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Abstract

In a previous paper it was shown how to associate with a Lagrangian submanifold

satisfying Chen's equality in 3-dimensional complex projective space, a minimal sur-

face in the 5-sphere with ellipse of curvature is a circle. In this paper we focus on

the reverse construction.

1 Introduction

It was proved in [9] that at each point p of a totally real submanifoldMn of a holomorphic
space form ~M(4c) of constant holomorphic sectional curvature 4c we have

�M(p) � n2(n� 2)

2(n � 1)
H2(p) + 1

2(n + 1)(n� 2)c; (1)

where H denotes the length of the mean curvature vector and �M is the Riemannian
invariant introduced by Chen in [7], de�ned by

�M(p) = � (p)� (infK)(p):

Here
(infK)(p) = inf

�
K(�) j� is a 2-dimensional subspace of TpM

	
;

where K(�) is the sectional curvature of �, and � (p) =
P

i<j
K(ei ^ ej) denotes the scalar

curvature de�ned in terms of an orthonormal basis fe1; : : : ; eng of the tangent space TpM .
Then Mn is said to satisfy Chen's equality if equality is attained in (1) for each p 2M .

In the case where n = 3 and the surrounding space is C 3 this corresponds to one of the
classes of Lagrangian submanifolds studied by Bryant in [6].
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In a previous paper [3] we gave a local construction which associated to a Lagrangian
submanifold satis�ng Chen's equality but having no totally geodesic points in complex
projective space CP 3(4), a minimal surface in S5(1) with ellipse of curvature a circle. In
this paper, we focus on the reverse construction.

In Section 2 we consider the case in which a minimal surface with ellipse of curvature a
circle is contained in a totally geodesic S4(1) of S5(1). The immersion is then superminimal
[5], and our construction in this case is based on the well known correspondence [5] between
superminimal surfaces in S4(1) and horizontal holomorphic curves in CP 3(4).

In Section 3, which is the main part of the paper, we consider the case of a linearly full
minimal surface in S5(1) whose ellipse of curvature is a circle. Here we use the theory of
harmonic sequences to show how to construct locally a submanifold M3 of SO(6) whose
Maurer-Cartan equations coincide with equations (9) to (14) of Section 4 of [3]. Then, since
SU(4) is a double cover of SO(6), we obtain a local lift into SU(4) for which projection
onto the �rst column de�nes a Lagrangian immersion of M3 into CP 3(4) satisfying Chen's
equality. It will be apparent that the constructions described in this paper provide a local
inverse of the construction described in [3].

Much of the early work in connection with this paper was carried out in collaboration
with our late, and very much missed, colleague Dr L. M. Woodward of the University of
Durham. We are pleased to acknowledge his contribution.

2 Superminimal surfaces in S
4(1)

In this section we assume that N2 is an oriented surface superminimally immersed in
S4(1). The orientation, together with the metric induced on N2, enables us to give N2 the
structure of a Riemann surface in such a way that the immersion is conformal.

We �rst recall the following result of Bryant [5] relating superminimal immersions of
N2 into S4(1) to holomorphic horizontal immersions of N2 into CP 3(4).

Theorem 1 (Bryant) Let T : CP 3(4) ! S4(1) be the twistor �bration and let � : N2 !
S4(1) be a superminimal immersion of a simply connected Riemann surface. Then there
exists a unique horizontal holomorphic immersion ~� : N2 ! CP 3(4) such that T � ~� = ��.

Conversely if ~� : N2 ! CP 3(4) is a horizontal holomorphic curve, then T � ~� : N2 !
S4(1) is a (possibly branched) superminimal immersion.

Now, let ~� : N2 ! CP 3(4) be a horizontal holomorphic curve de�ned on a simply
connected Riemann surface N2 and let pi : S7(1) ! CP 3(4) denote the Hopf �bration
determined by the complex structure on R8 = C

4 given by multiplication by i. It is clear
that the natural immersion  of the pullback bundle M3 = ~��(S7(1)), de�ned so that the
following diagram commutes, is invariant (and hence minimal) in the Sasakian space form
(S7(1); I;< :; : >). Here, I is the Sasakian structure determined on S7(1) by multiplication
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by i on R8 = C
4.

M3  ���! S7(1) � C
4 = H

2

?
?
y

?
?
ypi

N2
~����! CP 3(4):

In fact, we may use multiplication by i, j, k on R8 = H 2 to de�ne corresponding Hopf
�brations of S7(1) over CP 3(4), and we let pj : S7(1) ! CP 3 be the one determined by
multiplication by j. Since ~� is horizontal and holomorphic, the immersion  is horizontal
with respect to pj [1] and so we may apply the following special case of a theorem of
Reckziegel [11].

Theorem 2 (Reckziegel) Let  : M3 ! S7(1) � C 4 be an immersion which is horizontal
with respect to the Hopf �bration pj : S7(1) ! CP 3. Then pj : M3 ! CP 3(4) is a
Lagrangian immersion which is minimal if and only if  is minimal.

Conversely, let ~ : M3 ! CP 3(4) be a Lagrangian immersion of a connected, simply
connected manifold M3. Then there exists a map  : M3 ! S7(1), which is horizontal
with respect to pj , such that pj = ~ . Moreover, any two such lifts  1 and  2 are related
by  2 = ei� 1 where � is a constant.

Hence, combining the above two theorems, we see that starting from a superminimal
immersion � : N2 ! S4(1), we obtain a minimal Lagrangian immersion pj : M3 !
CP 3(4). Note that i is tangential to the immersion  of M3 into S7(1), and if D denotes
the standard at connection on R8 then for X tangential to M ,

DX (i ) = iDX = iX:

Hence if h denotes the second fundamental form of  in S7(1), we see that h(:; i ) = 0. It
then follows from [9] and [10] that pj :M3 ! CP 3(4) satis�es Chen's equality. Moreover,
it is clear that if we apply the construction of [3] to pj we recover the immersion �.

3 Linearly full minimal surfaces in S
5(1)

Let f : N2 ! S5(1) be a minimal immersion of an oriented surface. As in Section 2, we
use the orientation and induced metric to give N2 the structure of a Riemann surface in
such a way that f is a conformal immersion. If II denotes the second fundamental form
of f in S5 we recall that the image under II of the unit circle in a tangent space of N2 is
a (possibly degenerate) ellipse called the ellipse of curvature.

From now on, we assume that f : N2 ! S5(1) is a linearly full minimal immersion of
an oriented surface with ellipse of curvature a non-degenerate circle at each point. We now
show how to locally associate to such an immersion a unitary moving frame. The approach
we follow here is based on the theory of harmonic sequences, which we describe briey
below for the special case of minimal surfaces in S5(1) with ellipse of curvature a circle.
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The reader is referred to [4] for more details in the general situation of minimal surfaces
in Sm(1) or CPm(4).

Let z = x+ iy be a local complex coordinate on N2, and denote @

@z
by @ and @

@�z
by �@.

We introduce C 6-valued functions f0, f1, f2 by

f0 = f; (2)

f1 = @f; (3)

f2 = II(@; @); (4)

where II now denotes the complex bilinear extension of the second fundamental form of
f in S5(1). If ( ; ) is the complex bilinear extension of the standard inner product on
R6, it follows that (f0; f1) = 0 while conformality of f is equivalent to

(f1; f1) = 0: (5)

Thus f0, f1, �f1 are mutually unitarily orthogonal and f2 is the component of @f1 unitarily
orthogonal to f0, f1, �f1.

If f2 = a� ib where a; b are R7 valued functions then, using minimality of f ,

II(cos� @

@x
+ sin� @

@y
; cos � @

@x
+ sin� @

@y
) = 2(a cos 2�+ b sin 2�);

so that the ellipse of curvature is a circle if and only if

f2 6= 0 and (f2; f2) = 0; (6)

so that in this case f2 and �f2 are unitarily orthogonal. Hence, f0; f1; �f1; f2; �f2 are mutually
unitarily orthogonal non-zero vectors.

Finally, we de�ne f3 to be the component of @f2 which is unitarily orthogonal to
ff0; f1; �f1; f2; �f2g. As the immersion is contained in S5(1), we deduce that f3 and �f3 are
linearly dependent.

By Takahashi's Lemma, the minimality condition for f may be written as @ �@f0 = �f0
for some � 2 R, and an inductive argument readily shows that if we put wp = log jfpj; p =
1; 2; 3; then

@f0 = f1; (7)

@f1 = f2 + 2@w1 f1; (8)

@f2 = f3 + 2@w2 f2; (9)

while

�@f1 = �e2w1f0; (10)

�@f2 = �e2(w2�w1)f1; (11)

�@f3 = �e2(w3�w2)f2: (12)
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So far, everything is valid for an arbitrary choice of local complex coordinate but we now
pick a special coordinate to facilitate calculations. It follows from (12) that (�@f3; f3) = 0,
so that (f3; f3)dz6 is a holomorphic di�erential on N2. Hence, away from the isolated
points at which f3 = 0, we can choose a local complex coordinate z for which

(f3; f3) = 1; (13)

so that

f3 is real and w3 = 0: (14)

We now introduce a unitary moving frame fF0; : : : ; F5g by setting F0 = f0, F1 = e�w1f1,
F2 = e�w2f2, F3 = f3, F�1 = � �F1 and F�2 = �F2 (the minus sign in the de�nition of F�1 is
there for reasons connected with the theory of harmonic sequences, and makes no essential
di�erence in the present paper). A straightforward computation shows that

dF0 = ew1dzF1 � ew1d�zF�1; (15)

dF1 = �ew1d�zF0 + (@w1dz � �@w1d�z)F1 + ew2�w1dzF2; (16)

dF�1 = ew1dzF0 + (�@w1dz + �@w1d�z)F�1 � ew2�w1d�zF�2; (17)

dF2 = �ew2�w1d�zF1 + (@w2dz � �@w2d�z)F2 + e�w2dzF3; (18)

dF�2 = ew2�w1dzF�1 + (�@w2dz + �@w2d�z)F�2 + e�w2d�zF3; (19)

dF3 = �e�w2d�zF2 � e�w2dzF�2: (20)

We now consider the manifoldW of unitary frames fV0; V1; V�1; V2; V�2; V3g of the form
fV0; V1; V�1; V2; V�2; V3g = fF0; e

i�F1; e
�i�F�1; e

i�F2; e
�i�F�2; F3g; �; � 2 R:

Thus, we may regard W as the bundle of strongly adapted unitary frames over N2, in
that V1 (resp. V2) spans the (1,0) component of the complexi�ed tangent space (resp. �rst
normal space) of N2. If we use z = x+ iy, � and � as local coordinates on W , it follows
easily from (15)-(20) that

dV0 = ew1�i�dzV1 � ew1+i�d�zV�1; (21)

dV1 = �ew1+i�d�zV0 + (@w1dz � �@w1d�z + id�)V1 + ew2�w1�i(���)dzV2; (22)

dV�1 = ew1�i�dzV0 + (�@w1dz + �@w1d�z � id�)V�1 � ew2�w1+i(���)d�zV�2; (23)

dV2 = �ew2�w1�i(���)d�zV1 + (@w2dz � �@w2d�z + id�)V2 + e�w2+i�dzV3; (24)

dV�2 = ew2�w1+i(���)dzV�1 + (�@w2dz + �@w2d�z � id�)V�2 + e�w2�i�d�zV3; (25)

dV3 = �e�w2�i�d�zV2 � e�w2+i�dzV�2: (26)

We now wish to compare the above formulae to those obtained in Section 4 of [3]. We
recall that there, with a Lagrangian submanifold M3 of CP 3 satisfying Chen's equality
but having no totally geodesic points, we locally associated a smooth map fU0; : : : ; U5g :
M3 ! SO(6) such that
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(i) the image of U0 is a minimal surface in S5(1),

(ii) U1 and U2 span the tangent space to this surface,

(iii) U3 and U4 span the �rst normal space to this surface,

(iv) U5 is the remaining orthogonal vector such that det(U0; : : : ; U5) = 1.

We now write

~U0 = U0;

~U1 =
1p
2
(U1 � i�1U2);

~U�1 = � 1p
2
(U1 + i�1U2);

~U2 =
1p
2
(U3 � i�2U4);

~U�2 =
1p
2
(U3 + i�2U4);

~U3 = U5;

where �1; �2 = �1 will be chosen later. If we now rewrite equations (9)-(14) of Section 4
of [3] with respect to this frame, we �nd that for suitably chosen functions a, b, c, d and
orthonormal basis f�1; �2; �3g of local 1-forms on M we have

d ~U0 = b10 ~U1 + b�10 ~U�1; (27)

d ~U1 = ��b10 ~U0 + i�1(c�1 + d�2 + (1� 1
3b)�3)

~U1 + b21 ~U2 + b�21 ~U�2; (28)

d ~U�1 = ��b�10 ~U0 � i�1(c�1 + d�2 � (1� 1
3
b)�3) ~U�1 + b2�1 ~U2 + b�2�1 ~U�2; (29)

d ~U2 = ��b21 ~U1 � �b2�1 ~U�1 + i�2(c�1 + d�2 � (1 + 1
3b)�3)

~U2 + b32 ~U3; (30)

d ~U�2 = ��b�21 ~U1 � �b�2�1 ~U�1 � i�2(c�1 + d�2 � (1 + 1
3b)�3)

~U�2 + b3�2 ~U3; (31)

d ~U3 = ��b32 ~U2 � �b3�2 ~U�2; (32)

where there exists a positive function � such that

b10 = ��b�10 = 1p
2
(�a�1 + (1 + b)�2)� i �1p

2
((1 + b)�1 + a�2);

b21 = ��b�2�1 = 1
2
�((1 � �1�2)�1 + i(�1 � �2)�2);

b�21 = ��b2�1 = 1
2�((1 + �1�2)�1 + i(�1 + �2)�2);

b32 = �b3�2 =
1p
2
(a�1 + (1� b)�2) + i �2p

2
((1� b)�1 � a�2):

We now �nd a hypersurface M̂3 of the manifold W of strongly adapted unitary frames
over N2 described above, together with linearly independent local 1-forms �1, �2, �3, and
local functions � > 0; a; b; c; d de�ned on M̂3, such that the systems (21)-(26) and (27)-(32)
of di�erential equations coincide.
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So, assume that a`k (respectively b`k) are the components of dVk (respectively d ~Uk) in
the direction of V` (respectively ~U`). As a�21 = 0, it follows that we need b�21 = 0 and
thus

�1�2 = �1: (33)

Next, we �nd that if we require that

b21 = a21;

b10 + b32 = a10 + a32;

then we need that

�(�1 + i�1�2) =e
w2�w1+i(���)dz; (34)p

2(�2 � i�1�1) =(e
w1�i� + e�w2+i�)dz: (35)

Hence, we see that the positive function � must satisfy

�(ew1�i� + e�w2+i�) +
p
2i�1e

w2�w1+i(���) = 0

which, as � is real, implies that

�(ew1+i� + e�w2�i�)�
p
2i�1e

w2�w1�i(���) = 0:

It follows from the two previous equations that the following conditions need to be satis�ed:

0 6= (ew1�i� + e�w2+i�); (36)

� = �
p
2i�1

ew2�w1+i(���)

(ew1�i� + e�w2+i�)
; (37)

ew2 cos(2� � �) + e�w1 cos(2� � �) = 0; (38)

where �1 = �1 is determined by the requirement that � be positive.

Lemma 1 The conditions (36) and (38) determine a hypersurface M̂3 of W , which may
be parametrized by z and t = �+ �.

Proof: We �rst introduce new coordinates s and t on W by

s = � � �;

t = �+ �:

Then (38) becomes
ew2 cos(12t+

3
2s) + e�w1 cos(12t� 3

2s) = 0;

which we can rewrite as

(ew2 + e�w1) cos(1
2
t) cos(3

2
s) = (ew2 � e�w1) sin(1

2
t) sin(3

2
s):
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It then follows that

cot(3
2
s) =

ew1+w2 � 1

ew1+w2 + 1
tan 1

2
t: (39)

To determine s explicitly in terms of t (up to an initial condition), we di�erentiate (39)
with respect to t and �nd that

s0(t) = �1
3

e2(w1+w2) � 1

e2(w1+w2) + 1 + 2e(w1+w2) cos t
: (40)

The denominator of the right hand side vanishes only if w1 + w2 = 0 and t = (2k + 1)�,
k 2Z, which is excluded by (36). The function s(t) is now determined (up to a addition of
an integer multiple of 2�

3
) by the condition that cos(3

2
s) = 0 when t is an integer multiple

of 2�.

We now compute the 1-forms �1, �2, �3 and the function � on M̂3. As � is real valued,
we see using (37) that

�2 = ���

= 2e2(w2�w1)

(ew1�i�+e�w2+i�)(ew1+i�+e�w2�i�)

= 2e2(w2�w1)

e2w1+e�2w2+2ew1�w2 cos t

= e3(w2�w1)

cosh(w1+w2)+cos t:

Hence, as � is positive, it follows that

� = e3(w2�w1)=2p
cosh(w1+w2)+cos t

: (41)

From (35), we obtain

p
2(�2 � i�1�1) = (ew1�1

2 i(s+t) + e�w2+
1
2 i(t�s))dz; (42)

which determines the 1-forms �1 and �2. The 1-form �3 is determined by the condition that

a11 + a22 = b11 + b22:

Indeed, taking into (33) into account, it follows that

�3 = �i�1(@(w1 + w2)dz � �@(w1 + w2)d�z) +
1
2�1dt: (43)

We may proceed in two di�erent ways in order to obtain a Lagrangian immersion of M̂3

into CP 3(4). The �rst possibility is to use the following existence and uniqueness result of
[10].

Theorem 3 Let (Mn; h:; :i) be an n-dimensional simply connected Riemannian manifold.
Let � be a symmetric bilinear vector-valued form on Mn satisfying
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(i) h�(X;Y ); Zi is totally symmetric,

(ii) (r�)(X;Y;Z) = rX�(Y;Z)� �(rXY;Z)� �(Y;rXZ) is totally symmetric,

(iii) R(X;Y )Z = hY;ZiX � hX;Zi Y + �(�(Y;Z);X)� �(�(X;Z); Y ).

Then there exists a Lagrangian isometric immersion x : (Mn; h:; :i) �! CP n (4) such that
the second fundamental form h satis�es h(X;Y ) = J�(X;Y ). Moreover, x is determined
uniquely modulo holomorphic isometries of CP n (4).

The above result may be applied in the following way. We start with the minimal surface
N2 equipped with the special local complex coordinate z chosen so that (13) holds. We
consider the 3-dimensional manifold M̂3 of W constructed in Lemma 1, but excluding
those points where w1(z) + w2(z) = 0 and cos t = �1. We de�ne 1-forms �1, �2 and �3 on
M̂3 using (42) and (43), where �1 is determined by the two equations (37) and (41) for �
and the initial condition chosen for s. We denote the dual vector �elds corresponding to
these 1-forms by E1, E2 and E3 and de�ne a metric on M̂3 by requiring that E1, E2 and
E3 form an orthonormal moving frame on M̂3. We de�ne a positive function � on M̂3 by
(41) and introduce a symmetric bilinear vector valued form � on M̂3 by

�(E1; E1) = �E1; �(E1; E3) = 0;

�(E1; E2) = ��E2; �(E2; E3) = 0;

�(E2; E2) = ��E1; �(E3; E3) = 0:

It is then straighforward to compute that all the conditions of Theorem 3 are satis�ed and
hence there exists a Lagrangian immersion with the desired properties of M̂3 into CP 3(4).

The second way to proceed is to continue with the comparison of the systems (21)-(26)
and (27)-(32) in order to determine the functions a, b, c and d explicitly. The requirement
that

a10 � a32 = b10 � b32;

necessitates that

(ew1�i� � e�w2+i�)dz = �
p
2(a+ i�1b)(�1 + i�1�2)

= �i�1
p
2(�2 � i�1�1)(a+ i�1b)

= �i�1(a+ i�1b)(e
w1�1

2
i(s+t) + e�w2+

1
2
i(t�s))dz;

where we have used (42) for the �nal equality. Hence,

(a+ i�1b) = i�1
(e
w1�

1
2 i(t+s)�e�w2+

1
2 i(t�s))

(e
w1�

1
2 i(s+t)+e

�w2+
1
2 i(t�s))

= i�1
(ew1+w2�eit)
(ew1+w2+eit) ;
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which determines a and b. Speci�cally, we have that

a = 2�1
ew1+w2 sin t

e2(w1+w2)+1+2ew1+w2 cos t
;

b = � 1�e2(w1+w2)
e2(w1+w2)+1+2ew1+w2 cos t

:

Finally, in order to obtain c and d, we consider the condition that

a11 � a22 = b11 � b22:

This yields

@(w1 �w2)dz � �@(w1 � w2)d�z + ids = 2�1(c�1 + d�2 � 1
3
b�3)

or, equivalently,

@(w1 � w2)dz � �@(w1 � w2)d�z � 1
3
i e2(w1+w2)�1
e2(w1+w2)+1+2e(w1+w2) cos t

dt

= 2�1(c�1 + d�2 +
1
3

1�e2(w1+w2)
e2(w1+w2)+1+2ew1+w2 cos t

�3):

Using (43) the above equation gives

@(w1 � w2)dz � �@(w1 �w2)d�z

= 2�1(c�1 + d�2 � 1
3i�1

1�e2(w1+w2)
e2(w1+w2)+1+2ew1+w2 cos t

(@(w1 + w2)dz � �@(w1 + w2)d�z)):

However, it follows from (35) that dz and d�z may be expressed as linear combinations
of �1 and �2, so that c and d are uniquely determined by the above equation. It is now
straightforward to check that the systems (21)-(26) and (27)-(32) coincide. Therefore,
using the double cover of SO(6) by SU(4) as described in Section 4 of [3], we obtain a
Lagrangian immersion satisfying Chen's equality.

Again, it is clear that if we apply the construction of [3] to this Lagrangian immersion,
we obtain the linearly full minimal immersion f : N2 ! S5(1) from which we started.
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