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Chapter 1

Introduction

The air that forms our atmosphere is a gas of fast-moving molecules that exchange
kinetic energy during collisions with other gas molecules and solid objects, as if
they were involved in a giant 3-dimensional game of billiards on a nanometer scale.
The average energy that is transferred during each of these collisions is extremely
small, about 10−21 Joule at room temperature. Air molecules are nevertheless so
tiny that this energy scale involves velocities which are, maybe not surprisingly, in
the order of the speed of sound. Unlike a normal game of billiards in which all balls
eventually stop rolling, the movement of air molecules is perpetual. This is because
on a nanometer scale, the molecules that form the walls, a page of this thesis, or
a billiard table, shake so vigorously that the air molecules that collide with these
never come to rest.

The average thermal kinetic energy of translation is independent of the mass or
other properties of a particle. Therefore the associated thermal velocity is too low
to be visible for large (and heavy) ‘particles’ that we can see with our bare eye,
such as grains of sand. However, by using just a normal light microscope it can be
observed that micron-sized objects on a water-air interface are significantly affected
by these thermal excitations, and accordingly display a random movement that is a
direct result of their thermal velocity. This was what Brown observed in 1827 when
he studied pollen grains under his microscope [1]. Einstein and Sutherland were
the first to relate this so-called Brownian motion to the constant bombardment with
invisibly small molecules, and Einstein related the diffusion of the particles to their
size, the temperature and the viscosity of the solvent [2, 3].

1.1 Colloids
Considering particles inside a liquid, the so-called colloidal size regime with par-
ticle sizes between ≈ 10 nm and 1 µm is special. In this regime particles are much
larger than the molecules of the solvent, which can therefore be considered to be a
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4 Chapter 1. Introduction

continuum, but the particles are small enough to be able to explore different spatial
configurations due to Brownian motion. Since these particles do not immediately
‘sink’ to the bottom, larger structures like colloidal strings or crystals might form
spontaneously. A well known natural example of this are colorful opal gems, in
which a spontaneous crystalline ordering of colloids has been ‘frozen in’, causing
interesting optical properties. Colloidal systems are present in our everyday life.
Examples are paints, inks, cosmetic products and various food products, which all
consist of colloidal particles suspended in a liquid continuous medium. However, the
continuous medium can also be a gas [4]; fog can be regarded as a colloidal system
of small water droplets in air. Apart from their intrinsic interests, colloids are inter-
esting to study the behaviour of atomic and molecular systems [5] as their greater
size and larger time scales often make experiments much easier to perform. General
phenomena in physics, like phase transitions and coexistence, glasses, and various
crystal structures, are also observed in colloidal systems. Nowadays, colloids can
be made synthetically with high control over the shape and material properties. Ex-
amples include particles with the shape of dumbbells, cubes, caps, or snowmen, or
with heterogeneous ‘patchy’ surfaces that can form directional bonds such that new
structures (e.g. with a complete photonic band gap or enhanced stability against
demixing) can (self-)assemble. In Chapters 5 and 6 we will investigate the elec-
trostatic interactions between spherical ‘Janus’ particles with differently charged
hemispheres.

1.2 Ions
Just as the thermal bombardment with water molecules is sufficient to empower
Brownian motion, it is also sufficient to break ionic bonds of molecules that are
immersed in a solvent. In water, salts easily dissociate. Sodium chloride for exam-
ple can be split with little effort into the ion pair Na+ and Cl−, which causes the
salt to dissolve. Although pulling the positive and the negative ion pair apart costs
electrostatic energy, dissolution opens up a whole new range of possible spatial
configurations of the ion pair, and therefore the probability of a recombination of
two opposite ions is often small.

Large objects tend to fall down and remain on the floor. However, on a nanome-
ter scale nature behaves different than on the scale we live. Whilst we see large
objects only minimising their potential energy, for microscopic particles the most
probable situation is defined not only by the corresponding potential energy, but
also by the number of ways the particles can be arranged within a certain situa-
tion. Like we mentioned, (table) salt dissolves, but also air molecules are distributed
within an atmosphere that is tens of kilometers tall. The competition between en-
ergy minimisation and configurational richness can be formulated in terms of the
Helmholtz free energy, F = E −TS , in which the energy E has been modified by
a term TS , with S the entropy which is related to the (logarithm of) the number
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of available configurations corresponding to a certain situation (e.g. undissolved vs.
dissolved), see e.g. Ref. [6]. The preferred state of the system corresponds to minimal
free energy and therefore generally depends on the temperature T . A nice example
of this is the mixing of two volumes that contain solutions of different salinity, e.g.
seawater and river water. If these volumes are connected to each other the number
of available ion configurations increases enormously just by allowing the ions to
move between both volumes. Although the associated change in energy is (almost)
zero, both volumes will therefore eventually mix spontaneously. This tendency of
the ions to gain entropy turns out to be so strong that one can ‘trade’ the mixing
of both volumes for a significant extraction of energy by letting the system perform
(electrical) work as the volumes mix. In Chapter 3 we will discuss how one can
perform such a trade-off optimally, by using a novel method that relies on the use
of modern highly porous carbon electrodes [7]. The high porosity of this material
grants a very high electrostatic capacity which has led to its use in so-called ultra-
capacitors. We will exploit the thermodynamic property that the capacity of these
electrodes changes with the ion concentration in the electrolyte.

1.3 Charge and screening
Unlike the carbon electrodes for which a (high) surface charge can be delivered
by an external source of electric current, the surface of a colloidal particle charges
spontaneously by ion dissociation or by preferred adsorbtion of a particular ion
species. As these charging processes are thermal the resulting surface charge den-
sities are not extremely high; associated electrostatic surface potentials larger than
100 mV are rare. Partial ionisation of the surface leads to a charge that depends
on the number of ionisable bonds on the colloidal surface and their corresponding
bond energies. Similar colloids typically experience an electrostatic repulsion that
makes them more stable against coagulation that is induced by short-ranged van
der Waals forces [8, 9]. A net electrostatic charge makes colloidal particles move
in electric fields. This allows them to be used in for example the electrophoretic
displays of e-readers.

Figure 1.1: A sketch of the counteri-
ons (small) in the double layers of three
charged colloids (large).

The charged surface electrostatically attracts ions with an opposite charge, but
repels similarly charged ions. This causes the formation of a so-called ‘double layer’
of countercharge around the colloid which eventually screens all the surface charge
on the colloidal surface, see colloid ‘A’ in Fig. 1.1, where we sketched the counteri-



6 Chapter 1. Introduction

ons in the double layer. Entropic benefits for the ions cause that the double layer
does not condense on the colloidal surface, but has a typical thickness of maximally
about a micron in water, known as the Debye screening length. Due to the opposite
charge of the double layer, the colloids appear to be uncharged if observed from a
few screening lengths distance. Therefore, the only possibility for a pair of colloids
to interact electrostatically is when double layers overlap at closer distances, as is
sketched for pair ‘B’ and ‘C’ in Fig. 1.1.

In Chapters 4, 7, 8, and 9 we will consider surfaces that charge due to various
kinds of chemical equilibria. The regulated charge can often be characterised by
a single ‘chargeability’ parameter. In this way, the charge becomes dependent on
the colloid density, and typically one observes reduction of the colloid charge in the
vicinity of other colloids. This leads to a reduced pair repulsion between similar
colloids. A close description of various charge mechanisms can help us to under-
stand experimentally found crystallisation curves, such as for colloids that charge in
presence of AOT micelles. Furthermore, an inhomogeneous distribution of charge-
able groups on the colloidal surface can often lead to attractions between similar
colloids that repel each other at greater distances, as we will see in Chapter 9.



Chapter 2

Effective electrostatic interactions

Abstract

Density functional theory is applied to find the electrostatic interactions of
charge configurations suspended in electrolyte. The resulting theory is known
as Poisson-Boltzmann theory and involves a nonlinear differential equation
for the electrostatic potential. No general analytic solution is known for this
equation. Throughout the thesis we will therefore apply theoretical models
that give accurate results either in simplified geometries, or for sufficiently low
charge densities. In this chapter, we will (re-)derive models that are known from
literature and determine the parameter space in which they can be applied.

2.1 Introduction
Elementary electrostatics teaches us that the electrostatic energy that is needed to
assemble a certain charge configuration q(r) in vacuum involves a straightforward
calculation using Coulomb’s law,

Hvacuum[q] = e2

2

∫∫
drdr′ q(r)q(r′)

|r− r′| −Uself , (2.1)

with e the elementary charge, q(r) the charge density in units of elementary charges
per volume, and Uself a constant self-energy term. Eq. (2.1) is expressed in the Gaus-
sian system, such that the dielectric permittivity of vacuum ε0 = 1 and the elementary
charge e= 1.5 ·10−14 kg1/2 m3/2 s−1. Eq. (2.1) can for example be used to calculate
the electrostatic force between charged particles or to find the work that is needed
to charge a conducting surface. In this chapter we will generalise this description
towards systems in which the charge configuration is suspended in an electrolytic
solution at temperature T , consisting of solvent molecules and ions in the form of
cations(+) and anions(-). The effective electrostatic energy of the configuration q(r)
then results from interaction between the charges themselves, but also from interac-
tions with solvent molecules and ions. One has in principle to consider all degrees
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8 Chapter 2. Effective electrostatic interactions

of freedom in position and orientation of these particles in order to find the effec-
tive interaction energy of the configuration q(r). This is generally impossible as
the number of solvent molecules and ions is typically extremely large. However by
using appropriate approximations on the (electrostatic) properties of the solvent and
the ions it is possible to find a description of the electrostatic energy in which the
degrees of freedom of the medium are integrated out. It is a natural choice to start
such a procedure by considering the solvent molecules as their number exceeds the
number of ions by a large factor. Solvent molecules are charge neutral and typically
form an incompressible liquid. The molecules however in general have a dipole
moment which causes a tendency to align with electric fields. At the minimum free
energy (as we consider the system to be at constant temperature) of the solvent the
gain in electrostatic energy of the individual molecules by aligning with the field
is balanced by the corresponding loss in rotational entropy. Electrostatics teaches
us a very accurate approximation in which all the degrees of freedom of the solvent
molecules are integrated out by introducing an effective Coulomb pair interaction in
which the interactions as given in Eq. (2.1) are modified by a factor ε−1, with ε the
dielectric constant of the solvent. At the dielectric interface between a (colloidal)
surface and the liquid one has to add a bound- (polarisation induced) charge density
that is determined by the local electric field and the ratio of the dielectric constant
at both sides of the interface [10]. Throughout this thesis, the solvent will be treated
at this level of approximation.

2.2 Density functional theory
Just as it is possible to integrate out the degrees of freedom of the solvent molecules
it is also possible to integrate out the degrees of freedom of the ions, for instance by
using density functional theory (DFT), see e.g. Ref. [11]. The ions can be regarded
as a gas of charged species that ‘live’ inside the solvent. The ions have charges
±e, where we assume that the ions are monovalently charged. It turns out to
be convenient to treat the ions grand-canonically; one assumes that the system is
connected to a large reservoir of electrolyte such that the chemical potential of both
ion species is fixed and one is therefore able to define a ‘bulk’ density of ions.
Eventually, a Legendre transformation can be applied at the end of the calculations
should the number of ions be fixed, as we will see in Chapter 3. By considering the
locations and charges of the non-ionic charges (e.g. colloidal particles) as a fixed
background q(r), the Hamiltonian that describes the electrostatic and hard-core
interactions of a system of N+ cations and N− anions is given by

HN+,N− = K +Φ+V, (2.2)

with K the kinetic energy, Φ the ion-ion interaction, and V the electrostatic inter-
action with the fixed density q(r) and with the hard-core potential VHC. The kinetic



2.2. Density functional theory 9

energy is given by

K =
N+∑

i=1

p2
+i

2m+
+

N−∑

i=1

p2
−i

2m−
, (2.3)

where m± is the mass of the concerned ion species, and p±i are the linear momenta.
By approximating the cations(+) and anions(-) as charged hard-core particles with
respective particle radii a+ and a−, the interactions between the ions can be de-
scribed as

Φ =
N+∑

i=1

N−∑

j=1
Φ+−(|r+i − r−j |)+

N+∑

i<j
Φ++(|r+i − r+j |)+

N−∑

i<j
Φ−−(|r−i − r−j |), (2.4)

where

Φαα ′ (r) =
{

∞ if r < aα +a′
α ;

αα ′ e2
εr if r ≥ aα +a′

α .
(2.5)

The interactions of the ions with the fixed charges can be regarded as an interaction
with an external potential at this point. They are given by

V =
N+∑

i=1
V+(r+i)+

N−∑

i=1
V−(r−i), (2.6)

where
V±(r) = VHC(r)+

∫
dr′ e2

ε
±q(r′)
|r− r′| . (2.7)

Here, q(r) is the charge density of the fixed charges and VHC(r) is a hard-core
potential that is needed because the charge distribution may occupy a certain volume
that is therefore impenetrable to ions. More explicitly, for a system of M spherical
colloidal particles at positions rci and charge Z (in the centers) these functions are

q(r) =
M∑

i=1
Zδ3(r− rci), (2.8)

and

βVHC(r) =
M∑

i=1

{
∞ if |r− rci|< a,
0 if |r− rci|> a,

(2.9)

where β = 1/kBT , with kB the Boltzmann constant and T the temperature. In
Eq. (2.9), a is the colloidal radius. However, q(r) and VHC(r) can also be chosen
to represent any other (colloidal) distribution of charges and will therefore be kept
in their general forms in the remainder of this derivation. We consider the grand-
partition function of the ions

Ξ = Trcl exp [−β(HN+,N− −µ+N+ −µ−N−)] , (2.10)
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where µ± are the ionic chemical potentials and in which the grand-canonical classi-
cal trace involves the usual integrals over all phase-space and sums over all numbers
of ions,

Trcl =
∞∑

N+=1

∞∑

N−=1

1
N+!N−!h3(N++N−)

∫
dpN++N− drN++N− . (2.11)

The average ⟨Â⟩ of any operator that depends on the phase-space variables (ri±,pi±)
can be expressed as

⟨Â⟩ = Trclf0A, (2.12)
with

f0(ri±,pi±;N+,N−) = 1
Ξ exp [−β(HN −µ+N+ −µ−N−)] (2.13)

the normalised equilibrium distribution. It is useful to define the intrinsic local
chemical potential,

Ψ±(r) = µ± −V±(r), (2.14)
which depends on the chemical potential and the interaction potential with the fixed
charge density. By introducing a short notation for the evaluation of this local
chemical potential at the positions of the ions

ΨN± =
N±∑

i=1
Ψ±(r±i), (2.15)

we are able to write HN −µ+N+ −µ−N− =K +Φ−ΨN+ −ΨN−. Considering now
an infinitesimal variation δΨ±(r) of the local chemical potential of one ion species,
one finds that the corresponding change in the grand potential Ω = −kBT logΞ is

Ω[Ψ± +δΨ±]−Ω[Ψ±] = −kBT log Ξ[Ψ± +δΨ±]
Ξ [Ψ±]

= −kBT log Trcl exp [−β(HN −µ+N+ −µ−N− −δΨN±)]
Trcl exp [−β(HN −µ+N+ −µ−N−)]

= −kBT log Trcl exp [−β(HN −µ+N+ −µ−N−)] (1+βδΨN±)
Ξ

= −kBT log (1+β⟨δΨN±⟩) = −⟨δΨN±⟩

= −
∫

dr ρ̃±(r)δΨ±(r), (2.16)

in which ρ̃±(r) = Trclf0ρ̂±(r) is the local equilibrium density profile of the con-
cerned ion species which can be found by applying the density operator ρ̂±(r) =∑N±

i=1 δ(r±,i− r) to Eq. (2.13). It follows that Eq. (2.16) can be written as a functional
derivative,

δΩ[Ψ±]
δΨ±(r) = −ρ̃±(r). (2.17)
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With ρ̃±(r) thus being the conjugate to Ψ±(r), it is possible to perform a Legen-
dre transformation in which the independent functions Ψ±(r) are replaced by the
equilibrium densities ρ̃±(r). The intrinsic Helmholtz free energy is obtained,

F [ρ̃+, ρ̃−] = Ω[Ψ+,Ψ−]+
∫

dr ρ̃+(r)Ψ+(r)+
∫

dr ρ̃−(r)Ψ−(r). (2.18)

It can be proven [11] that (I) F [ρ+(r),ρ−(r)] is a functional only of the functions ρ±(r)
and therefore is independent of Ψ±(r), and (II) the functional

Ω[ρ+,ρ−] = F [ρ+,ρ−]−
∫

dr ρ+(r)Ψ+(r)−
∫

dr ρ−(r)Ψ−(r), (2.19)

is minimised if both ρ±(r) equal the equilibrium densities ρ̃±(r) for given Ψ+(r) and
Ψ−(r). The minimum value is the equilibrium grand potential of the system.

2.3 Mean-field theory
By construction, the intrinsic Helmholtz free-energy functional (2.18) does not de-
pend explicitly on the interactions with fixed charges. Therefore, applying a mean-
field approximation and using an ideal-gas reference system for both ion species we
may estimate this free energy by

F [ρ+,ρ−] = Fid[ρ+,ρ−]+ 1
2

∫∫
dr dr′ e2

ε
(ρ+(r)−ρ−(r))(ρ+(r′)−ρ−(r′))

|r− r′| , (2.20)

in which the second term governs the interactions between the ions as in Eq. (2.4)
and the first term is the ideal-gas contribution

βFid[ρ+,ρ−] =
∑

α=±

∫
dr ρ±(r)

(
logρ±(r)Λ3

± −1
)
. (2.21)

The grand-potential functional follows from Eq. (2.19),

βΩ[ρ+,ρ−] = βΩid[ρ+,ρ−]+βΩΦ[ρ+,ρ−]−βΩV [ρ+,ρ−]. (2.22)

The ideal-gas term is

βΩid[ρ+,ρ−] =
∑

α=±

∫
dr ρ±(r)

(
log ρ±(r)

ρs
−1
)
, (2.23)

for which it was used that µ± = kBT logρsΛ3
±, with ρs being the bulk density of

both species. The terms that govern the ion-ion interaction and the interaction with
the fixed charges yield

βΩΦ[ρ+,ρ−] =
∑

α=±

∑

α ′=±

1
2

∫∫
dr dr′ λB

ρα (r)ρα ′ (r′)
|r− r′| , (2.24)
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and

βΩV [ρ+,ρ−] = −
∑

α=±

∫∫
dr dr′ λB

q(r)ρα ′ (r′)
|r− r′| −

∫
dr (ρ+(r)+ρ−(r))βVHC(r), (2.25)

respectively, with λB ≡ βe2/ε the so-called Bjerrum length. By introducing the
total charge density Q(r) = q(r) +ρ+(r) −ρ−(r) and the dimensionless electrostatic
potential

ϕ(r) =
∫

dr′ λB
Q(r′)

|r− r′| , (2.26)

it is possible to rewrite Eq. (2.22) as

βΩ[ρ+,ρ−] = βΩid[ρ+,ρ−]+ 1
2

∫
dr Q(r)ϕ(r)+

∫
dr (ρ+(r)+ρ−(r))βVHC(r). (2.27)

Note that the latter equation includes an extra constant term (w.r.t. to the ion
densities ρ±) which describes the direct interaction of the charge distribution q(r)
with itself. Eq. (2.27)is the Poisson-Boltzmann grand potential which can be used
to find the effective electrostatic energy of a charge configuration q(r) as we will
see now.

2.4 The Poisson-Boltzmann equation
Up to now we considered the charge distribution q(r) and the associated hard-
potential VHC as being fixed and calculated the grand potential as a functional of
the ion-density profiles ρ±(r). In the remainder of the chapter we will minimise
Eq. (2.27) w.r.t. the ion densities ρ±(r) in order to obtain the effective electrostatic
energy as a functional of the charge distribution q(r). The ion densities can be
regarded as ‘integrated out’ at that point. A functional derivative of Eq. (2.27) shows
that the ion densities ρ±(r) are minimised by

ρ±(r) =
{
ρs exp[∓ϕ(r)] if βVHC(r) = 0,
0 if βVHC(r) = ∞.

(2.28)

which in combination with Eq. (2.26) in differential form gives the Poisson-Boltzmann
equation,

∇2ϕ(r) = −4πλBq(r)+
{
κ2 sinhϕ(r) if βVHC(r) = 0,
0 if βVHC(r) = ∞,

(2.29)

with κ =
√

8πλBρs the Debye screening parameter.
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Inserting the resulting ion-density profiles we note that Eq. (2.27) yields the
effective Hamiltonian H [ρ±[q,VHC],q,VHC] for a system with charge distribution q(r)
and hard-core potential VHC(r). The effective Hamiltonian can be written as

βH [q,VHC] = 2ρs
∫

Vout

dr
(

1
2ϕ(r) sinhϕ(r)− coshϕ(r)

)
+ 1

2

∫
dr q(r)ϕ(r), (2.30)

where the first integral concerns the electrostatic energy and entropy of the ions,
therefore we only integrate over Vout, which is the volume that is not excluded by
the hard cores and therefore available for ions.

We may take the total functional derivative w.r.t. q of Eq. (2.27),

dH [ρ±[q,VHC],q,VHC]
dq(r) =

∑

α=±

δH [ρ±[q,VHC],q,VHC]
δρ±[q,VHC]

δρ±[q,VHC]
δq(r) (2.31)

+δH [ρ±[q,VHC],q,VHC]
δq(r)

= kBTϕ(r). (2.32)

Note that the first term on the right side vanished because the grand potential is in
a minimum w.r.t. to the ion densities, δH [ρ± [q,VHC ],q,VHC ]

δρ± [q,VHC ] = 0. Although the existence
of the conjugate pair q and ϕ of Eq. (2.32) might have been expected, Eq. (2.32)
turns out to be very useful in order to calculate the effective energy of a charge
configuration, as we will see later.

2.5 Planar geometry
In planar geometry with cartesian coordinate z in the normal direction, the PB
equation (2.29) is a one-dimensional differential equation,

ϕ′′(z) = κ2 sinhϕ(z)−4πλBq(z), (2.33)

with a prime denoting the derivative w.r.t. z . If we consider a solid half space at
z < 0 with a charge density eσ on its surface at z = 0, then the charge distribution
and hard-core potential are given by

q(z) = σδ(z), (2.34)

βVHC(z) =
{

0 if z ≥ 0;
∞ if z < 0.

(2.35)

The PB equation (2.33) is analytically solvable in this case and one finds for z > 0

ϕ(z) = log 1+γ exp[−κz]
1−γ exp[−κz] , (2.36)
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where the integration constant γ follows from the boundary conditions (Gauss’ law)
on the interface at z = 0, such that

4πσλBκ−1 ≡ y ⇒ γ =
√

1+(y/2)2 −1
y/2 . (2.37)

The associated ion densities follow from Eq. (2.28). Inside the plate, z < 0, the elec-
tric field vanishes as otherwise the electrostatic potential would diverge for z ↓ −∞.

Recall that Eq. (2.32) gives that ∂H [q,VHC]/∂q(z) = kBTϕ(z), such that for an
infinitesimal change ∆q(z) = ∆σδ(z− 0) the corresponding change in the energy
of the system is β∆H =

∫
z ϕ(z)∆q(z) = ϕ(0)∆σ . The electrostatic energy per unit

plate area that is needed to charge the plate reads

H(σ )−H(0) = kBT
∫ σ

0
dσ ′ϕ(0) =

∫ σ

0
dσ ′ log 1+γ

1−γ

= kBT
κ

2πλB

(
ysinh−1

(y
2

)
+2−

√
4+y2

)
. (2.38)

The latter equation can for example be used to study the effect of a changing salt
concentration on the electrostatic energy of a charged plate. For weakly charged
plates, y ≪ 1, we obtain H(σ )−H(0) ≈ kBT2πλBκ−1σ 2. This is the same expression
one finds for a plate capacitor with plate distance κ−1, the typical distance of the
ions in the layer of countercharge that screen the charge of the plate. As y becomes
larger one finds that the differential capacitance per unit area,

C = βe2 dσ
dϕ(0) = 1

4π κ
√

1+ y2

4 (Gaussian units), (2.39)

increases. We thus observe that due to nonlinear screening effects the layer of ionic
countercharge shrinks. This is known as counterion condensation [12–15].

2.6 Linear PB and DLVO theory
In this section we will derive the electrostatic part of DLVO theory, which can be
applied to calculate the electrostatic interactions of colloidal particles with moderate
charges at lower volume fractions. We will first describe the interaction of colloidal
particles without hard cores, after which we will ‘freeze’ the ions that are inside the
cores of the particles to obtain equations that describe the electrostatic interactions
between charged colloidal particles with hard cores. We start by considering a
system that consists of M equally charged point particles, given by the charge
distribution of Eq. (2.8). We consider the approximation log(ρ±(r)/ρs) ≈ ρ±(r)/ρs−1
to Eq. (2.23), which is known as the Debye-Hückel approximation, and corresponds
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to the case that the ion densities do not significantly vary from ρs. The effective
Hamiltonian of such a system becomes

βH [q] =
∫

dr
∑

α=±
ρ±(r)

(
ρ±(r)
ρs

−2
)

+ 1
2

∫
dr (ρ+(r)−ρ−(r)+q(r))ϕ(r). (2.40)

We do not question the validity of the Debye-Hückel approximation yet and therefore
derive ion densities that follow as ρ±(r) = ρs(1 ∓ϕ(r)). The PB-equation takes the
form

∇2ϕ(r) = κ2ϕ(r)−4πλB

M∑

i=1
Zδ(r− rci), (2.41)

where Z is the charge of the colloidal particles that are at positions rci. This is the
linearised PB-equation for point particles. Since the latter differential equation is
linear it can be easily solved. The solution is given by

ϕ(r) =
M∑

i=1
ϕ1(|r− rci|;Z ), (2.42)

with ϕ1(r;Z ) = ZλB exp(−κr)/r . Recall that Eq. (2.32) gives that ∂H [q]/∂q(r) =
kBTϕ(r), such that for an infinitesimal change ∆q(r) = ∆Z

∑M
i=1 δ3(r− rci) the corre-

sponding change in the electrostatic energy is β∆H =
∫

dr ϕ(r)∆q(r) =
∑

iϕ(rci)∆Z .
The total electrostatic energy is thus given by

βH =
∫ Z

Z ′=0
dZ ′

M∑

i ̸=j
ϕ1(|rci − rcj |;Z ′) =

M∑

i<j
Z 2λB

exp(−κRij )
Rij

, (2.43)

where Rij ≡ |ri− rj |, and the constant and infinite self-energy part is subtracted that
would otherwise follow from choosing i= j in the latter equation. Eq. (2.43) is the
well-known interaction potential for point-Yukawa particles. The direct applicability
of this pair-potential is however limited as for point-particles the Debye-Hückel ap-
proximation obviously does not hold: close to the particles the electrostatic potential
(and therefore the ion densities) diverges. However, the Debye-Hückel approxima-
tion is safely applicable to sufficiently large particles, since the hard-core of the
colloidal particles forbids the ions to enter a regime where Debye-Hückel fails. We
only need to account for the hard cores in a proper manner. This will be derived next.

Starting with the obtained solution for the electrostatic potential and ion den-
sities for point particles we imagine a spherical cell of radius a around each point
charge, and assume that the positions of these charges in q(r) is chosen such that
there are no overlapping cells. The entire volume can be split into the volume Vout
that consists of all points that are outside these cells, |r − rci| > a for all i, and
the volume Vin of points that are inside one of these cells, which is the comple-
ment of Vout. We define ρ±,out(r) and ρ±,in(r) such that ρ±,out(r) +ρ±,in(r) = ρ±(r)
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and ρ±,out(r) = 0 for r inside Vin and ρ±,in(r) = 0 for r inside Vout. It is possible to
rewrite Eq. (2.40) as

βH [q] =
∫

Vout

dr
∑

α=±
ρ±,out(r)

(
ρ±,out(r)
ρs

−2
)

+
∫

Vin

dr
∑

α=±
ρ±,in(r)

(
ρ±,in(r)
ρs

−2
)

+1
2

∫
dr (ρ+,out(r)−ρ−,out(r)+ q̃(r))ϕ(r)), (2.44)

with q̃(r) = q(r)+ρ+,in(r)−ρ−,in(r) and

ϕ(r) =
∫

dr′ λB
ρ+,out(r′)−ρ−,out(r′)+ q̃(r′)

|r− r′| . (2.45)

Considering the ion density in a cell Vi around point charge i, we find

ρ±,in(r) = ρs(1∓
M∑

j=1
ϕ1(|r− rj |)) ≈ ρs(1∓ϕ1(|r− ri|)), (2.46)

where it is assumed that ion density around point charge i is only determined by
the contribution to the potential of the point charge i itself. The latter approximation
is (apart from the Debye-Hückel approximation) the key assumption to be made
in order to obtain (the electrostatic part of) DLVO theory [16, 17], and obviously
only holds if the other charges are sufficiently far away from the cell around point
i. Under the approximation (2.46) that the second integral in Hamiltonian (2.44)
becomes constant with respect to the positions of the charges ρci. The total charge
Z̄ inside the volume around particle i is

Z̄ = Z +
∫

|r−ri|<a
dr ρ+,in(r)−ρ−,in(r) = Z +

∫ a

0
dr 4πr22ρsZλB

exp(−κ|)
r

= Z exp(−κa)(1+κa), (2.47)

such that Eq.2.40 can be written, up to a constant, as

βH [q] =
∫

Vout

dr
∑

α=±
ρ±(r)

(
ρ±(r)
ρs

−2
)

+ 1
2

∫
dr (ρ+(r)−ρ−(r)+ q̄(r))ϕ(r) (2.48)

with the restriction that ρ±(r) = 0 as |r− ri|< a and

q̄(r) =
M∑

i=1
Z̄ δ(r− rci). (2.49)

In Eq. (2.48) we immediately recognise the Hamiltonian for hard-core particles with
radius a and charge Z̄ that one finds after applying the Debye-Hückel approximation
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in Eq. (2.27) to the ion densities in the volume Vout outside the particles. By
combining Eqs. (2.43) and (2.47) we thus conclude that the effective electrostatic
interaction between these hard particles must be given by

βH =
(
Z̄ exp(κa)

1+κa

)2

λB

M∑

i<j

exp(−κRij )
Rij

, (2.50)

which is known as the electrostatic part of DLVO theory. We think this derivation
gives a good impression of the physical model behind DLVO theory, which incorpo-
rates a low-density approximation for ion-exclusion effects. We have not observed a
similar derivation anywhere else in the literature. Note that since DLVO theory is
derived from a linearised theory, Eq. (2.50) is valid only in case the Debye-Hückel
approximation holds in the volume Vout outside the colloidal particles.

In case of strongly charged colloidal particles, a charge-renormalisation proce-
dure could be applied in order to correct DVLO theory for nonlinear behaviour close
to the colloidal surfaces. This will extend the range of its applicability [15, 18–21].
In Chapter 5 we will generalise DLVO theory towards colloidal particles with an
inhomogenous distribution of charge.

2.7 Spherical cell theory and charge renormalisation
Consider the charge distribution (2.8) of M colloidal particles with associated hard-
core potential (2.9). The electrostatic interaction energy between all particles
H [q,VHC] that follows from evaluating Eq. (2.27) at its minimum w.r.t. the ion densi-
ties ρ±(r) can be approximated by H [q,VHC] ≈MH1[q1], with H1[q1] the Hamiltonian
of one of the particles, placed at the center of a spherical cell volume V1 = 4

3πR
3,

with radius R . The latter volume is such that the summed volume of all cells equals
the system’s volume, V1 = m−1, with m ≡ M/V the colloidal density, and global
charge neutrality demands the individual cells to be charge neutral as well. This
reduces the problem to solving the nonlinear PB equation just outside one colloidal
particle, which is known as the spherical Wigner-Seitz spherical cell model, intro-
duced by Alexander et al. in 1984 [18]. The ion densities and electrostatic potential
in this model become rotationally symmetric and the PB equation with boundary
conditions takes the form

∂2
rϕ(r)+ 2

r ∂rϕ(r) = κ2 sinhϕ(r) if r ≥ a. (2.51)

∂rϕ(r)|(r=a) = −ZλB/a2; ∂rϕ(r)|(r=R ) = 0, (2.52)

where the second boundary condition implies charge neutrality. For the PB equation
in spherical symmetry there is no known general analytic solution available but it
can be solved almost instantly, with very high precision, on a desktop computer.
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A very useful application of Wigner-Seitz spherical cell theory is that it enables
one to calculate renormalised charges Z ∗ and screening parameters κ̃ , which can
be used to correct the Debye-Hückel approximation in DLVO-theory. After one
finds the electrostatic potential that solves Eqs. (2.51) and (2.51), one linearises
Eq. (2.51) around the obtained potential at the cell boundary ϕ̃ = ϕ(R ), such that
the right-hand part of the PB equation becomes

sinhϕ(r) = sinh ϕ̃+cosh ϕ̃(ϕ(r)− ϕ̃)+O
(

(ϕ(r)− ϕ̃)2
)

(2.53)

The effective screening parameter can be defined as κ̃2 = κ2 cosh ϕ̃ and one finds
the linearised PB equation

∂2
rϕl(r)+ 2

r ∂rϕl(r) = κ̃2ϕl(r)− κ̃2(ϕ̃− tanh ϕ̃). (2.54)

By matching the electric field and the potential with the solution of the nonlinear
problem, ϕl(R ) = ϕ̃ and ∂rϕl(r)|(r=R ) = 0, the solution of the linearised differential
equation (2.54) equals the full nonlinear solution far away from the particle but
will start deviating as one gets closer to the colloidal surface. The solution to the
linearised equation is

ϕl(r) = ϕ̃+tanh ϕ̃
(
κ̃R +1

2κ̃r exp(κ̃r− κ̃R )+ κ̃R −1
2κ̃r exp(κ̃R − κ̃r)−1

)
. (2.55)

The associated linearised charge follows from Z ∗ = −a2 (∂rϕl(r))r=a /λB, which reads

Z ∗ = tanh ϕ̃
κ̃λB

{(
κ̃2aR −1

)
sinh(κ̃R − κ̃a)+ (κ̃R − κ̃a) cosh(κ̃R − κ̃a)

}
. (2.56)

It follows from Poisson-Boltzmann theory that the charge-renormalisation procedure
can be written in terms of only 3 independent parameters, for example κa, κR ,
and y = ZλB/(κa2) (as in Eq. (2.37)). The renormalised charge then follows as
y∗ = Z ∗λB/(κa2). By using these parameters it is possible to show all important
features of charge renormalisation for κR ≫ κa in a single graph, as Fig. 2.1 shows.
We have not observed a graphical representation that is similar to Fig. 2.1 in the
literature, although the charge-renormalisation procedure itself has been described
by many other authors, e.g. [15, 18–21]. The figure shows that renormalisation is
only significant for y > 1, such that y can be used as a nonlinearity parameter.
The horizontal asymptotes show that y∗ approaches a constant as a function of
very large κa. This is the planar limit, where the curvature of the colloid becomes
unimportant. On the other hand, the vertical asymptotes in Fig. 2.1 indicate that y∗

also approaches a constant as a function of very large y: the renormalised charge
saturates at a value that is determined by κa. There is no analytical expression for
the saturation value of y∗ as a function of κa, however it follows from Eqs. (2.36)
and (2.37) that within planar geometry (κa≫ 1) the renormalised charge saturates
at y∗ = 4. The vertical asymptotes in Fig. 2.1 furthermore show that the saturation
value of y∗ increases for smaller κa.
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Figure 2.1: Charge renormalisation for dilute systems: a contour plot of the dimensionless
renormalised charge y∗ = Z ∗λB/(κa2) as a function of the bare charge and the relative
colloidal radius κa for cell size κR − κa ≫ 1. The contour values are given by the
intersections of the line with the left y-axis. The dotted line corresponds y∗ = 4, which is
the maximal renormalised charge for a single charged surface in planar geometry.

2.8 Discussion
Density functional theory (DFT) allows us to calculate the electrostatic energy of a
charge configuration without an explicit consideration of the degrees of freedom of
the solvent and the ions in the electrolyte. It enables us to calculate the relation
between the surface charge density and the electrostatic potential throughout the
system, and this relation can be used to find the ion-density profiles in the system.
Within a mean-field approximation and for low ion densities the DFT description
reduces to Poisson-Boltzmann (PB) theory, which leads generally to a non-linear
differential equation for the electrostatic potential. The crucial step in finding the
electrostatic energy of a charge configuration is therefore solving the PB equation
within the particular geometry of the system. Although there is no general analytic
solution for the PB equation, in some geometries a solution exists. Most notably
is the planar geometry. In Chapter 3 we will calculate the electrostatic energy
that is needed to charge flat electrodes in water, and vary the salt concentration
at constant charge to show that energy in principle can be reversibly extracted
from a salinity gradient. The main focus of the remainder of the thesis will be
on spherical colloidal particles. As we saw, the (electrostatic part of the) DLVO
equation can be used to calculate the effective electrostatic energy of a configuration
of homogeneously charged particles. However, DLVO theory is only valid in case
the surface potential is small with respect to the thermal voltage, kBT /e ≈ 25.6
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mV. A charge renormalisation procedure can be applied in case of stronger charged
particles. In Chapters 5 and 6 we will generalise the DLVO interaction and charge
renormalisation to inhomogeneously charged particles and in Chapter 8 we will
introduce a simple and proper method to account for the fact that the charge itself
actually originates from a chemical equilibrium with the electrolyte and therefore
can not always be regarded as constant, leading to induced inhomogeneities in the
surface charge density.



Chapter 3

Reversible ‘Blue energy’ by cyclic
double-layer (de-)compression

Abstract

A huge amount of entropy is produced at places where fresh water and seawater
mix, for example at river mouths. This mixing process is a potentially enormous
source of sustainable energy, provided it is harvested properly, for instance by
a cyclic charging and discharging process of porous electrodes immersed in
salt and fresh water, respectively [D. Brogioli, Phys. Rev. Lett. 103, 058501
(2009)]. Here we employ a modified Poisson-Boltzmann free-energy density
functional to calculate the ionic adsorption and desorption onto and from the
charged electrodes, from which the electric work of a cycle is deduced. We
propose optimal (most efficient) cycles for two given salt baths involving two
canonical and two grand-canonical (dis)charging paths, in analogy to the well-
known Carnot cycle for heat-to-work conversion from two heat baths involving
two isothermal and two adiabatic paths. We also suggest a slightly modified
cycle which can be applied in cases that the stream of fresh water is limited.

3.1 Introduction
Where river water meets the sea, an enormous amount of energy is dissipated as
a result of the irreversible mixing of fresh and salt water. The dissipated energy is
about 2 kJ per liter of river water, i.e. equivalent to a waterfall of 200m [22]. It is es-
timated that the combined power from all large estuaries in the world could take care
of approximately 20% of today’s worldwide energy demand [23]. Extracting or stor-
ing this energy is therefore a potentially serious option that our fossil-fuel burning
society may have to embrace in order to become sustainable. However, interesting
scientific and technical challenges are to be faced. So far pressure-retarded osmosis
(PRO) [24–28] and reverse electrodialysis (RED) [28–32] have been the two main
and best-investigated techniques in this field of so-called ‘blue energy’, or salinity-
gradient energy. In PRO the osmotic pressure difference across a semi-permeable
membrane is used to create a pressurised solution from incoming fresh and salt

21
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water, which is able to drive a turbine [24–28]. In RED stacks of alternating cation-
and anion-exchange membranes are used to generate an electric potential difference
out of a salinity gradient [28–32]. These techniques enable the generation of (elec-
trical) work at the expense of the mixing of streams with different salinity. Actually,
PRO and RED can be thought of as the inverse processes of reverse osmosis and
electrodialysis, where one has to supply (electrical) work in order to separate an
incoming salt-water stream in a saltier and a fresher stream.

The applicability of PRO and RED are currently being explored: a 1-2 kW
prototype plant based on PRO was started up in 2009 in Norway [33], and a 5
kW RED device is planned to be upscaled to a 50 kW demonstration project in
The Netherlands [34]. Interestingly, the bottleneck to large-scale applications of
both these techniques is often not the available fuel —there is a lot of fresh and
salt water— but rather the very large membranes that are required to operate at
commercially interesting power outputs. Tailoring such membranes with a very high
transport capacity and minimal efficiency losses due to biofouling requires advanced
membrane technology.

Recently, however, a solid-state device without membranes was constructed by
Brogioli [7], who directly extracts energy from salinity differences using porous car-
bon electrodes immersed in an aqueous electrolyte. Due to the huge internal surface
of porous carbon, of the order of 103 m2 per gram of carbon, the capacitance of a
pair of electrolyte-immersed porous carbon electrodes can be very large, allowing
for large amounts of ionic charge to be stored in the diffuse part of the double layers
of the electrolytic medium inside the pores [35]. In fact, although the energy that is
stored in the charged state of such large-area electrodes is somewhat lower than
that in modern chargeable batteries, the power uptake and power delivery of these
ultracapacitors is comparable or even larger [35]. The capacitance of these devices
not only scales with the contact area between the electrode and the electrolyte,
but also with the inverse distance between the electronic charge on the electrode
and the ionic charge in the diffuse part of the double layer, i.e. the capacitance
increases with the inverse of the thickness of the ionic double layer. As a conse-
quence, the capacitance increases with increasing salinity, or, in other words, the
potential increases at fixed electrode charge upon changing the medium from salt to
fresh water. This variability of the capacity was used by Brogioli [7], and also more
recently by Brogioli et al. [36], to extract electric work from salinity gradients with-
out membranes. Although Sales et al. showed that the combination of membranes
and porous electrodes has some desirable advantages [37], we will focus here on
Brogioli’s experiment.

The key concept of Ref. [7] is a four-stage cycle ABCDA of a pair of porous
electrodes, together forming a capacitor, such that

(AB) the two electrodes, immersed in sea water, are charged up from an initial state
A with low initial charges ±QA to a state B with higher charges ±QB ;



3.1. Introduction 23

Figure 3.1: A schematic plot of
the electrostatic potential as a
function of the electrode charge
during the four stages in the cy-
cle used by Brogioli [7].

(BC) the salt water environment of the two electrodes is replaced by fresh water at
fixed electrode charges ±QB , thereby increasing the electrostatic potential of
the electrodes from ±ψB to ±ψC ;

(CD) the two highly charged electrodes, now immersed in fresh water in state C,
are discharged back to ±QA in state D, and finally

(DA) the fresh water environment of the electrodes is replaced by salt water again,
at fixed electrode charges ±QA , thereby lowering the electrode potentials to
their initial values ±ψA in state A.

This cycle, during which a net transport of ions from salt to fresh water takes
place, renders the salt water fresher and the fresh water saltier —although only
infinitessimally so if the reservoir volumes are infinitely large. As a consequence,
the ionic entropy has increased after a cycle has been completed, and the associ-
ated free-energy reduction of the combined device and the two electrolyte reservoirs
equals the electric work done by the device during the cycle, as we will see in more
detail below. Brogioli extrapolates an energy production of 1.6 kJ per liter of fresh
water in his device [7], equivalent to a waterfall of 160 m, quite comparable to current
membrane-based techniques. These figures are promising in the light of possible
future large-scale blue-energy extraction.

Below we investigate the (free) energy and the performed work of electrolyte-
immersed supercapacitors within a simple density functional that gives rise to a
modified Poisson-Boltzmann (PB) equation for the ionic double layers. By seek-
ing analogies with the classic Carnot cycle for heat engines with their maximum
efficiency to convert heat into mechanical work given the two temperatures of the
heat baths, we consider modifications of Brogioli’s cycle that may maximise the
conversion efficiency of ionic entropy into electric work given the two reservoir salt
concentrations. Our modification does not involve the trajectories AB and CD of the
cycle where the (dis)charging electrodes are in diffusive contact with an electrolytic
reservoir.In fact, we will argue that the grand-canonical trajectories AB and CD at
constant ionic chemical potential are the analogue of the isotherms in the Carnot
cycle. Rather we consider to modify the constant-charge trajectories BC and DA
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(which correspond to isochores in a heat-engine as we will argue) by a continued
(dis)charging process of the electrodes at a constant number of ions (which corre-
sponds to an adiabatic (de)compression in the heat engine). In other words, we
propose to disconnect the immersed electrodes from the ion reservoirs in BC and
DA, treating the salt ions canonically while (dis)charging the electrodes, thereby af-
fecting the ion adsorption and hence the bulk concentration from salty to fresh (BC)
and vice versa (DA). Finally, we will consider a (dis)charging cycle in the (realistic)
case of a finite volume of available fresh water, such that the ion exchange process
renders this water brackish; the heat-engine analogue is a temperature rise of the
cold bath due to the uptake of heat.

Similar cycles were already studied theoretically by Biesheuvel [38], although
not in this context of osmotic power but its reverse, capacitive desalination. The
‘switching step’ in Biesheuvel’s cycle, where the system switches from an electrolyte
with a low salt concentration to an electrolyte with a higher salt concentration,
appears to be somewhat different from our proposal here, e.g. without a direct heat-
engine analogue.

3.2 System and thermodynamics
We consider two electrodes, one carrying a charge Q and the other a charge −Q.
The electrodes, which can charge and discharge by applying an external electric
force that transports electrons from one to the other, are both immersed in an aqueous
monovalent electrolyte of volume 2V at temperature T . We denote the number
of cations and anions in the volume 2V by 2N+ and 2N−, respectively. Global
charge neutrality of the two electrodes and the electrolyte in the volume 2V is
guaranteed if 2N+ = 2N−. If the two electrodes are separated by a distance much
larger than the Debye screening length —a condition that is easily met in the
experiments of Ref. [7]— then each electrode and its surrounding electrolyte will
be separately electrically neutral such that Q/e=N− −N+, where e is the proton
charge and where we assume Q > 0 without loss of generality. Note that this ‘local
neutrality’ can only be achieved provided Q/e≤N+ +N− ≡N , where the extreme
case Q/e = N corresponds to an electrode charge that is so high that all 2N−
anions in the volume 2V are needed to screen the positive electrode and all 2N+
cations to screen the negative one. For Q/e ≤ N , which we assume from now on,
we can use Q and N as independent variables of a neutral system of the positive
electrode immersed in an electrolyte of volume V at temperature T , the Helmholtz
free energy of which is denoted by F (Q,N,T ,V ). At fixed volume and temperature
we can write the differential of the free energy of the positive electrode and its
electrolyte environment as

dF = µdN+ΨdQ, (3.1)
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with µ = (µ+ + µ−)/2 the average of the ionic chemical potentials µ± and Ψ the
electrostatic potential of the electrode. The last term of Eq. (3.1) is the electric work
done on the system if the electrode charge is increased by dQ at fixed N , and hence
the electrostatic work done by the electrode system is dW ≡ −ΨdQ. Given that
F is a state function, such that

∮
dF = 0 for any cycle, the total work done by the

system during a (reversible) cycle equals

W ≡
∮

dW = −
∮

ΨdQ =
∮
µdN. (3.2)

In order to be able to calculate W we thus need explicit cycles and the explicit
equations-of-state µ(Q,N,T ,V ) and/or Ψ(Q,N,T ,V ), for which we will use a simple
density functional theory to be discussed below.

Figure 3.2: A schematic comparison of (a) the entropy-temperature (S,T ) representation
of the Carnot cycle of a gas that extracts mechanical work from exchanging heat (and thus
entropy) between heat baths at two fixed temperatures and (b) the (N,µ) representation
(see text) of a cycle to extract electric work from exchanging ions between ionic reservoir
at two fixed chemical potentials.

However, before performing these explicit calculations a general statement can
be made, because there is an interesting analogy to be made with mechanical work
Wm =

∮
pdV done by a fixed amount of gas at pressure p that cyclically changes

its volume V and entropy S (by exchanging heat). In that case the differential of the
thermodynamic potential reads dU = TdS−pdV with U a state function denoting
the internal energy. Since

∮
dU = 0 we then find Wm =

∮
TdS . If the exchange

of heat takes place between two heat baths at given high and low temperatures TH
and TL , it is well known that the most-efficient cycle —the cycle that produces the
maximum work per adsorbed amount of heat from the hotter bath— is the Carnot
cycle with its two isothermal and two adiabatic (de-)compressions [6]. If we trans-
pose all the variables from the gas performing mechanical work to the immersed
electrodes performing electric work, we find U ⇔ F , S ⇔ N , T ⇔ µ, V ⇔ Q, and
−p ⇔ Ψ, where all pairs preserve the symmetry of being both extensive or both
intensive. The analogue of high and low temperatures are thus high and low ionic
chemical potentials µH and µL (corresponding to sea and river water, respectively),
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the analogue of the isothermal volume change is thus the (dis)charging at constant
µ, and the analogue of an adiabatic volume change is (dis)charging at constant N .
Therefore, the analogue of the most efficient gas cycle is the electric cycle consisting
of (grand)canonical (dis)charging processes. Indeed, the trajectories (AB) and (CD)
of the experimental cycle of Ref. [7], as discussed earlier, are of a grand-canonical
nature with the electrode in contact with a salt reservoir during the (dis)charging.
However, the processes (BC) and (DA) take place at constant Q, i.e. they are equiva-
lent to isochores in a gas cycle, instead of adiabats. Efficiency is thus to be gained,
at least in principle, by changing BC and DA into canonical charging processes.
Whether this is experimentally easily implementable is, at this stage for us, an open
question that we will not answer here.

For the most efficient cycles, which are schematically shown in Fig. 3.2 in the
(S,T ) and the (N,µ) representation, we can easily calculate the work performed
during a cycle. For the mechanical work of the gas one finds Wm = ∆S∆T , with
∆T = TH − TL the temperature difference and ∆S the entropy that is exchanged
between the heat baths during the isothermal compression and decompression. The
analogue for the work W delivered by the electrode is given by W = ∆µ∆N , with
∆µ = µH −µL and ∆N the number of exchanged ions between the reservoirs during
the grand-canonical (dis)charging processes. This result also follows directly from
Eq. (3.2). Below we will calculate ∆N and hence W from a microscopic theory.
Moreover, we will also consider several other types of cycles.

In the context of the thermodynamics that we discuss here, it is also of interest
to analyse the ‘global’ energy flow that gives rise to the work W that the immersed
porous electrodes deliver per (reversible) cycle. For this analysis it is crucial to
realise that the device and the two salt reservoirs at chemical potentials µH and
µL are considered to be at constant temperature T throughout, which implies that
they are thermally coupled to a heat bath (that we call the ‘atmosphere’ here for
convenience) at temperature T . We will show that with every completed cycle,
during which ∆N > 0 ions are being transported from the sea to the river water, a
net amount of heat Q> 0 flows from the atmosphere to the two salt reservoirs, and
that W = Q in the limit that the ion clouds do not store potential energy due to
multi-particle interactions. This may at first sight contradict Kelvin’s statement of the
Second Law (“no process is possible whose sole result is the complete conversion
of heat into work” [39]), but one should realise that the cycle also involves the
transport of ions from the sea to the river; the word ‘sole’ in Kelvin’s statement is
thus crucial, of course. The analysis is based on the entropy changes ∆Sd , ∆SH and
∆SL of the device, the highly-concentrated salt reservoir and the one with low salt
concentration, respectively, upon the completion of a cycle. Given that the device
returns to its initial state after a complete cycle, its entropy change vanishes and
∆Sd = 0. This implies that the device, at its fixed temperature, does not adsorb or
desorb any net amount of heat. During a cycle the ‘river’ gains ∆N ions, and hence
its (Helmholtz or Gibbs) free energy changes by ∆FL = µL∆N , while the ‘sea’ loses
∆N ions such that ∆FH = −µH∆N . Now the basic identity F = E −TS implies
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Figure 3.3: A scheme which illustrates the generation of reversible work due to a flow
of ∆N particles through the device from a reservoir with a high salt concentration to a
reservoir with a low salt concentration. The difference in chemical potential between the
two reservoirs enables for the extraction of an amount of reversible work W = (µH −µL)∆N ,
which equals the decrease of the net free energy of the reservoirs. The increase of entropy
due to this controlled mixing process is caused by an inflow Q = QH −QL of heat from the
atmosphere, which means that the system tends to cool down as it performs work. Note
that the division of this heat into two flows of different directions is purely suggestive, as
in general there is a transport of heat trough the device as well.

that ∆FH = −ε∆N−T∆SH and ∆FL = ε∆N−T∆SL , where ε =E/N is the average
energy (or enthalpy if F denotes the Gibbs free energy) per particle. We assume
ε to be independent of density, which physically corresponds to the case that there
are no multi-particle contributions to the internal energy of the reservoirs, as is
the case for hard-core systems or ions treated within Poisson-Boltzmann theory as
ideal gases in a self-consistent field. The total energy in the reservoirs therefore
remains constant during mixing, such that the entropy changes of the salt reservoirs
are T∆SH = (µH −ε)∆N and T∆SL = −(µL −ε)∆N . As a consequence of the global
preservation of entropy in the reversible cycle, the ion exchange actually drives a
heat exchange whereby the sea extracts a net amount of heat QH = T∆SH from
the atmosphere, while the river dumps a net amount of heat QL = −T∆SL into the
atmosphere. Of course the transport of ions itself is also accompanied with a heat
exchange in between the reservoirs, the only relevant flow is therefore the net flow
of heat out of the atmosphere, which is Q = QH −QL = ∆µ∆N = W . The energy
flow and the particle flow of the device and reservoirs are tentatively illustrated
in Fig. 3.3, where one should realise that the distribution of the heat flow from
the atmosphere into the sea (QH) and the river (−QL) depends on the heat-flow
from river to sea or vice versa, which we have not considered here in any detail;
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only the net heat flow QH −QL is fixed by global thermodynamic arguments. This
identification of Q with W would have the interesting implication that the conversion
of this work into heat again, e.g. by using it to power a laptop, would not contribute
to (direct) global warming since the released heat has previously been taken out of
the atmosphere [40]. It is not clear to us, however, to what extent this scenario is
truly realistic and relevant, given that rivers, seas, and the atmosphere are generally
not in thermal equilibrium such that other heat flows are to be considered. In this
study we do not consider the heat fluxes at all, and just consider systems that are
small enough for the temperature to be fixed.

3.3 Microscopic model and density functional theory

In order to calculate µ(Q,N,T ,V ) and Ψ(Q,N,T ,V ) of a charged electrode im-
mersed in an electrolyte of volume V , we need a microscopic model of the electrode
and the electrolyte. We consider a positively charged porous electrode with a total
pore volume Ve, total surface area A, and typical pore size L. We write the total
charge of the positive electrode as Q= eσA with σ the number of elementary charges
per unit area. The negative electrode is the mirror image with an overall minus sign
for charge and potential, see also Fig. 3.4. The volume of the electrolyte surround-
ing this electrode is V = Ve +Vo, with Vo the volume of the electrolyte outside
the electrode. The electrolyte consists of (i) water, viewed as a dielectric fluid with
dielectric constant ε at temperature T , (ii) an (average) number N− = (N+Q/e)/2
of anions with a charge −e and (iii) an (average) number N+ = (N −Q/e)/2 of
cations with a charge +e. The finite pore size L inside the electrodes is taken into
account here only qualitatively by regarding a geometry of two laterally unbounded
parallel half-spaces representing the solid electrode, both with surface charge den-
sity eσ , separated by a gap of thickness L filled with the dielectric solvent and an
inhomogeneous electrolyte characterised by concentration profile ρ±(z). Here z is
the Cartesian coordinate such that the charged planes are at z = 0 and z = L. The
water density profile ρw (z) is then, within a simple incompressibility approximation
(ρw (z)+ρ+(z)+ρ−(z))v = 1 with v a molecular volume that is equal for water and
the ions, given by ρw (z) = 1/v −ρ+(z) −ρ−(z). If the electrolyte in the gap is in
diffusive contact with a bulk electrolyte with chemical potentials µ+ and µ− of the
cations and anions, we can write the variational grand-potential as a functional
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Ω[ρ+,ρ−] given by

Ω[ρ±]
AkBT

=
∫ L/2

0
dz
[
ρ+(z)

(
−1+ lnρ+(z)Λ3

+ − µ+
kBT

)

+ρ−(z)
(

−1+ lnρ−(z)Λ3
− − µ−

kBT

)

+ρw (z)
(

−1+ lnρw (z)v
)

+ ϕ(z)q(z)
2

]
. (3.3)

Here the first two lines denote the ideal-gas grand potential of the two ionic species,
with Λ± the ionic thermal wavelengths. The third line is the ideal water-entropy,
which effectively accounts for ionic excluded volume interactions as it restricts the
total local ion concentration to a maximum equal to 1/v [41–43]. The last line of
Eq. (3.3) denotes the mean-field approximation of the electrostatic energy in terms
of the total charge number density q(z) = ρ+(z)−ρ−(z)+σ (δ(z)+δ(z−L)) and the
electrostatic potential ψ(z) = kBTϕ(z)/e. Note that ψ(z) is a functional of ρ±(z)
through the Poisson equation ϕ′′(z) = −4πλBq(z) with λB = e2/εkBT the Bjerrum
length of water, and that ψ(0) ≡ Ψ is the electrode potential. A prime denotes a
derivative with respect to z .

The Euler-Lagrange equations δΩ/δρ±(z) = 0 describes the equilibrium con-
centration profiles. In a bulk fluid, with ϕ(z) = 0 and ρ+(z) = ρ−(z) = ρs we
find µ± ≡ kBT ln

(
ρsΛ3

±/(1−η0)
)
, with ρs the bulk reservoir salt concentration and

η0 = 2ρsv the ionic packing fraction in the reservoir. In the geometry in between the
charged electrodes, the Euler-Lagrange equations combined with the Poisson equa-
tion yield the modified Poisson-Boltzmann (PB) equation with boundary conditions
(BCs)

ϕ′′(z) = κ2 sinhϕ(z)
1−η0 +η0 coshϕ(z) ; (3.4)

ϕ′(z)
∣∣∣
z=0

= −4πλBσ ; (3.5)

ϕ′(z)
∣∣∣
z= L

2
= 0, (3.6)

with κ−1 = (8πλBρs)−1/2 the Debye screening length of the bulk electrolyte. BC (3.5)
follows from Gauss’ law on the surface of the electrode, and BC (3.6) from charge-
neutrality and the symmetry with respect to the midplane of the gap. Note that
this equation with accompanying BC’s was already studied in Ref. [44–46]. Eq. (3.4)
reduces to the standard PB equation if v = 0, and the large-gap case L → ∞ was
studied in Ref. [43]. Eq. (3.4) with its BC’s (3.5) and (3.6) forms a closed set, and
once its solution is found, numerically in general or analytically in the special case
that η0 = 0 and κL → ∞, the required equation of state of the electrode potential
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Figure 3.4: A sketch of the two electrodes under consideration, one positively charged and
the other one negatively charged, both in contact with an electrolyte with a compensating
ionic charge. The porosity of the electrodes is modeled by a slit of width L filled with
electrolyte in between two solid half spaces with surface charge density eσ for the positive
electrode and −eσ for the negative one, as represented by the encircled plus and minus
signs. The ions in the gap, represented by bare plus and minus signs, are free to migrate
throughout the pores and also to the volume outside the electrodes towards the other
electrode.

follows from Ψ(ρs,σ ) = kBTϕ(0)/e. Moreover, the equilibrium density profiles can
be used to calculate the cationic and anionic adsorption, i.e. the excess number of
ions per unit surface area, defined by

Γ±(σ,ρs) =
∫ z=L/2

z=0
dz
(
ρ±(z)−ρs

)
. (3.7)

Note that we integrate the profile up to z = L/2 as required, and that our ‘local
charge neutrality’ assumption implies that σ = Γ−(σ,ρs) − Γ+(σ,ρs). Interestingly,
the total surface excess of ions, defined by

Γ(σ,ρs) = Γ+(σ,ρs)+Γ−(σ,ρs), (3.8)

is related to the total number of ions in the volume V = Ve +Vo by

N = 2ρsV +AΓ(ρs,σ ). (3.9)

Below we will use expression (3.7) and (3.8) for Γ(ρs,σ ) to calculate N(ρs,σ ) from
Eq. (3.9), or to calculate ρs(N,σ ) by solving Eq. (3.9) for ρs at given N and σ .
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Before discussing our numerical results, it is useful to consider the limiting case
κL ≫ 1 and η0 ≪ 1, which is in fact the classic Gouy-Chapman (GC) problem of
a single, planar, charged wall in contact with a bulk electrolyte of point ions. In
this case the PB equation can be solved analytically [9, 47], and the resulting total
adsorption is given by

ΓGC (σ,ρs) =

√

σ 2 + κ2

4π2λ2
B

− κ
2πλB

=





σ2

2σ ∗ , σ ≪ σ ∗;
σ, σ ≫ σ ∗,

(3.10)

with the crossover surface charge σ ∗ = κ
2πλB

. The crossover behaviour from Γ ∝ σ2

at low σ to Γ = σ at high σ signifies a qualitative change from the linear screening
regime, where the double layers exchange co- for counter ions keeping the total ion
concentration fixed (such that Γ is small), to the nonlinear screening regime where
counterion condensation takes place. For the alleged most-efficient (dis)charging
cycle of current interest, operating between two ionic reservoirs with a high salt
concentration ρs = ρH and a low one ρs = ρL such that ∆µ= µH −µL = kBT ln(ρH/ρL),
and for which we argued already that the electric work per cycle reads W = ∆N∆µ,
the GC result (3.10) allows for the calculation of the ionic uptake ∆N =A(Γ(ρH,σB)−
Γ(ρH,σA)) during the grand-canonical charging from a low charge density σA to a
high one σB . In the limit of highly charged surfaces we thus find ∆N = A(σB −σA),
and hence the optimal work per unit area within the GC limit reads

WGC
A = kBT (σB −σA) ln ρH

ρL
for σA ≫ σ ∗.

(3.11)

With the typical numbers σB − σA of the order of nm−2, A = 103 m2 per gram of
porous carbon, and ρH/ρL = 100 one arrives at WGC = 10 J per gram of carbon.
Interestingly, this is substantially higher than Brogioli’s experimental findings of
only ≈ 20 mJ/gram per cycle. We will discuss this difference below. The GC limit
also yields an analytic expression for the surface potential ΨGC given by

eΨGC
kBT

= 2arcsinh
( σ
σ ∗

)
≃






σ
2σ ∗ , σ ≪ σ ∗;

2 ln 2σ
σ ∗ , σ ≫ σ ∗.

(3.12)

With typical Debye lengths κ−1 ≃ 1 nm and λB = 0.72 nm we find for the typical
crossover surface charge density σ ∗ ≃ 0.2 nm−2, which corresponds to a surface
potential Ψ ≃ 50 mV. For completeness we also mention the differential capacitance
C = dQ/dΨ of an immersed electrode, which within the GC limit was already written
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by Chapman [48] as

CGC
A =

(
1
e

dΨGC
dσ

)−1
= κε

4π cosh
[
eΨ

2kBT

]
, (3.13)

which corresponds to a two-plate capacitor with spacing κ−1/ cosh(eΨ/(2kBT )) in
a dielectric medium characterised by its relative dielectric constant ε . This result
shows that the capacity indeed increases with the salt concentration, in agreement
with observations that the electrode potential rises at fixed charge upon desalinating
the surrounding water [7].

Useful insights can be obtained from these analytic GC expressions. Moreover,
practical linear approximations [49, 50] and even (almost) analytical solutions [16,
17, 51, 52] for the PB equation exist in the case of small pore size L. Nevertheless,
the pointlike nature of the ions gives rise to surface concentrations of counterions
that easily become unphysically large, e.g. far beyond 10M for the parameters of
interest here. For this reason we consider the steric effects through the finite ionic
volume v and the finite pore size L below, at the expense of some numerical effort.

3.4 Numerical results
The starting point of the explicit calculations is the numerical solution of Eq. (3.4)
with BC’s (3.5) and (3.6) on a discrete z-grid of 5000 equidistant points on the
interval z ∈ [0,L/2], which we checked to be sufficient for all values of κL that we
considered. Throughout the remainder of this text we set v = a3 with a = 0.55
nm, which restricts the total local ion concentration ρ+(z) +ρ−(z) to a physically
reasonable maximum of 10 M. The Bjerrum length of water is set to λB = 0.72 nm.

We first consider a positive electrode immersed in a huge (V ≫ Ve) ionic bath
at a fixed salt concentration ρs, such that the ions can be treated grand-canonically.
In Fig. 3.5 we plot (a) the electrode potential Ψ and (b) the total ion adsorption
Γ, both as a function of the electrode charge number density σ , for three reservoir
salt concentrations ρs =1, 10, and 100 mM from top to bottom, where the full curves
represent the full theory with pore size L = 2 nm, the dashed curves the infinite
pore limit κL≫ 1, and the dotted curve the analytic Gouy-Chapman expressions (for
κL≫ 1 and v = 0) of Eqs. (3.10) and (3.12). The first observation in Fig. 3.5(a) is that
GC theory breaks down at surface charge densities beyond 1e nm−2, where steric
effects prevent too dense a packing of condensing counterions such that the actual
surface potential rises much more strongly with σ than the logarithmic increase of
GC theory (see Eq. (3.12)). This rise of the potential towards ≃ 1 V may induce
(unwanted) electrolysis in experiments, so charge densities exceeding, say, 5e nm−2

should perhaps be avoided. A second observation is that the finite pore size L hardly
affects the Ψ(σ ) relation for σ > 1 nm−2, provided the steric effects are taken into
account. The reason is that the effective screening length is substantially smaller
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than L in these cases due to the large adsorption of counterions in the vicinity of
the electrode. A third observation is that the full theory predicts, for the lower salt
concentrations ρs = 1 and 10 mM, a substantially larger Ψ at low σ , the more so
for lower ρs. This is due to the finite pores size, which is not much larger than κ−1

in these cases, such that the ionic double layers must be distorted: by increasing Ψ
a Donnan-like potential is generated in the pore that attracts enough counterions
to compensate for the electrode charge in the small available volume. Interestingly,
steric effects do not play a large role for Γ(σ ) in Fig. 3.5(b), as the full curves of the
full theory with v = a3 are indistinguishable from the full theory with v = 0. The
finite pore size appears to be more important for Γ(σ ), at least at first sight, at low
σ , where ΓGC appears substantially lower than Γ from the full calculation in the
finite pore. However, this is in the linear regime where the adsorption is so small
that only the logarithmic scale reveals any difference; in the nonlinear regime at
high σ all curves for Γ coincide and hence the GC theory is accurate to describe
the adsorption.

We now consider the (reversible) Ψ-σ cycle ABCDA shown in Fig. 3.6(a), for an
electrode with pore sizes L= 4 nm that operates between two salt reservoirs at high
and low salt salt concentrations ρs = ρH = 0.6 M (sea water) and ρs = ρL = 0.024
M (river water), respectively, such that ∆µ/kBT = 3.3. For simplicity we set Vo = 0
such that the total electrolyte volume equals the pore volume Ve = AL/2. The
trajectory AB represents the charging of the electrode from an initial charge density
σA = 1 nm−2 to a final charge density σB = 2 nm−2 at ρs = ρH, which involves an
increase in the number of ions per unit area ∆N/A = Γ(σB,ρH) − Γ(σA,ρH) = 0.7
nm−2 using Eqs. (3.8) and (3.9) which we calculate numerically with (3.7). The
trajectory BC is calculated using the fixed number of particles in state B, N =
NB = 2ρHV +AΓ(ρH,σB), calculating a lower and lower value for ρs for increasing
σ ’s using Eq. (3.9) until ρs = ρL at σ = σC = 2.81 nm−2. Then the discharging
curve CD, at fixed ρs = ρL is traced from surface charges σC down to σD = 1.97
nm−2 for which Γ(σD ,ρL)−Γ(σC ,ρL) = −∆N/A, i.e. the discharging continues until
the number of expelled ions equals their uptake during the charging process AB.
The final trajectory, DA, is characterised by the fixed number of particles in state
D (which equals that in A), and is calculated by numerically finding higher and
higher ρs-values from Eq. (3.9) for surface charges σ decreasing from σD to σA ,
where ρs = ρH at σ = σA such that the loop is closed. Note that all four trajectories
involve numerical solutions of the modified Poisson-Boltzmann problem and some
root-finding to find the state points of interest, and that the loop is completely
characterised by ρH, ρL , σA , and σB . Fig. 3.6(b) shows the concentration profiles of
the anions (full curve) and cations (dashed curves) in the states A, B, C, and D, (i)
showing an almost undisturbed double layer in A and B that reaches local charge
neutrality and a reservoir concentration ρ±(z) = ρH in the center of the pore, (ii)
an increase of counterions at the expense of a decrease of coions in going from B
to C by a trade off with the negative electrode, accompanied by the saturation of
counterion concentration at 10 M close to the electrode in state C and the (almost)
complete absence of co-ions in the low-salt states C and D, and (iii) the trading of



34 Chapter 3. Reversible ‘Blue energy’ by cyclic double-layer (de-)compression

Figure 3.5: (a) The surface potential Ψ and (b) the ionic adsorption Γ, both as a function
of the surface charge density σ , for a porous electrode with a pore size L= 2 nm immersed
in an aqueous electrolyte of monovalent cations and anions at reservoir salt concentrations
ρs = {1mM, 10mM, 100mM} from top to bottom. The labels denote results stemming from
the modified Poisson-Boltzmann (MPB) and Gouy-Chapman theory, with the corresponding
molecular volume v and the (finite) pore size L.
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Figure 3.6: (a) A cycle ABCDA of the surface potential Ψ and the surface charge density
σ of an electrode with pore size L= 4 nm, charging up (AB) in contact with an electrolyte
reservoir with a high salt concentration ρs = ρH = 0.6M from σA = 1 nm−2 to σB = 2 nm−2 ,
discharging (CD) in contact with an electrolyte at low salt concentration ρs = ρL = 0.024M,
while being disconnected from the reservoirs (so with a fixed number of ions) during the
additional charging (BC) and discharging (DA). The dashed cycle ABC’D’A, for which the
surface charge remains fixed upon the transfer between the two reservoirs, resembles the
cycle of the experiments of Ref. [7]. (b) Counter- and co-ion concentration profiles ρ−(z)
(full curves) and ρ+(z) (dashed curves), respectively, in the four states A, B, C, and D of
(a).
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Figure 3.7: The same two cycles as shown in Fig. 3.6(a), but now in the number of ions and
chemical potential (N-µ) representation (see text), showing the constant-N trajectories of
BC and DA in (a) and a much larger spread in N for the cycle ABC’D’A in (b). Whilst the
solid areas represent the work performed during a cycle, the dashed areas in (b) denote
losses due to the non-optimal characteristics of the cycle for the given range of N . The
enclosed areas give the amount of work that is extracted per cycle and per unit electrode
area.

counterions for coions from D to A at fixed overall ion concentration. The work done
during the cycle ABCDA follows from either the third or the fourth term of Eq. (3.2),
yielding W/A= 2.3kBT nm−2 or, equivalently, W/∆N = 3.3kBT for the present set
of parameters. The enclosed area of the cycle ABCDA in Fig. 3.6 corresponds to the
amount of extracted work (up to a factor (eA) ), and equals the net decrease of free
energy of the reservoirs.

In order to compare the presently proposed ‘Carnot’ type of cycle ABCDA with
the ‘Stirling without a regenerator’ type used in the experiments of Brogioli [7],
where ‘isochores’ at constant σ rather than ‘adiabats’ at constant N were used to
transit between the two salt baths, we also numerically study the dashed cycle
ABC’D’A of Fig. 3.6(a). This cycle has exactly the same trajectory AB characterised
by (ρH,σA,σB) as before. State point C’ at ρL and σC ′ = σB has, however, a much
smaller number of ions NC ′ = 2ρLV +AΓ(ρL,σB) than NB = NC in state B and C,
because its surface charge σC ′ < σC . Trajectory C’D’ at fixed ρL is quite similar
to CD but extends much further down to σD′ = σA , where the number of ions in
D’ is even further reduced to the minimum value in the cycle ND′ /A = 1.0 nm−2.
Finally, at fixed σD′ the number of ions increases up to NA by gradually increasing
ρs from ρL to ρH. So also this cycle is completely determined by ρH, ρL , σA , and
σB . The electric work W ′ done during the cycle ABC’D’A follows from Eq. (3.2)
and reads W ′/A = 3.2kBT nm−2, which is equivalent to W ′/∆N ′ = 1.8kBT where
∆N ′ =NB′ −ND′ is the number of ions that was exchanged between the two reser-
voirs during the cycle.

Clearly, W ′ >W , i.e. the Brogioli-type cycle with the ‘isocharges’ BC’ and D’A
produces more work than the presently proposed ABCDA cycle with canonical tra-
jectories BC and DA. However, the efficiency of ABCDA, defined as W/∆N , indeed
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exceeds the efficiency W ′/∆N ′ of the ABC’D’A cycle. This is also illustrated in
Fig. 3.7, where the two cycles ABCDA (a) and ABC’D’A (b) are shown in the N-µ
representation. Whereas the total area of (b) is larger than that of (a), so W ′ >W
according to Eq. (3.2), the larger spread in ∆N ′ compared to ∆N renders the effi-
ciency of (b) smaller. The work W ′ is therefore less than the decrease of the free
energy of the reservoirs combined. The hatched area of Fig. 3.7(b) denotes the work
that could have been done with the number ∆N ′ of exchanged ions, if a cycle of the
type ABCDA had been used.

The fact that W ′ > W while W/∆N > W ′/∆N ′ proves to be the case for all
charge densities σA and σB for which we calculated W (of an ABCDA-type cycle)
and W ′ (of an ABC’D’A-type cycle), at the same reservoirs ρH and ρL and the same
pore size L as above. This is illustrated in Table 1, which lists W and W ′ per
unit area and per transported ion for several choices of σA and σB . The data of
Table 1 shows that W ′ > W by up to a factor 2, while W/∆N > W ′/∆N ′ by up
to a factor of three for Vo = 0, and a factor 8 for Vo = Ve. We thus conclude that
the choice for a particular cycle to generate electric work depends on optimization
considerations; our results show that maximum work or maximum efficiency do not
necessarily coincide.

Table 1 not only shows the work per area and per ion, but in the last column
also W ′/A∆σ with ∆σ = σB − σA , i.e. the work per charge that is put on the
electrode during the charging of trajectory AB. Interestingly, in these units the
work is comparable to ∆µ = 3.3kBT provided σA ≫ σ ∗, as also follows from Gouy-
Chapman theory for highly charged surfaces. Note that the work per transported
charge does not equal the amount of performed work per transported ion as ∆N/A
is typically much larger than ∆σ . Nevertheless, the fact that W ′ ≃ ∆µA(σB − σA)
gives us a handle to link our results with the experiments of Brogioli [7]. During the
experiment, the charge on the electrodes varies by δQ=Ae(σB−σA) ≈ 0.25mC, such
that one arrives at an expected work of 6 µJ per electrode. This agrees reasonably
well with the obtained value of 5 µJ out of the entire system. Unfortunately, the
relation between the electrostatic potential and the charge in the experiments differs
significantly from that of our theory by at least hundreds of millivolts; at comparable
electrostatic potentials the charge density in Brogioli’s experiments is almost two
orders of magnitude smaller than our theoretical estimates. Therefore a qualitative
comparison with the Brogioli-cycle is at this point very hard. The relatively low
experimental charge densities clarify the lower amount of work produced per gram
of electrode, which was noted earlier in the text. Including the Stern layer may be
a key ingredient that is missing in the present analysis [36].
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σA σB W/A W /∆N W ′/A W ′/∆N ′ W ′/(A∆σ )
[nm−2] [nm−2] [kBT / nm2] [kBT ] [kBT / nm2] [kBT ] [kBT ]
1.0 2.0 2.3 3.3 3.2 1.8 – 1.0 3.2
1.0 2.75 4.9 3.3 5.6 2.3 – 1.5 3.2
0.5 1.0 1.1 3.3 1.5 1.0 – 0.5 3.0
0.1 0.55 0.6 3.3 1.1 0.7 – 0.4 2.4

Table 3.1: The work W and W ′ of cycles ABCDA and ABC’D’A, respectively, as illustrated
in Figs.3.6(a) and 3.7, for several choices of surface charges σA and σB in states A and B, for
systems operating between electrolytes with high hand low salt concentrations ρH = 0.6
M and ρL = 0.024 M, for electrodes with pore size L = 4 nm. We converted W and
W ′ to room temperature thermal energy units kBT , and not only express them per unit
electrode area A but also per exchanged number of ions ∆N and ∆N ′ during the two
cycles, respectively. Note that W/∆N is a property of the two reservoirs, not of the charge
densities of the cycle. Also note that W ′/∆N ′ depends on the volume Vo of electrolyte
outside the electrodes, here we successively give values for the optimal situation Vo = 0
as well as for the situation Vo = Ve .

3.5 Limited fresh water supply

Of course many more cycles are possible. The two cycles ABCDA and ABC’D’A
considered so far generate electric work out of the mixing of two very large reservoirs
of salt and fresh water, taking up ions from high-salt water and releasing them
in fresh water. Due to the large volume of the two reservoirs the ionic chemical
potentials µH and µL , and hence the bulk salt concentrations ρH and ρL in the
reservoirs, do not change during this transfer of a finite number of ions during a
cycle. However, there could be relevant cases where the power output of an osmo-
electric device is limited by the finite inflow of fresh water, which then becomes
brackish due to the mixing process; usually there is enough sea water to ignore the
opposite effect that the sea would become less salty because of ion drainage by
a cycle. In other words, the volume of fresh water cannot always be regarded as
infinitely large while the salt water reservoir is still a genuine and infinitely large
ion bath. The cycle with a limited fresh water supply is equivalent to a heat-engine
that causes the temperature of its cold ‘bath’ to rise due to the release of rest heat
from a cycle, while the hot heat bath does not cool down due to its large volume or
heat capacity. Here we describe and quantify a cycle ABCA that produces electric
work by reversibly mixing a finite volume of fresh water with a reservoir of salt
water.

We consider a finite volume ∆V = 0.75V of fresh water with a low salt con-
centration ρL = 0.024 M, such that the number of ions in this compartment equals
2ρL∆V . This fresh water is assumed to be available at the beginning of a (new)
cycle; its fate at the end of the cycle is to be as salty as the sea by having taken
up 2(ρH −ρL)∆V ions from the electrode (which received them from the sea), with
ρH = 0.6 M the salt concentration in the sea. The cycle, which is represented in
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Figure 3.8: Electrode potential Ψ versus electrode charge density σ representation of a
charging-discharging cycle ABCA of an electrode with pore size L = 4 nm (see text). The
trajectory AB represents a grand-canonical charging process during which the system is
connected to a ‘sea’ with a fixed high salt concentration ρH = 0.6 M, the electrolyte in the
pores taking up ions. The number of ions during trajectory BC is kept fixed by disconnecting
the electrodes from any ionic bath, such that further charging leads to more ionic adsorption
at the expense of the bulk concentration, which has reduced to the fresh water concentration
ρL = 0.024M in C. Trajectory CA describes the discharging of the electrodes in contact with
a finite volume ∆V = 0.75V of initially fresh water at concentration ρL , which becomes
saltier due to the uptake of electrode-released ions until the sea concentration of salt ρH
is reached in A.

Fig. 3.8, starts with the electrodes connected to a large volume of sea water at con-
centration ρH, charged up in state A at a charge density σA = 0.75 nm−2. During the
first part AB of the cycle, the electrodes are further charged up until the positive one
has taken up 2(ρH −ρL)∆V ions in its pores, which fixes the surface charge σB = 2.0
nm−2 in state B. Then the electrodes are to be disconnected from the sea, after which
the charging proceeds in trajectory BC such that the increasing ion adsorption at
a fixed total ion number reduces the salt chemical potential down to µL (and hence
the salt concentration far from the electrode surface down to ρL) at σC = 2.8 nm−2

in state C. The system can then be reversibly coupled to the finite compartment of
initially fresh water, after which the discharging process CA takes place such that
the released ions cause the fresh water to become more salty, reaching a charge
density σA when the salt concentration in the compartment of volume ∆V equals ρH.
The cycle can then be repeated by replacing the compartment ∆V by fresh water
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again.

The relation between the surface potential Ψ, the charge density on the elec-
trodes σ , and the ion reservoir concentration ρs or the ion numberN , was numerically
calculated using the modified PB-equation (3.4) with BC’s (3.5) and (3.6), combined
with the adsorption relation (3.8), with the same parameters v = a3, a = 0.55 nm,
L= 4 nm, and V = Ve = AL/2 as before. The enclosed area in Fig. 3.8 gives, using
Eq. (3.2), the net amount of (reversible) work W performed during a cycle, which
again equals the decrease of the free energy of the salt water reservoir and fresh
water volume combined. In fact, this work can be calculated analytically as

W = ∆V [(ρH −ρL)kBT −ρL(µH −µL)] , (3.14)

where µH − µL = kBT ln(ρH/ρL). This result agrees with the prediction by Pat-
tle [22] for very small ρL . For the parameters of the cycle discussed here, we find
W/∆V = 1.2 kJ per liter of fresh water, or W/A= 0.45kBT nm−2. The figures show
that the amount of work per ion that is transported is typically smaller than what
we found for the Carnot-like cycle, of course.

We may compare this reversible cycle with the one proposed by Biesheuvel for
the reverse process, which is called desalination. This cycle is very similar to ours,
except that Biesheuvel’s switching step from sea-to river water and v.v. is actually an
iso-Γ trajectory instead of our iso-N tracjectory. This iso-adsorption trajectory does
not seem to have a reversible heat engine analogue, as the degree of reversibility
depends on the extent to which the electrolyte can be drained out of the micropores
before. Nevertheless, we find agreement with the work that must be provided in
the case of only a relatively small output volume of fresh water, and the expression
found by Biesheuvel exactly equals Eq. (3.14). The point we would like to stress is
that irreversible mixing during the switching step can be prevented by introducing a
canonical(iso-N) part into the cycle which enables the system to adapt to a new salt
concentration in a time-reversible fashion, such that maximal efficiency is preserved.

3.6 Discussion
Although substantial attempts to extract renewable energy from salinity gradients go
back to the 1970’s, there is considerable recent progress in this field stemming from
the availability of high-quality membranes [32] and large-area nanoporous elec-
trodes [53] with which economically interesting yields of the order of 1 kJ per liter
of fresh water can be obtained —equivalent to a waterfall of one hundred meter.
The key concept in the recent experiments of Brogioli [7] is to cyclically (dis)charge
a supercapacitor composed of two porous electrodes immersed in sea (river) water.
In this chapter we have used a relatively simple density functional, based on mean-
field electrostatics and a lattice-gas type description of ionic steric repulsions, to
study the relation between the electrode potential Ψ, the electrode surface charge
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density σ , the ion adsorption Γ, the ion chemical potential µ, and the total number
of ions N in a (slit-like) pore of width L that should mimic the finite pores of the
electrodes. With this microscopic information at hand, we have analysed several
cycles of charging and discharging electrodes in sea and river water. By mak-
ing an analogy with heat engines, for which the most-efficient cycle between two
heat baths at fixed temperatures is the Carnot cycle with isothermal and adiabatic
(de)compressions, we considered cycles composed of iso−µ and iso−N (dis)charging
processes of the electrodes. We indeed found that these cycles are maximally ef-
ficient in the sense that the work per ‘consumed’ ion that is transported from the
sea to the river water during this cycle is optimal, given the salt concentrations in
the river- and sea water. However, although the cycles used by Brogioli, with two
iso−µ and two iso−σ trajectories (where the latter are analogous to isochores in
the heat-engine) are less efficient per transported ion, the total work of a ‘Brogioli-
cycle’ is larger, at least when comparing cycles that share the iso−µ charging in
the sea water trajectory. We find, for electrode potentials Ψ ≃ 100 − 300 mV and
electrode charge densities σ ≃ 1 − 2 nm−3 in electrolytes with salt concentrations
ρH = 0.6 M (sea water) and ρL = 0.024 M (river water), typical amounts of deliv-
ered work of the order of several kBT per transported ion, which is equivalent to
several kBT per nm2 of electrode area or several kJ per liter of consumed fresh water.

Our calculations on the Brogioli type of cycle agree with experiments regarding
the amount of performed work per cycle with respect to the variance in the elec-
trode charge during (dis-) charging; each unit charge is responsible for an amount of
work that is given by the difference in chemical potential between the two reservoirs.
However, the experimental data concerning the electrostatic potential could not be
mapped onto our numerical data. This could very well be due to the fact that the
pore size in the experiments by Brogioli is very small such that ion desolvation, ion
polarisability, and image-charge effects may be determining the relation between
the surface charge and electrostatic potential. Models which go beyond the present
mean-field description are probably required for a quantitative description of this
regime. Another ingredient in a more detailed description must involve the finite size
of the ions combined with the microscopic roughness of the carbon. The ions in the
solvent and the electrons (holes) in the electrode material cannot approach infinitely
closely, and the resulting charge free zone can be modeled by a Stern capacitance.
Standard Gouy-Chapman-Stern (GCS) theory has successfully been applied to fit
charge-voltage curves for porous carbon capacitive cells [36, 54] within the context
of osmo-electrical and capacitive desalination devices. Extensions to GCS theory
are currently being developed which include finite pore sizes, in order to obtain a
physically realistic and simultaneously accurate model of the Stern layer within this
geometry.

Throughout this work we (implicitly) assumed the cycles to be reversible, which
implies that the electrode (dis)charging is carried out sufficiently slowly for the
ions to be in thermodynamic equilibrium with the instantaneous external potential



42 Chapter 3. Reversible ‘Blue energy’ by cyclic double-layer (de-)compression

imposed by the electrodes. This reversibility due to the slowness of the charging
process has the advantage of giving rise to optimal conversion from ionic entropy to
electric work in a given cycle. However, if one is interested in optimizing the power
of a cycle, i.e. the performed work per unit time, then quasistatic processes are cer-
tainly not optimal because of their inherent slowness. Heuristically one expects that
the optimal power would result from the trade-off between reversibility (slowness) to
optimise the work per cycle on the one hand, and fast electronic (dis)charging pro-
cesses of the electrodes and fast fluid exchanges on time scales below the relaxation
time of the ionic double layers on the other. An interesting issue is the diffusion of
ions into (or out of) the porous electrode after switching on (or off) the electrode
potential [55, 56]. Ongoing work in our group employs dynamic density functional
theory [57–59] to find optimal-power conditions for the devices and cycles studied
in this chapter, e.g. focussing on the delay times between the electrode potential
and the ionic charge cloud upon voltage ramps.

Acknowledgement We thank Marleen Kooiman and Maarten Biesheuvel for
useful discussions.



Chapter 4

Charge reversal of porous silica
colloids by proton uptake

Abstract

The effect of porosity in Stöber silica colloids is studied using a modified
Poisson-Boltzmann theory, with a focus on the case that the porous colloids
are suspended in a non-aqueous solvent. The acidity of this solvent is con-
trolled by osmotic contact with an aqueous reservoir of which the pH can be
determined. Our numerical results suggest that the colloid charge should be
unaffected by the presence of porosity in environments of intermediate acidity.
However at sufficiently high acidity a substantial amount of positive charge in
the form of absorbed protons changes the net charge of the colloids. A small
volume fraction of pores suffices to induce a point of zero charge at pH ≈ 4.
Based on the difference in Donnan potential between the porous medium and
the solvent a relation can be constructed that describes the location of the
point of zero charge. The accuracy of this relation is confirmed by numerical
calculations.

4.1 Introduction
Surfaces of objects that are immersed in a liquid are able to exchange ions with
this liquid in order to increase entropy and/or to reduce (electro-)static energy. The
nature of this exchange can either be dissociative, in which the surface releases ions
into the liquid, or associative, in which the surface adsorbs ions from the liquid. In
either case this exchange results in the situation that the object gains an electro-
static charge. For objects in water this charging is typically significant because the
high polarity of this particular solvent enables it to contain a high number of ions.
In less polar solvents both charging mechanisms are less efficient such that the ac-
quired charge is typically significantly weaker than in water. A colloidal suspension
is therefore often more stable against flocculation in water than in organic liquids,
as in water the surfaces repel each other more strongly at small distances. The
competition between (dissociative) proton release and (associative) protonisation in

43
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metal hydroxide surfaces like rutile, goethite, and silica leads to a point of zero
charge (pzc) that varies over a broad pH range between these materials [60]. For
all pH below the pzc of these surfaces, their net charge becomes positive due to the
predominant protonisation of the surface.

The pzc of silica stays nevertheless a point of discussion as this point is found
at very low pH (≈ 2) and its location seems to be dependent on the method used for
measuring [61]. Besides, the presence of some particular ion species has proven to
be important as well. For example it was shown that the presence of chloride ions
shifts the pzc to higher pH [62]. Kosmulski et al. even argue that the presence of a
pzc is hard to detect [63] in absence of chloride ions.

Labib and Williams [64, 65] investigated the effect of acidity on solids that are
immersed in organic liquids instead of water. They discovered that the presence of
trace amounts of moisture can be very important for the location of the pzc. They
showed that their carefully dried samples displayed a stronger acid-like behaviour
than their not-so-dry ones. Accordingly, they introduced three regions along the
acidity scale of the liquid: (I) low acidity causes the surface to charge negatively,
(II) a range in acidity where the sign of the charge is sensitive to the presence of
water, and (III) high acidity causes the surface to charge positively.

In this chapter, we will introduce a model for the effect of moisture on the elec-
trostatic charge of Stöber silica colloids. These colloids, synthesised by hydrolysing
tetraethyl-orthoscilate, are very well-known and have been investigated for many
decades now [66]. The porosity of Stöber silica is about 10% [67, 68] and the form
of the porous network allows water to move in [69]. Walcarius et al., as well as
Labrosse and Burneau [67], found an average pore diameter of 0.3 nm for Stöber
silica. Walcarius et al. [70] showed that this microporous structure is so fine that
ion-exclusion effects take place; large ions cannot enter the microporous structure,
whilst the smaller ones (e.g. H+, OH− or Na+) easily can [71]. This ion-exclusion
effect is also well known for crystalline zeolites. It was shown for microporous silica
colloids that the selective uptake of alkali anions can increase the amount of negative
charge of the particles, altough the addition of larger anionic species did not have
the same result since these were not able to enter the microstructure [72]. In the case
that the added electrolyte is an acid, the size of the hydrated protons is typically
(much) smaller than that of the anions. Therefore there could be a tendency for the
particles to charge positively due to a presumed selective uptake of positive charge.
Using a theoretical framework to calculate the ion densities in equilibrium we will
study suspensions of ‘wet’ porous silica colloids in oil. The influence of acidity on
the point of zero charge and the magnitude of the charge in such suspensions is
investigated.
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4.2 Theory
The dispersion under consideration consists of monodisperse Stöber-silica beads
that are dispersed in oil. In our description the oil is a low-dielectric solvent that
is immiscible with water. All beads have a radius a, chosen to be in the colloidal
size regime which is somewhere in between several nanometers and a micron. The
porosity χ of the particles is defined as the fraction of empty volume inside the
beads. It is assumed that the pores are shaped like cylinders with diameter D and
we propose that water is able to reside inside these pores, even if the colloids are
suspended in oil. This water could be a remnant of the particle synthesis, moist
collected from the air, or could come from trace amounts of water that is present in
the oil. The strong hydrophillicity of the silica ensures that the water that resides
in the pores is not replaced by oil. As it will turn out, the containment of water
can be important for the net charge of the beads as the wet porous structure might
gain a significant amount of charge. This can happen either by charging of the
silinol groups inside the pores or by an uptake of ions [72]. Within the model we
consider the silica particle being completely wetted by water such that all surface
is in contact with water instead of oil. This enables one to calculate all surface
chemistry as it is known for a silica-water interface.

4.2.1 Dissociation of silica
Regarding silica-water interfaces, the charging mechanism of the surface groups
at pH values well above 2 is mainly dissociative and causes the silica to charge
negative. The release of protons from silinol (Si-OH) groups from the surface can
be described by

Si −OH � Si −O− +H+, (4.1)
where H+ denotes a proton and Si −O− a charged surface group. In water, the
corresponding dissociation constant to Eq. (4.1),

Kw = [Si −O−][H+]
[Si −OH] , (4.2)

was measured to be 32nM [60]. Given a local cation (proton) density in the water
phase close to the surface, ρw,+(r), the local charge density σw(r) of silica can be
calculated via

σw(r) = σ0
Kw

ρw,+(r) , (4.3)

with σ0 the site density of silinol groups. In Eq. (4.3) it is assumed that the fraction
of silinol groups that actually charges is very small compared to the number of
available sites, [Si −OH] ≈ σ0, such that the charge density is proportional to the
inverse of the proton density [73]. The latter turns out to be a safe approximation for
the parameters that we consider since the site density of silinol groups on Stöber
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silica is high, around 5 sites/nm2 [60, 70, 74]. This number agrees well with the
assumption that all silicium atoms at the surface carry a silinol group. For the silica-
water interface inside the porous silica the same charge mechanism applies as for
the outer surface, the porous structure can therefore in principle enable the silica
particle to gain more negative charge. However, as we will see next, preferential
uptake of protons in the porous structure counteracts the gain of negative charge
due to the silinol groups in the pores.

4.2.2 Preferential ion uptake
Due to its high polarity, water is a solvent that reduces the electrostatic self-energy
of ions that reside inside it, which is caused by the water molecules that orient
their dipole towards or away from charged objects. This makes water a preferential
solvent for ions. The polarisability of a solvent can be quantified by the value of
the relative dielectric constant, which we will refer to as εw and εo for water and
oil, respectively. Typically, εw is an order of magnitude larger than εo; ions tend
to move from an oil phase to a water phase in order to reduce their self-energy.
Therefore the concentration of ions in aqueous parts of a system is in general much
higher than in a coexisting oil phase. This is directly related to the well-known fact
that salts dissolve typically much better in water than in oil. In units of kBT , the
self-energy difference that a cation (+) and an anion (-) experience can be estimated
via the Born approximation [9],

βF± = 1
2a±

(λB,o −λB,w), (4.4)

where the radii of the (hydrated) ions are denoted by a±, and where λB,o ≡
e2/(εokBT ) and λB,w ≡ e2/(εwkBT ) are the Bjerrum lengths in the oil and water,
respectively, with e the elementary charge. The densities of the ion species in the
oil phase are determined by the local electrostatic potential ψ(r) and the self-energy
differences F± via the Boltzmann relation

ρo,±(r) = ρw exp(∓βeψ(r)−βF±), (4.5)

where β−1 = kBT is the temperature in Boltzmann units and ρw is the ion density in
bulk water. Due to charge neutrality the salt concentration in bulk oil necessarily
becomes ρo = √ρo,+ρo,− = ρw exp

(
−β
2 (F+ +F−)

)
, with corresponding oil-phase

Donnan potential

ψD,o = 1
2e (F− −F+), (4.6)

such that the ion densities in this phase can be expressed as

ρo,±(r) = ρo exp(∓βe(ψ(r)−ψD,o)), (4.7)
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Because the bulk ion concentration in oil is orders of magnitude smaller than in wa-
ter, ionic screening will be relatively inefficient; the screening length is much larger
than in water. Since the positive ions are typically the smallest ion species, we find
that F− −F+ < 0, such that the Donnan potential of the oil phase (4.6) is negative.
This implies that the water-oil interface appears to be positively charged observed
from the oil phase, and vice versa that this interface seems to be negatively charged
observed from the water phase [75]. Close to oil-water interfaces one observes an
excess of negative ions in the oil phase and an excess of positive ions in the water
phase. These ions screen the apparent charge of the interface.

The theory above applies to a bulk water phase in contact with a bulk oil
phase, each of these two solvents having its own bulk ion concentration and Donnan
potential. However, water inside the micropores of the silica must be treated different
than bulk water due to the presence of the porous structure. Therefore the interior
of the colloid can be regarded as a new solvent species having its own bulk ion
concentration and Donnan potential as we will see later. As was shown by Walcarius
et al. [70, 76], ions with (bare) diameters larger than about 0.3 nm cannot react with
the silinol groups inside the porous microstructure, they are too large. In this chapter
it is therefore assumed that the anionic species that are present in the system are
too large to move into the porous structure, such that cations are the only ions that
are able to move from the oil into the micropores and vice versa [77]. The effective
cation density inside the colloidal particles can, similarly to Eq. (4.7), be expressed
as

ρc,+(r) = ρwχ exp(−βeψ(r)). (4.8)

OIL

HX

H2O

+

Figure 4.1: A schematic view of the de-
scribed system. The water reservoir is
separated from the oil in the center of
the set-up via a glass wall. The col-
loids, which are suspended in oil at the
other side of this wall can be observed
from below. The pH of the water is con-
trolled by adding an acid HX to the wa-
ter reservoirs.

The only source of negative charge inside the colloids is formed by the silinol
groups. The density of silinol charge follows from Eq. (4.3) and relates to the
electrostatic potential as

q(r) = χσ0
d

Kw
ρw exp(−βeψ(r)) , (4.9)
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where d = Vpore/Apore is the volume to surface ratio of the pores. We estimate the
pores to be cylindrical such that d = D/4. We remark that, like the exact value for
D, this particular choice for the pore geometry is not critical for the results we obtain.

The ion concentration in any part of the system (either in the oil phase or inside
the colloids) depends on the total number of ions that is present in the system.
Therefore our model in principle asks for a canonical treatment that considers all
sources of ions in the system (e.g. due to the dissociation of silinol groups or added
acid). This is unfavorable as there could be unknown sources of ions due to for
example impurities. However, one can get around this problem by assuming that the
oil phase is connected to a water phase of sufficient size that acts as an ion reservoir,
see Fig. 4.1. The acidity and therefore the bulk ion concentration in this water reser-
voir is assumed to be controlled by the addition of some acid HX which dissociates
into H+ and X− and fixes the bulk ion concentration via ρw = 103NA10−pH, with
NA Avogadro’s constant and ρw expressed in m−3. The possibility of the addition of
extra salt to this reservoir, like NaCl, that changes the bulk ion concentrations but
does not participate in the charging of the silinol groups is not considered here.

4.2.3 Cell-model approximation

Figure 4.2: In order to find the charge
on the porous particle, a spherical cell
of radius R is drawn around the colloid
with radius a. Note that the pores of
diameter D are in fact a lot smaller than
pictured above, they actually form a very
fine structure inside the colloid.

A Wigner-Seitz spherical cell model is used, as was introduced by Alexander et
al. in Ref. [18] to find the ion-density profiles both inside and outside the colloid.
This is done by defining a spherical cell around each colloid and assuming that all
cells are identical and globally charge neutral, see Fig. 4.2. The combined volume
of all the cells should equal the volume of the entire system, such that the packing
fraction η of the colloids is related to the cell radius via R = aη−1/3. Because of the
spherical shape of the cell it is possible to make the problem rotationally symmetric.
However, the porous structure is not rotationally symmetric a priori as the pores
have a finite size and induce an inhomogeneity to the interior of the colloid. To be
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able to neglect this inhomogeneity, the typical length scale of the porous network
inside the colloids must be small compared to the correlation length of electrostatic
interactions inside the pores, which the Debye screening length in water. It can
be calculated that this turns out to be the case for Stöber silica. The coordinate r,
which is the distance to the center of the colloid, is therefore the only remaining
spatial parameter in the theory. The surface and the cell boundary are located at
r = a and r = R respectively, as is shown in Fig. 4.2. Continuity of the electric field
and charge neutrality of the cell translate to boundary conditions on the electrostatic
potential as

ψ ′ (0) = ψ ′ (R ) = 0, (4.10)
where ψ ′ (r) denotes the derivative of the electrostatic potential with respect to
r. Since the interior of the colloid effectively consists of a water-silica mixture
this part of the cell must be described by a dielectric constant that is in between
that of both media. The effective dielectric constant of the mixture is estimated by
ε−1

eff = χε−1
w + (1 −χ )ε−1

s . Here εs and εw are the dielectric constant of silica and
water, respectively. The latter approximation follows from an analysis of a fine mix-
ture in which the interfaces between the two components are perpendicular to the
direction of the electric field. In practice the problem is much more complicated,
also because the dielectric constant of confined water is much lower than in bulk.
However, our results will turn out to be only weakly dependent on εeff , such that a
more detailed approximation is not performed here.

The Poisson equation in spherical geometry

ψ ′′ (r)+ 2
r ψ

′ (r) = −4πe
ε(r) [ρ+(r)−ρ−(r)−q(r)] , (4.11)

relates the divergence of the electrostatic potential to the ion densities ρ± and the
silinol charge density q(r) (4.9). The function ε(r) is a step function which has the
value εeff for r < a and εo for r > a. The associated dielectric interface at the
colloidal surface is not described by the Poisson equation in this form. This jump is
captured by demanding continuity of the electrostatic potential and by introducing
the boundary condition

lim
r↑a

εeffψ
′ (r)−4πeσs(r) = lim

r↓a
εoψ

′ (r), (4.12)

where σs is the silinol charge at the colloidal surface (r = a), which is given like
Eq. 4.3 by

σs = σ0
Kw
ρ+(a) , (4.13)

with the cation density at the surface given by ρ+(a) = ρw exp(−βeψ(a)). In the oil
phase, r > a, the ion densities are related to the electrostatic potential via ρ±(r) =
ρw exp(∓βeψ(r)−F±). The next section will focus on finding the ion densities both
inside and outside the colloid.
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4.3 Results and discussion

Figure 4.3: (a) The electrostatic potential as a function of the radial coordinate r , plotted
for a particle with radius a = 700 nm below, around and above the pzc, corresponding to
pH 3,4 and 5, respectively. The inset shows this potential for pH 3 again, now for r close to
the interface to demonstrate the relatively thin double layer inside the particle. In (b) the
densities of the three different charge generating species (cation/anion/silinol) are shown
for pH 3 at both sides of the interface, inside the colloid in mM, outside in µM. Note that
in both figures the length scale along the x-axis changes at r = a.

Eq. (4.9), (4.8), and (4.11) can be solved numerically with help of the boundary
conditions (4.10) and (4.12) in order to find the charge densities and the electrostatic
potential everywhere in the Wigner-Seitz cell. The parameters that were used are
given in Table 4.1. The colloidal charge Ze follows from the sum of the charge
inside the particle and the charge on the outside surface, but can also be found via
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η 10−3

a 700 nm
D 0.3 nm
χ 0.10
εs 4.0
εw 80.0

εo 7.5
σ0 4.6nm−2

Kw 32 nM
a+ 0.25 nm
a− 0.45 nm

Table 4.1: The values for the parameters that are used in our numerical calculations, unless
stated differently. Here η is the colloidal packing fraction, a the colloid radius, D the pore
size, χ the pore volume fraction, σ0 the surface density of silinol groups, Kw the equilibrium
constant that describes charging of the silinol groups, a± the ion diameters, and εs , εw
and εo the dielectric constants of silica, water and oil, respectively.

Gauss’ law,

Z = lim
r↓a

−εor2ψ ′ (r)
e . (4.14)

For an illustrative example of a typical solution for the electrostatic potential we
refer to Fig. 4.3(a). The relative small screening length in the colloid phase is due
to the water in the pores, and is at most tens of nanometers for the whole range
in pH that is investigated here. In contrary, the screening length in the oil phase
is very large. The electric field in oil does only decay to zero over distances that
are of the order of a micron, as can be seen in Fig. 4.3. The equilibrium (Donnan)
potential inside the colloid, ψD,c, at which the colloidal interior is locally charge
neutral, observably depends on the pH because the latter determines the proton
fugacity. The difference between the Donnan potential inside the colloid and the
surrounding oil phase is crucial as it turns out to give a good approximation of the
point of zero charge (pzc). If the difference is negative the colloid will be negatively
charged, and if it is positive the particle will be positively charged. Equal Donnan
potential is found at a pH that is given by

pH(ψD,o=ψD,c) = − log10

√

exp(F− −F+) σ0Kw
d 103NA

. (4.15)

From Eq. (4.15) one finds a pzc at pH 3.9 for the parameters used. However, the
latter equation does not take account for the silinol groups on the colloidal sur-
face at r = a. This source of negative charge slightly lowers the net charge of the
colloid such that the pzc is not exactly found at equal Donnan potential but at a
lower pH. The difference in the pzc found by a comparison of Donnan potentials and
the pzc found by solving the modified PB equation is however only of the order of 0.1.

Fig. 4.3(b) shows the ion-density profiles at pH 3. As the figure shows, there
is no silinol charge in the oil phase and no anionic charge in the colloidal phase.
As one expects, deep inside the colloid, the silinol groups do dissociate, although
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there is no net transport of counterions away from the pores. The pores therefore
stay charge neutral on average; the electrostatic potential is at its Donnan value.
Closer to the colloidal surface we observe a layer of higher cation density, which
is due to protons that have moved from the oil phase towards the colloid in order
to reduce their Born self-energy. The latter can only occur in a layer close to the
colloidal surface as the opposite charge species, which are the anions in the oil
phase and also the negatively charged colloidal outside, are not so far away here.
The electrostatic ‘cost’ of charge separation can therefore compete with the gain
in Born self-energy. It can be concluded from Fig. 4.3(b) that the net charge in
the porous volume only resides in a layer close to the surface, having a thickness
of several nanometers, which is consistent with the assumption that the charge on
many silica surfaces is located in a layer of finite thickness that is easily permeable
for some specific ion species [77, 78].
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Figure 4.4: The relation between isoelectric point and the (hydrated) ion radii that deter-
mine the Born self-energy differences between the oil and the water phase. We assume
that the cationic species are always able to move in to the pores, whilst the anions are
excluded.

Since charge reversal is driven by (an excess) uptake of protons inside the silica,
the self-energy difference that the protons experience by crossing the oil-water
interface is of great importance for the location of the pzc. Fig. 4.4 shows the
numerical results for the location of the pzc as a function of the cation and anion
radii. It demonstrates that also the anion size is of importance as well. The pzc
shifts to higher pH for smaller cation radii because of the increase in self-energy
difference such that the protons have a greater tendency to enter the silica. Note
that a smaller cation shifts the pzc to lower pH as this raises the Donnan potential
of the oil phase (4.6).
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Figure 4.5: Behaviour of the net charge on the silica particle as a function of the pH for
(a) various packing fractions η; (b) three decades in colloidal radius a, showing the charge
density σ = Z/(4πa2) along the vertical axis; (c) three values of the dielectric constant
of the oil phase; and (d) a wide regime in porosity χ , also showing the charge for a
non-porous particle as a dotted line. Note that the line χ = 10−2 is not plotted here.

We have argued that the difference in Donnan potential between the porous
silica and the oil phase is the main factor that determines the pzc. Therefore, the
pzc will not strongly depend on the colloidal density nor on the colloidal radius.
Fig. 4.5(a) and (b) confirm this. In (a) we plot the charge for various packing frac-
tions. The effect on the magnitude of the charge is small, however we observe
discharging at increasing packing fraction for higher pH. At lower pH, the charge
is relatively uninfluenced by the colloidal packing fraction, this is because the ion
concentration in the oil phase becomes relatively large such that enhanced ionic
screening prevents the colloids from electrostatic interaction with each other. In our
Wigner-Seitz cell model this means that the electrostatic potential takes the value of
the Donnan potential at the cell’s boundary (r = R ). Fig. 4.5(b) shows the apparent
charge density Z/(4πa2) on the colloid for different values of the colloidal radius a.
We observe that the highest charge density at both sides of the pzc is expected at
intermediate colloid sizes. This optimum is due to a competition between decreasing
surface curvature and increasing interparticle distance as a increases while η is kept
constant.

In Fig. 4.5(c) and (d) we vary the dielectric constant of the oil and the porosity
respectively in order to investigate the dependence of the charge on some of the
parameters that can be changed experimentally. By changing the dielectric prop-
erties of the solvent we observe (I) that the pzc shifts to lower pH as the dielectric
constant of the oil εo increases, and (II) the magnitude of the charge (at both sides
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of the pzc) increases with εo. Both observations can be explained by the higher
affinity of ions for the oil phase at increasing εo. Observation (I) can be explained
by the tendency of the protons to move from the oil phase towards the silica de-
creases, whilst (II) is more general; the electrostatic energy that is needed to charge
a colloid in a more polar medium is less such that higher charges are easier attained.

In Fig. 4.5(d) the porosity is varied, this can be realised experimentally for
example by slowing down the growth rate during the Stöber synthesis process [79].
Within the present model we assume that all the pores are accessible for ions in the
surrounding oil phase, at least in a layer within tens of nanometers from the surface,
as Fig. 4.3(a) shows. It might have been appropriate to introduce an effective porosity
that only accounts for pores that are accessible for the cations in the oil phase. In
Fig. 4.5(d) we show, however, that the exact value of the porosity is not crucial for
the behaviour of the colloids. The figure shows that a small fraction of chargeable
pores suffices to find the pzc close to the pH that is predicted by Eq. 4.15, which
does not depend on the porosity. The value of χ therefore does affect the pzc, but
the dependence is only minor. From Fig. 4.5(d) we observe that the pH shift in the
pzc is of the order of 0.1−0.2 if the porosity is changed by a factor 10. The figure
tells us that only a very tiny amount of absorbed water is enough to generate a pzc
close to pH 4. In order to generate a significant amount of positive charge at a pH
below the pzc, a certain amount of porosity is of importance, however the porosity
does not play a role for the amount of charge for a pH significantly above the pzc.
The latter is limited to pH 7, as the ion species described here only allow for an
acidic environment.

4.4 Silica in water
We briefly consider the case that the colloids are suspended in water instead of in
oil, such that the Born self-energy difference (4.4) between the oil phase and the
silica vanishes. Now, the only mechanism that can generate a pzc is the selective
exclusion of anions from the porous silica. By applying Eq. (4.15) using F± = 0,
we find the pzc at pH 2.7, which is close to the alleged value for the pzc of silica
in water [60]. Note that proton adsorbtion to the surface was not included to the
model, i.e. no extra chemical equilibrium is added to the calculations. Nevertheless,
a reasonable pzc comes out using preferential uptake of protons, which shows that
microporosity in Stöber silica particles in water can under certain circumstances
compete with ion adsorbtion at the colloidal surface.

4.5 Discussion
Colloidal Stöber silica is known to have a significant amount of porosity. It was
unknown to what extent this porosity could contribute to the net charge of these col-
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loids in non-polar solvents. To get a better understanding of how the electrostatic
interactions of these colloids are affected one needs to find a relation that describes
the density profiles of the different charge-generating species inside the porous
structure. A model on the level of Poisson-Boltzmann theory was developed here in
order to find the distribution of charges both inside and outside the silica particle.
The suspension was assumed to be connected to a water reservoir such that the pH
of the system could be defined in a natural way. The pores were assumed to be
completely filled with water, which is often a reasonable assumption for experimen-
tal situations. We take account for the fact that ions prefer to reside in polar media
such as water, and correspondingly find a low and a high screening parameter in
the oil phase and the porous silica, respectively. Although the porosity significantly
increases the amount of chargeable silinol groups the particle’s net charge turns out
not be influenced by the porosity at higher pH values, (pH > 5). However at lower
pH protons which enter the porous network in order to reduce their self-energy do
affect the net amount of charge. This gain of positive charge may become dominant
over the dissociation of the silinol groups, such that a point of zero charge is induced.
This point was found to be somewhere close to 4.0 for the parameters used in this
study. An analytic expression (4.15) can be obtained to estimate the location of the
pzc. It turns out that this equation does not depend on the parameters χ and D.
Numerical data indeed confirms a very week dependence on the amount of porosity.
The reported value in the literature for χ , which is about 10%, turns out to be high
enough to get good agreement between the analytical approximation and the more
accurate numerical results. The case that the silica colloids are suspended in water
is considered briefly as well. Although the Born self-energy difference that the ions
experience vanishes, a possible exclusion of anions from the porous network could
still trigger a charge reversal. For the parameters used in this research, this point
is found at pH 2.7. Although the latter pH is low, it shows that proton absorbtion
might be able to compete with proton adsorbtion at the silinol groups as they can
both trigger a pzc at low pH.
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Chapter 5

Electrostatic interactions between
Janus particles

Abstract

We investigate the range in parameter space where Poisson-Boltzmann theory
can be used to accurately describe the electric double layer around a perfectly
antisymmetric spherical Janus particle in a dielectric medium with added salt.
The screening-ion density profiles, obtained by ensemble averaging in Primitive
Model NVT Monte Carlo simulations, form the basis for comparison. The elec-
trostatic dipole is the most important mode regarding the ion-density profiles
around these Janus particles. We derive equations that describe the colloid-
colloid interactions as a function of the monopole and the dipole moment of
these particles. The latter can be regarded as an extension of the electrostatic
part of DLVO theory towards the interaction of Janus particles.

5.1 Introduction
In this chapter we will investigate the applicability of Poisson-Boltzmann (PB) the-
ory to inhomogeneously charged spherical particles, in particular ‘Janus’ particles,
with a differently charged upper- and lower hemisphere. As is known for homoge-
neously charged particles and surfaces, the regime of applicability of PB to colloidal
systems includes a wide range of solvents, ion concentrations and charges [80]. PB
theory is therefore the most common method to calculate electrostatic interactions
between colloids. Often, the effective interaction that follows from a PB analysis
can be approximated by a DLVO sum, as we saw in Chapter 2, making calculations
even easier. However, PB theory is based on a mean-field approach, which means
in particular that direct ion-ion correlations are ignored. A well-known breakdown
of PB theory is therefore the case that the electrolyte contains multivalent ions [81–
84]. In this situation the direct ion-ion correlations easily becomes dominant as the
pair-interaction energy scales quadratically with the valency of the ions. It turns
out that even attractions between like-charged colloids then become possible [85].
Other discrepancies between PB and experiments are often induced by additional
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(dielectric) properties of the solvent molecules and the ions. For example, recently it
was shown that a difference in polarisability of the solvent molecules and the ions
leads to unexpected behaviour at high colloid charges. Close to the colloidal surface
the abundance of ions results in a local polarisability that is significantly different
from the bulk solvent, which can be very important for the shape and thickness of
the double-layer in aqueous systems [86]. Other possible important effects include
steric interactions and non-bulk behaviour of solvents close to surfaces. All these
could especially be important in aqeuous solvents. Several other approaches than
classical PB exist [20, 87–95], among which are modifications of the traditional PB
theory accounting for finite ion size.

Figure 5.1: (a) The field-theoretical prediction by Punkkinen separates the parameter space
in three regimes: Debye-Hückel, Poisson-Boltzmann, and a Strong-Coupling regime. (b) A
comparison between Monte-Carlo and Poisson-Boltzmann data for monopoles in terms of
the comparison parameter f0 , showing for these methods the deviations in the distribution
of charge in the ionic double layer.

Theoretical studies have been performed investigating the parameter regime in
which PB theory gives trustworthy results regarding the effective interactions be-
tween homogeneously charged (colloidal) surfaces. Punkkinen et al. used a field-
theoretic study [80] to show that the parameter space for point ions can effectively
be divided into three regions using the parameters κµ = 2/y and Ξ = (y/2)κλB,
with y = 4πσλB/κ the nonlinearity parameter and σ the charge density in units of
the elementary charge e. As is shown in Fig 5.1(a) they found (I) a region where
Debye-Hückel theory holds, the screening is linear, (II) a region where the charge
of the surfaces becomes higher, one has to solve the non-linear Poisson-Boltzmann
equation to find the effective electrostatic interactions, and (III) a region in which
the ion correlations close to the surface require Strong-Coupling (SC) theory [85, 96].

In this chapter we will explore the parameter space (I & II) for which PB the-
ory is an accurate description for the charge profiles in the double layer around
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charged Janus particles. To this extent Monte-Carlo (MC) simulations of the ion-
density profiles around a single colloid are performed and these will be compared
with results of a Poisson-Boltzmann approach. Unlike Punkkinen et al. we will use
nonvanishing ionic radii in order to check wether the ion radius (which does influ-
ence neither κµ nor Ξ) is important. As antisymmetric Janus particles do not have
a net charge we cannot use the average charge density to calculate the parameters
used by Punkkinen et al., as one finds vanishing Ξ and infinite κµ in this case.
Therefore parameters are introduced that depend on the absolute amount of charge
on the particles, instead of the net amount. The latter allows for the parameterisa-
tion of a charge distribution with a strong dipolar component. In order to compare
the charge-density profiles between PB and MC we will expand both profiles using
Legendre polynomials, allowing for an analysisof the monopole, dipole, quadrupole,
and higher order modes.

The second part of this chapter will deal with calculating the effective interactions
between Janus particles within the Debye-Hückel approximation. Because Janus
particles lack spherical symmetry, DLVO theory cannot be applied in its well-known
form. In the literature, models that have been applied instead include approximations
in which the charged hemisphere as a finite number of point charges that interact
with point charges on another particle via Yukawa potentials [97]. However, this
generally results in an expensive calculation of the pair interaction of two colloids
as a function of their orientations and separation, such that simplifications have to
be applied for practical purposes such as MC simulations. Above that it is unknown
how one should properly account for the hard cores of the colloidal particles within
this point-charge model; scaling all charges with a factor exp(κa)/(1+κa), similar to
DLVO theory for monopoles, unfortunately will turn out not to be the proper way to go
here. We will show that DLVO theory itself can be generalised to inhomogeneously
charged particles. Especially the addition of a ‘Yukawa dipole’ to the properties
of a colloid gives a reasonable approximation to the ion distributions around the
Janus colloid, compared to full PB simulations. The expression for the dipole-dipole
interaction that we will derive is therefore expected to give good results in describing
interacting Janus particles.

5.2 Method
A single colloidal particle of radius a, placed in the center of a volume V , is consid-
ered. The distribution of charge on the surface of the particle is such to represent
a Janus particle, namely two different charge densities on each hemisphere. In
our calculations we will consider perfectly antisymmetric Janus particles; having a
charge Ze/2 on the upper hemisphere and a charge −Ze/2 on the lower hemi-
sphere. Unless stated differently, we will choose Z = 100 throughout the chapter.
The number of monovalent ions N ≡N+ +N− in the system is fixed and the balance
between positive and negative ions is chosen such that the net charge of the colloid
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and the ions vanishes, which means in this case that N+ = N−. Throughout our
derivations we will assume that the dielectric constants of the particle, ions, and
medium are equal. This eliminates any boundary conditions from the electrostatic
potential related to dielectric discontinuities and image charges [98–101].

5.2.1 Ewald Sums in the Canonical Ensemble
We consider a cubic simulation box of length L= 50d, where d is the ion diameter.
The ribs of the box are aligned parallel to the axes of a standard Cartesian coordinate
frame and we locate the origin of the system in the center of the box. Periodic
boundary conditions are imposed. The particle’s charge is distributed over the
surface in Z/2 positive and Z/2 negative monovalent charge points at a distance
a−d/2 from the center of the particle, spaced as equidistantly as possible. See the
100 point optimal-packing-coordinate file in Ref. [102] for the relevant distribution.
The interaction potential between two ions at positions ri and rj is given by

V(ri, rj ) =
qiqje2

4πε
1

|ri − rj |
+
{

∞ : |ri − rj | ≤ d
0 : |ri − rj |> d , (5.1)

with ε the relative dielectric constant of the medium in which the ions are solvated,
qi = ±1 the sign of the i-th ion’s charge. The interaction potential between a charge
site of the particle, located at ri, and an ion located at rj is given by

V(ri, rj ) =
qiqje2

4πε
1

|ri − rj |
+
{

∞ : |rj | ≤ a+d/2
0 : |rj |> a+d/2 , (5.2)

where qi = +1 and qj = ±1, depending on the charge of ion j . For the single central
charge particle we have i = 1, ri = 0, and qi = +100. To sample phase space a
restricted primitive model Monte Carlo (MC) simulation is performed in the canonical
(NVT ) ensemble. Only single particle moves for the ions are considered. Periodicity
and the long ranged nature of the interaction potentials, Eqs. (5.1) and (5.2), are taken
into account by using Ewald Sums (ES) with conductive boundary conditions [103].

5.2.2 Poisson-Boltzmann Approach
The particle of radius a in a cubic box models a system with colloid/macroion volume
fraction

η = 4π
3

(a
L

)3
. (5.3)

To study the PB theory equivalent of the above MC system we consider a spherical
Wigner-Seitz cell model [18, 104–106] with radius

R = 3
√

3L3

4π = aη−1/3, (5.4)
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to ensure that the volumes, and therefore the average densities of ions, in both meth-
ods are the same. We will apply PB theory to find the dimensionless electrostatic
potential ϕ(r) and the associated ion densities ρ±(r) around the colloid. By using a
spherical hard-core exclusion volume VHC with radius a+d/2 and a charge density
q(r) that will be defined below we find the PB equation

∇2ϕ(r) = 4πλBq(r)+
{

0 if |r| ≤ a+d/2
κ2 sinh(r) if |r|> a+d/2,

(5.5)

where q(r) is the colloidal charge distribution and κ2 = 8πλBρs, with ρs the (yet
unknown) bulk ion density.The cell boundary condition

∇ϕ(r) · r̂|r=R = 0 (5.6)

ensures that the normal component of the electric field vanishes at the cell boundary.
To be able to solve the Poisson-Boltzmann equation for the Janus particle, the charge
density and the electrostatic potential of interest are expanded as

q(r) =
∑

ℓ
σℓδ(r−a)Pℓ (x); (5.7)

ϕ(r) =
∑

ℓ
ϕℓ (r)Pℓ (x), (5.8)

using x = r · ẑ, with ẑ the orientation of the colloid and Pℓ the Legendre polyno-
mials. The nonlinear PB equation (2.29) can likewise be written mode-by-mode
by expanding the sinh term around the monopole potential ϕ0(z). Mode couplings
are induced as the higher-order expansion coefficients contain products of Legendre
polynomials PℓPℓ ′ , which must be rewritten as a sum of other Legendre polynomials
Pℓ ′′ . Because of these mode couplings one needs to consider a significant number
of multipoles even if for example only the dipole mode is of interest. As we derived
in Section 2.7, such nonlinear behaviour becomes only important if the nonlinearity
parameter y is locally (much) larger than unity. An effective method to handle cou-
plings in the sinh term will be discussed in Chapter 8. The expansion parameters
σℓ corresponding to the charge distribution of the Janus particle will be considered
in Chapter 6. Since PB theory is a grand-canonical theory it requires to specify
a bulk ion density ρs, this relates to the chemical potential of the ions. However,
in the present case we are dealing with a canonical problem, the number of ions is
fixed. Therefore, ρs,PB must be determined from a fit procedure; by calculating

N±,PB = 4π
∫

dr ρ±,PB(r). (5.9)

We determine ρs iteratively by demanding N±,PB = N±. All PB calculations were
performed using a grid of size 2000 in the radial direction, and a Taylor expansion
of the sinh term up to the 5th power using 6 multipole modes.
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5.3 Results
All in all 99 systems are considered. Three particle radii are used, a= 5d, 10d, and
15d. For each a, three salt concentrations are studied, i.e., we choose N± = 175,
300, and 425. For each a and N± combination, we consider 11 Bjerrum lengths
λB/d = 0.01, 0.05, 0.1, 0.25, 0.5, 1.0, 2.0, 4.0, 6.0, 8.0, and 10.0.

Figure 5.2: A comparison between MC and PB showing the ion densities around the Janus
particle for N± = 300, λB = d, and a = 10λB . In (a) a contour plot shows the net charge
density ρ+(r) −ρ−(r), on the left side the MC result and on the right the nonlinear PB
solution. In (b) a mode expansion of the charge density ρ±,ℓ (r) shows the same data. Note
that the negative modes in (b) can in this case be mapped onto the positive modes by
multiplication with (−1)ℓ .

Fig. 5.2 gives the results for a typical set of parameters that were tested for
the antisymmetric Janus particle. In Fig. 5.2(a) the net ion density that is obtained
from both MC and PB considerations are compared with each other. For this the
azimuthal average of the MC ion densities is calculated. Fluctuations at the poles
are therefore somewhat larger. We find good agreement between both methods,
which also reflects in (b) which shows the first few components of the ion-density
profiles ρ±ℓ (r). The local dimensionless charge density is y = ±5.2 in this case,
which implies that mode couplings should occur. Indeed the monopole modes ρ±0(r)
can be observed to increase close to the colloidal surface although the charge net
charge density had no monopole component. Also the nonvanishing quadrupole
modes ρ±2(r) are completely induced by couplings of other modes with each other.
We observe that the same mode couplings also follow implicitly from MC simulations.

In order to quantify the difference in results between MC and PB, functions fℓ
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can be defined which quantify the difference in the ℓ ’th mode of the ion distributions
around the colloid. For a general Janus particle with ZN unit charges on the upper
hemisphere and ZS unit charges on the lower hemisphere, we propose

fℓ = 4π
|ZN|+ |ZS|

∫
dr r2 |ρℓ,MC(r)−ρℓ,PB(r)| , (5.10)

with the charge-density profiles ρℓ (r) = ρ+,ℓ (r)−ρ−,ℓ (r). Eq. (5.10) vanishes if MC
and PB charge profiles match, as required. Since the countercharge in the dou-
ble layer should compensate for the net charge on a colloid, Eq. (5.10) has been
normalised with the total amount of colloidal charge such that for a pure monopole
(a homogeneously charged particle) f0 → 2 in case there is maximum disagreement
between MC and PB on the distribution of countercharge, for example if the MC
method would predict a total condensation of counter ions in a very small region
close to the surface whilst PB theory would find the countercharge located in a
diffuse layer of significant width. The extension to higher order fℓ , ℓ > 0, is such
that the range (0−2) gives a good indication of the (weighed) integrated difference
in the charge-density profiles due to the particular mode.

In order to test our method, we start by calculating MC and PB charge profiles
for homogeneously charged particles with Z = 100, using the same range in λB/d
and a as for the Janus particles. The results for f0 are shown in Fig. 5.1(b). Good
agreement is found at lower values of Ξ, whilst the value of κµ is of minor importance
as Debye-Hückel theory is just the low-charge limit of PB. By defining Ξ = 10 as
the onset of strong coupling [80], one finds f0 ≈ 10% as the upper boundary for the
PB regime.

Fig. 5.3 shows fℓ for ℓ = 0,1,2, and 3 for the antisymmetric Janus particles of
interest. We use modified parameters, defined by yΣ = 2/(κµΣ) ≡ (|ZN|+ |ZS|)/(κa2)
and ΞΣ ≡ (yΣ/2)κλB. Note that instead of the net charge of the particle these
parameters rely on the sum of the absolute amount of charge on each hemispheres;
for pure monopoles this will reduce to the conventional parameters y and Ξ. Although
mode couplings do occur, the antisymmetry of the problem for the particles under
consideration should cause the charge-density profiles ρℓ to vanish for even ℓ . This
can indeed be observed from the low values of fℓ for the monopole and quadrupole
modes in Fig. 5.3. However some noise in the MC data at high ΞΣ for the quadrupole
mode is present. As this is a minor contribution, noise is expected to be negligible
as well for the odd modes plotted here. The dipole mode is the first order of interest
for our comparison. We observe similar trends as was observed for the monopole.
Observed is that if ΞΣ becomes (much) larger than unity, the agreement between
MC and PB results weakens. This is likely caused by strong-coupling interactions
which are not included within PB. However, a clear regime can be distinguished
where PB gives accurate results regarding the charge profiles in the double layer.
Approximately the same parameter regime holds for the octopole (ℓ = r) mode, and
we also observed a similar regime of validity for ℓ = 5 (not plotted). The modified
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parameter ΞΣ can therefore be used as a parameter that can be meaningful to value
the validity of PB for these antisymetric Janus particles, with ΞΣ ≈ 1 the upper
bound. Its definition allows this parameter to be applied for different Janus particles
that are not antisymmetric in charge but also have a monopole-charge component
as well.
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Figure 5.3: The deviations fℓ as defined in Eq.(5.10) in the double-layer charge profiles
between MC and PB methods as a function of the dimensionless charge density, yΣ which
can be interpreted as the nonlinearity parameter, and the strong-coupling parameter ΞΣ .
The subgraphs show the calculated difference parameter fℓ for ℓ = 0,1,2,3 corresponding
to the monopole, dipole, quadrupole and octopole respectively.

5.4 DLVO theory for dipolar colloids
As we saw, the mode expansion up to ℓ = 6 gives good agreement between MC
and PB in a well-defined regime of parameters. For Janus particles in general the
most dominant charge multipoles are the monopole and/or the dipole, but for the
antisymmetric particles that we considered in this chapter the monopole vanishes.
Fig. 5.2 shows the PB result regarding the charge densities for such a Janus particle,
using a smaller charge (Z = 10) to make sure that the Debye-Hückel approximation
holds. Note that the amount of ions added to the system, N± = 425, corresponds
to κa= 2.8 and y= 0.36 here. The left side shows the solution up to ℓ = 6, which
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we showed to be sufficient for good correspondence with MC results, whereas the
right side only shows the dipole mode. The differences are therefore due to the
missing ℓ = 3 and ℓ = 5 terms. Note that the dipole approximation overestimates
the electrostatic potential in the axial direction, whilst it underestimates the electro-
static potential in the perpendicular direction. However performance is reasonably
good. Therefore, the dipole will probably capture most of the physics regarding
the interacting Janus particles, certainly at larger distances. We will generalise
the derivation of DLVO theory, as was performed in Chapter 2, to inhomogeneously
charged particles. This will allow us to find explicit equations for the dipole-dipole
interaction energy between Janus particles as a function of their orientation, in a
similar form as what is known for dipoles without screening.

Figure 5.4: A contour plot of the net charge density ρ+(r)−ρ−(r) around an antisymmetric
Janus particle for the parameters Z = 10, N± = 425, λB = d, and a = 10λB , showing left
the profile that follows from a mode expansion up to ℓ = 6, whilst right only the dipole
mode is plotted.

In Chapter 2 we applied the Debye-Hückel approximation to the effective electro-
static interaction energy of a charge configuration q(r) without hard-core volumes.
It was found that

βH [q] =
∫

dr
∑

α=±
ρ±(r)

(
ρ±(r)
ρs

−2
)

+ 1
2

∫
dr (ρ+(r)−ρ−(r)+q(r))ϕ(r), (5.11)

with ion densities ρ±(r) and ϕ(r) given by

ϕ(r) =
∫

dr′ λB
ρ+(r′)−ρ−(r′)+q(r′)

|r− r′| . (5.12)

Instead of point charges we will now consider a collection of charge distributions
localised around points rci. We define M volumes Vi around rci, with i ≤ M , and
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suppose that the charge density q(r) of Eq. (5.11) can be written as a sum of M
individual, non-overlapping charge distributions qi(r),

qi(r) =
{
q(r) if r is inside Vi;
0 otherwise,

(5.13)

such that q(r) =
∑M

i=1qi(r). Note that we do not include hard-cores yet. Furtheron,
qi(r) will be the effective charge density that is corrected for the ion-exclusion from
the hard-core of colloid i with hard-core volume Vi. At this point the ion densities
therefore follow from Eq. (5.11) as ρ±(r) = ∓

∑M
i=1ϕi(r), with

ϕi(r) =
∫

Vi
dr′ qi(r′) exp(−κ|r′ − r|)

|r′ − r| . (5.14)

By assuming that the charges within each Vi are at fixed distances from each other,
Eq. (5.11) can be written, up to a self-energy constant, as

βH [q] =
∑

i<j

∫

Vi
dr
∫

Vj
dr′qi(r)qj (r′) exp(−κ|r′ − r|)

|r′ − r| . (5.15)

The latter equation was derived within the Debye-Hückel approximation and there-
fore gives appropriate results only in case the dimensionless electrostatic potential
ϕ(r) remains sufficiently small w.r.t. unity. We will use the result of Eq. (5.15) to
obtain an analogous theory for charge distributions that do have associated hard-
core volumes. This is done by ‘freezing’ the ions inside the volumes Vi and add their
charges to the charge configuration q(r), such that the Hamiltonian for hard-core
particles with ‘new’ charge distributions q̃i(r) is found. The latter charge density
will be defined below.

Starting with the obtained ion densities for the system without hard cores, we
split the entire volume into Vout, consisting of all points r outside the volumes Vi
for all i, and the volume Vin of points that are inside one of these cells. Note that
Vin is the complement of Vout. The ion densities are also split into ρ±,out(r) and
ρ±,in(r) such that ρ±,out(r)+ρ±,in(r) = ρ±(r) and ρ±,out(r) = 0 for all r inside Vin, and
ρ±,in(r) = 0 for all r inside Vout. Eq (5.11) may therefore be rewritten as

βH [q] =
∫

Vout

dr
∑

α=±
ρ±,out(r)

(
ρ±,out(r)
ρs

−2
)

+
∫

Vin

dr
∑

α=±
ρ±,in(r)

(
ρ±,in(r)
ρs

−2
)

+1
2

∫
dr (ρ+,out(r)−ρ−,out(r)+ q̃(r))ϕ(r)), (5.16)

with
ϕ(r) =

∫
dr′ λB

ρ+,out(r′)−ρ−,out(r′)+ q̃(r′)
|r− r′| , (5.17)
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and

q̃(r) = q(r)+ρ+,in(r)−ρ−,in(r) (5.18)

=
M∑

i=1
q̃i(r), (5.19)

with the ‘new’ colloidal charge distributions q̃i(r) ≡ qi(r) + ρ+,in(r) − ρ−,in(r) for r
inside Vi. Within the (DLVO-) approximation that the net ionic charge density
ρ+,in(r) − ρ−,in(r) in volume Vi is only induced by the fixed charges qi(r) in that
volume itself one finds for r in Vi

q̃i(r) ≈ qi(r)−2ρsϕi(r)

= qi(r)−2λBρs
∫

Vi
dr′ qi(r′) exp(−κ|r′ − r|)

|r′ − r| . (5.20)

The second term in Eq. (5.16) becomes a constant that may regarded as a self-energy
term and therefore can be skipped to yield

βH [q] =
∫

Vout

dr
∑

α=±
ρ±(r)

(
ρ±(r)
ρs

−2
)

+ 1
2

∫
dr (ρ+(r)−ρ−(r)+ q̃(r))ϕ(r) (5.21)

with the restriction that ρ±(r) = 0 if r is inside Vin. In the latter equation the
effective interaction Hamiltonian between hard-core particles with charge densities
q̃i(r) can be recognised, which is also found after the Debye-Hückel approximation
to the ion densities outside the hard-cores is applied to the effective Hamiltonian
of interacting inhomogenously charged hard-core colloids. As a result, the effective
interaction energy for such a system can thus be obtained from Eq. (5.15). Note that
for a given particle with hard-core volumes Vi and corresponding charge densities
q̃i(r) it is therefore necessary to first solve qi(r) from Eq. (5.20), as these are required
in Eq. (5.15). The latter procedure can be regarded as finding the charge densities
that correct for the presence the hard cores.

Up to now the derivation includes the full interaction between inhomogeneously
charged colloidal particles, within the DLVO approximation that we discussed earlier.
In order to isolate specific multipole interactions between colloids, Eq. (5.15) is
rewritten as

βH [q] =
∑

i<j

∫

Vi
dsi
∫

Vj
dsjqi(rci + si)qj (rcj + sj )

exp(−κ|Rij + sj − si|)
|Rij + sj − si|

, (5.22)

with Rij = rcj − rci the colloid-colloid distance and si = r− rci the coordinate relative
to rci. Both are shown in Fig. 5.5. The Yukawa interaction can then be expanded
by using spherical harmonics around these centers [107], which are rci and rcj . For
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Figure 5.5: A sketch of two interaction charge distributions qi and qj separated by a
distance Rij , and the vectors si and sj that have their origins at rci and rcj respectively.

this we must assume that the distance from any point in Vi to its center rci is less
than the distance to any other center rcj . This however automatically holds for
equisized spherical volumes if one chooses the centers rci exactly in the middle of
the spheres. For now, the monopole and dipole terms are of main interest. Eq. (5.22)
can be expanded up to a monopole-monopole, monopole-dipole and dipole-dipole
interaction term as

H [q] =
∑

i<j
VMM
ij (Rij )+VMD

ij (Rij )+VDD
ij (Rij ), (5.23)

respectively. It can be calculated that the interaction terms are given by

βVMM
ij (Rij ) = λB

exp(−κRij )
Rij

Z Y
i Z Y

j ; (5.24)

βVMD
ij (Rij ) = λB

exp(−κRij )
R2
ij

(
(pY
i · R̂ij )Z Y

j − (pY
j · R̂ij )Z Y

i

)
; (5.25)

βVDD
ij (Rij ) = λB

exp(−κRij )
R3
ij

(
(1+κRij )(pY

i ·pY
j )

− (3+3κRij +(κRij )2)(pY
i · R̂ij )(pY

j · R̂ij )
)
, (5.26)
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in which the ‘Yukawa monopole’ and ‘Yukawa dipole’ are defined by

Z Y
i =

∫

Vi
dsi qi(rci + si)

sinhκsi
κsi

; (5.27)

pY
i = 3

∫

Vi
dsi qi(rci + si)si

(
coshκsi − 1

κsi sinhκsi
(κsi)2

)
. (5.28)

Note that Eqs. (5.27) and (5.28) reduce to the well-known expressions for Coulomb
monopole and dipole in the limit κa ↓ 0 [10]. Also the interactions terms (5.24)-(5.26)
give the well-known result for pure Coulombic systems in this limit. The electrostatic
potential around charge distribution i can be expanded as

ϕi(rci + si) = Z Y
i λB

exp(−κsi)
si

+ (pY
i · ŝi)λB

exp(−κsi)
s2
i

(1+κsi) + O(ℓ ≥ 2) (5.29)

in which quadrupole and higher order multipoles are not included. As an example we
show that the interaction between particles with a homogeneous charge distribution
is in agreement with DLVO theory. By considering a spherical colloid with a hard
core radius a and a charge Z at its surface and choosing rci = 0 for convenience,
the charge distribution is given by q̃= Z/(4πa2)δ(si −a). It can be shown that

qi(si)
{

Z
4πa2 δ(si −a)+ ZλB2ρs

a(1+κa) if si ≤ a,
0 if si > a.

(5.30)

solves Eq. (5.20). Note that the ‘added’ charge density inside the colloids has
the same sign of charge as that on the surface. From Eq. (5.27) one obtains
ZY
i = Z exp(κa)/(1+κa) and this gives the DLVO result as Eq. (5.24) shows.

The Yukawa monopole and the Yukawa dipole can also be extracted from the
solution for the electrostatic potential outside the particle, using Eq. (5.29), without
knowing the local distribution of charges qi explicitly. As will be shown in Chap-
ter 6, the electrostatic potential outside inhomogeneously charged particles can be
expanded as Φ(si, xi) =

∑∞
ℓ=0 Φℓ (si)Pℓ (xi), in which x = ŝi · n̂i, and Pℓ (xi) the ℓ ’th

Legendre polynomials. Now ℓ = 0 and ℓ = 1 correspond to the monopole and the
dipole contribution to the electrostatic potential respectively. The multipole mode
functions scale as Φℓ (si) ∼ sℓi for r < a and Φℓ (si) ∼ ki(κsi) for r > a, with ki the
i’th modified spherical Bessel function. This will be concerned in more detail in
Chapter 6 itself. By applying boundary condition (6.4) a solution to the electrostatic
potential in terms of a multipole expansion is obtained. The latter solution may be
compared to Eq. (5.29) to yield

Z Y
i = 4πa2σ0

exp(κa)
1+κa ; (5.31)

pY
i = n̂i4πa3σ1

exp(κa)
3+3κa+(κa)2 , (5.32)
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which holds in general for spherical particles with orientation n̂i. In the case of
Janus particles with charge densities σNe and σSe on the upper and lower hemi-
sphere respectively, one finds σ0 = 1

2 (σN +σS) and σ1 = 3
4 (σN −σS).

Throughout this chapter we assumed that the dielectric constant of the particles
matched the dielectric constant of the solvent. The derivation we performed in order
to obtain the interactions turns out to become very complicated in case of a mismatch
in dielectric constant. However, Eq. (5.32) can easily be extended to particles that
have a dielectric mismatch with the solvent by including a dielectric jump in the BC
of Eq. (6.4), such that the Yukawa multipoles for these particles can be obtained as
well. As expected, we find that the Yukawa monopole is unaffected by the value of the
dielectric constant inside the particle, whilst the Yukawa dipole changes. Eq. (5.32)
becomes

pY
i = n̂i4πa3σ1

exp(κa)
(2+ εc/ε)(1+κa)+ (κa)2 , (5.33)

with εc/ε the ratio of the relative dielectric constant inside and outside the particles.
Note that the dipole becomes very small if the interior of the colloid is very polar
(e.g. water), such that monopole-dipole and dipole-dipole interactions will probably
be negligible. However, if the dielectric constant of the colloid is comparable or
smaller than the dielectric constant of the solvent a significant dipolar interaction
may arise.

5.5 Discussion
Poisson-Boltzmann theory can be applied in a well-defined parameter regime to cal-
culate the ion-density profiles around charged Janus particles. Using a new-defined
agreement parameter fℓ , correspondence between PB-calculations and Monte-Carlo
simulations of the ion-density profiles is found in approximately the same parameter
regime for the leading multipole modes as was found by Punkkinen et al. [80] for
homogeneously charged walls. We find no indication that the regime of validity
changes for the higher-order modes of the ionic charge profiles. Because of the
inhomogeneous distribution of charge on the Janus particles the pair interactions
do not only depend on distance but also on the orientation of the particles. DLVO
theory for inhomogeneously charged particles, which describes the interactions be-
tween particles in the form of a multipole expansion, can therefore be of significant
usefulness. By correcting the colloidal charge distribution for ion exclusion from the
hard cores we find explicit equations that describe the interactions between general
inhomogeneously charged particles within the DLVO approximation. A multipole
expansions of the Yukawa potential then allows us to find explicit equations for
the monopole-monopole, monopole-dipole, and dipole-dipole interactions. We did
not include higher-order modes in this study, but this would be possible as well.
Associated to the latter interactions are the Yukawa monopole and Yukawa dipole,
and the expressions for these reduce to the expressions for the Coulomb monopole
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and dipole in the ion-free Coulomb limit, κa → 0. The Yukawa monopole of an
inhomogeneously charged particle is calculated from the bare charge corrected with
a factor exp(κa)/(1 + κa), as known from DLVO theory, but the higher-multipole
modes scale differently. We derived explicit expressions for the Yukawa monopole
and dipole for Janus particles in general. We found that multipole interaction can
especially be important for particles that have a relatively low dielectric constant.

Future work could for example consider finding the parameter range in which
(low density) plastic crystals of Janus particles are to be expected. It could also
focus on Janus particles that are only charged on the upper hemisphere (the g= 1
particles of the next chapter); by shifting the origin of the multipole expansion one
could for example make the Yukawa dipoles vanish for the latter particle species.
Therefore the interactions of these half-charged particles will probably be described
accurately by shifted monopole-monopole interactions on top of unshifted hard-core
interactions. The next chapter will consider charge renormalisation of Janus parti-
cles. We will obtain renormalised values for the charge-density multipoles σℓ which
can be used to correct for the Debye-Hückel approximation in case the charge on
the particles is high.

Acknowledgement We thank Joost de Graaf and Marjolein Dijkstra for all the
Monte Carlo simulations that were performed to support this chapter, and for sharing
their thoughts on this matter.





Chapter 6

Charge renormalisation of Janus
particles

Nonlinear ionic screening theory for heterogeneously charged spheres is devel-
oped in terms of a mode-decomposition of the surface charge. A far-field analysis
of the resulting electrostatic potential leads to a natural generalisation of charge
renormalisation from purely monopolar to dipolar, quadrupolar, etc., including ‘mode-
couplings’. Our novel scheme is generally applicable to large classes of surface het-
erogeneities, and is explicitly applied here to Janus spheres with differently charged
upper and lower hemispheres, revealing strong renormalisation effects for all multi-
poles.

6.1 Introduction
The past few years have seen an explosion of newly synthesised colloidal (nano-
)particles that are not spherically symmetric, either by shape (e.g. dumbbells, snow-
men, cubes) or by surface pattern (patches, stripes) [108]. A broken rotational sym-
metry also occurs when particles are adsorbed to air-water or oil-water interfaces
[109], as in for example, colloidal monolayers [110, 111], Pickering emulsions [112], or
bijels [113, 114]. Moreover, recent atomic force microscopy studies have shown that
even supposedly homogeneous colloidal surfaces can actually be heterogeneous on
length scales as large as 100 nm [115], while atomic corrugations and facets render
any nm-sized particle strictly heterogeneous. An important consequence of surface
heterogeneity is anisotropy of the mutual effective forces, which directly affects the
self-assembly process of the (nano)colloids into large-scale structures, for instance
into ill-understood linear chains [111, 115–117].

A fundamental problem is thus to establish relationships between shape and sur-
face heterogeneity on the one hand and effective interactions and large-scale self-
assembly structures on the other [108]. Apart from specific forces (e.g., hydrophobic,
van der Waals) the effective interactions between dispersed particles often involve a
strong generic electrostatic component, which is well-described, for homogeneously
charged objects, by linear-screening theory provided renormalised charges instead

73
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of bare charges are used [15, 18–21]. Renormalisation of heterogeneously distributed
surface charge is an open problem, for which we develop a systematic theory in this
chapter. We go beyond recent linear screening treatments [118–123] and formulate
a new and efficient framework for computing nonlinear ionic screening effects of het-
erogeneously charged spheres dispersed in a 1:1 electrolyte. Our theory generalises
Alexander’s notion of ion-condensation induced charge-renormalisation [15, 18–21]
to include not only the monopole but also the dipole, quadrupole, etc., as well as
their nonlinear couplings. These multipole modes can be important if one wishes
to calculate the electrostatic force between particles, which was already shown for
clay platelets [124]. Our scheme is versatile and can be applied to essentially any
type of charge heterogeneity. We focus on applications to Janus spheres composed
of two differently charged hemispheres [125, 126].

We consider an index-matched suspension of N colloidal spheres of radius a in
a bulk solvent of dielectric constant ε and volume V at temperature T . The solvent
also contains point-like monovalent cations (charge +e) and anions (charge −e)
at fugacity ρs. Here e is the elementary charge. A relatively simple treatment of
this many-body problem is the cell model [15, 18–21], in which a single colloid is
considered in the center of a spherical cell of radius R and volume (4π/3)R3 ≡ V /N .
We denote the surface charge density of this central colloidal particle by eσ (θ,ϕ),
where θ and ϕ are the standard polar and azimuthal angle, respectively, with re-
spect to a laboratory frame. Within a mean-field approximation, the concentra-
tion profiles of the cations and anions can be written as Boltzmann distributions
ρ±(r) = ρs exp[∓Φ(r)], where kBTΦ(r)/e is the electrostatic potential at r = (r,θ,ϕ),
with kB the Boltzmann constant and r = |r|. Note that Φ(r) = 0 in the salt reservoir,
and that ρ±(r) = 0 for r < a due to hard-core exclusion. The potential must satisfy
the Poisson equation ∇2Φ(r) = −4πλB(ρ+(r)−ρ−(r)), where we defined the Bjerrum
length λB = e2/εkBT . Combining the Poisson and Boltzmann equations gives

Φ′′(r)+ 2Φ′(r)
r − L2Φ(r)

r2 =
{

0 r < a;
κ2 sinhΦ(r) r > a, (6.1)

where a prime denotes a radial derivative, L2 = −[(sinθ)−1∂θ sinθ∂θ +(sinθ)−2∂2
ϕϕ ]

the angular momentum operator, and κ−1 = (8πλBρs)−1/2 the screening length. On
the colloidal surface, r = a, Gauss’ law imposes the boundary condition (BC)

lim
r↓a

Φ′(r,θ,ϕ) = lim
r↑a

Φ′(r,θ,ϕ)−4πλBσ (θ,ϕ). (6.2)

Electro-neutrality of the cell imposes
∫
dϕdθ sinθΦ′(R,θ,ϕ) = 0 at r = R , which

is a sufficiently stringent BC to close the system of equations in the spherically
symmetric case. Now, however, an additional BC is to be specified for the angular
dependence at r = R , depending on the environment of the cell. For now, we assume
an environment that is characterised by ‘isotropic’ boundary conditions,

∂θΦ(R,θ,ϕ) = ∂ϕΦ(R,θ,ϕ) = 0. (6.3)

We will discuss this choice, and its consequences, in section 6.4.
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6.2 Theory
For a given σ (θ,ϕ) one can solve Eq. (6.1) with BC’s for Φ(r), for example, numerically
on a discrete (r,θ,ϕ) grid. The approach we take, however, avoids a cumbersome
3-dimensional grid in favor of a systematic expansion of the angular dependence
in spherical harmonics. For notational convenience and illustration purposes we
restrict attention here to ϕ-independent cases where the expansion involves only
Legendre polynomials Pℓ (x) with x = cosθ.

The first step in this analysis is the decomposition of the colloidal surface charge
into surface multipoles σℓ = 2ℓ+1

2
∫ 1

−1dxσ (x)Pℓ (x), such that σ (x) =
∑∞

ℓ=0 σℓPℓ (x).
Similarly we decompose Φ(r,x) =

∑∞
ℓ=0 Φℓ (r)Pℓ (x). With Φℓ (r) = (r/a)ℓΦℓ (a) the

regular solution to (6.1) for r ∈ [0,a], the BC’s for r ∈ {a,R},

Φ′
ℓ (a) = ℓ

aΦℓ (a)−4πλBσℓ (ℓ ≥ 0); (6.4)

Φ′
0(R ) = 0 and Φℓ (R ) = 0 (ℓ ≥ 1), (6.5)

conveniently decouple for the different ℓ ’s. By contrast, the nonlinear sinh term
in (6.1) induces ‘mode-coupling’ between all Legendre components Φℓ (r) – not to
be confused with mode-couplings in dynamical slowing down. This coupling is
obviously unpractical for a numerical treatment.

The second step of our analysis resolves this mode-coupling problem by ‘order-
ing’ the modes systematically. We introduce a dimensionless ‘switching’ parameter
A, and consider the auxiliary distribution σ (A)(x) =

∑∞
ℓ=0AℓσℓPℓ (x), such that A= 0

describes a homogeneous distribution and A= 1 the heterogeneous one of interest.
We also define the corresponding auxiliary potential Φ(A)(r,x) =

∑L
n=0Anϕn(r,x),

where L sets the order of the truncation and where the expansion coefficients can
themselves be expanded as ϕn(r,x) =

∑n
ℓ=0 fnℓ (r)Pℓ (x). The functions fnℓ (r) are

independent of A and will be calculated numerically below for the cases of interest
n≥ ℓ (which is assumed implicitly from now on). Since the problem is invariant un-
der the simultaneous transformation A→ −A and x → −x one checks that fnℓ (r) = 0
for n+ ℓ odd, that is, we only consider ℓ and n both even or both odd.

Replacing σ (x) by σ (A)(x) and Φ(r,x) by Φ(A)(r,x), inserting the corresponding
expansions into the BC’s, and equating all orders of A yields at r ↓ a and r = R

f ′
nℓ (a) = ℓ

afnℓ (a)−4πλBσℓδnℓ ; (6.6)

f ′
nℓ (R ) = 0 (ℓ = 0) and fnℓ (R ) = 0 (ℓ ≥ 1), (6.7)

where δnℓ is the Kronecker-delta. When the same replacement and expansion
procedure is applied to the PB equation (6.1), one finds upon expanding the argument
of the sinh term with respect to A a hierarchy of second-order differential equations
for fnℓ (r), with a structure that allows for an order-by-order sequential solution. For
n= ℓ = 0 we obtain for r ∈ [a,R ] the spherically symmetric nonlinear PB equation
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in the cell, f ′′
00(r) + 2f ′

00(r)
r = κ2 sinh f00(r), which we solve explicitly with the BC’s

given in (6.6) and (6.7) on a radial grid. We thus consider f00(r) as a known function
from now on. For n≥ 1 we obtain

f ′′
nℓ (r)+

2f ′
nℓ (r)
r −

(ℓ(ℓ+1)
r2 +κ2 cosh f00(r)

)
fnℓ (r) = κ2Snℓ (r), (6.8)

where Snℓ (r) acts as a source term of the form

S11 = 0;

S20 = 1
6 f

2
11 sinh f00;

S22 = 2S20;

S31 = f11(f20 + 2
5 f22) sinh f00 + 1

10 f
3
11 cosh f00;

S33 = 3
5 f11f22 sinh f00 + 1

15 f
3
11 cosh f00,

and explicit expressions for higher-order terms can be generated straightforwardly.
The key observation is that Snℓ only depends on fn′ℓ ′ ’s with n′ <n, that is, a hierar-
chy of terms follows spontaneously. Thus Eq. (6.8) with the BC’s (6.6) and (6.7) can
be solved for n= ℓ = 1, which in turn determines S20(r) and S22(r) such that f20(r)
and f22(r) can be solved, etc. The nonlinear mode-coupling, represented explicitly
by cosh f00(r) and Snℓ (r), renders the linear equation Eq. (6.8) highly nontrivial, yet
numerical solution on a radial grid r ∈ [a,R ] is straightforward. With fnℓ (r) deter-
mined for L≥ n≥ ℓ ≥ 0 for some cut-off L, we can set A = 1 to explicitly construct
the potential of interest Φ(r,x) =

∑L
ℓ=0 Φℓ (r)Pℓ (x) with Φℓ (r) =

∑L
n=ℓ fnℓ (r).

6.3 Results
The theory developed so far is directly applicable to any uniaxial charge distribution,
while generalisations to azimuthal dependencies and nonspherical shapes are feasi-
ble. In this chapter we illustrate our scheme for the prototype heterogeneous charge
distribtion of Janus spheres characterised by surface charge-densities σN and σS on
the northern (x > 0) and southern (x < 0) hemisphere, respectively [97, 125, 126].
The non-vanishing modes are thus σ0 = (σN +σS )/2, and

σℓ = gσ0(−1)
ℓ−1

2
(1+2ℓ)ℓ!!

(ℓ2 + ℓ)(ℓ−1)!! for ℓ odd. (6.9)

Here we defined the dimensionless heterogeneity parameter

g= σN −σS
σN +σS

, (6.10)
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Figure 6.1: (a) Angular dependence of the potential (at several distances r) and the surface
charge (inset) of a Janus sphere of radius a, for κa= 1, Z0λB/a= 22.5, R/a= 3, and L= 13,
for charge heterogeneities (see text) g = 0 (arrows), g = 0.5 (dot-dashed), and g = 0.8
(solid curves). The dotted curves for r/a = 1.5 and g ∈ {0.5,0.8} stem from a Yukawa-
segment model (see text). (b) Radial dependence of the monopole (ℓ = 0), dipole (ℓ = 1),
and quadrupole (ℓ = 2) potentials Φℓ (r) (solid lines), and their far-field linear-screening
approximations (dashed curves), for the parameters of (a) and g= 0.5. The angles defined
at r = a relate to the bare and renormalised modes of the surface charge (see text).

which together with the total charge Z0 = 4πa2σ0 fully characterises the distribu-
tion. Note that the equation in the original article [213] was unfortunately incorrectly



78 Chapter 6. Charge renormalisation of Janus particles

stated. Below we set κa= 1, R/a= 3, and L = 13 throughout unless stated other-
wise, and we identify Z0λB/a as the only other relevant dimensionless combination.
For Z0λB/a = 22.5 and g ∈ {0,0.5,0.8} Fig. 6.1(a) shows the θ-dependence of
σ (inset) and Φ for several r , revealing isotropy (as expected) for a homogeneous
surface charge (g = 0, arrows) and strong anisotropy for the heterogeneous cases
g = 0.5 (σN = 3σS , dot-dashed) and g = 0.8 (σN = 9σS , solid lines); the (small)
oscillations with θ at r = a are numerical artefacts due to the truncation at L= 13.
The θ-dependence of the potential weakens, as expected, for increasing distances
r . Fig. 6.1(b) shows Φℓ (r) for ℓ = 0,1,2 and g= 0.5. Interestingly, the modes with
ℓ = 1,2 have a non-vanishing electric field in the interior of the particle. The overall
magnitude and spatial variation of Φ in Fig. 6.1 show the need for nonlinear screen-
ing theory. Nevertheless, in analogy to the spherically symmetric case [15, 18–21]
one can describe the far-field potential (r ≃ R ) and hence the colloidal interactions
in terms of linear screening theory (dashed curves in Fig. 6.1(b)) with a renormalised
surface charge distribution σ ∗(x) ≡

∑
ℓ σ ∗

ℓ Pℓ (x) that we will calculate below.
In the far-field r ≃ R we treat the deviation of Φ(r,x) from its angular average

Φ0(R ) ≡ χ0 at r = R as a small expansion parameter, such that (6.1) for r > a can
be linearised as ∇2Φ(r,x) ≃ κ̄2[tanhχ0 + (Φ(r,x) − χ0)] with κ̄2 = κ2 coshχ0. The
uniaxial solutions to this linear PB (LPB) equation read Φ(r,x) ≃ χ0 − tanhχ0 +∑∞

ℓ=0[aℓ iℓ (κ̄r)+bℓkℓ (κ̄r)]Pℓ (x) where iℓ and kℓ are modified spherical Bessel func-
tions. The coefficients aℓ and bℓ are integration constants that we fix by matching
the LPB-solution at r =R , for each ℓ , to Φℓ (R ) ≡ χℓ and Φ′

ℓ (R ) ≡ χ ′
ℓ of the nonlinear

problem. This leads for every ℓ to the linear two by two problem

χℓ = (χ0 − tanhχo)δℓ0 +aℓ iℓ (κ̄R )+bℓkℓ (κ̄R );

χ ′
ℓ = κ̄

(
aℓ i′ℓ (κ̄R )+bℓk ′

ℓ (κ̄R )
)
, (6.11)

which results in explicit expressions for aℓ and bℓ given by

aℓ =
νℓ
(
kℓ+1(κ̄R )− ℓ

κ̄R kℓ (κ̄R )
)

+χ ′
ℓkℓ (κ̄R )

iℓ (κ̄R )kℓ+1(κ̄R )+ iℓ+1(κ̄R )kℓ (κ̄R ) ; (6.12)

bℓ =
νℓ
(
iℓ+1(κ̄R )+ ℓ

κ̄R iℓ (κ̄R )
)

−χ ′
ℓ iℓ (κ̄R )

iℓ (κ̄R )kℓ+1(κ̄R )+ iℓ+1(κ̄R )kℓ (κ̄R ) , (6.13)

where νℓ = χℓ − (χ0 − tanhχo)δℓ0. The dashed curves in Fig. 6.1(b) are the result of
such a far-field fit. With aℓ and bℓ explicitly known, one can extrapolate the LPB
solution to r = a to yield, with Eq. (6.4) and standard Bessel function relations, the
renormalised multipoles

σ ∗
ℓ = − κ̄

4πλB

(
aℓ iℓ+1(κ̄a)−bℓkℓ+1(κ̄a)

)
. (6.14)

This expression is the multipole generalisation of the well-known charge renormal-
isation [15, 18–21].
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Figure 6.2: Renormalised (scaled) monopole Z ∗
0 for several g, L (see text) of a Janus sphere

as a function of the total charge Z0λB/a. The graph includes data for cell radii R/a= 1.5
and R/a= 3.0. The dot-dashed curve denotes Z ∗

0 = Z0 .

A first illustration of multipole renormalisation is shown by the angles in Fig. 6.1(b),
which represent slope discontinuities at r = a which are proportional to σℓ (non-
linear theory) and σ ∗

ℓ (far-field fit). For ℓ = 0,1 we see σ ∗
ℓ < σℓ , which means that

the effective charge and dipole are renormalised downward. Interestingly, how-
ever, for ℓ = 2 the inset in the lowest panel reveals upward renormalisation since
σ ∗

2 ̸= 0 while σ2 = 0, that is, the Janus particle has a mode-coupling induced far-field
quadrupole signature. Multipole renormalisation is quantified further in figures 2–4,
where (scaled) renormalised multipoles Z ∗

ℓ = 4πa2σ ∗
ℓ are shown for the monopole

ℓ = 0 in Fig. 6.2, the dipole ℓ = 1 in Fig. 6.3 (scaled with g), and the higher-order
multipoles ℓ = 1, · · · ,6 in Fig. 6.4. All multipoles are shown as a function of Z0λB/a.
Furthermore, in Figs. 6.2 and 6.3 we chose several truncation levels L and hetero-
geneities g, and also picked two cell radii R . The dot-dashed curves denote the
linear limit Z ∗

ℓ = Zℓ . Figs. 6.2 and 6.3 show that all curves for L = 13 superimpose
on those of L = 9,11 for all Z0 and g . 0.8, indicative of excellent convergence in
this parameter regime; for g= 1 the convergence deteriorates for Z0λB/a& 15. The
R dependence in Figs. 6.2 and 6.3 shows the strongest renormalisation in the largest
cell, not unlike the homogeneous-charge case [15, 18–21]. Interestingly, in the non-
linear regime Z0λB/a& 10 Fig. 6.2 shows a mode-coupling induced reduction of Z ∗

0
by 10’s of percents when g increases from 0 to 1. In other words, in contrast to the
more usual ‘linear’ electrostatics we now have a far-field monopole potential that
is not only determined by the net charge but in fact also by its heterogeneity. This
is a key finding, relevant for understanding patchy-particle interactions. The mode
coupling has an even stronger effect on renormalisation of Z ∗

1 , for which Fig. 6.3(a)
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Figure 6.3: Renormalised (scaled) dipole Z ∗
1 for several g, L (see text) of a Janus sphere as

a function of the total charge Z0λB/a. The upper and the lower graph represent cell sizes
R/a= 3.0 and R/a= 1.5 respectively. The thick dotted lines denote the (scaled) difference
of the renormalised northern and southern charge presumed distributed homogeneously
(see text) for g= 0.8. The dot-dashed curves in both graphs denote Z ∗

1 = Z1 .

and (b) show a pronounced maximum in between the low-Z0 linear screening regime
and the high-Z0 regime in which Z ∗

1 becomes even vanishingly small for all g’s con-
sidered. Fig. 6.4 shows, for g = 0.4, that in fact all Z ∗

ℓ with ℓ ̸= 0 vanish in the
limit of large Z0, while they all show an intermediate regime with finite values even
for ℓ = 2,4,6 for which σℓ = 0. The underlying physics for non-oppositely charged
hemispheres with σN > σS > 0 (that is, with 0 < g < 1) is that both σN and σS
renormalise, if both are high enough, to the same saturated value, giving rise to a
pure far-field monopole without multipoles.

The idea might emerge that both hemispheres renormalise their charge indepen-
dent of each other, that is, some of the results could suggest that the renormalised
charge density on the colloidal surface is a function which depends only locally on
the bare charge density. If that were the case, it would suffice to calculate the renor-
malised surface charge-density for σN and σS , as if both were the charge density
of a monopole. The cell radius is to be kept unchanged. The thick dotted lines in
Fig. 6.3(a) and (b) denote the resulting dipole for g= 0.8, which is calculated with
the obtained (renormalised) σ ∗

N and σ ∗
S by 3

4 (σ ∗
N − σ ∗

S ). The correspondence with
the solid line is at best reasonable but not perfect. Also the effective monopole is
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total charge Z0λB/a. The parameters here are g= 0.4 and L = 13.

not accurately predicted. This can can be seen from Fig. 6.5, where we investigate
the cell-size dependence of the effective monopole for g= 0.4,0.8 and for κa= 1,3.
We included data from the full theory (depicted by symbols) and the predicted val-
ues by 2πa2(σ ∗

N + σ ∗
S ) as a solid line. One can see that the monopole charge is

underestimated for a wide range of cell radii, especially for larger cells. Neverthe-
less, there is qualitative agreement on the increase of the renormalised charge with
higher values for κa. The difference with the full theory is expected to be the largest
for very heterogeneously charged particles. Indeed, we see the largest discrepancy
in Fig. 6.5(a) and (b) for g = 0.8, with deviations up to 20–25% between the re-
sults of the present theory for σ ∗

0 and those of the simple approximation (σ ∗
N +σ ∗

S )/2
discussed above. Apparently, the interactions between the hemispheres do play a
role, which in fact can can also be concluded from the induced even multipoles in
Fig. 6.4. Further research might give more insight into the characteristics of these
interactions.

6.4 Discussion
The newly emerging general picture is that nonlinear ionic screening of heteroge-
neously distributed surface charges strongly affects the far-field symmetry of the
potential, and hence also the symmetry of the effective interactions and the self-
assembling structures. The systematics of the present screening theory could be
a firm basis to further study these intricate features of heterogeneously charged
particles. The category of particles which are described by g > 1, carrying positive
and negative charges on the two hemispheres, are particularly interesting. Because
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the present method is not very efficient at high values of g, we have developed an
alternative method to treat these mainly dipolar particles within a mode expansion
as well. This method is similar to the method applied in Chapter 8 to calculate the
electrostatic field in the vicinity of a patched plate.

It is tempting to model Janus spheres by a Yukawa-segment model [97] in which
every surface element dS contributes σ ∗(x)λBs−1 exp(−κs)dS to the (dimensionless)
potential at a distance s. Here the renormalised charge densities on both hemi-
spheres is obtained from the renormalised monopole and dipole charge density via

σ ∗(x) =
{
σ ∗

0 + 2
3σ

∗
1 x < 0;

σ ∗
0 − 2

3σ
∗
1 x ≥ 0. (6.15)

The dotted curves in Fig. 6.1(a) show that agreement with our full calculations is
reasonable though not quantitative; the Yukawa model ignores the ionic hard-core
exclusion in the interior of the particle. Therefore, effectively it describes the (di-
mensionless) potential of a charge configuration in which oppositely charged ions
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were able to approach the heterogeneously charged surface from two sides, such
that this potential is more suppressed compared to the full theory.

As a point of discussion, we return to the choice of the boundary conditions on the
cell’s surface (6.3), which we called ‘isotropic’ BC’s. This denomination follows from
the fact that, considering two randomly oriented neighboring cells, the cell-surface
potentials of two cells should match on the spot where they touch, giving rise to a
constant cell-surface potential. Nevertheless the choice of BC’s is not unique. We
can also supply the system with ‘nematic’ boundary conditions, corresponding to the
situation that all cells are perfectly aligned such that cells only touch on opposite
spots. On these spots the electrostatic potential should match, and we can also
demand continuity of the electric field. The BC’s then become

Φ(R,θ,ϕ) = Φ(R,π−θ,π+ϕ),
Φ′ (R,θ,ϕ) = −Φ′ (R,π−θ,π+ϕ). (6.16)

In fact one can even interpolate between ‘isotropic’ and ‘nematic’ BC’s by introduc-
ing an orientation distribution function [127]. In this chapter, we assume a system in
which the cell boundary is best described by isotropic BC’s, given by (6.3). However,
for the parameters used in this chapter, it turns out that this particular choice for
the BC’s did not noticeably affect the values of the renormalised charges. We do
not see a significant change by turning to nematic BC’s (6.16). This insensitivity to
the choice of BC’s is due to the fact that the nonlinear behaviour is an effect which
takes place close to the colloidal surface, where these BC’s have the least influence
on the electrostatic potential. Furthermore, the only multipoles which are directly
affected by the particular choice of BC’s are the nonzero(ℓ > 0) even multipoles,
which are small for Janus particles. We therefore think that the obtained values for
the renormalised multipoles can be applied in a model to describe the behaviour of a
many-body system within linear theory, no matter what the orientations of the sur-
rounding particles are. Since the monopole and multipole potentials decay for large
r equally fast as exp(−κ̄r)/r [128], where κ̄−1 is the decay length, the renormalised
multipole charges are expected to contribute in dense as well as dilute systems.

In summary, we have developed a systematic framework for nonlinear ionic
screening of heterogeneously charged spheres. The scheme allows for an explicit
far-field analysis that generalises charge renormalisation from the well-studied ho-
mogeneous case (pure monopole) [15, 18–21] to the heterogeneous case (dipoles,
quadrupoles, etc. and their nonlinear couplings). Application to charged Janus
spheres shows (i) a 40% reduction of the effective monopole for g= 1 (charged and
uncharged hemisphere) compared to g = 0 (homogeneously charged sphere), (ii) a
mode-coupling induced far-field effective quadrupole component without an actual
surface quadrupole, (iii) a pure far-field monopole with vanishing higher-order mul-
tipoles in the saturated high-charge limit, and (iv) no quantitative agreement with a
simple Yukawa-segment model based on renormalised multipoles. Our study opens
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the way to systematic microscopic calculations of effective electrostatic interactions
between Janus (and other patchy) particles. In addition, our analyses also reveal
non-vanishing electric fields inside heterogeneously charged particles, which could
couple to interior dipoles and affect (anisotropic) mutual Van der Waals forces. Given
that the presently introduced expansion technique can be generalised to other ge-
ometries (for example, patterned planar surfaces or ellipsoidal patchy particles), our
technique and findings are directly relevant for gaining microscopic understanding of
effective interactions and ultimately phase behaviour of a large class of dispersions
of patchy or patterned nanoparticles, colloidal particles, or proteins [108].
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on this work.



Chapter 7

Phase diagrams of spheres with a
constant zeta-potential

Abstract

We study suspensions of colloidal spheres with a constant zeta-potential within
Poisson-Boltzmann theory, quantifying the discharging of the spheres with in-
creasing colloid density and decreasing salt concentration. We use the calcu-
lated renormalised charge of the colloids to determine their pairwise effective
screened-Coulomb repulsions. Bulk phase diagrams in the colloid concentration-
salt concentration representation follow, for various zeta-potentials, by a map-
ping onto published fits of phase boundaries of point-Yukawa systems. Al-
though the resulting phase diagrams do feature face-centered cubic (fcc) and
body-centered cubic (bcc) phases, they are dominated by the (re-entrant) fluid
phase due to the colloidal discharging with increasing colloid concentration and
decreasing salt concentration.

7.1 Introduction
Charged colloidal particles suspended in a liquid electrolyte are interesting soft-
matter systems that have generated fundamental as well as industrial attention for
decades [129]. Understanding the stability and phase behaviour of these systems
as a function of colloid concentration and ionic strength is an important theme in
many of these studies. A key role is played by the electrostatic repulsions between
the colloidal spheres, which are not only capable of stabilising suspensions against
irreversible aggregation due to attractive Van der Waals forces [9], but are also the
driving force for crystallisation [130], provided the surface charge on the colloids is
sufficiently large and the range of the repulsions sufficiently long [9, 129, 130]. The
classic theory that describes the electrostatic repulsions between charged colloidal
particles in suspension goes back to the 1940’s, when Derjaguin, Landau, Verwey,
and Overbeek (DLVO) found, within linear screening theory, that suspended spheres
repel each other by screened-coulomb (Yukawa) interactions [16, 17]. The strength
of these repulsions increases with the square of the colloidal charge, and they

85
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decay exponentially with particle-particle separation on the length scale of the
Debye screening length of the solvent [131]. This pairwise Yukawa form is a corner
stone of colloid science, and can explain a large number of observations [9, 129,
130]. For instance, the experimentally observed crystallisation of charged colloidal
spheres into body-centered cubic (bcc) and face-centered cubic (fcc) phases upon
increasing the colloidal packing fraction at low and high salt concentrations [132–
135], respectively, is in fair agreement with simulations of Yukawa systems [136–139].
Interestingly, in these simulation studies, as well as in many other studies [18, 21,
140, 141]. the charge of the colloids is assumed to be independent of the colloid
density and the salt concentration.

The constant-charge assumption was argued to break down, however, in some
recent studies where the electrostatic repulsions were argued to be reduced with
increasing colloid concentration. Biesheuvel [142], for instance, argues that ex-
perimental equilibrium sedimentation-diffusion profiles of charged silica spheres in
ethanol at extremely low salt concentrations [143] are better fitted by a charge-
regulation model than by a constant-charge model [144]. More recent evidence for
a concentration-dependent colloidal charge stems from re-entrant melting and re-
entrant freezing observations of PMMA spheres in a solvent mixture of cis-decaline
and cyclohexyl bromide, i.e. the phase sequence upon increasing the colloid con-
centration is fluid-crystal-fluid-crystal [145]. In addition, direct force measurements
between a single pair of colloidal PMMA spheres in hexadecane, a pair that is
part of a triplet, and a pair that is part of a multiplet have very recently revealed
a significant reduction of the force with increasing number of neighbouring parti-
cles [146]. Interestingly, in the three experiments of Refs.[143, 145, 146] the solvent
is a nonpolar medium.

In fact, the experimental findings of Ref. [146] could well be interpreted and ex-
plained in terms of constant-potential boundary conditions on the colloidal surfaces,
rather than the more usual constant-charge assumption. The present chapter ad-
dresses the consequence of constant-potential boundary conditions for the packing
fraction-salt concentration phase diagram of Yukawa systems by calculating the col-
loidal charge and the effective screening length for various zeta-potentials as a func-
tion of salt- and colloid concentration. Perhaps surprisingly, such a study has not yet
been performed. In the case of high zeta-potential this requires nonlinear screening
theory, and hence the renormalised rather than the bare colloidal charge determines
the effective screened-Coulomb repulsions between the colloids [14, 18, 21, 133, 147–
151]. For this reason we use the renormalised charge throughout. We also com-
pare our constant-potential calculations with those of an explicit charge-regulation
model [152–157], and conclude that their results are qualitatively similar, and even
quantitatively if they are considered as a function of the effective screening length.



7.2. Model and theory 87

7.2 Model and theory
We consider N colloidal spheres of radius a in a solvent of volume V , temperature
T , dielectric constant ε and Bjerrum length λB = e2/εkBT . Here e is the elemen-
tary charge and kB the Boltzmann constant. The colloidal density is denoted by
n = N/V and the packing fraction by η = (4π/3)na3. The suspension is presumed
to be in osmotic contact with a 1:1 electrolyte of Debye length κ−1 and total salt
concentration 2ρs. We are interested in suspensions of charged colloids of which
the surface (zeta) potential ψ0 rather than the charge Ze is fixed. We will show that
this constant-potential condition mimics charge-regulation on the colloidal surfaces
fairly accurately. The first goal of this chapter is to calculate Z as a function of η
for fixed dimensionless combinations κa, a/λB, and ϕ0 ≡ eψ0/kBT . This result will
then be used to quantify the effective Yukawa interactions between pairs of colloids,
and hence the phase boundaries between fluid, face-centered cubic (fcc) and body-
centered cubic (bcc) crystalline phases.

In the actual suspension of constant-potential colloidal spheres, the charge dis-
tribution of each of the N colloids will be distributed heterogeneously over its surface
due to the proximity of other colloids in some directions. This leads to a tremen-
dously complex many-body problem that we simplify here by assuming a spherically
symmetric environment for each colloid, which is nevertheless expected to describe
the average electrostatic properties realistically. Below we will calculate the elec-
trostatic potential ψ(r) at a radial distance r from a charged colloidal sphere at a
given zeta-potential ψ0, i.e. at a given value ψ(a) = ψ0. The colloidal charge Ze
then follows from Gauss’ law

ψ ′(a) = − Ze
εa2 , (7.1)

where a prime denotes a radial derivative.
We first consider a single colloid in the center of a Wigner-Seitz cell of radius

R , such that the cell volume equals the volume per particle, (4π/3)R3 = V /N , which
implies R = aη−1/3. The radial coordinate of the cell is called r . We write the ionic
density profiles for r ∈ (a,R ) as Boltzmann distributions ρ±(r) = ρs exp(∓ϕ(r)), with
ϕ(r) = eψ(r)/kBT the dimensionless electrostatic potential. Together with the Pois-
son equation ∇2ϕ= −4πλB(ρ+(r)−ρ−(r)), this gives rise to the radially symmetric
PB-equation and boundary conditions (BC’s)

ϕ′′(r)+ 2
r ϕ

′(r) = κ2 sinhϕ(r), a < r < R ; (7.2)

ϕ(a) = ϕ0; (7.3)
ϕ′(R ) = 0, (7.4)

where a prime denotes a derivative with respect to r . Note that BC (7.4) implies
charge neutrality of the cell. Once the solution ϕ(r) is found for given η, κa, and
ϕ0, e.g. numerically on a radial grid, the colloidal charge Z follows from Eq. (7.1),
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which we rewrite in dimensionless form as

ZλB
a = −aϕ′(a). (7.5)

From the numerical solutions that we will present below it turns out that Z decreases
monotonically from a finite asymptotic low-η (large-R ) value Z0 to essentially 0 at
η ≃ 1 (or R ≃ a).

Within linear-screening theory at low packing fraction, where sinhϕ ≃ ϕ, the
potential distribution can be solved for analytically, yielding ϕ(r) = ϕ0aexp[−κ(r−
a)]/r , such that the colloidal charge takes the asymptotic low-η and low-ϕ0 value

Z0λB
a = (1+κa)ϕ0. (7.6)

In the appendix we show that the discharging effect with increasing η, as found from
the nonlinear screening theory discussed above, can also be approximated within
linear screening theory, yielding

Z (η,κa) = Z0
1+η/η∗ , η∗ = (κa)2

3(1+κa) , (7.7)

where η∗ is a crossover packing fraction at which the colloidal charge has decayed to
half its dilute-limit value Z0 given in Eq. (7.6). For typical numbers of experimental
interest, e.g. a/λB = 100 and κa = 0.25, we then find Z0 = 125ϕ0 and η∗ = 0.017.
With ϕ0 ≃ 1 − 2, which corresponds to a surface potential of 25-50mV, we should
expect a few hundred charges in the dilute limit and a significant charge reduction
for η & 10−2.

The constant-potential boundary condition that we employ here is supposed to
mimic charge-regulation on the colloidal surface through an association-dissociation
equilibrium of chargeable groups on the surface. Here we consider, as a typical ex-
ample, the reaction SA
 S++A−, where a neutral surface group SA dissociates
into a positively charged surface group S+ and a released anion A−. The chem-
istry of such a reaction can be characterised by a reaction constant K such that
[S+][A−]/[SA]=K , where the square brackets indicate concentrations in the vicinity
of the surface where the reaction takes place. If we now realise that Z ∝ [S+],
we find for the usual case where [S+] ≪[SA] that Z ∝ 1/[A−]. For the case that
the released anion is of the same species as the anion in the reservoir, such that
[A−] = ρs exp[ϕ(a)], we thus have

Z = z exp(−ϕ(a)), (7.8)

where the prefactor z , which is a measure for the surface chargeability (see in
Chapter 8, where z = Y κa2/λB ), accounts for the chemistry, the surface-site areal
density, and the total area of the surface between the colloidal particle and the
electrolyte solution, as considered in Chapter 8. Note that Eq. (7.8) relates the (yet
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unknown) colloidal charge Z to the (yet unknown) zeta-potential ϕ(a), for a given
z . A closed set of equations for charge-regulated colloids is obtained by combining
the PB equation (7.2) with BC (7.4) at the boundary of a Wigner-Seitz cell of radius
R , with BC (7.3) replaced by

aϕ′(a) = −λBz
a exp(−ϕ(a)), (7.9)

for some given chargeability z . The resulting solution ϕ(r) gives the zeta-potential
ϕ(a) as well as the colloidal charge Z using Eq. (7.8). When comparing the constant-
potential model with the ionic association-dissociation model, we will tune the
chargeability z such that the low-η results for Z coincide for both models.

It is well known that nonlinear screening effects, in particular counterion con-
densation in the vicinity of a highly charged colloidal surface, reduce the effec-
tive colloidal charge that dictates the screened-Coulomb interactions between the
colloids [14, 18, 21, 147, 148, 158]. The so-called renormalised colloidal charge,
Z ∗ [159], can be calculated from the electrostatic potential ϕ(r) as obtained from the
nonlinear PB equation by matching the numerically obtained solution at the edge
of the cell to the analytically known solution of a suitably linearised problem. By
extrapolating the solution of the linearised problem to the colloidal surface at r = a,
one obtains the effective charge by evaluating the derivative at r = a using Eq. (7.5).
Following Trizac et al. [15], the renormalised charge Z ∗ can be written as

Z ∗λB
a = − tanhϕD

κ̄a

(
(κ̄2aR −1)sinh[κ̄(R −a)] +

κ̄(R −a) cosh[κ̄(R −a)]) , (7.10)

where the ‘Donnan’ potential is defined as ϕD ≡ ϕ(R ), i.e. the numerically found
potential at the boundary of the cell, and where the effective inverse screening length
is

κ̄ = κ
√

coshϕD . (7.11)

Note that Z ∗ and κ̄ can be calculated for the constant-potential as well as the
association-dissociation model in a Wigner-Seitz cell.

7.3 Effective charge and screening length
For both the constant surface potential (CSP) and the association-dissociation (AD)
model discussed above we calculated the bare colloidal charge Z , the effective
(renormalised) charge Z ∗, and the effective inverse screening length κ̄ in the ge-
ometry of Wigner-Seitz cells. In Fig. 7.1 we show ZλB/a (full curves) and Z ∗λB/a
(dashed curves) as a function of packing fraction η, for two screening constants for
both the CSP model (thick curves) and the AD model (thin curves), in (a) for fixed
zeta-potential ϕ0 = 1 and in (b) for ϕ0 = 5. In all cases the chargeability parameter
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z of the AD model is chosen such as to agree with the CSP model in the low-density
limit η→ 0. The semi-quantitative agreement between the thick and the thin curves
for equal κa is indicative of the reasonable description of charge-regulation by
constant-potential BC’s, certainly at low η. At higher η the charges predicted by
the AD model exceed those of the CSP model somewhat, which should not come
as a surprise since the former interpolates between the constant-charge and the
constant-potential model. The close agreement between Z and Z ∗ for all κa at
ϕ0 = 1 in Fig. 7.1(a) is also to be expected, since ϕ0 = 1 is not far into the nonlinear
regime. By contrast, deep in the nonlinear regime of ϕ0 = 5, as shown in Fig. 7.1(b),
there is a significant charge renormalisation effect such that Z ∗ < Z by a factor of
about 1.2 and 1.5 for κa= 0.1 and κa= 0.5, respectively. The merging of the thin
and the thick curves at high-η in Fig. 7.1(b) is due to the reduction of the charge into
the linear-screening regime such that Z = Z ∗. The increase of Z ∗ with κ , as ob-
served in both Fig. 7.1(a) and (b), is in line with well-known charge-renormalisation
results [14, 15, 18, 21, 147, 148], and with Eq. 7.6.

Figure 7.1: The bare colloidal charge Z (continuous thick curves) and the renormalised
charge Z ∗ (dashed thick curves), both in units of a/λB (see text), as a function of the colloidal
packing fraction η for several screening parameters κa, for constant surface potentials (a)
ϕ0 = 1 and (b) ϕ0 = 5. The thin curves denote Z and Z ∗ as obtained from the association-
dissociation model, with the chargeability z chosen such that the surface potential in the
dilute limit η → 0 equals ϕ0 .

In Fig. 7.2(a) and (b) we plot, for the same zeta-potentials as in Fig. 7.1(a)
and (b), the effective screening parameter κ̄ as a function of η for several reservoir
screening constants κ . At low enough η, where κR ≫ 1, the two screening constants
are indistinguishable from each other in all cases. The reason is that the cell is
then large enough for the potential to decay to essentially zero at r = R , such that
the asymptotic decay of ϕ(r) is governed completely by the screening constant κ of
the background (reservoir) salt concentration. At larger η, and hence smaller cells,
ϕ(R ) is no longer vanishingly small and the ion concentrations ρ±(R ) at r = R
deviate considerably from the ionic reservoir concentration ρs. This larger ionic
concentration at the cell boundary, which represents an enhanced ion concentration
in between the colloidal particles in the true many-body system, leads to a larger
effective screening constant κ̄ with increasing η at a fixed κ , as is shown in Fig. 7.2(a)
and (b). Given that larger charges are obtained in the AD model than in the CSP



7.4. Effective interactions and phase diagrams 91

Figure 7.2: The effective inverse screening length κ̄ as a function of the packing fraction η
for several reservoir screening parameters κa, for constant surface potentials (a) ϕ0 = 1 and
(b) ϕ0 = 5 as represented by the thick curves. The thin curves denote κ̄ as obtained from
the association-dissociation model, with the chargeability z chosen such that the surface
potential in the dilute limit η → 0 equals ϕ0 . Note that κ̄ = κ in all cases for η → 0.

model at high η, the number of counterions in the cell, and hence κ̄ , is also larger
in the AD model.

7.4 Effective interactions and phase diagrams

Once the effective colloidal charge Z ∗ and the effective screening length κ̄−1 have
been determined from the numerical solution of the PB equation in a Wigner-Seitz
cell, either for constant-potential or association-dissociation boundary conditions,
the effective interactions u(r) between a pair of colloidal particles separated by a
distance r follows, assuming DLVO theory, as

u(r)
kBT

=






∞, r < 2a;

λB

(
Z ∗ exp(κ̄a)

1+ κ̄a

)2 exp(−κ̄r)
r , r > 2a, (7.12)

where we include a short-range hard-core repulsion for overlapping colloids and
ignore Van der Waals forces (which is justified for index-matched particles). One
could use Eq. (7.12) for the pair interaction to simulate (or otherwise calculate)
properties of the suspension in a given state-point, e.g. whether the system is
in a fluid or crystalline state. We restrict our attention here to the limiting case
in which the colloidal particles are sufficiently highly charged and/or sufficiently
weakly screened, that the pair-potential at contact satisfies u(2a) ≫ kBT , thereby
effectively preventing direct particle-particle contact. In this limit the suspension
can be effectively regarded as a point-Yukawa system that can be completely char-
acterised by only two dimensionless parameters U and λ for the strength and the
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range of the interactions, respectively. They are defined as

U =
(
Z ∗ exp(κ̄a)

1+ κ̄a

)2 λB
a

(
3η
4π

)1/3
(7.13)

λ = κ̄a
(

3η
4π

)−1/3
, (7.14)

such that the point-Yukawa interaction potential of interest, in units of kBT , reads
U exp(−λx)/x with x = r(N/V )1/3 the particle separation in units of the typical par-
ticle spacing. Note that three dimensionless parameters would have been needed
if hard-core contact was not a low Boltzmann-weight configuration, e.g. then the
contact-potential βu(2a) (i.e. the inverse temperature), the dimensionless screening
parameter κa, and the packing fraction η would be a natural choice. The mapping
of the phase diagram of the point-Yukawa system onto hard-core Yukawa systems
has been tested and verified explicitly by computer simulation [139].

Figure 7.3: Phase diagrams in the packing fraction-screening length (η,κ−1) represen-
tation for constant-potential colloids (radius a/λB = 100) interacting with the hard-core
Yukawa potential of Eq. (7.12), for surface potentials ϕ0 = 1,2,3, and 5. The thick lines
represent phase boundaries for the constant-potential model, and the thin dashed lines
for the association-dissociation model with the surface potential equal to ϕ0 in the dilute
limit. The thick dashed lines indicate extrapolation of Eq. (7.15) beyond its strict regime
of accuracy. The inset in the phase diagram for ϕ0 = 5 represents η on a logarithmic
scale for clarity. The labels "Fluid", "BCC", and "FCC" denote the stable fluid, bcc, and fcc
regions. We note that the very narrow fluid-fcc, fluid-bcc, and fcc-bcc coexistence regions
are just represented by single curves. The thin dotted curves represent the estimated
crossover-packing fraction η∗ of Eq. (7.7), beyond which Z (η)< Z (0)/2.

The point-Yukawa system has been studied by simulation in great detail over the
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years [136–139], and by now it is well known this model features a disordered fluid
phase and two crystalline phases (face-centered cubic (fcc) and body-centered cubic
(bcc)). Their first-order phase boundaries are well-documented, and can accurately
be described by curves in the two-dimensional (λ,U) plane. Here, we employ the fits
for the phase boundaries of point-Yukawa particles that were presented in Ref. [139],
which were based on the results of Hamaguchi et al. [138] The melting-freezing line
between the bcc crystal and the fluid is accurately fitted by

lnU = 4.670−0.04171λ+0.1329λ2 −0.01043λ3

+4.343 ·10−4λ4 −6.924 ·10−6λ5, (7.15)
for 0 ≤ λ≤ 12,

and the bcc-fcc transition by

lnU = 97.65106−150.469699λ+106.626405λ2

−41.67136λ3 +9.639931λ4 −1.3150249λ5

+0.09784811λ6 −0.00306396λ7, (7.16)
for 1.85 ≤ λ≤ 6.8.

Here we exploit these empirical relations as follows. For given dimensionless colloid
radius a/λB and screening constant κa, we calculate Z ∗ and κ̄a for various η for the
CSP and the AD model in the Wigner-Seitz cell, as described in the previous section.
These quantities can be used to compute the dimensionless Yukawa parameters U
and λ from Eqs. (7.13) and (7.14), such that their phase and phase-boundaries are
known from Eqs. (7.15) and (7.16).

Figure 7.4: Phase diagrams in the packing fraction-effective screening length represen-
tation (η, (κ̄a)−1), for a/λB = 100, for constant-potential colloids with (a) ϕ0 = 2 and (b)
ϕ0 = 5, as well as for charge-regulated colloids. Lines and symbols as in Fig. 7.3.

For a/λB = 100, Fig. 7.3 shows the phase diagrams that result from this point-
Yukawa mapping procedure in the (η, (κa)−1) representation, for the CSP model
(thick curves) with surface potentials (a) ϕ0 = 1, (b) ϕ0 = 2, (c) ϕ0 = 3, (d) ϕ0 = 5,
and for the corresponding AD model (dashed curves). The dashed lines represent
the phase boundary fits of Eqs. (7.15) and (7.16) outside their strict λ-regime of
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applicability. We restrict attention to η < 0.3, as the point-Yukawa limit breaks
down due to strong excluded-volume effects at higher packing fractions. An expected
feature is the shift of the freezing curves to lower η for higher ϕ0, due to the
higher (renormalised) charge and the stronger repulsions at higher ϕ0. Due to the
higher charges in the AD model, its crystallisation regimes (dashed curves) extend
to somewhat lower η’s and longer screening lengths than those of the CSP model
(thick curves). However, the most striking feature of all these phase diagrams is the
huge extension of the fluid regime: at high and at low screening length there is no
crystalline phase at all (for η < 0.3), while at some intermediate salt concentrations
the crystal phases are sandwiched in between an ordinary low-density fluid and a
re-entrant fluid phase. This re-entrant fluid regime becomes more prominent with
increasing zeta-potential ϕ0. The underlying physics of this finite-salt and finite-
η regime where bcc and fcc crystals exist is the discharging of the colloids with
increasing η and decreasing salt concentration: (i) although at high salt (small
screening length) the colloidal charge is high, the screened-Coulomb interaction is
then so short-ranged that the system resembles a hard-sphere system that will only
crystallise at η ≃ 0.5; (ii) at low salt (long screening length) the colloidal charge is
too low to have sizeable repulsions that drive crystallisation. Only at intermediate
salt and intermediate colloidal packing the charge is high enough and the screening
sufficiently long-ranged to drive crystallisation. The thin dotted curves in Fig. 7.3
represent the crossover packing fraction η∗ of Eq. (7.7) beyond which the colloidal
charge has been reduced to less than 50 percent of its dilute-limit value. Clearly,
our expression for η∗ indeed roughly coincides with the onset of the re-entrant fluid
regime. Eq. (7.7) thus provides a quick guide to estimate where or whether re-
entrant melting is to be expected at all. Interestingly, there are parameter values
for κa and ϕ0 (albeit in a narrow range) where a phase sequence fluid-bcc-fcc-bcc-
fluid is predicted here upon increasing the colloidal packing fraction, i.e. not only
a re-entrant fluid phase but also a re-entrant bcc phase. Moreover, for η > 0.5 one
expects hard-sphere freezing into an fcc (or hcp) stacking on the basis of hard-sphere
interactions, so the fcc phase is then also re-entrant.

Experimentally it is not always possible or convenient to characterise the screen-
ing in terms of the Debye length κ−1 of the (hypothetical) reservoir with which the
suspension would be in osmotic equilibrium. Rather, one often measures the effec-
tive (actual) screening length κ̄ in the suspension of interest. For this reason we
replot in Fig. 7.4 the phase diagrams for ϕ0 = 2 and ϕ0 = 5 of Fig. 7.3, but now in
the (η, (κ̄a)−1) representation. Interestingly, the CSP and AD model are now much
closer together, and the re-entrant fluid phase appears even more pronounced in
this representation.

In order to quantify in which finite salt-concentration regime bcc and fcc crystals
are expected in a colloidal concentration series 0<η< 0.3, we analyse the maximum
and minimum values of κ̄a at which these two crystal phases can exist, as a function
of the zeta-potential ϕ0, for a/λB = 100. Fig. 7.5 shows the resulting screening-
length regimes, both for bcc (solid curves) and fcc (dashed curve), where the lowest
screening length for fcc crystals is set to zero because of the hard-sphere freezing
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Figure 7.5: Maximum and minimum effective screening lengths where bcc and fcc can be
found, as a function of the surface potential, assuming a constant surface potential for
a/λB = 100. The bcc regime is in between the two solid lines, and the fcc regime below
the dashed line. The points indicate the results from the AD model.

into fcc at η = 0.5 even for 1/κa → 0 —of course we only restricted attention
to η < 0.3 until now so strictly speaking also the fcc phase should have had a
nonvanishing lower bound. Nevertheless, despite this small inconsistency, Fig. 7.5
clearly shows not only that a larger zeta-potential gives rise to a larger crystal
regime, but also that for all ϕ0 there is a limiting screening length beyond which
neither fcc nor bcc crystals can exist, both for the CSP and the AD model.

Figure 7.6: Phase diagrams in the packing fraction-effective screening length representa-
tion (η, (κ̄a)−1), for constant-potential colloids with (a) ϕ0 = 5 for a/λB = 10 and (b) ϕ0 = 1
and for a/λB = 1000. Lines and symbols as in Fig. 7.3.

So far we focussed on a/λB = 100, which in aqueous suspensions corresponds to
a colloidal radius of about 70nm. However the colloidal size regime can easily be
a factor 10 larger or smaller, and for that reason we also consider the CSP model
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for a/λB = 10 and 1000. In Fig. 7.6 we show the phase diagrams for the smaller
colloids with ϕ0 = 5 in (a), and for larger colloids with ϕ0 = 1 in (b). Interestingly,
they resemble those for a/λB = 100 shown in Fig. 7.4(a) and (b) for ϕ0 = 2 and
5, respectively, but the smaller colloids require a much higher potential while the
larger ones only need a lower potential to obtain phase diagrams similar to those
for a/λB = 100 —the phase diagram for a/λB = 10 at ϕ0 = 1 does not show a crystal
phase at all for η < 0.3. In other words, given that ϕ0 = 5 is a rather high potential
that may be difficult to achieve in reality while ϕ0 = 1 is frequently occurring, one
concludes that re-entrant melting occurs in the largest salt-concentration regime
(and is hence easiest observable by tuning the salt) for larger colloids.

7.5 Summary and conclusions
Within a Wigner-Seitz cell model we have calculated the bare charge Z , the renor-
malised charge Z ∗, and the effective screening length κ̄−1 of colloidal spheres at
a constant zeta-potential ϕ0. We find from numerical solutions of the nonlinear
Poisson-Boltzmann equation that these constant-potential colloids discharge with
increasing packing fraction and ionic screening length, in fair agreement with ana-
lytical estimates for the dilute-limit charge Z0 in Eq. (7.6) and the typical crossover
packing fraction η∗ given in Eq. (7.7). We also show that the constant-potential
assumption is a reasonably accurate description of charge regulation by an ionic
association-dissociation equilibrium on the colloidal surface. We use our nonlinear
calculations of Z ∗ and κ̄ to determine the effective screened-Coulomb interactions
between the colloids at a given state point, and we calculate the phase diagram for
various zeta-potentials by a mapping onto empirical fits of simulated phase diagrams
of point-Yukawa fluids. This reveals a very limited regime of bcc and fcc crystals:
in order to form crystals, the charge is only high enough and the repulsions only
long-ranged enough in a finite intermediate regime of packing fraction and salt con-
centrations; at high η or low salt the spheres discharge too much, and at high salt
the repulsions are too short-ranged to stabilise crystals. In the salt-regime where
crystals can exist, the discharging mechanism gives rise to re-entrant phase be-
haviour, with phase sequences fluid-bcc-fluid and even fluid-bcc-fcc-bcc-fluid upon
increasing the colloid concentration from extremely dilute to η = 0.3.

The phase behaviour of constant-potential or charge-regulated colloids as re-
ported here is quite different from that of constant-charge colloids, for which the
pairwise repulsions do not weaken with increasing volume fraction or decreas-
ing salt concentration. As a consequence constant-charge colloids have a much
larger parameter-regime where crystals exist, and do not show the re-entrant be-
haviour [136–139]. The most direct comparison is to be made with the constant-
charge phase diagrams of Fig.2 and Fig.4 of Ref. [139], where the charge is fixed
such that the surface potential at infinite dilution corresponds to ϕ0 ≃ 1 and 2, re-
spectively. Our theoretical findings can thus be used to gain insight into the colloidal
charging mechanism by studying colloidal crystallisation regimes as a function of
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packing fraction and salt concentration.

Acknowledgement We thank Frank Smallenburg and Marjolein Dijkstra for a
pleasant collaboration, which also led to a beautiful project concerning experimental
data on the phase-behaviour of colloids in the presence of AOT surfactant. The latter
is expected to be published soon.

Appendix: Jellium model
Although it is numerically straightforward to solve the nonlinear PB equation (7.2)
with BC’s (7.3) and (7.4) in a spherical Wigner-Seitz cell of radius R , it may also
be convenient to have analytic results that allow for quick estimates of the (order
of) magnitude of the colloidal charge Z . A standard approach is to linearise the
sinhϕ(r) term of Eq. (7.2), e.g. with ϕ(r) −ϕ(R ) as the small expansion parameter.
The resulting solution is then of the form ϕ(r) = Aexp(−κ̄r)/r+B exp(κ̄r)/r+C , with
κ̄ defined in Eq. (7.11), C = ϕ(R )− tanhϕ(R ), and with integration constants A and
B fixed by the two BC’s. The algebra involved is, however, not very transparent.

A considerable simplification is achieved if we consider the so-called Jellium
model, in which the central colloidal sphere is no longer considered to be surrounded
by only cations and anions in a finite cell, but instead by cations, anions and other
colloids with charge Z (to be determined) [14, 147, 148]. A nonlinear PB equation
and BC’s can then be written, for r ≥ a,

ϕ′′(r)+ 2
r ϕ

′(r) = κ2 sinhϕ(r)−4πλBZn; (7.17)

ϕ(a) = ϕ0; (7.18)
ϕ′(∞) = 0, (7.19)

where it is assumed that the ’other’ colloids are distributed homogeneously with
density n. From this one derives directly that the asymptotic potential is given by

sinhϕ(∞) = 4πλBZn
κ2 = 3η(ZλB/a)

(κa)2 . (7.20)

Now linearising sinhϕ(r) with ϕ(r)−ϕ(∞) as the small expansion parameter gives
rise to the solution

ϕ(r) = ϕ(∞)+ (ϕ0 −ϕ(∞))
exp
(

− κ̃(r−a)
)

r/a , (7.21)

where the effective screening length κ̃−1 is defined by

κ̃ = κ
√

coshϕ(∞). (7.22)

We note that the average ion concentrations in the system, within the present lin-
earisation scheme, is given by c± = ρs exp(∓ϕ(∞)), such that the corresponding
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screening length κ̃−1 is given by κ̃2 = 4πλB(c+ + c−). In other words, the effective
screening length κ̃ and the asymptotic potential ϕ(∞) of this jellium model play
exactly the same role as κ̄ and ϕ(R ) that we introduced before in the Wigner-Seitz
cell. In particular, κ̄−1 and κ̃−1 can be seen as the actual screening length in the
suspension (in contrast to the screening length κ−1 of the ion reservoir).

From Eq. (7.21) the colloidal charge Z follows, using Eq. (7.5), as the solution
of the transcendental equation

ZλB
a = (ϕ0 −ϕ(∞))(1+ κ̃a), (7.23)

where one should realise that both ϕ(∞) and κ̃ depend on ZλB/a through Eqs. (7.20)
and (7.22). It is possible to solve Eq. (7.23) explicitly in the dilute limit. For η = 0
one finds ϕ(∞) = 0 from Eq. (7.20), and hence Z = Z0 given by Eq. (7.6). For finite
but low-enough η for which ϕ(∞) ≪ 1 one can ignore O(η2) contributions, such that
sinhϕ(∞) ≃ ϕ(∞) and coshϕ(∞) ≃ 1, to find Eq. (7.7) from the self-consistency
condition Eq. (7.23).



Chapter 8

Charge regulation and ionic
screening of patchy surfaces

Abstract

The properties of surfaces with charge-regulated patches are studied using non-
linear Poisson-Boltzmann theory. Using a mode expansion to solve the non-
linear problem efficiently, we reveal the charging behaviour of Debye-length
sized patches. We find that patches charge to higher charge densities if their
size is relatively small and if the patches are well separated. The numerical
results are used to construct a basic analytical model which predicts the average
surface charge density on surfaces with patchy chargeable groups.

8.1 Introduction
Most surfaces that are immersed in an aqueous solution obtain a net charge due to
ion adsorption or dissociative processes at the surface. The resulting electrostatic
force between such surfaces is essential for understanding the stability, osmotic
pressure and flocculation behaviour of colloidal suspensions. In the standard (linear)
screening picture, like-charged surfaces repel each other at distances of the order of
the Debye screening length [16, 17, 130], due to overlapping clouds of screening ions
in the vicinity of the two surfaces. This electrostatic repulsion, combined with short-
range attractive Van der Waals forces if there is a dielectric contrast between the
colloidal particles and the solvent, is a basic result of Derjaguin-Landau-Verwey-
Overbeek (DLVO) theory which dates back to the 1940’s [16, 17, 130]. More recent
studies, based on nonlinear Poisson-Boltzmann theory, also find strictly repulsive
electrostatic forces between pairs of like-charges surfaces [160–165]. Neverthe-
less, there are also experimental reports of attraction between like-charge colloids
at ranges much longer than those of Van der Waals forces. Ion-ion correlations,
which are ignored in the mean-field type Poisson-Boltzmann theory, might be an
explanation for these observed attractions in the case of multi-valent ions [81–
84, 91, 166, 167]. However, evidence for electrostatic attractions has also been
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reported for suspensions with only monovalent ions [168–171], causing heated de-
bates in the literature on the break-down of the classic DLVO theory due to many-
body effects, the vicinity of glass walls, hydrodynamic forces, etc. Interestingly, it
has also been suggested that charge inhomogeneities can be responsible for these
attractions [172–176], where the heterogeneity of the surface charge may be due to
an incidentally present or purposely designed underlying chemical structure, or by
clustering of adsorbed surfactants.

Apart from the ill-understood electrostatic attractions in some systems, another
good reason for considering heterogeneously charged surfaces in more detail stems
from the fascinating recent advances in the chemical synthesis of a large class
of novel patchy nanoparticles, featuring not only corners, edges, and facets due
to their finite size, but also spots or stripes [108]. Understanding the large-scale
self-assembly properties of these newly available nanoparticles is an important
ongoing scientific quest that requires effective particle-particle interactions as an
input. For this reason a better understanding is needed of the relations between the
chemical heterogeneity of patchy particles, the resulting surface charge density, and
the nature and geometry of the ionic screening cloud that ultimately dictates the
effective electrostatic interactions. In this chaper we explore some of these relations
within nonlinear Poisson-Boltzmann (PB) theory in the relatively simple geometry
of chargeable stripes on a planar surface in contact with a bulk electrolyte.

In PB theory a key role is being played by the boundary conditions (BC’s), in
particular those on the surface between the suspending electrolyte and the sus-
pended colloidal nanoparticles. The most common BC is to predescribe the surface
charge density of the colloidal particle, thereby imposing a fixed discontinuity of
the displacement field at both sides of the surface while the surface potential itself
increases upon the approach of another like-charged surface. This type of constant-
charge BC was shown to be realistic for e.g. strongly acidic homogeneous surfaces
that ionise completely in a polar solvent such as water [177]. An alternative is to
predescribe the electrostatic potential on the surface, such that the particles can
adjust their charge density if another surface approaches. This constant-potential
BC has turned out to be realistic for surfaces not too far from a point of zero
charge [178]. It is not clear, however, which of these BC’s is realistic for surfaces
with a heterogeneous chemical composition. For instance, it is not trivial how the
charge of a highly charged patch on an otherwise weakly charged or neutral sur-
face is distributed, and how the induced electrostatic potential propagates to affect
the charging of nearby surface groups of other patches. The problem requires us
to treat the interplay between the electrostatic potential and the surface charge
density at the more microscopic level of a chemical equilibrium of attaching and
detaching ions as modeled by charge-regulation [157, 178–185]. Such an approach
has been applied to fit force measurements between two homogeneously charged
plates [157, 178, 182], or to compute forces between periodically modulated charged
plates within linearised PB theory [186]. Here, however, we combine charge reg-
ulation BC’s with nonlinear PB theory for a single spatially heterogenous surface.
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Using a newly developed numerical scheme we will reveal how surfaces with finite-
sized discrete patches [123, 186, 187] tend to charge up and get screened, where
the full non-linear PB theory allows us to deal with highly charged patches next to
oppositely charged or neutral areas with strongly varying ion concentrations per-
pendicular and parallel to the surface. Although the calculated charge distributions
cannot directly be compared to experiments, the results form a direct stepping stone
towards understanding the complex interactions between heterogeneously charged
particles. We will investigate to what extent (small) patches with a different chemical
composition can influence the overall charge of these surfaces.

8.2 Theory

Figure 8.1: Pictorial representation of the model. The striped patches are shaded to
distinguish these from the rest of the plate and will be referred to as region ‘1’. The area
in between the patches will be referred to as region ‘2’.

We consider a solid medium in the half space z < 0, characterised by a dielectric
constant εP . The surface of this medium at z = 0 is considered to be chemically
heterogeneous, e.g. with a stripe pattern such as depicted in Fig. 8.1. The half space
z > 0 is a bulk solvent with dielectric constant ε and volume V at temperature T . This
solvent is assumed to be in thermal and diffusive equilibrium with a reservoir at z →
∞ that contains point-like monovalent cations and anions, both at a concentration
ρs. Since treating the ions in a mean-field fashion is in most of the cases an
accurate approach in the case of monovalent ions in water or the more polar (higher
ε) oils [80, 188], we describe the distributions of ions for z > 0 by the Boltzmann
distributions ρ±(r) = ρs exp(∓Φ(r)). Here kBTΦ(r)/e is the electrostatic potential at
r = (x,y,z), with e the elementary charge and kBT the Boltzmann constant. We
assume that Φ(x,y,z → ∞) = 0 in the reservoir, and that the densities of both ion
species are zero for z < 0 due to hard-core repulsions. The Poisson equation relates
the charge density to the Laplacian of the potential, ∇2Φ(r) = −4πλB(ρ+(r)−ρ−(r)),
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where we introduce the Bjerrum length λB = e2/εkBT. What follows is the Poisson-
Boltzmann (PB) equation,

∇2Φ(r) =
{
κ2 sinhΦ(r) z ≥ 0;
0 z < 0, (8.1)

where the Debye screening length is given by κ−1 = (8πλBρs)−1/2. At the fluid-solid
interface, the presence of a surface charge density eσ (x,y) and a stepwise change
in dielectric medium gives rise to a boundary condition

∇Φ(x,y,0+) · ẑ = −4πλBσ (x,y)

+ εP
ε ∇Φ(x,y,0−) · ẑ. (8.2)

Other boundary conditions ensure that the potential is continuous at z = 0, vanishes
at infinity, and require that the electric field in the medium vanishes far away from
the interface:

Φ(x,y,0+) = Φ(x,y,0−); (8.3)
lim
z→∞

Φ(x,y,z) = 0; (8.4)

lim
z→−∞

Φ′(x,y,z) = 0. (8.5)

Here, and below, a prime denotes a partial derivative w.r.t. the z-coordinate. We
remark that we are bound to the description of systems containing only monovalent
ions as PB theory does not take the strong correlations into account that occur
in the ionic charge distributions of multivalent ions. [81–84] Apart from giving only
mean field results, standard PB theory does not account for the finite size of the
ions in the system either. The hard-core repulsion of the ions may become important
at high salt concentrations, and could in this case be added via a steric correction
to the PB equation [189]. Corrections due to the finite size of the ions are also
expected for cases where the typical size of the surface inhomogeneities becomes
comparable to the size of the (hydrated) ions. Despite these shortcomings, there
is still a large parameter regime in which our results are applicable, e.g. aqueous
systems with monovalent ions in contact with surfaces containing nm-sized patches.

8.2.1 Charge regulation
The majority of models which apply PB theory assume either a fixed charge density
or a fixed potential at surfaces. In reality the charging is often regulated; neither
the charge density nor the surface potential is fixed, since both depend on the local
density of ions in the surrounding liquid. There is a subtle interplay as the local
surface charge density depends on the local surface potential and vice versa.
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We consider 4 major charge generation mechanisms, involving cationic/anionic
adsorption/desorption,

S+H+ � SH+ with K A
+ = [S][H+]

[SH+]
, (8.6a)

SB � S+ +B− with KD
+ = [S+][B−]

[SB] , (8.6b)

S+B− � SB− with K A
− = [S][B−]

[SB−]
, (8.6c)

SH � S− +H+ with KD
− = [S−][H+]

[SH] , (8.6d)

where S denotes a surface group, H+ represent a cation, and B− an anion, with
concentrations [S], [H+], and [B−] in the vicinity of the surface. Eqs. (8.6a) and
(8.6c) describe associative charging in which an ion from the liquid is adsorbed at
the surface. Eqs. (8.6b) and (8.6d) describe dissociative charging, where ions are
released from the surface into the liquid. These chemical reactions are characterised
by reaction constants K A/D

± . We assume the charging to occur at discrete sites at
the surface, and define a surface site density mA

±(x,y) and mD
±(x,y) for associatively

and dissociatively chargeable sites respectively. Since each surface site is either
charged or neutral, we have

[S]+ [SH+] = mA
+(x,y), (8.7a)

[S+]+ [SB] = mD
+(x,y), (8.7b)

[S]+ [SB−] = mA
−(x,y), (8.7c)

[S−]+ [SH] = mD
−(x,y). (8.7d)

Using the Boltzmann relations [H+] = ρs exp[−Φ(x,y,0)] and [B−] = ρs exp[+Φ(x,y,0)]
for the ion densities at the surface z = 0, we can express the associative and dis-
sociative surface charge densities σA± = [SH+], [SB−] and σD± = [S±], respectively,
as

σA±(x,y) = mA
±(x,y)

1+ K A
±
ρs

exp(±Φ(x,y,0))
; (8.8a)

σD± (x,y) = mD
±(x,y)

1+ ρs
K A

±
exp(±Φ(x,y,0))

, (8.8b)

for both types of charging. Here, Φ(x,y,0) is the surface potential, which for het-
erogeneous surfaces is a function of the lateral coordinates x and y. Note that all
surface chemistry is encoded in mA/D

± (x,y) and equilibrium constants K A/D
± , which
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we consider as input parameters in this work.

For simplicity we only consider stripe-like surface inhomogeneities in this work,
such that the charge and the surface potential only depend on x and not on y, see
Fig. 8.1. Translational invariance in the y-direction follows directly by assuming
mA/D

± (x,y) =mA/D
± (x). Note that the potential Φ(x,y,z) = Φ(x,z) does depend on a

lateral coordinate and a normal one.

The common case that only a small fraction of the sites charges (σ ≪ m) nec-
essarily corresponds to the case that the unity in the denominators of Eqs. (8.8a)
and (8.8b) is negligible compared to the other term. In other words, for all cases
that the surface is only charged to a fraction of its maximum it is safe to omit the
unity from Eqs. (8.8a) and (8.8b). For most associative reactions this approximation
is fine, as was already argued by Grahame in 1947 [190]. For dissociating sur-
faces one should be more cautious, especially at low ionic strengths ρs [191]. In
the remainder of this study we employ this assumption throughout, as it reduces the
number of independent parameters vastly. This is immediately seen by introducing
the dimensionless total surface charge density

y(x) = 4πλBκ−1
(
σA+(x)+σD+ (x)−σA−(x)−σD− (x)

)
, (8.9)

which reduces Eq. (8.8a) and (8.8b) within the small-charge-fraction limit to

y(x) = Y+(x)exp(−Φ(x,0))−Y−(x)exp(+Φ(x,0)), (8.10)

where
Y±(x) = κ

(
mA

±(x)
2K A

±
+ mD

±(x)KD
±

2ρ2
s

)
. (8.11)

Note that Eq. (8.11) defines a dimensionless quantity which is not necessarily of the
order of unity. Depending on the material properties and ion concentrations, both
Y+(x) and Y−(x) can easily vary over many decades. From now on we refer to Y+(x)
and Y−(x) as the positive and negative chargeability, respectively. Eqs. (8.2), (8.9)
and (8.10) give rise to the boundary condition for our model,

Φ′(x,0+) = εP
ε Φ′(x,0−)+κY−(x)exp(+Φ(x,0))

− κY+(x)exp(−Φ(x,0)). (8.12)

The latter equation together with Eqs. (8.1) and (8.3)-(8.5) forms a closed set of
equations to solve the electrostatic potential above and within the solid medium.

8.2.2 The homogeneous limit
To the best of our knowledge, there are no analytic solutions to the nonlinear
Poisson-Boltzmann (PB) equation for inhomogeneously charged surfaces. However,
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it can be solved analytically in the case of a single homogeneously charged plate,
see for example Ref. [129]. Considering a homogeneous surface charge density
σ (x,y) = σH , the potential can be written as

ΦH (z) =





2ln 1+γ exp[−κz]

1−γ exp[−κz] z ≥ 0;

ΦH (0) z < 0,
(8.13)

where γ = (
√

4+y2
H − 2)/yH , and yH = 4πλBκ−1σH is the dimensionless surface

charge density as defined in Eq. (8.9), now for a homogeneously charged plate.
Note that the solid medium is free of electric fields in this case, and because of
this, Eq. (8.13) is independent of the dielectric constant of the plate, εP . By using
Eq. (8.10) for the mechanism to account for associative and dissociative charging we
find an expression for the surface potential of homogeneously chargeable plates. In
general, for a (positive) homogeneous chargeability Y+(x) = YH (and Y−(x) ≡ 0) we
obtain from Eqs. (8.10) and (8.13) that the surface potential is given by

ΦH (0) = 2ln






2√
3 cos

(
1
3 arctan

(√
4

27Y 2
H

−1
))

if 0 ≤ YH < 2
3
√

3 ;

2
3

1/3

(
9YH+

√
3
√

27Y 2
H−4

)1/3 +

(
9YH+

√
3
√

27Y 2
H−4

)1/3

181/3 if YH ≥ 2
3
√

3 .
(8.14)

The regime YH < 1 is associated with the regime where linear Poisson-Boltzmann
theory holds, as we can easily check that surface potentials do not exceed unity
here. By taking the inverse of Eq. (8.13) we obtain a relation which is well-known
from Gouy-Chapman theory,

yH = 2sinh ΦH (0)
2 , (8.15)

and this can be used in combination with Eq. (8.14) to find the explicit relation
yH (YH ) between charge and chargeability of a homogeneous plate. The limiting
cases are

yH ≈
{
YH if YH ≪ 1;
Y 1/3
H if YH ≫ 1.

(8.16)

Physically this means that the charging of a weakly chargeable surface is relatively
efficient, whilst a highly chargeable surface only gains charge with the cube root
of the density of chargeable sites. Both regimes of Eq. (8.16) can easily be dis-
tinguished in a double-logarithmic plot; the solid line in Fig. 8.7 consists of two
straight lines with slopes 1 and 1/3, respectively, with a cross-over between both
regimes at YH ≈ 1.
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8.2.3 Mode expansion
We develop a numerical scheme to solve the PB equation in the case of a striped
patchiness on the surface, described by σ (x,y) = σ (x), such that the charge distri-
bution on the surface only changes in the x̂ direction. We assume inhomogeneities
to be periodic with period L, such that σ (x+L) = σ (x), and we can thus write

σ (x) =
M∑

k=−M
σkηk (x), (8.17)

where ηk (x) ≡ 1√
κL exp( i2πkxL ) with k ∈ Z are conveniently normalised (Fourier-)

modes and σk are the corresponding amplitudes in the expansion, given by σk =
κ
∫ L

0 σ (x)ηk (−x) dx . Note that this charge density is not known beforehand, as it
depends on the surface potential through Eq. (8.10). The number M signifies a high-
wavenumber cut-off, that we will empirically choose to be large enough to describe
the essential large-wavelength physics. We will develop a method to calculate
the electrostatic potential Φ(x,z) at and above the plate, z ≥ 0. Since this is a
function which will be subject to the L-periodic symmetry as a function of x , such
that Φ(x,z) = Φ(x+L,z) for all x,z , it can be written as

Φ(x,z) =
∑

k∈Z
ϕk (z)ηk (x), (8.18)

where ϕk (z) is the mode amplitude of the Fourier component ηk (x). One easily
checks that functions of the form ϕk (z)ηk (x) = ck exp( |k |Lz

2π )ηk (x), with ck a constant,
solve the PB equation for z < 0, and satisfy boundary condition (8.5). This solu-
tion can be put into Eq. (8.2), to yield boundary conditions in terms of the mode
amplitudes given by

εϕk ′(0+) = −4πελBσk + 2π|k |
L εPϕk (0); (8.19)

lim
z→∞

ϕk (z) = 0. (8.20)

The task is now to find PB-like differential equations for every mode ϕk (z)ηk (x) in
the regime z > 0 by inserting the mode expansion (8.18) into the PB equation (8.1).
The left hand side can be treated easily, yielding

∇2Φ(r) =
∑

k∈Z

(
ϕk ′′(z)−

(
2πk
L

)2
ϕk (z)

)
ηk (x), (8.21)

where a prime denotes a derivative with respect to z . The sinhΦ(r) on the right
side of the PB equation is a nonlinear function, which gives rise to the couplings
between mode amplitudes ϕk (z) for all k ∈ Z. This complicates the calculation of
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the solution of these modes; in general it will not be possible to find solutions for
every mode separately.

Only in the case that one describes a weakly charged system, such that the po-
tential is small, and thus sinhΦ(r) ≈ Φ(r), the PB equation becomes linear, ∇2Φ(r) ≈
κ2Φ(r). In this case the modes decouple, and using Eq. (8.21) the solution for each
mode is found to be

ϕk (z) = ak exp(−κkz)+bk exp(κkz), (z ≥ 0) (8.22)

where ak and bk are integration constants and κk =
√
κ2 +

( 2πk
L
)2 is the mode-

dependent screening parameter. Note that in the present case of a single plate the
coefficient bk vanish because of Eq. (8.20), and we find by applying Eq. (8.19) the
amplitudes

ak = 4πελBσkL
εκkL+2π|k |εP

. (8.23)

Fig. 8.2a shows the relation between the screening parameters κk and the (dimen-
sionless) periodicity of the system κL. Besides the independence of κ0 on κL, it
shows that κk ≫ κ0 for small κL. This means that wave-like inhomogeneities in
the electrostatic surface potential always vanish within a few wavelengths normal
to the surface. Therefore, inhomogeneities with short wavelengths are screened over
shorter distances than a Debye length. From Fig. 8.2a and from the definition of κk
it can be concluded that all inhomogeneities in the potential must have essentially
disappeared at distances of the order of L from the surface as κk ≫ 1/L for all |k | ̸= 0.

Fig. 8.2b shows some of the corresponding mode coefficients ak , for k = 1,3,
and 7, all for εP = 0 (non-penetrating fields) and εp = ε (index-matched solvent
and plate). In the figure we divided by a0 to show the inhomogeneous amplitudes
relative to the homogeneous background. All coefficients can be calculated by using
the σk following from a surface with charged (y=1) and uncharged(y=0) stripes of
equal width. This is a fixed charge density and therefore we do not account for asso-
ciation/dissociation reactions at the surface here. The coefficients ak , and therefore
the inhomogeneities in the potential, are relatively small but may become large for
systems with a larger periodicity (κL ≫ 1). This is analogous to the fact that at
small periodicities (with respect to κ−1) the potential is not able to laterally adapt
to the oscillations in the surface charge and becomes more homogeneous, whilst at
very high κL it is able to take the form of a step function.

The choice of the ratio of the dielectric constants between the plate and the
liquid is of importance. We see from Fig. 8.2b that if we choose an index-matched
plate and solvent, corresponding to the situation that the fields are able to penetrate
into the solid medium, the coefficients ak become significantly lower (in absolute
value) than if this ratio is chosen close to zero, where we do not find any fields in
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the medium. In the εP = 0 case, inhomogeneities in the charge distribution will have
a larger effect on the inhomogeneity of the associated electrostatic potential, as the
polarisability of the solid medium is not able to compensate any inhomogeneities
in the electrostatic potential from within the plate. Since every ion close to a body
with a lower dielectric constant will be repelled by its own image charge, typically
a small depleted zone of ions appears close to the surface. This image-charge effect
is, however, only significant if (κλB ≪ 1) [192], and can thus be ignored in most
aqueous electrolytes. Moreover, although we do not include this correction in our
model, the effect of image charges of the ionic double layer is naturally included by
the chosen boundary condition at the surface z = 0.

Figure 8.2: The mode-dependent screening parameter κk (a) and mode amplitudes ak (b)
for several k as a function of the periodicity parameter in the system, in (b) for charged
(y= 1) and uncharged (y= 0) stripes of equal width. The solid lines in (b) correspond to
the case εP = 0, whilst the dashed lines show data for εP = ε.

8.3 Results
8.3.1 Charging of stripes
In the general nonlinear case the mode amplitudes will not be exponential functions
of the distance like in Eq. (8.22). Since no analytical form is known we develop
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a method to solve for these functions numerically, its details are described in the
Appendix. Using the theory in combination with the numerical method we can in
principle calculate the charging of any periodic configuration of chargeable parallel
stripes on a planar surface. Here, we focus on a plate coated with stripes with
periodicity L=D1 +D2, where D1 and D2 are the widths of the striped regions with
dimensionless chargeabilities Y±

1 and Y±
2 respectively, such that

Y±(x) =
{
Y±

1 if x ∈ region 1;
Y±

2 if x ∈ region 2.
(8.24)

Regions ‘1’ and ‘2’ are also shown in Fig. 8.1. We focus mostly on Y+
1 ≡ Y ,

Y−
1 = Y±

2 = 0, and εP /ε ≪ 1, which corresponds to uncharged areas (regions ‘2’)
separating stripes with positive chargeability Y on a low-epsilon plate in contact
with a high-epsilon liquid such as water. For this particular calculation it suffices
to choose M = 64 modes, a z-grid of N = 2000 points extending to z = 5κ−1.

For a periodicity of 10 Debye lengths, κL= 10, a charged stripe of width D1 =
3.1κ−1 (such that D2 = 6.9κ−1), and several chargeabilities Y ∈ {0.1,1,10,100},
Fig. 8.3(a) shows the x-dependence of the chargeability, which is a step function.
This is the starting point of our calculation, and we calculate the electrostatic poten-
tial Φ(x,z) via the iterative scheme that was described above. Fig. 8.3(b) shows the
resulting surface potential Φ(x,z = 0) for the four values of Y of Fig. 8.3(a). For each
Y , the thin horizontal dotted lines show the surface potential in the case that the
stripe would have infinite width (D1 ≫ κ−1) by using the analytical solution to the
planar-PB Eqs. (8.14)-(8.15), i.e. the surface potential of a homogeneously charged
plate. In the present system the homogeneous surface potential limits the actual
surface potential from above. Since the stripes are relatively broad (D1 > κ−1), the
calculated surface potential approaches this limit, which we will call the homoge-
neous limit from now on, at the center of the stripe. Typical length scales over which
the potential varies laterally are clearly of the order κ−1, as expected. Fig. 8.3(c)
shows the dimensionless surface charge y(x), which is related to the surface po-
tential via Eq. (8.10). We see that the charge density at the center of the stripe is
well described by that of a homogeneously charged plate. By contrast, a relatively
high charge builds up close to the edges of the stripe. For Y ≫ 1, in the nonlinear
screening regime, the charge density at these edges largely exceeds the values we
find at the center. The reason is the nearby neutral surface, which results in a
surface potential which is lower at the edge of the stripe than at its center. The
charging of the surface groups, which is normally limited by the induced rise of the
electrostatic potential according to Eq. (8.10), can therefore be stronger close to the
edges. As a result, the average charge density of a stripe can be much higher than
what one would expect for homogeneously charged plates with the same chemical
properties. The reason that we only observe this effect (deeply) in the nonlinear
regime is because the surface potentials must be significant(Φ(x) ≥ 1), such that
the Boltzmann factors which govern the surface charge distribution, see Eq. (8.10),
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Figure 8.3: Positional (lateral) dependence of (a) the chargeability, (b) the surface potential
and (c) the dimensionless surface charge density of a striped patchy surface with periodicity
L = 10κ−1 and patch stripe width D1 = 3.1κ−1 , for several stripe chargeabilities. The
shaded area shows the position of the stripe on the plate, and the horizontal dotted lines
in (b) and (c) show values we would obtain for infinitely wide stripes.

deviate strongly from unity.

We checked that the results we obtain do not depend on the finite grid size and
the number of included modes characterised by N and M , respectively; even the
curves obtained with M = 16 and N = 1000 are indistinguishable from all those
in Fig. 8.3. It should be noticed that in the case we choose M too small, instead
of giving inaccurate results, the iterative scheme does often not converge anymore,
such that no solution is found at all.

The two panels in Fig. 8.4 each show the charge density y(x) for Y = 10 as
was calculated in Fig. 8.3(c) for κD1 = 3.1 and κL= 10 by a dashed line, while the
full curve denotes y(x) in the case of a modified parameter set. It illustrates cases
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Figure 8.4: Positional (lateral) dependence of the dimensionless surface charge density of
a striped patchy surface with periodicity L = 10κ−1 and stripe width D1 = 3.1κ−1 . We
indicated the position of the stripe by the shaded areas. Both (a) and (b) show a dashed
line which shows data corresponding to Y = 10 as in Fig. 8.3(c), whilst the solid lines show
the effect of setting the chargeability of the surrounding plate to (a) Y−

2 = 1 in combination
with Y+

2 = 0 and (b) Y+
2 = 50 (in combination with Y−

2 = 0.)

where the surrounding surface is chargeable as well. Fig. 8.4(a) shows a situation
where the surrounding stripe is able to charge slightly negatively (with chargeabil-
ity Y−

2 = 1). The presence of strong peaks of (opposite) excess charge at the edges
of the stripes demonstrates that this presence of a chargeable surface with opposite
sign of charge enhances the charging of the adjoining area. If the surrounding stripe
is chosen to be more positively chargeable (Y+

2 = 50) than the original one, as in
Fig. 8.4(b), the stripe and the surrounding surface change roles. At the interface
between the two regions the potential now is higher than at the center of the stripe,
having a value somewhere in between the homogeneous limits of both stripes. This
causes the charge density to peak just outside the original stripe whilst inside it
shows sharp minima at the edges.

The distribution of charge at the chargeable stripe depends on the width and
the spatial periodicity of the stripes. This is depicted in Fig. 8.5, where the charge
density y(x) for Y = 10 is plotted like in Fig. 8.3(c), now for various D1 and L.
Figs. 8.5(a) and (b) show the effect of changing the width of the stripes but deal
differently with the size of region in between the stripes. In Fig. 8.5(a) the stripe
periodicity is kept fixed at L = 10κ−1, such that the stripe-fraction of the surface
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Figure 8.5: Surface charge-density profiles y(x) of a striped patchy surface with Y = 10
for various stripe widths D1 and spatial periodicities L, here as a function of the distance
to the center of the charged stripe. In view of the symmetry we only plot half a period. The
data in (a) is calculated using the fixed value of κL = 10, whilst in (b) we use L = 2D1 .
The vertical dashed lines indicate the edges of the stripes, beyond which y(x) = 0.

increases with increasing stripe width D1. In Fig. 8.5(b) the stripe periodicity is
set to L= 2D1, for several D1, such that the surface coverage fraction of the stripes
remains fixed at 50%. The numerical results in Fig. 8.5(a) clearly show that smaller
stripes at a fixed stripe periodicity L gain a higher charge density. From Eq. (8.10)
it follows that the maximum charge density will occur for infinitesimally thin stripes,
since the surface potential at the stripe will vanish in that case. In this limit, the
corresponding charge density is y(x) = Y , for all x at the stripe. The results for a
constant surface coverage in Fig. 8.5(b) fraction also show that thin stripes gain the
highest average charge density, although the maximal charge density at the edges
decreases a little. The increase is less pronounced than in Fig. 8.5(a) since now the
width of the charge-neutral region in between the stripes scales with the width of
the stripes. Therefore, thin stripes in Fig. 8.5(b) are relatively close to their neigh-
boring stripes, and will hinder each other in gaining charge. One can show that
the maximum charge density will again be found for infinitesimally thin stripes, for
which the system reduces to an essentially homogeneously chargeable plate with
chargeability YH = YD1/L.



8.3. Results 113

0 1 2

0.01

0.1

1

|φ
k(z

)|
k=0

k=1

k=2k=3

(a) (b)

κzκz

κ
x

0 1

1

2

3

4

5

D1

Figure 8.6: Results of the numerical calculation for the electrostatic potential of a striped
patchy surface with periodicity L = 5κ−1 , stripe width D1 = 2κ−1 and chargeability Y =
100, showing the absolute value of the first 4 mode amplitudes of the electrostatic potential
in (a), and a contour plot of the electrostatic potential at both sides of the interface using the
calculated mode amplitudes (b). A contour line borders the darkest area at Φ(x,z)> 2.75
and the lightest area at Φ(x,z)< 0.5, with steps of 0.25 in between. The vertical dashed
line in both figures denotes the location of the interface between the solid medium (left)
and the solvent (right). For these calculations we choose an index-matching plate and
liquid, ε = εP , such that the electric field is able to penetrate into the solid medium.

Fig. 8.6 shows the electrostatic potential around the plate for κL = 5, κD1 = 2,
Y±

2 = Y−
1 ≡ 0, Y+

1 = 100 and εP = ε . This choice of the dielectric constants is
such that electric fields do not vanish inside the solid medium. In Fig. 8.6(a) the
logarithmic plot shows nearly exponential decay of the mode amplitudes ϕk (z) for
k = 0, . . . ,3. Deviations from a straight line are due to nonlinear couplings between
the modes, and slopes far away from the surface are the mode-dependent screening
parameters κk . It can be seen that, for this choice of εP , the nonzero modes also
give rise to an electric field inside the solid medium, and for high k the screening on
both sides of the interface is equally efficient, as there are almost no ions involved.
Fig. 8.6(b) shows a contour plot of the potential Φ(x,z) around the charged interface.
It shows a local increase of the potential close to the stripe, which is caused by
a local high charge density. The inhomogeneity in the potential persists for a few
screening lengths into the liquid, as the stripe width is larger than the screening
length, and thus ionic screening is the dominant type of screening there. In the solid
medium ionic screening is not possible, and the inhomogeneity persists over a range
of the order of the width of the stripe as was found below Eq. (8.18).
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We now return to the case of chargeable stripes on an otherwise neutral plate,
and define the average charge density on a stripe

ȳ = 1
D1

∫ L

x=0
y(x) dx. (8.25)

Fig. 8.7 shows ȳ as a function of chargeability Y for multiple choices of the stripe
geometry parameters D1 and D2. All curves show, as expected, that the charge in-
creases with the chargeability. It illustrates, however, that the charging of the stripes

Figure 8.7: Average charge density on a chargeable stripe surrounded by charge-neutral
surface for various stripe widths D1 and periodicity L, denoted in units of κ−1 , plotted as
a function of the stripe chargeability Y . The medium has a dielectric constant εP ≪ ε .
The thick dashed line corresponds to the infinite stripe-width limit for which we use the
analytical result for homogeneously chargeable plates. Using the same data, the inset
shows the charge density relative to this homogeneous limit.

strongly depends on their width and the distance in between two successive stripes.
Charge densities are increased either by narrower stripes or by larger stripe-stripe
distances, the strongest charging occurs for narrow stripes with relatively much space
in between. This is intuitively clear since for stripes that are rather separated the
charging of the edges is not hindered by the charge of neighboring stripes. More-
over, narrow stripes have relatively more edge surface. For broad stripes this gain at
the edges is small compared to the charge at the center, and we see from the line for
κD1 = 3.1 and κL= 10 that the charge density indeed approaches the homogeneous
limit (D1 = L), given in Eqs. (8.14)-(8.15) and limiting behaviour (8.16). By contrast,
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the narrower stripe of width D1 = 0.1κ−1 and the same periodicity L= 10κ−1 has,
for Y ≫ 1, a charge density that is a factor ∼ 2 higher than the homogeneous limit,
while the relative increase of ȳ compared to yH can be a factor 5 for extremely
narrow patches with D1 = 0.0031κ−1 and L = 0.1κ−1, as can be seen in the in-
set of Fig. 8.7. Furthermore, we note that ȳ = Y in the low-charge limit Y ≪ 1.
This is not surprising either, as in this limit any charge, regardless its position
on the surface, is essentially ‘alone’ in a vanishingly small potential; the vicinity of
a neutral area ‘2’ or an essentially neutral stripe ‘1’ is indistinguishable in that case.

8.3.2 Analytical approximation
As a way to better understand and quantify the charging mechanism of the patches,
we now propose a method to estimate the stripe charge densities by an analytic
procedure and check if the right physics emerges. The key element in the method
is the fact that the charging of different surface groups is correlated. This correla-
tion is mediated by the electrostatic potential and logically the (longest) correlation
length is of the order of the screening length, as long as we use the assumption that
εP ≪ ε . This correlation implies that a small area of charge-neutral plate around
every stripe is involved in the charging as well. For the geometry of current interest
this means we can think of an extra strip of width s on each side of the charged patch
of width D1, as illustrated in Fig. 8.8. Now we presume that the stripe including
the extra area charges up like a homogeneously charged plate, such that we can
apply the analytic expressions (8.14)-(8.15) from planar PB theory with an effective
(decreased) chargeability Ỹ = Y D1

D1+2s for the enlarged stripe.

The strip width s depends on the local screening length, and therefore we set
s = min(ακ̄−1,D2/2), with α a fit parameter and κ̄−1 the effective screening length
defined below. The minimum condition is used to prevent overlaps, as the size of the
additional strip area cannot exceed the size of the uncharged region in between the
charged stripes. The effective screening parameter κ̄ is determined by the average
electrostatic potential around the edge. The relation stems from PB-linearisation
procedures and is given for example in ref. [18, 21, 193]. Since the local surface
potential at the strip must be somewhere in between zero and the value for a homo-
geneously charged plate with chargeability Y , we estimate the effective screening
length to be their average, such that κ̄−1 = κ−1/

√
cosh(0+ΦH (0))/2. The procedure

is now to use this effective screening length in the calculation of the estimated strip
width s to obtain the effective chargeability Ỹ . In the homogeneous limit this gives
a charge density ỹ for the stripes plus the side strips via Eqs. (8.15) and (8.13).The
average charge density ȳ on the original stripe follows by assigning the charge
density to a smaller surface, ȳ = ỹD1+2s

D1
.

For the fit parameter α = 3/8, Fig. 8.9 shows the resulting ȳ as a function of
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Figure 8.8: Pictorial representation of the method used to estimate the charging of narrow
stripes. The darker areas adjoining the shaded stripes resemble strips of charge neutral
surface assumed to be involved in the charging as well.

Figure 8.9: Average charge density on a chargeable stripe surrounded by charge-neutral
surface, for various stripe widths D1 and separations D2 , plotted as a function of the
stripe chargeability Y+

1 . The medium has a dielectric constant εP ≪ ε. The solid lines
show results from the approximative method as described in the text, and the dotted lines
show results from the numerical calculations. The thick dashed line shows the result for a
homogeneous surface.
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Y for several κL and κD1, together with the numerically determined ‘exact’ results
based on Eq. (8.25). The agreement between the two is good, within a maximal error
of 25%, and we find the right trend with Y which suggests that this approximation
holds for even higher stripe chargeabilities as well. It is expected that the fits
will remain good or even become better for larger stripe distances or stripe widths
than investigated here, since for broader stripes the relative amount of edge surface
decreases. Moreover, the choice of parameters κL = 10 in combination with κD1 ≤
3.6 describes a system in which the stripes are separated by multiple screening
lengths, which is close to the κD2 → ∞ limit where the patches do not mutually
interact anymore.

8.4 Discussion

Although the importance of charge inhomogeneities on the interactions between
surfaces was already mentioned in many other studies, the relation between chemical
inhomogeneity on the surface and the resulting inhomogeneity in surface charge
was, to our knowledge, never studied in detail. We developed a numerical method,
based on expansion into Fourier modes, to find the electrostatic potential and charge
distributions close to an interface with an inhomogeneous distribution of chargeable
chemical surface groups. We focussed on the case where the chemical groups are
clustered in stripe-like regions, with different chargeabilities, either of the same or
different sign. For the case of striped chargeable patches on an otherwise neutral
surface we showed a significant increase of charging of surface groups as the width of
the stripes decreases below the Debye length. For very small patches this increase of
the surface charge density can easily be an order of magnitude, although patches that
have little spacing show significantly less increase of charging because neighboring
patches hinder each other’s charging. From the numerical results we arrive at
the observation that the edges of the patches are able to charge optimally and will
contribute significantly to the total charge of small patches. Our calculated numerical
results for the average charge density on a patch are in fine agreement with a very
basic analytical model (and one fit parameter) which employs an effective patch
size in combination with results for homogeneous plates. Our results are stepping
stone towards the study of interactions between heterogeneously charged surfaces,
where charged patches themselves may induce charge inhomogeneities onto nearby
surfaces, thereby generating nontrivial forces and torques. If the surfaces are in
the vicinity of each other the induced charges cause a larger attraction between
the patch and the nearby surface than constant charge models would predict. Work
along these lines shows that in this way induced charges can contribute to a ‘global’
attraction at distances typically of the order of a few screening lengths, as we will
see in the next chapter.
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Appendix: Nonlinear PB
In this appendix we will focus on the numerical method which can be applied to
efficiently solve the nonlinear PB equation (8.1) using the mode expansion (8.18)
which was described in the text. We use sinhΦ = (exp[Φ]−exp[−Φ]) /2 to write the
mode expansion of the electrostatic potential as

sinhΦ(r) = 1
2

M∏

j=−M
E+
j (x,z)− 1

2

M∏

j=−M
E−
j (x,z), (8.26)

where M is the high-wavenumber cut-off and E±
j (x,z) = exp

[
±ϕj (z)ηj (x)

]
contains

the nonlinear dependence of the PB equation on ϕj (z). Using the Taylor expansion
of the exponential function, and applying that ηj (x)n = (κL)(1−n)/2ηn·j (x), we write
E±
j (x,z) as a mode sum, where high-frequency modes ηn·j for which |n · j | > M

have been neglected. Note that because of this truncation we only need to expand
E±
j (x,z) up to order M/j (and for j = 0 we choose to stop at order M .) As an

illustrative example, E±
1 (x,z) can be expanded to a mode sum as

E±
1 (x,z) = 1±ϕ1(z)η1(x)

+ ϕ1(z)2η2(x)
2
√
κL

± ϕ1(z)3η3(x)
6κL + . . . (8.27)

Using the mode-expansion representation of E+
j (x,z), it is now a straightforward

task to calculate both the products of all E+
j (x,z) and all E−

j (x,z), as appearing
in Eq. (8.26), and rewrite these products as new mode sums with mode amplitudes
Vk (z),

sinhΦ(r) = 1
2

M∑

k=−M

(
V+
k (z)−V−

k (z)
)
ηk (x)

+ O(ηM+1(x)). (8.28)

Note that V±
k (z) =V±

k (ϕ0(z),ϕ1(z), . . . ,ϕM (z)), such that combining Eqs. (8.28) and (8.21)
yields

ϕ′′
k (z)−

(
2πk
L

)2
ϕk (z)

= κ2

2 V
+
k ({ϕj (z)})− κ2

2 V
−
k ({ϕj (z)}), (8.29)

for each k , |k | ≤M . We solve Eq. (8.29) for all k iteratively as follows. For a given
mode-amplitude ϕk (z) we project out the dependence on all other modes ϕj (z), j ̸= k ,



Appendix: Nonlinear PB 119

by expanding V±
k (z) =

∑M
i=0U±

k,i(z)ϕik (z) and write Eq. (8.29) as

ϕk ′′(z) −
(

2πk
L

)2
ϕk (z) = κ2

2

M∑

i=0
U+
k,i(z)(ϕk (z))

i

−κ2

2

M∑

i=0
U−
k,i(z)(ϕk (z))

i, z > 0. (8.30)

As an example we calculate the explicit expressions for the monopole (k = 0),

U±
0,i = (±η0)i

i! ·
(

√
κL− ϕ−1ϕ1√

κL
+
ϕ2

−1ϕ2
1

4(κL)3/2 + . . .
)
, (8.31)

where we omitted higher modes |k | > 1 and left out the z dependence for brief
notation. If we insert this expressions into Eq. (8.30) again, we find

ϕ0
′′η0 = κ2

(
1− ϕ−1ϕ1

κL +
ϕ2

−1ϕ2
1

4(κL)2 + . . .
)

sinh [ϕ0η0] , (8.32)

which reduces to the planar PB-equation in the case that ϕ±1 vanish. Eq. (8.30)
together with the BC’s (8.19) and (8.20) can be used to find the numerical solution
to every mode, given the approximations to the solutions for other modes. In order
to obtain the solution of the full problem, we therefore apply an iterative scheme in
which we go through multiple cycles of solving each PB mode equation consecutively,
until we find the converged solution. This is done by solving for every ϕk (z) the mode
equations (8.30) on a 1-dimensional grid. As a starting point we use a vanishing
solution for all modes. It is possible to reduce the computational effort significantly
by considering systems for which Φ(x,z) = Φ(−x,z), such that all ϕk (z) take values
in the real space R and ϕk (z) = ϕ−k (z). The number of iterations required for
convergence depends on the degree of nonlinearity in the system and is typically
in the order of 10 per mode.





Chapter 9

Effective attraction between similar
patchy surfaces

Abstract

Poisson-Boltzmann theory in combination with charge regulation is applied to
calculate the interaction between chargeable patchy surfaces. Within a parallel-
plate geometry we model patches to charge positively whilst the surrounding
surface charges negatively (or vice versa). Interactions between the patch and
the opposing surface turns out to depend nontrivially on the distance between
the plates; the local (negative) charge density on the opposing surface is strongly
dependent on the distance to a patch. We observe that an effective repulsive
force between the surfaces at large separations can easily become attractive
at smaller separations due to this charge-regulation mechanism. We therefore
distinguish three characteristic regimes for the electrostatic interaction between
patchy surfaces: attraction at any distance, repulsion at any distance, and a
repulsion/attraction cross-over. The energy barrier between attraction and re-
pulsion in the interaction potential can be tuned by varying the patch size,
even while keeping the patch coverage fraction constant. We argue that ran-
domly distributed patchiness in combination with charge regulation gives rise
to a strong tendency for sub-Debye length attractions between similar colloidal
particles.

9.1 Introduction
Colloidal particles tend to charge in contact with an electrolyte due to an exchange
of ions with the solvent. Because of their charge, such particles experience an
electrostatic interaction with the ions, and also with other colloidal particles. A
well-known result that follows from DLVO-theory [16, 17] is that this interaction can
only be of significant strength up to distances comparable to the Debye screening
length, which is the typical thickness of the layer of counterions in the vicinity to the
charged surface. As one migh expect, the interaction between equal homogeneously
charged particles is typically repulsive, if Van der Waals attractions at very small
distances are ignored. However, for a large class of colloidal particles the charge
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is distributed inhomogeneously over the surface. Despite that in such cases the net
charge can be estimated by means of e.g. electrophoresis or streaming potential
measurements [129], the nature and strength of the two-particle interactions may
differ enormously from what one would expect for homogeneously charged particles
with the same net charge. For example Janus particles [125, 126] with one posi-
tively and one negatively charged hemisphere can be uncharged on average, while
experiencing strong dipolar forces due to the inhomogeneous nature of the charge
distribution. In such cases repulsiveness is not guaranteed anymore and strong at-
tractions may be found. Charge inhomogeneities may be due to a naturally occuring
inhomogeneous distribution of chargeable groups over the surface such as for ex-
ample in clays or bitumen [194, 195], or certain latex or silica particles [173, 196].
The inhomogeneities can also be the result of the adsorbance of oppositely charged
polyions on the surface [174, 197, 198]. Nowadays it is even possible to design
the structure of the inhomogeneities on the particles [108]. In many cases, however,
charge inhomogeneities are not a severe point of attention in models that describe
the electrostatic interactions between colloids as often the net charge dominates
the electrostatic interaction between the particles, such that a ‘monopole’-treatment
suffices. This is especially the case at colloid-colloid distances much larger than
the typical size of the inhomogeneities. Most experimental measurements of the
force between colloidal particles can therefore be described with variations of the
classical DLVO-theory [16, 17, 130], in which one either assumes a constant and
homogeneous surface charge (CC) [199] or a constant surface potential (CP) on the
colloidal surface as the distance between the particles is varied[200–202]. More de-
tailed approaches exist that account for the fact that charge is regulated; it follows
from chemical equilibria between the surface and the solvent [73]. The constant reg-
ulation (CR) model [178, 182] includes regulation by interpolating between the CC
and the CP model using an additional fit parameter which signifies the constantness
of the surface charge as a function of the surface potential. This model can be used
to fit experimental data where CC and CP models fails [157, 203]. Recently, Popa
et al. used the CR model to fit force curves between latex particles with adsorbed
polyelectrolytes [175, 204]. However, AFM microscopic images of these particles
showed that the adsorbed polyelectrolyte had not formed a smooth layer on the
surface. Instead it was adsorbed in the form of small patches of opposite charge. As
was shown by Popa et al., this patchiness induced an additional attraction between
the particles at distances that are of the order of the size of the patches. Although
the CR model did well in describing the interparticle force at large and interme-
diate distances, at close distances it failed to reproduce the observed additional
attraction. Theoretical studies show that attractive forces may indeed arise between
inhomogeneously charged surfaces [174, 186, 205–207], even if the net charge of the
surfaces has the same sign [208–210]. If the inhomogeneities are free to migrate
over the surface, the effective electrostatic interaction has an even greater tendency
to become attractive as positive patches prefer to align opposite to negative patches
on the opposing surface. This is a straightforward result of statistical averaging [174].
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In this chapter an approach based on charge regulation and Poisson-Boltzmann
theory will be put forward. We investigate if and how pairs of chargeable patchy sur-
faces are able to induce an effective electrostatic attraction at distances of the order
of the electrostatic correlation distance and smaller. The latter distance is the well-
known Debye screening length, defined by κ−1 = (8πλBρs)−1/2, with λB ≡ e2/εkBT
the Bjerrum length which depends on the dielectric constant ε , and the bulk concen-
tration of ions 2ρs far away from the charged surfaces. Here kB is the Boltzmann
constant, T is the temperature of the solvent, and e the elementary charge. Although
the model that is presented here considers the interaction between flat plates, it has
interesting applications to the study of interactions of charged patchy colloidal par-
ticles, as it can describe aspects of the underlying physics of the interactions at
small distances. At larger distances the finite size and curvature of the particles
become relevant [121, 127, 211–213]. In Fig. 9.1(a) a typical configuration of two
patchy particles at small distances is sketched. We map the problem of calculating
the force ‘in the rectangular area’ to that of two plates separated by a distance h,
as is shown in Fig. 9.1(b). The width of the total interaction area is denoted by L,
although for a surface with multiple interacting patches, the parameter L charac-
terises the typical center-to-center distance between the patches, while a parameter
θ must be introduced to specify the surface coverage fraction of patches, such that
in our model geometry the width of the patches follows as D = θL. One expects
a patch mainly to interact with non-patchy parts of the surface of other particles
for low θ. For this reason, and for simplicity and clarity, we consider here a ho-
mogeneously chargeable top plate. Note however that the induced charge on the
top plate will not be homogeneous as the charge density is regulated locally. In-
trinsic patchiness on both plates could be interesting in the case that lateral forces
between both surfaces are studied, and will also be discussed later in the text briefly.

9.2 Theory
The charge regulation on the bulk surface and the patches can be described by
means of an equilibrium constant K± that relates the surface charge density due to
a release of cations (+) and anions (-) into the solvent to the local ion- and surface
group densities by

K± = ρ±σ±

m± −σ± , (9.1)

with m± the density of chargeable groups on the surface, σ± the positive/negative
surface charge density, and ρ± = ρs exp(±Φ) the density of counter-ions close to
the surface that follows from the Boltzmann distribution of ions. For convenience
we defined Φ = Ψ/ΨTH as the dimensionless potential which is related to the elec-
trostatic potential Ψ through the thermal voltage ΨTH = kBT /e= 25.6 mV at room
temperature. In case of an excess of chargeable surface sites w.r.t. the charge density
(σ± ≪m±), the relation between the charge density ±eσ± and the surface potential
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becomes
4πλBσ±/κ ≡ y± = Y± exp(∓Φ), (9.2)

with y± = 4πσλB the dimensionless positive or negative charge density and λB the
Bjerrum length. The parameters Y± we will call positive/negative chargeability, as
they were introduced in Ref. [213] or Chapter 8. The chargeabilities Y± are local
surface parameters which are defined by

Y± = κ m
±K±

ρ2
s

, (9.3)

where m± is the density of chargeable groups and ρs the bulk density of counter-
ions. In the model that we will consider, the bottom plate contains a patch, a stripe
of width D, which is able to charge only positively with constant chargeability Y+.
The bulk surface of the bottom plate, as well as the entire top plate, is negatively
chargeable with chargeability Y− as indicated in Fig. 9.1. At the bottom plate, the
positive and negative chargeability can be written as step functions Y±(x) that only
take nonzero values at the patch and bulk surface, respectively.
To find the electrostatic potential throughout this system we use the nonlinear
Poisson-Boltzmann (PB) equation,

∇2Φ(r) =
{
κ2 sinhΦ(r) 0 ≤ z ≤ h;
0 otherwise, (9.4)

with z the normal direction between the plates. We start by formulating continuity
of the potential at the planar surfaces and global neutrality,

lim
z↑0

Φ(x,y,0−) = lim
z↓0

Φ(x,y,0+); (9.5)

lim
z↑0

Φ(x,y,h−) = lim
z↓0

Φ(x,y,h+); (9.6)

lim
z→±∞

Φ′(x,y,z) = 0, (9.7)

where a prime denotes the derivative w.r.t. z . For colloidal plates with dielectric
constant εP , the boundary condition on the electric field on the bottom plate , at
z = 0, becomes

lim
z↓0

Φ′(x,z) = lim
z↑0

εP
ε Φ′(x,z)+κY−(x)exp(+Φ(x,0))

− κY+(x)exp(−Φ(x,0)). (9.8)

On the top plate, at z = h, we have

Φ′ (x,h−) = −εP
ε Φ′ (x,h+)

−κY− exp(+Φ(x,h)). (9.9)

Note that in Eqs. (9.4)-(9.9) we assumed the plates to be infinitely thick.



9.3. Method 125

9.3 Method
By applying a numerical scheme to solve the full nonlinear Poisson-Boltzmann (PB)
equation by means of a Fourier expansion, that was developed in Ref. [213] or Chap-
ter 8, it can now be calculated how a patch on a surface interacts with an intrinsic
homogeneous opposing surface. We choose N = 1000 grid points in the normal
(z-) direction interval z ∈ (0,h), and a Fourier expansion in the lateral x direction
up to mode 64, which were tested to be sufficient to avoid numerical artifacts. For
explicit calculations, we choose Y− = Y+ = 31.6, L= 1κ−1, and θ = 0.2, such that
D = 0.2κ−1, and various distances h. For simplicity and clarity, the dielectric con-
stants of the solvent and the plates are chosen such that εP /ε = 1, to eliminate
additional electrostatic forces due to image charges.

Figure 9.1: Pictorial representation of (a) two patchy particles at close distances (b) the
two-plate system consisting of a top plate with homogeneous chargeability and a bottom
plate with patch, that is shaded here for better visibility.

9.4 Results
Fig. 9.2 shows the result of the numerical calculation of the surface potentials Φ(x,0)
and Φ(x,h) in (a) and charge density y(x) in (b) at the two plates at various sep-
arations. The charge and potential profiles that are found for large separations
(κh= 0.8) agree with calculations for single (patched) plates [213], showing a typi-
cal excess of charge at the edges of the patches. For smaller distances, the charge-
density profile on the top and the bottom plate change as a consequence of the
converging potential profiles of both plates. Note that in particular the potential
profile of the top plate is sensitive to the distance h, as its value right above the
middle of the patch, Φ(L/2,h), changes from −2.4 to −1.5 if h is reduced from
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Figure 9.2: Positional dependence of the surface potential (a) and dimensionless surface
charge (b) on the top and bottom plate using κL= 1, D = 0.2L, and Y− = Y+ = 31.6. The
different lines show various separation distances, κh ∈ {0.8,0.3,0.2,0.1}. The shaded
areas show the position of the stripe on the bottom plate.

κh = 0.8 to κh = 0.1. This has an important effect on the related charge density,
as can be seen in Fig. 9.2b, which more than doubles (from −3 to −7) while the
stripe on the bottom plate remains strongly positively charged at y ∼ 30 − 50. The
induced charge on the top plate generates a strong additional attraction between
the stripe and the opposing plate, which is able to overcome the repulsion between
the similar negative charge densities away from the patch if the distance becomes
small, as we will see now.

The stress tensor in the electrolyte can be used to calculate the disjoining pres-
sure between the inhomogeneously charged plates at a given separation h. Its
cartesian components are given by

Tij (x,z;h) = ε
4π

(
Ei(x,z)Ej (x,z)− 1

2E2(x,z)δij
)

−2ρskBT (coshΦ(x,z)−1)δij , (9.10)

where the first term represents the electrostatic (Maxwell) stress in terms of the
electric field E = −ΨTH∇Φ, and the second term represents the osmotic pressure
contribution. By symmetry, the total force per unit area (the ‘disjoining’ pressure)
between the plates can only have a nonzero component in the z-direction, and



9.4. Results 127

therefore follows from laterally averaging the zz-component of the stress tensor as

p(h) = −1
L

∫ L

x=0
Tzz (x,zF ;h) dx, (9.11)

where z = zF specifies the plane of integration which can be chosen anywhere in
between the plates, 0 < zF < h, without determaining the obtained values for the
force. For the selected set of parameters of Fig. 9.2 we find attraction (p < 0) for
h < 0.5κ−1, and repulsion (p > 0) at larger separations.

Figure 9.3: Pressure-distance curves between a homogeneously chargeable and a patched
plate as in Fig. 9.1 for various Y+ showing repulsion (p > 0) for small Y+ , attraction
for large Y+ , and crossover behaviour at intermediate Y+ . The parameters here are
κL= 1, θ = 0.2 and Y− = 31.6. The inset shows the same calculations for a weaker plate
chargeability Y− = 1.

For Y− = 31.6 and several patch chargeabilities Y+ we calculate the resulting
disjoining pressure and the effective potential by performing the integral of Eq. (9.11)
numerically. The result is plotted as a function of the plate separation h in Fig. 9.3.
From the force-distance curves three regimes can be identified. In the first ‘weak
stripe charge’ regime (R) one finds a repulsive force at all distances, as we see in
Fig. 9.3 for Y+ ≤ 1.0. In this regime the positive charge on the patch and the induced
negative charge on the top plate are too small to overcome the repulsion of the like-
charged background charges on the surfaces. For larger patch chargeabilities we
find a second regime (R+A) where long-range repulsions cross-over to short-range
attractions, with a crossover distance that increases monotonically with Y+. For the
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present geometrical parameters short-range attractions are found for Y+ ≥ 3.16. A
third regime (A) appears for sufficiently large Y+, where the interaction is attractive
at all distances. This regime does not occur for the parameters chosen in the main
graph of Fig. 9.3, where the plate-plate attraction disappears at large separations
for all Y+, but it can be observed in the inset of Fig. 9.3, which contains data for a
weaker chargeable ‘bulk’ Y− = 1, while keeping the same range in Y+. From this
inset it also becomes clear that it is difficult to observe the interesting intermediate
regime for low values of the ‘bulk’ chargeability Y−, as one can only observe a very
small band in the range of the patch chargeability Y+ for which a crossover from
long-range repulsion to shorter-ranged attraction takes place. We will demonstrate
below that this holds in general, implying that this cross-over regime is only ‘visible’
in the nonlinear regime of the PB equation.

Figure 9.4: Effective interaction potential per unit surface between a homogeneously
chargeable and patched plate as a function of the separation in units of screening lengths,
κh, for several lengths κL. The parameters here are θ = 0.2 and Y+ = Y− = 31.6. The
inset shows the same data in a logarithmic plot to show exponential decrease.

From integrating the pressure-distance curves as in Fig. 9.3 one obtains the
effective interaction potential per unit surface area,

u(h) =
∫ ∞

h
dh p(h). (9.12)

Regarding the parameter range of Fig. 9.3 the corresponding interaction potential
can be expected to be significant (of order kBT ) for the case that the total inter-
action area is of the order L2 and λB < κ−1; for spherical surfaces the size of the
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interacting area can be estimated by the Derjaguin approximation [214]. Fig. 9.4
shows u(h) for a patch coverage fraction θ = 0.2, and for various κL while keeping
Y+ = Y− = 31.6 fixed. The strong dependence on κL shows non-additivity of the
forces resulting from the patches [215]. Fig. 9.4(b) shows exponentially decaying re-
pulsions at larger distances, with decay length κ−1. This is the same behaviour as
one finds for homogeneously charged plates at large distances [129]. In this regime
the repulsion can be described by linear PB theory, using effective charge densities
matched to describe the far field potential of both single plates [18, 20, 213]. The
energy barrier separates attraction at small distances and repulsion at larger dis-
tances. Both the inset and the main figure include the interaction potential in the
extreme cases κL ≫ 1 and κL ≪ 1, denoted by dashed lines. Note that the height
of the energy barrier is a nonmonotonic function of κL; infinite κL does not limit the
energy barrier from above, as the line for κL = 3.1 clearly gives a higher barrier
than for κL = 10. As one can see from the curves for κL = 10, the potential barrier
decreased again, and is approaching the infinite-κL limit. Fig. 9.4 therefore shows
that, for this set of parameters, patches with a size of the order of a screening length
give the largest energy barrier between the repulsive and the attractive part of the
pair potential. This may be useful to tune stability of a suspension

For each κL and patch coverage θ, there exist different regimes of Y+ and Y−

for which repulsion (R), repulsion and attraction (R+A), and attractions (A) is found
between the plates of Fig. 9.1. Fig. 9.5 maps these regimes for several κL and θ= 0.2
and θ = 0.1. The lower and the upper line bundles in Fig. 9.5 correspond to the R
to R+A and the R+A to A crossover, respectively. The intermediate R+A regime at
intermediate values for Y+, characterised by a long-range repulsion combined with
a short-range attraction, opens up for higher background chargeabilities Y−. This
is in agreement with the observations made in Fig. 9.4. Varying the dimensionless
patch distance κL does not significantly change the size of the interval, as Fig. 9.5
shows. However, all regimes shift down to lower Y+ for decreasing κL, which
therefore confirms that smaller patches (while keeping the coverage θ constant) give
rise to more attractive forces.

As we stressed before, the critical patch coverage fraction θcrit, which is the
patch coverage fraction at which the disjoining pressure vanishes, depends on the
distance between the plates h. Fig. 9.6 shows θcrit as a function of the length scale
κL, in (a) and (b) for large and small distances respectively, and for various sets of
chargeabilities Y+ and Y−. At large distances h≫ L, the nature of the force (attrac-
tive/repulsive) is an immediate consequence of the average (renormalised) charge
density on the inhomogeneous plate, since the inhomogeneities in the potential only
propagate over a distance which is smaller than the separation between the plates.
The difference in the vertical order of the lines in Fig. 9.6 (a) and (b) is the best
observation of the fact that the behaviour of the system at small and large separa-
tions depends totally different on Y+ and Y−. We note that at large distances, the
critical coverage θcrit depends on the relative strength of the chargeability of the
patch with respect to the chargeability of the surrounding plate, i.e. in (a) the lines
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Figure 9.5: Crossover values for the patch chargeability Y+ as a function of the surrounding
plate chargeability Y− for several length scales κL, outlining regions of pure attraction (A),
long range repulsion combined with short range attraction (R+A), and pure repulsion(R).
(a) and (b) hold data for patch coverage θ = 0.2 and θ = 0.1 respectively.

are ordered by the value of Y+/Y−. However, at small distances, θcrit is mainly
determined by the chargeability of the patch alone, i.e. Y+ (and not Y−) is the
parameter of significant importance for the behaviour here.

9.5 Random patchiness
So far, we have investigated the interaction between a patch-containing plate and
a homogeneously chargeable plate. However, for most colloidal suspensions all
particles are alike; both surfaces contain patches. We argued that the attraction
mechanism that we described here will also apply for the interaction between a
patch-containing plate with another patch-containing plate, certainly in the case
that θ is small. In the following we will calculate the interaction between surfaces
which both contain exactly one patch, although in general the interactions between
two surfaces with many (randomly distributed) patches must be considered such that
some patches will face a patch on the opposing surface, whilst others will face no
patch but only the oppositely chargeable surface. We will calculate the disjoining
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Figure 9.6: Critical patch coverage fraction θcrit at which the disjoining pressure between
the plates changes sign, as a function of the length κL for several patch and plate charge-
abilities Y+ and Y− , in (a) for large distances (κh= 5), whilst in (b) for κh= 0.

pressure for the case that two patches are exactly aligned, as well as for the case
that the two patches are shifted by a distance L/2, as is shown in the insets of
Fig. 9.7. As a crude estimate for the disjoining pressure between two patched plates
we then assume that the effective disjoining pressure is given by the unweighed
average of the pressures resulting from either case. A more proper method would
be to consider all displacements between 0 and L/2 and average over these. Such
a procedure was carried out in Ref. [186], where the authors considered patches
that were formed out of condensed polymer, being able to displace over the surface
such that a Boltzmann average over the configurations of the patches on the surface
was needed. Here however, we assume the patches to be pinpointed to the surface.
For the sake of simplicity we only consider the aligned and the shifted case and
average over these to illustrate that a randomly distributed but static patchiness is
able to generate a sub-Debye length attraction between surfaces for κL= 5. Fig. 9.7
shows p for plate chargeability Y− = 31.2 and various patch chargeability Y+. The
(red) dashed lines in Fig. 9.7, which correspond the the aligned geometry, show that
the effective force between the surfaces in this case is always repulsive. This is
because the patches are not able to induce an attraction with the opposing surface,
as the patches on both plates exactly face each other. On the other hand, the (blue)
dotted lines in Fig. 9.7 correspond to the shifted geometry and show a repulsion
to attraction cross-over for sufficiently high patch chargeabilities. Our observations
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Figure 9.7: Pressure-distance curves for two patched plates for the two different alignments
shown in the insets. The parameters here are κL = 5, θ = 0.2 and Y− = 31.6. We plot
data for several patch chargeabilities; Y+ ∈ {0.1, 1.0, 10.}.

are in agreement with earlier observations for a single patch interacting with a
homogeneously chargeable plate. The latter is expected as there is almost no direct
interaction between patches in the case of the maximally nonaligned patches. By
taking the average of the pressures that arise in both relative alignments that one
gets a rough idea of the disjoining pressure between two large randomly patched
surfaces. We again observe that the attractive pressure can become dominant over
the repulsive pressure at sufficiently small distances such that the effective pressure
becomes attractive. It can be checked that this attraction vanishes for really small
patches, κL → 0.

9.6 Discussion
We studied a negatively chargeable surface with positively chargeable patches fac-
ing a homogeneous surface and calculated the resulting charge on both surfaces at
varying distances. Observed was that the presence of the patches induces signif-
icant inhomogeneous charging on the non-patchy surface at small distances. The
reason is that the surface area opposite to the patch gains additional positive charge
in the vicinity of the negatively charged patch. The resulting force between pairs
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of such plates can therefore become attractive at short separations, whilst at large
separations we find an effective repulsion, that decays exponentially with distance
as expected. If we assume that this interaction mechanism also describes the case
of spherical patchy particles, the associated potential barrier between repulsion and
attraction determines the stability of the system against coalescence. We showed
that the height of the barrier can be tuned by varying the size of the inhomogeneities
while keeping the patch coverage ratio constant. For the parameters used, maximal
stability occurs for patches with sizes of the order of a few screening lengths. These
calculations also form a stepping stone towards more elaborate/realistic ones, in
which patch-patch interactions and hence lateral forces and torques emerge. This
extension is, however, left for future work.





Chapter 10

Conclusions and Outlook

Throughout this thesis we studied charged surfaces in electrolytes by means of
Poisson-Boltzmann theory, which describes ion-density profiles around these sur-
faces and predicts the formation of a ‘double layer’ of countercharge that screens
surface charge. As a result, the strength of electrostatic interactions reduces ex-
ponentially over a typical distance that is determined by the polarisability of the
solvent and the bulk ion concentration. This distance is known as the Debye screen-
ing length. In water this length is typically between a nanometer and a micron. In
other solvents, this distance can even be larger than a micron. The screening length
sets the electrostatic capacity of surfaces in electrolyte; it turns out to be inversely
proportional to it. Therefore, conducting surfaces that are immersed in electrolyte
can be applied as capacitors with a capacitance that can be tuned by changing the
ion concentration. In Chapter 3 we showed that this property can be applied to
reversibly gain energy out of mixing streams of different salinity.

The remainder of the thesis concerned colloidal particles, which are typically
charged due to ion dissociation/association processes at the colloid-fluid interface,
or by ion absorbtion into a porous structure as we discussed in Chapter 4. Since
colloidal particles live on a length scale that is often of the same order of magnitude
as the Debye screening length, their electrostatic charge often determines phase
behaviour of the whole suspension. For example, crystallisation at very low packing
fractions can occur if the colloids have high charges. In this thesis we extended
the classical theories that describe the interaction between colloidal particles to-
wards situations that became relevant only recently; a large class of new colloidal
particles, so-called ‘patchy’ particles with an inhomogeneous surface distribution of
chargeable groups, demands orientational-dependent pair interactions. This applies
to short-range forces, like hydrophobic attractions, but also to longer-ranged elec-
trostatic forces. In especially, we considered the electrostatic interaction between
suspensions of spherical ‘Janus’ particles with differently charged hemispheres. We
found in Chapter 5 that a mode expansion of the electrostatic potential and the
ion-density profiles can be useful in order to describe the interaction between in-
homogeneously charged particles in general. The latter also gave a handle for a

135
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mode-by-mode comparison of PB with Monte Carlo data for the charge-density
profiles in the ionic double layer around Janus particles. The regime where PB
theory holds was observed to be in agreement with what was known for monopoles.
Therefore, it is possible to express the electrostatic interaction between Janus par-
ticles in the form of a DLVO-like monopole-monopole term, however now extended
by a monopole-dipole and a dipole-dipole term. The higher-mode interactions we
did not derive explicitely in this thesis. The mode expansion of the problem was
also used to calculate deviations from the Debye-Hückel approximation close to
strongly charged Janus particles. These deviations occur in the nonlinear regime of
the Poisson-Boltzmann equation where the surface potential is high. In Chapter 6
we derived the renormalised multipoles of the charge densities for strongly charged
Janus particles. These can be used to correct the Debye-Hückel approximation in
order to give more accurate results regarding the particle-particle interactions. We
observed couplings between the monopole, dipole, and higher-order modes.

Apart from inhomogeneities, the surface chemistry that induces the charge on the
particles can also be crucial for observed interactions between particles. Although it
is tempting to assume that equal particles have equal charges, this turns out not to
be the case in general. Charge dynamically results from a chemical equilibrium be-
tween the colloidal surface and the ions in the liquid; it is regulated. As a result, the
charge on a colloid changes unceasingly because of (indirect) interactions with other
particles. In Chapter 7 we considered the effect of charge regulation on the phase
behaviour of colloidal suspensions, and compared this with the approximation that
the electrostatic potential (instead of the charge) at the surface is fixed at any con-
figuration and packing fraction. For both charge-regulated and constant-potential
surfaces we found a much larger parameter-regime where crystalline structures exist.

Charge regulation turns out to be important as well for particles that have (many)
small patches with a different chemical structure than the bulk surface. These
patches are for example able to charge positively whilst the bulk surface of the
particles charge negatively. In Chapter 8 we took a closer look at these patchy
surfaces. We calculated that the interaction between small patches and the bulk
surface induces a strong charge density on the patches. In Chapter 9 we showed
that chemical inhomogeneities on one colloid can induce charge inhomogeneities as
well on another colloid. This may lead to a net attraction at small distances whilst
the colloids could repel each other at larger distances.

As the work on charge-regulating patchy surfaces was performed within planar
geometry, future work could involve finding descriptions of the multipolar interac-
tions between charge-regulating colloids. It could for example be investigated how
the charge multipoles of Janus particles are affected by charge regulation or how
charge regulation can induce Yukawa dipoles on pairs of otherwise homogenously
charged colloids. Also particles with different geometries than spherical have not
been considered in this thesis; the Yukawa-multipole framework derived in Chapter 5
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would however also allow for a multipole description of the electrostatic interactions
between particles with different geometric properties than spherical, for example col-
loidal ellipsoids or even cubes.
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Samenvatting voor iedereen
De 19e eeuw mag gezien worden als het startpunt van de thermodynamica. Sadi
Carnot was in 1825 de eerste die thermische energiestromen, warmte, kwantitatief
relateerde aan mechanische arbeid en hierdoor voorspellingen kon doen van de max-
imale efficiëntie van stoommachines en hoe deze efficiëntie bereikt kon worden. Dit
zou uiteindelijk leiden tot de 1e en de 2e hoofdwet van de thermodynamica die het
behoud van energie en de richting van warmte beschrijven. De juistheid van deze
wetten wordt vandaag de dag niet bediscussieerd. Toch formuleerde James Clerk
Maxwell in 1867 een beroemd gedachte-experiment dat destijds twijfel over een
van deze basisregels van de thermodynamica zaaide. Het door hem geformuleerde
probleem zou later aantonen dat een statistische benadering van de thermodynam-
ica noodzakelijk is.

Maxwell stelde zich twee compartimenten voor met daarin gasmoleculen, verbon-
den met een kleine afsluitbare opening die bediend wordt door een goed oplettende
en vooral behendige poortwachter. Deze is dankzij Lord Kelvin later bekend gewor-
den als ’Maxwell’s demon’. De poortwachter heeft de mogelijkheid de afsluiting te
openen wanneer deze maar wil en we gaan ervan uit dat het openen en het sluiten
een verwaarloosbare hoeveelheid energie kost. Zo kan de poortwachter er voor
kiezen om snelle moleculen alleen door te laten als deze uit het linker reservoir
komen, en om langzame moleculen alleen door te laten als deze uit het rechter
reservoir afkomstig zijn. Hierdoor zal de gemiddelde snelheid van de moleculen in
het linker reservoir steeds maar dalen, terwijl deze in het rechter reservoir blijft
toenemen. Aangezien de gemiddelde snelheid van de moleculen direct gerelateerd
is aan de temperatuur resulteert dit in de situatie dat het linker reservoir afkoelt,
terwijl het rechter reservoir steeds warmer wordt. Het zou niet ingewikkeld zijn om
dit temperatuurverschil vervolgens te gebruiken om bijvoorbeeld mechanische arbeid
te verrichten. Dit alles is in strikte tegenspraak met de 2e hoofdwet van de ther-
modynamica, die Carnot impliciet al beschreef maar in 1854 exacter verwoord werd
door Clausius: Es gibt keine periodisch arbeitende funktionierende Maschine, die
nichts anderes tut, als Wärme in mechanische Arbeit zu verwandeln.

Het probleem blijkt bij de duivelse poortwachter te liggen. Zelfs een maximaal
efficiënt werkende poortwachter houdt bij al dat geregel aan de poort niet oneindig
lang het hoofd koel, en staat daardoor warmte af aan zijn omgeving. Bij het tot-
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standkomen van elk besluit om de poort wel of niet open te zetten blijkt het voor
de poortwachter namelijk fysisch noodzakelijk te zijn om een minimale hoeveelheid
energie te verbruiken teneinde zichzelf alert te houden. Om zijn of haar energievoor-
raad vervolgens op pijl te houden rest de poortwachter geen andere keus dan af en
toe wat nieuwe energie in te slaan, bijvoorbeeld door te eten. Dit laatste aspect
zorgt ervoor dat de 2e hoofdwet behouden blijft.

De beperking die de 2e hoofdwet legt op Maxwell’s demon is universeel. De
hoeveelheid wanorde, of entropie, moet namelijk globaal altijd blijven toenemen. De
enige manier om toch ergens orde te scheppen is door het creëren van extra wanorde
ergens anders, bijvoorbeeld door het omzetten van chemische energie in warmte. De
‘wisselkoers’ tussen energie en orde is wat we kennen als temperatuur. Zo kunnen
we bijvoorbeeld uitrekenen dat er bij een taak zoals het alfabetisch rangschikken van
een significante verzameling boeken of artikelen minimaal een energie van ongeveer
10−18 Joule verstookt moet worden in onze hersenen. Dit is uiteraard een erg kleine
hoeveelheid energie, die bovendien veel kleiner is dan wat er in werkelijkheid ver-
bruikt zal worden, maar deze is niet gelijk aan nul.

De hoeveelheid energie die als ruilmiddel kan worden ingezet voor het plaat-
selijk aanbrengen van orde blijkt over het algemeen dus erg klein te zijn voor relatief
kleine verzamelingen die we in alledaagse leven tegenkomen, maar kan aanzienlijk
worden bij gebeurtenissen waar ontzettend veel objecten of deeltjes bij betrokken
zijn. Dit zijn met name processen die zich afspelen op een moleculaire schaal. Het
is bovendien ook mogelijk de energie weer terug te winnen op het moment dat de
wanorde weer hersteld wordt.

De bovenstaande analyse is ook toe te passen op de waterkringloop op aarde.
Overal waar zeewater verdampt, om later regenwater te vormen dat rivieren van wa-
ter voorziet, zal het zout achterblijven in de zee. Om zoet water te maken heeft men
dus het zoute water van het zoete water moeten scheiden, wat orde schept en dus
netto een beetje energie kost. Bij riviermondingen, waar de wanorde weer vergroot
wordt, is er noodzakelijkerwijs energie te winnen. Aangezien er zich ontzettend veel
zoutionen meer bevinden in een liter zeewater dan in een liter rivierwater kan deze
hoeveelheid energie aardig oplopen. Voor een liter rivierwater die wordt gemengd
met zeewater is dat al gauw meer dan 1000 Joule. De hoeveelheid energie die te
winnen is uit de rivier is daarmee gelijk aan dat van een waterval met meer dan
100 meter hoogteverschil. Het winnen van deze energie gaat echter niet vanzelf.
Normaal gesproken gaat het dan ook verloren in de riviermonding.

In dit proefschrift hebben we een recentelijk ontwikkelde methode onderzocht om
deze energie te winnen. Belangrijk hiervoor is dat opgelost zout bestaat uit posi-
tieve ionen en negatieve ionen. Door een paar (+ & -) poreuze koolstofelektroden
op te laden terwijl deze ondergedompeld zijn in zeewater worden deze zoutionen
gevangen in het elektrisch veld van de elektroden, waarna ze even later weer worden
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vrijgelaten in zoet water door de elektroden daarin te ontladen. Met dit cyclische
proces houdt men telkens wat energie over. Deze methode is nog maar enkele jaren
oud en wordt deze momenteel experimenteel onderzocht bij ‘Wetsus’ in Leeuwarden.

Belangrijk in onze analyse is een relatie tussen de spanning over de elektroden
en de hoeveelheid lading die er naartoe getransporteerd is. Zouden er geen ionen
aanwezig zijn dan zou dit een eenvoudige relatie zijn; we kunnen in dit geval volstaan
met Poisson’s beschrijving van het elektrisch veld rondom geladen objecten. De aan-
wezigheid van ionen maakt het een en ander wat complexer, zo wordt de spanning
ook afhankelijk van de zoutconcentratie. Het mechanisme achter de beschreven vorm
van ‘blue energy’ is dan ook dat tijdens het laden de spanning over de elektroden
laag blijft als gevolg van het neutraliserende effect van de tegenovergesteld geladen
ionen in het zeewater. Het ontladen gaat gepaard met extra vermogen aangezien in
zoet water het neutraliserende effect veel minder is. Geïnspireerd door dit principe,
beschrijven we in hoofdstuk 3 een cyclisch proces waarbij theoretisch gezien alle
energie uit het mengen geëxtraheerd kan worden.

De concentratie van ionen in de nabijheid van de electroden kan tot op zekere
hoogte worden beschreven door de statistische wetten van Boltzmann in combinatie
met Poisson’s beschrijving van de elektrostatische interactie tussen geladen objecten,
deze gecombineerde theorie staat bekend als de Poisson-Boltzmann vergelijking en
kan gezien worden als de rode draad in dit proefschrift. Wat we verwachten, namelijk
dat positieve ionen zich niet graag in de omgeving bevinden van de positieve elek-
trode, en negatieve ionen juist wel, wordt met de Poisson-Boltzmann vergelijking
kwantitatief gemaakt.

Het grootste deel van het proefschrift beschrijft echter de elektrostatische eigen-
schappen van microscopisch kleine deeltjes in vloeistoffen. Deze deeltjes worden
colloïden genoemd. Hun karakteristieke grootte, tussen enkele nanometers en een
micrometer in, maakt dat ze een stuk groter zijn dan de moleculen waaruit de
vloeistof is opgebouwd, maar klein genoeg om niet (snel) te bezinken in de vloeistof.
Deze deeltjes hebben vaak een significante elektrostatische lading omdat ze ionen
uitwisselen met de omringende vloeistof. De klassieke theorie die onder andere de
elektrostatische krachten beschrijft tussen colloïden is in de jaren ’40 van de 20e
eeuw geformuleerd door zowel de Russische wetenschappers Derjaguin en Landau
als de Nederlanders Verwey en Overbeek. Het betreft de interactie tussen homogeen
geladen colloïdale bollen in een vloeistof waarin ionen aanwezig zijn. DLVO-theorie
houdt er rekening mee dat ionen met tegengestelde lading zich als een atmosfeer
rondom de colloïden verzamelen. Colloïden die elkaar naderen, voelen daardoor een
verminderde afstoting. De atmosfeer met tegengestelde lading reduceert de netto
lading van een colloïde namelijk aanzienlijk.

In dit proefschrift hebben we deze beschrijving van de elektrostatica enigszins
uit proberen te breiden naar de colloïden die vandaag de dag belangstelling gekre-
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gen hebben, namelijk die met een inhomogene verdeling van lading over hun opper-
vlak. Metingen hebben namelijk laten zien dat veel colloïdale oppervlakken eigenlijk
helemaal niet homogeen geladen zijn. Daarnaast is het ook steeds beter mogelijk
geworden om gecontroleerd deeltjes te maken met allerlei oppervlaktestructuren,
bijvoorbeeld deeltjes met een positief geladen bovenkant en een negatief geladen
onderkant. De aanname is dat deze nieuwe colloïden eigenschappen hebben die
nog niet zijn waargenomen voor de deeltjes die we al kennen, bijvoorbeeld dat ze
zich kunnen organiseren in nog niet eerder waargenomen structuren.
Een analyse waarbij zowel de ladingsverdeling als het bijbehorende elektrisch veld

Figuur 10.1: De ladingsverdeling van een willekeurig deeltje kan geschreven worden als
een oneindige som van elementaire ladingsconfiguraties.

geschreven wordt als een som van een klassieke monopool, dipool, quadrupool, en
hogere orde ladingsconfiguraties (polen), zoals geschetst voor de lading in Fig. 10.1,
blijkt effectief te zijn om elektrostatische interacties uit te rekenen tussen dit soort
colloïden, aangezien vaak alleen de lagere ordes van belang zijn. In hoofdstuk 6 is
daarnaast ook te zien dat er bij hooggeladen colloïden koppelingen ontstaan tussen
de verschillende polen, wat ook invloed zal hebben op de totale interactie tussen de
colloïden.

In hoofdstukken 7, 8, en 9 is het ladingsmechanisme van de colloïden zelf tegen
het licht gehouden. We nemen aan dat de lading een dynamische grootheid is,
dat wil zeggen dat deze verandert in de nabijheid van andere colloïden. Dit effect
staat bekend als ladingsregulatie. Het blijkt dat als we deze aanname doen het
gebied waarin de colloïden een gerangschikte structuur vormen een stuk groter
wordt. Ook blijkt er zich in het geval van identieke, maar inhomogeen geladen
colloïden een netto aantrekkende kracht te kunnen ontwikkelen die geïnduceerd
wordt door ladingsregulatie.



Dankwoord
De werkdagen van een promovendus kunnen soms druk zijn maar de sfeer is meestal
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