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Synopsis 

In this paper we present the results of an a6 initio calculation of the thermal ex- 
pansion, the specific heat and the mean-square amplitude of vibration of a Lennard- 
Jones crystal, carried out in the quasi-harmonic approximation. The dynamical 
problem is solved for 110 values of the density, and the thermal expansion is obtained 
from a proper minimization of the Helmholtz free energy F(T, a) (2a is the lattice 
constant). Particular attention is given to the strong density dependence of the 
vibrational frequencies and the resultant effects on the thermodynamic quantities. 

1. Introduction. We consider a monatomic face-centered cubic lattice, 
in which the atoms interact according to a Lennard- Jones (L J) pair potential 
of the usual form, 

q(r) = 4&[(+)12 - (em, (l-1) 

where E and IZ are potential constants and I is the distance between the 
particles. The lattice parameter of the equilibrium lattice will be called a, 

and is defined such that 2a is the edge of the cubic elementary cell (ad2 is 
the nearest-neighbour distance). We shall frequently use the dimensionless 
quantity c/a to indicate the lattice parameter or the density. 

In an earlier report 1) (published several years ago) we presented some 
preliminary results of lattice dynamical calculations for such a lattice, 
carried out in the quasi-harmonic approximation. The vibrational frequencies 
o;r(~, a) and polarization vectors e,(q, a) (j is the polarization index) were 

t Supported in part by the U.S. Air Force Office of Scientified Research under 
Grant No. AFOSR 1257-67. 
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calculated for a large number of wave vectors Q inside the first Brillouin 

zone (B.Z.), the calculation being repeated for a whole range of values of 
a/a, corresponding to the densities of the noble-gas crystals between 0 K and 

their melting points. It was found that for the interaction (1.1) the frequen- 
cies o~(Q, a) depend strongly on a; more specifically, when o/a was varied 
between 1.29 and 1.25, roughly corresponding to the density range of argon 
between 0 K and its melting point at 84 K, the frequencies decreased by 

about 26%. 
In continuation of our earlier work, in the present paper we give the 

results of some ab initio calculations of the thermal expansion, the specific 

heat (as particular cases of the more general thermal and caloric equations 
of state), and the mean-square amplitude of vibration of a Lennard-Jones 

crystal in the quasi-harmonic approximation. From the frequencies ~j(q, a) 
one can calculate the Helmholtz free energy F(T, V) as a function of temper- 
ature T and volume per particle V, or as a function of T and a. By minimizing 

the free energy for a given value of T with respect to the lattice parameter 
a, one obtains the equilibrium lattice parameter a(T) as a function of temper- 
ature, i.e. the lattice constant [or volume per particle v(T)] for zero pressure 

as a function of T [p = -(W/aV).]. I n a similar fashion one can calculate 
the entropy S(T, v) and for example the specific heat Cv(T, v) as certain 

integrals over the frequency spectrum, computed at the appropriate densi- 
ties. 

The principal aim of this work has been to carry out a rather complete 
model calculation of certain dynamical and thermodynamic properties of 
crystals, avoiding a number of approximations, such as restrictions to the 
low- and high-temperature limits, which have often been made in discussions 

of this kind. The only assumption that we have made is the validity of the 
quasi-harmonic approximation. In recent years a number of treatments of 
anharmonic crystals have been developed; in both the so-called perturbation 
theorys) and the self-consistent phonon approximations) the effects of 
anharmonicity can be taken into account in an approximate way. However, 
as far as we know, until now no complete calculation has been carried out 
in either the quasi-harmonic or one of the anharmonic approximations, in 
which the dynamical problem has been solved for the entire range of densi- 
ties. We want to stress that this is in principle the only correct way in which 

thermodynamic quantities like the free energy can be obtained as functions 
of volume as well as temperature. 

As a model pair potential we have chosen the LJ potential (1.1) because 
of its analytical simplicity and the fact that for suitable choice of the para- 
meters E and 0 it represents the interaction between noble-gas atoms 
reasonably well. Although our main goal has been to calculate thermal and 
caloric properties of a crystal for the pair interaction given by (1.1) rather 
than to reproduce theoretically the observed properties of real crystals, we 
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shall, for the sake of illustration, compare our results with some experi- 
mental data obtained for the noble-gas crystals. Deviations between 
theoretical and experimental results will partly be due to the restriction to 
the quasi-harmonic approximation, partly to the inadequacy of the LJ 
potential (and the neglect of many-body interactions), and it is not always 
obvious which of these is the most important cause of the deviations. For 
a comprehensive comparison of theoretical and experimental properties of 
noble-gas crystals we refer to the literature, e.g. the review articles by 
Pollack4) and Hortons). 

In sec. 2 we discuss the solution of the dynamical equations and present 
some of the results for the dispersion curves and the frequency spectrum. 
In sec. 3 we describe the calculation of the thermal expansion; as an illus- 
tration the results for Ar are compared with experiment. The calculations 
for the specific heat and the mean-square amplitude of vibration are given 
in sec. 4. 

2. The dynamical problem. In the quasi-harmonic approximation the 
equations of motion of the atoms are given by 

M&(l) = - C’ c f&@(W) 9@(W). (2.1) 
1’ B 

Here M is the atomic mass, u&(Z) the 01 component of the deviation of the 
atom 1 from its equilibrium lattice position #(a, p = x, y, z). CI, indicates a 
summation over the lattice sites with I’ = 2 excluded. Further, 

uug(ll’) = up(l) - %s(r’), (2.2) 
and 

(2.3) 

where r”’ = # - rl’. 

The normal mode solutions of eq. (2.1) are of the form 

~~(2) = eoi(q) exp[2xiq.r’ - io(q) t], (2.4) 

where the wave vector q lies within the 1st B.Z. and is chosen in such a 
way that periodic boundary conditions are satisfied. The vibrational 
frequencies m(q) and polarization vectors e(q) satisfy the equation 

where the dynamical matrix Ilap is given by 

(2.5) 

D&q) = (l/M) F’ pl,~(l)[l - exp 2+z-r'l. (2.6) 
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Here C; is a summation over the lattice with I = 0 omitted. Performing the 
differentiations in (2.6) we obtain 

x [I - exp(2xiq.r’)]. (2.7) 

Substituting the LJ potential (1.1) one finds 

Da@(q) = (24~/Ma~)(o/@ [-28(a/@ S::(q) + 8S$.z) 

+ &X&(+)6 S14(0) - gs3(0) + wJ/@ &4(Q) - .wm> P.8) 

where the lattice sums are defined by 

S$(q) = T’ p’bk expP+-4 /(P’)~, 

L(q) = 7’ exp(2niq.4/(p’)n, 
(2.9) 

and p’ = #/a. The linear homogeneous equations (2.5) have a solution only 
if 

det ID&Q) - S,,~~(q)l = 0. (2.10) 

This determinantal condition leads for every allowed wave vector q to three 
values for the frequencies o(q) which are characterized by the polarization 
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Fig. 1. Phonon dispersion curves in the (100) direction for an fee Lennard- Jones solid, 
for densities corresponding to es/a = 1.29 (solid curves) and 1.25 (dashed curves). L 

indicates the longitudinal branch, T the transverse branches. 
Fig. 2. Phonon dispersion curves in the (110) direction for an fee Lennard-Jones solid 

for densities corresponding to u/a = 1.29 (solid curves) and 1.25 (dashed curves). 
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index j (i = 1, 2, 3). On account of the cubic symmetry of the lattice the 
wave vectors q need only be chosen in the irreducible 1/48th part of the 

first B.Z. 
The dynamical matrix D&q) depends (except for the factor e/M@) 

essentially on O/U and q. Solutions of the eigenvalue problem (2.5) were 
obtained for a mesh of 10569 q vectors distributed uniformly in 1/48th of 
the B.Z. for each of 110 values of the parameter o/a. The latter ratio was 
varied from a/a = 1.200 to o/a = 1.309 in steps of 0.001. This range of 
densities covers the stable crystals of Ne, Ar, Kr and Xe from 0 K to the 
triple point temperaturess). In the numerical evaluation of the lattice sums 
a number of neighbours was taken into account, sufficient to obtain an 
accuracy of 1 part in 105 in the sums. All calculations were performed on the 
CDC 6600 computer of the University of Texas at Austin. 

Some of the results are presented in figs. l-4. In fig. 1 we have plotted 
the dispersion curves wj(q) in the (100) direction for a/a = 1.29 and a/a = 1.25. 

The dispersion curves in the (110) direction for the same densities are given 
in fig. 2. These O/U values correspond roughly to the case of solid Ar at 0 K 
and its melting point at 84 K, repectively. The strong dependence of the 
frequencies on the density of the crystal is very striking indeed. For the 
longitudinal (I,) branch in the (100) direction the ratio of the two frequencies 

for equal 4/Qrna,, for the two densities indicated above, varies between 1.7 

and 1.6 for increasing o/u; for the transverse (T) branch this is roughly 1.55. 

These results can be easily checked for small values of q. In that case one 
can expand the elements of the dynamical matrix in powers of qx, ql/ and qe. 

One finds in lowest order 

&z(q) = (16+/~)[q:(A + C) + (4; +- q2,)(B + C)l, 

b,(q) = (32+/M) qsq2/B. 
(2.11) 

The other matrix elements follow from cyclic permutation of x, y and z. 

Here 

A = F’ (xi)4 $“[(+I, 

B = C’ (x'Y~)~ $J”[(+], (2.12) 

c = ‘l+-. (4” $Y[(1’)2], 

where $(rs) = q(r). For the LJ potential we find 

A = 168~ (o/+2 Sff”” (0) - 48~ (a/u)6 STr(O), 

B = 168~ (a/u)ls S;f”” (0) - 48~ (a/u)6 .SgV” (0), 

C = - 12~ (u/a)12 SE (0) + 6~ (CT/@ .Sy (0), 

(2.13) 

where the definition of .Srxx and SruV is a direct extension of the definitions 
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Fig. 3. Frequency distributions for an fee Lennard-Jones solid for densities corre- 
sponding to a/a = 1.29 and 1.25. 

Fig. 4. Maximum frequency for an fee Lennard-Jones solid as a function of density 
for the density lange corresponding to o/a = 1.20-1.33. 

(2.9). For cubic lattices the lattice sums in (2.13) have been tabulated e.g. 
by Misra7). It is evident that the dynamical matrix, through A, B and C, is 
strongly dependent on the value of a/a. Furthermore it can be found quite 
easily from the expressions (2.11) that the slopes at the origin of the longi- 
tudinal and transverse dispersion curves in the (100) direction are pro- 
portional to (A + C)+ and (B + C)* respectively. With this informationt 

the slopes at q = 0 of the dispersion curves in fig. 1 can be checked quite 
easily. At the same time this demonstrates the strong density dependence 

t we quote from ref. 7: S~~zz(0) = 0.03185; Si,, *~SXY = 0.3204; .S;py” = 0.01567; 

.s~;~y = 0.1409; ST;(O) = 0.06319; SF(O) = 0.6022. 
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of the vibrational frequencies (at least for small 4) without having to solve 
the dynamical problem. 

In fig. 3 we have plotted the frequency distributions for the same values 
of o/a. We note that the relatively sharp peak at the high-frequency end of 
the spectrum is almost exclusively due to the “longitudinal” t frequencies 
whereas the broad peak more to the left in the spectrum is due to the 
“transverse” modes. Again the large change in the frequency spectrum 
which results from a density change corresponding to a linear expansion 
of less than 4% is quite striking. 

This is illustrated a little more explicitly in fig. 4 where the maximum 
frequency is plotted as a function of a/a for the range of o/a values con- 
sidered here. In elementary discussions of the equation of state of solids 
one often makes use of the assumption that for all vibrational modes the 
quantity 

y = -d(ln cu)/d(ln I’) (2.14) 

is a constant (the so-called Grtineisen constant), independent of volume V 
and the same for all modess). We are now in a position to check this as- 
sumption. One can write for (2.14) 

(2.15) 

Restricting ourselves to w = co max one may easily verify from fig. 4 that 
over the range of densities considered here y varies roughly from 4.9 (for 
c/a = 1.20) to 2.9 (for a/a = 1.31). So y turns out to be strongly dependent 
on the density; on the other hand it has nearly the same value for all modes. 

3. Thermal expansion. As explained in the introduction, in order to find 
the thermal expansion, i.e. the lattice parameter as a function of temper- 
ature a(T), one first has to evaluate the Helmholtz free energy F(T, v) as a 
function of temperature T and volume per particle v, or also as a function 
of T and a. 

In the quasi-harmonic approximation F(T, a) has the form 

1 
F(T, a) = $N J$’ F(vI) + - C ln[2 sinh(@oj(q, a)}], 

B 4.i 
(3.1) 

where N is the number of atoms, ,$ = 1 /kBT and C, is a summation over the 

t One should remember that for arbitrary directions of the wave vector 4 the vi- 

brational modes are not strictly longitudinal or transverse. However, we have here 

defined the “longitudinal” frequency for given q as the frequency of that mode of 

which the polarktion vector has the largest projection along q; the other two fre- 

quencies for the same q belong to the “transverse” modes. 
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N values of q uniformly distributed throughout the first B.Z. The first term 
is the static lattice energy, and the second term is the contribution from 
the harmonic vibrations (including the zero-point energy). On substitution 

of (1.1) we have 

F(T, a) = 2Ne[(a/a)12 srz(O) - (~/a)~ .56(o)] 

(3.2) 

The lattice sums may be found in Misra7) : 

.S12(0) = 0.18956, &(0) = 1.806740. 

The function F(T, a) can now be evaluated, for given values of 0, E and T, 
and for the whole range of a values (a/a values) by using the results for the 
vibrational frequencies discussed before. By minimizing F(T, a) for given 
T with respect to a, i.e. by determining a from aF(T, a)/& = 0 we find the 

equilibrium lattice parameter a for that temperature. For given E and (r this 
procedure was carried out for a set of 20 values of T. 

By way of example we show in fig. 5 the function 2u(T) for the following 

1 
20 40 60 60 

TEMPERATURE (K) 

Fig. 5. Thermal expansion of an fee Lennard-Jones solid. Solid curve : calculated 

lattice constant 2427 for the choice of potential parameters E and B given in the text. 
Dashed curve: experimental thermal expansion curve fol Ar la). 
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choice of the potential parameters: E = 164.3 x lo-16 erg, 0 = 3.409 x 10-s 
cm. These are the values appropriate for Ar as given by Horton and Leechs) 
for a (6,12) Lennard-Jones potential. The experimental valueslo) of 2a(T) 
for Ar are shown in the same figure. One notices a slight discrepancy (0.4 %) 
between the experimental value 2u(T = 0) = 5.300 A and the value 5.322 A 
obtained from the minimization procedure. Of course we might have ob- 
tained a complete fit between theoretical and experimental values of the 
lattice constant at T = 0 K by a minor adjustment of the potential para- 
meters, but since we present these results merely as an illustration of the 
method rather than as a detailed calculation for argon we have not bothered 
to do so. 

If the calculated curve in fig. 5 is shifted downwards to coincide with the 
experimental curve at 0 K, we find that the quasi-harmonic approximation 
[using the Lennard- Jones interaction (1, I)] reproduces the lattice parameter 
within 0.2% up to half the melting temperaturerl). Hence the coefficient 
of thermal expansion is fairly well reproduced up to that temperature. At 
higher temperatures the deviations increase rapidly with temperature. It 
has been made plausible by recent approximate calculations of Leech and 
Reisslandli) that the agreement at higher temperatures is substantially 
improved when anharmonic corrections are taken into account. 

The thermal expansion results for Kr and Xe (that is, when potential 
parameters appropriate for Kr and Xe are used) are not qualitatively 
different from those of Ar discussed above and will not be presented here. 

4. Specific heat. The specific heat at constant volume CV is, like all thermo- 
dynamic quantities, a function of two state variables, e.g. Cv(T, V) or 
Cv(T, p). However, in experimental or numerical presentations of this 
function it is usually implied that the second variable is held constant. For 
instance, if CV is derived from measurements of C, on a crystal under its 
own vapour pressure, one has essentially + = 0. On the other hand, in 
numerical calculations of CV it is customary to use the vibrational spectrum 
at a fixed density, so that v = constant ; usually the volume at absolute zero 
~0 is chosen. Sometimes the experimental results are presented in this way, 
but of course the reduction from measured C,(T, pvapour) to Cv(T, vg) 
contains uncertainties as long as the dependence of the vibrational spectrum 
on v is not accurately known. 

The function Cv(T, v) is given by 

Cv(T,v) = kg x Wh(Q, 412 exp[-B%(q, a)] 
4>i (1 - exp[--BWq, 41}2 ’ (4.1) 

where a is the lattice parameter corresponding to v. With (4.1) one can in 
principle evaluate the complete function Cv(T, v), e.g. Cv(T, p = 0) or 
Cv (T, v = const.). 
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In evaluating the sum over Q in (4.1) at low temperatures one encounters 

a peculiar difficulty, caused by the discreteness of the q mesh. Since the 

mesh is finite there exists a smallest frequency, wmin in the calculated 
spectrum. For temperatures smaller than ~iO,in/kB the specific heat as 
calculated with (4.1) becomes anomalously small as a result of the ex- 
ponential in the numerator. In order to obtain CV at the lowest temperatures 

(which lie well below tic0 ,&kB) a special procedure has to be followed. Since 
the original q mesh of 10 569 points in the irreducible part of the B.Z. is too 

coarse around the origin for the evaluation of CV at low temperatures, we have 
used two q meshes of 10 569 points each; one covering the entire B.Z. and one 
covering the inner (&)th of the zone (linear dimensions Q of the coarse mesh). 
Since even this procedure is not accurate enough for very low temperatures 

we have used a special procedure, based on the Debye approximation, in the 
region of reciprocal space immediately around the origin, where the Debye 
approximation is strictly valid. This method has been described in detail 

elsewhere is). 
In fig. 6 we present curves for Cv(T, V) as functions of T for two fixed 

values of V, namely ~(0 K) and ~(40 K) as they follow from the calculated 

26 - 

20 40 60 80 

TEMPERATURE ( K) 

Fig. 6. Specific heat Cv(T, v) for an fee Lennard-Jones solid as a function of tempera- 
ture with volume v held constant. Dashed curve: v = volume at 0 K and p = 0 atm; 

solid curve: v = volume at 40 K and p = 0 atm. 
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Fig. 7. Temperature-dependent Debye temperature O(T) ior Ar. Dashed curve: 

calculated from Cv[T, ~(0 K)]; solid curve: calculated from CV[T, ~(40 K)]. 

thermal expansion curve for argon (fig. 5). For E and 0 the values appropriate 
for Ar were used (cf. sec. 3). The curve for ~(0 K) was computed for a value 
of ~/a = 1.281, the one for ~(40 K) for a value of O/U = 1.270. The vibrational 
spectra at these densities are already rather different, which explains the 
difference between the two CJJ curves. 

This difference is exhibited more clearly in fig. 7 where the temperature- 

dependent Debye temperature O(T) is plotted, calculated in two ways, 
namely from Cv[T, ZI (0 K)] and from Cv[T, II (40 K)], respectively. It will 
be obvious that if we had calculated O(T) from Cv(T, fi = 0) we would have 
obtained a curve intermediate between the curves shown in fig. 7, such that 
it coincides with the one at T = 0 K and with the other at T = 40 K. 

5. Mean-square amy%itude of vibration. The mean-square amplitude of 
vibration is given by the expression 

It is closely related to the Debye-Waller factor for scattering with momentum 
transfer k, viz., exp[--2W(k)]. For cubic crystals W(k) has the simple form 

W(k) = Q/V <&‘>. (5.2) 

In fig. 8 we have plotted the quantity <us) as a function of temperature. 
As in the case for the specific heat, <u2> is shown for Ar for two fixed values 
of v, namely v (0 K) (dashed curve) and ‘u (40 K) (solid curve). The function 
<u2(T)>, as it enters into the Debye-Waller factor, would follow a curve that 
coincides with the dashed one at T = 0 K and with the solid one at 40 K. 
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Fig. 8. Mean-square amplitude of vibration <us) as a function of temperature for Ar. 
Dashed curve: calculated with a(0 K) ; solid curve: calculated with a (40 K), both as 

determined from the minimization procedure. 

For larger values of T this curve would rise above the solid one. Experi- 
mental values of 2W(T) are not available. 

6. Summary. In this paper we have presented calculations of the thermal 
expansion, the specific heat, and the mean-square amplitude of vibration 
of a fee crystal in which the particles interact through a Lennard-Jones 
pair potential. The calculations were carried out in the quasi-harmonic 
approximation; other approximations such as the use of high- or low- 
temperature expansions have been avoided. 

These calculations explicitly demonstrate the strong density dependence 
of the vibrational frequency distribution over the range of densities corre- 
sponding to those of the noble-gas solids. It turns out that the Grtineisen 
constant, although fairly constant for all the modes at a given density, is, 
itself, fairly strongly density dependent. 

To illustrate the calculations we have chosen the case of argon. The 
potential constants for Ar were taken from a paper by Horton and Leechs). 
It appeared that these values of the potential parameters are not the optimal 
choice to fit the lattice constant a at T = 0 K. They lead to a value 2a(T = 0) 
= 5.322 A, whereas the experimental value is 5.300 A, a difference of 0.4%. 
A slight readjustment of the values of E and 0 could of course have led to the 
correct value of 2a(T = 0). However, whether this is worth the extra effort 
is questionable, particularly in view of demonstrated shortcomings of the 
Lennard- Jones potentialia). At any rate, the quasi-harmonic approximation 
is shown to be able to reproduce experimental values of the coefficient of 
thermal expansion fairly well up to half the melting temperature. For 
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higher temperatures anharmonic corrections would probably improve the 

theoretical results. 
The curves for the specific heat and for the mean-square amplitude of 

vibration were calculated for the same values of the potential parameters. 
They were not meant to reproduce experimental values of these quantities 
for Ar quantitatively but they illustrate the volume dependence of these 
quantities as a consequence of the strong volume dependence of the vibra- 
tional spectrum. 
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