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WC present the exact calculation of the equation of state for a simple model dcscrihing the 

phaac transitions occurrin p in lipid monolayers. The model is of the van der W;~als type. hut 

with the dcnaity dependent attraction replaced by a long range interaction of another- klntl. 

For the size of the molecular hard corc)x wc choose a function which incrcaacs with the 

internal energy of the ,> possihlc atatcs of the molecule. As a result of this choice we find p I 
first order phase transitions hctwecn the liquid and the did state of the monolayer. 

1. Description of the model 

In recent experiments Pallas and Pethica [l] have resolved a long standing 

controversy by showing that the phase changes observed in some lipid mono- 

layers are first order phase-transitions. 

Subsequently Nagle [2] performed some new calculations on his model of 

1973. which “is now in much better agreement with experiment”. In this 

theory, which is analogous to the dimer model once solved by Kasteleijn [3], 

much emphasis is put on the effect of the excluded volume of neighbouring 

chains and the motion of lipid heads in a plane is not considered at all. 

It is the purpose of the present paper to investigate just this degree of 

freedom in the framework of a van der Waals-like theory. 

The model we now want to present is different from Nagle’s. because the 

assumptions about the underlying mechanism are formulated in another way. 

Consider N identical lipid molecules of mass m, the heads of which arc 

moving in a plane. with the flexible hydrocarbon chains sticking out on one 

side. Let there be p possible states of each chain and let J, (s = 1.2.3. . . p) 

be the energy of such an internal state. Any microscopic state of the whole 
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system is now given by fixing the two-dimensional momentum vector of each 

molecule, the position of its head in the plane and its internal configuration 

labeled by S. If N, is the number of molecules in state S, the total number is 

given by 

N = 5 N,, (1) 

In the spirit of all mean field theories we will now assume that each molecule 

interacts with every other molecule with a strength which is inversely propor- 

tional to the number of particles and depends only on the internal states of the 

two particles considered. The total potential energy therefore takes the form 

V= ; 5 J,,.N,N,. + i N,J, . (2) 
1” ,,.Y’=l r-l 

where J,, and J,,. are constants independent of a, which is the area per particle. 

We could have included an attractive long range interaction a la van der Waals, 

by adding a term of the form c= -NJ”a,,la, where a,, is some excluded area. 

We will refrain from doing so, because the gas-liquid transition caused by this 

term occurs in a density region which is outside our present interest. 

After integration over the momenta the canonical partition function of this 

system becomes 

where the thermal wavelength is A., = 24/s and the prime indicates 

that the summation over each N, from 0 to N is restricted by the condition (1). 

The configurational integral is written as 

(4) 

where the asterisk indicates that the coordinates of each particle are to be 

integrated over the whole area A = Na of the monolayer, but in such a way 

that overlaps are excluded. This integral cannot be calculated exactly, but will 

be approximated by assuming that each particle in a state s is surrounded by an 

area a.,., , which cannot be entered by a particle in a state s’. If, moreover, the 

effect of overlap of these areas is neglected, we easily obtain the following 



expression for the configurational integral: 

(5) 

The model is now complctcly specified by choosing the parameters ,I,, J,,, 

and u,,, In a harmonic oscillator model for the hydrocarbon chain it would not 

be unreasonable to take J, to be linear in s. In analogy and for computational 

convenience we will take J,,. to be bilinear in s and s’. Consequently we define 

dimensionless constants K and K’ by 

PJ, = KS and PJ,,, = K’s’ . (6) 

The excluded volume a,,,,. is not determined by the size of the heads of the lipid 

molecules, but rather by the states of the tails. We will assume that u,,, only 

depends on the total internal energy of the two molecules and therefore adopt 

the following simple expression: 

@,5, = K”a(.s + .r’)” (7) 

The factor a is included in order to make K” dimcnsionlcss. It is important, 

however, to remember that a,,, is independent of the area per particle, so that 

K” is inversely proportional to a. From now on we will treat K” as an 

independent variable and call it the (dimensionless) density. For the exponent 

(Y WC will choose either (Y = 1 or I_Y = 2 and refer to these two choices as model I 

and model II rcspcctively. Upon substitution into eq. (3) the partition function 

can now be written as 

(8) 

where the following abbreviations have been introduced: 

xy = c (s + s’ylf;. is a polynomial in s of order cy 

The partition function of eq. (8) is now calculated in the standard way by 
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replacing the sum by the largest term. We should therefore determine the 

non-negative numbers f,, . . , f,, in such a way that g( f,, . . . , f,) is maximal, 

but under the condition C,, f, = 1. The usual way of doing this is by solving 

f, , . . , f, from ag/ df,, = A - 1 (s’ = 1, . . , p), where the Lagrange multiplier 

A is to be found from the normalisation condition. This leads to 

$,y, = -A - KS’ - 2K’s’ i sf, - K” i (s + s’)” e”“ (s’ = 1, . . 1 p) 
s-1 %=I 

(10) 

in which 

k = log 1 _ & , (11) 

This equation looks formidable, but on closer inspection it is seen that 

4, = P;(s) is a polynomial in s of order (Y. From eq. (11) it then follows that f, 

is of the form f, = P;(s) e”;‘“), where also P;(s) is a polynomial in s of order (Y. 

Eq. (10) is therefore reduced to a few (highly nonlinear) equations for the 

coefficients in the two polynomials P;‘(s) and P;(s). With sufficient care they 

can and were solved with high accuracy. 

In order to check whether the solution found in this way really gave the 

maximum of g( f,, . . , f,), we compared it with the result obtained by 

applying the simplex method of Nelder and Mead [4], as described in Numeri- 

cal Recipes [5]. In most cases the agreement was perfect. In some regions of 

the density K”, however, it turned out that the solution of eq. (10) gave the 

correct (simplex) result only after some of the f,-values had been set equal to 

zero. This phenomenon and also its physical meaning will be explained in the 

next section. 

The equation of state is obtained from p = (1 IPN) a log Z,v/Ja by taking the 

largest term in eq. (8) and using the expression for g( f,, . , 6,) as given in 

eq. (9). We obtain 

(12) 

from which it is seen that the u-dependence of g occurs not only through the 

solutions f, of the equations 

al? -_=A-1 

af, (s=l,...,p), (13) 



but also through the explicit dependence on K” as it occurs in eq. (9). Because 

of eq. (13) and because Y, f; = 1, the second term on the right-hand side of ey. 

(12) vanishes. Since K” is proportional to the density d K”/du = - K”/u, so that 

after calculating ag/a K” from eq. (9), we find 

The results of the computations based on the above formulae will be rcportcd 

in the next section. 

2. Results 

From eq. (14) it is seen that when the density K” increases and passes one of 

the values K:’ = 1 /A’:’ (s = 1, , p), the pressure would jump from +x to 

--7j. if not f;, which also depends on K”, simultaneously would go to zero too. 

On further increase of K” WC found that this f, maintained its zero value. Since 

KY increases when .r becomes smaller, the next number to become zero at 

K” = KY_ ,is f, , This process is repeated until at s = 2 we have f, = 1 and 

f’ = 0 for s > 1. From this distribution we obtain KY = 3-l’ and K;’ = 2 ‘t. The 

other critical densities depend on the temperature and on the density. It can be 

shown, however. that 

lim KY = (J + l)-” 
T 10 

for s = I.. , p. (15) 

In the density region .3-” < K” s T” it now follows from eq. (14) that the 

pressure is given by 

(16) 

K” cannot grow beyond 2 ‘I. so that this is the hard core limit of the density. 

The case of very low temperature can be treated analytically because then K 
and K’ become dominant in eq. (9) and we must choose f,, , j;, such that 

(17) 

is as large as possible, under the condition S> f, = 1. The solution is f; = 1 and 

f, = 0 for s > 1. This shows that for very low temperature the pressure is again 

given by eq. (16) but now for all densities below 2 ‘I. 



711.W. Ruijgrok and K. Sokalski I Theory of monolayer phase transitions 3% 

The picture which emerges from the above considerations is that on com- 

pression the mutual exclusion of the hydrocarbon chains lowers the population 

of the higher excited states, until eventually all lipids are in the same all-trans 

state. 

The disappearance of an excited state, each time the density passes through 

a critical value, is most pronounced at high temperatures. For this reason we 

will first study eqs. (10) and (11) for the case where the terms with K and K’ 
can be neglected. If Kzs is the smallest critical density which is still larger than 

K”, we are allowed. after we had confirmed it by comparison with the simplex 

method, to put f, = 0 for s > p’. This means that effectively we can replace p in 

eq. (10) by p’. 

In order to investigate what kind of phase transitions will occur we calculate 

from eq. (8) the free energy per particle, divided by kT and obtain 

P=Pf=j;,+l-s(f,,..‘,~~f;,), (18) 

where A, = -log(a/Af ) - 1. In fig. 1 we show p ~ A, as a function of the area per 

particle. We have taken model I (cy = 1) for infinite temperature and p = 3. 

The critical values at 1 /K’,’ = 3 and at li KT are indicated by vertical dashed 

lines. This figure is made up of three continuous lines. The upper part is 

obtained by putting f, = 1 and f, = f, = 0, the middle part by putting f7 = 0 and 

solving the equations with p = 2, while the lower part (with li K” > 1 /KY) is 

3.8 

i r, 

Fig. 1. Plot of f-i, versus the area per particle for y = 3. p = 1 lkT = 0 and a = 1 



calculated from the full equations (10) and (11) with y = 3. It is clear that f ~ _?;, 

and therefore also the free energy J’ is not a convex function of the area per 

particle, as it should. The correct free energy is obtained by taking the convex 

hull of the curve. which involves the double tangent construction of Maxwell. 

Numerically this construction could be calculated to very high accuracy, as is 

shown in table I. Between the tangent points the pressure is constant. The 

distance between these points in the arca per particle scale is denoted by d, in 

table 1. It is seen that this distance approaches a constant value for increasing s. 

For model II this distance was found to increase linearly with s. 

The distribution function f; was calculated as a function of the density K”. 
After the Maxwell-construction. however, these f; were not well-defined in the 

two-phase regions. We therefore show in fig. 2 J; not as a function of K”. but 

as a function of the pressure p*; hence the discontinuities. The figure illustrates 

the successive vanishing of f; with increasing pressure, until eventually only 

f, = 1 remains. A full measurement of the distribution functions J;( p’“) may be 

out of the question. An cxpcrimental determination of the first two moments. 

i.e., of I, = Y,. FJ; and a,( p”) = C,s’f,. may howcvcr be feasible because _ 

they are connected with the average excluded area. For this reason we have 

included these functions in fig. 3. 

In fig. 3 we present /I” as a function of the area per particle for p = 5 and 

CY = 1. The lower curve corresponds to T = 0. the upper to T = x. For tinitc 

temperatures the isotherms fall in between these two extremes. They have 

been calculated, but are not shown here. The lengths of the flat parts in each 

isotherm arc equal, but reduce to zero when the temperature decreases. This 

behaviour is completely different from the well known gas-liquid transition: 

low and high temperatures seem to be reversed and for each transition region 

the coexistence curve is turned upside down. The origin of this behaviour lies 

Critical densities KY at infinite tcmpcraturc. The densities at 

the left and right endpoints of each two-phnsc region arc 

denoted by K:(L) ancl Ky( K) with LY = I. The lengths of 

thex regions in the ares scale arc d<. 

K: 
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Fig. 2. Plot of the distributions f, versus the scaled pressure p* for p = 4. p = 1 /kT = 0 and (Y = 1. 
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Fig. 3. Plot of the first two moments (rl and C? versus the scaled pressure p* for p = 4. 
p=l/kT=Oandcu=l. 



2.0 4.0 6.0 8.0 

Fig. 3. Plot of the ~Aed pressure />j versus the arca per particlc for p = 5 and a = I. The Iowcr 

part is for zero tcmpcraturc. the upper part for infinite temperature. 

in the strong repulsion between two hydrocarbon chains as dcscribcd by cq. 

(7). 
In order to weaken this effect we have consider-cd another model in which 

the excluded volume is given by 

a,,. = K”u(v’X + fl) . (19) 

All calculations were repeated with the following results. The flat parts in each 

isotherm were again largest at infinite temperature and zero for 7’= 0. The 

only effect of the weaker mutual repulsion is that with decreasing density the 

successive flat parts now get smaller. There is no critical temperature above 

which the two-phase regions would disappear. 

The conclusion therefore is that for any temperature. no matter how large. 

the solidification process upon compression passes through a series of first 

order phase transitions, in each of which the highest remaining excited state of 

every molecule is suppressed. because the available free space is reduced. 
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