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We consider a class of scalar nonlinear Boltzmann equations describing the evolution of a 
microcanonical ensemble in which sub-systems exchange internal energy 'randomly' in binary 
interactions. 

In the continuous variable version these models can equally be interpreted as Boltzmann 
equations for Maxwell type molecules in arbitrary dimensionality. 

We construct general solutions in the form of a Fourier series; the expansion coefficients 
(Sonine or Meixner moments) satisfy the same recursive system of coupled equations as the 
ordinary moments, and can be solved sequentially. 

1. Introduction 

In recent  years increasing attention has been turned to the search for  exact  
solutions of nonlinear Boltzmann equations. Whilst the possibility of exact  
solutions for  so-called 'Maxwell molecules '  has been in the air for  some time 
(see e.g. TruesdellJ)), most stimulus has undoubtedly come from the work of 
Bobylev2'S), Krook  and Wu 4) who obtained an exact  (similarity) solution (the 
B K W  solution) to the Boltzmann equation for Maxwell molecules in a closed, 
spatial ly-homogeneous system. Various applications of  similarity solutions 
and extensions to related models have been considered in the literatureS-9). 

Our primary object ive is to construct  general solutions of  nonlinear kinetic 
equations for  our models by Fourier  expansion. The method has been 
introduced by Kac 1°) for  a special model Boltzmann equation, and extended 
by  Ernst  s) to a large class of Maxwell- type models. The previous results for  a 
few special models,  all contained in ref. 8, were rediscovered recently by 
Barnsley, Turchet t i  and Cornillel~-~s), and extended to nonisotropic velocity 
distributions by Weinert  et al.14). Here  we make clear the relevance of  these 
results to the relaxation of  internal (e.g. vibrational) states and expose their 
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analogues in a discrete state-variable. This program is thus to an extent a 
synthesis of the recent work of Cooper, Hoare and Rahman I~) on distributive 
energy transfer between internally-structured molecules with the more tradi- 
tional kinetic-theory approach. We conclude with a brief investigation of the 
linear approximations to our models which are shown to lead to exact 
solutions equivalent in effect to the Cooper-Hoare-Rahman solutions for 
linear distributive processes. 

We are interested here in a general type of model Boltzmann equations for 
the evolution of a distribution function, P(x, t), in a scalar quantity x E (0, ~), 
globally conserved in a closed, microcanonical system. The most general 
equation we need to consider can be written in the form 

a,P(x, t) = I f  du dy{P(y, t)P(u - y, t ) r ( x ,  y; u) 

- P(x, t)P(u - x, t)K(y, x; u)} (1.1) 

whereby, as evident from the structure of the collision integral on the right, 
relaxation proceeds via binary interactions with molecular chaos, and is 
governed by a scattering kernel K(x, y; u) in which the total state-quantity u 
available in a collision enters explicitly. In practice, however two types of 
simplification are usually made. Firstly, it is assumed that the scattering 
kernel may be replaced by one of the form K(x; u) whose dependence 
involves only the final state quantity x, and the total state quantity u; not the 
initial state y. In this way the equation reduces to 

u 

atP(x, t) = / du / dy[P(y, t)P(u - y, t)K(x; u) 
x 0 

- P ( x ,  t)P(u - x ,  t)K(y; u)]. (1.2) 

Secondly, the total rate of outscattered pairs J 'odyK(y; u) is taken to be a 
constant ~o, independent of the initial state. The second term in (1.2) above 
then reduces to - P ( x ,  t) in the scaled time. Known solutions to equations of 
this form are virtually restricted to the Tjon-Wu model, for which K(x; u) is 
in effect the uniform distribution K(x; u)= u -~, O<-x <<-u 6'7) and the Ernst- 
Hendriks model in which K(x; u)=  116). Other authors such as Rouse and 
Simons~7), and Ray ~8) have considered aspects of moment evolution and 
entropy production in the BKW and related models. 

2. Internal state models and Maxwell scattering 

Although in previous literature emphasis has invariably been on Maxwell 
molecules in translational motion, it is important to stress that eq. (1.1) and 
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(1.2), particularly in their discrete variable formulations, can be applied 
equally well to the relaxation of internal state-variables such as vibrational 
energy. There is, in fact, a small literature on the relaxation of closed 
oscillator systems ~9-2~) and the unification of this aspect of Boltzmann equa- 
tion theory with the more traditional kinetic-theory approach and the treat- 
ment of other types of scalar transport equation (see e.g. the work of 
Melzak n) could be said to be long overdue. 

In this general context we shall consider what appears to be the first 
example of an exact solution to a nonlinear oscillator relaxation problem in 
which multiple internal degrees of freedom are allowed for and where a 
discrete or continuous state-space may be assumed with equal facility. We 
shall first consider the nature of the scattering kernels which arise from the 
hypothesis of random sharing of internal energy between degrees of freedom 
stressing the close parallel between the cases where the degrees of freedom 
involved are actually internal and where they are in effect the translational 
components for Maxwell molecules. We shall then go on to obtain solutions 
equally valid for the two cases, emphasizing to some extent the discrete 
formulation because this is less familiar and can always be used to yield the 
continuous results by a limiting process. 

3. Random scattering kernels 

The idea of random scattering between systems of multiple degrees of 
freedom has been developed by Cooper, Hoare and Rahman ~) as a tool for 
modeling energy-transfer between complex systems interacting linearly with a 
heat bath and lends itself in slightly modified form to the treatment of binary 
scattering in a closed system. The essential idea is that the total energy 
available to a binary collision complex is redistributed with equal a priori 
probability over all energy microstates of the two partners. The same idea can 
also be applied to systems of structureless particles with d translational 
degrees of freedom, in which binary collisions cause an initial pair state, 
specified by (v, v~) to scatter uniformly over the 2d-dimensional energy 
surface. With the additional assumption of a mean collision number in- 
dependent of the energy it leads to a Boltzmann equation for Maxwell type 
molecules. 

3.1. Diffuse scattering between d-dimensional molecules 

We start with the more familiar case of the Boltzmann equation for a 
system of structureless particles with a spatially uniform velocity distribution, 
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and we allow for d translational degrees of freedom per particle. The 
Boltzmann equation can then be written as ' )  

- W(v'v~ I ,~v,)f(v, t ) f (v ,  t)}, (3.1) 

where W(v'v i l  vvO is the probability per unit time for a pair of particles with 
initial velocities (v, vt) to scatter into final velocities (v', vl). In general, W will 
be proportional to the differential scattering cross section, and will contain 
8-functions restricting the final states to those conserving both energy as well 
as momentum. As a simplification to the general form (3.1) Tjon and Wu 6) 
have introduced a class of models, where W has the special form 

W(v'vi  l vvO = a(u)8(u - u ' )  (3.2) 

with a(u) an (as yet) arbitrary function of the total energy u = ~v ~ + ~v~. Here the 
scattered states (v', v i) are uniformly distributed over a 2d-dimensional sphere 
with (v')Z+(vl) z= re+ v~, i.e. in the microscopic scattering laws energy is 
conserved, but momentum is uninterpreted. Model Boltzmann equations 
violating momentum conservation have also been considered by e.g. McKean ~) 
and Kact°). The function a(u) is determined by the further simplifying 
assumption that for any state (v, vt) the total rate of scattered pairs is 
independent of the total energy. Thus we have: 

f d v '  = a(u)= constant = 1, (3.3) dv~W(v'v~ l vvl) J'~2d(2U) d-I 

where Od = 2rtd/Z/F(d/2) is the surface of a d-dimensional sphere. With this 
choice of a(u) the Boltzmann equation takes the standard form 

rr 

Otf(v, t) = / dVl / dx (sin x)d-|A[f(v ', t)f(vi, t) -- f(v, t)f(v~, t)] (3.4) 
0 

and the collision dynamics is 

v' = {v ~ + v~} '/2 cos(½x), 

v] = {v 2 + v~} 1/2 sin(~x), (3.5) 

where X is the formal analogue of the scattering angle and (sin X) d-~ dx is 
proportional to the infinitesimal solid angle in d dimensions. In the standard 
form of the Boltzmann equation appears the combination gI(g, X), the product 
of the relative velocity g = I v -  v~l and the differential scattering cross section 
I(g, X). The analogue of this combination is the constant A, which makes this 
model a model for d-dimensional Maxwell molecules with diffuse scattering. 
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It is only well defined for isotropic velocity distributions /(v,  t ) =  f (v ,  t). 
Hence it is convenient to introduce the energy distribution function P(x,  t) 
with x = ½v 2, defined as: 

P(x,  t) dx = f (v ,  t) dv = f (v ,  t)Oa(2x) at2-] dx. (3.6) 

The Boltzmann equation now takes the form 

f f f x,  x ,w(xx, I 
- w(x'x~ I xxOP(x,  t )P(xl ,  t)}, (3.7) 

where all x-integrals extend from 0 to ~. The transition probability can be 
obtained from (3.2) and (3.3) as 

W(X'X~ I XXl) = ~"I~(2x)dI2-1(2Xl) d12-1W(v' v[ I VVl) 

= W,.,(x, x + xOS(x + xl - x' - x~) (3.8) 

with p = 21d, and Wp.p(x, u) is the symmetric Beta distribution 

x,-I(u _ x),-~ 
Wp.,(x ; u) - - ~ ,  -p-~u-~_j , (3.9) 

where B(p,  q ) =  F(p )F(q ) /F(p  + q) is the Beta function. We see that (3.7) 
reduces to (1.2), Wp.p(x, x + xO being the number of pair states in which one 
particle has an energy in dx about x, and the other in dx~ about xl to the 
number of pair states with energy in du about x + xl = u. The function (3.9) 
integrates to unity over the interval x E (0, u)  by the Beta-function integral 

f W,.p(X; u) dx = 1 (3.10) 
0 

and has the necessary interactional symmetry W(x;  u ) =  W ( u - x ;  u). For 
later reference we quote the moments of the symmetrical Beta distribution, 

u 

= ] xnWpp(x; u) dx - 
~ ) .u"  mtn)(U) 

" (2p)~ ' (3. I 1 ) 
0 

where (p)~ is the Pochhammer (rising factorial) function: (p)~ = 

p(p + l)(p + 2)... (p + n - I). As obvious by symmetry: m")(u) = ~u. The 
second moment is m(2)(u) = ~u2(p + l)/(2p + I). 

3.2 Continuous and discrete random scattering between p-molecules 

For identical sub-systems each of p degrees of freedom the required 
scattering kernel K(x;  u) is simply a symmetrical Beta distribution, as follows 
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on performing the necessary volume integrals over the energy subspaceslSa). 
Thus specifying this as the probability density 

Wp,p(x; u ) d x  = Pr{One p-molecule in complex has energy in dx about 
x [ two in complex have energy u}. (3.12) 

This interpretation is clearly analogous to (3.9). The above analysis shows that 
models involving higher-dimensional Maxwell scattering can equally well be 
treated in terms of random scattering from internal states, provided that the 
latter is interpreted if necessary to allow the half-integer degrees of freedom 
p = l,d. 

The discrete analogue of (3.9) on the state-space of positive integers 
i ~  [0, 1 . . . .  k] is the symmetrical Negative Hypergeometric (NHG) dis- 
tribution: 

Wp,p(i; k) = Pr{One p-molecule in complex has i quanta I two in complex 
have k quanta} 

= (i + 1)e_l(k - i + 1)e_l (3.13) 
B(p, p)(k + 1)2p-1 

provided that the degrees of freedom involved are degenerate and the quanta 
have equal energy ~0 = hr. The derivation jSc) now turns upon simple com- 
binatorics of "balls" (quanta) in "boxes"  (degrees of freedom or vibrational 
modes). We may note that the use of the Pochhammer notation in (3.13) 
brings out the clear analogy between the discrete and continuous dis- 
tributions. The normalization 

k 

~__oWp.p(i; k) = 1 (3.14) 
. =  

and the factorial moments are 

Fat"~(k) = ~ itn~Wp,p(i; k) = (P)"kt"~ (3.15) 
i=~ (2p). 

in which k ~"~ is now the falling-factorial function: k ~ = 
k ( k -  1 ) ( k - 2 ) . . .  ( k - n  + 1). The first and second of these are intl'(k)= ~k, 
mt2)(k) = ½k(k- 1)(p + 1)/(2p + 1). In deriving (3.14) and (3.15) we used Van- 
dermonde's  theorem, the finite-difference extension of the binomial theorem. 
It can be written in many forms. We shall require all three of the following in 
this paper: 

N r(a  +/3 + 1) 
~=~0 (i + 1)~(N - i + 1) a = (N + l)°+a+l (3.16) F(a + 1)F(/3 + 1)' 

~ a(°~ ~N-° = (a + ~)(m, (3.17) 
i--'~) 
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~ (N)(a)~([3)N-i = (a + [3)N. (3.18) 
i=0  

The above are valid for non-integral a and fl provided the factorial functions 
can be replaced by finite values of the corresponding Gamma functions. 

The limiting property which takes Wp,p(i; k) into the probability density 
Wp.p(x, u) is of fundamental importance throughout this paper. It is defined as 

i ~ ,  ~o~0 with i~o=X =finite (3.19) 

with Ai = dx]~o. Hence, putting k = U/Go and using the relation lira ¢~ (i)p = x p 

yields the desired result 

, W. Ix  u~ d._xx _ Wp,p(x; u) dx. (3.20) lim Wpp(i; k)Ai = lim P'P\~o;~o, / ¢o - 

4. K i ne t i c  e q u a t i o n s  

With only a scalar state-variable involved, the relaxation of a closed set of 
sub-systems in binary interaction will, in the case of continuous systems at 
constant collision rate, be governed by an equation of type (1.2). This we may 
now write somewhat more explicitly as 

r f (at + 1)P(x, t) = j du dyP(y ,  t)P(u - y, t)Wp.p(x; u) (4.1) 
x 0 

with Wp.p(x, u) the Beta distribution of eq. (3.9), and time scaled to unit 
collision frequency. 

The discrete analogue of the above is easily written 

(Or + 1)P(i, t) = ~ ~ P(j, t)P(k - j ,  t)Wp,p(i; k) (4.2) 
k=i j = 0  

with Wp.p(i, k) now the NHG distribution of eq. (3.13). We note that it is 
natural, and indeed essential to index from the state i = 0 corresponding to the 
ground or 'empty' state of the particles. Several alternative forms of the 
above equations are possible on shifting the summation variables. 

It is implicit in our whole program that the above equations are to be solved 
under the specification of a total energy, which we can express as a mean 
energy per degree of freedom G in either case and a fundamental quantum 
unit G0 in the discrete case. 

While the main object of attention will usually be the distribution function, 
the moments of the same will also be shown to be of central importance in 
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determining this. These we shall define as 

oo 

m.(t )  = f xnP(x, t) dx 
0 

and 

(4.3) 

~ , ( t )  = ~ i(")P(i, t) (4.4) 
i = n  

the latter being the factorial moment for the discrete distribution. The 
continuous limit (3.19) yields 

lira ¢~ tfi. = m.. (4.5) 

In some sections, however, it will prove an advantage to work with the 
modified forms: I~. = mn]n! and fen = r~Jn! Furthermore,  the total number of 
particles and total energy are conserved, i.e. 

mo(t) = 1 ml(t) = pc 

or (4.6) 

r~0(t) = 1 ml(t) = Pd~0, 

as follows from the symmetry K(x,  u )=  K ( u -  x, u) without reference to a 

particular form of K(x,  u). 

5. EquilibHum 

On physical grounds we would expect the solutions of either (4.1) or (4.2) to 
tend to a unique stationary distribution Po(x) or Po(i) as t--* oo. A satisfactory 
account of this process would nevertheless require that we first demonstrate 
the stationarity of P0 in either case, then provide an H-theorem to guarantee 
evolution to this form. 

Given particular kernels Wp.~ it requires only commonplace textbook 
arguments to supply the necessary stationary solutions. A brief summary 
seems justified here because of the less usual context and because the 
derivation is not particularly familiar in the case of the discrete variable. 
Taking the continuous variable case first, we note from eq. (1.2) that a 
sufficient condition for P0 to be stationary is that it satisfies the detailed 

balance condition 

Po(x)Po(u - x)K(y ;  u) = Po(Y)Po(u - y)K(x;  u). (5.1) 
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With K ( x ;  u) given by the Beta distribution (3,9) this condition is clearly met 

by 

Po(x) = axP-l c x (5.2) 

with constants a and c < 1 to be determined by the conservat ion of  number 
and total energy respectively.  With 

f dx,0,x, / xx,0,x, 
0 0 

we find immediately that 

Po(x) = F(p  )-l e-Px ~-I e -~'. (5.4) 

This is a Gamma distribution with mean ~. The higher moments ,  which we 
shall need in later sections, may be written in the form 

m,,(~) = I x" Po(x) dx = (p).~" (5.5) 
0 

For the discrete variable the derivation is essentially parallel. We see that 
for  stationarity 

Po(J)Po(k - I) _ - (J + 1)e-l(k - J + 1)e-1 (5.6) 
Po(i)Po(k - i) (i + 1)p-l(k - i + 1)p-1 

which is solved by Po(i) in the form 

Po(i) = a( i  + 1)p_lc i. (5.7) 

This time the constants a and c < 1 are determined by the binomial theorem: 

i~o (i + 1)p_l ci = F(p)(1 - c) -p. (5.8) 

Thus,  by normalization a = (1 - c)P/F(p). Applying now the energy condition 
it follows in similar fashion that 

pe  = Co ~ i Po(i) = ~opc/(l - c) (5.9) 
i=l 

and hence that c = ~/(e0 + e). Thus our stationary distribution proves to be a 
Negative Binomial with p degrees of  f reedom and mean d~0 = c/(1 - c) 

Po(i) = ~ (i + 1)p-i(1 - c)Pc i. (5. 10) 
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The appropriate moments, which we shall also require later are the factorial 
moments defined 

r~.(oo) = ~ i(")Po(i). (5. I 1) 
i = n  

These may be evaluated for the above distribution by the binomial theorem to 
give 

[ \ C n 

The limiting process (3.19) whereby Po(i) is converted to Po(X) dx is crucial 
to the interconnection of discrete and continuous models throughout this 
paper. Upon applying it we arrive again at the Gamma distribution (5.4) with 
mean e, i.e. 

Po(x) dx =. lim .Po(i)Ai (5.13) 
l i-~, ~o~0 I 
t ieo=X l 

where Ai = 1 in the discrete distribution is to be replaced by dxleo in the 
probability density. 

As we earlier emphasized, a full treatment of equilibrium would involve a 
proof of the H-theorem for the above kernels Wp~,. Although straightforward, 
this exercise is superfluous in that a proof can be given for the whole class of 
kernels satisfying microscopic reversibility. (See Hoare25).) 

6. Fourier expansion of the general solution 

It should perhaps be stressed that very few nonlinear problems can indeed 
be solved by an expansion in a set of orthogonal polynomials. Hence it is 
remarkable that for a large class of Maxwell models, in which our continuous 
models are contained as a special case, the general solution s) can be given in 
the form of a series expansion in Laguerre polynomials for rather general 
initial conditions. The coefficients in this expansion, the so-called Laguerre or 
Sonine moments, satisfy the same recursive system of equations as the 
ordinary moments, which can be solved sequentially1). 

In this paper we shall extend the results to our discrete models, following 
an alternative method to that used in ref. 8. For the sake of a self-contained 
presentation we shall discuss both continuous and discrete cases. 

It is well known that recursive systems for the calculation of moments of 
the unknown probability distribution can often be arrived at by direct in- 
tegration of the Boltzmann equation and it is no surprise that the method 
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works with the simple models discussed here. It is likewise common know- 
ledge that the moment p rob lem-of  reconstructing the required distribution 
from its moments-  can be circumvented if, instead of determining the simple 
moments, we are able to find appropriate polynomial moments, in terms of 
which a Fourier resolution of the desired function can be written. The choice 
of polynomials to be used falls naturally upon the set orthogonal with respect 
to the equilibrium distribution as weight function. 

We shall consider next various aspects of the moment behaviour for the 
continuous and discrete models, again emphasizing the latter because of its 
relative unfamiliarity. The results, as well as giving general insight, play an 
important part in the systematic comparison of alternative solutions, whether 
of similarity type, or arising through linearization or other approximations. 

6.1. Moments for  the continuous Beta model 

6.1.1. Ordinary moments 

In this the simplest of cases we treat it is a straightforward matter to obtain 
the relevant moment evolution equations. Multiplying the kinetic equation 
(4.1) by x"/n! and integrating we obtain, 

0 0 0 

Since the inner integral is just the moment (3.11) of the symmetrical Beta 
distribution, i.e. in this case (u +y)"(p)J(2p),, we find, on applying the 
binomial theorem and cancelling factorials 

(2p), Iz~(t)l~,-~(t). (5.2) 

It is a simple matter to show that the above is satisfied, for t - )m,  by the 
Gamma distribution moments/z,(~) = (p),~n/n !. Thus the stationary character 
of this distribution is confirmed. A more painstaking analysis similar to that of 
Ray 18) can be used to show that the same is reached asymptotically- but this 
is superfluous and a far simpler method is available, as we shall demonstrate 
in the next section. 

In the special case p = 1 the factor on the right reduces to 1/(n + l) and the 
equation becomes identical with that obtained by Krook and Wu for the 
moments of their Maxwell molecule model. 

The most important feature of the above equations is of course that each 
/.t,(t) can, in principle, be found by recurrence from one order to the next, 
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only moments of index k < n being required to determine/z,. While the lower 
orders of tt,(t) can be found relatively simply in explicit form, e.g. by a 
Laplace transform method, this process rapidly becomes tedious. We shall 
quote only the formulae for the second and third moments: 

A / d , 2 ( t )  = A / . t 2 ( 0  ) e -A2t ,  

A/z3(t) = A/Xa(0) e -A3' + 3/z~00) A/zE(0)[e_a2 t _ e_A3,] (6.3) 
/./,2( 00 ) 

with AIz,(t) =/x,(t) -/zn(00) and A, = 1 - 2(p),/(2p),. Furthermore 

/z~=p~ for all t ,  

tt2(~) = ½p(p + 1)~ 2, (6.4) 

/x3(00) = ~p(p + 1)(p + 2)~ 3. 

6.1.2. Laguerre (Sonine) moments 

The polynomials orthogonal with respect to the Gamma distribution (5.4) as 
weight function are the Laguerre set L ~ - '  (x/e) which, traditionally called 
Sonine polynomials and used with p = 3/2, are well known in the gas-kinetic 
theory of the Boltzmann equation26). The required properties are listed in an 
appendix. 

In order to apply the method of Sonine moments in the present problem we 
use the completeness relation (A4") and arrive at a Fourier expansion of the 
distribution P(x, t) in the form 

P(x, t) = Po(x) ~ y,(t)L~-I)(x/~)n !/(p), (6.5) 
n=0 

with Sonine moments y,(t) defined by the integrals 
o~ 

y,(t) = / L~-~(x/e)P(x' t) dx. (6.6) 
0 

To obtain moment equations we multiply both sides of (4.1) by L~e-l)(x/e) 
and integrate to obtain an evolution equation identical with (6.1) except in 
having the polynomial instead of x"/n! in the inner integral. Using (A.8') with 
p = q we arrive at the equation 

1),o,,, = f f ,,,,u ÷ , , / , ,  (6.7, 
0 0 

The trick is now to use the addition formula (A.6') for the Laguerre poly- 
nomials in the equation above, which leads to a convolution of moments on 
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the right. Thus we obtain 

_ (P)~ " ( d +  1)%(t) _ (2_~_~ k~__ ° ~tk(t)%_k(t) (6.8) 

and find that the evolution equation satisfied by the Sonine moments is 
precisely identical in form to that for the ordinary moments. It follows that 
any algorithm for solving the above set is equally applicable in either case -  
given of course that the boundary conditions will be different for bin and ~A. 
Concerning the initial conditions, we may note that, whereas ~0 = 1 and 
/~ = p~, y0 = 1 and yl = 0 for all t. The latter follows immediately from the 
fact that L~-~(x]~)= p -x[¢. The time dependence of the Sonine moments is 
altogether simpler than that of the /~( t ) -e .g .  y2(t)= y2(0)exp(-A2t). Most 
important, however, is the fact that, given this result the time-dependence of 
all Sonine moments with n >t 2 can be written as a sum of pure exponential 
transients without constant terms. Thus not only is t h e  equilibrium dis- 
tribution determined by the fact that %(oo) = 8n0 but the approach to it under 
the moment equations becomes self-evident. In this way the effect of the 
H-theorem is made explicit and we can bypass altogether the tedious analysis 
given by Ray ts) to justify the same for the Krook-Wu model using only the 
ordinary moments. 

6.2. Moments of the discrete NHG model 

The development of moment equations for the discrete random scattering 
model is closely parallel to that set out for the continuous case. Our main 
innovation in this section is to explain the finite analogue of the Sonine 
moments which, as we shall show, are generated by the Meixner polynomials. 
The most striking result, however, is that, when suitably defined, both 
ordinary and polynomial discrete moments can be made to satisfy the same 
simple evolution equations as (6.2) and (6.8) in the continuous case. 

6.2.1. Ordinary factorial moments 

Defining reduced factorial moments /~n(t)= r~n(t)/n! with r~(t)  given by 
(4.4), we may derive a moment evolution equation by operating on both sides 
of (4.2) and summing, with the result that 

-~ 1 12~ = ~, ~. (k)(~'P(j)P(k - j )  
n !(2p)~ i~o k=i 

_ (P)n ~ (nl) ~ (,)(,,p(j) ~ (k)(n-,)p(k). (6.9) 
(2p)~n ! t=o j=l k=O 
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Note that in the last expression we have used Vandermonde's theorem (3.16) 
to expand the falling factorial binomial, after a shift k ~ k + j in the inner 
summation. On slight rearrangement it now becomes clear that 

( d +  1 )#~ ( t ) -  (p)n ~/2,(t)/X~_,(t), (6.10) 
- (2p)~  

an equation again identical in form with that for the continuous model. Similar 
remarks to those made in section 6.1.1 apply here - we must only bear in mind 
that /~(t)  and /~n(t) differ dimensionally by a factor ¢~ which converts the 
state-occupancy probability to the energy probability density. Thus the equa- 
tions for second and third moment evolution (6.3) and (6.4) need changing 
only by the substitution of de0 for ~ and addition of a bar over the/~-symbols. 
The continuous limit may be taken at any stage in the above with the 
expected result, the connection between both moments being given by (4.5). 

6.2.2. Meixner moments of the NHG model 

In order to find the discrete moments analogous to the Sonine moments of 
the previous sections, we must turn to the polynomial set orthogonal over the 
positive integers with respect to the distribution (5.10) as weight-function, The 
required set are the Meixner polynomials {Ms(i, p, c)} 27'2s) with c = e[(~ + c0) as 
in the stationary distribution (5.10), and its properties are given in an ap- 
pendix. 

We may use the completeness relation (A.4) to put the probability dis- 
tribution in the form 

P(i, t) = Po(i) ~ ~n(t)Mn(i,p, c) (6 .11)  
n=O 

with Po(i) the equilibrium distribution (5.10). We define the Meixner moments 
of the distribution P(i, t) as 

~o(t)  = c n (p)~ ~ '  M, % n! ~ nt p,c)P(i,t).  (6.12) 

Evidently ~0 = 1 by the normalization (4.6). The result of multiplying the 
kinetic equation by c~(p)dn! and summing is then that 

( d  + (p)~ _j)~=oMn(i,p, (6.13) 
- ~ .  k=O j=O 

By application of (A.8) with p = q we thus arrive at the equation 

= ~ P(j)P(k 2p, (6.14) d + l  ~ c ~ (P)n~ -j)M~(k, c). 
k=0 j=0 
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We have only to insert (A.6) with p = q into the right-hand side of (6.14) to 
see that 

( d )  (P)"~k( t )~/ , -k( t ) .  (6.15) ~ +  1 ~/.(t) = (2p) .  k=0 

Thus the rate equation satisfied by the Meixner moments is identical in form 
to that for the ordinary moments of the same model, eq. (6.10), and also 
identical to that for the Sonine moments for the corresponding continuous 
problem with the Beta scattering kernel (6.8). The acceptable solutions to 
these equations must again satisfy g0(t) = 1 (number conservation) and ~/l(t) = 
0 (energy conservation). The approach to the stationary solution y , (~ )=  8,0 
can be discussed in a similar way. 

Just as with the better-known Sonine moments, possession of the Meixner 
moments by solution of the above equations leads to an immediate solution of 
the moment problem for the recovery of P(i, t ) -  as is, of course, not possible 
when only the ordinary moments /x, are available. The class of functions so 
recoverable will be those within the Hilbert space 12[0,~], the space of 
square-summable functions defined on the positive integers. This (unlike the 
case of L2 functions of the continuous variable) is adequate for all ap- 
plications where P(i, t) is of the nature of a probability distribution. 

7. Linearization approximations  

The last topic we shall investigate will be the linearization of the transport 
equations (4.1) and (4.2) in the random scattering models. The use of 
linearized forms in the kinetic-theory Boltzmann equation has provided an 
extensive and sometimes controversial literature; only in extremely rare 
cases, such as we have here, has it ever been possible to effect a definite 
comparison between an exact solution and its linearized counterpart. 

To economize our presentation, however, we shall concentrate almost 
entirely upon the discrete NHG model, afterwards obtaining the correspond- 
ing results for the continuous variable by taking the appropriate limit. It will 
be a simple matter for the reader, having studied the previous sections, to fill 
in the detailed derivation for the continuous case by simple analogy. 

7.1. Linearization of the discrete NHG model 

For the case of random scattering considered here, the linearization of the 
kinetic equation (4.2) is quite straightforward. It is however simpler to 
perform the linearization in a different representation, namely in the space of 
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the Meixner-polynomials. We recall that the Meixner-moments ~/n(t) obey eq. 
(6.15) and approach the stationary solution %(oo)= 3n.0. In order to linearize 
around %(oo) we introduce the deviations: 

bn(t) -- %(t) - ~A(o~) (7.1) 

which are assumed to be small. On inserting this into (6.15) and neglecting 
second order small quantities we see that the bn(t) obey the linearized 
moment-equations: 

where 

An = 1 - 2(p)J(2p)n (7.3) 

are the eigenvalues of the linearized Boltzmann equation. The solution of (7.2) 
is given by 

bn(t) = bn(0) e -Ant. (7.4) 

Thus the solution to the linearized Boltzmann equation is, according to (6.11), 
given by 

PL(i, t) = Po(i){ l + ~=2 bk(O) e-A" Mk(i, p, c)}, (7.5) 

where the constants bk(O) a r e  simply the Meixner moments of the initial 
distribution P(i, 0). Note that energy conservation implies that b~(0) vanishes. 

For completeness we will give the form of the linearized Boltzmann 
equation for the distribution function, which can be obtained by inserting: 

pL(i, t) = Po(i) + h(i, t) (7.6) 

into eq. (4.2). Here Po(i) is the Negative Binomial distribution (5.10) and h(i, t) 
denotes the deviation from equilibrium. The equation for h, after neglecting 
terms of order h 2, reads 

0 +  -~ 1 h(i, t) = 2 .= K(i , j )h(j ,  t), (7.7) 

where the kernel is given by 

K(j, i) = ~ Po(k - i)Wp,p(j, k) 
k =max(i,./) 

F(2p) S'_ (1 + 1)p-l(k- j + 1)e-i(k- i + 1)e-1 ck_i( 1_ c)p. (7.8) 
/'~(P) k: m~'7/(,'',~ (k + 1)2p-I 
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What we have shown in fact is that the right eigenfunctions associated with 
the eigenvalue ½(1--Ak) = (P)k[(2p)k are Po(i)Mk(i,  p, c)  where Mk(i,  p, c) are 
the Meixner polynomials. This result has already been obtained by Hoare and 
RahmanlS), who studied a somewhat more general form of the kernel K(j, i). 

We observe finally that the complete and linearized equations for the 
Meixner moments ~2(t) and ¢/3(t) are identical. This implies that for long times 
in a finite range of energies the full distribution function P ( x ,  t) is ap- 
proximated by pL(x, t) up to a correction of order 6(e-A4'). 

7.2. Linear i za t ion  o f  the con t inuous  mode l  

For the continuous model, the equations for the Sonine moments are 
exactly the same as those for the Meixner moments in the discrete case, so 
we can simply copy the solution 

bn(t) =-- yn(t) - y~(~) = bn(O) e -A"t (7.9) 

and the linearized solution in energy space can thus be written 

k=2 

The corresponding linearized Boltzmann equation for the energy distribution 
function reads in this case 

f - ~ +  1 h(x ,  t) = 2 K ( x ,  y)h(y, t) dy. (7.11) 
0 

The kernel is now given by 

K(y, x) = : Po(u - x )  Wp,p (y, u)du  

u =max(x, y) 

F(2p) f [y(u - y)(u  - x)] p-I e -~u-x~/" 
- F3(p) j u2p-I ~""'7~ du (7.12) 

u =max(x,y) 

where Po(x) is the Gamma-distribution (5.4). This is also a special case of a 
kernel treated by Cooper and HoareaSa). Its eigenfunctions are Po(x)L~-~(x/~) 
with again the same eigenvalues ½(1 - AD: a result also obtained in [2, 8]. 

Appendix 

We discuss the required properties of Meixner polynomials, and obtain the 
corresponding properties for Laguerre polynomials by taking the continuous 
limit (3.19). 
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The  Meixner polynomials can be defined in various ways, in particular 

Mk(i, p, c) = 2Fl(-k,  - i ,  p; 1 - c -I) 

mi~) ( - k ) ~ ( - i ) , ( 1  - c-I)" 
,=0 (p),v! (A.1) 

and the continuous-variable limit, yielding the Laguerre polynomials is 

lim Mk(i, p, C) = lF l ( -k ,  p, x/e) = k!(p)inL~-~)(x/e), (A.2) 
[ i--.~0 c ~ l ]  

ci~e-X/• J 

where we used the relation 

lim ( - i L ( 1 - 1 ) ' = ( x / e )  ", (A.3) 
I'i -,,~, c---, I ] \ 
t c i~e  -xlf J 

so that 

L~-I)(x)= ~=o v! k -  v " 

In our  present  context  the limit c-> 1 will be seen to be equivalent to letting 
the quantum size tend to zero,  ~0-~0. This is, of course, the same limit that 
takes the N H G  distribution (3.13) into the Beta distribution (3.9) and the 
Negative Binomial (5.10) into the Gamma distribution (5.4). The orthogonali ty 
sum is 

c k (P)k ~ Po(i)Mk(i, p, c)Ml(i, p, c) = 8kt (A.4) 
" ~ "  /=0 

with Po(i) defined in (5.10). They  have the important  proper ty  of self-duality, 
which is to say that Mk(i . . . .  ) = M~(k . . . .  ). Rewrit ten with this interchange, the 
above sum becomes a completeness relation, i.e. an explicit expansion of the 
Kronecker  delta-function. Replacing i = x/co and taking the continuous limit we 
obtain the orthogonali ty relation for  the Laguerre  polynomials 

o o  

f (x) (x)_(,),o Po(x)L~ -l) L~ '-I) dx - ~ Okt. (A.4') 
0 

From (A.4) we can formally obtain in a similar way the completeness relation 
for the Laguerre polynomials 

,~ n! , ~ , _ , ) [ x ~ t o , _ , , / y ~ = 8 ( x _ y ) ,  (A.4") Po(x) ~ (p). ,-,. \ e / ~  \ e /  

where 8(x - y) is the Dirac delta function. 
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Other properties which we shall require are the generating function 

( l - s )  p £ 
F(p ) i=o 

and its continuous limit 

[ xs ] (A.5') ( 1 - s ) P  .=o £ s"L~" -I)(x/e) = e x p  e(i--- s) " 

In the formulae for the Meixner polynomials the subscript and the variable 
may be interchanged at will. We further need the addition formula 

Mk(n, p + q, c) = £ W,p(l, n)Mk-j(n - l, p, c)Mi(l, q, c) (A.6) 
I = 0  

with j = 0, 1 . . . . .  k, and 

W,p(l, n) = (l + l)q-i(n - l + 1)e_l 
B(q, p)(n + 1)q+p-i (A.7) 

is the Negative Hypergeometric distribution. The proof follows by using the 
generating function (A.5) with p ~ p  + q; then factoring its right hand side A k 
into A~-i.AJ; next applying (A.5) to the first factor with k - - * k - j ,  and to the 
second with p--, q and k--*j, and finally equating the coefficients of equal 
powers of s in the resulting series. We require also the special case j = k with 
Mo(k, p, c) = 1 in (A.6), and by using the self-duality property we obtain 

k 

Mk(n, p + q, c) = ~ W,,( i ,  k)M.(i,  q, c). (A.8) 
i=O 

This formula, which is the discrete analogue of the Kogbetliantz formula, was 
first given by Cooper, Hoare and RahmanlS). In the continuous limit with 
k = (u + y)/eo and j = u/e0 and again using the self-duality property equation 
(A.8) becomes the addition formula for Laguerre polynomials 

n 

L~. +'~-l)((u + y)/e) = ~ L~.~l)(y/e)LIq-I)(u/e), (A.6') 
I = 0  

whereas (A.8) yields with k = ul¢o and i = X[eo the Kogbetliantz formula [ref. 
28, formula 10.12.30] 

M 

(q). 
= J dx Wqp(x, u)L~-I)(x/e). (A.8') L~+q-|)( u/ e ) (p +q) .  

0 

The kernel is the Beta distribution 

Wqp(x, u) = xq-'(u - x~ "-~ 
• B(q, p)u q+p-I" (A.7') 
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We may note the curious property that the NHG and Beta distributions (A.7), 
(A.7') are respectively the kernels of p-step sum and integral ladder-operators 
acting on the relevant parameters of the Meixner and Laguerre polynomial 
sets. 
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