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Chapter 1

Introduction
Outbreaks of infectious diseases have major public and animal health, animal welfare
and economic implications. The outbreaks of Q-fever in 2007 (van der Hoek et al.,
2010), foot-and-mouth disease in 2001 (Bouma et al., 2003) and classical swine fever
in 1997 (Elbers et al., 1999) in the Netherlands are recent animal-related examples of
this. Effective measures for controlling outbreaks of the diseases, such as large-scale
vaccination or culling in the case of Q-fever and foot-and-mouth disease can only be
taken if, among other things, the mechanisms behind the spread of an infection are
well understood. It is therefore imperative to improve our knowledge this spread.
The study of infectious diseases is often hampered by the absence of reliable and
detailed data. Long-time and/or large-scale data sets are scarce, or even completely
absent for newly emerging diseases, such as the worldwide outbreak of the severe
acute respiratory syndrome (SARS) in 2002 (Donnelly et al., 2003) and pandemic
influenza H1N1 (“Mexican flu”) in 2009 (Fraser et al., 2009).
As an additional tool, mathematical models are often used in epidemiology to
study the dynamics of infectious diseases. Although these models are a simplification
of reality, valuable insights into the spread of infectious diseases can be acquired. In
particular the possibility to study various aspects in isolation, in a reductionistic way,
is a big advantage of these models, because such an approach is impossible in nature.
This PhD thesis should be seen as a contribution to the theory of such mathematical models.

Model
One of the earliest epidemiological models was developed by Kermack and McKendrick
(1927). Although they present a much more general model, it is an example in their
paper which has received the most attention. There they classified individual hosts
in a population according to a discrete infection class, leading to a so-called compartmental model. Compartmental models are often used to describe the dynamics of
an infectious disease spread by microparasites, such as viruses, that reproduce within
the host (Anderson and May, 1992). Well-known infectious diseases caused by microparasites are e.g., influenza, measles, HIV, smallpox and plague. The number of
microparasites within an individual host is generally too high to be counted, and thus
for practical reasons, the number of infected hosts is studied rather than the number
of microparasites (Begon et al., 1996). Compartmental are often used to describe infectious diseases that are directly transmitted, that is if contact between an infectious
and a susceptible host is required for the transmission of the infectious agent (e.g.,
common cold, influenza, measles and HIV).
A much used version of the model developed by Kermack and McKendrick is
known as the SIR-model, in which each individual is classified in one of the three
classes: susceptible (S), infectious (I) and recovered/immune (R). When a susceptible individual becomes infected, it is moved to the infectious class. Subsequently,
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Figure 1: Metapopulation model where within- and between-patch dynamics are
coupled. For each subpopulation the number of susceptible (S), infected (I) and
recovered (R) hosts is modeled.

when it survives the infection and becomes immune, it moves to the recovered class.
Additional classes or compartments can be added to describe more complex situations, e.g., the presence of an exposed class, where a host is infected but not yet
infectious. The numbers of hosts in the individual classes change as a result of demographical processes, such as birth and death, and of epidemiological processes, such
as transmission and recovery. A set of equations is used to describe these changes in
number or proportion of hosts per class over time.
These changes in the number of hosts over time in each compartment of the model
can be modelled either deterministically or stochastically. In a deterministic model,
all changes occur at a given rate and, therefore, runs of the model with the same
starting conditions, will give identical outcomes. The big advantage of these models
is that frequently some results can be obtained analytically, providing more robust
conclusions. Although for larger populations the results of deterministic models may
give a good approximation of the reality, they are generally not biologically accurate.
In small populations or in cases where an infectious disease has only recently invaded
a virgin population, chance or random effect can be a more influential factor. This
natural randomness can be approximated by using stochastic models, which will inherently result in variation between the simulations, even when starting from identical
conditions. This PhD thesis concentrates on such stochastic models.
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Metapopulations
Populations are often assumed to mix homogeneously, i.e., all individuals are equally
likely to encounter each other. In reality, however, many populations are structured
in space, e.g., humans living in cities or towns (Fig. 2; Hall et al., 2007), cattle
on farms (Le Menach et al., 2005) and wildlife species living in distinct patches of
suitable habitat. The cities are then interconnected by travel of humans, the farms
by trade and transport of cattle, and the habitat patches by migration and foraging
of animals. Thus, the population is divided into spatially separated subpopulations
or patches connected to each other by migration of the hosts. Furthermore, each
subpopulation has its own dynamics, influenced by migration and the local conditions.
Such a group of distinct subpopulations is called a metapopulation (Hanski, 1999;
Leibold et al., 2004); in other words a metapopulation is a collection of interacting
populations, just like a population is a collection of interacting individuals. This
concept of the metapopulation was introduced by Levins around 1970 in ecology,
to refer to a fragmented population in which the population dynamics occur at two
distinct levels: (1) within-patch and (2) between-patch dynamics (Begon et al., 1996).
In metapopulation models, whole subpopulations are often classified by a single
infection state (Hess, 1996; Gog et al., 2002; McCallum and Dobson, 2002), for example, a subpopulation, or patch, is said to be infected if it contains at least one
infected individual. Patches are treated as a black box, without explicit within-patch
dynamics describing, for example, the time evolution of the number of infected individuals within the patch. A frequently made assumption of these patch-based epidemic
models is that the infection reaches an infected quasi-stationary state relatively fast in
relation to the movement dynamics, after an infectious agent arrives in a new patch.
In other words, all infected patches are then identically and immediately infected
with a constant prevalence, based on the assumption that the processes of withinand between-patch dynamics occur on different time scales. Such models ignore the
dynamics within a patch that describe the prevalence of the infectious disease over
time and assume that infected individuals arriving after the introduction of the infectious agent do not influence the course of the infection within that patch. Infectious
disease systems are known where the progress of an infection in a subpopulation is relatively predictable. For instance the introduction of foot-and-mouth disease in a herd
causes on average 90% of the animals to become infected in less than a week (Le Menach et al., 2005). In these cases the critical assumption of the patch-based approach is
arguably appropriate. However, this assumption neglects variation between infected
subpopulations arising from the stochastic nature (or randomness) of epidemics.
On the other hand, for certain infectious diseases the two processes of movements
between and spread of infection within patches do occur on the same time scale, such
as Johne’s disease in ruminants caused by Mycobacterium avium subspecies paratuberculosis (Gonda et al., 2007). For these cases, metapopulation models are used that
explicitly describe the course of an infection within a subpopulation (Cross et al.,
2005; Keeling, 2000; Park et al., 2002), adding levels of complexity. The dynamics of
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Figure 2: The spatial structure of the human population in Europe can be seen
in this photo of Europe by night (NASA/Goddard Space Flight Center Scientific
Visualization Studio). The lights indicate the cities, clearly separated from each
other in space.

spread for these ‘slow’ infectious diseases between the patches are also determined by
the local dynamics in each patch. These models are often stochastic and the infection dynamics typically become apparent by running large numbers of simulations to
determine the typical or average outcome (Cross et al., 2005).

Structure
In the simplest metapopulation models, individuals are assumed to migrate randomly
among the patches and hence have no spatial dimension, so-called spatially implicit
models (Begon et al., 1996). Here the metapopulation is assumed to be divided into
seperate patches, but it is assumed not to matter where these patches are situated
relatively to each other in physical space.
In contrast, the patches of a metapopulation can also be structured on a network
with an explicit spatial dimension (Fig. 3a). Here a patch is seen as a node in the
network, and a connected between two patches by and edge between the two. On
a network, the patches to which a host can migrate can be given by an adjacency
7
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Figure 3: Structures of a metapopulation, panel a) shows a typical example of a
network and panel b) shows a regular lattice.

matrix, which describes which of the possible connections between the patches of the
metapopulation can actually be realised by migrating individuals. A special case of
these models are so-called lattice models, where all patches are placed on a lattice
(Fig. 3b). In such a model, only neighbouring patches (or nodes) are connected to
each other.

Invasion and persistence
For understanding the dynamics of infectious diseases, two important concepts are
the invasion and the persistence of an infectious agent. The invasion is considered
successful if the infectious agent is able to enter and proliferate within a completely
susceptible population, e.g., the initial infected host is able to infect other hosts. In
this case, the infectious agent has started an epidemic. After an infectious agent has
successfully invaded, it can either go extinct again after the initial epidemic period
or become endemic in the population for a longer time period without subsequent
reintroduction (persistence).
In single homogeneously mixing populations, infectious agents tend to die out
when the host population size is below a critical community size (Bartlett, 1957;
Grenfell and Harwood, 1997), related to the demographic processes that regulate
the inflow of new susceptible hosts into the population (Anderson and May, 1992).
However, for populations structured in space, such as metapopulations, the situation
becomes more complex due to the connectivity structure.
In ecology, Hanski (1999) showed that if the total population size is below the
critical community size, spatial fragmentation of this population has a positive influ-
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ence on the ability of a species to persist and that movement of individuals between
patches is particularly crucial. This notion is currently widely used in nature conservation policy, where populations become increasingly fragmented as a result of
natural degradation and has also received substantial attention in the epidemiological
literature (e.g., Hagenaars et al., 2004; Keeling, 2000; Lindholm and Britton, 2007;
Park et al., 2002; Swinton et al., 1998).
The between-patch dynamics (e.g., host migration) in metapopulations are important for the persistence of the infection, especially when the number of hosts in
individual patches is below the critical community size. If the connectivity between
the patches is negligible, the epidemic will fade out because the infection cannot persist in a single subpopulation. If patches are sufficiently connected, persistence can
be achieved by regular reinvasion of subpopulations by infectious agents.
However, in epidemiology, in addition to the spatial dynamics, additional factors
influencing and controlling persistence in a metapopulation (Swinton et al., 1998) are
the demographical and epidemiological processes. The complex interaction between
these aspects are important, but as yet not fully understood.
Quantifying invasion and persistence
In single homogeneously mixing populations, a widely-used measure for the success
of invasion is the basic reproduction number R0 (Diekmann and Heesterbeek, 2000).
This number is defined as the expected number of secondary cases caused by a single
infectious host in an otherwise uninfected infinite population. The basic reproduction
number R0 gives a threshold for an epidemic: if R0 > 1 each infectious host infects on
average more than one other host and, as a result, the infectious disease will spread
in the population. If R0 < 1, the infectious disease will inevitably die out. In a
metapopulation, R0 is no longer a suitable measure for invasion success, because the
between-patch dynamics becomes an important factor influencing the spread of the
infection (Hanski, 1999).
Quantifying persistence in finite single homogeneously mixing populations using
stochastic models is difficult. Because at a certain time so few infected hosts remain,
that they will either recover or die before they can successfully transmit the infection,
persistence is by definition temporary (Hanski, 1998; Lloyd-Smith et al., 2005). In
stochastic models, persistence is therefore defined as a given number of time steps
during which the infectious disease remains present in the metapopulation (Courcoul
and Ezanno, 2010; Swinton et al., 1998; Vuilleumier et al., 2007). This period can
be chosen arbitrarily, independent of the parameter values. Alternatively, a more
biologically intuitive definition is to consider an infection to be persistent if it remains
present in the population for at least twice the number of time steps that correspond
to the average life span of the host.
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Overview thesis
This thesis focuses on metapopulation models describing the dynamics of an infectious
disease, where within- and between-patch dynamics are coupled and no difference in
time scale is a priori assumed. It comprises two parts; Part I (Chapter 2, 3 and 4)
focuses on the persistence of an infectious agent, while Part II (Chapter 5 and 6) in
addition also considers the invasion of an infectious agent.

Part I
In Part I, a basic metapopulation model consisting of a finite number of patches,
each occupied by a finite number of hosts is introduced and studied. The dynamics
are described by stochastic difference equations, while for each patch the number of
susceptible, infectious and recovered hosts is determined. The focus in these chapters
is on the relation between persistence and the spatial aspects of the metapopulation
model.
In Chapter 2 a simple spatially implicitly metapopulation model is studied, i.e.,
hosts can instantly migrate from one patch to any other patch. It is shown that the
relation between the duration of an epidemic and the movement rate of hosts between
patches is non-linear. A local peak in epidemic duration occurs at low movement rates
whereas a global maximum is reached at high movement rates. The first peak is due to
asynchrony in the dynamics of infection between subpopulations. At a high migration
rate of hosts between the subpopulations, hosts spend on average less time in a patch
and, as a result, visit more patches within their infectious period and/or life time. By
changing patches more frequently, hosts increase the number of contacts with other
hosts and therefore have a higher probability of finding susceptible hosts while they
are still being infectious. However, at the same time they synchronize the population
dynamics of all patches, such that infectious hosts can ‘burn’ through the available
susceptible hosts too fast, i.e., the susceptible hosts are not necessarily replenished
fast enough by reproduction. At a low host migration rate (or a low connectivity)
between the subpopulations, infectious hosts fail to visit patches with susceptible
hosts successfully during their infectious period. The global maximum is the result of
the infectious agent effectively perceiving the metapopulation as a single well-mixed
population wherein the effective population size exceeds the critical community size.
In Chapter 3 we studied how persistence of an infectious agent in a metapopulation is influenced by various demographic, epidemic and spatial parameters.
The patches are structured on a (square) lattice and hosts are only able to migrate to
patches within a certain movement distance. The probability of persistence is highest for an intermediate maximum movement distance of the host. At low movement
distance, the infection is spread locally but there is asynchrony between the patches,
i.e., enough susceptible hosts might still be available on ‘the other side’ of the metapopulation, further away than the current maximum distance. At higher movement
distances, the population dynamics are more synchronized and the metapopulation
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Figure 4: The burrows of great gerbils in Kazakhstan: the great gerbils eat the
vegetation around their burrows, resulting in bare patches of soil that reflect the
sunlight (thanks to Liesbeth Wilschut for the satellite image).

effectively behaves like a single mixed population. Furthermore, it is shown that spatially fragmenting a population of hosts is not necessarily beneficial for persistence of
the infectious agent.
In Chapter 4 the persistence of the plague bacterium Yersinia pestis in a metapopulation of the wildlife species great gerbils in Kazakhstan is studied. The host
animals live in small family groups in burrows with a 20 − 30 meter diameter; large
metapopulation of such burrows can be seen in the landscape, see Figure 4. It is unclear whether, and if so how, plague persists in this population for an extended period
of many years. One theory is that the infection is maintained in so-called hotspots;
sets of burrows in a given area with favourable conditions for plague persistence in
the great gerbil population. We show, using the approach from Chapter 2 and 3,
that such hotspots would need to be very large, and would hardly be able to escape
routine surveillance. Because such hotspots are typically not found, this suggests that
persistence of plague can not solely be explained by the existence of hotspots and that
additional or alternative mechanisms, such as survival in multiple host species should
also be considered, if plague is to persist locally at all.
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Part II
In this part of the thesis, differential equations (instead of difference equations) are
used to describe the metapopulation dynamics of an infinite number of equally connected patches of finite size. Here, the focus is on the invasion of an infectious agent
into a spatially-implicit metapopulation of infinite size.
Chapter 5 introduces the concept of the invasion indicator Rm , an analogy for
metapopulations to R0 , to determine whether an infectious agent can successfully
invade a metapopulation. This Rm is defined as the expected number of mutant
immigrants produced by a patch that has been invaded by a single immigrant. This
threshold quantity can be applied to a wide range of compartmental models. As
an illustration, a simple compartmental system is used to show how this invasion
indicator can be calculated.
Finally, in Chapter 6 the virulence evolution of infectious agents in a metapopulation is considered with a simple SIS-model as example. Virulence is defined
as the extent to which the infectious agent reduces the fitness of the infected host.
Hosts infected by an infectious agent can react to an infection by a change in behaviour (Begon et al., 1996). In general, these changes reduce the biological fitness of
infected hosts. For example, infected hosts can show reduced movement or increased
transmission of the infection.
Over longer time scales, the virulence level of infectious agents itself can be subject
to evolution. As generation times of infectious agents are generally shorter than host
generation times, infectious agents evolve faster than their hosts. Due to this inherent
difference in evolutionary rate, the evolution of the infectious agent can be studied
against the background of a largely unchanged host population.
The invasion indicator Rm , introduced in Chapter 5, is used to assess whether a
mutant-infectious agent can successfully invade a population and replace the residentinfectious agent. Here, a maximum in virulence is found at intermediate emigration
rates.
The effect of a metapopulation structure on the persistence of an infectious agent
was studied in Chapter 2 and 3 and on virulence evolution in Chapter 6. It is interesting to note that a similar outcome is found in all three chapters, i.e., the fact that
an intermediate connectivity is most beneficial for the survival of an infectious agent.
In the case of low connectivity, the subpopulations are not sufficiently connected for
the infectious agent to reach subpopulations with susceptible hosts in time. In contrast, the subpopulations in metapopulations with high connectivity, are so strongly
interconnected that the metapopulation effectively behaves as one single well-mixed
population. In both of these cases, there is an imbalance between local extinction
and reinvasion of subpopulations by infectious agents. The optimal balance is found
at intermediate connectivity and is crucial for (longterm) persistence. Policies aimed
at suppressing infectious diseases by influencing the connectivity may unintentionally
help the disease if connectivity is driven from a relatively high to an intermediate
level. The findings described in this PhD thesis might help to improve future policy.
12
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Chapter 2

Abstract
The drive to understand the invasion, spread and fade out of infectious disease in
structured populations has produced a variety of mathematical models for pathogen
dynamics in metapopulations. Very rarely are these models fully coupled, by which we
mean that the spread of an infection within a subpopulation affects the transmission
between subpopulations and vice versa. It is also rare that these models are accessible
to biologists, in the sense that all parameters have a clear biological meaning and the
biological assumptions are explained. Here we present an accessible model that is fully
coupled without being an individual-based model. We use the model to show that
the duration of an epidemic has a highly non-linear relationship with the movement
rate between subpopulations, with a peak in epidemic duration appearing at small
movement rates and a global maximum at large movement rates. Intuitively, the
first peak is due to asynchrony in the dynamics of infection between subpopulations;
we confirm this intuition and also show the peak coincides with successful invasion
of the infection in to most subpopulations. The global maximum at relatively large
movement rates occurs because then the infectious agent perceives the metapopulation
as if it is a single well-mixed population wherein the effective population size is greater
than the critical community size.
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Introduction
A metapopulation is a group of subpopulations, each with their own dynamics, but
connected by movement of individuals (Leibold et al., 2004). Understanding how such
population structure affects the invasion, spread and persistence of infectious disease
is of high importance for public health and wildlife management authorities (Grenfell
and Harwood, 1997) and consequently the problem has received and continues to receive, considerable attention (Cross et al., 2005; Hagenaars et al., 2004; Keeling and
Rohani, 2002; Lloyd and Jansen, 2004). We briefly review some of the methodological
aspects of the models used by these and other authors and then present a simple, accessible stochastic metapopulation model in which the spread of an infectious disease
within a subpopulation is fully coupled to the dynamics of transmission between
subpopulations. By fully coupled we mean that the course of epidemics within subpopulations is affected by the movement of individuals to and from subpopulations,
and the probability that a migrant is infectious (i.e. that transmission between subpopulations occurs) depends on the course of the epidemic in the subpopulation from
which the migrant came.
Metapopulation infection models can be clearly divided into those that classify
whole subpopulations as infectious, susceptible or recovered (Gog et al., 2002; Hess,
1996; McCallum and Dobson, 2002), and those that model the dynamics of infection
within each group (Cross et al., 2005; Hess, 1996; Keeling and Gilligan, 2000; Park
et al., 2002). The first approach ignores the rise and fall of prevalence within a
patch over time and neglects variation between infected subpopulations arising from
the stochastic nature of epidemics in finite populations. The critical assumption of
these patch-based epidemic models then is that when the infection arrives in a new
patch it very quickly, relative to the movement dynamics, reaches an infected quasistationary state and so all infected patches are identically and immediately infected
with a constant prevalence, i.e. the two processes of infection and movements between
patches do not occur on the same time scale. The advantage of such an assumption is
tractability, and analytic results can often be obtained (Hagenaars et al., 2004; Hess,
1996). There are infectious disease systems where the progress of an infection in a
subpopulation is relatively predictable and so the critical assumption of the patchbased approach is arguably appropriate. One such example is foot-and-mouth disease
where on average 90% of the animals in a herd become infected in less than a week
after a primary infection occurs (Le Menach et al., 2005).That is, in each infected
subpopulation prevalence rises predictably and rapidly to ∼90%. Other examples,
where the prevalence of an infection rises rapidly within a week, are the spreading
of campylobacter in broiler flocks (Gerwe et al., 2005) and the spreading of highly
pathogenic avian influenza in chicken flocks (Tiensin et al., 2007).
The second class of models explicitly describe the course of an infection within
a subpopulation. This creates two levels of complexity and hence these models are
usually simulation models and their behaviour must be understood by running large
numbers of simulations to determine the typical or average outcome (Cross et al.,
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2005).
Another, useful way of dividing metapopulation models is by the way transmission
between subpopulations is modelled. It is frequently modelled phenomenologically
(Hagenaars et al., 2004; Keeling and Rohani, 2002; Park et al., 2002) by which is
meant that the presence of infectious individuals in one subpopulation leads to positive forces of infection on individuals in surrounding subpopulations but exactly how
transmission between subpopulations occurs is not further specified. A common alternative to modelling transmission phenomenologically is to model mechanistically the
movement of hosts between subpopulations so that transmission between subpopulations only occurs when an infectious host from one subpopulation moves to another
(Cross et al., 2005; Keeling and Rohani, 2002). Such an approach is frequently used
in genetics, for example with the structured deme model (Comins et al., 1979), which
is also mechanistic in the sense that the spread of new genes occurs when individuals
explicitly move between patches.
Metapopulations are defined on networks which can be classified as spatially implicit or explicit. Each node corresponds to either an individual (Rhodes and Anderson, 1996) or a subpopulation (Cross et al., 2005; Park et al., 2002). In spatially
implicit networks, all patches are connected to each other, so each individual can move
from one patch to any other patch (Hagenaars et al., 2004). For spatially explicit networks an adjacency matrix can be used to describe which patches are connected to
each other - they are, for example, defined on lattices (Cross et al., 2005; Park et al.,
2002).
The objective of the present study is twofold. First we set out an accessible model
for the spread of pathogens in a metapopulation of hosts, in which the between patch
movement rate of hosts is free to vary from one extreme to the other (for example,
there is no requirement that this needs to be slow relative to the rates of transmission and recovery). We model transmission mechanistically and while this choice
excludes application of the model to disease agents that are air-borne or vector-borne,
it does result in a model for which all parameters have a clear biological interpretation (for example, a parameter representing the strength of coupling between subpopulations is not required). The model is not individual based, rather, it models
the numbers of individuals in each class (susceptible, infectious or recovered) in each
subpopulation, though one such class within a subpopulation could well consist of a
single individual. Our second objective is to present new results on the relationship
between the duration of infection in the metapopulation as a whole (beginning with
a single infectious individual in a single subpopulation) and the rate of movement of
hosts between patches. Our motivation here is to understand how infectious disease
dynamics change when the host population is viewed as being structured into many
smaller, connected subpopulations. Additionally, there is a direct link with the control of infectious disease by considering a common response to an outbreak: reduction
of the movement of hosts. This is particularly valid for infectious diseases of livestock
(http://ec.europa.eu/food/animal/diseases/controlmeasures/index en.htm).
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Table 1: Definition and default values of the model parameters for numerically
studied cases

Parameter
P
K
b
µ
m
β
γ

Value
100
10
0.02
0.001
[0, 0.1]
1
0.05

Definition
Number of patches
Patches carrying capacity
Birth rate per week
Natural mortality rate per week
Movement rate per week
Infection rate per week
Recovery rate per week

Model
In the model the host population is divided into subpopulations, each inhabiting a
patch in the landscape. At least initially, there are no unoccupied patches. The
patches in the model are identical in the sense that the patch carrying capacity,
demographic parameters, infection parameters and movement rates of individuals are
the same for all patches (Table 1). Births are locally density dependent, meaning that
the birth rate in a patch depends on the number of individuals in that patch but not
on the numbers of individuals in other patches.
Like the island model of Hess (1996), the between patch contact structure in this
model is such that individuals can move from any patch to any other patch. We
consider the relatively simple case where transmission is mechanistic and each individual takes on one of three infection states: susceptible (S), infectious (I) and
recovered/immune to the infection (R). Individuals do not lose immunity but eventually die and are replaced by susceptibles.

Within patch dynamics
The within-patch infection process is a discrete version of the classical stochastic SIR
model (Diekmann and Heesterbeek, 2000), where Sx (t), Ix (t) and Rx (t) denote the
number of individuals per infection state in patch x, at time t. The total number of
individuals in patch x at time t is given by Nx (t). Events occur successively in the
interval [t, t + 1) in the order of birth, death, infection, recovery and movement. Such
an order is of course artificial because all of these processes are continuous. However,
in a discrete model such as this it is necessary to impose an order of events so that
probabilities of dying or recovering are consistently applied to the correct numbers
of individuals. We now describe how these events are modelled, following the same
order as they occur in the model.
The number of births in patch x at time t is represented by the random variable
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B(Nx , t) and follows a Poisson distribution:
h
Nx (t) i
B(Nx , t) ∼ Poi max 0; bNx (t)(1 −
) ,
K
where b represents a maximum birth rate and K the carrying capacity of a single
patch. The expression for the birth probability is the same as the logistic model for
population growth. It represents a situation in which each patch has enough resources
for K individuals; if the population size exceeds K the birth probability drops to zero.
After the event of birth all individuals except newborns have a chance to die, such
that the number of deaths in a patch follows a series of binomial distributions. In
this case, the probability of dying is independent of the infection state and this is
what is reflected here. More explicitly, three random variables can be written down,
representing separately the number of susceptible, infectious and recovered individuals
that die in patch x over the time interval [t, t + 1):
D(Sx , t)
D(Ix , t)
D(Rx , t)

∼
∼
∼

Bin[Sx (t), µ]
Bin[Ix (t), µ]
Bin[Rx (t), µ]

where µ is the natural mortality rate. Here, we assume no infection-related mortality.
Note that Sx (t) is the number of susceptible individuals in patch x at time t, which
does not include the newborns appearing in the time interval [t, t + 1). It is assumed
that newborns appearing in the time interval [t, t + 1) cannot be infected in the same
time interval, just as they cannot die. The number of susceptible individuals in patch
x that become infected in the time interval [t, t + 1) is again modelled as a random
variable:
h
i
β(Ix (t) − D(Ix , t))
Inf (Sx , t) ∼ Bin Sx (t)−D(Sx , t), 1−exp(−
)
Nx (t) − D(Sx , t) − D(Ix , t) − D(Rx , t)
where β is the transmission rate in a frequency-dependent infection process. The
probability of success in the binomial distribution is one minus the probability of
avoiding infection. Since in the imposed order of events infection occurs after mortality, the number of individuals per state in a patch at this point is the number
of individuals at the beginning of the time step, i.e. at time t, minus the number
that died. Infectious individuals (that have been infectious for at least one time step)
may recover. The numbers that do recover are also assumed to follow a binomial
distribution:
Rec(Ix , t) ∼ Bin[Ix (t) − D(Ix , t), γ],
where γ is the recovery rate.

Between patch dynamics
So far we have constructed a set of random variables that represent the demographic
and infection processes occurring within the various patches. The final step is to
18

Movement and epidemic duration

model the movements of individuals between patches that might allow an infectious
agent to spread through the metapopulation. We denote the number of patches in the
metapopulation by P . Taking into account the individuals that have died, recently
became infected or just recovered, the numbers of susceptible, infectious and recovered
individuals in patch x that may move to another patch during the time interval [t, t+1)
are, respectively, Sx (t)−D(Sx , t)−Inf (Sx , t), Ix (t)−D(Ix , t)+Inf (Sx , t)−Rec(Ix , t)
and Rx (t) − D(Rx , t) + Rec(Ix , t) . Note that the number of susceptible individuals
that may move to another patch does not include newborn individuals.
The numbers of susceptible, infectious and recovered individuals that move away
from patch x at the end of the time interval [t, t + 1) are given by the set of random
variables:
Mout (Sx , t)
Mout (Ix , t)
Mout (Rx , t)

∼
∼
∼

Bin[Sx (t) − D(Sx , t) − Inf (Sx , t), m]
Bin[Ix (t) − D(Ix , t) + Inf (Sx , t) − Rec(Ix , t), m]
Bin[Rx (t) − D(Rx , t) + Rec(Ix , t), m]

where m is the movement rate during a single time step. This probability is, for
simplicity, assumed to be the same regardless of the state of an individual or the
number of individuals in the patch. It is assumed that all movements take place
instantly and successfully, meaning that no mortality or infection takes place during
movement. The total number of moving individuals is then distributed randomly over
all the patches, i.e. this distribution is multinomial with probability 1/P to arrive
in any particular patch. Note that it is possible for a migrant to arrive in the same
patch it has just left. Now let MZ
in (x, t) be the set of random variables denoting the
number of individuals in infection state Z ∈ {S, I, R} that arrive in patch x at the
end of the interval [t, t + 1).
With this final piece of notation we can write down a complete set of stochastic
difference equations for the system:
Sx (t + 1)

=

Sx (t) − D(Sx , t) − Inf (Sx , t) + B(Nx , t) − Mout (Sx , t) + MSin (x, t)

Ix (t + 1)

=

Ix (t) − D(Ix , t) + Inf (Sx , t) − Rec(Ix , t) − Mout (Ix , t) + MIin (x, t)

Rx (t + 1)

=

Rx (t) − D(Rx , t) + Rec(Ix , t) − Mout (Rx , t) + MR
in (x, t)

Initial conditions, outputs and global model behaviour
The infection and demographic processes in the model are stochastic and hence there
can be large variation between runs of the model even though the sets of parameter
values are identical. This is particularly relevant when the patch size (or rather, the
carrying capacity of the patches) is small. The set of stochastic difference equations
described in the previous section were simulated for a wide range of parameter values.
The program code we used to do this, written in Fortran, is provided as Supplementary
Material. The number of time steps for each simulation was set to 520 where one time
step denotes one week. At time t = 1 one infectious individual is introduced into one
patch in a completely susceptible metapopulation.
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We arbitrarily define the infectious agent to be endemic when it is still present
in the metapopulation after 520 time steps, which corresponds to 10 years. For the
calculation of the median epidemic duration at least 500 simulations for 100 different
movement rates at the interval [0, 0.1] were run for a given set of parameters. Because
the time step is a week, a movement rate of 0.01 means that one individual moves
once per 100 weeks and this translates to an average of four out of ten individuals
in a patch leaving over one year (if x ∼ Bin(10, 1 − 0.9952), then E[x] = 0.41). The
maximal movement rate (0.1) corresponds to one movement per individual once every
10 weeks, i.e. it is highly likely that all individuals will have left a patch within a
period of one year.
The qualitative behaviour of the model is, in broad terms, not unlike that of a
simple SIR model for a single large population: the infectious agent may (i) not
spread at all in the initial patch, (ii) spread in the initial patch, but not between
patches, (iii) spread within and between patches and then fade out or (iv) spread
within and between patches and persist in the metapopulation. We will refer to
the first two outcomes as ‘no outbreak’ or ‘immediate extinction’. In the situation
where the infection spreads between patches (situation (iii) and (iv)) we speak of
‘an epidemic’. However, whether an infectious agent spreads at all and whether it
persists once it does spread, is, in addition to the values of the infection parameters,
influenced by the rate of movement between patches. These movements determine
the extent to which the infectious agent ‘perceives’ the spatially-structured nature of
its host population (Cross et al., 2005).

Epidemic duration, synchrony during invasion and
between-patch movements
We focus here on the relation between the movement rate between patches and the
duration of infection presence in the metapopulation as a whole. Our model is for a
directly-transmitted, innocuous infection that is transported between subpopulations
by movement of individuals.

Basic pattern
We explored the dynamics of the model in several ways and summarized the results
in Figures 1 − 4. In Figure 1, the median of the epidemic duration is shown together
with the first and third quartile to indicate the variation in epidemic duration between
simulations; for most movement rates this variation is quite high. A striking result
is the non-linear response of the median epidemic duration to the movement rate
between patches (Fig. 1). Initially the epidemic duration increases rapidly with the
movement rate but changes abruptly such that a peak in the duration of the epidemic
appears at relatively small movement rates. It then decreases for intermediate values
of the movement rate until the movement rates become large enough such that the
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Figure 1: The dependence of the epidemic duration in weeks on the movement
rate, with bars indicating the first and third quartile. The default parameter values
P = 100, K = 10, β = 1, γ = 0.05, b = 0.02 and µ = 0.001 are used. The results
are of 500 simulations.

third quartile jumps to values larger than the simulation time, i.e. the increase of the
curve is caused by the endemic behaviour that is possible for large movement rates.
However, the infection was never observed to persist in a single patch, because the
carrying capacity of a patch is always set to values presumably far lower than what
is required for this.

Maxima in epidemic duration
We now consider more closely the first peak. The number of patches that are infected
at least once are shown in Figure 2 (dotted line), together with the curve representing
median epidemic duration, and we see that the rapid increase leading to the first peak
coincides with a similar increase in the number of patches that become infected at
least once. So for small movement rates, an infectious individual moving to another
patch has a large probability to arrive in a patch with a completely susceptible subpopulation and transmit the infection. However, there is also a high probability at
small movement rates that infectious individuals recover before they move, so that at
the scale of the metapopulation the epidemic tends to be short-lived. Indeed, even
though a typical epidemic is short-lived at small movement rates, the median number
of infectious individuals per infected patch is higher than for large movement rates
(results not shown). At movement rates larger than that producing the first peak
in epidemic duration almost all patches are infected (Fig. 2). At a large movement
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Figure 2: The dependence of the epidemic duration in weeks with the default
parameters b = 0.02 and µ = 0.001 (line 1) and with b = µ = 0 (line 2), of
the between-patch prevalence correlation coefficient with the default parameters
b = 0.02 and µ = 0.001 (line 3) and with b = µ = 0 (line 4) and of the proportion of
patches that have been infected at least once with the default parameters (dotted
line) on the movement rate. The other default parameter values P = 100, K = 10,
β = 1 and γ = 0.5 are used. The results are the median values of at least 250
simulations.

rate the global maximum (where endemic behaviour begins to occur) is reached. For
these movement rates a typical infectious individual will visit several patches during
its infectious period. This is particularly important just after the first epidemic when
very few infectious individuals remain (the vast majority of the population having
reached the recovered state). At this point their frequent movement increases the
probabilities of meeting the few susceptible individuals that have either just entered
the population (births) or have so far escaped infection. This mixing enables the
infectious disease to persist in the metapopulation.
In order to better understand the second peak and global maximum in epidemic
duration, we recalculated the median epidemic durations, but this time set the birth
and mortality rates to zero (line 2 in Fig. 2). This means there is no population
turnover, and hence no new susceptible individuals are introduced at any time step.
For this situation the second increase in epidemic duration disappears and there is a
single global maximum at small movement rates; this shows that the arrival of new
susceptible individuals is a necessary condition for endemic behaviour.
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The effect of the movement rate
As an aid to interpreting our results on epidemic duration, we show in Figure 3 more
detailed simulation results for three movement rates that produce the same median
epidemic duration. The rates are 0.006, 0.012 and 0.046, all of which have a median
epidemic duration of 315 time steps (i.e. 6 years). These rates represent that one
individual moves once per 160, 83 or 22 weeks, respectively. One difference for these
three movement rates is the number of patches that become infected at least once
during the time the infection is present in the metapopulation of 100 patches. For the
smallest movement rate, around 21 patches will have been infected at least once, for
the middle rate 91 patches, and for the largest rate every patch (dotted line in Fig.
2). Perhaps more informative is the total number of susceptible individuals in the
metapopulation over time for the three different movement rates. These curves reveal
that the model exhibits three kinds of behaviour: (i) there is immediate extinction
of the infection, i.e. there is no outbreak, (ii) there is one epidemic followed by fade
out, and (iii) there are several consecutive epidemics and the infection persists in
the metapopulation. At the small movement rate (0.006) two kinds of behaviour are
possible: immediate extinction or a single epidemic. After the peak at movement rate
0.012, immediate extinction occurs less often and single epidemics become the rule. At
the largest movement rate (0.046) both immediate extinction and single epidemics are
still possible, but there are also simulations where several consecutive epidemics occur.
Furthermore, as the movement rate increases, the minimum number of susceptible
individuals during an epidemic decreases and is reached at an earlier time step (Fig.
3). At this point, where only a few susceptible individuals are left, fade out can occur,
which gives smaller epidemic durations. Also, the time it takes the infection to reach
a particular patch becomes shorter and synchrony in the infection dynamics in the
separate patches emerges. Not only the minimum number of susceptible individuals,
but also the period during which a patch is uninterruptedly infected, decreases with
increasing movement rates (result not shown). This is because of a stronger coupling
between patches for increasing movement rates such that epidemics occur locally
faster.

Synchrony
We confirm the argument in the preceding paragraph by measuring synchrony in the
infection dynamics of the patches. We also note that synchrony between patches
increases the probability of global extinction of the infection. The between-patch
prevalence correlation (Hagenaars et al., 2004), C, is calculated, which is a measure
of the synchrony between the different patches:
PP Pi−1
PP
2/P (P − 1) i−1 j=1 < Si (t)Sj (t) > −1/P 2 ( i=1 < Si (t) >)2
C=
.
PP
PP
1/P i=1 < Si (t)2 > −1/P 2 ( i=1 < Si (t) >)2
We examined the synchrony between the susceptible individuals, rather than the
infectious individuals (Hagenaars et al., 2004), in the patches, because the numbers
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Figure 3: The dependence of the epidemic duration on the movement rate, with
insets showing the different behaviour of three movement rates (0.006, 0.012 and
0.046) with the same median epidemic duration of 315 weeks. For these rates the
total number of susceptible individuals in the metapopulation is given over 1000
time steps for 50 simulations. The default parameter values P = 100, K = 10,
β = 1, γ = 0.05, b = 0.02 and µ = 0.001 are used.

of infected individuals can be very small (simulations begin with only one infected
individual in the metapopulation). The correlation coefficient was calculated for 250
simulations at each movement rate (line 3 and 4 in Fig. 2), where < . > is the timeaverage over the first 250 time steps of the simulation and the number of runs. We
took the first 250 time steps, because the first epidemic takes place within these time
steps and this is where the effect of synchrony plays a large role.
The minimum of the between-patch prevalence correlation coincides roughly with
the peak in epidemic duration. After this minimum, the correlation coefficient increases again, albeit slowly at the scale shown in Figure 2. Also shown is the correlation coefficient for the model without population turnover (line 4 in Fig. 2) which
increases somewhat faster compared to simulation results from the model with population turnover (line 3 in Fig. 2); without population turnover there is no rise in
susceptible individuals causing endemic behaviour and thus there is more synchrony
between the patches for larger movement rates.

Robustness
The non-linear response of the median epidemic duration to increasing movement rate
is not restricted to a small part of parameter space, but also occurs for other values of
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Figure 4: The dependence of the epidemic duration in weeks on the movement rate
for transmission rate β = 1 (default) and β = 10 and recovery rates γ = 0.04, γ =
0.05 (default) and γ = 0.1. The other default parameter values P = 100,K = 10,
b = 0.02, µ = 0.001 are used. The graphs are the median values of 500 simulations.

the recovery and transmission rates (Fig. 4). The recovery rate has a large impact on
the spread of the infection through the metapopulation: a smaller recovery rate (i.e. a
longer infectious period) results in penetration of the infection in the metapopulation
at smaller movement rates, because an infectious individual has more time to infect
susceptibles. For larger recovery rates, relative to the demographic rates, the endemic
behaviour occurs at larger movement rates and finally disappears from the system,
leaving only one maximum in median epidemic duration at small movement rates.
Intuitively this can be understood as follows: a larger recovery rate yields a shorter
infectious period and in this period an infectious individual has to infect enough
susceptible individuals to sustain the infectious disease in the metapopulation. This
becomes more difficult for larger recovery rates and eventually impossible, resulting
in the disappearance of the endemic behaviour. Furthermore, a larger transmission
rate influences neither the spread of the infection nor the median epidemic duration
at small movement rates. For larger movement rates, a larger transmission rate does
influence the epidemic duration. This is probably because after the first epidemic
there are only a few susceptible individuals left, but an infectious individual has to
meet a susceptible in order to pass on the infection and ensure that the infection
does not fade out. At a large movement rate, an infectious individual can visit more
patches which increases the probability of meeting susceptible individuals. However,
an infectious individual not only has to meet them, but infect them as well. For a
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higher transmission rate, the probability of actually infecting, and therefore sustaining
the infection in the metapopulation, increases, resulting in a larger median epidemic
duration. This observed effect, however, may be due to the small patch sizes used
here.
The median epidemic duration for a different number of patches shows (result not
shown) that there is a critical community size (Bartlett, 1957; Grenfell and Harwood,
1997) above which the infection will persist in the metapopulation and below which
the infection will disappear. For a certain movement rate increasing the number
of patches, but not the total population size, can cause the endemic behaviour to
disappear.

Discussion
We have presented a model for the dynamics of an infectious disease in a metapopulation that is fully coupled but not individual based. Patch-based epidemic
models assume that if a patch becomes infected, it reaches an equilibrium state immediately such that individuals arriving later (or leaving the patch later) do not
influence the course of the infection within the patch. For large subpopulations, or if
the rate of movements is much slower than the transmission rate, then this may be an
appropriate simplification. However, it is an uncomfortable simplification. In reality
there will be variation among subpopulations in what happens once a single infectious
individual arrives. Patch-based epidemic models also ignore some of the potential effects of host movements. For example, the frequent arrival of susceptible individuals
into an infected patch may extend the infection in that patch in the same way as host
turnover does. Models representing the within-patch infection dynamics explicitly
account for the effect of additional introductions into a given patch on the probability
of infection persistence in this patch. The disadvantage is that analytic results are
no longer possible and one can only establish the mean behaviour of the model for a
small part of the parameter space. It is hence difficult to use such models to draw
general conclusions about the dynamics of infectious disease in metapopulations.
In the proposed approach, the within-patch infection dynamics of an infectious
agent is represented and we have chosen a SIR-type model for this. The model can
be adapted (e.g. to SI or SIS models) and can be extended to include, for example,
higher mortality or smaller movement rates among infectious individuals compared to
uninfected. In a first approach, movements were defined as random between patches,
with all patches being equally likely destinations, similar to the island model of Hess
(1996). In many wildlife metapopulations, movement will not be to a random patch.
For example, if movements are related to the dispersal behaviour of maturing animals
then there may be a tendency to avoid neighbouring patches (e.g. male cats; Fromont
et al., 2003). Another example is phocine distemper virus in the North Sea population
(Swinton et al., 1998); this infection causes mortality in harbour seals. The infection
is transmitted directly and appears to spread from one subpopulation to another
through the movements of individuals. In this example the infectious agent does not
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persist, at least not in the North Sea harbour seal population. If data are available on
animal movements (e.g. in domestic cattle; Ezanno et al. (2006); Kao et al. (2007))
it is possible to define a specific metapopulation structure. An adjacency matrix can
be used to describe such a structure, for instance when not all patches are (equally)
connected to each other (Keeling and Eames, 2005).
Empirical studies that address the effect of population structure on the dynamics
of infectious agents appear to be rare. One exception is the study by Lopez et al.
(2005) on the spread of an ectoparasitic mite in a metapopulation of flour beetles.
Interestingly, the experimental system studied was fully coupled (movement of hosts
was imposed at weekly intervals whereas the time taken to reach local equilibrium
within a patch was around 30 days) and transmission was mechanistic (spread of
the parasite was entirely dependent on movements of infectious hosts). Lopez et al.
(2005) did not study the effect of movement rate on epidemic duration (there were no
epidemics as such and they were concerned largely with the endemic prevalence of the
parasite) but, in agreement with our results and those of other theoretical studies,
they found that host movement had a large impact on the proportion of infected
patches.
We show that the median epidemic duration does not increase monotonically with
movement rates and that this is not restricted to a small range of parameter values.
In fact, the relationship is highly non-linear. This contradicts some of the results of
other modelling studies on the persistence of infectious disease in metapopulations,
stating that persistence is always improved by increasing movement between patches
(Hagenaars et al., 2004; Lindholm and Britton, 2007). However, care must be taken
when comparing the results of studies of persistence as persistence can be defined in
several ways. Both Hagenaars et al. (2004) and Lindholm and Britton (2007) measure persistence as the expected time to extinction (of the infectious agent) when
all patches were infected at the beginning of the simulations and all patches were
assumed to be at the quasi-equilibrium state, representing an endemic infection of
the metapopulation. This is quite different to introducing the infection into a fully
susceptible metapopulation with a single infectious individual and then noting when
the infection dies out and to looking at the number of patches that have been infected at least once (Cross et al., 2005). That is, we studied the transient infection
period, during which many early extinctions occur and this is qualitatively different
to studying the extinction of infectious disease from an endemic state or studying if
the infectious disease has invaded all the patches in the metapopulation.
Hagenaars et al. (2004) also looked at the fade-out fraction as a measure of persistence in a situation where an infection starts with a single infectious individual,
but there the infection can later be reintroduced from an external source. Park et al.
(2002) is another study of persistence of infectious disease in structured host populations. They model the force of infection on susceptible individuals in a patch
phenomenologically and found a non-linear relation between the median epidemic
duration and the patch size. The patch size was shown to directly relate to the
probability of transit of the infection between patches and Park et al. (2002) suggest
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that the peak in epidemic duration is a consequence of when and how often transit
of the infection occurs. They suggest lower median extinction times for the largest
patch sizes are due to more rapid transit of the infection, because increasing the patch
size increases the force of infection from infected patches (in their phenomenological
model the force of infection is proportional to the number of infectious individuals).
Our results are easier to grasp in the sense that only the rate of movement is varied
and hence we have shown that simply increasing movements of individuals between
patches can first cause an increase in the median epidemic duration, then a decrease
and then going to an endemic state.
The theory of metapopulation persistence, where the persistence of populations is
considered as a balance between colonization and local extinction, and the persistence
of an infectious agent in a metapopulation are closely related (Grenfell and Harwood,
1997; Hanski, 1999): the process of colonization corresponds to the establishment of
the infection into a completely susceptible patch in epidemiological models and local
extinction corresponds to the death or recovery of hosts (Grenfell and Harwood, 1997;
Hanski, 1999). In metapopulation persistence, persistence occurs at intermediate
levels of coupling (Lande et al., 1998). According to Hanski (1999) this is due to
asynchrony of the dynamics between patches: moving individuals can reoccupy a
patch to prevent extinction (the so-called ‘rescue effect’).
Persistence of an infectious disease in a structured population has been studied
by several authors. Keeling (2000) showed that the probability of global extinction
of an infectious disease has a minimum at intermediate levels of coupling, which
can be explained by asynchrony between patches (Hagenaars et al., 2004) wherein
moving infectious individuals can reintroduce the infectious agent into a patch that
had no infectious individuals. This is only possible at relatively small movement rates
after which the patches become highly synchronized. We also show that asynchrony
between patches is the driving force for the peak in epidemic duration for small
movement rate.
Persistence is further studied in ecological models like predator-prey interactions
in a metapopulation (Leibold et al., 2004; Sabelis et al., 2005), where the persistence
of both the predators and the prey in a metacommunity is examined. These models
show resemblance to epidemiological models (Earn et al., 1998) in the sense that the
prey are the susceptible individuals, the predators are the infectious individuals and
the dispersal of the predators corresponds to the spread of an infection. In the simple
predator-prey models, where predators can cause local extinction of prey, it has been
shown that persistence of both species is only possible at intermediate dispersal rates
(Leibold et al., 2004). This is in contrast to our result that persistence is only possible
at larger movement rates.
Our results are possibly more relevant to outbreak management than studies of
extinction of infection from an endemic state or studies in which patch size is varied.
For example, if for an infectious disease in livestock a peak in the median epidemic
duration is expected, then it is useful for health authorities to understand that restricting movement of animals between farms or holdings may not reduce the epidemic
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duration, although the number of farms or holdings that suffer from the infection is
reduced. That is, a possible outcome of intervention is that the total size of infectious
individuals is reduced, but not the duration of the epidemic.
At relatively large movement rates, the model predicts that endemic behaviour is
possible. That is, rather than a single epidemic the first wave of infection is followed
by several others. At these movement rates the infectious agent may ‘perceive’ the
metapopulation as if it is one large population. For several consecutive epidemics
to occur, a critical community size (Bartlett, 1957; Grenfell and Harwood, 1997) is
needed such that the number of new susceptible individuals replacing older, recovered individuals is high enough to prevent extinction. At large movement rates, the
infectious agent must therefore ‘experience’ or ‘perceive’ the metapopulation as if it
is effectively larger than the critical community size. We emphasise, that whether
several consecutive epidemics actually occur at these movement rates, also depends
on the number of patches the population is divided into, while keeping the total population size constant; an individual will ‘experience’ a metapopulation consisting of a
few large patches as a larger population than one consisting of many small patches.
In the case of epidemics on a lattice, where each node represents an individual rather
than a subpopulation, it has been concluded that for persistence both a population
size threshold and a population mixing threshold must exist (Rhodes and Anderson,
1996). It would be useful to assess how the population size experienced by an individual is related to the actual total population size, the patch size and the movement
rate.
We have proposed a relatively generic model to represent the infection dynamics of
a metapopulation composed of patches connected by explicit individual movements.
The effect of population structure on epidemic duration is one of several topics that fall
under the more general concern about how spatial heterogeneity affects the dynamics
and fate of infectious disease. Numerous modelling approaches have been suggested to
study these questions and while analytic progress can be made with simpler models
we would also suggest that the results of fully coupled models are an important
contribution.
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Abstract
Persistence of an infectious agent in a population is an important issue in epidemiology. It is assumed that spatially fragmenting a population of hosts increases the
probability of persistence of an infectious agent and that movement of hosts between
the patches is vital for that. The influence of migration on persistence is however
often studied in mean-field models, whereas in reality the actual distance travelled
can be limited and influence the movement dynamics. We use a stochastic model,
where within- and between-patch dynamics are coupled and movement is modelled
explicitly, to show that explicit consideration of movement distance makes the relation
between persistence of infectious agents and the metapopulation structure of its hosts
less straightforward than previously thought. We show that the probability of persistence is largest at an intermediate movement distance of the host and that spatially
fragmenting a population of hosts is not necessarily beneficial for persistence.
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Introduction
Once an infectious disease invades a population, it can go extinct immediately, fade
out after an epidemic or persist in the population. In homogeneously mixing populations, infectious agents tend to die out when the host population size is below a
critical community size (Bartlett, 1957; Grenfell and Harwood, 1997), related to the
demographic processes that regulate the inflow of new susceptible hosts in the population (Anderson and May, 1992). However, populations are often structured in space
and then the situation becomes much more subtle. Examples are humans living in
cities and towns (Hall et al., 2007), cattle on farms (Kao et al., 2007; Le Menach et al.,
2005) or wildlife populations, for example the water voles in the U.K. (Telfer et al.,
2001), the badgers in the U.K. (Rogers et al., 1998) or the great gerbils in Kazakhstan
(Davis et al., 2007a). These populations live in a set of spatially separated patches of
suitable habitat, connected to each other by migration of the individuals (e.g. travel
of humans between cities, purchasing and selling of cattle and juvenile migration of
wildlife). Each patch moreover, has its own dynamics influenced by the incoming and
outgoing migrants and by the local conditions. Such a population is called a (spatial)
metapopulation (Hanski, 1999; Leibold et al., 2004). The patch size measured is the
size of the inhabiting population of interest and ranges from very large (e.g. cities,
farms), to very small (e.g. wildlife often lives in small (family)groups).
The structure of such metapopulations for a given species is distinct from single
homogeneously mixing populations, resulting in differences in dynamics and persistence of the species itself, and other species it interacts with. For example, infectious
disease agents both influence and are influenced by the structure and migration of
their host (Grenfell and Harwood, 1997). Hanski (1999) showed that, if the total
population size is below the critical community size, then spatially fragmenting this
population has a positive influence on the ability of an infectious agent to persist and
that notably movement of hosts between patches is crucial. The latter aspect has
received substantial attention in the literature (e.g. Hagenaars et al., 2004; Keeling,
2000; Lindholm and Britton, 2007; Park et al., 2002; Swinton et al., 1998).
However, there is a much broader range of aspects that influence and control
persistence in a metapopulation (Swinton et al., 1998): (i) demographic aspects:
birth and death; (ii) epidemic aspects: length of infectious period and the specifics of
the transmission process; and (iii) spatial aspects: movement distance of the host and
frequency of migration or length of stay in patches. Notably the interaction between
these aspects appears to be important, and is not well understood. Indeed, seemingly
new phenomena arise from analysis of real systems (Davis et al., 2007b, 2008). In
this theoretical paper we aim to contribute to this debate and explore the question:
how does the interaction between all the aspects mentioned shape persistence of an
infectious disease agent in a spatially structured host population with movement
modelled explicitly?
For studying persistence in a metapopulation often a mean-field approximation
is used (Gog et al., 2002; Jesse et al., 2008; McCallum and Dobson, 2002), but here
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we introduce a (preferred) movement distance of the host: hosts are only allowed to
migrate to patches within this movement distance. The set of patches that can be
reached by individual hosts migrating out of a given patch within one time step is seen
as the neighbourhood of that patch. The effect of the neighbourhood of a patch on
persistence has been studied both in an ecological setting (Durrett and Levin, 1994;
Hanski and Ovaskainen, 2000; Vuilleumier et al., 2007) and in an epidemiological
context (Levin and Durrett, 1996; Rhodes and Anderson, 1996).
Keeling (2000) pointed out that there are two ways of coupling between subpopulations. The first is based on movement rate of individuals between subpopulations,
which is the coupling we use in the present paper. The second is by using a parameter
that describes how much the global average affects the dynamics of a subpopulation.
Keeling used the latter way of coupling and concluded that persistence is maximized
at intermediate levels of coupling (in the second interpretation), but expects the
qualitative behaviour of both ways of coupling to be similar. In this paper we show
that using a movement rate and in addition a movement distance indeed results in
persistence being maximized at intermediate levels of coupling.
Here, we take a much broader view by regarding an epidemiological model with
demography, explicit modelling of movement (distance and frequency of movement)
and coupling of between- and within-patch dynamics. Among other results, we show
that there can be an optimum for persistence at intermediate neighbourhood size.
We explore the reasons behind this and how persistence of an infectious agent is influenced by the demographic, epidemic and spatial parameters. Moreover, we show
that, in contrast to what was generally believed, a metapopulation is not necessarily more beneficial for the persistence of an infectious agent compared to a single
homogeneously mixing population.
Table 1: Definition and default values of the model parameters for numerically
studied cases.

Parameter
P
K
b
µ
m
β
γ
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Value
100
10
0.2
0.01
[0, 1]
10
0.5

Definition
number of patches
carrying capacity
birth rate per week
natural mortality rate per week
movement rate per week
transmission rate per week
recovery rate per week
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Methods
Model
The model describes a host population divided into subpopulations, each inhabiting
a patch with suitable habitat (details in Jesse et al., 2008). In contrast to Jesse
et al. (2008) we now consider a spatially explicit metapopulation, where patches are
structured in space, in our case on a regular square lattice. At least initially there are
no unoccupied patches and the patches are identical in the sense that all parameter
values are the same for all subpopulations. An overview of the parameters and their
default values used in the numerically studied cases is given in Table 1.
In each patch there is homogeneously mixing and SIR-type dynamics occurring,
with hosts being in one of the three following states: susceptible (S), infectious (I) or
recovered/immune to the infection (R). The infectious disease is transmitted directly
and hosts do not lose immunity, but eventually die and are replaced by susceptibles.
Births are locally density dependent, meaning that they depend on the number of
hosts present in that patch.
The model is stochastic and discrete in time, one time step denotes one week,
where Sx (t), Ix (t) and Rx (t) denote the number of hosts per infectious state in patch
x at time t. The total number of hosts in patch x at time t is given by Nx (t). Events
occur successively in the interval [t, t + 1) in the order of birth, death, infection,
recovery and migration. Of course, ordering the events is artificial, but it is necessary
in a discrete model so that in the bookkeeping individual-level events, such as dying or
recovering, are taken into account in a consistent way. The complete set of stochastic
difference equations is given by:
=

Sx (t) − D(Sx , t) − Inf (Sx , t) + B(Nx , t) − Mout (Sx , t) + Min,S (x, t)

Ix (t + 1)

=

Ix (t) − D(Ix , t) + Inf (Sx , t) − Rec(Ix , t) − Mout (Ix , t) + Min,I (x, t)

Rx (t + 1)

=

Rx (t) − D(Rx , t) + Rec(Ix , t) − Mout (Rx , t) + Min,R (x, t)

Sx (t + 1)

The random variables and their distributions (Table 2) are calculated with the number of hosts at that point in the time interval, using the order of the events; for
example, the number of newly infected hosts at time interval [t, t + 1) depends on the
number of infectious hosts at time t − 1 minus the number of infectious hosts that
died at time t.

Structure
Above we described the dynamics within each patch, but these patches are connected
to each other via migration of the hosts, which we also model explicitly. Where
in Jesse et al. (2008) a mean-field approximation was used, here a finite spatially
explicit structure is looked at. The patches to which a host can migrate, are given by
the adjacency matrix A. This adjacency matrix describes the connections between
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Table 2: The random variables with their distribution and parameters. The state
is given explicitly or by Z with Z ∈ {S, I, R}.

Random variable
B(Nx , t)
D(Zx , t)
Inf (Sx , t)
Rec(Ix , t)
Mout (Zx , t)
Min,Z (x, t)

Distribution
Poisson
Binomial
Binomial
Binomial
Binomial
Multinomial

Parameter

max 0; bNx (t)(1 −
µ
x (t)
1 − exp(− βI
)
Nx (t)
γ
m
1/P

Nx (t) 
)
K

Definition
# births
# deaths
# infecteds
# recovereds
# emigrants
# immigrants

the patches of the metapopulation: if Aij = 1 it is possible to move from patch i to
patch j, otherwise Aij = 0. We view the metapopulation of patches as being arranged
spatially in a finite regular lattice where a node is a patch and where an edge indicates
a connection in the above sense. The network is non-directed, which means that if
movement is possible from patch i to patch j, then it is also possible from patch j to
patch i, i.e. Aij = Aji .
Of particular interest is the movement distance of the hosts, measured as path
length in the lattice. For movement distance d, a host can migrate along at maximum
d edges in the regular lattice of patches. The host can, with equal probability, migrate to all patches that can be reached within this number of edges. This movement
distance can be seen as the capacity of the host to migrate to patches at that distance. When the movement distance equals 1, hosts can only migrate to their nearest
neighbours and when the movement distance is large enough, hosts can move to every
patch. The matrix M gives the patches to which a host can move within a movement
distance d and has entries such that, for i 6= j:

P
1 if patch i and j are connected, i.e. ( d Ad )ij > 0
Mij =
,
0 otherwise
and Mii = 0, preventing hosts from migrating back immediately to the patch they
just
Pleft (i.e. no loops of length 1 are allowed). The matrix M is calculated by means
of d Ad , where Adij gives the number of paths of length d from patch i to patch j.

Simulations
The model is stochastic and hence there can be large variation between runs of the
model, even though the set of parameter values is identical. The stochastic difference
equations were simulated for a range of parameter values. The program is written
in R (package 2.10.1, www.cran.r-project.org). At time t = 1 one infectious host
is introduced into one patch in an otherwise completely susceptible metapopulation.
For the results the location of this (index) patch, where the first infectious host is
introduced, does not matter. This coincides with findings of Pautasso and Jeger
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(2008), when they studied a model with SI-type dynamics on a directed network,
where each node represents an individual.
After introduction of this one infectious host in the metapopulation, there are
four possible situations: the infectious agent may (i) not spread at all in the initial
patch, (ii) spread in the initial patch, but not between patches (iii) spread within and
between patches and then fade out or (iv) spread within and between patches and
(quasi)persist in the metapopulation (Jesse et al., 2008). Here, we are interested in
the fourth case, persistence in the metapopulation.
We defined the infectious agent to be persistent in a simulation if it is still present
in the population after twice the expected life span of the host. The expected life span
of a host is 1/µ, therefore the simulations were run for 2/µ time steps. The choice
of twice the expected life span is arbitrary, but within this number of time steps the
infectious agent has survived two generations of hosts, and has spread between the
patches.
The results obtained are from 1000 simulations. This number of simulations per
datapoint was chosen such that variation between several runs of 1000 simulations
for the same set of parameter values is small. Therefore, increasing the number of
simulations smoothens the graphs depicting our results, but does not alter or add to
conclusions we draw.
The default parameter values are shown in Table 1. The default death rate equals
0.01, meaning that the life span of a host is on average 100 weeks, i.e. a host lives
around two years. And the default recovery rate equals 0.5, so that a host is infectious
for on average two weeks. The metapopulation consists of 100 patches, all with
carrying capacity 10. This carrying capacity is chosen such that persistence of the
infectious agent in a single patch is not possible. In a single homogeneously mixing
population of size 1500 around 90% of the simulations will result in a persisting
infection for the default parameter values. The metapopulation is arranged on a
square 10 × 10 lattice, with reflective boundaries. These boundaries can be considered
as natural boundaries such as water or mountains, which cannot be crossed by the
host.

Results and Conclusions
In this section we will first present the influence of the spatial aspects on persistence of
infectious agents in the metapopulation. Then the demographical and epidemiological
aspects will be presented.

Spatial aspect
In Figure 1a, the influence of the spatial aspects on persistence of the infectious agent
are explored. In this figure, contour lines show the fractions of simulations with persisting infection as functions of the migration rate and the movement distance of the
host. Fixing the movement distance and then increasing the migration rate resulted
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Figure 1: In a) the contour lines mark the area where the combination of the
migration rate and the movement distance yield the same minimum fraction of
simulations with persisting infection. In b) the fraction of simulations with persisting infection is shown with migration rate 0.2 (dotted line), 0.4 (dashed line), 0.6
(solid line) and 0.8 (dot-dashed line). The results are taken from 1000 simulations
and the default parameter values are P = 100, K = 10, β = 10, γ = 0.5, b = 0.2
and µ = 0.01.

in a higher fraction of simulations with persisting infection. A higher migration rate
means that hosts spend a shorter time in one patch and thus change patches more
frequently. By changing patches more frequently, hosts increase the number of contacts with other hosts and therefore have a higher probability of finding sufficient
susceptible hosts to infect while they are still infectious.
Fixing the migration rate and increasing the movement distance shows a maximum
in the fraction of simulations with persisting infection at intermediate movement
distance. This result is also shown in Figure 1b for four different migration rates.
Clearly there is a peak at intermediate movement distance, except for relatively low
migration rates (a migration rate of 0.2 means that a host moves once every five
weeks). The default infectious period is two weeks, so at low migration rates the host
spends, on average, most of its entire infectious period within one patch. Since the
patch size is too low for persistence, there is only a very small fraction of simulations
showing persistence.

Effect of movement distance on patch level
As already shown, varying only the movement distance already results in dissimilarities between the fraction of simulations with persisting infection. In order to
understand where these dissimilarities come from, we focus on the differences that
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occur on patch level. Because the infectious hosts are the key for persistence of the
infectious agent in the metapopulation, we focused on some properties of patches with
respect to infectious hosts that might be influenced by the movement distance:
i) the total number of time steps (not necessarily consecutive) that a patch contains
at least one infectious host;
ii) the number of times that a patch gets infected, i.e. how often are there transitions
from no infectious host in a patch to at least one infectious host in that patch;
iii) the total number of infectious hosts per patch, i.e. the sum of the number of
infectious hosts at each time step in a patch;
iv) the number of consecutive time steps a patch contains an infectious host.
Only simulations with persisting infection were taken into account when calculating
the above measures. The results are presented as box-and-whisker-plots in Figure 2.
It is immediately clear that the medians for movement distance 6 and 14 are
approximately the same for all four measures, but that the range differs: the variation
between patches for intermediate movement distance is larger than for large movement
distance. Movement distance 14 corresponds to a situation where the patches are
almost fully connected and the system starts behaving like one single homogeneously
mixing population.
On average a patch contains 35 out of the 200 time steps (17.5% of the time) at
least one infectious host for low movement distance (Fig. 2a). The average number for
the other movement distances is slightly higher. The number of transitions from no
infectious hosts in a patch to at least one is the lowest for the low movement distance
(median 15 times, Fig. 2b). This might be due to (infectious) hosts returning more
often back to a patch they visited just a few time steps ago (fewer patches to choose
from). On average the total number of infectious hosts per patch is about 1.5 times
larger for low movement distance (median of 120) than for the other two movement
distances (Fig. 2c). Because the number of infected patches at each time step is
equal for all movement distances, the number of infectious hosts in each patch must
be higher for low movement distance than for the other movement distances. Again,
this is probably caused by hosts returning more often to a patch they just visited
at low maximum movement distances. Finally in Figure 2d the median number of
consecutive time steps a patch is inhabited by infectious hosts is shown. Basically,
this is just the total number of time steps a patch is infected divided by the number
of transitions from having no infectious host in a patch to having at least one. Here,
the low movement distance shows that a patch contains at least one infectious host
for a longer uninterrupted number of time steps.
With the four measures we looked at, we can conclude that at low movement distance, patches are on average longer infected and contain over the whole time period
more infectious hosts than at large movement distance. This implies that the infectious agent remains within the same area at low movement distance until that area
runs too low on available susceptible hosts. At large movement distance on the other
hand, the infectious agent is more scattered throughout the whole metapopulation,
patches get (re)infected more often, but it is for a short period of time and with only a
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Figure 2: A box-and-whisker-plot, where the thick line denotes the median, the
box encloses 50% of the observations and the whiskers show the 2.5 and 97.5 percentile. Panel a) shows the total number of time steps that a patch contains at least
one infectious host is shown; panel b) the number of times that a patch gets infected, i.e. the number of transitions from no infectious host in a patch to at least
one infectious host; panel c) the total number of infectious hosts per patch and
panel d) the number of consecutive time steps a patch contains an infectious host.
The results are from 1000 simulations with persisting infection, run till t = 200.
The default parameter values are P = 100, K = 10, β = 10, γ = 0.5, b = 0.2 and
µ = 0.01.

few infectious hosts. Hence, at low movement distance the spreading of the infectious
agent occurs more locally and gradually becomes more global when the movement
distance increases.

Demographical and epidemiological aspects
As mentioned earlier, persistence of an infectious agent is also influenced by demographical and epidemiological aspects. The fraction of simulations with persisting
infection is therefore studied as function of each of the four parameters controlling
these aspects: birth rate, death rate, transmission rate and recovery rate. The fraction is shown in Figure 3 for three different movement distances, namely 2, 6 and 14,
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Figure 3: The fraction of simulations with persisting infection for a range of values
of four demographical and epidemiological parameters. In each panel, the results
(from 1000 simulations) are shown for the movement distance 2 (dashed line), 6
(solid line) and 14 (dotted line) and for a single homogeneously mixing population
(grey line). A migration rate of 0.6 is used, and the default parameter values are
P = 100, K = 10, β = 10, γ = 0.5, b = 0.2 and µ = 0.01.

and for a single homogeneously mixing population.
This single homogeneously mixing population consists of one patch with a carrying capacity K of 1000 hosts; the total size of the metapopulation and the single
population are therefore equal. Moreover, this figure shows how a change in a relevant parameter influences the fraction of simulations with persisting infection. For
all parameters, the fraction of simulations with persisting infection is the highest for
intermediate movement distance, corresponding to the previous result that there is
a maximum in the fraction of simulations with persisting infection at this movement
distance.
The natural death rate (i.e. not related to the infection) determines the life span
of a host and influences also, because of the density-dependent birth rate, the population turnover: a lower death rate implies a longer life span and therefore a slower
population turnover; i.e. a slower inflow of new susceptible hosts. The life span
is used to define when an infectious agent is persistent in our set up, so varying
the death rate means that the number of time steps before an infectious agent is
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called persistent varies as well. Increasing the death rate, i.e. increasing population
turnover, has a positive effect on the fraction of simulations with persisting infection
(Fig. 3a). At a low death rate, while the speed by which the infectious agent spreads
through the whole population remains equal, it takes longer for new susceptible hosts
to arise. This time gap is more difficult to bridge in a single homogeneously mixing
population, where all susceptible hosts are immediately available for contact to the
infectious agent. Therefore, a low death rate is more beneficial for persistence in a
metapopulation than in a single homogeneously mixing population.
The birth rate in this model is density dependent; a high birth rate implies that
each subpopulation is around carrying capacity and dead hosts are replaced by susceptible new-borns quickly. Hence, increasing the birth rate also increases the fraction
of simulations with persisting infection (Fig. 3b). At low birth rate, a single homogeneously mixing population is more beneficial for the infectious agent, because the
few susceptible hosts that are born per unit of time are found quickly, while in the
metapopulation an infectious host needs time to find the susceptible hosts left. When
the birth rate is large, susceptible hosts arise faster and are immediately available for
contact with infectious hosts in case of a single homogeneously mixing population.
This could mean that the infectious agent ‘burns through’ the available susceptibles
too fast to allow persistence. It is then advantageous for the infectious agent to be in
the metapopulation: not all susceptible hosts are immediately available for contact,
allowing the infectious agent to persist in the population for a longer time (i.e. the
risk of fade out is spread).
In Figure 3c the fraction of simulations with persisting infection is shown for various transmission rates. For low transmission rates the fraction of simulations with
persisting infection is higher in a metapopulation than in a single homogeneously
mixing population, but the opposite holds at high transmission rates. In a single
homogeneously mixing population an infectious host has immediate access to all susceptible hosts. At high transmission rate, this availability of all susceptibles in a single
homogeneously mixing population is beneficial for the infectious agent, because even
when there are only a few susceptibles left, there is a high probability that they will
be contacted. In a metapopulation on the other hand, an infectious host needs time
to travel to patches where the few susceptibles remain, and before successful contact
has been made this infectious host may have died or recovered. At low transmission
rate, the above situations are reversed.
The recovery rate determines the infectious period of a host and Figure 3d shows
that the fraction of simulations with persisting infection as a function of recovery rate
is hardly influenced by the movement distance of the host. When the recovery rate is
large, the infectious period is short and, on average, fewer infectious hosts leave the
patch during the infectious period, making it more difficult for the infectious agent
to spread to other patches. The movement distance does not have a large influence
on this, because the ability to spread is here, in the first instance, mostly determined
by the chance to leave the patch at all.
Furthermore, a short infectious period results in a population of many recovered

42

Infection persistence in a metapopulation of hosts

hosts. In Figure 3d, the fraction of simulations with persisting infection coincides
for both the single homogeneously mixing population and a metapopulation where
hosts have an intermediate movement distance. However, this fraction is very much
influenced by the migration rate of the host (not shown). Persistence of the infectious
agent is more difficult at low migration rate, because the infectious host does not
change patches frequently enough to sustain the infectious agent. A high migration
rate in a metapopulation performs slightly better than a single homogeneously mixing population, because running out of susceptible hosts happens faster in a single
population than in a metapopulation.
Finally, both the shape of the lattice and the number of patches do not qualitatively change the results (not shown). Reshaping the lattice, for example into 4 × 25
with the same total population size as the 10 × 10 case, still gives a peak at the same
intermediate movement distance of 6. Interestingly, the mean distance of one patch
to any other patch is for the 4 × 25 lattice 9.2 steps and for the 10 × 10 lattice 6.6.
Increasing the number of patches to, for example, a 12 × 12 lattice also gives a peak
at intermediate movement distance. The latter peak occurs at a slightly higher movement distance compared to the above cases, however, the 12 × 12 case is not directly
comparable, because both the total population size and the mean distance from one
patch to any other is larger. Thus the size of the lattice does not appear to essentially
change the results.

Balance
Persistence of an infectious agent in a metapopulation results from a balance between
the spatial, demographical and epidemiological components. We studied the components in isolation above, but now look at their combined effect (Fig. 4).
Each panel in this figure shows curves leading to the same fraction of simulations with persisting infection (‘isopersistence level’) as function of the death and
the transmission rate. The isopersistence levels are shown for low, intermediate and
high movement distance in a metapopulation and for a single homogeneously mixing population and for the four parameter combinations low/high migration rate and
low/high birth rate. For all four subfigures the default recovery rate is used, because
Figure 3d showed that for the various movement distances differences in the fraction
of simulations with persisting infection are not strongly affected by the recovery rate.
In order to compare situations we used in Figure 4a,c an isopersistence level of 0.3
and in Figure 4b,d a level of 0.6. These levels are chosen with use of Figure 3d, where
for migration rate 0.4 the fraction of simulations with persisting infection is around
0.3 at the peak and for migration rate 0.8 around 0.6.
At low birth rate the total population size is smaller than at high birth rate,
because in the latter situation the population is close to carrying capacity. For low
birth rates both the panels with low and high migration rates (Fig. 4a-b) show that
in a single homogeneously mixing population the isopersistence level is achieved at
much lower transmission and death rates than in a metapopulation. In that situation,
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Figure 4: Curves for parameter combinations leading to the same fraction of
simulations with persisting infection, where for panel a) and c) this fraction is 0.3
and for panels b) and d) the fraction is 0.6. The results are for movement distance
2 (dashed line), 6 (solid line) and 14 (dotted line) and for a single homogeneously
mixing population (grey line). As migration rates 0.4 (panel a) and c)) and 0.8
(panel b) and d)) are used and birth rate 0.1 (panel a) and b)) and 0.3 (panel c)
and d)). The other parameters are set to the default values: P = 100, K = 10 and
γ = 0.5.

a single homogeneously mixing population is thus more beneficial for the infectious
agent than a metapopulation, because at a low birth rate susceptible hosts are not
replenished at the same rate as at a high birth rate; it takes more time before new
susceptible hosts arise. When they do arise it is more difficult for an infectious host
in a metapopulation to successfully meet this susceptible host, because the infectious
host first has to move to a patch with sufficient susceptible individuals within its
infectious period. In a single homogeneously mixing population the new susceptible
hosts are immediately available for contact.
At high birth and low migration rate (Fig. 4c), the isopersistence level for the
single homogeneously mixing population and the intermediate movement distance
almost coincide. At high transmission rate the isopersistence levels of all situations
coincide, because infectious hosts then have successful contacts with more susceptible
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hosts per unit of time.
At both high birth and high migration rate (Fig. 4d), the differences between
the four cases are very small, especially at a large transmission rate all movement
distances coincide more or less with the single homogeneous mixing population.
All panels in this figure show the same pattern as described in previous sections:
persistence of an infectious agent in a metapopulation is easier accomplished at intermediate movement distance of the host.

Discussion
In this paper we showed that persistence of an infectious agent in a metapopulation
results from of a balance between spatial, demographical and epidemiological parameters. We showed on lattices a robust non-linear relation between the fraction of
simulations with persisting infection and movement distance of hosts, with this fraction being largest at an intermediate movement distance of the host. Furthermore we
showed that dividing a single homogeneously mixing population into several smaller
populations that are connected to each other, is not necessarily beneficial for the
persistence of the infectious agent.
The insight we obtain is based on simulations only. While an important part of
relevant parameter space has been explored, there is considerable additional value
in providing analytical proof of the observed qualitative phenomena, to obtain robustness of results and deeper understanding. There have been many approaches in
the literature where authors have focussed on analytical results concerning infectious
disease in spatial metapopulations, and even more concerning single-species populations, predator-prey systems, and notably host-parasitoid systems. Mostly these
studies concentrate on stability analysis of the trivial equilibrium (i.e. invasion problems, see Jansen and Lloyd (2000), and references given there) or on providing analytical expressions for the expected time to extinction from a quasi-steady state (see
Hagenaars et al., 2004; Lindholm and Britton, 2007; Nåsell, 1999, and the references
given there), as persistence in stochastic models is always temporary (Hanski, 1998;
Lloyd-Smith et al., 2005).
In discrete-time models it is not possible to determine the quasi-stationary distribution and other measures have to be used; for example, persistence time (Rhodes
and Anderson, 1996) or a certain number of time steps the infectious disease is present
in the metapopulation (Courcoul and Ezanno, 2010; Jesse et al., 2008; Swinton et al.,
1998; Vuilleumier et al., 2007). We focus on persistence (long-term quasi-stability),
i.e. we look at the fraction of realisations of the stochastic process persisting for a
time beyond a certain minimum (set arbitrarily by twice the average life span of the
host species). We noticed that increasing this minimum did not qualitatively change
the results. However, taking twice the life span of the host as measure for persistence
for hosts with very short life spans, may lead to a time scale that is too short to speak
of persistence.
In our system we merged a stochastic description with discrete spatial structure,
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with on top of that non-uniform dispersal (due to a maximum movement distance
for hosts). This combination did not allow us to obtain analytical results, nor does
the set-up allow for easy simplified models with only two patches, say, that might
be amenable to direct analysis. We can, however, compare to studies where discrete space was studied analytically with different choices for dispersal. Rohani et al.
(1996) conclude that, in predator-prey type interaction with uniform dispersal, the
equilibrium becomes unstable, compared to a single homogeneous population, when
there is a big difference in the dispersal between the two species. We have identical dispersal for our two ‘predator-prey species’ (infected and susceptible individuals,
respectively). In our set-up we show, by simulation, differences in persistence, if dispersal is not uniform, but constrained. In the discussion of Rohani et al. (1996), it is
argued that the equilibrium may destabilise when dispersal is not uniform. Similar
equilibrium (in)stability results are discussed analytically by White and White (2005)
studying coupled map lattices with integro-differential equations. They show in addition that destabilising influences of dispersal can only occur in “exploiter-victim”
type of relationships.
In a much simpler model, Funk et al. (2005) study the dynamics of virus particles
in a spatial metapopulation of host cells. This is basically a one-species system because only the virus particles disperse. The dispersal mechanism, however, is closer
to ours, as dispersal is constrained to be to (eight) nearest neighbours only. The analytical results allow a large class of dispersal mechanisms to be studied. One of their
results is that if dispersal is too fast the infection cannot be maintained. Webb et al.
(2007) show, for a host-parasite system, that highly local systems, i.e. where dispersal
is limited, have reduced persistence of the infectious agent. Both these observations
(Funk et al., 2005; Webb et al., 2007) are, although from very different models, in
broad agreement with our finding of an optimal persistence for intermediate dispersal
frequency and distance. This is in contrast to results by Hagenaars et al. (2004) who
study persistence (measured as time to extinction from a quasi steady state and as
mean outbreak duration) in a spatial and stochastic SIR set-up similar to ours. Their
analytical and simulation results show a rather more monotone rise in persistence as a
function of increasing between-patch contacts. However, there is an important difference with our model: their model has no actual dispersal within the metapopulation,
the only migration comes from outside the system, and is essentially a model with
two levels of contacts (within-patch and with individuals in other patches) for individuals that are otherwise fixed in their patch. Together, the above comparisons to
related studies lead us to expect that our observation of non-monotone persistence as
a function of coupling crucially depends on the physical migration between patches of
individuals of at least two types in an “exploiter-victim” relationship, with constraints
on the distance over which individuals can migrate within a time step.
An important characteristic of a metapopulation is that the infectious hosts have to
move to find susceptible hosts. At low movement distance infectious hosts encounter
a lower number of susceptible hosts than the average host, because the number of
susceptible hosts is depleted by the presence of other infectious hosts. These infectious
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hosts are competing with each other over the available susceptibles and thereby reduce
the potential for each one of them to transmit the infectious disease to a susceptible
(Rhodes and Anderson, 2008). At a relatively high migration rate, i.e. with a short
sojourn time per patch, a host can meet more others than at a low migration rate. An
infectious host will therefore have a larger number of contacts with susceptible hosts,
because they visit more patches during their infectious period. Compared to a single
homogeneously mixing population, hosts in metapopulations can have the advantage
that they do not reach all susceptible hosts at the same time, which can improve the
probability of survival of the infectious agent.
As is also shown by Cross et al. (2005), the relation between migration and recovery
is very important for the ability of an infectious agent to persist, because the infectious
period determines the time an infectious host has to infect susceptible hosts. And the
migration rate is an important determinant of the level of mixing.
Regarding movement we studied a wide range of migration rates: from migrating
almost never, to migrating every week. We also assumed that all individuals experience the same migration rate. In reality there is a lot of difference in movement
behaviour among species (Hawkes, 2009). Movement may, for example, be restricted
to mainly juveniles leaving their nest to settle elsewhere or to foraging outside the
own habitat patch. The first mechanism can be thought of at low migration rates,
although there are no age-classes defined in the model. The latter one at high migration rates, where individuals leave their own patch, visit another one and then return
to their home patch again.
This situation could be even more resembled when the probability to move to
a certain patch depends on the distance of that patch with respect to the resident
patch. We assumed random dispersal, within the movement distance, but it can also
be argued that hosts may have a preference for nearby patches. The influence of a
dispersal function, favouring nearby patches, on the persistence of the infectious agent
should therefore be studied more carefully.
In this paper we defined the movement distance by the number of edges crossed.
Another option would have been using a radial movement distance, where individuals
can move to all patches within a certain radius around their resident patch. However,
using a radial movement distance instead, does not affect the results. Durrett and
Levin (1994) also concluded that the qualitative behaviour is independent of the exact
definition of movement distance when they studied interacting particle systems for
various definitions of movement distance.
There have been studies of the effect of the neighbourhood of a patch on the
persistence of the infectious agent in a spatially structured population. In an ecological context Vuilleumier et al. (2007) and in an epidemiological context Rhodes
and Anderson (1996) concluded that increasing the movement distance maximises
the probability of persistence. They considered patches as the unit of study and had
many unoccupied patches in the population. Another study (Courcoul and Ezanno,
2010) did take within-patch dynamics into account, but they also considered indirect
transmission. The probability of infection of a susceptible host in a patch depended
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then not only on the available infectious hosts in the same patch, but also on the
prevalence of the infection in neighbouring patches. Courcoul and Ezanno (2010)
varied the number of neighbouring patches that influence the infection dynamics in a
patch, but did not see a peak in the fraction of simulations with persisting infection at
an intermediate number of neighbours. However, due to the different ways persistence
can be defined, one should be cautious in comparing the various studies.
The model used in this paper is as simple as possible. For example, it is not taken
into account that infectious hosts might experience reduced mobility or death as a
result of the infectious disease. Another assumption is continuous birth, as opposed to
seasonal birth, where births occurs in a short period of a year, which is often the case
in animal populations. Seasonal births reduce the probability of persistence of the
infectious agent, because there are fewer infectious hosts between epidemics, which
increases the probability of fade-out due to stochasticity (Grassly and Fraser, 2006).
But, each year there is also a burst of new susceptible hosts into the population
(Altizer et al., 2006), creating the possibility of a new epidemic. One of the next
steps in exploring the balance of the various aspects (spatial, demographical and
epidemiological) involved in the persistence of an infectious agent would be to include
one or more of the above-mentioned options.
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Abstract
Speculation on how the bacterium Yersinia pestis re-emerges after years of absence
in the Prebalkhash focus in Kazakhstan has been ongoing for half a century, but the
mechanism is still unclear. The bacterium can be carried by various hosts, however,
the great gerbil is considered to be the reservoir host for plague in this area. One
of the theories is that plague persists in so-called hotspots, i.e. small areas with
favourable conditions for plague persistence. In this paper we use a metapopulation
model describing the dynamics of the great gerbil to study the minimum size of a
hotspot allowing Yersinia pestis to persist for several years. We show that in order for
plague to persist in hotspots, hotspots need to be so large that it is unlikely that they
would be missed by existing routine surveillance. This suggests that persistence of
plague can not solely be explained by the existence of hotspots, and other hypotheses,
such as survival in multiple host species, persistence in fleas or in the soil, should be
considered as well.
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Introduction
The persistence, and local re-emergence, of the bubonic plague is poorly understood.
Bubonic plague is a flea-borne zoonosis that caused three pandemics in the past
millennium (Bertherat et al., 2007; Gage and Kosoy, 2005; Keeling, 2000). Currently,
this disease persists on most continents, including North America, but not in Australia
or Europe (Salkeld et al., 2010; Stenseth et al., 2008). The re-emergence was shown,
for example, in Madagascar where plague was absent for more than 60 years and
then reappeared again in 1991 (Duplantier et al., 2005; Neerinckx et al., 2010). There
are very active foci in large parts of Central Asia, for example in Kazakhstan, where
plague has been monitored since 1949, and where epizootics still occur, interspersed
by apparently infection-free periods lasting about four years (Davis et al., 2007b;
Heier et al., 2011).
The etiologic agent of bubonic plague is Yersinia pestis, a bacterium able to infect
over 200 species of mammals, of which rodents form the largest group (Gage and
Kosoy, 2005). The effect of Yersinia pestis on its host varies; epizootics lead to high
mortality in prairie dog populations (Biggins et al., 2010; Stapp et al., 2004), while
black rats (Rattus rattus; Duplantier et al., 2005), and great gerbils (Rhombomys
opimus), the main host in Kazakhstan, are quite resistant to clinical disease (Gage
and Kosoy, 2005).
In this paper we will focus on the great gerbils in Kazakhstan. Speculation on how
the bacterium is able to repeatedly re-emerge in Kazakhstan after years of (apparent)
absence has been ongoing for over half a century. It is unclear whether the plague
bacterium actually goes extinct in a large area in between major outbreaks, to be
introduced from outside the area, or that it persists in the area itself. It is clear that
only when certain conditions are met in gerbil and flea abundance there will be a possibility for a major outbreak (Davis et al., 2004, 2008; Samia et al., 2011), but there
may be several mechanisms whereby the bacterium could survive the unfavourable
periods. Common suggestions are survival in alternative hosts or in fleas (Eisen and
Gage, 2009; Gage and Kosoy, 2005; Wimsatt and Biggins, 2009) or that the bacterium
continues to spread locally at such low levels of prevalence in the gerbil population
that it escapes detection due to sub-optimal sampling (Davis et al., 2007b). One can
imagine that there might be small sub-regions which retain conditions favourable for
plague persistence (so-called hotspots or microfoci; Fedorov (1944) as quoted in Davis
et al., 2007b; Biggins et al., 2010; Hanson et al., 2007). Alternative hypotheses for
plague persistence are survival in soil (Ayyadurai et al., 2008) or in dead hosts (Easterday et al., 2011) or through phases of less virulent bacteria in the hosts (Wimsatt
and Biggins, 2009).
To test whether such hotspots are a viable hypothesis for persistence of plague, a
spatial model of the great gerbils in the so-called Prebalkhash plague focus in Kazakhstan is studied. Great gerbils live in burrows, and these burrows can collectively be
considered as a metapopulation (Davis et al., 2007a). The objective of this study is to
determine the minimum size of hotspots in order to make persistence of plague pos-
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sible over a time span of a few years. Or, in other words, to study, analogous to the
Critical Community Size for single homogeneously mixing populations (Diekmann
and Heesterbeek, 2000), the “critical metapopulation size” of the great gerbil burrow system in Kazakhstan for Yersinia pestis to persist, without invoking additional
mechanisms.
Studying the minimum size of a hotspot for this system will lead to insight in
what the chances are of missing plague while it is in fact present and, moreover, give
a more general understanding of the mechanisms of plague persistence.

Background and model
Biology of the gerbils in the Prebalkhash focus
The Prebalkhash focus is a region of about 300 by 150 km located southeast of
Lake Balkhash in Kazakhstan. The area experiences a strong land climate, with
temperatures varying from −40◦ C in winter to 40◦ C in summer. Precipitation is less
than 250 mm/year. Vegetation cover is sparse and the plant species diversity low
(Addink et al., 2010).
The main plague host in the Prebalkhash focus is the great gerbil, a social, burrowing rodent. Great gerbils live in burrows and adjust their daily activity pattern
to the season, enabling them to survive in the harsh climate (Kausrud et al., 2007;
Naumov and Lobachev, 1975). Burrows are relatively permanent elaborate features
in the landscape consisting of multiple entrances, food chambers and nesting rooms
(Addink et al., 2010; Kausrud et al., 2007; Naumov and Lobachev, 1975). In the study
area the density of burrows varies between 2 and 7 per hectare (Addink et al., 2010;
Davis et al., 2004). As a result of climatic, seasonal and annual changes in population
size occupancy of the metapopulation of burrows fluctuates from about zero to nearly
100 % (Davis et al., 2004; Samia et al., 2011).
Great gerbils live in family groups of typically one adult male, one or more females
and their immature offspring. Adult females produce one to three litters, of 4 − 7
offspring a year between April and September, depending upon precipitation and food
availability. All of the male and approximately half of the female offspring migrate
from the nest within 18 months (Randall et al., 2005).
The dominant vectors of Yersinia pestis are the fleas of the Xenopsylla and Coptopsylla genera. Fleas of several genera reside in the burrow and, when active, on
the gerbils themselves. Active fleas appear to regularly change hosts when they are
inside the burrow system (Eisen and Gage, 2009). Fleas become almost immediately
infected with the bacterium when they feed on an infected gerbil that is undergoing
a (short-term) bacteremic episode (Eisen et al., 2007). During this period the plague
bacteria are present in the blood of the gerbil (Perry and Fetherston, 1997; Yegorova,
1957; Burdo, 1963).
There are two possible routes for great gerbils for the transfer of plague between
burrows. The first is by infected juvenile gerbils migrating to occupy an empty burrow.
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Migration is characterized by its low frequency (once or twice in the life of a gerbil;
Randall et al., 2005), and its relatively long distance. Another route for transmission
of plague between burrow systems is by gerbils visiting neighbouring burrows while
foraging and as part of their social behaviour (Davis et al., 2007b, 2008; Korneyev
and Karpov, 1977; Korneyev, 1979; Rothschild, 1978). During those visits, infected
fleas can be passed onto another gerbil (Davis et al., 2004), or they drop off the gerbil
in the burrow itself.
Plague epizootics occur regularly in the focus (Davis et al., 2004). Davis et al.
(2004) showed that there is an abundance threshold for plague epizootics, that can
be expressed by a certain proportion of burrows occupied. The burrow and the gerbil
family within it can be seen as a subpopulation, within a larger metapopulation (Davis
et al., 2007a). It appears that spread of plague in the great gerbil metapopulation can
be characterized mathematically as a percolation phenomenon (Davis et al., 2008).

Model description
The spread of plague is studied by a spatially explicit metapopulation model, where
subpopopulations are structured in space, here on a regular square lattice – a reasonable assumption given the rather homogeneous distribution of burrows in large
parts of the Prebalkhash focus (Addink et al., 2010). The model is based on that
introduced in Jesse et al. (2008), but has been tailored to meet the specifics of gerbil
ecology.
In each burrow homogeneous mixing of gerbils (and their fleas) and SIRS-type
infection dynamics for the gerbils are assumed. Hosts are then in one of the following
states: susceptible (S), infectious (I) or recovered/immune (R). Recovered gerbils
from plague are only temporarily resistant to reinfection, and are assumed to regain
susceptibility after a certain period.
The model is stochastic, because of the small family size within a burrow, and
discrete in time. A time step is set to five days, which corresponds to the average
infectious period for plague in gerbils (Rivkus et al., 1973; Shmuter et al., 1959).
Although gerbils have a latency period for plague, we ignore this period in the present
model. The number of gerbils per epidemiological state in a burrow x at time t is
denoted by Sx (t), Ix (t), Rx (t) and the total number of gerbils in a burrow x is given
by Nx (t). Events occur successively in the interval [t, t + 1) in the order of birth,
death, recovery, migration of the gerbils, flea dispersion and infection. The model can
be written down as a set of stochastic difference equations:
Sx (t + 1) = Sx (t) + bNx (t) − du Sx (t) − pSx (t) + gRx (t) − mSx (t) + Min,S (x, t), (1)
where b is a seasonal per capita birth rate, du the death rate for uninfected gerbils,
g the rate at which gerbils lose their immunity, m the per capita migration rate and
Min,S (x, t) gives the number of susceptible gerbils migrating into burrow x. The
probability p that a susceptible gerbil in a burrow becomes infected is given by
p = 1 − (1 − h)T If (x,t)/Nx (t) ,

(2)
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Parameter
t
b
du
dI
g
h
r
m

Value
5 days
[0.077; 0]
[0.007; 0.044]
0.086
0.037
0.1
0.52
[0.033; 0]

Definition
time step
birth rate
death rate uninfected gerbils
death rate infected gerbils
loss of immunity
transmission chance flea to gerbil
recovery rate
migration rate

Source
I
I
II
6.4% III
IV

Table 1: The parameter values, their definition and sources. The seasonal parameters are given for [summer; winter] and all rates are per time step. The sources
are: I Frigessi et al. (2005); II Begon et al. (2006); Park et al. (2007); III Eisen
et al. (2007); IV Randall et al. (2005).

where h is the chance that a single flea transfers the infection to the gerbil during its
daily feeding bout and If (t) is the number of infected fleas in burrow x. The fraction
If (x, t)/Nx (t) gives the average number of infected fleas foraging on a gerbil at time
t. Then p is 1 minus the chance that a susceptible gerbil does not become infected
by any of the infected fleas feeding on it during five consecutive days. The equations
that govern the number of infected and recovered gerbils in a burrow are:
Ix (t + 1) = Ix (t) + pSx (t) − rIx (t) − dI Ix (t) − mIx (t) + Min,S (x, t),
Rx (t + 1) = Rx (t) + rIx (t) − gRx (t) − du Rx (t) − mRx (t) + Min,S (x, t),

(3)
(4)

where the per capita recovery rate is denoted by r and the death rate of infected
gerbils by dI . The parameter values and their sources are listed in Table 1.
The strong seasonality on the Prebalkhash focus has a large impact on gerbil
ecology and thus on the model parameters. The model parameters affected by the
seasons are birth rate, natural death rate, migration rate, and flea dispersion rate.
These parameter values reach a maximum in summer and have a minimum during
winter.
The dispersion rate is seasonal as during winter the gerbils limit their foraging
behaviour, and their visits to neighbouring burrows (Naumov and Lobachev, 1975).
We have assumed that the contact rates between occupied burrows in winter are 1/3rd
of those in summer.
The model describes the population of great gerbils living in burrows spaced 50
meters apart, resulting in a density of 4 burrows per ha. This is at the higher end of
the Prebalkhash density range of 0.84 − 4.84 burrows per hectare according to Davis
et al. (2008), and close to the mean density of 4.8 burrows per hectare according to
Addink et al. (2010). The size of the lattices studied ranges from 3 × 3 (corresponding
to 150 × 150 meter, or 2.25 ha) to 40 × 40 burrows (corresponding to 2000 × 2000
meter, 400 ha).
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A hotspot is defined here as an area where plague can persist without input from
outside the area. Therefore we assume that the boundaries are reflective, i.e. there is
no interaction with gerbils outside the area.
Capture-recapture experiments of Rhombus opimus in the Prebalkhash focus (Begon et al., 2006), and under similar circumstances in the Kyzylkum desert (Uzbekistan; Randall et al., 2005), suggest that migration of the great gerbil is typically
limited to 100 − 500 meters (Fig. 1). In the model, migrating gerbils are moved
from their original burrow to a randomly chosen burrow (independent of occupancy
status) within 1 − 10 steps on the model grid. Migrating gerbils are assumed to move
instantly from one burrow to another and do not visit burrows or change infection
status while ‘travelling’.
The dynamics of the fleas transmitting the plague bacteria are not explicitly included in the model, we assume a constant number of 100 fleas per gerbil. The
reasoning behind this choice is that fleas have a short life span compared to gerbils.
Thus, outside periods of explosive growth and collapse of gerbil populations, flea populations should quickly be in an equilibrium state that reflects the number of gerbils
in a burrow (Frigessi et al., 2005; Krasnov et al., 2002). The number of fleas Nf (t) in
a burrow at time t is then given by 100Nx (t), where Nx (t) is the number of gerbils in
burrow x at time t. During a time step the number of fleas in a burrow changes due
to foraging activities of the gerbils. We model this by assuming that migration only
indirectly moves (infected) fleas with the migrating gerbil, by changing the quasisteady state between fleas and gerbils in the originating and destination burrow of
the migrating gerbil. It is assumed that each burrow distributes a fixed percentage
of its fleas to neighbouring burrows (within a range of two steps), regardless of the
number of neighbours (burrows on the edge of a lattice have fewer neighbours) or the
occupancy state of these burrows. Then twice as many fleas are distributed to adjacent burrows as to burrows at a distance of two steps, furthermore dispersed fleas do
not accumulate over time. The flea dispersion modelled in this way matches observed
experimental results with radioactively labeled fleas where within a 1 − 2 week period
after labelling, less than 5% of the fleas was recovered at distances greater than 200
meters (Korneyev (1968); Rudenchik et al. (1967) as quoted in Davis et al., 2007a).

Infected fleas
Although the total number of fleas in a burrow is assumed to be 100 fleas per gerbil,
the number of infected fleas in burrow x at time t is given by
If (x, t) = 100aIx (t)λ ,

(5)

where If (x, t) is the number of infected fleas in burrow x at time t, Ix (t) the number
of infected gerbils in burrow x at time t and λ is a phenomenological constant. The
parameter values a = 0.11 and λ = 0.4 (out of a range 0.3−1.3) are chosen to tune the
number of infected fleas such that it fits the observed plague prevalences in gerbils
(Davis et al., 2004) and fleas (Bibikova and Klassovskiy, 1974). Furthermore, the
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Figure 1: Available distance and frequency information on foraging and migration. Capture-recapture data on the daytime travel distance of gerbils, expressed
in meters (top x-axis) and in the corresponding distance expressed in ‘burrow distance’ (bottom x-axis), based on the average burrow density on the experiment’s
site.

value of λ is associated with a highly plague resistant gerbil population, which would
be the expected state for a plague hotspot.

Results
Hotspots are regions in the Prebalkhash focus that have features which make them
favourable for gerbils and plague to persist during times that the conditions in the
Prebalkhash focus as a whole, or the average conditions, are unfavourable. These
hotspots could be stationary and tied to a particular terrain or vegetation type, or
dynamic, in the sense that a chain of spots allows persistence, where the infectious
agent circulates over the plains as local conditions in terrain, burrow occupancy and
number of susceptible gerbils change, ‘jumping’ from one spot to another. We will
focus on studying the minimum size of a stationary hotspot.
To study the conditions under which regions can be hotspots and thus could be
responsible for plague persistence, the time until plague extinction was recorded for a
number of simulations with the spatially explicit metapopulation model. Simulations
were conducted for a number of different field sizes, gerbil densities and rates of loss
of immunity in recovered gerbils. Initial simulations were conducted for a small area
of a 100 burrows, with a high average gerbil density of ±10 gerbils per burrow (which
corresponds to 40 gerbils per ha) and an average time of 4.5 months before recovered
gerbils loose immunity. Plague was introduced at time t = 0, corresponding to April
1st.
Plague prevalence in gerbils in the simulations was on average 1 − 1.15%, and
peaked during outbreaks to at most 6%, corresponding to the prevalence levels that
are reported in the field (Davis et al., 2004). Plague prevalence in fleas in burrows with
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Figure 2: Histogram of plague extinction time, in a metapopulation of 100 burrows (25 ha), based on 5000 simulations. Plague is introduced on April 1st, in a
metapopulation with a gerbil density of on average 10 gerbils per burrow, and a
loss of immunity in recovered gerbils of on average 4.5 months.

infected gerbils was at 20%, corresponding to the maximum reported flea prevalence
(Sviridov and Il’inskaya, 1967).
Since we are interested in the persistence of plague, only cases where plague successfully established itself in the metapopulation were studied. To determine the
number of time steps needed to make the distinction between epidemic and endemic
behaviour, the default of a 10 × 10 lattice was studied (Fig. 2). This figure shows
a clear distinction between epidemic and endemic behaviour. In many simulations
plague is not able to establish itself at all, or only causes an epidemic after which it
quickly fades out. If plague is still present four months after introduction, we call it
‘endemic’ or ‘persisting’, and determine how long this situation lasts on average.

Hotspot size
By excluding simulations where plague failed to become endemic (Fig. 2, extinction
in less than four months), it becomes apparent how persistence of plague within an
area depends on the size (Fig. 3): larger field sizes do lead to plague persistence until
late winter in a larger fraction of areas, with about 5% of the hotspots of 40 × 40
burrows (400 ha) surviving until March 1st, the subsequent year. However, for plague
to persist for multiple years within an area either the densities of gerbils has to be
increased, or loss of immunity in recovered gerbils should happen faster than the
estimated 3 − 6 months (Begon et al., 2006; Park et al., 2007).
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Plague persistence
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Figure 3: Plague persistence as a function of field size. Black lines denote the
fraction of major plague outbreaks, from the start of the outbreak on April 1st in
a given year, that persist until November 1st, December 1st, ..., to March 1st the
subsequent year, for different hotspot sizes. Gerbil density is 10 gerbils per burrow,
and recovered gerbils lose their immunity in, on average, 4.5 months.

Gerbil density and loss of immunity
With an average gerbil density of 10 gerbils per burrow and an average period of
immunity of 4.5 months, the probability is small that plague can persist for a year or
longer in any area of less than 400 ha. When we explore what happens at higher gerbil
densities (up to 23 gerbils per burrow), and faster loss of protective immunity (up
to 2 months of immunity), persistence for plague for that minimal duration becomes
more likely.
If we define persistence of plague as being present for at least one year from
introduction, then the probability of plague persistence in a small area of 100 burrows
rises above 1%, for a protective immunity of 2 − 3 months and with 18 − 24 gerbils per
burrow (Fig.4a). However, to span multiple years in the same area, the areas has to
be substantially larger under the same conditions. Only the largest simulated areas
(4 km2 ), had a small probability (0.1% − 0.5%) for plague to survive under the same
very favourable parameter range (Fig. 4b), and could thus be called a hotspot.

How many hotspots?
As mentioned earlier, for plague to persist by means of a hotspot in the Prebalkhash
focus it need not entail that it persists in a single fixed location. During an epizootic
the bacterium might be seeding a set of ‘spots’, and only one of those would need
to persist during the inter-epizootic period. Given enough of such spots, even a very
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(a)

(b)

Figure 4: The contour plot in (a) shows the probability of persistence of the
plague for one year in a metapopulation of 10 × 10 burrows (25 ha) and in (b) the
probability of persistence of the plague for four years in a metapopulation of 40×40
burrows (400 ha). In both contour plots on the x-axis the rate at which recovered
gerbils lose immunity is shown, a rate of 0.037 corresponds to an average duration
of immunity of 27 time steps, i.e., 4.5 months. On the y-axis the number of gerbils
per burrow is shown.

small chance of plague persistence per spot could still ensure plague persistence by
means of ‘metahotspot’ (i.e. a collection of smaller spots, a ‘hotspot set’) in the
Prebalkhash focus. However, although the total number of spots in the Prebalkhash
focus is potentially huge, the fact that plague is not observed in the inter-epizootic
periods implies that the total area of a hotspot set should be small enough to evade
detection by the current surveillance efforts. There is then a limit to the number of
spots that can reasonably be expected to be missed by surveillance, especially since
hotspots would stand out by their high relative gerbil density.
If we assume the most favourable conditions of our tested parameter range (e.g.
23 gerbils per burrow and a loss of immunity in two months), the probability that
plague persists in a single area of a particular size can be transformed into a 95%
probability that in at least one of N spots of that size plague persisted for Y years
(Fig. 5). Doing so reveals that for any spot size (and given these very favourable
parameters), plague can easily persist in areas for one year in a total area as small
as 0.02% of the Prebalkhash focus. However, for plague to persist within at least one
of these spots for multiple years, the total area quickly increases, and for spots to
maintain plague during four years of a plague inter-epizootic period, requires large
spot sets (300−400ha) that cover between 4.5−25% of the Prebalkhash area (Fig. 5).
For any more reasonable parameter ranges (lower gerbil density, longer immunity) the
likelihood that these hotspots would not have been detected by surveillance becomes
very small. For example, at a gerbil density of 17 gerbils per burrow, and immunity
that lasts three months, the only hotspots which had a chance bigger than 0.1% to
persist for two years were those of 400 ha, and they would have to be so numerous
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Figure 5: Total hotspot area on the Prebalkhash focus. Given the chance that
plague persists for Y years in a single hotspot of particular size, the number of
hotspots necessary to have a 95% chance that plague persists can be calculated,
and the total hotspot area plotted as the percentage of the whole Prebalkhash area.
Plotted for very favourable parameter settings for plague persistence (gerbil density
of 23 gerbils per burrow, and only 2 months of immunity to plague).

that they would take up 32% of the whole Prebalkhash area.

Discussion
From the simulations it becomes apparent that areas as they are presented here are
unlikely to act as hotspots and thus be the sole mechanism for plague persistence
during inter-epizootic intervals of more than one year (Fig. 5). As inter-epizootic
periods typically last four years, hotspots alone are unlikely to be responsible for the
carry-over of plague bacteria from one major outbreak to the next that can occur if
circumstances are favourable again. The main bottleneck for plague persistence is
winter (Fig. 2), during which plague is largely confined to fixed burrows, as there is
no migration and little foraging behaviour of gerbils by which infected fleas can be
spread to other burrows. Furthermore, there are no new (susceptible) gerbils born
during winter, resulting in a decreasing population. This means that the only source
of new susceptibles within an infected burrow are recovered gerbils that have lost their
immunity to plague. Therefore, survival of plague through winter is the dominant
factor determining plague persistence. Larger metapopulations will give plague a
better chance to persist through winter (Fig. 3), mostly because there will be more
burrows with infected gerbils at the start of winter.
We assumed a great gerbil population with a constant, relatively high, level of
resistance, because we expect such a high resistance in a hotspot. In a great gerbil
population with a lower resistance, plague would at first have a bigger probability of
causing an epidemic. However, great gerbils are expected to develop some level of

60

Persistence Y. pestis in gerbils

resistance such that during a subsequent plague outbreak the probability to become
infected decreases (Gage and Kosoy, 2005). It would be interesting to differentiate
between resistance levels and study, for example, the case when newly born susceptibles have a low level of resistance to plague. This could increase the probability of
persistence of plague.
There are several factors currently discussed in literature that might influence
plague persistence by means of hotspots which we will discuss below:
• Dynamic hotspots: we discussed stationary hotspots, but their dynamic variant
of a hotspot set would not be tied to a single location, and would move through
the Prebalkhash focus from one favourable area to the next (Fedorov (1944) as
quoted in Davis et al., 2007b; Rohani et al., 1997; Sherratt and Smith, 2008).
However, within the model as formulated here, dynamic hotspots would just
as stationary hotspots be almost fixed in place during the winter season, when
there is little opportunity for plague to spread between burrows. Therefore, the
large bottleneck for plague persistence that occurs during the winter season in
stationary hotspots would likely apply to dynamic hotspots as well.
• Slowdown of plague dynamics in winter: the within-burrow infection dynamics
used in this model are formulated as being independent of the seasons. Park
et al. (2007) has presented evidence for an up to five times faster loss of immunity during the winter season than during the summer season (but under the
assumption that gerbil mortality is equal in summer and winter). Evidence for
a higher rate of loss of immunity in winter has been disputed by Begon et al.
(2006), but if true would have a large positive impact on plague persistence
through winter. It is known that Xenopsylla fleas may survive through winter
(mostly in an inactive stage; Bibikova and Klassovskiy, 1974). In addition
there are other fleas being more active in this period. Plague infected fleas
are known to be able to survive several months in winter conditions (Gage and
Kosoy, 2005), however, to what extent such fleas are able to start new infections
when feeding again is not known. If hibernating, infected Xenopsylla fleas have
a good chance of becoming infectious again in spring and this would greatly
increase the chance of plague persistence in hotspots.
• Alternative hosts: plague can be transported between large areas by other animals living in the Prebalkhash focus, such as predators and birds (Aikimbajev
et al., 2003; Heier et al., 2011; Wimsatt and Biggins, 2009), carrying infected
fleas. This would allow plague to cross areas where gerbils are either absent or
in too low densities. This could promote persistence, if we view the Prebalkhash
focus not as a metapopulation of burrows, but as an metapopulation of large
areas of burrows connected by alternative hosts. In Colorado, it has been argued
that plague in prairie dogs – that suffer high mortality due to plague, in contrast
to gerbils – is spread between so-called prairie-dog towns by mice (Salkeld et al.,
2010).
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In conclusion, for areas to act as a hotspot and be the primary mechanism of
inter-epizootic plague persistence in the Prebalkhash focus, they would have to be so
numerous and large that their existence and role would be self-evident from surveillance (Fig. 5). Hotspots alone are therefore unlikely to ensure plague persistence. It
seems likely therefore that additional mechanisms are needed if the plague bacterium
is to persist in this focus, such as survival in alternative host species or survival in
fleas.
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Abstract
One of the important questions in understanding infectious diseases and their prevention and control is how infectious agents can invade and become endemic in a host
population. A ubiquitous feature of natural populations is that they are spatially
fragmented, resulting in relatively homogeneous local populations inhabiting patches
connected by the migration of hosts. Such fragmented population structures are studied extensively with metapopulation models. Being able to define and calculate an
indicator for the success of invasion and persistence of an infectious agent is essential
for obtaining general qualitative insights into infection dynamics, for the comparison
of prevention and control scenarios, and for quantitative insights into specific systems.
For homogeneous populations, the basic reproduction ratio R0 plays this role. For
metapopulations, defining such an ‘invasion indicator’ is not straightforward. Some
indicators have been defined for specific situations, e.g., the household reproduction
number R∗ . However, these existing indicators often fail to account for host demography and especially host migration. Here we show how to calculate a more broadly
applicable indicator Rm for the invasion and persistence of infectious agents in a host
metapopulation of equally connected patches, for a wide range of possible epidemiological models. A strong feature of our method is that it explicitly accounts for
host demography and host migration. Using a simple compartmental system as an
example, we illustrate how Rm can be calculated and expressed in terms of the key
determinants of epidemiological dynamics.
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Introduction
For the prevention, control, and potential (local) eradication of infectious disease
agents, it is important to quantify the ability of the infectious agent to invade into
a naı̈ve host population, as well as its ability to persist in such a population. On
this basis, one can then compare the effects of different scenarios. In homogeneous
populations, the so-called basic reproduction ratio R0 is widely used for this purpose,
making it arguably the most important quantity in the study of the dynamics of infectious diseases. It is defined as the expected number of secondary cases caused by one
infected host in an otherwise uninfected host population (Diekmann and Heesterbeek,
2000). This ratio also provides an endemicity threshold: if R0 > 1, each infected host
infects on average more than one other host and, as a result, it becomes likely that
the infectious disease will spread in the population (in most models, this will imply
persistence of the disease). Conversely, if R0 < 1, the infectious disease will fade out.
A framework for defining and computing R0 , based on how infected individuals spread
from one generation to the next, was introduced by Diekmann et al. (1990), and has
since then been referred to in the epidemic-dynamics literature as the ‘next-generation
approach’ (Diekmann et al., 2010).
A ubiquitous feature of natural host populations is, however, that they are not
homogeneous. Often, they have a fragmented spatial structure in which relatively
homogeneous local populations are connected by the relatively rare migration of hosts.
Such populations are formed, for example, by humans living in cities (Hall et al.,
2007), cattle living in herds on farms (Kao et al., 2007; Le Menach et al., 2005), or
wildlife populations, such as water voles in the U.K. (Telfer et al., 2001), the Iberian
lynx (Gaona et al., 1998), or great gerbils in Kazakhstan (Davis et al., 2008). Also
populations of plants (Laine and Hanski, 2006) and fungi (Gourbiere and Gourbiere,
2002) are typically structured in space. These spatially structured populations are
being extensively studied by means of metapopulation models.
Metapopulation models assume that a population is spread out over a network
of patches, each without significant internal structure, and that these patches are
connected to each other by the inter-patch dispersal of individuals (Hanski, 1999;
Leibold et al., 2004). Such models are studied both in ecology and in epidemiology.
In ecology, typical questions are whether a species can establish a viable population
(Hanski et al., 1996), or is able to compete successfully with an already established
one (Hanski, 1999). In epidemiology, one of the points of interest is the invasion of
an infectious agent into a fully susceptible host population, and the possibility for its
subsequent persistence (Cross et al., 2007; Grenfell et al., 1995; Swinton et al., 1998).
In a fragmented host population, the basic reproduction ratio R0 is not a suitable
measure for assessing the potential for the invasion and persistence of an infection.
This is because, even if the infection would be likely to die out in each patch if
patches were unconnected, it can still persist in the metapopulation if the infection
spreads among patches faster than it dies out locally. Conversely, although R0 can
characterize invasion success within a patch, it cannot predict whether an infectious
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agent can invade a metapopulation as a whole. For this, the agent needs to be
sufficiently efficient in infecting other patches. While the processes involved in this
play no role in the characterization of R0 , they are key to understand the spread of
infections in metapopulations.
For wildlife infections, habitat fragmentation has been shown to be important
for determining infection dynamics; this applies, in particular, to processes involved
in the spread of zoonotic infections from wildlife to humans (Daszak et al., 2000;
Keesing et al., 2010; Ostfeld et al., 2008), and to the evolution of infectious agents.
Assessing the impacts of habitat fragmentation, obtaining insights into the underlying
epidemiological mechanisms, and, even if only qualitatively, evaluating alternative
options for intervention and control, all require a suitable quantitative indicator of
an infection’s potential for invasion and persistence. As a concrete and practically
important example, one can think of attempts to vaccinate a fragmented wildlife
population so as to prevent the spill-over of an infection to either humans or domestic
animals (e.g., in the case of badgers or possums as sources of bovine tuberculosis). In
such situations, R0 will not be a good indicator of the required vaccination effort. This
is because, in addition to the local disease dynamics, the host’s connectivity structure
and associated dispersal dynamics are crucial determinants of an infection’s spread
(Hanski, 1999). Broadly speaking, factors affecting invasion either relate to withinpatch dynamics (such as contacts between individuals, transmission routes and rates,
life-history states, individual heterogeneity, and infectious period) or to between-patch
dynamics (such as the connectedness of patches and factors changing the migration
of hosts). Which of these factors are particularly relevant for an infection’s spread
will depend on the particularities of the considered biological system. Whatever
the specific factors involved, what is needed is an indicator that can take all relevant
factors into account, and thus assume, for spatially fragmented settings, the important
role that R0 plays for analyzing infection dynamics in homogeneous host populations.
For populations inhabiting a finite number of patches, with each patch being occupied by an infinitely large number of individuals, Fulford et al. (2002) investigated
the basic reproduction ratio based on the next-generation approach, using a matrix
representation. The elements of this matrix represent the expected number of new
infected hosts of one type caused by a single infected host of another type. This
matrix thus accounts for heterogeneity among individuals, based on considering hosts
to be of different types when they occupy different patches. The dominant eigenvalue
of this matrix then characterizes invasion success. The approach of Fulford et al.
(2002) extended work by Hess (1996), who assessed the influence of specific spatial
arrangements of a small number of patches, while also assuming infinitely many individuals per patch. However, assuming infinitely large populations in each patch
is often not appropriate – for example, for a wildlife population structured in small
(family) groups or in the case of humans living in households – even though this
assumption becomes increasingly suitable as the considered groups of individuals are
getting sufficiently large.
For populations structured by (possibly small) group size, so-called household
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models, Ball (1999) introduced an indicator R∗ based on an idea by Ball et al. (1997).
These models consider a large number of households of constant size, and two types
of contacts among individuals: local (or within-household) contacts and global (or
between-household) contacts. The measure R∗ is the household-level analogue of R0
(Cross et al., 2005), defined as the expected number of households infected by one
infected household in an otherwise susceptible population. In an analogous manner,
other reproduction numbers have been defined, e.g., to account for overlapping groups,
such as workplaces and schools (Pellis et al., 2009), to allow for various household sizes
(Becker and Dietz, 1995), to describe households exchanging infections on a clustered
contact network (Ball et al., 2010). The same framework has also been adapted
to study the effects of different control strategies, such as vaccination (Goldstein
et al., 2009). Furthermore, R∗ has been applied to study the spread of influenza
(House and Keeling, 2009) and measles (Fraser, 2007), and a numerical method has
been developed for its efficient calculation for infections with waning immunity (Ross
et al., 2010). However, migration of hosts is an essential ingredient of many wildlife
systems and the current household reproduction numbers, constructed with human
populations in mind, cannot account for this.
An approach to this problem that works for finite local populations and allows
accounting for migration between such populations can be found in evolutionary biology. Specifically, Metz and Gyllenberg (2001) investigated how to predict the success
of a mutant phenotype invading a metapopulation of residents phenotypes structured
into a large number of patches inhabited by finite numbers of individuals, while explicitly accounting for the migration of individuals between patches. This is achieved
by defining an invasion indicator Rm as the expected number of secondary mutant
immigrants produced by a patch that has been invaded by a single mutant. This invasion indicator has a threshold at Rm = 1: for Rm > 1, there is a possibility that the
number of mutants in the metapopulation increases, so that mutants can invade the
population, whereas for Rm < 1, the mutants are expected to die out. The calculation
of this invasion indicator is conceptually closely related to an R0 -calculation based on
a next-generation matrix. The purpose of the present study is to adapt this invasion
indicator Rm for epidemiological models by replacing the distinction between residents and mutants made by Metz and Gyllenberg (2001) with a multi-compartment
population structure that can represent life-history- and infection-related states and
changes between them, including infection and recovery.
Although the conceptual framework devised by Metz and Gyllenberg (2001) is
general, they only give calculation recipes for the case of unstructured within-patch
populations. The case of infinitely large local populations was further examined by
Gyllenberg and Metz (2001). Parvinen and Metz (2008) describe an extension to
the invasion of mutants in diploid populations, with two types of mutant dispersers,
heterozygotes and homozygotes. Massol et al. (2009) reinterpret the invasion indicator of Metz and Gyllenberg (2001) as a population dynamical threshold parameter,
and provide a mathematically rigorous presentation, which, on an abstract level, also
covers discrete population structures and multiple disperser types. An equally rigor-
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ous (but possibly less accessible) version of the latter result can already be found in
Chesson (1984).
In an epidemiological context, Rm can – in addition to its main use in comparing
control options for a specific infection in a specific metapopulation – be used, for
example, to study the invasion of a mutant infectious agent into a population in which
other infectious agents are already present. The former agent might have a slightly
different effect on the host species, resulting, e.g., from a different transmission rate.
The indicator Rm then helps determine whether or not this mutant infectious agent
can invade and spread in the resident population, thus enabling studies of the adaptive
evolution of infectious agents.
The present paper shows how to calculate Rm for a general compartmental system
of the kind naturally arising in epidemiological dynamics. To aid readers interested
in applying our general approach to specific systems, we illustrate our results by
studying the simplest disease-metapopulation compartmental system, consisting of
only two compartments, one for susceptible and one for infected hosts, with infected
hosts becoming susceptible again after recovery. To maximally bring out the effects of
habitat fragmentation, we purposely develop this example in a setting that remains
as close as possible to the idealization of an infinite homogeneously mixing (massaction) population that underlies the definition and calculation of R0 , but with the
crucial difference that the population we study is fragmented into finite populations
inhabiting an infinite number of habitat patches that are equally connected through
inter-patch dispersal.

Methods
Infection invasion in a general compartmental system
Our objective is to study the invasion of an infectious agent into a fragmented population of susceptible hosts that has an implicit spatial structure: we assume that the
host population inhabits an infinite number of identical patches, with each patch being equally connected to all other patches and containing a finite number of hosts. We
expect such a structure to provide a reasonable idealized model for infection scenarios in which the number of patches is large and long-range host dispersal is frequent
enough for an infection to move from any given part of the landscape to any other
in relatively few steps. To highlight the features of suitable systems, we can think
of the great gerbils in Kazakhstan (Davis et al., 2008), living in family groups in
underground burrow systems, in which the plague bacterium Yersinia pestis spreads.
In the resultant gerbil metapopulation, short-range host migration occurs for establishing new family groups and for foraging. In addition, there is long-range dispersal,
by birds, of the pathogen across the entire landscape of burrow systems.
We build on general ideas for studying invasion fitness in compartmental systems,
introduced already in (Diekmann and Heesterbeek, 2000; Diekmann et al., 1990) in
a much broader setting, and more recently reviewed for compartmental systems by
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Diekmann et al. (2010). Those earlier expositions already accounted for heterogeneity among host individuals by allowing for an arbitrary number of ‘types’ of hosts
in terms of host features that can be relevant for the infection dynamics, such as
ageclass, development stage, or sex. On that basis, a next-generation matrix was
defined, the elements of which give the expected number of new infected hosts of one
type caused by a single infected host of another type. This matrix does exactly what
its name suggests: it gives the next generation of infected individuals, distributed over
all possible infected host types, starting from that distribution in the current generation. The basic reproduction ratio R0 is then obtained as the dominant eigenvalue
of this matrix, and functions as an indicator for the growth or decline of the total
number of subsequent generations of infected hosts upon iterating the matrix. Here
we integrate this general approach to compartmental models with the framework for
defining invasion fitness in spatially implicit metapopulation dynamics introduced by
Metz and Gyllenberg (2001).
Metapopulation dynamics
A compartmental model in epidemiology classifies each individual into one compartment, or state, at any given point in time, where the various compartments correspond
to the different stages in the course of the infection within an individual, and possibly in the individual’s life history. So, for example, one may consider a susceptible
juvenile female, or an infectious adult male. In compartmental models, the switch
between individual states is instantaneous. If a more gradual change is called for, e.g.,
for describing changes in the severity of the disease, additional consecutive compartments can be introduced, or a continuous description based on integral equations can
be employed (for epidemiological examples, see Diekmann and Heesterbeek, 2000)).
The assumed transition rates between states specify a system of dynamical equations.
Births into at least one compartment, and deaths in all compartments, are typically
also considered. Here, we augment these within-patch dynamics with equations that
describe emigration from and immigration into patches. The terms “demographic
dynamics”, “infection dynamics”, and “migratory dynamics” can be used to distinguish the parts that describe, respectively, the transitions between “normal” or
infection-free life-history states, including birth and death rates, the transitions that
involve states associated with the infection, and the migration events. An individual’s
compartment fully characterizes its (dynamically relevant) state. Below we consider
models with n compartments in a convenient ordering: the first n0 compartments
describe the infection-free life states of an individual and the remaining m = n − n0
compartments describe its infection-related states. In the case of the invasion of
infection in populations of great gerbils in Kazakhstan, we could consider three compartments (n = 3): one for susceptible, one for infectious, and one for recovered
gerbils (n0 = 1 and m = 2).
The state of a patch can be described by a vector x = (x1 , . . . , xn ) specifying the
numbers of individuals inhabiting this patch that belong to each of the n considered
compartments. Since local populations within patches have a finite size, with a max69
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imum occupation of k individuals, there is only a finite number ν of possible patch
states, and counting these states gives


k+1
n+k
ν=
.
(1)
k+1
n
For any application, one can define a bijective map from the set of possible indices
j = 1, . . . , ν to the set of possible patch states x. Accordingly, we can speak either of a
patch state j or of a patch state x, and we will use either as a subscript depending on
what seems more informative. For convenience, the ordering of patch states is again
such that the first ν 0 patch states are infection-free, and the remaining u = ν − ν 0
patch states are infection-related.
Apart from their differential occupation by individuals, all patches are assumed
to be equivalent. The state of the metapopulation can therefore be described by
specifying, for each possible patch state j, the fraction pj of patches currently found
in this state. The resultant ν-vector p thus has non-negative components that sum
to 1. In addition, we introduce a disperser pool to keep track of the individuals in
each of the n compartments that have emigrated from one patch and have not yet
immigrated into another. The state of the disperser pool is described by an n-vector
d, which we keep normalized so that its components di can be interpreted as the
average number of dispersers per patch in compartment i. We thus employ a general
and very flexible way of modeling dispersal, through which the biology of any specific
system can be respected by specifying how long individuals on average stay in the
disperser pool and what can happen to them during that time. Effectively, this just
involves a simple bookkeeping of individuals while they are not residing in a patch.
In the case of great gerbils, one should think of the disperser pool being populated
by individuals searching for a suitable empty patch to establish a new family.
The full metapopulation dynamics can be compactly described by the following
system of ordinary differential equations,
ṗ = B(d)p ,

(2a)

ḋ = f (d, p) ,

(2b)

where the dots denote time derivatives and with B and f as specified below. The
v × v-matrix B contains the transition rates. These depend on the state of the
disperser pool, because this determines the number of individuals currently available
for immigration. An off-diagonal element bij of B measures the rate at which a patch
in state j transforms into a patch in state i. A diagonal element bii of B measures
the total transition rate at which a patch in state i transforms into any other state
j 6= i. It is therefore negative, as it describes a flow out of patches in state i, and
consequently, the columns of B add up to 0. The n-vector-valued function f describes
the dynamics in the disperser pool and is assumed to have the general form
f (d, p) = C(p)d + g(p) ,
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in which an n × n-matrix C describes mortality and transformation in the disperser
pool, as well as immigration into patches, the latter possibly depending on patch
states, and the function g describes emigration from patches. This form leaves room
for, e.g., an individual in a latent stage to become infectious before it enters a new
patch, or a sick individual to recover; in many specific systems, the length of stay in
the disperser pool will be too short for these changes of state to be practically important. We preclude, however, infections from occurring in the disperser pool. This is
because in natural systems contacts between hosts in the disperser pool are typically
so infrequent that they do not make a significant contribution to transmission. Otherwise, one would have to consider the possibility of the infection becoming endemic
in the disperser pool, which is beyond the scope of the Rm -calculations developed
here.
Based on this framework, we now investigate the fundamental question whether
an infectious agent can spread in an established host metapopulation and become
endemic. For terminological convenience, we will distinguish between m “invader
types”, “invader compartments”, or “invaders”, and n0 “resident types”, “resident
compartments”, or “residents”.
Reinvasion cycle
The possibility for long-term persistence of certain invader types in an existing environment can be inferred from their full population dynamics, i.e., from their transition
rates between compartments and patch states. If there is but a single attractor of
the resultant dynamics, we can infer their long-term persistence in a simpler manner,
by investigating the population dynamics of the invaders while they are rare. This
simplification is possible because, whatever happens when the invaders become more
abundant, they would again have to become rare before going extinct.
Whether invaders become more or less abundant depends both on their dynamics
within patches and on their emigration, dispersal, and immigration into new patches.
This “reinvasion cycle” (Fig. 1) is at the focus of all our analyses below.
The assumption of invader rarity considerably simplifies the population dynamics
of invaders. As long as invaders are rare in the metapopulation, it is very unlikely that
a once-invaded patch will be invaded again. Consequently, within-patch dynamics can
be examined while being temporarily undisturbed by the arrival of more invaders from
the disperser pool. Also the effect of rare invaders on the distribution of patch states
is negligible; therefore, the population dynamics of the dispersers is approximately
linear.
To define invader dynamics efficiently, it is helpful to monitor, or census, the
invaders at the “narrowest” point of the reinvasion cycle. Since the within-patch
dynamics (Eq. 2a) has many more states than the disperser-pool dynamics (Eq. 2b),
we census the invaders as they leave the disperser pool.
For the models considered here, the reinvasion cycle can be decomposed into four
stages (Fig. 1), each of which is described by a matrix:
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Disperser-pool dynamics
V (m×m matrix)

Census point

Immigration

S (u×m matrix)

Reinvasion cycle

Emigration

U (m×u matrix)

Within-patch dynamics
T (u×u matrix)

Figure 1: Reinvasion cycle. The dynamics of invaders in a metapopulation
depend on within-patch and disperser-pool dynamics, coupled through dispersal
behavior. The cycle of immigration of invaders into a set of patches, production of
new invaders within those patches, emigration of invaders into the disperser pool,
survival and transformation of invaders within the disperser pool, and, finally, reimmigration of invaders into the patches, can be broken up into four stages as
shown. The processes taking place in the four stages are described by the matrices
S, T, U, and V. These are multiplied to yield the matrix R = (rij ) = VUTS,
whose elements describe the expected number of secondary invasions by invaders
of type i = 1, . . . , m resulting from a primary invasion of invaders of type j =
1, . . . , m. Generalizing the key role R0 plays for the analysis of infectious diseases
in unstructured host populations, the dominant eigenvalue Rm = λd (R) measures
the factor by which the total number of invaders grows during each turn of the
cycle. Thus, Rm exceeds 1 if and only if the invader population expands, making
it a natural invasion indicator. The construction and interpretation of the four
matrices is explained in the text.

• Immigration of invaders from the disperser pool and distribution over patches
(S).
• Population dynamics within invaded patches (T).
• Emigration of invaders from patches and collection into the respective compartments of the disperser pool (U).
• Population dynamics of invaders in the disperser pool (V).
This sequence of stages thus describes how an invader leaving the disperser pool contributes to future invaders leaving the disperser pool. The latter individuals may
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include the former individual or comprise just its offspring. Therefore, the reinvasion
cycle need not correspond to the life cycle of an invader individual, which, in general,
might go through the reinvasion cycle partly or repeatedly. Furthermore, while transitions between the four stages are fully stochastic, the four matrices above quantify
the resultant deterministic expectations: T and V describe the expected total sojourn
times (i.e., durations of stay) in the two dynamical stages, whereas S and U describe
the expected rates of transition through the two migration stages.
The product
R = VUTS

(3)

is a dimensionless m × m-matrix, with m being the number of invader compartments
(an efficient procedure for obtaining the matrix product UT is given in Appendix S2).
The elements of R describe the expected number of secondary invasions of invaders
in a given compartment resulting from the primary invasion of a single invader in
a (potentially different) compartment. Following Metz and Gyllenberg (2001), we
obtain the factor by which the invader population is expected to grow during one
reinvasion cycle as the dominant eigenvalue of this matrix,
Rm = λd (R) = λd (VUTS) .

(4)

If Rm > 1, the invader can invade, whereas if Rm < 1 it cannot. Throughout the
remainder of this study, we therefore refer to Rm as the invasion indicator.
Another natural decomposition of R would be
R = VW ,

(5a)

with W = UTS describing the processes involving patches and V describing the
processes taking place solely in the disperser pool. Both W and V are m × mmatrices; the fact that one can reverse their order of multiplication without changing
the dominant eigenvalue, λd (WV) = λd (VW) = Rm , mathematically reflects the
biological fact that the invasion indicator is unaffected by the choice of census point.
Analogously, if we chose our census point after immigration into, or before emigration
from patches, we would end up with a product of two u × u-matrices, with u = ν − ν 0
being the number of invader patch states, which again possesses the same dominant
eigenvalue Rm . In summary, all four possible census points yield the same result.
Instead of the decomposition into dimensional matrices V (with elements having
the unit of time) and W (with elements having the unit of rate, or time−1 ) discussed
above, one can alternatively consider a similar decomposition,
R = ΛΩ ,

(5b)

into dimensionless matrices Λ and Ω. These matrices have a direct individual-based
interpretation: for all pairs of invader patch types, the elements of Λ are the expected
numbers of immigrants into a patch per emigrant from a patch, and the elements of
Ω are the expected numbers of emigrants from a patch per immigrant into a patch.
Since such an individual-based perspective is preferable in some studies, below we
will mention also how to construct Λ and Ω.
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Invasion indicator
Given a metapopulation state (p̂, d̂) that describes a resident population at its interior
equilibrium, we consider the arrival of an invader in an arbitrary patch. When the
maximum patch occupancy is finite, eventual extinction of the invader type within
any one patch is certain. Before this happens, however, invader types may migrate
from a patch into the disperser pool, and eventually arrive in new patches. We now
quantitatively analyze the resultant reinvasion cycle (Fig. 1).
We recall that the resident is described by the n0 infection-free compartments
and ν 0 infection-free patch states, while the invader is described by the remaining
m = n − n0 infection-related compartments and u = ν − ν 0 infection-related patch
states. We can thus refer to the ν 0 patch states as invader-free states and to the u
patch states as invader states.
Immigration and distribution over patches
The u × m-matrix S describes immigration from the disperser pool into patches. Its
elements sij are the expected rates at which an invader of type j in the disperser pool
creates a patch in invader state i. To facilitate the calculation of S, we decompose
this matrix as S = YE, so that the diagonal m × m-matrix E specifies the rates ei at
which an invader of type i encounters patches, and the u × m-matrix Y specifies the
probabilities yij that the arrival of an invader of type j in a random patch creates a
patch in invader state i.
Since invader types are assumed to be rare, invasions creating a patch state with
more than one invader can be neglected, so the distribution of patch states as it
presents itself to the invader encountering patches at random is approximately given
by p̂. To determine yij , we introduce the probabilities αi0 j that an invader of type j
enters a patch in invader-free state i0 . Therefore, if i is an invader patch state with
exactly one invader of type j, we obtain
yij = α∆(i,j),j p̂∆(i,j) ,

(6)
0

whereas yij = 0 otherwise. Here the function ∆ turns an invader patch state ν + i
with exactly one invader of type n0 + j into the corresponding invader-free patch state
i0 ≤ ν 0 by removing that invader. The immigration rates of the m invader types are
given by the m row sums of S; these
P depend on p and can be assembled in a diagonal
m × m-matrix Min with min,jj = i sij .
Within-patch dynamics
The u × u-matrix T describes the outcome of within-patch dynamics. Its elements tij
are the expected total sojourn times (i.e., durations of stay) in invader patch state i,
given an initial invader patch state j. T is obtained by integrating over a matrix P(t)
of time-dependent probabilities pij (t) to find a patch in state i at time t > 0 that had
initially been in state j after invasion at t = 0,
Z ∞
T=
P(t)dt .
(7)
0
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Because each element of P(t) is smaller than 1, the matrix is exponentially bounded,
and the expected total sojourn times are thus finite.
P(t) is obtained by solving the part of Eq. 2a corresponding to the invader patch
states while the resident patch states are fixed at the equilibrium (p̂, d̂) of the invaderfree resident population. This implies that in Eq. 2a the resident immigration rates
are constant in time, determined by d̂, and the invader immigration rates are 0, reflecting that secondary immigration by invaders can be neglected due to their initial
scarcity. Denoting the u-vector of invader patch frequencies as p̃ and the corresponding u × u-submatrix of B as B̃, we thus have
˙
p̃(t)
= B̃(d̂)p̃(t) ,

(8)

with the straightforward solution
p̃(t) = exp(B̃t)p̃0 .

(9)

The initial states p̃0 of interest to us are those in which the patch is with certainty
in a given invader state, i.e., p̃0,i = 1 for a given state i and 0 otherwise. Jointly,
all these u initial states, when arranged as column vectors in a matrix and properly
sorted, are thus represented by the u × u identity matrix. Therefore,
P(t) = exp(B̃t)I = exp(B̃t) ,

(10)

which yields
Z ∞
T=
exp(B̃t)dt = −B̃−1

(11)

0

for the matrix of expected total sojourn times.
Emigration and collection into compartments
The m × u-matrix U describes emigration from the patches into the various compartments of the disperser pool. Its construction is similar to that of S, except that the
disperser pool is “encountered” with certainty and that emigration rates uij could
depend on the patch state i.
Often, however, the simplifying assumption can be made that emigration rates
depend only on the emigrant’s type. In this case, we decompose U as U = Mout G,
so that the diagonal m × m-matrix Mout specifies, for each invader type, the emigration rate into the disperser pool, and the m × u-matrix G describes the associated
collection into invader compartments. The elements gij are the number of invaders of
type i in invader patch state j. This matrix is easily constructed from the correspondence of patch-state indices and patch-state vectors, by arranging as column vectors
in the appropriate u m-subvectors (xn0 +1 , . . . , xn ) of the ν possible patch-state vectors
x = (x1 , . . . , xn ).
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Disperser-pool dynamics
Finally, we consider the m × m-matrix V, whose elements vij describe, for invaders
arriving in invader compartment j of the disperser pool, the expected time spent in
invader compartment i. This matrix depends on the function f in Eq. 2b, which in
most practical cases will be of the form in Eq. 2c. Reduced to invader states, this
yields
f˜(d̃, p̃) = (A − Min (p̃))d̃ + Up̃ ,

(12)

where the m × m-matrix A describes the state transitions and death rates of individuals in the disperser pool. The expected total sojourn times in the disperser pool are
then given by
V = (Min − A)−1 .

(13)

Dimensionless matrices
The dimensionless matrices describing, respectively, for the various invader types the
expected number of immigrants into a patch per emigrant from a patch, and the expected number of emigrants from a patch per immigrant into a patch (Eq. 4b), can
be constructed from the above matrices as Λ = Min V and Ω = UTSM−1
in . Again,
Rm = λd (ΛΩ) = λd (ΩΛ).
Viability and endemicity
With all these matrices in place, we can determine R and find its dominant eigenvalue
(Eq. 3), to obtain the invasion indicator Rm of the invader.
In addition to studying the invasion of an infectious agent into an established host
population, we can also study if a host population can viably establish itself in a
patch structure in the absence of the infection. As already pointed out by Massol
et al. (2009), both of these questions concern a specific kind of persistence and can
be answered using the same formal procedure of calculating an invasion indicator. In
the former case, this indicator describes the invasion potential and viability of the
infection-free host, while in the latter case, it describes the invasion potential and
endemicity of the infectious agent. To highlight this distinction, we use the symbols
Rm,V and Rm,E instead of the more generic Rm , and call the former quantity the
“viability indicator” of the host and the latter quantity the “endemicity indicator” of
the infectious agent. Despite this distinction, there is a close correspondence in how
these quantities are defined:
• To assess viability, we consider the trivial equilibrium, corresponding to an
empty metapopulation, and then analyze the invasion potential of an infectionfree host. Here the invaders are the infection-free hosts, so we reinterpret m as
the number of infection-free compartments while setting n0 = 0
• To assess endemicity, we consider an equilibrium of an infection-free viable host
population, and then analyze the invasion potential of an infected host. Here
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the invaders are the infected hosts, so we interpret m as the number of infectionrelated compartments and n0 as the number of infection-free compartments.
Accordingly, for assessing viability, we need to consider the trivial equilibrium
(p̂, d̂) (i.e., p̂ = (1, 0, . . . , 0) and d̂ = 0), while for assessing endemicity, (p̂, d̂) is an
equilibrium of an infection-free viable host population, computed from Eqs. 2 in the
absence of invaders. Denoting the corresponding within-patch transition matrix and
disperser-pool function by B0 and f 0 , respectively, this yields
0 = B0 (d̂)p̂ ,
0

0 = f (d̂, p̂) .

(14a)
(14b)

Since the coupling of the within-patch dynamics with the disperser-pool dynamics
prevents a general solution of this equilibrium, we provide in Appendix S1 an iterative numerical scheme inspired by Metz and Gyllenberg (2001). Before attempting to
calculate this equilibrium, it will be good practice first to ascertain the host population’s viability by calculating its viability indicator.
Summary of procedure
Based on these specifications, we can summarize the suggested procedure for studying
the invasion of an infectious agent in to a fully connected metapopulation with explicit
host migration:
1. Write down the dynamical equations for the host in the absence of the infectious
agent.
2. Calculate the viability indicator Rm,V of the infection-free host metapopulation
using Eq. 3.
3. For Rm,V > 1, find the non-trivial equilibrium (p̂, d̂) of the infection-free host
metapopulation using Eqs. 13.
4. Enhance the aforementioned dynamical equations by incorporating compartments and interactions required to describe the infection of hosts.
5. For (p̂, d̂) from step 3, calculate the endemicity indicator Rm,E of the infectious
agent using Eq. 3.
To illustrate the application of our framework with an example, we now show how to
calculate and analyze the invasion indicator Rm for a simple concrete compartmental
system.
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A concrete example: application to a compartmental system
Applying the framework introduced in the previous section, we now study as an
example an infectious-disease dynamics described by a simple model with only two
compartments, corresponding to a “susceptible” and an “infected” state, respectively,
with hosts becoming susceptible again after recovery from infection (a so-called SISmodel). Following the steps outlined in the preceding subsection, we show explicitly
how to calculate the invasion indicator and express it in terms of the ingredients of
the model.
Host dynamics
Each patch has a carrying capacity K and a maximum occupancy k > K. The
patch state is described by a single compartment for the number of susceptible hosts;
according to Eq. 1, there are, therefore, k + 1 possible patch states. Consequently,
the state of the metapopulation is described by a k + 1-vector p with components
p(x) that specify the fractions of patches containing exactly x individuals, along with
a scalar d that specifies the number of individuals per patch in the disperser pool. As
discussed before, we can use the patch-state vector x as the subscript of p; to avoid
any mix-ups with subscripts based on the consecutive numbering of patch states, we
enclose the x in parentheses.
Patch states change through births, deaths, and migrations. The birth rate bx in
a patch is logistically density dependent, bx = max{0, r(1 − x/K)}, with r denoting
the intrinsic birth rate. We denote the per capita death rate by µ, the per capita
emigration rate to the disperser pool by mout , and the patch-encounter rate in the
disperser pool by e. Hosts always enter a patch, unless the patch is already filled to
capacity. The metapopulation dynamics (Eqs. 2) of the host is thus given by
ṗ(x) = −p(x) [x(bx +µ+mout )+ed]+p(x+1) (x+1)(µ+mout )+px−1 [(x−1)bx−1 +ed] ,
(15a)
d˙ = mout

k
X
x=0

xp(x) − ed

k−1
X

px − µd.

(15b)

x=0

Eq. 14a formally assumes p(x) = 0 for x < 0 or x > k, and can also be written in the
matrix-vector form of Eq. 2a. As a concrete example for k = 3, Eqs. 14 become


 
ṗ(0)
−ed
 ṗ(1)   ed

=
 ṗ(2)   0
0
ṗ(3)

µ + mout
−b1 − µ − mout − ed
b1 + ed
0

0
2(µ + mout )
−2(b2 + µ + mout ) − ed
2b2 + ed


p(0)
0
  p(1)
0

  p(2)
3(µ + mout )
−3(µ + mout ) − ed
p(3)
(16a)

d˙ = mout (p(1) + 2p(2) + 3p(3) ) − ed(p(0) + p(1) + p(2) ) − µd .
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Host invasion: viability
To determine the conditions under which the host population is viable, we calculate
its viability indicator Rm,V , which equals the single element of the 1 × 1-matrix R of
the infection-free dynamics. Since u = k of the k + 1 possible patch states contain at
least one host individual, the immigration matrix S = YE is a k × 1-matrix. By the
assumption of rarity, a host with certainty invades an empty patch and turns it into
a patch containing exactly one host, Y = (1, 0, . . . , 0)T . E is a 1 × 1-matrix with the
patch encounter rate e as its single element.
For the calculation of the k × k-matrix T, Eqs. 7, together with Eq. 14a, yield
p̃˙(x) = −p̃(x) x(bx + µ + mout ) + p̃(x+1) (x + 1)(µ + mout ) + px−1 (x − 1)bx−1 , (17)
for x = 1, . . . , k, with p̃(0) = p̂(0) = 1, and, again, formally p̃(k+1) = 0. These
equations can be rewritten in the matrix-vector form of Eq. 7, whence we can extract
the k × k-matrix B̃ required for the calculation of T via Eq. 10. For k = 3, we thus
obtain


−(b1 + µ + mout )
2(µ + mout )
0
b
−2(b2 + µ + mout ) 3(µ + mout )  .
B̃ = 
(18)
0
2b2
−3(µ + mout )
As for calculation of the emigration matrix U = Mout G, the number of hosts in each
invader patch state is given by the 1×k-matrix G with g1i = i, so that G = (1, . . . , k).
The 1×1-matrix Mout of emigration rates has as its single element the host emigration
rate mout .
Finally, the 1 × 1-matrix V of total sojourn times in the disperser pool has the
singlePelement v = 1/(min + µ), with min = e (because all patches are empty, and
thus x≤k p̂(x) = p̂(0) = 1), gleaned from the disperser-pool dynamics in Eq. 14b.
We can now multiply all these matrices according to Eqs. 3, using Eq. 10, to obtain
the viability indicator,
−1

Rm,V = −λd (Vmout GB̃

Ye) ,

(19)

which, in our example with k = 3, yields

Rm,V

mout e

=
(1 2 3) 
µ+e

1
µ+mout
b1
2(µ+mout )2
b1 b2
3(µ+mout )3

1
µ+mout
b1 +µ+mout
2(µ+mout )2
(b1 +µ+mout )b2
3(µ+mout )3

1
µ+mout
b1 +µ+mout
2(µ+mout )2
(µ+mout )2 +(b1 +µ+mout )b2
3(µ+mout )3




1
 
0
,

0
(20a)

and thus
Rm,V =

emout (µ + mout )2 + b1 (µ + mout + b2 )
.
(µ + 2)(µ + mout )2

(20b)
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Figure 2: Illustration of an analysis of the viability indicator Rm,V . The
indicator is shown as a function of (a) emigration rate and intrinsic birth rate, (b)
patch encounter rate and intrinsic birth rate, and (c) emigration rate and patch
encounter rate. Parameter regions in which the uninfected host population is viable
(Rm,V > 1) are highlighted by shading, while regions in which it goes extinct are
marked by a cross (†). Other parameters: K = 10, µ = 1, r = 3, mout = 2, and
e = 200.

The explicit expression now available for Rm,V through Eq. 19b, enables the easy
numerical analysis of host viability. An example of such a study is illustrated in
Fig. 2, where the influence of the intrinsic birth rate, emigration rate, and patchencounter rate, on the viability indicator is shown by fixing one of these parameters
to a default value and varying the other two. For this purpose, time is rescaled so that
the death rate equals 1, µ = 1, meaning that all parameters involving the unit of time
are expressed relative to the lifespan 1/µ of the host, where µ denotes the un-scaled
death rate. Furthermore, we arbitrarily set the carrying capacity to K = 10, because
we are interested in the dynamics of small populations. The default patch-encounter
rate is chosen such that individuals do not spend a long time in the disperser pool,
and no dynamics occur in this pool except deaths. The default emigration rate is
chosen so as to describe hosts migrating on average twice during their lifetime. The
default intrinsic birth rate is chosen such that each host gives on average birth to
three other hosts.
Only for Rm,V > 1, the infection-free host population is viable. For model pa-
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rameters fulfilling this condition, we determine the interior equilibrium (p̂, d̂) of the
infection-free host population as a stationary solution of Eqs. 13, using the numerical
scheme described in Appendix S1. On this basis, we can proceed with studying the
invasion of the infectious agent.
Infection dynamics
In addition to the compartment representing susceptible hosts, we now introduce a
second compartment (n = 2) that represents infected, and in our case also infectious,
hosts (m = 1). According to Eq. 1, this results in ν = (k + 1)(k + 2)/2 different
patch states, of which ν 0 = k + 1 contain no infected hosts, and u = k(k + 1)/2
contain at least one infected host. Thus, each patch state can be described by a
2-vector, x = (x1 , x2 ), where x1 represents the number of susceptible hosts and x2
the number of infected hosts. Likewise, the disperser-pool state is now given by a
2-vector, d = (d1 , d2 ).
Hosts are born susceptible, and when they recover from the infectious disease,
they are immediately susceptible again. The state of the metapopulation is now described by the fractions p(x1 ,x2 ) of patches containing exactly x1 susceptible and x2
infected hosts. Patches are assumed to be small, so that individuals are saturated
in the amount of contacts they have, and the fraction of encounters of a given infected host with a susceptible host thus equals the fraction of susceptible hosts in the
patch. We denote the within-patch contact rate by c, the transmission probability
upon contact by β, and the recovery rate by γ. The infection is furthermore assumed
to be demographically neutral, in the sense that the migration rates and the mortality of infected individuals are the same as those of susceptible individuals. The
corresponding equations for the patch fractions are then
ṗ(x1 ,x2 ) = − p(x1 ,x2 ) [(x1 + x2 )(bx1 +x2 + µ) + mout x1 + min d1
x1
+ γ + mout ) + ed2 ]
+ x2 (cβ
x1 + x2
+ p(x1 +1,x2 ) (x1 + 1)(µ + mout ) + p(x1 ,x2 +1) (x2 + 1)(µ + mout ) (21a)
(x1 + 1)(x2 − 1)
+ p(x1 +1,x2 −1) cβ
+ p(x1 −1,x2 +1) (x2 + 1)γ
x1 + x2
+ p(x1 −1,x2 ) [(x1 − 1 + x2 )bx1 −1+x2 + ed1 ] + p(x1 ,x2 −1) ed2 ,
where we again formally assume p(x1 ,x2 ) = 0 for x1 < 0, x2 < 0, or x1 + x2 > k. The
disperser-pool dynamics are now given by
X
X
d˙1 = mout
x1 p(x1 ,x2 ) − ed1
p(x1 ,x2 ) − µd1 ,
(21b)
x1 +x2 ≤k

d˙2 = mout

X
x1 +x2 ≤k

x1 +x2 <k

x2 p(x1 ,x2 ) − ed2

X

p(x1 ,x2 ) − µd2 .

(21c)

x1 +x2 <k

At the onset of infection invasion, dispersing infected hosts are so diluted by uninfected
hosts that contacts among the former can be neglected.
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Infection invasion: endemicity
Based on the interior equilibrium of the infection-free host population, (p̂, d̂), and the
metapopulation dynamics specified in Eqs. 20, we can calculate the invasion indicator
Rm,E .
As before, the matrix E of patch encounter rates has as its single element e. The
distribution matrix Y is now a k(k + 1)/2 × 1-matrix with components y(x1 ,1) = p̂x1
and y(x1 ,x2 ) = 0 for x2 > 1 in its single column. For the calculation of the matrix T
of expected total sojourn times in the patches from Eq. 10, we construct B̃ from the
reduced Eqs. 20a,
x1
+ γ]
x1 + x2
+ p(x1 +1,x2 ) (x1 + 1)(µ + mout ) + p(x1 ,x2 +1) (x2 + 1)(µ + mout )

ṗ(x1 ,x2 ) = − p(x1 ,x2 ) [(x1 + x2 )(bx1 +x2 + µ + mout ) + min dˆ1 + x2 (cβ

(x1 + 1)(x2 − 1)
+ p(x1 −1,x2 +1) (x2 + 1)γ
x1 + x2
ˆ
) [(x1 − 1 + x2 )bx −1+x + min d1 ] ,

(22)

+ p(x1 +1,x2 −1) cβ
+ p(x1 −1,x2

1

2

where we again formally assume p̃(x,0) = p̂(x) and p̃(x1 ,x2 ) = 0 for x1 < 0 or x1 +
x2 > k (x2 is always positive). The collection matrix G describes the number of
infected individuals per infection-related patch state and thus contains a single row
with components g(x1 ,x2 ) = x2 . The matrix Mout of emigration rates has as its single
element mout . The matrix V of total sojourn times in the
P disperser pool likewise
again has a single element v = 1/(min + µ), with min = e x<k p̂(x) .
Finally, although we have no particular biological interest in our example, other
than using it as such, we note that one can explore, using these results, the influence of all model parameters (intrinsic birth rate, transmission rate, recovery rate,
and emigration rate) on the endemicity indicator Rm,E can easily be explored. We
illustrate this with the set of two-parameter plots shown in Fig. 3.

Discussion
In this paper, we have reinterpreted the invasion indicator for a mutant in a metapopulation, introduced by Metz and Gyllenberg (2001) and Gyllenberg and Metz
(2001) in evolutionary biology, as an invasion indicator in infectious-disease dynamics.
Explicitly accounting for host migration between the patches of a fragmented host
population, we have used this approach to investigate the viability of uninfected host
metapopulations, as well as to analyze the invasion and possible endemicity of an
infectious agent in such metapopulations. Describing the life-history stages and the
infection-related stages of hosts using a general compartment model, our framework
is applicable to a very wide range of disease models. As an example, we have demonstrated how to use our framework for studying the invasion and endemicity of a disease
in a simple SIS-model.
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Figure 3: Illustration of an analysis of the endemicity indicator Rm,E .
In each panel, the indicator is shown as a function of two parameters. Parameter
regions in which the disease can become endemic (Rm,E > 1) are highlighted by
shading. For intrinsic birth rates r < 1.6 and emigration rates mout < 0.2, the
uninfected host population is not viable (Fig. 2); the corresponding parameter
regions are marked by a cross (†). Other parameters: K = 10, µ = 1, r = 3,
mout = 2, e = 200, β = 50, and γ = 10.

The basic idea of invasion analysis is that to assess the long-term chance of success of a particular type of individual or infectious agent trying to invade a given
environment, it suffices to determine its fitness, or basic reproduction ratio, in this
environment while the considered type is still rare, and its effect on that environment
thus still is negligible. An important assumption underlying this invasion indicator
for infectious agents is that the host population is at equilibrium when the infectious
agent tries to invade it. This is often a reasonable assumption. But it is also possible
that a small host population settles in a new habitat without taking any infectious
agents along (Phillips et al., 2010). Then, when shortly after this host invasion an
infectious agent is introduced, the host population is not at equilibrium yet. Instead,
we may expect the host population to be overall smaller, with more empty patches
and smaller populations in the occupied patches, thus making it less easy for the
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disease to invade. If such is indeed the case, Rm < 1 will still preclude invasion,
whereas for Rm > 1 the disease may have to bide some time before its invasion becomes feasible. In this sense, the invasion indicator introduced here is conservative.
Under special circumstances, it is possible, however, that invasion cannot occur at
equilibrium, Rm < 1, even though it may occur during a phase of host expansion.
For example, the infectious agent may target mainly young hosts, of which there may
be relatively more during the build-up of a host population. Yet, even in this case
Rm < 1 would normally imply that the infectious agent cannot remain endemic once
the host population has equilibrated.
In a large class of compartmental systems with susceptible replenishment, R0 > 1
implies persistence, and thus endemicity. Nevertheless, there exist exceptional models in which the infection-free equilibrium is locally stable (R0 < 1), and yet coexists
with a stable interior equilibrium does not imply persistence and endemicity in the
mathematical sense, but may do so in an intuitive biological sense. Such cases are
rare in epidemiology, and appear to occur basically only in models in which behavioral
changes play an important role. We therefore expect that for reasonable assumptions
about susceptible replenishment (such as the absence of Allee effects), and without
infection-related behavioral changes or complicated effects of the immune system, endemicity occurs in metapopulations if and only if Rm,E > 1 (with endemicity formally
defined as the existence of at least one interior attractor). In any case, in practice
Rm,E > 1 more often than not will serve as a sufficient condition for endemicity. While
in principle more severe measures than suggested by the objective Rm,E < 1 may be
necessary to eradicate a disease, the invasion indicator introduced in this study can
always be used to assess whether proposed measures have no chance of success.
A metapopulation is characterized by, among other features, the considered patch
network and its connectivity structure. Here, we examined the case in which all
patches are equally connected to each other. One may question the realism of this
assumption, since in reality our implicit spatial structure is replaced by an explicit
spatial arrangement of the patches making up the metapopulation, with some patches
being farther away from a given patch than others, and thus perhaps less-well visited
by individuals emigrating from that given patch. Of course, the assumption of equal
connectedness is an idealization, just as the assumption of a well-mixed population
underlying many, if not most, models of single populations (also adopted here to
describe the mixing of individuals within each patch). In fact, the assumption of a
well-mixed population underlies the definition and calculation of R0 , and if we think of
patches as individuals that mix, then equal connectedness is the natural translation
of having a well-mixed situation at the metapopulation level. The biology of the
systems one studies, and the precise questions one studies, will dictate whether such
simplifying assumptions are permissible. We agree that metapopulation structures
in which each patch is connected to only a handful of neighboring patches may offer
a more accurate description of realistic scenarios and lead to qualitatively different
behavior than described here. This is because different spatial arrangements tend to
result in differences in the spread of an infection, which in turn affects, for example,
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which control measures are best being taken (Fulford et al., 2002; Hess, 1996). Also
the rate of spread is influenced by such connectivity (Kinezaki et al., 2010). The
presence of hub patches in a network, which are highly connected compared to other
patches, can also have a profound influence on an infection’s spread and persistence,
and removing such patches can substantially reduce an infection’s basic reproduction
ratio (Kiss et al., 2006; Volkova et al., 2010). In conclusion, we can interpret the
simplifying connectivity assumption made in this study as a limit that will not always
be accurate, but offers a natural and generic baseline that is approached quickly when
dispersal occurs beyond a patch’s immediate spatial neighborhood. In our assessment,
the latter applies more often than not.
The assumption of identical patches is made for exposition purposes only. Our
approach also works well when a discrete number of different patch types are distinguished. Such types could capture, for example, classes of patch size or patch quality.
While one then needs to calculate equilibrium distributions of individuals over the
different patch types, the key assumption that the dispersal pool is common among
patch types ensures the applicability of our framework (Parvinen and Metz, 2008).
All networks discussed so far comprise habitat patches and connections that remain fixed in time. Yet, habitat structures can change: for example, the degree of
fragmentation may increase as a result of human land use involving the building of
roads (Li et al., 2010), the invasion of a predator (Rushton et al., 2000), or by infestation (Coops et al., 2010). Habitat fragmentation and land use have been shown to
strongly affect the spread and persistence of infectious diseases. This applies especially to vector-borne diseases and to infections carried by small rodents (e.g., Lambin
et al., 2010; Olsson et al., 2010)).
In our model, emigrating individuals move through a disperser pool before immigrating into a patch. This pool is not only a bookkeeping device; instead, its
introduction allows to study the ecological effects of migration on individuals, such
as time lost for reproduction and dispersal mortality resulting from increased vulnerability (Weisser et al., 1997). While the SIS-model studied as an example did, for
the sake of simplicity, not feature such effects, the framework introduced here readily
provides for such additions; the appropriate terms just need to be incorporated into
the dynamical equations. Moreover, the time spent in the disperser pool can easily
be adjusted, so that it reflects the time a host needs to find a new patch. While
our method allows for changes of infection state during an individual’s stay in the
dispersal pool, for most real systems the average stay will be short compared to the
average length of, e.g., the latency or infectious period. Therefore, state changes in
the disperser pool may well be negligible in many practical applications.
We also assumed, for convenience, a one-to-one match between the life-history
stages occurring in the patches and in the dispersal pool. However, our framework
applies in an exactly similar manner when there is no such match, simply by considering the union of those two sets of stages. This occurs, for example, when pathogens
move between patches independently of their hosts, as is typical for fungal plant diseases that spread only through seeds and spores. Likewise, in vector-borne infections
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of animals, it may be the vector that spreads, rather than the host, or vector and
host may spread independently. While we have formulated our theory for situations
in which host and vector spread together (as in, for example, tick-borne or flea-borne
infections), it readily carries over to all such situations. The important point is to
specify which types of individuals are involved in the migration between patches and
to set up the modeled compartment structure accordingly.
Our framework describes immigration from the disperser pool into the patches
through a matrix of expected rates at which individuals of certain types in the disperser pool create patches in certain states. To discuss the construction of such
a matrix, we have offered a decomposition of this matrix into a matrix of patchencounter rates, which we assume to depend only on type and nothing else (although
this assumption is not the only one that could be made), and a matrix of probabilities that the patch encountered has a given state, and hence will have its state
augmented through immigrating by one invading individual in a given state. We have
also sketched how to include, e.g., a mechanism of active patch selection by migrants.
However, such models with conditional dispersal quickly become too complex and
parameter-rich, and thus had better be avoided in first explorations.
Similar to immigration, we have described emigration from the patches into the
disperser pool through a matrix of expected rates at which patches in certain states
release individuals of certain types into the disperser pool. While we have discussed
the construction of this matrix with the help of a plausible decomposition, this could
be done in a different and more complex way. In particular, one could choose to
include per capita emigration rates that depend on a patch’s state. In such cases, the
possible effects on sojourn times in the patches can be considered analogously to how
we considered the possible effects of conditional immigration on sojourn times in the
disperser pool.
As in the case of R0 for well-mixed populations, there is an important distinction
between deterministic and stochastic assessments of invasion success. When the number of individuals is large, chance effects resulting from fluctuations in their number
or distribution will be averaged out. In contrast, if the population size is relatively
small, one can only say that R0 > 1 implies a positive probability that a major outbreak occurs (Diekmann and Heesterbeek, 2000). In the case of metapopulations,
analogous arguments apply with regard to the number of patches. This is why we
have assumed a large number of patches, which implies deterministic dynamics at the
metapopulation level, despite the fact that within each patch dynamics are stochastic.
Being able to determine whether an infectious agent can invade a metapopulation
is useful for many purposes, the most important of which is the evaluation of eradication strategies. Despite the underlying simplifying assumptions, such as the large
(infinite) number of patches and their equal connectivity, the invasion indicator Rm,E
can give valuable insights into the invasion potential of an infectious agent. In this
study, we have shown this with regard to the simplest, and hence most parametersparse, model for infectious-disease dynamics, given by an SIS-model. As the method
we have developed here is much more general, as explained in the paragraphs above,
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it opens up the possibility to study many more realistic scenarios of infectious-disease
invasion and persistence in a similar manner.
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Appendix S1:
Numerical procedure for finding the metapopulation
equilibrium
Finding the equilibrium (p̂, d̂) requires solving Eqs. 13. We use the following scheme
of iterative substitution, beginning with an initial guess d0 for the disperser-pool
state:
0. Let d = d0 .
1. Construct B(d) and solve B(d)p = 0 for p.
2. If f (d, p) 6= 0 up to numerical precision, solve f (d, p) = 0 for d and return to
step 1;
otherwise, let p̂ = p and d̂ = d, and stop.
Advice for step 1: The equation in step 1 can be solved by using a procedure offered in
many numerical software to find the eigenvector corresponding to the zero eigenvalue
of B (i.e., its null space). Normalizing this eigenvector gives the estimate for p.
Alternatively, one can exploit the sparseness of B with the following procedure:
a) Find bmax = maxj {−bjj }, where bjj are the diagonal elements of B.
b) Construct C = B + bmax I.
c) From an initial guess q0 , iterate qn+1 = Cqn / kqn k to convergence; then let
p = qfinal / kqfinal k.
Advice for step 2: We find that for dim(d) = m > 1 the equation in step 2 is best
2
solved by considering it in terms of the minimization problem p = argmind0 kf (d0 , p)k
and using a multi-dimensional optimization procedure to obtain the estimate for d.
Since this scheme depends on multi-dimensional optimization, it may take some experimentation with initial values to obtain satisfactory convergence to a non-trivial
equilibrium.
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Appendix S2:
Numerical procedure for obtaining the matrix
product UT
−1

For calculating R = VUTS in Eq. 3 using T = −B̃−1 in Eq. 10, the product −UB̃
is needed. Here we provide a simple and efficient procedure for obtaining this matrix
product. This procedure exploits the sparseness of B̃ and uses a decomposition of
B̃ into a diagonal matrix and a matrix in which all elements are smaller than 1.
Consequently, the inversion of the former matrix is trivial, while the inverse of the
latter matrix can be computed as a geometric series (see the discussion of the structure
of B following Eqs. 2):
1. Construct a diagonal matrix D containing the negative diagonal of B̃, with
diagonal elements djj = −b̃jj (which are all positive, since the diagonal elements
of B̃ are negative).
2. Construct H = D−1 (B̃ + D), with diagonal elements hjj = 0 and off-diagonal
elements hij = b̃ij / b̃jj (hence 0 ≤ hjj < 1), so that B̃ = −D(I − H).
3. Construct D−1 as the diagonal matrix with diagonal elements 1/djj = −1/b̃jj .
P∞
n
4. Since (I − H)−1 is the limit of a geometric series, (I − H)−1 =
n=0 H ,
−1
U(I − H) is directly computed by iterating Zn = U + Zn−1 H, with Z0 = U,
to convergence (which is guaranteed, because Zn − Zn−1 = Z0 Hn , so Zn is a
Cauchy sequence).
−1

5. Calculate −UB̃

= U(I − H)−1 D−1 .
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Abstract
Models of epidemiological evolution generally focus on the interplay of virulence and
epidemiological parameters such as the transmission rate or the length of the infectious period. Often a trade-off between virulence and transmission rate is assumed,
where increasing virulence results in a decreasing transmission rate, reflecting the immobilizing effect of the infectious disease on the host. Comparatively little effort has
been devoted to studying the influence of spatial structure, a ubiquitous feature of
natural populations. In this paper, we extend our understanding of virulence evolution to host populations that are fragmented, forming patchy structures. We model
migration explicitly, which allows us to study the possible immobilizing effect of the
infectious agent on the host. The invasion indicator Rm , which gives the expected
number of mutant-infected hosts leaving a disperser pool for each mutant entering it,
is used to study the effect of infection parameters and emigration rate on virulence
evolution. A trade-off between virulence (defined as disease-related excess mortality) and both the transmission probability and the emigration rate is studied in an
SIS-model. The most interesting emerging phenomenon is that the evolutionarily
determined virulence as function of emigration rate has an maximum at intermediate
emigration rates.
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Introduction
Evolutionary epidemiology recognizes the fact that the properties of infectious agents
and their hosts that influence the dynamics of infectious diseases are themselves subject to ongoing co-evolutionary adaptation (Ewald and de Leo, 2002; Restif, 2009).
However, infectious agents often evolve on considerably shorter timescales than their
hosts, because the generation times of infectious agents – the average times between
a primary and a secondary infection – are often much shorter than the generation
times of their hosts; for example, the generation time of influenza is only a couple of
days (Ferguson et al., 2005) and the generation time of smallpox a few weeks at most
(Nishiura and Eichner, 2007). Short-term evolutionary changes influencing disease
dynamics may therefore be predicted successfully by analyzing the evolution of only
the agents in a non-evolving host population.
One of the most important properties of infectious agents influencing disease
dynamics is the extent to which they reduce the fitness of their host – their virulence (Galvani, 2003; Alizon et al., 2009). While it is a priori not necessary that
this fitness effect should be linked to any other property of the infectious agent, it is
often assumed that a higher reproduction of the agent, creating more agents available for transmission, also leads to exhaustion of the host and that, therefore, high
transmission goes hand in hand with high virulence (Galvani, 2003; Alizon et al.,
2009). Consequently, models for the evolution of virulence often include a trade-off
between transmission rate and effective infectious period (Galvani, 2003), such that
elevated virulence implies a shorter infectious period by increasing host mortality,
but is also linked to a higher transmission rate. For directly transmitted infectious
diseases, transmission rates can be decomposed into contact rates and probabilities of
infection upon contact (transmission probabilities); infectious periods are determined
by death rates and recovery rates.
The capability of infectious agents for infecting new hosts would, in principle, increase both with the number of contacts during the infectious period and with the
probability of successfully transmitting the infection upon contact. Introducing a
trade-off between infectious period and transmission probability, however, makes it
impossible for evolution to maximize both the number of contacts and the transmission probability at the same time: the course of virulence evolution will now depend on
the exact assumptions about the functional relationships between virulence, transmission probability, and contact rate (as well as on the values of the various parameters)
(Ewald and de Leo, 2002; Galvani, 2003; Read and Keeling, 2003).
The contact rate of hosts is determined by the way hosts move around in the spatial arena to which they are confined; therefore, when studying the epidemiological
dynamics of directly transmitted diseases, it is necessary to consider the constraints
imposed by the specific spatial structure. A scenario of particular interest is presented by populations living in spatially separated patches, within which contacts are
frequent, and which are connected to each other only by the relatively infrequent migration of hosts (so called metapopulations; Hanski, 1999; Leibold et al., 2004). If the
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size of each patch population is so small that the infection cannot persist in a single
patch, the recurrent spread of infectious agents into patches with susceptible individuals is critical for the persistence of the infection (Hanski, 1999; Jesse et al., 2008,
2011); in this case, persistence crucially depends on host migration between patches.
Often it is assumed that the transmission rate decreases for high virulence, reflecting
the immobilizing effect the infection has on the host (Ewald and de Leo, 2002). For
a metapopulation, this assumption can be split into assumptions about two separate
effects in a natural way: higher virulence increases the transmission probability on
contacts between hosts within a patch, but decreases the host migration rate between
patches.
The role of spatial structure in the evolution of an infectious agent of a directly
transmitted infectious disease has already been studied on networks, where each node
represents one host or is empty (Boots and Sasaki, 1999; Kamo et al., 2007; Messinger
and Ostling, 2009; Lion and Boots, 2010). In those studies, techniques like numerical
simulation and pair-approximation were used to determine how the virulence depends
on the assumed trade-off between virulence and transmission probability. For a fully
coupled metapopulation, the invasion indicator Rm adapted for epidemiological models by Jesse et al. (2011) from Metz and Gyllenberg (2001), see also Parvinen and Metz
(2008), can be used for analyzing virulence evolution. This invasion indicator gives
the expected number of secondary mutant-infected immigrants produced by a patch
that has been invaded by a single host infected with a mutant strain. Only if Rm > 1
the mutant strain can spread in the metapopulation, while for Rm < 1 the mutant
strain is expected to die out. In this paper, we use Rm to study the consequences of
a trade-off between virulence, transmission probability, and host emigration rate for
a directly transmitted infectious disease in a fully coupled metapopulation.

Methods
Model description
The model describes the spread of an infectious disease in a metapopulation consisting
of infinitely many (local) host populations that are equally connected to each other
through the migration of hosts. At first only one infection strain is present and at
any point in time, hosts are either susceptible (S) or infected (I); within each patch,
infected hosts may infect susceptible hosts, and susceptible hosts may recover; infected
hosts are assumed to become infectious instantaneously, and hosts that recover from
the infection immediately become susceptible again (SIS-dynamics). While a host is
infected by one strain of the infectious agent, it cannot be infected by a different strain
(i.e., super- and co-infection are excluded). The infection is transmitted directly,
which makes the movement of hosts between patches a key factor for its spread.
Following Metz and Gyllenberg (2001); Jesse et al. (2011), the state of a patch
containing x1 susceptible and x2 infected hosts is described by a vector x = (x1 , x2 )
or, alternatively, by an index j that counts the possible patch states. The state of the
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Table 1: The transitions in the model and their rates

Event
Birth
Death susceptible
Death infected
Infection
Recovery
Emigration susceptible
Emigration infected
Immigration susceptible
Immigration infected

Transition in each patch
(x1 , x2 ) → (x1 + 1, x2 )
(x1 , x2 ) → (x1 − 1, x2 )
(x1 , x2 ) → (x1 , x2 − 1)
(x1 , x2 ) → (x1 − 1, x2 + 1)
(x1 , x2 ) → (x1 + 1, x2 − 1)
(x1 , x2 ) → (x1 − 1, x2 )
(x1 , x2 ) → (x1 , x2 − 1)
(x1 , x2 ) → (x1 + 1, x2 )
(x1 , x2 ) → (x1 , x2 + 1)

Rate
bx1 +x2 (x1 + x2 )
µx1
(µ + α)x2
x2
βα xx11+x
2
γx2
mx1
mα x2
ed1
ed2

metapopulation is then described by a vector p specifying, for each possible patch
state j, the fraction pj of patches that are currently found in this state. In addition,
a disperser pool keeps track of hosts that have emigrated from one patch and are
ready to immigrate into another. The state of this disperser pool is described by a
vector d = (d1 , d2 ), which is normalized such that d1 and d2 can be interpreted as
the average number of susceptible and infected dispersers per patch, respectively.
Patch states change through the following events acting on individual hosts: birth,
death, infection, recovery, and migration between patches (Table 1). The birth rate
bx is logistically density dependent on the patch occupancy x = x1 + x2 , bx =
max{0, r(1 − x/K)}; r is the intrinsic birth rate and K the patch carrying capacity, which is the same for all patches. We denote the natural per capita death rate by
µ, the disease-induced per capita death rate by α, the transmission probability upon
contact by βα , the within-patch contact rate by c, the recovery rate by γ, the per
capita emigration rate to the disperser pool by m, and the patch encounter rate in
the disperser pool by e (see also Table 1). The disease-induced death rate, the transmission probability and the emigration rate depend on the virulence of the infectious
agent; the emigration rate of infected hosts is therefore denoted by mα . The patch
encounter rate reflects the time it takes a migrating host that has left its patch to
find another suitable patch to live.
For purely technical reasons, we assume a maximum occupancy k > K. Hosts in
the disperser pool experience additional migration mortality, which is supposedly an
important factor regulating the evolution of virulence (Ewald and de Leo, 2002).
With the model specified above, we can assess numerically (Metz and Gyllenberg,
2001; Jesse et al., 2011) whether an infectious disease of given virulence can become
endemic and, if so, calculate the equilibrium distribution of patch states; these equilibrium values will be denoted by p̂ and d̂. The equations for the dynamics are given
in Appendix A.
We can now consider the appearance of a mutant strain by assuming that infectious agents mutate within an infected host and that the properties of the mutant
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manifest the next time they infect a susceptible host: In addition to the compartments for susceptible and resident-infected hosts, we introduce a third compartment
representing mutant-infected hosts. The possible patch states are now described by
a vector x = (x1 , x2 , x3 ), where x1 gives the number of susceptible hosts, x2 the
number of infected hosts and x3 the number of mutant-infected hosts in a patch;
the metapopulation state by a vector q specifying, as before, the fractions of patches
in the possible states. The state of the disperser pool is now given by a vector
d = (d1 , d2 , d3 ). The equations for the mutant dynamics are given in Appendix B.
A mutant may have a different virulence and transmission probability, and modify
the emigration rate of its infected host. We assume a non-linear trade-off between
virulence and transmission probability such that βα = α/(σ1 + α), and between
virulence and emigration rate such that mα = m/(1+σ2 α), in which σ1 and σ2 specify
the function’s sensitivity to variations in virulence and m specifies the function’s
maximum, i.e., the emigration rate of susceptible hosts. Thus a trade-off between
virulence and both the transmission probability and the emigration rate, i.e., σ1 , σ2 ≥
0 is studied.

Model analysis
We are interested whether an initially rare infectious agent with virulence α0 is able
to replace an endemic infectious agent with virulence α and become endemic itself,
given that α0 is not very different from α. For this, we calculate the invasion indicator
Rm . If Rm > 1, the number of mutant-infected hosts in the metapopulation will grow,
and if Rm < 1, the mutants will die out. Rm is a function of the resident virulence α
and the mutant virulence α0 ; if α = α0 , Rm = 1 (Gyllenberg and Metz, 2001; Massol
et al., 2009; Metz and Gyllenberg, 2001).
Following the recipe in Jesse et al. (2011), we have to determine the parameter
ranges for which the resident infectious agent can become endemic before we can
proceed to calculating the invasion indicator Rm of the mutant, because the invasion
by a mutant infectious agent can be studied meaningfully only if there is a resident
population to invade. The invasion indicator Rm is used to study the evolution of
virulence and the results can then be displayed as pairwise invasibility plots (PIP’s;
Fig. 1); such plots can be used to analyze whether a mutant is able to spread in a
resident population or not (Geritz et al., 1998). The lines represent the situations
where α = α0 , i.e., Rm = 1; the intersection of these lines on the diagonal is called
a singular strategy. The singular strategy shown in Fig. 1 can be classified as a
so-called Evolutionary Stable Strategy (ESS), i.e., mutants with virulence close to
this singular strategy are not able to invade the population. However, the name is
somewhat of a misnomer as an ESS needs not be evolutionarily stable in the sense
that the evolutionary trajectory locally converges to it (hence it is better to interpret
the abbreviation ESS as Evolutionarily Steady Strategy). A singular strategy that is
both an ESS and convergence-stable is called a Continuously Stable Strategy (CSS;
Eshel and Motro, 1981). We numerically calculated the candidate Continuously Stable
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Figure 1: A pairwise invasibility plot (PIP) for the default parameter values:
K = 10, µ = 1, r = 50, m = 20, e = 50, γ = 40 and c = 2000.. If Rm > 1,
the mutant can invade and that area is marked grey and with a ‘+’. However,
if Rm < 11, the mutant cannot invade and the area is marked with a ‘–’. The
solid lines represent the situations where Rm = 1 and the intersection of these lines
on the diagonal is called a singular strategy. The singular strategy shown here is
both steady and converging and can therefore be classified as a Continuously Stable
Strategy (CSS). It is a steady strategy, because for a resident infectious agent with
singular strategy ᾱ, no mutant with a strategy close to this singular strategy can
invade (then the invasion indicator Rm < 1). And it is converging, because for
a resident infectious agent with a strategy α close to the singular strategy ᾱ, a
mutant with a strategy α0 , such that α < α0 < ᾱ can invade.

Strategies by searching for values of the virulence such that the derivative of Rm for
α0 equals zero at α = α0 , and used PIPs to check for a well chosen sample whether
the so found results indeed corresponded to CSSes (Geritz et al., 1998).
For studying the CSS we rescaled time, such that the scaled natural death rate µ
equals one, meaning that all the other parameters are scaled relative to the life span
of the uninfected host. Thus, for example, for a host that never migrates, the birth
rate equals the average number of offspring that it produces during its whole life. We
chose parameter values reflecting a population living in patches of small size with a
high birth rate, e.g., the great gerbils in Kazakhstan (Davis et al., 2007b).
The consequences of an assumed trade-off between virulence and both the transmission probability and the emigration rate are studied for σ1 , σ2 ≥ 0 . The case
where σ1 = σ2 = 0 will be omitted, because here there is no trade-off. We will study
the general case, σ1 , σ2 > 0 (which we will refer to as ‘case 1’ for convenience) and
two limiting cases. The general case means that a trade-off is assumed between vir-
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Figure 2: The Continuously Stable Strategy (CSS) is shown as function of a pair
of two parameters for case 1, where there is a trade-off between virulence and both
the transmission probability and the emigration rate. The other parameters are
kept fixed at the default values: K = 10, µ = 1, r = 50, m = 20, e = 50, γ = 40,
c = 2000, σ1 = 10 and σ2 = 1.

ulence and both the transmission probability and the emigration rate. In the first
limit case (‘case 2’), where σ2 = 0, the emigration rate of (mutant-)infected hosts
equals the emigration rate of susceptible hosts, and is thus independent of virulence.
In the second limit case, where σ1 = 0, the transmission probability equals one and
is independent of the virulence. For this case, a singular strategy could not be found,
therefore we examined the CSS only for the general and the first limit case.

Results
The virulence evolution of the infectious agent is studied in the case where there is a
trade-off between virulence and both the tranmission probability and the emigration
rate (case 1) and between virulence and the transmission probability (case 2). The
singular strategy will be numerically calculated as a function of a pair of the following
parameters: recovery rate γ, patch encounter rate e, emigration rate m and low
density birth rate r (Fig. 2 and Fig. 3). The values of the remaining parameters are
kept at the default values: K = 10, µ = 1, c = 2000, γ = 40, e = 50, m = 20 and
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Figure 3: The CSS as function of the two sensitivities σ1 and σ2 . The other
parameters are kept at the default values: K = 10, µ = 1, r = 50, m = 20, e = 50,
γ = 40 and c = 2000.

r = 50. Furthermore we fixed σ1 = 10 and σ2 = 1. The influence of the contact rate
c is not shown, because once this rate is sufficiently large, the number of contacts has
no substantial effect on the singular strategy. The singular strategies we have found
all correspond to a Continuously Stable Strategy (CSS).
In both cases, the infectious agent evolves to a more virulent strategy when the
recovery rate or the patch encounter rate increase (Fig. 2 and Fig. 3). The recovery
rate determines the length of the infectious period during which an infected host
can infect susceptible hosts. The number of successful contacts within this period
depends on the transmission probability and the contact rate. Increasing the recovery
rate results in a shorter infectious period and therefor in less susceptibles succesfully
met. For successful invasion, the infected host now needs to infect more other hosts
during its infectious period. A mutant with a higher virulence level can succesfully
invade the population, because a higher virulence corresponds to a higher transmission
probability.
An increased patch encounter rate results in less time spend in the disperser pool,
where no susceptibles are met. An infected host leaving the disperser pool faster,
has more time, and therefore a higher probability, to infect a susceptible host before
recovering. A mutant with a higher virulence is thus still able to succesfully invade,
despite the higher disease-induced death rate. In case 2 there is no reduced emigration
at higher virulence, which simplifies it for the infectious agent to evolve to higher
virulence.
Due to the trade-off between virulence and emigration rate, in case 1 a higher
emigration rate implies evolution to a higher virulence. However, when this trade-off
is not present (case 2), a higher emigration rate is less beneficial for the infectious
agent, because infected hosts will spend more time in the disperser pool, where they
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Figure 4: The Continuously Stable Strategy (CSS) is shown as function of two
parameters for case 2, where there is a trade-off between virulence and the transmission probability (i.e., σ2 = 0). The other parameters are kept fixed at the default
values: K = 10, µ = 1, r = 50, m = 20, e = 50, γ = 40, c = 2000 and σ1 = 10.

cannot infect others. In this case there is a maximum at a low emigration rate (Fig. 3).
A higher virulence increases the disease-induced death rate for the host. This diseaseinduced death is also experienced during the time a host spends in the disperser pool.
At a high emigration rate, the host will spend more time in the disperser pool then at
a lower emigration rate. During the time spent in the disperser pool an infected host is
not able to infect susceptibles and when the disease-induced death rate then increases
nevertheless, the probability for the infected host to die before having infected others
also increases. This creates selection pressure towards a lower virulence.
Since births are density dependent, increasing the low density birth rate r results
in a faster replacement of hosts that have just died. This allows the infectious agent
to evolve to a more virulent strategy, i.e., a larger CSS. Comparing the CSS for both
cases shows that the infectious agent evolves to a more virulent strategy in case 2,
with constant emigration rate, compared to case 1.
Finally, the CSS is highly influenced by the sensitivity σ1 of the transmission probability to virulence and less by the sensitivity σ2 of the emigration rate to virulence
(Fig. 3). When the sensitivity σ1 increases, meaning a decrease in transmission probability, successful invasion of a mutant is then only possible at higher virulence, i.e.,
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the CSS increases, resulting in a higher transmission probability again.

Discussion
In this paper we have applied the invasion indicator Rm (Jesse et al., 2011) to analyze
whether an infectious agent endemic in a fragmented population (metapopulation)
can be replaced by a mutant. The characteristic property of our model is that the
spread of the infection within and between patches is coupled. Migration of the hosts
between the patches is necessary for the spread of the infectious disease, because the
studied patch sizes are too small to sustain the infectious disease in a single patch.
Increasing the emigration rate then results in more contact with other hosts, because
hosts move more often between the various patches. We assumed a trade-off between
transmission probability and host emigration rate, so that elevated virulence implies
higher transmission probability and a lower emigration rate, reflecting an immobilizing
effect of the infection on the host.
Some studies divided the transmission probability into local transmission (with
probability 1 − L), i.e., to neighboring patches, and global transmission (with probability L), i.e., to a random patch (Boots and Sasaki, 1999; Kamo et al., 2007; Lion
and Boots, 2010; Messinger and Ostling, 2009). Since patches in this work contain
at maximum one host, assuming only global transmission resembles the mean-field
model. In contrast, we assumed only global transmission (all patches are equally
connected) and allowed more than one individual in a patch, in addition we used an
emigration rate to specify how well-mixed the population is. This emigration rate reflects how often hosts migrate to other patches; only for a very high emigration rate,
the metapopulation in our case will resemble the mean-field model. Furthermore,
the patches in our model contain populations of small size, resembling for example
wildlife populations as the great gerbils in Kazakhstan (Davis et al., 2007b).
Despite the differences both models show that when there a non-linear tradeoff between virulence and transmission probability, the infectious agent evolves to
a higher virulence at intermediate interaction for a sufficiently high recovery rate.
In our case intermediate interaction means an intermediate emigration rate. The
infectious agents evolves to a higher virulence at a low emigration rate, because to
keep the number of successful contacts high enough for invading the population, the
infected hosts needs to increase the transmission probability. At high emigration rate
the patches are so connected that the metapopulation behaves like a single well-mixed
patch.
A linear trade-off between virulence and transmission probability results in evolution of the infectious agent to a lower virulence when the proportion of global
contacts decreases, and thus the local tranmission becomes more important (Kamo
et al., 2007).
We did not find a maximum in emigration rate when a trade-off between virulence and both transmission probability and emigration rate is assumed, because for
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this trade-off the emigration rate becomes too low at high virulence for the whole
metapopulation to behave like a single well-mixed population.
Comparing the virulence to which the infectious agent evolves in a metapopulation
with a single homogeneously mixing population, shows that the ESS is higher at
intermediate interaction in a metapopulation than in the single population (Kamo
et al., 2007). Furthermore, we showed that for increasing recovery rate, which means
a decreasing infectious period, the infectious agent evolves to a higher virulence. This
is in correspondence with results in single populations, where a trade-off between
transmission and recovery rate is often assumed (Alizon et al., 2009).
For the case when a trade-off between virulence and only the emigration rate is
assumed, which means that the transmission probability always equals one (σ1 = 0),
no singular strategy could be found. In this trade-off a higher virulence implies a
lower emigration rate, which is not beneficial for the mutant. So the infectious agent
will evolve to a lower virulence, and thus a higher emigration rate.
The evolution of the infectious agent to a maximum virulence at intermediate
emigration rate, shows the importance of the connectivity structure of the spatially
structured population. One of the next steps to explore is the effect of this connectivity structure, as this is supposed to be important for virulence evolution (Alizon
et al., 2009; Read and Keeling, 2003). Studying the effects of connectivity structure,
however, must be performed by simulations, because the method used in this paper
assumes that all patches are equally connected. Exploring the parameter space would
then be more difficult and less robust Our present expectation is that if hosts can
only move to their nearest neighbors, the results may well be qualitatively different.
However, we expect that allowing occasional long-range dispersers will quickly lead
to the same results as for the situation with equally connected patches. Another
possible extension is to explore the use of our invasion indicator for evolutionary epidemiology further by extending this model from SIS-dynamics to a model with other
disease-dynamics, for example SIR-dynamics.
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Appendix A: Resident dynamics
The model describes the spread of an infectious disease in a metapopulation, where
infinitely many (local) populations are equally connected to each other. Each host is
either susceptible or infected, which in our case also means infectious. Hosts are born
susceptible and when they recover from the infectious disease they are immediately
susceptible again. The patch state can be described by the vector x = (x1 , x2 ),
where x1 represents the number of susceptible hosts and x2 the number of infected
hosts. The state of the metapopulation is now described by the fraction p(x1 ,x2 ) of
patches with precisely x1 susceptible and x2 infected hosts and for the disperser pool
d = (d1 , d2 ) with d1 the disperser pool for susceptible hosts and d2 the disperser pool
for infected hosts. The metapopulation dynamics are then given by
ṗ(0,0) = −p(0,0) [e(d1 + d2 )] + p(0,1) [µ + α + mα ] + p(1,0) [µ + m]

(1)

ṗ(x1 ,x2 ) = − p(x1 ,x2 ) [(x1 + x2 )(bx1 +x2 + µ) + mx1 + ed1
x1
+ γ + α + mα ) + ed2 ]
+ x2 (cβα
x1 + x2
+ p(x1 +1,x2 ) (x1 + 1)(µ + m) + p(x1 ,x2 +1) (x2 + 1)(µ + α + mα ) ,
(x1 + 1)(x2 − 1)
+ p(x1 +1,x2 −1) cβα
+ p(x1 −1,x2 +1) (x2 + 1)γ
x1 + x2
+ p(x1 −1,x2 ) [(x1 − 1 + x2 )bx1 −1+x2 + ed1 ] + p(x1 ,x2 −1) ed2

(2)

The mean number of dispersing susceptible and infected hosts per patch is given by
the disperser pools, and changes according to
X
X
d˙1 = m
p(x1 ,x2 ) x1 − ed1
p(x1 ,x2 ) − µd1 ,
(3a)
x1 +x2 ≤k

d˙2 = m

X
x1 +x2 ≤k

x1 +x2 <k

p(x1 ,x2 ) x2 − ed2

X

p(x1 ,x2 ) − (µ + α)d2 .

(3b)

x1 +x2 <k

We assume for technical reasons that the fraction of patches with more than k hosts
equals zero (p(x1 ,x2 ) = 0 for x1 + x2 > k ), setting the maximum population size
in a patch at k >> K. Obviously, negative population sizes are also not feasible
(p(x1 ,x2 ) = 0 for x1 , x2 < 0). Furthermore, when a host enters the disperser pool it
starts searching for a patch, but this patch can be full (x1 + x2 = k). In that case the
host looks for another patch and thus does not leave the disperser pool.
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Appendix B: Mutant dynamics
Given a metapopulation with a resident host population, consider the introduction
of a mutant infectious agent with different virulence. The equations for the resident
population will then be adapted to include the hosts that are infected by a mutant
strain. The state of each patch is now described by the vector x = (x1 , x2 , x3 ), where
x1 gives the number of susceptible hosts, x2 the number of infected hosts and x3 the
number of mutant-infected hosts in a patch. The state of the metapopulation is now
described by the fraction qj of patches that are found in this patch state j. Because
the focus is on the initial spread, when the mutant is still rare in the population and
has only a small impact on the resident population, the fraction of patches with zero
mutants is approximated by p̂.
Parameters that are different for the mutant strain are the disease-induced death
rate (α0 ), the transmission probability (βα0 ) and the emigration rate (mα0 ). The
corresponding equation for q(x1 ,x2 ,x3 ) with x3 = 1 is
q̇(x1 ,x2 ,1) = − q(x1 ,x2 ,1) [(x1 + x2 + 1)(bx1 +x2 +1 + µ) + mx1 + ed1
x1
+ γ + mα ) + ed2
+ x2 (α + cβα
x1 + x2 + 1
x1
+ γ + ed3 + mα0 ]
+ cβα0
x1 + x2 + 1
+ q(x1 +1,x2 ,1) (x1 + 1)(µ + m)
+ q(x1 ,x2 +1,1) (x2 + 1)(µ + α + mα ) + q(x1 ,x2 ,2) [2(µ + α0 + mα0 )] , (4)
(x1 + 1)(x2 − 1)
x1 + x2 + 1
+ q(x1 −1,x2 +1,1) (x2 + 1)γ + q(x1 −1,x2 ),2 2γ

+ q(x1 +1,x2 −1,1) cβα

+ q(x1 −1,x2 ,1) [bx1 +x2 (x1 + x2 ) + ed1 ] + q(x1 ,x2 −1,1) ed2
+ p̂(x1 ,x2 ) ed3
for x3 > 1

104

Virulence evolution

q̇(x1 ,x2 ,x3 ) = − q(x1 ,x2 ,x3 ) [(x1 + x2 + x3 )(bx1 +x2 +x3 + µ) + mx1 + ed1
x1
+ x2 (α + cβα
+ γ + mα ) + ed2
x1 + x2 + x3
x1
+ x3 (α0 + cβα0
+ γ + mα0 ) + ed3
x1 + x2 + x3
+ q(x1 +1,x2 ,x3 ) (x1 + 1)(µ + m)
+ q(x1 ,x2 +1,x3 ) (x2 + 1)(µ + α + mα ) + q(x1 ,x2 ,x3 +1) (x3 + 1)(µ + α0 + mα0 ) ,
(x1 + 1)(x3 − 1)
(x1 + 1)(x2 − 1)
+ q(x1 +1,x2 ,x3 −1) cβα0
x1 + x2 + x3
x1 + x2 + x3
+ q(x1 −1,x2 +1,x3 ) (x2 + 1)γ + q(x1 −1,x2 ,x3 +1) (x3 + 1)γ

+ q(x1 +1,x2 −1,x3 ) cβα

+ q(x1 −1,x2 ,x3 ) [bx1 −1+x2 +x3 (x1 − 1 + x2 + x3 ) + ed1 ]
+ q(x1 ,x2 −1,x3 ) ed2 + q(x1 ,x2 ,x3 −1) ed3
(5)
and for the disperser pools
X
d˙1 = m
q(x1 ,x2 ,x3 ) x1 − ed1
x1 +x2 +x3 ≤k

X

d˙2 = mα

p(x1 ,x2 ) − µd1 ,

(6a)

x1 +x2 +x3 <k

X

q(x1 ,x2 ,x3 ) x2 − ed2

x1 +x2 +x3 ≤k

d˙3 = mα0

X

X
x1 +x2 +x3 ≤k

p(x1 ,x2 ) − (µ + α)d2 ,

(6b)

p(x1 ,x2 ) − (µ + α0 )d3 .

(6c)

x1 +x2 +x3 <k

q(x1 ,x2 ,x3 ) x3 − ed3

X
x1 +x2 +x3 <k

As in the case for the resident population, patches cannot be inhabited by more than
k hosts, i.e., q(x1 ,x2 ,x3 ) = 0 for x1 + x2 + x3 > k, negative population sizes are not
feasible, i.e., q(x1 ,x2 ,x3 ) = 0 for x1 , x2 , x3 < 0, and hosts cannot enter patches that are
full.
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Nåsell I., 1999. On the time to extinction in recurrent epidemics. Journal of the Royal
Statistical Society. Series B: Statistical Methodology, vol. 61(2): 309–330.
Naumov N. and Lobachev V., 1975. Rodents in desert environments Prakash I, vol. 28,
chap. Ecology of desert rodents of the U.S.S.R. (jerboas and gerbils)., pp. 465–598.
Dr. W. Junk Publishers, the Hague, the Netherlands.
Neerinckx S., Bertherat E. and Leirs H., 2010. Human plague occurrences in Africa: an
overview from 1877 to 2008. Transactions of the Royal Society of Tropical Medicine
and Hygiene, vol. 104(2): 97–103.
Nishiura H. and Eichner M., 2007. Infectiousness of smallpox relative to disease age:
estimates based on transmission network and incubation period. Epidemiology and
Infection, vol. 135(7): 1145–1150.
Olsson G., Leirs H. and Henttonen H., 2010. Hantaviruses and their hosts in Europe: Reservoirs here and there, but not everywhere? Vector-Borne and Zoonotic
Diseases, vol. 10(6): 549–561.
Ostfeld R., Keesing F. and Eviner V., eds., 2008. Infectious Disease Ecology: Effects
of Ecosystems on Disease and of Disease on Ecoystems. Princeton University Press.
Park A., Gubbins S. and Gilligan C., 2002. Extinction times for closed epidemics: the
effects of host spatial structure. Ecology Letters, vol. 5(6): 747–755.
Park S., Chan K.S., Viljugrein H., Nekrassova L., Suleimenov B., Ageyev V.S.,
Klassovskiy N.L., Pole S.B. and Stenseth N.C., 2007. Statistical analysis of the
dynamics of antibody loss to a disease-causing agent: plague in natural populations
of great gerbils as an example. Journal of the Royal Society Interface, vol. 4(12):
57–64.
Parvinen K. and Metz J.A.J., 2008. A novel fitness proxy in structured locally finite
metapopulations with diploid genetics, with an application to dispersal evolution.
Theoretical Population Biology, vol. 73(4): 517–528.
Pautasso M. and Jeger M.J., 2008. Epidemic threshold and network structure: The
interplay of probability of transmission and of persistence in small-size directed
networks. Ecological Complexity, vol. 5(1): 1–8.

117

References

Pellis L., Ferguson N.M. and Fraser C., 2009. Threshold parameters for a model of
epidemic spread among households and workplaces. Journal of the Royal Society
Interface, vol. 6(40): 979–987.
Perry R.D. and Fetherston J.D., 1997. Yersinia pestis–etiologic agent of plague. Clinical Microbiology Reviews, vol. 10(1): 35–66.
Phillips B.L., Kelehear C., Pizzatto L., Brown G.P., Barton D. and Shine R., 2010.
Parasites and pathogens lag behind their host during periods of host range advance.
Ecology, vol. 91(3): 872–881.
Randall J., Rogovin K., Parker P. and Eimes J., 2005. Flexible social structure of a
desert rodent, Rhombomys opimus: Philopatry, kinship, and ecological constraints.
Behavioral Ecology, vol. 16(6): 961–973.
Read J.M. and Keeling M.J., 2003. Disease evolution on networks: the role of contact
structure. Proceedings of the Royal Society B: Biological Sciences, vol. 270(1516):
699–708.
Restif O., 2009. Evolutionary epidemiology 20 years on: challenges and prospects.
Infection, Genetics and Evolution, vol. 9(1): 108–123.
Rhodes C. and Anderson R., 2008. Contact rate calculation for a basic epidemic
model. Mathematical Biosciences, vol. 216(1): 56–62.
Rhodes C.J. and Anderson R.M., 1996. Persistence and dynamics in lattice models of
epidemic spread. Journal of Theoretical Biology, vol. 180(2): 125–133.
Rivkus J., Ostrovskij I., Melnikov I. and Djatlov A., 1973. Plague sensitivity of the
great gerbils from the Northern Kyzylkum. The Problems of Particularly Dangerous
Infections, Saratov, vol. 2(30): 37–42.
Rogers L.M., Delahay R., Cheeseman C.L., Langton S., Smith G.C. and CliftonHadley R.S., 1998. Movement of Badgers (Meles meles) in a High-Density Population: Individual, Population and Disease Effects. Proceedings of the Royal Society
B: Biological Sciences, vol. 265(1403): 1269–1276.
Rohani P., Lewis T.J., Grnbaum D. and Ruxton G.D., 1997. Spatial self-organisation
in ecology: pretty patterns or robust reality? Trends in Ecology and Evolution,
vol. 12(2): 70–74.
Rohani P., May R.M. and Hassell M.P., 1996. Metapopulations and equilibrium stability: the effects of spatial structure. Journal of Theoretical Biology, vol. 181(2):
97–109.
Ross J.V., House T. and Keeling M.J., 2010. Calculation of disease dynamics in a
population of households. PLoS ONE, vol. 5(3): e9666.

118

References

Rothschild V., 1978. Spatial structure of plague natural focus and methods of its study.
Publishing House of Moscow University.
Rudenchik Y., Soldatkin I., Severova E., Mokiyevich N. and Klimova Z., 1967. Quantitative evaluation of the possibility of the territorial advance of epizooty of plague in
the population of the Rhombymys opimus (northern Karakum). Zoological Zhurnal,
vol. 46: 117–123.
Rushton S., Barreto G., Cormack R., Macdonald D. and Fuller R., 2000. Modelling
the effects of mink and habitat fragmentation on the water vole. Journal of Applied
Ecology, vol. 37(3): 475–490.
Sabelis M., Janssen A., Diekmann O., Jansen V., van Gool E. and van Baalen
M., 2005. Global Persistence Despite Local Extinction in Acarine Predator-Prey
Systems: Lessons From Experimental and Mathematical Exercises, vol. 37.
Salkeld D.J., Salath M., Stapp P. and Jones J.H., 2010. Plague outbreaks in prairie
dog populations explained by percolation thresholds of alternate host abundance.
Proceedings of the National Academy of Sciences, vol. 107(32): 14247–14250.
Samia N.I., Kausrud K.L., Heesterbeek H., Ageyev V., Begon M., Chan K.S. and
Stenseth N.C., 2011. Dynamics of the plague-wildlife-human system in Central
Asia are controlled by two epidemiological thresholds. Proceedings of the National
Academy of Sciences, vol. 108(35): 14527–14532.
Sherratt J.A. and Smith M.J., 2008. Periodic travelling waves in cyclic populations:
field studies and reaction-diffusion models. Journal of the Royal Society Interface,
vol. 5(22): 483–505.
Shmuter M., Egorova R., Volokhov V., Bibikova V. and Anisimova T., 1959. Pathogenesis of plague infection in different species ofgerbils. The Tenth Conference on
Parasitologic Problems and NaturalFocal Diseases, Moscow-Leningrad, vol. 1: 239–
242.
Stapp P., Antolin M.F. and Ball M., 2004. Patterns of extinction in prairie dog
metapopulations: plague outbreaks follow El Niño events. Frontiers in Ecology
and the Environment, vol. 2(5): 235–240.
Stenseth N., Atshabar B., Begon M., Belmain S., Bertherat E., Carniel E., Gage K.,
Leirs H. and Rahalison L., 2008. Plague: Past, present, and future. PLoS Medicine,
vol. 5(1): 9–13.
Sviridov G. and Il’inskaya V., 1967. Experience at simulation of elementary plague
focus. Report 2. Concerning the length of survival of plague agent in fleas under
conditions of isolated burrow. Materials of V scientific conference of the plague
control institutions of Central Asia and Kazakhstan. Alma-Ata, pp. 297–299.

119

References

Swinton J., Harwood J., Grenfell B. and Gilligan C., 1998. Persistence thresholds for
phocine distemper virus infection in harbour seal Phoca vitulina metapopulations.
Journal of Animal Ecology, vol. 67(1): 54–68.
Telfer S., Holt A., Donaldson R. and Lambin X., 2001. Metapopulation processes and
persistence in remnant water vole populations. Oikos, vol. 95(1): 31–42.
Tiensin T., Nielen M., Vernooij H., Songserm T., Kalpravidh W., Chotiprasatintara
S., Chaisingh A., Wongkasemjit S., Chanachai K., Thanapongtham W., Srisuvan T.
and Stegeman A., 2007. Transmission of the highly pathogenic avian influenza virus
H5N1 within flocks during the 2004 epidemic in Thailand. Journal of Infectious
Diseases, vol. 196(11): 1679–1684.
Volkova V.V., Howey R., Savill N.J. and Woolhouse M.E.J., 2010. Sheep movement
networks and the transmission of infectious diseases. PLoS ONE, vol. 5(6): e11185.
Vuilleumier S., Wilcox C., Cairns B.J. and Possingham H.P., 2007. How patch configuration affects the impact of disturbances on metapopulation persistence. Theoretical
Population Biology, vol. 72(1): 77–85.
Webb S.D., Keeling M.J. and Boots M., 2007. Host-parasite interactions between the
local and the mean-field: how and when does spatial population structure matter?
Journal of Theoretical Biology, vol. 249(1): 140–152.
Weisser W.W., Jansen V.A. and Hassell M.P., 1997. The effects of a pool of dispersers
on host-parasitoid systems. Journal of Theoretical Biology, vol. 189(4): 413–425.
White S.M. and White K.A.J., 2005. Relating coupled map lattices to integrodifference equations: dispersal-driven instabilities in coupled map lattices. Journal
of Theoretical Biology, vol. 235(4): 463–475.
Wimsatt J. and Biggins D., 2009. A review of plague persistence with special emphasis
on fleas. Journal of Vector Borne Diseases, vol. 46(2): 85–99.
Yegorova R., 1957. Bacteremia in gerbils being experimentally infected with plague.
Sc. Conf. on Natural Focality and Epidemiology of Particularly Dangerous Diseases., pp. 113–114.

120

Co-authors and affiliations
Stephen Davis
School of Mathematical and Geospatial Sciences, RMIT University Melbourne,
Australia
Ulf Dieckmann
Evolution and Ecology Program, International Institute for Applied Systems Analysis,
Laxenburg, Austria
Pauline Ezanno
INRA, ONIRIS, UMR1300 Bio-agression, Epidémiologie et Analyse de Risques, Nantes,
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Samenvatting
Grootschalige uitbraken van infectieziekten bij mens en dier hebben een grote impact op de maatschappij; Q-koorts (2007), mond-en-klauwzeer (2001), SARS (2002)
en vogelgriep (2009) zijn slechts enkele bekende voorbeelden hiervan uit het laatste decennium. Dergelijke uitbraken hebben verstrekkende gevolgen voor de dier- en
volksgezondheid en daarmee ook voor de economie. Kennis over de mechanismen
achter de verspreiding van de infectie is nodig om uitbraken te kunnen controleren
en/of te bestrijden. Een van de manieren om deze kennis te vergaren is het gebruik
van wiskundige modellen om de dynamica van de infecties te bestuderen. Deze modellen zijn natuurlijk een vereenvoudiging van de werkelijkheid, maar geven desondanks
belangrijke inzichten. In dit proefschrift wordt gebruikt gemaakt van wiskundige modellen om een bijdrage te leveren aan de kennis over infectiedynamica.
De dynamica van een infectieziekte wordt gemodelleerd met behulp van zogenaamde compartiment modellen, waarbij gastheren worden geclassificeerd aan de
hand van hun infectiestatus (bijv. vatbaar, infectieus of immuun voor de infectie). Er
zijn veel compartiment modellen, maar in dit proefschrift worden er twee gebruikt.
Het ene model is het zogenaamde SIS-model, waarin twee mogelijke compartimenten
worden gebruikt, namelijk vatbaar (S, ‘susceptible’) en infectieus (I, ‘infected’). Een
vatbare gastheer (S) wordt na besmetting door een infectieuze gastheer verplaatst
naar het compartiment ‘infectieus’ (I). Als de gastheer herstelt van de infectie is deze
weer vatbaar (S) en komt weer in het bijbehorende compartiment. De huis-tuin-enkeukenverkoudheid is een voorbeeld van een infectie waarvoor men direct weer vatbaar
is na herstel. Het andere model dat in dit proefschrift wordt gebruikt is het zogenaamde SIR-model, waarin de status van de gastheer wordt weergegeven als vatbaar
(S, ‘susceptible’), infectieus (I, ‘infected’) of immuun (R, ‘recovered’). Een vatbare
gastheer (S) wordt na besmetting door een infectieuze gastheer infectieus (I). Als de
gastheer vervolgens herstelt, dan komt hij in het compartiment ‘immuun’ (R). Naast
de epidemiologische veranderingen kunnen in deze modellen ook de demografische
veranderingen, zoals geboorte en dood, worden opgenomen. Op elk tijdstip wordt
daarbij gekeken hoeveel gastheren met iedere infectiestatus er nog zijn.
Een belangrijke aanname bij al deze compartiment modellen is dat een gastheer
elke andere gastheer kan tegenkomen met een gelijke kans. In werkelijkheid echter
zijn populaties vaak ruimtelijk gefragmenteerd. Een voorbeeld hiervan is vee dat zich
bevindt op verschillende veehouderijen, en slechts in contact kan komen met ander
vee door vee-transporten. Binnen een subpopulatie (veehouderij) kunnen gastheren
elkaar wel met gelijke kansen tegenkomen, maar tussen subpopulaties is die kans
kleiner. Zo’n verzameling van afzonderlijke populaties die met elkaar verbonden zijn
door bijvoorbeeld migratie heet een metapopulatie. De mate waarin een gastheer
contact heeft met een willekeurige andere gastheer hangt dus af van de locatie: als
de gastheren in verschillende subpopulaties leven is de kans dat ze elkaar tegenkomen
kleiner dan als ze in dezelfde subpopulatie leven. Vaak wordt in epidemiologisch
onderzoek geen rekening gehouden met deze twee niveaus van contact en wordt aan
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een volledige subpopulatie een infectiestatus toegekend. Hele subpopulaties worden
dan bijvoorbeeld als infectieus bestempeld, terwijl er ook nog vatbare en/of immune
gastheren leven. De modellen in dit proefschrift houden expliciet rekening met de twee
niveaus van contact: binnen en tussen subpopulaties. Om dit te bewerkstelligen wordt
de dynamica in elke subpopulatie afzonderlijk gemodelleerd en staan de subpopulaties
onderling met elkaar in verbinding door middel van migratie van de gastheer. Verder
bestaan de hier beschreven metapopulaties uit dermate kleine subpopulaties dat een
infectieziekte niet in een enkele subpopulatie aanwezig kan blijven (persisteren).
In het meest eenvoudige model wordt er geen rekening gehouden met de afstand
tussen de subpopulaties: alle subpopulaties zijn in gelijke mate met elkaar verbonden.
Dus de kans dat een gastheer naar een willekeurige subpopulatie migreert is gelijk voor
elke subpopulatie. Met behulp van deze migratiekans wordt de samenhang tussen de
subpopulaties gevarieerd. Als de kans om te migreren heel laag is, is er minder
samenhang in de metapopulatie dan bij een hoge migratiekans. Over het algemeen
wordt aangenomen dat hoe groter de samenhang is, hoe makkelijker een infectieziekte
kan persisteren. Uit het onderzoek beschreven in dit proefschrift blijkt echter dat het
voor een infectieziekte helemaal niet makkelijker hoeft te zijn om te persisteren bij een
grotere samenhang. Bij een hoge migratiekans bezoeken gastheren meer verschillende
subpopulaties, en hebben daardoor een hogere kans om vatbare gastheren tegen te
komen en met succes te besmetten. De keerzijde is echter dat de infectieuze gastheren
zo snel en gelijktijdig vatbare gastheren vinden en besmetten dat er onvoldoende tijd is
om het aantal vatbaren aan te vullen, door middel van bijv. geboorte of genezing. De
infectieuze gastheren kunnen dan niet op tijd, voordat ze zelf hersteld zijn, vatbaren
besmetten en zodoende sterft de infectie uit in de metapopulatie. Daarentegen, als de
kans om te migreren heel laag is, lukt het de infectieuze gastheren niet vaak genoeg om
naar een andere subpopulatie te migreren en daar vatbare gastheren te besmetten.
De ziekteverwekker kan het beste persisteren bij een ‘tussenliggende’ migratiekans
(Hoofdstuk 2).
Een biologisch realistischere manier om migratie te beschrijven is door een gastheer alleen naar nabije subpopulaties te laten migreren. Ook als er naast de migratiekans een maximale afstand waarover gastheren kunnen migreren in het model
wordt geı̈mplementeerd, blijkt te gelden dat een ‘tussenliggende’ migratie-afstand het
voor de ziekteverwekker makkelijker maakt te persisteren (Hoofdstuk 3).
Naast twee theoretische hoofdstukken over persistentie van een infectieziekte, bevat dit proefschrift ook een hoofdstuk (Hoofdstuk 4) waarin het eerder beschreven
model wordt toegepast bij onderzoek naar persistentie van de pest in Kazachstan.
Het is onduidelijk hoe de pest hier voor een periode van decennia kan persisteren.
Wel is bekend dat de pest verspreid wordt door vlooien die leven op gerbils (woestijnratten). De vraag die in dit hoofdstuk wordt bestudeerd is hoe groot het leefgebied
van de gerbils minimaal zou moeten zijn als de pest alleen door hen wordt verspreid.
Uit het model blijkt dat dit gebied dusdanig groot zou moeten zijn, dat het moeilijk
voor te stellen is dat dit over het hoofd is gezien bij de relatief intensieve monitoring
die wordt uitgevoerd. Dit suggereert dat het onwaarschijnlijk is dat uitsluitend gerbils
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verantwoordelijk zijn voor de persistentie van de pest en dat hiernaast nog een andere
manier van verspreiding is.
Het tweede gedeelte van dit proefschrift gaat over de invasie van een infectieziekte
in een metapopulatie die tot dan toe geheel vatbaar is. In een enkele niet-gefragmenteerde
populatie wordt het basale reproductiegetal R0 gebruikt om te bepalen of een infectieziekte daadwerkelijk een epidemie kan verzoorzaken. Dit getal geeft het gemiddelde
aantal nieuwe besmettingen weer dat wordt veroorzaakt door één infectieuze gastheer
in een volledig vatbare populatie. Als elke infectieuze gastheer gemiddeld meer dan
één andere gastheer besmet, neemt het aantal infectieuze gastheren toe en ontstaat er
een epidemie. Als een infectieuze gastheer gemiddeld minder dan één andere gastheer
besmet, sterft de infectie uit. Dit reproductiegetal heeft daarom een drempelwaarde
bij R0 = 1. Dit getal is echter gedefinieerd voor een niet-gefragmenteerde populatie
waarin alle gastheren evenveel contact met elkaar hebben, R0 kan dus gebruikt worden
in een metapopulatie. In dit proefschrift wordt een alternatieve drempelwaarde geintroduceerd met vergelijkbaar eigenschappen als het basale reproductiegetal, maar dan
specifiek toegespitst op metapopulaties. Deze drempelwaarde noemen we de Rm en
is gedefinieerd als het gemiddelde aantal nieuwe infectieuze migranten in een subpopulatie, veroorzaakt door één infectieuze gastheer die zojuist naar die volledig vatbare
subpopulatie is gemigreerd (Hoofdstuk 5).
Vervolgens is deze drempelwaarde gebruikt om de evolutie van virulentie van een
ziekteverwekker te bestuderen (Hoofdstuk 6). De virulentie van een ziekteverwekker
kan van invloed zijn op de besmettelijkheid van de infectieziekte, maar ook op het
gedrag van de gastheer. Bij een hoge virulentie van de ziekteverwekker kan de gastheer zo ziek zijn dat deze niet meer migreert. Daarnaast leidt een hogere virulentie
tot hogere sterfte. Een maximum in virulentie wordt wederom gevonden bij ‘tussenliggende’ migratiekans.
Het effect van de structuur van de metapopulatie op de persistentie van de ziekteverwekker is bestudeerd in hoofdstuk 2 en 3 en op de evolutie van virulentie in
hoofdstuk 6. Uit alle drie de hoofdstukken blijkt dat een niet te hoge maar ook een
niet te lage mate van samenhang tussen de subpopulaties het beste is voor de persistentie van de ziekteverwekker. Het beleid gericht op het bestrijden van infectieziekten
door restricties op migratie kan daarom onbedoeld de infectieziekte juist helpen. Mogelijk kan het onderzoek dat gepubliceerd is in dit proefschrift worden gebruikt om
toekomstig beleid te helpen verbeteren.
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in het bijzonder bedanken.
Als eerste natuurlijk mijn promoter, Hans Heesterbeek, je hebt me veel ruimte gegeven
om te doen wat ik leuk vond en gesteund als het nodig was: vaak wist je het juiste te
zeggen op het juiste moment. Hartelijk dank voor de vrijheid en alle mogelijkheden
die je me hebt gegeven.
During the first two years of my PhD, Stephen Davis helped me with my first steps
in the world called science. It was great to have you around for discussion all the
time, and that you always knew what I was doing and came up with good suggestions/advice.
Daarnaast wil ik natuurlijk ook de andere co-auteurs bedanken voor hun bijdrage aan
de verschillende hoofdstukken. Om te beginnen Pauline Ezanno, thanks to you I had
a head start with my first paper. Boris Schmid, ik heb met plezier samengewerkt aan
het artikel over de gerbils, en heb daarmee toch nog een toegepast hoofdstuk in mijn
proefschrift gekregen.
In de zomer van 2009 heb ik deelgenomen aan het Young Scientists Summer Program van IIASA in Laxenburg, Oostenrijk, met als resultaat twee hoofdstukken in
dit proefschrift. Hiervoor wil ik graag Ulf Dieckmann, Rupert Mazzucco en Hans
Metz bedanken. Thanks to all for the time and effort invested in educating me about
evolution and adaptive dynamics. Ulf, thanks for your detailed critical comments on
my papers and for your hospitality during my stays at IIASA. Rupert, thanks for all
the help, especially the help you gave me with programming. En Hans M. bedankt
voor het delen van je grote inzicht en je geduld. Het was heel fijn om af en toe gewoon
even in het Nederlands kort en soms wellicht op z’n Hollands direct van gedachten te
kunnen wisselen
At IIASA I shared the office with Christian, it was great to be your FOME, play
tennis, walk around the park, but maybe the thing I miss most has something to do
with a red ball...
Conni, jou heb ik ook ontmoet in Wenen en daarna pas echt leren kennen in Amsterdam. Ik vind het heel gezellig dat we samen squashen, concerten bezoeken, thee/wijn
drinken... Hartelijk dank dat je mijn paranimf wilt zijn.
Uiteraard waren ook mijn collega’s in Utrecht onontbeerlijk voor het afronden van dit
proefschrift. Alleerst de mensen met wie ik het langst de kamer heb gedeeld, Nienke,
Maite en Marian. Al snel nadat ik begonnen was, kwam ik bij jullie op de kamer,
waar we vele (on)zinnige discussies over werkelijk van alles hebben gevoerd en waar

130

Dankwoord

nooit gebrek was aan steun (met Nienke nu weer als paranimf). Erg fijn dat ik in het
laatste jaar weer terug bij Nienke en Maite op de kamer kwam, nadat ik weer eens
behoefte had aan nieuwe kamergenoten...
Tussendoor heb ik de kamer gedeeld met Dieuwertje. Samen met Judith en Kimm
hadden we al heel gezellige theepauzes in de tijdelijke huisvesting, die soms buiten
werktijd nog eens werd voortgezet met een borrel of een etentje.
Liesbeth, geweldig dat ik mee mocht op veldwerk naar Kazachstan om te zien waar
het hoofdstuk over gerbils nu eigenlijk over ging, voor mij was het net vakantie!
Annemarie en Don, het was gezellig om elkaar af en toe ’s ochtends vroeg in de trein
al tegen te komen (al was dat dan nog iets te vroeg voor een praatje), dan toch samen
naar de faculteit te fietsen of ’s middags weer terug te reizen naar Amsterdam.
Met het risico dat ik er een aantal vergeet, wil ik toch de volgende mensen bedanken
voor hun steun, als zaken even niet liepen zoals ik wilde of als ik gewoon iets kwijt
wilde, en gezelligheid tijdens de lunch, waar jullie door mij stipt om 12.00 werden
gewezen, en de koffiepauze (ik mis nu de gesprekken met onderwerpen variërend van
wetenschap tot reality tv): Susanne, Saskia, Lenny, Elise, Eimear, Gerrit, Marjolein,
Miriam, Kirsten, Wilma, Henk, Jan, Mirjam, Hilde, Hans V., Tijs, Milou, Bart,
Claudia, Erwin en een ieder die ik vergeten ben bij naam te noemen....
Als laatste wil ik graag Arjan bedanken, met name voor je steun bij de laatste loodjes.
Dank je wel.
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Marieke Jesse werd geboren op 2 december 1980 in Alkmaar. In 1999 behaalde zij haar
VWO diploma aan het College Hageveld in Heemstede. In september 2000 begon ze
met de studie biologie aan de Katholieke Universiteit Nijmegen, maar stapte binnen
korte tijd over naar de studie wiskunde aan de Universiteit van Amsterdam. Deze
rondde zij eind 2006 af.
In januari 2007 startte ze haar promotie-onderzoek bij het departement Gezondheidszorg Landbouwhuisdieren bij de faculteit Diergeneeskunde van de Universiteit
Utrecht, waar de theoretische epidemiologie de wiskunde verenigde met haar belangstelling voor de biologie. In de zomer van 2009 heeft ze deelgenomen aan het ‘Young
Scientists Summer Program’ van het International Institute for Applied Systems
Analysis (IIASA) in Oostenrijk. Hiervoor verbleef zij drie maanden in Wenen.
Ze werd tijdens haar promotie-traject begeleid door prof. dr. Hans Heesterbeek van
de leergroep Theoretische Epidemiologie. De resultaten hiervan zijn beschreven in dit
proefschrift.
Inmiddels is ze niet meer werkzaam binnen de wetenschap, maar als consultant bij
HR adviesbureau Mercer.
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