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We establish a new order parameter signaling phase transitions in lattice gauge theories which is especially devised for 
computer simulations. It is used to investigate phase diagrams for several gauge groups. 

1. A problem of  paramount importance in lattice 
gauge theory is the occurrence of  phase transitions. 
Traditionally, the behaviour of  the Wegner-Wilson 
(WW) loop [1] serves as a signal for a transition. 

From a numerical point of view this behaviour is 
notoriously difficult to assess. Whereas it may be true 
that for the calculation of thermodynamic quantities 
as e.g. the free energy or its temperature derivative the 
mean action [2], "large" already starts with systems 
of  size 44, nevertheless, to study the behaviour of  the 
WW loop with comparable precision, one would need 
much larger systems to extrapolate from. 

In this letter we propose an alternate method for 
calculating essentially the same quantity, the WW 
(dis-)order parameter (or rather its dual [5,6]). 

Our method has two basic ingredients. The first is 
that we do not study systems with a WW loop but in- 
stead with a "twist". (For a precise definition, see sec- 
tion 2.) This has the advantage, especially important 
for computer work on small systems, that translation- 
al invariance is maintained everywhere in the system, 
thereby minimizing unwanted finite size effects. 

The second ingredient is the observation that for 
such a "twisted" system there exist local order param- 
eters, i.e. functions of  the dynamical variables which 
have an expectation value which depends qualitatively 
on the phase the system is in. In going through a 
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phase transition, it may change from zero to nonzero, 
or its size dependence may alter. These local order pa- 
rameters turn out to be highly efficient for computer 
simulations. 

The systems, the twist, and the local order parame- 
ter considered, are all defined in section 2. In section 
3 the method is applied to study phase diagrams of  
several simple cases of lattice gauge theories. In sec- 
tion 4 we discuss the results. 

2. The twisted action (and more generally, the con- 
cept of  a twist) is the gauge theory generalization 
[3,4] of  the well-known anticyclic boundary condi- 
tion in e.g. the two-dimensional Ising model. It can be 
considered as given by a dislocation (i.e. a change of 
coupling parameters) with a special property: That it 
can be transformed away from any "local" subset of 
the system but not everywhere at the same time. 

We consider the usual [1 ] gauge theory on a lattice 
L of  size N = a 1 X a 2 X a 3 X a 4 with periodic bounda- 
ry condition, with action 

S(U)  = ~ a(P), 
P~L 

where 

a(P)= { 1 - d T r  I-I£~p u(£)} , 

where d is the dimension of  the unitary matrices U(£), 
which are the elements of a gauge group G. 

A twisted system is constructed as follows. We 

312 



Volume 92B, number 3,4 PHYSICS LETTERS 19 May 1980 

choose in the dual lattice L* * a plane T(34) in the 
(3, 4) direction. (Because of  the periodicity, T(34) is 
really a torus.) Let R12 denote the set of  all plaquettes 
in L which are dual to those in T(34). Then the action 
"twisted in the (12) direction" is defined to be 

St(U)= ~ a(P)+ ~ at(P), (I) 
P~R12 PER12 

where 

at(P ) =  1 + ~ T r  I-I U(~) . 
~ P  

(In other words, we change the coupling constants on 
all plaquettes P ~ RI2  and leave them unchanged 
everywhere else.) 

In order to introduce the local order parameter for 
the twisted system we separate the action (1) into two 
parts: 

st =&,, +si, 
where St,Ii is the sum of all terms in (1) with P parallel 
to the (12) direction and S± the remaining sum. The 
order parameter is 

60(/3) = a l a 2(ot,rl - ot,±) , 

where 

ot,ii = {St , l l } t /N 

and 

Ot, ± = <S±)t /SN 

are the (direction dependent) average actions per 
plaquette. 

We now describe the expected behaviour of  00(/3) 
in three different phases. 

We find that 00(/3), in the thermodynamic limit, 
can be expressed [7] as a (direction dependent) deriva- 
tive of  p*, the magnetic string tension. Hence, 60(/3) 
vanishes in all phases where p* vanishes. 

(i) Large/3, ordered phase: 60(/3) finite, see above. 
(ii) Small/3, disordered phase: series expansion in/3 

(see also ref. [4] ) shows that 

00(/3) = O [ a l a 2 e x p ( _ P a l a 2 )  ] a s a l a 2 - +  0% (2) 

where O is the electric string tension or Wilson order 
parameter. 

(iii) Maxwell-type phase, intermediate/3. 
By analogy to the Maxwell field we expect, for 

such a phase (see also ref. [4]): 

/3(F t - F0) ~ ( a 3 a 4 / a l a 2 ) C  , 

where the F ' s  are the free energies of  the twisted and 
untwisted systems respectively, and C is a constant. 

From this we derive in a straightforward manner 

00 ~ (1/a la2)C1,  (3) 

where C 1 is a (direction dependent) derivative of  C. 

3. In order to test the feasibility of  our method we 
have performed MC simulations closely following 
Creutz et al. [2].  However, we have exclusively used 
the Metropolis method.  Also, our algorithm for choos- 
ing new U(~) values was somewhat different. A new 
U(£) value was chosen by multiplying the old one on 
the left by a group element chosen at random out of  a 
fixed subset of  G: This subset was always an invariant 
and generating set of  G, with the property that its ele- 
ments have the lowest possible action. In our case this 
method proved to be faster than the heat bath method 
used in ref. [2].  

Also, as in ref. [2], we took as our starting point 
for high/3, the completely ordered state. For each val- 
ue of/3 we performed a sweep of the lattice [testing 
all link variables U(~) successively], then calculated 
the expectation value of  the quantity X ( U )  considered, 
then changed/3 by a small amount A1/3 and started all 
over again, testing all link variables, etc. 

The values for <X> (/3) obtained then were averaged 
over an interval A2/3 to reduce fluctuations. 

Lattice sizes considered were (i) 2 × 2 X 2 X 8, 
(ii) 4 X 4 X 4 X 8, (iii) 8 X 8 X 8 X 8. For Z2, A1/3 
was taken in these cases to be (i) 0.000125, 
(ii) 0.00025, (iii) 0.0005. For Z 6, A1/3 was taken twice 
as large. 

4. We first calculated the mean action <S> (/3) for 
untwisted Z(2) and Z(6) systems using the same pa- 
rameters and found entirely consistent results with ref. 
[2].  We then calculated 00(/3). Figs. 1 and 2 show the 
mean twisted action <S±)t(/3 ) and 00(/3) for the Z(2) 
system for lattice sizes (i), (ii) and (iii). One notices 
that 00(/3) is very small for/3 </3c and then jumps 
quickly to its asymptotic value for large/3. This lends 
further support for Creutz et al.'s discovery [2] that 
the transition is o f  first order. 

Next, 00(/3) is plotted in fig. 3 for the Z(6) case. 
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Fig. 1. (S±> t for Z(2) system with size (i) (dots), size (ii) 
(crosses). A23 = 0.01. 

The three-phase structure found by Creutz et al. [2] 
is already very clear from a plot of  60(/3) for a single 
size, particularly for size (ii) = 4 X 4 × 4 × 8. This 
structure becomes even more apparent when we study 
the size dependence of  6o(3), as in fig. 3. The data rep- 
resent the long time averages (200 sweeps at constant 
/3) necessary to reduce the noise, which is particularly 
pronounced in the low/3 region. 

In the ordered phase we find hardly any size depen- 
dence, as expected. In the disordered phase the size 
dependence of 60(/3), due to its smallness, is difficult 
to assess. However the results are consistent with eq. 
(2), as expected. The height of  the central "plateau" 
of 60(/3) in the intermediate region we find to be to a 
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Fig. 2. co(H)/or Z(2) system with size (i) (dots), size (ii) 
(crosses). ~,23 = 0.01. 
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Fig. 3. co(3) for Z(6) system with size (i) (dots), size (ii) 
(crosses), size (iii) (circles). A2t3 = 0.05. 

high degree inversely proportional to ala 2 [see eq. 
(3)].  This is exactly what would follow from assuming 
that the field in the box would be similar to a 
Maxwell field, with long range interactions. It is per- 
haps amazing that such (albeit tentative) conclusions 
could already be drawn from calculations on such 
small systems. 

In a forthcoming publication we will treat other 
finite subgroups of  SU(2) and SU(2) itself. 
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