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1. INTRODUCTION

Let I\, Iy,..., T, , » > 2, be discrete spaces, and I' = I} X
I'y X+ x I', their product. We consider the tensor algebra
V() =CI)® - ®C(I,), where C(4), 4 a discrete space,
denotes the Banach algebra of bounded functions on 4 with the

supremum norm. A set K C I is called a set of V-interpolation if
V(E) = C(E). Here V(E) = V(I')/I(E), where

I(E) ={pe V() 97(0) 2 B},

and V(E) is provided with the quotient norm.

We introduce the following notations. The indices o, B, y will
always be elements of {1, 2,..., n}. m, : I"-> I, is the natural projection;
oy = Ty 5 if a 7= B then wg : I'—> I, X Iy is the natural projection;
I', X T’y and I'y X I, are not considered as different spaces, thus
Tug = Mgy -

We shall prove in this paper the following criterion for sets of
V-interpolation:

THEOREM 1. A set ECI' =1 X -+ X I', is a set of V-inter-
polation if and only if there exists a decomposition

C=
Cs

E = Eia

1 a=1

I
il

of E into a finite number of disjoint sets E,, ( possibly empty) such that the
following two conditions are satisfied:

(i) my: Eyf— Iy is njective for all | <i <k 1 < o< n,

(i) For all E;, # Ej; either (1) or (2) below is fulfilled:
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(l) WuBEim N 77'o(BE‘jB = @,
(2) Thereisay, | <y < n,such that m,E,, N m,Ejy = &.

Condition (i) just says that E;, is an a-section, i.e., the graph of a
function I, — I'y X -+ X I', X -+ X I, , whereas condition (ii) re-
stricts the “‘intertwining’” of these graphs.

The case n = 2 deserves special attention, because it has been
studied more intensively than the case # > 3 (cf. [1]) and because it
brings out most clearly the idea of our criterion. If, in the case n =2,
a # B, then (1) is automatically satisfied because =, is the identity
mapping. If « = B, then either (1) is not satisfied or E;, and Ej; can be
considered as just one «-section. It follows therefore that the theorem
for the case n = 2 can be reformulated in the following way:

Tueorem 2. A set EC I, X I'y is a set of V-interpolation if and
only if E is the union of a finite number of bisections with disjoint ranges.

We have to explain the terminology. A set EC I'y X I'yis a bisection
if E can be decomposed, E = E, U E,, such that =, : E;, — I'; is
injective, 7 = 1, 2 (see [1]). The range of E is the disjoint union of the
sets m, K, and mE, .

The two parts of Theorem | will be proved in Sections 4 and 5,
respectively.

2. COLORATION

Let FCECI' =T, X --» X I'yandlet ] < N < 4 c0. A mapping
X :F—{l,2,..., N} is a coloration of F with respect to E if for all sets
A ={a;,ay,..,a,) CF with 2 < card 4 < n and for all be E\A4
the following holds:

(3) mb = ma, foralll <a<<n=card X(4) = 2.

One can express this in the following way: It is not allowed that any
point b of E can “see” points of F all of the same colour in each of the
hyperplanes of codimension 1 containing b.

Ifn = 2and F = E, this is exactly the definition of coloration in [1].
Notice that card 4 may be strictly less than #, i.e., some of the points
of A might lie in the intersection of several hyperplanes through 4. It is
of no use, however, to consider card 4 = 1.

A coloration of E with respect to E itself will be called simply a
coloration of E. A coloration of F with respect to £ D F is in particular
a coloration of F.
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The following two lemmas will enable us to construct colorations.

Lemma 2.1. IfFCECT,if E,,..., E, are subsets of E containing F
and with union E, and if for every j, | < j < k, there exists a coloration

X; of F with respect to E; with N; < —|~oo colours, then there is a
coloration X of F with respect to E wzth H7~1 N; colours.

Proof. Denote Z; = {1,2,..., N;}; we have then X;:F—~7Z;.
Define X : F - Z, X Z, X - X Z;, =~ {1, 2,.. ,1_[] lN}be(a)
(X(a),..., X;{a)) for all a € F. Then it is evident that X is a coloration
of F with respect to E.

LemMma 2.2. If a set E C I' can be decomposed into a finite number of
subsets E = F, O F, U -+ U F, such that for each of the F; , 1 < i <k,
there exists a coloratzon X; of F; with respect to E with N; << + o0
colours, then there exists a coloration X of E with Zl N; colours.

Proof. We can consider the F; to be disjoint. The mapping
X:E—{(in); 1<z<kl<n<N}:{12 , Y% . N} defined
by X(a) = (i, X;(a)) if a e F;, evidently is a coloratlon of E.

The next lemma will be used in Section 5.

Lemma 2.3. If FCI' is monochromatic, i.e., if the mapping
X : F— {1} is a coloration of F, then F can be decomposed into n disjoint
subsets, F = FO U -« U F®™ sych that

(1) =, F@ — T, is injective,

(1) #wJFONg(F\F©) =g,
(1) wFONTFE = & (x % B),
(iv) 7 gF O N agF® = & (o # B).

Proof. Put F, ={beF;acF,a #b=>ma # nb}, o = 1,.
Then ., F, = F. Indeed if b€ F and b ¢F, for all a, then there is
aset 4 ={a;,ay,..,a,) CF, 2 < card 4 < n, such that b ¢ 4 and
ma, = m,b, in contradiction with the fact that F' is monochromatic.
The F, need not be disjoint, but one can of course choose disjoint
subsets F C F, such that the union is still F. (i) and (ii) now follow
at once, (iii) is an immediate consequence of (ii), and (iv) follows
directly from (iii).

3. THE FuNDAMENTAL LEMMA

The relation between sets of V-interpolation and coloration is
described in the following fundamental lemma, which is just the
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analog for arbitrary n of the corresponding result in [1] where only the
case # = 2 is considered.

Lemma 3.1. A set EC I is a set of V-interpolation if and only if
there exists a finite coloration of E.

The proof, entirely analogous to that in [1], is based on the following
two facts:

(A) A set ECTI 1s a set of V-interpolation if and only
if for every subset F CE there is a finite number of cubes
d, =4 x - x AP, 49 CT,, 1 <p <gq, ¢=qF) <+,

such that (4, U - U 4)yNE =F.

(B) If EC I'isaset of V-interpolation then E can be decomposed
into a finite number of sections:

qu

n
U . 7, E; — I, injective.

The proof of (A) rests upon the possibility to approximate functions
in C(I',) and C(I'} uniformly by linear combinations of characteristic
functions such that the absolute sum of the coefficients is bounded by 4
(or even 2 4/3) times the norm of the function. To prove (B) one uses
that a set of V-interpolation is a V-Sidon set, and all ¥-Sidon sets
have such a decomposition. For details we refer to [1].

Proof of the lemma. Let X :E—{l,2,..., N} be a coloration of E.
Take any FCE. Put F; = {aeF; X(a) =1}, i = 1,..., N, and put
4; = mF; x .-+ X =, F; the cube generated by F; . Then 4, " E =F,.
For suppose there is an element b € (4, N EZF; , then there exists a set
A ={ay,...,a,) CF; with 2 < card 4 < n such that n,a, = 7,b,
which contradicts the fact that card X(4) = 1, X being a coloration.
We conclude that (4, U --- U dy) N E =F, which by (A) above
shows that E is a set of V-interpolation.

Conversely, let ECT be a set of V-interpolation. By (B)
we have E = Uz 1 Ul E,, with =, : E;, — I', injective. By (A)
we can find cubes Awp , 1 <<p<gq, ¢q=q(, «), such that
Y Vdp)NE =E,,1 <i<k 1 <a<n Wecaneven
assume, without loss of generality, that the cubes 4,,,, , 1 <p < ¢(7, o),
are disjoint, because a finite number of cubes can always be replaced
by a still finite number of disjoint cubes such that both collections of
cubes have the same union. Now define

X:E->{(l,o,p); 1 <i<hl<a<nl <p <O =maxq(t )}
=~ {1, 2,..., knQ}
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by X(a) = (¢, 0, p) if aeENdy, - X is well defined and is a

coloration, as is easily seen.

4. PROOF OF THE SUFFICIENCY
We need the following easy technical lemma:

Lemvma 4.1. If S is any set, D C S a subset of S, and d:D —~ S a
mapping such that ds = s for all s € D, then there exists a mapping
Y : S —{1,2, 3} such that Y(ds)  Y(s) for all s € D.

Proof. We define Dy = S\D and inductively for all » > 1,
D, ={seD;dseD,_,}. We denote D, = D\{J,~, D, and remark
that dD, C Dy, dU,>1 D, CUpse D, , so that Y can be defined
independently on D and ), D, , respectively. If we put Y(s) = 1
if se D, and nis odd, Y(s) = 2 if se D, and # is even, then clearly
Y(ds)y # Y(s) forall se U, D, . To define Y on D, we proceed as
follows: d defines an equivalence relation in D, : @ ~ b if and only if
there exist #, m > 0 such that d"a = d™b (d° is the identity on D, ,
and d"™ = do d" n > 0). We can define Y independently on each
equivalence class. Let 7 C D, be such a class. We distinguish two
possible cases:

Case 1. d"a # aforalln > landallae T. Fixan elementb e 7.
For any a € T take n and m such that d®a = d™b. Now define Y(a) = 1
if n—mis odd, Y(a) =2 if n — m is even. This definition does
not depend on the choice of n and m: if also d*’a = d™b, then
dmin'q = dmtm'h = dvtm'q, hence m + n' = n 4 m’ (Case 1), thus
n —m = n' — m'. Itis clear, furthermore, that always Y(da) == Y(a).

Case 2. There is an element ¢ € T and # > 2 such that d*c = c,
dic + ¢, 1 < i < n(remark that dc # ¢ by assumption). Put ¢; = d'c,
i = l,..., n; then d"; = ¢; for all{ = 1,..., n. For all a € T\{c, ,..., ¢,;}
there are uniquely determined integers k and 7, k > 1, 1 < i < n,
such that d¥a = ¢;, d*1a # ¢;_; (we put ¢, = ¢,)). Define Y(¢,) = 1
ifiisoddand 1 <7 <, Y(¢;) = 2ifiiseven, Y(c,) = 3 if nis odd,
Y(e) = 1if k4 7is odd, Y(a) = 2if k + i is even (a, &, 7 as above).
It is again clear that Y(da) 7% Y(a) for all a € T This finishes the proof
of the lemma.

Now suppose E C I" has a decomposition E = ULI Ue_, E,, into
disjoint sets satisfying(i)and (ii) of our Theorem 1. We shall construct
then for each ordered pair E,, , Ejs, (4, o) # (J, B), a coloration of E;,
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with respect to E;, U E;; . By Lemma 2.1, this will give colorations
of the sets E;, with respect to E, and this in turn by Lemma 2.2 will
result in a coloration of E. An application of Lemma 3.1 then will
finish the proof.

We distinguish two cases:

Case 1. E, and Ej satisfy (2) of condition (ii). Then X : E;, — {1}
is already a coloration of E,, with respect to E;, U E;; . Forifa, be E,,,
a # b, then m,a # m,b, and if acE;,, be Ey then m.a 5= m,b for
some y, so that never a set 4 C E;, and an element b € (E;, U E;;))\4

can violate (3).

Case 2. E; and Ej;; do not satisfy (2), hence they satisfy (1), and
o« 7# B. For any (Ly), 1 <I <k 1<y <n we shall denote
m,FE, =I,CTI,, and % I',, — E,, the inverse of 1k,

Con51der the mapping d = ngp,m,pis: D — Iy, where D s
the natural domain of d. Take any te D, put b = p,t € E;5 and
a = pgmbe E,, (a exists because t € D). m,a = =,b; hence by (1),
mg@ F# mgh, 1.e., dt # t. We can thus apply Lemma 4.1 and obtain a
mapping Y : I'; — {1, 2, 3} such that Y(dt) # Y(¢) for all te D. We
define X = Yay: E;, — {1, 2, 3} and claim that X is a coloration as
desired. Indeed, take 4 = {a,,...,a,} CE;, with 2 < card 4 < n,
and b e (E;, U E;z)\A4 such that 7.,b = m,a, for all y. Taking y = «
we see that necessarily b € E;; , and we have, in particular, 7,0 = 7,4, ,
mgh = mga, . Writing wgh = ¢t € D we derive

X(a,) = Ymgpymaay, = Ymgpim, pipt = Y(dt),
X(ag) = Ymgag = Ymgp,pt = Y(2).

Hence X(a,) ¢ X(a;), thus card X(a) > 2. We conclude that X is
a coloration.

5. PROOF OF THE INECESSITY

Suppose ECI" is a set of V-interpolation. Let X : E > Z =
{1, 2,..., N} be a coloration of E with N < 400 colours. Such a
coloration exists by Lemma 3.1. Actually, the mapping X constructed
there has the property that every monochromatic subset is a section,
and the reasoning below could be slightly shortened if we used this
fact. However, to make clear that we don’t really need it at this point,
we prefer to start from an arbitrary coloration. Put E; = X~(7) and

T fE;) = AP CT,, 1 <a<nicl
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For every m > 1 we will denote by H,, the set of all m-tuples
J=(,.,1,) of subsets of Z. There are natural mappings
o, H, ; x H — H,, defined by

¥

Py sy Ly ooy L), L) = (Iy ey I, ey 1),

where (I, ,..., I, ,..., I)) of course means (I; ,..., I,_q , Lo 1 yor, 1)
ForallIe Hyand 1 < o < n we put

AP — N{tel,;ted?® < iel}.

i€Z
r = 4% and the sets 4\ are disjoint. For all
rem, 41 I )
J=Uy,.,1)eH,

we denote D, = 4f x «+- X 4 C I',and E, = D, N E. The cubes
D,, JeH,, are disjoint and cover I', hence E = Usen, Es is a
decomposition of E into disjoint subsets. Let us denote for every
J=Uy,.,1I))eH,, «(]J) = cardI; NI, " - N I,). We claim then
that ¢(J) # 1 implies E; = &. Indeed, if x € E, and X(x) = i€ Z,
theniel; N ---NI,  hencee(J) = 1. Ifalsojel,n---N1I, ,j +#1i,
then there is a subset 4 = {y;,.,y,} CE, x¢ 4,2 < card 4 < n,
with X(A4) = {j} and =,y, = 7, « = 1,..., n. This contradicts the
fact that X is a coloration of E. It follows that all sets £, are mono-
chromatic (we don’t need the fact that often £, = &). By Lemma 2.3,
there is a decomposition E, = E{Y U --- U E{™ into disjoint subsets
with the properties (i) to (iv) of that lemma.

For every 1 < a <7 and any K = (I;,..., I, ,...., I, e H, ; we
shall denote B = Uy, Eq(JZ< xn- It is evident that the sets Ef’ are
disjoint and that Ugen, Ul EY = = Urer, £, = E. We shall show
that the sets EY, Ke H, ., 1 <a<n satlsfy the conditions (i)
and (ii) of Theorem 1.

The following inclusions are evident:

7TE (KI)CAI ’

moFen C Ay (B # o).

: Eg) — I, is injective because m, : ESix  — Iy is 1nject1ve for all

IEH (property (i) of Lemma 2. 3), and the sets 7, Efign C 45,
Ie H1 , are disjoint. So condition (i) is satisfied.
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To prove that condition (i) is fulfilled, we consider two different
pairs (K, o), (K',B), l <a<<n, 1 <B <1,

=y ey L)Y EHpy =y I LY H, .

If there exists a y ¢ {o, 8} such that I, 5= I/, then

(o) (B) CA(V) (v) = g,

so that (2) of condition (ii) is satisfied. Now suppose I, = 1,/ for all
y ¢ {a, B}. Then necessarily « 5= 8 because (K, a) 5= (K’, ). We shall
show that in this case (1) of condition (ii) is satisfied. We have the
following inclusions:

(8)
aBL a(K I Cd(a) X Alg 3

W, 46
aBwa(I\ ay Cdyy X Ay

The only rectangle occuring twice here is the rectangle 4% X 47,
all others having empty intersection. It follows therefore that

where | = (I ,..., I)withI! =1/, I =1, ,I] =1, =1, ify ¢ {o, B}.
Now (iv) of Lemma 2.3 shows that (1) is mdeed satisfied.
This finishes the proof.

+(8) (o) () (8)
N 7mgby = mplg xay) N, 3Bw5(1{ g = mgby N gEy

ACKNOWLEDGMENT

I would like to express my gratitude to Dr. N. Th. Varopoulos for his guidance
and encouragement. I am indebted to the Faculté des Sciences d’Orsay for its hospitality
and to the Centre National de la Recherche Scientifique for financial support.

REFERENCE

1. N. TH. VarorouLos, Tensor Algebras over Discrete Spaces, J. Functional Analysis
3 (1969), 321-335.



