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We review stochastic descriptions of the dynamics of colloidal particles, 
suspended in a liquid, which interact both directly and hydrodynamically. 
The equivalence of approaches based on Smoluchowski and Langevin equa- 
tions is established. Particular attention is paid to the It6 and Stratonovich 
interpretations of stochastic differential equations with multiplicative noise. 
The short time behaviour of the correlation between two functions of particle 
position is discussed in some detail and compared with that found for a 
simple liquid. Finally the non-gaussian statistical properties of particle dis- 
placement are considered in the presence and absence of hydrodynamic 
interactions. 

1. INTRODUCTION 

There has been considerable interest in recent years in the proper theoretical 
description of the diffusive motions of colloidal particles suspended in a liquid at 
concentrations where the interparticle interactions, both direct and hydrody-  
namic, play an important role. Approaches based on Langevin and Smoluchowski 
equations have been used and there has been some discussion concerning the 
relationships between these various treatments. It does not appear to have pen- 
etrated fully the literature on particle suspensions that many of these questions 
have been extensively discussed and largely resolved in the literature on the 
theory of noise and stochastic processes. 

In this paper we will concentrate on the Smoluchowski equation (i.e. the 
Fokker-Planck equation in co-ordinate space), which describes the evolution in 
time of the probability distribution of the particle positions, and the coupled 
Langevin equations which essentially generate trajectories of the particles. I f  
hydrodynamic interactions are neglected the equivalence of these two approaches 
appears to be well established. However when hydrodynamic interactions are 
considered the Langevin equations are stochastic differential equations with 
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multiplicative noise which, standing alone, are ambiguous or even meaningless, 
unless supplemented by an interpretative calculus such as those of It6 and Stra- 
tonovich. While these considerations are not completely absent in the suspension 
literature there appears to be no clear s tatement of their importance.  

T h u s  this paper  has several aims: firstly to clarify the issues involved and to 
emphasize the equivalence of the Smoluchowski and Langevin approaches;  sec- 
ondly to point out that hydrodynamic  interactions in a particle suspension 
provide an important  physical example of stochastic differential equations with 
multiplicative noise. A subsidiary aim is to demonstrate  using both approaches 
the mechanics of the calculation of some dynamical propert ies of a particle sus- 
pension. One might  question the value of pursuing different but  equivalent theo- 
retical methods.  T h e  advantage of the Smoluchowski  equation is that it can be 
derived by an appealing and direct thermodynamic  argument .  An important  
reason for considering Langevin equations is that they provide the algorithm used 
in the growing field of brownian dynamics computer  simulations. Fur thermore  
calculations based on the Langevin approach are possibly more  physically trans- 
parent.  Also, for the calculations presented here as examples,  namely short- t ime 
propert ies  of the suspension, both  approaches have been used. 

Crucial to the validity of the Smoluchowski description of brownian motion in 
a particle suspension is the existence of a separation of timecales. Consider first an 
isolated particle (as in a very dilute suspension). Brownian motion of the particle 
is, of course, the result of the thermal  agitation of the liquid molecules which 
cause the particle 's velocity to fluctuate rapidly in magni tude and direction. The  
typical duration zn of such a velocity fluctuation is roughly the rat io,  m/(6~rla), of 
the particle 's  mass m to its friction factor (q is the viscosity of the liquid and a is 
the radius of the particle). For  particles less than about one micron in size this 
t ime is typically less than one microsecond. Simple calculations show that in the 
t ime zB such a brownian particle moves  a distance equal to only a very small 
fraction of its radius. In other words fluctuations in the particle 's  velocity relax on 
a timescale over which the particle hardly moves.  Then,  as is well known, the 
motion of the particle over times much  longer than ~ can be described in terms 
of a pure diffusion or random-walk  process with mean-square  displacement 
increasing linearly with time. 

In a concentrated suspension, in which interparticle interactions are impor-  
tant, thermal  agitations of the liquid still cause rapid fluctuations in the velocities 
of the individual particles. Fur the rmore  fluctuations in the velocities of different 
particles become correlated through hydrodynamic  interactions. Nevertheless we 
still expect that in a typical suspension the auto and cross correlations of  the 
particle velocities created by the liquid agitation will decay over a t ime compara-  
ble to zB during which the posi t ions of the particles barely change. On a longer 
timescale, however, the particles will move significantly, the posi t ion-dependent  
forces between the particles will change as will their configurat ion-dependent  
hydrodynamic  couplings. 

Many  experimental  techniques, such as dynamic light scattering, are sensitive 
only to changes in the positions of the particles. Therefore  a theoretical f rame- 
work for interpreting such measurements  only needs to describe accurately pro-  
cesses occurring over times much  greater than zB. T h e  Smoluchowski and 
overdamped Langevin equations are two such descriptions in which the rapid 
(<zB) processes are treated in a coarse-grained stochastic (or diffusive) manner ,  
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whereas changes in spatial configuration are treated explicitly. Thus ,  as has been 
emphasized previously, these descriptions are designed to be valid for times 

>> ZB but comparable to Tl, the t ime required for a significant change in the 
spatial configuration of the particles. 

In w 2 we discuss the Langevin and Smoluchowski equations whereas w 3 deals 
with calculations of the short t ime propert ies of a particle suspension. A general 
discussion and a more  complete summary  are given in w 4. 

2. SMOLUCHOWSKI AND LANGEVIN EQUATIONS 

As outlined in the Introduct ion much  of the discussion of the dynamics of 
interacting brownian particles in suspension is couched in terms of the probabil i ty 
that the particles adopt a given configuration at a given time. A formal develop- 
ment  of an equation of motion for this p robabi l i ty - - the  so-called Kramer s -Moya l  
expansion---can be undertaken [1]. A more physically motivated equa t ion- - the  
many  particle Smoluchowski equa t ion- -was  obtained [2] by generalizing the 
classic approach of Einstein [3]. T h e  terms arising in the Smoluchowski equation 
can be identified with a subset of those in the general Kramer s -Moya l  expansion. 
A discussion of the Langevin equations or Stochastic Differential Equations 
(SDE) which are statistically equivalent to the Smoluchowski equation is then 
possible. Th is  is relatively straightforward in the case in which the brownian 
fluctuations in different particles'  positions can be taken to be uncorrelated. In 
physical terms this corresponds to the neglect of hydrodynamic  interaction or 
solvent t ransmit ted coupling of the particles'  motion. The  analogous description 
of the dynamics of particles in a suspension in which the hydrodynamic  inter- 
action cannot be neglected and the brownian fluctuations in the particles'  posi- 
tions depend on their configuration is not straightforward and requires more care. 
The  formal description of such processes is well documented in the literature on 
noise and stochastic processes [4-7] ;  the insights afforded by this work allow us 
to demonstrate  the consistency of several apparently different, Langevin treat- 
ments  of suspension dynamics which have appeared in recent years [2, 8-11].  In 
carrying through the p rogramme we have just outlined we also perform the useful 
pedagogical exercise of outlining the theory of SDE in a context in which their 
physical interpretation is familiar, and in which the principal results of the theory 
have already found practical application. 

The  temporal  evolution of P ( t  N, t), the probabil i ty that the N particles in the 
suspension adopt the configuration t s ({rl, r 2 . . . . .  ran}, their cartesian co- 
ordinates) at t ime t, can be described by the master  equation [12] 

P(r N, t + At) = f P ( r  N - A N, t)W(r N - A N, A N, At) dA N. (2.1) 

This  embodies  the assumption that a description in te rms of the particles posi- 
tions is sufficiently complete on timescales of interest to be treated as a history- 
independent,  Markov process. W(t 'N, A N, At) is the probabil i ty distribution for 
changes A N in the particles configuration, starting f rom a configuration t 't~, in 
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time At. The  dependence of W on the initial configuration r 'N incorporates pos- 
sibIe configuration dependence of  the interparticle forces and the brownian fluc- 
tuations in the particle positions. It is straightforward to make a Taylor  series 
expansion of the integrand in equation (2.1) to give 

8P(r N, t) 
8t 

- l i m  ( P ( r N ' t + A t ) - P ( r n ' t ) ) a t ~ o  At  

(__l)n_~.jl~,.G3rjl..arjn3N c3 . c3 (a~...j,(rN)p(rN, t)), 
n = l  �9 " , . . .  

j~=l 

(2.2) 

where 

{1; } 
aj: ...j.(r N) = lim Att d A  N Aj~ . . .  A iW (F  r A N, At) 

A t e 0  

(2.3) 

and is assumed to be finite. The  result (2.2) is known as the Kramers-Moyal  
expansion of the master equation. As it stands this represents no more than a 
re-expression of the Markov assumption implicit in equation (2.1). If it is 
assumed that the changes in particle configuration are small so that W is a sharply 
peaked function of A N, but  a slowly varying function of the initial configuration 
r 'N, and that P(r  N, t) varies sufficiently smoothly for a Taylor  series to be trun- 
cated, the form of equation (2.2) raises the expectation that a diffusive description 
of the particle dynamics will be appropriate [13]. 

T o  clarify the stochastic description of the dynamics of the suspension we now 
turn to the more physically motivated Smoluchowski equation of motion for 
P(r  N, t). By considering the particles' overdamped motions in response to the 
interparticle forces and the gradient of the thermodynamic potential in the sus- 
pension, and requiring that the number  of particles in suspension be conserved, 
Zwanzig [2] has shown that for interacting particles P( r  ~, t) satisfies the Smolu- 
chowski equation 

8P(rN't) 3J ~=N d I 8 +_8~ p(rN, t)]" 
c3t -- i, "= 1 ~ri Du(rN) flP(r~r t) ~rj U(r~r c3r j (2.4) 

Here fl = 1/(kB T) where kB is Boltzmann's constant and T is the absolute tem- 
perature, U(r N) is the interparticle potential and Dij(r N) is the generalized diffu- 
sion tensor. Equation (2.4) represents a generalization of the diffusion equation 
derived by Einstein [3] for non-interacting brownian particles. The  generalized 
Einstein result (valid on a timescale long compared to the relaxation time z B 
discussed in w 1) 

Dii = kB Tbij (2.5) 

relates Dij to the mobility matrix blj, which specifies a given particle's (coarse- 
grained) drift velocity ~i in response to forces Fj acting on the particles in the 
suspension 

3 N  

r = ~, b u F j .  (2.6) 
)=1 
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We also note that the stationary solution of equation (2.4) is the Boltzmann 
distribution 

P(r  N, o0) = const, exp [ - f lU(rN)] .  (2.7) 

It is straightforward to show that the Smoluchowski equation (2.4) is of the 
standard Kramers-Moyal  form, when the following identifications are made: 

a, = D , N ' )  - u ( , " )  

% = 2Do(r (2.8) 

a j~ . . . j .=0 ,  n/> 3. 

A truncation of the Kramers-Moyal  expansion at this level cannot be justified 
readily in any rigorous way, and so can hardly be taken to furnish a derivation of 
equation (2.4). Nonetheless the Smoluchowski equation itself has been deduced 
on the basis of standard physical arguments and provides a useful probabilistic 
description of the dynamics of particles in suspension. 

An alternative, and appealing, stochastic description is provided by equations 
of motion for the particle co-ordinates themselves which generate trajectories 
including random contributions which may be identified with brownian fluctua- 
tions in position. In ensuring that the increments in these trajectories have the 
statistical properties attributed to the displacement terms A N by equations (2.3) 
and (2.8) (at least in the limit A t ~  0) a random process is generated which is 
stochastically equivalent to that described by the Smoluchowski equation (2.4). 
Such trajectories can be constructed by exploiting simple properties of Gaussian 
random variables [14]. One sets 

3=~ ( 0 U(,N)_ 0 ) 
Ai = - j= flDij(rN) dr'---j ~ D,i(r N) At + R,(At), (2.9) 

where Ri is chosen from a 3N-variate gaussian distribution such that 

Ri(At) = 0, ! 
(2.10) 

RI(At)Ri(At ) = 2D0~r N) At I 

and all quantities are evaluated for the particle configuration prior to 
incrementation. From the well known properties of multivariate gaussian random 
variables it then follows that the A i have the required statistical properties in the 
limit At-+ 0. This  is equivalent to W(r 'N, A N, At) having a multivariate gaussian 
form at very short times and is consistent with our subsequent finding that 
non-gaussian statistical properties of particle displacements are manifest at order 
(At) 2 or higher (see w 3.5). On taking At to be small but  non-zero the process (2.9) 
models that described by the Smoluchowski equation, to an accuracy of order At, 
and forms the basis of the widely used brownian dynamics algorithm of Ermak 
and McCammon [9"]. The  first contribution to the displacement A i in equation 
(2.9) is commonly called the drift term whereas the second term is frequently 
referred to as the diffusion or brownian contribution. 

As the process (2.9) is only a numerical approximation to that described by the 
Smoluchowski equation, the question arises as to whether it is possible, formally, 
to take the limit At-* 0 and obtain a differential, rather than a discrete equation of 
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motion. We consider first the case in which hydrodynamic  interactions can be 
neglected for which equation (2.9) reduces, on setting 

D o = D ~  o (2.11) 

to 

Ai = flDFi(tN)At + Ri(At), (2.12) 

where D is the free-particle diffusion constant, 

Fi(r N) = _ cOr-~i U(tN) 

and 

R i ( A t ) R I ( A t )  = 2 D A t 6  o . (2.13) 

We rewrite equation (2.12) in the form 

Ri(At) 
A, _ flDF~(Cv) + _ _  (2.14) 
At At 

An estimate of the magni tude of the second te rm on the right hand side of 
equation (2.14) is provided by [ (Ri (At ) )2] l /E /At ,  which is 0 ((At) -1/2) and diverges 
as At--~ O. This  seemingly paradoxical result arises f rom our taking the At---~ 0 
limit of a description which is only valid for times long compared  with the 
relaxation t ime zB of brownian fluctuations (see w 1). A formal construction which 
overcomes this difficulty is the Wiener  process W ( t )  [15, 16]. Th is  is a non- 
stationary gaussian process, defined only for t > 0, which has a mean and autocor- 
relation function given by 

W(t) = 0 (2.15) 

W ( t l ) W ( t 2 )  = 2 min (tl, t2), (2.16) 

where min( t l ,  t2) is the lesser of tl and t 2 . T h e  increment  in W ( t )  between times t 
and t + dt  is te rmed the Wiener  measure d W ( t )  and the paradox implicit in 
equation (2.14) is resolved by decomposing the infinitesimal increment  dri(t) into 
two contr ibutions 

dri(t) = f lDFi ( tN( t ) )d t  + D 1/2 d W ( t ) .  (2.17) 

This  provides a simple example of a stochastic differential equation [17]. An 
integration to first order in At gives us 

A i = ri(t + At) - ri(t ) = f lDFi ( tN( t ) )A t  + D 1 / 2 [ W ( t  + At) - W(t)], (2.18) 

which we see has the same form as equation (2.12). At this point it may appear 
that the discussion has become circular, or at least casuistical. However  (though 
we will not pursue such matters  here) the concept of the Wiener measure does 
make possible a rigorous mathematical  t reatment  of diffusive processes [18]. 
Contact  with physical intuition can be made by identifying (in a heuristic way) 
the derivative of the Wiener  process with the gaussian white noise process f (t) 

d W i ( t )  
dt  - f , ( t ) .  (2.19) 
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T h e  propert ies  (2.15) and (2.16) of the Wiener  process then follow f rom those 
customarily assigned to the gaussian white noise process 

f~(t) = O, (2.20) 

f~(t')fj(t") = 23(t' -- t")~ o (2.21) 

and a few formal manipulations.  We also note that iterative integration of equa- 
tion (2.17) to yield higher order expansions of At has been carried out, in both the 
context of  dynamics of suspensions [10, 11] and of stochastic differential equa- 
tions in general [19]. The  identification (2.19) allows the physically appealing, 
but  mathematical ly appalling, gaussian white noise to be contained within a rigor- 
ous mathematical  structure. We may now also rewrite equation (2.17) in a more 
familiar Langevin form as 

drl - flDFi(r N) + D1/2fi(t ). (2.22) 
dt 

T h e  mathematical ly well-defined equation (2.17) and its more intuitive 
counterpart  equation (2.22) constitute stochastic descriptions which are fully 
equivalent to the Smoluchowski equation without hydrodynamic  interactions 
(obtained by using equation (2.11) in equation (2.4)). Equation (2.22) allows one 
to interpret  the particle 's  velocity as the sum of two contr ibut ions;  the drift 
velocity in response to interparticle forces (v, of [10]) and the brownian velocity 
caused by the buffeting of the suspending fluid (vB of [10]). Although this separa- 
tion into two components  is physically appealing one should be wary of writing 
Langevin type equations ad hoc. General ly the intuitive augmentat ion of a deter- 
ministic equation of motion by a white noise t e rm is an uncontrolled description 
of a physical system [20]. Th is  becomes particularly clear when we turn to the 
case in which hydrodynamic  interactions are not neglected. 

In this situation the discrete, but  approximate  equation of motion (2.9) 
remains valid and is, in the limit At--* 0 equivalent to the Smoluchowski equation. 
However  the formal passage to this limit and the recovery of a Langevin equation 
are more problematic.  If, by analogy with equation (2.22) we write down the 
equation of motion 

dri : 3 U(r Du(~) + ~ au(rN)J)(t), - f l D o ~ r N )  OrZ OrZ j = l  (2.23) 
dt i= 

where fi(t) are white noise terms defined by the propert ies (2.20) and (2.21) and 
a0(r N) satisfies 

D0(r ~) = ~ a,k(rN)alk(rN), (2.24) 
k 

we have, as we shall now argue, merely generated an ambiguous set of symbols.  
T h e  noise te rm in equation (2.23) is uncorrelated over all times, no mat ter  how 
short (see equation (2.21)). Fur thermore  r i is assumed to respond to this driving 
force, whose ampli tude is seen to depend on r N. However  with no continuity in 
fi(t), the value of r N appropriate  to the determination of the ampli tude of the noise 
terms is not defined by equation (2.23). In particular equation (2.23) cannot, as it 
stands, be taken to imply equation (2.9) unambiguously  on integration over a 
short period of time. Th i s  difficulty can be resolved in either of two ways, for- 
mally or by appeal to physical intuition. Unfor tunate ly  these two resolutions do 
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not necessarily coincide. To  avoid cumbersome notation we will consider for the 
moment  the integration of the one-dimensional stochastic differential equation 

dx = g(x)dt  + b(x)dW(t) .  (2.25) 

(The extension to many dimensions is obvious and will be made without further 
comment  shortly.) Here the problem reduces to that of attributing some meaning 
to the integrals 

fo ; x(t) -- x(O) = g(x(t '))dt'  + b(x(t ' ))dW(t ') .  (2.26) 

The first of these integrals can be defined as the limit of a sum in the usual 
Riemann sense [21] ; a formal definition or interpretation of the second integral as 
the limit of a sum, i.e. 

b(x(t ' ) )dW(t ' )  = b(x(ti_ x))[W(ti) - W(t i -  x)] 
i = 1  

(2.27) 

l i ra  
m ~ o o  
tm=! 

removes the ambiguity inherent in equation (2.25) and forms the basis of a rigor- 
ous mathematical theory of stochastic differential equations. This definition 
(2.27) of the integral, in which b(x(t)) is evaluated at the start of each time 
interval, is known as the It6 interpretation [22]. 

The  physically motivated resolution of the difficulty is due to Stratonovich 
[23], who considers equation (2.25) in its more naive form 

dx 
- g(x) + b ( x ) f ( t )  (2.28) 

dt 

but takes f (t) to be a continuous process with a non-zero correlation time. Equa- 
tion (2.28) can then be treated as an ordinary differential equation (see the 
detailed discussions in [24] and [25]). The delta correlated white noise can be 
recovered at the end of the calculation by allowing the correlation time o f f ( t )  to 
tend to zero. This argument leads to an alternative interpretation of the second 
integral on the right hand side of equation (2.26) as the limit of a different sum, 
i . e .  

b(x(t i)  + x ( t i -1 ) ) [W( t i )  - W( t i_ l ) ] ,  (2.29) 
i = 1  2 
l i ra  

m ~ 0 o  
tm=t 

where b(x) is evaluated at the mid-point  of each time interval over which the 
Wiener process is evaluated. This reflects the continuity in the noise process 
inherent in its correlation : the system can ' anticipate '  the behaviour of the noise 
modelled ultimately by the Wiener process. As the physical processes modelled 
by noise terms in Langevin equations must, when considered on a short enough 
timescale, be continuous the Stratonovich treatment has been claimed to give a 
more faithful description of reality [26]. Furthermore the Stratonovich treatment 
preserves the conventional rule of differential calculus in nonlinear transform- 
ations of SDE. In contrast the It6 interpretation implies rules for the nonlinear 
transformation of SDE which differ from those of ordinary calculus. Unfor-  
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tunately a definition of a stochastic integral such as equation (2.29) is much  more 
difficult to incorporate within a rigorous mathematical  f ramework than the It6 
interpretation (2.27), so that the latter forms the basis of much  of the more 
detailed t reatment  of SDE occurring in the mathematical  literature [16, 271. 

T h e  It6 and Stratonovich interpretations of the SDE (2.25) imply different 
values for the moments  ail ...i, in equation (2.3). T h e  It6 case is straightforward 
and leads to 

Ax 
a I = lim ~tt = g ( x ) '  

(Ax) 2 (2.30) 
a 2 = lim - 262(x), 

~ 0  At 

with all higher moments  vanishing so that equation (2.25) is equivalent to a 
Fokker-Planck equation of the form 

OP(x, t) a 0 2 
0t = - 0-~ [g(x)P(x, t)] + ~ x  2 [b2(x)P(x, t)]. (2.31) 

The  integration of equation (2.25) within the Stratonovich interpretation is more 
complicated as W(ti) - W(ti_ x) and 

(x,t  +:,t ,,] 
are not independent  quantities. Consequently,  to obtain terms to order At, the 
stochastic integral has to be iterated 

Ax = x(t + At) -- x(t) 

= g(x(t))At + b[ x(t) + x(t + At)q[w(t  + A t ) -  W(t)] 
L 2 I 

= g(x(t))At 

{ ldb(x)  } 
+ b(x(t)) + ~ ~ [g(x(t))At + b(x(t))[W(t + At) - W(t)] + . . .1 

• [ W ( t  + At) - W(t) ] .  (2.32) 

Upon  averaging one obtains, using equations (2.15) and (2.16), 

al(x) = g(x) + b(x) -~x b(x), (2.33) 

a2(x) = 2b2(x), I 

so that the Fokker-Planck equation equivalent to equation (2.25) interpreted in 
accord with the Stratonovich prescription is 

at - -- "~x g(x) + b(x) ~x b(x) P(x,  t) + ~ [b2(x)P(x, t)]. (2.34) 

The  above equation is manifestly different f rom equation (2.31) obtained using 
the It6 prescription. 

Thus  we see that a given Langevin equation which incorporates multiplicative 
noise is equivalent to two different Fokker-Planck equations, depending on 
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whether  it is interpreted according to the It6 or Stratonovich prescription. Con- 
versely a given Fokker-Planck equation is equivalent to two different SDEs,  each 
with its own different and well defined interpretation. There  is obviously room 
for considerable confusion in this state of affairs, which has p rompted  a detailed 
discussion in the literature of stochastic processes. Th is  has been reviewed exten- 
sively by several authors [5, 7, 28, 29] and more caustically by Van Kampen  [6]. 

Within the context of  the description of brownian motions coupled by hydro-  
dynamic interaction it is imperative that a set of coupled Langevin equations, 
with a well defined prescription for their interpretation, be equivalent to the 
Smoluchowski equation (2.4) and, on integration to first order  in At, yield the 
brownian dynamics algorithm (2.9). Bearing this in mind we now consider the 
various Langevin equations proposed in the literature to describe interacting 
brownian particles. 

Ermak  and M c C a m m o n  [9] proposed the brownian dynamics algori thm in its 
discrete form (2.9) which is independent  of any interpretative prescription and is 
equivalent to the Smoluchowski equation as At--* 0. Pusey and T o u g h  have con- 
sidered Langevin equations of the form (2.22) [10] and (2.23) [11]. In the former  
case the noise te rm is additive and no problem of interpretation arises. In the 
latter case the Langevin equation mus t  be interpreted within the It6 convention if 
it is to be stochastically equivalent to the Smoluchowski equation. The  formal 
manipulat ions of equation (2.23) per formed in [11] are consistent with the It6 
prescription, though this was not stated explicitly. 

Hess and Klein [8] have obtained a Langevin equation for particle positions 
only, by a reduction of that describing positions and momenta .  By considering the 
large friction limit, in which the correlation t ime for brownian fluctuations in 
velocities tend to zero, these authors are carrying through an analysis equivalent 
to that of Stratonovich. Consequently their result 

3N ~ U 3N ~ffmj 3N 
drl X flDij + ~ a,m 7 + X aiJfJ(t) (2.35) 
dt - j= 1 ~ 1 j=~ m, j = ~r j  

is equivalent to the Smoluchowski equation only when interpreted within the 
Stratonovich convention. Finally we note that the Langevin equation, written 
down by Zwanzig [2] to be equivalent to the Smoluchowski equation, is also to be 
interpreted in the Stratonovich sense. The  apparent  difference between this result 
and that of  Hess and Klein [8], is due to Zwanzig 's  working with the diver- 
genceless Oseen tensor when describing hydrodynamic  interactions; this point is 
elaborated upon further  in the Appendix.  

3. SHORT-TIME BEHAVIOUR OF A PARTICLE SUSPENSION 

In the previous section we discussed the equivalence of the Smoluchowski and 
Langevin descriptions of the dynamics of interacting brownian particles. In this 
section, as an example of the application of the formalism, we show how short- 
t ime propert ies  of a particle suspension can be calculated using both approaches. 
In w 3.1 we obtain f rom the Smoluchowski equation a general expression for the 
expansion in powers of t ime of the time correlation function of two arbitrary 
functions f l ( r  n) and f2(r N) of the particle configuration r N. In w the same 
general result is derived f rom the Langevin equation. In w we write down 
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explicitly the first few terms in the expansions of a particle's mean-square dis- 
placement and the full and self-intermediate scattering functions, which can be 
measured by quasi-elastic (light or neutron) scattering methods. Section 3.4 
explores the relationship between the dynamics of particles in suspension and of 
atoms in a simple liquid. Finally in w 3.5 we discuss the statistical properties of the 
displacement of a particle and show that because of hydrodynamic interactions 
non-gaussian effects are found at shorter times in a particle suspension than is the 
case for atoms in a liquid. 

3.1 Short-time behaviour from the Smoluchowski equation 

We consider time correlation functions of the type 

F(z) = (fl(rN(O))f2(rv(z))) (3.1) 

where f l  and f2 are arbitrary functions of the particle positions r v and the angular 
brackets indicate the configurational average 

<.) = f arN f arg . p(r , rgo, O), (3.2) 

where P(r  N, T; ~0, 0) is the probability that the particles adopt a configuration 
( =  rN(0)) at time z ~ 0 and a configuration r N ( =  r~(~)) at time r. This  can be 
expressed in terms of the conditional probability P ( r  N, T I ~ ,  0), defined by 

P(r  u, z; r~, 0) = O(CV, ~l ~ ,  0)P(r~), (3.3) 

which can be regarded formally as the Green 's  function of the Smoluchowski 
equation (2.4). The  one-time distribution is the canonical ensemble distribution 

P(roN) = exp [ - / ~ U ( ~ ) ]  (3.4) 
Z 

where Z is the partition function. Thus  we have 

F(T) = ~  dr N dr~fl(rg)f2(rN)P(~, Tire, 0 ) e x p [ - B U ( r g ) ] .  (3.5) 

The  time evolution of the conditional probability P ( ~ ,  ~1~,  0) is given by the 
Smoluchowski equation (2.4) which we rewrite in the compact form 

OP( rN, ~l ro ~, 0) = O, P(r N, ~1 r0 N, 0), (3.6) 

with initial condition 

P(r  N, 0l ro N, 0) = 6(r N -- ~) .  (3.7) 

T he  Smoluchowski operator 

o , =  E + (3.8) 
i , j = l  

acts on the variables r N. Equations (3.6) and (3.7) can be solved formally to give 

' I f  F(~) = ~ dr N drgfl(rg)fl(rN)exp[--~U(rg)]exp(O,~) ~(r N -  rg). (3.9) 
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An expansion of F(z) in powers of z can be calculated directly from equation 
(3.9) [30]. A more convenient procedure [31, 32] is based on the use of the 
adjoint operator 

i, j = 1 r i OriJ J Or j" 
(3.10) 

( f ' O f 2 )  = -- ~ \Or,  D~ (3.17) i,j=l Orj/ 

T he  z term is given by 

3N 
(/,o/2)= Z 

i,j=l 

Using equation (3.15) we get 

(3.15 a) 

(3.15b) 

We now calculate the first few terms in the expansion (3.13). For the zeroth 
order term, we obviously get 

( f r O ~  = ( f l f 2 ) .  (3.16) 

which is direct consequence of the Yvon identity 

Since 

f drNf2(r N) exp (Or'c)6(r N -  ro N) = f dr  N ~(r N -  roN)exp (6r  ~)f2(r N) (3.11) 

we can perform the integration over r N. This  yields 

if F(T) = ~ drgfl(roN)exp[-flU(roN)]exp (0,oz)f2(r~) (3.12) 

or, with a further contraction of notation fl(r~) = f l ,  etc, 

F(z) = ( f l  exp ( 0 z ) f 2 )  

.=0 ~ ( f l O " f z ) "  (3.13) 

Note that such a short-time expansion is well-known in the theory of stochastic 
processes (see e.g. [33]). The  adjoint Smoluchowski operator 0 has the inter- 
esting property of being self-adjoint for the inner product  defined by the ensem- 
ble averaging procedure, i.e. 

( f O g )  = ( ( (S f )g )  (3.14) 

as one easily verifies by partial integration. This  property can be exploited for the 
explicit calculation of the terms in the expansion (3.13). Another relation which 
we will frequently use is 
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a result apparently first obtained by Zwanzig ['31]. For the second order term, we 
obtain, using the self-adjointness property (3.14) 

(f, O2.&) = ((6/p(Of2)) 

([( o. 0 ] (_,o.  0) 0 ) 
+ v,, o-] :,  N + N v.-g,. . 

Again using equation (3.15) we now find that 

(f,02/2) = Z f, Dkt-~-- S2 
i . j , k , l = l  

(~fr~ c32U c~,2~ (3.18) 
+ fl Du cOrj ar~-kk Dk, Or, l J" 

A similar though increasingly tedious analysis can be applied to give the higher 
order terms. 

3.2. Short-time behaviour from the Langevin equation 

In order to obtain the result contained in equation (3.13) using the Langevin 
approach we first expand f2 (rv(z)) in equation (3.1) as a Taylor series in particle 
displacements A i 

dr2 Ai �89 3t~ ~2f2 A/A i + . . . .  (3.19) f2(tN(At)) = f2(Idv(0)) + 
i = 1  i, 

The above equation describes the temporal evolution of the stochastic variable 
f2(tN(t)) from its value f2(tN(O)) for a given initial configuration rv(0). We now 
perform an average off2(rN(At)) over the distribution of random displacements Ai 
for this given initial configuration. By using equations (2.9) and (2.10) we get 

A i = -  ~ flD,j(rN(o)) u(rN(0)) DdrN(0)) At, 
(3.20) 

A i Aj = 2Dij(rN(O))At. 

Note that to order At the average A i comes from the drift terms whereas AiAj 
originates from the brownian displacements. The drift terms contribute to 
AiA 2 only to order (At) 2. Taking the indicated average of equation (3.19) and 
using the results given by equation (3.20) we find 

f2(tN(At)) = (1 + (~At)f2(rN(0)) (3.21) 

where (~ is the adjoint Smoluchowski operator defined by equation (3.10). Iter- 
ating equation (3.21) over n short intervals At then gives 

f2(rN(nAt)) = (1 + (~At)~fE(rN(o)) 

so that in the limit At-*  O, n-~ oo, nat  = z we get 

f 2 ( t - - ~  = exp (()z) f2(tN(O)). (3.22) 

Finally substitution of equation (3.22) in equation (3.1) gives 

F(z) = ( f l  exp ((~z)f2> 
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in agreement (not surprisingly in view of w 2) with equation (3.13) derived from 
the Smoluchowski equation. 

The  earlier calculations of Pusey and To u g h  [10, 11] showed explicitly the 
separate averaging over brownian fluctuations and particle configurations, which 
we have just seen provide a direct route to the equations of motion of functions of 
particle positions generated by the adjoint Smoluchowski operator O. Thus  it 
might be claimed that such Langevin based calculations are physically more 
transparent. However,  it should be stressed that both the ' f a s t '  averaging over 
particle displacements to yield the adjoint operator 0 and a subsequent ensemble 
averaging over particle configurations are implicit in the more formal treatment 
based on the Smoluchowski equation. To  see this explicitly we refer to the 
analysis in w 3.1. Here the integration of co-ordinates cN over the conditional 
probability or propagator 

P(  rN, z l ro N, 0) = exp (O,)6(r N - -  r0 N) 

averages over particle displacements in a time z from an initial configuration r0 u 
and, through integration by parts over the delta function, introduces the adjoint 
operator (~. This  leaves just the final canonical ensemble average to be performed. 

3.3. Explicit results for the mean square displacement and intermediate 
scattering functions 

One cartesian component  of the mean square displacement of a particle is 
given by 

( & 2 ( , ) )  = ([r~(,)  - r~(0)] 25 

= 2(r~ z) -- 2(q(O)ri(,)). (3.23) 

To  calculate the time expansion of the above quantity we use the results (3.16)- 
(3.18) with f l  = f2 = rl. This  gives 

{( 02. o)+:0o o< 
(AZ(,)) = 2(D,,)z - z2 E fl D'k Or, art \ Or, -~r~ / J  

k , l = l  

+ 0(*3). 

(3.24) 

For  a suspension of N identical brownian particles the full intermediate scat- 
tering function measured by quasi-elastic scattering techniques can be written as 

N 

F(K, z) = N -1 ~ <exp [iK(ri(O) -- rj(,))]>. (3.25) 
i , j = l  

Here we have chosen the scattering vector K parallel to the X-axis and have 
denoted the X-components  of the particles 1, 2 , . . . ,  N by q ,  r2, . . . ,  r N. To  
calculate the t ime-dependence of F(K, z) we use the results of w 3.1, taking 

1 N 
f l  -- ~/N j~=l exp (iKrj) (3.26) 

and 

1 N 
f2 -- ~/N j=x ~" exp(-- iKrj) .  (3.27) 
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Thus,  for example 

and 

all iK 
grj - x /N exp (iKrj), 1 <<. j <~ N, 

= 0 otherwise 

02fl K 2 
= -- ~ exp (iKrj)~ji, 

Orj Orz 

= 0 otherwise. 

Proceeding in this manner  gives 

N 

K2z ~ (Djt exp (iKrjl)) F(K, ~) = S(K) - ~ J. l= l 

~2 {~__ N 3N ( [  g2 U 
Z ~ flDj.D,, o,. Or, "~ --2 j , l = l  m,n=l 

2Ir Z Z Dj. Or. 
N j , l = l  m = l  

+--~- ~. (D~exp(igrj,)) + O(z 3) 
j , l = l  

where the static structure factor S(K)  is given by 

S(K)  = F(K,  0) 
and 

r~l = rj - ft. 

1 ~j ,  l< .N,  

(3.28) 

(3.29) 

\ 
+ arn ~rm ] exp (iKrjl)/ 

(3.3o) 

(3.31) 

(3.32) 

T h e  result for the self intermediate scattering function 

Fs(K, z) = (exp [iK(rj(O) - r j(r))])  (3.33) 

may be obtained either by using the results of w or simply by setting j = 1 in 
equation (3.30). This  gives 

Fs(K, z) = 1 -- K2z(D11) 

+-2 K2 m,.=,Z flD'mD" Or. Or~ + dr-~ Or. / + K4(D~') + O(z3)" (3.34) 

Equations (3.24), (3.30) and (3.34) were quoted without derivation in [11]. 

3.4. Comparison with simple liquids 
Formal similarities between the time expansions of correlation functions for a 

particle suspension in which hydrodynamic interactions can be neglected and the 
equivalent expressions for a simple atomic liquid have been noted by several 
authors [30, 34, 35]. For a liquid the analogue of the Smoluchowski equation is 
the Liouville equation and the analogue of the Langevin equation is Newton's  
second law of motion. For simplicity we consider only the latter approach here 
although again the two approaches can, of course, be shown to be equivalent. 
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Liouvil ie 's  and Newton ' s  equations describe a classical liquid exactly. No 
coarse graining has been applied and it is necessary to assume that the function f2 
depends both on atomic positions and velocities, i.e. f2 = re(in(t) ,  vN(t)) �9 Thus  

3N faI21 
- -  v k +  f2(At) = f2(O) ~- k=lE ~a/%[o 

which, with use of Newton ' s  law 

d v  k 1 ~ U  

dt m Or k ' 

0f2 -~tk)At, (3.35) 
~Vk 0 

(3.36) 

becomes 

f2(At) = (1 -- A te ) f2 (0 ) ,  

where the Liouville operator ~ is given by 

=--k=l VkOrk mOrk 

On iterating equation (3.37) we get the well known result 

f2(z) --= exp ( - ~q~z)f2(0) 

so that 

(3.37) 

(3.38) 

(3.39) 

F(z) = ( f l ( 0 ) f 2 ( z ) )  

- 

- - ,=0  "!  ( f l s  (3.40) 

We note that - S g  is the adjoint of ~ for the inner product  defined by the 
canonical ensemble averaging procedure,  i.e. 

( f .gpg)  = ( ( _ . c p  f ) g )  (3.41) 

as can be verified by partial integration. 
It  is now instructive to consider the first few terms in equation (3.40) for the 

case of  interest in this paper  where f l  and f2 are explicit functions of  particle 
configuration iN(Z) only. This  means that the t ime correlation functions con- 
sidered here are even functions of z and therefore the coefficients of odd powers 
of z in equation (3.40) are zero. 

The  z 2 te rm in equation (3.40) can easily be obtained by invoking the anti- 
hermit ian proper ty  (3.41) of s 

( f l ~ ~  = -- ( ( . ~ f x ) ( ~ f 2 ) ) .  (3.42) 

Since fa and f2 are taken to be functions of the particle configurations only we 
find 

k , l = l  

- m k~=l \ a r  k ark/ (3.43) 
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where we have averaged over velocities and have used the equi-partition of energy 

(vk vt) = k,  T 6k~. (3.44) 
m 

It will be convenient to rewrite the result (3.43) (with use of the Yvon identity 
(3.15)) 

(fl.L~'2f2) = ( f l M f 2 )  (3.45) 

where the operator M is defined by 

3N ( k ~ T  02 l d U  ~ 
M = k=lE dr 2 m ~ r  k ~k/"  (3.46) 

In view of the property (3.41) it is evident that M is seif-adjoint, i.e. 

(flMfz) = ((Mf l ) f2) .  (3.47) 

The  r 4 term in equation (3.40) is 

(fl.LP4fz) = (( .~e2fl)( .~Z/z))  

([( 1 = E ~,~J - - -  Y, 
i ,  jo k ,  I = I (~r i ~rj m Or i 

X v~v  sOr k Or I m Or k f2  

=,,~=,E \ L \  m Or, ~ m 0r, f '  

+ 2 ~ Or i dr~ Or i Ork/ i , k = l  

where we have used equations (3.41), (3.44) and the gaussian property 

(v  i vj v k vl) = (60 61a + fiik fijl + 6a 6jh) (3.49) 

of the velocities. From equations (3.43) and (3.45) we have 

-m j , = ,  \c3r k c~rk/ (3.50) 

so that, with use of equations (3.46) and (3.47), (3.48) can be written in the 
compact form 

( f l o~ a f 2 ) = ( f l M 2 f 2 ~ 2 k--~B T ~ l ~/~ M dd~ ) i (3.51) 

We note that the last term on the right hand side of equation (3.51) is zero if 
either f l  or f2 is a linear function of the co-ordinates. In particular we have 

(rl.oq~4rj) = (r i MZrj). (3.52) 
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Higher order terms in an expansion of the correlation function (ri(O)rj(z)) can 
be calculated easily using the property 

1 c~U 
~ 2 r  i = Mr i . (3.53) 

m ~ r  i 

Thus  

(ri~-Cp6r j )  = ( r  i ~*(Mr j) ) (3.54) 

so that, with use of equation (3.51), we get 

(r i ~6r j )  = (r IM2(Mrj))  

= (r i M3rj) .  (3.55) 

Similarly, we have 

(r~ ~Sr~)  = (( .2"2r3~*(~2rj))  

= ((Mrl)oLP*(Mrj)) 

k,l=l \ 63rk C3rl C3rk ~rl / 

=(,r iM%j) + \ m2 ] k.,=l \~r i~ -Or ,  COrjar kc~rt/" (3.56) 

T h e  adjoint Smoluchowski operator for a particle suspension in which hydro-  
dynamic interactions are neglected is obtained by setting (cf. equation (2.11)) 

kn T 
Dij - ~ 6ij, (3.57) 

where ( is the single particle friction coefficient, in equation (3.10) to give 

(5 = k:,E 0rk (3.58) 

The  reason for introducing the operator M for simple liquids is now evident: 
comparison of equations (3.46) and (3.58) shows that M is identical to 0 if the 
particle friction coefficient ( is replaced by the atom's mass m. With this replace- 
ment we see that the coefficient of z/1 I in equation (3.13) for a particle suspension 
is identical to the coefficient of z2/2! in equation (3.40) for a liquid (see equation 
(3.45)). The  coefficient of z2/2! for a particle suspension differs from the coeffi- 
cient z4/4! for a liquid only through the second term in equation (3.51). For  the 
special case f l  = ri, f2 = r j  the quantities (r iOrj), (r i(~2rj) and (r i(~3rj) for a 
suspension are, subject to the replacement of ( by m, identical to the quantities 
(ri~2r~), ( r i ~ 4 r j )  and (r i~6r j )  for a liquid; however a difference is found 
when the z4/4I suspension term, (r i (~4rj), is compared with the zs/8! liquid term, 
(r i~Srj )  (compare equation (3.13) with (3.56)). It is perhaps worthwhile writing 
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down the mean-square displacements in each case. For a particle suspension 
without hydrodynamic interactions we calculate 

= --V \--o-if/+ 7 ,=,- ',t l / 

z4 1 [  T) 2 a ,  / (  g3U ~2~ 
12 r (*. E \\0,'7 ~'Or]} / i , j = l  

+ k .  T Z \~rl-ffr i Or I Or s O-~i~-rsl_ l + O(rS) (3.59) 
i . j = l  

whereas the equivalent expression for an atomic liquid is 

(AI(O) T 2 

12 m ~ \-~-r12 / + 360 m 3 \ k , ~ ]  / m i = 1  

20160 m'* 3(k~ ~ \ \ O r  t Or i Or s i , j = l  

~ "  / o 2v o 2v o ~v \ ]  
+ k S T E \0-~1 Ori Or, 0rj 0~0--rjJ-- + O(z'~ (3.60) 

i . j = l  

These  similarities and differences can be traced in part to the different equa- 
tions of motion applying in the two cases. For a liquid Newton's  law, equation 
(3.36), connects force and acceleration whereas in a particle suspension the force 
causes a coarse-grained ' dr i f t '  velocity, 

1 OU 
~k = -- ~ Or-~k" (3.61) 

As mentioned above, the absence of odd powers of z in the expansion of 
( ] , (0 ) f2(z ) )  for a liquid reflects the time-reversibility of the motion. On the other 
hand the (coarse-grained) Smoluchowski description is not time reversible and 
both even and odd powers of z are found in the expansion of (fl(O)f2('r)). 

Finally, by comparing equations (3.24) and (3.59), we note that when hydro- 
dynamic interactions are included in the description of a particle suspension the 
situation is considerably more complicated. This  is because, then, not only do the 
interparticle forces depend on the instantaneous configuration of the particles (as 
in a liquid) but, in addition (and in contrast to the case of liquids), each particle's 
motion in response to these forces also depends on the positions of the particle 
through the configuration-dependent diffusion tensors. In this case the coarse- 
grained drift velocity is given by 

3,, (OD~, Or;) 
= E t Orl/ - N I = 1  

(3.62) 

which can be compared to equation (3.6l) for the case when hydrodynamic inter- 
actions are neglected. Not  surprisingly hydrodynamic interactions in a particle 
suspension (for which there is no equivalent in a simple liquid) lead to compli- 
cated dynamic many-body problem [36]. 
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3.5. Statistics of the particle displacement 
The  intimate connection between the theory of gaussian random processes and 

the brownian motion of non-interacting particles has been recognized and 
exploited for many  years. An expected effect of interparticle interactions is to 
introduce non-gaussian character into the displacements of  particles occurring on 
timescales comparable  to the structural relaxation t ime zl described in w 1. 

Statistical propert ies of the particle displacement Al(z) can be calculated by 
recognizing that the self intermediate scattering function, equation (3.33), can be 
viewed as a momen t  generating function for Al(Z), i.e. 

Fs(K, z) = <exp [iKAl(z)] > 

= ~ (iK)" 
.=o ~ <(Aa(z))">" (3.63) 

Alternatively a cumulant  expansion gives 

Fs(K , z) = exp [ - - K 2 p l ( z )  + K4p2(z)  -- K6p3('r) + . . . ] ,  

where the ps are given by 

(3.64) 

1 
p,(~) = ~ <A~(T)> 

1 p2(~) = ~ [<zx~(~)> - 3<A~(~)> 2] 

1 
p3(z) = ~ [<A,~(z)> -- 15<A~,(zl><A~(z)> + 30<A,~(z)> ~] 

(3.65) 

etc. 
I f  the displacement AI(Z ) has gaussian statistics P2, Pa etc are all zero so that 
p2(z) provides the simplest measure of non-gaussian behaviour.  

I t  has long been known [37] that for atomic liquids the leading term in p2(z) is 
of order z s. This  led to the conjecture [-10] that for particle suspensions in 
which hydrodynamic  interactions are neglected non-gaussian behaviour of the 
displacement would first be manifest  as a z 4 te rm in pE(z). Previously [10] we 
calculated Fs(K, z) (for no hydrodynamic  interactions) to order za; further  calcu- 
lation using equations (3.13) and (3.58) gives the z 4 te rm 

<exp (iKrl)(~ 4 exp (- iKrl)> = D4KS + 6 f l D 4 K 6 1 ~  I 

~4U 
i=l \~,~rl c3ri./ / + x \  1 /  / 

+ D4K 2 f12 E \ \~r ;~r l  ~ 
i , j = l  

+ f13 ',J='E \'~ri-ff;rj Or, Or i Or, O r J J "  (3.66) 
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Use of equations (3.59) and (3.63)-(3.66) then gives 

( L \ \  a,, / / - p + 

(no hydrodynamic interactions), (3.67) 

thus confirming the conjecture above. 
A similar calculation can be made, with use of equations (3.34), (3.63) and 

(3.65), for the case when hydrodynamic interactions are taken into account. This  
gives 

,[2 
p2(T) = "~ [ (D21)  -- ( D l l )  2] + O(~ 3) 

(with hydrodynamic interactions). (3.68) 

Here we see that non-gaussian behaviour is evident at shorter times (to order z 2) 
than is the case when hydrodynamic interactions are neglected. Fur thermore  if, as 
in equation (2.9), we consider the particle displacement as composed of brownian 
and drift components we can show that the 0(32) non-gaussian behaviour in 
equation (3.68) arises entirely from the effect of hydrodynamic interactions on the 
brownian components of the particle displacements. Thus ,  adopting equations 
(2.9) and (2.23) complemented by the It6 prescription we write for the brownian 
component  

3N ft  RI(T ) = ~ au(t)fj(t ) at, (3.69) 
j=l  tO 

where aij is the square root of the diffusion tensor defined by equation (2.24) and 
f j  the white noise process defined by equations (2.20) and (2.21). To  lowest order 
in z we get 

R4(z) = ~ ~ O'lk f i l l  O'lm dtl dt2 dta dt4 f j(tl )fk(t2)ft(t3)fm(t4). 
j ,k , l ,m=l.  

Use of equations (2.20), (2.21) and (2.24) then gives 

3N 
R~(z) = 3 ~ t Y l j a l j f f l l f f l l 4 T  2 

j , l = l  

= 12z2D121 

so that after ensemble averaging 

(R4(z)) = 12z2(D121). (3.70) 

Then  combining equations (3.24) and (3.70) gives 

<R~(T)> -- 3<R2(z)> 2 = 12z2[<D2t,> - <Dtt>2], (3.71) 

confirming that, to order z 2, non-gaussian behaviour of the total displacement 
(see equations (3.65) and (3.68)) arises entirely from the non-gaussian behaviour, 
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caused by  hydrodynamic  interactions, of  the brownian component  of the displace- 
ment.  By contrast,  if hydrodynamic  interactions are neglected 

o u = D1/26ti 

and it can be shown, by  extending the calculations given above, that the brownian 
component  of the displacement remains gaussian distr ibuted at all times. In this 
case non-gaussian behaviour of the displacement is a consequence of the direct 
interparticle interactions. Of  course, in the case where hydrodynamic  interactions 
are important  one would also expect non-gaussian behaviour due to the direct 
interactions but  at higher order in z than z 2. 

As D11/ks T in equation (3.68) can be identified as a particle self mobil i ty  it is 
perhaps not surprising that the lowest order non-gaussian contr ibution to 
(Ar12(z)) is s imply proport ional  to the spread in mobilities ( (D21)  - ( D l l )  2) that 
a particle experiences in all environments  in the suspension. Explicit evaluation of 
equation (3.68) shows that the non-gaussian contribution is quite small in dilute 
suspension ; however we might  expect larger effects at higher concentration. 

4. DISCUSSION AND SUMMARY 

A complete description of the dynamical propert ies of a particle suspension 
would, of course, require the solution of Newton ' s  equations of mot ion for the N 
brownian particles and the much  larger number  of liquid molecules. However ,  as 
outlined in w 1, a knowledge of the t ime evolution of the probabil i ty distribution 
of particle positions is adequate to derive many  useful propert ies  of a suspension. 
Starting with the work of  Einstein [3] this realization has motivated the develop- 
ment  of coarse-grained descriptions of the suspension in which the detailed 
behaviour of the liquid is considerably ' averaged  over '. Deriving these descrip- 
tions naturally involves approximations and a large literature exists on this 
subject. In this paper  we do not address such matters  but  have essentially taken 
the Smoluchowski equation (2.4), which describes the evolution in t ime of the 
particle configuration space probabil i ty distribution, as the starting point for our 
discussion. What  Zwanzig [2] called the standard derivation of the Smoluchowski 
equation (a generalization of Einstein 's  t reatment  of non-interact ing particles) 
already adopts a coarse-grained, diffusive picture of particle motions.  

In w 2 we have pointed out the equivalence of this Smoluchowski equation to, 
on the one hand, a truncated Kram er s -M oya l  expansion of the master  equation 
and, on the other, a set of finite difference equations (2.9) for the particle trajec- 
tories. We then examined in some detail the passage f rom these finite difference 
equations to stochastic differential or Langevin equations and discussed the 
various forms of such equations which have appeared in the literature. 

In w 3 we considered the correlation function F(z)  (equation (3.1)) of variables 
f l  and f2 which are arbitrary functions of the particle positions. Using both the 
Smoluchowski (33.1) and Langevin (33.2) approaches we derived a formal 
expression (3.13) for the t ime evolution of F(z)  in a form which immediately lends 
itself to expansion in powers of the correlation delay t ime z. Th is  result (3.13) has 
been obtained previously by several authors [31, 32] who also pointed out the 
relevance of the adjoint Smoluchowski operator (equation (3.10)) in this context. 
In w 3.1 we also wrote down explicit expressions for the first two terms in the time 
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series expansion of/;'(T); while t h e ,  term (3.17) was given by Zwanzig [31] some 
time ago, the z 2 term (3.18) appears to be new. 

We used these results to provide time series expansions to order ,2 of a 
particle's mean-square displacement and the self and full intermediate scattering 
functions (w 3.3). One reason for calculating these series expansions is simply that 
it can, in principle, be done. In practice, the exact (within the limits of the 
Smoluchowski description) formal expressions for the coefficients of powers of z 
quickly become prohibitively complicated with increasing order. Th u s  only short- 
time (zB a ~ < xl, in the nomenclature of w 1) properties of the particle dynamics 
can be obtained rigorously by this approach. Nevertheless considerable effort has 
gone into evaluating the linear terms (related to effective diffusion coefficients 
which can be measured relatively easily by dynamic scattering methods) in these 
expansions for a variety of physical situations [38, 39]. Th e  z2 term in equation 
(3.24) has been discussed recently [11, 40] for the case of a dilute suspension of 
' hard-sphere '  particles. In the simpler case where hydrodynamic interactions can 
be neglected, the first few terms in the power series expansions have also been 
used [41] to determine parameters in a memory  function description of particle 
dynamics [32]. 

It is well known that correlation functions describing the dynamics of simple 
liquids can also be written as series in powers of ~ (sometimes called ' sum rules ') 
[42-44]. There  are, in fact, formal similarities between the dynamics of atoms in 
a liquid and of particles in suspension, a realization which motivated some of the 
early suspension work [30, 34]. In w we explored these similarities (and 
differences) in more detail than hitherto by comparing the expansions of the 
mean-square displacements of an atom in a simple liquid and of a particle in a 
suspension in which hydrodynamic interactions are neglected. 

In w we investigated the statistical properties of the displacement of a 
particle in suspension by calculating its moments.  We found that, due to inter- 
particle interactions, the displacement is not generally a gaussian variable. 
Whereas direct interactions lead to non-gaussian behaviour at order z 4, hydrody-  
namic interactions cause it earlier, at order  z 2. 

P.N.P.  and R.J.A.T.  have benefited from helpful discussions with Dr  A. J. 
Masters. The  financial support  of NATO,  through research grant 132/84, is 
gratefully acknowledged. 

APPENDIX 

In this Appendix we discuss the relation between the Langevin equations 
proposed by Zwanzig [2] and Hess and Klein [8] to be equivalent to the Smolu- 
chowski equation (2.4) within the Stratonovich interpretation. We also show 
explicitly that, while the Oseen tensor is divergenceless, the tensor whose square 
is equal to the Oseen tensor has a non-vanishing divergence. 

Hess and Klein propose the Langevin equation (cf. equation (2.35)) 

dri ~. flDij ~ f  dt -- ~ ~ + E trl- + E eto f~(t), (A 1) 
�9 m. j d r j  j 
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where 

E l~im ~jm ~ Dij, 
t t l  

while Zwanzig proposes 

(A 2) 

- ~  : -- ~j. fl D u Or---f-- m~j ~ tTim tT jm + Ej tT u f j( t ). (A3) 

T o  establish the identity of equations (A 1) and (A 3) in the Oseen approximation 
to D O we note that, in this case, 

0 
Or--~ Du = O. (A 4) 

F rom equation (A 2) we now have 

m E •im ~jm : -- E film Or--(Yjm; (A5) 
m 

substitution of this result into equation (A 3) and recognition of the symmet ry  
proper ty  

ff jm ~ ~mj 

demonstra te  the equivalence of equations (A 3) and (A 2). 
We now identify the tensor o whose square is the Oseen tensor, i.e. which 

satisfies 

o(r) . ~(r) = 8-~qr 1 + ~-~ . (A 6) 

where I is the unit tensor. We make the ansatz 

1( .) 
o(r) - a l  + b (A 7) 

(8m/r) U 2 7 ~ 

and find, by  equating coefficients of 1 and rr/r 2, that 

a = l ,  b =  --1 + x / 2 .  (AS) 

From equation (A 7) we see that 

r 
V . o(r) = (32RqrS)l/2 (3b -- a) 

and does not vanish. 
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