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PROGRAM SUMMARY

Title ofprogram.’ CLMINT wavelengthmuch smaller than theintegration interval. When
wechooseR

2 = i~ii,theconvergenceof theintegral is very slow.
Catalogue number.’ ACCM

Method of solution
Program obtainable from: CPC ProgramLibrary, Queen’sUni- If we split up the integrandinto a rapidly andslowly varying
versityof Belfast,N. Ireland(seeapplicationformin this issue) functionof theintegrationvariabler, it is possibleto construct

an asymptoticseries for theintegral with the fast oscillating
Computer: Burroughs7700 at EindhovenUniversity of Tech- integrand.Theremainingintegral is easily obtainedby Gaus-
nology,Eindhoven,TheNetherlands;CDC 175/100atUtrecht sianquadrature.Becausewe areintegratingover larger values
University,Utrecht,TheNetherlands (comparedto theclassicalturning points), it is possibleto use

the familiar WKB-approximationof Coulombwave functions
Programming language used: FORTRAN 77 in thestep-by-stepintegration.Thesubroutinehasbeenset up

to acl~ievea relativeaccuracyof i0~.

Operating system: MCP (Burroughs);NOS/BE(CDC)

Restriction on the complexity of the problem
Peripherals used: line printer, cardreader Thesubroutinehasonly been testedfor significant1, i~and k

values i.e. 0 ~ 1< 2000, 0 <~ < 1000, 0 <k < 50. The interval
No. of lines in the combinedprogram and test deck: 1544 [R1, R2] canbeany part of [0, 00). WhenR1 doesnot exceed

thelowest turning point (especiallyR1 0), only theintegrals
No. of bits in a word: 52 (Burroughs);60 (CDC) with theregularCoulombwave functionsF1(~,p) arereliable.

FurthermorethecaseA = 0 is not included.
Keywords: atomic,nuclear, heavy ions, scattering,matrix ele-
ments,inelasticcollisions,WKB method,Coulombwave func- Typical running time
tion Therunning time dependsstronglyon theparametersand the

lower limit R1. When R1 lies in the asymptoticregion,as in
Nature of the physical problem practicalapplications, the running time will in general be a
Solution of theradial Schrodingerequationfor inelasticcolli- fractionof a secondbut for smallerR1 valuesit increasesrather
sions betweenchargedparticles requiresmatrix elementsof

rapidly.
electric multipole operatorsin the region of large r values.
These matrix elementsare in generalintegralsover a finite

References
interval [R1, R2] of a productof Coulombwavefunctionsand [1] L.D. Tolsma,Phys.Rev. C20 (1979)592.
a factor ~ [1,2). Especially in the caseof heavy ion [2] D.H. Feng andA.R. Barnett,Comput.Phys.Commun.10
collisionsat high energy,theseare very cumbersomeintegrals (1975)401.
becausetheintegrandis a rapidly oscillating functionwith a
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LONG WRITE-UP

1. Introduction

In the descriptionof inelastic atomicandnuclearscatteringof chargedparticles,the radial Schrodinger
equationcan be written as a set of coupled integral equations.The partial wave radial functions are
decomposedinto two linearly independenthomogeneoussolutionsof the differential equations,with more
or less slowly varying amplitudes[1]. In the integrationregionof larger values,only the multiple Coulomb
interactionwill surviveandthehomogeneoussolutionscanbe written in termsof Coulombwavefunctions.
In solving the integralequationson an interval[R1, R2] in this region,only radialmatrix elementswith the
generalform

J(X)_fR2x(.ll kr)Y,(’t(, k’r)—~-~- (1)

occur. Here X, ( sj, kr) and Y~( i~’,k‘r) denoteCoulombwave functionsandA correspondsto the electric
multipole moment.Thequantumnumbersof orbital angularmomenta/ and 1’ refer to the entranceand
exist channels,respectively.A similar conventionappliesto the wave numberof relativemotion k andto
the Sommerfeldparameter~j. The integralsare also of interestin DWBA calculationswhereR1 = 0 and
R2 = cc [2].

In the next sectionswe considerthe integrals(1) with the following limitationson the parameters,

~, ij’, k, k’ realandpositive,

1, 1’ notnegativeinteger, (2)
A positive integer,

[R1,R2] partof[O, cc).

The Coulombwavefunction X,(~,kr) is a solution of the differential equation

(~+i_~_/~1))x,~,p=o, (3)

where p = kr. Since thereare only two linearly independentsolutions,it is sufficient to evaluatethe
integralsonly for the standardreal-valuedCoulombwave functionsF, ( ~, p) and G,(s~,p). They behave
asymptoticallyas [3]

F,(’tj, p) sin(p — i~log(2p) + .r,(~q)—l’ir/2), G,(,~,p) — cos(p— ~j log(2p)+ o,(~)—I’rr/2),
p-’~00

(4)

wherethe Coulombphaseshift is given by

a,(q)—argF(1+1+is~). (5)

Eq. (3) hasaturningpoint rT, accordingto

(6)

and also r4. for the primed parametersin (1). Theseturningpoints separatetwo regionsof interest.The
behaviourof the Coulombwave function is monotonicat r < rT butoscillatoryat r> ~
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We are mainly interestedin the asymptoticregionr0 <r < cc, wherer0 is considerablygreaterthanboth
the turning points. In this region the integralsare hard to evaluateby standardnumerical integration
proceduresfor severalreasons.

1) The Coulombwave functionsare calculatedby Ricatti expansionor by a continuedfraction, bothat
/ = 0, after which the actual.F(~,p), G1(~,p) and derivativesare obtainedby recursion[4,5]. These
routinesarerathertimeconsumingwhenappliedto evaluatethe integralsI~ by numericalquadrature.

2) In many scatteringcases, for instancenuclearcollisions with mediumweight and heavy ions, the
integrandof (1) is oscillatorywhile the integrationhasto be performedoverseveralhundredor even
many thousandsof wavelengthsandso a step-by-stepintegrationmethodis practicallynot feasible.

3) The integralover the lastinterval, whereR2= cc, is extremelyslowly convergent.

The fundamentalconceptfor the solution of theseproblemsis the eliminationof the short wavelengthpart
of the integrandin the asymptoticregionby asymptoticexpansionof I,~,accordingto Bellings method
[6]. Someothersubjects(WKB method,Gaussianquadrature)haveto beinvestigatedto makeit possibleto
constructa subroutine,which is ableto calculatethe integrals(1) in the generalcase(2).

It is well known that Coulombwave functionswith different I valuesare connectedby severalrecursion
relations.This of courseimplies recursionrelationsbetweenintegralsij,~ with different 1, 1’ andA values
[7—9].The~utilityof the subroutineCLMINT is to generatetheinitial valuesfor a recursionscheme.In the
caseR1 = 0, R2 = cc, the integralsi/,~canbe expressedin elementaryfunctionswhich aremucheasierto
obtain by othermethods[7,10].

2. WKB-approximationof Coulomb wave functions

In this sectionwe discussthe approximationof Coulomb wave functions by WKB functions in the
asymptoticregion[11—15].The accuracyof the commonfirst order WKB solution is not sufficient for our
purposes,sowe haveto investigatea moregeneraliterationscheme.

The regularandirregularCoulombwave functionsF, (t~,p), G,( ~, p) satisfy the differential equation

(.÷kP2)uP=o, k(p)= ~/
7_?~ii~_/ +1) ,

and behaveasymptoticallyas (4). We considerthe solutions at PT <P < cc wherethe runingpoint PT is
definedby

pr~/n2+/(l+1). (8)

Introducingthe phase—amplituderepresentation

u(p) = sin q~(p), q~(p)=fE(p)dp, (9)
v~(so)

in eq. (7), yieldsa differential equationfor the amplitude~(p).

= k(p)2 + ~(p)1/24~(py1/2 (10)
dp

A solutionof (10) leadsto a Coulombwave function,but the correctchoiceof a(I, ~),andtheintegration
constantin the phase~(p), mustensurethat this solutioncoincideswith F,(~j,p) or G,(q, p).
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Now we presupposethe WKB approximation

~)1/2d~yI/2
1 ~ k(p)

2 (11)dp

which can be shown to be equivalent to the statementthat the changeof ~(p) over one wavelength
21T/k(p) is much smallerthan ~(p) itself. Assumingthis, eq. (10)may be solvedby iteration,

= 1, ~(p) = Ik(p)2 + ~ n = 1, 2 (12)dp

From eq.(7) it is clear that k(p)= 1 + ~7(p1) for largep, so ~,,(p)= 1 + ~7(p1) for every n. Substituting
this in (9) andcomparingthe resultwith the asymptoticexpansion(4), gives us the only possiblechoiceof
a(l, ~)= 1. Furthermorewe seethat k(pT) = 0, so condition(11)might only hold for so> PT~For largep,
the left side of (11) vanishes,while the right side approachesone,so the best fit will be obtainedin this
region.

The only possibledistinction betweenthe approximationof F, ( ~j, p) and G,( ~j, p) is the integration
constant in the phaseof (9), but from (4) we see that they must differ by ‘rr/2. We choose the
approximationof F,(~q,~) and G,(~,p) to be

~ p) = ~~(~)_~/Z sin4~,(p), g~”~(i~,p) = ~~(p)’2 cos ~,(p), (13)

where

4~(p)=f~~(so)dp (14)

and the integrationconstantis determinedby the condition

— p—ijlog(2p)+a,(~)—/i~/2. (15)
p 00

Thefirst order WKB solutionsareimmediatelyfound:

~(p)= k(p)=~Ip~— 2~p— 1(1+1),

~

~jp+l(I+1) I ~
+~/I(l-i- 1) arctan —arctanl I , (16)

~r(p)
1/T(i+1) ~, ~/i(T~-i) /

wherewe used theabbreviation

r(p)=pk(p) (17)

andthe term in curly bracketswill be definedto vanish for I = 0. The secondorder WKB solutionsare
somewhatmorecomplicated.From (12) we have

= k(p)~1 ±k(p)3/2~k(p)1/2 = k(p) + ~k(p)1/2 k(p~’~
2 + &(p6). (18)
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The nextiteration,~
3(p), leadsto ~Co

5) correctionsto E
2(so)so wecanomit e?(p

6) in (18). Substituting
the expressionfor k(p) yieldsthe secondorder approximationfor the amplitude:

1 { 31(1+ 1) 5 [~qp+1(I+1)J2
2~+ 2 (19)

4T P soT(P)

The phase~
2(p) is obtainedby integrating (18):

—1/2 d
2 —1/2

4
2(p)4i(p)+~’fk(p) —~k(p) dp

1 71p+l(1+l) 1 [ d —1/2!
Pk(P)

12
— ~ T(p) —‘~~f~— dp, (20)

wherethe laststep is a partial integration.The integral in (20) is evaluatedas follows:

d —~1/21 _______________2 1 [nso+1(1+1]
2dP

f{dp j—k(p) I dso=~J

1 2 ~ 1
4~1~

I 1( ~j T
(/=0),I6r~2(p—2ij) ~

_________ ~1 ____I — ~p+1(1+1) + 12(n2+/(1+1))~ I
12~

1 1 1arctan + 1(1 + 1)) arctan(
- 4~l(1+1) ~ ~l(I+1) - ____ (1*0),

(21)

wherethe integrationconstantis chosenin sucha way that this integral vanishesfor p — cc. Substituting
this result in (2) gives the final expressionfor ~

2(p):

1 l+TP 5 ~i
— ~log(p—~ + T)+~ + a0(~)+~-~-_{ ~

2 p — (/=0),

24(~2+I(/+1))

24i-~ ~

_~iso+//+1H
5 T

2+{~‘±1) 1 }{arctan(+1~+ ______ ______ ______8~l(I+ 1) T~I(I+ ) _arctan( ~ 1) (1* 0).

(22)
From eq. (13) we have

n) 2
f~(fl)(~,p)2 + g~ ~ so) = 1/~~(p) (23)
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andon differentiatingeq. (13) we obtain the derivatives

= ~(p)g~(~i, so) - ~

d d (24)~ p) = ~ p) ~ p)’(p)~~~(p),

from which we havethe Wronskianrelation

g~fl)(~,p)~~~f1(fl)(~,p) _f~(fl)(77,p)~g~)(~,p) 1. (25)

Wecalculatethe derivatives(24)starting from ~,,(p), ~ so), g~”~(ij,so) and~(p), wherethe latteris
given explicitly by

d ijp+l(1+1)
2 (26)

p

1(1+1) }+1[3(~_~) {2~+ 31(1+1) ~ [flso+l(l+1)]
2}dp :T~{_3~+1 ~~p+l(1+1) {2fl_:P+~12:T:PP~}]] (27)

whichsimplifies considerablyfor / = 0.
Now we haveto discussthe accuracywhich canbe achievedin the approximationof Coulombwave

functionsand their derivativesby the expressionsabove.In the whole treatmentof the WKB approxima-
tion, thereare two p-valuesof interesti.e. p = PT andp cc, so weconsiderthe accuracyasa functionof ~,

1 and P/PT. In table 1 of the test run output we haveprinted out some first- and second-orderWKB
functionsandthe correspondingCoulombwave functions.From many test runs, we draw the following
conclusions:

1) The second order WKB functions are always more accurate than the correspondingfirst order
approximations,while the calculationtimesare almostequal.

2) Averagedovera largerangeof parameters/ and i~and over many p-values, the calculation of a WKB
functionis a factorof about70 fastercomparedwith thecalculationof a Coulombwavefunction.

3) For given 1, ~j and p, the accuraciesof the regular and irregular WKB functions and also of the
derivativesare of the sameorder.

4) The condition

P/PT> 1.5 + l60/s~ (28)

indicates the region where an accuracy of seven figuresor more is obtainedby secondorder WKB
approximation. In general we can statethat the accuracyincreaseswith p, / and ~.

3. Asymptotic expansionof Ifi~

In this sectionwe will elaboratethe ideaof Belling [6] to expand‘h~into an asymptoticseriesin the
lower integrationlimit R

1,but we takenR2 = cc. Belling usesfirst order WKB functionsto approximate
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the integrand,but we will start from the exact Coulomb wave functions,which can be calculatedvery
accuratelyby methodspresentedin ref. [4] or [5].

Insteadof (13) we put

—1/2 . —1/2

F,(~,p.) = ~(p) sin j(p), G,(~,p) = ~(p) cos~(p) (29)
which canbe consideredto define the amplitude

E(p)= 1/[F,(ii, p)2 + G,(i~,so)2] (30)

andalso sin ~ p) andcos~(p). By (14) we havethe importantrelation

d4(p)/dp=E(p). (31)

Now introducethreenew functionsof /, ~, k, I’, ~‘, k’, A and r by

f(r) = 1/r 1~(kr)~(k~r), (32)

(33)

where the bar in ~ and 4 denotesthat theseare functions of the primed parameters1’, ~‘ and k’. To
calculatethe integr is (1), it is sufficient to know the following realvaluedintegrals:

Ifi~i=fmF,(n, kr)F,~(~’,k’r)4~-~-=f00f(r) sin ./ sin ~dr= ~(g~(R)—g~(R)),

I~2=fF,(~~,kr)G,’(~’,k’r)-4-~
1=f

00f(r) sin4 cos~dr = ~(g~(R) + g~(R)),
R r R (34)

~‘~3 f~G’~’kr)G,~(~’,k’r)-4~
1 fR~~ cos~ cos~dr= ~(g~(R) +gj(R)),

~ f~G~~’kr)F,~(’q’,k’r)-4-~~-~ cos~ sin ~dr=~(g~(R) —g1(R)),

in which

g1~(R)=f
tmf(r) sinO~(r)dr, g~(R) cosO~(r)dr. (35)

Notice that the integrandsare well-knownfunctionsandthat it is not necessaryto determinethe phases4
and4, butonly sin(4 ±~) andcos(4±4) which is easily donewith sometrigonometricformulae.

We split up the integralsg~~(R)as follows:

g
1~(R)= P,~(R)sin9~(R) + Q,~(R)cos0 ~(R), i = 1, 2. (36)

In equating (35) and (36), we are ableto solvefor the eight unknown functionsF,~(R),Q.~(R).To this
endwe differentiate both expressions for g1~(R) with respectto R, which yields four setsof two coupled
first order differential equations.

~x~(R)Q~~(R)+f(R)o .~$~—-FX±(R)Pi±(R)=0, (37)

~k+x±(R)P2~(R)+f(R)=0,~-—x~(R)Qi~(R)=o, (38)
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wherewe used the notation

x ~(R) = ~0 ~(j~) = k~(kr) ±k’~(k’r). (39)

Eqs. (37) and(38) haveto be solvedwith the boundaryconditions

lim P,~(R)=0, lim Q~(R)=0, i=1,2. (40)
R-oo R-.oo

By choosing

P1~(R)=Q~(R),Q1±(R)=—P2±(R), (41)

the sets(37) and(38) becomeidentical, so it sufficesto solve (38) andwe cansuppressthe subscripts.
To solve(38) we substitutethe seriesexpansion

Q~(R)=A1~(R)+A~(R)+A~(R)+..., (42)

which yields the recursiveexpressionfor the successiveterms,

A~(R)=_~, A~(R)=(~ ~A~1(R), m~1. (43)

Usingthe first order WKB approximations~p) and 4~(p),we obtain from (33)

0~(R)= (k±k’)R — ij log(2kR) 4~’ log(2k’R) —(1±l’)iT/2 + a,(’i1)±a,~(’iy) + ~(R-’). (44)

Rememberingthat in actualproblems~k equals~‘k’, we supposei~= ‘q’ wheneverk = k’. With eq. (44)
insertedin eq. (39) wecan distinguishthreecharacteristiccases:

a) x ±(R) = k ±k’ + ~2( R_1),

b) X(R) = e(R
2), k = k’, (45)

c)~(R)=0, k=k’andl=I’.

Substitutingthis first order expansionin (43) showsthat

A~(R)= ~(R~_l_~~i), (46)

A~(R)=~(R~Im),whenk*k’,

and we havea serieswith descendingpowersof R, which is expectedto convergefor sufficiently largeR.
From (45) we seethat when k = k’ the series(42) with x- (R) might divergeat large R (or is not even
defined) because the powers of R areascendingwith increasingm, so this casehasto be treatedin another
way. Wewill cometo this later in this paper.

The numerical evaluation of the successiveterms of (43) is rather cumbersomebecauseof the
appearanceof the derivativeof the previousterm. To solve this problem,we set up an iteration scheme,
whichwasproposedby Belling. To this endwe makethe substitution

A~(R)= —f(R) /3,~(R) (47)m ~~(R) (R~~(R))m

and try to calculate /~(R). With (43) we find the relation for /3,,~(R) to be

d (48)
/3~(R)= ~1’~(R)/3,,~

1(R) ~
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where

(49)

is a known function of the parametersand R. Henceforthwe leave out the superscripton ~ (R) and
‘~P,,~(R).From (45), (46) and (47) we havePm(1~)= ~9(1),so for sufficiently large R this Pm tends to a
constantand the derivativein (48) will vanish.As azerothorder approximationfor Pm we have

= 1 ‘~°~— ~ i~(°) (50
P0 ‘ Pm — mPm—1

which canbe calculatedsuccessively.From this we makeanapproximationfor the derivativesof the Pm’S

= 0, P,~’= ‘~~‘mPp~i°~l+ ~ ~ (51)

andwith thesea first order approximationfor the Pm’5

pj”=1 ~ (52)

To increasethe accuracywe makeanotheriteration:

p~0)”=~, $~“= ~mP~ ~ + ~ (53)

p~’=o, p,~)’= ‘WmP,~/’i+ ~ +(_1)m+1{p,~, +Rp,~,°.~
1}, (54)

p~2)= 1, p(2)= ~1~mP,~,2/~i+(1)m+lRP,~,1~1, (55)

in which /3,~2)will be the final approximationof Pm. Writing out explicitly the /3~ with m = 0, 1, 2, 3 and
comparingwith the exactformula (48)will show that theapproximationof Pm by p,~2)is exactup to m = 3.
That is to say,the first approximatedtermis A~(R).

The calculationof I8,~,2)by (50)—(55) is not trivial becauseof theappearanceof ~ (R) andderivatives
for every m. Introducingthefunctions ~ (R)

~,~(R)=(—1)
m~I’,~(R)=m— 1 ~ (56)

we seethat

(57)

which hasonly a linear dependenceon m. With (57) we also have

(58)

(59)

but a(R), ~±(R) andderivativesareconstantsat a given set of parametersand at a given R. To calculate
these,wefirst define a new function

y(R) = E(kR)= [F,(7
7,kR)

2+ G,(~,kR)2] (60)

and also ~(R) for the primed parameters.With thisnotationwe have

X~(R)’~”k7(R)±k’7(R),f(R)=R’(y(R)~(R))~”2. (61)
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From (60)we havethe derivative

B,(~,k, R)=-~y(R)= —2y(R)2(FF’+ GG’), (62)

whereF’ is a shorthandnotationfor dF,( ij, kR)/d R, etc. TheCoulombwavefunction routinesfrom refs.
[4], [5] alsoreturnthe derivativeswith respectto p = kR. With the differential equation(3) we cancalculate
the derivativesof anyorder.With the next sequenceof formulaewe are ableto constructan expressionfor
‘7’,,~(R). The ideais that everynewly introducedfunctionis calculatedin this sequence.

H,(~,k, R) = B,(ij, k, R)/y(R), (63)

A~(R)=x~’/x~= [kB,(~, k, R)±k’B,’(s~’,k’, R)]/~~(R), (64)

f’(R)/f(R)= —(A + 1)/R +~(H,(’q,k, R)+H,~(q’, k’, R)), (65)

+A+ R{mA~(R)+~(H,(’q,k, R)+H,~(’i
1’,k’, R))}. (66)

In the sameway we can proceedto calculatethe first and secondderivativesof (66). This is straightfor-

ward, but for referencepurposeswe write down the sequencewhich leadsto the derivativesneeded:

C,(,j, k, R)=~B,(i~,k, R) = 2y(R)[H,2(~i, k, R) —y(R)(FF” + F’
2 + GG” + G~2)], (67)

d C(~jkR)D,(~,k, R) = —H,(’q, k, R) = ‘ — H,2(’q, k, R), (68)
dR y(R)

I~(R)= [kC,(’q, k, R)±k’C,’(lJ’,k’, R)]/~~(R), (69)

(70)

k, R)+H,~(~’,k’, R)+R(D,(~, k, R)+D,~(~’,k’, R))}

+m { A~(R)+ R(I ~(R) —A±(R)2)}, (71)

J,(~j,k, R)=~C,(s~,k, R)

= C,(~,k, R)H,(i~,k, R)+2y(R)~2H,(’q,k, R)D,(sj, k, R)

—B,(~,k, R)(FF” + F’2 + GG”G’2)

—y(R)(FF“ + 3F’F” + GG “ + 3G’G”)}, (72)

E,(sj,k,R)=~D,(~,k,R)

= { J,(~,k, R) — C,(~,k, R)H,(~,k, R)} — 2H
1(~,k, R)D,(~,k, R), (73)

K~(R)= ~ k, R)±k’J,~(~’,k’, R)1/x~(R), (74)

(75)

D,(tj, k, R)+D,~(~’,k’, R) +~R(E,(~,k, R)+E,~(~’,k’, R))

+m (R(K ±(R)-A~(R)I~(R))+ 2(I~(R)-A~(R)
2)(1- P~±(R))} (76)
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After the analytical treatment we wrote a numerical procedurein order to calculate the Ih~by

asymptoticexpansion.The next considerationwashow to investigatethe convergenceof the asymptotic
series and how to check on the accuracyto which the I,~could be approximated by the method of
calculation, describedin this section.To this end we remark that thereexist many recursionrelations
betweenthe integralswith different 1, 1’ andA values[7—9].We choosethe following one:

k(/+/~+A+3h/(I+2)2+n2 j(A) + kI 1 — /‘+A+l lj(X)

(/+2)(2/+3) 1+2,t+1 ~ ki’±i (I+1)(l+2)f ‘+‘.‘+l

+ k(1’ — 1+ A)~/(/+1)2 + ~2 — k’ I~’+ ~ 2 + ,2
1(X) — x,÷1(~,kR)Y,~÷1(~’,k’R)

(1+ 1)(2/+ 3) j”~~ 1’ + 1 ~~ ) n t+~.~’ — Rx+1

(77)

Wecan calculate the four integralsby the asymptoticexpansionand substitutethem in the left-handside
of (77). This result is comparedwith the right-handside of (77). The analyticaldevelopment,however,is
separatedinto a X~(R)anda ~(R) part and it would be interestingto checkon theseindependently.
With eq.(34) it is easyto seethat thereis a recursionrelationbetweenthe integralsg1~(R), similar to (77),
but with a different right-handside.

In table 2 of the test run output an example is given of a test run, madein this way. The order of
printout is g~(R),g~(R),g~(R),g~(R).From many testrunswe cansummarizesomeconclusions:

1. The series(42) with x+ (R) alwaysconvergesfor large R, but even for R just abovethe turningpoint.
2. The serieswith x— (R) convergeswhen1k — k‘~R is sufficiently large.This is clear from (47), wherethe

denominatoris apowerof ~ (k — k’)R. In someapplicationsthis gives rise to a severeproblem,
because1k — k’IR is of the order 10—110_4, so the x-serieswill diverge.Remeberthat thex-seriesis
not definedwhenk = k’.

3. At a givenintegrationlimit R andparametersk, i~, 1, k’, i~’, 1’, A, the x~-senes is always more accurate
than the x - -series,whenbothconverge.The x - -seriesalso usesmuchmore terms,as will be apparent.

4. The striking featureof this routine is the convergenceand the accuracyof the x~-series.This seriesis
connectedwith the0k-integrals(see(35)) whichare the constituentpartsof I/,~),responsible for the fast
oscillatory behaviour of the integrand.Weonly needto considerfurther the 0 -integrals,whichwill be
donein the next section.

4. Determinationof 0 -integralsby Gaussianquadrature

In the previoussection,wehavepointedouthow 0~-integralscanbe evaluated,whenever1k — k’I is not
too small. Now we investigatethe complementaryproblem,wherek andk’ areequalor almostequal.We
will considerthe integrals

— çR2 . — — R2 —

g1 =j f(r)sinO (r)dr, g2 =j f(r)coso (r)dr. (78)
R1 R1

The functions f(r) and 0 (r) behave as

(rlarge), (79)

so the integrandis oscillatorywith a wavelength2‘njIk — k’ I butwhenk = k’ the 0 (r) tendsto a constant
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andthereis no oscillationat all. Sinceweassume1k — k’l sufficiently small, the integrandof g~is a smooth
function of r andwe canusea simpleGaussianquadratureformula

fb() = ~(b — a)~ ~ +~, 0< ~ <1, (80)

y1=~(b—a)x1+~(b+a), —1 <x1<1.

The abscissasx~and theweight factor w, are tabulatedin ref. [3]. Theabsoluteerror ~ is given by

= (b — a)
41(20!)4 )(~) a <~ < b, (81)

41(40!)

= /1(b — a)4°~(~), ~6= 1.573x 1072. (82)

Now we try to choosea stepsizeb — a in sucha way thatsomerelativeerror,10— q will not beexceeded.
At first we assume 1k — k’I small, andto be moreprecise

b—a4z2’ri/Ik—k’I (83)

so the factors sin 0(r) and cos 9(r) will behavesmoothly on [a, b] and are almost constant.In the
calculationof the step size, we can replacethem by 1, as long as (83) holds. Furthermore,we assumer
sufficiently large,so we canapproximatef(r) by r ~ ~. From (82) we thenhave

(A ±40)! (b_ a )411 ~(A~4~4o)!(~ — ira~. (84)

Supposewe haveintegratedup to r = a. We thenwant to calculatea stepsizeb — a, to integrateover the
subsequentinterval b — a.

If we put

b=pa (p>1), (85)

we have for the relative error in the next interval

= ~/fbd~V <~ (p — i)~’ ~‘ ~ (86)

Remarkthat at this point we haveto make the restrictionA * 0. With the abbreviation

(87)

and with ~A ~ p, we have

40�<a(A)p(p—1) . 88

If p is nearto one(sayp <2) we canomit this factor in (88), but for largep we havep’~— — 1 and we
can omit pA/(p~ — 1) in (86). This increasesthe exponentin (88) by 1. So, if we want � < 10~,we find

p=1+~10_~/a(X). (89)

With (85) we have

b—a=(p—1)a, (90)
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so with increasinga, the stepsize increasestoo. This is especiallyinterestingif we want to integrateup to
infinity. Actual p-values, calculated by (89), are between 2 and 3.

Whenwe want to integrateup to infinity, it is important to choose the stepsizeas largeas possible,for
the integrals are very slowly convergent.Becauseof the factor r~~’1,the contribution to the integrals
descendsin every step. If we have integratedstep-by-stepup to r*, we may alreadyhaveachievedan
accuracyof say l0~,with s < q. In that casewe may integrateup to R

2 (eventuallyR2 = cc) with an
accuracyof 10- q+ S Whenwe use this value in (89), wecomeup with a largerp-value.If wehaveintegrated
up to r * we canestimatethe remainingpart by

It2 dr R2dr

f(r) sin0(r)dr _f sin 0(r)—~—~-<f —~—~- = X’(r”~ — R~’). (91)

The integral itself is estimatedby

I*fr1(r) sin 0(r)dr, (92)

so we alreadyhaveanaccuracyof

i0~= (rl’~ — R~)/AI*~ (93)

but this is betterseenasan upperlimit. Insteadof 10~in (89), we usenow 10—q±s This canincreasep
much,especiallywhena high accuracyis desired.

In increasing the step size it might occur that condition (83) is not fulfilled anymore.In that casewe
choose

b—a=2’njIk—k’I (94)

in all the remainingintervalsand integratewith a 20-point formula. In this way we comeup with the
desiredaccuracyof 10q, for it is the limiting caseof the estimationmadeabove.If we integratehowever
over many wavelengths,the contributionsof the wavelengthsat large r valuesarecalculatedmuch too
accuratelyfor the samereasonas above.We now cannotincreasethe step sizeas in the previouscaseand
so wechoosethe complementarysolution and decreasethe orderof the Gaussianformulato a 10-pointor
a 5-point formula. This subject will not be treatedin detail, becauseit is along the samelines as the
estimationabove.

Up to here we have consideredthe integrationover the asymptoticregion and its peculiarities.To
complete the integration procedure we extend the allowed R1-values to R1 = 0.

Westart the integrationin generalwith a 20-pointGaussianquadraturein R1 until the 0k-integrals can
be calculatedby asymptoticexpansion.Additionally, the 0—-integralsare evaluatedby the methodof this
section,whereweeuseWKB functionswhereverpossible.If R1 is less than both turning points, only I,~1
will be reliable.

5. Noteson the program

The subroutine CLMINT calculates the integrals‘h~,as defined in (34). The calling sequence is CALL
CLMINT(DR1, DR2, DETA1, DK1, Li, DETA2, DK2, L2, LAMBDA, DCLM, CONy, IACC). Herethe
conventionis madethat a D as a first figure indicatesDOUBLE PRECISIONtype.The argumentsin the
call havethe following meaning

DR1, DR2 Lower andupperintegrationlimits. If DR2is less than DR1, the upperlimit will
be assumedinfinite.
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DETA1. . . LAMBDA Parameters.
DCLM The integralsare returnedin arrayDCLM(4).
CONY Logical variable.If CONV = .FALSE. after return,then thereis an illegal parame-

ter in the call or somethingwent wrong in the calculation.
IACC Integer chosenfrom 0 or 1. For generalpurposesone takes IACC = 0, but on

putting IACC = 1, the accuracywill increasesomewhat.

The subroutineusesthe routinesBELLIN, GAUSS, INTEGR, COULOM, STEED, RICCAT, WKB
and DPHASE. Thesesubroutinesuse two COMMON blocks, named XX and YY. The subroutine
COULOM canbe usedindependentlyandis a modified versionof the routinesfrom refs. [4,5]. Thecalling
sequenceis CALL COULOM(DRHO, DETA, L, DF, DFP, DG, DGP, CONY) and it generatesthe
Coulomb wave functions. Here DF = F,(~,p), DFP= dF,(~,p)/dp, etc. Also here the logical CONY
indicatesthe convergenceof the routine.Two otherroutinesare included,that is WKB1 andWKB2, which
calculatethe first andsecondorder WKB functions andderivativesby the methodof section2.

A testdeckis includedwhich prints Coulombwave functionsandthe correspondingWKB approxima-
tions. The secondtest deck makes the check on BELLIN with the aid of a recursion relation as was
discussedin section3.

6. Discussion

In developingthe routine,we alwayskeptin mind that it shouldwork bestfor larger values.That is why
WKB functionsarematchedto the Coulombwave functionsat p = cc and is the reasonfor making the
asymptotic expansion around infinity. Also the Gaussianformulae are chosenso as to produce the
maximum interval length at infinity. In this asymptotic region, the routine is fast and accurate,compared
to any step-by-stepmethod. It will be clear that this is the most interesting region with respect to
applications in nuclear physics, because at the lower r valuesthereis still a nuclearpotential and the
homogeneoussolutionsare not Coulomb wave functions.There is also the interestingfeaturethat the
routine works bestfor heavyions with high energy,for then~ andk are large and1k — k’I is very small.
Becauseof the largekandk’, thex~ serieswill convergerapidly, andalreadyin thevery neighbourhoodof
the turningpoint. It is just with theseparametersthat a numerical quadraturewill fail becauseof the
immensenumberof steps.When1k — k’I is small, the0 integralshavea slowly-oscillatingintegrandis and
the intervalsof theGaussianquadraturecanbevery large.In the caseof 84Kr + 238U thewavelengthof the
0 integrandis of the order of i03 fm andwe canintegratefrom the turningpoint (= 10 fm for /= 0) up
to r = 2000 in eight steps.When we consideratomic collisions, the level distancesare not very small
comparedto thekinetic energyof the colliding particlesand1k — k’I is sufficiently largeto enableboth the

x + and the x — seriesto converge.The mostdifficult applicationis in light ion reactionsfor then the x —

seriesjust divergesbut 1k — k’I is ratherlarge, so we haveto integratethe 0 integralswith 20 pointsper
wavelength,which is severelytimeconsuming,if wewant to integrateup to infinity. In this caseit is better
to useR

2 = 3000 insteadof R2 = cc and approximate the integral up to infinity by the one obtained with
R2 = 3000.The accuracy will thenbe less than7D but the calculationtimewill remainreasonable.

We recall oncemorethat theevaluationof theseintegralsby closedexpressionsor by recursionrelations
is alwayssuperiorto this routine.Thisroutineonly providesthe ~ whenthereis no otherway out. It, for
instance,generatesthe initial valuesof a recursionscheme.

Many test runs have been made on the WKB approximation,the asymptoticexpansionand the
Gaussianquadrature.TheWKB approximationsweresimply comparedwith the exactvalues,generatedby
a Coulomb wave function routine. The otherroutineswere first testedby the substitutionof Ih~in a
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recursion relation as wasdiscussedbefore.Anothermethod is to evaluatethe right handside of

JRSJRJR2 (95)

for different R values.This test, however,did not bring any new insight into the accuracywhich can be
achieved.As a third test we usedthe closedexpression

f°F,(1l,kr)F,+1(7J,kr)~=211~~.1 (96)

which showedthat the integrationbelow the turningpoint is crucial for the accuracyat large I values
(1 1000). As a final test we comparedthe results of CLMINT with the integralsobtainedfrom the
programof SamuelandSmilansky[10] in the quadrupolecase.Theseintegralsare

JF,(i,, kr).F~(~’,k’r)~, I’ = 1—2,1,1+2. (97)

Therewasacorrespondenceof 7D andthis is just the accuracyclaimedby SamuelandSmilansky.
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TEST RUN OUTPUT

Table 1

REGULAR COULOMB WAVE FUNCTION AND WKB APPROXIMATIONS AT 3*TURNINGPOINT

DETA L COULOM WKBI WKB2

—. 1057887397D+Ol —. lO6O8O5533D+Ol —. 1057639164D+Ol
1 10 —.2013681176D+OO —.2002627181D+OO —.2013720354D+OO
1 100 —.8466177272D+OO —.8465538451D+OO —.8466177302D+OO
1 1000 —.8919967881D+OO —.89200242O1D+OO —.89l996788lD+OO

10 1 . 1056700829D+Ol .1056335580D+OJ .1056701221D+Ol
10 10 .4408548O97D+OO .439996O787D+OO .4408554858D+OO
10 100 .1001653272D+OO .1000465597D+OO .10016533180+00
10 1000 .9889057332D+OO .9889O895llD+OO .9889O57332D+OO

100 1 —.7157823466D+00 —.7158868118D+00 —.7l57823453D+00
100 10 —. l106351663D+O1 —.110635O415D+0l —.1106351660D+Ol
100 100 .5441642610D+00 .5440802766D+00 .5441642635D+00
100 1000 —.55182132520+00 —.55183150230+00 —.55l82l3252D+00

1000 1 —. 2059096758D+00 —. 2058962478D+00 —. 2O59O96758D+00
1000 10 —. l0935144l3D+O0 —. 10933784190+00 —. l0935I44l3D+00
1000 100 . 1088063909D+Ol . 10880614430+0! .1088063909D+0I
1000 1000 .l079402300D+0I .l079403739D+Ol .1079402300D+01
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Table 2

CONVERGENCE AND ACCURACY CHECK OF BELLIN WITH A RECURSION RELATION

AND AS A FUNCTION OF THE LOWER LIMIT R

DETAI = . I8000D+03
DKI = . 40000D+02
LI = 40

DETA2 = . I4400D+03
DK2 = .500000-02
L2= 45

LAMBDA = 2

DTURN = 9

R LEFT HAND SIDE RIGHT HAND SIDE REL.DIFF.

54
.54318309950—05 .5431830995D—05 . 13D—1O
.4492142174D—05 .44921425420—05 .82D—07
.4154134779D—O5 .4154134780D—05 . 27D—1O

—.5155800061D—05 —.5155800531D—O5 .91D—O7

45
.3948285558D—05 .3948285558D—05 —.360—12

—. 77426528240-05 —. 7742653255D—O5 .56D—07
.11343712700—04 .113437127OD—O4 .52D—IO
.9182596447D—O5 .9182597521D—05 . 12D—06

36
.23320617630—04 .2332061763D—04 . 16D—09

—.22854515430—04 —.22854514290-04 —.50D—07
—.59566095840-05 —. 5956609584D—O5 —. 570—10
—.75500754520—05 —.75500715870—05 —.51D—06

27
.5339512417D—04 .53395124210—04 .73D—09
.14855790100—04 .14855802110—04 .81D—06

—.2683006289D—04 —.268300629OD—04 .IID—09
.57880992160—04 .5788O88379D—04 —. 19D—05

18
—. 22165265230—03 —. 2216526525D—03 .96D—09
—.33281588560—04 —.33281831670—04 .73D—05
—.3950380848D—04 —.39503809130—04 .16D—07
—. 2226747172D—O3 —.22267188640—03 —. 130—04

9
NO CONVERGENCE IN BELLIN
.46779162970—02 .4668716554D—O2 —.2OD—02

NO CONVERGENCE IN BELLIN
—.67051816190—02 —.6705000823D—02 —.270—04


