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Astract
Interactions between outgoing Hawking particles and ingoing matter are determined by gravitational forces and Standard Model interactions. In particular
the gravitational interactions are responsible for the unitarity of the scattering
against the horizon, as dictated by the holographic principle, but the Standard Model interactions also contribute, and understanding their effects is an
important first step towards a complete understanding of the horizon’s dynamics. The relation between in- and outgoing states is described in terms of
an operator algebra. In this paper, the first of a series, we describe the algebra
induced on the horizon by U(1) vector fields and scalar fields, including the
case of an Englert-Brout-Higgs mechanism, and a more careful consideration
of the transverse vector field components.
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1.

Introduction: The black hole scattering matrix

A growing consensus seems to have been reached concerning the hypothesis that the
contribution of black holes to particle scattering phenomena must be described by a
unitary scattering operator[1][2][3][4], but the agreement is not universal, and indeed, it is
not at all obvious[5]. The author’s personal arguments favoring unitarity contain elements
that are not at all agreed upon by any of his colleagues; since these are not essential, we
defer them to Appendix A of this paper. Whatever one’s views are, unitarity, assumed
to hold regardless the presence of black holes, is an essential starting point of this paper,
and its sequels.
The unitarity assumption is applied to the region within the Planckian domain surrounding the horizon. The Hawking particles leaving that domain, will subsequently be
affected by the ingoing particles by interactions that we assume to be known. There are
two types of interactions that we can take into account:
◦ those caused by perturbative quantum gravity, and
◦ those described by some renormalizable quantum field theory, to be referred to as
the “Standard Model”.
The gravitational interactions are taken to be perturbative because we are looking at scales
where the higher order corrections may already be assumed to be negligible. They, as well
as the Standard Model interactions, can be regarded as “final state interactions”, taking
place well outside the Planckian regime. To handle these final state interactions, the
so-called eikonal approximation[6] seems to be appropriate. Outgoing particles scatter
against ingoing ones at high center of mass energy and low values for the exchanged
momentum. Possibly, this technique can be used in an entirely general sense, to obtain
all effects due to Standard Model interactions, but, in this paper, we choose a different
approach.
The final state interactions are not as innocuous as they might seem. The gravitational ones, in particular, have a divergent Rindler time dependence, so that their effects
are by no means small. Indeed, they modify the local spectrum so much that the unitarity assumption can only be regarded in harmony with the presence of these effects.
Together, the interactions produce a new boundary condition at the horizon, in the form
of an operator algebra, which we wish to study. The picture one obtains appears to be
self-consistent, apart from the fact that the transverse components of the gravitational
interactions are difficult to handle. Ignoring the transverse components is tantamount
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to neglecting the finite size effects in the transverse directions on the horizon, so that it
should not come as a surprise that one then does not recover the desired area law for the
statistical entropy.
The transverse components of the gravitational field resemble somewhat the ”Standard
Model” interactions, and this is why we are taking a closer look at those first.
The result of these investigations is that operators describing in- and outgoing particles
in the vicinity of the horizon are described by an operator algebra. The algebra represents
all interactions between in- and outgoing objects up to some distance 1/µ from the horizon
(according to the local metric), where µ is the scale parameter at which the Standard
Model characteristics have been taken into account.
We consider a small section of the horizon of a black hole, while the hole itself is taken
to be large, so that this region of space-time is adequately described by the Rindler metric.
Of course we are in three space dimensions and one time. In locally flat coordinates, the
past horizon is described by a light cone coordinate x+ = Uin (σ̃) and the future horizon
is x− = Uout (σ̃), where σ̃ = (σx , σy ) are the transverse coordinates of the horizon. Since
(transverse) gravitational interactions are ignored from here on, there will be no back
reaction on the metric of the horizon. Therefore, the horizon’s metric can be taken to be
a fixed background. In this paper, we limit ourselves to the transverse components of the
metric being gij = δij , so that the σ̃ are just cartesian coordinates. Generalization to any
other choice for the background metric will be straight-forward.
The main result described in Ref.[3], is that, in the approximation where transverse
gravity is neglected, the ingoing particles can be described by a momentum distribution
Pin (σ̃) and the outgoing ones by Pout (σ̃), and the following algebra is obtained:
[ Pin (σ̃), Uin (σ̃ ′ ) ]
[ Pin (σ̃), Pin (σ̃ ′ ) ]
[ Pout (σ̃), Pout (σ̃ ′ ) ]
Pout (σ̃) = ∂˜σ2 Uin (σ̃)

= [ Pout (σ̃), Uout (σ̃ ′ ) ] = −iδ 2 (σ̃ − σ̃ ′ )
= [ Uin (σ̃), Uin (σ̃ ′ ) ] = 0 ,
= [ Uout (σ̃), Uout (σ̃ ′ ) ] = 0 ,
, Pin (σ̃) = −∂˜σ2 Uout (σ̃) .

(1.1)
(1.2)
(1.3)
(1.4)

This is a gravitational effect; Newton’s constant is normalized to
8πG = 1 .

(1.5)

If we assume that all states are unambiguously identified by specifying the momentum
distribution P (σ̃), we find that we can either choose a basis where Pin (σ̃) is specified,
or a basis where Pout (σ̃) is specified. A unitary transformation connects these two basis
sets, and so we have a unitary S matrix.
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Since transverse gravity was not taken into account, we could not have expected
that the spectrum exhibits only a finite number of states for every given segment of the
horizon. The area law is not yet there, because the transverse metric of the horizon is
not subjected to gravitational interactions. Before handling transverse gravity, we should
obtain experience in deducing such algebras from interacting field theories; this is why,
in this paper, we now concentrate on the Standard Model interactions. One of these
was already handled in Ref.[3]: the Maxwell field interaction. It provides for additional
operators, obeying their own algebra. Continuing this way, we get a more precise operator
algebra, which should pave the way to complete control of the horizon.
The phrase “Holography” in the title refers to the fact that the variables on the horizon
appear to span a Hilbert space associated to a two-dimensional surface, whereas all ingoing and out-going particles in the vicinity of the black hole should be included in these
degrees of freedom[7]. This, we actually relax somewhat. At a given renormalization scale
µ of the Standard Model, we ignore infrared divergences at much lower energy scales. The
infra-red cut-off then amounts to ignoring degrees of freedom far away from the horizon.
This way, one may regard our horizon algebra as a boundary condition on the horizon.

2.

U (1)-vector fields

The first Standard Model effect to be considered is that of a U(1) gauge field, Aµ (x), see
also Ref.[3]. It suits us well to illustrate our general procedure. In 3+1 dimensions, the
Lagrangian is
Z
S = d4 xL(x) ;
L(x) = − 41 Fµν Fµν .
(2.1)
Given the charge distribution ̺in (σ̃) of the ingoing particles, we find them to generate a
vector field Aµ (x), which becomes singular on the past horizon. By limiting ourselves to
this singular contribution, we select out the effects of the horizon itself that substitute as
a boundary condition relating in- and outgoing objects. The particles that went in long
ago, affect the particles that emerge in the late future. The U(1) field generated by them
takes the form of a distribution along the past horizon, as in the case of the generation of
Čerenkov radiation. Before and behind the past horizon, the vector field is a pure gauge,
but on the horizon these pure gauge parameters Λ(σ̃) are making a finite jump. This
gauge jump is found to be
Z
Λ(σ̃) = − d2 σ̃ ′ f (σ̃ − σ̃ ′ )̺in (σ̃ ′ ) ,
∂˜σ2 f (σ̃) = −δ 2 (σ̃) .
(2.2)
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On the past horizon itself, the vector field is not a pure gauge but stays finite. Therefore,
the gauge jump (2.2) has a physically relevant effect on any charged outgoing particle: it
performs a gauge rotation of the form
eiQout Λ(σ̃) .

(2.3)

In total, the combined wave function of all outgoing particles undergoes a gauge rotation
e−i

R

d2 σ̃

R

d2 σ̃′ f (σ̃−σ̃′ )̺in (σ̃)̺out (σ̃)

,

(2.4)

with which we should multiply the amplitudes generated by the algebra (1.1)-(1.4).
Introducing operators λ(σ̃) defined by
̺ in (σ̃)d2 σ̃ = −i∂/∂λ
out

in
out

(σ̃) ,

(2.5)

[̺in (σ̃), λin (σ̃ ′ )] = [̺out (σ̃), λout (σ̃ ′ )] = −iδ 2 (σ̃ − σ̃ ′ ) ,

(2.6)

we find that
h{λ(σ̃)}|{̺(σ̃)}i = N ei

R

d2 σ̃ ̺(σ̃)λ(σ̃)

,

(2.7)

both for the in-states and the out-states, where N is a normalization factor. Comparing
this with Eq.(2.4), one gets
Z
λin(σ̃) = − d2 σ̃ ′ f (σ̃ − σ̃ ′ )̺out (σ̃ ′ ) ,
(2.8)
Z
λout (σ̃) =
d2 σ̃ ′ f (σ̃ − σ̃ ′ )̺in (σ̃ ′ ) ,
(2.9)
or
̺in (σ̃) = −∂˜σ2 λout ,
̺out (σ̃) = ∂˜σ2 λin ;
[ ̺in (σ̃), ̺out (σ̃ ′ ) ] = −i∂˜σ2 δ(σ̃ − σ̃ ′ ) .

(2.10)
(2.11)

Note, that electric charge is quantized in multiples of the electric charge unit e. therefore,
the phase field λ(σ̃) is only well-defined modulo 2π/e. Thus, the physically relevant field
in Eq. (2.7) is eieλ(σ̃) , rather than λ(σ̃).
This is the main part of, but not yet the complete algebra generated on a flat horizon
by a U(1) gauge field whose Lagrangian in Minkowski space-time is (2.1). Note that
we have not yet imposed local gauge invariance on the horizon. All we have is a global
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symmetry, Λ(σ̃) → Λ(σ̃) + Λ0 , where the constant field Λ0 is the generator. We return
to this subject in Section 5.
For future use, it is important to find the relation between the algebra (2.8)—(2.9)
and the Lagrangian (2.1). We write1
L(x) = − 14 Fµν Fµν − Jµ (x)Aµ (x) ,

(2.12)

and, concentrating first on the contribution of the ingoing particles,
˜
J− (x) = J(x)
=0.

J+ (x) = ̺in (σ̃)δ(x+ ) ,

(2.13)

In the Lorentz gauge, the vector field obeys
∂+ A− + ∂− A+ + ∂˜Ã = 0
2∂+ ∂− Aµ + ∂˜2 Aµ = Jµ ,

(2.14)

so that
A+ (x) = δ(x+ )Λ(σ̃) ,
A− = Ã = 0 ,
Z
Λ(σ̃) = − d2 σ̃ ′ f (σ̃ − σ̃ ′ )̺in (σ̃ ′ ) = λout (σ̃) .

(2.15)

The outgoing particle wave functions are then gauge rotated accordingly. The same,
mutatis mutandis, happens for the ingoing particles.

3.

Scalar fields

Consider now a set of scalar fields Φi (x) in the Standard model. The Lagrangian may be
taken to be
L(x) = − 21 (∂Φi )2 − V (Φ) .

(3.1)

Their effect on the algebra is nearly trivial, which is why we discussed the vector case
first. What has to be observed is, that a scalar field that lives on the plane x+ = x− = 0
defining the horizon, remains constant under a Rindler time boost,
x+ → λ x+ ,

x− → x− /λ .

1

(3.2)

Sign conventions in our publications are not uniform. Our present summation convention is Xµ Yµ =
X+ Y− + X− Y+ + X̃ Ỹ .
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This implies that its value for the out-state is the same as for the in-state. The “algebra”
is therefore,
Φiin (σ̃) = Φiout (σ̃) ;
[Φi (σ̃), Φj (σ̃ ′ )] = 0 .

(3.3)
(3.4)

This, however, is important. The scalar fields Φi (σ̃) give the horizon some conserved
degrees of freedom; there is a local conservation law! This local conservation law, however,
differs from the local conservation laws in quantized gauge field theories; in a quantized
gauge theory, the locally conserved quantities always vanish. Here, they can take any set
of values. The Φ fields for an in-state simply take the same values as for its corresponding
out-state.
The role of the scalar field self-interaction, V (Φ), is the following. As long as these
fields commute with all other operator fields on the horizon, we must view them as Casimir
operators. The quantity
Z(x1 , · · · , xn ) = eW(x

1 , ··· ,

xn )

= hΦ(x1 ) · · · , Φ(xn )i ,

(3.5)

describes the correlations for the values of Φ as they occur in the “average” representation
on the horizon. Here, hΦ(x1 ) · · · , Φ(xn )i is the standard Green function, defined at the
points xi on the horizon. Since these points are all spacelike separated, the quantity
in question can be computed as if we were in Euclidean space rather than Minkowski
space-time. This Green function, of course, depends directly on the values of the scalar
self-interaction V (Φ).
We imagine that the set of all states is finite (anticipating the fact that the entropy
is finite), and that we must be describing an arbitrary, generic, element of this set. The
role played by the scalar field Lagrangian is to determine the weight of the values for the
scalar fields when averaging over all black hole states. This is important, when we will be
describing the BEH mechanism, see Section 4.
If the scalar field Φ transforms non-trivially under some symmetry transformation,
be it a global one or a local one, then this symmetry may appear to be explicitly broken
at the horizon, since the field takes a fixed value. This, however, can be seen in a different
light: since all values for the field Φ occur in the complete set of all black holes, it may
be more accurate to state that the black holes are degenerate under this symmetry: the
entire black hole transforms into another one under the symmetry transformation. If
the symmetry group, or even its covering group, is not compact, then a problem arises:
the black hole appears to be in an infinite representation. Since its entropy is finite,
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such symmetries are not allowed. This is Bekenstein’s well-known argument[8] that black
holes cannot observe the additive conservation laws associated to non-compact symmetry
groups.
When studying a finite region of the horizon, it is the surrounding scalar field that
appears to break the symmetry explicitly. In this case, the scalar field acts exactly as if
it were a spurion. Spurions[9] were introduced in the ’50s and ’60s to describe explicit
symmetry breaking such as the breaking of isospin and flavor-SU(3).

4.

The BEH mechanism

Let us now introduce a complex Higgs field φ(x), replacing the Lagrangian (2.1) by
L(x) = − 41 Fµν Fµν − (Dµ φ)∗ Dµ φ − V (φ, φ∗) ,

(4.1)

where Dµ = ∂µ + ieAµ , and V must be gauge-invariant, typically V = 12 λH (φ∗ φ − F 2 )2 ,
so that hφi → F .
In Ref. [3], we learned how to include the effects due to the Higgs mechanism, henceforth referred to as the BEH mechanism[10]. The primary effect of the Higgs field is to
add a mass term − 21 M 2 A2µ to the Lagrangian (2.1), where M 2 = 2λH F 2 . This leads to
a similar mass term in (2.12), so that the equation for the Green function f (x̃ − x̃′ ) in
Eq. (2.2) of our algebra gets modified accordingly. This is because the Maxwell equations
(2.14) also receive this extra term. It was subsequently noted that, apparently, local gauge
invariance gets lost.
We can now understand in a more detailed way how this comes about. The scalar
Higgs field, φ, fluctuates around the dominating values |φ| = F . This breaks local gauge
symmetry, but here, the breaking appears to be an explicit one, not a spontaneous one,
since the field Λ(x) is a scalar field, not a vector field. Now, we connect this observation
with our treatment of the scalar field in Section 3. The scalar field acts as a spurion. The
algebra of Eqs. (2.6), (2.8), and (2.9) is kept unchanged, but Eq. (2.2) is replaced by
(∂˜σ2 − 2e2 φ∗ (σ̃)φ(σ̃)) f (σ̃ − σ ′ ) = −δ 2 (σ̃ − σ ′ ) .

(4.2)

Thus, it is noted that the entire scalar field, not just its vacuum expectation value, appears
in the algebra.
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5.

The transverse gauge field components

Having learned what the role is of scalar fields in our algebra, we now return to the
transverse vector field components, Ã(x). It is important to note that, just as the scalar
fields, these components of the vector field also remain invariant under a Rindler time
boost. Clearly, they should be treated in the same way as our scalar fields. For instance,
the Higgs field must appear with the transverse covariant derivative in the Lagrangian
(3.1), and indeed, the transverse vector field plays a role when, in the previous Section,
we rotate φ towards the positive real axis: φ → F everywhere on the horizon. In a
statistical sense, local gauge invariance is restored.
In summary: all field components that are invariant under the Rindler time translation,
x+ → λ x+ ,
x− → x− /λ ,

(5.1)

act as spurion fields in the algebra; they are time translation invariant on the horizon.
The fields A+ (x) are associated with the in-states, and A− (x) with the out-states, so
that they generate the algebra (2.10), (2.11), but with modifications such as (4.2), due to
the spurions.

6.

Conclusion. The algebra from the Lagrangian

We started with a U(1) Lagrangian with scalars:
LSM (x) = − 14 Fµν Fµν − (Dµ Φ(x))∗ Dµ Φ(x) − V (Φ, Φ∗ ) ,

(6.1)

with the usual definitions for an Abelian field strength Fµν and the covariant derivatives
Dµ for a set of scalar fields Φ.
The complete set of all possible black hole states form a distribution in the space of
Φ- and Ã values. The moments of this distribution must be described by the quantum
vacuum correlation functions hΦ(σ̃ 1 ) · · · Ã(σ̃ n )i. The relation between the fields A± (σ̃)
and the sources ̺in , ̺out are then given by solving the classical Euler-Lagrange equations,
using the given values for Φ(σ̃) and Ã(σ̃), for the action
Z
Z


4
SM
S = d xL (x) + d2 σ̃ ̺in (σ̃)λin (σ̃) − ̺out (σ̃)λout (σ̃) ,
(6.2)
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where
A+ (x) = δ(x+ )λout (σ̃)

A− (x) = δ(x− )λin (σ̃) .

and

(6.3)

Since
∂− A+ = 0 ,

∂+ A− = 0 ,

(6.4)

the longitudinal derivatives of A± will disappear from the kinetic part of LSM . The action
for λin and λout will reduce to
Z


˜ + ∂A
˜ − − A+ (qΦ)∗ A− qΦ − A− (qΦ)∗ A+ qΦ
S →
d4 x − ∂A
Z


2
+ d σ̃ ̺in λin − ̺out λout
Z

˜ out (σ̃)∂λ
˜ in(σ̃) − 2(qΦ)∗ qΦ(σ̃) λout (σ̃)λin (σ̃)
=
d2 σ̃ − ∂λ

+̺in (σ̃)λin (σ̃) − ̺out (σ̃)λout (σ̃) ,
(6.5)
where q is the charge matrix for the scalar fields Φ. This gives the relations
̺in (σ̃) = −∂˜σ2 λout + · · · ,

̺out = ∂˜σ2 λin + · · · ,

(6.6)

where the ellipses refer to the contributions of the spurion fields Φ on the horizon. The
algebra is now generated by Eq. (2.6).
The next step to be taken is to generalize this result to the case of non-Abelian vector
fields and fermions. There are several avenues to be explored, and we postpone this to a
next publication.

A.

Unitarity

When expectation values of operators O(x) are computed in the presence of Hawking
radiation, where x is in the region of the Universe from which information can reach the
outside world, one finds the outcome to have the general form
hO(x)i = Tr (̺ O(x)) ,

̺ = e−βH ;

(A.1)

where H is the Rindler Hamiltonian and β the inverse Hawking temperature. At first
sight, this result does not seem to depend on the state |ψiin of whatever it was that
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collapsed into a black hole, so it was initially suspected that pure quantum states |ψihψ|
could, at least in principle, evolve into mixed quantum states ̺. Indeed, why could one
not replace the familiar scattering operator S by an operator $ that describes just any
linear mapping of operators ̺ onto other such operators[11]? Instead of the Hamiltonian
H of conventional Quantum Mechanics, which forces a density matrix ̺(t) to evolve
according to
d̺(t)/dt = −i[H, ̺(t)] ,

(A.2)

one could postulate a more general linear function of ̺(t):
d̺(t)/dt = −iH ̺(t) ,

(A.3)

where H acts as a general linear operator.
̺ is an element of a product Hilbert space, ̺(t) ∈ HI ⊗ HII , so if we write
̺(t) = ̺ij |ψi iI hψj |II ,

(A.4)

then H can be written as
H = HI − HII + H int ,

(A.5)

where H is the ordinary quantum Hamiltonian and H int describes the extent by which H
deviates from the purely quantum mechanical one. The expectation value of an operator
O is H
HhOi = hψ|O|ψi = Tr (̺ O) = hhO||̺ii ,

(A.6)

where the double bra-ket notation
P refers to inner products in the product Hilbert space
HI ⊗ HII , and ||O ii stands for n On |ψn ihψn |, where |ψn i are the eigenstates of O with
eigenvalues On . There are two important conditions on H:
i probability conservation: H||Iii = H int ||Iii = 0 , and
ii energy conservation: There exists an operator E , closely related to H , and also
bounded from below, such that hhE ′ ||H||E ii = 0 if E ′ 6= E .
Here, I is the identity operator. The first condition seems to be not too difficult to meet,
when we write down some trial operator for H int .
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The second requirement, however, will not be easy to meet. If E = H , it requires that
H vanishes on all pure energy eigenstates, a condition that seems to violate locality. An
argument that seems to be more compelling physically is, that H int would tend to mix
states from HI and HII . If the first two terms of Eq. (A.5) are viewed as an “unperturbed”
Hamiltonian, then we see that states in a universe where all energies are positive, interact
with states in a universe where all energies are negative. Energy conservation, as it follows
from time translation invariance, then tells us that energy exchanges are such that energy
can be added to HI while the same amount is also added to HII . The phase space of all
states where both HI and HII are larger, is much bigger than phase space where both
energies are smaller. This implies that, on average, energies in both universes will rapidly
increase, and this indicates a severe instability of the energy. Energy conservation is a
problem.
int

A side remark here is that energy non-conservation or instability may not seem to be
a problem in other cases of quantum decoherence, described by density matrices. Recall,
however, that in most models decoherence takes place as a consequence of interaction
with some external heat bath. In that case also, there will be energy exchange, leading
to a thermal equilibrium where the energy of the sub-system in consideration may be
much more than at the starting point. It is important then to realize that, in contrast,
energy conservation should be essential for a system such as a black hole, to couple to a
gravitational field.
Imagine now that all these problems can nevertheless be solved, while still having an
evolution law of the form (A.3). A more important and relevant question is then what
the fundamental laws may be expected to be like. A deterministic theory would allow for
probability functions Wi (t), evolving according to a law
dWi (t)/dt = H̃ij Wj (t) ,

H̃ = −iH ,

while probability conservation would demand
d X
Wi (t) = 0 → H̃||Iii = 0 ,
dt i

(A.7)

(A.8)

equations reminding us of the similar requirements for ̺(t). However, a deterministic
theory also allows us to write equations of the form
d
|ψ(t)i = −iH|ψi ,
dt

(A.9)

where |ψi stands for an element of a Hilbert space spanned by the equivalence classes of
ontological states. In the terminology of Ref[12], we have the somewhat counter intuitive
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situation that the evolution equation directly for the density matrix ̺ could follow for
a local, deterministic theory, whereas “quantum purity” would be restored only if we
replace the ontological states by equivalence classes of states. In the author’s view of the
likely origin of the quantum mechanical nature of our world, quantum mechanical purity
is automatically restored, provided one employs the appropriate basis of states.
Hawking, in Ref.[11], mentions four possible remedies of the black hole information
problem, of which only option # 3 resembles a bit the view taken here, except that he
assumes the black hole information only to re-emerge just before it collapses completely, a
possibility that he rightly rejects. Curiously, the assumption taken here, that information
is re-emitted very shortly after it was absorbed, was not envisaged by him at that time.
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