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Atom-molecule theory of broad Feshbach resonances
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We derive the atom-molecule theory for an atomic gas near a broad Feshbach resonance, where
the energy dependence of the atom-molecule coupling becomes crucial for understanding experi-
mental results. We show how our many-body theory incorporates the two-atom physics exactly.
In particular, we calculate the magnetic moment of a two-component gas of 6Li atoms for a wide
range of magnetic fields near the broad Feshbach resonance at about 834 Gauss. We find excellent
agreement with the experiment of Jochim et al. [Phys. Rev. Lett. 91, 240402 (2003)].

Introduction. — By sweeping an external magnetic
field in the right direction across a Feshbach resonance,
it is possible to create ultracold diatomic molecules in an
atomic gas [1, 2, 3, 4, 5]. The reason for this formation of
molecules is that, by changing the magnetic field, the en-
ergy of the molecular state that causes the Feshbach res-
onance can be moved from above to below the threshold
of the two-atom continuum [6, 7]. In an atomic Fermi gas
this experimental control over the location of the molec-
ular energy level offers the exciting possibility to study in
detail the crossover between the Bose-Einstein condensa-
tion (BEC) of diatomic molecules and the Bose-Einstein
condensation of atomic Cooper pairs, i.e., the Bardeen-
Cooper-Schrieffer (BCS) transition [8, 9, 10, 11]. In par-
ticular, the very broad resonances of 6Li at about 834
Gauss is for this purpose used by a number of experi-
mental groups [12, 13, 14, 15, 16].

The use of this broad Feshbach resonance, however, se-
riously complicates the theoretical analysis of the exper-
imental results, because for such a broad resonance the
atom-molecule coupling can no longer be assumed to be
independent of the relative energy of the colliding atoms.
Physically, this implies that the atom-molecule coupling
shows retardation effects in this case. Dealing with these
retardation effects requires the development of an effec-
tive atom-molecule theory that is suitable for many-body
calculations and at the same time incorporates the exact
energy-dependence of the two-body scattering process. It
is the main purpose of this Letter to show how we can
arrive at such an effective atom-molecule theory by gen-
eralizing the quantum field theory developed previously
for atomic Bose gases in Refs. [17, 18] and extended to
atomic Fermi gases in Refs. [19, 20].

To achieve this goal we need to determine the energy
and lifetime of the Feshbach molecule in the presence of
the ultracold atomic gas, i.e., we need to determine the
molecular selfenergy. We, therefore, first present a many-
body approach that can be used to calculate the selfen-
ergy exactly. Having the above-mentioned application
in mind, we focus here on a two-component Fermi gas.
However, our formalism applies also to an atomic Bose
gas or to an atomic Bose-Fermi mixture. After we have
obtained the exact expression for the molecular selfen-

ergy in the presence of a medium, we then consider the
two-body limit of the theory. The reason for consider-
ing this limit is twofold. First, any accurate many-body
theory for the BEC-BCS crossover in atomic 6Li must
incorporate the two-body physics exactly to be able to
make a successful comparison with experiments. Second,
in this limit we are already able to compare the theory
with experimental data on the magnetic moment of an
atomic 6Li gas and with coupled-channels calculations of
the molecular binding energy. We find excellent agree-
ment in both cases. We, therefore, conclude that our
quantum field theory gives an accurate account of the
retardation effects occurring near a broad Feshbach res-
onance. The theory can thus also be used to investigate
the BEC-BCS crossover phenomenon for a broad Fesh-
bach resonance, where subtle two-body threshold effects
and strong-coupling many-body physics merge together.

Molecular selfenergy. — From now on we consider an
incoherent mixture of fermionic atoms in two different
hyperfine states, which we denote by | ↑〉 and | ↓〉. If this
two-component Fermi gas is in the vicinity of a Feshbach
resonance, the effective quantum field theory of the gas is
defined by means of the atom-molecule Hamiltonian [18]

H =
∑

k,σ

(ǫk − µ) a†
k,σak,σ

+
1

V

∑

k,k′,q

Vbg (q) a†
k+q,↑a

†
k′−q,↓ak′,↓ak,↑

+
∑

k

(ǫk
2

+ ǫbare + ∆µB − 2µ
)

b†kbk

+
gbare√

V

∑

k,q

(b†ka k

2
+q,↑a k

2
−q,↓ + h.c.). (1)

Here, a†
k,σ is the creation operator of an atom with mo-

mentum ~k and in the hyperfine state |σ〉, and b†k is
the creation operator of a bare or Feshbach molecule.
In addition, ǫk is the kinetic energy of an atom, µ is
the chemical potential, Vbg is the nonresonant or back-
ground interaction between the atoms, gbare is the bare
atom-molecule coupling, B is the external magnetic field,
ǫbare is the energy of a bare molecule with zero total mo-
mentum, and ∆µ is the difference in magnetic moment
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between the bare molecule and two atoms.
Given the above atom-molecule Hamiltonian, the

molecular selfenergy can, in the normal state of the
atomic gas, be calculated from the following procedure.
We consider here only the normal state of the atomic
gas, because we ultimately want to compare our results
with the experiment of Jochim et al. [4]. The general-
ization to the superfluid state is also of interest, but will
be reported elsewhere. We start by expressing the selfen-
ergy ~Σm of a single molecule in the atomic gas in terms
of the exact atomic Green’s functions Gσ and the exact
(four-point) vertex function Γσ,σ′ as

~Σm = −1

~
gbare

(

G↑G↓ −
1

~
G↑G↓Γ↑,↓G↑G↓

)

gbare . (2)

Note that we are using an operator notation here that
suppresses the dependence on momenta and Matsubara
frequencies of the various quantities involved. The dia-
grammatic equivalent of Eq. (2) is shown in Fig. 1a.

=

=

+

= +

+a)

b)

c)

FIG. 1: Diagrammatic representation of (a) the exact molec-
ular selfenergy, (b) the renormalization of the atom-molecule
coupling, and (c) the Bethe-Salpeter equation for the one-
particle irreducible vertex function. Note that triangles de-
note the atom-molecule coupling, that squares refer to the
two-particle vertices, and that the internal lines connecting
these quantities represent fully dressed atomic propagators.

This result can be clarified by introducing the exact
atom-molecule coupling g by means of (see Fig. 1b)

g =

(

1 − 1

~
Γ↑,↓G↑G↓

)

gbare , (3)

since then the selfenergy can be put into the expected
form

~Σm = −1

~
gbareG↑G↓g . (4)

Because the exact vertex function is one-particle irre-
ducible, it satisfies the Bethe-Salpeter equation

Γ↑,↓ = Γir
↑,↓ −

1

~
Γir
↑,↓G↑G↓Γ↑,↓ , (5)

whose diagrammatic equivalent is shown in Fig. 1c. The
quantity Γir

σ,σ′ is the exact vertex function that is two-
particle irreducible in the particle-particle channel. From

Eqs. (4) and (5) it appears that the selfenergy depends
on the bare atom-molecule vertex. However, the defini-
tion of the exact atom-molecule coupling can be used to
eliminate the bare coupling from the theory.

Atomic physics. — The two-body limit is obtained
by replacing in the above procedure the exact atomic
Green’s functions by the noninteracting atomic Green’s
functions, and the two-particle irreducible vertex func-
tion by Vbg. Performing the required calculations,
we then find that the energy-dependent dressed atom-
molecule coupling becomes

g2B (E) = g(B)
1

1 − [abg(B)/~]
√
−mE+

, (6)

where E+ = E + i0, and both the background scatter-
ing length abg(B) of the background interaction Vbg and
the zero-energy coupling constant g(B) are known exper-
imental quantities. Moreover, the molecular selfenergy
obeys

~Σ2B (E) − ~Σ2B (0) =
η(B)

√
−E+

1 + |abg(B)/~|
√
−mE+

, (7)

where the energy η2(B) = g4(B)m3/16π2
~

6 defines an
important energy scale in the problem, which is related
to the width of the Feshbach resonance.

The energy of the dressed molecular state with zero
kinetic energy ǫm is determined by the poles of the full
molecular propagator, which is equivalent to solving the
equation

ǫm = δ(B) +
η(B)

√

−ǫ+m

1 + |abg(B)/~|
√

−mǫ+m
, (8)

where δ(B) = ∆µ B + ǫbare + ~Σ2B (0) ≡ ∆µ (B − B0) is
known as the detuning and B0 is the magnetic field lo-
cation of the Feshbach resonance. For positive detuning
there only exists a solution with a negative imaginary
part, in agreement with the fact that the molecule de-
cays when its energy is above the two-atom continuum
threshold. For negative detuning the dressed molecular
propagator has a real pole at negative energy correspond-
ing to the bound-state energy of the dressed molecule.

Near resonance the bound-state energy ǫm(B) becomes
small and we are allowed to put the right-hand side of
Eq. (8) equal to zero. In this approximation the loca-
tion of the pole can be found analitically and yields the
expected result

ǫm(B) = − ~
2

ma2(B)
, (9)

where the total scattering length a(B) is given by

4π~
2a(B)

m
=

4π~
2abg(B)

m
− g2(B)

δ(B)
. (10)
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The general solution, which is required when we want
to know the bound-state energy over a large range of
magnetic fields, can only be found numerically as we show
shortly. The residue of the pole is in general given by

Z(B) =

[

1 − ∂~Σ2B (E)

∂E

]−1

E=ǫ
m

(B)

(11)

and it is always smaller than one. This is because
the dressed molecular state near the Feshbach resonance
obeys

〈r|χm; dressed〉 ≃
√

Z(B)χm(r)|closed〉

+
√

1 − Z(B)
1

√

2πa(B)

e−r/a(B)

r
|open〉 ,

where χm(r) denotes the wavefunction of the bare molec-
ular state in the closed channel of the Feshbach prob-
lem. The dressed molecular state therefore only con-
tains with an amplitude

√

Z(B) the bare molecular state
|χm; closed〉 of the closed channel.

Magnetic moment. — Since the open and the closed
channels of the Feshbach resonance in atomic 6Li exper-
iments correspond in an excellent approximation to the
electronic triplet and singlet states, respectively, we have
∆µ = 2µB, with µB the Bohr magneton. As a result,
the magnetic moment of the dressed molecules µm as a
function of magnetic field is equal to

µm(B) = 2µB(1 − Z(B)). (12)

Close to resonance where Z(B) ≪ 1 and the contribu-
tion of the open channel becomes large, the magnetic
moment approaches the value 2µB characteristic of the
triplet state. Far off resonance we have Z(B) ≃ 1 and
the dressed state is almost equal to the bound state of
the closed channel potential whose electronic spin is a
singlet. In that case we thus have that µm(B) goes to
zero.

The magnetic moment of the molecules obtained with
the very broad Feshbach resonance at about 834 Gauss
in a gas of 6Li atoms has been measured by Jochim et

al. [4]. For such a broad resonance, the background scat-
tering length abg(B) and the zero-energy atom-molecule
coupling constant g(B), which, together with the mag-
netic field B0, constitute the only input parameters of our
theory, depend strongly on the magnetic field over the
relevant experimental range. In contrast to narrow res-
onances, neglecting these magnetic field dependences is
not sufficiently accurate here. Therefore, we use the field-
dependence of abg(B) that was calculated by Marcelis et

al. from a careful analysis of the experimental knowledge
of the singlet and triplet interatomic potentials [21]. The
field-dependent atom-molecule coupling constant is de-
duced from abg(B) by using Eq. (10) and the known
total scattering length a(B) [22].
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FIG. 2: Magnetic moment of the dressed molecules as a func-
tion of the external magnetic field ∆B = (B−B0). The dots
represent the experimental data of Ref. [4], while the solid line
is our theoretical result. For the field-dependent background
scattering length abg(B) we have used the parametric expres-
sion obtained in Ref. [21]. The inset also shows the molecular
two-body bound-state energy as a function of magnetic field,
which shows excellent agreement with the coupled-channels
calculation given in Ref. [4].

In Fig. 2 we show the comparison between the experi-
mental data and the theoretical result from Eq. (12), af-
ter solving numerically Eq. (8) for the molecular bound-
state energy and substituting this into Eq. (11). It is
important to consider the full energy dependencies in
Eq. (7), to obtain the excellent agreement with exper-
iment. Due to the large values of the background scat-
tering length, an expansion of the selfenergy for small
energies in the spirit of Fermi liquid theory [23], i.e.,

~Σ2B(E)−~Σ2B(0)≃ η(B)
√
−mE+

×(1 − |abg(B)/~|
√
−mE+) (13)

works only very close to resonance when |∆B| < 100
Gauss, but is unable to deal with the magnetic-field range
accessed experimentally.

Our theoretical curve exhibits close to resonance the
same quantitative deviation from the experiment as the
coupled-channel calculation given in Ref. [4]. Jochim et

al. [4] attribute the origin of this systematic deviation
to the fact that in principle the atoms and molecules
experience a different optical trapping potential. We be-
lieve, however, that this explanation is unlikely because
the deviation between the theoretical and experimental
results occurs close to resonance where Z(B) ≪ 1 and
the dressed molecule wavefunction consists almost com-
pletely of atoms in the open channel. As an alternative
explanation we suggest that many-body effects could be
important in order to describe the reduction of the molec-
ular magnetic moment. Such many-body corrections are
expected to become important when the gas parame-
ter kF a(B) is no longer small, where kF refers to the
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Fermi momentum of the gas. For the densities used in
Ref. [4] it turns out that in the range where the devia-
tion occurs we have that kF a(B) ≥ 0.1. In contrast to
coupled-channels calculations, many-body corrections to
the molecular magnetic moment are easily incorporated
in our quantum field theory approach. They are simply
determined by Eqs. (2-5), and are an important topic of
further investigations.

Conclusions. — In this paper we have developed
a many-body atom-molecule theory for broad Fesh-
bach resonances where retardation effects in the atom-
molecule coupling cannot be neglected. The theory is
shown to reproduce the two-body physics exactly. As
an application, we have calculated the magnetic moment
of an atomic 6Li gas and the molecular binding energy.
The agreement with experimental data and with coupled-
channels calculations is excellent. We believe, therefore,
that the results obtained in this Letter constitute a mini-
mal input for every theory that aims at a complete under-
standing of the BCS-BEC crossover physics in atomic 6Li
near the broad Feshbach resonance at about 834 Gauss.
Work in this latter direction is presently being completed.

We thank Randy Hulet, Servaas Kokkelmans, and
Bout Marcelis for very stimulating discussions. This
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