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Abstract: In this paper, the use of an equivalent-barotropic model for the simulation of the atmospheric state,
averaged over some time-interval, is discussed. This simulation may be arranged in such a way that the geopo-
tential fields of the time-mean and barotropic flow are identical, implying that the real mean vertical velocity
field is determined by the vertical velocity in the barotropic model and the eddy-transfer of heat or vorticity.
As an application, the influence of stationary heating at the lower boundary of an equivalent-barotropic at-
mosphere is studied by using linear quasi-geostrophic theory. It appeared that the phase (with respect to the
heating field) and amplitude of the forced waves are very sensitive to the mean zonal wind and the wavelength.

On the basis of the results it is argued that some statistical relations concerning the large-scale ocean-atmos-
phere interaction may be explained by assuming that the anomaly field of the mean heating at the top of the
boundary layer is directly proportional to the sea-surface temperature anomaly field.

'I. Introduction

The monthly weather forecasts which are published by several meteorological services are mainly
based on statistical relations. Practice has shown that the reliability of these forecasts is rather poor,
which has led to some reflection on the subject. Of course, the fundamental question concerns the predic-
tability of the monthly mean state and in fact it is hoped that the so-called external factors (snow cover,
sea surface temperature, etc.) play a dominant role on the monthly scale. If one believes in the predicta-
bility of monthly mean weather elements there are mainly three ways to proceed:

i) using the gradually increasing stream of observations for the computation of better statistical
relations or the selection of better analogues,

ii) further developement of multi-level general circulation models,
iii) design of statistical models based on the physical properties of the atmosphere.

The last mentioned way seems to be in full development. Most of these models, however, deal with a
zonally averaged state, so it is difficult to use them for monthly forecasting.
The approach followed in this paper may come under iii). The principal idea is to treat the monthly mean
state at latitudes higher than about 30 ON in a two layer model, namely, a boundary layer and an equi-
valent-barotropic layer. Some computations concerning the vorticity advection by the monthly mean
flow at various pressure levels were carried out by the author, and the results showed that such a model
may describe the monthly mean state fairly well. As will be discussed in some detail in the next section,
the use of an equivalent-barotropic model for the simulation of a time-mean atmospheric state sets some
constraints on the involved eddy-statistics. In fact, it may be put in such a way that the difference bet-
ween the real mean vertical velocity and the vertical velocity in the baroropic model is determined by
the eddies.

The key-problem of the proposed model is the parameterization of the boundary layer and its coupling
with the free layer. In particular, the determination of the mean temperature and wind at the surface is
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very difficult. A pure extrapolation downwards without regarding the nature of the underlying surface,
seems inadequate for the considered time-scale. Nevertheless, the influence of large-scale stationary heat-
ing will be investigated in a simple way by linear quasi-geostrophic theory, with special attention to the
effects of sea-surface temperature anomalies.

2. Description of the Monthly Mean State

The quasi-geostrophic system for the diabatic case will be the basis of this study. For a deri-
vation of this system and a discussion of the involved assumptions reference is made to HALTINER
(1971) and HOLTON (1972). In the x, y, p, t-frame the balances of vorticity and heat are given by:
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Equations for the mean quantities may easily be derived by taking a time-average of (1) and (2) after
splitting up a, w, 0 and Q into a monthly mean part, denoted by an overbar, and the deviation from
that mean part, denoted by a prime.
The resulting equations are:
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The knowledge about the right-hand sides of (3) and (4) is very poor, particularly about the terms con-
taining w'. The eddy vorticity advection (the last term in (3)) has been studied by HOLOPAINEN (1975),
who shows that this term has the same order of magnitude as the vorticity advection by the mean flow.
The last term in (4) represents the advection of heat by the eddies. It is well-known that this term is an
important one.
Now, an equivalent-barotropic atmosphere is defined by:

(x, y, p, t) = A(p). (0) (x, y, t) + as(p) (5)
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A is a function of pressure only and the symbol () denotes the vertical average over the interval p = 0 to
p = po, being the top of the boundary layer. 0S is the geopotential in some standard atmosphere and a
function of pressure only. The symbol signifies quantities referring to the barotropic model. The
governing equations are:
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As mentioned in the introduction, the time-mean flow will be simulated by the barotropic model. This
is done by equalization of and . From the definition of the static stability it follows immediately
that a = o. The dissipation terms are set equal and the following heating is applied:

Q=Q -yE (8)

where E is the divergence of the eddy heat flux and y varies with pressure in such a way that the profile
of Q is in accordance with (5). For consistency, it is assumed that (Q) = (6), implying (yE) to be zero.
Substracting (6) from (3) and (7) from (4) yields:
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There has been made use of the fact that the relative vorticity of the mean flow is at least one order of
magnitude smaller than the planetary vorticity. Now it is clearer what simulation of time-mean flow in
an equivalent-barotropic model means: the conditions (9) and (10) should be satisfied. However, at the
moment the knowledge of the eddy terms is by no means sufficient to permit a derivation of the w-
field from the w -field, so only the geopotential of the time-mean flow can be computed. This may be
a serious drawback, for example if it is desired to parameterize the flow-dependent part of the diabatic
heating.

Related to the previous discussion, it is interesting to consider stationary waves induced by mountains.
The advection of heat in an equivalent-barotropic atmosphere is zero by definition, so the thermodynamic
energy equation reduces to a balance between diabatic heating and cooling due to vertical motion. Since
the vertical motion field is orographically forced, a stationary mountain-induced wave cannot satisfy (2)
in the adiabatic case (Q = 0), unless v = 0 everywhere, but that is not realistic. However, if one deals with
a geopotential field averaged in time, such waves may exist: the condition c:0' = 0 does not imply w = 0
because of the action of the transient eddies. In view of this, it would not be surprising to find very speci-
fic properties of the eddy-statistics in the vicinity of mountain ranges. In the diabatic case the energy
equation may also be satisfied by momentary stationary waves, but it is unlikely that the diabatic heat-
ing field is exactly the one required to compensate for the cooling due to the forced vertical motion field.
This demonstrates that the treatment of instantaneous flow in an equivalent-barotropic model represents
a poor approximation. However, if the model is enriched with eddies, i. e. if some averaging-procedure is
applied, stationary waves may perfectly satisfy the thermodynamic energy equation. This consideration
leads to the following statement: at moderate and high latitudes equivalent-barotropy might be looked
upon as a phenomenon typical for the time-mean atmospheric state rather than for the instantaneous
atmospheric state.
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3. Waves Forced by Stationary Heating

In this section the influence of stationary heating on an equivalent-barotropic atmosphere is
considered. Averaging the vorticity equation from p = 0 to p = po, applying the "starred level method"
(see e. g. HOLTON, 1972) and substitution of (7) in the resulting equation yields for the stationary case:

fo
x

fa R(A2 (p))
where C = - 2

O (po)

po is the pressure at the lower boundary, 0 now denotes the geopotential of the starred level p = p*,
defined by A(p*) = (A2 (p)). The dissipation has been set directly proportional to the relative vorticity at
the starred level, with proportionality constant W. Eq. (11) may be linearized by assuming that the ad-
vection of relative vorticity is completely established by the mean zonal wind U. In that case, anomalies
in the geopotential field are directly related to anomalies in the heating field and a superposition of the
components of the -spectrum that are solutions of the vorticity equation forms also a solution. So it is
sufficient to substitute the following expressions in the linearized vorticity equation:

= akm . cos (my). exp (ikx); CO (po) = bkm . cos (my). exp (ikx) (12)

The symbols in and k denote the meridional and zonal wavenumber respectively. The coefficients akm
and bkm then are related by:

akm (akml + W) = bkm/IZ (13)

where akm=k(U- ;) 12 m2+k2 (14)

The amplitude lakm I and the phase-angle p of the geopotential wave are given by:
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bk 112 ; `p

= arctan (- akm /W) (15)
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The imaginary part of bkm has been set at zero, so p actually is the phase-difference between the heating
and geopotential wave.
In order to discuss the results given by (15), it is necessary to fix the dissipation constant W. Estimations
of the e-folding time-scale for the kinetic energy in the atmosphere vary widely, the greater part being in
the 3-10 days range. In this study W has been chosen such that this time-scale is about 6 days.

Figure la shows the phase-difference between the heating and geopotential wave as a function of the zonal
wavelength for three values of the mean zonal wind. The meridional wavelength is 6000 km. A negative
value of gyp, occurring for relative short waves, indicates that the geopotential wave lies to the east of the
heating wave. Positive values of p are connected with long waves, which lie westward of it. The correspond-
ing amplitudes are shown in Figure lb. Clearly, heating waves with a zonal wavelength smaller than about
5000 km are insignificant. Furthermore, the wavelength of maximum amplitude shifts to higher values for
stronger zonal winds. Figure 2 shows the same as Figure 1, except for a meridional wavelength of 8000 km.
For low values of the mean zonal wind, the phase-difference becomes very sensitive to the wavelength. The
wavelengths of maximum amplitude are smaller now, but waves shorter than 4000 km still are negligible.

The real significance of the described mechanism depends on the constant C and the magnitude of the
heating. If the lower boundary is chosen at 900 mb and the static stability of the standard atmosphere,
being 10-6 m4 kg -*2 s2 at 900 mb, is used, C has a value of about 4.10-' 3 m 2. With a mean zonal wind-
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Figure 1. Phase-difference between heating and geopotential wave (a.) and relative amplitude (b.), both versus the
zonal wavelength Lx. The meridional wavelength is 6000 km. All, numbers are in m kg s-units.

Figure 2. Same as Figure 1, except for a meridional wavelength of 8000 km.

speed of 12 m s-1 and a meridional wavelength of 8000 km, a heating wave with an amplitude of 2,5.10-3
J kg 1st induces a geopotential height wave with a maximum amplitude of 65 gpm (namely if the zonal
wavelength is about 7400 km). Such a heating rate could be caused by the mean vertical heat flux in a
region where the air-sea temperature difference is about 1,5 °C, that is, if the heating at 900 mb is assumed
to be twice the vertical mean heating.
The sensitivity of the solution to variation of the dissipation constant W appeared to be practically restrict-
ed to the amplitude of the waves. Higher values of W give smaller values of lakml, but the general picture
does not change very much.

4. Discussion

The primary goal of this study was to find a simple model that could explain some results of sta-

tistical investigations of the large-scale ocean-atmosphere interaction, i_a. RATCLIFFE and MURRAY (1970)
and OERLEMANS (1975). In the latter it was concluded that, during winter, positive or negative sea-surface
temperature anomalies favour the occurrence of an upper ridge or trough respectively, situated somewhat
downstream of the anomaly region. After some consideration it became clear that such a relation could
hardly be explained by the models of SMAGORINSKY (1953) and DOGS (1962), which deal with stationary
perturbations caused by large-scale heating. In both models the eddies are disregarded and the vertical
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heating profile is prescribed and since this heating has a maximum value in the lower layers of the tro-
posphere, the computed perturbation fields of the geopotential height also show a maximum amplitude at
lower levels. At least with regard to anomalies in monthly mean height fields, this is not realistic. Appar-
ently, the eddies are needed again to explain the observed time-mean state. In view of this, it seems to be
a natural approach to regard the troposphere above the top of the boundary layer as equivalent-barotropic,
because it may account for the role of the eddies in a crude way, as has been discussed in section 2. So the
anomalies of the monthly geopotential height field, induced by stationary heating, may be represented by
stationary Rossby-waves forced by a thermally induced (fictive) vertical motion field.
In order to investigate the effects of sea-surface temperature anomalies it is necessary to relate them to the
anomalous diabatic heating field at p =po. Since a time-mean state is considered it is very difficult to use
existing boundary layer theory for this purpose. It was astonishing to discover that the following para-
meterization, which in fact is the simplest one, may explain the relation between sea temperature and large-
scale circulation as mentioned in the beginning of this section. Namely, assume that the mean diabatic
heating field at the top of the boundary layer differs only in magnitude from the sea-surface temperature
anomaly field. In that case (15) can be applied directly. During winter the mean zonal windspeed at 500 mb,
averaged over the 35-60 °N belt, has a value of about 12,5 in s7_' (see OORT and RASSMUSSON (1971)).
It follows from the Figures 1 and 2 that waves with a zonal wavelength smaller than about 7500 km lie
eastward of the heating wave, while longer waves lie to the west of it. Since temperature anomalies in the
Atlantic and height anomalies over the Atlantic and Europe often show a characteristic wavelength of
5000-7500 km, it may be expected that, in the mean, a positive height anomaly will be found to the
east of a positive sea-surface temperature anomaly. This agrees quite well with the empirical relation
mentioned before.
It is planned to apply (IS) to a series of observed monthly anomaly fields. Due to the schematic approach
in Section 3 and the importance of other external factors, the correlation between computed and observed
height anomalies will probably be weak. However, there seem to be no serious problems if the ideas dis-
cussed in Section 2 should be applied to a non-linear model that is solved numerically.
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