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Abstract - A geometrical model for the left ventricle is developed consisting of a nested set of truncated 
ellipsoidal shells of revolution. The geometrical parameters are modelled with the aid of measuring data and 
assumptions about ventricular deformation. The shells contain muscle fibres which gmerate wall tension 
(according to a muscle model previously described), from which ventricular pressure results. Fibre length and 
orientation have different values per shell. After ventricular deformation (change in preload, ejection) new 
values of the length and orientation can be calculated. 

The geometrical aspects of the model were tested with literature data. Apart from the apical region the 
results appear to be satisfactory. Calculated fibre lengths over the wall agree reasonably with measured data, 
if rather realistic ventricular shape changes were applied. The mechanical aspects (pressure generation, 
developed flow) were also tested with experiments on rabbit hearts. They agree with previous results 
obtained from a cylindrical model. 

lNTRODUCTlON 

In a previous study (van den Broek and Denier van der 
Gon, 198ob) a model which could be applied to both 
isovolumic and non-isovolumic left ventricular con- 
tractions was developed. Contractile properties were 
based on the sliding filament muscle theory. Special 
attention was paid to the influence of physiologically 
relevant contraction parameters on pressure gener- 
ation and flow. In order not to obscure relevant 
mechanisms a relatively simple model for the ventri- 
cular geometry was used : a thick-walled cylinder. Such 
a model can give a rather good approximation of the 
ventricle in its equatorial region (Back, 1977). The 
model did contain relevant features such as fibre 
orientation and sarcomere length distribution over the 
wall. Also shape changes during the various phases of 
contraction were allowed. The model was tested with 
the help of data obtained from experiments on isolated 
rabbit hearts. One of the conclusions was that for an 
accurate evaluation of ventricular pressure, ventri- 
cular dimensions are important parameters. They 
should be measured simultaneously with pressure and 
flow. To incorporate these in this study, the model is 
improved by using a thick-walled truncated ellipsoid 
of revolution with non-uniform wall-thickness (See 
also van den Broek and Denier van der Gon, 1980a.) 
The use of such a model is suggested by Streeter and 
Hanna (1973a, b). Ellipsoidal models give a better 
overall approximation of the ventricle (Back, 1977). 
Furthermore, measured dimensions can be introduced 
more significantly in an ellipsoidal model than in a 
cylindrical or spherical model. This holds in particular 
for measurements done with ultrasonic techniques, 
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which are in vogue more and more and by which the 
lengths of ventricular “axes” are measured (Suga and 
Sagawa, 1974; Giinteroth, 1974; Sasayama et al., 
1976; Rankin et al., 1976). The axes so found can be 
used directly as estimates of the axes of ellipsoids 
describing ventricular inner and outer walls. 

Thick-walled ellipsoidal heart models, the walls of 
which consist of muscle fibres, have been reported 
previously. Streeter et al. (1970) used force-length data 
from papillary muscle to calculate static fibre stress 
and resulting pressure. Wong (1973) used a muscle 
model based on the Huxley (1957) theory to simulate 
isovolumic pressure development. The model de- 
veloped by us was tested against data available in the 
literature. Furthermore, a comparison with the pre- 
viously developed cylindrical model (van den Broek 
and Denier van der Gon, 198ob) was made by fitting 
the model to the same experiments (pressure develop- 
ment in rabbit hearts) as to which the cylindrical 
model was fitted. 

i bm J 

Fig. 1. Longitudinal section of the ellipsoidal geometry, 
showing the important geometrical parameters. 
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VENTRICULAR MODEL 

Modelling procedure 

The ventricular model consists of a hollow trun- 
cated ellipsoid (see Fig. 1). The wall of the ventricle is 
divided into m layers by means of m + 1 ellipsoids E, 
(i=O,l,..., m). EO represents the endocardium and E, 
the epicardium. The (semi-)* axes of E, coincide with 
the x, y and z directions and they are denoted b,, b, and 
a, respectively with ai > b,. E, now satisfies the 
equation 

(1) 

and is truncated at the intersection with the plane 
z = fro,. where k is a constant having the same value for 
each ellipsoid (see Fig. 1). The geometry described in 
this way is completely determined by five parameters, 
ag. the short and long endocardium axes bO and uo, the 
short and long epicardium axes b, and sand the 
factor k. 

The muscle fibres in the wall lie parallel to the 
surface of the ellipsoids E, at an angle Q with the 
circumference. This angle is different in different wall 
layers (Streeter et aL, 1969; Ross and Streeter, 1975). 
Also the length of the fibres in the wall may differ in 
each layer (Hart, 1960; Spot&x et ol., 1966; Yoran et 
al., 1973). In the apex the fibre orientation is not 
de&red. For this reason the pressure in the apex is 
calculated in a point very near to the apex. 

To eliminate the influence of the spread of excitation 
over the ventricle it is supposed that ail fibres contract 
simuhaneously. Therefore in our experiments syn- 
chronous stimulation was applied. This probably also 
reduces torsion and isovolumic shape changes of the 
ventricle. Besides, it is supposed that no bending along 
the z-axis or peristaltic contraction is present. The 
ventricle will always remain ellipsoidal, but its eccen- 
tricity however, may change due to ejection or a 
change in preload. 

Determination of ventricular pressure 

To calculate the pressure it is supposed that shear 
stresses may be neglected at least during the active 

Fig. 2. The radii of curvature bf a small element of the wag. 

+ In all cases axes mean semi-axa. 

phase (van den Broek and Denier van der Gon, 1980b), 
as well as the influence of wall acceleration and 
pressure gradients in the ventricle during ejection 
(Back, 1977). 

The pressure difference dp over a thin layer of the 
wall with thickness du is given by (Mirsky, 1970): 

dp = du, (see Fig. 2) (2) 

where uW and uyy are local wall stresses (minus a 
hydrostatic pressure) in the 0 (circumferential) and y 
(longitudinal) direction respectively. r is the radius of 
curvature in a plane through the normal to the wall 
and a tangent parallel to the x-y plane. R is the radius 
of curvature through the normal and the z-axis. 

Active muscle stress Us is generated by the muscle 
fibres, making an angle 4 with the circumferential 
direction 

u&l = u,cos2~ and UYY = u,sin’& (3) 

u,,, will be expressed in the muscle force F,. the length 
I,,, and volume VM of the fibre 

FWA 
%I =is 

F, follows from the muscle model (van den Broek and 
Denier van der Gon, 1980b); YM is supposed to be 
constant. 

From equations (2-4) it follows that the pressure 
difference P between endo- and epicardium in a certain 
point S on the endocardium becomes: 

P(S) = & F&Mu), 

where u is the coordinate along the normal N to the 
inner wall in S. In general N is not exactly per- 
pendicular to the outer wall. However, the error in the 
pressure introduced by this approximation appears to 
be very smalL 

Equation (5) holds not only for an ellipsoid of 
revolution, but also for a general ellipsoid. However, it 
can be proved (see Appendix A) that in the latter case 
the pressure along meridians converges to different 
values when approaching the apex. 

The integral in equation (5) is approximated by a 
sum over the m wall layers. In each layer the value of 
the integrand is taken at the middle of that layer : 

AI+ is the length along N between El_, and Et. 
In one ventricular geometry (the reference situation) 

the wall is divided into m layers by m+ 1 equidistant 
ellipsoids. In each layer &,,J and & are supposed to be 
known. Within one layer they are taken to be constant. 
P(S) can be calculated with the aid of F,,,* which 
follows from the muscle model, together with ri and R,. 
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When ventricular dimensions have changed and the 
new values of the five parameters describing the 
geometry are determined, the new coordinates of S and 
the direction of N can be calculated. The new ellipsoids 
Er and new values of Auj follow from the assumption 
that the volume of each wall layer remains constant. 

In order to calculate new fibre length and orien- 
tation it is supposed that the fibres lie within tangent 
planes on ellipsoids going through the middle of each 
layer. New values of l,,i and & can be calculated from 
the transformation of two mutually perpendicular 
vectors in the tangent planes. These calculations are 
further elaborated in Appendix B, where expressions 
for r, and Ri are also given. 

Determination of ventricular geometry 

Several methods are described in the literature for 
measuring ventricular dimensions (see review of Sand- 
ler and Alderman, 1974). Some of the most reliable 
ones are angiografic methods (Sandler, 1970) and 
ultrasonic methods. In the latter case transit time is 
measured with the aid of ultrasonic transducers (Suga 
and Sagawa, 1974; Gilnteroth, 1974; Sasayama et al., 
1976; Rankin et al., 1976). In our experiments with 
isolated rabbit hearts the use of ultrasonic techniques 
did not give reliable results. This was mainly due to the 
fact that rabbit hearts are relatively small with regard 
to the transducers. The wall was seriously damaged, 
when the transducers were sutured in place. With the 
aid of other measurable quantities, literature data and 
some assumptions about ventricular deformation, an 
estimation of the five parameters necessary to define 
the ellipsoid may also be obtained. These conditions, 
imposed in the reference situation and after ventricular 
deformation (other preloads, ejection phase), will be 
discussed below. 

I. Reference situation. For the reference situation 
(i.e. the situation at one specified preload with given 
values of I,,i and &) the following conditions are used 
(see Fig. 3): 

1. The model inner volume V, is equal to a value 
obtained from own experiments, e.g. by emptying the 
heart, or from literature data. V,, is defined as: 

v, = WJ) - v, + v,, 
where V(E,) is the volume enclosed by the ellipsoid EO, 
V, is the papillary muscIe volume, V, is the small extra 

Fig. 3. Longitudinal section of the ellipsoidal geometry, 
showing the dikent volume compartments. 

volume resulting from the special way of truncating the 
ellipsoid (see Appendix B, equation A5 for i = m). Vq is 
estimated from literature data. 

2. Wall volume V, of the model is qua1 to a value 
obtained by weighing the ventricular wall, or from 
literature data. VW is defined as: 

v, = V(E,) - VU&) - V, + V,. 

where V(E,) is the volume enclosed by E,. 

(8) 

3. The ratio d between the axes of EO is obtained 
from literature data and defined as: 

d = b,/a,. 1% 

4. The truncation factor k is obtained from the 
literature. 

5. The pressure drop over the apical wall (site A) has 
to qua1 the pressure drop over the equatorial wall (site 

E). 
With condition 5 qua1 pressures are obtained at at 

least two endocardial points. Theoretically, the pres- 
sure should be identical at every point. It will be 
checked how far an ellipsoid of revolution meets this 
requirement. When using condition 5 the time course 
of the pressure and the exact value of the pressure are 
of no importance. For this reason a simple static 
muscle model for calculating the pressure can be 
applied. In the chosen muscle model muscle force is 
directly related to sarcomere length by applying a 
force-length relation as measured by Pollack and 
Krueger (1974). 

A numerical procedure for determining the axes 
with the conditions described above is given in Appen- 
dix C. 

II. Situarion at new prehds and dmhg ejection. Afier 
ventricular deformation it is assumed that V, and k 
remain the same as in the reference situation (con- 
dition 2 and 4). In condition 1, V, should be replaced 
by VP (the volume at a new preload) or by V(t) (the 
volume during ejection). To account for the influence 
of ventricular shape (determined by d in our model), 
condition 3 is replaced by a condition in which d 
depends linearly on ventricular volume: 

V v-v 
dd,++d, v (10) 

0 0 

where d, is the value of d in the reference situation, the 
parameters d, and d, represent the influence of a 
preload change and ejection on d respectively. 

By varying d, and d, the influence of shape changes 
can be tested. An impression of d,, cannot be obtained 
from the literature, since the influence of preload on 
ventricular shape has not yet been reported. With 
regard to the ejection phase, literature data show that 
in particular the short axes shorten, while the long axes 
remain nearly constant (Streeter and Hanna, 1973a; 
Ross et al., 1967). 

When the condition for qua1 pressures at two sites 
(condition 5) is maintained, the model results (e.g. 
simulated sarcomere length distributions over the 
wall) do not give good agreement with literature data 



4% J. H. J. M. VAN DEN BRIXK and M. H. L. M. VAN DEN BROEK 

Tabk 1. Sarcomere lengths across the left vmtricukr wall at different preloads 

Situation Enddiastolic Enddiastolic Sarcomere lengths (v) in 10 wall layers 
pSSWC volume Endocardium Epicardium 

mmHg cm’ 1 2 3 4 5 6 7 8 9 10 

: 6 2 25.0 37.0 1.82 1.95 2.05 192 2.02 2.14 207 2.12 2.05 2.10 2.04 2.08 2.03 2.07 2.01 2.06 2.05 1.99 2.04 1.97 

3 12 53.4 2.06 2.14 2.23 2.27 2.24 2.22 2.21 2.20 2.19 2.18 
4 20 62.0 2.N 2.30 2.29 2.29 228 2.28 2.27 2.27 2.26 2.26 

(see results). Setter results are obtained when ventri- 
cular deformation is specified more accurately. 

We revise condition 5 as follows: 
If ventricular preload has changed, it is supposed that 
the ratio between the wall thickness at the apex hA and 
the wall thickness at the equator h, remains the same 
as in the reference situation. This assumption cannot 
he checked yet because of lack of suitable literature 
data However, as a first approximation, this assump 
tion does not seem to be unrealistic. During ejection, 
h4 is supposed to remain constant. This is in agreement 
with the literature (Streeter and Hanna, 1973a). 

It will he checked how much the pressures at 
different endocardial points diverge from one another 
when using this new condition 5. 

The numerical procedures for determining the axes 
with the new conditions given above are represented 
in Appendices D and E. 

RESULTS 

Simulations using literature data of dog hearts 

Simulations under various conditions were carried 
out to investigate the features and limitations of the 
ellipsoidal heart model. We will make use of the 
detailed measurements of sarcomere length distri- 
butions over the wall as given by Yoran et al. (1973). In 
their study the (equatorial) wall was divided into five 

Table 2. Measured and calculated end-diastolic and end- 
systolic data 

Md C, M, C, 

b,, cm 1.91 1.90 1.37 1.29 
b, cm 2.04 3.02 2.58 2.18 
a, cm 4.18 4.15 4.01 3.78 

cm 
2 cm 

4.74 4.64 4.52 4.26 

h: cm 
0.93 1.12 1.21 1.49 
0.56 0.49 0.51 0.49 

d 0.46 0.46 0.34 0.34 
k 0.45 0.48 0.51 0.48 
vo 52.4 52.4 20.6 20.6 
V, z: 94.0 94.4 94.8 94.4 
v, cm3 2.4 2.6 2.8 2.6 

The columns M, and M, represent literature data at one 
end-diastolic and one end-systolic volume. The values for he. 
h, and d are calculated from the axes. 

In the columns C, and C. the cakukted end-diastolic and 
end-systolic axes are represented, from which ha and h, 
directly follow. The remaining parameters are used as input 
data. 

layers, in which sarcomere lengths were~&asured at 
different end-diastolic pressures. For our simulations 
we interpolated these data to ten wall layers (see Table 
1). Furthermore, we converged the given end-diastolic 
pressures to end-diastolic volumes by using a passive 
pressure-volume relation given by Spotnitx et al. 
(1966) obtained in similar experiments. Useful data 
about ventricular geometry of dog hearts are given by 
Streeter and Hanna (1973a), for one end-diastolic 
volume of 52.4cm3 and one end-systolic volume of 
20.6cm” (see Table 2 situation M,, and M, respec- 
tively). They got their data from experiments by Ross 
et al. (1967) who used techniques for rapid fixation of 
left ventricles. 

Reference situation 

The ventricular axes belonging to the end-diastolic 
volume of 52.4cm3 will be calculated with the pro- 
cedure for determining the reference situation (see 
ventricular model). In the calculations the values for k, 
VW and V, are taken as the average between the values 
given in the situations Md and M, of Table 2. The 
sarcomere length distribution is obtained from sit- 
uation 3 of Table 1. The fibre orientation values are 
adopted from Streeter et al. (1966). The fibre angle is 
supposed to vary linearly from 60” (inner wall) to - 60” 
(outer wall). In Table 2 the calculated axes are 
represented in situation Cd. The table shows that the 
calculated inner axes correspond better to the experi- 
ments than the outer axes. This can be expected since 
the ratio d between the measured inner axes was used 
in the simulations. It further follows that the calculated 
wall thickness at the equator h, is too large, while the 
one at the apex is too small. This probably means that 

Table 3. Influence of input data on the calculated axe in the 
reference geometry 

bo b, QO 0, Variation with regard to 
cm cm cm cm situation C, of Tabk 2 

1.90 3.02 4.15 4.64 
1.90 3.02 4.16 4.61 do = 75”; 4, = -75 
1.90 3.01 4.15 4.66 Ipo = 52”; I#),= -52” 
1.90 3.02 4.15 4.63 1,.1 = 1=-i + 0.06 gm 
1.90 3.02 4.15 4.65 I,., = 1ln.i - 0.06 j.tm 
1.86 3.03 4.08 4.59 V, = 0.0 cm3 
1.93 3.00 4.22 4.68 v, = 5.2 cm’ 
1.87 3.00 4.11 4.59 k = 0.53 
1.91 3.04 4.19 4.68 k = 0.44 
1.83 2.94 4.45 4.88 do = 0.41 
1.95 3.09 3.87 4.42 do = 0.51 
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Table 4. Calculated values of Es, ratio h,/h, and P at 
different preloads for different values of d using equal 

pressures at site E and A 

d- 0.410 0.435 0.460 0.485 

V,(cm3) _ 
1 Mm) 

25 Us 
P 

GFtm) 
31 Us 

P 

Sl urn) 
62 h,;jz, ’ 

P 

0.239 
0.444 
0.715 

0.132 
0.405 
0.707 

0.119 
0.368 
0.133 

0.241 0.244 
0.470 0.497 
0.719 0.723 

0.132 0.135 
0.431 0.457 
0.711 0.715 

0.096 0.084 
0.393 0.418 
0.737 0.741 

0.246 
0.524 
0.727 

0.139 
0.483 
0.719 

0.084 
0.443 
0.145 

For the reference situation (V, = 52.4cm3); d, = 0.460; 
h,lh, = 0.438 ; P = 0.748. 

z is the root mean square deviation between calculated 
and measured sarcomere lengths. 

P is the developed pressure in arbitrary units, calculated at 
site E and A. 

the real ventricle generates less stress in the apex than 
in the equator. 

At an endocardial point M with coordinates (b,fi, 

0, b,$) the pressure appears to be 0.15% lower than 
the pressure at the equator or apex. It follows that an 
ellipsoidal model is rather well suited to produce 
almost equal endocardial pressures. Several data have 
been varied to investigate the influence of input data in 
the procedure for the reference geometry (see Table 3). 
Variation of &, Ineir V, and k have little effect, in 
contrast to d, which directly determines the axes. 

Other preloads 

First it is investigated whether the requirement for 
equal pressures at two points on the inner wall 
(condition 5, reference situation) can also be used for 
the determination of geometries at other preloads. The 
calculations are done for preloads belonging to sit- 
uations 1,2 and 4 of Table I, for several choices of the 

(a) (W 
-8 ‘D 

: Gr 

axes ratio d. In all cases the same fibre orientation is 
applied as used in the reference geometry. Table 4 
represents the wall thickness ratio of the calculated 
geometries as well as the calculated pressures. From 
the table it follows that rather different wall thickness 
ratios are found at different preloads. Furthermore, 
there is no clear increase in pressure at increasing 
preloads. It is now investigated how the sarcomere 
lengths in the equatorial wall change when the ven- 
tricle deforms from the reference geometry (52.4 cm3) 
to the geometries found above at other preloads, see 
Fig. 4a, b,c. To quantify these results the root mean 

square deviation % between the sarcomere length 
data of Yoran and the calculated data is determined 

and represented in Table 4. z appears to be very large 
compared with the measuring error in Yoran’s data, 
which is smaller than 0.01 pm. Variation of d does not 
lead to any improvement. 

Geometries are now determined by using the con- 
dition that ventricular wall thickness remains constant 
when deforming from the reference situation (new 
condition 5). Again several values for d are applied. 
The equatorial sarcomere length distributions are 

given in Fig. 5a, b, c. In Table 5 s is represented as 
well as the pressures calculated at three endocardial 

sites. s is significantly lower than in Table 4. There is 
also a clear pressure increase at increasing preloads. 
However, at 62 cm3 the equatorial pressure decreases 
again, because the sarcomere lengths have passed the 
maximum of the force-length relation. Yoran et al. 
(1973) still find a pressure increase at 62 cm’. From 
25.0cm3 to 52.4 cm3 they reported an increase in 
(developed) pressure of 29x, while our model predicts 
an increase in P, of 25:/,. The table also shows that in 
general the pressure at the apex deviates most from the 

one at the other two sites. The lowest values of s are 
obtained when d increases at increasing preloads from 
25.0 cm3 to 52.4 cm’, while at higher preloads d has to 
decrease again. This disposition to a more spherical 
shape at increasing preloads in the lower preload range 

Fig. 4. Sarcomere length distributions in the equatorial walLat end-diastolic volumes of 25.0 cm3 (a), 37.0 cm3 
(b) and 62.0 cmJ (cf. Measured lengths (Yoran) used for determining the geometry (0). Calculated length 
when deforming from the reference situation (52.41x11’) to geometries obtained with d = 0.410 (0); 

d=0.435(A);d=0.460(+);d=0.485(~). 
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Fig. 5. Sarcomere length distributions in the equatorial wall, at end-diastolic volumes of 25.0cm3 (a), 
37.Ocm’ (b) and 62.0cm3 (c). Measured leegths (Yoran) (a). Calculated length when deforming from the 
reference situation (52.4 cm’). with a constant wall thickness ratio hAlhE, for d = 0.410 (0) ; d = 0.435 (A) ; 

d=O.46O(+);d=0.485(~). 

is in agreement with calculations based on the equilib- 
rium of forces acting in the zdirection of cylindrical 
heart models (Arts 1978; van den Broek and Denier 
van der Gon, 198Ob). 

From the table the value of dP (equation 10) can be 
approximated by 0.20 for preloads lower than 
52.4 cm3, and by -0.30 for higher preloads. So d, is 
not a constant at every preload. With these values ofd, 
the sarcomere lengths across the wall are calculated 
over a wide range of end-diastolic volumes, at sites E, 
M and A (see Fig. 6a, b, c). The sarcomere lengths are 
almost the same in the midwall regions of the three 
sites. The lengths at site A differ from the other two 
sites particularly in the endocardial and epicardial 
regions. At preloads lower than 20cm3 the endocar- 
dial sarcomere lengths become lower than the mi- 
nimum length (1.65 pm) for cardiac muscle (Son- 
nenblick and Skelton, 1974). A rearrangement of 
sarcomeres in the endocardial wall region probably 
occurs at these low preloads. Spotnitz et al. (1966) 
measured sarcomere length at very low preloads. Their 

Table 5. Calculated values of L\s and the prcssurc at three 
sites at diflerent pnloads, for various values of d. (The wall 
thkkn~ ratio is sum to remain constant (h&=0.438)) 

d 0.410 0.435 0.460 0.485 

V&m’) - 
1 Mrm) 0.054; 0.07 1 0.094 0.118 

PE 0.602 0.622 0.629 0.660 
25 PW 0.610 0.611 0.622 0.631 

PA 0.543 0.554 0.575 0.581 

Grun) 0.058 0.048 0.065 0.091 
PE 0.680 0.701 0.710 0.733 

37 pM 0.739 0.748 0.752 0.751 
PA 0.662 0.673 0.670 0.682 

Grm) 0.077 0.038 0.049 0.080 
PE 0.573 0.674 0.702 0.729 

62 PM 0.701 0.799 0.818 0.831 
PA 0.728 0.721 0.701 0.698 

* This value of s is the minimum at this prcload. At lower 
values of d, z increases. 

da& are not so accurate, since only three wall layers 
were used. At a preload of 13cm’ (OmmHg) they 
found equal sarcomere lengths of 1.92 pm in all wall 
layers. Our calculated lengths at site E agree in a large 
part of the wall (from wall fraction 0.4 to 1.0) with these 
data, within the measuring error (0.05 pm) (see Fig. 
6a). The fibre orientation is hardly influenced by 
preload changes. If & and 4, are chosen to be 60” and 
-60” respectively at a preload of 52.4cm3, they 
become 62.2” and - 57.8” at 25 cm3 and they become 
58.9” and - 59.9” at 62 cm3. 

Ejection phase 

The measured data in Table 2 show that the 
equatorial wall thickness hE changes substantially as a 
result of ejection, while the apical wall thickness h, 
remains reasonably constant. For this reason the end- 
systolic axes (CJ are calculated under the condition 
that hA remains constant during ejection. A value of 
d, = 0.42 (equation 10) deducted from the table is used 
for the calculations. As can be seen from the table the 
end-systolic axes are modelled less adequately than the 
end-diastolic ones. The calculated sarcomere lengths 
at the three sites are represented in Fig. 7a, b, c as a 
function of the volume during ejection from 52.4 cm3 
to 22.4cm3. In the apex the endocardial sarcomere 
lengths differ greatly from the lengths at the other sites. 
Literature data are not available for comparison with 
these simulated values. During ejection the fiber angle 
& changes most (i.e. from 60.0” to 69.8”) while 4, 
remains nearly the same (i.e. from -60.0” to 60.1”). 

Simulations using own experimental data from rabbit 
hearts 

The ellipsoidal model is also applied to simulate the 
same results for which the cylindrical model was tested 
(van den Broek and Denier van der Gon, 1980b). The 
muscle model that was used together with experimen- 
tal methods and curve fitting procedures are given in 
van den Broek and Denier van der Gon (198Oa, b). The 
results of one representative experiment are shown in 
this study. 
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-51 (4 -a (b) 
:-I- : dr 

Fig. 6. Simulated sarcomere length distributions over a wide preload range at site E, M and A. 

symbol 

cl 
0 
A 
+ 

z: 

end-diastolic volume (cm’) 

13.0 
23.0 
33.0 
43.0 
53.0 
63.0 

A preload of OmmHg is chosen as the reference 
situation. At this preload the sarcomere lengths mea- 
sured by Spot&x et al. (1966) are used (L,I= 1.92 pm). 
It is assumed that these data are also appropriate 
for rabbit hearts. The same is supposed to hold for 
the fibre orientation (chosen values &, = 60”, 
C#I~ = -60”). The other values chosen are: V, = 1 cm3 ; 
v,= 5cm’; v, = 0.01 cm3 ; d, = 0.42 ; k = 0.50. 

The calculated axes now become: b0 = 0.46 cm; 
b, = l.lOcm; u0 = l.lOcm; frnr = 1.4Ocm. 

In the reference situation contraction parameters 
are fitted. With these parameters contractions at 
higher preloads and contractions with flow are simu- 
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lated The measured and simulated isovolumic pres- 
sure curves at different preloads are given in Fig. 8. 
Figure 9 shows an isovolumic and a non-isovolumic 
contraction with an ejection fraction of 52%. All 
simulated pressures are calculated at site E. In the 
reference situation P,,, appears to be 0.15% less than 
Pa. At a preload of 2 mmHg P,, is 2% lower than Pa, 
while during ejection at maximal flow PA is 7% lower 
than PE. 

The simulation results are almost the same as those 
obtained with the cylindrical model. Again the use of a 
real or apparent series elastic element and a preload 
dependent activation seems to be necessary as well as 
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Fig. 7. Simulated sarcomere lengths throughout the wall at site E, M and A during ejection phase. 

symbol volume during ejection (cm’) 

0 52.4 
0 46.4 
A 40.4 
+ 34.4 

;1 28.4 22.4 



%o J. H. J. M. VAN DEN BRCEK and M. H. L. M. VAN DEN BRCSK 

0 measured pressure 

+ aimulrtcd preslure 

time (ms) 

Fig. 8. Measured and simulated isovolumic pressure curves 
at different preloads. The measured tracings are not very 

smooth as a result of the analog-digital conversion. 

ventricular shape changes. The best results are ob- 
tained if d, and d, are chosen to be 0.40 and 0.25 
respectively. 

DISCUSSION 

As can be expected an ellipsoidal heart model leads 
to more comphcated calculations for ventricular pres- 
sure development and ventricular deformation, than 
cylindrical or spherical models. Also more input data 
are required: a truncated ellipsoidal model is de- 
termined by five parameters, a cylindrical model by 
three and a spherical model only by two. Using 
ellipsoidal models special attention should be paid to 
the quality of endocardial pressures. In cylindrical or 
spherical models this requirement is always met. 
However, ellipsoidal models have the great advantage 
that they give a much better overall approximation of 
left ventricular geometry. 

Rather complicated procedures have been devel- 
oped in this study to determine the parameters 
describiig the ellipsoidal geometry since these para- 
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Fig. 9. Isovolumic (A) and non-isovolumic (B) contractions 
at a preload of 1 mmHg. The experimental flow curves do not 
resemble those measured in uiuo experiments because of the 

use of a simple construction generating the aBetload. 

meters are not usually directly available. The pro- 
cedures can be simplified if more ventricular dimen- 
sions are measured. For instance, if ventricular outer 
axes are determined experimentally, (e.g. using ultra- 
sonic methods) conditions 2 and 3 for the reference 
situation can be dropped. 

The model was tested against meagre and incom- 
plete literature data. In the reference situation the 
calculated apical wall thickness appears to be too 
small and the equatorial wall thickness too large (see 
Table 2). This phenomenon may be caused by the 
following facts : 

The apical region cannot be described correctly with 
an ellipsoid of revolution. 
The sarcomere lengths and/or the fibre orientations 
at site A and E differ substantially from one another. 
Fibres at site A generate lower forces than fibres at 
site E as a result of a different activation, perfusion 
etc. 
‘Ihe ratio between contractile and non-contractile 
tissue is lower at site A than at site E. 
Although fibre orientation may change somewhat 

from the equator to the apex (Streeter et al., 1969) it is 
certainly not enough to explain all the differences that 
are found. 

During a preload change our simulations suggest 
that the condition for a constant wall thickness ratio 
between the apex and the equator results in calculated 
sarcomere length distributions as well as a calculated 
developed pressure-preload curve, which agree rea- 
sonably well with experiments. Not unrealistic shape 
changes have to be taken into account (see Table 4). As 
a disadvantage, diierent endocardial pressures are 
found. An explanation for these pressure differences 
(see Table 5), the differences between measured and 
calculated sarcomere lengths (see Fig. 5) as well as the 
very low endocardial lengths at low preloads (see Fig. 
6) may be due to the fact that the real ventricular 
geometry deviates from an ellipsoid and that the 
assumed shape changes (equation LO) are too simple. 
In reality other kinds of deformation will also occur 
such as torsion, bending of the z-axis etc. Torsion 
(around the z-axis) in particular influences the sar- 
comere lengths in the endocardial and epicardial wall 
layers. The observed deviation between measured and 
calculated length were largest in these regions (see Fig. 

5). 
The calculated sarcomere lengths during ejection 

(see Fig. 7) could not be tested experimentally. The 
results show that in the apex the endocardial lengths 
become too small. This may be explained by the same 
facts as given above for a preload change. 

In simulating the rabbit heart experiments the 
ellipsoidal model gives, as can be expected, about the 
same results as the cylindrical model, since both 
models present the same characteristics. Thus, for the 
present case, when ventricular dimensions are not 
exactly known the relatively simple cylindrical model 
is preferable for these simulations. 

In general our calculations show that ventricular 
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geometry and the way in which the ventricle deforms 
have a great influence on the results. More experimen- 
tal data are needed. This holds also for anatomical 
data of the heart, such as fibre orientations and 
sarcomere length distributions. They should be mea- 
sured at several ventricular sites (also the apex!) and at 
various end-diastolic and end-systolic volumes. 
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APPENDICES 

A. Pressure in the apex of a general ellipsoid 

Suppose in a certain wall layer at the apex of a general 
ellipsoid the radius of curvature in the x-z plane is denoted 
R1 and the one in the y-z plane R2. Approaching the apex 
from a line of longitude within this layer lying in the x-z plane 
and from a similar line lying in the y-z plane, the pressure 
increments over the wall layer converge to : 

and 
( 

cos2 4 sin2 $ 

um R 
- du 

-----+ R, 2 > 

(Al) 

0, 
( 

cos2 I$ sin’ I$ 
-+- du 

RI & > 

respectively. 
Sine a,, dv and 4 converge to the same value in the apex, 

these two expressions are equal only if 4 = f45”, which is 
probably not true in every apicardial wall layer, or if R, = R2, 
which means that the ellipsoid is an ellipsoid of revolution in 
the apex. 

B. Calculations needed 10 determine ventricular pressure.fibre 
length and orientation 

The radii of curvature. In the literature expressions for r and 
R are given in spherical coordinate-s (Mirsky, 1970). Con- 
version to a rectangular frame leads to the following ex- 
pression for the radii in a point (x, y, z) on an ellipsoid with 
axes (b, b, a) : 

r=(x’+y’+~)1.7’)I’z 

R=;(x’+y’+~~i’)ll. (A2) 

Dioision of the wall into wall layers. V(E,) is the volume 
enclosed by E, and is given by: 

V(E,) = Bb:ai, 

with 

B = ;(2 + 3k - k3). (A3) 

If V,., is the wall volume (minus V,) between E, and E,, the 
extra volume V,., resulting from the special way of truncating 
the ellipsoid (see Fig. 3) is defined as: 

V,.i = V(E,) - V(E,) - V,.i. (A4) 

V,,, can be expressed in the axes of Ei and E, by: 



v.,, = 2. 3 (k - k3h - a&b: + b; + b,bo). W) 

In the reference situation the wall is divided into equidistant 
layers with the aid of ellipsoids El, so that: 

bi = bO + (b, - b& 

q=ao+((l.-do);. (446) 

Al& deformation we get, since V,., is supposed to be 
constan& 

F(E;) - V(Eb) - C., 

= F(E,) - WE,) - F,,, = VW.,, (A7) 

where apostrophes denote the deformed state. 
The axes of E; can be expressed in terms of those of Eb by : 

b; = bb + x, 

a;=cb+z,. W) 

D$mation is supposed to take place such that tl = wxi, 

w = (a: - a;)/(& - be). 

IIquatiqn (A7), can now he rewritten as a third order 
s_,Tuatton m xi whtch can be solved analyttcally or 

Y: + 3PYr + 2q = 4 (A9) 

with 

Y 
Yl - Xl + j-j 

B Y2 
Pa%-- 

-3 Y 89 a-C 
!l’j+-~+~ 

and 

a = B(b6)2(r6 

,¶ = B(&)‘w + 2Bae& - 3A(&,)’ 

y = Bob + 2Bbew - 3Abe 

6=Bw-A, 

where B is given by (A3) and A and C by: 

A = ;(k - k3)w 

c = V(E,) - WC,) - V,,, + YE,). 

Determination of the wail thickness Au,. S(x, y. z) is a point 
on Eo. Au, is the length between $_ 1 and Et measured along 

&, and I$’ now become: 

the normal N through S. The direction vector of N, called a 
can be obtained by taking the gradiit of the level (quipoten- 
tial) surface 

I:. = I,ls’( (A33 

#-iuccos~. 
C. Modelling of the axis in the reference situation 

The following procedure is applied : so: 

(AW _ 
a. A value for the equatorial wall thickness dx and the 

apical wall thickness dz is chosen. (A good choice of dz 
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N can now be represented by the vector quation: 

N=x+An, (All) 
with x = (x, y,z). 
Intersection of N with E, results in: 

(x’b’:y’)(l+~)i+~(l+~~=l. (A12) 

From the two solutions of 1 the positive one has to be chosen. 
For Aui one fin& now : 

(A13) 

Determinction offibre length and fibre orientation. Sar- 
comeres in ellipsoid E are represented by straight lines lying 
in the tangent planes on E. Since the sarcomere lengths are 
very small in relation to the dimensions of the ellipsoids, the 
error introduced by this assumption is negligible. It is 
supposed that if ellipsoid E with axes (b, b,a) transposes into 
E’ with axes (b’. b’, a’), the point of contact P(x, y, z) of E and 
the tangent plane at E transposes into ty(x’, y’,z’) or 

while the tangent plane 

at i transposes to the tangent plane at E’. The tangent plane 
at E is determined by two linearly independent vectors r, 
and ri. After deformation r’, and f2 can be obtained by multi- _ _ 

b’b’ ’ 
plying the x, y and z components of r, and cl by 2 5 and % 

respectively. cl is taken parallel to the x-y plane and perpen 
dicular to a (see equation AlO) so that: 

rl = (-y,x,O). 

rz is taken perpendicular to rl and m so that: 

(A14) 

. (A151 

The muscle fibre in P is now represented by the line element : 

L=x+a&d 0 6 1 c 1,s (Al@ 

with x = (x, y, Z) and 1, the fibre length. The direction vector s 
is mpresented by: 

(A17) 

This last equation holds true since the maximum length of the 
line element is given by I fa( which quab I,, while the cosine 
of the angle between r1 and s is given by (rrl .s)/lril which 
equals COB $6. 

After deformation the new line element L’ is given by: 

L’=x’+Ib’, 0 d 1 d L, (Am 

with 

(A19) 
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appears to be dz = dx(b,/a,).) The outer axes can now 
be represented by : 

b, = b, + dx, and ~1, = a, + dz, (A22) 

and thus inner axes by: 

b. = 
v, + vq - v, 

> 

II3 

Bd, ’ 
and a0 = hod,. (A23) 

where B is given by quation (A3) and V, by quation 
(AS) for i = m. Since V, depends on the unknown E,,,, in 
first instance it is neglected here. The pressure at the 
equator P, and at the apex P, are calculated. Both 
pressures depend on b, and a,,,. 
A new value of a,,, called a:, is found by changing dz 
iteratively such that P,(b,, a;) quals P,(b,, a,). 
If P,(b,, a,) equals P,(b,, a,) we go to step d. If not we 
go back to b with the new value of P,. 
Use the newly obtained axes of E, to check whether the 
wall volume V, (equation 8) is correct within the desired 
accuracy. If not, a new estimate of dx is chosen and steps 
a to d are repeated. 
V, can now be calculated from E, and E,. New values of 
b, and a, follow from V, (equation A23). Procedures a 
to d are repeated until two successive approximations of 
E, agree satisfactorily. 

The iterative prcccdures in b, d and e are executed 
numerically with a secant-method. 

D. Modelling of the axes at another preload 

The inner axes follow from equation (A23) in which V,, d,, 
b, and a, are replaced by V,, d, bb and a; respectively. Again 
V, is neglected in the first instance, this is corrected iteratively 
afterwards. The outer axes are represented by: 

b:, = bb + dx, and a; = ah + wdx, (A24) 

where w is given and dx is unknown. From the constancy of 
the wall volume, dx can be determined. The resulting set of 
equations is the same as given in (A9). However, xi should be 
replacad by dx and C by: 

C = I’,,, + V(E;) (MS) 

with V,,, = V, - V,,. 

E. Modelling of the axes in the ejection phase 

For the inner axes and V, the same procedure as given in 

Appendix D holds, but V, should be replaced by V. For the 
outer axes it is supposed that : 

b:, = bb + dx, Q and a:, = a; + dz, (A26) 

where dz is given and dx is unknown. The constancy of the 
wall volume results now in an equation of the second degree 
in dx: 

with 

adx2+bdx+c=0, (A27 

a = B(ab + dz) - A 

b = 2Bbb(ab + dz) - 3Abb 

c = B(bb)‘(ab + dz) - 3A(bb) - C. 

B and C are given by (A3) and (A25). A is given by: 

A = f (k - k3)dz. 

E,(i=O,l,. 

Eo, E, 

hi, h, 

r,R 
du 
vo 
VP 
V 

VW 
V, 
V, 

V(4) 

NOMENCLATURE 

. . ..m) ellipsoids forming the m layers of the ventri- 
cular wall 
ellipsoids describing the endo- and 
epicardium 
long and short (semi-) axes of E, 
truncation factor of the ellipsoid 
ratio between short and long inner axes 
value of d in the reference situation 
parameters describing the influence of pre- 
load and ejection on d respectively 
wall thickness at the equator and apex 
respectively 
force, length and orientation of the muscle 
fibre 
radii of curvature 
thickness of a wall layer 
inner volume in the rcfcrcna situation 
inner volume at a diierent preload 
inner volume during ejection 
wall volume 
papillary muscle volume 
extra volume resulting from the special way 
of truncating the ellipsoid 
volume enclosed by E, 


