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ABSTRACT

In this paper, the global characteristics of a polar ice sheet are investigated. When looking at a
drainage system as a whole, conservation of heat yields a very simple functional relation.
Coupling this relation to an equation describing the large-scale dynamics of a drainage system
makes it possible to study the feedback of thermodynamics on the ice-mass discharge.

It is found that the temperature-ice flow feedback (including the effect of basal meltwater) can
give rise to bifurcation. For certain combinations of air temperature and mass balance, two
stable flow regimes are possible for a polar ice sheet: fast flow, with high basal temperatures and
slow flow, with low basal temperatures. Basal melting is strongly reduced when the
accumulation rate increases. Thus a polar drainage system can be brought into the fast flow
regime (with meltwater present) by reducing the mass balance, or by increasing the air
temperature.

The calculation of the global heat budget is also applied to flow lines of the antarctic ice
sheet. For the flow line into the Ross Sea we find that at present a large imbalance exists. It
seems that the ice sheet is cooling here, and consequently, building up.

1. Introduction
In ice-sheet dynamics, the interaction between

ice flow and temperature plays an important role.
For a 10 K temperature change, strain rates, for a
given stress, change by an order of magnitude.
Production of basal water may have an even more
dramatic effect on ice-mass discharge, and has
sometimes been put forward as an explanation for
surging of glaciers (Weertman, 1969; Budd, 1975;
among many others).

Since frictional heating increases with strain rate,
and the strain rate increases with temperature, a
potential instability exists: under suitable con-
ditions creep instability may occur in which the
/higher temperature larger strain rate increas-
ing dissipation -/ feedback creates a runaway
situation. Basal melting and subsequent sliding
form a similar mechanism: frictional heating due to
sliding increases the production of meltwater.

To see whether in reality conditions can be such
that either creep instability or sliding instability
may occur, it is necessary to solve the equations
governing ice-flow mechanics together with the

thermodynamic equation. To do this for the most
general situation is difficult because the set of
equations to be solved is highly nonlinear. Approxi-
mate methods have thus to be used. Recent
attempts to study the possibility of creep instability
were made by Clarke et at. (1977) and Schubert
and Yuen (1982). Their approach is local in the
sense that ice velocity and temperature are cal-
culated as a function of ice depth only, and that
quantities involving horizontal derivatives (shear
stress, horizontal advection of heat) are at best
prescribed. Although such studies give valuable,
insight into the basic mechanisms at work, they
cannot give an answer as to whether an ice sheet
can for instance have two stable states (rapid flow,
warm ice / slow flow, cold ice). This is clear when
one realizes that a local increase in temperature,
strain rate and thus ice-mass discharge immediately
tends to reduce the shear stress and to increase the
advection of cold ice. The strength of these
stabilizing factors has to be known before some-
thing can be concluded about the possibility of
multiple steady states for large ice sheets.
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Another approach is to simplify the governing
equations while horizontal distance is retained as an
independent variable. Jenssen (1977) developed a
fully 3-dimensional model including the feedback of
temperature field and ice flow. However, his model
is too expensive (large processor times) to study the
possibility of multiple steady states or cyclic
behaviour. One of the authors (Oerlemans, 1983)
used a 2-dimensional model in which the vertical
temperature profile was expanded in a Taylor series
(spectral method). Such a procedure leads to a
much larger computational efficiency, while retain-
ing the characteristic features of the temperature
distribution.

In the various approaches, the real difficulty lies
in the advection term (the first term on the
right-hand side) in the heat equation
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Here B is the ice temperature, t time, V 3-
dimensional velocity, u thermal diffusivity, Q
frictional heating, p ice density and c specific heat.
In view of this, and the fact that frictional heating
should be equal to the release of potential energy by
downward motion (the kinetic energy is negligible
compared to the potential energy), calculations
become much more simple, and not necessarily less
accurate, when one considers the total heat budget
of an ice sheet. When geothermal heat flux, mean
mass balance, surface temperature and ice thickness
are known, the mean temperature Te of the ice leav-
ing the ice sheet at the edges can be calculated from
the heat balance. Coupling this temperature to the
global flow parameter of the ice sheet then makes it
possible to study the occurrence of multiple steady
states.

In this paper, we try to formulate these ideas.
First we show how the total heat budget is

composed and how Te can be calculated. Then we
couple the heat budget to a simple model describing
ice thickness as dependent on mass balance and
global flow parameter, and investigate the bifur-
cation properties of the resulting equations. It will
turn out that this approach, which takes implicitly
into account the effect of increasing ice-mass
discharge on the shear stress, confirms the idea that
for a large ice sheet, two distinct flow regimes are
thermodynamically possible.

2. The total heat budget

Measured temperature profiles (e.g. Paterson,
1982) show that in the areas of an ice sheet where
no melting occurs, the vertical temperature gradient
in the upper ice layers is very small. This means
that for polar ice sheets, hardly subject to melting
anywhere, the diffusive heat transfer to the at-
mosphere may be neglected. When the ice sheet is
in thermal equilibrium, the strain heating and the
geothermal heat flux entering the ice at the base
must be balanced by advection of heat through
calving at the ice-sheet edge and snow accumu-
lation at the surface. First we consider the case in
which meltwater is not formed.

Consider a model drainage system with a typical
length L and mean thickness H. If G is the
geothermal heat flux, the heat input at the base of
the ice sheet is

Qg = LG. (2)

The other process by which the ice sheet gains heat
is dissipative heating. Since ice velocities are
generally very small, the kinetic energy associated
with ice flow is several orders of magnitude smaller
than the potential energy. Conservation of energy
then implies that the total dissipation must be equal
to the loss of potential energy by downward
motion. If M is the average mass balance, the total
accumulation of ice at the surface is ML. In a
steady state, this amount must be lost at the edge of
the sheet so that the release of potential energy (per
unit width) becomes

Qd = pgMLH. (3)

Loss of heat takes place through advection which is
made up of two parts. First the heat input at the
surface is

Qa=PCML(TS-T), (4)

where T is the mean temperature of the ice sheet
and T, the mean surface temperature. Under
steady-state conditions, the loss of heat due to
calving at the edge of the sheet is

Qe = -PCML(Te - T). (5)

In the equation, Te is a characteristic temperature
of the ice leaving the ice sheet in the form of
icebergs. Note that with the definitions given above,
Q. and Qe will generally be negative since both
terms represent loss of heat due to advection.
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230 C. J. VAN DER VEEN AND J. OERLEMANS

Thermal equilibrium is now expressed by

Qg+Qd+Qa+Qe=L{G+pcM(Ts-T,)}
+ pgMLH = 0.

This equation enables us to calculate Te when the
ice thickness H, the length scale of the drainage
system L and the average mass balance M are
known. The surface temperature follows from the
temperature at sea level Tar and the lapse rate y
(taken independent of height)

Ts=Tar - yH.

However, the problem is not fully described without
an equation relating the ice thickness to the mass
balance. In other words, besides the ther-
modynamic equation, an equation describing the
large-scale dynamics of the drainage system is
required.

3. Large-scale ice-sheet dynamics

To arrive at an equation for the rate of change of
mean ice thickness, we start by considering
vertically-integrated ice flow. Nye (1959) proposed
the following relation between basal shear stress rb
and mean horizontal ice velocity u

u = Aib. (8)

This expression is based on the fact that most of the
velocity shear is found in the lower layers, so that
with regard to ice-mass discharge, there is not
much difference between internal deformation and
basal sliding. The constants A and m are the flow
parameters, determined by crystal structure, pre-
sence of impurities, ice temperature, basal water,
bedrock shape, etc.

When normal stresses are small, the basal shear
stress equals (e.g. Budd, 1971)

rb= -pgZa, (9)

where a is the surface slope and Z the ice thickness,
The system is closed by the vertically-integrated
continuity equation, which reads (M'(x) is the
mass balance)

az a

at = ax
(Zu) + M'(x).

Inserting eqs. (8) and (9) in (10), assuming a flat
bedrock (so that a = OZ/ax), and inserting typical

quantities (Sx L; Z = H; M' = M) then yields a
"zero-dimensional" ice-sheet model (C = A(pg)m)

dH H2m+t

dt
=-C

Lm+t
+M.(6)

In case of equilibrium, a balance exists between
ice-mass discharge and accumulation. The equilib-
rium state is found by putting dH/dt = 0, yielding

H = (MLm+1)r/(2m+1)C-V(2m+i) (12)

Since m _ 3, the ice thickness depends rather
weakly on the mass balance and flow parameter
(see also Paterson, 1982, chapter 9). Nevertheless,
this dependence may lead to interesting behaviour,
as we will see later.

By combining eqs. (6) and (12) we are now able
to calculate the heat budget of a drainage system as
a function of the environmental conditions
(L,M,Ta(r). At this point, we still keep the flow
parameter C fixed. Fig. 1 gives an example. The
heat budget is shown for a 1000 km long drainage
basin as a function of the accumulation rate M.
Sea-level temperature Ta)r was set to 250 K with a
lapse rate of 9 K km-1, and flow parameters used
are m = 3 and C = 1 m-2 yr^'. To obtain the
contribution of each term to the mean ice tem-
perature, all terms were divided by the total heat
capacity pcV (which itself increases slightly with M
since H depends on the mass balance).

Fig. I shows that the geothermal heat is only
important when accumulation rates are low. For
values of M larger than about 0.3 in ice depth per
year, the strain heating is closely balanced by the
advective loss of heat. Corresponding values of T,
and Te are shown in Fig. 2. Since the surface
temperature decreases linearly with ice thickness,
the Ts curve directly reflects changes in H. It
should be noted that an increase in Tair causes an
equal increase in Ta and T1. For low values of M
(less than 0.2 m yr°') the temperature of the ice
leaving the drainage basin is very sensitive to
changes in the accumulation rate: when M
increases slightly Te drops rapidly. This can be
interpreted by considering the residence time of ice
in the ice sheet. When the accumulation rate
becomes larger, ice velocities also increase, so the
residence time decreases. This implies than an ice
column can be heated by strain heating and
geothermal heat flux during a shorter period. The
residence time is proportional to M-617 while the
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4. How temperature-dependent flow leads
to bifurcation

As shown by Clarke et al. (1977), the feedback
between temperature and ice flow can give rise to
bifurcation. Under suitable conditions, more than
one stable equilibrium flow regime becomes a
possibility. To show in a general way how feedback
between ice temperature and flow parameter may
lead to multiple equilibria for a drainage system, we
carry out a schematic analysis (note again that we
include the effect of changing ice-mass discharge
on the ice thickness, and thus on the characteristic
shear stress).

First we define a reference state Ho, CO, TO,
assumed to be stationary. Taking m = 3 we have
for the ice thickness

T /

C,

-5

0 0.5
M (M/YR)

10

Fig. 1. Contributions to the heat budget of an ice sheet
(L = 1000 km) from dissipation (dotted line), geothermal
heat flux (dashed line) and the heat transport by
advection (solid line).

260,

Ha=CoIi7MvI L4/7(13)
We now write the dependent variables as H = Ho +
H', C = Co + C' and Te = Te0 + T'. The mass
balance is kept fixed. Since H now only varies due
to changes in the flow parameter C, we have

t9H
H' =

ac
C' = -,uC',

0

(14)

where

Y 240-1

220

TS

0.5 1.0

M (M/YR)

Fig. 2. Surface temperature (T,) and the temperature of
the ice leaving the sheet at the edge (Te) versus
ice-accumulation rate, corresponding to the heat budget
shown in Fig. 1.

strain heating is proportional to Ms". Thus, for low
values of the accumulation rate, the decrease of the
residence time for a small increase of M has a
stronger effect than the increase of the strain
heating.

1 Ho
(15)

When the ice sheet is in thermal equilibrium, eq. (6)
holds and, after subtracting the reference tem-
perature, it follows that

T.'=-rH', r=, 9
(16)

C

At this point, we have to introduce the
temperature-ice flow feedback. The simplest func-
tional form which expresses that C depends on
temperature, and is bounded on both sides, is

C = Co + k arctan (aTe). (17)

Here k and a are constants, Thus, obviously the
reference state is chosen in such a way that the
temperature-dependence of C reaches a maximum.
According to (17), the flow parameter depends on
the ice temperature at the edge of the drainage
system. This is in fact the only possibility with the
present model. We believe that this is a reasonable
assumption when looking at steady states.
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For small values of aTe, C' can be approxi-
mated by

a3
C' = k aTe -

3
Tea

Inserting eqs. (16) and (18) in (15) now yields

H'3+aH'=0,

(18)

l 3 l
a= (--ark }

la
1-3 k}. (19)

3

The solutions

Jfor

lH' thus are H' = 0 (the reference
state) and H' _ ±V-a, provided a < 0.

In Fig. 3 the solutions are sketched. The
bifurcation occurs at a = 0. Since a, k, p and F (a
typical value is 4 K km-1) are positive quantities,
multiple equilibria only occur when F is larger than
(pak)-l. So the possibility of two stable flow
regimes of a drainage system increases with
increasing strength of the temperature-ice flow
feedback (ak), increasing dependency of the ice
thickness on the flow parameter (p) and increasing
temperature lapse rate in the atmosphere (r).

In reality 8C/8T will be largest when the basal
temperature is in the vicinity of the melting point,

because the sliding-no sliding transition is reflected
strongly in the value of C, of course. To investigate
this somewhat further, we now turn to a more
precise numerical calculation in which the flow
parameter and the heat budget depend on the
production of meltwater.

5. The effect of meltwater production

Denoting the rate at which meltwater is formed
by W, the global flow parameter is written as

C ' = C, arctan (CZ W) if W > 0,
C'=0 if W<0. (20)

(Note that the effect of temperature on the flow
parameter is not taken into account in this section.)
Meltwater is formed when the temperature of the
ice leaving the drainage system arises above the
melt temperature T. (or Tm - 0, where 8 could be
given some value to take into account a prescribed
temperature difference between mean basal tem-
perature and temperature at the edge). From eq. (6)
it follows immediately that

C
W=-M(Te-Tm),

Cm

H'

0

0 -a

Fig. 3. Steady states of the global ice-sheet model as a
function of the bifurcation parameter a (see text for its
meaning). The full lines represent stable steady states and
the dashed line the unstable steady state (scales are
arbitrary).

(21)

where cm is the specific latent heat of fusion (335 kJ
kg-') A typical value of W is a few mm yr-

The dependence of C on W for some values of
C2 is shown in Fig. 4. In sensitivity experiments we
carried out it appeared that C2 hardly affects the
occurrence of bifurcation or the equilibrium values
of H and Te, unless C2 is very small. Therefore the
experiments discussed here are all for C2 = 10' yr
m-1.

0.0 0.30.1 0.2

(CM/YR)

Fig. 4. Dependence of the flow parameter on the rate of
meltwater production. Values used for C2 are 103 (curve
a), 10' (curve b) and 103 yr m-' (curve c).
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GLOBAL THERMODYNAMICS OF A POLAR ICE SHEET

With 0 = 0 (for simplicity), the ice sheet comes
into the attractor basin of the fast mode (small
mean ice thickness with basal water) when Te =
Tm. With eqs. (6) and (12), this condition can be
expressed in terms of Te,r and M, giving the upper
curve of Fig. 5. However, further calculations have
to be done numerically. Equilibria are found by
integrating eq. (11) until the solution becomes
steady, using eqs. (6), (20) and (21) at each time step
to calculate the flow parameter C. Stable equilibria
are found by using a positive time step, unstable
equilibria by using a negative one (i.e. integrating
back in time, which changes a repellor into an
attractor).

According to Weertman (1969), the flow
Parameter C increases by about a factor 10 when
sufficient meltwater is present. Thus with Co = 1

m-2 yr ', C, should have a value of about 7 m-2

yr-'. Fig. 5 shows for which combinations of Ta1r
and M bifurcation then occurs. For very small
accumulation rates, the drainage basin is always in
the fast mode unless the air temperature at sea level
is very low. For larger values of M, the temperature
range in which multiple equilibria occur is very
small (2-3 K). When Te,r - Tm is too large, there is
always meltwater present while for low values of
e,, the ice sheet becomes so thick and cold that all
meltwater present eventually refreezes.

Fig. 6 shows the calculated ice thickness as a
function of the flow parameter C for T8i, - Tm =

151

0

E

-15

COLD BASE,
SLOW MODE

00 0.5

M )M/YR)

10

Fig. 5. Possible regimes of an ice sheet as a function of
the air temperature at sea level and the mass balance.
The upper curve represents ice sheets for which Te = Tm.
The shaded area indicates where multiple equilibria
occur.

WARM BASE,
FAST MODE
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3.5 K and M = 0.2 m yr-1. In this case the slow
mode always represents a stable equilibrium, i.e. a
large ice thickness without meltwater at the base.
Obviously, since W = 0, this solution is indepen-
dent of the choice of C, and follows immediately
from (12). When C, becomes large enough, three
steady states occur, two of which are stable and the
middle one unstable. The difference in ice thickness
between the stable steady states is typically 600 m
for a drainage basin with a "length" of 1000 km.

The analysis presented here is admittedly very
global. Nevertheless we believe that it is important
to demonstrate that multiple equilibrium states are
possible while satisfying the conservation of heat
for the drainage system. However, according to
Fig. 5, the width of the temperature range with
multiple equilibria is rather small. Comparing the
results of the present global approach with more
detailed calculations with a 2-dimensional model
(Oerlemans, 1983) shows a satisfactory agreement.

Maybe the most important common result is that
an increase in mass balance strongly reduces the
possibility of extensive basal melting. Apparently
the associated increase in dissipation cannot
counteract the increase in advection of cold ice (or,
in other words, the decrease in mean residence time
of ice in the sheet). This is in contradiction to

2.5-1

2.0-

1.5-i

1.0
0 5 10 15

Cl (YR 1 M-2)

Fig. 6. Steady-state ice thickness as a function of the
flow parameter C,. Stable solutions are indicated by full
lines; the dashed line gives the unstable steady state.
Values used are: Te,r - Tm = 3.5 K, M = 0.2 m yr ', Co
= 10° yr m-' and L = 1000 km.
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studies which do not consider the total heat budget
(e.g. Budd and McInnes, 1979). According to our
results, the most efficient way to bring a drainage
system of a polar ice sheet (which has a low
accumulation anyway) into the fast flow regime is
by reducing the mass balance.

6. A calculation on the antarctic ice sheet

The principle used in the foregoing theoretical
considerations can of course also be applied to real
ice sheets. We selected four flow lines on the
antarctic ice sheet (see Fig. 7), and calculated the
various terms in the heat budget with the
assumption that steady-state conditions prevail. All
data were taken from the Atlas Antarktikii
(1966), and the geothermal heat flux was set to
0.054 W in-' (the estimated value for Antarctica,
e.g. Turcotte and Schubert, 1982).

W w

Fig. 7. Surface elevation contours on antarctica (con-
tour interval is 1 km) and the four flow lines along which
the total heat budget has been calculated.

The heat budget terms were calculated from

Qd = Pg f s
M(h - he) dS, (22)

Qa+Qe=PCfsM(Ts-Te)dS, (23)

Qg = LG. (24)

S is the flow-line path, L the length of the flow line,
It surface elevation and he mean height (above sea
level) at which the ice leaves the ice sheet (at the
grounding line). Note that M now depends on
position.

Apart from the assumption of stationarity, eqs.
(22)-(24) are exact, and errors only arise from
errors in the input data. The results obtained for the
flow lines are summarized in Table 1, which shows
length of the flow line, mean ice thickness, height at

columns give the mean ice temperature at the
grounding line, and the basal ice temperature at the
grounding line T. The latter is obtained from Te
by extrapolating from the middle of the ice column

which the ice flows into the ice shelf (or calves to
form icebergs), mean mass balance, the compo-
nents of the heat budget (geothermal heat Qg,
advection Qa + Qe, dissipation Qd). The last two

with a temperature gradient of 20 K km-1.
Except for flow line B, values of Te are low. The

results suggest that only for flow line B does basal
melting up to the grounding line occur. For flow
line A, the result predicts that, contrary to field
evidence, basal melting at the grounding line does
not occur (unless the basal temperature gradient
would be as large as 50 or 60 K km-). We
therefore conclude that the drainage system
characterized by flow line A is far from equilib-
rium. The only way in which conservation of heat
can be satisfied for this flow line is by reducing

eli wi ce mass discharge a the grounding ne. Sosc t

Table 1. Components of the total heat budget along the four flow lines shown in Fig. 7, together with the
length of the flow lines (L), their mean surface elevation (h), the elevation at which the ice flows into the
ice shelf (he) and the mean mass balance (M). The last two columns give the temperature of the ice leaving
the sheet at the groundingline (Te) and the basal ice temperature at the groundingline (Te)

Flow L h M Qg Q. + Qe Qd Te T,'
line (km) (m) (m yr ') (10°Wm-') (104Wm1) (104Wm1) (K) (K)

A 1000 -300 0.18 5.4 -13.0 7.6 254 260
B 550 -750 0.23 3.0 -10.2 7.2 258 273
C 1600 0 0.10 8.6 -20.9 12.3 255 255
D 1200 -200 0.18 6.5 -15.5 9.0 257 261

W OBE

Q. + Qe = Pc f, M(T,

fff
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suspect that, this part of the west antarctic ice sheet
is growing and cooling, i.e. presently undergoes a
transition from the warm-base to the cold-base
mode.

7. Concluding remarks

In this paper, we have presented a simple
approach to study the total heat budget of a
drainage system. Since, in a steady state, the
contributions from advection and dissipation take a
very simple form, it turns out that the ice
temperature at the edge can be easily calculated.

By adding a relation between ice thickness and
global flow parameter, it is demonstrated that for a
(small) range of environmental temperature, the
occurrence of two stable flow regimes is thermo-
dynamically consistent. The important point in the
analysis is that the effect of changing ice-mass
discharge on the ice thickness (and thus on the
basal shear stress) is taken into account.

In Section 6 we applied the principle of the
global heat budget to flow lines of the antarctic ice
sheet, and arrived at the conclusion that only the
flow line into the Weddell Sea is subject to basal
melting, that is, under the assumption of station-
arity. Given the strong field evidence for an
essentially sliding ice flow into the Ross Sea, we
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found that this part of the west antarctic ice sheet is
actually building up.

Although we realize that the dynamics of a
drainage basin with irregular bedrock topography
is complicated, we feel that looking at the total heat
budget is a more powerful tool than is generally
thought. In particular, the estimate of the dis-
sipation is simple but accurate.

Further work along the line presented here is
very well possible. The model could be made
time-dependent, thus giving the possibility of
studying cyclic behaviour. In this case, it seems
necessary, however, to incorporate a relation
between ice-edge temperature and mean basal ice
temperature ( which may then vary considerably).
Here the aid of more detailed models would
obviously be needed. Another interesting extension
would be to calculate the heat budget of all
antarctic drainage systems. The results of such a
study can probably tell more about the coming
evolution of the antarctic ice sheet than velocity
measurements do.
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