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by H: A. TOLHOEK and S. R. DE GROOT
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Synopsis

A number of properties of polarized electron beams are investigated in
view of an application to polarized beta-rays emitted from nuclei with
aligned spins. The state of polarization of electron beams, polarized or
unpolarized, can be characterized by a density matrix ¢ with two rows and
colums
en €2
Q21 @22

El

for a certain pair of fundamental (orthogonal) states (y;, y,), which serve
to characterize the spin orientation. As orientation coefficient with respect
to (y;, wo) we define P (v, o) = @) — 022; the degree of polavization-is
defined as P = | P (y(, ¥,) | if ¢ is in diagonal form for the basis (y;, py).

It is proved that scattering experiments can give an observation of
P (y,, ;) for certain pairs of fundamental states (y;, ¥,).

In a single-scattering experiment of an entirely polarized beam we give
the intensity ratio of two beams in opposite directions, obtained after
scattering over a right angle by (1 + a)/(1 — a). The intensity ratio of the
final beams (in opposite directions) in a double-scattering experiment of
an unpolarized beam is written as (1 4+ 6)/(1 — ). It is shown that we
have the relation a? = 4.

Further it is found that in order to determine completely the polarization
of a beam the determination of three independent orientation coefficients is
necessary. The polarizations of light and of electron beams have been
compared.

§ 1. Introduction. In this paper we give a discussion of some pheno-
mena concerning the polarization of electron beams. In the following
paper 2) we shall consider the behaviour of polarized electron beams

*) Formulae from the first paper of this series !) will be quoted as, say, I (33).
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in electric and magnetic fields. These two papers serve as a basis for
the treatment of the phenomenon of polarization of f-radiation
emitted by nuclei with aligned spins which will be discussed in the
fourth paper of this series?3), cf. also?).These polarization phenomena
of f-rays may become important since the experimental methods for
alignment of nuclear spins are now being developed 3).

With the term polarization of f-rays we point to the fact that the
spin orientation of an electron gives properties to electron waves,
,which are to a certain extent similar to the polarization of light.
"That polarization of electron beams could exist was clear since the
discovery of the electron spin. Theoretical considerations on possi-
bilities for direct experimental detection of polarization phenomena
have been given since 1928 ¢}, 7), 8), 9}, 1%} (teviews in 1), 12), and 13)).
It was, however, not before 1942 that satisfactory experimental
results gave a confirmation of the theoretical considerations 14), 15),
16), At present the production and detection of polarized electron
beams by scattering by thin foils is well established. It is, however,
the only method that has as yet been experimentally successful for
this purpose.

The alignment of f-radioactive nuclei provides in principle a new
means of obtaining polarized electron beams 3), 4). The direction of
the spin of the emitted electrons may have any orientation with
respect to the momentum of the electron, depending on the direction
of emission. The spin direction may e.g. be the same as the direction
of the electron momentum or may be perpendicular to it, these cases
corresponding to different types of polarization.

In this paper and the following, we try to find whether and how
the types of polarization mentioned in the foregoing paragraph can
be studied experimentally with the aid of scattering experiments.

§ 2. The fundamental notions concerning the polarization of light
and of electron beams. In this section a number of fundamental
notions on polarization will be developed to have a basis for further
considerations. We shall be concerned only with the polarization
aspect of the waves, so that we have to compare only plane waves
with the same momentum p (and hence the same energy E). In this
case of a definite momentum the polarization degree of freedom is
still arbitrary and a wave function for light or electrons can be
written as

Y = Py + Yy, (1)
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in which ¢, and y, are two orthogonal wave functions for the case of
of light, e.g., a) two plane polarized waves with perpendicular polari-
zation planes or, ) two right and left circularly polarized waves;
for the case of electrons, e.g., a) two opposite spin orientations perpen-
dicular to the momentum p or, b) two opposite spin directions paral-
lel and antiparallel to p.

A wave function with arbitrary polarization can be written down
in the form (1). If we have, however, an unpolarized beam we cannot
represent this beam by (1): such a beam has to be considered as an
“ensemble”’ of wave functions (1) not as a single wave function.
In quantummechanics the appropriate means to describe such an
“ensemble” is a density matrix or statistical operator o (cf.,e.g.,17),18)
or 1%)). In our case of two fundamental states g has the shape

—||en @2 2
“ O “ 021 022 @

e is hermitian, semi-definite and normalized in such a way that
o ten=1 3)

Depending on the values of the matrix elements, the ensemble
described by ¢ may represent a totally polarized or a partially
polarized or an unpolarized beam.

The special case of a totally polarized beam (1) could be described as
well by a single wave function; ¢ becomes for this special case (pure
state)

I2 % (4)
| erea ¢, ‘

By a unitary transformation this p can be brought into the simple

shape
;)

¢=1lo o

In the general case of an arbitrary beam it is not possible to attain
this simple shape; we have a quantummechanical “mixture”. o can
always be brought into diagonal form (with e.g. ¢’ > ¢”)

(6)

If we pass from one representation with ¢, and y, to another with
y, and v, as fundamental states, it follows immediately from the
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properties of unitary transformations that if ¢ has diagonal form
with o’ = " for two fundamental states y, and p,, the same is true
for any other pair of fundamental states y, and y,. In this case we
speak by definition of an unpolarized beam.
In the general case (o’ > o”) we define the degree of polarization as
P =g —¢" (7)
Hence Pisrealand 0'< P < 1.If 0 < P < 1, we speak of a partial-
ly polarized beam, if P = 0 of an unpolarized beam, if P = 1 of a
totally polarized beam.

" Chavracterization of a beam. For an arbltrary beam we can write g
in the shape

h

! r ” 1 0
+ (@' —¢")

0 1

0 ¢ 0 1 ' 0-0 ‘ ’ ®
which means that the beam can be regarded as a superposition of an
unpolarized beam and a totally polarized beam. P determines the
degree in which unpolarized and totally polarized light are mixed.
Two parameters describe the polarization of the totally polarized
component, as this component, like a pure wave function (1), can be
described by a complex ratio c,/c, (cf. (4)). Hence 3 parameters are
needed to describe completely the state of polarization of an arbi-
trary beam.

The definition of P is independent of the choice of the fundamen-
tal states. We also introduce a quantity which does depend on this
choice: we define as the orientation coefficient P(y,, v,) with respect
to two fundamental states y, and y,, the real number

Py, v)) = @11 — 022 9)

”

Q=

if g is given by (2).

Remarks: 1t is easy to prove that we have a totally polarized beam
(P =1) if P(y,,9,) =1 or — 1; if P(y;, y,) = 0 we have an un-
polarized beam (P = 0) only, if ¢ were in the diagonal form. If
— 1 < P(y,, ;) < 1itis still quite possible that we have a totally
polarized beam. If p is in diagonal form for the fundamental states
v, and y,, we have

P = | Py, vy |- (10)
Characterization of totally polarized beams. These can be described

by a single wave function according to (1). The. polarization of light
can be plane, circular or elliptic, as is well-known. The states of
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polarization of an electron wave can be specified by the direction of
the electron spin. We must, however, define more precisely what we
mean by the “spin direction”. By this term we shall understand the
direction of the spin angular momentum of the electron in the
coordinate system in which the electron is at rest. For the solution
I (12) of the Dirac equation I (8) this direction is given by ¢), 7)

B/A = {tg (1/2)} exp (iw). (1)

The angles (y, ) in this formula are defined as follows: if ({,, &y Cs)
are the components of the unit vector § in the direction of the
spin angular momentum we have

{,=sinycosw, {, = sin y sin , {, = cos y. (12)

We give the direction of the spin angular momentum, not of the
magnetic moment as in 7). These directions are opposite for negatons
and are the same for positons. The notation (11) will be the most
adequate, in our case, where we have to deal both with negatons and
positons.

The directions of the spin angular momentum are given in the
coordinate system in which the electron is at rest, not in the labora-
tory system; this has the following advantages:

a) For the calculation of (y, w) according to (11) only the ¢, and
v, components of a Dirac wave function are needed.

b) It canbe proved (cf. the following paper) that the direction (11)
remains unchanged if an electron is accelerated by electric fields; this
would not be the case for two other possibilities of defining the ‘‘spin
direction”’, namely as the direction of the spin angular momentum
or the magnetic moment of the electron in the laboratory system.

¢) For an unpolarized beam the directions according to (11) point
isotropically to all directions, which is not true for the two other
possibilities mentioned under 4) which could have been taken for the
spin direction.

The formula (11) means that we take the direction of the vector
p*[3(1 — B)o] v, instead of yp*oy for the spin angular momentum or
p*(— fo) v for the magnetic moment in the laboratory system
(omitting some constant factors); the latter two vectors are parts of
4-dimensional relativistic covariants: an axial vector and a tensor.
p*[4(1 — B) o] v behaves as a vector for rotations but is not a part
of a relativistic covariant. Hence the operators for infinitesimal rota-
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tions operating on (z3

4,
—(i/2)o,, —(1/2)s,, —(¢/2)0.. (13)

In the subsequent sections we shall also use the notion of direction
of the spin in a certain point, even if we have wave functions, that
are not entirely plane waves, but if the wave function can be ap-
proximated locally by such plane waves. We shall speak of trans-
verse polarization of an electron beam if the direction of the spin is
perpendicular to the momentum; of longitudinal polarization if the
direction of the spin is parallel or antiparallel to the momentum.

We may remark here that the characterization of the polarization
of an electron beam is a problem equivalent to the description of the
spin orientations of an ensemble of particles of spin }, for we can
consider the beam in a coordinate system in which the particles are
at rest (we supposed a uniform momentum). In this coordinate
system we have for an unpolarized beam an ensemble that is inva-
riant for rotations of space 20).

It is characteristic for particles with spin 4 that a partially pola-
rized beam can be characterized by the degree of polarization and
the description of the totally polarized wave. For particles of higher
spin, the density matrix can still be brought into the diagonal form,
but it can no longer be regarded in every case as the superposition
of an unpolarized and a completely polarized beam.

) are given as in other cases by

We will now compare the observation of the polarization of light
and of electrons. The familiar method to study the polarization of
light is with a Nicol prism, in which the beam of light is separated
into two parts that are linearly polarized in two perpendicular
planes, of which one is absorbed and the other observed. We shall
consider the case that both components are observed, which is sim-
pler from a theoretical point of view: if y, and y, are the wave func-
tions of the two linearly polarized waves, which are not divided into
two parts by the double-refracting crystal but which are transmitted
as a whole, the relative intensities J, and I, which are measured, are
related with the matrix elements of (2) by

LI, = en/ez (14)

Hence: Ply, va) = (L — L)/, + 1), (15)
and we can say that a measurement of I,/I, gives a measurement of
an orientation coefficient of the beam.
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We can consider an operator 2 with y, and v, as eigenfunctions
for the eigenvalues 1 and —1. P(y,, 9,) is then the measured mean
value of £ for the beam described by g. Of course a measurement of
P(yp,, v,) is not yet sufficient to describe the state of polarization of a
beam, even if we determine P(y,, v,) for any two perpendicular sta-
tes of linear polarization. For if we have, e.g., circularly polarized
light, P(y,, w,) =0 for any two states of linear polarization. The
experimental means to determine the state of polarization comple-
tely, consists in inserting plates of double-refracting crystals before
the analyzer, which are in such a position that they transform states
of elliptic or circular polarizarion into states of linear polarization.
Is is easily checked that the density matrix (2) can be determined in
this way by three determinations of P(y,, y,). For (y,, y,) we can
take for example: a) two states of linear polarization, with perpen-
dicular planes of polarization, b) two other states of linear polariza-
tion making angles of =4 with the planes of polarization in a),
c) the two states of left and right circularly polarized light.

Another possible effect of crystal plates consists in rotating the
polarization plane through a certain angle for any linearly polarized
beam (e.g., quartz plates, cut perpendicular to the optical axis). With
such a plate the analyzer could remain in the same position for 2) and
b), but this is of course, experimentally, no simplification.

Weshallshow that the problem of determination of the polarization
of electron beams is to a high extent analogous to the determination
of the polarization of a light beam from a theoretical point of view.

In the case of electrons we can determine the density matrix (2)
by three determinations of P(y,, y,) with for ¢, and v,, e.g., a) two
states of transverse polarization with opposite spin direction, &) two
other states of transverse polarization turned over an angle of =/2
relative to a), ¢) the two opposite states of longitudinal polarization
(parallel and antiparallel).

If the results of the measurements of the orientation coefficients
are respectively ¢, # and ! and if the pairs of fundamental states in
the three cases are called (y,, v,), (y;, o) and (], y;), we can choose
the ¢’s in such a way that

v =3v2(p, + v,
"P.").:%\/Z (i —va), } (16)
v, = 3V2 (9, —oy,).
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By a straightforward calculation we obtain the following formula
for the orientation coefficient P(y,, ,), where p, is the state for
which the electron spin has the direction &, according to (12) and y,
the state with the opposite spin direction

P@l: “7’2) = 01, + 012(8; — iCy) + 05, + icy) — 0l (18)

The general shape (2) has been assumed for g. With the aid of this
formula the elements of g can easily be expressed in terms of ¢, ¢ and
1; we obtain for ¢ in the (y,, y,) representation
14+t ¢+l

Foil 1—t¢ (19)

Jeull =4

If we consider the cases a), b) and c) for light in the order in which
they were mentioned above the states can again be given by (y,, v,)
(1, w,) and (y], ¥;) according to (16) and (17) and p is expressed by
the same formula (19) in terms of the orientation coefficients £, #'
and /.

Of course the experimental technique for determination of P(yp,,,)
is entirely different for light and electrons. In the next section it
will be shown that P(y,, y,) can be measured for transverse states of
polarization with the aid of a scattering experiment. The observation
of P(y,, p,) for states of longitudinal polarization will be discussed
in the following paper 2).

§ 3. Scattering experiments as observation of the orientation coeffi-
cient. We give in this section a discussion of some aspects of single
electron scattering starting from the considerations of Mott7),
who calculated scattering of electrons in a Coulomb field. We
call the intensities of the incident and scattered wave I and S
respectively. The complete wave function is given by (¢ and ¢ are
the polar coordinates of the direction of scattering; cf. fig. 1)

vy = al + Su, (4, ¢). (20)
We put a;=4, a,= B (in accordance with I (12)) and give the
wave functions for the two orthogonal cases 7)
a) A=1,B=0: yp;~1+ S{9) ,
yy~  Sg(d)exp (ig), }
b) A=0,B=1: ypy~ — Sgd)exp (—ig),
vy ~I + S[(9). }

(21)

(22)
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These expressions are valid for scattering, according to the
Dirac equation, at a spherically symmetrical potential, not necessa-
rily a Coulomb potential.

From this it follows that for the general case (arbitfary 4 and B)

uy(, ¢) = Af — Bg exp (— 19), }
u, (9, ) = Bf + Ag exp (ip).

If we put the scattered intensity in the solid angle sind d# d¢
proportional to

(23)

P(8, ¢) sind d de, (24)
it is found that
P(&, ¢) = P(9) — D(#) siny sin(w — ¢), (25).
with
B =1/P+ gl (26)
D(9) = i(fg* —[*g), (27)

and y and o according to (11).

--=N

\\-\ e
/
i
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\
\ \\
J
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Fig. 1. Scattering of an electron beam. I direction of incident wave.
(8, @) determine the direction of scattering S. (y, w) give the spin direction,
according to (11).

Starting with these formule, we shall prove:
I. Scattering experiments can be used as observations of the
orientation coefficient with respect to certain fundamental states.
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II. By scattering a transverse state of polarization is not altered,
if the spin orientation is perpendicular to the plane through the
directions of incidence and scattering.

We now give the proofs of I and II.

I. It must be investigated to which extent a measurement of the
intensity ratio I,/I, can serve as an observation of an orientation
coefficient. Take the situation of fig. 1; I, and I, are the intensities
scattered in the directions (& = 9y, ¢ = #/2) and (¢ = &, p=—7/2)
respectively. As fundamental states p, and y_ will be used: waves
with momentum along the z-axis and spin along the positive and
negative x-axis respectively; we normalize according to
[A 24 |B>=1 (cf. I (12)), so that according to (11)

v.: 2=m2 w=0;, A= B=13+2
1/:_: r=mn2, ©=mx; A=——B=%\/2.} (28)
According to (25), we have
L/, = (1 + a)/(l —a) fory,,
1L, = (1 —a&)/(1 + @) forv.. } (29)
with a = D(8,)/P(&,). (30)

If we have an incident beam given by a wave function v, and if it
is observed that for this beam

L= (1 +ag)/(l —ag) (| < 1), (31)
we shall prove that we can write
v =oay, + By_ (32)
with
(laP—18P)/(al?+ |81} =c¢ (33)

(If ., y_ and p are normalized, we have [a >+ | B |? = 1).
To give the proof, we conclude first from (25) and the definition of
I, and I, that for p

I,/I, = (1 4+ asin y cos w)/(1 — a sin y cos w). (34)
For the wave function y according to (32) the constants 4 and B
have the values (cf. (28))
Bivia—s )
According to (11) and (35), we have for
(@ —B)/(a + B) = {tg (x/2)} exp (iw). (36)
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From (36) we can obtain (| a |>—| 8 3/(l « |> + | B |% according
to an elementary calculation, which gives
(laP— 18P/ a]*+ |81} =sin g cos w. (37)

Hence we get, comparing (31), (34) and (37), the formula (33) as
a result
e=sinycosw=(aP—|8PAN(al+[BP. (38

In this way I is proved for the case that the beam can be described
as a pure state. It is easy to generalize the result for the case that we
have a mixture. Suppose the mixture is described by (2) if we have
the fundamental states ¢ and y_. ¢ can always be brought into the
form (6). Say the fundamental states are ' and ¢” for this case with

“P' = a'%- + 13'1P_» } 39
"I)” — allw+ + ﬁll"p—. ( )

If o' and o' are the density matrices describing ¢’ and y”, we have

in the representation with y’ and " as fundamental states
_lte” oy _ i1 O »|0 O

‘ = g'o'+0"0"; (40)

using the (y, y_) representation we have

011 012 e 12 o' Je” 2 agm*
== == 7 ’ ’ + ” ” ” 41
021 022 e a'*p |!3|2 e a"*g" | "2 (41)
hence ‘
oy =2 |a P+ ¢"|a" %, } 2
en=20|8 P+ |5 )

If the wave functions are normalized, the result ¢ of a measure-
ment of I,/I, gives for the beams described by ¢! and o™ according

to (38) respectively
o P—]p P
’ } (43)

” |2_ l ‘Bll |2.
The result ¢ for the beam described by g is, according to the general
theory of the density matrix

e=g'¢’ + 0" = [¢'la'l’ + ¢"la""] — [&'I')* + ¢"I"1) =
=on—en="Py, v ) (44)
Hence I is proved for the general case.

g = |
”
e = |
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II. If we consider transverse states of polarization, we have
¥ = =/2, hence, according to (11)

|A/B| =1, B= 4 exp (tw). (45)
According to (23) %, and #, then have the expressions

(8, ¢) = Af — Ag exp [i(w — ¢)],
u,(9, p)=Af exp (iw)+Ag exp (ig) = (46)
= {4+ 4g exp [i(p — @)]} exp (iw).
If we take p — w = 4 =/2, (46) is reduced to

u3(8, @) = A(f £ 4g),
uy(d, 9) = A(f £ 1g) exp (lw). } (47)

Hence if (y, ) determines the polarization of the electrons
scattered in the direction (&, ¢) we have
exp (iw) tg (1/2) = exp (iw), (48)
hence
1=a2=y%;, © = o, (49)

which is the mathematical expression of II.

Roughly speaking it can be said that I and IT express that the
parts y, and y_ of y = ay, + Py_ are scatiered independently if we
consider scattering directions in the yz-plane, a property which for
an arbitrary pair of fundamental states is entirely false.

§ 4. The relation between single and double-scatiering experimenis.
We shall consider in this section the relation between:

a) the asymmetry produced by a single-scattering of a trans-
versely polarized electron beam,

b) the asymmetry in a double-scattering experiment of an un-
polarized beam.

For simplification we use everywhere as scattering angle =/2. We
use the properties of § 3 and consider double-scattering for trans-
versely polarized beams in the situations of fig. 2a) and b). We take
the points @, R, S, T, U and V in the same plane. The beams are
scattered at R and T. The intensities are measured at U and V'; the
intensities of the different beams are given in the figures. I, I’ and I”
are constants. a is the constant from (30) for 4, = /2.

The relative intensities in these situations are an immediate conse-
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quence of (29) and the property II from § 3. If we start with an
unpolarized beam in Q (fig. 2) it follows from property I § 3 that the

J.(il’q—a)(l-&)v

vIaey Ty ”7;——1
:l(x~ I J(aeq)
! J R
. %)
(G (o) -

Fig. 2. Intensities in a double scattering experiment. The beams are scat-
tered at R and T. | gives the orientations of the spin for the two cases

vy, and y_.

Oy

intensities in U and V are obtained by averaging the intensities for
v, and y_; hence we get for these intensities

I, =317 [(1 + @ + (1 —af) = I” (1 + af%, b 0
I =3"[(1+a) (1 —a) + (1 + &) (| —a)] = (1 — &2,

So the intensity ratio becomes
Iy/l, = (1 + a?)/(1 — a?). (S1)

Mott7) 8 has introduced as a measure for the asymmetry in
double-scattering experiments a quantity 6, defined by

Iy/T, = (1 4 8)/(1 — ). (52)
Hence
0 = a® (53)
gives the relation between the asymmetry in the mentioned single

and double-scattering experiments. While a can be calculated from
(30), we have from (30) and (53)

5 = [D()/ B3, (54)

The absolute value of @ can be drawn from the value of §, not its
sign. An alternative deduction of (53) could have been given, without
use of the property II of §3, if we had deduced (54) directly from
(21) and (22) cf.7), &).

The importance of the relation (53) consists in the fact that it
could be used to determine the constant 4, which is necessary if we
have to measure polarization by single-scattering, from 8. The quan-
tity é can be determined by direct experiments. In this way a is found
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from experiments. Such results'are probably more reliable than the
theoretical values, as these may need some corrections, because the
scattering field is not exactly a Coulomb field so that approxim-
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Fig. 3. The asymmetry percentage 200 § in a double-scattering experiment
as a function of v/c for negatons and positons (Z = 80).
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Fig. 4. The asymmetry percentage 20061in a double-scattering experiment
as a function of E,;, for negatons and positons (Z = 80).

ate methods must be used to take the influence of the atomic
electrons into account. The starting point (21), (22) for our deduc-
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tions, which leads to (83) is, however, valid for scattering at an
arbitrary spherically symmetrical potential.

The value of é for negaton scattering at Au (Z = 79) has been
calculated by Mott?) and 8). Later corrections have been given
for the screening of the nucleus ). These corrections appear to be
rather small. For positons é has been calculated by Massey19).
The calculations have been made either for Au (Z = 79) either for
Hg (Z = 80). In experiments Au can be used in the shape of thin
gold foils; Hg in the shape of mercury vapour. In fig. 3 we give 8 as
a function of v/c; in fig. 4 as a function of the kinetic energy E,;,. In
fig. 5 we give the asymmetry a in a single-scattering experiment for
a totally polarized beam as a function of E,;,. All curves have been
drawn for Z = 80, using the resultsof Massey??), Bartlett
and Watson?. The asymmetry has been expressed as the ratio
of the difference of the beams that are compared and the mean
value of both beams. We have, e.g.,

Iy —I)/B{y + Iy)] = 26. (55)
" poglont
60 15
’ 14
50 113
atons posito {12
/ negatons S >< ositons \\"
40 // \‘\ 10
.F-]
20 r / \\ 18
17
; y ——
20 H]
/ X
13
ol b
/ |
00 00 02 Q3 04 05 06 07 08 09 10 U 2 13 1.40

Exn(MeV)
Fig. 5. The asymmetry percentage 200 |a] in a single-scattering experiment
of a totally polarized beam as a function of Ey;, for negatons and positons
(Z = 80). i

It is seen that the detection of the asymmetry in a double-scatter-
ing experiment for positons must experimentally be nearly im-
possible; even the detection of the polarization of a positon beam
by a single-scattering experiment will be difficult.
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The asymmetry in a double-scattering experiment with gold foils

for negatons has been confirmed experimentally 4), 15) for 400 keV
electrons. A value of 12 4- 2 was measured for 200 § in agreement
with the calculated value. For a long time experiments had been
unsuccessful to detect the asymmetry especially as a result of mul-
tiple scattering (as discussed in 16)).
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