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1 Introduction

Plasmas are widely studied in fusion research as well as in astrophysics. Many studies
focus on the plasma dynamics, its stability or its transport properties. Plasmas can be
found in a large variety of geometric configurations, such as tokamaks, spheromaks,
or stellarators or in astrophysical jets, accretion disks, tori, loops, etc. This thesis
contributes to the understanding of the stability properties of tokamak plasmas as
well as accretion disks or tori, in the presence of a magnetic field.

1.1 Plasmas in fusion research

The main goal of fusion research is to provide a new source of energy for the future.
Therefore, the research concentrates on determining the most optimal geometric and
magnetic configuration for the plasma needed for fusion reactions. Currently, the
most promising scenario is the tokamak. The fuel needed for the fusion reactions is
deuterium and tritium. A fully ionized plasma is obtained by heating up the elements
to a temperature of at least 108 K. This fully ionized plasma is confined using magnetic
fields. At these temperatures of 108 K, the ions are able to fuse to α-particles whereby
energetic neutrons are created (Wesson [34], Goedbloed and Poedts [10]). In the
future, these energetic neutrons will be captured by a lithium blanket which then
heats up. This blanket will be water cooled and therefore generates steam. This
steam is then used to drive a turbine to generate electric energy.

In todays tokamak experiments, the toroidal current heats up the plasma by a
process called ohmic heating. However, this process only heats up the plasma to a
temperature of 107 K (Wesson [34]). Therefore additional heating has to be applied.
One of such additional heating sources is the neutral beam injection (NBI). Here,
highly energetic neutral particles are injected into the plasma. These neutral particles
transfer their energy and momentum to the plasma by collisions. Using NBI also
causes the plasma to rotate. This rotation can be quite significant, up to a large
fraction of the sound speed. A more detailed explanation about NBI can be found in,
for example, Wesson [34].

One of the important questions in fusion research is the long term stability of
the plasma. The plasma has to be as stable as possible. This is the reason why a
combination of toroidal and poloidal magnetic field is used to confine the plasma.
This combination is a compromise between stability and confinement needs for the
plasma. If NBI is used to heat up the plasma, the plasma may rotate at a large fraction
of the sound speed. This rotation has to be taken into account in the stability studies.
However, much of the stability studies for tokamak plasmas ignore background plasma
motion, and assume a static Grad-Shafranov equilibrium (Grad and Rubin [12] and
Shafranov [29]).

Currently, in the world different kind of tokamaks are operational such as JT-60U
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(Japan), CASTOR in Prague (Czech Republic), JET in Abingdon (United Kingdom),
and TEXTOR in Jülich (Germany). Due to the collaboration between our FOM-
Institute “Rijnhuizen”, the Forschungzentrum Jülich and ERM/KMS, we focus on
the TEXTOR experiment. TEXTOR has a major and minor radius of 1.75 m and
0.46 m, respectively. Furthermore, the poloidal cross-section is circular. In a typical
experiment, the toroidal magnetic field on the geometric axis is 2.25 T. In such ex-
periment, the measured core number density and temperature is 3.0× 1019 m−3 and
2.8 × 107 K, respectively. The experimental efforts of FOM-Institute “Rijnhuizen”
on TEXTOR is to gain better understanding of controlling the plasma turbulence,
transport barriers and magnetic islands. Furthermore, studying waves and instabilities
by means of MHD spectroscopy and developing new instruments for TEXTOR. Both
chapter 4 and chapter 5 fit in the research area of MHD spectroscopy. In chapter 4,
we discuss the extension of the Grad-Shafranov equation (Grad and Rubin [12] and
Shafranov [29]) when the toroidal flow is included. This equation describes the equilib-
rium in a tokamak. In chapter 5, the numerical stability code PHOENIX is presented.
This code is used to analyze the stability of static tokamak equilibria or tokamak
equilibria with toroidal flow or both toroidal and poloidal flow.

The FOM-Institute “Rijnhuizen” is also involved in the development of the next
generation tokamak, ITER. This tokamak will be built in Cadarache (France). The
major and minor radius will be 6.2 m and 2.0 m, respectively. In future experiments,
the toroidal magnetic field on axis will be 5.3 T. Furthermore, in these future ex-
periments the volume-averaged electron density and temperature is expected to be
1.01 × 1020 m−3 and 1.03 × 108 K, respectively. The ITER research in Rijnhuizen is
focussed on studying plasma wall interaction of the ITER divertor under the expected
ITER-like conditions. This is done by the experiment PILOT-PSI and in the future
by MAGNUM-PSI. Both are linear magnetized plasma generators. Furthermore, the
institute contributes to building the upper port launcher for EC waves. This device
will send microwaves into the plasma to suppress magnetic islands. A similar device
has been successfully demonstrated in TEXTOR.

1.2 Plasmas and accretion disks in astrophysics

In astrophysical studies, the plasma flow has to be taken into account from the
beginning as the plasma in jets, winds, disks, etc. is in a continuously flowing state.
MHD studies are focussed on, for example, what role the magnetic field plays in
the observed collimation of jets, if the magnetic field can be self-sustained through
dynamo action, or what happens if a magnetic field is present in a rotating accretion
disk or torus. A detailed explanation of the role of the magnetic field in the launching
and collimation of jets can be found for example in Casse and Keppens [5, 6], Meliani
et al. [18] and references therein.
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1.2.1 Formation of young stellar objects and associated disks

Stars are formed in dense cores of a molecular cloud. Such a core has typically a
diameter of 0.1 parsec (pc, 1 pc = 3 × 1016m ), a number density of 104cm−3, a
temperature of 10K and a lifetime of 106 yr (see for example Myers and Benson [20]).
The magnetic field strength in these dense cores is typically of the order of 30 µG
(Myers and Goodman [21]).

The formation itself is the result of the gravitational collapse of the molecular
cloud core. In the case without magnetic field, the mass of the core must exceed the
Jeans-mass in order to collapse due to its own gravity. In the presence of a magnetic
field, the mass must be higher than the Jeans-mass, because the magnetic field has a
stabilizing effect. The process of ambipolar diffusion makes it possible to increase the
mass of the core in the presence of a magnetic field (see for example Mouschovias
and Morton [19]).

Besides the magnetic field, the rotation of the core may prevent the core to col-
lapse. This is due to the fact that the angular momentum must be conserved. The core
will collapse if there is a transport of this angular momentum in the outward direction.
This transport could be achieved by magnetic braking through the relatively static
parent cloud. If the core mass increases, the ambipolar diffusion becomes less efficient
so that the collapse itself proceeds with the conservation of angular momentum and
magnetic flux. Therefore, the centrifugal force becomes increasingly more important
as the core spins up. The material surrounding the core has too much angular mo-
mentum to fall directly on the protostar and instead collapses onto the equatorial
plane where a rotating disk is formed.

The formation of a young stellar object (YSO) to a main-sequence star can be
classified in four stages. Each of these stages or classes has its own typical spectral
energy distribution (SED) (see Lada [16]). The SED of a Class 0 object can be
approximated by a black body spectrum which has its maximum at submillimeter
wavelengths. The age of these objects is of the order of 105 yr. YSOs belonging to
this class still accrete the bulk of the mass. Furthermore, they are surrounded by a
massive envelope and disk. In the next class (Class I), the SED is much broader. It
contains a very large amount of infrared emission. Here, a YSO is slowly accreting
the remaining material and it is surrounded by the remnant of the envelope and a
massive disk. The estimated age of such object is 105–106 yr. In both classes YSOs
show powerful bipolar outflows. These outflows are believed to be driven by a jet.
This belief is supported by observations showing that the jets can be observed in
some sources with molecular outflows. A YSO of Class II has a typical age of 106–107

yr. Their SED peaks in the near-infrared but also shows optical and UV excesses. Here,
the protostar has an accretion disk which is the source of observed excess infrared
emission. There is no envelope anymore. Most T Tauri stars, classical as well as some
weak-line ones, belong to this class. Both Class I and II sources have optical jets.
These sources are often associated with Herbig-Haro (HH) objects. Such a jet can
extend from a fraction of a pc up to several pcs from the source. The typical velocity
of the jet is about a few hundred km s−1, which makes the jet highly supersonic. The
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last stage is Class III. Most of the weak-line, but none of the classical T Tauri belong
to this class. Here, the star has accreted most of the surrounding material and now
evolves towards the main-sequence. The zero age main sequence (ZAMS) star has
typically an age of 107 yr. A graphical summary is shown in figure 1.1.

1.2.2 Accretion disk parameters and equilibria

As mentioned in the previous subsection, accretion disks are found around YSOs, but
they also form around galactic compact objects (GCO) and in large objects such as
active galactic nuclei (AGN). We will typically consider disks in the vicinity of YSOs.
The size of these disks varies from a few up to a hundred astronomical units (AU,
1 AU = 1.5 × 1011m). The typical observed accretion rate is 10−6–10−8 M⊙ yr−1

(see for example Valenti et al. [32], Hartigan et al. [14], and Gullbring et al. [13]).
The latter two conclude that the observed excess emission comes from a gas with a
number density of 1014cm−3 and a temperature of 104 K. Recently, Donati et al. [9]
were able to directly detect the magnetic field strength of the inner part of the disk
around FU Orionis. Their measurements reveal a strength of about 1 kG.

The occurring accretion processes are not yet fully understood. The main force
balance for disks is illustrated in figure 1.2. In this figure Fcf and Fgr are the centrifugal
and the gravitational force acting on a particle or fluid element. For a Keplerian disk,
these forces exactly balance, and the following relation holds for a fluid element:

R =
L2

GM∗

. (1.1)

Here, R, L = Rvθ, G, and M∗ are the radius, the angular momentum, the gravi-
tational constant, and the mass of the star, respectively. If accretion occurs inside a
disk, the radius of a fluid element decreases, thus its angular momentum decreases.
This means that angular momentum has to be transported away by some physical
process. An ordered helical magnetic field involved in jet launch from the disk could
carry angular momentum off in the jet. An other example of such a process is the
viscosity which acts to transport angular momentum outwards in a (near-)Keplerian
disk. This viscosity can be enhanced to values far above classical values when it is
due to a sustained state of turbulence which may occur inside the disk.

In 1973 Shakura and Sunyaev [30] introduced a simple prescription for the effective
viscosity ν,

ν = αcsH, (1.2)

where cs is the sound speed and H is the height of the disk. This prescription leads
to a consistent hydrodynamical (HD) model of an accretion disk, if one assumes a
highly turbulent thin disk. In the literature, this model is known as the α-model.
Unfortunately, this model needs to be modified when the pressure stratification plays
an important role in pure HD or in strongly magnetized disks. In this thesis, we will
develop exact magnetohydrodynamical (MHD) equilibria for accretion disk tori, which
no longer classify as an α-model.
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Infrared/Submillimeter Young Stellar Object Classification

(Lada 1987 + André, Ward-Thompson, and Barsony 1993)
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Figure 1.1: Evolution of a young stellar object based on the publications by Lada
[16] and André et al. [2].
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Fgr Fcf

Figure 1.2: Accretion process. Here, Fcf and Fgr are the centrifugal and the gravi-
tational force acting on a particle or fluid element.

1.2.3 Disk instabilities

In this subsection, we discuss linear instabilities which can occur inside an accretion
disk. Stability analysis of pure HD Keplerian disks reveals that these disks are linearly
stable against HD perturbations. Therefore, it becomes unclear how such a disk can
produce the turbulent viscosity needed in the Shakura-Sunyaev model. A possible
explanation could be the occurrence of non-linear instabilities. Another possible option
is to consider a MHD accretion disk.

Balbus and Hawley [3] showed that a powerful instability can occur inside a weakly
magnetized disk. The term weakly magnetized means that the thermal pressure dom-
inates over the magnetic pressure. This instability is called magneto-rotational insta-
bility (MRI) and was first discovered by Velikhov [33] and Chandrasekhar [7]. Balbus
and Hawley where the first ones who applied MRI in astrophysical context. Non-linear
MHD simulations of accretion disks (either global or local) show that MRI causes
turbulence which in its turn enhances turbulent viscosity. One of the important prop-
erties of this MRI induced viscosity is that it enables to transport angular momentum
outwards, which needed for accretion. In chapter 2, we show that the MRI could even
be present in Keplerian disks close to equipartition, i.e. where magnetic and thermal
pressure equilibrate, or in weakly magnetized sub-Keplerian disks.

In a thin disk approximation, one assumes that the disk is efficiently cooled by
releasing its thermal energy through radiation. Narayan and Yi [22] introduced self-
similar solutions for another class of disk equilibria, representing a non-efficiently
cooled accretion disk. They called these solutions advection-dominated accretion flows
(ADAF) to emphasize that most of the liberated thermal energy is carried in as entropy
rather than radiated away. They showed that these disks are convectively unstable.
Non-linear simulations of these ADAF disks were performed by for example Narayan
et al. [23], Quataert and Gruzinov [28], and Abramowicz et al. [1], who show the
non-linear evolution of a convective instability. These disks evolve to global solutions
called “convection-dominated accretion flows” (CDAF). More importantly, they claim
that the angular momentum transport caused by the convective turbulence is inward

instead of outward. This inward transport could be great enough to cancel the outward
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transport of angular momentum by some other physical process, like for example MRI.
This could explain the observed lower accretion rates than one would expect from the
release of gravitational potential energy due to accretion. Recently, Balbus and Hawley
[4] and Narayan et al. [24] performed linear studies of these CDAF-type disks. In these
disks, both convective and magneto-rotational instabilities are found. The authors
identify the unstable long-wavelength modes with a more convective mode and the
short-wavelength ones with a more dominant MRI behaviour. Chapter 3 elaborates on
the work of Narayan et al. [24]. In this chapter, we quantify the magneto-rotational
contribution on the instabilities which are both convective and magneto-rotational in
nature. Furthermore, we show that these instabilities can appear in disks where the
thermal pressure is up to ten times larger than the magnetic pressure.

Starting from the end of the 1990s, global MHD simulations of accretion tori
have been performed. Matsumoto and Shibata [17] were among the first ones. They
followed the evolution of a thick accretion torus embedded in a weak axial magnetic
field. As initial condition a purely HD equilibrium for an accretion torus introduced
by Papaloizou and Pringle [27] was used, where a weak axial magnetic field has been
added. The seen three-dimensional dynamics is attributed to the non-linear behaviour
of non-axisymmetric unstable modes. A possible candidate for these modes may be
the magnetic variant of the Papaloizou & Pringle mode (Papaloizou and Pringle [27])
discussed by Ogilvie and Pringle [26] and Curry and Pudritz [8]. Another possibility
could be MRI or maybe a combination of both instabilities.

In 2000 Hawley [15] also performed global MHD simulations of an accretion torus
with similar equilibrium condition as Matsumoto and Shibata [17]. In his simulations,
the seen non-linear dynamics are mainly due to MRI. He stresses that the growth
rate of MRI dominates over the one of the global hydrodynamic Papaloizou-Pringle
instability [27].

In the context of MHD stability studies, the kind of initial condition used by
these authors is not a true MHD equilibrium. Since the added magnetic field is weak,
one hopes that the non-linear dynamics of a linear instability dominates over the
dynamics associated with the neglection of a true MHD equilibrium. Matsumoto
and Shibata [17] and Hawley [15] base their conclusions on the trigger for the non-
linear dynamics on a reasonable extrapolation of a one-dimensional approximate linear
stability analysis of the considered accretion torus. Unfortunately, for these kind of
“equilibria” no detailed linear stability analysis can be performed because it requires
a true MHD equilibrium.

Recently, Goedbloed et al. [11] did consider MHD equilibria for an accretion torus
and they were able to perform a detailed stability analysis of these equilibria. The
considered equilibria contain both toroidal and poloidal flow. As a result of the analysis
a new type of instability was discovered. This instability was named Trans-slow Alfvén
Continuum (TSAC) mode, and occurs inside a disk with toroidal and super-slow
poloidal flow in the presence of a strong gravitational potential. In chapter 4, 5 and
6 we complement on the work of Goedbloed et al. [11] by investigating the stability
of accretion tori with only toroidal flow. In chapter 4 we present the equations which
such accretion torus should obey. The numerical spectral code PHOENIX used to
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analyze the stability of these accretion tori is presented in chapter 5. Chapter 6 shows
that a new type of convective instability, the Convective Continuum Instability (CCI),
can occur inside a two-dimensional accretion disk. This instability appears due to the
presence of toroidal flow and gravity. It represents a new route to MHD turbulence in
accretion disks, different from the MRI.
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1.3 Outline of this thesis

The main part of this thesis deals with a detailed investigation of MHD waves and
instabilities occurring in accretion disks. This investigation is done by increasing the
degree of complexity in the equilibrium dynamics and geometry. First, MHD waves and
instabilities have been investigated in the simplest disk model. In an one-dimensional
cylindrical disk model, we first take a closer look at MRI in the presence of both axial
and toroidal magnetic field and then extend this to the case where both MRI and
convective modes occur. Next, we turn to a more complicated disk model, where the
disk is modeled as a torus. In this case, we first examine the equilibrium itself by looking
at the influence of both the toroidal flow and the gravity. Next, we investigate the
stability of this kind of equilibrium. Due to the complexity of the problem, the stability
analysis was predominantly done numerically but when possible also analytically. For
the numerical analysis the numerical spectral code PHOENIX was used.

A detailed study of MRI is presented in chapter 2. This study shows that MRI can
occur in Keplerian disks close to equipartition and in weakly magnetized sub-Keplerian
disks. In both cases the toroidal magnetic field plays an important role. Due to the
toroidal magnetic field MRI changes from a purely unstable to an overstable mode.
We derive a sixth-order local dispersion equation. Its roots have been calculated using
the newly developed code LODES. These results show an excellent agreement with
the growth rates computed by the spectral code LEDAFLOW (Nijboer et al. [25]).

In chapter 3, we investigate CDAF-type disks. Both convective and magneto-
rotational mechanisms can be important inside such a disk. The resulting unstable
mode is called the convective magneto-rotational instability (CMRI). In this investi-
gation, the strength of the toroidal equilibrium magnetic field is dominant compared
to the axial one. For the computations of the growth rates we have used LODES. We
quantify the contribution of the MRI mechanism for CMRI. Furthermore, we show
that disks where the magnetic pressure is ten times smaller than the thermal pressure
are subject to CMRI.

In chapter 4, we study the two-dimensional equilibria of a tokamak or an accretion
torus. The tokamak case has been investigated to be able to make a distinction
between the influence of the toroidal flow and the gravity on the equilibrium profiles
such as the pressure and the density. For the tokamak case, it is shown that the
Shafranov shift increases due to the presence of the toroidal flow.

The developed spectral code PHOENIX is presented in chapter 5. This code is
able to compute all the MHD waves and instabilities of a torus shaped plasma with or
without gravitational stratification, for static equilibria, equilibria with toroidal flow
and equilibria with both toroidal and poloidal flow. The eigenvalue problem that
needs to be solved is non-Hermitian and therefore a complex and accurate eigenvalue
solver is required. The Jacobi-Davidson algorithm (Sleijpen and van der Vorst [31])
satisfies these conditions and therefore we make use of this algorithm. We show
the possibilities of PHOENIX with some illustrative examples accompanied with new
results for tokamaks and accretion disks.

In chapter 6, a detailed MHD spectral study for thin as well as thick accretion
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disks is presented. The analytical analysis reveals a set of equations which describe
the dynamics of global waves and instabilities. From this set, the equations of the
continuous Alfvén and slow spectrum are derived. Furthermore, a stability criterion is
derived from the equations of the MHD continua. The numerical study confirms and
complements the analytical results. This study reveals a new type of instability, the
Convective Continuum Instability (CCI).
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2 Magneto-rotational overstability in
accretion disks

Abstract

We present analytical and numerical studies of magneto-rotational
instabilities occurring in magnetized accretion disks. These calculations
are performed for general radially stratified disks in the cylindrical limit.
We elaborate on earlier analytical results and confirm and expand them
with numerical computations of unstable eigenmodes of the full set of lin-
earized compressible MHD equations. We compare these solutions with
those found from approximate local dispersion equations from WKB anal-
ysis.

In particular, we investigate the influence of a nonvanishing toroidal
magnetic field component on the growth rate and oscillation frequency
of magneto-rotational instabilities in Keplerian disks. These calculations
are performed for a constant axial magnetic field strength. We find the
persistence of these instabilities in accretion disks close to equipartition.
Our calculations show that these eigenmodes become overstable (complex
eigenvalue), due to the presence of a toroidal magnetic field component,
while their growth rate reduces slightly.

Furthermore, we demonstrate the presence of magneto-rotational over-
stabilities in weakly magnetized sub-Keplerian rotating disks. We show
that the growth rate scales with the rotation frequency of the disk. These
eigenmodes also have a nonzero oscillation frequency, due to the presence
of the dominant toroidal magnetic field component. The overstable char-
acter of the MRI increases as the rotation frequency of the disk decreases.

Published in:
A & A, 444, 337–346 (2005)
Authors: J.W.S. Blokland, E. van der Swaluw, R. Keppens, and J.P. Goedbloed
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2.1 Introduction

Accretion disks are a rather common phenomenon in astrophysics. They vary in size
from a few up to a hundred astronomical units (AU) in young stellar objects (YSO) to
approximately a hundred parsecs (pc) in the centers of active galactic nuclei (AGN).
The central accreting object is a protostar in YSOs, a white dwarf, neutron star or a
black hole in a binary, and a massive black hole in the center of an AGN. Part of the
gravitational energy released during the accretion process is radiated away over a wide
range of frequencies. Multi-wavelength studies obtained from modern observational
facilities have significantly increased our knowledge about the nature of accretion
disks and their associated central objects.

On the other hand, insights into the nature of the accretion process itself have
largely been obtained by theoretical and computational studies. In all the above men-
tioned astrophysical objects, one needs outward transport of angular momentum of
the accreting material in order to sustain an accretion disk around the central object.
This angular momentum transport can be sustained by a turbulent viscosity mecha-
nism operating inside the disk material itself, where this mechanism exerts a torque
on the accretion disk (Shakura and Sunyaev [20]). This turbulent viscosity, in turn,
can originate from the development of fluid or magnetofluid instabilities occurring
in the accretion disk. In the early 1990s it was realized by Hawley and Balbus [11]
that the magneto-rotational instability (MRI) could provide the physical basis for this
angular momentum transport in accretion disks. This instability was already known
in the literature (Velikhov [23] and Chandrasekhar [4]), but had not been applied in
the context of accretion disks.

In more recent years, global magnetohydrodynamical (MHD) simulations of ac-
cretion disks have been performed, where much of the dynamics is interpreted as a
direct consequence of the presence of the magneto-rotational instability (see for exam-
ple Hawley, Balbus, and Stone [12]). Other papers rather claim that both convective
and magneto-rotational instabilities can play a dominant role in the transport of an-
gular momentum (see for example Igumenshchev, Narayan, and Abramowicz [13]).
These types of disks are referred to as convection-dominated accretion flows (CDAF).
Less attention has been paid in recent years to the spectral analysis of instabilities
occurring in accretion disks (see however Christodoulou, Contopoulos, and Kazanas
[5]).

The aim of this chapter is to present a detailed linear analysis of magneto-
rotational instabilities present in a variety of global accretion disk configurations. We
will consider a sample of accretion disk configurations that vary from sub-Keplerian
(thick) to Keplerian (thin) rotating disks. In the case of Keplerian rotating disks,
we will consider both weakly magnetized disks and disks that are close to equiparti-
tion. In particular, we investigate the influence of a nonvanishing toroidal magnetic
field component on the growth rate and oscillation frequency of magneto-rotational
instabilities in Keplerian disks. To our knowledge, this has not yet been done.

In this chapter, we will limit ourselves to axisymmetric instabilities and the con-
figurations are all taken in the cylindrical limit. The calculations continue the work
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presented by Keppens, Casse, and Goedbloed [14], advocating the need for a more
elaborate magnetohydrodynamic spectroscopic analysis of all waves and instabilities
in magnetized disks. We will use a semi-analytical approach, as well as numerical
solutions to the full set of linearized, compressible MHD equations obtained with the
code LEDAFLOW (Nijboer et al. [17]).

We will first show that magneto-rotational instabilities are present in both sub-
Keplerian and Keplerian rotating disks and compare the growth rates obtained for
these models. We find the presence of MRI even for cases where the disk is close to
equipartition (i.e. β ∼ 1), however the strength of the toroidal magnetic field should
then be much larger than the axial magnetic field strength.

This chapter is organized as follows: in section 2.2, we recall the essential elements
from spectral theory of MHD waves and instabilities. In section 2.3, we present the
model and the limitations of the accretion disk configuration we use. In section 2.4,
we explain the numerical strategies. In section 2.5, we discuss the magneto-rotational
overstabilities which occur in our models and finally, in section 2.6, we summarize and
present our conclusions.

2.2 Spectral theory

We make use of the ideal MHD approximation to model an accretion disk in the
presence of a magnetic field. This assumes that the disk matter consists of a plasma
that is sufficiently ionized and that one treats the dynamics on a length scale such
that the one-fluid approximation is valid. The ideal MHD equations are

ρ
∂v

∂t
= −ρv · ∇v −∇p+ j × B − ρ∇Φ, (2.1)

∂p

∂t
= −v · ∇p− γp∇ · v, (2.2)

∂B

∂t
= ∇× (v × B), (2.3)

∂ρ

∂t
= −∇ · (ρv), (2.4)

where the variables, ρ, p, v, B, Φ, j = ∇ × B and γ are the density, pressure,
velocity, magnetic field, gravitational potential, electric current and ratio of the specific
heats, respectively. Furthermore, from Maxwell’s theory, the equation ∇·B = 0 must
also be satisfied. We have assumed a dimensionalization where the permeability of
vacuum µ0 = 1. Equations (2.1)–(2.4) are the momentum, entropy, induction and
mass conservation equation, respectively.

2.2.1 Frieman-Rotenberg formalism

To investigate the stability properties of accretion disks, we linearize the ideal MHD
equations (2.1)–(2.4). The linearization is done by assuming a time-independent equi-
librium. This assumption is justified at time scales which are much shorter than the
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dynamical time scale of the disk equilibrium. When linearizing, we write all variables
of the ideal MHD equations in the following way:

f = f0(r) + f1(r, t), and |f1| ≪ f0. (2.5)

Here, f0 is the equilibrium quantity while f1 is the time-dependent fluctuation about
the equilibrium quantity. The resulting equations can be rewritten in terms of the
Lagrangian displacement field, ξ(r, t), which is related to the perturbed velocity, v1,
in the following way

v1 =

(
∂

∂t
+ v0 · ∇

)
ξ − ξ · ∇v0, (2.6)

where v0 represents the equilibrium flow velocity. By introducing the Lagrangian dis-
placement field, there is no longer confusion between equilibrium and perturbed quan-
tities when we suppress the subscript 0 on all equilibrium quantities. The governing
equation for the displacement field, called the Frieman-Rotenberg equation (Frieman
and Rotenberg [7]), is

ρ
∂2ξ

∂t2
+ 2ρv · ∇∂ξ

∂t
− F(ξ) = 0, (2.7)

where F(ξ) represents the force operator, defined by

F(ξ) ≡ −∇Π + B · ∇Q + Q · ∇B −∇Φ∇ · (ρξ)

+ ∇ · [ρξv · ∇v − ρvv · ∇ξ],
(2.8)

with the Eulerian perturbation of the total pressure,

Π ≡ −γp∇ · ξ − ξ · ∇p+ B · Q, (2.9)

and the Eulerian perturbation of the magnetic field,

Q ≡ ∇× (ξ × B). (2.10)

By assuming an exponential time-dependence e−iωt for the displacement field,
we can distinguish two cases. In the case of no equilibrium flow, the force operator
F(ξ) is self-adjoint, meaning that its eigenvalues ω are purely real or imaginary. This
results in stable, damped and unstable modes. When there is flow, the force operator
is no longer self-adjoint, meaning that its eigenvalues ω are complex in general. This
introduces the possibility of damped stable waves as well as overstable modes.

2.2.2 System of first order differential equations

The Frieman-Rotenberg equation (2.7) will be applied in the case of a one-dimensional
cylindrical plasma equilibrium. For this kind of equilibrium, the MHD equations (2.1)–
(2.4) reduce to the radial force balance equation,

(
p+ 1

2B
2
)′

+
B2
θ

r
=
ρv2
θ

r
− ρg, (2.11)
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where the prime indicates the derivative with respect to r. The symbols B, Bθ, and vθ
are the total magnetic field, toroidal magnetic field, and toroidal velocity, respectively.
Furthermore, g represents the gravitational acceleration at the distance r,

g =
GM∗

r2
, (2.12)

with G the gravitational constant and M∗ the mass of the central object.
For the three dimensional perturbations, we choose Fourier mode solutions of the

form

ξ(r, θ, z, t) =




ξr,mk(r)
ξθ,mk(r)
ξz,mk(r)


 ei(mθ+kz−ωt), (2.13)

where m and k are the toroidal and axial wavenumber, respectively. This choice can be
made because of the symmetry of the equilibrium. Also by exploiting a projection based
on the magnetic field lines, the Frieman-Rotenberg equation (2.7) can be reduced to
a system of first order differential equations, which reads

AS

r

(
χ
Π

)′

+

(
C D
E −C

)(
χ
Π

)
= 0, (2.14)

where

χ ≡ rξr, (2.15)

A ≡ ρω̃2 − F 2, (2.16)

S ≡ (γp+B2)ρω̃2 − γpF 2, (2.17)

D ≡ ρ2ω̃4 − k0
2S, (2.18)

C ≡ −ρω̃
2

r

{
ρ

r

[
(B2

θ − ρv2
θ)ω̃

2 + (Bθω̃ + Fvθ)
2
]

(2.19)

+ ρgA

}
+ 2

m

r

S

r2
(FBθ + ρω̃vθ),

and

E ≡ −AS
r2

[
A+ r

(
B2
θ − ρv2

θ

r2

)′

+ ρ′g

]
(2.20)

+ 4
S

r4
(BθF + ρω̃vθ)

2

− 1

r2

{
ρ

r

[
(B2

θ − ρv2
θ)ω̃

2 + (Bθω̃ + Fvθ)
]
+ ρgA

}2

.
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In these expressions we use the following definitions: k0 = [0,m/r, k], k0 = |k0 |,
the Doppler shifted frequency ω̃ = ω − k0 · v, and F = k0 · B. Notice that we have
suppressed the subscripts m and k. The system (2.14) has been derived by Hameiri
[9] and Bonderson et al. [3] for a cylindrical plasma with flow but without gravity.
Recently, this system was obtained by Keppens et al. [14].

The differential equations (2.14) become singular when A = 0 or S = 0, which
results in the MHD continua. When A = 0, the eigenfrequency ω is equal to the local
Doppler shifted Alfvén continuum frequency,

ΩA
± ≡ k0 · v ± ωA, (2.21)

where ωA ≡ F/
√
ρ is the local Alfvén continuum frequency for a static equilibrium.

If S = 0, the eigenfrequency ω is equal to the local Doppler shifted slow continuum
frequency:

ΩS
± ≡ k0 · v ± ωS, (2.22)

where ωS ≡
√
γp/(γp+B2) F/

√
ρ is the local static slow continuum frequency.

These MHD continua form the basic organizing structure of the full MHD spectrum,
and are schematically shown in figure 2.1, where the equilibrium is assumed to be
weakly inhomogeneous. The Eulerian entropy continuum (Goedbloed et al. [8]) Ω0 ≡
k0 · v is also included in the figure.

ΩS
− ΩS

+ ΩA
+ ωΩ0ΩA

−

Figure 2.1: Continuous parts of the MHD spectrum for a weakly inhomogeneous
equilibrium.

2.2.3 Local dispersion equation

One can study many of the occurring instabilities by means of the local dispersion
equation,

q2
A2S2

r2
+ C2 +DE − ASD

r

(
C

D

)′

= 0, (2.23)

where q is the local radial ’wavenumber’. This local dispersion equation can be de-
rived from the differential equations (2.14) using the WKB method as discussed in
appendix 2.A. The equation will be solved neglecting the term proportional to ASD/r.
This approximation is valid if one assumes kcs ≫ ω̃, where cs ≡

√
γp/ρ is the sound

speed.

The remaining local dispersion equation can be rewritten as a sixth-order polyno-
mial in ω̃ which governs all discrete local modes. This dispersion equation reads:

ω̃6 + a4ω̃
4 + a3ω̃

3 + a2ω̃
2 + a1ω̃ + a0 = 0, (2.24)
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where the coefficients ai are defined as

a4 ≡ −
[
(q2 + k0

2)
γp+B2

ρ
+
F 2

ρ
(2.25)

− r

ρ

(
B2
θ

r2

)′

+ κ2 +
ρ′

ρ
Vg

]
,

a3 ≡ −4Ω

[
m

r
Vg + 2

kBzBθ
rρ

]
, (2.26)

a2 ≡ (q2 + k0
2)

2γp+B2

ρ

F 2

ρ
(2.27)

+ k0
2 γp+B2

ρ

[
− r
ρ

(
B2
θ

r2

)′

+ rΩ2′

+
ρ′

ρ
Vg −

ρV 2
g

γp+B2

]

+ 4k2Ω2 γp+B2

ρ
− 4k

(m
r
Bz − kBθ

) Bθ
rρ
Vg

+ 4
Ω2F

ρ

(m
r
Bθ − kBz

)
− 4

k2

r2
B2
θB

2

ρ2
,

a1 ≡ 4
ΩFBθ
ρ

[
k0

2Vg + 2k2 γp

rρ

]
, (2.28)

a0 ≡ −γpF
2

ρ2

{
(q2 + k0

2)
F 2

ρ
(2.29)

+ k0
2

[
− r
ρ

(
B2
θ

r2

)′

+ rΩ2′ +
ρ′

ρ
Vg −

ρV 2
g

γp

]

− 4k2 B
2
θ

r2ρ

}
,

with rotation frequency Ω ≡ vθ/r, deviation from a Keplerian disk Vg ≡ v2
θ/r−g and

epicyclic frequency κ2 ≡ 2vθ(rvθ)
′/r2. The local dispersion equation (2.23) reduces

to the local dispersion equation derived by Dubrulle and Knobloch [6] if one considers
axisymmetric perturbations, a constant density, a zero radial “wavenumber” q and
takes the incompressible limit.

2.2.4 Magneto-rotational instability

By making some extra assumptions, we can reduce the local dispersion equation (2.23)
further. Consider axisymmetric perturbations and the situation where qcs, kcs, qvA
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and kvA ≫ ω̃ and a purely axial magnetic field. Here, vA ≡ Bz/
√
ρ is the Alfvén

speed. In that case, the local dispersion equation (2.24) reduces to the following 4th

order polynomial:

b4ω̃
4 + b2ω̃

2 + b0 = 0, (2.30)

where the coefficients are

b4 = (q2 + k2)
γp+B2

z

ρ
+
F 2

ρ
, (2.31)

b2 = −
{

(q2 + k2)
2γp+B2

z

ρ

F 2

ρ
(2.32)

+ k2 γp+B2
z

ρ

[
rΩ2′ +

ρ′

ρ
Vg −

ρV 2
g

γp+B2
z

]

+ 4k2Ω2 γp

ρ

}
,

b0 =
γpF 2

ρ2

{
(q2 + k2)

F 2

ρ
(2.33)

+ k2

[
rΩ2′ +

ρ′

ρ
Vg −

ρV 2
g

γp

]}
.

This 4th order polynomial can be solved analytically, which results in the stability
criterion

F 2

ρ
≥ −k2

q2 + k2

[
rΩ2′ +

ρ′

ρ
Vg −

ρV 2
g

γp

]
. (2.34)

This is the stability criterion for the axisymmetric MRI for disks with a purely axial
magnetic field. This criterion is more generally applicable than the one derived by
Balbus and Hawley [2] to which it reduces for a weakly magnetized disk (p≫ B2

z).

2.3 The accretion disk model in the cylindrical limit

In order to quantify instabilities using a linear analysis, one has to consider the equi-
librium state of an accretion disk. The model we consider uses power-law scalings for
the different flow variables, following the self-similar models of Spruit et al. [21]. In
order to have a model that is in an equilibrium state, these profiles have to satisfy
equation (2.11). We use the following profiles for the density ρ, thermal pressure p,
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toroidal magnetic field Bθ, axial magnetic field Bz and the toroidal velocity vθ:

ρ = r−3/2, (2.35)

p = ǫ2 r−5/2, (2.36)

Bθ = −α1

√
2ǫ2

β(α2
1 + α2

2)
r−5/4, (2.37)

Bz = α2

√
2ǫ2

β(α2
1 + α2

2)
r−5/4, (2.38)

vθ = V0 r−1/2, (2.39)

where the α-parameters express the ratio of toroidal or axial to the total magnetic
field,

Bθ
B

=
−α1√
α2

1 + α2
2

, (2.40)

Bz
B

=
α2√

α2
1 + α2

2

, (2.41)

and

V 2
0 = GM∗ −

ǫ2

2β(α2
1 + α2

2)

[
5(1 + β)(α2

1 + α2
2) − 4α2

1

]
. (2.42)

Finally, the parameter β measures the radially constant ratio between the thermal
pressure and the total magnetic pressure , i.e. β ≡ 2p/B2. Notice that the density
and pressure profiles are such that the entropy is constant throughout the disk, thereby
excluding convective modes.

One of the key parameters of our model is the parameter ǫ, which is taken as a
constant free parameter. For values of ǫ≪ 1, the physical interpretation is the same
as in the model of Shakura and Sunyaev [20], i.e. ǫ = cs/vθ ≃ H/r, where H is the
scale height of the disk. These cases correspond to thin Keplerian rotating accretion
disks. For values of ǫ ∼ 1, one is in the regime of sub-Keplerian rotating disks (see
e.g. Narayan and Yi [15]) and for these cases we stick to the interpretation ǫ ≃ H/r,
noting that the identification ǫ = cs/vθ is not valid anymore. Typically cs/vθ will be
larger, up to a maximum factor of order ∼ 10.

Models of accretion disks which only depend on the radius r are sometimes referred
to as accretion disks in the cylindrical limit (see for example Armitage [1] and Hawley
[10]). The model we use is an example of such a model, where the results from
these models approximate the interior equatorial region of the accretion disk. This
approximation is correct as long as the axial wavenumber k is much larger than the
inverse of the scale height H. Therefore the identity k ≫ 2π/(ǫr) has to be satisfied in
order to connect the results from our spectral analysis with MHD stability properties
of the interior of an accretion disk.
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2.4 Numerical codes

For the investigation of the stability properties two numerical codes, LEDAFLOW
and a Local Dispersion Equation Solver (LODES), have been used. In the next two
subsections we briefly explain their algorithmic details.

2.4.1 The spectral code LEDAFLOW

The code LEDAFLOW developed by Nijboer et al. [17] can compute the complete
MHD spectrum for a given one-dimensional stationary equilibrium, axial wavenumber
k, and azimuthal wavenumber m. Instead of numerically solving the system (2.14)
the full set of MHD equations (2.1)–(2.4) are linearized and then discretized using
finite elements in the inhomogeneous direction, and solved using the Galerkin method
(Schwarz [19]). For the elements, a combination of cubic Hermite and quadratic
elements for the perturbed quantities is used to prevent the creation of spurious
eigenvalues. The result is a non-Hermitian eigenvalue problem, which is solved using
a QR method or an inverse vector iteration method (Press et al. [18]). The latter
one can be used to calculate the eigenfunctions for a single eigenvalue. The used
boundary conditions treat the edges of the disk as perfectly conducting walls. Strictly
speaking, these boundary conditions are inappropriate for considering waves modes in
an accretion disk. However, interior local modes that do not depend strongly on the
precise variations in a boundary region are barely affected by these conditions.

2.4.2 The local dispersion equation solver

The local dispersion equation solver LODES directly computes the roots of the local
dispersion equation (2.24) at a given radial position. This is done by making use of
Laguerre’s method (Press et al. [18]).

The code calculates the local value of coefficients ai (2.25)–(2.29) depending on
the given equilibrium, the radial “wavenumber” q, the azimuthal wavenumber m and
the axial wavenumber k. In principle the code can compute all six roots, but there is
a switch to calculate only the mode with the largest growth rate. Because the code
uses Laguerre’s method (Press et al. [18]), it needs an initial guess for this root. As
an initial guess, we use the analytical solution of the most unstable mode of the 4th

order polynomial (2.30).

2.4.3 Coupling LEDAFLOW with LODES

As described in the previous subsection, LODES needs a value of the radial “wavenum-
ber” q and a radial position ri to calculate the roots. In this subsection, we show how
we extract these input parameters from the results of LEDAFLOW.

Figure 2.2 shows the complete MHD spectrum of a calculation performed by
LEDAFLOW with the following set of parameters: m = 0, k = 200, β = 1000,
ǫ = 0.1 and a purely axial magnetic field (α1 = 0 and α2 = 1). In this calculation, we
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Figure 2.2: Complete MHD spectrum of a weakly magnetized thin disk for wavenum-
bers m = 0 and k = 200.

use 101 grid points in the radial direction on the domain r = [1, 2]. It is clear from
the resulting MHD spectrum that the disk is not stable. We identify these unstable

modes as MRI modes. Notice that, for a purely axial magnetic field, the eigenvalues
ω2 are real (i.e. no overstability in this case).

The eigenfunction χ of the mode with the largest growth rate is shown in figure 2.3.
From this eigenfunction the location ri and the radial wavenumber q of the instability
can be extracted. The location ri is the radius where χ has its extremum. The radial
wavenumber q follows from q = 2π/λr, where λr is chosen as the radial wavelength
from the inner boundary to the point when the value of the eigenfunction is 0.3% of
its extremum value. The justification of this heuristic method to calculate the radial
“wavenumber” q can be found in the appendix, where the WKB solutions are matched
to the analytical solutions in the turning point regions.

The mode shown in figure 2.3 has also been investigated on the enlarged radial
domains r = [0.966, 2], r = [0.938, 2] and r = [0.915, 2]. The inner boundary of these
domains is such that the mode has its extremum at the same radial location for the
different radial domains. The resulting growth rates are all almost equal to each other,
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Figure 2.3: The eigenfunction χ of the mode with the largest growth rate. The
growth rate is 0.728Ω .

which confirms our earlier statement that the mode does not strongly depend on the
boundary conditions used.

2.5 The magneto-rotational instability

We present results on magneto-rotational instabilities in an accretion disk in the
cylindrical limit using the methods described in the previous section. The calculations
using LEDAFLOW are performed on a radial domain r = [1, 2]. We only consider
axisymmetric perturbations (m = 0) and take a ratio of specific heats γ = 5/3.
We discuss seven calculations of which the different sets of parameters are shown in
tables 2.1 and 2.2.

2.5.1 Influence of the toroidal magnetic field

First, we investigate the influence of the toroidal magnetic field on both the growth
rate and the oscillation frequency of the MRI. This is done by varying the toroidal
magnetic field strength, while keeping the axial magnetic field strength constant. This
means that the plasma beta varies between the different calculations. The parameters
of the four calculations are shown in table 2.1. In these calculations we consider a
thin disk by taking ǫ = 0.1.

The results are shown in figures 2.4–2.7. In each figure, the left panel shows the
growth rate and the right panel shows the oscillation frequency of the most unstable
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Table 2.1: Parameters of thin, Keplerian accretion disks
Sim. no. ǫ α1 α2 β k ∆k

A 0.1 0 1 1000 200-365 5
B 0.1 1 1 500 200-365 5
C 0.1 10 1 9.901 200-365 5
D 0.1 30 1 1.110 200-365 5

axisymmetric mode, both as a function of the axial wavenumber. We have scaled
the growth rate and the oscillation frequency with respect to the rotation frequency.
Instead of the axial wavenumber k, we use the corresponding local Alfvén frequency
ωA scaled with respect to the local rotation frequency. This scaling is similar to the
one used by Narayan et al. [16].

In our figures, the diamonds represent the calculations performed with LEDAFLOW.
The solid and dashed line correspond with the results from respectively the analytical
solution of the approximate 4th order polynomial (2.30) and LODES. Recall that the
last two calculations make use of LEDAFLOW results, in the manner described in
section 2.4.3.

In the calculations A, B, and C (shown in figures 2.4, 2.5, and 2.6, respectively)
we change from a purely axial (A) to a predominantly toroidal (C) magnetic field
configuration. One sees that the growth rate of the analytical solution of 4th order
polynomial (2.30) and LODES matches with the LEDAFLOW calculations. The dif-
ferences to LEDAFLOW are less than 4% and 1%, respectively. These calculations
(A, B and C) also show that the oscillation frequency increases away from zero as the
toroidal magnetic field strength increases. A similar result was obtained by Dubrulle
and Knobloch [6]. These authors considered an incompressible plasma with a similar
toroidal velocity profile as used in this chapter, but a different toroidal magnetic field
profile. Again, there is a perfect match between the LEDAFLOW and LODES results.
However, the 4th order polynomial (2.30) cannot be used to compute the oscillation
frequency since it only yields a value for the growth rate. The differences between the
LEDAFLOW and LODES results are again less than 1%.

Figure 2.7 shows results from a calculation for which the accretion disk is close
to equipartition in a strong toroidal |Bθ| = 30|Bz| magnetic field configuration
(disk model D). Again, there is an almost perfect match between the results from
LODES and LEDAFLOW (the discrepancy is less than 1%), but the 4th order polyno-
mial (2.30) no longer predicts a correct approximation of the growth rate. This is due
to the dynamical importance of the toroidal magnetic field component. Comparing
figure 2.7 with figure 2.6, it is clear that the oscillation frequency remains roughly
the same and the growth rate decreases slightly. The analytical work performed by
Dubrulle and Knobloch [6] also indicates a decrease in the growth rate, as a result
of the increasing tension of the toroidal magnetic field. Hence, the cases A-D clearly
demonstrate that the MRI remains active when the toroidal magnetic field increases.
This remains true at least up to equipartition (figure 2.7).
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Figure 2.4: The growth rate and the oscillation frequency of the most unstable ax-
isymmetric MRI mode as a function of the scaled Alfvén frequency for
disk model A, where β = 1000. In this purely axial magnetic field con-
figuration, the axisymmetric modes are purely exponentially growing in
time.
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Figure 2.5: The growth rate and the oscillation frequency of the most unstable ax-
isymmetric MRI mode as a function of the scaled Alfvén frequency for
disk model B, where β = 500.
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Figure 2.6: The growth rate and the oscillation frequency of the most unstable ax-
isymmetric MRI mode as a function of the scaled Alfvén frequency for
disk model C, where β = 9.901.
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Figure 2.7: The growth rate and the oscillation frequency of the most unstable ax-
isymmetric MRI mode for a disk close to equipartition with a dominant
toroidal magnetic field component (disk model D).
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Table 2.2: Parameters of Keplerian to sub-Keplerian accretion disks
Sim. no. ǫ α1 α2 β k ∆k

E 0.1 10 1 1000 320-4000 40
F 0.3 10 1 1000 96-1200 12
G 0.5 10 1 1000 40-500 5

2.5.2 Keplerian to sub-Keplerian disk

In this subsection, we investigate the properties of the axisymmetric MRI in sub-
Keplerian disks. Three calculations have been performed, all with β = 1000, α1 = 10
and α2 = 1 (see table 2.2). A sub-Keplerian disk can be obtained by increasing the
value of the ǫ parameter beyond ǫ = 0.3. All calculations have been performed such
that the domain of the Alfvén frequency over the rotation frequency remains the
same: the corresponding domain of k-values can be found in table 2.2.

The results are shown in figures 2.8–2.10. Again, the growth rate (left panel) and
oscillation frequency (right panel) are scaled with respect to the rotation frequency.
These scaled quantities have been plotted as a function of the ratio of the Alfvén
frequency to the rotation frequency.

Again, there is a perfect match (less than 1% discrepancy) for the growth rate
obtained with the three methods: LEDAFLOW, LODES and the 4th order polyno-
mial (2.30). Notice that the scaled growth rates in figures 2.8–2.10 coincide although
the deviation from a Keplerian disk is significant in cases F and G. This can be ex-
plained by investigating the solution of the 4th order polynomial in the case of a
weakly magnetized disk. The solution, scaled with respect to the rotation frequency,
reads:

ω̃2

Ω2 =
ω2

A

Ω2 +
k2

2(q2 + k2)

{
κ2

Ω2 +
1

Ω2

(
ρ′

ρ
Vg −

ρV 2
g

γp

)

(2.43)

±

√[
κ2

Ω2 +
1

Ω2

(
ρ′

ρ
Vg −

ρV 2
g

γp

)]2
+ 16

q2 + k2

k2

ω2
A

Ω2

}
.

For the chosen power-law of the toroidal velocity, the epicyclic frequency κ2 = Ω2.
In the case of a weakly magnetized disk and a constant entropy, the term ρ′Vg/ρ −
ρV 2

g /(γp) can be neglected. Furthermore, notice that for a pure hydrodynamical case
this term is the Brunt-Väisälä frequency. For the calculations in this chapter, this
frequency is equal to zero because we consider disks with constant entropy.

This results in an equation that only depends on the ratio ωA/Ω. Remember that
the domain of this ratio has been kept the same in calculations E, F and G.

The oscillation frequencies in figures 2.8–2.10 obtained from LEDAFLOW and
LODES match perfectly (less than 1%). These figures show an overall increase in the
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value of the scaled oscillation frequency as one increases the value of ǫ. Hence, the
overstable nature of the MRI is even more significant in sub-Keplerian disks with a
dominant toroidal magnetic field component.

2.6 Conclusions

We have considered the magneto-rotational overstability in magnetized accretion disks
with a toroidal magnetic field component. We have used results from the spectral code
LEDAFLOW and compared them with more approximate solutions of both the fourth
and sixth order polynomial local dispersion equation. In our calculations, we have
considered axisymmetric perturbations (m = 0) within a disk in the cylindrical limit.
The most important results are summarized below:

• Magneto-rotational instabilities are present in both sub-Keplerian and Keplerian
rotating accretion disks.

• The magneto-rotational instability is also present in Keplerian rotating disks
close to equipartition, when the toroidal magnetic field strength dominates the
total magnetic field strength.

• The oscillation frequency of the instability is nonzero due to the presence of a
toroidal magnetic field component for both sub-Keplerian and Keplerian rotating
disks.

In the next chapter (van der Swaluw et al. [22]), we will consider accretion disk
models that also allow for convective instabilities, and analyze their relation with
respect to MRI modes. All our solvers can be used to study non-axisymmetric pertur-
bations (m 6= 0). This is left to future work.
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Figure 2.8: The growth rate and the oscillation frequency of the most unstable mode
for disk model E, where the disk rotation is Keplerian.
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Figure 2.9: The growth rate and the oscillation frequency of the most unstable mode
for disk model F, where the disk rotation is weakly sub-Keplerian.
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Figure 2.10: The growth rate and the oscillation frequency of the most unstable
mode for disk model G, where the disk rotation is strong sub-Keplerian.
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2.A Radial “wavenumber”

To justify how we calculate the radial “wavenumber” q as discussed in subsec-
tion 2.4.3, we discuss the WKB approximation in detail. Instead of using the system
of first order differential equations (2.14) we use the equivalent generalized Hain-Lüst
equation,

(fχ′)′ + ĝχ = 0, (2.44)

where

f ≡ AS

rD
, (2.45)

ĝ ≡ −r
ASD

[
C2 +DE − ASD

r

(
C

D

)′
]
. (2.46)

This equivalent equation is preferred over system (2.14) for a more straightfor-
ward WKB analysis. In standard WKB analysis for the generalized Hain-Lüst equa-
tion (2.44) we write the solution in the following form:

χ(r) = p(r) exp

[
i

∫ r

r0

q(r)dr

]
, (2.47)

where r0 is the radial location of the inner boundary. Inserting this solution in the
generalized Hain-Lüst equation (2.44) gives

−fq2p+ ĝp+ fp′′ + f ′p′ + i (2fqp′ + f ′qp+ fq′p) = 0. (2.48)

Introducing a length scale L for the radial background variation, we can neglect the
second order terms fp′′ + f ′p′ compared to the first order ones if qL≫ 1. This kind
of ordering yields the following expressions for the radial “wavenumber” q and the
amplitude p:

q ≈ ±
√
ĝ

f
and p ≈ 1

(fĝ)1/4
. (2.49)

Using the expression for q, we can plot this quantity for a given radial domain. This
is shown in figure 2.11 for the eigenfunction χ plotted in figure 2.3. Here, we applied
the same radial domain as used in the LEDAFLOW calculation. The plot shows that
at a certain radius r1 the radial “wavenumber” becomes zero. Close to this radius
the WKB approximation fails, because qL ≫ 1 is no longer satisfied. However, we
can find an analytical solution close to this radius. To find the analytical solution we
write the generalized Hain-Lüst equation (2.44) in the following form

d2χ

dR2
+Gχ = 0, (2.50)

where

R′ ≡ 1

f
, and G ≡ fĝ. (2.51)
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Figure 2.11: The radial “wavenumber” q of the eigenfunction χ shown in figure 2.3.
The growth rate is 0.728Ω .

Both the radial “wavenumber” q and the function G become zero at the radius r1 as
expected. We apply a Taylor expansion of G about R1(≡ R(r1)) and insert this in
the generalized Hain-Lüst equation (2.50). This yields

d2χ

dz2
− zχ = 0, (2.52)

where

z ≡
(∣∣∣∣

dG

dR

∣∣∣∣
R=R1

)1/3

(R−R1) . (2.53)

The analytical solution of this differential equation is the Airy function,

Ai(z) =
1

π

∫ ∞

0

cos
(

1
3s

3 + sz
)
ds, (2.54)

which for large |z| has the asymptotic form

Ai(z) ∼ 1

2
√
πz1/4

exp

[
−2

3
z3/2

]
for z > 0,

Ai(z) ∼ 1√
π(−z)1/4 sin

(
2

3
(−z)3/2 +

1

4
π

)
for z < 0.

(2.55)

We now calculate the integral
∫ r1

r

q(r)dr =
2

3
(−z)3/2, (2.56)
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which, for R < 0, results in the solution

χ(r) =
A0

(fĝ)1/4
sin

(∫ r1

r

q(r)dr +
1

4
π

)
, (2.57)

where A0 is constant. We apply to this function the same boundary condition as
in LEDAFLOW at the inner boundary. This means that χ(r) is zero at the inner
boundary, which yields ∫ r1

r0

q(r)dr = −1

4
π + nπ, (2.58)

where n is a natural number. If we numerically calculate this integral for the radial
“wavenumber” q plotted in figure 2.11, we find that it is approximately 0.76π. For
numerical integration we used Simpson’s rule (Press et al. [18]). Thus determining the
radial “wavenumber” as discussed in subsection 2.4.3 gives approximately the right
value for q. Hence, even for this most unstable mode, the local WKB analysis is in
excellent agreement with the numerical solution.
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3 Convective magneto-rotational in-
stabilities in accretion disks

Abstract

We present a study of instabilities occurring in thick magnetized accre-
tion disks. We calculate the growth rates of these instabilities and charac-
terize precisely the contribution of the magneto-rotational and convective
mechanism. All our calculations are performed in radially stratified disks
in the cylindrical limit. The numerical calculations are performed using the
appropriate local dispersion equation solver discussed in Blokland et al.
[4]. A comparison with recent results by Narayan et al. [10] shows excel-
lent agreement with their approximate growth rates only if the disks are
weakly magnetized. However, for disks close to equipartition, the disper-
sion equation from Narayan et al. [10] loses its validity. Our calculations
allow for quantitative determination of the increase in growth rate due
to the magneto-rotational mechanism. We find that the increase of the
growth rate for long wavelength convective modes caused by this mech-
anism is almost negligible. On the other hand, the growth rate of short
wavelength instabilities can be significantly increased by this mechanism,
reaching values up to 60%.
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3.1 Introduction

Accretion disks are present around a variety of astrophysical objects, ranging from
young protostars in star formation regions to massive black holes in the centre of
galaxies. A standard model of a geometrically thin accretion disk was introduced in
the early seventies by Shakura and Sunyaev [12]. In their model, angular momentum is
transported outwards by an anomalous viscosity mechanism, which is parameterized by
the α-parameter. This parameter scales linearly with the radial-azimuthal component
of the stress tensor, which is associated with the viscous torque that provides the
angular momentum transport. The assumption of a geometrically thin disk implies
that the gravitational energy release by viscous dissipation is locally radiated away.

It was realized in the early nineties that the anomalous viscosity mechanism can be
provided by the turbulence that arises from the magneto-rotational instability (Balbus
and Hawley [2]). These authors showed that this essentially magnetic instability is a
very robust one that occurs in weakly magnetized thin accretion disks.

However, in recent years, Chandra observations have found examples of underlumi-
nous black holes at X-ray frequencies. A good example is our own Galactic Centre, Sgr
A∗ (Baganoff et al. [1]), and the galactic centre of the elliptic galaxy M87 (Di Matteo
et al. [6]). These observations might be explained in the context of nonradiating accre-
tion flows, which are still using the α description from Shakura and Sunyaev [12], but
are no longer geometrically thin (Narayan and Yi [9]). One of these models that has
gained a lot of interest in the literature in recent years is the convection-dominated
accretion flow (CDAF). In this type of accretion flow models, the transport of the
angular momentum outwards by the turbulence arising from the magneto-rotational
instability is partly counterbalanced by transport inwards due to convective motion
occurring in these thick accretion disks. Therefore the accretion rate might be effi-
ciently reduced, which might explain the lower observed X-ray luminosities in Sgr A∗

and the central region of M87.
Recent studies of these CDAF-type of disks, in which both convective and magneto-

rotational instabilities can be found, have been performed by Balbus and Hawley [3]
and Narayan et al. [10]. These authors have used a linear stability analysis and identi-
fied unstable long-wavelength modes with a convective nature, and short-wavelength
modes with a more dominant MRI behaviour.

In this chapter, we elaborate on the work of Narayan et al. [10]. These authors
have considered a differentially rotating and thermally stratified plasma with a weak
axial magnetic field. They use the equation for the growth rate obtained by Balbus and
Hawley [2], who used linear stability theory to derive it. Narayan et al. [10] consider
five models of an accretion disk, each with a different value of the assumed uniform
Brunt-Väisälä frequency. Their results clearly show the rise of a plateau in the obtained
growth rate at low axial wavenumbers as the Brunt-Väisälä frequency is increased.
They argue that the modes in this plateau are identified as convective modes, once
the Brunt-Väisälä frequency exceeds the epicyclic frequency, i.e. the Høiland criterion
(Tassoul [13]). The exact nature of a mode in this plateau is identified using results
from the linear stability theory as performed by Balbus and Hawley [2], [3].
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We follow up on the above-mentioned work, but we numerically solve a sixth order
polynomial dispersion relation, using the Local Dispersion Equation Solver (LODES),
which was already discussed in Blokland et al. [4]. We will not only consider weakly
magnetized disks, but also consider models which are closer to equipartition. We
consider a differentially rotating plasma for which the equilibrium quantities are power-
law profiles of the radius. Furthermore, we explicitly define a value for the scale height
of the disk H with respect to the radius r using the free parameter ǫ = H/r.

In our present analysis we only consider axisymmetric perturbations, which means
that in a model with a purely toroidal magnetic field, the magneto-rotational mecha-
nism is excluded. Therefore in such models, the obtained modes are purely convective.
The growth rates from these modes can be compared to a similar model that includes
a weak axial magnetic field. This enables one to observe the increase in growth rate
due to the presence of the magneto-rotational mechanism.

This chapter is organized as follows: in section 3.2 we discuss our model; sec-
tion 3.3 shortly recalls the model from Narayan et al. [10]; in section 3.4 we present
our results, including a comparison with the results from Narayan et al. [10]; and
finally in section 3.5 we present our conclusions.

3.2 Accretion disk model

3.2.1 Equilibrium of a differentially rotating plasma

We want to investigate the growth rate of instabilities occurring in a magnetized
accretion disk. In order to quantify instabilities using a linear analysis, one has to
consider an MHD equilibrium. In our case, this equilibrium is one of a differentially
rotating plasma that is radially stratified. In our model the density, pressure, magnetic
field strength, and toroidal velocity only depend on the radius r. This type of model
is sometimes referred to as an accretion disk in the cylindrical limit (see for example
Hawley [7]).

We use an equilibrium as in Blokland et al. [4], generalized with an additional
parameter a, which is introduced in order to allow for convective instabilities. The
following profiles are used for density ρ, thermal pressure p, toroidal magnetic field
Bθ, axial magnetic field Bz, and the toroidal velocity vθ, respectively:

ρ = r−(3+a)/2, (3.1)

p = ǫ2 r−(5+a)/2, (3.2)

Bθ = −α1

√
2ǫ2

β(α2
1 + α2

2)
r−(5+a)/4, (3.3)

Bz = α2

√
2ǫ2

β(α2
1 + α2

2)
r−(5+a)/4, (3.4)

vθ = v0 r−1/2, (3.5)
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in which the α-parameters can be expressed as the ratio of both the toroidal and axial
magnetic field over the total magnetic field B like

Bθ
B

=
−α1√
α2

1 + α2
2

, (3.6)

Bz
B

=
α2√

α2
1 + α2

2

, (3.7)

and the parameter v0 is defined as:

v2
0 = GM∗ −

ǫ2

2β(α2
1 + α2

2)

[
(5 + a)(1 + β)(α2

1 + α2
2) − 4α2

1

]
. (3.8)

Here, G and M∗ denote the gravitational constant and the mass of the central object
respectively. Finally, the parameter β denotes the radially constant ratio between the
thermal pressure and total magnetic pressure B2/2, i.e. β ≡ 2p/B2.

The above power-law profiles satisfy the radial force balance equation in cylindrical
coordinates:

(
p+ 1

2B
2
)′

+
B2
θ

r
=
ρv2
θ

r
− ρg, (3.9)

here g denotes GM∗/r
2, and the prime indicates the derivative with respect to radius

r.
The differences between our equilibrium and the one in Narayan et al. [10] are:

1) we explicitly define the above-mentioned equilibrium quantities by using power-law
profiles as a function of radius r; 2) we include the toroidal magnetic field component
Bθ; 3) we define a ratio of scale height H over radius r, i.e. ǫ ≡ H/r, in order to
quantify the thickness of our disk model; and 4) we do not exclude disks close to
equipartition (β is a free parameter).

3.2.2 Determining the growth rate of instabilities

We use the local dispersion equation solver, which was recently discussed by Blokland
et al. [4]. This code calculates the growth rate of the most unstable mode in a
given MHD equilibrium for a given radial “wavenumber” (q), and a toroidal (m)
and axial wavenumber (k) at a given position ri. We will only consider axisymmetric
perturbations (m = 0) in this chapter.

In order to determine the radial “wavenumber” q, we use the method discussed
by Blokland et al. [4]. It is shown there that under certain assumptions, the numer-
ical solution of the full set of linearized compressible MHD equations governing all
MHD modes in disk equilibria obeying Eq. (9) can be avoided for modes obeying a
local dispersion equation found from WKB analysis. Excellent agreement between the
growth rate and the eigenfunction behaviour was demonstrated when position ri and
associated “wavenumber” q were properly calculated from the full numerical solution.
In this chapter we follow Balbus and Hawley [2] and Narayan et al. [10], who effec-
tively take q = 0, in order to make a direct comparison with their calculations. We
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Figure 3.1: Dimensionless growth rate γ/Ω as a function of dimensionless wavevector
kvA/Ω for accretion disk models from Narayan et al. [10]. The five growth
rates shown are from five different solutions: N2/Ω2 = 0.0 (solid line);
N2/Ω2 = 0.5 (dotted line); N2/Ω2 = 1.0 (short-dashed line); N2/Ω2 =
1.5 (long-dashed line); N2/Ω2 = 2.0 (dot-dashed line).

notice that we only observed a difference on the order of 1% in our obtained growth
rates with respect to our calculations, for which the “wavenumber” q was properly
calculated.

The local dispersion equation solver finds the root of a sixth order polynomial
using Laguerre’s method (Press et al. [11]). This sixth order polynomial dispersion
equation represents the local dispersion equation as an approximation to the true 10th

degree WKB local dispersion equation (Blokland et al. [4]), which is more general
than the one discussed by Narayan et al. [10]: 1) it allows calculation of the growth
rate of instabilities for an equilibrium that has both an axial and a toroidal magnetic
field component; and 2) the equilibrium can be either weakly magnetized or close
to equipartition. Narayan et al. [10] could not consider disks close to equipartition,
because the fourth order polynomial from Balbus and Hawley [2] was derived assuming

a weak axial and no toroidal magnetic field component.
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3.3 Accretion disks with convection

3.3.1 A thick accretion disk

One of the key parameters of our MHD equilibrium is the parameter ǫ, which is
taken as a constant free parameter. This parameter was introduced by Shakura and
Sunyaev [12] in their model of geometrically thin accretion disks, which are Keplerian
rotating. The physical interpretation of ǫ in these models is the same as in the MHD
equilibrium we consider here, i.e. ǫ = cs/vθ ≃ H/r, where cs denotes the sound speed.
MRI instabilities in thin accretion disk models were considered by Blokland et al. [4].
However, in this chapter we consider values of ǫ ∼ 1; i.e. we are in the regime of
sub-Keplerian rotating disks (see e.g. Narayan and Yi [9]). For these cases we stick
to the interpretation ǫ ≃ H/r, noting that the identification ǫ = cs/vθ is not valid
anymore. Typically, cs/vθ in our models will be larger up to a maximum factor of
order ∼ 10. As mentioned in section 3.2, our MHD equilibrium is an example of an
accretion disk model within the cylindrical limit. One has to realize that results from
these type of models approximate the interior of a real height-dependent accretion
disk. This approximation is correct as long as the axial wavenumber k is much larger
than the inverse of the scale height H. Therefore the identity k ≫ 2π/(ǫr) has to be
satisfied in our calculations in order to connect these results with the interior of an
accretion disk.

3.3.2 Convective instabilities

As discussed in section 3.2, Narayan et al. [10] also considered an equilibrium of a dif-
ferentially rotating plasma that only allows for a weak axial magnetic field component.
Furthermore, their equilibrium quantities depend on radius r, but are not explicitly
defined as power-laws obeying the radial force balance equation (9). Therefore, in or-
der to introduce convective instabilities in their model, they describe the stratification
of the differentially rotating plasma in terms of a free parameter N2, which is directly
related to the Brunt-Väisälä frequency NBV:

N2 = − N2
BV =

3

5ρ

dp

dr

d ln(pρ−5/3)

dr
. (3.10)

In a weakly-magnetized rotating medium, the onset of convection is determined by the
Høiland criterium, i.e. N2 > κ2(≡ 2vθ(rvθ)

′/r2), where κ is the epicyclic frequency.
Furthermore, they assume a purely Keplerian system, which means that κ2 = Ω2

K,
therefore convective instabilities will be present in their model when N2 > Ω2.
Narayan et al. [10] present growth rates of instabilities as a function of the axial
wavenumber. They use the equation for the growth rate derived by Balbus and Hawley
[2]. They normalize their obtained growth rates to the rotational frequency; further-
more, the wavevector is multiplied by the Alfvén velocity vA, and also normalized to
the rotational frequency. In this way the only free parameter left for the growth rate
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profiles is the parameter N2/Ω2. Figure 1 shows these scaled growth rates for the
different values of N2/Ω2 considered by Narayan et al. [10].

In our cylindrical accretion disk model with power-law equilibrium profiles one can
calculate N2/Ω2, and make a direct comparison with the work of Narayan et al. [10].
Furthermore, it can be shown that in our MHD equilibrium the equality κ2 = Ω2 is
always valid, even if the system is not Keplerian rotating (i.e. when ǫ ∼ 1). Therefore
our MHD equilibrium will also be convectively unstable onceN2 > Ω2, as in the model
from Narayan et al. [10], the difference being that our model captures significant
deviations from Keplerian rotating disks by means of the ǫ parameter (Ω2 6= Ω2

K).
The Høiland criterium is valid for a hydrodynamical equilibrium, but strictly speak-

ing it is not valid for an MHD equilibrium, which is weakly magnetized. However,
it can be used as an indication of convective instabilities at those wavenumbers
where the restoring magnetic tension force is much smaller than the buoyancy force
(Christodoulou et al. [5]). These authors derive a stability criterium for axial pertur-
bations for magnetized equilibria with purely toroidal magnetic fields. This criterium
is valid for all values of the plasma parameter β, which therefore includes equilibria
that are weakly magnetized or close to equipartition. Therefore this criterium could
be used to determine the presence of convective instabilities in our models with purely
toroidal magnetic fields. The criterium can also be derived from the local dispersion
equation (see e.g. Keppens et al. [8]; Blokland et al. [4]; Wang et al. [14]).

3.3.3 A model for the interior of a thick accretion disk

In our MHD equilibrium, the parameter ǫ is a free parameter to be interpreted as
related to the scale-heightH at each radial position r. In order to perform a meaningful
stability calculation for an accretion disk, the wavenumbers of the unstable modes
considered must be such that they are able to manifest themselves in the interior of
the accretion disk. These instabilities fit into the interior of the considered accretion
disk model once the corresponding axial wavenumber k > kmin ≡ 2π/H. Analysis by
Narayan et al. [10] shows a maximum of the growth rate at log(kvA/Ω) ∼ 0.0 (see
figure 3.1). We therefore choose our MHD equilibria such that the numerical value
of log(kminvA/Ω) is typically less then ∼ −1.5. For these models, all unstable modes
found with an axial wavenumber k > kmin fit into the interior of the considered disk
model, and include the most unstable ones.

We found that in order to satisfy the restriction k > kmin with log(kminvA/Ω) ∼
−1.5 a high ratio of the toroidal magnetic field strength to the axial magnetic field
strength is needed. Figure 3.2 shows the parameter log (kminvA/Ω) as a func-
tion of the parameters ǫ and β of our model, for which the other parameters have
been fixed. Indeed for most values of ǫ and β the corresponding numerical value
log (kminvA/Ω) < −1.5. The dashed line in figure 3.2 marks the Høiland criterium,
i.e. N2 = Ω2. The models on the right hand side of this line are convectively unsta-
ble, while the models on the left hand side are convectively stable. Notice that the
line N2 = Ω2 can be drawn uniquely as a function of β and ǫ, once α1 and α2 are
determined. This is because the numerical value of N2/Ω2, calculated from the equi-
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Figure 3.2: Logarithmic gray-scale plot of the value log(kminvA/Ω) in the model
for which α1 = 300.0, α2 = 1.0, and a = −3.0. The dashed line corre-
sponds to N2 = Ω2. The dashed curve for the Høiland criterium deviates
from a straight vertical line, because of the dynamical importance of the
magnetic field on the equilibrium for low values of β.

librium presented in section 3.2, does not depend on radius r. As argued above we will
choose a configuration of an accretion disk with most of the magnetic field strength in
the toroidal component, in order to allow for both convective and magneto-rotational
instabilities. The values of the ratio of the Brunt-Väisälä frequency and the rotational
frequency marks the free parameter in the paper by Narayan et al. [10]. We plot the
numerical value of this parameter in our models in figure 3.3 and plot contours with
N2/Ω2 = 0.5, 1.0, 1.5, 2.0, corresponding to the models discussed in Narayan et al.
[10]. Note that in very weakly magnetized, thick disk models we obtain high values
for N2/Ω2, the highest value being N2/Ω2 = 600 (model A in table 3.1). Those are
expected to be rigorously convective in a pure hydrodynamical sense.

3.4 Accretion disks with two instabilities

3.4.1 Introduction

We present the results from a linear analysis performed for different MHD equilibria,
using the local dispersion equation solver. Our calculations only considered equilibria
with constant density (a = −3.0), while most of the magnetic field strength is in
the toroidal direction (α1 = 300.0; α2 = 1.0). Finally, we only considered thick
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Figure 3.3: Contour plot of the parameter N2/Ω2 in the model for which α1 =
300.0, α2 = 1.0 and a = −3.0.

Table 3.1: Parameters of accretion disk models: all the models considered have α1 =
300, a = −3 and α2 = 1 (α2 = 0) for models with (without) axial magnetic field.

Sim. no. ǫ β N2/Ω2

A 1.0 1000.0 600.0
B 0.94 1000.0 4.5
C 0.88 1000.0 2.0
D 0.845 1000.0 1.5
E 1.0 20.0 12.0
F 1.0 10.0 6.0

accretion disk models by considering MHD equilibria with ǫ ≥ 0.8, in order to allow
for mixed convective magneto-rotational instabilities. We considered five different
MHD equilibria and calculate the growth rates of the unstable modes. Additionally,
we repeat these calculations for all five models with the only difference being that the
axial magnetic field equals zero (α2 = 0.0). Since we are only considering axisymmetric
perturbations, these last calculations yield instabilities that cannot have a magneto-
rotational nature and are purely convective instabilities. Because the axial magnetic
fields are weak, comparing the growth rates of the same model with and without
the axial magnetic field component provides a quantitative measure of the magneto-
rotational contribution of an unstable mode in the interior of an accretion disk.
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Figure 3.4: Top panel: dimensionless growth rate γ/Ω as a function of dimensionless
wavenumber kvA/Ω for MHD equilibrium A (see table 3.1). The solid
line corresponds to the solution from Narayan et al. [10]. The crosses
correspond to the solution using the code LODES. Bottom panel: ratio
of the growth rate γMC with (α2 = 1.0) and the growth rate γC with-
out (α2 = 0.0) an axial magnetic field component as a function of the
dimensionless wavenumber kvA/Ω.
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Figure 3.5: Top panel: dimensionless growth rate γ/Ω as a function of dimensionless
wavenumber kvA/Ω for MHD equilibrium B (see table 3.1). The solid
line corresponds to the solution by (Narayan et al. [10]). The crosses
correspond to the solution using the code LODES. Bottom panel: ratio
of the growth rate γMC with (α2 = 1.0) and the growth rate γC with-
out (α2 = 0.0) an axial magnetic field component as a function of the
dimensionless wavenumber kvA/Ω.

54



J.W.S. Blokland

3.4.2 Weakly magnetized disks: from sub-Keplerian to near-
Keplerian disks

In this subsection, we investigate the influence of the parameter ǫ on the nature
of the instabilities in weakly magnetized (β = 1000) MHD equilibria (models A-D,
table 3.1). We present the growth rates of the instabilities in our model as a function
of the axial wavenumber, using the same scaling as Narayan et al. [10].

Figure 3.4 shows our results for model A, which has a corresponding value of the
ratio N2/Ω2 = 600 (model A, table 3.1). The top panel shows a comparison between
our calculations for the growth rate of the instabilities (crosses) and those of Narayan
et al. [10] (solid line). There is perfect agreement between both results. The bottom
panel shows the ratio of the growth rate of model A with an axial magnetic field (α2 =
1.0) with respect to model A without an axial magnetic field (α2 = 0.0). The model
without axial magnetic field excludes the magneto-rotational mechanism completely.
One can see that the ratio never exceeds unity, implying that there is no enhancement
of the growth rate due to the magneto-rotational mechanism. Furthermore, we observe
in the top and bottom panels that there is no observed maximum value of the growth
rate at log(kvA/Ω) ≈ 0.0, a feature also associated with the magneto-rotational
instability. Therefore, the observed instabilities have a (nearly) completely convective
nature in this particular disk model, as expected from the very high value of N2/Ω2.

Figure 3.5 shows our results for model B, which has a corresponding value of the
ratio N2/Ω2 = 4.5 (model B, table 3.1). One can see in the top panel that the growth
rate from our calculations (crosses) again matches the solution for the growth rate
(solid line) in Narayan et al. [10], despite the fact that we consider an overall weak,
but predominantly toroidal magnetic field. The bottom panel of figure 3.5 shows the
ratio of the growth rate of model B with axial magnetic field (α2 = 1.0), with respect
to model B without an axial magnetic field component (α2 = 0.0). It is observed
that there is an overall small contribution (less than 1 percent) to the growth rates
by the magneto-rotational mechanism. This indicates that the unstable modes have
a dominant convective nature in this model, like in model A.

In model C, the thickness of the disk model was reduced further, such that the
obtained ratio N2/Ω2 ≃ 2.0 equals the maximum value Narayan et al. [10] have
considered in their paper. The top panel of figure 3.6 shows the calculated growth
rates (crosses) of this MHD equilibrium, and there is a perfect match with the solution
(solid line) in Narayan et al. [10]. The bottom panel of figure 3.6 shows the ratio of
the growth rate of model C with axial magnetic field (α2 = 1.0) with respect to
model C without an axial magnetic field component (α2 = 0.0). The contribution
from the magneto-rotational mechanism is significant, approximately 25 percent at
values of the wavenumber where the growth rate has its maximum, an increase that
indicates that the unstable modes in this range of wavenumbers are significantly
amplified by the magneto-rotational mechanism. Furthermore, model C shows that for
axial wavenumbers log(kvA/Ω) < −1.0, the contribution of the magneto-rotational
mechanism has decreased to a few percent. This indicates that the unstable modes in
this range of wavenumbers have a dominant convective nature. This conclusion about
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Figure 3.6: Top panel: dimensionless growth rate γ/Ω as a function of dimensionless
wavenumber kvA/Ω for MHD equilibrium C (see table 3.1). The solid line
corresponds to the solution by Narayan et al. [10]. The crosses correspond
to the solution using the code LODES. Bottom panel: ratio of the growth
rate γMC with (α2 = 1.0) and the growth rate γC without (α2 = 0.0)
an axial magnetic field component as a function of the dimensionless
wavenumber kvA/Ω.
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Figure 3.7: Top panel: dimensionless growth rate γ/Ω as a function of dimensionless
wavenumber kvA/Ω for MHD equilibrium D (see table 3.1). The solid line
corresponds to the solution by Narayan et al. [10]. The crosses correspond
to the solution using the code LODES. Bottom panel: ratio of the growth
rate γMC with (α2 = 1.0) and the growth rate γC without (α2 = 0.0)
an axial magnetic field component as a function of the dimensionless
wavenumber kvA/Ω.
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the long wavelength regime was also made by Narayan et al. [10] in their analysis.
Finally, figure 3.7 shows our results for model D, which has a corresponding value

of the ratio N2/Ω2 = 1.5 (see Table 1). The top panel of figure 3.7 shows the
calculated growth rates (crosses) of this MHD equilibrium, in agreement with the
solution (solid line) in Narayan et al. [10]. The bottom panel of figure 3.7 shows the
ratio of the growth rate of model D with axial magnetic field (α2 = 1.0) with respect
to model D without an axial magnetic field component (α2 = 0.0). The contribution
from the magneto-rotational mechanism increases up to 60 percent around values
of the wavenumber where the growth rate has its maximum. For axial wavenumbers
log(kvA/Ω) < −1.0, the contribution of the magneto-rotational mechanism has a
maximum of about 5 percent, which indicates their dominant convective nature.

Models C and D discussed above have the same ratio of N2/Ω2 as the models
discussed by Narayan et al. [10]). Our conclusions confirm those by Narayan et al.
[10] for the unstable long-wavelength modes (kvA ≪ Ω) in these two models: they
are clearly convective modes. However, the wavelength modes in these models with
kvA ∼ Ω are shown to be maximally amplified by the magneto-rotational mechanism.
The amplification increases as the ratioN2/Ω2 decreases. However, these modes seem
to be determined by both the convective and the magneto-rotational mechanism.
Finally, for modes with kvA > Ω, amplification of the growth rate is shown to be
decreasing, due to the restoring magnetic tension force.

3.4.3 From weakly magnetized disks to disks close to equipar-
tition

In this subsection we investigate the influence of the magnetization on the nature of
the instabilities in our considered MHD equilibria (models E & F, table 3.1).

Figure 3.8 shows our results for model E. The considered MHD equilibrium has
the same parameters as model A from the previous subsection, except this one is
closer to equipartition (β = 20). Due to the stronger magnetic field, this equilibrium
has a lower value for the ratio N2/Ω2 (see table 3.1). Our calculations (crosses) and
the calculation by Narayan et al. [10] (solid line) deviate from each other, since the
equation used by Narayan et al. [10] is not valid for this model. This is because the
toroidal magnetic field strength can not be neglected anymore in the linear analysis, a
component which was not taken into account in the equation used by Narayan et al.
[10]. In contrast to model A, this model shows a maximum value for the growth rate,
close to the typical value of the magneto-rotational instability, i.e. log(kvA/Ω) ≈ 0.0.
The bottom panel shows the ratio of the growth rate of model E with axial magnetic
field (α2 = 1.0) with respect to model E without an axial magnetic field component
(α2 = 0.0). There is a slight enhancement observed close to the maximum value
of the growth rate, which indicates that the magneto-rotational mechanism starts
to contribute to the growth rate of unstable modes in this region. Notice that the
enhancement is still very weak, approximately 1 percent (bottom panel figure 3.8).

Finally, figure 3.9 shows our results for model F. In this MHD equilibrium the mag-
netization is close to equipartition (β = 10.0), with a corresponding value N2/Ω2 =
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Figure 3.8: Top panel: dimensionless growth rate γ/Ω as a function of dimensionless
wavenumber kvA/Ω for MHD equilibrium E (see table 3.1). The solid line
corresponds to the solution by Narayan et al. [10]. The crosses correspond
to the solution using the code LODES. Bottom panel: ratio of the growth
rate γMC with (α2 = 1.0) and the growth rate γC without (α2 = 0.0)
an axial magnetic field component as a function of the dimensionless
wavenumber kvA/Ω.
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Figure 3.9: Top panel: dimensionless growth rate γ/Ω as a function of dimensionless
wavenumber kvA/Ω for MHD equilibrium F (see table 3.1). The solid
line corresponds to the solution by (Narayan et al. [10]). The crosses
correspond to the solution using the code LODES. Bottom panel: ratio
of the growth rate γMC with (α2 = 1.0) and the growth rate γC with-
out (α2 = 0.0) an axial magnetic field component as a function of the
dimensionless wavenumber kvA/Ω.
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6.0 (see Table 1). We do not consider a disk in exact equipartition (i.e. β = 1.0),
because this model would not allow for convective instabilities (i.e. N2/Ω2 < 1 as
can be seen in Fig. 3). The top panel of figure 3.9 shows that the approximation by
Narayan et al. [10] (solid line) is no longer valid. Taking the toroidal magnetic field
component into account, our calculations show a distinct maximum, which occurs at
the typical value log(kvA/Ω) = 0.0 for magneto-rotational instabilities. The bottom
panel of figure 3.9 shows the ratio of the growth rate of model F with axial magnetic
field (α2 = 1.0) with respect to model F without an axial magnetic field compo-
nent (α2 = 0.0). It can be observed that in the region around the maximum of the
growth rate, the contribution of the magneto-rotational mechanism is approximately
30 percent. This increase indicates that the unstable modes in this range of wavenum-
bers are significantly amplified by the magneto-rotational mechanism. However, for
axial wavenumbers log(kvA/Ω) < −1.0, the contribution of the magneto-rotational
mechanism has decreased to a few percent, which indicates that the unstable modes
in this range of wavenumbers have a dominant convective nature.

3.5 Conclusions

We calculated growth rates of instabilities for MHD equilibria of magnetized accre-
tion disks. The disks models were taken within the cylindrical limit and included both
toroidal and axial magnetic field components. Due to the presence of a toroidal mag-
netic field component, the unstable modes we find are strictly speaking overstable

modes (see e.g. Blokland et al. [4]). The parameters of the model in our calculations
were taken such that the axial wavenumber of the most unstable modes was larger
than the inverse scale height H. Therefore the analysis can be used as an approxima-
tion for a stability analysis of the interior of an accretion disk. Our models considered
both weakly magnetized disks, as well as disks which are close to equipartition. All
calculations were performed with a restriction to axisymmetric perturbations (m = 0).

Our most important results are summarized below:

• We have considered models of thick accretion disks that are subject to convec-
tive magneto-rotational instabilities, and we quantified the contribution of the
MRI mechanism for all the instabilities considered.

• Our calculations diverge from the solutions by Narayan et al. [10], when the
disk models become significantly magnetized. The deviations are contributed to
the toroidal magnetic field component, which was neglected in the derivation
of the equation for the growth rate used by Narayan et al. [10].

• Our calculations show that the contribution from the magneto-rotational mech-
anism to the growth rate becomes significant as the disks get close to equiparti-
tion. The contribution peaks for modes near the maximum value of the growth
rate.
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• Our calculations for the growth rates agree with those of Narayan et al. [10]
for weakly magnetized accretion disk models, even though we include dominant
toroidal field components.

• Our calculations show that the contribution from the magneto-rotational mech-
anism to the growth rate becomes significant as the scale-height H is decreased.
This contribution peaks for modes near the maximum value of the growth rate.

• All our calculations show that the contribution from the magneto-rotational
mechanism to the growth rate becomes negligible for unstable modes with
log(kvA/Ω) < −1.0, which are safely interpreted as purely convective modes
in all cases.
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4 MHD equilibria for tokamaks and
accretion disks

4.1 Introduction

In the previous two chapters, the MHD stability properties of one-dimensional accre-
tion disk equilibria or “cylindrical” disks has been discussed. Before continuing the
discussion of the stability of axisymmetric accretion tori, in this chapter we first present
the equilibria which govern such accretion tori and also their laboratory counterparts
(the latter without gravity of course).

Equilibria for accretion tori are much more complicated due to the two-dimensional
dependence of for example the pressure, the density, and the velocity. Papaloizou and
Pringle [10] were among the first ones who constructed exact equilibria for an accretion
torus. These equilibria satisfy the hydrodynamical (HD) force balance equations under
two assumptions. The first one is that the energy equation may be replaced by a
polytropic relation, which results in a constant entropy throughout the torus. The
second assumption is that the rotation frequency of the disk only depends on the
radius. They also performed a stability analysis of these HD equilibria and found a
new unstable global mode. In the literature this mode is known as the Papaloizou-
Pringle mode. The non-linear evolution of the Papaloizou-Pringle mode has been
studied by different authors (see for example Zurek and Benz [14] and Blaes and
Hawley [2]).

In the last two decades, the equilibria introduced by Papaloizou and Pringle have
been used also in non-linear magnetohydrodynamical (MHD) simulations. In these
simulations, the disk is initially weakly magnetized and typically the plasma beta is
100, as discussed by for example Matsumoto and Shibata [9] and Hawley [7]. In this
case, the magnetic field can be considered as a perturbation and merely acts as a
“seed” field for any potential MHD instability development. Strictly speaking though,
such kind of configuration is not in MHD equilibrium so that it cannot be diagnosed
in a magneto-spectroscopic fashion.

A true MHD equilibrium for an accretion torus can be derived from the MHD
equations without the assumption of a polytropic relation. Furthermore, it is not
needed to make any extra assumption about the rotation frequency of the disk. Similar
kinds of 2D axisymmetric MHD equilibria are widely studied in fusion research where
static tokamak plasma equilibria satisfy the Grad-Shafranov equation and recently
also in astrophysical context by Goedbloed et al. [5]. They have considered accretion
disks in the presence of both toroidal and poloidal flow. Here, we look at tokamak
and accretion disk equilibria with only toroidal flow. These kind of magnetized disk
equilibria have not been widely studied yet. Recently, Coppi and Rousseau [4] have
investigated these kind of equilibria under the assumption of a thin accretion disk. In
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this chapter, this assumption will not be exploited therefore we can study thin as well
thick disks.

The organization of this chapter is as follows. In section 4.2, the governing equa-
tions for a two-dimensional equilibrium with toroidal flow with or without gravity are
presented. The numerical code FINESSE (Beliën et al. [1]) used for the computation
of an accurate equilibrium is discussed in section 4.3. In section 4.4, the influence of
the toroidal flow has been studied for tokamak plasmas, in particular for the circular
cross-section tokamak TEXTOR, by looking at equilibria without gravity. Three ac-
cretion disk equilibria are discussed in section 4.5 and in section 4.6 we summarize
and present our conclusions.

4.2 Equilibria with purely toroidal flow with or with-

out gravity

The equilibrium is assumed to be time-independent and axisymmetric. This symmetry
enables us to make use of cylindrical coordinates (R,Z, ϕ) and therefore the equilib-
rium quantities only depend on the poloidal coordinates R and Z. The equilibrium
itself is modeled by the stationary MHD equations,

ρv · ∇v + ∇p− j × B + ρ∇Φ = 0, (4.1)

v · ∇p+ γp∇ · v = 0, (4.2)

∇× (v × B) = 0, (4.3)

∇ · (ρv) = 0, (4.4)

where ρ, p, v, B, Φ, and γ are the density, pressure, velocity, magnetic field, grav-
itational potential, and the ratio of the specific heats, respectively. Furthermore,
j = ∇ × B is the current density. From Maxwell’s theory the equation ∇ · B = 0
must be satisfied. The density and the pressure are related to each other by the ideal
gas law, p = ρT . Since there are no magnetic monopoles (∇ ·B = 0) and no charge
sources (∇ · j = 0) it follows that the magnetic field and current density can be
written as

B =
1

R
eϕ ×∇ψ +Bϕeϕ, (4.5)

j =
−1

R
eϕ ×∇I + jϕeϕ, (4.6)

respectively. Here, 2πψ and I = RBϕ are the poloidal magnetic flux, and stream
function for the poloidal current density, respectively. The considered equilibria are
assumed to contain only toroidal flow,

v = vϕeϕ = RΩeϕ. (4.7)
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The entropy equation (4.2) and the equation of mass conservation (4.4) are trivially
satisfied. The electric field E is related to the angular velocity by

E = −v × B = Ω∇ψ. (4.8)

Inserting this expression into the induction equation (4.3), it can be shown that the
angular velocity is a flux function, i.e. Ω = Ω(ψ).

The momentum equation (4.1) is projected in three different directions, namely in
the toroidal direction, and in the directions parallel and perpendicular to the poloidal
magnetic field. The toroidal projection reveals that the poloidal stream function I ≡
RBϕ is a flux function, i.e. I = I(ψ). The projection parallel to the poloidal magnetic
field leads to two equations,

∂p

∂R

∣∣∣∣
ψ=const

= ρ

(
RΩ2 − ∂Φ

∂R

)
,

∂p

∂Z

∣∣∣∣
ψ=const

= −ρ∂Φ

∂Z
,

(4.9)

where the pressure p = p(ψ;R,Z). The last projection, perpendicular to the poloidal
magnetic field, results in the extended Grad-Shafranov equation,

R2∇ ·
(

1

R2
∇ψ
)

= −I dI

dψ
−R2 ∂p

∂ψ
. (4.10)

In contrast to the static case (i.e. the pure Grad-Shafranov case where the pressure
is a flux function) we now have a partial derivative instead of a total derivative of
the pressure. The two equations parallel to the poloidal magnetic field (4.9) can be
solved analytically under the assumption that the temperature T , the density ρ or the
entropy S = pρ−γ is a flux function. The temperature can be assumed constant on a
flux surface due to the high thermal conductivity along the field lines. This assumption
is valid at least on transport time scales, which are long compared to the Alfvén time.
In this case, the pressure reads

p(ψ;R,Z) = p0(ψ) exp

[
(R2 −R2

0)ΛT (ψ) − Φ(R,Z)

T (ψ)

]
, (4.11)

where ΛT ≡ Ω2/(2T ) and R0 is the geometric axis of the tokamak or the accretion
disk. The flux function p0 corresponds to the pressure for a corresponding static
equilibrium without gravity. The extended Grad-Shafranov equation (4.10) reduces to

R2∇ ·
(

1

R2
∇ψ
)

= −I dI

dψ

−R2

{
dp0

dψ
+ p0

[
(R2 −R2

0)
dΛT
dψ

+
Φ

T 2

dT

dψ

]}

× exp

[(
R2 −R2

0

)
ΛT − Φ

T

]
.

(4.12)
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However, on MHD time scales, it is also possible to assume ρ = ρ(ψ). Using this
assumption, the pressure can be written as

p(ψ;R,Z) = p0(ψ)

[
1 + (R2 −R2

0)Λρ(ψ) − Φ(R,Z)

Tρ(ψ)

]
, (4.13)

where the quasi-temperature Tρ ≡ p0/ρ and Λρ ≡ Ω2/(2Tρ). In this case, the
extended Grad-Shafranov equation (4.10) can be written as

R2∇ ·
(

1

R2
∇ψ
)

= −I dI

dψ

−R2

{
dp0

dψ
+ p0

[
(R2 −R2

0)
dΛρ
dψ

+
Φ

T 2
ρ

dTρ
dψ

]

×
[
1 + (R2 −R2

0)Λρ −
Φ

Tρ

]−1
}

×
[
1 + (R2 −R2

0)Λρ −
Φ

Tρ

]
.

(4.14)

The last case is under the assumption that the entropy S is a flux function. This
assumption has the advantage that it permits a natural extension to toroidal and
poloidal flows, where the entropy has to be a flux function (Zehrfeld and Green [13],
Hameiri [6]). In this case the pressure reads

p(ψ;R,Z) = p0(ψ)

{
1 +

γ − 1

γ

[
(R2 −R2

0)ΛS(ψ) − Φ(R,Z)

TS(ψ)

]}γ/(γ−1)

, (4.15)

and the extended Grad-Shafranov equation (4.10) reduces to

R2∇ ·
(

1

R2
∇ψ
)

= −I dI

dψ

−R2

{
dp0

dψ
+ p0

[
(R2 −R2

0)
dΛS
dψ

+
Φ

T 2
S

dTS
dψ

]

×
[
1 +

γ − 1

γ

(
(R2 −R2

0)ΛS − Φ

TS

)]−1
}

×
{

1 +
γ − 1

γ

[
(R2 −R2

0)ΛS − Φ

TS

]}γ/(γ−1)

,

(4.16)

where the quasi-temperature TS ≡ Sργ−1
0 and ΛS ≡ Ω2/(2TS).

The extended Grad-Shafranov equation without gravity of the first two cases have
been used previously by van der Holst et al. [12]. For the three cases, the density can
be easily derived by inserting the corresponding pressure back into the momentum
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equations parallel to the poloidal magnetic field (4.9). The density can then be written
as

ρ(ψ;R,Z) = ρ0(ψ) ×





[(
R2 −R2

0

)
ΛT − Φ

T

]
,

1,
{

1 +
γ − 1

γ

[(
R2 −R2

0

)
ΛS − Φ

TS

]}1/(γ−1)

,

(4.17)

for the temperature, density or entropy as flux function, respectively. Here, the flux
function ρ0 is the density for the case of a static equilibrium without gravity.

We now take a closer look at the pressure equations (4.11), (4.13), and (4.15)
for the cases when the temperature, the density, or the entropy is a flux function,
respectively. The radial derivative of these equations at the magnetic axis can be
either larger or smaller than zero. The magnetic axis is the location where the poloidal
magnetic field is zero. If the toroidal flow dominates at the magnetic axis the maximum
pressure shifts radially outwards, while if the gravity dominates, this maximum shifts
radially inwards. A similar argument also holds for the density.

In the case without gravity and small inverse aspect ratio, ǫ ≡ a/R0, an analytical
expression for the Shafranov shift, i.e. the displacement of the magnetic axis with
respect to the geometric axis R0, can be derived for a circular poloidal cross-section.
Here, a is the half width of the plasma. In this case, the Shafranov shift ∆ is found
from

d∆

dr
=

1

rR0B2
pol

∫ r

0

[
rB2

pol − r2
d

dr

(
2p+ ρv2

ϕ

)]
dr, (4.18)

where r is the minor radius and Bpol is the poloidal magnetic field. From this equation,
it is clear that the toroidal velocity contributes to increase the Shafranov shift.

4.3 The equilibrium code FINESSE

The extended Grad-Shafranov equation (4.12), (4.14), or (4.16) is numerically solved
using the equilibrium code FINESSE which has been developed by Beliën et al. [1]. To
solve these equations, one has to provide the poloidal cross-section of the tokamak
or accretion disk and the inverse aspect ratio, ǫ ≡ a/R0. Here, a is the minor radius
of the last closed flux surface. The discretization of the extended Grad-Shafranov
equation is done using a finite element method in combination with the standard
Galerkin method. Isoparametric bicubic Hermite elements have been exploited in the
finite element method to obtain the desired fourth order accuracy and the flexibility to
handle curved boundaries. This accuracy is needed to be able to perform a follow-up
accurate stability analysis as will be explained in chapter 5. A Picard iteration scheme
has been used to solve the elliptic PDE. The imposed boundary conditions are such
that the fixed boundary represents the last closed flux surface. This code can also
handle equilibria with both toroidal and poloidal flow and static equilibria (HELENA
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[8]). Here, we restrict the discussion to equilibria with only toroidal flow, with or
without gravity.

4.4 Rotating tokamak equilibria

To illustrate the influence of the toroidal flow on the equilibrium profiles, we first
compute different kinds of tokamak equilibria. For the equilibrium the following flux
functions have been used:

I2(ψ) = A(1 − 0.1085ψ + 0.0564ψ2 + 0.012ψ3 + 0.0001ψ4),

p0(ψ) = AB(1 − 1.89ψ + 0.8ψ2 + 0.1ψ3 − 0.007ψ4),

ρ0(ψ) = 1 − 1.05ψ + 0.625ψ2 − 0.5ψ4,

Ω(ψ) = C(1 − 0.999ψ),

(4.19)

where B = 0.0141. These flux functions are based on the ones used by Blokland et al.
[3] for the reconstruction of a TEXTOR equilibrium. Similar that reference, we have
used an inverse aspect ratio ǫ = 0.259 and circular cross-section. The parameter C is
varied from 0, 0.019, 0.038, to 0.0755 which corresponds to a static equilibrium or an
equilibrium with toroidal flow with a maximum sonic Mach number of 0.25, 0.50, or
1.0, respectively. In the case of toroidal flow, the temperature is assumed to be a flux
function. Figure 4.1 shows the resulting pressure profile at the mid plane. In this plot,
the location of the magnetic axis is indicated by a vertical line with the appropriate
linestyle. It can be clearly seen that with increasing toroidal flow the radial location of
the magnetic axis shifts outwards: the Shafranov shift increases. Furthermore, the plot
clearly shows that the radial location of maximum pressure no longer coincides with
the magnetic axis when toroidal flow is present. It is shifted outward, in agreement
with the conclusion of the previous section. The differences between the static case
and the case with a sonic Mach number of 0.25 are so small that a static equilibrium is
a good approximation for the latter one. Currently, the maximum sonic Mach number
reached in a TEXTOR shot is about 0.24. Therefore for the equilibrium reconstruction
of such kind of shot a static equilibrium can be assumed. However, for the stability
analysis it is important to take the toroidal flow into account because new types of
modes can appear due to the flow. Such a new type can be the Toroidal Flow induced
Alfvén Eigenmode (TFAE) discovered by van der Holst et al. [11].

The two-dimensional pressure and plasma beta β (= 2p/B2) for the case with
a maximum sonic Mach number of 1.0 are shown in figure 4.2. The plasma beta
β (= 2p/B2) varies from 2.0 × 10−5 close to the boundary up to 0.014 inside the
tokamak.

Figure 4.3 shows the reconstructed pressure profile together with the experimental
data of TEXTOR shot 95022. In this shot the plasma rotates with a maximum sonic
Mach number of 0.24. In the reconstruction, this rotation has been taken into account.
The figure shows that the reconstruction matches the data in an acceptable fashion
except for the discrepancy at about R ≃ 1.7 m. This discrepancy might be due to
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Figure 4.1: The pressure profile at the mid plane for tokamak equilibria without and
with toroidal flow. The vertical lines correspond to the location of the
magnetic axis.

Figure 4.2: The two-dimensional pressure (gray-scale) and plasma beta (β = 2p/B2)
(contours) profile for a tokamak with TEXTOR parameters. The cross-
section is circular and the inverse aspect ratio ǫ = 0.259.
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Figure 4.3: The reconstructed pressure profile at the mid plane for a TEXTOR equi-
librium with a maximum sonic Mach number of 0.25 compared with the
experimental data of the TEXTOR shot 95022.

the diagnostics used but more likely due to some physical process. It is possible that
a better match could be achieved by another choice of flux functions.

4.5 Accretion disk equilibria

In this section, we discuss three accretion disk equilibria. The difference between these
equilibria is that the temperature, the density, or the entropy is assumed to be a flux
function, respectively. The equilibria are described by the following flux functions:

I2(ψ) = A(1 − 0.1085ψ + 0.0564ψ2 + 0.012ψ3 + 0.0001ψ4),

p0(ψ) = AB(1 − 0.5ψ),

ρ0(ψ) = 1 − 0.5ψ,

Ω(ψ) = C(1 − 0.999ψ),

(4.20)

where B = 0.6 and C = 0.6. Notice that for these equilibria the (quasi-)temperature is
constant. We have used a Newtonian gravitational potential, i.e. Φ = −GM∗/

√
R2 + Z2,

where GM∗ = 30 after rescaling with respect to a reference density, vacuum mag-
netic field, and the minor radius of the accretion disk. The poloidal cross-section has
an ellipticity of 0.5 and the inverse aspect ratio ǫ = 0.05. The pressure profile at
the mid plane of the three different cases is shown in figure 4.4. The radial location
of the magnetic axis is indicated by vertical lines in the figure. The case when the
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Figure 4.4: The pressure profile at the mid plane of the three different choices of flux
functions for an accretion disk equilibrium. The vertical lines correspond
the location of the magnetic axis.

temperature is a flux function clearly demonstrates that the magnetic axis moves in-
wards due to the gravity. The distinct difference in the pressure profile between the
temperature case and the other two cases is mainly due to the different dependence
on the (quasi-)temperature, the toroidal velocity, and the gravitational potential.

Figure 4.5 shows the ratio vϕ/vKepler, where vKepler is the Keplerian velocity. A
large part of the disk rotates super-Keplerian, while the inner and outer edge of the
disk rotates sub-Keplerian. The plot shows there are minor differences in the obtained
rotation profile between the chosen flux function, but these are not as large as in the
pressure profile shown in figure 4.4. The differences here are related mainly to the
different radial location of the magnetic axis.

The range of plasma beta β(= 2p/B2) is [0.005; 0.559], [0.047; 0.099], or [0.048; 0.100]
when the temperature, the density or the entropy is a flux function, respectively. In
the latter two cases the maximum value is reached inside the disk, while in the first
case it is almost at the inner edge of the disk as seen in figure 4.6. This figure shows
the two-dimensional pressure and plasma beta profile for the latter case.

4.6 Conclusions

The equations describing an axisymmetric MHD tokamak or accretion disk equilibria
have been presented. These equations are numerically solved using FINESSE. For the
case of tokamak equilibria, the influence of the toroidal flow has been studied. The
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Figure 4.5: The ratio vϕ/vKepler of the three different choices of flux functions for
an accretion disk equilibrium.

Figure 4.6: The two-dimensional pressure (gray-scale) and plasma beta (β =
2p/B2) (contours) profile for an accretion disk with constant (quasi-
)temperature. The ellipticity of the cross-section is 0.5 and the inverse
aspect ratio ǫ = 0.05.
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numerical results show that the Shafranov shift increases due to the toroidal flow.
This supports our theoretical conclusion about the influence of rotation on this shift.
The results also show that the outward shift of the maximum pressure is greater
than the one of the Shafranov shift. Again, this confirms our theoretical conclusion.
Furthermore, rotating tokamak equilibria with a maximum sonic Mach number of
0.25 can be well approximated by a static equilibrium.

A comparison of three accretion disk equilibria has been made where only the
assumption of the flux function has been varied. In all three cases, a large part of
the disk rotates super-Keplerian. The differences in the rotation profile are due to
the different radial location of the magnetic axis for each case. The resulting pressure
profile shows distinct differences between the case when the temperature is a flux
function and when the density or entropy is a flux function. These differences are due
to the different dependence on the (quasi-)temperature, the toroidal velocity, and the
gravitational potential.

In what follows, we will use both rotating tokamak equilibria, and axisymmetric
accretion disks solutions, to study MHD stability properties of laboratory and astro-
physical plasma configurations.
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5 PHOENIX: MHD spectral code for
rotating laboratory and gravitat-
ing astrophysical plasmas

Abstract

The new PHOENIX code is discussed together with a sample of many
new results that are obtained concerning magnetohydrodynamic (MHD)
spectra of axisymmetric plasmas where flow and gravity are consistently
taken into account. PHOENIX, developed from the CASTOR code [31],
incorporates purely toroidal, or both toroidal and poloidal flow and exter-
nal gravitational fields to compute the entire ideal or resistive MHD spec-
trum for general tokamak or accretion disk configurations. These equilibria
are computed by means of FINESSE [1], which discriminates between the
different elliptic flow regimes that may occur. PHOENIX makes use of
a finite element method in combination with a spectral method for the
discretization. This leads to a large generalized eigenvalue problem, which
is solved by means of Jacobi-Davidson algorithm [42].

PHOENIX is compared with CASTOR, PEST-1, and ERATO for an
internal mode of the Soloviev equilibrium. Furthermore, the resistive in-
ternal kink mode has been computed to demonstrate that the code can
accurately handle small values for the resistivity. A new reference test
case for a Soloviev-like equilibrium with toroidal flow shows that, on a
particular unstable mode, the flow has a quantifiable stabilizing effect re-
gardless of the direction of the flow. PHOENIX reproduces the Toroidal
Flow induced Alfvén Eigenmode (TFAE, [48]) where finite resistivity in
combination with equilibrium flow effects causes resonant damping. Lo-
calized ideal gap modes are presented for tokamak plasmas with toroidal
and poloidal flow. Finally, we demonstrate the ability to spectrally di-
agnose magnetized accretion disk equilibria where gravity acts together
with either purely toroidal flow or both toroidal and poloidal flow. These
cases show that the MHD continua can be unstable or overstable due to
the presence of a gravitational field together with equilibrium flow-driven
dynamics [14].

To appear in:
J. Comp. Phys.
Authors: J.W.S. Blokland, B. van der Holst, R. Keppens, and J.P. Goedbloed
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5.1 Introduction

In current tokamak experiments, plasma flows play an ever more important role for
the determination of plasma equilibrium, stability and transport properties. The flows
induced by neutral beam injection are mainly in the toroidal direction. Since recently,
there are indications that the plasma also rotates in the poloidal direction, see for
example Crombé et al. [8] and Busch et al. [5]. In an astrophysical accretion torus or
disk, the plasma rotates in the toroidal direction but also experiences the influence
of an external gravitational field caused by the central accreting object, like a young
stellar object, neutron star or black hole. To investigate the stability properties of
tokamak or accretion disk plasmas, flow and gravity have to be taken into account in
both the equilibrium and the stability studies.

Computing equilibria and stability of rotating plasmas becomes a real tour de
force when the poloidal flow velocity is not restricted to small values since the dif-
ferent characteristic MHD speeds give rise to “transsonic” flow transitions when the
stationary equilibria change from elliptic to hyperbolic, or vica versa. In general, sta-
tionary equilibrium solvers break down in the hyperbolic flow regimes and we may even
question whether the whole scheme of distinguishing between equilibrium and pertur-
bation makes sense there (Goedbloed [11, 12]). In the recently developed equilibrium
code FINESSE (Beliën et al. [1]), this problem has been addressed by distinguishing
between the different flow regimes and avoiding the hyperbolic ones. Subsequently, FI-
NESSE has been used in combination with the a new MHD stability code PHOENIX
to determine the stability of transsonic flows in the second elliptic flow regime for
tokamak as well as accretion disks (Goedbloed et al. [14, 15]). Hence, although the
duo FINESSE–PHOENIX has been used for several cases and produced important
physical results, the second part of it has not yet been documented in the literature.
This is done here.

The magnetohydrodynamical (MHD) model is used to describe the macroscopic
behaviour of the plasma. The tokamak or disk equilibrium is then modeled by a sta-
tionary solution of the ideal MHD equations taking the plasma flows into account. We
will restrict our numerical analysis to stationary solutions which are either translation-
ally symmetric or axisymmetric, consisting of nested closed flux surfaces contained
within an arbitrarily shaped outer boundary. The stationary states are all computed
with FINESSE (Beliën et al. [1]) in the elliptic flow regime, where a split between equi-
librium and perturbations can meaningfully be performed. The perturbations about
this equilibrium are solved by means of the linearized MHD equations, which may
include dissipative effects. The stability analysis itself is done in a flux coordinate
system based on the specific equilibrium to obtain reliable and accurate results, as in
e.g. CASTOR (Kerner et al. [31]) and ERATO (Gruber et al. [21]).

PHOENIX, in its original algorithmic design based on the widely used and rigor-
ously tested CASTOR code (Kerner et al. [31]), is able to perform a stability analysis
of any 2D elliptic equilibrium with or without flow. The flow itself may be purely
toroidal or both toroidal and poloidal. In the latter case, the poloidal rotation is not
introduced in the first place with application to tokamaks as a goal, but rather to
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treat the enormous range of astrophysical plasmas, e.g. in accretion disks, that have
large flows in the poloidal plane. For those plasmas, a fluid model is quite appropriate.
For tokamaks, the fluid model may not always be adequate, as indicated by Stix [44],
Hirshman [26], Shaing and Hirshman [41], Taguchi [47], Hsu et al. [27], and Morris
et al. [32]. These authors discussed that in a tokamak the poloidal flow is damped
due to viscous drag. This drag will not be taken into account. Nevertheless, the fluid
solutions could be useful to guide simulations with particle-in-cell methods.

PHOENIX makes use of a finite element representation of the dynamics across flux
surfaces in combination with a Galerkin method, which provides a flexible and highly
accurate numerical approximation. The Galerkin has been exploited because it is more
generally applicable, in particular to dissipative plasmas. This method has been widely
used in spectral studies for dissipative plasmas (e.g. ERATO (Gruber et al. [21]) and
CASTOR (Kerner et al. [31])), based on concepts discussed by Strang and Fix [45].
Convergence for spectra has been a central issue in these studies, starting with the
book by Gruber and Rappaz [20], but later extended to dissipative plasmas in many
papers by Kerner et al. (see in particular the paper about CASTOR (Kerner et al.
[31])). Note that the Galerkin method has been chosen in particular because it is so
much more powerful than the ideal MHD variational principle. Recently, a new code
CASTOR–FLOW (Strumberger et al. [46]), also based on the CASTOR code (Kerner
et al. [31]), has been presented. This code is also able to take into account the plasma
flow, but only in the toroidal direction and it is not generalized to gravitating plasmas
of interest for astrophysical studies.

In general, stability studies in linear dissipative MHD give rise to non-Hermitian
matrices and complex generalised eigenvalue problems. Ideal MHD spectral analysis
of flowing equilibria also yield complex eigenvalues. Therefore, the discretisation used,
as well as the linear eigenvalue solver, has to be chosen carefully to avoid non-physical
eigenvalues. The computation of the eigenvalues and eigenfunctions has been done
by making use of the Jacobi–Davidson algorithm (Sleijpen and van der Vorst [42]).
This recently developed powerful algorithm is an iterative Krylov subspace method,
and we demonstrate its use for MHD spectroscopy in this chapter.

The chapter is organized as follows. In section 5.2, we present the basic equations,
discuss the equilibrium considerations, the spectral equations, the straight field line
coordinates, and the projections used. In section 5.3, the spectral analysis is presented.
This section is split in three sub-sections where the quadratic forms, the employed
discretization, and the Jacobi-Davidson algorithm (Sleijpen and van der Vorst [42])
are presented in full detail. In section 5.4, new results are presented along with a
reproduction of some standard static MHD spectral results. The new results provide
many new test cases, covering cases with purely toroidal flow, with or without gravity,
and cases with both toroidal and poloidal flow, again with or without gravity. Finally,
in section 5.5 we summarize and present our conclusions. For completeness and further
reference, the matrix elements as they appear in the actual implementation are listed
in appendix 5.A.
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5.2 Basic equations

The plasma inside a tokamak or accretion disk can in a first, macroscopic approxima-
tion be modeled by making use of the single-fluid MHD equations. These equations
are

∂ρ

∂t
= −∇ · (ρv), (5.1)

ρ
∂v

∂t
= −ρv · ∇v −∇p+ j × B − ρ∇Φgrav, (5.2)

∂p

∂t
= −v · ∇p− γp∇ · v, (5.3)

∂B

∂t
= −∇ × E, (5.4)

where the variables ρ, v, p, B, Φgrav and γ are the density, velocity, thermal pressure,
magnetic field, external gravitational potential and the ratio of the specific heats,
respectively. Here, the current density j = ∇×B. Furthermore, the simplified Ohm’s
law E = −v × B + ηj and the equation ∇ · B = 0 must be satisfied. Here, η is the
resistivity. The relation between the thermal pressure p and plasma temperature T
is expressed by the ideal gas law, p = ρT . We have used a dimensionalization such
that the permeability of vacuum µ0 = 1. Notice that in the equation for the internal
energy we neglect the non-ideal term (γ−1)ηj2. This assumption has also been used
in the CASTOR code (Kerner et al. [31]).

5.2.1 Equilibrium considerations

It is assumed that equilibria with toroidal and poloidal flow inside a tokamak or
accretion disk are time-independent and that the resistivity can be neglected for the
characterization of the equilibrium topology. Such equilibria have to satisfy the coupled
generalized Grad-Shafranov equation and algebraic Bernoulli equation for the squared
poloidal Alfvén Mach number M2 ≡ ρv2

p/B
2
p, where vp and Bp are the poloidal

velocity and poloidal magnetic field, respectively (Hameiri [25], Goedbloed et al. [14]).
The equilibrium quantities can then be written as

p = ργS,

B = ∇ϕ×∇ψ +Bϕeϕ, RBϕ =
I + χ′ΩR2

1 −M2
,

V =
χ′

ρ
∇ϕ×∇ψ + Vϕeϕ,

Vϕ
R

=
Ω + (χ′/ρ)I/R2

1 −M2
,

(5.5)

where the entropy S, the poloidal velocity stream function χ, poloidal vorticity-current
density stream function I, and the derivative of the electric potential Ω are arbitrary
functions which only depend on the poloidal magnetic flux function ψ(R,Z). Here,
R is the radius, Z is the vertical coordinate, ϕ is the toroidal angle in an (R,Z, ϕ)
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Figure 5.1: The geometry of a tokamak or accretion disk plasma with a circular
poloidal cross-section. Here, R0 is the major radius of the geometric axis
and a is the radius of the last closed flux surface.

coordinate system, and the prime indicates the derivative with respect to ψ. Codes
which are able to compute the numerical solution of the generalized Grad-Shafranov
and Bernoulli equation are CLIO (Semenzato et al. [39]), FINESSE (Beliën et al.
[1]) and FLOW (Guazzotto et al. [22]). FINESSE takes special care of the existence
of elliptic and hyperbolic flow regimes (Zelazny et al. [50]), which ensures that the
solution always lies in one of the three existing elliptic flow regimes, namely sub-slow,
slow, and fast flow regime. CLIO and FINESSE are both finite element codes and use
a Picard iteration scheme while FLOW uses a multi-grid approach to solve the coupled
generalized Grad-Shafranov and Bernoulli equation. Besides the numerical approach,
the codes also differ in taking into account different physical effects. The FINESSE
code is able to take into account external gravity. Meanwhile, FLOW is able to handle
finite pressure anisotropy. The static or stationary equilibria used in this chapter are
computed using the FINESSE code. This code uses an isoparametric bicubic Hermite
finite element method in combination with an (inner) Picard iteration and an extra
outer iteration combined with an algebraic solver for the Bernoulli equation in case of
poloidally flowing equilibria to compute the solution. The imposed boundary condi-
tions are such that the boundary represents the last closed flux surface. The geometry
of a tokamak or accretion disk for a circular cross-section is illustrated in figure 5.1.
For the computations, the major radius of the geometric axis R0 and the radius a
of the last closed flux surface enter through the inverse aspect ratio ǫ ≡ a/R0. The
FINESSE code recovers the solution for static equilibria as produced by HELENA
(Huysmans et al. [28]) and extends the latter to handle equilibria with purely toroidal
flow with or without gravity. The complete details of this extension for the various
cases implemented can be found in chapter 4.
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5.2.2 Spectral equations

The MHD equations (5.1)–(5.4) are linearized about the time-independent equilibrium
with time-dependent fluctuations,

y(r, t) = y0(r) + y1(r)eλt (5.6)

where from now on we suppress the sub-script 0. The linearized resistive MHD equa-
tions are

λρ1 = −∇ · (ρv1) −∇ · (ρ1V), (5.7)

λρv1 = −ρ1V · ∇V − ρ(v1 · ∇V + V · ∇v1) −∇(ρT1 + ρ1T ) (5.8)

+ (∇ × B) × (∇ × A1) − B × (∇ ×∇ × A1) − ρ1∇Φgrav,

λρT1 = −ρ1V · ∇T − ρv1 · ∇T − ρV · ∇T1 (5.9)

− (γ − 1)(ρT1 + ρ1T )∇ · V − (γ − 1)p∇ · v1,

λA1 = v1 × B + V × (∇ × A1) − η∇ × (∇ × A1), (5.10)

where A1 is the perturbed vector potential. The perturbed vector potential formula-
tion is used to make sure that the perturbed magnetic field B1 = ∇ × A1 always
satisfies the equation ∇ · B1 = 0.

5.2.3 Straight field line coordinates

The linearized resistive MHD equations (5.7)–(5.10) are expressed in straight field
coordinates. In these coordinates the magnetic field lines become straight in the (ϑ, ϕ)-
plane, where ϑ is the straight field line angle. The contravariant and covariant base
vectors of this non-orthogonal coordinate system are

a1 = ∇s, a1 = fJ∇ϑ×∇ϕ,
a2 = ∇ϑ, a2 = fJ∇ϕ×∇s,
a3 = ∇ϕ, a3 = fJ∇s×∇ϑ,

(5.11)

where s ≡
√
ψ, where ψ is now a normalized flux function reaching unit value at the

boundary, f = dψ/ds, and the Jacobian J is defined by

J = (∇ψ ×∇ϑ · ∇ϕ)−1. (5.12)
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Knowing the base vectors, it is straightforward to derive the components of the metric
tensor gij . The non-zero elements are

g11 = |∇s|2, g11 =
f2J2

R2
|∇ϑ|2,

g12 = ∇s · ∇ϑ = g21, g12 = −fJ
2

R2
∇ψ · ∇ϑ = g21,

g22 = |∇ϑ|2, g22 =
J2

R2
|∇ψ|2,

g33 = |∇ϕ|2 =
1

R2
, g33 = R2.

(5.13)

These are needed to express the linearized resistive MHD equations in straight field
line coordinates. Furthermore, in these coordinates one can derive an expression for
the safety factor q,

dϕ

dϑ

∣∣∣∣
fieldline

=
B · ∇ϕ
B · ∇ϑ =

BϕJ

R
= q(ψ). (5.14)

Using this expression and equation (5.5) for the toroidal magnetic field, the Jacobian
J can be expressed as follows:

J = qR2 1 −M2

I + χ′ΩR2
. (5.15)

Note the considerably more complex relation between J and q than for static equilibria
or equilibria with purely toroidal flow.

5.2.4 Projections

The equation for the perturbed velocity v1 (5.8) and perturbed vector potential
A1 (5.10) are projected on the straight field line coordinates. This kind of projection
is similar as the one used in ERATO (Gruber et al. [21]) and CASTOR (Kerner et al.
[31]). The perturbed velocity has been projected as follows:

v1 ≡ v̄1J∇ϑ×∇ϕ+
1

if
v̄2J∇ϕ×∇ψ +

1

if
v̄3JB, (5.16)

where v̄1 and v̄2 actually correspond to the contravariant velocity components, while v̄3
represents the slow magnetosonic modes in the case of a homogeneous equilibrium.
Notice the subtle difference, J versus R2 factor in front of the contravariant com-
ponents, between (5.16) for v1 and the expression used in CASTOR (Kerner et al.
[31]). This is due to the more complicated expression for the Jacobian J in the case
of equilibria with both toroidal and poloidal flows.

In contrast with the perturbed velocity, the perturbed vector potential is expressed
in terms of the covariant components:

A1 ≡ 1

if
Ā1∇ψ + Ā2∇ϑ+ Ā3∇ϕ. (5.17)
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Furthermore, the perturbed density and temperature have been rescaled as follows

ρ̄ ≡ sρ1, T̄ ≡ sT1. (5.18)

5.3 Spectral analysis

5.3.1 Quadratic form

Before applying the projections defined in the previous section, the linearized resistive
MHD equations (5.7)–(5.10) are written in quadratic form

λK(k) = W (k), (5.19)

where k = 1, 2, 3, or 4 corresponds to the equation for the perturbed density ρ1,
velocity v1, temperature T1, or vector potential A1, respectively. This quadratic form
can be derived by multiplying the linearized equations by the appropriate perturbed
quantity and then to integrate over the plasma volume V .

The equation of the perturbed density (5.7) has been multiplied with the complex
conjugate of the perturbed density ρ∗1. In this way the quadratic forms W (1) and K(1)

are

W (1) =
y

ρ∗1 [−∇ · (ρv1) −∇ · (ρ1V)] dV, (5.20)

K(1) =
y

ρ∗1ρ1dV. (5.21)

For the equation of the perturbed velocity v1, temperature T1, and vector potential
A1 the same strategy has been used, multiplying with the complex conjugate of the
perturbed velocity v∗

1, temperature T ∗
1 , and vector potential A∗

1, respectively. For the
perturbed velocity the quadratic form W (2) reads

W (2) =
y

v∗
1 · [−∇Π1 + H − ρF − ρ1(C + ∇Φgrav)]dV (5.22)

=
y

Π1∇ · v∗
1dV +

y
v∗

1 · HdV −
y

ρv∗
1 · FdV (5.23)

−
y

ρ1v
∗
1 · (C + ∇Φgrav)dV −

{
n · v∗

1Π1dS,

where

Π1 = p1 + B · B1, (5.24)

H = B · ∇B1 + B1 · ∇B, (5.25)

F = V · ∇v1 + v1 · ∇V, (5.26)

C = V · ∇V, (5.27)

and n is the normal to the surface S which encloses the plasma volume V . Fur-
thermore, notice that Π1 and H are the perturbed total pressure and the linearized
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magnetic tension, respectively. The terms F and C combine linearized flow effects
and the centrifugal effects from the equilibrium. The quadratic form K(2) is

K(2) =
y

ρv∗
1 · v1dV. (5.28)

For the perturbed temperature, the quadratic forms W (3) and K(3) are

W (3) = −
y

T ∗
1 (ρ1V · ∇T + ρv1 · ∇T + ρV · ∇T1)dV (5.29)

− (γ − 1)
y

T ∗
1 [(ρT1 + ρ1T )∇ · V + p∇ · v1] dV,

K(3) =
y

ρT ∗
1 T1dV, (5.30)

and for the perturbed vector potential the forms are

W (4) =
y

A∗
1 · [−B × v1 + V × (∇ × A1) − η∇ ×∇ × A1] dV (5.31)

= −
y

A∗
1 · B × v1dV +

y
A∗

1 · V × (∇ × A1)dV (5.32)

−
y

η(∇ × A∗
1) · (∇ × A1)dV +

{
ηA∗

1 × (∇ × A1) · ndS,

K(4) =
y

A∗
1 · A1dV. (5.33)

The currently implemented boundary conditions are the ones of a perfect conduct-
ing wall. For these conditions, the normal velocity component, the normal magnetic
field component, and the tangential electric field vanish at the wall. This leads to the
boundary conditions

v̄1|wall = 0, Ā2|wall = 0, Ā3|wall = 0. (5.34)

For astrophysical applications these boundary conditions are strictly speaking inappro-
priate. However, these conditions have hardly any influence on sufficiently localized
modes or global modes which are not significantly affected by the position of the wall.
Regularity of the solutions on the magnetic axis implies

v̄1|axis = 0, Ā2|axis = 0, Ā3|axis = 0. (5.35)

5.3.2 Discretization

The discretization we employ in combination with the previously defined projections
as follows. In the poloidal direction, the equations are discretized by making use of a
spectral method. This means that every perturbed quantity is written as a finite sum
of Fourier components:

f1(ψ, ϑ, ϕ) =
∑

m

f̂1,m(ψ) exp [i(mϑ+ nϕ)] , (5.36)
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where m and n are the poloidal and toroidal mode numbers, respectively. In the
toroidal direction there is only need for one mode number due to the axisymmetry. In
contrast, in the poloidal direction one needs more than one mode number because of
mode coupling due to the non-circular cross-section, gravitational stratification, and
the toroidal geometry of the tokamak or accretion disk.

The normal (ψ-) dependence of the perturbed quantity f̂1,m(ψ) is discretized us-
ing a finite element method (FEM). The components v̄1, Ā2, and Ā3 are expanded
in cubic Hermite elements, while quadratic elements are used to represent v̄2, v̄3 and
Ā1. For the perturbed quantities ρ̄ and T̄ also quadratic elements are used. There
are two basis functions per grid point used in the ψ-direction for both the cubic and
quadratic elements. Using this mixed cubic and quadratic elements discretization pre-
vents the creation of spurious eigenvalues (Rappaz [37]). This choice of elements for
the perturbed vector potential ensures that the divergence of the perturbed magnetic
field is numerically zero up to machine precision. In the quadratic forms mentioned
above, we subsequently replace the complex conjugate of the perturbed quantities
with every finite element used in its FEM expansion. This then corresponds to the
standard Galerkin method in its weak form.

Applying this procedure leads to a generalized eigenvalue problem,

Ax = λBx, (5.37)

where x denotes the vector of the expansion coefficients of the state vector
[ρ̄, v̄1, v̄2, v̄3, T̄ , Ā1, Ā2, Ā3]

T, and matrices A and B correspond to the quadratic
forms W (k) and K(k), respectively. The matrix elements of A and B can be found in
the appendix. The number of expansion coefficients N = 16×Ns×Nm, where Ns and
Nm are the number of mesh points along the “radial” s-coordinate and the number
of poloidal Fourier harmonics (∼ eimϑ), respectively. The matrix B is self-adjoint
and positive definite, but A is always non-Hermitian even without flow and resistivity
(η = 0). The matrices A and B have both a block-tridiagonal structure, as shown in
figure 5.2. This structure is due to the fact that every element extends over two radial
intervals. Each sub-block of matrix A has the structure as indicated in figure 5.2,
where the i, j’s indicate the matrix elements of A for a given range of poloidal mode
numbers m and m′. The matrix B has a similar sub-block structure. The elements
of matrix A and B are listed in appendix 5.A. A similar matrix structure has been
used in the CASTOR code (Kerner et al. [31]). Due to the non-Hermitian property
of A one needs an algorithm that can accurately solve the generalized eigenvalue
problem (5.37). The two well known direct algorithms, QR (QZ) and inverse vector
iteration (Kerner et al. [31]), could have been used, but instead PHOENIX solves
the generalized eigenvalue problem (5.37) by making use of the much more powerful
iterative Jacobi-Davidson algorithm (Sleijpen and van der Vorst [42]). This algorithm
will be discussed in the next subsection.

Before continuing the discussion how the PHOENIX code can also compute the
ideal continuous MHD spectrum, we first briefly introduce the MHD continua them-
selves. The threefold ideal MHD spectrum consists of fast, Alfvén and slow subspectra,
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0

0

(a)

1,1 1,2 1,3 1,4

2,1 2,2 2,3 2,4 2,5 2,6 2,7 2,8

3,1 3,2 3,3 3,4 3,5 3,6 3,7 3,8

4,1 4,2 4,3 4,4 4,5 4,6 4,7 4,8

5,1 5,2 5,3 5,4 5,5

6,2 6,3 6,6 6,7 6,8
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Figure 5.2: (a) The block-tridiagonal structure of matrix A and B with dimension
N = 16 ×Ns ×Nm. (b) The structure of each sub-block of matrix A.
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and is organized about the continuous parts, i.e. the slow and Alfvén continua, and
a fast accumulation point at infinity. In the cylindrical limit (relevant for large aspect
ratio and circular cross-section), the ideal MHD equation can be reduced to one or-
dinary second order differential equation in the radial coordinate r. This equation has
been introduced by Hain and Lüst [23] and generalized for arbitrary γ by Goedbloed
[9] for a static equilibrium. Hameiri [24] and Bonderson et al. [2] extended the cylin-
drical case to plasmas with flow but without gravity. Recently, Keppens et al. [30]
have included gravity. The inclusion of flow gives rise to a sixfold organization about
Doppler shifted MHD continua, viz. Doppler shifted Alfvén continua Ω±

A and Doppler
shifted slow continua Ω±

S ,

Ω±
A = k · V ± ωA = nΩ + (M ± 1)ωA, (5.38)

Ω±
S = k · V ± ωS = nΩ + (M ±Mc)ωA, (5.39)

(5.40)

together with fast accumulation points at ±∞ where the modes have a single
exp [i(mϑ+ nϕ)] dependence in the cylindrical limit (Goedbloed et al. [14]). Here,
ωA and ωS are the Alfvén frequency and slow frequency. Furthermore, the cusp
Mc =

√
γp/(γp+B2) is the ratio of the sound speed over the magnetosonic speed.

Moreover, an additional Eulerian entropy continuum is given by

ΩE = k · V = nΩ +MωA, (5.41)

which does not couple to the remainder of the spectrum, as shown by Goedbloed et al.
[16]. This entropy continuum will show up in any Eulerian computational approach
for computing ideal MHD continua.

For the computation of the continuous MHD spectra, a method described by
Poedts and Schwarz [36] has been used. This method, in essence, replaces on each
individual flux surface the Hermite elements by log(ǫ) and the quadratic elements
by 1/ǫ, with small ǫ. In this way the perturbed quantities approximate the singular
behaviour of the continuous spectrum as described by Pao [34] and Goedbloed [10]
for a static, axisymmetric, and toroidal plasma. Recently, Goedbloed et al. [14] have
extended this work to plasmas with toroidal and poloidal flows and gravity. In this
procedure, one instead of two basis functions per grid point is sufficient. One then
obtains a small generalized eigenvalue problem per flux surface of order 8Nm. The
resulting eigenvalue problem is solved using a QR method and a scan over all flux
surfaces yields detailed information on all MHD continua.

5.3.3 Jacobi-Davidson algorithm

The Jacobi-Davidson (JD) algorithm (Sleijpen and van der Vorst [42]) has been used
to compute the eigenvalues of our large generalized eigenvalue problem. For complete-
ness, we present the basic steps involved in the JD algorithm, following the description
presented by Nool and van der Ploeg [33]. The generalized eigenvalue problem of the
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linearized MHD equations (5.37) can be written as a standard eigenvalue problem

Qx = µx, (5.42)

where Q = (A − σB)−1B and we introduced an inverse shifted eigenvalue µ =
1/(λ− σ). Here, σ is a specified target frequency in whose neighborhood we wish to
compute a number of eigenvalues and eigenvectors at once.

In the JD algorithm the eigenvector x is approximated by a linear combination of
k-search vector vj with j = 1, 2, . . . , k, where k is very small compared to the number
of expansion coefficients N . Using the modified Gram-Schmidt method (Golub and
van Loan [17]), the vectors vj are made orthonormal to each other. The search
directions vj are used as columns for the N × k matrix Vk. Using this matrix the
eigenvector x can be approximated by Vks for some k-vector s. Notice that the
matrix Vk satisfies the following property: V∗

kVk = Ik, where Ik is the unit k × k
matrix. Here, the star indicates the conjugate transpose.

Replace in the standard eigenvalue equation (5.42) the eigenvector x and the
eigenvalue µ by its approximation Vks and θ, respectively. In this way the residual
vector r = QVks − θVks, which is orthogonal to the k search vectors. The standard
eigenvalue problem for the eigenvalue θ becomes

V∗
kQVks = θs. (5.43)

The order of the matrix V∗
kQVk is k, which is small. In fact it can be so small, that

this problem can be solved directly by, for example, a QR method. The eigenvalue of
this problem with the largest modulus is then used to approximate the eigenvalue µ.
Notice that the vector s is its associated eigenvector.

The following procedure is used to obtain a new search direction. Let the nor-
malized vector u = Vks be the approximation of the eigenvector x of the standard
eigenvalue problem (5.42). Then the eigenvalue µ can be approximated by θ = u∗Qu.
We define the matrix P ≡ uu∗, which is the orthogonal projector onto the subspace
spanned by {u}. Its complementary projector IN −P projects a vector on a subspace
perpendicular to the subspace spanned by {u}. This subspace is denoted by u⊥. Any
vector x ∈ C

N can be written as x = x1 + x2, with x1 ∈ span{u} and x2 ∈ u⊥. In
this case, the eigenvector x can be written as x = u +z, where the correction vector
z ⊥ u. The matrix Q can be restricted to u⊥ as follows

QP = (IN − P)Q (IN − P) . (5.44)

Rewrite this equation to find an expression for Q and substitute this expression into
the standard eigenvalue problem (5.42) to obtain

(QP − µIN ) z = −r + (µ− θ − u∗Qz)u, (5.45)

where we used that Qu − θu = r and z ⊥ u. From this equation we derive that the
eigenvalue µ = θ + u∗Qz by making use of r ⊥ u. Since eigenvalue µ is unknown
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and its best approximation is θ, we have to replace µ by θ to obtain the correction
equation for z,

(IN − P)(Q − θIN )(IN − P)z = −r, (5.46)

with u∗z = 0. The correction equation (5.46) only needs to be solved approximately
to obtain a sufficient accurate solution needed for the new search direction. An it-
erative method, like GMRES (Saad and Schultz [38]), could be used for this. The
approximated solution of the correction vector z is made orthogonal to the previous
search vector using the modified Gram-Schmidt method (Golub and van Loan [17]),
and this yields the new search directions vk+1. Then k is increased by 1 and the proce-
dure can be iterated. Our implementation of the JD method for the computations for
several eigenvalues is shown in figure 5.3. The typical values for the maximum number
of iterations of JD algorithm itmax = 100, tolerance of JD algorithm tolJD = 10−6,
maximum number of iterations for solving the correction equation itSOL = 10, and
tolerance for solving the correction equation tolSOL = 10−4.

5.4 MHD spectral results for flowing plasmas

In the PHOENIX code the eigenvalues are normalized to the Alfvén time on the
magnetic axis:

λ̂ = RMλ/vA, (5.47)

where RM and vA are the major radius of the magnetic axis and the Alfvén speed on
the magnetic axis, respectively.

5.4.1 Test cases for static and toroidally rotating Soloviev like
equilibria: ideal unstable global modes

As a first test we compare the PHOENIX code with other existing codes, like CASTOR
(Kerner et al. [31]), ERATO (Gruber et al. [21]), MARS (Bondeson et al. [3]), NOVA
(Cheng and Chance [7]), and PEST-1 (Grimm et al. [19]), by investigating an isolated
unstable global mode. For this test case, we used the analytical solution of the Grad-
Shafranov equation (Grad and Rubin [18], Shafranov [40]) given by Soloviev [43]
for the equilibrium. For the cross-sections we consider two elliptical, E = 2, and
one circular, E = 1, cross-section together with inverse aspect ratio ǫ = 1/3. The
PHOENIX results are presented in table 5.1, together with the results of the other
codes, as taken from Kerner et al. [31]. In table 5.1, m, n, and q(0) are the poloidal
mode number, the toroidal mode number, and the safety factor at the magnetic axis,
respectively. It is clear from this table that the agreement between the different codes
is within 1%.

As far as we know, there is no simple published test case for an equilibrium with
purely toroidal flow. Therefore, we start with an equilibrium based on the Soloviev
solution of the first static test case. In case the plasma rotates, the temperature is
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Jacobi-Davidson method for Qx = µx

Parameters: itmax, tolJD, itSOL, tolSOL

step 0: initialize
Choose a non-trivial initial vector v1 with |v1| = 1;
set V1 = [v1]; W1 = [Qv1]; it = 1

step 1: update the projected system
Compute the last row and column of Hk := V∗

kWk

step 2: solve and choose the approximate eigensolution of projected
system

Compute the eigenvalues θ1, . . . , θk of Hk and
choose θ := θj with |θj | maximal and θj 6= µi for i = 1, . . . , nev;
compute the associated eigenvector s with |s| = 1

step 3: compute Ritz vector and check accuracy
Let u be the Ritz vector Vks; compute the vector r := Wks − θu;
if the residual r̂ := (A − (σ + 1

θ )B)u satisfies |r̂|/(|σ + 1
θ |) < tolJD then

nev := nev + 1; µnev
= θ

else if it == itmax stop

end if

step 4: solve correction equation approximately with itSOL steps of
GMRES (with tolerance tolSOL)

Determine an approximate solution z̃ of z in
(I − P)(Q − θI)(I − P)z = −r ∧ u∗z = 0

step 5: add new search direction
k := k + 1; it := it+ 1; call MGS[Vk−1, z̃]; set Vk = [Vk−1, z̃];
Wk = [Wk−1,Qz̃];
goto step 1

Figure 5.3: Jacobi-Davidson algorithm adopted from Nool and van der Ploeg [33].
Here, itmax, tolJD, tolSOL, nev and MGS are the maximum number
of iterations, tolerance of the JD algorithm, tolerance for solving the
correction equation, number of found eigenvalues and the modified Gram-
Schmidt method, respectively.

Table 5.1: Comparison of the eigenvalue λ̂ for a specific Soloviev equilibrium with
an inverse aspect ratio ǫ = 1/3 from different ideal MHD spectral codes. The latter
entries are adopted from Kerner et al. [31].

m n q(0) E PHOENIX CASTOR ERATO MARS NOVA PEST-1
[−4, 6] -2 0.3 2 1.255 1.255 1.26 1.26 1.256 1.252
[−3, 7] -2 0.7 2 0.284 0.284 0.284 0.284 0.283 0.283
[−8, 14] -3 0.75 1 0.05397 0.05384 0.0541 0.0533 – –
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assumed to be a flux function. For the equilibrium the following flux functions have
been used:

I2(ψ) = A, ρ0(ψ) = 1,

p0(ψ) = AB(1 − 0.9ψ),
(5.48)

where A is a scale factor which has to be computed as part of the equilibrium solution
and B = 2.5. More details about equilibria with purely toroidal flow can be found
in chapter 4. The cross-section has been specified by ellipticity E = 2, triangularity
T = 0.2, and rectangularity Q = 0.01 and the inverse aspect ratio ǫ = 0.381966.
The safety factor on the magnetic axis q(0) = 0.7. Figure 5.4 shows the growth rate
and oscillation frequency as function of the rotation frequency Ω(0) on the magnetic
axis. Here, we used a toroidal mode number n = −2 and poloidal mode numbers
m = {−3, . . . , 7}. Computations are shown for both rigidly rotating, as well as sheared
rotating profiles Ω(ψ). It is clear from this figure that this particular unstable mode
becomes less unstable if one includes toroidal flow, regardless of the direction of the
flow. If the toroidal flow has some shear the mode becomes even more stable. This
stabilizing effect has also been found by Chandra et al. [6] for classical and neoclassical
tearing modes. The figure also shows that the oscillation frequency scales linearly with
the rotation frequency on the magnetic axis (Ω = const ⇒ Re(ω) ≈ −1.98Ω(0) and
Ω = Ω0(1 − 0.9ψ) ⇒ Re(ω) ≈ −1.02Ω(0)).

5.4.2 Resistive internal kink mode

A severe test for a MHD stability code is the computation of the internal kink mode.
In this case, we compute the resistive internal kink mode. The equilibrium is specified
by a circular cross section, inverse aspect ratio ǫ = 0.1 and the profiles

p = AB(1 − ψ), (5.49)

〈jϕ〉 = j0(1 − ψ), (5.50)

where 〈jϕ〉 is the average toroidal current density. The parameters are chosen such
that the safety factor on the magnetic axis q(ψ = 0) = 0.9 and the average poloidal
plasma beta βpol = 0.1. The average poloidal plasma beta is defined as

βp ≡ 2

s
pdS

(
1
2π

∮
Bp · dl

)2 , (5.51)

where S the area of the poloidal cross section and l is the contour which enclosed the
area S. For the stability analysis we have used a toroidal mode number n = −1 and
poloidal mode numbers m = {−1, . . . , 3}. To obtain an accurate solution, 1001 mesh
points have been used in combination with mesh accumulation around the q = 1 and
q = 2 surface. Figure 5.5 shows the growth rate of the resistive internal kink mode
against the resistivity. The resistive mode seen in the figure is the resistive interchange
mode which scales as η1/3. This numerical example shows that the PHOENIX code
can accurately handle small values for resistivity, at least as small as 10−11. A detailed
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Figure 5.4: The growth rate (a) and oscillation frequency (b) for rigidly rotating equi-
librium (solid) versus an equilibrium with sheared toroidal flow (dashed).
The rotation frequency Ω on the x-axis is the value on the magnetic axis
and has been normalized with respect to the Alfvén time on the magnetic
axis.
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Figure 5.5: The growth rate of the resistive internal kink mode for a equilibrium with
a circular cross section and inverse aspect ratio ǫ = 0.1.

study of resistive instabilities in a tokamak is given by, for example, Huysmans et al.
[29] and Bondeson et al. [4].

5.4.3 Toroidal Flow induced Alfvén Eigenmode

Another stringent test is to find the stable, resonantly damped, global Toroidal Flow
induced Alfvén Eigenmode (TFAE) which was found by van der Holst et al. [48]. They
use an equilibrium where the density is assumed to be a flux function. We use the
following flux functions for the equilibrium:

I2(ψ) = A(1 − 0.0285ψ + 0.01045ψ3), ρ(ψ) = 1 − 0.85ψ,

p0(ψ) = AB(1 − 1.1ψ + 0.2ψ2), Ω(ψ) = C,
(5.52)

where A = 87, B = 0.0217 and C = 0.0952. These flux functions differ slightly from
the ones used by van der Holst et al. [48]. Using the same strategy as described in
that article we were able to find the TFAE, which has in our case Re(ω) = −0.197.
The computations are done for a toroidal mode number n = −1 and poloidal mode
number m = {−1, . . . , 5}. The mode is resistively damped by resonant interaction
with the MHD continua. The η-convergence study of this TFAE mode is shown in
figure 5.6(a), similar to Poedts and Kerner [35]. This study shows that the TFAE
damping rate Im(ω) ≈ −1.4× 10−4. Furthermore, one needs at least 801 grid points
to reach convergence. The

√
ψ-dependence of the perturbed normal velocity for three

different poloidal mode numbers has been plotted in Fig. 5.6(b). This shows that the
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m = 2 harmonic is the most dominant one. The near singular behaviour at
√
ψ ≈ 0.90

is due to the interaction with the MHD continua.

5.4.4 MHD continua in the presence of toroidal rotation and
gravity

The following example shows that FINESSE and PHOENIX can also be used for
astrophysical applications, like a stability analysis of a two-dimensional accretion torus
or disk. Our accretion disk is an axisymmetric torus of fixed cross-sectional shape,
within which a two-dimensional equilibrium with toroidal flow and gravity has been
constructed. For this case, we specify the equations which the FINESSE code solves,
namely

R
∂

∂R

(
1

R

∂ψ

∂R

)
+
∂2ψ

∂Z2
= −1

2

dI2

dψ
−R2 ∂p

∂ψ
, (5.53)

∂p

∂R

∣∣∣∣
ψ=const

= ρRΩ2 − ρ
∂Φgrav

∂R
, (5.54)

∂p

∂Z

∣∣∣∣
ψ=const

= −ρ∂Φgrav

∂Z
, (5.55)

(5.56)

where the Newtonian gravitational potential Φgrav = −GM∗/
√
R2 + Z2. The latter

two equations can be solved analytically under the assumption that the density, the
temperature or the entropy is a flux functions. All three cases are currently imple-
mented in the FINESSE code.

For this example the density is assumed to be a flux function. For the equilibrium
the following flux functions have been used:

I2(ψ) = A(1 − 0.0385ψ + 0.02ψ2 + 0.00045ψ3), ρ(ψ) = 1,

p0(ψ) = AB(1 − 0.9ψ), Ω(ψ) = C(1 − 0.9ψ),
(5.57)

where A = 112, B = 0.01 and C = 0.1. The cross-section of the accretion disk is
circular and we used an inverse aspect ratio ǫ = 0.1. The plasma beta β = 2p/B2

increases monotonically from 0.63 at the inner part to 0.76 at the outer part of
the disk. The ratio of the toroidal velocity to the Keplerian velocity is in the range
vϕ/vKepler = [0.085; 1.049]. The minimum value correspond to boundary locations
close to the last closed flux surface while the maximum value is reached close to the
centre of the accretion disk. Furthermore, the gravitational potential on the magnetic
axis GM∗/RM = −0.35. This value has been scaled with respect to the Alfvén
speed on the magnetic axis. For the computations, a toroidal mode number n = −1
and poloidal mode numbers m = −3, . . . , 5 have been used. Figure 5.7 shows the
sub-spectrum of the MHD continua. From plot (b) and (c) it is clear that in this
case the MHD continua contain overstable modes. These modes appear due to the
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Figure 5.6: (a) Continuum damping of the flow-induced global gap mode, and (b)
the normal component of the perturbed velocity as function of the radial
flux coordinate s ≡

√
ψ; η = 5 × 10−8, Ng = 801, m = {−1, . . . , 5}.
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presence of toroidal rotation and gravity in a manner similar to the unstable continua
for toroidally rotating tokamak equilibria studied by van der Holst et al. [49]. A
systematic investigation of the influence of the gravity on these MHD continua is
currently ongoing.

5.4.5 Localized gap modes in the presence of toroidal and poloidal
flow

In this subsection we present spectral results of localized modes which appear inside
the gap of the continuous spectrum. This is done for an equilibrium which contains
dynamical effects due to both toroidal and poloidal flow. For the tokamak equilibrium
we used the following flux functions:

Λ1 = A× (1 − 0.4ψ + 0.2ψ2),

Λ2 = A× 1 × 10−3 × (1 − 1.6ψ + 0.8ψ2),

Λ3 = A× 1 × 10−4,

Λ4 = 5 × 102,

Λ5 = A× 0 × (1 − 0.85ψ),

(5.58)

where A = 0.142 and the Λi’s are the same flux functions as those defined in the
FINESSE paper [1]. Furthermore, the tokamak has a circular cross-section and an
inverse aspect ratio ǫ = 0.05. The solutions of the algebraic equation for the squared
Alfvén Mach number M2 are selected in the slow flow domain, i.e. the next elliptic
flow regime. The computation of the continuous MHD spectrum and the localized
gap modes are done for a toroidal mode number n = −1 and poloidal mode numbers
m = {−1, . . . , 5}. Figure 5.8 shows a part of the continuous MHD spectrum, which
has a |∆m| = 1 gap in the Alfvén spectra at s ≈ 0.82. In this gap there are indica-
tions of a cluster sequence of ideal localized gap modes, which were found to follow
anti-Sturmian properties. For one-dimensional problems, Sturmian and anti-Sturmian
behaviour can be proven using the oscillation theorem (Goedbloed and Sakanaka [13]).
The zeroth and the second gap mode found here are shown in Fig. 5.9 which have an
eigenfrequency of ω = −0.5088 and ω = −0.5072, respectively. The eigenfrequency
of the first gap mode, not shown in a figure, is ω = −0.5080. Fig. 5.9 shows that the
m = 1 and m = 2 harmonics are the dominant ones. These localized modes seem to
cluster towards the extremum of one of the Alfvén continuum branches.

5.4.6 MHD continua for gravity dominated accretion disks with
toroidal and poloidal flow

In this last example, we show that the PHOENIX code is able to compute the full MHD
continua in the presence of toroidal and poloidal flow and gravity. To demonstrate
this, equilibrium C of the paper by Goedbloed et al. [14] has been used. The flux
functions specified in this paper have also been implemented into the FINESSE code.
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Figure 5.7: Real (a), and imaginary (b) parts of the subspectrum of the MHD con-
tinua as function of the radial flux coordinate s ≡

√
ψ for a toroidal

mode number n = −1 and poloidal mode numbers m = {−3, . . . , 5}.
Overstable continuum modes in accretion disks exist due to the presence
of toroidal flow and a strong gravitational field.
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Figure 5.7: Subspectrum of the MHD continua in the complex plane (c) for a toroidal
mode number n = −1 and poloidal mode numbers m = {−3, . . . , 5}.
Overstable continuum modes in accretion disks exist due to the presence
of toroidal flow and a strong gravitational field.

For the toroidal and poloidal mode numbers we used the same ones as specified in the
paper, which are a toroidal mode number n = −1 and poloidal mode numbers m =
{−2, . . . , 6}. A part of the MHD continuous spectrum is shown in figure 5.10, which
reproduces Fig. 13 presented by Goedbloed et al. [14] where a detailed explanation of
this spectrum is given. Part of the continuous modes become overstable or unstable
due to a six-fold coupling scheme between Alfvén and slow continua branches of
neighboring poloidal modes numbers m. This can occur at every rational q-surface.
The presence of large, “transsonic” poloidal flow and strong gravitational field causes
mode-locking and leads to violent instabilities with very localized eigenfunctions.

5.5 Conclusions

The ideal or resistive MHD spectrum for tokamaks or accretion disks can be computed
by the PHOENIX code. The stationary MHD equilibrium considered may include
purely toroidal flow or both toroidal and poloidal flow. The numerical computations
are done in a specific flux-coordinate system and make use of an appropriate choice
for the projection of the perturbed velocity and perturbed vector potential. A mixed
Fourier and finite element method has been used for the discretization which results in
a large-scale non-Hermitian general eigenvalue problem. This generalized eigenvalue
problem is solved using the iterative Jacobi-Davidson algorithm.

The test results for a Soloviev equilibrium show excellent agreement, typically
within 1%, with other existing MHD spectral codes. We included a new reference test
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Figure 5.8: The real part of the subspectrum of the MHD continua of a toroidally
and poloidally rotating tokamak equilibrium as function of the radial flux
coordinate s ≡

√
ψ. The |∆m| = 1 gap in Alfvén spectra is located

at s ≈ 0.82. A±
m are the Alfvén modes for a poloidal mode number m

and ± indicates if it is forward (+) or backward (-) Doppler shifted with
respect to the entropy continuum.

case with purely toroidal flow demonstrating that the flow has a stabilizing effect on
the particular unstable mode computed regardless of the direction of the flow. The
resistive internal kink mode has been computed for different values of the resistivity.
These computations show that the code can accurately handle small values for the
resistivity at least down to 10−11. The code reproduced the Toroidal Flow induced
Alfvén Eigenmode (van der Holst et al. [48]), which demonstrates that the code can
accurately handle cases with resistivity and flow effects occurring simultaneously.

For a tokamak plasma in the presence of toroidal and poloidal flow localized gap
modes have been presented. These ideal gap modes appear to cluster to the local
extremum of one of the branches of the MHD continua.

For an accretion torus or disk two cases where the MHD continua have been
calculated are presented in detail. Both are stratified due to the presence of a central
object in the origin of the surrounding torus where one example considered purely
toroidal flow and the other one both toroidal and poloidal flow. Both show that
the MHD continua can contain unstable and overstable modes due to the presence
of (strong) gravitational fields in combination with equilibrium flow-driven dynamics.
Currently, an investigation is ongoing on the influence of gravity on the MHD continua
in the case of equilibria with purely toroidal flow. Future work will be done on the
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Figure 5.9: The tangential component of the perturbed velocity (a) of the zeroth
gap mode with eigenfrequency ω = −0.5088, and (b) of the second gap
mode with eigenfrequency ω = −0.5072 as function of the radial flux
coordinates ≡

√
ψ; Ng = 1001, m = {−1, . . . , 5}.
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Figure 5.10: Subspectrum of the MHD continua in the complex plane for a toroidal
mode number n = −1 and poloidal mode numbers m = {−2, . . . , 6}.

localized gap modes in the presence of toroidal and poloidal flow. This will be done
numerically as well as analytically.
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5.A Matrix elements

For comparison with the matrix elements used in the CASTOR code (Kerner et al.
[31]) for spectral diagnosis of static equilibria, we list the matrix elements as occurring
for stationary equilibria with toroidal and poloidal flow and external gravity. In these
expressions h and H are the quadratic and cubic elements used for the discretization,
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respectively. The matrix elements of the matrix B are:

B(1, 1) = hh · fJ
s2
, B(4, 3) = hh · g22

ρ0J

f
,

B(2, 2) = HH · g11
ρ0J

f
, B(4, 4) = hh · (g22 + q2R2)

ρ0J

f
,

B(2, 3) = Hh · −ig12
ρ0J

f
, B(5, 5) = hh · fρ0J

s2
,

B(2, 4) = Hh · −ig12
ρ0J

f
, B(6, 6) = hh · g22

R2

fJ
,

B(3, 2) = hH · ig12
ρ0J

f
, B(6, 7) = hH · −ig12

R2

fJ
,

B(3, 3) = hh · g22
ρ0J

f
, B(7, 6) = Hh · ig12

R2

fJ
,

B(3, 4) = hh · g22
ρ0J

f
, B(7, 7) = HH · g11

R2

fJ
,

B(4, 2) = hH · ig12
ρ0J

f
, B(8, 8) = HH · fJ

R2
,

and the elements of the matrix A are:

A(1, 1) = hh · −i f
s2

{
χ′

[
m′ 1

ρ0
− i

∂

∂ϑ

(
1

ρ0

)]
+ nJ

Vϕ
R

}
,

A(1, 2) = hH ′ · −ρ0J

s
+ hH · −1

s

∂

∂s
(ρ0J),

A(1, 3) = hh · 1

s

[
i
∂

∂ϑ
(ρ0J) −m′ρ0J

]
,

A(1, 4) = hh · 1

s

[
i
∂

∂ϑ
(ρ0J) − (m′ + nq)ρ0J

]
,

A(2, 1) = H ′h · T0J

s
+Hh · 1

s

{
T0
∂J

∂s
− J

∂Φgrav

∂s

−χ′2
[

1

ρ0

∂

∂ϑ

(
g12
ρ0J

)
− 1

2

1

ρ2
0J

∂g22
∂s

]
+

1

2
J
(Vϕ
R

)2 ∂R2

∂s

}
,

A(2, 2) = HH · −1

f

[
iχ′

(
−i∂g11

∂ϑ
+m′g11

)
+ g12

∂χ′

∂s

−χ′ g12
ρ0J

∂

∂s
(ρ0J) + ing11ρ0J

Vϕ
R

]
,
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A(2, 3) = Hh · −1

f

{
χ′

[
m′g12 − i

∂g12
∂ϑ

− iρ0J
∂

∂ϑ

(
g12
ρ0J

)
+ i

∂g22
∂s

]

+ng12ρ0J
Vϕ
R

}
,

A(2, 4) = Hh · −1

f

{
χ′

[
m′g12 − i

∂g12
∂ϑ

− iρ0J
∂

∂ϑ

(
g12
ρ0J

)
+ i

∂g22
∂s

]

+ng12ρ0J
Vϕ
R

+ iqρ0J
Vϕ
R

∂R2

∂s

}
,

A(2, 5) = H ′h · ρ0J

s
+Hh · ρ0

s

∂J

∂s
,

A(2, 6) = H ′h · 1

f

(
n
g22
J

−m′q
R2

J

)
+Hh · 1

f

[
m′q

∂

∂s

(
R2

J

)

−n ∂
∂s

(g22
J

)
+ in

g12
J

(m′ + nq) + 2n
∂

∂ϑ

(g12
J

)]
,

A(2, 7) = H ′H ′ · q
f

R2

J
+H ′H · − in

f

g12
J

+HH ′ · −q
f

∂

∂s

(
R2

J

)

+HH · n
f

[
g11
J

(m′ + nq) − i
∂

∂ϑ

(g11
J

)]
,

A(2, 8) = H ′H ′ · −1

f

g22
J

+H ′H · im
′

f

g12
J

+HH ′ · 1

f

[
∂

∂s

(g22
J

)
− i

g12
J

(m′ + nq) − 2
∂

∂ϑ

(g12
J

)]

+HH · −m
′

f

[
g11
J

(m′ + nq) − i
∂

∂ϑ

(g11
J

)]
,

A(3, 1) = hh · 1

s

[
mT0J + iT0

∂J

∂ϑ
− iJ

∂Φgrav

∂ϑ
− 1

2
iχ′2J

∂

∂ϑ

(
g22
ρ2
0J

2

)

+
1

2
iJ
(Vϕ
R

)2 ∂R2

∂ϑ

]
,

A(3, 2) = hH · 1

f

{
χ′

[
m′g12 − iρ0J

∂

∂s

(
g22
ρ0J

)]
− ig22

∂χ′

∂s
+ ng12ρ0J

Vϕ
R

}
,

A(3, 3) = hh · −1

f

{
χ′

[
im′g22 + ρ0J

∂

∂ϑ

(
g22
ρ0J

)]
+ ing22ρ0J

Vϕ
R

}
,

A(3, 4) = hh · −1

f

{
χ′

[
im′g22 + ρ0J

∂

∂ϑ

(
g22
ρ0J

)]

+ing22ρ0J
Vϕ
R

− qρ0J
Vϕ
R

∂R2

∂ϑ

}
,
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A(3, 5) = hh · 1

s

(
mρ0J + iρ0

∂J

∂ϑ

)
,

A(3, 6) = hh · 1

f

[
−ng22

J
(m′ −m+ nq) + in

∂

∂ϑ

(g22
J

)

−mm′q
R2

J
+ im′q

∂

∂ϑ

(
R2

J

)]
,

A(3, 7) = hH ′ · q
f

[
m
R2

J
− i

∂

∂ϑ

(
R2

J

)]

+ hH · n
f

[
i
g12
J

(m′ −m+ nq) +
∂

∂s

(g22
J

)]
,

A(3, 8) = hH ′ · 1

f

[
g22
J

(m′ −m+ nq) − i
∂

∂ϑ

(g22
J

)]

+ hH · −m
′

f

[
i
g12
J

(m′ −m+ nq) +
∂

∂s

(g22
J

)]
,

A(4, 1) = hh · 1

s

[
(m+ nq)T0J + iT0

∂J

∂ϑ
− 1

2
iχ′2J

∂

∂ϑ

(
g22
ρ2
0J

2

)

+
1

2
iJ
(Vϕ
R

)2 ∂R2

∂ϑ
− iqχ′ 1

ρ0

∂

∂ϑ
(RVϕ) − iJ

∂Φgrav

∂ϑ

]
,

A(4, 2) = hH · −1

f

{
χ′

[
−m′g12 + iρ0J

∂

∂s

(
g22
ρ0J

)]

+ig22
∂χ′

∂s
− ng12ρ0J

Vϕ
R

+ iqρ0J
∂

∂s
(RVϕ)

}
,

A(4, 3) = hh · −1

f

{
χ′

[
im′g22 + ρ0J

∂

∂ϑ

(
g22
ρ0J

)]

+ing22ρ0J
Vϕ
R

+ qρ0J
∂

∂ϑ
(RVϕ)

}
,

A(4, 4) = hh · −1

f

{
χ′

[
im′(g22 + q2R2) + ρ0J

∂

∂ϑ

(
g22
ρ0J

)
+ q2

∂R2

∂ϑ

]

+inρ0J(g22 + q2R2)
Vϕ
R

+ qρ0JR
2 ∂

∂ϑ

(Vϕ
R

)}
,

A(4, 5) = hh · 1

s

[
(m+ nq)ρ0J + iρ0

∂J

∂ϑ

]
,

A(4, 6) = hh · 1

f

[
n
g22
J

(m−m′) + in
∂

∂ϑ

(g22
J

)

+m′q
R2

J
(m′ −m) + inq2

∂

∂ϑ

(
R2

J

)]
,
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A(4, 7) = hH ′ · q
f

R2

J
(m−m′) + hH · n

f

[
i
g12
J

(m′ −m)

+
∂

∂s

(g22
J

)
+ q

∂

∂s
(RBϕ)

]
,

A(4, 8) = hH ′ · 1

f

[
g22
J

(m′ −m) − i
∂

∂ϑ

(g22
J

)
− iq2

∂

∂ϑ

(
R2

J

)]

+ hH · m
′

f

[
i(m−m′)

g12
J

− ∂

∂s

(g22
J

)
− q

∂

∂s
(RBϕ)

]
,

A(5, 1) = hh · − f

s2
χ′

[
1

ρ0

∂T0

∂ϑ
+ (γ − 1)T0

∂

∂ϑ

(
1

ρ0

)]
,

A(5, 2) = hH ′ · −(γ − 1)
p0J

s
+ hH · −1

s

[
ρ0J

∂T0

∂s
+ (γ − 1)p0

∂J

∂s

]
,

A(5, 3) = hh · 1

s

[
iρ0J

∂T0

∂ϑ
− (γ − 1)

(
m′p0J − ip0

∂J

∂ϑ

)]
,

A(5, 4) = hh · 1

s

{
iρ0J

∂T0

∂ϑ
− (γ − 1)

[
(m′ + nq)p0J − ip0

∂J

∂ϑ

]}
,

A(5, 5) = hh · − f

s2

{
χ′

[
im′ − (γ − 1)

1

ρ0

∂ρ0

∂ϑ

]
+ inρ0J

Vϕ
R

}
,

A(6, 2) = hH · ig12
RBϕ
f

,

A(6, 3) = hh · g22
RBϕ
f

,

A(6, 6) = hh · −R
2

fJ

[
im′χ′ g22

ρ0J
+ ing22

Vϕ
R

+ η

(
n2

R2
g22 +mm′

)]
,

A(6, 7) = hH ′ · R
2

fJ

(
iχ′ g22

ρ0J
+mη

)
+ hH · ng12

R2

fJ

(
−Vϕ
R

+
in

R2
η

)
,

A(6, 8) = hH ′ · R
2

fJ
g22

(
i
Vϕ
R

+
n

R2
η

)
+ hH · R

2

fJ
m′g12

(
Vϕ
R

− i
n

R2
η

)
,

A(7, 2) = HH · −RBϕ
f

g11,

A(7, 3) = Hh · RBϕ
f

ig12,

A(7, 6) = H ′h · R
2

fJ
ηm′ +Hh · R

2

fJ
g12

(
χ′m′ 1

ρ0J
+ n

Vϕ
R

− i
n2

R2
η

)
,

A(7, 7) = H ′H ′ · −ηR
2

fJ
+HH ′ · −χ

′

f

g12
ρ0J

R2

J
+HH · −ng11

R2

fJ

(
i
Vϕ
R

+
n

R2
η

)
,
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A(7, 8) = HH ′ · g12
R2

fJ

(
−Vϕ
R

+
in

R2
η

)
+HH ·m′g11

R2

fJ

(
i
Vϕ
R

+
n

R2
η

)
,

A(8, 2) = HH · fJ
R2

,

A(8, 6) = H ′h · nη
f

g22
J

+Hh · imnη
f

g12
J
,

A(8, 7) = H ′H · −in η
f

g12
J

+HH · n
(
ifχ′ 1

ρ0R2
+m

η

f

g11
J

)
,

A(8, 8) = H ′H ′ · − η
f

g22
J

+H ′H · im′ η

f

g12
J

+HH ′ · −imη

f

g12
J

+HH · −m′

(
ifχ′ 1

ρ0R2
+m

η

f

g11
J

)
.
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6 Unstable magnetohydrodynamical
continuous spectrum of accretion
disks

Abstract

We present a detailed study of localized magnetohydrodynamical (MHD)
instabilities occurring in two-dimensional magnetized accretion disks.

We model axisymmetric MHD disk tori, and solve the equations gov-
erning a two-dimensional magnetized accretion disk equilibrium and linear
wave modes about this equilibrium. We show the existence of novel MHD
instabilities in these two-dimensional equilibria which do not occur in an
accretion disk in the cylindrical limit.

The disk equilibria are numerically computed by the FINESSE code.
The stability of accretion disks is investigated analytically as well as nu-
merically. We use the PHOENIX code to compute all the waves and
instabilities accessible to the computed disk equilibrium.

We concentrate on strongly magnetized disks and sub-Keplerian rota-
tion in a large part of the disk. These disk equilibria show that the thermal
pressure of the disk can only decrease outwards if there is a strong gravi-
tational potential. Our theoretical stability analysis shows that convective
continuum instabilities can only appear if the density contours coincide
with the poloidal magnetic flux contours. Our numerical results confirm
and complement this theoretical analysis. Furthermore, these results show
that the influence of gravity can either be stabilizing or destabilizing on
this new kind of MHD instability. In the likely case of a non-constant
density, the height of the disk should exceed a threshold before this type
of instability can play a role.

This localized MHD instability provides an ideal, linear route to MHD
turbulence in strongly magnetized accretion disk tori.
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6.1 Introduction

Accretion disks are very common objects in astrophysics. These objects can be found
in stellar systems as well as in active galactic nuclei (AGN). In the first case, the disk
accretes matter onto a protostar (young stellar object (YSO)), white dwarf, neutron
star, or a black hole. The typical size of these disks is a few hundred astronomical
units (AU). A massive black hole is the central object in the case of an accretion disk
in AGN. Here, the typical size of the disk is a hundred parsecs (pc).

Much research on accretion disk dynamics focuses on occurring accretion processes
in an MHD framework. This is done linearly as well as non-linearly. The linear studies
aim to understand the drivers of the accretion mechanism. This can be done by
looking at waves and instabilities about a disk equilibrium in the cylindrical limit (see
e.g. Keppens et al. [20], Blokland et al. [7], van der Swaluw et al. [31], and references
therein). In this limit the disk equilibrium is essentially one-dimensional and one can
use a self-similar model like the one of Spruit et al. [28]. When instabilities are found,
one must compute the resulting evolution non-linearly to see if these instabilities give
rise to turbulence. This turbulence may be the source of an enhanced effective viscosity
mechanism which causes an increased transport of angular momentum outwards, as
needed for accretion (Shakura and Sunyaev [26]). Balbus and Hawley [2] discussed
that the MHD turbulence resulting from the magneto-rotational instability (Velikhov
[32] and Chandrasekhar [9]) could provide this angular momentum transport.

In the last years, global two or even three-dimensional magnetohydrodynamical
(MHD) simulations of accretion disks have been performed (see for example Mat-
sumoto and Shibata [21] and Armitage [1]). In these simulations, the non-linear
dynamics is usually interpreted as a direct consequence of the magneto-rotational
instability (see for example Hawley et al. [17]) leading to angular momentum trans-
port outwards. Another possibility for the initial and evolving dynamics is that both
the convective and the magneto-rotational instability play an important role in the
angular momentum transport (see for example Igumenshchev et al. [19]). In the latter
case, these disks are known as convection-dominated accretion flows (CDAF). How-
ever, especially those global simulations starting from initial axisymmetric accretion
tori (see for example Hawley [16]) are at best loosely connected to the linear stability
studies. A detailed catalogue of the MHD spectrum of such two-dimensional disks is
completely lacking. Moreover, the usual identification of the cause of the turbulent
dynamics with the linear magneto-rotational or convective instability is mostly based
on the extrapolation of the linear stability analysis from a one-dimensional to a two
or three-dimensional accretion disk. Such extrapolating ignores the fact that if one
performs a detailed MHD stability study of a two-dimensional accretion disk, one may
find many new types of instability that all could lead to effective angular momentum
transport. A recent example of such new, poloidal flow-driven type of instability is
presented by Goedbloed et al. [13], where the Trans-slow Alfvén Continuum (TSAC)
mode is shown to occur inside a disk with toroidal and super-slow poloidal flow in the
presence of a strong gravitational potential.

This chapter has two aims. The first one is to present the equations and the numer-
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ical solutions of two-dimensional MHD disk equilibria with toroidal flows, but without
poloidal flows. This case is fundamentally different from the previously discussed one
of combined poloidal and toroidal flows (Goedbloed et al. [13]) because the equilibria
are described by quite different flux functions. By considering an axisymmetric equilib-
rium, we are able to model a thick accretion disk without any further approximations.
All the equilibria presented below are computed using the code FINESSE (Beliën et al.
[5]). The second aim is to present a detailed stability analysis of these two-dimensional
equilibria. The analysis is done theoretically as well as numerically. For the stability
computations we have used the recently published spectral code PHOENIX (Blokland
et al. [8]). To our knowledge, this kind of analysis for MHD disk equilibria with purely
toroidal flow has never been presented in the astrophysical literature until now.

We will present a sample of disk equilibria where the disk plasma typically varies
from strongly magnetized up to close to equipartition. Also, the rotational speed of
the plasma varies from sub-Keplerian up to Keplerian. The theoretical part of the
spectral analysis of these equilibria shows that the Convective Continuum Instabilities
may appear inside the disk. These instabilities are part of the continuous branches that
exist in the MHD spectrum of the linear eigenmodes of the disk tori and are localized
on magnetic flux surfaces. We derive a stability criterion for this instability. This
criterion looks similar to the Schwarzschild criterion. However, our criterion governs
convective instabilities along the poloidal magnetic field lines while the Schwarzschild
criterion applies in the direction perpendicular to the poloidal magnetic field lines.
This theoretical analysis has been verified by our numerical stability calculations.

This chapter is organized as follows. In section 6.2, we present the equations
which govern a two-dimensional accretion disk equilibrium. In section 6.3, we recall
the essential elements from spectral theory of MHD waves and instabilities, such
as the Frieman and Rotenberg formalism (Frieman and Rotenberg [10]), straight
field line coordinates and representation. In section 6.4, these are used to derive
the equations for the continuous MHD spectrum and the stability criterion for the
Convective Continuum Instability. The numerical codes FINESSE and PHOENIX are
discussed in section 6.5. In section 6.6, we present our numerical results on the disk
equilibria and their stability analysis. Finally, in section 6.7, we summarize and present
our conclusions.
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6.2 Accretion disk equilibrium

We consider an axisymmetric accretion disk. Because of this symmetry, cylindrical
coordinates (R,Z, ϕ) are used and the equilibrium quantities only depend on the
poloidal coordinates R and Z. The disk equilibrium is modeled by the ideal MHD
equations,

ρ
∂v

∂t
= −ρv · ∇v −∇p+ j × B − ρ∇Φ, (6.1)

∂p

∂t
= −v · ∇p− γp∇ · v, (6.2)

∂B

∂t
= ∇× (v × B) , (6.3)

∂ρ

∂t
= −∇ · (ρv) , (6.4)

where ρ, p, v, B, Φ and γ are the density, pressure, velocity, magnetic field, gravita-
tional potential, and the ratio of the specific heats, respectively. The current density
j = ∇ × B and the equation ∇ · B = 0 has to be satisfied. Furthermore, the disk
equilibrium is assumed to be time-independent. The relation between the density and
the thermal pressure is expressed by the ideal gas law: p = ρT . From the equations
∇·B = 0 and ∇· j = 0 it follows that the magnetic field and the current density can
be written as

B =
1

R
eϕ ×∇ψ +Bϕeϕ, (6.5)

j = − 1

R
eϕ ×∇I + jϕeϕ, (6.6)

respectively. Here, 2πψ is the poloidal flux and the poloidal stream function I = RBϕ.
We restrict ourselves to disk equilibria with purely toroidal flow,

v = vϕeϕ = RΩeϕ. (6.7)

In this case, equations (6.2) and (6.4) are trivially satisfied. The angular velocity Ω is
related to the electric field,

E = −v × B = Ω∇ψ, (6.8)

and making use of the induction equation (6.3) it can be easily shown that Ω = Ω(ψ).

Three different projections can be applied on the momentum equation (6.1). The
projections are in the toroidal direction and in the poloidal plane parallel and perpen-
dicular to the poloidal magnetic field lines. From the toroidal projection one can show
that the poloidal stream function is a flux function, i.e. I = I(ψ). The projection
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parallel to the poloidal magnetic field results in two equations,

∂p

∂R

∣∣∣∣
ψ=const

= ρ

(
RΩ2 − ∂Φ

∂R

)
,

∂p

∂Z

∣∣∣∣
ψ=const

= −ρ∂Φ

∂Z
,

(6.9)

which have to be satisfied simultaneously. From these two equations we conclude
that the pressure p = p(ψ;R,Z). The last projection, perpendicular to the poloidal
magnetic field, leads to the extended Grad-Shafranov equation,

R2∇ ·
(

1

R2
∇ψ
)

= −I dI

dψ
−R2 ∂p

∂ψ
. (6.10)

The two equations parallel to the poloidal magnetic field (6.9) can be solved analyti-
cally under the extra assumption that either the temperature T , or the density ρ, or
the entropy S = pρ−γ is a flux function. The assumption that the temperature is a
flux function can be justified due to the high thermal conductivity along the magnetic
field lines. This is true at least up to the transport time scale, which is long compared
to the Alfvén time. The resulting pressure can then be written as

p(ψ;R,Z) = p0(ψ) exp

[
(R2 −R2

0)ΛT (ψ) − Φ(R,Z)

T (ψ)

]
, (6.11)

where ΛT ≡ Ω2/(2T ) is a flux function, p0 is the pressure for a static pure Grad-
Shafranov equilibrium without gravity, and R0 is the geometric axis of the accretion
disk. The extended Grad-Shafranov equation (6.10) reduces to

R2∇ ·
(

1

R2
∇ψ
)

= −I dI

dψ

−R2

{
dp0

dψ
+ p0

[
(R2 −R2

0)
dΛT
dψ

+
Φ

T 2

dT

dψ

]}

× exp

[(
R2 −R2

0

)
ΛT − Φ

T

]
.

(6.12)

Another possibility, on MHD time scales, is to assume that the density is a flux
function. In this case, the pressure reads

p(ψ;R,Z) = p0(ψ)

[
1 + (R2 −R2

0)Λρ(ψ) − Φ(R,Z)

Tρ(ψ)

]
, (6.13)

where the quasi-temperature Tρ ≡ p0/ρ and Λρ ≡ Ω2/(2Tρ). Under this assumption,
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the extended Grad-Shafranov equation (6.10) can be written as

R2∇ ·
(

1

R2
∇ψ
)

= −I dI

dψ

−R2

{
dp0

dψ
+ p0

[
(R2 −R2

0)
dΛρ
dψ

+
Φ

T 2
ρ

dTρ
dψ

]

×
[
1 + (R2 −R2

0)Λρ −
Φ

Tρ

]−1
}

×
[
1 + (R2 −R2

0)Λρ −
Φ

Tρ

]
.

(6.14)

The final option is to assume that the entropy S is a flux function. The advantage
of this assumption is that it allows for a natural extension to include both toroidal
and poloidal flows in the equilibrium, where the entropy has to be a flux function
(Zehrfeld and Green [33], Hameiri [15]). In this case, the pressure reads

p(ψ;R,Z) = p0(ψ)

{
1 +

γ − 1

γ

[
(R2 −R2

0)ΛS(ψ) − Φ(R,Z)

TS(ψ)

]}γ/(γ−1)

, (6.15)

and the extended Grad-Shafranov equation (6.10) reduces to

R2∇ ·
(

1

R2
∇ψ
)

= −I dI

dψ

−R2

{
dp0

dψ
+ p0

[
(R2 −R2

0)
dΛS
dψ

+
Φ

T 2
S

dTS
dψ

]

×
[
1 +

γ − 1

γ

(
(R2 −R2

0)ΛS − Φ

TS

)]−1
}

×
{

1 +
γ − 1

γ

[
(R2 −R2

0)ΛS − Φ

TS

]}γ/(γ−1)

,

(6.16)

where the quasi-temperature TS ≡ Sργ−1
0 and ΛS ≡ Ω2/(2TS). The extended Grad-

Shafranov equation has been used previously by van der Holst et al. [30] for the first
two cases without gravity.

The density can be easily derived for all three assumptions by inserting the cor-
responding equation for the pressure into the momentum equations parallel to the
poloidal magnetic field lines (6.9). The resulting density is

ρ(ψ;R,Z) = ρ0(ψ) ×





[(
R2 −R2

0

)
ΛT − Φ

T

]
,

1,
{

1 +
γ − 1

γ

[(
R2 −R2

0

)
ΛS − Φ

TS

]}1/(γ−1)

,

. (6.17)
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for the temperature, density or entropy as flux function, respectively. The flux function
ρ0 corresponds to the density of a static equilibrium without gravity. All these cases
with the inclusion of gravity have been discussed in the appendix to Blokland et al.
[8].

6.3 Spectral formulation

6.3.1 Frieman-Rotenberg formalism

For the investigation of stability properties of stationary MHD equilibria, the formalism
by Frieman and Rotenberg [10] has been used. They derived from the linearized MHD
equations, one second order differential equation for the Lagrangian displacement
vector field ξ,

F(ξ) − 2ρv · ∇∂ξ

∂t
− ρ

∂2ξ

∂t2
= 0, (6.18)

where the force operator F(ξ) is

F(ξ) = Fstatic(ξ) + ∇Φ∇ · (ρξ) + ∇ · [ρξv · ∇v − ρvv · ∇ξ] . (6.19)

Here,

Fstatic(ξ) = −∇Π + B · ∇Q + Q · ∇B (6.20)

is the force operator for static equilibria without gravity, which has been derived by
Bernstein et al. [6]. Here, the Eulerian perturbation of the total pressure,

Π = −γp∇ · ξ − ξ · ∇p+ B · Q, (6.21)

and the Eulerian perturbation of the magnetic field,

Q = ∇× (ξ × B) . (6.22)

The time-dependence for the displacement field is assumed to be an exponential
one with normal mode frequencies ω, ξ = ξ̂ exp(−iωt). Using this assumption, the
Frieman-Rotenberg equation can be written as

F(ξ) + 2iρωv · ∇ξ + ρω2ξ = 0. (6.23)

In the derivations below, the toroidal symmetry of the accretion disk equilibrium is
exploited. This is done by writing the toroidal dependence of the displacement field
as ξ ∼ exp(inϕ), where n is the toroidal mode number.
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6.3.2 Straight field line coordinates

The analytical and numerical analysis of MHD waves and instabilities are done in
’straight field line’ coordinates. To convert from cylindrical (R,Z, ϕ) to straight field
line coordinates (x1 ≡ ψ, x2 ≡ ϑ, x3 ≡ ϕ) one needs the metric tensor and the
Jacobian associated with the non-orthogonal coordinates in which the equilibrium field
lines appear straight. This is standard practice in MHD spectral studies for laboratory
tokamak plasmas. The metric elements gij and the Jacobian J are

gij = ∇xi · ∇xj , gij =
∂r

∂xi
· ∂r
∂xj

, J = (∇ψ ×∇ϑ · ∇ϕ)
−1
, (6.24)

respectively. Here, the poloidal angle ϑ is constructed such that the magnetic field
lines are straight in the (ϑ, ϕ)-plane. The slope of these lines is a flux function:

dϕ

dϑ

∣∣∣∣
fieldline

=
B · ∇ϕ
B · ∇ϑ =

IJ

R2
= q(ψ), (6.25)

where q is the safety factor. Furthermore, in straight field coordinates the poloidal
and toroidal curvature of the magnetic surfaces are

κp = −n · (t · ∇t) =
R

J

(
∂ψ − ∂ϑ

g12
g22

)
JBϑ, (6.26)

κt = −n · (eϕ · ∇eϕ) = Bϑ

(
∂ψ − g12

g22
∂ϑ

)
R, (6.27)

respectively. Here, n = ∇ψ/|∇ψ| and t = Bϑ/Bϑ, where Bϑ is the poloidal mag-
netic field. It is important to realize that the straight field coordinates can only be
constructed when the solution ψ(R,Z) has been computed from the extended Grad-
Shafranov equation (6.10).

6.3.3 Field line projection and representation

On each flux surface the distinction between two wave directions can be made: one
parallel and the other one perpendicular to the magnetic field. These directions corre-
spond to the short wavelength limit of slow and Alfvén waves in cylindrical geometry.
Hence, it is useful to exploit a projection based on the magnetic surfaces and field
lines using the triad of unit vectors,

n ≡ ∇ψ
|∇ψ| , π ≡ b × n, b ≡ B

B
. (6.28)

Using these unit vectors, the components of the displacement field ξ can be written
as

X ≡ RBϑξ · n, Y ≡ i
B

RBϑ
ξ · π, Z ≡ i

1

B
ξ · b, (6.29)
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and the projected gradient operators become

D ≡ 1

RBϑ
n · ∇ = ∂ψ − g12

g22
∂ϑ, (6.30)

G ≡ −iRBϑBπ · ∇ =
−iI

J
∂ϑ − nB2

ϑ, (6.31)

F ≡ −iB · ∇ =
−i

J
∂ϑ +

nq

J
. (6.32)

The second equality in the expressions for F and G only holds when these operators
act on a component of the displacement field ξ.

Using the straight field line coordinates and the projections (6.29) the Frieman-
Rotenberg equation (6.18) can be written as

(A + R)x + 2ρω̃ΩCx − ρω̃2Bx = 0, with x ≡



X
Y
Z


 , (6.33)

where ω̃(ψ) ≡ ω − nΩ(ψ) is the Doppler shifted eigenfrequency. Here, A and B
are 3 × 3 matrix operators which are also present in the case of a static equilibrium
without gravity. The matrix operators C and R contain the elements due to the
toroidal rotation of the plasma and of an external gravitational potential. The matrix
elements of A and B are

A11 ≡ −Dγp+B2

J
D†J + F 1

R2B2
ϑ

F + 2

[
D
(
Bϑκp

R

)]

+ 2
Bϕ
R

[
J†D

(
1

J

Bϕκt

Bϑ

)]
,

A12 ≡ −DγpG 1

B2
−DG + 2

(
nBϑκp

R
+
Bϕκt

Bϑ

i

J
∂ϑ

)
,

A13 ≡ −DγpF ,

A21 ≡ 1

B2
G γp
J
D†J + G 1

J
D†J + 2

(
nBϑκp

R
+

i

J
∂ϑ
Bϕκt

Bϑ

)
,

A22 ≡ 1

B2
GγpG 1

B2
+ G 1

B2
G + FR

2B2
ϑ

B2
F ,

A23 ≡ 1

B2
GγpF ,

A31 ≡ F γp
J
D†J,

A32 ≡ FγpG 1

B2
,

A33 ≡ FγpF ,

(6.34)

and

B11 ≡ 1

R2B2
ϑ

, B22 ≡ R2B2
ϑ

B2
, B33 ≡ B2. (6.35)
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Here, the operators

D† ≡ D −
[
∂ϑ

(
g12
g22

)]
, †D ≡ D +

[
∂ϑ

(
g12
g22

)]
, (6.36)

are related to the normal gradient operator D, which has been introduced by Goed-
bloed [12] for the spectral analysis of static tokamak equilibria. The square brackets
in the expressions (6.34) for the matrix elements of A and the gradient operators
defined by (6.36) indicate that the differential operator only acts on the term inside
the bracket. This notation is also used in the expressions below. The matrices A and
B were derived by Goedbloed [11, 12] for static equilibria.

The matrices R and C enter if there is toroidal flow and/or external gravity. The
expression for the matrix elements of R are

R11 ≡ −ρ
{[
J†D

(
1

J
λ

)]
− Rκt

Bϑ

[
DΩ2

]}
,

R12 ≡ (iDIµ+ λG)
ρ

B2
,

R13 ≡ (iDµ+ λF) ρ,

R21 ≡ ρ

B2

(
iIµ

1

J
D†J + Gλ

)
,

R22 ≡ −ρI
2

B4

[
1

J
∂ϑµ

]
,

R23 ≡ −ρ
(
I

B2

[
1

J
∂ϑµ

]
− inµ

)
,

R31 ≡ ρ

(
iµ

1

J
D†J + Fλ

)
,

R32 ≡ −ρ
(
I

B2

[
1

J
∂ϑµ

]
+ inµ

)
,

R33 − ρ

[
1

J
∂ϑµ

]
,

(6.37)

and matrix C is

C =




0 −Rκt

Bϑ

B2
ϑ

B2

Rκt

Bϑ

I

R2

−Rκt

Bϑ

B2
ϑ

B2
0 i

[
R

J
∂ϑR

]

Rκt

Bϑ

I

R2
−i

[
R

J
∂ϑR

]
0




, (6.38)
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where

µ ≡
[
R

J
∂ϑR

]
Ω2 − 1

J
∂ϑΦ =

1

ρJ
∂ϑp =

1

ρ
Bϑ · ∇p, (6.39)

λ ≡ Rκt

Bϑ
Ω2 −DΦ. (6.40)

Notice that the term µ represents the pressure variation on a flux surface. The matrix
C represents the Coriolis effect due to the rotation while the matrix R contains
rotational as well as gravitational effects. The case without an external gravitational
potential has been discussed by van der Holst et al. [30].

Two kinds of cylindrical limits can be obtained from the spectral equation (6.33).
The first one is the infinitely slender torus, meaning that the radial position of accretion
disk is taken to be at infinity. In that case the matrices R and C disappear. This is
due to the fact that all equilibrium quantities will be become independent of the
angle ϑ, the gravitational potential at infinity is zero, and the toroidal curvature κt

becomes zero. The flow enters only as a Doppler shift, −nΩ(ψ), in the Doppler shifted
eigenfrequency ω̃(ψ).

The other limit is the cylindrical limit of a thin (|Z|/R ≪ 1) slice of plasma at
the equatorial plane of the accretion disk. In this region all equilibrium quantities only
depend on the radius R, approximately. The matrices R and C do not disappear as in
the previous limit. Also the toroidal curvature κt is non-zero but instead the poloidal
curvature κp = 0. In this case the spectral equation (6.33) reduces to the matrix
equation for a one-dimensional accretion disk presented by Keppens et al. [20].

6.4 Continuous MHD spectrum

In the previous section, the spectral equation (6.33) governing all MHD waves and
instabilities in axisymmetric accretion disks has been derived. This equation is the
starting point to all following MHD spectral computations. In particular, we can derive
the equations for the continuous MHD spectrum by considering modes localized on a
particular flux surface ψ = ψ0. van der Holst et al. [29] showed that the toroidal flow
can drive the continuous spectrum unstable or overstable for non-gravitating plasma
tori. Here, we show that the combination of toroidal flow and gravity can also drive
the MHD continua overstable.

6.4.1 General formalism

To derive the equations for the continuous spectrum, the normal derivative (∂/∂ψ) of
the eigenfunctions is considered to be large compared to the eigenfunctions themselves
and the Doppler shifted eigenfrequency ω̃(ψ) is assumed finite. In this case, the first
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row of the spectral equation (6.33) can be solved approximately,

1

J
D†JX ≈ −γp

γp+B2

(
G 1

B2
Y + FZ

)
− 1

γp+B2
GY

+
iρµ

γp+B2

(
I

B2
Y + Z

)
.

(6.41)

Notice, that this solution implies that ∂X/∂ψ, Y , and Z are of the same order,
but more importantly that X is small compared to Y and Z. This means that the
continuum modes are mainly tangential to a particular flux surface.

Inserting the expression (6.41) into the second and third row of the spectral equa-
tion (6.33) results in an eigenvalue problem which is independent of the normal deriva-
tive. Hence, the reduced problem becomes non-singular. Exploiting this property, we
can write the projected displacement field components Y and Z as follows:

Y ≈ δ(ψ − ψ0)η(ϑ),

Z ≈ δ(ψ − ψ0)ζ(ϑ),
(6.42)

where δ(ψ − ψ0) is the Dirac delta function. Here, Y and Z have been split in an
improper (ψ-dependence) and proper part (ϑ-dependence). This kind of splitting has
been introduced by Goedbloed [11] for static equilibria without gravity. The reduced,
non-singular eigenvalue problem becomes

(
a + r + 2ρω̃Ωc − ρω̃2b

)(η
ζ

)
= 0, (6.43)

where

a =



FR

2B2
ϑ

B2
F + 4

γp

γp+B2
(RBϑκg)

2 −2i
γpB

γp+B2
(RBϑκg)F

2iF γpB

γp+B2
(RBϑκg) F γpB2

γp+B2
F


 , (6.44)

c =




0 i

[
R

J
∂ϑR

]

−i
[
R

J
∂ϑR

]
0


 , (6.45)

b =




R2B2
ϑ

B2
0

0 B2


 , (6.46)
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and the matrix elements of r are

r11 ≡ −4
I

B2

ρµB

γp+B2
(RBϑκg) +

ρI2

B2
N2

m,pol,

r12 ≡ iI
ρµB

γp+B2
B2F 1

B2
+ ρIN2

m,pol,

r21 ≡ −i
I

B2
F ρµ

γp+B2
B2 + ρIN2

m,pol,

r22 ≡ −B2

[
1

JB2
∂ϑ

ρµ

γp+B2
B2

]
+ ρB2N2

m,pol.

(6.47)

In these expressions κg is the geodesic curvature,

κg = κ · π =
I

JRBϑB2
∂ϑB. (6.48)

Here, κ = b · ∇b is the field line curvature and N2
m,pol is the magnetically modified

Brunt-Väisälä frequency projected on a flux surface,

N2
m,pol =

µ

B2

[
1

Jρ
∂ϑρ−

ρµ

γp+B2

]

=

[
Bϑ · ∇p
ρB

] [
Bϑ

ρB
·
(
∇ρ− ρ

γp+B2
∇p
)]

.

(6.49)

This magnetically modified Brunt-Väisälä frequency is similar as the one presented
by van der Holst et al. [30] for tokamaks with purely toroidal flow and as the one
for static gravitational plasmas published by Poedts et al. [24] and Beliën et al. [4].
Furthermore, notice that the poloidal variation of the pressure presented by the matrix
r shows up in all its matrix elements. This destroys the diagonal dominance of the
matrix a, which corresponds to the separation of Alfvén and slow continuum modes.
Similar as the matrix C in spectral equation (6.33), the matrix c represents the Coriolis
effect.

The non-singular eigenvalue problem (6.43) is solved for poloidally periodic bound-
ary conditions for the eigenfunctions η, ζ. Solving this problem for a given toroidal
mode number n on each flux surface separately results in a set of discrete eigenval-
ues. All these discrete sets together map out the continuous spectra. In the MHD
formulation with the primitive variables ρ, v, p, B, an additional entropy continuum
nΩ is found. This Eulerian entropy continuum does not couple to any of the other
continua or stable and unstable modes (Goedbloed et al. [14]).

6.4.2 Spectral properties and stability criterion

In this subsection a stability criterium for the continua will be derived. For this deriva-
tion we need to construct a Hilbert space with appropriate inner product. The parallel
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gradient operator F is a Hermitian operator under the inner product

∮
Jv∗ (Fw) dϑ =

∮
J (Fv)∗ wdϑ (6.50)

for poloidally periodic functions v and w. Inspired by this property a Hilbert space
can be defined with the inner product

〈v,w〉 ≡
∮

v∗ · wJdϑ. (6.51)

In this Hilbert space, the matrix operators a, b, c, and r are Hermitian operators. By
setting v and w equal to the eigenfunctions (η, ζ)T, one can derive a quadratic poly-
nomial for the eigenfrequency ω̃ from the spectral equation (6.43) for the continua.

aω̃2 − 2bω̃ − c = 0. (6.52)

In this equation, the coefficients are

a ≡
∮
ρ

(
R2B2

ϑ

B2
|η|2 +B2|ζ|2

)
Jdϑ, (6.53)

2b ≡ 2i

∮
ρΩ

[
R

J
∂ϑR

]
(η∗ζ − ηζ∗) Jdϑ, (6.54)

c ≡
∮ {

R2B2
ϑ

B2
|Fη|2 +

γpB2

γp+B2

∣∣∣∣Fζ + 2i
RBϑκg

B
η − i

ρµ

γp

(
I

B2
η + ζ

)∣∣∣∣
2

(6.55)

+ρB2N2
BV,pol

∣∣∣∣
I

B2
η + ζ

∣∣∣∣
2
}
Jdϑ,

where N2
BV,pol is the Brunt-Väisälä frequency projected on a flux surface,

N2
BV,pol =

µ

B2

[
1

Jρ
∂ϑρ−

ρµ

γp

]

=

[
Bϑ · ∇p
ρB

] [
Bϑ

ρB
·
(
∇ρ− ρ

γp
∇p
)]

= −
[
Bϑ · ∇p
ρB

] [
Bϑ · ∇S
γBS

]
.

(6.56)

Note that the coefficient a is always non zero but, more importantly, that the coeffi-
cients a, b, c are real due to the Hermitian property of the inner product. Solutions
of this polynomial are ω̃ = (b ±

√
b2 + ac)/a. This means that if b2 + ac ≥ 0, the

solutions are waves with real frequencies. But if b2 + ac < 0, the solutions contain a
damped stable wave and an overstable mode. For the complex solution ω̃ one derives
its absolute value |ω̃| =

√
−c/a by taking the linear combination of the polynomial
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with its conjugate. Furthermore, Re(ω) = nΩ + b/a. It can easily be shown that the
continuum is stable if c ≥ 0. The coefficient c is always equal or greater than zero if

N2
BV,pol ≥ 0 (6.57)

is satisfied everywhere in the plasma. From this stability criterion, we conclude that
equilibria with S = S(ψ) and equilibria with T = T (ψ), γ ≥ 1 are always stable.
Equilibria where the density is a flux function violate this criterion, which may result
in the appearance of damped stable and overstable modes. Notice that the stability
criterion (6.57) is analogous to the Schwarzschild criterion for convective instability.
The only important difference is that in the Schwarzschild criterion one deals with
normal derivatives while this criterion deals with tangential ones. This has also been
noticed by Hellsten and Spies [18], Hameiri [15], and Poedts et al. [24].

6.5 Numerical codes

For the stability analysis of axisymmetric accretion tori two numerical codes, the equi-
librium code FINESSE (Beliën et al. [5]) and the spectral code PHOENIX (Blokland
et al. [8]), have been used. In the next two subsections their algorithmic details will
be briefly discussed.

6.5.1 The equilibrium code FINESSE

The FINESSE code developed by Beliën et al. [5] can compute a stationary axisym-
metric, gravitating MHD equilibrium described by the extended Grad-Shafranov equa-
tions (6.12), (6.14), or (6.16) for a given poloidal cross-section and inverse aspect
ratio ǫ ≡ a/R0. Here, a and R0 are the minor radius of the last closed flux surface
and the major radius of the geometric axis, respectively. Figure 6.1 shows an example
of the geometry of an accretion disk with a circular cross-section as seen in a poloidal
plane with the central gravitational object at the origin. The extended Grad-Shafranov
equation has been discretized using a finite element method in combination with the
standard Galerkin method. The elements used are isoparametric bicubic Hermite ones.
These bicubic elements ensure that the computed solution has the desired high accu-
racy (fourth order) needed for the stability analysis. FINESSE solves the elliptic PDE
problem using the Picard iteration scheme. The imposed boundary conditions assume
that the fixed boundary represents the last closed flux surface. The same FINESSE
code can actually handle the more general case of stationary MHD equilibrium with
non-vanishing poloidal flows as well, but here we restrict our discussion to equilibria
with purely toroidal flows.

6.5.2 The spectral code PHOENIX

The spectral code PHOENIX developed by van der Holst (Blokland et al. [8]) is used
for the stability analysis of a two-dimensional accretion disk. PHOENIX can compute
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Figure 6.1: An example of the geometry of an accretion disk with a circular cross-
section. Here, R0 and a are the major radius of the geometric axis and
the radius of the last closed flux surface, respectively

the complete MHD spectrum for a given two-dimensional equilibrium, toroidal mode
number n, and a range of poloidal mode numbers m. A range of poloidal mode
numbers is needed due to the mode coupling caused by allowing for a non-circular
cross-section, gravitational stratification, and the toroidal geometry of the accretion
disk. PHOENIX does not directly solve the spectral equation (6.33), but instead
employs the linearized version of the full set of MHD Eqs. (6.1)–(6.4). These linearized
equations are then discretized using a finite element method in the normal ψ-direction,
a spectral method in the poloidal direction and a standard Galerkin method is used
to obtain a linear generalized eigenvalue problem for the eigenfrequencies ω. The
elements used in the ψ-direction for the perturbed quantities are a combination of
quadratic and cubic Hermite elements to prevent the creation of spurious eigenvalues
(Rappaz [25]). This results in a non-Hermitian eigenvalue problem, which is solved
using the Jacobi-Davidson method (Sleijpen and van der Vorst [27]). The boundary
conditions used for the perturbations are those of a perfect conducting wall. Strictly
speaking, these conditions can not be applied to waves and instabilities that appear
inside an accretion disk. However, if the wave phenomena are sufficiently localized or
not significantly affected by the position of the wall, these boundary conditions have
hardly any influence. This is particularly true for the continuous branches of the MHD
spectrum on which we concentrate in what follows. These modes are purely localized
on a flux surface, and are not affected by the wall. Like FINESSE, PHOENIX can
handle poloidal flows as well, but we have exploit it here for equilibria with toroidal
flow only.

The continuous spectrum is computed by a less expensive method introduced by
Poedts and Schwarz [23]. In this method, on each individual flux surface the cubic
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Hermite and the quadratic elements are replaced by log(ǫ) and 1/ǫ, respectively.
Due to this replacement, the singular behaviour of the continuous spectrum has been
approximated by the perturbed quantities. This singular behaviour has been described
by Goedbloed [11] and Pao [22] for static, axisymmetric and toroidal plasma. Recently,
the analogous treatment has been used by Goedbloed et al. [13] for plasmas with
toroidal and poloidal flows and gravity. The resulting eigenvalue problem is then a
small algebraic problem of a size set by the range in poloidal mode numbers m on
each flux surface, and is then solved using a direct QR method and a scan over all
flux surfaces. This yields detailed information on all MHD continua.

6.6 Accretion disks with density as a flux function

We present our numerical results on disk equilibria and stability using the codes
described in the previous section. For the equilibrium computations the ratio of the
specific heats γ = 5/3 and the gravitational potential is an external Newtonian one,
i.e. Φ = −GM∗/

√
R2 + Z2, where G and M∗ are the gravitational constant and the

mass of the central object, respectively. Furthermore, we assume that the density is a
flux function for all equilibrium computations. From our theoretical analysis above, this
is the relevant case which may give rise to damped stable and overstable continuum
mode pairs due to the presence of toroidal flow and gravity.

6.6.1 Thin accretion disk with constant density

As the first case, we take an accretion disk with constant density as also presented
by Blokland et al. [8]. The equilibrium is described by the following flux functions:

I2(ψ) = A(1 − 0.0385ψ + 0.02ψ2 + 0.00045ψ3), ρ(ψ) = 1,

p0(ψ) = AB(1 − 0.9ψ), Ω(ψ) = C(1 − 0.9ψ2),
(6.58)

where the values of the coefficients A, B, and C are given by 112, 0.01, and 0.1. Fur-
thermore, the considered poloidal cross-section is circular and the inverse aspect ratio
ǫ = 0.1. In these calculations, GM∗ = 1 after scaling with respect to a reference den-
sity, the vacuum magnetic field, and the minor radius of the accretion disk. Figure 6.2
shows the computed two-dimensional pressure and plasma beta β(= 2p/B2) profile.
The pressure decreases monotonically outwards due to the fact that the term propor-
tional to the gravitational potential Φ dominates in the pressure equation (6.13). In
contrast, the plasma beta increases monotonically outwards from 0.63 at the inner
part to 0.76 at the outer part of the disk. The ratio vϕ/vKepler = [0.085, 1.049], where
vKepler is the Keplerian velocity.

The computation of the continuous spectrum of this equilibrium is done for toroidal
mode number n = −1 and poloidal mode numbers m = {−3, . . . , 5}. Figure 6.3
shows the sub-spectrum of the MHD continua. The plots clearly indicate the existence
of stable and overstable modes in the MHD continua. The plots (a) and (b) show

132



J.W.S. Blokland

Figure 6.2: The two-dimensional pressure (gray-scale) and plasma beta β = 2p/B2

(contours) profile for an accretion disk with constant density. The cross-
section is circular and the inverse aspect ratio ǫ = 0.1. The central object
is to the left of the figure.

the real and imaginary part of the eigenfrequencies ω that belong to the continuous
spectrum as a function of the radial flux coordinate s ≡

√
ψ. The frequencies of the

continua in the complex plane are shown in the plot (c). It should be noted that
it is difficult to label the different branches of the MHD continua by a “dominant”
poloidal mode number m. This could be done by making use of analytical expressions
for an infinitely slender torus (ǫ → 0), but then the gravity of the central object
would be neglected. In our case, these expressions can hardly be used to identify the
different branches of the MHD continua, because gravity plays a dominant role in the
equilibrium as well as in the spectral analysis. Notice that in plot (a) two branches
merge at s ≈ 0.59, while at the same location the imaginary part of the eigenfrequency
starts to become non-zero. Intricate mode couplings thus give rise to the emergence
of pairs of overstable and damped stable modes.

Next, we investigate the influence of the external gravitational potential on the
overstable modes presented in the previous figure. This is done by varying the mass of
the central object GM∗. The result is shown in figure 6.4, where the growth rate of the
most overstable mode of the MHD continua is plotted as function of the gravitational
potential on the magnetic axis RM. Notice that each point in this plot corresponds
to a different equilibrium calculated with FINESSE. PHOENIX is used to analyze the
stability of the computed equilibrium. The gravitational potential is stabilizing from 0
to -0.01 and destabilizing from -0.01 to lower values. The zero value corresponds to a
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Figure 6.3: (a) Real, and (b) imaginary parts of the sub-spectrum of the MHD con-
tinua as functions of the radial flux coordinate s ≡

√
ψ for toroidal mode

number n = −1 and poloidal mode numbers m = {−3, . . . , 5}. The
corresponding disk equilibrium shown in figure 6.2 has a constant density
distribution.
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Figure 6.3: Sub-spectrum of the MHD continua in the complex plane (c) for toroidal
mode number n = −1 and poloidal mode numbers m = {−3, . . . , 5}.
The corresponding disk equilibrium shown in figure 6.2 has a constant
density distribution.

toroidally rotating, non-gravitating “tokamak” plasma. Its instability is in agreement
with the results by van der Holst et al. [29]. Figure 6.5 shows the projected Brunt-
Väisälä frequency for the points (a), (b), and (c) indicated in figure 6.4. Plot (a)
shows that the minimum value of this frequency is reached inside the plasma, while
plot (c) shows that this value is reached at the edge of the accretion disk. Point (b)
is the transition from the minimum value inside to the edge of the disk as seen in plot
(b).

6.6.2 Thin accretion disks with non-constant density

To model a more realistic accretion disk equilibrium, we allow a density gradient across
the poloidal magnetic surfaces. All other flux functions are kept as in the previous
case, i.e.

I2(ψ) = A(1 − 0.0385ψ + 0.02ψ2 + 0.00045ψ3), ρ(ψ) = 1 − 0.4ψ,

p0(ψ) = AB(1 − 0.9ψ), Ω(ψ) = C(1 − 0.9ψ2),
(6.59)

where the coefficients A, B, C are given by 91.5, 0.01, and 0.1. Also in this case,
the poloidal cross-section is circular, the inverse aspect ratio ǫ = 0.1, and the scaled
mass of the central object is GM∗ = 1. The two-dimensional pressure and plasma
beta profile are shown in figure 6.6. This profile shows that the pressure reaches its
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Figure 6.4: The growth rate of the most unstable continuum mode as a function
of the value of gravitational potential on the magnetic axis RM. The
gravitational potential is scaled with respect to the Alfvén speed on the
magnetic axis.

maximum within the disk, instead of at the inner boundary of the disk, as in the
case of a constant density. This difference can be explained as follows. Here, also
the term p0Φ(R,Z)/Tρ = ρΦ(R,Z) dominates in the pressure equation (6.13), but,
due to the small inverse aspect ratio, the variation in the gravitational potential is
small compared to the one in the density. This implies that the density, which is a
flux function, mainly determines the shape of the dominant term in the Eq. (6.13).
The temperature (not shown) decreases monotonically outwards. The range of plasma
beta β = [0.082, 0.158] and its maximum value is reached within the accretion disk.
These low values for the plasma beta imply that the disk is strongly magnetized.
Furthermore, the range of the ratio vϕ/vKepler = [0.085, 1.044].

For this case, the continuous spectrum has been computed for toroidal mode
number n = 1 and poloidal mode numbers m = {−3, . . . , 5}. The results are shown
in figure 6.7, which contains two plots. In the top one, the real part of the eigenvalues
is plotted against the “radial” coordinate s ≡

√
ψ, while the bottom one shows the

eigenvalues in the complex plane. For this case, there are neither purely exponential
unstable or overstable modes. Due to the presence of toroidal flow, gravity and a non-
constant density, it is possible to create new or wider gaps between the different MHD
continuum branches, with avoided crossings as a result of poloidal mode couplings.
This has been shown by van der Holst et al. [30] for tokamak equilibria with toroidal
flow. In these gaps, there may exist global modes similar to the Toroidal Flow-induced
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Figure 6.5: The Brunt-Väisälä frequency projected on a flux surface for the points
(a), and (b), shown in figure 6.4 shown as a contour plot in a poloidal
cross-section.
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Figure 6.5: The Brunt-Väisälä frequency projected on a flux surface for the point (c)
shown in figure 6.4 shown as a contour plot in a poloidal cross-section.

Figure 6.6: The pressure (gray-scale) and plasma beta β = 2p/B2 (contours) dis-
tribution in a poloidal cross-section for an accretion disk with density
ρ ∝ (1 − 0.4ψ) and an inverse aspect ratio ǫ = 0.1.
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Alfvén Eigenmode (TFAE) for tokamaks found by van der Holst et al. [29] or to the
Stratification-induced Alfvén Eigenmode (SAE) for coronal flux tubes found by Beliën
et al. [3]. We will investigate this possibility for novel global modes in accretion disk
context in future work.

6.6.3 Thick accretion disk

Next, we increase the inverse aspect ratio ǫ from 0.1 to 0.5, while keeping all other
quantities the same. Again, the poloidal cross-section is chosen circular. The resulting
pressure profile is presented in figure 6.8. Here, The pressure decreases monotonically
outward, similar to the equilibrium with constant density. Again, the term ρΦ(R,Z)
dominates in the pressure equation (6.13). The inverse aspect ratio is now not small
so that both the gravitational potential and the density determine the shape of the
pressure profile. Also in this case, the temperature decreases in the outward direction.
The plasma beta β of this accretion disk ranges from 0.237 up to 0.970 and reaches
its maximum within the disk. The deviation from a Keplerian disk is expressed by the
ratio vφ/vKepler = [0.007, 0.282]. Thus the disk completely rotates sub-Keplerian.

For this equilibrium, the continuous MHD spectrum is computed, again for toroidal
mode number n = −1 and poloidal mode numbers m = {−3, . . . , 5}. A part of the
spectra is plotted in figure 6.9. Plot (a) shows the real part of the continuous MHD
spectrum, while plot (b) shows the imaginary part as a function of the radial flux
coordinate s ≡

√
ψ. Plot (c) contains the eigenfrequencies plotted in the complex

plane. This shows the existence of overstable modes in a thick accretion disk due
to the presence of toroidal flow and gravity. If one carefully examines the plot (a)
one sees that one of the continuum branches splits in two at s ≈ 0.87, where the
imaginary part becomes zero and at s ≈ 0.91 that these two continuum branches
merge again, whereas the imaginary part becomes non-zero.

6.6.4 Maximum growth rate of the MHD continua of thin and
thick accretion disks

The last two cases only differ by the value of the inverse aspect ratio ǫ. We have
systematically investigated the influence of this ratio on the existence of overstable
modes by varying its value, while keeping all other equilibria quantities constant. In
this parametric study, we essentially move the disk torus radially inwards while keeping
the radius of the last closed flux surface a constant. We then gradually evolve from
the equilibrium shown in figure 6.6 (ǫ = 0.1) to the one shown in figure 6.8 (ǫ = 0.5).
The growth rate of the most overstable continuum mode is plotted as a function
of the inverse aspect ratio ǫ in figure 6.10. Each point of the figure represents an
equilibrium computed by FINESSE, from which the MHD continua is computed by
PHOENIX. In this figure, one can clearly see that no overstable modes are present in
these disks for ǫ = [0.10, 0.24]. From ǫ = 0.24 up to 0.32, there is a strong increase
of the growth rate of the most overstable mode, while from ǫ = 0.32 up to at least
0.50 the growth rate remains approximately the same.

139



Equilibrium and Stability of Tokamak Plasmas and Accretion Disks

Figure 6.7: For the accretion disk equilibrium shown in figure 6.6, (a) the real parts
of the sub-spectrum of MHD continua as function of the radial flux
coordinate s ≡

√
ψ and (b) sub-spectrum of the MHD continua in the

complex plane are shown for toroidal mode number n = −1 and poloidal
mode numbers m = {−3, . . . , 5}. For these mode numbers, no unstable
or overstable modes are found.
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Figure 6.8: The pressure (gray-scale) and plasma beta β = 2p/B2 (contours) for a
thick accretion disk with density ρ ∝ (1 − 0.4ψ) and an inverse aspect
ratio ǫ = 0.5.

6.7 Conclusions

We have presented the equations describing an axisymmetric MHD accretion disk
equilibrium and used FINESSE to find numerical solutions. We have considered thin
as well as thick disks with a plasma beta of the order 0.1 where the largest part of
the disk rotates sub-Keplerian. The numerical solutions show that the pressure profile
can only decrease in the outward direction if the gravitational potential dominates in
the pressure equation (6.13).

The stability of the disk equilibria have been analyzed theoretically as well as nu-
merically. From theory, a stability criterion has been derived which closely resembles
the Schwarzschild criterion. It is shown that in a disk where the density is a flux func-
tion, the MHD continua can turn overstable due to the presence of toroidal rotation
and gravity. This instability is not possible for disks where the temperature or the en-
tropy is a flux function. The numerical results support our theoretical conclusion. The
effect of the gravity on the overstable modes can either be stabilizing or destabilizing.
In the case of non-constant density the inverse aspect ratio ǫ has been varied. This
study shows that the continua turn overstable if the inverse aspect ratio is larger than
a certain critical value, approximately 0.24. These localized instabilities will lead to
small-scale, turbulent dynamics when the equilibria are used in initial conditions for
non-linear simulations. This dynamics is unrelated to the usual magneto-rotational
instability. Indeed, these instabilities, as well as the poloidal flow driven unstable con-
tinuum modes investigated by Goedbloed et al. [13], provide a new route to MHD
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Figure 6.9: For the thick disk equilibrium shown in figure 6.8, (a) the real and (b)
imaginary parts of the sub-spectrum of the MHD continua as a function
of the radial flux coordinate s ≡

√
ψ are shown for toroidal mode number

n = −1 and poloidal mode numbers m = {−3, . . . , 5}.
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Figure 6.9: For the thick disk equilibrium shown in figure 6.8, (c) sub-spectrum of the
MHD continua in the complex plane is shown for toroidal mode number
n = −1 and poloidal mode numbers m = {−3, . . . , 5}.

Figure 6.10: Growth rate of the most overstable continuum mode as a function of
the inverse aspect ratio ǫ = a/R0.
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turbulence in accretion disks. Furthermore, due to the presence of gravity, it is pos-
sible to widen or create new gaps in the MHD continua. It is possible to show this
theoretically by expanding the eigenfunctions in poloidal harmonics. In these gaps new
types of global ideal MHD eigenmodes can exist. The investigation of these global
eigenmodes is left for future work.
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Summary

Both in fusion research and astrophysics plasmas are widely studied. In this thesis,
we also studied these plasmas by making use of the magnetohydrodynamical (MHD)
equations, which describe the global behaviour of plasmas. In particular, we have
investigated the equilibrium and the stability of these plasmas. Our goal was the
investigation of MHD waves and instabilities in axisymmetric accretion disks. It is
achieved in several steps in increasing degree of complexity, mainly in the geometry
but also in the dynamics. The first step was to study the magneto-rotational instability
(MRI) in the most simple but still widely used accretion disk model. Besides the
investigation of the MRI we also have studied the combination of both the MRI and
the convective instability. Next, we have self-consistently constructed axisymmetric
MHD equilibria for tokamak plasmas and accretion disks. In these equilibria the flow
and the gravity have both been taken into account. Finally, we have analyzed the
stability of axisymmetric accretion disks. For the analysis we have exploited the new
stability code PHOENIX and we applied it to thick accretion disks.

In chapter 2, we have analyzed the waves and instabilities in sub-Keplerian and
Keplerian accretion disks. In particular, we have studied the magneto-rotational insta-
bility (MRI). Balbus and Hawley [1] showed that this instability occurs inside weakly
magnetized Keplerian disks. We extended their work by investigating the influence
of a toroidal magnetic field component on MRI in Keplerian disks. The results show
that MRI could even be present in Keplerian disks close to equipartion where the
magnetic field is primarily in the toroidal direction. Furthermore, MRI is not longer
a purely unstable mode but becomes overstable due to the presence of a nonzero
toroidal magnetic field component. Our analysis shows that MRI is not only present
in Keplerian disks but also in weakly magnetized sub-Keplerian disks. The growth
rates found scale with the rotation frequency of the disk. Also in sub-Keplerian disks,
MRI has a nonzero oscillation frequency if there is a nonzero toroidal magnetic field
component. This oscillation frequency increases as the rotation frequency of the disk
decreases.

In chapter 3, we have investigated convective magneto-rotational instabilities oc-
curring in thick accretion disks. Here, we complemented on the work of Narayan et al.
[2]. We presented a method to quantify the contribution of the MRI mechanism for
all occurring instabilities. This method assumes that the toroidal magnetic field com-
ponent is dominant compared to the axial one. For that reason, we have considered
disks with such magnetic field configuration. The stability analysis of these disks re-
veals that our results diverge from the solution of Narayan et al. [2] when the disk
is significantly magnetized. This is due to the inclusion of the toroidal magnetic field
component which was neglected by Narayan et al. [2]. Meanwhile, there is a perfect
agreement with Narayan et al. [2] for weakly magnetized disk, even though we have
considered a dominant toroidal magnetic field component. Furthermore, the contri-
bution of the MRI mechanism is significant when the disks get closer to equipartition.
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This contribution peaks near the maximum value of the growth rate. The same holds
also when the height of the disk decreases.

Axisymmetric MHD equilibria for tokamak plasmas or accretion disks have been
studied in chapter 4. We have presented the equations which describe these kind of
equilibria. The influence of the toroidal velocity on the Shafranov shift has been studied
for a tokamak plasma. This study reveals this shift increases due to the presence of
toroidal rotation. Furthermore, the radial location of the maximum pressure is larger
than the location of the Shafranov shift. Again, this is due to the toroidal rotation.
These different radial locations have been confirmed by our theoretical study. In the
case of accretion disk equilibria, three equilibria have been compared to each other.
The difference between these equilibria is only the assumption that the density, the
temperature or the entropy is a flux function. The results show that a large part of the
disk rotates super-Keplerian for all three assumptions. There are distinct differences
in the pressure profile between the case when the temperature is a flux function or
when the density or entropy is a flux function. The main reason for these differences
is the different dependence on the (quasi-)temperature, the toroidal velocity, and the
gravitational potential.

In chapter 5, the new MHD stability code PHOENIX is presented. PHOENIX can
compute the ideal or resistive MHD spectra for both tokamaks and accretion disks.
The code is able to analyze static equilibria, as well as equilibria with toroidal or both
toroidal and poloidal flow. The computations themselves are done in specific flux-
coordinates and make use of an appropriate choice for the projection of the perturbed
velocity and perturbed vector potential. The comparison of PHOENIX with other
MHD stability codes shows excellent agreement within 1%. Furthermore, the resistive
internal kink mode has been computed to demonstrate that the code can accurately
handle small values for the resistivity. The reproduction of the Toroidal Flow induced
Alfvén Eigenmode (van der Holst et al. [3]) shows that PHOENIX can also accurately
deal with resistivity and flow effects simultaneously. Besides these test cases, new
results are presented. Localized ideal gap modes are found in tokamak plasmas with
both toroidal and poloidal flow. It appears that these modes cluster towards a local
extremum of one of the MHD continuum branches. In the case of an accretion disk,
two cases are presented. One case is a disk with only toroidal flow and the other
case is a disk that contains both toroidal and poloidal flow. In both cases, the MHD
continua turn unstable due to the presence of a (strong) gravitational potential and
equilibrium flow.

In the last chapter, the equilibrium and stability of magnetized axisymmetric ac-
cretion disks is studied. We are able to construct a self-consistent MHD equilibrium.
The thermal pressure profile of the disk equilibria can only decrease radially outwards
if a strong external gravitational potential is present. Due to the self-consistent MHD
equilibria a detailed stability analysis can be performed of the accretion disks. From
our theoretical analysis we found a new type of instability, the Convective Continuum
Instability (CCI), that may occur inside an accretion disk. This type of instability has
been discussed by van der Holst et al. [3, 4] for a tokamak plasma. The CCI can only
appear if the density contours coincide with the poloidal magnetic flux contours. This
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has been confirmed and complemented by our numerical results. These numerical
results show also that the gravity can either have a stabilizing or destabilizing effect
on the CCI.
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Samenvatting

In zowel fusie onderzoek als astrofysica zijn plasmas een frequent onderwerp van stu-
die. In dit proefschrift bestuderen wij deze plasmas ook door gebruik te maken van
de magnetohydrodynamische (MHD) vergelijkingen. Deze vergelijkingen beschrijven
het globale gedrag van het plasma. In het bijzonder hebben we het evenwicht en de
stabiliteit van deze plasmas onderzocht. Het doel van het onderzoek is het bestu-
deren van MHD golven en instabiliteiten in axisymmetrische accretieschijven. Dit is
onderzocht in oplopende stappen van moeilijkheid met name in de geometrie maar
ook in de dynamica. De eerste stap was het bestuderen van de magneto-rotationele
instabiliteit (MRI) in meest eenvoudige maar nog steeds vaak gebruikte accetrieschijf
model. Naast de studie van MRI hebben we ook de combinatie van beide MRI en de
convectieve instabiliteit onderzocht. In de volgende stap hebben we een zelfconsistent
axisymmetrische MHD evenwicht voor tokamak plasmas en accretieschijven gecon-
strueerd. In deze evenwichten is er rekening gehouden met de aanwezigheid van de
plasmasnelheid en eventueel van een externe gravitatie veroorzaakt door het centrale
object zoals bijvoorbeeld een protoster of zwart gat. Als laatst stap hebben we de sta-
biliteit van axisymmetrische accretieschijven geanalyseerd. Voor de analyse hebben we
gebruikgemaakt van de nieuw stabiliteitscode PHOENIX en die vervolgens toegepast
op dikke accretieschijven.

In hoofdstuk 2 zijn de golven en instabiliteiten in sub-Kepleriaans en Kepleri-
aans accretieschijven bestudeerd. We hebben met name gekeken naar de magneto-
rotationele instabiliteit (MRI). Balbus en Hawley [1] hebben laten zien dat deze insta-
biliteit voorkomt in zwak gemagnetiseerde Kepleriaans schijven. Dit werk hebben we
vervolgens uitgebreid door onderzoek te doen naar de invloed van een toroidale mag-
neetveld component op MRI in Kepleriaanse schijven. Als resultaat is er gevonden dat
MRI kan voorkomen in Kepleriaanse schijven die bijna in equipartitie zijn. In dit geval
is de magneetveld in voornamelijk in de toroidale richting. Verder laat de resultaten
ook zien dat MRI niet langer een puur instabiele maar een overstabiele mode is. Deze
overstabiliteit komt door de aanwezigheid van een toroidale magneetveld component.
Onze analyse laat ook zijn dat MRI niet alleen voorkomt in Kepleriaanse schijven
maar ook in zwak gemagnetiseerde sub-Kepleriaanse schijven. De gevonden groeirit-
mes schalen met de rotatiefrequentie van de schijf. In het geval van sub-Kepleriaanse
schijven heeft MRI wederom een oscillatiefrequentie ongelijk aan nul als gevolg van
een aanwezige toroidale magneetveld component. Deze oscillatiefrequentie neemt toe
als de rotatie frequentie van de schijf afneemt.

In hoofdstuk 3 hebben we de convectieve magneto-rotationele instabiliteiten on-
derzocht. Deze instabiliteiten kunnen voorkomen in dikke accretieschijven. Met dit
onderzoek sluiten we aan bij het werk van Narayan et al. [2]. We presenteren een me-
thode die het mogelijk maakt om de contributie van het MRI mechanisme voor alle
voorkomende instabiliteiten te kunnen quantificeren. De methode neemt aan dat het
toroidale in vergelijking met het axiale magneetveld component dominant is. Vanwege
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deze aanname bekijken we schijven met deze magneetveld configuratie. De stabiliteits-
analyse van deze schijven laat zien dat onze resultaten afwijken van de oplossingen
van Narayan et al. [2] als de schijf significant gemagnetiseerd is. Deze afwijking komt
door het meenemen van het toroidale magneetveld component die buiten beschouwing
was gelaten door Narayan et al. [2]. Daarentegen er is een perfecte vooreenstemming
met Narayan et al. [2] voor een zwak gemagnetiseerde schijf, ondanks we toch een
dominant toroidaal magneetveld component hebben. De contributie van het MRI me-
chanisme is significant wanneer de magnetisatie van de schijven dichter bij equipartitie
komt. Deze contributie piekt vlakbij de maximale waarde van de groeiritme. Hetzelfde
geldt ook wanneer de hoogte van de schijf afneemt.

Axisymmetrische MHD evenwichten van tokamakplasmas en accretieschijven zijn
bestudeerd in hoofdstuk 4. We presenteren de vergelijkingen die deze evenwichten
beschrijven. Voor een tokamakplasma, de invloed van de toroidale snelheid op de
Shafranov verschuiving is bestudeerd. Deze studie laat zien dat deze verschuiving
groter wordt door de aanwezigheid van de toroidale rotatie. Verder laat het onder-
zoek ook zien dat de radiale locatie van de maximale druk groter is dan de radiale
locatie van de Shafranov verschuiving. Dit is wederom het gevolg van de aanwezigheid
van de toroidale rotatie. Dit verschil wordt tevens ondersteund door onze theoretische
werk. In het geval van accretieschijf evenwichten, drie evenwichten zijn met elkaar
vergeleken. Het verschil tussen deze evenwichten is alleen de aanname of de dicht-
heid, de temperatuur of de entropie een fluxfunctie is. De resultaten laten zien dat
een groot gedeelte van de schijf een snelheid heeft dat super-Kepleriaans is ongeacht
welke grootheid een fluxfunctie is. Er zijn duidelijke verschillen in de drukprofiel tus-
sen de aanname dat de temperatuur een fluxfunctie is of dat de dichtheid of entropie
een fluxfunctie is. De voornaamst reden voor deze verschillen is de verschillende af-
hankelijkheid op de (quasi-)temperatuur, de toroidale snelheid en de gravitationele
potentiaal.

In hoofdstuk 5, de nieuwe stabiliteitscode PHOENIX is gepresenteerd. PHOENIX
kan zowel ideale als resistieve MHD spectra voor tokamaks als accretieschijven bere-
kenen. De code is in staat om statische evenwichten als evenwichten met toroidale of
beide toroidale en poloidale stroming te analyseren. De berekeningen worden gedaan
in specifieke fluxcoordinaten en maakt gebruik van een juiste keuze voor de projectie
van de verstoorde snelheid en verstoorde vectorpotentiaal. PHOENIX is vergeleken
met andere MHD stabiliteitscodes, hetgeen een perfecte overeenkomst laat zien bin-
nen 1%. Vervolgens is de resistieve interne kink mode berekend om te demonstreren
dat de code goed overweg kan met kleine waarden voor de resistiviteit. De reproduc-
tie van de Toroidale Stroming gëınduceerde Alfvén Eigenmode (van der Holst et al.
[3]) laat zien dat PHOENIX in staat om nauwkeurig om te gaan met resistiviteit en
stromingseffect te samen. Naast deze test gevallen zijn er ook nieuwe resultaten ge-
presenteerd. Gelokaliseerde ideale gap modes zijn gevonden in tokamakplasmas waar
zowel toroidale en poloidale stroming is. Deze modes lijken te clusteren naar een lokale
extremum van één van de MHD continuüm takken. In het geval van een accretieschijf,
twee gevallen zijn gepresenteerd. Één geval is een schijf met toroidale stroming en de
andere bevat zowel toroidale als poloidale stroming. In beide gevallen, de MHD con-
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tinua wordt instabiel door de aanwezigheid van (sterk) gravitationele potentiaal en
evenwichtsstroming.

In het laatst hoofdstuk, het evenwicht en stabiliteit van gemagnetiseerde axisym-
metrische accretieschijven is bestudeerd. We zijn in staat om een zelfconsistent MHD
evenwicht te construeren. De thermische drukprofiel van het evenwicht kan alleen
radieel afnemen als er een sterk extern gravitationele potentiaal aanwezig is. Door de
zelfconsistentheid van het MHD evenwicht is het nu mogelijk om een gedetailleerde
stabiliteitsanalyse uit te voeren. Onze theoretische analyse laat zien dat een nieuw
type instabiliteit, de Convectieve Continuüm Instabiliteit (CCI), kan voorkomen in
een accretieschijf. Deze instabiliteit is als eens gepresenteerd door van der Holst et al.
[3, 4] voor tokamakplasmas. De CCI kan zich alleen manifesteren als de dichtheidscon-
touren samenvallen met de contouren van de poloidale magnetische flux. Dit wordt
bevestigd en sluit tevens aan op onze numerieke resultaten. Deze resultaten laten ook
zien dat de gravitatie zowel een stabiliserend als een destabiliserend effect kunnen
hebben op de CCI.
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