitly in terms of the other conserved charges in the
respective vacua. The BPS bound is then derived in the standard way by requiring the
supersymmetry anticommutator to be positive definite, see e.g. [125] for details.
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8.3.1

Asymptotically AdS4 states

We now derive the resulting supersymmetry algebra from the asymptotic spinors of
AdS4 . For this we use the general expression (8.31) for the Dirac brackets of the supersymmetry charges, together with the asymptotic form of the Killing spinors, (8.29).
Inserting the Killing spinors AdS of (8.29) in (8.31), we recover something that can be
written in the following form:
{Q, Q} = −i 0 (A + Ba γ a + Cγ 5 + Dij γ ij + Ei γ 0i + Fa γ a5 )0 ,

(8.33)

where the charges A, B, ... can be written down explicitly from the surface integral
(8.31). They will define the electric charge (A), momentum (B), angular momentum
(D, with i, j = 1, 2, 3 spatial indices), and boost charges (E). The charge C would correspond to a magnetic charge, which we assumed to vanish by construction. Without the
charge Fa , the above bracket will fit in the OSp(2|4) superalgebra (see more below). We
will therefore take as definition of asymptotically AdS solutions the ones for which Fa
vanishes. This choice of fall-off conditions is similar to the case of N = 1 supergravity,
where the asymptotic charges are required to generate the Osp(1|4) superalgebra [126].
Extensions of the N = 2 superalgebra where the charges C and Fa are non-zero have
been discussed in [127].
From the previous expression we see that conserved charges like Qe , M et cetera
will arise as surface integrals of the five terms (or their combinations) appearing in the
supercovariant derivative. We are going to see how this works analyzing each term in
the supercovariant derivative, explicitly in terms of the ansatz of the metric (8.2) and
vector fields (8.4). This will provide us with a new definition of the asymptotic charges
in AdS4 with no need to use the holographic renormalization procedure anywhere. As
an explicit example one can directly read off the definition of mass M ≡ B0 /(8π) from
the explicit form of the asymptotic Killing spinors. In the stationary case,
I
1
lim
e dΣtr {et[0 er1 eθ2] + sin θet[0 er1 eϕ
M=
3]
8π r→∞
(8.34)
p
)}
.
+ 2g 2 ret[0 er1] − g 2 r2 + 1(ωθab et[0 era eθb] + ωϕab et[0 era eϕ
b]
We are going to take into consideration both static and rotating solutions, but we
will carry out our procedure and explain the calculation in full detail only the case of the
electric RN-AdS black hole and comment more briefly on the rotating generalizations.
• Electric RN-AdS
Here we take into consideration solutions of the form (8.2) - (8.4) with zero magnetic charge, Qm = 0. We now evaluate the various terms in (8.31).
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To begin, it is easy to determine the piece concerning the field strength, namely


I
1
2 dΣµν µνρσ (t, r, θ, ϕ)γ5 γρ Fλτ γ λτ γσ σ 2 (t, r, θ, ϕ) .
(8.35)
4
Inserting the Killing spinors for AdS4 described in (8.29), and exploiting the Clifford algebra relations we get
I
2 dΣtr AdS (t, r, θ, ϕ)e F tr σ 2 AdS (t, r, θ, ϕ) =
I
2

1

1

i

i

1

1

dΣtr 0 T e 2 ϕγ23 e 2 θγ12 e−igtγ0 e 2 arcsinh(gr)γ1 γ0 e F tr σ 2 e 2 arcsinh(gr)γ1 eigtγ0 e− 2 θγ12 e− 2 ϕγ23 0
= 8iπ0 Qe σ 2 0 ,

with the definition of the electric charge
I
1
F tr r2 sin θ dθdφ .
Qe =
4π S 2

(8.36)

(8.37)

From here we can identify the term A = −8πQe σ 2 appearing in (8.33).
Next we consider the term containing the “bare” gauge field Aµ . This gives a
possible contribution to the charge Fa in (8.33). As we mentioned above, we
assumed this contribution to vanish for asymptotically AdS solutions. One can
explicitly check this for the class of electric RN-AdS solutions given in (8.2), since
the only nonzero component of the vector field is At (see (8.4)), hence
I


dΣtr trρσ AdS (t, r, θ, ϕ)γ5 γρ igAσ σ 2 AdS (t, r, θ, ϕ) = 0 .
(8.38)
The term with the partial derivative ∂σ in (8.31) in the supercovariant derivative
gives nonvanishing contributions for σ = θ, ϕ and it amounts to the integral:
I
I


2 dΣtr trρσ AdS (t, r, θ, ϕ)γ5 γρ ∂σ AdS (t, r, θ, ϕ) = −2i r0 γ0 0 sin θ dθdϕ .
(8.39)
Clearly, this term will contribute, together with other terms, to the mass.
The integral containing the spin connection is:
I
2
−
dΣtr trρσ AdS (t, r, θ, ϕ)γ5 γρ ωσab γab AdS (t, r, θ, ϕ) =
4
r
I
p
2M
Q2
0
= 2i 0 γ r 1 + g 2 r2 1 + g 2 r2 −
+ 2e 0 sin θ dθdϕ ,
r
r

(8.40)
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where we have used
ei arcsinh(gr)γ1 =

p

1 + g 2 r2 + igγ1 r ,

(8.41)

and the value of the spin connection:
ωt01 = U ∂r U,

ωθ12 = −U,

ωϕ13 = −U sin θ,

ωϕ23 = − cos θ .

(8.42)

Also (8.40) will contribute to B 0 , and therefore to the mass.
The last contribution of the supercovariant derivative, the term proportional to
gγσ , yields
I
I
ig
trρσ
AdS (t, r, θ, ϕ) γ5 γρ γσ AdS (t, r, θ, ϕ) = −2i 0 γ 0 r3 g 2 0 sin θ dθdϕ .
−2 dΣtr 
2
(8.43)
In deriving this we have used the formula γ trµ γµ = 2γ tr . Again, this term contributes to the mass formula.
Collecting all the terms that contribute to the mass (the derivative term (8.39), the
sum of the spin connection term (8.40), and the gamma term (8.43)) gives rise to:
"
#
r
I
p
2M
Q2e
0
3 2
2
2
2
2
+ 2 − r g − r 0 sin θ dθdϕ . (8.44)
2i 0 γ r 1 + g r 1 + g r −
r
r
The integral has to be performed on a sphere with r → ∞. Taking this limit one
can see that in this expression all the positive powers of r are canceled. Hence
all possible divergences cancel out, and we are left with a finite contribution. In
this sense, our method provides a holographic renormalization of the mass. In the
cases we can compare, our method agrees with previously known results.
Performing the integral on the remaining finite part we find:
− 8iπ0 M γ 0 0 = −i0 γ 0 B0 0 .

(8.45)

To sum up, for the electric RN-AdS solution, the brackets between supercharges
read:
{Q, Q} = −8πi0 (M γ 0 − Qe σ 2 )0
⇒ {T0 Q, QT 0 } = 8πT0 (M − Qe γ 0 σ 2 ) 0 .

(8.46)

Now we can strip off the constant linearly independent doublet of spinors 0 on
both sides of the above formula to restore the original SO(2) and spinor indices:

{QAα , QBβ } = 8π M δ AB δ αβ − i Qe AB (γ 0 )αβ .
(8.47)
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This expression coincides with the one expected from the algebra OSp(2|4) (see
(8.75) in the next section) if we identify M−10 = 8πM and T 12 = 8πQe .
The BPS bound for the electric RN-AdS solution is then40 :
M ≥ |Qe | .

(8.48)

The state that saturates this bound, for which M = |Qe |, preserves half of the
supersymmetries, i.e. it is half-BPS. It is the ground state allowed by (8.48) and
represents a naked singularity. All the excited states have higher mass and are
either naked singularities or genuine black holes.
It is interesting to look at the case of extremal black holes, in which inner and outer
horizon coincide. This yields a relation between the mass and charge, which can
be derived from the solution given in (8.2). Explicit calculation gives the following
result [109]:
p
1 p
Mextr = √ ( 1 + 12g 2 Q2e + 2)( 1 + 12g 2 Q2e − 1)1/2 .
3 6g

(8.49)

This lies above the BPS bound unless Qe = 0, in which case we recover the fully
supersymmetric AdS4 space. Thus,
Mextr > MBP S .

(8.50)

• Kerr-AdS
The Kerr-AdS black hole is an example of a stationary spacetime without charges
but with non-vanishing angular momentum. It is most standardly written in
Boyer-Lindquist-type coordinates and we refer to [109] for more details. More
details on how to calculate the angular momenta from the anticommutator of the
supercharges can be found in App. F. The BPS bound is straightforward to find
also in this case, leading to
~ ,
M ≥ g|J|
(8.51)
~ and in fact corresponds to a singular limit
where the BPS state satisfies M = g|J|
of the Kerr-AdS black hole because the AdS boundary needs to rotate as fast as the
~ = aM ,
speed of light [112]. Note that in general for the Kerr black hole we have |J|
where a is the rotation parameter appearing in the Kerr solution in standard no~ implies a = 1/g, which is exactly the singular case. All the
tation. Thus M = g|J|
excited states given by a < 1/g are however proper physical states, corresponding
to all the regular Kerr-AdS black holes, including the extremal one. Thus the BPS
40 See

e.g. [125] for details on the general procedure of deriving of BPS bounds from the superalgebra.
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bound is always satisfied but never saturated by any physical solution of the KerrAdS type,
Mextr > MBP S ,
(8.52)
as is well-known.
• KN-AdS
The BPS bound for Kerr-Newman-AdS (KN-AdS) black holes41 is a bit more involved due to the presence of both electric charge and angular momentum. We
will not elaborate on the details of the calculation which is straightforward. The
resulting BPS bound is
~ = |Qe | + agM ,
M ≥ |Qe | + g|J|

(8.53)

and the ground (BPS) state is in fact quarter-supersymmetric. The BPS bound in
general does not coincide with the extremality bound, which in the case of the KNAdS black holes is a rather complicated expression that can be found in [109, 112].
Interestingly, the BPS bound and the extremality bound coincide at a finite nonzero value for the mass and charge (with ag < 1),
r
a 1
|Qe,crit | ≡
.
(8.54)
g 1 − ag
Now we have two distinct possibilities for the relation between the BPS state and
the extremal KN-AdS black hole depending on the actual value for the electric
charge (there is exactly one BPS state and exactly one extremal black hole for any
value of charge Qe ):
Mextr > MBP S ,

|Qe | =
6 |Qe,crit | ,

Mextr = MBP S ,

|Qe | = |Qe,crit | .

(8.55)

So for small or large enough electric charge the BPS solution will be a naked singularity and the extremal black hole will satisfy but not saturate the BPS bound,
while for the critical value of the charge the extremal black hole is supersymmetric
and all non-extremal solutions with regular horizon will satisfy the BPS bound.

8.3.2

Magnetic AdS4

Unlike the standard AdS4 case above, the Killing spinors of magnetic AdS4 already
break 3/4 of the supersymmetry, c.f. (E.9). The projection that they obey is,
mAdS = P mAdS ,
41 See

P ≡

1
(1 + iγ1 )(1 ∓ iγ23 σ 2 ) ,
4

again [109] for more detailed description of the KN-AdS black holes.

(8.56)
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for either the upper or lower sign, depending on the sign of the magnetic charge. Furthermore, one has the following properties of the projection operators,
P † P = P † iγ1 P = ±P † iγ23 σ 2 P = ±P † (−iγ0 γ5 σ 2 )P = P ,

(8.57)

and all remaining quantities of the form P † ΓP vanish, where Γ stands for any of the
other twelve basis matrices generated by the Clifford algebra.
These identities allow us to derive, from (8.31), the bracket
{Q, Q} = P 0 γ0 (−i 8π)M P 0

⇒

{T0 P Q, (P Q)T 0 } = T0 (8πM )P 0 .

provided that the mass is given by


I
1
1
M=
lim
e dΣtr gr +
2g(Aθ et[0 er2 eθ3] + Aϕ et[0 er2 eϕ
3] )
8π r→∞
2gr

sin θ t r θ ϕ
e e e e + 2get[0 er1] − (ωθab et[0 era eθb] + ωϕab et[0 era eϕ
+
b] ) .
g [0 1 2 3]

(8.58)

(8.59)

This expression simplifies further if we choose to put the vielbein matrix in an upper
3
, e2,3
triangular form, such that we have nonvanishing et0,1,2,3 , e1,2,3
r
θ , eϕ , and the inverse
t,r,θ,ϕ r,θ,ϕ θ,ϕ ϕ
vielbein has only components e0
, e1 , e2 , e3 . The mass is then



I
1
sin θ t r θ ϕ
1
t r
12 t r θ
13 t r ϕ
M=
lim
e dΣtr gr +
e e e e + 2ge0 e1 − (ωθ e0 e1 e2 + ωϕ e0 e1 e3 ) .
8π r→∞
2gr
g 0 1 2 3
(8.60)
Notice that this mass formula is different from the one for asymptotically AdS4 spacetimes.
Stripping off the parameters 0 in (8.58), leaves us with a matrix equation in spinor
space. Due to the projection operators, one is effectively reducing the number of supercharges to two instead of eight. These two supercharges are scalars, since the Killing
spinors are invariant under rotation as they don’t depend on the angular coordinates
(see also in the next section). Denoting them by Q1 and Q2 , the anticommutator then
becomes
{QI , QJ } = 8πM δ IJ ,
I, J = 1, 2 .
(8.61)
Hence the BPS bound is just
M ≥ 0.

(8.62)

Saturating the bound leads to a quarter-BPS solution. None of the other conserved
charges, i.e. the electric charge and (angular) momentum, influences the BPS bound
due to the projection relation (8.57). Thus Qe and J~ can be completely arbitrary.
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In particular, for the case of of the Reissner-Nordström solution (8.2) with fixed
magnetic charge Qm = ±1/(2g) and Qe arbitrary, the mass integral (8.59) yields
1
lim
4π r→∞

I 

1
gr +
2gr

=

1
4π

r



I 

r

1+

−g 2 r3 −

g2 r2

2M
1
Q2 + 1/(4g 2 )
− g r2 −
+ e
−
r
r2
2g

!


r
r
+ M − + g 2 r3 + r sin θ dθdϕ = M .
2
2

sin θ dθdϕ =

(8.63)

This is exactly the mass parameter M appearing in (E.13). The supersymmetric solutions found by Romans (the so-called cosmic monopole/dyons) have vanishing mass
parameter hence indeed saturate the BPS bound (8.62).
Of course in the context of a rotating black hole vanishing mass results in vanishing angular momentum due to the proportionality between the two, i.e. an asymptotically mAdS Kerr-Newman with non-zero angular momentum spacetime can never
saturate the BPS bound (8.62). Nevertheless, excitations over the magnetic AdS4 include
all Reissner-Nordström and Kerr-Newman AdS black holes that have fixed magnetic
charge 2gQm = ±1 and arbitrary (positive) mass, angular momentum and electric
charge. All these solutions satisfy the magnetic AdS4 BPS bound.

8.4

Non-spherical BPS bounds

As explained in the previous part of the thesis, the situation with supersymmetric asymptotically AdS solutions with toroidal and hyperbolic symmetry is slightly different.
Magnetic ground states as mAdS4 , considered above for spherical symmetry, do not
appear in the case of toroidal topology. Contrary to this, in the case of hyperbolic topology the only BPS ground state has non-vanishing magnetic charge, i.e. pure hyperbolic
AdS does not admit Killing spinors. Thus, apart from the two cases with spherical symmetry discussed above, we have only two AdS-like ground states with non-spherical
symmetry. Their corresponding Killing spinors can be found in appendix E. We now
turn to each of them separately, keeping the discussion short since it is very similar in
spirit and outcome to the previous section.

8.4.1

Toroidal AdS4

As explained in chapter 6, the AdS ground state with flat topology is called RiAdS and
has vanishing mass, electric and magnetic charges. Its Killing spinor breaks half of
the supersymmetry due to the toroidal compactification of coordinates. It is derived in
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details in appendix E and reads
RiAdS =

√


r

1 + iγ1
2


0 =

√

rP 0 .

(8.64)

This result agrees with the one found in [109]. The toroidal black holes can be seen as
excitations over the background characterized by these Killing spinors. To find the BPS
bound, we plug the spinors (8.64) in the formula for the Dirac bracket of two supercharges (8.31). We first note the relations involving the projector (E.14):
P iγ1 P = P ,

P γ02 P = P (−iγ012 )P = γ02 P ,

P γ03 P = P (−iγ013 )P = γ03 P ,

P γ23 P = P iγ123 P = γ23 P .

(8.65)

All the other gamma matrices between two projectors give zero: this strongly limits
the number of terms present in the superalgebra. The anticommutator between two
supercharges can now be computed. Due to the projection identities (8.65) and the
symmetries of the gamma matrices42 only four terms appear, and the result is
{Q, Q} = 2(P 0 )(−iM γ 0 − iP2 γ 2 − iP3 γ 3 − Zγ 5 σ 2 )P 0 .
The mass M has the following expression:
I

1
dΣtr et0 er1 2gr − r(ωx12 ex2 + ωy13 ey3 + ωy12 ey2 ) ,
M = lim
r→∞
2

(8.66)

(8.67)

and the central charge Z reads:
I
Z = lim

r→∞

rF ,

(8.68)

T2

where F is the vector field strength written as a two-form. The above formulas are valid
after choosing an upper triangular vielbein, as in (E.11). We omit the formulas for the
momenta P2 and P3 , which are straightforward to derive from (8.31) and (8.64), but are
not particularly insightful since they vanish for static solutions.
The main outcome of our analysis is therefore that for static black branes and toroidal
black holes the BPS bound
M ≥ |Z| ,

(8.69)

must be satisfied.
42 γ 02 , γ 03 are symmetric in their spinor indices, while γ 23 is antisymmetric (see e.g. [3] for our gamma
matrix conventions). The four terms in (8.66) are therefore the only non-vanishing contributions from (8.31).
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To give an explicit example how the BPS bound constrains the solutions space,
we now restrict our attention to static solutions of the form (6.73) with zero magnetic
charge. The above mass formula can be explicitly evaluated:
"
!#
√
I
1
|τ
|
Imτ
M = lim
dxdyV r2 2gr + r ωx12 √
+ ωy13
=
2 r→∞
r|τ |
r Imτ
!
(8.70)
r
Z 1
Z 1
I
2η qe2
3
2
2
2
+ 2 =V
dx
dy η = V η .
= lim
dxdyV gr − r r g −
r→∞
r
r
0
0
We see that the divergent part cancels (notice that the dependence on τ drops out, as
a consequence of the modular symmetry) and we are left with the finite quantity η for
the mass density M/V. Furthermore, the formula for the central charge (8.68) gives zero
when computed on the ansatz (6.73),
Z = prV = 0 ,

(8.71)

since p is forced to vanish for asymptotically RiAdS solutions. We then have M = ηV,
P2 = P3 = Z = 0 for these solutions. Consequently, the BPS bound is just:
η ≥ 0.

(8.72)

Note that the BPS bound does not involve the electric charge, similarly to the mAdS
case. Moreover, this bound also holds in the decompactification limit for black branes,
where the mass density η is a finite number even if the mass M is infinite. The BPS
bound is saturated for η = 0 with an arbitrary electric charge q. The resulting spacetime
has a naked singularity whenever q 6= 0, as already explained in chapter 6.

8.4.2

Hyperbolic mAdS4

For completeness sake, this short subsection is devoted to the hyperbolic version of the
magnetic AdS vacuum. From the explicit calculation of the Killing spinor of the vacuum
solution, with vanishing mass and electric charge and magnetic charge p = ±1/2g,
Hyp−mAdS

1
=
4

r
1
gr −
(1 + iγ1 )(1 ∓ iγ23 σ 2 )0 ,
2gr

(8.73)

one can see that the situation is very much analogous to the spherical mAdS case. The
supersymmetry commutator and BPS bound trivially follow from the same steps taken
in section 8.3.2. The bound is again
M ≥ 0.
(8.74)
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8.5
8.5.1

Superalgebras
AdS4

The procedure we used to find the BPS bound determines also the superalgebras of
AdS4 and mAdS4 , which are found to be different. In fact, given the Killing spinors and
Killing vectors, there is a general algorithm to determine the superalgebra, see [117] and
chapter 13 in [55].
For what concerns the pure AdS4 , in N = 2 gauged supergravity the superalgebra
is OSp(2|4), which contains as bosonic subgroup SO(2, 3) × SO(2): the first group is
the isometry group of AdS4 and the second one corresponds to the gauged R-symmetry
group that acts by rotating the two gravitinos. The algebra contains the generators of
the SO(2, 3) group MM N (M, N = −1, 0, 1, 2, 3), and T AB = −T BA = T AB , A, B = 1, 2,
the generator of SO(2). Furthermore, we have supercharges QAα with A = 1, 2 that are
Majorana spinors. The non-vanishing (anti-)commutators of the OSp(2|4) superalgebra
are:
[QAα , T ] = AB QBα
[MM N , MP Q ] = −ηM P MN Q − ηN Q MM P + ηM Q MN P + ηN P MM Q
1
α
[QAα , MM N ] = (γ̂M N ) β QAβ
2
{QAα , QBβ } = δ AB (γ̂ M N C −1 )αβ MM N − (C −1 )αβ T AB ,

(8.75)

where ηM N = diag(1, 1, −1, −1, −1), the gamma matrices are γ̂M ≡ {γ5 , iγµ γ5 }, and
γ̂M N = 12 [γ̂M , γ̂N ]. T does not have the role of a central charge, as it does not commute
with the supercharges. Nevertheless it is associated to the electric charge43 . The isometry group of AdS4 is SO(2, 3), isomorphic to the conformal group in three dimensions,
whose generators are 3 translations, 3 rotations, 3 special conformal transformations
(conformal boosts) and the dilatation.

8.5.2

mAdS4

In the case of mAdS4 , the symmetry group is reduced. Spatial translations and boosts
are broken, because of the presence of a magnetic monopole. There are 4 Killing vectors
related to the invariance under time translations and rotations. The isometry group
of this spacetime is then R × SO(3). Furthermore, we have also gauge invariance.
The projector (8.56) reduces the independent components of the Killing spinors to 1/4,
consequently the number of fermionic symmetries of the theory is also reduced. We
43 If we perform a Wigner–Inönü contraction of the algebra, T AB gives rise to a central charge in the
Poincaré superalgebra. See [55] for further details.
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have denoted the remaining two real supercharges with QI (I = 1, 2). To sum up, the
symmetry generators of mAdS4 are:
• the angular momentum Ji , i = 1, 2, 3,
• the Hamiltonian H,
• the gauge transformation generator T ,
• the two supercharges QI where I = 1, 2.
From (8.61) the anticommutator between two supercharges is
{QI , QJ } = Hδ IJ .

(8.76)

Since mAdS4 is static and spherically symmetric, we have the commutation relations
[H, Ji ] = 0 ,

[Ji , Jj ] = ijk Jk .

(8.77)

The following commutators are then determined by imposing the Jacobi identities:
[QI , Ji ] = [QI , H] = 0 .

(8.78)

Next, we add the gauge generator T to the algebra. Because of gauge invariance, we
have the commutators
[T, Ji ] = [T, H] = 0 .

(8.79)

From the Jacobi identities one now derives that
[QI , T ] = IJ QJ ,

(8.80)

with a fixed normalization of T . This commutator also follows from the observation that
gauge transformations act on the supersymmetry parameters in gauged supergravity,
together with the fact that T commutes with the projection operator P defined in the
previous section.
The first commutator in (8.78) implies that the supercharges QI are singlet under
rotations. This is a consequence of the fact that the mAdS4 Killing spinors have no
angular dependence [102]. Group theoretically, this follows from the fact that the group
of rotations entangles with the SU (2)R symmetry, as explained in [50].
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8.5.3

RiAdS4

The full superalgebra of RiAdS can be most clearly presented as follows. After the
projection we have only 4 real supercharges present, which we label Q1 , Q2 , Q3 , Q4 .
The non-vanishing supercharge anticommutators can then be read from (8.66):
{Q1 , Q1 } = {Q3 , Q3 } = M + P2 ,
{Q1 , Q2 } = {Q3 , Q4 } = P3 ,

{Q2 , Q2 } = {Q4 , Q4 } = M − P2 ,

{Q1 , Q4 } = −Z ,

{Q2 , Q3 } = Z ,

(8.81)

and the action of the gauged U (1)R symmetry leads to
[Q1 , T ] = Q3 ,

[Q2 , T ] = Q4 ,

[Q3 , T ] = −Q1 ,

[Q4 , T ] = −Q2 .

(8.82)

The other commutators vanish due to the form of the Killing vectors, the fact that gauge
transformations commute with translations and compatibility with the super Jacobi
identities. This shows that indeed Z is a central charge, similar to the magnetic central
charge in the Poincaré superalgebra.
Due to the toroidal compactification, the theory is endowed also with modular invariance. The metric and the Killing spinor are invariant under transformations that act
on both the parameter τ and the coordinates (x, y):
aτ + b
,
τ→
cτ + d



x
y




→M

x
y




=

a
c

b
d



x
y


,

(8.83)

with the condition ad − bc = 1, i.e. M ∈ SL(2, Z). For a finite volume of the torus,
the superalgebra can be interpreted as corresponding to a modular invariant quantum
mechanics theory in one dimension, since one can further reduce the 3d theory, dual to
RiAdS, on the two compact spatial dimensions. This interpretation is no longer valid in
the infinite volume limit where the boundary is an infinite flat plane.

8.5.4

Hyperbolic mAdS4

As explained above, the situation for hyperbolic mAdS is fully analogous to the one of
spherical mAdS. This also holds for their superalgebras, the only difference of course being that spherical symmetry encoded in the structure constants for the angular momenta
commutator changes into hyperbolic symmetry. We will therefore not elaborate further
on hyperbolic mAdS4 solutions as their behavior is already captured in our analysis of
spherical mAdS. This remains being true in the next chapter when we consider more
complicated solutions allowing for running scalars.

Chapter 9

BPS bounds in the matter-coupled
theory

9.1

Introduction and general results

We continue our analysis of BPS bounds in the most general case of matter coupled
electrically gauged supergravity, i.e. coming back to the lagrangian (2.1) and our original notation. After understanding more clearly the vacuum structure of gauged supergravities in the previous chapter, here we concentrate more on black hole solutions with
non-trivial scalar profiles. We find an unexpected similarity between BPS solutions with
very different asymptotics.
As we show in the following, the superalgebra structure does not change when considering more general matter couplings in the theory. However, the explicit definition
of the asymptotic charges (M, Qe , etc.) of a given solution depends directly on the
field content. We first derive the form of the supersymmetry anticommutator for all
possible solutions of gauged supergravity with vectors and hypers. Then we focus on
the special cases of Minkowski, AdS, mAdS, and RiAdS asymptotics where we evaluate
the anticommutator explicitly. These calculations show that the hypermultiplets do not
produce additional central charges in the superalgebra. We are also able to formulate
renormalized expressions for the mass in AdS and mAdS. Our results in AdS are in exact
agreement with the techniques of holographic renormalization [23–30]. On the other
hand, the mAdS mass takes a different form and in some examples leads to qualitatively
different results that have no analog in previous literature.
From our knowledge of the minimal case and with the help of the susy variations
we can derive explicitly the supercharge, as done in appendix G. The original expression for the supercharge is somewhat lengthy and non-suggestive. However, using the
equations of motion for the gravitinos we can cast the supercharge into a much simpler
form as a surface integral (see the appendix for the technical details).
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The important quantity for our purposes here is the Dirac bracket of two supercharges. It can be derived from the supercharge (G.10) and takes the remarkably simple
form
I
e σ εA ) .
eσ εA − µνρσ εA γρ D
{Q, Q} =
dΣµν (µνρσ εA γρ D
(9.1)
∂V

This is the main general result of this chapter. It can be explicitly evaluated on every
spacetime that has an asymptotic Killing spinor.
Compared with the corresponding expression in the minimal case, (9.1) is just a
straightforward generalization. A priori, one could expect some more radical changes
due to the presence of vector and hypermultiplets, but this is not the case. We already
see that the main conclusions of the previous chapter remain the same, with the difference that the definition of the asymptotic charges will generalize to accommodate for
the possibility of non-constant scalars44 . In order to give more precise statements, we
need to plug in the explicit Killing spinors of interest in the general Dirac bracket (9.1).
In the following sections we consider more carefully the cases of Minkowski, AdS4 ,
mAdS4 , and RiAdS4 asymptotics, paying special attention to the asymptotic charges in
stationary solutions. In each of the cases we give an explicit example from the study of
black holes as an application of our results. Somewhat surprisingly, we are able to find
a very simple unified formula for the mass of supersymmetric black hole spacetimes in
all spherically symmetric cases. This also leads to a better conceptual understanding
of the difference in the mass in AdS and mAdS spacetimes. We conclude with some
remarks on the connection of our results to alternative approaches in literature.

9.2
9.2.1

Asymptotically flat solutions
General analysis

Here we will be interested in the superalgebra and asymptotic charges of Minkowski
spacetime. In the context of electrically gauged supergravity with vector and hypermultiplets the necessary conditions for a Minkowski vacuum were derived in chapter
3,
i Λ
kΛ
L̄ = 0 ,

u Λ
k̃Λ
L =0,

PΛx = 0 ,

(9.2)
1,3

together with constant scalars, vanishing field strengths and flat R metric. These are
now the conditions that asymptotically flat solutions will have to satisfy as r → ∞ (we
always work in spherical coordinates in this section).
44 Note

that for a solution with constant scalars (both in the vector and in the hypermultiplet sector) (9.1) is
equivalent with the result for the minimal case. Thus, the only difference between the asymptotic charges in
minimal and non-minimal supergravity lies in the possibility for non-constant scalar profiles.
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The Majorana Killing spinors of Minkowski in spherical coordinates are
1

1

− 2 θγ12 − 2 ϕγ23 1,2
˜1,2
e
˜0 ,
M =e

(9.3)

where ˜1,2
0 are two arbitrary and linearly independent constant Majorana spinors. We
will use the notation ˜A for Majorana spinors and εA , εA for the positive/negative chirality Weyl spinors that are used in our notation. The chiral spinors are related to the
Majorana ones through
εA ≡

1 + γ5 A
˜ ,
2

εA ≡

1 − γ5 A
˜ ,
2

(εA )∗ = εA .

(9.4)

Having the Killing spinors we can now in principle plug (9.3) in (9.1) and derive the
supercharge anticommutator directly. Of course, we already know the general answer
from the Poincaré superalgebra,
{QAα , QBβ } = δ AB (iγ M C −1 )αβ PM − AB ((ReZ + iγ 5 ImZ)(C −1 ))αβ ,

(9.5)

where C is the charge conjugation matrix, PM is the momentum operator, and Z is the
complex central extension of the superalgebra. The explicit eigenvalues of the operators
PM and Z for any asymptotically flat solution can be computed now from (9.1). The
additional U (1) and Sp(1) connections in (9.1) from the matter multiplets can potentially
lead to contributions to the supersymmetry anticommutator that are not of the type
(9.5). Since we know that Minkowski asymptotics will necessarily lead to the Poincaré
superalgebra it follows that these additional connections must fall off fast enough so
that they do not contribute. (9.5) can in fact be taken as a definition for asymptotically
flat spacetimes. In practice, the condition for the fall off of the connections will be equivalent with imposing the metric to approach Minkowski space. This will be illustrated
more clearly with an explicit example.
In the next subsection we give the explicit expressions for P0 , Z in (9.5) for the
stationary case, but one can straightforwardly derive the asymptotic charges in full
generality if needed.

9.2.2

Stationary solutions

For stationary solutions we find that the supersymmetry anticommutator takes the following form45 :
{QAα , QBβ } = δ AB 8πM (iγ 0 C −1 )αβ − AB 8π((ReZ + iγ 5 ImZ)(C −1 ))αβ ,
45 We

rescale the central charges for convenience.

(9.6)
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where the complex central charge is given by
I

1
Z=
lim
T − = lim LΛ qΛ − MΛ pΛ ,
r→∞
4π r→∞ S 2

(9.7)

as derived in detail in [128]46 . The derivation of the central charge from (9.1) is a bit
−
+
eµ εA contains a Tµν
eµ εA contains Tµν
subtle and uses the fact that D
term, while D
. This
R −
+
5
eventually leads to (T (1 + γ5 ) + T (1 − γ5 )) ∼ ReZ + iγ ImZ. This calculation
picks out the electric and magnetic charge carried by the graviphoton, which explicitly
depend on the asymptotic values of the vector multiplet scalars.
The mass, on the other hand, remains unaffected by scalars,
1
M=
lim
8π r→∞



I
dΣtr

et[0 er1 eθ2]

+ sin θ

et[0 er1 eϕ
3]

−

(ωθab et[0 era eθb]

+

ωϕab et[0 era eϕ
b] )


(9.8)

,

just as in the minimal case.
The BPS bound, as always for stationary asymptotically flat solutions, is
M ≥ |Z| .

(9.9)

Note that the hypermultiplet sector seems to be completely decoupled from the above
calculations since the hypers do not influence the asymptotic charges. This suggests that
the stabilization of the hypers at a particular supersymmetric point in moduli space as
described in chapter 4 might be the generic situation in this case.

9.2.3

Black hole example

As a standard example we can just briefly glance through the single-centered supersymmetric black holes of chapter 5, c.f. [73]. First we take the most standard case of a static
black hole as a warm up for the static examples in AdS and mAdS. We then also explain
the case of a rotating BPS saturated Kerr-Newman metric, which provides a non-trivial
test of the BPS bound (9.9).
The metric and symplectic sections in spherical coordinates are
ds2 = eK (dt2 + ωdϕ2 ) − e−K dr2 − e−K r2 dΩ22 ,
2 Im(X Λ ) = H Λ = hΛ +

pΛ
,
r

2 Im(FΛ ) = HΛ = hΛ +

qΛ
,
r

(9.10)

46 Note that the charges q and pΛ in (9.7) are the standard electric and magnetic charges as commonly
Λ
δL
defined in literature. The electric charges come from the dual field strengths GΛµν ≡ iµνρσ δF
Λ . See
ρσ

chapter 2 for more details.
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where hΛ , hΛ are arbitrary constants that decide the asymptotic value of the scalars,
usually chosen such that e−K asymptotes exactly to 147 . The rotation ω is present only
when the Kähler connection (3.18) is non-vanishing.
1 3
Let us consider as a first simple example the prepotential F = − (XX 0) with nonvanishing magnetic charge p0 and
non-vanishing h0 , h1 ). This
q electric charge q1 (also
p
0
2
implies that X 0 = 2i H 0 , X 1 = 12 H 3H1 and e−K = 3√
H 0 (H1 )3 . The U (1) connec3
tion vanishes and therefore the metric is static, ω = 0. To normalize the Kähler potential
we choose h0 (h1 )3 = 27
4 and find for the central charge
1
Z=
4



p0
q1
+3 1
h0
h


(9.11)

.

The mass can be calculated from (9.8) with the metric (9.10) and spin connection
ωθ12 =

ωϕ13
= eK/2 ∂r (re−K/2 )
sin θ

and becomes
2

−K/2

M = lim (−r ∂r e
r→∞

1
)=
4



p0
q1
+3 1
h0
h


.

(9.12)

This illustrates that the above spacetime is supersymmetric since M = |Z|.
A slightly more challenging example is provided if we take the supersymmetric
Kerr-Newman spacetime from section 4.2 of [73]. We will literally consider the same
solution, taken in minimal supergravity with a prepotential F = − 4i (X 0 )2 , such that
e−K = X 0 X̄ 0 . In oblate spheroidal coordinates (c.f. (59) of [73]), the harmonic functions
that give the solution are
H0 = 1 +

r2

mr
,
+ α2 cos2 θ

H0 =

r2

2α cos θ
.
+ α2 cos2 θ

Solving for the vector field strengths from this, we find that q0 = m, p0 = 0. This means
that
Z = eK/2 X 0 m

⇒

|Z| = m .

(9.13)

The Kähler connection (c.f. (3.18)) in this example is in fact non-vanishing,
Aθ =

1 K/2
e (H0 ∂θ H 0 − H 0 ∂θ H0 ) .
2

47 One does not really need to stick to a particular choice for hΛ , h . We can always perform a coordinate
Λ
transformation to make sure that we have the correct asymptotics at r → ∞. This has exactly the same effect.
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However, it goes as r−2 as r → ∞ and therefore does not contribute to the supercharge
anticommutator and keeps the Minkowski asymptotics. If we further perform a redefinition r → r − m, we obtain a stationary supersymmetric metric in the familiar form
(r − m)2 + α2 cos2 θ 2
(2mr − m2 )α cos2 θ
r2 + α2 cos2 θ 2
dr
(dt +
dϕ2 ) −
2
2
2
2
2
2
r + α cos θ
(r − m) + α cos θ
(r − m)2 + α2
(9.14)
(r − m)2 + α2
2
2
− (r2 + α2 cos2 θ)dθ2 − (r2 + α2 cos2 θ)
sin
θdϕ
,
(r − m)2 + α2 cos2 θ

ds2 =

which is the Kerr-Newman metric with equal mass and charge, leading to a nakedly
singular rotating asymptotically flat spacetime. The mass can be again found by
M = ... = lim (−r2 ∂r e−K/2 ) = m = |Z| ,
r→∞

(9.15)

after converting back to spherical coordinates48 . This confirms that the Kerr-Newman
metric (9.14) is supersymmetric and that the angular momentum, J = αm, indeed does
not enter in the BPS bound (9.9) and remains unconstrained by supersymmetry.

9.3
9.3.1

AdS4 asymptotics
General analysis

The necessary conditions for AdS4 vacuum, derived in chapter 3, are:
i Λ
kΛ
L̄ = 0 ,

u Λ
k̃Λ
L =0

PΛx fiΛ = 0 ,

xyz PΛy PΣz LΛ L̄Σ = 0 ,

(9.16)

Λ
= 0 and AdS4 metric with cosmowith constant scalars, vanishing field strengths Fµν
Σ

logical constant49 Λ ≡ −3g 02 = −3g 2 PΛx PΣx LΛ L . (9.16) will have to hold at r → ∞ for
all asymptotically AdS spacetimes, together with the usual conditions on the metric.
Note that we do not allow for asymptotic magnetic charge for the graviphoton, i.e.
PΛx AΛ
ϕ = 0. Unlike in the minimal case, this does not rule out the existence of magnetic
charges but only restricts them.
The last condition in (9.16) tells us that the PΛx LΛ ’s are restricted in a certain way. We
will assume that they are aligned in one particular direction asymptotically50 (direction
48 Eq. (9.15) holds also in the given set of Boyer-Lindquist coordinates, but in order to use (9.8) one needs to
first convert the relevant asymptotic quantities in spherical coordinates.
49 Λ is the cosmological constant of pure AdS with constant scalars. The curvature of all asymptotic AdS
4
solutions will approach this value as r → ∞. The reason for defining g 0 is because the AdS Killing spinors
explicitly contain this constant instead of the gauge coupling constant g.
50 P x ≡ P x LΛ rotates under Sp(1) ' SU (2) and can always be put in a particular direction. This however
Λ
does not mean that existing solutions in literature will automatically be written in such a way.
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a), i.e. only P a ≡ PΛa LΛ 6= 0. The Majorana Killing spinors for AdS were derived in
App. E,
0
i
i 0
1
1
2 arcsinh(g r)γ1 e 2 g tγ0 e− 2 θγ12 e− 2 ϕγ23 
˜1,2
˜01,2 ,
(9.17)
AdS = e
where it was implicitly assumed that a = 2 for the gauging in the minimal case. The end
result for the supercharge anticommutator will of course not depend on which direction
for the moment maps is chosen, but when a = 2 the Killing spinors (the chiral ones
can again be found using (9.4)) take the simplest form. In the explicit formulas for the
asymptotic charges it is clear how to leave the choice for the direction a completely
arbitrary. The basic anticommutator for asymptotically AdS solutions can be again
derived directly using the chiral version of (E.5) in (9.1). The result takes the expected
form from the OSp(2|4) superalgebra,
{QAα , QBβ } = δ AB (γ̂ M N C −1 )αβ MM N − AB T (C −1 )αβ ,

(9.18)

as discussed in detail in the case of minimal gauged supergravity. Here we also require
that the U (1) and Sp(1) gauged conections in (9.1) fall off fast enough as r → ∞ in order
to precisely recover the above expression. (9.18) can be taken as a definition of asymptotically AdS spacetimes. Any spacetime, whose Dirac bracket (9.1) does not simplify
to (9.18) is therefore not asymptotically AdS. In the explicit example that follows the fall
off will already be of the correct type, but in principle one needs to always make sure
that the spacetime in question really is asymptotically AdS in the sense of (9.16) and
(9.18). Each of the asymptotic charges MM N and T can be explicitly derived, but we
will again concentrate on the mass and charge in the stationary case.

9.3.2

Stationary solutions

For asymptotically AdS solutions with vanishing magnetic charge limr→∞ PΛx pΛ = 0,
the supersymmetry anticommutator is
{QAα , QBβ } = δ AB 8π((M γ 0 + g 0 Jij γ ij )C −1 )αβ − AB 8πT (C −1 )αβ ,

(9.19)

with51
1
M=
lim
8π r→∞
+ 2gg

0

I



dΣtr et[0 er1 eθ2] + sin θ et[0 er1 eϕ
3]

r|PΛa LΛ |

et[0 er1]

−

p

g 02 r2

+

1(ωθab et[0 era eθb]

(9.20)



+

ωϕab et[0 era eϕ
b] )

,

51 Note that the following expression includes both the gauge coupling constant g and the asymptotic cosmological constant g 0 .

144

CHAPTER 9. BPS BOUNDS IN THE MATTER-COUPLED THEORY

and
1
T =
lim
4π r→∞

I



Re T − = lim Re LΛ qΛ − MΛ pΛ .
r→∞

S2

(9.21)

The angular momenta Jij remain exactly as given in App. F, unaffected directly by the
scalars. The BPS bound is given by
~ .
M ≥ |T | + g 0 |J|

(9.22)

Note that the scalars enter explicitly in the definition of the mass (9.20), unlike for the
asymptotically flat solutions.

9.3.3

Static example

Here we will explicitly consider the static supersymmetric spacetimes with non-constant
scalars constructed by Sabra in [110]52 . Unlike in the asymptotically flat case, one cannot
easily find what the mass is just from looking at the metric.
Briefly summarized, the solution is in gauged supergravity with constant FI parameters PΛa = ξΛ and an arbitrary number of vector multiplets. The metric and symplectic
sections are
e−K dr2
− e−K r2 dΩ22 ,
(1 + g 2 r2 e−2K )
qΛ
.
ImX Λ = 0,
2 ImFΛ = HΛ = ξΛ +
r


ds2 = eK 1 + g 2 r2 e−2K dt2 −

It is immediately clear that the charge T of this configuration will be

T = lim Re LΛ qΛ − MΛ pΛ = lim LΛ qΛ = eK(ξ)/2 X Λ (ξ)qΛ ,
r→∞

r→∞

(9.23)

(9.24)

where K(ξ), X Λ (ξ) denote the corresponding asymptotic values that will only depend
on the gauge parameters via the second row of (9.23). Since the solutions are supersymmetric and static (Jij = 0) it follows that the mass takes the exact same value as the
charge T . We can show this explicitly for any given solution.
p
Let us for simplicity take the prepotential F = −2i X 0 (X 1 )3q
with electric charges
√
3
1
1
0
√
H0 H1
q0 , q1 and FI parameters ξ0 , ξ1 . The sections are therefore X = 6 3 (HH10) , X 1 = 2√
3
p
1/2
2
2
−K
0
3
1/4
3
with e
= 3√3 H0 (H1 ) and g = 33/4 g(ξ0 (ξ1 ) ) . The asymptotic charge T from
(9.24) becomes


(ξ0 (ξ1 )3 )1/4 q0
q1
T =
+3
.
(9.25)
ξ0
ξ1
23/2 33/4
52 As explained in chapter 6, they do not correspond to black holes but rather to naked singularities due to
the absence of an event horizon.
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In order to find the mass of this configuration we first need to perform a simple coordinate rescaling to make sure that the metric asymptotes to AdS in spherical coordinates
(equivalently we could insist that e−K asymptotes to 1). Transforming r → ar, t → t/a,
1/2
with a = limr→∞ e−K/2 = 323/4 (ξ0 (ξ1 )3 )1/4 we achieve

ds2 = a2 eK + g 2 r2 e−K dt2 −

(a2 eK

dr2
e−K
− 2 r2 dΩ22 ,
2
2
−K
+g r e )
a

(9.26)

which exactly asymptotes to AdS with cosmological constant −3g 02 in spherical coordinates. The functions that further define the metric now take the form
aq0
aq1
H0 = ξ0 +
,
H1 = ξ1 +
.
r
r
The relevant spin connection components in this case are
ωθ12 =

p
ωϕ13
re−K/2
= a2 eK + g 2 r2 e−K ∂r (
)
sin θ
a

Now we can use (9.20) to find the mass of this configuration:


p
p
−K/2
M = limr→∞ e a2 r2 ar + gg 0 r(ξ0 X 0 + ξ1 X 1 ) − 1r g 02 r2 + 1 a2 eK + g 2 r2 e−K ∂r (re−K/2 )


(ξ1 )3 )1/4
q1
q0
+
3
= ... = (ξ203/2
(9.27)
3/4
ξ0
ξ1 = T ,
3
as expected. This is a rather non-trivial check that (9.20) gives the correct expression for
the AdS mass, and therefore reproduces correctly results from holographic renormalization [23–30]. Interestingly, we note that in the process of simplifying the above formula,
in “...” one finds the mass to be


r2
(ξ0 (ξ1 )3 )1/4 q0
q1
M = lim (− ∂r e−K/2 ) =
+
3
,
(9.28)
r→∞
a
ξ0
ξ1
23/2 33/4
i.e. picking the first subleading term of the Kähler potential after normalizing it to
asymptote to 1. This simple formula turns out to give the mass for the static solutions both in Minkowski (c.f. (9.12) and (9.15)) and in AdS. We now turn to magnetic
AdS asymptotics and show that the same formula effectively gives the mass also for
supersymmetric solutions in mAdS.

9.4
9.4.1

mAdS4 asymptotics
General analysis

Here the asymptotic conditions on the spacetime remain as in (9.16) with constant scalars,
Λ
only now the magnetic field strengths are Fθϕ
= pΛ sin θ under the restriction gPΛa pΛ = ∓1
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coming from Dirac quantization. As before, we have the redefinition of the cosmological
constant to be Λ ≡ −3g 02 and assume the moment map in direction P a to be non-zero.
For a = 2, the Killing spinors of mAdS4 were given App. E. Here we can give the
projections obeyed by the chiral Killing spinors as straightforward generalization of the
analysis in chaper 6.3:
εmAdS,A = eiα AB γ 0 εB
mAdS ,

a
εmAdS,A = ±eiα σAB
γ 1 εB
mAdS ,

(9.29)

where α is an arbitrary constant phase, and the choice of sign of the second projection
corresponds to the choice of sign for the charge q
quantization condition. The functional
0

dependence of the Killing spinors is only radial, g 0 r + 2gg2 r . This can be seen explicitly
eµ εA = 0. Solving it also forces all asymptotiby analyzing the Killing spinor equation D

cally mAdS spacetimes to satisfy PΛa X Λ = ±1, 2geK FΛ pΛ = ±1 as r → ∞.
For asymptotically mAdS solutions with non-vanishing magnetic charge, the supersymmetry anticommutator is just
{QI , QJ } = δ IJ 8πM ,

(9.30)

with only two supercharge singlets as discussed above. The mass is given by explicitly
plugging (9.29) in (9.1) for any asymptotically mAdS solution. It again turns out that
the expression takes more convenient form if we choose an upper triangular vielbein:


I

1
g0
M=
lim
dΣtr g 0 r + 2
2 Im LΛ qΛ − MΛ pΛ sin θ et0 er1 eθ2 eϕ
3
8π r→∞
2g r

(9.31)
+ 2g|PΛa LΛ | et0 er1 − (ωθ12 et0 er1 eθ2 + ωϕ13 et0 er1 eϕ
)
.
3
The BPS bound in this case is simply
M ≥0.

(9.32)

Note that there is a crucial difference between the AdS and the mAdS masses since the
scalars enter differently in the expressions, e.g. in the first term on the r.h.s. of (9.31).
We will see in the next subsection that this ultimately leads to a different notion of the
mass in the two cases and that the standard holographic renormalization technique is
equivalent to the mass definition (9.20), but does not reproduce correctly (9.31).

9.4.2

Black hole example

Here we concentrate on the static supersymmetric black holes with magnetic charges of
chapter 6.3. The theory is again gauged supergravity with an arbitrary number of vector

147
multiplets and FI gaugings ξΛ . The magnetic charges are restricted by the equation
gξΛ pΛ = 153 , and the metric and scalars are given by
2

ds = e

K



c
gr +
2gr

2

dt2 − 

e−K dr2
gr +

c
2gr

−K 2
2
2 − e r dΩ2 ,

βΛ
,
ReFΛ = 0 ,
r

−2g 2 rβ Λ + cαΛ + gpΛ = 0 .

(9.33)

ReX Λ = H Λ = αΛ +
ξΛ αΛ = −1 ,

ξΛ β Λ = 0 ,

FΛ

If we evaluate the mass of this solutions from (9.31) we get the supersymmetric value
M = 0.
To see
pthis in some detail, let us again consider the simplest case of prepotential
F = −2i X 0 (X 1 )3 that was also discussed carefully in chapter 6.3. We have X 0 = H 0 =
p
1
0
α0 + βr , X 1 = H 1 = α1 + βr and e−K = 8 H 0 (H 1 )3 , with
β0 = −

ξ1 β 1
,
ξ0

α0 = −

1
,
4ξ0

α1 = −

3
,
4ξ1

c=1−

32
(gξ1 β 1 )2 ,
3

(9.34)

and magnetic charges
p0 =

2
gξ0



1 8(gξ1 β 1 )2
+
8
3


,

p1 =

2
gξ1



3 8(gξ1 β 1 )2
−
8
3


.

(9.35)

We again need to rescale t and r in order to have the metric asymptote to mAdS in spher1/2
ical coordinates just as above: r → ar, t → t/a, with a = limr→∞ e−K/2 = 233/4 (ξ0 (ξ1 )3 )1/4
and cosmological constant coming from g 0 =

33/4
g(ξ0 (ξ1 )3 )−1/4 .
21/2

The metric is then


2
a2 c
e−K dr2
e−K 2 2
ds2 = eK gr +
dt2 − 
2 − 2 r dΩ2 ,
2gr
a
a2 c
gr + 2gr
and H 0 = α0 +

aβ 0
1
r ,H

= α1 +

aβ 1
r .

(9.36)

Evaluating (9.31) now gives






e−K/2 2 0
g0
a 2 eK
eK/2
a2 c
0
1
−K/2
r
g
r
+
g
−
(F
p
+
F
p
)
−
gr
+
∂
(re
)
0
1
r
r→∞
a2
2g 2 r
r2
r
2gr

M = lim
=0.

(9.37)
We are now in position to compare this result with the one obtained via the holographic
renormalization techniques of [23–30, 129]. As found in section 9 of [3], the mass of the
53 We

just choose the positive sign here without any loss of generality.
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above black holes is non-vanishing if one uses the explicit formulas provided in [129]
based on the procedure of holographic renormalization [23–30]. In fact these formulas
give the same result as if (9.20) were used, i.e. the holographic renormalization procedure does not consider the case of magnetic AdS asymptotics separately. It is then
fair to conclude that holographic renormalization is well defined for the asymptotically
AdS spacetimes of section 9.3, but one should not use this technique for asymptotically
mAdS cases.
Remarkably, the effective formula that worked in the static cases for Minkowski and
AdS (see (9.12) and (9.28)) turns out to give the correct result once again,
M = lim (−
r→∞

r2
∂r e−K/2 ) = 0 .
a

(9.38)

Although the fundamental mass formulas (9.8),(9.20) and (9.31) are a priori considerably different, it turns out that the corresponding supersymmetric solutions have such
properties that in each case the mass reduces to exactly the same simple formula.

9.5
9.5.1

RiAdS4 asymptotics
General analysis and static solutions

Here yet again the asymptotic conditions on the spacetime remain as in (9.16) with
constant scalars and vanishing electromagnetic field strength. As before, we assume the
moment map in direction P a to be non-zero. Analogously to the cases above, the superalgebra remains exactly the same as in the minimal case in the previous chapter so we
directly focus on the definition of the asymptotic charges, which changes accordingly.
They can be derived by realizing that the RiAdS Killing spinor, derived in appendix E,
in the standard conventions adopted in this thesis, obeys
a
εRiAdS,A = eiα σAB
γ 1 εB
RiAdS ,

(9.39)

where α is an arbitrary constant phase.
We are mostly interested in describing objects with vanishing P2 , P3 like static black
holes and branes. The relevant asymptotic charges in this case are the mass M and the
central charge Z. In the general case with arbitrary vector and hypermultiplets, they are
defined as:
I

1
M = lim
dΣtr et0 er1 2gr|PΛa LΛ | − r(ωx12 ex2 + ωy13 ey3 + ωy12 ey2 ) ,
(9.40)
2 r→∞
and

I
Z = lim

r→∞

T2



r Im T − = lim rV Im LΛ qΛ − MΛ pΛ ,
r→∞

(9.41)
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where T − is the anti-selfdual part of the graviphoton field strength.
Compared to (8.67), the expression for the mass with vector and hypermultiplets is
changed only slightly in order to accommodate for the cosmological constant, which is
now dependent on the scalar fields via the expression PΛa LΛ .
The expression for the central charge is reminiscent of the expression for the magnetic charge caused by the graviphoton field strength54 , just as in (8.71). The magnetic

charge, limr→∞ Im LΛ qΛ − MΛ pΛ , is forced to vanish due to supersymmetry of the
vacuum as proven in [21]. Z is in fact the first subleading term in the expression for the
magnetic charge due to the extra r factor and is automatically finite in the limit r → ∞.
For constant scalars, (9.41) clearly reduces to (8.71) and the central charge vanishes. For
non-constant scalar profiles, however, it is now possible to generate a non-zero Z, which
turns out to be crucial for generating massive BPS black brane with an event horizon of
chapter 6.4.
The BPS bound for static asymptotically RiAdS solutions when a central charge is
allowed is therefore
M ≥ |Z| ,

(9.42)

as already predicted. In case when both M and Z vanish we recover a 1/2 BPS solution
like the ones in the previous section, while in case M = |Z| 6= 0 we have a 1/4 BPS
excitation. All other cases result in non-supersymmetric excitations over RiAdS.

9.5.2

Black brane example

As already explained in chapter 6.4, one can find a class of 1/4 BPS solutions, given by
2

K

ds = e



c
gr +
2gr

2

dt2 − 

e−K dr2
gr +

c
2gr

−K 2
2
2 − e r dσ ,

βΛ
,
ReFΛ = 0 ,
r

−2g 2 rβ Λ + cαΛ + gpΛ = 0 ,

(9.43)

ReX Λ = H Λ = αΛ +
ξΛ αΛ = −1 ,

ξΛ β Λ = 0 ,

FΛ

under the restriction ξΛ pΛ = 0, with the toroidal area element given by (6.74). These
solutions satisfy the BPS bound M = |Z|, where both asymptotic charges are nonvanishing. Thus, unlike their spherical analogs, the magnetic black branes have a nonvanishing mass.
54 q , pΛ are the electric and magnetic charge densities of the vector field strengths appearing in the laΛ
grangian.
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p
To see this in some detail, consider the simple case of a prepotential F = −2i X 0 (X 1 )3 .
p
1
0
We have X 0 = H 0 = α0 + βr , X 1 = H 1 = α1 + βr and e−K = 8 H 0 (H 1 )3 , with
β0 = −

ξ1 β 1
,
ξ0

α0 = −

1
,
4ξ0

α1 = −

3
,
4ξ1

c=−

32
(gξ1 β 1 )2 ,
3

(9.44)

and magnetic charges
p0 =

16(gξ1 β 1 )2
,
3gξ0

p1 = −

16(gξ1 β 1 )2
.
3gξ1

(9.45)

Note that this solution is in almost complete analogy to the one discussed above in the
spherical case. It has a double horizon at rh = √43 ξ1 β 1 , which shields the singularity
for any positive value of the arbitrary parameter ξ1 β 1 . Just as in the spherical example,
we have to rescale the radial coordinate r with a = limr→∞ e−K/2 in order to have the
proper asymptotics. Evaluating (9.40) and (9.41) eventually leads to:




e−K/2 2
a2 c
128
K/2
−K/2
M/V = lim
r gr − e
gr +
g(ξ1 β 1 )3 ,
∂r (re
) =
r→∞
a2
2gr
9
r
K/2

Z/V = lim re
r→∞

H1 0 1
128
(p H + 3p1 H 0 ) =
g(ξ1 β 1 )3 .
H0
9

(9.46)

(9.47)

This proves that the mass is equal to the central charge. The solution is a 1/4 BPS
toroidal black hole in RiAdS for any finite value of V and black brane in AdS as V → ∞.
Note that, unlike the spherically symmetric examples, the mass of the BPS black branes
is not given by (9.38).
From the form of the superalgebra it is clear that one should in principle be able to
add arbitrary electric charges to these solutions and still keep them supersymmetric.
To our best knowledge, such solutions have not been yet constructed (see however
[130, 131] for supersymmetric and extremal electric black branes that do not strictly
asymptote to AdS).

9.6

Final remarks

To summarize, the main results of this chapter are the general mass formulas (9.8),
(9.20), (9.31), and (9.40) for asymptotically flat, AdS, mAdS, and RiAdS spacetimes, respectively. We confirmed the well-known result [128] for the central charge in Minkowski,
showing that the hypermultiplets do not alter it. We also showed that supergravity
does make a clear distinction between masses in AdS and mAdS. Our analysis in AdS
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generalizes some previous works that did not allow for non-trivial scalars, e.g. [132].
The results for asymptotically AdS solutions are in fact equivalent to performing the
procedure of holographic renormalization [23–30, 129], i.e. (9.20) can be directly used
in AdS/CFT applications. In the asymptotically mAdS case, to our best understanding,
(9.31) is the correct mass formula that needs to be used. It would be interesting to understand in detail the apparent discrepancy between our approach and the derivations
of [129]. Physically, the mass formula in mAdS might seem a bit counter-intuitive as it
allows for black hole solutions with vanishing mass. However, from the point of view
of the superalgebra this is the only possibility for BPS objects in mAdS. Therefore M = 0
should not come as a surprise for the static magnetic black holes.
It is important to observe that the scalar profiles as functions of the radial coordinate
enter explicitly in the mass formulas (9.20) and (9.31). Thus, the AdS and mAdS masses
not only depend on the asymptotic values of the scalars, but also on how the scalars
approach these values. This feature provides a new point of view towards the attractor
mechanism in AdS/mAdS. It shows that scalars are much more restricted to behave in
a particular way in comparison with the Minkowski case. Nevertheless, for the spherically symmetric supersymmetric solutions it turned out that the mass can be described
by the same formula in all three asymptotic vacua,
M = lim (−
r→∞

r2
∂r e−K/2 ) ,
a

(9.48)

where a ≡ limr→∞ e−K/2 is usually chosen to be 1. This essentially means that the
mass is the first subleading term of the Kähler potential expansion, no matter what the
details of the solution and its asymptotics are. It is interesting to understand the physical
reasons behind this.

Chapter 10

Black hole superalgebras

10.1

Introduction

In this chapter we are going to discuss a simple application of the analysis of superalgebras, which results in a no-go theorem for static supersymmetric black holes in AdS4
in theories without hypermultiplets. The theorem is based purely on superalgebras and
holds very generally for D = 4 N = 2 supergravity, including possible higher derivative
theories. In the case of hypermultiplet gaugings, we give the conditions on the gauging
that must be met in order for a genuine BPS black hole in AdS4 to exist. Additionally, we
prove that the attractors for BPS black holes in Minkowski and mAdS are unique. There
are no possibilities for near-horizon geometries, other than the ones already known from
chapters 5 and 6.
The proof is based on a simple observation: a supersymmetric black hole interpolates between two different supersymmetric vacua. One is the asymptotic spacetime
which is typically at an infinite distance away from the black hole itself, while the other
is the near-horizon geometry right outside the black hole horizon. These two vacua
are solutions of the equations of motions by themselves (in the static case) and need to
necessarily preserve some supersymmetry if the full solution is to be supersymmetric.
The full black hole solution thus approaches these two vacua in the corresponding limits
(usually in spherical coordinates r → ∞ corresponds to the vacuum at infinity, e.g.
Minkowski or AdS, and r → rhorizon to the near-horizon geometry, e.g. AdS2 ×S2 ).
This leads to a very simple mathematical relation between the superalgebras of the
asymptotic spaces - if the superalgebra of the vacuum at infinity is denoted by A∞ and
the near horizon superalgebra as Ahor , then the full black hole symmetry algebra ABH
is a sub(super)algebra of both asymptotic superalgbras, ABH ⊆ A∞ and ABH ⊆ Ahor .
Since we want the full solution to preserve some supersymmetry, ABH must include
some fermionic charges. This discussion can be repeated in a similar manner for all
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solutions in supergravity that interpolate between two distinct BPS vacua, e.g. different
kinds of black objects and M/D-branes (see [133, 134]). Inverting the argument, it is
clear that if two different superalgebras do not have a common subsuperalgebra, there
can never be a supersymmetric solution that interpolates between the two corresponding vacua.
We use this observation in the context of gauged D = 4 N = 2 supergravity to
show that there is no static near-horizon geometry (with spherical symmetry) that can
match to the AdS superalgebra in absence of hypermultiplets, preserving a number
of supercharges. There are two major steps in this proof that have already been accomplished in previous literature. The authors of [90] proved that in four dimensional
supergravities the only allowed near horizon geometry for spherically symmetric static
black holes in Minkowski or AdS is the product spacetime AdS2 ×S2 . This result holds in
full generality, including possible higher derivative terms. The other important step was
achieved in [50], where all possible supersymmetric AdS2 ×S2 solutions were analyzed
in the context of general gauged D = 4 N = 2 supergravities with possible vector,
hyper-, and tensor multiplets. It was shown that only two different classes exist, the
fully BPS Bertotti-Robinson spacetime, and a half BPS solution where the radii of the
AdS2 and S2 are different. These two solutions define their own distinct superalgebras.
The important point is that, even though particular details of the solution might change
depending on the theory, superalgebras remain the same in supergravity, i.e. no matter
how many additional higher derivative corrections we consider they cannot influence
the abstract superalgebra charges and structure constants. This ensures that there exist
only two versions of Ahor which one can choose from in order to find a supersymmetric
black hole with Minkowski or AdS asymptotics in four dimensions.
Our remaining job is therefore clear. We first need to consider carefully the two
near horizon superalgebras, Ahor , which is done in section 10.2. Then we list the possible asymptotic vacua at infinity, Minkowski, AdS4 , and magnetic AdS4 , and their
corresponding superalgebras in section 10.3. In section 10.4 we analyze the possible
black hole subalgebras, showing how the two near-horizon geometries match to the
Minkowski and mAdS superalgebras. We then show that the AdS4 superalgebra has
no common (spherically symmetric) subsuperalgebra with the half-BPS near-horizon
solution, while explicitly constructing the common SU (1|2) algebra inside the AdS4
and the Bertotti-Robinson superalgebras. We remind the reader of the conditions for
existence of these two different vacua in the same theory, thus completing the proof that
static supersymmetric solutions in AdS can never develop an event horizon and form
black holes in the absence of hypermultiplets.
Note that we discuss only static spherically symmetric solutions. Thus all considered near-horizon and asymptotic geometries possess time translation and 3d rotation
symmetries. Every superalgebra in consideration therefore includes the bosonic charges
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M and Jij , i, j = 1, 2, 3, obeying the commutation relations
[M, Jij ] = 0 ,

[Jij , Jkl ] = −δik Jjl − δjl Jik + δil Jjk + δjk Jil .

(10.1)

We require these generators and commutation relations, corresponding to the group
R × SO(3) (or U (1) × SO(3) when time is compact as in AdS), to be present also in
the black hole superalgebra, ABH . We are therefore looking for a common subalgebra,
Ahor ⊇ ABH ⊆ A∞ , such that R × SO(3) ⊂ ABH and ABH includes at least one
fermionic symmetry.

10.2

Near-horizon superalgebras

In this section we consider more carefully the two available choices for supersymmetric
near-horizon geometries. One is the fully BPS, i.e. 8 conserved supercharges, BertottiRobinson solution, while the other one is a 1/2 BPS solution which we choose to call
magnetic AdS2 ×S2 . The spacetime in both cases is a direct product of AdS2 and S2 , but
their corresponding superalgebras Ahor are very distinct.

10.2.1

Bertotti-Robinson superalgebra

The superalgebra of the fully BPS AdS2 ×S2 , SU (1, 1|2), was analyzed in detail in, e.g.
[55, 135]. Since this is the near-horizon geometry of static asymptotically flat black holes
(c.f. [73]), the superalgebra is very well known. We therefore do not go into much
depth here, just mentioning that the bosonic symmetry group is SO(1, 2) × SO(3) which
includes as a subgroup U (1) × SO(3). There are eight supercharges that are organized
into two spinors QA
α , A = 1, 2. The relevant commutation relations for our purposes
here are55 :
i AB 1 β B
 (γ )α Qβ ,
2
i AB 013 β B
[QA
(γ )α Qβ ,
α , J13 ] = 
2
i AB 012 β B
[QA
(γ )α Qβ ,
α , J12 ] = 
2
1 23 β A
[QA
α , J23 ] = (γ )α Qβ ,
2
B
02
{QA
+ J13 γ 03 )αβ δ AB + J23 (iγ 123 )αβ AB
α , Qβ } = (J12 γ
[QA
α , P0 ] =

(10.2)

+ P0 δαβ δ AB + 2X(γ 01 )αβ δ AB + Y (iγ 0 )αβ AB .
55 Note that we keep the gamma matrix conventions of appendix A. In particular, all gamma matrices are
imaginary, and the charge conjugation matrix is C = iγ 0 .
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The charges X and Y that appear in the supercharge anticommutator come from the
SO(1, 2) symmetry of AdS2 . They are always broken in the full black hole solution. But
the superalgebra (anti-)commutators can only produce symmetries on the right hand
side. This means that the black hole superalgebra has to necessarily include only those
supercharges whose anticommutator does not produce the broken symmetries X and
Y . We will see explicitly how this happens in section 10.4.

10.2.2

Magnetic AdS2 ×S2

The magnetic AdS2 ×S2 , analyzed carefully in [50], is the near-horizon geometry of the
static magnetic black holes in AdS4 that were described in chapter 6.3. These black
holes do not asymptote to the usual fully supersymmetric AdS4 solution, but rather to
magnetic AdS - a topologically distinct vacuum preserving two of the original eight supercharges and distinguished by its non-vanishing magnetic charges (in the electrically
gauged theory). This is the reason why we also choose to use the terminology magnetic
AdS2 ×S2 . Unlike its fully supersymmetric analog, the superalgebra of the magnetic
AdS2 ×S2 is not generally known. It can be straightforwardly derived via the procedure
of chapter 7 (knowing that half of the Killing spinors components are projected out by
the matrix (1 + γ 23 )) and the use of super-Jacobi identities, but it will not be needed for
our purposes here. It is enough to note the observation in [50] that the Killing spinors do
not transform under rotations, i.e. the supercharges flip spin and become SO(3) scalars.
It is easiest to denote the four scalar supercharges by QI , I = 1, 2, 3, 4. The important
commutator for us here is
[QI , Jij ] = 0 .

(10.3)

Note that this makes the superalgebras of the Bertotti-Robinson and the magnetic AdS2 ×S2
very different. From (10.2) we can see that spatial rotations do not leave any invariant
spinor components, while (10.3) shows the opposite behavior.

10.3

Asymptotic superalgebras

Here we concentrate on the asymptotic superalgebras, A∞ . We analyze the three BPS
asymptotic vacua that are subject to the theorem of [90], i.e. we know that in these spacetimes all static black holes with spherical symmetry become AdS2 ×S2 near the horizon.
These are the fully supersymmetric Minkowski and AdS4 solutions from chapter 3 and
the quarter-BPS magnetic AdS4 , analyzed in appendix E.
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10.3.1

Poincaré superalgebra

The best known example of a superalgebra is of course the Poincaré superalgebra. In
D = 4 N = 2, it consists of eight fermionic charges packed in two spinors QA
α , A = 1, 2
and ten bosonic symmetries from the Poincaré group in four dimensions - one time
translation P0 , space translations Pi , spatial rotations Jij , and boosts Ki (i = 1, 2, 3). The
important relations of the superalgebra for us are:
1
(γij )α β QA
[QA
β ,
α , P0 ] = 0 ,
2
B
AB
{QA
+ Pi (γ 0i )αβ δ AB + ReZ(iγ 0 )αβ AB + ImZ(iγ 123 )αβ AB ,
α , Qβ } = P0 δαβ δ
(10.4)
[QA
α , Jij ] =

where Z is the complex central charge that accommodates for electric and magnetic
charges in asymptotically flat solutions.

10.3.2

AdS4 superalgebra

A full account of the AdS4 superalgebra, OSp(2|4), was already presented in chapter
8. Here we just selectively repeat some of the facts needed for the purposes of the
present chapter. The spacetime symmetries of AdS4 have their exact counterparts in the
Poincaré group, although translations no longer commute with each other. Unlike in the
Poincaré case however, OSp(2|4) does not allow for central charges. The gauge group
generator, T , corresponds to the R-symmetry group and thus rotates the supercharges
between each other. The relevant parts of the superalgebra here are:
1 AB B
 Qα ,
2
1
i
β A
β A
[QA
[QA
α , Jij ] = (γij )α Qβ ,
α , P0 ] = − (γ0 )α Qβ ,
2
2
B
AB
{QA
+ Pi (γ 0i )αβ δ AB + Ki (γ i )αβ δ AB
α , Qβ } = P0 δαβ δ
[QA
α,T] =

(10.5)

+ Jij (iγ 0ij )αβ δ AB + T (iγ 0 )αβ AB .

10.3.3

mAdS4 superalgebra

The superalgebra of magnetic AdS4 was also derived in chapter 8. It is very simple due
to the fact that it consists of only two supercharges, time translations, rotations, and the
gauge group generator T . The supercharges in this case are SO(3) scalars, which we
denote by QI , I = 1, 2. The important commutators are
[QI , Jij ] = [QI , H] = 0 ,
{QI , QJ } = M δ IJ .

(10.6)
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Black hole superalgebras and a no-go theorem

We finally turn into analysis of the superalgebras ABH , belonging to the full black
hole solutions. We give the superalgebras of the known supersymmetric black holes
in Minkowski (c.f. chapter 5) and magnetic AdS (c.f. chapter 6.3). We then search for
possible black hole superalgebras in AdS, proving a no-go theorem and showing how it
can be potentially circumvented.

10.4.1

Asymptotically flat black holes

Bertotti-Robinson horizon
The most general static supersymmetric black holes in ungauged supergravity are halfBPS and interpolate between the maximally supersymmetric Bertotti-Robinson solution
near the horizon and Minkowski at infinity. The superalgebra of these black holes can
be found by projecting out half of the supersymmetries in (10.2) and (10.4). At the hori1
β AB
zon, it turns out the remaining supercharges obey QA
− (iγ 0 )α β AB )QB
α = 2 (δα δ
β.
Asymptotically, the four relevant supercharges from the black hole point of view are
ReZ
1
β AB
√
−a(iγ 0 )α β AB −b(iγ 123 )α β AB )QB
given by QA
α = 2 (δα δ
β , where a =
2
2
(ReZ) +(ImZ)

and b = √

ImZ
.
(ReZ)2 +(ImZ)2

The black hole superalgebra is therefore
[QA
α, M] = 0 ,
1
β A
[QA
α , Jij ] = (γij )α Qβ ,
2
B
AB
{QA
,
α , Qβ } = M δαβ δ

(10.7)

where only four of the spinor components QA
α are linearly independent. The time
translations generator of the black hole superalgebra, M , has a different meaning when
embedded in the two bigger superalgebras.
Near the horizon, M ≡ P0 − Y from
p
(10.2), while asymptotically M ≡ P0 − (ReZ)2 + (ImZ)2 from (10.4). The rotation
generators Jij remain exactly the same in (10.7), (10.2), and (10.4), while the remaining
bosonic generators, X in the Bertotti-Robinson superalgebra and Pi , Ki in the Poincaré
superalgebra, are broken56 . The black hole superalgebra can be rewritten in a more
suggestive and clear form if we write the remaining four supercharges in two complex
56 Of

course one needs to make sure that the remaining commutation relations close under the super-Jacobi
identities when breaking a given bosonic or fermionic symmetry. In other words, not every way of projecting
out some symmetries from (10.2) and (10.4) leads to a consistent (sub)superalgebra. This is however the case
at hand, due to the fact that Y commutes with the rotations and the remaining supercharges in the BertottiRobinson superalgebra and Z is a central charge in the Poincaré superalgebra.

159
parameters, Q1 and Q2 . The superalgebra then takes the form
[QA , M ] = 0 ,
i
[QA , Jij ] = ijk σkAB QB ,
2
{QA , (QB )∗ } = M δ AB .

(10.8)

We will soon discover that the SU (1, 1|2) superalgebra in fact admits another subalgebra
that consists of the exact same fermionic and bosonic charges with different structure
constants.
These facts are all well-understood and expected for the case of ungauged BPS black
holes, yet they provide a clear and straightforward realization of the general idea in
section 10.1. This is an example where Ahor ⊃ ABH ⊂ A∞ , i.e. the superalgebra of
the full black hole solutions is smaller than the corresponding superalgebras of the two
limiting spacetimes between which it interpolates. This need not be necessarily the case
as we discuss next.
Magnetic AdS2 ×S2 horizon
One can show that Minkowski and magnetic AdS2 ×S2 do not share a common subalgebra that includes rotations and supercharges. The rigorous proof follows the same
considerations as will be presented in detail for the case of OSp(2|4) superalgebra. If
one considers all possible projections and combinations of supercharges that exist in the
Poincaré superalgebra, (10.7) is the only consistent subalgebra that follows the requirements of SO(3) symmetry and broken spatial translations and boost charges. It is clear
that the supercharges in this case are not rotationally invariant and therefore magnetic
AdS2 ×S2 cannot be a near-horizon geometry for any asymptotically flat BPS solution.

10.4.2

Magnetic AdS black holes

Magnetic AdS2 ×S2 horizon
The static BPS black holes in magnetic AdS, constructed originally in [21], are an example of supersymmetric solutions that interpolate between magnetic AdS2 ×S2 near
the horizon and mAdS4 at infinity, as shown in [50]. The black holes are quarter-BPS
and their corresponding Killing spinors in fact obey the same projections as the ones
of pure mAdS4 . This means that the black hole superalgebra is exactly the same as its
asymptotic superalgebra, ABH = A∞ . On the other hand, there is still a supersymmetry
enhancement near the horizon, where the solution preserves four instead of only two
supercharges. The projection that relates (10.3) to (10.6) corresponds to (1 + iγ 1 ) if we
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would have kept the spinor indices. Observe that the supercharges are scalars under
rotations everywhere in spacetime, something that seems to distinguish magnetic solutions in gauged D = 4 N = 2 supergravity. We thus find that Ahor ⊃ ABH = A∞ with
no need to repeat again the black hole superalgebra, (10.6).
Bertotti-Robinson horizon
Magnetic AdS does not share a common superalgebra with the Bertotti-Robinson solution. This can be most easily seen when considering the possible subalgebras of
SU (1, 1|2) that have a bosonic group U (1) × SO(3). It turns out there are two such
superalgebras (one was given in (10.7) and the other will be discussed in the coming
subsection), but neither of them has rotationally invariant supercharges. Therefore,
supersymmetric black holes in mAdS can never have a Bertotti-Robinson horizon.

10.4.3

Black holes in AdS4 ?

Now we want to show that (10.5) has no common subalgebra with (10.3) under the
requirement that the common subalgebra must include some fermionic charges, as well
as time translations and rotations. It is clear that OSp(2|4) is a priori different from
SU (1, 1|2) and the magnetic AdS2 ×S2 superalgebra, thus the only way of finding common subalgebras is to project away at least some of the supercharges. The AdS4 superalgebra is written with two four-component spinors, QA
α . Out of this eight supercharges,
one can choose an arbitrary linear combination to be preserved. The remaining supercharges in any case will obey
AB β B
QA
α Qβ ,
α =P

P AC α γ P CB γ β = P AB α β .

(10.9)

The projection operator P AB α β consists generally of combinations of the basis 2 × 2
matrices δ AB , σ1AB , iσ2AB = AB , σ3AB and the 4 × 4 spinor space matrices spanned by
1, γ 0 , γ i , γ 5 ≡ iγ 0 γ 1 γ 2 γ 3 , γ 0i , γ ij , γ 05 , γ i5 . However, the requirements that P AB α β is a
projection operator and that we only consider rotation invariant subalgebras limits substantially the allowed choices for projection. An additional requirement for a potential
black hole superalgebra in this case is that no space translations or boost charges are
allowed, since these are certainly not present in the near-horizon superalgebras (10.2)
and (10.3). These have to be then taken out of the AdS superalgebra, and the choice of
projection has to guarantee that the remaining supercharges do not produce Pi and Ki
in the new supercharge anticommutator.
More technically speaking, the requirement of rotation invariant superalgebra means
that the projection operator must include γ 1 , γ 2 , and γ 3 in a symmetric way, as otherwise
some of the angular momentum generators will be broken. A simple example is if one
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chooses a projection of the type (1 + γ 12 ), which results in a closed subalgebra only if
J13 and J23 are absent. This means that the projection may only include combinations
of matrices γ 0 , γ 5 , γ 05 , (γ 1 + γ 2 + γ 3 ), (γ 12 + γ 13 + γ 23 ). However, matrices (γ 1 + γ 2 + γ 3 )
and γ 05 will not be able to project out the charges Ki in the supercharge anticommutator
since they do not anticommute with γ i . On the other hand, γ 5 and (γ 12 + γ 13 + γ 23 ) do
not anticommute with γ 0i and will not project the translations Pi out of the supercharge
anticommutator. We are therefore left only with γ 0 as a potential candidate for a projection that leads to a consistent rotationally invariant superalgebra with broken spatial
translations and boosts. Thus we are left with four supercharges that obey the relation
1
β AB
QA
− (iγ 0 )α β AB )QB
α = 2 (δα δ
β . The resulting superalgebra commutators are

1 AB B
1
(γij )α β QA
[QA
Qα ,
β ,
α, M] = 
2
2
B
AB
{QA
+ Jij (γ ij )αβ AB ,
α , Qβ } = M δαβ δ
[QA
α , Jij ] =

(10.10)

where M ≡ P0 − T from (10.5) and the Pi and Ki are indeed broken. This is the SU (1|2)
superalgebra of the electric Reissner-Nordström-AdS (RN-AdS) solutions, described in
[102]. These solutions, and their generalizations for arbitrary couplings with vector
multiplets, [110], are static supersymmetric asymptotically AdS4 solutions that represent nakedly singular spacetimes. This can be now more easily understood from the
superalgebra point of view from the following argument.
Clearly, the SU (1|2) superalgebra relations above do not correspond to a subalgebra
of the magnetic near-horizon geometry (10.3). More importantly, no additional rotationally symmetric projections of the supercharges in (10.10) can ever make the supercharges singlets under the angular momentum generators. Therefore, there does not
exist a common rotationally invariant subsuperalgebra of OSp(2|4) and the magnetic
AdS2 ×S2 superalgebras. This could also be expected from the fact that AdS4 and magnetic AdS2 ×S2 are topologically distinct for their magnetic charge. Interestingly, a common subalgebra of the AdS4 and the Robonson-Bertotti superalgebras does exist, since
SU (1, 1|2) ⊃ SU (1|2) ⊂ OSp(2|4). This can be seen by considering (10.2) and imposing
1
β
01 β
A
the breaking of the X, Y symmetries, together with the projection QA
α = 2 (δα −(γ )α )Qβ
for the supercharges. This again leads to the SU (1|2) superalgebra, although written in
a different basis for the fermionic supercharges and angular momentum parameters.
This is therefore the superalgebra that static BPS black holes in AdS4 must obey. The
most intuitive form of the superalgebra is written with two complex supercharges, Q1
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and Q2 , similarly to the case of flat black holes:
i
[QA , M ] = − QA ,
2
i
A
[Q , Jij ] = ijk σkAB QB ,
2
{QA , (QB )∗ } = M δ AB + Jij ijk σkAB .

(10.11)

Now that we have established a possibility for a black hole in AdS4 with a fully BPS
near-horizon geometry, we need to remind ourselves the algebraic conditions for existence of the two fully BPS asymptotic vacua (AdS4 and AdS2 ×S2 ). From chapter 3 we
know that the AdS2 ×S2 solutions require
Λ

i
kΛ
L = 0,

u Λ
k̃Λ
L = 0,

PΛx = 0 .

(10.12)

while the AdS4 vacuum is realized when
Λ

i
kΛ
L = 0,

u Λ
k̃Λ
L = 0,

PΛx fiΛ = 0 ,

xyz P y P z = 0 .

(10.13)

We therefore need to have a theory where both of these vacua are allowed, i.e. where
PΛx = 0 and PΛx 6= 0 can be realized in field space. Clearly, this cannot happen in a theory
where the moment maps are constant. This is however conceivable for theories with
hypermultiplets (although we are not aware of explicit examples), where the moment
maps may vary in different points of spacetime via their dependence on the hypers.
This concludes our proof that static supersymmetric black holes in AdS4 cannot exist
in theories without hypermultiplets, confirmed by the explicit solutions of [102] and
[110]. It remains to be seen whether explicit constructions of black holes with SU (1|2)
superalgebra in theories with gauged hypermultiplets can be found.

Chapter 11

Discussion and Outlook

11.1

Lessons

What are the lessons to be learned and the conclusions to be drawn from the case-study
of 4-dimensional N = 2 supergravity? I will try to answer this broad question in the
context of each separate direction in theoretical physics as outlined in chapter 1.

General Relativity
From the point of view of GR, D = 4 N = 2 supergravity is a particular supersymmetric
way of coupling matter to gravity. However, supergravity does have to tell something
about general GR solutions that are not necessarily supersymmetric. We saw that the
concept of BPS bounds, which in the case of N = 1 is equivalent with the Witten-Nester
energy, provides a stability criterion for very large classes of solutions. This ensures that
vacua such as Minkowski and AdS are stable and cannot decay into negative mass states
such as (nakedly singular) Schwarzschild spacetimes. Our analysis in N = 2 enriches
this to include Einstein-Maxwell theories with or without cosmological constant. This is
clearly related with the cosmological censorship conjecture. In fact, for static solutions
in Minkowski, we see that the BPS bound projects all nakedly singular solutions. This is
however no longer the case with rotations in Minkowski and with asymptotically AdS
spacetimes, where a well-defined version of the cosmological censorship is still missing.
Often, for AdS and other interesting nontrivial solutions in GR, physical intuition can be
misleading and one needs to use all available mathematical tools to gain further insight.
In this respect, I think that the study of classical solutions in supergravity can provide
new ideas and better understanding of the vacuum structure in General Relativity.
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Quantum gravity
We already connected the study of superalgebras and BPS bounds to the classical theory
of gravity. However, superalgebras are even more interesting for their implications
about the quantum aspects of gravity. Due to supersymmetry, superalgebras do not
renormalize after considering quantum corrections. Thus, although explicitly derived
from a particular classical solution, the abstract (super)symmetry algebras remain the
same even if the original solution is deformed substantially in the quantum theory. This
has been used to provide the microscopic description of entropy for the BPS black holes
in chapter 5. The same principle should allow us to describe the black holes in chapter
6 on a quantum level (see more ideas in this direction in the following section). As
seen in chapter 10, we are able to prove that certain classical solutions in AdS can never
develop an event horizon even in the full quantum regime. This means that they remain
fundamental objects (pure states with zero entropy) in the theory of quantum gravity,
whatever it is. Such examples already show that one does not necessarily need to have
the knowledge of a complete quantum theory in order to understand the nature of
quantum gravity. In this sense, much remains to be learnt from classical (BPS) solutions
of supergravity.
String theory
Although we did not directly touch the topic of string theory in this work, we provided
some string motivated examples, e.g. in sections 3.4, 5.3.1, 6.3.6. We saw that de Sitter
space is not a supersymmetric background and therefore it does not enjoy any nice
stability properties from BPS bounds. This is in a sense bad news for string theory
and supergravity as candidates to describe the real world around us, but more research
effort is needed before making any conclusive statements. On the other hand, string
theory does improve some of the supergravity implications in this thesis. We saw that
any effective D = 4 N = 2 supergravity action coming from string theory includes at
least one hypermultiplet. This is enough to evade the no-go theorem for black holes in
AdS. This may be an indication that string theory selects the more physically relevant
supergravities, since we expect the real world black holes to have non-zero entropy.
AdS/CFT correspondence
For the applications of the AdS/CFT correspondence, this work is providing some new
gravitational backgrounds that might have interesting field theory duals. Although the
usual version of AdS/CFT would only apply to the asymptotically AdS4 solutions of
previous chapters, it is not hard to imagine that magnetic AdS has its own distinct dual
theory, waiting to be discovered (see the next section for more explicit ideas in this
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direction). Additionally, our explicit method for finding conserved charges in AdS from
chapters 7, 8, 9 can be used for explicit AdS/CFT calculations instead of the procedure
of holographic renormalization for quantities at the AdS boundary. It would also be
interesting to find BPS black holes in AdS with nontrivial scalar profiles (e.g. the ones
suggested in chapter 10), since those are relevant for the understanding of superconductors and quantum phase transitions in condensed matter physics.
Supersymmetry and supergravity
In the broad area of supersymmetry and supergravity, this work of course mainly concentrates on a particular version of supergravity and its BPS vacuum structure. However, the methods used in our analysis can be easily applied in all other types of supergravity theories. In particular, the reasoning in chapters 3, 4 can be used to classify BPS
solutions in general, while some of the techniques in chapters 5, 6 have their analogs in
searching for higher dimensional black holes in different supergravities. Furthermore,
the method of chapter 7 and the main idea of chapter 10 are immediately relevant
for every other theory with supersymmetry. As we will see in the next section, the
study of superalgebras can be particularly insightful when applied to 11-dimensional
supergravity. This unique highest dimensional theory is in a way the meeting point
of supergravity and string/M-theory. The complete understanding of its classical solutions, which can be facilitated in many way by the contents of this thesis, might have a
profound physical meaning.

11.2

Future directions

There is a host of open questions left for future exploration: some old ones that were
partially understood in the various chapters of this work, and some new ones this thesis
has uncovered. The following is just a small list of topics of interest for me and some
ideas on how to approach them.
Classification of (BPS) black hole solutions with arbitrary gaugings
The classification of black holes is one of the main motifs in this thesis. Still, many things
about black holes remain unexplored and presently a full understanding of solutions
does not seem a realistic goal. On the other hand, the proper classification of BPS
black objects seems well under way. With the technical results in chapters 5, 6 and
the superalgebra perspective of chapters 9, 10, we made a reasonable progress towards
the understanding of static BPS black holes. We can briefly summarize a few important
advances:
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• BPS black holes in Minkowski
In the static case we proved our expectations from chapter 5 that the attractor
mechanism and general form of the solutions in ungauged supergravity remain
unchanged in the gauged theories. This is due to the fact that the near-horizon
geometry of the Bertotti-Robinson spacetime is the only one allowed for static
asymptotically flat BPS black holes. We further saw that one cannot find rotating
black holes in Minkowski, since the BPS requirement M = |Z| leads to naked
singularities whenever J 6= 0.
• Spherical BPS black holes in AdS
We proved that no static black holes can exist in absence of hypermultiplets. Furthermore, in case of an appropriate hypermultiplet gauging, we predicted the
existence of a black hole with a fully BPS near-horizon geometry, resulting in the
same attractor mechanism as for asymptotically flat black holes.
• Spherical BPS black holes in mAdS
We explicitly constructed a general class of static solutions in mAdS in chapter 6
and showed that they have a vanishing mass and a half-BPS magnetic AdS2 ×S2
near-horizon geometry. We proved that no rotating BPS solutions can exist, since
the BPS bound restricts M to vanish and the angular momentum is proportional
to the mass, J = aM = 0.
• Toroidal black holes/black brane in RiAdS
We presented a general class of solutions in RiAdS and showed that they obey the
BPS criterion, M = |Z|. We further showed that no BPS solutions can exist if the
graviphoton carries a magnetic charge.
• Higher genus black holes in magnetic hyperbolic AdS
In this case the BPS solutions share the properties of their spherical analogs. We
thus showed that supersymmetric higher genus black holes always carry a nonvanishing magnetic charge of the graviphoton.

What remains to be done in order to fully understand BPS black holes in D = 4
N = 2 supergravity is the following:
• Investigate more carefully multicentered black hole solutions in Minkowski and
potential rotating solutions with non-constant vector and hypermultiplet scalars.
• Find explicitly static BPS black holes in AdS4 . It seems that the correct Killing
spinors are already available [102, 110] and one only needs to find a suitable
hypermultiplet gauging to write down the complete solution.
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• Understand better rotating black holes in AdS and how rotating attractors differ
from their static analogs. Construct examples of rotating black holes with nonconstant scalars.
• Analyze in more detail the attractor mechanism in mAdS. One can try to follow
the ideas of chapter 3 in order to derive the algebraic conditions on the scalars in
magnetic AdS2 ×S2 .
• Examine the difference between toroidal black holes and black branes, e.g. how
one would construct rotating BPS black branes in AdS that don’t exist in the
toroidal case. Find the possible near-horizon geometries for static solutions with
flat horizons.
Lifshitz superalgebra and conserved charges
Due to the increasing interest in condensed matter applications of the gauge/gravity
dualities, it is important to carefully analyze Lifshitz spacetime. Lifschitz was shown to
be a BPS solution in D = 4 N = 2 supergravity with gauged hypermultiplets [136, 137]
and it can therefore be potentially subjected to the procedure of chapter 7. The proper
definition of conserved charges on the boundary of Lifshitz spacetime is of particular
importance in explicit applications, as emphasized in e.g. [138, 139].
Microscopic entropy counting in AdS4
An interesting question from a quantum gravity point of view is whether one can correctly reproduce black hole entropy in AdS4 by counting BPS state degeneracies. Unlike the case of asymptotically flat black holes, the answer seems to lie in the dual 3dimensional field theory rather than in brane constructions. Brane constructions rely
on the fact that black holes in Minkowski hold for any value of the string coupling
constant. In AdS this is no longer the case - we have seen that the scalar fields in AdS
get stabilized exactly at the minimum of their potential. However, due to the existence
of the AdS/CFT dictionary, one can try to analyze BPS states in the dual field theory
providing an independent entropy calculation. In practice it turns out that the quantity
that can be properly counted on the dual side is a certain supersymmetric index. This
research programme has been undertaken in the case of rotating BPS black holes in
AdS5 [140–143].
One can imagine similar considerations can be helpful in the four-dimensional case
as well, although the dual three-dimensional field theory is more poorly understood.
Still, the steps towards microscopic counting in the dual theory are in principle clear.
One first needs to identify properly the black hole of interest from M-theory point of
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view. This can be done purely at a superalgebra level, showing how the black hole
superalgebra fits in the 11-dimensional supergroup. The same BPS states correspondingly exist in the dual Bagger-Lambert [144–146] or ABJM theories [56] since they have
isomorphic algebras. Once these states are identified, the problem of counting becomes
rather technical and depends on the particular details of the theory, as seen in the higher
dimensional case [140]. Nevertheless, the question of microscopic counting is clearly
approachable after the analysis of AdS superalgebras in part III of this thesis.
mAdS4 /CFT3 and microscopic entropy counting in mAdS
The questions whether mAdS4 has its own field theory dual and what such a theory
might look like seem to be correlated with the question of how to describe the microscopic degrees of freedom of BPS black holes in mAdS. A known field theory dual
would immediately give us a different point of view towards entropy in mAdS. To construct such a dual is however a much more complex issue. However, I believe that some
of the analysis in this thesis provides a good starting point to solving these problems.
The fact that mAdS black holes were embedded in M-theory in chapter 6.3.6 is suggesting that a microscopic picture does exist. This embedding still needs to be related
to a proper brane solution in 11-dimensional supergravity and its superalgebra has to
be analyzed by the methods of part III. This will allow us to position the dual theory
in a broader perspective, since we already know how theories of multiple M2 branes
look like [144–146]. A particular possibility is that the theory dual to mAdS4 is just a
supersymmetry preserving deformation of Bagger-Lambert theory. This is however just
a speculation that will be confirmed only if the superalgebra of the conjectured bound
state of M2’s and Kaluza-Klein monopoles is a subalgebra of the M2 superalgebra [134].
Fortunately, these issues can be discussed on a purely algebraic level in the spirit of
the ideas in chapter 10. This means that we do not explicitly need to construct the
conjectured bound state that describes mAdS in M-theory. Rather, it is enough to find
its superalgebra, which is the common subalgebra of the 11-dimensional super-Poincaré
group and the mAdS4 ×S7 superalgebra.
We have therefore outlined the first few steps on the way of constructing the mAdS
dual. However, this is in no way a proof that a dual theory needs to exist in the usual
sense in which the AdS/CFT correspondence holds. It is important to stress again that
mAdS is a different vacuum and its M-theory interpretation does not necessarily lead
to a brane construction and a well-defined field theory description. It is however clear
that the first step toward a better understanding of a possible mAdS/CFT correspondence goes through the construction of the common subalgebra of the mAdS4 ×S7 and
Minkowski11 BPS solutions.

Appendix A

Notation, conventions and spacetimes

A.1

Notation and conventions

We mainly follow the notation and conventions from [37]. In particular, our spacetime
has a {+, −, −, −} signature. Self-dual and anti-self-dual tensors are defined as


1
i
±
Fµν
=
Fµν ± µνρσ F ρσ ,
(A.1)
2
2
where 0123 = 1.
The gamma matrices satisfy
{γa , γb } = 2ηab ,
[γa , γb ] ≡ 2γab ,

(A.2)
0 1 2 3

γ5 ≡ −iγ0 γ1 γ2 γ3 = iγ γ γ γ .
In addition, they can be chosen such that
γ0† = γ0 ,

γ0 γi† γ0 = γi ,

γ5† = γ5 ,

γµ∗ = −γµ .

(A.3)

An explicit realization of such gamma matrices is the Majorana basis, given by
0



γ =
3

γ =



0
σ2


σ2
,
0

−iσ 1
0


0
,
−iσ 1

1



γ =

γ5 =

iσ 3
0
σ2
0


0
,
iσ 3

0
,
−σ 2

2

γ =



0
σ2


−σ 2
,
0
(A.4)

where the σ i ; i = 1, 2, 3 are the Pauli matrices. Their SU (2) matrix indices A, B can be
lowered or raised with the antisymmetric tensor. We then obtain the following set of
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matrices:
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(A.6)
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=
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indicesAB .

(A.7)
Our conventions for the sigma matrices follow [37]; in particular they are symmetric
∗
and satisfy σ xAB = −σ x AB , and we have the relation
x
C xy
σAB
σ yBC = −δA
δ + iAB xyz σ zBC .

(A.8)

Indices on bosonic quantities are raised and lowered as
AB V B = VA ,

AB VB = −V A ,

(A.9)

and similarly for quaternionic indices α, raised and lowered with the antisymmetric
symplectic metric Cαβ . As mentioned in the main text, all fermions with upper SU (2)R
index have negative chirality and all fermions with lower index have positive chirality. Since γ5 was chosen to be purely imaginary, the complex conjugation interchanges
chirality.
For the charge conjugation matrix, we choose
C = iγ 0 ,

(A.10)

hence Majorana spinors have real components.
We also make use of the following identities, with curved indices:
µνρσ γ5 γρ = ieγ µνσ ,

(A.11)

i
γµ γρσ = −γρ gµσ + γσ gµρ + µνρσ γ5 γ ν ,
(A.12)
e
i
γµ γνρ γσ − γσ γνρ γµ = 2gµν gρσ − 2gµρ gνσ + 2 µνρσ γ5 .
(A.13)
e
Another important property that ensures the super-Jacobi identities of OSp(2|4) hold is
(γ̂ M N C −1 )αβ (γ̂M N C −1 )γδ = (C −1 )αγ (C −1 )βδ + (C −1 )αδ (C −1 )βγ ,

(A.14)
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where γ̂M N are defined in section 8.5.1.
Antisymmetrizations are taken with weight one half, and the totally antisymmetric
Levi-Civita symbol is defined by
0123 = −1 = −0123 .

(A.15)

µνρσ ≡ eµa eνb eρc eσd abcd ,

(A.16)

With curved indices,
is a tensor.
Rp
The action is defined by S =
|g|L. We consider the ungauged lagrangian, whose
Einstein-Hilbert and scalar derivative terms read
L=

1
R + gī ∂µ z i ∂ µ z ̄ + huv ∂µ q u ∂ µ q v .
2

(A.17)

We set the Newton constant κ2 = 1. As we use a {+, −, −, −} metric signature, we
have to choose gī and huv positive definite to get positive kinetic terms for the scalars.
We compute the Riemann curvature as follows57
h
i
Rρ σµν =  ∂µ Γρνσ − ∂ν Γρµσ + Γρµλ Γλνσ − Γρνλ Γλµσ ,
(A.18)
Rµν = Rρ µρν , R = g µν Rµν ,
where  = 1 for Riemann spaces (the quaternionic and special Kähler target spaces) and
 = −1 for Lorentzian spaces (space-time). The overall minus sign in the latter case is
needed to give AdS spaces a negative scalar curvature. This gives a sphere in Euclidean
space (with signature {+, +, +, +}) a positive scalar curvature.
The spin connection enters in the covariant derivative
1
Dµ = ∂µ − ωµab γab ,
4

1
ab
ωµ = eµc Ωcab − Ωabc − Ωbca ,
2

Ωcab = eµa eνb − eµb eνa ∂µ ec ν .

(A.19)

The Lagrangian (A.17) is only supersymmetric if the Riemann curvature of the hypermultiplet moduli space satisfies R(huv ) = −8n(n + 2) , where n is the number of
hypermultiplets, so the dimension of the quaternionic manifold is 4n (in applications to
the universal hypermultiplet, we have n = 1 and hence R = −24).
57 Note that this definition, when applied to the Riemann curvature of the quaternionic manifold, differs
with a factor of 2 compared with [37, 60]. As a consequence, there one has R(huv ) = −4n(n + 2).
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A.2

Metrics and field strengths

• AdS2 ×S2
The line element, in local coordinates {t, x, θ, φ}, is

ds2 = q02 dt2 − sin2 (t)dx2 − dθ2 − sin2 (θ)dφ2 ,

(A.20)

where q0 is a real, overall constant which determines the size of both AdS2 and S2 .
From (3.29) we find the only non–vanishing components
1
q0 sin(t)eiα ,
2
i
= − q0 sin(θ)eiα .
2

+
Ttx
=
+
Tθφ

(A.21)

• The pp-wave
The line element of a four–dimensional Cahen-Wallach space [81], in local coordinates {x− , x+ , x1 , x2 }, is given by
ds2 = −2dx+ dx− − Aij xi xj (dx− )2 − (dxi )2 ,

(A.22)

where Aij is a symmetric matrix. Conformal flatness requires A11 = A22 and
A12 = 0. We denote A11 = −µ2 as A11 should be negative. This space is known as
the pp-wave. From (3.29) we find the only non–vanishing components
µ iα
e ,
2
µ
= −i eiα .
2

Tx+− x1 =
Tx+− x2

(A.23)

Appendix B

Integrability conditions

B.1

Commutators of supersymmetry tranformations

A killing spinor εA satisfies
− ν
δε ψµA = ∇µ εA + Tµν
γ AB εB + igSAB γµ εB = D̃µ εA = 0 ,

(B.1)

whence the commutator is
g x
− ρ B
[∇µ , ∇ν ]εA = − AB Dµ Tνρ
γ  + σAB
∇µ P x γν εB − (µν)
2
− ρ + σ
+ Tνρ
γ Tµσ γ εA − (µν)
g +
g − ρ
γν γ ρ PΛx LΛ σ x A C εC − (µν)
− Tνρ γ γµ PΛx L̄Λ σ x A C εC + Tµρ
2
2

g2
+
δA C P x P x − ixyz σ x A C P y P z γµν εC .
2
From (3.17) we obtain
1
Λ
[∇µ , ∇ν ]εA = − Rµν ab γab εA − gī ∇[µ z i ∇ν] z ̄ εA − igFµν
PΛ
4
Λ
+ 2iΩuvA B ∇[µ q u ∇ν] q v εB + igσ x A B Fµν
PΛx εB .

B.2

(B.2)

(B.3)

Fully BPS vacua

In the fully BPS case, all terms with a covariant derivative in (B.2) and (B.3) vanish. We
−
furthermore see that (B.3) does not contain a term proportional to AB , so Dµ Tνρ
= 0.
Some algebra now yields the necessary and sufficient conditions to match the terms
proportional to σ x A B :
− x
Tµν
P = 0,

xyz P y P z = 0 ,

(B.4)
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which give the first conditions of section 3.2.3. The other conditions are obtained by
comparing the parts proportional to δA B .

B.3

Half BPS vacua

We use (5.37) to eliminate εA in terms of εA and for convenience define b ≡ −ieiα . The
remaining equation should hold for any choice of εA . We can then use the independence
x
of the gamma matrices and the SU(2) matrices AB , σAB
to find the conditions
1. Terms proportional to AB , no gamma.
−
bDµ Tν0
− (µν) = −gī ∂[µ z i ∂ν] z ̄ .

(B.5)

2. Terms proportional to AB , two gamma
− ρ0
− + ρσ
bDµ Tνρ
γ + Tνρ
Tµσ γ − (µν) +

g2 x x
1
P P γµν = − Rµν ab γab .
2
4

(B.6)

x
, no gamma
3. Terms proportional to σAB

g
− x
+ x
b∇µ P x gν0 − (µν) + gTµν
P + gTµν
P
2
 x
+
−
Λ i−
= g LΛ Tµν
− L̄Λ Tµν
− 2ifı̄Λ Gi+
µν + 2ifi Gµν PΛ ,

(B.7)

where we used that −Ωxuv ∇[µ q u ∇ν] q v = 0, which follows from (5.42). Using
fiΛ PΛx = 0 from (5.39) we therefore find
g
− x Λ
b∇µ P x gν0 − (µν) = −2gTµν
PΛ L̄ .
2

(B.8)

We now take components µ = θ and use ∇θ P x = 0 and gθ0 = 0. We then find
− x
−
−
Tθν
P = 0, whence P x = 0 or Tθν
= 0. In the latter case also Tµν
= 0, because of
the anti-self-duality property, and then Tµν = 0. We conclude
− x Λ
Tµν
PΛ L = 0 .

(B.9)

x
4. Terms proportional to σAB
, two gamma. Using (B.9) we find

xyz P y P z γµν = 0 .

(B.10)

−
To summarize: we found two cases, one with Tµν
= 0, the other with P x = 0. We
now list the remaining conditions for each case.
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B.3.1

Case A: F = 0

The remaining conditions are
g2 x x
1
P P γµν = − Rµν ab γab ,
2
4
gī ∂[µ z i ∂ν] z ̄ = 0 ,

(B.11)

xyz P y P z = 0 .
The first condition implies that the spacetime is maximally symmetric, with constant
curvature ∝ P x P x , and is then solved.

B.3.2

Case B: P x = 0

The remaining conditions are
−
bDµ Tν0
− (µν) = −gī ∂[µ z i ∂ν] z ̄ ,
1
− ρ0
− + ρσ
bDµ Tνρ
γ + Tνρ
Tµσ γ − (µν) = − Rµν ab γab .
4

(B.12)

From the second condition we find the Riemann tensor
−
+
Rµνρσ = Rµνρσ
+ Rµνρσ
,
−
− 0
− +
Rµνρσ
= − bDµ Tνρ
eσ + Tνρ
Tµσ − (µν)
− 0
− +
− bDν Tµσ
eρ + Tµσ
Tνρ − (µν)
− 0
− +
+ biρσ λκ Dµ Tνλ
eκ + iρσ λκ Tνλ
Tµκ − (µν) .

(B.13)

Appendix C

Isometries of special Kähler manifolds

In this appendix, we present some further relevant identities that are used in the main
body of the thesis. First, we have defined the moment maps on the special Kähler
manifold as follows. Given an isometry, with a symplectic embedding (2.42), we can
define the functions
i
PΛ ≡ i(kΛ
∂i K + rΛ ) .
(C.1)
Since the Kähler potential satisfies (2.44), it follows that PΛ is real. From this definition,
we can verify that
i
kΛ
= −ig ī ∂̄ PΛ .
(C.2)
Hence the PΛ can be called moment maps, but they are not subject to arbitrary additive
constants. Using (2.45) and (2.50), we find
̄
̄
i
i
kΛ
gī kΣ
− kΣ
gī kΛ
= ifΛΣ Π PΠ ,

(C.3)

also called the equivariance condition.
We can obtain formulas for the moment maps in terms of the holomorphic sections.
For this, one needs the identities
i
kΛ
∂i X Σ = −fΛΠ Σ X Π + rΛ X Σ ,

i
kΛ
∂i FΣ = cΛ,ΣΠ X Π + fΛΣ Π FΠ + rΛ FΣ ,

(C.4)

which follow from the gauge transformations of the sections, see (2.42). Using the chain
rule in (2.50), it is now easy to derive
h
i
PΛ = eK fΛΠ Σ (X Π F̄Σ + FΣ X̄ Π ) + cΛ,ΠΣ X Π X̄ Σ ,
(C.5)
and similarly
h
i
i
kΛ
= −ig ī fΛΠ Σ (f̄Π MΣ + hΣ|̄ LΠ ) + cΛ,ΣΠ f¯̄Π LΣ .

(C.6)

178

APPENDIX C. ISOMETRIES OF SPECIAL KÄHLER MANIFOLDS

The Killing vectors (C.6) are not manifestly holomorphic. This needs not be the case
because otherwise we would have constructed isometries for arbitrary special Kähler
manifolds, since holomorphic vector fields obtained from a (real) moment map solve
the Killing equation.
We now show that PΛ LΛ = 0, following the discussion in [78]. We start from
the consistency conditions on the symplectic embedding of the gauge transformations,
equations (C.4). We eliminate rΛ using (2.50), and rewrite them as
i Σ
−fΛΠ Σ LΠ = kΛ
fi + iPΛ LΣ ,
Σ

Σ

fΛΓ MΣ + cΛ,ΓΣ L =

i
kΛ
hΓ|i

+ iPΛ MΓ ,

(C.7)
(C.8)

with hΓ|i = eK/2 Di FΓ . Multiplication of the first equation with MΣ and the second with
LΓ and subtracting leads to
2fΛΓ Σ LΓ MΣ + cΛ,ΓΣ LΓ LΣ = 0 ,

(C.9)

where we have used the identity fiΣ MΣ − hΓ|i LΓ = 0. Contracting equation (C.5) with
LΛ and using (C.9) and (2.54) one finds
PΛ LΛ = 0 ,

(C.10)

as announced below equation (3.16). Contrating the first equation of (C.7) with LΛ gives
i Σ
fi = 0. It follows from contracting with Im NΓΣ f̄Σ that
LΛ kΛ
i
LΛ kΛ
=0.

Here we have used the special geometry identities on the period matrix (2.24).

(C.11)

Appendix D

The universal hypermultiplet

The metric for the universal hypermultiplet is
ds2 =

2 
1  2
2
2
dr
+
r
(dχ
+
dϕ
)
+
dσ
+
χdϕ
.
r2

(D.1)

It describes the coset space SU (2, 1)/U (2). There are eight Killing vectors spanning the
isometry group SU (2, 1). In the coordinates of (D.1), they can be written as
k̃a=1 = ∂σ ,
k̃a=2 = ∂χ − ϕ∂σ ,
k̃a=3 = ∂ϕ ,
1
k̃a=4 = −ϕ∂χ + χ∂ϕ + (ϕ2 − χ2 )∂σ ,
2
k̃a=5 = 2r∂r + χ∂χ + ϕ∂ϕ + 2σ∂σ ,
(D.2)
1
k̃a=6 = 2rϕ∂r + (−2σ + ϕχ)∂χ + (−3r + ϕ2 − 3χ2 )∂ϕ + (2σϕ + 2rχ + χ3 )∂σ ,
2
1
ϕ
k̃a=7 = 2rχ∂r + (−4r − 3ϕ2 + χ2 )∂χ + (2σ + 3ϕχ)∂ϕ + (ϕ2 − 3χ2 )∂σ ,
2
2
1
1
3
2
k̃a=8 = r(2σ + ϕχ)∂r + (−4rϕ − ϕ + 4σχ + ϕχ )∂χ + (4rχ + 4σϕ + 3ϕ2 χ + χ3 )∂ϕ
4
4
1
2
2
4
2
2
4
+ (−16r + 16σ + ϕ − 2(8r + 3ϕ )χ − 3χ )∂σ .
16
The moment maps P x are computed from
P x = Ωxuv Du k̃ v .

(D.3)
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The quaternionic two-forms Ωx satisfy Ωx Ωy = − 14 δ xy + 12 xyz Ωz , and can be written as
1
(dr ∧ dχ + dϕ ∧ dσ) ,
2r3/2
1
Ω2 = 3/2 (−dr ∧ dϕ + dχ ∧ dσ − χdϕ ∧ dχ) ,
2r
1
Ω3 = 2 (dr ∧ dσ + χdr ∧ dϕ − rdϕ ∧ dχ) .
2r
Ω1 =

We then find the moment maps


1
Pa=1 = 0, 0, −
,
2r


1
ϕ
Pa=2 = − √ , 0,
,
2r
r


1
χ
Pa=3 = 0, √ , −
,
r 2r


ϕ χ
χ2 + ϕ2
Pa=4 = √ , √ , 1 −
,
4r
r
r


σ + 21 ϕχ
χ ϕ
Pa=5 = − √ , √ , −
,
r
r
r


2σ − ϕχ 4r + ϕ2 − 3χ2 −4σϕ − (12r + ϕ2 )χ + χ3
√
√
Pa=6 =
,
,
,
4r
r
2 r


4r − 3ϕ2 + χ2 2σ + 3ϕχ −12rϕ + ϕ3 + 4σχ + 3ϕχ2
√
√
,
,−
,
Pa=7 = −
4r
2 r
r

−4rϕ + ϕ3 − 4σχ − ϕχ2 4σϕ − 4rχ + 3ϕ2 χ + χ3
√
√
Pa=8 =
,
,
4 r
4 r

16r2 + 16σ 2 + ϕ4 + 16σχϕ + 6ϕ2 χ2 + χ4 − 24r(ϕ2 + χ2 )
−
.
32r

(D.4)

(D.5)

These formulas are needed for some of the examples that we consider in the main text
of this thesis.

Appendix E

Asymptotic Killing spinors

In this appendix we follow the spinor conventions of chapter 8 for convenience. We
therefore use a doublet of real Majorana spinors instead of the two complex chiral
spinors used elsewhere in this work. See chapter 9 for more explanation of how to
change between real and chiral spinors.

E.1

AdS4

Here we give details about the Killing spinors for AdS4 . We consider the metric in
spherical coordinates
ds2 = (1 + g 2 r2 ) dt2 − (1 + g 2 r2 )−1 dr2 − r2 (dθ2 + sin2 θdϕ2 ) ,

(E.1)

and corresponding vielbein
eaµ = diag


p
p
−1
1 + g 2 r2 , 1 + g 2 r2 , r, r sin θ .

The non-vanishing components of the spin connection turn out to be:
p
p
ωt01 = g 2 r, ωθ12 = − 1 + g 2 r2 , ωϕ13 = − 1 + g 2 r2 sin θ, ωϕ23 = − cos θ .

(E.2)

(E.3)

For the AdS4 solution, the field strength vanishes,
(E.4)

Fµν = 0 .

eµ  = 0.
To find the Killing spinors corresponding to this spacetime we need to solve D
This equation has already been solved in an unpublished paper by Izquierdo, Meessen
and Ortı́n and one can explicitly check that the resulting Killing spinors are given by
i

i

1

1

AdS = e 2 arcsinh(gr)γ1 e 2 gtγ0 e− 2 θγ12 e− 2 ϕγ23 0 ,

(E.5)

182

APPENDIX E. ASYMPTOTIC KILLING SPINORS

where 0 is a doublet of arbitrary constant Majorana spinors, representing the eight
preserved supersymmetries of the configuration.
It is important to note that the asymptotic solution of the Killing spinor equations
as r → ∞ (given the same asymptotic metric) cannot change unless Aϕ 6= 0. This is
easy to see from the form of the supercovariant derivative (8.10) since any other term
would necessarily vanish in the asymptotic limit. More precisely, any gauge field carrying an electric charge that appears in the derivative vanishes asymptotically, the only
constant contribution can come when a magnetic charge is present. In other words, any
spacetime with vanishing magnetic charge and asymptotic metric (E.1) has asymptotic
Killing spinors given by (E.5).

E.2

Magnetic AdS4

Now we will show that the asymptotic Killing spinors take a very different form when
magnetic charge is present. In this case the metric is
ds2 = (1 + g 2 r2 +

Q2m
Q2
) dt2 − (1 + g 2 r2 + 2m )−1 dr2 − r2 (dθ2 + sin2 θdϕ2 ) ,
2
r
r

with corresponding vielbein:
r
r
−1


Q2m
Q2m
a
2
2
2
2
1+g r + 2 , 1+g r + 2
eµ = diag
, r, r sin θ .
r
r
The non-vanishing components of the spin connection turn out to be:
r
Q2m
Q2
01
2
12
ωt = g r − 3 ,
ωθ = − 1 + g 2 r2 + 2m ,
r
r
r
2
Q
ωϕ23 = − cos θ .
ωϕ13 = − 1 + g 2 r2 + 2m sin θ ,
r

(E.6)

(E.7)

(E.8)

As opposed to the previous section, now we have a non-vanishing gauge field compoeµ  = 0 and insist that
nent Aϕ = −Qm cos θ, resulting in Fθϕ = Qm sin θ. If we require D
Qm 6= 0, we get a solution described by Romans in [102] as a “cosmic monopole” (which
we call magnetic AdS4 ). The magnetic charge satisfies 2gQm = ±1, such that the metric
1 2
function is an exact square (gr + 2gr
) . The Killing spinors corresponding to solutions
with Qm = ±1/(2g) in our conventions are given by
r
1
1
mAdS =
gr +
(1 + iγ1 )(1 ∓ iγ23 σ 2 ) 0 ,
(E.9)
4
2gr
preserving two of the original eight supersymmetries. Note that in the limit r → ∞ the
Killing spinor projections continue to hold. Furthermore, the functional dependence is
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manifestly different in the expressions (E.5) and (E.9) for the Killing spinors of ordinary
AdS4 and its magnetic version. This leads to the conclusion that these two vacua and
their corresponding excited states belong to two separate classes, i.e. they lead to two
independent superalgebras and BPS bounds. Note that one can also add an arbitrary
electric charge Qe to the above solution, preserving the same amount of supersymmetry
(the “cosmic dyon” of [102]). The corresponding Killing spinors [102] have the asymptotic form of (E.9), i.e. the cosmic dyons are asymptotically magnetic AdS4 .

E.3

Riemann AdS4

We now determine the Killing spinors of the ground state with toroidal topology and
vanishing mass and charges, η = q = p = 0. The metric is
ds2 = (1 + g 2 r2 ) dt2 − (1 + g 2 r2 )−1 dr2 − r2

V
(dx2 + 2Reτ dxdy + |τ |2 dy 2 ) , (E.10)
Imτ

Choosing upper triangular vielbein eaµ
e0t

= gr ,

e1r

1
=
,
gr

e2x

√
√
r Imτ V
=
,
|τ |

e3x

√
r V Reτ
√
=
,
|τ |
Imτ

e3y

√
r|τ | V
= √
,
Imτ

(E.11)

one can straightforwardly derive the (non-vanishing) components of the spin connection,
√
√
√
√
|τ | V
Imτ V
Reτ V
gr , ωy13 = − √
gr . (E.12)
ωt01 = g 2 r, ωx12 = −
gr , ωx13 = − √
|τ |
|τ | Imτ
Imτ
eµ  = 0, and the solution, with arbitrary
The Killing spinors can now be computed from D
constant spinors 0 , is
" √
#
!
√ 
√

i
ig
Imτ
V
Reτ
|τ
|
V
log(r)γ
1
 = e2
1+
x
γ2 +
γ3 + y √
γ3 + gtγ0 (1 − iγ1 ) 0 .
2
|τ |
Imτ
Imτ
(E.13)
Without restriction on 0 , all eight supercharges are preserved, but (E.13) does not respect the identification of the coordinates x, y on the torus58 . One can make the Killing
spinors well-defined on the torus by imposing a projection on 0 , namely
0 = P 0 ,

P ≡

1 + iγ1
.
2

(E.14)

58 Without the toroidal compactification, the spacetime is of course normal AdS written in Poincaré coordinates. It is therefore no surprise that (E.13) is similar to (E.5).
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Such a projection breaks half of the supersymmetries, and the Killing spinors of RiAdS
are therefore


√
√
1 + iγ1
RiAdS = r
(E.15)
0 = rP 0 .
2

Appendix F

Rotations in AdS4

Here we focus on stationary spacetimes with rotations. From the supersymmetry Dirac
brackets in asymptotic AdS4 spaces,

{Q, Q} = −8πi0 ... + gJij γ ij + ... 0 ,

(F.1)

we can derive a definition of the conserved angular momenta. The explicit expressions
are somewhat lengthy and assume a much simpler form once we choose the vielbein
matrix eaµ in an upper triangular form, such that its inverse eµa is also upper triangular.
3
, e2,3
More explicitly, in spherical coordinates we choose nonvanishing et0,1,2,3 , e1,2,3
r
θ , eϕ ,
t,r,θ,ϕ r,θ,ϕ θ,ϕ ϕ
such that the inverse vielbein has only non-vanishing components e0
, e1 , e2 , e3 .
The resulting expressions for the angular momenta in this case become:

J12

1
=
lim
8π r→∞

J13 =

1
lim
8π r→∞

Z2π

Zπ
dϕ

0

0

Z2π

Zπ
dϕ

0


01
t r 2 01
dθ (et0 er1 e3ϕ ωθ01 + et0 er1 e2θ e3ϕ eϕ
2 ωϕ )r cos ϕ + (e0 e1 eθ ωϕ )r cos θ sin ϕ ,


01
t r 2 01
dθ (et0 er1 e3ϕ ωθ01 + et0 er1 e2θ e3ϕ eϕ
2 ωϕ )r sin ϕ + (e0 e1 eθ ωϕ )r cos θ cos ϕ ,

0

J23 =

1
lim
8π r→∞

Z2π

Zπ
dϕ

0


dθ et0 er1 e2θ ωϕ01 r sin θ .

(F.2)

0

It is easy to see that in case of axisymmetric solutions around ϕ, such as the Kerr and
Kerr-Newman metrics in AdS, the angular momenta J12 and J13 automatically vanish
R 2π
R 2π
due to 0 dϕ sin ϕ = 0 dϕ cos ϕ = 0.
One can then use the formula for J23 to derive the value of the angular momentum
for the Kerr black hole. This is still somewhat non-trivial because one needs to change
the coordinates from Boyer-Lindquist-type to spherical. The leading terms at large r
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were found in appendix B of [126] and are enough for the calculation of the angular momentum since subleading terms vanish when the limit is taken in (F.2). The calculation
of the relevant component of the spin connection leads to
ωϕ01 = −

3am sin2 θ(1 − g 2 a2 sin2 θ)−5/2
+ O(r−3 )
r2

(F.3)

and gives the exact same result as in (B.8) of [126],
J23 =

am
.
(1 − g 2 a2 )2

(F.4)

This expression has also been derived from different considerations in [147], thus confirming the consistency of our results.
One can also verify the result for the asymptotic mass of the Kerr and Kerr-Newman
spacetimes using (8.34) and the metric in appendix B of [126]. After a somewhat lengthy
but straightforward calculation one finds
M=

m
,
(1 − g 2 a2 )2

as expected from previous studies (see, e.g., [109, 147]).

(F.5)

Appendix G

Supercharge of the general gauged
theory

G.1

Additional details on D = 4 N = 2 gauged supergravity

Here we will give more details on the theory in consideration. Alternatively, see [37] for
a very detailed description. The bosonic part of the supergravity lagrangian was given
in (2.1)-(2.2). The supersymmetry variations under which the full action is invariant
(upto higher order terms in fermions) are as follows. The fermionic variations were
already given in chapter 2: (2.3),(2.4),(2.5). The bosonic susy variations are as follows.
The vielbein variation reads
A

δε eaµ = −iψ µA γ a εA − iψ µ γ a εA .

(G.1)

In the vector multiplet sector we have
iA

δ ε z i = λ εA ,

(G.2)

and
iA

Λ
AB
δ ε AΛ
+ ifiΛ λ γµ εB AB + h.c. .
µ = 2L̄ ψ µA εB 

(G.3)

The susy variation of the hypermultiplet scalars (hypers) is


β
δε qu = UuAα ζ α εA + Cαβ AB ζ εB .

(G.4)

In order to derive the supercharge of the theory from the procedure described in
chapter 7, we additionally need the Poisson/Dirac brackets of the fundamental fields.
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It will suffice to list the non-vanishing fermionic Dirac brackets that follow from the full
lagrangian59 (see e.g. [37]):
B
{ψµA (x), 0νρσ ψ ρ (x0 )γσ }t=t0 = δµ ν δA B δ 3 (~x − x~0 ) ,
i
B̄
{λiA (x), − gk̄ λ (x0 )γ0 }t=t0 = δA B δk i δ 3 (~x − x~0 ) ,
2
β
{ζα (x), −iζ (x0 )γ0 }t=t0 = δα β δ 3 (~x − x~0 ) .

(G.5)

Note in particular that we follow the original conventions of appendix A for µνρσ .
Consequently, we define as a measure for the volume/surface integrals
dΣµ =

1
µνρσ dxν ∧ dxρ ∧ dxσ ,
6

dΣµν =

1
µνρσ dxρ ∧ dxσ ,
2

(G.6)

which are defined differently in chapter 8.

G.2

Supersymmetry charge

From the susy variations one can fix uniquely the supersymmetry charge Q by the
requirement that
δ φ = {Q, φ},

(G.7)

for all fundamental fields (here denoted by φ) in the theory. From the supersymmetry
variations (2.3),(2.4),(2.5), together with the Dirac brackets (G.5), one finds
Z
Q=

A

dΣµ [µνρσ ψ ν γρ D̃σ A + h.c.

V
̄

νρ AB
− igī λA γ µ (i∇ν z i γ ν εA + G−i
εB + gW iAB εB ) + h.c.
νρ γ 

(G.8)

α

− iζ γ µ (i UuBβ ∇ν q u γ ν εA AB Cαβ + gNαA εA ) + h.c.] ,
up to higher order in fermions. The expression for the supercharge simplifies considerably when evaluated on shell, due to the very suggestive form of the equations of
motion of the gravitinos:
ν
iB
i
µνρσ γν D̃ρ ψσA = gī (∇µ z̄ ̄ λiA − ∇ν z i γ µν λ̄A ) − igī (G+̄
+ gWAB
γ µ λ̄B )
µν γ AB λ

− (UuBβ ∇µ q u AB Cαβ − UuBβ ∇ν q u γ µν AB Cαβ + igNαA γ µ )ζ α .
(G.9)
59 The

brackets for the bosonic fields can be derived directly from (2.1) if needed.
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After performing a partial integration of the first term on the r.h.s. of (G.8) and using
(G.9), the supercharge becomes a surface integral:
I
 A

e.o.m.
Q =
(G.10)
dΣµν µνρσ ψ σ γρ εA − ψ σA γρ εA ,
∂V

similarly to (8.27) in the minimal case.
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Lessons from the vacuum
structure - summary
If you casually leaf through this thesis, your eyes will probably fail to focus your attention on any particular page or chapter. This is due to the absence of figures, graphs,
diagrams or tables that present in a more accessible way the information of interest.
Instead, one can only find many formulae and text that is largely devoted to discussing
the mathematical reasoning and tools needed for derivation of these formulae. Why
is it so? After all, our brains are not meant to understand the world around us in
numbers and mathematical symbols. We all have the same built-in basic understanding
of how nature works on everyday basis. A physicist should therefore be able to explain
pictorially any findings that concern the world around us, with no need of abstract
mathematics. To this argument, I can respond by admitting that my work does not
deal with the nature around us in a direct manner and the results cannot be easily
understood intuitively. This thesis belongs to the realm of theoretical physics because
of the “lessons” one can learn from it. Four dimensional N = 2 supergravity describes a
set of highly symmetric and well-structured laws, ones that are much simpler to study
compared to the physical laws in the world around us. This mathematical simplicity is
the positive trade-off for the loss of intuition that inevitably arises when dealing with
a different reality. It turns out that the available mathematical methods are enough to
describe much about the dynamics of this supersymmetric theory (supersymmetry is
just a name for one particular type of symmetry that is important for our analysis, but
does not seem to appear in nature).
To be slightly more specific, 4d N = 2 supergravity can describe various spacetimes,
i.e. a set of different universes, which share similar particle content and basic properties
but differ in their matter distribution and corresponding gravitational interactions. You
can imagine it like this: the laws of gravity would not change if the sun were ten times
more massive than it is now. Still, it is clear that this would directly influence us by
drawing Earth’s orbit closer to the sun and making it a warmer place to live, etc. Sim-
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ilarly, supergravity allows for different possibilities for mass arrangement. This thesis
is devoted to analyzing vacua, meaning lowest energy configurations of matter. The
temperature in such lowest energy universes is always absolute zero (−273.15o Celsius).
Such vacua include entirely empty universes, which can be described solely with the
mathematical tools that supersymmetry provides us, as done in part I of the thesis. It
turns out that point-like massive and charged objects, surrounded by empty space, can
also provide zero temperature configurations in certain cases, described in part II. Such
point masses typically lead to the formation of black holes, regions in the universe that
trap forever inside everything that falls in beyond a certain border. Part III analyzes the
supergravity theory from a more general and formal point of view, relating the various
vacua and their excited, non-zero temperature, generalizations (e.g. a single electron is
an excitation over the empty universe that it lives in). It discusses the so called “BPS
bounds”, i.e. required relations between masses and charges of particles in the various
vacua. The simplest example of such a bound is when the mass is required to be larger
than the electric charge (multiplied by the appropriate physical constants) for a particle
in the flat universe. The BPS bound is always satisfied for excitations over a given
universe, while it seems that particles violating the bound are physically not allowed
(although still well-defined mathematically). Together, the three different parts build a
picture of the “vacuum structure” we are concerned with.
The major idea behind all this is that the vacuum structure analysis can reveal more
about the microscopic nature of gravity. 4d N = 2 supergravity is part of the broader
framework of string theory, which provides an example of a consistent theory of quantum gravity. Using string theory, we can thus learn more about the small scale behavior
of gravity in the different vacua that we have found. This is especially important for the
description of black holes, where the laws of General Relativity break down. From this
perspective, black holes can be thought of as very massive objects that bend spacetime
to the extent of creating large gravitational force in a fixed small volume. They are at
present the only experimentally observed objects in our universe (e.g. the supermassive
black hole in the center of our galaxy), whose internal behavior cannot be predicted by
the well-established laws of physics. The black holes that we analyze in this thesis are of
course simplified, symmetric, zero-temperature versions of the real world black holes.
It is believed that once we understand well how gravity behaves in these “simple”
supersymmetric cases, the proper description of real-world quantum gravity will be
much easier. Ultimately, the goal of physics is to describe fully our universe, from its
very beginning to its end. We certainly need to know the laws of quantum gravity
to understand its beginning in the Big Bang, when the whole universe was extremely
small. Probably quantum gravity will also reveal with certainty how it will all end in
the far future. And once this is accomplished, we will finally be able to present a purely
physical picture of our universe without the need of a single mathematical formula.

Lessen uit de vacuümstructuur samenvatting
Als u nonchalant door dit proefschrift bladert, zullen uw ogen waarschijnlijk niet vallen
op specifieke hoofdstukken of pagina’s die er uitnodigend uitzien. Dit komt door het
ontbreken van figuren, grafieken, diagrammen of tabellen die belangrijke informatie
samenbrengen en de aandacht trekken. U vindt alleen maar veel formules, en tekst die
grotendeels gewijd is aan het bespreken van de wiskundige redeneringen en hulpmiddelen die nodig zijn voor de afleiding van deze formules. Waarom is dat zo? Onze
hersenen dienen niet om de wereld die we zien in cijfers en wiskundige symbolen te
begrijpen. Per slot van rekening hebben we allemaal in wezen hetzelfde ingebouwde
basisinzicht in hoe de natuur in het dagelijks leven werkt. Een natuurkundige moet
daarom altijd in staat zijn om zijn of haar bevindingen over de wereld om ons heen te
verklaren met beelden, zonder dat er wiskunde bij nodig is. Op dit argument kan ik
alleen maar reageren door toe te geven dat mijn werk niet op enige directe manier de
natuur om ons heen behandelt en de resultaten kunnen niet intuı̈tief begrepen worden.
Dit proefschrift behoort slechts tot de theoretische natuurkunde vanwege de “lessen”
die men ervan kan leren. Vierdimensionale N = 2 superzwaartekracht beschrijft een
verzameling zeer symmetrische en goed gestructureerde natuurkundige wetten, die
veel eenvoudiger te bestuderen zijn dan de fysische wetten van de wereld om ons
heen. Deze wiskundige eenvoud verkrijgen we in ruil voor het verlies van intuı̈tie
dat onvermijdelijk is bij de behandeling van een andere werkelijkheid. Het blijkt dat
de beschikbare wiskundige methoden voldoende zijn om veel van de dynamica van
deze supersymmetrische theorie te beschrijven (supersymmetrie is een naam voor een
bepaald soort symmetrie die in ons werk belangrijk is, maar die niet in de natuur lijkt
voor te komen).
Iets specifieker, 4d N = 2 superzwaartekracht beschrijft verscheidene vormen van
ruimtetijd, oftewel een stel heelallen die overeenkomstige basiseigenschappen en deeltjes hebben, maar die verschillen in de verdeling van materie en in de bijbehorende
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gravitationele wisselwerkingen. U kunt zich dit als volgt voorstellen: de wetten van
de zwaartekracht zouden niet veranderen als de zon tienmaal zo zwaar zou zijn als nu.
Toch is het duidelijk dat dit ons mensen direct zou beı̈nvloeden. De baan van de aarde
zou dichter bij de zon komen te liggen, waardoor het hier warmer zou zijn, etcetera.
Op een vergelijkbare manier zijn er in superzwaartekracht verschillende mogelijkheden voor de ordening van massa. Dit proefschrift is gewijd aan het analyseren van
vacua, de configuraties van massa die de laagst mogelijke energie hebben. De temperatuur in zulke universa met de laagst mogelijke energie is altijd het absolute nulpunt
(-273,15o Celsius). Enkele van deze vacua zijn geheel lege heelallen, die beschreven
kunnen worden met louter de wiskundige methoden verkregen uit de supersymmetrie,
zoals wordt gedaan in deel I van dit proefschrift. Het blijkt dat ook puntvormige,
massieve objecten omringd door lege ruimte in bepaalde gevallen configuraties met
een temperatuur bij het absolute nulpunt kunnen verschaffen, dit wordt beschreven in
deel II. Zulke puntvormige massieve objecten leiden typisch tot de vorming van zwarte
gaten, gebieden in het heelal die alles wat er invalt voorbij een zekere grens, voor altijd
vasthouden. Deel III analyseert de superzwaartekrachtstheorie vanuit een meer algemeen en formeel standpunt, en verbindt de verschillende vacua en hun aangeslagen
generalisaties voor eindige temperatuur (bijv. een enkel elektron is een excitatie van het
lege heelal waarin het zich bevindt). De “BPS bounds”, m.a.w. benodigde relaties tussen
de massa’s en ladingen van deeltjes in de verschillende vacua, worden behandeld. Het
eenvoudigste voorbeeld van zo’n bound is waneer de massa groter moet zijn dan de
elektrische lading (vermenigvuldigd met de juiste fysische constanten) van een deeltje
in de vlakke ruimte. Elke excitatie over een gegeven heelal voldoet aan de BPS bound,
terwijl het lijkt alsof dat de deeltjes die er niet aan voldoen zijn fysisch onmogelijk. De
drie verschillende delen van dit proefschrift komen daardoor samen tot een voorstelling
van de “vacuümstructuur” waarin we geı̈nteresseerd zijn.
Het grote idee achter dit alles, is dat analyse van de vacuümstructuur meer kan onthullen over het microscopische karakter van de zwaartekracht. 4d N = 2 superzwaartekracht maakt deel uit van een bredere constructie, de snaartheorie, een voorbeeld van
een consistente theorie van de kwantumzwaartekracht. Met behulp van de snaartheorie
kunnen we dus meer te weten komen over het gedrag van zwaartekracht op kleine
schaal in de verscheidene vacua die we gevonden hebben. Dit is vooral van belang voor
de beschrijving van zwarte gaten, waarvoor de wetten van de Algemene Relativiteitstheorie niet meer geldig zijn. Zwarte gaten kunnen gezien worden als zeer massieve
objecten die de ruimtetijd zoveel buigen, dat er een grote zwaartekracht in een klein
volume wordt gecreëerd. Ze zijn op dit moment de enige experimenteel waargenomen
objecten in ons heelal (bijvoorbeeld het superzware zwarte gat in het centrum van ons
melkwegstelsel), waarvan het intern gedrag niet kan worden voorspeld door de gevestigde wetten van de fysica. De zwarte gaten die wij in dit proefschrift analyseren zijn
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natuurlijk vereenvoudigde en symmetrische versies van de zwarte gaten in de echte
wereld. Men gelooft dat, zodra we eenmaal goed begrijpen hoe de zwaartekracht zich
gedraagt in deze “eenvoudige” supersymmetrische gevallen, de juiste beschrijving van
de echte kwantumzwaartekracht veel gemakkelijker zal zijn. Uiteindelijk is het doel
van de natuurkunde, om ons heelal volledig te beschrijven, van begin tot eind. We
hebben zeker de wetten van de kwantumzwaartekracht nodig om de Big Bang te begrijpen, het begin van het heelal waarbij het extreem klein was. Waarschijnlijk zal de
kwantumzwaartekracht ook aan het licht kunnen brengen hoe het universum tot een
einde zal komen in de verre toekomst. En zodra dit bereikt is, zullen we eindelijk in
staat zijn om een puur natuurkundig beeld van ons heelal te presenteren, zonder enige
wiskundige formule te gebruiken.

Óðîöè îò âàêóìíàòà ñòðóêòóðà íà
4-ìåðíàòà

N =2

ñóïåðãðàâèòàöèÿ

Àêî íåáðåæíî ðàçëèñòèòå ïðåäõîäíèòå ñòðàíèöè, âåðîÿòíî íÿìà äà ìîæå äà ñå
ñïðåòå íà íèòî åäíà îïðåäåëåíà ãëàâà èëè ÷àñò îò òàçè äèñåðòàöèÿ. Òîâà å ïîðîäåíî
îò ëèïñàòà íà êàêâèòî è äà áèëî êàðòèíêè, ãðàôèêè, äèàãðàìè è òàáëèöè ñ âàæíà
èíôîðìàöèÿ, êîèòî äà ôîêóñèðàò âíèìàíèåòî. Çà ñìåòêà íà òîâà ÷îâåê ìîæå äà
íàìåðè ìíîãî ôîðìóëè è òåêñò, êîéòî å ãëàâíî ïîñâåòåí íà ìàòåìàòè÷åñêàòà ëîãèêà
è ìåòîäèòå íóæíè çà ïîëó÷àâàíåòî íà ñïîìåíàòèòå ôîðìóëè.Çàùî å òàêà? Â êðàéíà
ñìåòêà, íàøèòå ìîçúöè íå ñà ñúçäàäåíè ñ öåë äà ðàçáèðàò ñâåòà êîéòî âèæäàìå â
öèôðè è ìàòåìàòè÷åñêè ñèìâîëè. Âñè÷êè íèå èìàìå íà ïðàêòèêà åäíàêâî âãðàäåíî
ðàçáèðàíå çà ïîâåäåíèåòî íà ïðèðîäàòà â íàøåòî âñåêèäíåâèå. Ïî òàçè ëîãèêà âñåêè
ôèçèê áè òðÿáâàëî äà ìîæå äà îáÿñíè íàãëåäíî ñâîèòå íàó÷íè îòêðèòèÿ çàñÿãàùè
çàîáèêàëÿùèÿ íè ñâÿò áåç äà èçïîëçâà åçèêà íà ìàòåìàòèêàòà. Íà ïîäîáíè àðãóìåíòè
áèõ ìîãúë äà îòãîâîðÿ ñàìî êàòî ñè ïðèçíàÿ ÷å ìîÿòà ðàáîòà íå ñå çàíèìàâà äèðåêòíî
ñ ïðèðîäàòà êîÿòî íàáëþäàâàìå îêîëî íàñ è ãëàâíèòå ðåçóëòàòè íå ìîãàò äà áúäàò
ðàçáðàíè èíòóèòèâíî. Íàñòîÿùàòà òåçà ïðèíàäëåæè êúì ñôåðàòà íà òåîðåòè÷íàòà
ôèçèêà ñàìî çàðàäè ½óðîöèòå, êîèòî ìîæåì äà íàó÷èì. ×åòèðè-ìåðíàòà

N = 2

ñóïåðãðàâèòàöèÿ îïèñâà ïîäáîð îò ìíîãî ñèìåòðè÷íè è ÿñíî ñòðóêòóðèðàíè ôèçè÷íè
çàêîíè, ìíîãî ïî-îïðîñòåíè îò çàêîíèòå â ðåàëíèÿ ñâÿò. Òàçè ìàòåìàòè÷åñêà óïðîñòåíîñò å ïîñòèãíàòà ÷ðåç êîìïðîìèñà êîéòî ïðàâèì ñúñ çàãóáàòà íà âñÿêàêâà èíòóèöèÿ,
íåèçáåæíî ñâúðçàíà ñ îïèñâàíåòî íà åäíà ðàçëè÷íà è èçìèñëåíà ðåàëíîñò. Îêàçâà
ñå, ÷å íàëè÷íèòå ìàòåìàòè÷åñêè ìåòîäè ñà äîñòàòú÷íè çà îïèñâàíåòî íà ãîëÿìà ÷àñò
îò äèíàìèêàòà â òàçè èçìèñëåíà ñóïåðñèìåòðè÷íà òåîðèÿ (ñóïåðñèìåòðèÿ å èìåòî íà
åäèí îïðåäåëåí âèä ñèìåòðèÿ, êîÿòî å âàæíà çà íàñòîÿùàòà ðàáîòà, íî íå ñúùåñòâóâà
â ïðèðîäàòà äîêîëêîòî ìîæåì äà óñòàíîâèì åêñïåðèìåíòàëíî â ìîìåíòà).
Çà äà áúäà ìàëêî ïî-êîíêðåòåí, 4-ìåðíàòà

N = 2 ñóïåðãðàâèòàöèÿ îïèñâà ðàçëè÷íè

âúçìîæíè ñúñòîÿíèÿ íà ïðîñòðàíñòî-âðåìåòî, ò.å. íàáîð îò âñåëåíè, êîèòî ñå ñúñòàâëÿâàò îò ñúùèòå åëåìåíòàðíè ÷àñòèöè è èìàò ìíîãî ïîäîáíè ñâîéñòâà, íî ñå ðàçëè÷àâàò
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Êðàòêî îïèñàíèå íà áúëãàðñêè

â ðàçïðåäåëåíèåòî íà ìàòåðèÿòà è ñúïúòñâàùèòå ãðàâèòàöèîííè ñèëè. Ìîæå äà ñè
ãî ïðåäñòàâèòå ïî ñëåäíèÿ íà÷èí: ôóíäàìåíòàëíèÿ çàêîí çà ãðàâèòàöèÿòà ìåæäó
ñëúíöåòî è çåìÿòà íå áè áèë ðàçëè÷åí àêî ñëúíöåòî èçâåäíúæ ñòàíå 10 ïúòè ïîòåæêî îòêîëêîòî å â ìîìåíòà. Âúïðåêè òîâà, òî÷íî îò òîçè çàêîí ñëåäâà ÷å ñèëàòà íà
ïðèòåãëÿíå áè ñå óâåëè÷èëà, â ðåçóëòàò íà êîåòî çåìíàòà îðáèòà áè ñå ïðèáëèæèóëà
äî ñëúíöåòî è çåìÿòà áè ñòàíàëà ïî-òîïëî ìÿñòî è ò.í. Ïî ñúùèÿ íà÷èí, çàêîíèòå íà
ñóïåðãðàâèòàöèÿòà ïîçâîëÿâàò ðàçëè÷íè âúçìîæíè êîíôèãóðàöèè íà ðàçïðåäåëåíèå
íà ìàòåðèÿòà. Òàçè äèñåðòàöèÿ å ïîñâåòåíà íà àíàëèçèðàíåòî íà âàêóóìíè ñúñòîÿíèÿ,
êîåòî îçíà÷àâà ðàçïðåäåëåíèÿ íà ìàòåðèÿòà ñ íàé-íèñêà âúçìîæíà åíåðãèÿ. Òåìïåðàòóðàòà â ïîäîáíè âñåëåíè ñ ìèíèìàëíà åíåðãèÿ å âèíàãè àáñîëþòíà íóëà (-273.15
ãðàäóñà ïî Öåëçèé). Ïîäîáíè âàêóóìíè ñúñòîÿíèÿ âêëþ÷âàò íàïúëíî ïðàçíè âñåëåíè,
êîèòî ìîãàò äà áúäàò îïèñàíè èçöÿëî ÷ðåç ìàòåìàòè÷íèòå ìåòîäè íà ñóïåðñèìåòðèÿòà,
èçïîëçâàíè â ïúðâà ÷àñò îò òàçè äèñåðòàöèÿ. Îêàçâà ñå îáà÷å, ÷å ìàñèâíè ÷àñòèöè
îáãðàäåíè îò ïðàçíî ïðîñòðàíñòâî ñúùî ìîãàò äà îïèñâàò âñåëåíè ñ íóëåâà òåìïåðàòóðà â íÿêîè ñïåöèàëíè ñëó÷àè, îïèñàíè âúâ âòîðà ÷àñò. Ïîäîáíè ìàñèâíè ÷àñòèöè
÷åñòî âîäÿò äî ôîðìèðàíåòî íà ÷åðíè äóïêè: ðåãèîíè âúâ âñåëåíàòà êîèòî äåéñòâàò
êàòî êàïàí, çàäúðæàù çàâèíàãè âñè÷êî êîåòî ìèíå îòâúä äàäåíà ãðàíèöà. Òðåòà ÷àñò
àíàëèçèðà òåîðèÿòà íà ñóïåðãðàâèòàöèÿòà â ïî-îáù è ôîðìàëåí àñïåêò, ñâúðçâàéêè
îòäåëíèòå âàêóóìíè ñúñòîÿíèÿ è òåõíèòå âúçáóäåíè ñúñòîÿíèÿ ñ òåìïåðàòóðà íàä
íóëàòà (íàïðèìåð äîðè ñàìî åäèí åëåêòðîí ïðåäñòàâëÿâà âúçáóäåíî ñúñòîÿíèå ñïðÿìî
ïðàçíàòà âñåëåíà â êîÿòî ñå íàìèðà). Â òàçè ÷àñò òàêà íàðå÷åíèòå ½ÁÏÑ íåðàâåíñòâà
ñà äèñêóòèðàíè îáøèðíî - òå ïðåäñòàâëÿâàò ñúïîñòàâÿíå ìåæäó ìàñàòà è çàðÿäà íà
ïîçâîëåíèòå ÷àñòèöè â ðàçëè÷íèòå âñåëåíè. Íàé-ïðîñòèÿ ïðèìåð çà ïîäîáíî íåðàâåíñòâî å å êîãàòî ìàñàòà òðÿáâà äà å ïî-ãîëÿìà îò åëåêòðè÷íèÿ çàðÿä (óìíîæåí ïî
íóæíèòå ôèçè÷íè êîíñòàíòè çà èçðàâíÿâàíå íà ìåðíèòå åäèíèöè) çà êîÿòî è äà
å ÷àñòèöà â ïëîñêàòà âñåëåíà. ÁÏÑ íåðàâåíñòâîòî å âèíàãè çàïàçåíî çà âúçáóäåíè
ñúñòîÿíèÿ íàä äàäåíà âñåëåíà, äîêàòî èçãëåæäà ÷å ÷àñòèöèòå êîèòî íå ãî èçïúëíÿâàò
íå ñà ïîçâîëåíè äà ñúùåñòâóâàò â òàêèâà âñåëåíè îò ôèçè÷íà ãëåäíà òî÷êà (âúïðåêè
÷å ïîäîáíè ÷àñòèöè ìîæå è äà ñà äîáðå äåôèíèðàíè ìàòåìàòè÷åñêè). Çàåäíî, òðèòå
ðàçëè÷íè ÷àñòè îò òàçè äèñåðòàöèÿ äàâàò ÷àñòè÷íî îïèñàíèå íà òàêà íàðå÷åíàòà
½âàêóóìíà ñòðóêòóðà.
Ãëàâíàòà èäåÿ çàä âñè÷êî òîâà å, ÷å àíàëèçúò íà âàêóóìíàòà ñòðóêòóðà ìîæå äà
ðàçêðèå ïîâå÷å çà ìèêðîñêîïè÷íàòà ïðèðîäà íà ãðàâèòàöèÿòà. 4d

N = 2 ñóïåðãðàâèòà-

öèÿòà å ÷àñò îò ïî-ìàùàáíàòà ñòðóêòóðà íà òåîðèÿòà íà ñòðóíèòå, êîÿòî å ïðèìåð çà
ëîãè÷åñêè ïîñëåäîâàòåëíà òåîðèÿ íà êâàíòîâà ãðàâèòàöèÿ. Èçïîëçâàéêè òåîðèÿòà íà
ñòðóíèòå ìîæåì äà íàó÷èì ïîâå÷å çà ïîâåäåíèåòî íà ãðàâèòàöèîííèòå ñèëè íà ìàëêè
ðàçñòîÿíèÿ. Òîâà å îñîáåíî âàæíî çà îïèñàíèåòî íà ÷åðíèòå äóïêè, êúäåòî çàêîíèòå
íà îáùàòà îòíîñèòåëíîñò íà Àéíùàéí ñà ïîãðåøíè. Îò òàçè ãëåäíà òî÷êà, ÷åðíèòå
äóïêè ìîãàò äà áúäàò ðàçãëåæäàíè êàòî ìàñèâíè îáåêòè êîèòî ñúçäàâàò ñèëíè
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ãðàâèòàöèîííè ïîëåòà âúâ ôèêñèðàí ìàëúê îáåì, èçêðèâÿâàéêè ïðîñòðàíñòâî-âðåìåòî.
Ïî íàñòîÿùåì ÷åðíèòå äóïêè ñà åäèíñòâåíèòå åêïåðèìåíòàëíî íàáëþäàåìè îáåêòè
â íàøàòà âñåëåíà (íàïðèìåð ñâðúõìàñèâíàòà ÷åðíà äóïêà â öåíòúðà íà íàøàòà
ãàëàêòèêà), ÷èåòî ïîâåäåíèå íå ìîæå äà áúäå ïðåäñêàçàíî îò äîáðå óñòàíîâåíèòå
ôèçè÷íè òåîðèè. Ðåøåíèÿòà íà ÷åðíè äóïêè, àíàëèçèðàíè â íàñòîÿùàòà ðàáîòà
ñà ðàçáèðà ñå îïðîñòåíè, ñóïåðñèìåòðè÷íè âåðñèè íà îáåêòèòå êîèòî íàáëþäàâàìå
â íàøàòà âñåëåíà. Î÷àêâàíåòî å, ÷å ïðàâèëíîòî îïèñàíèå íà èñòèíñêàòà êâàíòîâà
ãðàâèòàöèÿ ùå áúäå ìíîãî ïî-ëåñíî ñëåä êàòî óñïååì äà ðàçáåðåì äîáðå ñâîéñòâàòà
íà ãðàâèòàöèÿòà â òåçè ½óïðîñòåíè ñèìåòðè÷íè ìîäåëè. Â êðàÿ íà êðàèùàòà, ãîëÿìàòà
öåë íà ôèçèêàòà å äà îïèøå èçöÿëî âñåëåíàòà â êîÿòî æèâååì îò ñàìîòî è íà÷àëî äî
íåéíèÿ åâåíòóàëåí êðàé. Âúâ âñåêè ñëó÷àé çàêîíèòå íà êâàíòîâàòà ãðàâèòàöèÿ ùå
íè ïîìîãíàò äà ðàçáåðåì Ãîëåìèÿ Âçðèâ, êîãàòî öÿëàòà âñåëåíà å áèëà íåâåðîÿòíà
ìàëêà. Âåðîÿòíî êâàíòîâàòà ãðàâèòàöèÿ ñúùî òàêà ùå íè ðàçêðèå ñúñ ñèãóðíîñò êàê
âñè÷êî ùå ñâúðøè â äàëå÷íîòî áúäåùå. Ñòèãíåì ëè âåäíúæ äî ïîäîáíî ðàçâèòèå
íà ôèçèêàòà, íèå íàé-ñåòíå ùå ìîæåì äà äàäåì åäíà èçöÿëî ôèçè÷íà êàðòèíà íà
íàøàòà âñåëåíà áåç íóæäàòà îò íèòî åäíà ìàòåìàòè÷íà ôîðìóëà.
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