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Chapter 1

Introduction

1.1 Overview of the thesis

This thesis deals with the so called Poincaré equation. This equation has great
importance in the field of fluid mechanics, as it models the behaviour of waves
in fluid volumes: internal waves. Internal waves, in turn, are of interest to
oceanographers studying oceanic processes, or biologists, who are interested
in nutrients that are brought into suspension by internal waves breaking on a
sloping bottom. Mathematically, solving the Poincaré equation on a bounded
domain is interesting because it consists of the unusual combination of a hy-
perbolic partial differential equation with a bounded domain, on which the
equation is to be solved. It is the combination of Poincaré’s equation with a
bounded domain that is challenging, so actually the Poincaré boundary value
problem would be more fit. However, we will use the term Poincaré equation
throughout this thesis to indicate the boundary value problem.

We will be particularly interested in domains that lack symmetries, since we
know that highly symmetrical domains like the rectangle or circle are in some
sense exceptional cases (see Section 1.4). In this thesis we will put forth numer-
ical methods for efficient approximation of solutions to the Poincaré equation,
set in two spatial dimensions. We believe such methods are of importance,
since previously there has been a lack of numerical methods that take into ac-
count the rather special properties of the Poincaré equation. The reader will
find an overview of previously proposed numerical methods in Chapter 2. In
this introduction we will briefly outline the contents of this thesis, after which
we discuss the role of internal waves in the field of geophysical fluid dynam-
ics. This overview also serves as context for Chapter 4, where we report on
a laboratory experiment aimed at detecting mixing processes caused by in-
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2 CHAPTER 1. INTRODUCTION

ternal waves. We begin now by introducing the main equation of this thesis,
Poincaré’s equation. Later on in this chapter we will derive this equation from
the Navier-Stokes equations.

Elliptic partial differential equations, such as the Poisson equation ∆u = f
or Laplace equation ∆u = 0 are routinely solved and efficient numerical meth-
ods are available. Also, hyperbolic equations on half open domains, such as
the wave equation uxx − utt = 0, for x ∈ [0, 1] and t ∈ [0, ∞) are extensively
studied. The Poincaré equation, however, has received less attention in math-
ematics and computational science.

The Poincaré boundary value problem may be posed as, find eigenfunc-
tions Ψ(x, z) and eigenvalues λ2 on a bounded domain D ⊂ R2 that satisfy

Ψxx − λ2Ψzz = 0 in D,
Ψ = 0 at ∂D.

The motivation for using the term ’Poincaré equation’, instead of ’wave equa-
tion’ stems from the fact that the behaviour radically differs when introducing
a bounded domain.

Perhaps the most challenging property of the Poincaré problem is its ill-
posedness. We will use the term ill-posedness to indicate that solutions to a
problem do not vary continuously upon the parameters. The Poincaré problem
is both ill-posed1 and under determined. However, in order to fully specify the
problem, extra boundary conditions may be posed on the ’fundamental inter-
vals’, certain subsets of the boundary of the domain (see Section 1.4). In Section
1.6 we will return to the subject of ill-posedness and discuss our definition in
more detail.

Another noteworthy feature is the occurrence of a fractal structure in the
solution. At certain values of λ parts of the solution will reproduce on increas-
ingly smaller scales. The limiting orbit to which the fractal structure tends2

is a closed path in the fluid domain, called the ’wave attractor’. A ray-traced
image of a solution in terms of the stream function is shown in figure 1.1. The
occurrence of this fine structure is another obstacle in the way of an accurate
numerical approximation.

The thesis contains four parts, each studying a mathematical (Poincaré equa-
tion) or physical (internal waves) aspect. Firstly, the introduction will define
the basic problem and discuss the mathematical peculiarities of the problem.
Also, a brief overview of the field of fluid mechanics will be given, with spe-
cial attention to the position of internal waves. We also present some examples

1This is a simplification, the Poincaré equation is not ill-posed for all parameter values. There
often exist regimes where the equation is well-posed. We will return to this in detail in Chapter 2,
but see also the figures in Section 1.7.4

2This limiting orbit can also consist of one point only, which then acts as a ’sink’ to which waves
are attracted.
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FIGURE 1.1: The stream function in a trapezoidal geometry. Constructed using a ray
tracing technique, as described in Maas & Lam (1995).

of geometries in which we can solve the Poincaré equation and examples of
geometries for which no closed form solution is known.

Chapter 2 concerns numerical approximation of the Poincaré equation. This
chapter is mainly based on Swart et al. (2005a). We give an extensive historical
overview of numerical methods for internal wave motion. Next we review the
mathematical properties of the problem, specifying the necessary conditions
for the existence of solutions and pinpointing the origin of the ill-posedness.
The proposed numerical method consists of two parts. We present an efficient
discretisation, resulting in sparse matrices of dimensions (n + m) × (n + m),
where n and m are the number of grid points along the coordinate axes. Stan-
dard finite element or finite difference methods would result in a matrix with
dimensions (nm)× (nm). Secondly, we propose a regularisation scheme that
deals with the ill-posedness. This scheme aims at an optimal balance between
smoothness and accuracy of the solution. The regularisation is based on a min-
imisation of a weighted sum of a residual and a measure for the energy. As an
added bonus, we do not need to prescribe additional boundary conditions at
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the fundamental intervals. The solutions we find are in good agreement with
solutions found before (see Maas & Lam, 1995). It is however remarkable that
a solution with internal shear layers is found to be the preferred solution, in-
stead of solutions with fractal structure. This might explain why the fractal
structure was not observed in laboratory experiments: the smoother solution
is energetically preferred.

Also, Chapter 2 contains some additional material not present in the orig-
inal work. Section 2.4 extends the theory to forced wave motion and Section
2.4.1 describes how to allow for inflow at parts of the boundary. Furthermore,
numerical results for the rectangle have been added in Section 2.9.1.

Chapter 3 is based on Swart & Loghin (2005b). Here we examine the Poincaré
equation in the presence of a viscous term (highest derivatives pre-multiplied
with a small parameter). Physically, this equation is a more acceptable model
for internal wave motion, since it incorporates the resistance of the fluid to
shearing motion. The viscosity will regularize the discontinuity at the attractor
location and transform it to an internal boundary layer. However, numerical
problems arise since the resolution of the grid needs to be high in order to
properly resolve this boundary layer. Numerically we have the problem, as
with the inviscid case, that eigenvalues are close together. Especially for low
viscosities where the viscous term is merely a small correction to the Poincaré
equation. We are interested in the eigenvalue behaviour, viewing the viscosity
as a parameter to be varied. In particular the limit for vanishing viscosity is
interesting, in this limit the finite number of eigenvalues of the elliptic viscous
problem should degenerate into the dense spectrum of the hyperbolic inviscid
problem.

After introduction of the problem in Section 3.2, and a review of the mecha-
nism behind the ill-posedness in Section 3.3, we describe a discretisation using
a Finite Element Method in Section 3.4. The Finite Element Method used is
fairly standard, the resulting discretisation matrices will, however, be used in
subsequent sections in analysing the properties of the problem and error anal-
ysis.

In section 3.6 we study the properties of the discretised viscous Poincaré
problem. This problem may be posed as an eigenvalue problem. The real
and complex parts of the eigenvalue (frequency and damping) together with
the viscous parameter were found to trace closed curves in three dimensional
space. More specifically, we found ellipses tilted around a common axis (vis-
cosity and damping equal to zero). Using perturbation techniques we show
that the angle of the tilt is closely related to the eigenvalue of the inviscid equa-
tion, and in general the parameters defining the ellipses may to good approxi-
mation be determined from solutions to the inviscid equation.

Next we turn to the stability of eigenvalues and eigenvectors. We are inter-
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ested in how the eigensystem responds to small perturbations. Since we know
that the problem is ill-posed we expect that small perturbations in the matrices
of the discretised problem may yield dramatic changes in the eigenvectors. For
both the inviscid and the viscous equation we derive inequalities that supply
an upper bound for the distance between solutions of the discretised eigen-
problem and solutions of a perturbed eigenproblem. The spectral gap is a key
element in these error bounds. As expected, viscosity regularises the solution
and error bounds for eigenvectors are tighter. Mainly, this is a consequence of
the increased spectral gap, eigenvalues lie further apart since they move away
on the aforementioned ellipses. It is then proposed to use the expression for
the error bound as an indicator for the reliability of computed solutions.

We conclude with numerical experimentation in Sections 3.8.1 and 3.8.2
where we considered the eigenvalues and the eigenvectors, respectively. The
eigenvalues of the discretised problem are calculated as a function of the vis-
cosity using a numerical continuation package (Dhooge et al., 2004). We find
the ellipses as predicted before, to good accuracy. Next, we compute the eigen-
vectors of the viscous Poincaré problem. Selection of reliable vectors is done
using the indicator obtained before. For higher values of the viscosity the re-
sults are satisfactory. At low viscosity however, most solutions seem to suffer
from spurious oscillations and solutions are unstable. At higher grid resolu-
tions the ill-posedness of the problem is even more evident.

Although viscosity has a regularising property, we find that the effect is
insufficient at low values of the viscosity. We believe that an additional regu-
larisation procedure will be needed in such circumstances, perhaps an energy-
minimising approach as advocated in Chapter 2. Such a method also allows for
tuning of a regularisation parameter (e.g. via L-curves as proposed in Section
2.7.1), while the viscosity is in principle a given physical quantity.

At this point it is worth comparing the results of the numerical computa-
tions from Chapter 2 and Chapter 3. The former approach was aimed at solving
the inviscid equation, using a regularisation based on an energy-minimisation.
The latter approach relies on the regularising properties of a viscous term. Al-
though the philosophy behind these approaches is quite different, the result-
ing discretised systems are similar. The results were however quite different.
In Chapter 2 we found close agreement to ray-traced solutions of the inviscid
equation, or solutions with a step discontinuity. In Chapter 3 we typically find
solutions where there is structure around the attractor location, which disap-
pears further away from the attractor. It is likely that difference in character
between a minimal energy (containing first derivatives of the streamfunction)
and a viscous term (containing fourth order derivatives of the streamfunction)
is responsible for the dissimilar results.

The final chapter deals with the description of an experiment carried out
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at the Coriolis laboratory in Grenoble. This laboratory contains the world’s
largest rotating platform, having a diameter 13 meters. The platform is used
to study the effect of rotation on fluids, mimicking the rotation of the earth.
The aim of our experiment was to test the hypothesis that internal waves, and
more specifically internal wave attractors, carry the potential for efficient mix-
ing of the fluid density. This mixing takes place at the boundaries of the fluid
domain, where waves are focused. In oceanography, mixing processes are of
great importance, they are the means of redistributing hot and cold water, thus
driving large scale flows through density differences which they imply. In the
deep ocean an amount of mixing takes place which is, as yet, unexplained. Al-
though controversial, some authors argue that internal wave breaking may be
the mechanism behind this mysterious mixing. Results of the analysis of the
data gathered during the experiment strongly supports this hypothesis.

In our experiment a rotating, annulus-shaped basin, mounted on a turntable,
is filled with water. In the fluid a density stratification was created, setting the
conditions for gravito-inertial waves. On top of the steady rotation a modula-
tion is applied, at the frequency where we theoretically expect a wave attractor.
Measurements were made using two techniques. Firstly, probes were injected
into the fluid. These probes record densities, either as time series at a fixed
height, or as a function of depth during vertical movement. Secondly, mea-
surements were performed using a PIV technique (Particle Image Velocimetry).
This method uses a laser sheet, illuminating a part of the interior of the fluid,
in our case a radial cross section. Suspended in the fluid are particles, that are
illuminated when crossing the laser sheet. Due to the density stratification, the
particles are homogeneously distributed. The illuminated particles are pho-
tographed using a high speed camera, and computer software processes the
images to create vector field representations of the velocity field.

By inspection of probe data, we find that the density profiles that were es-
tablished prior to the experiment are completely destroyed after several hours
of modulation. This is a surprising result, since usually a stable density strat-
ification lasts on a much larger time scale. We attribute the density modifi-
cations to internal wave beam focusing and subsequent mixing, and indeed
wave attractors were identified in radial cross-sections of the annulus. Consis-
tent phase behaviour and high amplitudes were found at the attractor location
in images obtained by a harmonic analysis of the vorticity field (a measure of
the local rotation or shear of fluid particles).

Another interesting point concerns the generation of the waves. Since we
do not perturb the fluid in any direct way, nor are we using a topography that
breaks the rotational symmetry, where are the waves generated? The answer
might well lie in the physics of the boundary layer: a thin layer of fluid where
the fluid frictionally adjusts to zero velocity at the boundary. Extending results
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of Garrett et al. (1993), we propose a model that predicts a boundary layer erup-
tion. At certain critical points at the boundary of the fluid domain the height
of the boundary layer can ’explode’, thereby periodically pumping fluid into
and out of the fluid interior. This is exactly what we observe. We use complex
EOF’s (Empirical Orthogonal Functions), a decomposition of the signal into
variation-minimizing eigenfunctions. The component that contributes most to
the signal clearly shows a shear layer being spawned at a critical corner.

1.2 Geophysical Fluid Dynamics

The Poincaré equation has significance in the field of geophysical fluid dynam-
ics, as the equation describing internal waves in a fluid volume. These may
be either internal gravity waves or inertial waves, restored by buoyancy and
Coriolis forces, respectively. This section will give a brief overview of wave
phenomena in fluid dynamics, in order to make clear the position of internal
waves in a broader setting. The overview is followed by a derivation of the
Poincaré equation from the Navier-Stokes equation in Section 1.2.4.

Furthermore, this section serves as background for Chapter 4 where the
importance of internal waves in mixing processes is experimentally examined.
The single most important set of equations in fluid dynamics are arguably the
Navier-Stokes equations for the dynamics of an incompressible fluid,

∂u
∂t

+ u · ∇u = −∇p
ρ

+ ν∆u +
F
ρ

.

These equations should be posed on some domain, and supplemented with
suitable initial and boundary conditions. In the Navier-Stokes equations u is
the velocity of a fluid particle, ρ is the density and p is the pressure. The func-
tion F is a prescribed body force. Usually, F contains the gravitational force
only, F = gρ, with g = −ge3 the gravitational acceleration. The small parame-
ter ν is the kinematic viscosity, which is of the order of 10−6m2/s for water. In
the case that ν = 0 the resulting inviscid equations are referred to as the Eu-
ler equations. The Navier-Stokes equations are supplemented by the continuity
equation,

∇ · u = 0,

following from local mass conservation in a fluid parcel. We will be primarily
interested in the case of a rotating system. When we describe the equations
from an inertial frame of reference, rotating with angular velocity Ω (where
we will add a prime to the variables) it is well known that two fictitious forces
arise. We see this by examining the convective derivative, which may be writ-
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ten in cylindrical coordinates as

Du
Dt
≡ ∂u

∂t
+ u · ∇u =

Du′

Dt
+ Ω× (Ω× r) + 2Ω× u′,

where r is the position vector in cylindrical (r, θ, z)-coordinates. The second
term is the centrifugal force, the third term is the Coriolis force. The centrifugal
force can be expressed as a gradient, and may be included in a modified pres-
sure, the reduced pressure,

P′ ≡ p− 1
2

Ω2(x2 + y2),

where we used the notation Ω = ‖Ω‖2. The reduced pressure enables us to
write the rotational Navier-Stokes equations in a co-rotating frame as

∂u′

∂t
+ u′ · ∇u′ + f× u′ = −∇P′

ρ′
+ ν∆u′ +

F′

ρ′
, (1.1)

where f ≡ 2Ω is known as the Coriolis parameter. We continue our discussion
of the Navier-Stokes equation by assuming that we deal with small amplitude
motion, and we neglect the non-linear terms in (1.1), giving

∂u′

∂t
+ f× u′ = −∇P′

ρ′
+ ν∆u′ +

F′

ρ′
. (1.2)

Note that there are circumstances in which linearisation is not justified. In such
a case the Oseen approximation (Batchelor, 1967, section 4.10) is often adopted.
This approximation consists of replacing the non-linear term u′ · ∇u′, with the
linear term u′0 · ∇u′, where u′0 is some suitably chosen constant vector.

The Navier-Stokes equations are usually studied by assuming some terms
to dominate over others, the relative effects of the various terms being mea-
sured using several parameters. As yet these parameters are hidden in the
physical quantities, they arise when we write the equations in dimensionless
form by selecting appropriate scales. For example, if the position variable x is
of relevance on scales of L meters, we write x̃ = x/L. We have differentiated
between dimensionless and dimensional variables by means of a tilde. Let us
also set the following scales

u′ = Uũ′,
t = t̃L/U.

Note that derivatives scale as ∇ = L−1∇̃ and ∂
∂t = U/L ∂

∂t̃ . The dimensionless
Navier-Stokes equations may then be written as

∂ũ′

∂t̃
+

L f
U

k× ũ′ = −∇̃P̃′ +
ν

LU
∆̃ũ′ + F′ (1.3)
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Parameter Name Measures importance of
Ro = U/L f Rossby number Coriolis force over inertial acceleration
Ek = ν/(L2 f ) Ekman number viscous over Coriolis force
Re = LU/ν Reynolds number inertial over viscous force

TABLE 1.1: Some commonly used parameters in fluid dynamics.

Only two dimensional parameters remain: the Reynolds number is given by
Re = LU

ν , and we see that it measures the relative importance of the inertial
force (the left hand side) over the viscous force. We can also identify the Rossby
number Ro = U

L f , measuring the importance of the the inertial acceleration over
the Coriolis force. The ratio Ro/Re = Ek, known as the Ekman number, mea-
sures measures the importance of viscous force over the Coriolis force. In table
1.1 we summarize the most commonly used parameters. The relative mag-
nitudes of these parameters determine the type of solution dominant in the
system. We will be primarily interested in the case where Ek � 1 and Re� 1,
i.e. we consider nearly inviscid fluids. Furthermore we restrict ourselves to
wave solutions, the nature of which is the topic of the following section.

1.2.1 Waves

A wave may be defined as the mechanism employed by nature to transport
energy, without significant transport of mass (Tolstoy, 1973). Waves commonly
manifest themselves as sinusoidal oscillations of particles around an equilib-
rium point. In order for waves to exist, a medium (a fluid) and a restoring
force are needed. As pointed out before, there are several restoring forces, giv-
ing rise to various waves. Before discussing the various types of waves, we
first like to introduce a few key concepts characterizing waves. However, since
various types of wave exist, it is not possible to present one concise mathe-
matical prototypical wave. For simplicity, and because this type of wave fea-
tures prominently throughout this thesis, we will discuss wave properties of a
monochromatic (i.e. having one frequency) linear wave:

u(x, t) = A<(ei(ωt−σ+k·x)).

For this type of wave we may easily characterise several properties:

• Amplitude The amplitude ‖A‖measures the half-distance between crest
and trough.

• Frequency The number of oscillations per second, ω ∈ R.
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• Period The period, T = 2π/ω, is the time it takes for the wave to perform
an oscillation.

• Wave number The wave number measures the number of wave cycles
that fit in one meter. In higher dimensions a wave number is assigned to
each of the directions, yielding a wave vector k = (k, l, m).

• Wavelength As a wave propagates, the wavelength λ = 2π/|k| is the
distance covered in one period.

• Phase The phase, σ measures the position of the wave in the oscillation.
Phase is always relative, a gauge must be agreed on.

• Phase velocity The phase velocity cp = ω
κ2 k, with κ = |k|, measures the

velocity of a crest or trough.

There is one more concept, the group velocity, but before introducing this, it
is convenient to define dispersion. A functional relation ω = f (k) between
the frequency and the wave vector is called a dispersion relation. Waves are
classified as being dispersive or non-dispersive according to f ′(k) being non-
constant or constant. This implies a non-constant and a constant phase velocity
(with respect to the wave number) respectively. If a wave is dispersive, then a
combination of a number of waves of differing wave number will yield a com-
plicated ensemble. The velocity of this ensemble is the group velocity (velocity
of energy propagation) given by

cg = (
∂ω

∂k
,

∂ω

∂l
,

∂ω

∂m
).

Note that it is assumed here that ω depends continuously on k. Later we will
see that in the case of internal waves the concept of wave number loses some
of its significance.

1.2.2 Some common waves

Many waves occur as internal waves, i.e. waves that attain their maximum am-
plitude in the interior of the fluid volume. Surface waves have their maximal
displacement at the surface, where we have a density interface. Internal waves
have the buoyancy force, Fb = −g∆ρ as a restoring mechanism. The buoyancy
force is a consequence of the Archimedean principle that an object immersed in
a fluid experiences an upward force proportional to the volume of the object.
The buoyancy force is dependent on the stratification, the variation in density
∆ρ with depth.
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In geophysical fluid dynamics one regularly encounters the term barotropic.
If ∇p ×∇ρ = 0 the fluid is called barotropic. This term is often used in the
meaning ’surface’ or ’external’. Also, it is frequently used to express lack of
structure in the vertical direction. The opposite of barotropic is baroclinic,
commonly used in the sense of ’internal’, or expressing variations in vertical
structure.

In principle waves are classified according to the restoring force that is
dominant in the dimensionless Navier-Stokes equations (1.3). The following
sections will, very briefly, discuss some of the predominant waves. Special at-
tention is given to the dispersion relation, which allows us to sketch a picture
later on in which the position of internal gravity waves is indicated.

Inertial Oscillations

When both Re→ ∞ and Ek� 1 and the pressure gradient force is assumed to
be zero, the linearized Navier Stokes equation (1.2) reduces to

ut + f× u = 0. (1.4)

The solutions to this system is easily seen to be clockwise (anticyclonic – against
the frame’s rotation sense) circular motion in the horizontal plane, with a pe-
riod of oscillation of 2π/ f . This result is obtained by combining the first two
equations into utt = − f 2u, which has the solutions

u = A cos( f t) + B sin( f t), (1.5)

for constants A and B. The second equation of (1.4) then gives us an expression
for v. Finally, we conclude that u2 + v2 = A2 + B2, which represents circular
motion. The dispersion relation can be induced from (1.5) and reads,

ω = f .

This solution is called the inertial oscillation. Since it represents a non-propagating
solution, not transporting any energy, one could argue that this is not a wave
by our definition. Nonetheless such a solution is usually called a ’standing
wave’. We mention the inertial oscillation since it is of importance in practice,
measurements repeatedly reveal waves at the inertial frequency.

Surface Gravity Waves

Surface gravity waves exist on interfaces between two fluids when there is a
balance between acceleration and pressure gradient, plus gravity in the vertical
direction. In this case, rotation is not important and Ro → ∞ and Ek � 1.
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Type Examples Dispersion relation
Shallow water waves Tides, tsunamis ω =

√
gHκ

Deep water waves Ocean wind waves ω = √gκ

TABLE 1.2: Classification of surface gravity waves.

Since we consider a surface wave, there is no density variation and the density
is equal to a constant reference density: ρ = ρ∗. This gives the equations

ut = −Px/ρ∗,
vt = −Py/ρ∗,
wt = −Pz/ρ∗ − g.

One may solve these equations, under certain assumptions, distinguishing be-
tween deep and shallow water. In both cases, vertical excursions of water
parcels decrease exponentially with depth, justifying the term ’surface wave’.
In the vertical plane, motions are circular (deep water) or elliptic (shallow wa-
ter), eventually rectilinear close to the bottom.

In table 1.2 some results are summarized, where the following symbols are
used

• H, the water depth,

• k, l, the wave numbers in x and y directions, and κ =
√

k2 + l2 the length
of the wave vector.

In fact, the interface does not need to be of the type water-air. We can also
study general two-layer fluids, having a density jump at the interface of ∆ρ. In
this case, the results of Table 1.2 remain valid, if we replace the gravity g with
the reduced gravity

g′ = g∆ρ/ρ∗.

The corresponding force Fb = g∆ρ is called the buoyancy force.

Poincaré and Kelvin Waves

Poincaré and Kelvin waves (or ’gravito-inertial waves’) are high frequency, ro-
tationally modified, gravity waves. The Ekman number must also be small,
which enables us to neglect the viscous terms. The equations for the velocities
take the form

ut − f v = −Px/ρ∗,
vt + f u = −Py/ρ∗,

wt = −Pz/ρ∗ − g.
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In view of our investigation of internal waves in bounded geometries, it is in-
teresting to solve the system in a rectangle of dimensions H × L, at the bound-
ary of which we need the velocities to vanish. The component v is eliminated
from the system. When wave motion with frequency ω is assumed, we can
then solve the system (Pedlosky, 1992) and find the dispersion relation,

ω =
√

f 2 + g′H((nπ/L)2 + k2). (1.6)

Thus the waves are quantised in the cross-channel direction according to the
mode number n = 1, 2, 3 . . .. These waves are called Poincaré waves. Poincaré
wave exist as both internal and external form. They have a typical asymmetri-
cal sinusoidal-like profile, with highest amplitudes away from the boundaries.
There is a second type of solution, where the wave number is not quantised
(taking the role of the n = 0 solution). These waves are called Kelvin waves.
These waves are typically attached to the boundary, and decay exponentially
into the interior. Kelvin waves have the dispersion relation

ω =
√

g′Hκ2.

Note how the dispersion relation is identical to that of shallow water waves.
However, it is a quite different type of wave, bound to the rightmost boundary
of the channel and exponentially decreasing.

Rossby wave

A Rossby wave is a low frequency wave (ω � f ), where the same forces are
at work as in the previous section, except that an extra mechanism comes into
play. Rossby waves are either restored by variations in the local rotational fre-
quency f , or by changes in depth (topographic Rossby waves). In other words,
f and H are no longer assumed to be constant. We assume that f and H only
vary in the y direction and define the following quantities,

• β is the local average value of d f
dy ,

• α is the local average value of f
H

dH
dy ,

The dispersion relation is then given by

ω =
(α− β)k

k2 + l2 + L−2 .

See e.g. Batchelor (1967) or Pedlosky (1992) for a derivation. Here the quantity
L is the Rossby radius given by

L =
√

g′H/ f .
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The gravitational factor can be either the reduced gravity for internal waves,
or the usual gravitational constant for surface waves.

Internal waves

The waves that form the main topic of this thesis are internal waves, these are
waves having their maximum amplitude in the interior of the fluid. We will
discuss these waves in detail in paragraph 1.2.4, but list some main properties
here in order to facilitate comparison with other waves.

The main driving forces are the buoyancy force, induced by a continuous
stratification, and the Coriolis force . We will show how this leads to a disper-
sion relation of the form

tan2 θ =
ω2 − f 2

N2 −ω2 ,

where N2 is a measure of the strength of the continuous stratification and θ is
the angle between the group velocity vector and the horizontal plane. Note that
this dispersion relation implies that internal waves exist only in the frequency
band where ω2 is in between f 2 and N2. In the ocean, N is generally larger
than f , however in certain deeper parts of the ocean the stratification is nearly
neutral and f may exceed N.

1.2.3 The big picture

An attempt of sketching the dispersion relation of the waves discussed before
is given in figure 1.2. We have set N2 = 0 in order make a fair comparison
between internal waves and the other wave types possible. In the absence of
stratification, the resulting internal waves are called inertial waves. One charac-
teristic of inertial waves is that (potentially) they live in a continuous frequency
window, in figure 1.2 represented by the shaded area. Later on we will see how
the topography can also constrain the allowed frequencies for inertial waves.
At the upper limit of allowable frequencies we find the inertial oscillations,
while Rossby waves and deep water waves share (part of) the frequency band
with inertial waves. At this point it is worthwhile to note that inertial Poincaré
waves, Kelvin waves and Rossby waves can very well be considered inertial
waves. After all, the same restoring forces are at work, the only difference lies
in the typical scales involved and the boundary conditions. Therefore, in prin-
ciple, the theory of the next section and the resulting Poincaré equation should
be able to produce these waves.
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FIGURE 1.2: Classification of waves according to their frequency. The number n for the
graphs of Poincaré waves refers to equation (1.2.2)

1.2.4 Internal Waves

We will now continue by studying the Navier-Stokes equation (1.2) in the pres-
ence of rotation and stratification. Thus we specialize the force F to be the
buoyancy force. A thorough physical justification of the various approxima-
tions will be given. We note that, in principle, Rossby waves and Poincaré
waves also fit in the following description. After derivation of the governing
equations, Section 1.3 will further analyze internal waves in closed domains.
We will derive the Poincaré equation, which is the main object of study of this
thesis.

Taking into account the pressure gradient, gravitational force, Coriolis force
and buoyancy force we can write down the rotating Euler equations,

ρ(
∂u
∂t

+ u · ∇u + f× u) = −∇p− ρge3 (1.7)
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Here ρ stands for density, g is the gravitational acceleration, u = (u, v, w) is
the velocity, p is pressure and f = (0, 0, f ) is a vector containing the Coriolis
parameter f = 2Ω. Here Ωk stands for the angular velocity of the geometry
in which the internal gravity wave problem is considered. The rotation axis
is taken to be in the e3 direction, which is upwards. For a derivation of (1.7)
see LeBlond & Mysak (1978). Note that this is an inviscid equation, friction
effects have not been incorporated. In Chapter 3 we will consider the viscous
equations, we will however not derive the viscous equations from basic prin-
ciples.

Now, we need a second equation which states that mass is conserved,

∂ρ

∂t
+∇ · (ρu) = 0. (1.8)

Furthermore, it is known from thermodynamics that a relation of the following
type (equations of state) exists

ρ = ρ(p, S, s) (1.9)

Which means that we can express ρ in terms of pressure, entropy (S) and salin-
ity (s). The next equations posed are assumptions and assert absence of sources
and sinks,

∂S
∂t

+ u · ∇S = 0

∂s
∂t

+ u · ∇s = 0

These equations assert that the entropy and salinity of a small advected fluid
element do not change in time. The equations stated so far are in principle
closed, yet very impractical. Therefore some more manipulations are in order.

From (1.9) we have that we can write the derivatives

∂ρ

∂t
=

∂ρ

∂p
∂p
∂t

+
∂ρ

∂s
∂s
∂t

+
∂ρ

∂s
∂s
∂t

(1.10)

u · ∇ρ =
∂ρ

∂p
u · ∇p +

∂ρ

∂s
u · ∇s +

∂ρ

∂S
u · ∇S (1.11)

Using (1.10)–(1.11) and the relation ∂ρ
∂p = c−2

s now yields

∂ρ

∂t
+ u · ∇ρ =

1
c2

s
(

∂p
∂t

+ u · ∇p) (1.12)
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The quantity cs stands for the (non-constant) speed of sound. Furthermore,
pressure and density can be split in a static and dynamic part

p = p0(z) + p′(t, x, y, z) (1.13)
ρ = ρ0(z) + ρ′(t, x, y, z) (1.14)

The dynamic parts can be seen as a perturbation. The static part of the pressure
is due to gravity and stratification

dp0

dz
= −ρ0g (1.15)

This relation is, for obvious reasons, called the hydrostatic balance. The relations
(1.13),(1.14) and (1.15) enable us to write (1.7), (1.8) and (1.12) as:

(ρ0 + ρ′)(
∂u
∂t

+ u · ∇u + f× u) = −∇p′ − ρ′ge3z (1.16a)

∂ρ′

∂t
+∇ · ((ρ0 + ρ′)u) = 0 (1.16b)

∂ρ′

∂t
+ u · ∇(ρ0 + ρ′) =

1
c2

s
(

∂p′

∂t
+ u · ∇(p0 + p′) (1.16c)

Since the speed of sound cs is not a constant, these equations are not yet a
closed system. In the next section, the system will be further simplified, using
several approximation techniques.

1.2.5 Approximations

There are several approximations to be made to the system (1.16) to make them
suitable for mathematical analysis. The assumptions made and the applied
techniques will only be briefly outlined in this section.

• Linearisation
Products of perturbations, or products of perturbations and static vari-
ables can be neglected. One can show that a sufficient condition for which
this assumption is valid is

|u| � c� csur f

In plain English this says that the velocity of the fluid particles must be
much smaller than the phase velocity of the internal waves (c), which
in turn must be much smaller than the phase velocities of the (relatively
long) surface waves (csur f ). As a result of the linearisation, the speed of
sound cs has become a constant (cs = cs(p0, ρ0, s0)). The system (1.16) is
now closed.
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• Quasi incompressibility
Equations (1.16b and 1.16c) can be combined and then approximated by
the continuity equation ∇ · u = 0, neglecting the effects of compressibility
on the velocity. This needs the assumptions c � cs and csur f � cs. In

equation (1.16c) the term − 1
c2

s

∂p′
∂t will be neglected, this is safe if csur f �

cs. This results in an equation where the compressibility of the fluid does
have an effect, namely on the density. Taking into account the effects
on the density, while neglecting kinematic effects of the compressibility,
leads to the term ’quasi-incompressible’.

• Boussinesq approximation
The density in equation (1.16a) plays two roles. In the right-hand side the
density perturbation affects the force exerted on a fluid element. In the
left-hand side the static density affects the resulting acceleration. The lat-
ter effect has a negligible effect on the acceleration of the fluid elements.3

This motivates the replacement of ρ0 by a constant, depth-averaged, value
ρ∗. In the ocean ρ∗ will typically differ from ρ0 by about 2%. This sim-
plification also introduced the desirable effect that the partial differential
equation now has constant coefficients.

The conditions used above can be summarized by

|u| � c� csur f � cs

1.2.6 Approximated equations

The linearisation, quasi incompressibility and Boussinesq approximation lead
to

ρ∗(ut + f× u) = −∇p′ − ρ′ge3,
∇ · u = 0,

∂ρ′

∂t
− w

ρ∗

g
N2 = 0

(1.17)

The factor N2 is given by

N2(z) ≡ − g
ρ∗
{dρ0

dz
+

ρ0g
c2

s
}.

Stability of the stratification demands N2 > 0, which says that denser liquid
must be below liquid of lesser density, in order for the density distribution to

3This is similar to the role of inertial and gravitational mass in classical mechanics. The inertial
mass resists acceleration and the gravitational mass determines the gravitational force. The inertial
effect determines the system to a much lesser extent than the gravitational effect.
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be stable.The factor N is called the Brunt-Väisälä frequency, it acts as an upper
bound on internal wave frequencies (Greenspan, 1968).

1.3 The wave equation in two dimensions

We are now in the position to derive the two-dimensional Poincaré equation.
Starting from the equations (1.17), we first take the time derivative of the first
equation and eliminate the dynamic density using the third equation. For nota-
tional convenience we switch to subscript notation for partial derivatives and
have

utt + f× ut = −∇pt

ρ∗
− wN2e3,

∇ · u = 0.

The pressure may now be removed by taking the curl of the first equation.
After this we have, in component form

(wy − vz)tt + f uzt = −N2wy,

(uz − wx)tt + f vzt = wx N2,
(vx − uy)tt − ( f ux + vy)t = 0,

ux + vy + wz = 0.

Here f is the vertical component of the rotation vector f = (0, 0, f ). We now
restrict ourselves to two-dimensional domains. One way of accomplishing this
is setting all derivatives with respect to y to zero. Physically, this describes
a domain infinite in length with invariant behaviour in the y direction. In the
(x, z)-plane we can now introduce the stream function defined by (Ψz,−Ψx) =
(u, w), the continuity equation is then automatically satisfied and we obtain

−vztt + f Ψzzt = 0,

∆Ψtt + f vzt = −N2Ψxx,
vxtt − f Ψzxt = 0.

Taking the derivative of the second equation with respect to t and inserting the
first equation then finally gives us an equation for the stream function

∆Ψttt + f 2Ψzzt = −N2Ψxxt.

Since the equation is linear, solutions can be superposed at will. We there-
fore only consider monochromatic wave behaviour in time, with frequency ω,
which is expressed by

Ψ(x, z, t) = eiωtΨ(x, z). (1.18)
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Given solutions for certain values of ω, functions with a more general time
dependence can be formed by a Fourier analysis of these monochromatic wave
solutions. Using the equation (1.18) gives us the two dimensional Poincaré
equation,

Ψxx − λ2Ψzz = 0.

with

λ2 =
f 2 −ω2

ω2 − N2 .

We want to find solutions to this partial differential equation on some domain
D bounded by ∂D. We take the geometry to be completely bounded. At the
boundary it is natural to demand that the flow is parallel to the boundary. This
is mathematically expressed as u · n = 0, where n is a normal to the boundary
∂D. In terms of the stream function this becomes Ψ = c, for some arbitrary
constant c. Without loss of generality we choose c = 0 and our equation plus
boundary condition becomes

Ψxx − λ2Ψzz = 0 in D, (1.19)
Ψ = 0 at ∂D. (1.20)

The above problem is also an eigenvalue problem, only for specific values of
λ solutions are possible (depending on the domain D). Chapter 2 gives more
details on the solvability of the Poincaré equation. The eigenvalues are divided
in two classes

• min( f 2, N2) < ω2 < max( f 2, N2), the hyperbolic case.

• 0 < ω2 < min( f 2, N2), the elliptic case.

The special transition case N2 = f 2 is more complicated and must be addressed
separately. This issue is addressed in detail in Friedlander & Siegmann (1982b),
but we will ussume N2 6= f 2 for simplicity.

We are interested in the hyperbolic regime, where the internal waves are
found. Here we may further analyze the equation by introducing characteristic
coordinates. Before we present this analysis we firstly consider the dispersion
relation.

1.3.1 The dispersion relation

A dispersion relation gives a relation between the frequency and the wave vec-
tor k = (k, m). First a spatially infinite medium will be considered. In this case
the dispersion relation is easy to obtain, because we can assume solutions of
the form

Ψ = Ψ0ei(kx+mz) (1.21)
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With k, m ∈ R. This is a plane wave, with amplitude Ψ0. Inserting this solution
in (1.19) gives

ω2 =
N2k2 + f 2m2

k2 + m2 .

More insight is gained by rewriting the wave vector in polar coordinates k =
κ(cos(θ), sin(θ)). This represents a vector with an angle θ with the horizontal
and a length of κ. The dispersion relation becomes

ω2 = N2 cos2 θ + f 2 sin2 θ, (1.22)

or in terms of λ,

λ = ± 1
tan(θ)

.

This is a fundamental result: the frequency ω determines the angle θ of the
wave vector with the horizontal: ω = ω(θ). In contrast to this, elliptic waves
typically have ω = ω(|k|), see also Maas (2005). Upon reflection, the incident
and reflected waves will be confined to a fixed angle relative to the vertical. In
later chapters the profound implications of this property will become clear.

The dispersion relation also implies that the group velocity vector is per-
pendicular to the wave vector. Energy therefore propagates parallel to the
phase lines, under an angle θ with the vertical.

1.4 The method of characteristics

The method of characteristics is a useful method for solving hyperbolic equa-
tions. This technique will provide us with a method of predicting the general
’shape’ of the solution to (1.19) in any domain by a geometric ray tracing algo-
rithm. This algorithm is useful for testing the validity of the solutions obtained
by numerical approximation. We will apply the characteristic method to the
two-dimensional Poincaré equation.

The method of characteristics is based on the identification of characteristic
curves on which partial differential equations are described by ordinary differ-
ential equations. For hyperbolic differential equations of the form

a(x, z)uxx + b(x, z)uxz + c(x, z)uzz = 0,

there are two families of characteristic curves,

ξ(x, z) = c1,
η(x, z) = c2.
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Where ξ(x, z) and η(x, z) are obtained from solving the following ordinary dif-
ferential equation

dz
dx

=
1

2a(x, z)
[b(x, z)±

√
b2(x, z)− 4a(x, z)c(x, z)].

In the case studied here we have a(x, z) = 1, b(x, z) = 0 and c(x, z) = −λ2, this
gives the following families of characteristic curves (which are now character-
istic lines),

ξ(x, z) = x− |λ|−1z, (1.23)

η(x, z) = x + |λ|−1z. (1.24)

The smallest angle θ these lines make with the vertical is in fact the same angle
found in the dispersion relation (1.22). Thus it can be concluded that the waves
propagate in the direction of the characteristics. Two characteristics joining on
a point on the boundary can in this light be viewed as a reflection of an internal
wave.

In characteristic coordinates, the Poincaré equation reads simply Ψξη = 0
and the general solution can be obtained by integration,

Ψ(x, z) = F (ξ) + G(η) (1.25)

where the functions F and G are arbitrary.
Consider a domain D with boundary ∂D. Suppose that every characteristic

has at most two intersections with the boundary. This constraint is known as
characteristic convexity and makes sure that we can carry out integrations inside
the domain D. Equation (1.25) is then also valid inside D.

If we consider a point P1 = (ξ1, η1) on the boundary then we have by
boundary conditions that F (ξ1) = −G(η1). Following a characteristic in the
ξ-direction we find a new intersection point P2 = (ξ2, η1) where F (ξ2) =
−G(η1), thus F (ξ2) = F (ξ1). This procedure may be carried through to give
F (ξ1) = F (ξ2) = F (ξ3) = . . . and G(η1) = G(η2) = G(η3) = . . .. This is a
powerful result, because when setting (prescribing) the pressure at a point Pi
this also sets the pressures at all reflection points that can be reached by subse-
quent reflections. This mechanism also restricts the freedom in prescribing the
boundary conditions, since inconsistencies can occur if different values for the
pressure are assigned at coupled boundary points. These considerations lead
to the concept of a fundamental interval. This is defined as a set of closed inter-
vals on the boundary such that prescription of boundary conditions on these
intervals determines the pressure (in a consistent way) on the whole of the
boundary, as well as in the interior. The largest connected subset of the funda-
mental interval is called the primary fundamental interval. Unicity of the solution
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is guaranteed if and only if all the fundamental intervals are prescribed, either
by the application of boundary conditions or the influence of another funda-
mental interval. Unicity follows since all characteristics are in that case set to
a specific value, which in turn gives the solutions in the interior by equation
(1.25). For certain geometries the fundamental intervals can be expressed in
terms of the properties of the geometry and the frequency ω by constructing
explicit mappings for successive surface intersections. This was demonstrated
before in Maas & Lam (1995).

1.5 The wave attractor

The construction described in the previous section, tracing characteristics from
boundary point to boundary point, leads to a dynamical system on the bound-
ary. For the moment we only present a simplified summary here, and leave the
details for Chapter 2.

Let us write the transformation acting on a boundary point s ∈ ∂D as T :
∂D → ∂D. The map T has (independently of the starting point s) the following
properties (John, 1941):

• Every point is a periodic point of order n, thus for all s ∈ ∂D we have
T(n)(s) = T(s).

• Every point tends to an element of some limit set ω(T) under the map T.
Independently of s we then have that there exists a k ∈ ω(T) for which
limn→∞ T(n)(s) = k.

• For every s and n > 1 we have T(n)(s) 6= T(s).

Each of the above cases has its own specific type of solution to the Poincaré
equation attached to it. In a sense, the iteration points of the map T describe
a ’skeleton’ of the solution. The first case describes modal solutions, smooth
solutions without singularities.

The second case corresponds to solutions containing wave attractors, fea-
tures in the solution then reproduce towards smaller scales. The cluster points
of the map T correspond to a singularity in the solution. A prototypical exam-
ple was shown in figure 1.1, where we have four limit-points. The fractal struc-
ture in the solutions presents us with a challenge, numerical approximation of
the small scale structure in the solution will require special consideration.

Finally, the third case above is the ergodic case, no point is mapped to itself.
When continuous solutions are sought, only the trivial solution is possible in
this case. This follows since a boundary condition set at one point of the bound-
ary implies that a dense subset of boundary also is assigned this value. From
(1.25) we then find the trivial solution in the entire domain.
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For the first two cases it is known that fundamental intervals exist. There
exists an M ⊂ ∂D such that

∪∞
n=0T(n)(M) = ∂D.

In the case of wave attractors, all iterates are disjoint,

∩∞
n=0T(n)(M) = ∅,

while for modal solutions the fundamental interval is for some m > 0 mapped
to itself,

T(m)(M) = T(M).

Finally, in the ergodic case the fundamental interval consists of a set of measure
zero on the boundary.

1.6 Ill-posedness

It turns out that the mapping T described above is highly sensitive to pertur-
bations in the boundary of the domain. An arbitrarily small perturbation can,
for example, turn a wave attractor into a modal solution. We will describe in
Chapter 2 how we can attach a value, the winding number or rotation number, to
the boundary of the domain. This winding number classifies in which of the
cases described above we are. The crucial observation is now that the wind-
ing number does not depend continuously on the geometry of the boundary. This is
the source of the ill-posedness of the solution, which we take to mean that so-
lutions do not vary continuously with the model parameters. In Section 1.7.4
we present limit point diagrams of a few selected geometries which clearly
illustrate the ill-posedness of the problem.

Note that often parameter regimes exist where the solution is robust under
perturbation, this robustness underlies the physical realisability of the wave
attractor (Maas et al., 1997).

The ill-posedness has consequences for the solvability of the Poincaré equa-
tion in a numerical sense. Solutions are unstable in the sense that a slight modi-
fication of the computational grid may destroy a solution. In essence solutions
are so close together (in some sense) that numerically solutions are indistin-
guishable. In Chapter 2 we will give examples of numerically obtained solu-
tions, that are unstable under even a small modification of the grid. At this



1.7. EXAMPLES 25

point it is worthwhile to mention that our definition of ill-posed is slightly dif-
ferent from the classical definition due to Hadamard (Hadamard, 1923). Math-
ematical problems are well-posed in the sense of Hadamard if

1. the solution exists and is non-trivial

2. the solution is unique

3. the solution depends continuously on the data.

A problem is ill-posed if it is not well-posed. The Poincaré problem would then
be called ill-posed since boundary data at the fundamental intervals must be
specified in order to obtain a unique solution and it the solution is sensitive a
perturbation in the parameters. We will however use the term ill-posed in the
’discontinuous response to continuous variation’ meaning. Whenever the solu-
tion is not uniquely determined for given boundary data we will use the term
’under-determined’. Thus, the Poincaré problem is both ill-posed and under-
determined. The justification for this non-standard nomenclature lies in the
techniques used to deal with the ill-posedness and under-determinedness of
the problem. The sensitive nature with respect to variations in the parameters
is effectively dealt with using a form of regularisation. In this thesis we use a
variation on Tikhonov regularisation (Tikhonov & Arsenin, 1977) in Chapter 2
and a viscous regularisation in Chapter 3. On the other hand, we obtain unique
solutions simply by supplying boundary conditions where those are needed,
on the fundamental intervals that were introduced in Section 1.4

1.7 Examples

The Poincaré equation is notoriously difficult to solve analytically. Among the
few geometries for which solutions were obtained (in two dimensions) are: the
circle (Barcilon, 1968), the triangle (Franklin, 1972), and the square (Bourgin
& Duffin, 1939). For the case of three-dimensional rotating flows, analytical
solutions were obtained for the axial cylinder (Kelvin, 1880) and the oblate
spheroid (Bryan, 1889). The following examples will show the possible solu-
tions for some selected geometries. This will give some insight in the type of
solution we can expect. Where no solutions in closed form are known, we re-
vert to a ray tracing technique in order to identify wave attractors in parameter
space.

1.7.1 The Strip

Suppose that ∂D, in characteristic coordinates, is bounded by the graphs of
the two functions ht(ξ) (top) and hb(ξ) (bottom). In this case the boundary
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condition becomes

F (ξ) = −G(ht(ξ)) = −G(hb(ξ)). (1.26)

The Poincaré problem on the 2D domain has now become a 1D problem, the
determination of a function G for which it holds that G(ht(ξ)) = G(hb(ξ)). It
should be noted that once a function G has been found, an infinity of solutions
is available by constructing f ◦ G for some function f .

Next, we will solve the Poincaré problem on the infinite strip of height b
tilted by an angle α, which is described by

h̃t(x) = sx + b,

h̃b(x) = sx,

with s = tan(α). Using the inverse of the transformation (1.23) these equations
can be translated to the (ξ, η) coordinate system,

ht(ξ) =
1 + λs
1− λs

ξ +
2λb

1− λs
,

hb(ξ) =
1 + λs
1− λs

ξ.

The condition (1.7.1) now reads

G(
1 + λs
1− λs

ξ +
2λb

1− λs
) = G(

1 + λs
1− λs

ξ), ∀ξ ∈ R.

Making the substitution ξ ′ = 1+λs
1−λs ξ one obtains

G(ξ ′) = G(ξ ′ +
2λb

1− λs
).

In other words: all functions G that have T = 2λb
1−λ tan(α) -periodicity generate

solutions.

1.7.2 The wedge

In this section we will examine the wedge defined by

D = {(x, z)| 0 < α2x ≤ z ≤ α1x}.

This example is important since it models a corner in a domain. In characteris-
tic coordinates we describe the boundary of the domain by

ht(ξ) =
1 + α1λ

1− α1λ
ξ,

hb(ξ) =
1 + α2λ

1− α2λ
η.
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ν

ξ

FIGURE 1.3: Schematic picture of characteristics in a wedge. Note that the characteris-
tics tend to the apex of the wedge, while the fundamental intervals shrink.

Next we examine the consequences of G(ht(ξ)) = G(hb(ξ)). Substituting the
expressions for the coordinates we obtain

G(
1 + α1λ

1− α1λ
ξ) = G(

1 + α2λ

1− α2λ
ξ).

After the coordinate transform ξ ′ = 1+α1λ
1−α1λ ξ we derive the relation

G(ξ) = G(
1 + α2λ

1− α2λ

1− α1λ

1 + α1λ
ξ) ≡ G(αξ),

with

α =
1 + α2λ

1− α2λ

1− α1λ

1 + α1λ
=

1− α1α2λ2 + (α2 − α1)λ

1− α1α2λ2 + (α1 − α2)λ
.

For any k ∈ Z, the functions must satisfy

G(x) = G(αkx).

Suppose that α > 0. The solution consists of parts that are repeated while
shrinking in scale towards the origin. This is easy to see by evaluating G in the
logarithm of its argument, yielding

G(log(x)) = G(k log(α) + log(x)),

thus G is log(α)-periodic when using a logarithmic x-axis, see Figure (1.3) for
a clarification of this process. It is easy to identify the fundamental interval for
this geometry by noting that (αi, αi+1] is exactly the interval that is repeated for
G. The fundamental intervals for G are given by

Mi = (αi, αi+1],
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for any i. We can now uniquely solve the Poincaré equation by choosing a
value of j and applying the Dirichlet boundary condition

G(η) = hj(η), on Mj.

Note that the function F is found by F (ξ) = −G(ht(ξ)) and can always be
constructed after G has been found.

If we want a solution that is of class Cn(R+ ×R+) we need

lim
ξ←αj

h(n)
j (ξ) = hj−1(αj) = h(n)

j (αi+1).

Note however that G(0) is still undetermined. For continuity at the origin we
need in addition

G(0) = lim
η↓0
G(η),

or in other words, for all ε > 0 there is a δ > 0 such that

x < δ→ |G(x)− G(0)| < ε.

Suppose that we have set boundary conditions h0(x) on M0, then G(x) =
hk(x) = h0(α−kx) for x ∈ Mk and let us choose ε = α−k. In that case

x < δ, x ∈ Mk → |h0(α−kx)− G(0)| < α−k.

Now, the values that h0(α−kx) attains on Mk are independent of k, while
α−k can become arbitrarily small. Suppose that minx∈Mk |h0(α−kx)−G(0)| = c,
then we can always choose k such that αk < c, except when c = 0. This implies
that only the constant solution is possible if the solution is to be continuous at
zero.

1.7.3 The Rectangle

Consider the a × b rectangle in the xz-plane. We want to solve the Poincaré
equation on this domain. Solutions on this domain have been classified before
in Bourgin & Duffin (1939) and Maas & Lam (1995). They show that separation
of variables easily yields the general solution

Ψ(x, z) =
∞

∑
j=0

aj sin(αjx) sin(β jz), (1.27)

with αj = πnj
a , β j = πmj

b , where n, m ∈N and the additional constraint

λ2 = (
mb
na

)2. (1.28)
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b̃ > a

b̃ < a
(−b̃, b̃)

(a− b̃, a + b̃)

FIGURE 1.4: The a× b rectangle and its image in the (ξ, η)-plane.

Given a value of λ we will take m and n as the smallest possible wave num-
bers that satisfy (1.28). Solutions exist only if λa/b is a rational number. This
is related to the rotation number being rational, as will become clear later on.
Another feature which will be a recurring theme is the repetitive nature of the
solution. For example, in the x-direction the solution repeats its structure in
parts of maximum size 2a/n. One could say that the coefficients aj allow one
to freely specify an interval which is then repeated. This, of course, is a mani-
festation of the fundamental interval.

The result above may also be obtained by considering the mappings of the
characteristics. For convenience, we make the substitution b̃ = λ−1b. As can
be seen in Figure (1.4) the geometry is bounded by four straight lines and we
can define the transformed rectangle by four functions,

ht1(ξ) = ξ + 2b̃ , ξ ∈ [−b̃, a− b̃],
ht2(ξ) = −ξ + 2a , ξ ∈ [a− b̃, a],
hb1(ξ) = −ξ , ξ ∈ [−b̃, 0],
hb2(ξ) = ξ , ξ ∈ [0, a].

In view of Figure (1.4) two cases must be distinguished. First look at b̃ < a
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where we have

G(ht1(ξ)) = G(hb1(ξ)) ξ ∈ [−b̃, 0],

G(ht1(ξ)) = G(hb2(ξ)) ξ ∈ [0, a− b̃],

G(ht2(ξ)) = G(hb2(ξ)) ξ ∈ [a− b̃, a],

which gives,
G(ξ + 2b̃) = G(−ξ) , ξ ∈ [−b̃, 0],
G(ξ + 2b̃) = G(ξ) , ξ ∈ [0, a− b̃],
G(−ξ + 2a) = G(ξ) , ξ ∈ [a− b̃, a].

This may be rewritten into

G(ξ) =


G(2b̃− ξ) ξ ∈ [0, b̃],
G(ξ + 2b̃) ξ ∈ [0, a− b̃],
G(2a− ξ) ξ ∈ [a− b̃, a].

In order to unclutter notation we will define the linear transformation

Tc,d
a,b (ξ) : [a, b]→ [c, d]

that linearly maps a to c and b to d for ξ ∈ [a, b]. It is the identity map for
ξ /∈ [a, b]. Using this notation we have

G(ξ) = G(T2b̃,b̃
0,b̃

ξ) = G(T2b̃,a+b̃
0,a−b̃

ξ) = G(Ta+b̃,a
a−b̃,a

ξ).

These transformations can be viewed as several translation and reflection
symmetries between subdomains that must be simultaneously satisfied. These
domains can now be conveniently read from the sub and superscripts of the
transformation T. A symbolic representation of these transformations can be
seen in Figure (1.5). A question that now comes to mind is to determine the
maximum interval on which the function G(ξ) can be prescribed. The rest
of the interval being determined by the transformations. This interval is evi-
dently not unique, there will be a set of intervals to choose from. Fortunately,
the situation is not too complicated for the rectangle. Suppose we fill the in-
terval [0, b̃], the small side of the rectangle. Following the transformations we
find that firstly the interval [b̃, 2b̃] is filled with a mirrored copy. Secondly, the
transformation T2b̃,a+b̃

0,a−b̃
shifts a copy of [0, 2b̃] to [2b̃, 4b̃]. Next, the same trans-

formation yields copies [2kb̃, 4kb̃], for k = 2, 3, 4, . . .. For a certain value of k
the intervals will reach the point a. Now, we see that the interval [0, a] must be
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a a + b̃a− b̃b̃0 2b̃

FIGURE 1.5: The transformations on the range of G(ξ).

filled exactly with k copies of [0, 2b̃], otherwise the transformation Ta+b̃,a
a−b̃,a

will
introduce an inconsistency. Thus

a = 2kb̃.

Another possibility consistent with the transformations is filling the entire in-
terval [0, a− b̃] with copies of [0, 2b̃]. This gives

(a + b̃) = 2kb̃.

Together these equations imply

a = kb̃.

Additionally, inside the interval [0, b̃] we can consistently prescribe n copies of
intervals with length b̃/n,

G(ξ) = G(ξ + 1/n), for ξ ∈ [lb/n, (l + 1)b/n) with l = 0, . . . , n− 2.

So, we see that instead of k copies of [0, b̃], we may also use m copies of b̃/n
to fill the interval [0, a]. Combining this result with b̃ = λ−1b gives us the
expression

λ =
mb
na

,

which corresponds with the known result. The case where b̃ > a is completely
analogous to the given analysis.
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1.7.4 Some ray-tracing results

We have seen several geometries on which the Poincaré equation is analytically
solvable. This is however exceptional, due to the simplicity or symmetry of the
previous examples. In this section we give three examples of geometries that
are not accessible to an analytical solution, in the sense that closed form solu-
tions are not available. The cause of this difficulty is ultimately the complicated
mapping induced by the characteristics.

Figure 1.6 presents the tilted square (see also Kopecz, 2006), the trapezoid (Maas
et al., 1997) and the parallelogram. The figures were obtained by means of the al-
gorithm presented in Appendix 1.A. We vary two parameters: the angle of the
characteristics and some parameter that deforms the geometry. The resulting
length of the attractor is assigned a color and plotted in a so-called limit point
diagram. The angle of characteristics with the vertical is given by λ = tan θ,
we choose f = 0 and N = 1 so that λ2 = ω2/(1− ω2). The parameter ω is
varied between zero and one.

For the geometry parameter s we varied the following:

• the tilted square s ∈ [0, π/2] is the angle with the horizontal.

• the trapezoid s ∈ [0, 1] is the x-coordinate of the intersection of the slop-
ing wall with the horizontal.

• the parallelogram s ∈ [0, π/2] is the angle with the horizontal.

What is directly clear from these limit point diagrams is the sensitive nature
of the solution with respect to parameters, a manifestation of the ill-posedness
of the problem. In between areas of low-length attractors are areas of com-
plicated attractors. In between those are again more complicated attractors to
be found. The ’tongue’ shaped features are called Arnol’d tongues. In fact, the
tongues are dense in parameter space, yet the ray-tracing algorithm can only
calculate a finite number of reflections. For an infinite number of reflections
the limit point diagram would appear to be completely filled.

1.7.5 Construction of domains for selected solutions

It is remarkable that the number of domains on which (1.3) is analytically solv-
able is very limited. The circle, triangle and square have been tackled, yet more
complicated geometries need disproportional effort to solve. However, in this
section we describe a method that makes an infinity of computational domains
available.

First, we parametrize the boundary using

γ : [0, 1]→ ∂D, γ(0) = γ(1), γ(t) = (x(t), y(t)).
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FIGURE 1.6: Some geometries with ray-traced characteristics (leftmost column) and cor-
responding limit-point diagrams (rightmost column). On the horizontal axis ω varies
from zero to one, and thereby the angle of characteristics from zero to π/2. The vertical
coordinate varies some aspect of the geometry, as explained in the main text.
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FIGURE 1.7: We have taken F(ξ) = cos(ξ2) and G(η) = sin(η2). Shown is a contour
plot of the stream function with a few selected boundaries overlayed.

In the transformed domain l = (ξ̇(t), η̇(t)) is a vector tangent to the boundary
at time t. The boundary condition Ψ = 0 may also be written ∇Ψ · l = 0 and
thus

(F ′(ξ),G ′(η)) · (ξ̇, η̇) = 0 on ∂D,

or ξ̇F ′(ξ) = −η̇G ′(η). We can write down a system which has solutions that
conform to the boundary conditions,

η̇ = F′(ξ),
ξ̇ = −G′(η).

Now note that this is a Hamiltonian system

η̇ = ∂H(ξ,η)
∂ξ ,

ξ̇ = − ∂H(ξ,η)
∂η .

with Hamiltonian H(ξ, η) = F(ξ) + G(η) equal to the stream function. Given
the functions G and F we have a Hamiltonian and given the Hamiltonian we
can construct boundaries for domains using the above system. An example
is shown in figure 1.7. It is a well known fact that two dimensional Hamilto-
nian systems with one degree of freedom admit only saddles or center points
(the flow is volume preserving). The saddle points give rise to possible closed
domains with corners.
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Appendix to Chapter 1

1.A Ray tracing

In this section we will describe an algorithm for calculating the paths of the
characteristics in a two dimensional domain with piecewise linear boundary.
Suppose that the vertices (x0, z0), . . . , (xn, zn) are given. For convenience we
transform each coordinate to characteristic coordinates, since in this coordinate
system the characteristics are simply horizontal and vertical lines.

ξi = xi + λ−1zi,
ηi = xi − λ−1zi.

Define

∆ξi =

{
ξi+1 − ξi for 0 ≤ i < n,
(ξ0 − ξi) for i = n.

∆ηi =

{
ηi+1 − ηi for 0 ≤ i < n,
(η0 − ηi) for i = n.

The line pieces that make up the domain may then be given in parametrized
form by

(ξi(s), ηi(s)) = (ξi + ∆ξis, ηi + ∆ηis).

The internal wave ray is mapped from boundary point to boundary point. De-
note the position at the boundary in step j by (Rξ

j , Rη
j ). After refection the

orientation of the ray switches from horizontal to vertical. Set the initial orien-
tation at j = 0 to be horizontal, then the line through (Rxj, Ryj) is parametrized
by

(Rξ
j (t), Rη

j (t)) =

{
(Rξ

j , Rη
j ) + (t, 0) for j even,

(Rξ
j , Rη

j ) + (0, t) for j odd.

An intersection between a ray at step j and a boundary line piece i is charac-
terized by the solution (s, t) to the simultaneous equations Rξ

j (t) = ξi(s) and

Rη
j (t) = ηi(s). We have an intersection if s ∈ [0, 1] and t 6= 0. Positive (nega-

tive) t indicates a ray traveling in the upward (downward) or rightward (left-
ward) direction. If the domain is characteristically convex then there is only
one such solution. When the domain is not characteristically convex, then a
horizontal or vertical line possibly has multiple intersections with the bound-
ary of the domain. Also, a ray should not leave the domain. If the vertices of
the domain are specified in counter clockwise order, then the outward normal
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to line piece i may be described by ni = (∆ηi,−∆ξi) and for each line piece we
need to check the following

sign(t) = − sign(∆ηc) = sign(∆ηj) for j even,
sign(t) = sign(∆ξc) = − sign(∆ξ j) for j odd,

where c is the index into the current line piece and j is the index into the line
piece which we want to check for an intersection.

The equations for s and t are easily seen to be

t =

{
(ξi − Rξ

j ) + ∆ξi
∆ηi

(ηi − Rη
j ) for j even and ∆η 6= 0,

1
∆ξi

(ξi − Rξ
j ) for j odd and ∆ξ 6= 0.

s =

{
1

∆ηi
(ηi − Rη

j ) for j even and ∆η 6= 0,

(ηi − Rη
j ) + ∆ηi

∆ξi
(ξi − Rξ

j ) for j odd and ∆ξ 6= 0.

Typically we need several reflections while not varying the geometry and it
makes sense to precalculate some invariant quantities:

Ai ≡ 1/∆ξ, Bi ≡ 1/∆η,
Ci ≡ ∆ξ/∆η, Di ≡ ∆η/∆ξ,
Ei ≡ ξi − Ciηi Fi ≡ ηi − Diξi.

This yields

t =

{
Ei − Rξ

j + CiR
η
j for j even and ∆ηi 6= 0,

Ai(Rξ
j − ξi) for j odd and ∆ξi 6= 0.

s =

{
Bi(Rη

j − ηi) for j even and ∆η 6= 0,

Fi − Rη
j + DiR

ξ
j for j odd and ∆ξ 6= 0.

Note that this only needs cheap multiplications, no divisions. Remembering
that there can be only one edge for which t > 0 we arrive at the efficient algo-
rithm 1. The efficiency, in terms of execution time of the algorithm, lies in the
fact that many quantities are pre-calculated and only a few additions and mul-
tiplications are needed to find a new intersection of a characteristic with the
domain. Also, working in characteristic coordinates, where characteristics are
aligned with the coordinate axes, has simplified the calculations considerably.



1.7. EXAMPLES 37

Algorithm 1 Ray tracing in a characteristically convex domain.
Set tolerance ε
for i = 1 to n do

ξi ← xi + λ−1zi and ηi ← xi − λ−1zi
end for
for i = 1 to n− 1 do

∆ξi ← ξi+1 − ξi and ∆ηi ← ηi+1 − ηi
end for
∆ξn = ξn − ξ0 and ∆ηn = ηn − η0
for i = 1 to n do

Precalculate Ai, . . . , Fi
end for
Set start position (Rξ

0, Rη
0)

for j← 0 to nrTraces-1 do
i← 0
found← false
while not found do

if ∆η 6= 0 then
t← Ei − Rξ

j + CiR
η
j

if t > ε then
s← Bi(Rη

i − ηi)
if 0 ≤ s ≤ 1 then

Rξ
j+1 ← Rξ

j + t
found← true

end if
end if

end if
i← i + 1

end while
i← 0
found← false
while not found do

if ∆ξ 6= 0 then
t← Ai(Rξ

j − ξi)
if t > ε then

s← Fi − Rη
j + DiR

ξ
j )

if 0 ≤ s ≤ 1 then
Rη

j+1 ← Rη
j + t

found← true
end if

end if
end if
i← i + 1

end while
end for
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Numerical Solution of the
Poincaré Equation
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2.1 Introduction

This paper deals with efficient numerical computation of internal wave phe-
nomena in two dimensional enclosed domains. In contrast to the usual surface
waves, internal waves are a type of wave that propagate through a fluid vol-
ume. The mechanisms enabling these waves are either rotation or stratification.
Efficient numerical models would be of use in various areas of (geophysical)
fluid mechanics. One may think of the rotating core of the earth, or the oceans
with their density stratification.

The governing equation can be conveniently expressed in terms of the stream
function Ψ̃ (see Maas & Lam, 1995),

∂2Ψ̃(x,z)
∂x2 − λ2 ∂2Ψ̃(x,z)

∂z2 = 0 in Ω̃,
Ψ̃(x, z) = 0 at ∂Ω̃.

(2.1)

In this equation λ ∈ R is a parameter corresponding to the frequency at which
the waves are forced. The stream function is defined by

(u(x, z), v(x, z)) ≡ (−∂Ψ̃(x, z)
∂z

,
∂Ψ̃(x, z)

∂x
),

where (u(x, z), v(x, z)) is the velocity vector at a point (x, z). The fluid flows
along streamlines, curves of constant magnitude of the stream function. The
boundary ∂Ω̃ is a simple closed curve in the (x, z) plane. As customary in fluid
dynamics, the z-axis points upwards.

In a three dimensional setting one may derive the equation Ψxx + Ψyy −
λ2Ψzz = 0, this equation is commonly called the Poincaré equation, after Car-
tan (1922) who recognised Poincaré as the author who firstly described the
equation in Poincaré (1885). Although (2.1) is a reduction of the original three
dimensional problem, we will still refer to it as the Poincaré equation. Some
authors prefer the term ’wave equation’, but we like to stress the absence of
a time-like coordinate. This dramatically changes the nature of the problem,
instead of an initial value problem we have a boundary value problem.

In this paper we analyse the solvability of (2.1) in sections 2.3 and 2.5. Sec-
tion 2.4.2 extends the problem to non-zero values on the boundary. In Section
2.6 we develop an efficient discretisation scheme. We continue in Section 2.7
where we will show that the differential equation plus boundary conditions
constitute an ill-posed problem. We propose a regularisation procedure for the
discretised problem, based on minimisation of the energy (Section 2.8), to ob-
tain meaningful solutions. We conclude by presenting some results of the nu-
merical approximation and regularisation, applied to a representative model
geometry.
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2.2 Previous numerical work

Most work on internal waves has been in the context of internal tides. One is
usually interested in behaviour in the vicinity of a continental shelf. At the lat-
eral boundaries a radiation condition is mostly used. One of the first analytical
models is that of Rattray Jr. (1960) who considers a step topography in conjunc-
tion with a two layer system. In a later paper (Rattray Jr. et al., 1969) the model
was extended to include continuous stratification. The generation of internal
wave beams traveling seaward is mentioned. Viscosity is added to model in
the work of Prinsenberg et al. (1974). A special form of the solution is sought,
in terms of standing and traveling waves. The dissipation damps the modes,
higher modes are more suppressed. It is found that a large number of modes
is needed to describe the beams. Nowadays there is strong evidence that a
modal framework might not be appropriate to describe the peculiar features of
internal waves.

The work of Baines leads to one of the first numerical models. In Baines
(1971) reflection of internal waves a from supercritical boundary is studied.
This leads to a Fredholm integral equation to be solved. This work is continued
in Baines (1973) where more realistic domains are considered. The Fredholm
integral equation is solved using an iteration technique. The author needs to
smoothen some boundary points in order to obtain a smooth solution. The
’Fredholm integral’ approach is dropped in Baines (1974), where functional
relations are formed by identifying characteristics at reflection points on the
boundary. Closed loops or limit-cycles are not allowed which places restric-
tions on the geometry. The author simultaneously solves a set of equations
and the functional relations, using an complex iteration procedure. The strat-
ification is allowed to be non-linear with depth, giving a non-constant Brunt-
Väisälä frequency N2(z). Unfortunately the author assumes a unique solution,
probably the solution is dependent on the initial guess to starting the iteration.

The work by Sandstrom (1976) is along similar lines. The author constructs
transformations T from the boundary (given by z = 0 and z = h(x)) to itself
and postulates the existence of a ’phase function’ S such that TS(x) = S(x) + 1.
The construction of such a transformation is nowadays the method of choice
for mathematicians, see for example John (1941) or Lyashenko & Smiley (1995)
and references therein. The function f (S(x)) that constitutes the solution is
then periodic and can be solved using Fourier techniques. The author uses an
iteration technique. The phase function S can be freely chosen, this is clearly a
manifestation of the fundamental interval. Sandstrom notes that further phys-
ical constraints are needed to specify the solution, which is also the viewpoint
that we adopt. In the obtained solution discontinuities are found which are re-
moved by suppressing high wavenumber modes. We now know that rapidly
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varying features often occur in solutions and suppressing them does not seem
justified.

In Chuang & Wang (1981) a finite difference method is used to find solu-
tions to the internal wave problem. The depth h is assumed to be a function of
the x-coordinate. In order to be able to do finite differences the domain is trans-
formed to a rectangle by the transformation s = z/h(x). The drawback is that
in physical space the grid is non-uniform, regions with steep slopes have less
grid points. Also the lower boundary must have an analytical expression, or
be sufficiently smooth, to ensure existence of the mapping. The main concern
is the governing equation, it is cast into an awkward form by the coordinate
transform.

In the method of Craig (1987a) and Craig (1987b) an algebraic system is
formed by analytical integration over characteristics. The method allows for
a depth-dependent frequency N2(z), but has the drawback that the only do-
mains allowed are those described by a monotone height function:

Ω = {(x, z)|z ∈ [h(x), H], x ∈ [0, 1], h′(x) > 0}.

The integration is only possible because of open boundaries at x = 0, 1. The
greatest concern lies in the grid generation, it is time consuming and only ap-
plicable for a small range of geometries.

Of particular interest is Henderson & Aldridge (1992) where a finite-element
procedure is used for solving the inertial (i.e. three dimensional, rotational)
wave problem in a closed geometry. Rotational symmetry is assumed which
renders the problem two dimensional. The results are compared with experi-
mental data by Beardsley (1970). The finite-element method is especially suited
for efficient handling of boundary conditions, without resort to a stepped ap-
proximation. The authors view only closing characteristics (resonance) as ac-
ceptable, at some points wave attractors are mistaken for resonance. Further-
more the authors report ’spurious eigenvalues’ whose number increases when
the grid size increases. We now know that we can attribute this behaviour to
the non-uniqueness of the problem.

The method of Cushman-Roisin et al. (1989) is also of interest. Here the hy-
perbolic equation is solved in a completely enclosed geometry. The application
in this case is the modeling of internal waves in fjords. The method is based on
recasting the equations in the form of a dissipative artificial-time dependent
system and integrating to the point of equilibrium. The grid is aligned with
the characteristics and a finite difference approach is taken. For this reason do-
mains are only allowed to have horizontal and vertical segments. The steps
introduced in this manner have a distorting effect on the solution as was first
noticed by Wotherspoon (1996). It is interesting that the authors note that the
system is ill-posed, the solution depends on the initial guess at time zero. They
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relate this ill-posedness to the closing of ray paths. Unfortunately almost all ray
paths close artificially in this method while non-closing orbits are in fact more
rule than exception. In Tverberg et al. (1991) the method is extended for non-
uniform stratification by a local stretching of the depth. A radiation condition
at the boundaries is introduced and the model is applied to a realistic situation.
The authors need to introduce a small viscosity to obtain useful solutions. Re-
cent work on coastal type settings is the thesis Wotherspoon (1995). The author
introduces the ’c-conformal mapping’ (closely related to classical conformal
mapping ) which leaves the governing equation intact. At the same time the
domain is transformed to a stepped geometry where finite differences can be
easily applied. Apart from the coastal setting, there has also been internal wave
research in the field of geophysical fluid dynamics. We would like to mention
the papers Rieutord (1991) and Rieutord & Valdettaro (1997) where the authors
consider inertial waves in the liquid core of the earth. Spherical harmonics are
used, as they are well suited to the domain, a spherical shell. Numerical calcu-
lations show attractors as the general type of solution. Viscosity is thought of as
regularising the singularities, attractors turn into shear layers. In later works,
Dintrans et al. (1999) and Rieutord et al. (2001), there is more emphasis on the
wave rays as a dynamical system. Poincaré plots and Lyapunov exponents are
used to gain insight in the behaviour. The evolution of the eigenvalues and
eigenvectors of the system with varying viscosity is discussed. The evolution
of eigenvalues in the complex plane was found to exhibit complex behaviour.
For zero viscosity an infinite number of eigenvalues, each corresponding to an
infinite eigenspace exist. For nonzero viscosity a finite number of eigenvalues,
each having a finite eigenspace, survive. With increasing viscosity eigenvalues
will shift and get close together, eigenvectors corresponding to such eigenvec-
tors will influence and ’contaminate’ each other. We will return to this type of
behaviour in Chapter 3.

Other recent works are that of Rieutord et al. (2001) or Rieutord et al. (2002),
who examine the special case of the spherical shell and Maas & Lam (1995)
where a ray-tracing approach is taken. The existence of wave attractors and ill-
posedness of the problem is recognized. Another recent paper, describing a
method that makes use of the characteristics of the equation, is that of Harlan-
der & Maas (2006). Their method is also applicable to several variations of the
Poincaré equation.

Our approach is different from previous numerical work, we allow a large
class of polynomial domains. Furthermore, we minimise an energy, which acts
as a regularisation technique that deals with the ill-posedness of the problem.
Previously, authors relied on the inclusion of viscosity as a regularisation tech-
nique. The algorithmical approach of Maas & Lam (1995) does not use regu-
larisation to obtain smooth functions, but instead it gives a recipe for obtaining
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function values at selected points. Also, this method requires the determina-
tion of fundamental intervals (see Section 2.3), for which there is no general
method available. We avoid the use of fundamental intervals. Finally, we be-
lieve that in a three dimensional setting the use of a regularisation method is
of even greater importance. We expect the problem to be ill-posed to a higher
degree, i.e. more sensitive to disturbances in the relevant parameters, since the
behaviour of characteristics is more complex. Also, in principle our fundamen-
tal interval-free discretisation method can be generalised to three dimensions.
We no longer have a convenient separation of variables, but the principle of
discretisation on the boundary only, by considering the mapping of character-
istics, is still viable.

Another regularisation technique is inclusion of viscosity in the governing
equations. In a physical context this viscosity is a given parameter which is
usually very small, which calls for a fine mesh. When the discretisation is re-
fined, there will be more solutions that can be represented on the grid. The
existence of many nearby solutions (nearby in parameter space) will still ren-
der the problem ill posed, perhaps not formally, but certainly from a numerical
point of view. These issues will be addressed in the forthcoming paper Swart
& Loghin (2005b). Also the delicate dependence of the solution on the shape
of the boundary, even in idealised domains, calls for a regularisation technique
that is more sophisticated than a fixed viscosity. An energy minimising regu-
larisation procedure like we suggest may perform that function.

This chapter is an extended version of Swart et al. (2007a), including appen-
dices that were not in the original paper.

2.3 The Poincaré equation

In this section we will analyse the Poincaré problem and summarise some pre-
vious work. Most importantly, the nature of the solution is seen to be highly
dependent on the shape of boundary. There may be no solution at all, or an
infinite number of solutions. Furthermore, almost every solution exhibits a
fractal structure.

Let us first simplify the equations (2.1) by recognising the hyperbolic nature
and introducing characteristic coordinates (ξ, η) defined by

(ξ(x, z), η(x, z)) = Ξ(x, z) ≡ (x− λ−1z, x + λ−1z).

This transforms the domain into Ω = ΞΩ̃ and it transforms (2.1) to

∂2Ψ(ξ,η)
∂ξ∂η = 0 on Ω,

Ψ(ξ, η) = 0 at ∂Ω.
(2.2)
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The solvability of (2.1) is different from (2.2), there are differing smoothness
requirements on solutions. We will however be concerned with the latter equa-
tion and will not address the issue whether solutions of (2.2) are also solutions
to (2.1). Let us now define a class of domains.

Definition 1 (Characteristically convex domains). We call a domain Ω charac-
teristically convex, or convex with respect to the characteristics, if every line in the ξ
or in the η direction intersects the boundary ∂Ω in at most two points.

Note that convexity in the usual sense can be expressed by asking that ev-
ery line intersects the boundary in at most two points. In this light characteris-
tic convexity is a weaker constraint, every convex domain is characteristically
convex. We can now state the following theorem.

Theorem 1. Every solution of the Poincaré equation (2.2) on a characteristically con-
vex domain Ω is of the form Ψ(ξ, η) = F (ξ) + G(η).

Proof. Choose the origin somewhere in Ω and integrate

∫ ξ

0

∫ η

0

∂2Ψ(r, s)
∂r∂s

dr ds = 0.

This yields

Ψ(ξ, η)−Ψ(ξ, 0)−Ψ(0, η) + Ψ(0, 0) = F̃ (ξ) + G̃(η),

for arbitrary G̃ and F̃ . The integration can be carried out, since by characteristic
convexity the rectangle (0, ξ)× (0, η) is in Ω if the origin and (ξ, η) are in Ω.
If F̃ (ξ) and G̃(η) are arbitrary then also F (ξ) = F̃ (ξ) + Ψ(ξ, 0)− Ψ(0, 0) and
G(η) = G̃(η) + Ψ(0, η) are arbitrary and we have

Ψ(ξ, η) = F (ξ) + G(η).

Let c(t) : [0, L] → ∂Ω be a piecewise Ck, globally continuous, parametrisa-
tion of the boundary,

∂Ω = {(ξ(t), η(t))|(ξ(t), η(t)) = c(t), 0 ≤ t < L, c(0) = c(L)},

where L is the total Euclidean length of ∂Ω. We consider domains with the
following properties

• We only allow simply connected, domains Ω, with closed boundary ∂Ω
as described above, that are convex with respect to the characteristics.
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• Segments of the boundary are not allowed to be parallel to the coordinate
axes, i.e. the sets {t|c′(t)Te1 = 0} and {t|c′(t)Te2 = 0} have measure zero
within ∂Ω.

Next we define the vertices of the domain,

Definition 2 (Corners). If limt↑a c′(t) 6= limt↓a c′(t) we call the point c(a) a corner
point or vertex. Define the characteristic rectangle R = (ξ−, ξ+)× (η−, η+) as
the smallest rectangle containing Ω. Denote the closure of a domain by a bar, i.e Ω̄ =
Ω ∪ ∂Ω and R̄ = [ξ−, ξ+]× [η−, η+]. We call the four points Ω̄ ∩ R̄ the extreme
vertices.

The solution to the Poincaré equation can be extended to the characteristic
rectangle.

Theorem 2 (Extension of the solution). Every solution to the Poincaré equation on
Ω̄ is extensible to R̄.

Proof. For every point (ξ, η) ∈ R̄ \ Ω̄ it is possible to find ξ ′ and η′ such that
(ξ ′, η) ∈ Ω̄ and (ξ, η′) ∈ Ω̄. These points are inside the domain and we have
Ψ(ξ ′, η) = F (ξ ′) + G(η) and Ψ(ξ, η′) = F (ξ) + G(η′). Thus F (ξ) and G(η)
exist and can be used to define Ψ(ξ, η) = F (ξ) + G(η).

We have one extra constraint from the physics of the internal wave problem.
The boundary condition Ψ = 0 comes from the fact that there should be no
flow through the boundary, expressed by (u, v) · n = 0 where n is the outward
unit normal to the boundary. At a corner point the normal is not defined, but
physically the no-flow condition dictates that (u, v) = 0. We will add this as an
extra constraint. In terms of the stream function this becomes

∇Ψ = 0 at a corner point. (2.3)

Since we extended the domain to R̄ the gradient operator is well defined except
for the at most four extreme vertices where we may use one sided derivatives
for F or G. We know that the stream function Ψ may be scaled, multiplica-
tively, by any constant, thereby scaling the velocities. We do not care about the
difference between Ψ and cΨ, and we normalise the stream function as

‖Ψ‖2
L2(Ω) =

∫
Ω

Ψ2(ξ, η) dξ dη =< F + G,F + G >L2(Ω)= 1. (2.4)

This constraint also rules out the trivial solution Ψ = 0, and by boundary con-
ditions the constant solution Ψ = c. Furthermore, we want a unique repre-
sentation of Ψ in terms of F and G. Suppose there is another pair F̃ , G̃, for
which

F + G = F̃ + G̃ =⇒ F − F̃ = G̃ − G.
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Since ξ and η may be independently varied, we have that F = F̃ + c and
G = G̃ − c for an arbitrary constant c. In order to have a unique constant we
normalise

< F , 1 >L2([ξ− ,ξ+ ])= 0. (2.5)

The Poincaré problem is now reduced to finding F and G for which

F (ξ) + G(η) = 0 at ∂Ω,
F ′(ξ) = G ′(η) = 0 at a corner point,
< F , 1 >L2(Ω) = 0,
< F + G,F + G >L2(Ω) = 1,

(2.6)

with F ∈ C1 : [ξ−, ξ+]→ R and G ∈ C1 : [η−, η+]→ R.
We will show that the first requirement in (2.6) induces a map from the

boundary to itself. This was firstly noted by John (1941) and later construc-
tively applied in Maas & Lam (1995). This can be observed by considering
function values G(η1) = −F (ξ1) at a boundary point (ξ1, η1). When trac-
ing a line in the ξ-direction a new boundary intersection (ξ2, η2) is found. Of
course η2 = η1 and we find F (ξ2) = −G(η2) = −G(η1) = F (ξ1). Carrying
through with this procedure we find that one function value on the bound-
ary determines function values at boundary points (ξ1, η1), . . . , (ξn, ηn). Much
work has been done in studying the Poincaré problem by viewing the above
construct as a dynamical system. We will review the main results on existence
of solutions in the case that the boundary satisfies the assumption of charac-
teristic convexity. In this case we can follow ( John (1941)) and introduce the
following homeomorphisms:

• T+ assigns to a boundary point the unique boundary point with the same
η-coordinate, with the exception that the top and bottom extremal ver-
tices are mapped onto themselves.

• T− assigns to a boundary point the unique boundary point with the same
ξ-coordinate, with the exception that the left and right extremal vertices
are mapped onto themselves.

• F = T− ◦ T+ : ∂Ω→ ∂Ω.

Note that F is an orientation preserving map. We now define an orbit as

O(P) ≡ {P, T+P, FP, (T+ ◦ F)P, F2P, . . .}, where P ∈ ∂Ω.

Let S(P) ≡ c−1(P)|[0,L) be the coordinate (by arc length distance) of a point P
on ∂Ω. By characteristic convexity of the boundary, we can lift the homeomor-
phism F to a continuous increasing function f : R→ R such that

f (s + L) = f (s) + L, s ∈ R,
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and
S(FP) = f (S(P)) (mod L), P ∈ ∂Ω.

If we now set fk(s) = f ( fk−1(s)) where f1(s) = f (s) we can define the rotation
number α(F) of F by

α(F) ≡ lim
n→∞

fn(s)
n
∈ [0, L). (2.7)

The rotation number can be shown to exist and to be independent of s (de Melo
& van Strien, 1994). A classical theorem due to John (1941) is

Theorem 3. The homeomorphism F has three separate types of behaviour in a charac-
teristically convex domain

A. We have α(F) = m/n for some m, n ∈ N and Fn = I. This case is often called
a resonance, or modal solution.

B. We have α(F) = m/n for some m, n ∈ N , but Fn 6= I. The dynamical system
defined by F has a finite number of attracting fixed points. We call solutions of
the Poincaré equation in this case wave attractors.

C. α(F) ∈ R \Q, then Fk has no fixed point for any k. There is only one orbit that
fills the entire boundary. This is the ergodic case.

Note that for a given α(F) the values of n and m are not unique in the first
two cases. Multiples km and kn of m and n will yield the same rotation num-
ber and will not change the solution type. The solvability of the problem (2.2)
depends on the case in which the rotation number falls. This delicate depen-
dence on the rotation number, and thus on the geometry of the domain, makes
the problem ill-posed. This will be of concern when considering a numerical
approximation technique. To proceed, we need the concept of fundamental in-
terval (Maas & Lam, 1995; Lyashenko, 1993). The fundamental interval can be
defined as the set M ⊂ ∂Ω for which every orbit has at most one point in M and
all orbits that have a point in M constitute the entire boundary. The following
definition by Lyashenko & Smiley (1995) gives a more constructive approach:

Definition 3 (Fundamental interval). Denote by (P, Q)∂Ω the open set of points in
between P and Q (using anti clockwise orientation) on the boundary. Set (P, Q]∂Ω ≡
(P, Q)∂Ω ∪Q, [P, Q)∂Ω ≡ (P, Q)∂Ω ∪ P and [P, Q]∂Ω ≡ (P, Q)∂Ω ∪Q∪ P. Denote
the vertices by P0, . . . , P3, with P0 the uppermost extreme vertex and P1, . . . , P3 the rest
of the vertices in anti clockwise order. Now define, for the same n as used in Theorem
(3), in the case A, the following

• for n even: P∗ as the point from the finite set O(P1) ∩ (P0, P1]∂Ω such that
O(P1) ∩ (P0, P∗)∂Ω = ∅,
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η
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FIGURE 2.1: This figure clarifies the fundamental interval as introduced in Definition
3. At the right is shown a geometry with n = 5, which is easiest to see by following
the closed orbit (solid line). Of course one may also consider the dashed and dotted
lines that connect O(P1) = O(P0), respectively O(P2) = O(P3). Keep in mind that
T+P0 = P0, T−P1 = P1, etc. The orbit O(P2) is indicated by circles. The left picture is a
case where n = 2. In both pictures the set M = [P0, P∗) is the fundamental interval.

• for n odd: P∗ as the point from the finite set O(P2) ∩ (P0, P1]∂Ω such that
O(P2) ∩ (P0, P∗)∂Ω = ∅.

The fundamental interval 1 is then given by M = [P0, P∗). Define Mξ and Mη by
orthogonal projection of M on the ξ and η axis.

In order to clarify the above definition an example has been constructed in
Figure 2.1. It was proved for the resonant case that the fundamental interval
must be supplied with boundary conditions (for either F or G) in order to ob-
tain an unique solution. It is likely that the concept of the fundamental interval
is also useful in the case (B), the attractor regime. In Maas & Lam (1995) a pro-
cedure is suggested for several geometries. In the following we will work with
the assumption that the fundamental intervals also exist in the wave attractor
case.

When in the following discussion we speak of Dirichlet boundary condi-
tions, we mean choosing a function h(ξ) and setting F (ξ) = h(ξ) on Mξ . This
implies the value for G on Mη by the boundary condition F (ξ) + G(η) = 0.
The solvability of (2.2), together with this additional boundary condition, is
different for the three cases in Theorem 3. Some results are summarised in the
following theorem.

Theorem 4 (Solvability in L2). The solvability of the Poincaré problem (2.2) in
L2(Ω) is dependent on the cases, and the value of n, from Theorem 3 as follows

1In Lyashenko & Smiley (1995) the fundamental interval is called generating set.
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A. If Dirichlet data h(ξ) for F (ξ) are supplied on Mξ , then we have an unique
solution (Lyashenko, 1993, Theorem 6). In this case there exist piecewise Ck

coordinate transforms ξ → p(ξ) and η → q(η) that transform the domain
to a rotated rectangle (Lyashenko, 1994; Lyashenko & Smiley, 1995). In (x, z)
coordinates this corresponds to a non-rotated rectangle for which the solutions
are known. The solutions on the original domain are then found using inverse
coordinate transforms.

B. According to Fokin (1983, Theorem 2, Remark 2), the problem is solvable.

C. From Fokin (1983, Theorem 5, Remark 5), there exists only the trivial solution
in this case.

The conclusions in this theorem can be extended to the situation where an
inhomogeneous term f (ξ, η, Ψ) is added to (2.2). The conclusions do have to
be modified, for example, solutions are possible in the case (C) if there exists a
C(α) > 0 such that |α−m/n| ≥ C(α)/n2, for any rational number m/n where
α is the rotation number (Fokin, 1983).

2.4 Forced waves

Thus far only free wave motion was considered, i.e. natural modes of the sys-
tem. A physically more complete model would need to incorporate some form
of forcing, which excites the modes of the system. One could compare this with
the example of a vibrating string, fixed at two positions, say x = 0 and x = L.
The equation for the excursion of string from it’s initial position is given by

utt = c2uxx,

for some constant c. Separation of variables in the form u(x, t) = U(x)W(t)
yields

W ′′(t)/W(t) = c2W(t)U′′(x)/U(x).

Both the left and right hand side may be varied independently and we infer
they must both equal a constant λ2. The PDE is turned into two ordinary dif-
ferential equations, we list them with boundary conditions,

W ′′ = λW,
U′′ = (λ/c2)U,

U(0) = U(L) = 0,
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This system is solved by the infinitude of solutions

U(x) = a sin(λx/c),
W(t) = b sin(λt) + d cos(λt),

with the additional constraint (from U(L) = 0) that λ = c2kπ/L for integers k.
It follows that the general solution for u is the infinite series

u(x, t) =
∞

∑
k=0

sin(kπx/L)[ai sin(ckπt/L) + bi cos(ckπt/L)]. (2.8)

Assume that the string has a given initial state u(x, 0) = f (x), this determines
the coefficients bi by

u(t, 0) =
∞

∑
k=0

bi sin(kπx/L). (2.9)

We have in mind the following identification:

• The general solution (2.8) to the vibrating string problem corresponds to
the general solution Ψ(ξ, η) = F (ξ) + G(η) of the Poincaré equation.

• Boundary conditions are needed, setting u(0) = u(L) = 0 for the vi-
brating string corresponds to specifying Ψ = 0 at the boundary in the
poincaré problem.

• Both problems are still under-determined. In the Poincaré problem we
may prescribe either F or G on the fundamental interval, the vibrating
string problem may be given an initial velocity ut(x, t)|t=0 to determine
the coefficients ai.

What we have now described are free vibrations, natural modes of the system.
In order for such a solution to exist, it has to be driven. The motion of a string
is set by its initial conditions and, if present, an external forcing. For internal
waves the situation is likewise, the initial velocity of the string corresponds to
supplying boundary conditions on the fundamental interval. External forces,
however, can also be added, and moreover they are required in a viscous set-
ting in order to maintain the waves. For the vibrating string equation, a right-
hand side containing the forcing (denoted by s(x, t) may be added,

utt − c2uxx = s(x, t).

Suppose we have initial data,

u(x, 0) = f (x),
ux(x, 0) = g(x).
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A wave equation of this form may be solved using d’Alemberts formula, it is
based on an integration over the region of influence of a point (x, t), and is
given by

u(x, t) =
f (x + ct) + f (x− ct)

2
+
∫ c+ct

x−ct
g(x̃) dx̃ +

∫ t

0

∫ x+c(t−t̃)

x−c(t−t̃)
s(x̃, t̃) dx̃dt̃.

For the Poincaré equation the situation is similar, we may add a driving force
to the momentum equations from which the equation was derived.

There are various types of force that may be considered. We consider two
cases, leading to an inhomogeneous PDE, like the vibrating string example
sketched above, and a PDE with inhomogeneous boundary conditions. If one
adds a driving force F = (Fu, Fw) to the momentum equations, then one may
derive the inhomogeneous PDE

Ψxx −
ω2

N2 −ω2 Ψzz =
i
ω

(Fu
z − Fw

x ).

Note that is immediately clear that any force for which∇× F = 0 has no effect
on the solutions. The following are examples of relevant forces (for example in
fluid dynamics experiments),

1. If the rotation is time dependent this induces an Euler body force FE =
ρ(y ft,−x ft, 0) in the momentum equations. Since ∇× FE = 0 this force
has no effect.

2. If the fluid container is disturbed in the z direction, then this is equivalent
to a perturbation of gravity. Therefore, we may consider a gravitational
force which is time and z dependent.

Let us now seek solutions to the inhomogeneous Poincaré equation, we add the
forcing F(x, z) = (Fu

z − Fw
x ). In characteristic variables the equation transforms

to
Ψξη =

i
4ω

F((ξ + η)/2, λ(η − ξ)/2) ≡ i
ω

F̃(ξ, η),

where we introduced F̃ to represent the transformed function F. Upon integra-
tion this yields

Ψ(ξ, η) = F (ξ) + G(η) +
i
ω

∫ ξ

0

∫ η

0
F̃(u, v) dvdu.

When we introduce the notation F̄ for the integral at the right hand side, then
the equation plus boundary conditions becomes

Ψ(ξ, η) = F (ξ) + G(η) + F̄(ξ, η), in Ω,
F (ξ) + G(η) = −F̄(ξ, η), at ∂Ω.
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In principle, we are now in a situation where we may apply the boundary-
based technique developed in this chapter. The only difference being the in-
troduction of a right hand side in the discretised equations. This observation
greatly increases the applicability of our method. Section 2.4.2 will discuss the
implications of forced problems further, but first we will briefly touch upon the
topic of defining inflow of fluid at selected parts of the boundary.

2.4.1 Defining inflow at the boundary

This section describes how to specify inflow of fluid at a part of the boundary,
which is relevant considering the roots of the Poincaré equation in physics.
Denote the pieces of the boundary where we want to prescribe inflow by ∂Ωi
and suppose that these are curves parametrised by ci(t), with t ∈ [0, 1]. At ∂Ωi
we want to specify some velocity,

(u, v) = (Ui, Vi), at ∂Ωi.

Now use line integration and the definition of the streamfunction to obtain

Ψ(ci(t))−Ψ(ci(0)) =
∫ t

0
∇Ψ · c′(s) ds =

∫ t

0
(−Vi, Ui) · c′(s) ds.

Continuity of the streamfunction at the endpoints of the curves gives us addi-
tional constraints on the velocities Ui and Vi.

We proceed by considering a piecewise linear boundary and we use conti-
nuity of the streamfunction (Ψ(ci(0) = Ψ(ci(1) = 0). This yields

Ψ(ci(t)) =
∫ t

0
−∆ξVi(c(t)) + ∆ηUi(c(t)) dt.

Let us take the example Ui(ci(t)) = t− 2t and Vi = 0, in this particular case

Ψ(ci(t)) = ∆ηt(1− t).

As will be shown later, inflow regions induce a non-zero righthand side in the
discretised equations. Let ci(t) parametrise ∂Ωi, and consider (F (ξ) + G(η))
as a function mapping R2 to R. The problem may then be posed in general as

(F (ξ) + G(η)) ◦ ci(t) = fi(ci(t)),
fi(ci(1)) = f j(cj(0)) if ci(1) = cj(0).

Note how this defines a time independent streamfunction. The time depen-
dence is supposed to be in form of an oscillation with frequency ω. The inflow
parts of the boundary will therefore also oscillate between inflow and outflow
and no fluid is added to the system. The in and outflow regions could model
forcing by periodic movement of a piston, or forcing by oceanic tides.
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2.4.2 Boundary forcing

The Poincaré problem as posed before describes free vibrations, i.e. eigenmodes
of the system. In this case however the term ’eigenmode’ may be inappropri-
ate since the spectrum often has continuous parts, or the spectrum might be
dense in an interval. The spectral properties of the Poincaré problem are more
extensively investigated in Ralston (1973).

We present two approaches for selecting relevant solutions from the infini-
tude of possibilities. Firstly we present an energy minimizing regularisation
procedure for the Poincaré equation

Ψxx − λ2Ψzz = 0 in Ω
Ψ = 0 at ∂Ω. (2.10)

This leads to a minimisation problem of the form

xτ = argmin
(
‖Ax‖2

2 + τ2‖Lx‖2
2

)
,

where A discretises the Poincaré problem and L measures the energy of the
system. Sections 2.6 and 2.7 deal with this regularisation problem. Note that
the energy of the system diverges due to the presence of attractors, nonetheless,
in Section 2.8 we argue that the discretised measure ‖Lx‖2

2 for the energy is still
a meaningful quantity.

One may also hold the view that the eigenmodes that occur in nature are
determined by some kind of forcing. The simplest case is a forcing operating
on the boundary of the domain only. Examples include tidal forcing on ocean
surfaces or some mechanical forcing. The problem to be solved is in this case

Ψxx − λ2Ψzz = 0 in Ω,
Ψ = h(ξ, η) at ∂Ω, (2.11)

leading to a minimisation problem of the form

xτ = argmin
(
‖Ax− b‖2

2 + τ2‖Lx‖2
2

)
, (2.12)

where b is the discrete discretised right hand side h. Note that any solution
of (2.10) may be arbitrarily added to a solution of the forced problem. In Sec-
tion 2.3 it was shown that the characteristics lead to functional relationships
between F and G. The forced problem similarly yields functional dependen-
cies, involving the function h. We add a bar to solutions of the forced problem
from here on. In terms of F̃ and Ḡ the problem reads

F̄ + Ḡ = h(ξ, η), at ∂Ω. (2.13)
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The restrictions on G and Ḡ induced by the characteristic connecting (ξ1, η1)
with (ξ1, η2) look like

Ḡ(η1)− Ḡ(η2) = h(ξ1, η1)− h(ξ1, η2) for forced problem,
G(η1)− G(η2) = 0 for the unforced problem, (2.14)

and we see that indeed G + Ḡ solves the forced problem. The only open ques-
tion is the role of the fundamental interval and the manner in which the fractal
nature of solutions presents itself in the forced setting. In the homogeneous
problem we would, for example, conclude from (2.14) that G(η1) must be equal
to G(η2). Further analysis, as sketched above, revealed that there exist funda-
mental intervals where it is necessary and sufficient to prescribe G (or F ). Any
homogeneous solution that we add to the forced problem will have funda-
mental intervals and associated fractal structure. Working out the functional
relations for the forced problem reveals that

F̄i + Ḡi = h2i
F̄i + Ḡi+1 = h2i+1, (2.15)

where Fi = F (ξi), Gi = G(ηi) and the hi are the function h, evaluated at the
points visited while tracing the characteristics. For Fi and Gi this implies

Ḡi+1 = Ḡi + h2i+1 − h2i,
F̄i+1 = F̄i + h2i+2 − h2i+1

for the relation between the function values separated by one step. Suppose
we know F̄0, Ḡ0, we may then solve the recursion and obtain

Ḡi = Ḡ0 +
2i−1

∑
j=0

(−1)j+1hj

F̄i = F̄0 +
2i

∑
j=1

(−1)jhj,

which tells us that boundary values are alternately added and subtracted from
the initial values G0 and F0. This behaviour was noted before in Arnold &
Khesin (1999). Note that by adding together the expressions we recover (2.15),
as required. If the prescribed function h is non zero in the neighbourhood of
the attractor, then the limit for i → ∞ is likely to be non-existent. Just like in
the unforced case we have fundamental intervals where values of F̄ or Ḡ may
be arbitrarily prescribed. The forced problem is still under determined and
sensitive to the shape of the domain, thus it is still an ill-posed problem.
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Note that with the inclusion of forcing terms we have resolved a peculiarity
in the original model. In the unforced problem, boundary data was supplied on
the fundamental intervals. This data was then reproduced, in a fractal manner,
along the boundary, with the corner points of the attractor as limiting points.
In reality such boundary conditions are obviously absurd. With the extension
presented here, arbitrary boundary conditions, that do not have to conform to
the fundamental intervals, can be applied and our model has become physi-
cally more acceptable.

2.5 Structure of solutions

Except for the classification of solutions into attractors and resonances we can
get further information by viewing the Poincaré equation as a Hamiltonian
system. Choose any closed curve (ξ(t), η(t)) ∈ R. Denote the derivative with
respect to time by a dot. Take the stream function as the Hamiltonian,then

Ψ̇(ξ, η) = F ′(ξ)ξ̇ + G ′(η)η̇, (2.16)

At curves {(ξ(t), η(t))|Ψ̇ = 0} the stream function Ψ is constant. Since ∂Ψ
∂ξ =

F ′ and ∂Ψ
∂η = G ′ we see from (2.16) that this is the case when(

ξ̇
η̇

)
=
(
G ′(η)
−F ′(ξ)

)
. (2.17)

This system is in Hamiltonian form. We proceed by linearisingF and G around
(ξ, η) = (0, 0), giving

F ′(ξ) = F ′(0) + ξF ′′(0) +O(ξ2),
G ′(η) = G ′(0) + ηG ′′(0) +O(η2).

We suppose that F and G are non-degenerate at the origin, i.e. F (0)′′ 6= 0 and
G(0)′′ 6= 0. The system (2.17) is now transformed to(

ξ̇
η̇

)
=
(

0 G ′′(0)
−F ′′(0) 0

)(
ξ
η

)
+
(
G ′(0)
−F ′(0)

)
+
(
O(η2)
O(ξ2)

)
.

The coordinates may be shifted, (x, y) = (ξ + a, η + b) to make the problem
homogeneous. The choices a = −F ′(0)/F ′′(0) and b = G ′(0)/G ′′(0) lead to(

ẋ
ẏ

)
= A

(
x
y

)
+
(
O(y2)
O(x2)

)
, where A =

(
0 G ′′(0)

−F ′′(0) 0

)
.
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The eigenvalues of A are λ1,2 = ±
√
−F ′′(0)G ′′(0) which makes the level set

of Ψ(x, y) either of saddle or of center type. We call points where ∇Ψ = 0
critical points, this happens for example at corner points. At these points we
have potentially a local extremum for Ψ and the shift is a = b = 0.

However, if the origin is not critical, but degenerate (F ′′(0) = G ′′(0) = 0),
then it is easy to see that

ξ = G ′(0)t + tO(η2) + c1,

η = −F ′(0)t + tO(ξ2) + c2,

for arbitrary constants c1 and c2. Close to the chosen origin the level sets of Ψ
are approximately straight lines. If we have

F ′(0) = G ′(0) = 0 and F ′′(0) = 0 or G ′′(0) = 0, (2.18)

then we need to look at higher order expansions. We will not consider this
situation here. We summarise the results,

• Suppose Ψ(0, 0) = c and F ′′G ′′ < 0, then the level set of Ψ = c is a
hyperbola close to the critical point where∇Ψ = 0, this is a saddle point.

• Suppose Ψ(0, 0) = c and F ′′G ′′ = 0, then the level set of Ψ = c is a curve
with slope F ′(0)/G ′(0) at the origin which is not a critical point.

• Suppose Ψ(0, 0) = c and F ′′G ′′ > 0, then the level set of Ψ = c is an
ellipse around the extremum where ∇Ψ = 0. This extremum can only
occur in the interior of the domain.

All results are valid for (ξ, η) ∈ R, which excludes the extreme vertices. The
invariance of G and F along, respectively, the ξ and η coordinate axes leads to
the following theorems.

Lemma 1. If we are not in the case (2.18), then every corner point is a saddle point,
including the extreme vertices if they are corner points.

Proof. Every corner point is a critical point, since ∇Ψ = 0 by (2.3). Take one
sided derivatives at the extreme vertices. Center points are excluded since we
are on the boundary. Since we are not in the case (2.18) the only option is a
saddle point.

Now, let l(P) be a tangent vector to the boundary at a point P ∈ ∂Ω, let l be
multi valued at corner points.

Theorem 5. If a point P at the boundary is a saddle point, then the points in the se-
quences (T+P, T−T+P, . . .) and (T−P, T+T−P, . . .) are also saddles. If a sequence
has a finite number of distinct members, then the final point Q is such that lT(T−Q)e2 =
0 or lT(T+Q)e1 = 0.
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Proof. If P is a saddle then F ′ = 0 and F ′′ 6= 0. At the boundary point D =
T−(P) this also holds. Furthermore, at this point ∇Ψ(D) · l(P) = 0. If the η
component of l(D) is not zero, it must be the case that G ′ = 0. We thus have
∇Ψ = 0, the point is a critical point. Since center points cannot exist on the
boundary the point must be a saddle. If the η component of l(D) were zero
the procedure stops. If not, then we continue with the boundary point with the
same η coordinate as D.

Theorem 6. The points (ξ1, η1) and (ξ2, η2) in R are critical points if and only if
(ξ1, η2) and (ξ2, η1) are critical points in R.

Proof. Again, use the invariance of F and G in the η and ξ directions to find
that ∇Ψ = 0 at (ξ1, η2) and (ξ2, η1) and that F ′′G ′′ 6= 0 at these points.

How these results help us is perhaps best demonstrated by some examples.

Example 1 (The circle ξ2 + η2 = 1). The simplest solution would be one center in
the middle. The extremal points with the same ξ and η coordinates have lTe1 = 0 or
lTe2 = 0 and thus need not be saddle points. If we allow two critical points at the
boundary, they must be at opposite extremal points or we have four critical points by
Theorem 6. Of each saddle, one of the branches is part of the boundary, while the other
branch crosses the boundary. Connecting each saddle to itself yields a critical point
on the boundary that makes the boundary non-smooth. Therefore, the two zero level
set curves that point into the circle must be connected. The circle is now divided in
two cells, a center point must be inside each cell. One may continue in this fashion
to obtain more possibilities. These solutions correspond topologically to the solutions
given by Barcilon (1968).

Example 2 (The rotated rectangle). Consider a rectangle of width a and length 2a,
rotated over 45 degrees. By Theorem 5 the saddles at the corner points induce saddles
at the midpoints of the long sides of the rectangle. By Theorem 6 two critical points
must exist inside the domain. They can be centers, giving rise to a pattern with two
cells. They can not be saddles, the stable and unstable manifold would have no option
but forming homoclinic connections. Inside the loop there have to be centers which in
turn induce saddles on the boundary. This cannot be done without violating the flow
directions.

By placing extra saddles on the boundary and centers in the domain one obtains
j× 2j cells, in accordance with the theory (Maas & Lam, 1995).

2.6 Discretisation

In this section we will develop a discretisation for equation (2.13). The dis-
cretisation will be posed in the (ξ, η)-coordinate frame, since here the Poincaré
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equation becomes separable. Approximations F̃ and G̃ of F and G will be
sought in the the spaces Vξ ⊂ H1([ξ−, ξ+]) and Vη ⊂ H1([η−, η+]), spanned
by piecewise polynomial basis functions φi(ξ) respectively ψj(η). In this basis
we can write

F̃ (ξ) = ∑n
i=1 fiφi(ξ) ∈ Vξ ,

G̃(η) = ∑m
j=1 gjψj(η) ∈ Vη . (2.19)

We now define our approximation Ψ̃ to Ψ by

Ψ̃(ξ, η) = F̃ (ξ) + G̃(η). (2.20)

We propose a Galerkin orthogonality condition of the system (2.13) and try to
find F̃ and G̃ such that the residual H = F + G − h is orthogonal to all test
functions v1 ∈ Vξ and v2 ∈ Vη on the boundary ∂Ω. First define on ∂Ω the line
integral

(u, v) =
∫

∂Ω
uv dl.

The orthogonality relation becomes

(H, v) = (F̃ + G̃, v)− (h, v) = 0, ∀v ∈ V,

where V = {w(ξ) + v(η)|w ∈ Vξ , v ∈ Vη}. Equivalently, the orthogonality
relation can be written

(F̃ , v1) + (G̃, v1) = (h, v1) ∀v1 ∈ Vξ ,
(F̃ , v2) + (G̃, v2) = (h, v2) ∀v2 ∈ Vη .

(2.21)

We have to test against all functions in Vξ and Vη , we choose the basis functions
φi and ψj. This yields

∑n
i=1 fi(φi, φj) + ∑m

i=1 gi(ψi, φj) = (h, φj), j = 1, . . . , n,
∑n

i=1 fi(φi, ψj) + ∑m
i=1 gi(ψi, ψj) = (h, ψj), j = 1, . . . , m. (2.22)

After choosing suitable spaces Vξ and Vη we can work out the integrations
in (2.22). This results in a matrix vector equation which we need to solve for
f = ( f1, . . . , fn)T and g = (g1, . . . , gm)T :(

A1 A2
AT

2 A3

)(
f
g

)
= A

(
f
g

)
=
(

h1
h2

)
. (2.23)

After discretisation, the dimension of the matrix A will be much smaller than
the dimension that would have been obtained by using, for example, standard
finite element or finite difference methods on (2.6). For a resolution of m× n
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FIGURE 2.2: This figure shows a sample geometry in the left panel. To the right is a plot
of the non zero elements of the matrix A. The geometry stands out clearly in the blocks
A2 and AT

2 (see (2.23)). The sub-matrices A1 and A3 are tri-diagonal since standard
piecewise linear basis functions were used.

grid points we will only require matrices of dimension m + n, whereas stan-
dard methods yield a dimension of order mn. It is nice to see that the nonzero
pattern of A2 mimics the shape of the boundary. This is clear, since if (A2)ij 6= 0
then the intersection of the supports of φi and ψj contain the boundary. The
sub-matrices A1 and A3 are banded since only the supports of ψi−N , . . . ψi+N
overlap the support of ψi, with N depending on the specific basis functions
used. See Figure 2.2 for an example.

The calculation of the matrix A is detailed in Appendix A, for the case of
piecewise linear functions and a polygonal domain Ω.

The constraint < F , 1 >L2([ξ− ,ξ+ ])= 0 is easily discretised as

(
n

∑
i=1

eT
i ) f = 0.

We will express this in matrix form as Cx = 0, with C ∈ R2(n+m) and x the
concatenation of the vectors f and g. The constraint ‖Ψ‖L2(Ω) = 1 can be
discretised as ‖Nx‖2

2 = 1. We do not need N explicitly, since if we have a
solution x with ‖Nx‖ = 1, then there is a constant c such that ‖cx‖2

2 = 1. The
precise value of c is immaterial, as long as the norm of the solution is fixed at
some value, therefore we fix the norm using

‖x‖2
2 = 1. (2.24)

Finally, we need to discretise the constraint at corner points; ∇Ψ = 0. We use
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finite differences as follows

F̃ ′(ξi) =

{ fi+1− fi
ξi+1−ξi

if ξi = ξ−,
fi− fi−1
ξi−ξi−1

otherwise.

The derivative of G̃(η) is defined accordingly. We write a matrix vector equa-
tion,

Px = 0. (2.25)

Rows of P express that fi = fi−1 (or fi = fi+1 at ξi = ξ−) or gj = gj−1 (or the
exception gj = gj+1 at ηj = η−) if (ξi, ηj) is a corner point.

Note that solutions to the discretised problem are exact solutions to the
Poincaré equation, since they are of the form F (ξ) + G(η). If the residual is
non-zero, then the zero level set of this solution will not coincide with the
boundary ∂Ω. We obtain an exact solution on a modified boundary. Unfor-
tunately the perturbation of the zero level set of F + G is not necessarily small,
even though F + G is small on ∂Ω. The boundary might ’fold open’ if the zero
level set was at a saddle point and follows nearby level sets in the discretised
case.

2.7 Ill-Posedness and uniqueness

After discretisation of the Poincaré equation with Ψ = 0 at the boundary, the
problem reduces to solving Ax = 0. The ill-posedness of the Poincaré equation
is reflected in the matrix A. It has singular values rapidly decreasing towards
zero. There are many singular values close to zero, their number increasing
with increasing grid size. To these singular values correspond singular vectors
that are close to the null space of A in the sense that the residual ‖Av‖2

2 is
small for such a singular vector v. We exclude the trivial solution and we pose
the problem as a minimisation of ‖Ax‖2

2. There is a large sensitivity of the
solution x to small perturbations in the matrix A. This is the discrete analogue
of the delicate dependence of the solution to changes in the boundary. We will
find solutions close to solutions from the infinite dimensional solution space
of the Poincaré equation, yet we cannot control which discrete vectors x we
obtain. The specific vectors found are dependent on the discretisation. When
the discretisation is slightly changed, for example by adding some grid points,
completely different valid solutions may emerge (see Fig. 2.3).

Typically, continuous ill-posed problems have no gaps in their spectrum.
The discretised problem tends to inherit this property, and a truncation of the
singular values in order to decide what does or does not belong to the kernel
of A becomes infeasible, since there is no clear cutoff point.
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FIGURE 2.3: This figure illustrates that a small change in the discretisation can have
substantial effects on the solution. Plotted are the approximations to F and G. The
panel to the left has 200 grid points in both the ξ and η direction, the right panel has one
grid point less in both direction. The two solutions are quite different.

Also, we know that there is a delicate dependence of the solvability on
the rotation number of the domain. Slight changes in the parameter λ might
change the nature of the solution. We anticipate the possibility of contamina-
tion of the numerical null space by unwanted components of solutions corre-
sponding to nearby values of λ.

We use a regularisation method that in some sense relaxes the requirement
that F + G = 0 at the boundary. We find solutions where F + G is small at
the boundary. Equivalently we can say that we solve the Poincaré equation on
a domain that is slightly perturbed from Ω, the level curve of Ψ = 0 is likely
to be close to ∂Ω. Instead of asking that F + G be zero at boundary we try
to minimise this quantity, while at the same time we try to obtain a smooth
solution by minimising the energy. The balance between these two goals is
tuned using a regularisation parameter. This parameter is picked using a tool
called the L-curve (see e.g. Hansen, 2001), which we discuss in Section 2.7.1. The
important point is that a small value of the regularisation parameter indicates
that little smoothing was required, the value of λ is probably very close to a
resonance. If in contrast the value is rather high, then we must be far away
from a resonance. Maybe we are in the attractor case where high energy is
induced by the fractal structure, or maybe the chosen value of λ does not yield
solutions at all. Visual inspection of the solutions and interpretation of the L-
curve usually gives information on these issues.

There exists the freedom to specify boundary conditions on the fundamen-
tal interval, which has not been incorporated in our method of discretisation
and solution. We will rely on our numerical method to fill the fundamental
interval. The first reason for this is that fundamental intervals are a property
of the specific geometry under consideration and need to be established when-
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ever a new geometry is considered. A second reason is that fundamental inter-
vals are not unique. If M is a fundamental interval, then any Fk M is also a valid
fundamental interval. The question arises to which interval Dirichlet boundary
conditions should be applied. The interval that contains the largest number of
grid points would be a sensible choice, yet it is not clear if the solution is now
unique in any numerical sense.

We will assume that the state possessing minimal kinetic energy is the phys-
ically relevant solution. Additionally the buoyancy energy or potential energy
could be included, we will not do this for ease of presentation. One can think
of the energy as an ordering principle of the solution space. We define the total
kinetic energy operator T̄ : C1(Ω)→ R in the (x, y) system by

T̄Ψ̄ =
∫

Ω̄
∇Ψ̃ · ∇Ψ̃ dx dy,

which is, in characteristic coordinates

TΨ =
∫

Ω

[
(

∂

∂η
+

∂

∂ξ
)2 + λ2(

∂

∂η
− ∂

∂ξ
)2
]

Ψ2 1
2λ

dξdη

=
1

2λ

∫
Ω

(1 + λ2)
[
(F ′)2 + (G ′)2

]
+ (1− λ2)F ′G ′ dξ dη.

We can eliminate the cross term by using integration by parts in the form∫
Ω

(∂iu)v dA =
∫

Ω
(∂iv)udA +

∫
∂Ω

uvni dl,

where ∂i is the i-th partial derivative and ni the i-th component of the normal
to the boundary. For the cross term we can write either∫

Ω
F ′G ′ dA =

∫
∂Ω
G ′Fn1 dl or

∫
Ω
F ′G ′ dA =

∫
∂Ω
F ′Gn2 dl.

For their sum we have

2
∫

Ω
F ′G ′ dA =

∫
∂Ω
F ′Gn2 + G ′Fn1 dl,

and since n = ±(F ′,G ′), and F + G = 0 at the boundary, the integral equals
zero. The energy is now simply

TΨ =
(1 + λ2)

2λ

∫
Ω

(F ′(ξ))2 + (G ′(η))2 dξ dη. (2.26)

Note that the energy is zero if the solution Ψ is constant. These solutions are
excluded by (2.4), which also makes sure that the stream function can not be
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scaled to get arbitrarily small energy. We also incorporate the corner constraint
(2.3). We formulate a minimisation problem:

minimise TΨ, in Ω, and
minimise Ψ, at ∂Ω, subject to
Ψ(ξ, η) = F (ξ) + G(η) in Ω
< F , 1 >L2([ξ− ,ξ+ ])= 0,
‖Ψ‖L2(Ω) = 1,
F ′ = G ′ = 0 at a corner point.

As we saw in Section 2.6 this will lead to,

minimise ‖Lx‖2
2 energy minimisation,

minimise ‖Ax‖2
2 function minimisation at the boundary,

subject to Cx = 0 linear ’unique representation’ constraint,
and ‖x‖2 = 1 normalisation,
and Px = 0 linear ’corner point’ constraint.

(2.27)

The calculation of the matrix L is given in Appendix B. By analysing the singu-
lar value decomposition of a matrix corresponding to an ill-posed problem one
can conclude that solutions corresponding to small singular values have many
sign changes, and therefore possess high frequency components (see Hansen,
1994b) and the corresponding manual, which is also a good introduction to reg-
ularisation techniques). Some smoothing will be required. The smoothing is in
the energy matrix L which contains discretisations of derivatives. If we have
sufficient minimisation of the energy, the solution will be smooth. However,
‖Ax‖2

2 and ‖Lx‖2
2 cannot be minimised simultaneously. Also, by ill-posedness,

there might exist a matrix close to A with much better properties in the sense
that the energy ‖Lx‖2

2 is much lower while the residual ‖Ax‖2
2 is only slightly

higher. Taking these considerations into account we propose to balance the
residual ‖Ax‖2

2 and energy ‖Lx‖2
2 using a parameter τ. The regularised solu-

tion xτ is then defined as

xτ = argmin(‖Ax‖2
2 + τ2‖Lx‖2

2), with ‖x‖2
2 = 1, Cx = Px = 0, (2.28)

The L-curve approach requires the solution of (2.28) for a range of parameters
τ. In practice we choose for τ the numbers from the sequence 10k, 10k−1, . . . , 0
with k approximately -10 or -15 (depending on the resolution of the grid). For
lack of a better method of incorporating the Px = Cx = 0 constraint we add
them to the matrix A with a very large multiplicative factor a,

xτ = argmin(‖

 A
aP
aC

 x‖2
2 + τ2‖Lx‖2

2). (2.29)
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In this way the constraints will certainly be satisfied, or the residual will be-
come very large. Note that the value of a depends on the magnitude of the
elements of A, which makes it dependent on the grid resolution. Solving the
minimisation problem (2.29) is then equivalent to finding the normalised sin-
gular vector corresponding to the smallest singular value of

B =


A
aP
aC
τL

 . (2.30)

In this way the constraints will certainly be satisfied, or the residual ‖A′‖2
2 will

become very large.

2.7.1 The L-Curve

The choice of the value of the parameter τ is made using the L-curve. This
is a continuous curve parametrised by τ and given by {(x(τ), y(τ))|x(τ) =
‖Axτ‖2

2, y(τ) = ‖Lxτ‖2
2}where xτ solves (2.29). The typical shape is that of an

’L’, as shown in Figure 2.4. This is an idealisation, in reality the L-curve will
often be much less pronounced. The ideal value of τ is found in the ’elbow’
of the curve. Increasing τ would lead to a larger residual with only a slightly
smaller energy (and thus a little gain in smoothness). Decreasing τ would lead
to a slightly smaller residual, while the energy becomes very large, and we
have less smoothness. In our experiments (see Section 2.9) we often find L-
curves which have a less sharp corner, the ideal value of τ is not directly clear.
Also, it might happen that the L-curve is not ’L’ shaped at all. In these cases
the curve can still be interpreted, and give us information on the solution. For
example some curves start horizontal, only to go down for very large values
of τ. A mostly flat curve tells us that the value of the regularisation parameter
is insubstantial, the solution has the same energy for every reasonable τ. The
specific geometry under consideration did not give us an ill-posed problem.
This happens often in the resonant case.

2.8 Energy minimisation

In this section we will show that, in the presence of attractors, the energy di-
verges. Nevertheless, we argue that the total energy is still a useful quantity.
We can give qualitative descriptions of the solutions that minimise the energy.
These solutions will turn out to be continuous and differentiable, which shows
that minimising the energy is a useful idea. Firstly we clarify the procedure by
a one dimensional model.
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Less
   smooth

Smooth
Inaccurate Accurate

‖Lxτ‖2
2

‖Axτ‖2
2

FIGURE 2.4: This figure shows a schematic L-curve parametrised by τ. On the horizon-
tal axis is the residual, representing the accuracy of the solution. On the vertical axis is
the energy, representing the smoothness of the solution.

2.8.1 A one-dimensional example

As we will show later, there are features of the minimal energy solution to the
hyperbolic equation that can be predicted. The generic two dimensional case
is rather complicated, for this reason this section will give a two dimensional
example that reduces to a one dimensional model. The model will however
exhibit the features that are also found in the full two dimensional case. Some
steps may seem rather trivial, yet they closely follow the more complicated
steps in the two dimensional case treated in Appendix C. Consider the wave
equation Ψxx − λ2Ψzz = 0 on a domain Ω with Ψ = 0 at the boundary ∂Ω.
We also set the normalisation constraint < Ψ, Ψ >= 1. The Poincaré equation
is separable in any rectangle, for illustration we use the square domain Ω =
[0, 1]2. In this case the Poincaré equation with the conditions stated above can
be reduced to

fxx(x)
f (x)

= λ2 gzz(z)
g(z)

, in Ω, (2.31)

g(0) = g(1) = f (0) = f (1) = 0, (2.32)∫ 1

0
f 2(x) dx

∫ 1

0
g2(z) dz = 1. (2.33)
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We would like to find the solution that minimises the energy

E =
∫

Ω
∇Ψ · ∇Ψ dxdy

=
∫ 1

0
( fx)2 dx

∫ 1

0
g2 dy +

∫ 1

0
f 2 dx

∫ 1

0
(gy)2 dy.

Use the normalisation constraint (2.33) to see that minimising E is equivalent
to minimising ∫ 1

0 ( fx)2 dx∫ 1
0 f 2 dx

+

∫ 1
0 (gy)2 dy∫ 1

0 g2 dy
.

Now this is really two separate minimisation problems, one for f (x) and one
for g(y). We will concentrate on the function f and put δ =

∫ 1
0 (gy)2 dy. Since

we can vary x and y independently we can suppose the right hand side of (2.31)
equals γ2. The simplified model now reads

fxx(x) = γ2 f (x),
‖ f (x)‖2

L2(Ω) = δ,
f (0) = f (1) = 0.

(2.34)

We need to find the solution that minimises

Ẽ = δ
∫ 1

0
( fx)2 dx.

The differential equation plus boundary conditions (2.34) is solved by

f (x) =
∞

∑
k=0

ak sin(γkx),

with γk = kπ. By (2.33) the (ai) ∈ `2 are subject to the constraint ∑∞
i=0 a2

i 6= 0.
Consequently the trivial solution is excluded, yet there are still infinitely many
solutions. In order to pick one solution out of the infinite set of degenerate
solutions we minimise the energy. Write the energy as

Ẽ = δ
∫ 1

0
( fx)2 dx =< f ,−δ

d2

dx2 f >L2([0,1]) .

The Courant-Fischer theorem now gives us that the minimum of Ẽ is given by
the eigenfunction belonging to the smallest eigenvalue of the operator L =
−δ d2

dx2 , i.e. the function f corresponding to the smallest eigenvalue µ that
solves

fxx(x) = −µ

δ
f (x). (2.35)
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This equation is of the same form as our differential equation (2.34), which is
unfortunate from a didactical point of view: in the full two dimensional model
the situation is less trivial, and the Courant-Fisher theorem is a useful tool. The
eigenvalue problem (2.35) has solution

f (x) = α cos(
√

µ

δ
x) + β sin(

√
µ

δ
x).

From boundary conditions (2.32) we see that α must be zero and µ is quantised
as µk = δk2π2 with k = 1, 2, 3, . . .. Zero is excluded since the trivial solution is
excluded. The eigenfunction f belonging to µk is then given by

f (x) = βk sin(kπx).

The constant βk is found by solving
∫ 1

0 f 2(x) dx = 1/d and we have a unique
solution for given k. Considering solutions that belong to µ1, µ2, . . . we see
that the energy orders the solutions by decreasing smoothness (in the sense of
number of oscillations). The energy therefore has a regularising property.

Furthermore we see that we find continuous and differentiable solutions
’for free’, without explicitly enforcing these properties. These features carry
over to the two dimensional situation. However, when dealing with the two
dimensional hyperbolic equation in an arbitrary non-rectangular domain we
have two additional issues

• The domain is arbitrary and we no longer have Ψ(x, y) = f (x)g(y).
However in characteristic coordinates we do know Ψ(ξ, η) = F (ξ) +
G(η).

• Attractors will occur and the fractal behaviour of the solution introduces
high energies.

Nonetheless, it will be shown that energy minimisation still leads to smooth
regularised solutions. We will first give a one-dimensional analogue of the
energy in the presence of an attractor and consider the general situation in
Appendix C.

2.8.2 Behaviour near an attractor

Close to the attractor features of the solution are repeated at increasingly smaller
scales. This makes the energy blow up, but we argue that we nonetheless still
have a valid minimisation problem. We consider a one dimensional model. For
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an arbitrary function f ∈ H1([0, 1]) define:

Ψ(x) =
∞

∑
i=0

fi(x),

fi(x) =

{
f ( x−αi

αi+1−αi
), for x ∈ [αi, αi+1],

0 otherwise.

Here [α0, α1] models the fundamental interval, with α2, α3, . . . iterates of its end-
points under the mapping T, as defined in Section 2.3. Usually the contents of
an iterate of the fundamental interval is mirrored and scaled by the action of
the mapping. We will not model the mirroring effect here, but suppose that
an interval [αi, αi+1] contains both the original function and its mirrored copy.
The differences αi+1 − αi are steadily decreasing and there is an ’attractor’ at
limi→∞ αi = α. The functions fi are scaled and translated copies of f , this
models the replication of the fundamental interval towards the attractor. The
energy on the interval [α0, αN ] is modeled by

T([α0, αN)] =
∫ αN

α0

(Ψx)2 dx

=
∫ 1

0
f ′(x)2 dx

N

∑
i=0

1
αi+1 − αi

.

Here we used the disjoint supports of fi in order to write the square of sums
as a sum of squares. There are two ways in which the energy may become
infinite. Firstly the derivative of the function f itself may not be square inte-
grable, but such functions do not minimise the energy. Secondly the sum in
the second factor diverges, but for every finite value of the number of steps
towards the attractor N, the expression is finite. Moreover, minimisation of the
energy yields the same function f independently of N. Therefore this function
f may also be considered a solution for N → ∞. Thus, even though we have a
diverging total energy it is still useful for minimisation purposes.

From a numerical point of view, we propose that discrete solutions on a
grid can be compared to the continuous solution on [α0, αN ] for finite N. Equiv-
alently one can say we always keep a finite distance to the attractor. The fine
scale structure which causes the energy to diverge close to the attractor at limit
point α is simply replaced with one basis function in the discretisation. Since
solutions are independent of N our numerical solutions will correspond to so-
lutions of the continuous system. In this way it makes sense to minimise the
energy on a fixed grid, however the energy of discrete solutions will increase
with increasing grid resolution in the presence of attractors.
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2.8.3 The two dimensional case

In the two dimensional case the calculation is more tedious, we will only state
the results of the calculation here and give the technical details in Appendix C.
Before giving the solution we introduce some notation. The αi and βi variables
give ξ and η coordinates of the iterates of the fundamental interval. The index
i counts the number of iterates towards the attractor and k ≤ K counts the fun-
damental intervals. The index l ≤ L takes care of the possibility that iterates of
endpoints of a fundamental interval may approach a limit cycle with period L.
For fixed k and l the sequence αl,k

i approaches one fixed point of the attractor
from one side, ∩i(αl,k

i , αl,k
i+1) = ∅ and ∪i[α

l,k
i , αl,k

i+1] has no holes. The general so-
lution can be described using wavenumber-like numbers (m, n) and arbitrary
constants Ak,l

n and Bk,l
m . It is given by

Ψm,n(ξ, η) = Fn(ξ) + Gm(η),

with

Fn =
N

∑
i=0

K

∑
k=0

J

∑
l=0

Al,k
n I

ξ∈[αl,k
i ,αl,k

i+1]
cos(nπ

ξ − αl,k
i

∆αl,k
i

),

Gm = −
M

∑
i=0

K

∑
k=0

J

∑
l=0

Bl,k
m I

η∈[βl,k
i ,βl,k

i+1]
cos(mπ

η − βl,k
i

∆βl,k
i

),

(2.36)

where I denotes the indicator function. The above formulas describe a solution
which is built from arbitrary Fourier expansions on the fundamental intervals,
which are reproduced in smaller scales towards the attractor. Note that Ak,l

n can
not all be zero. The numbers N, M determine the size of neighborhoods of the
attractors that we leave out of the domain. For N, M → ∞ we face a diverging
energy, the above solutions are not valid. However, for every large finite values
N, M we do have the solutions given above. With increasing N, M the solution
does not change, except it’s domain of definition grows, towards the attractor.
For more details we refer to Appendix C.

Some words on the space in which the functions F and G live are in order.
In Section 2.3 we proposed F ∈ L2([ξ−, ξ+]) and G ∈ L2([η−, η+]), giving also
Ψ ∈ L2(Ω). The solution is discontinuous at the attractor, this follows easily
from the definition of continuity and the fact that attractors are limit cycles of
the transformation F. Theorem 4 established that solutions exist, and thus that
the discontinuity is square integrable. In this section we need to calculate an
energy, the suitable space would seem to be H1(Ω). However, in this space
the energy diverges when we insist on solving on the entire domain Ω (i.e.
N, M → ∞). The proper space seems to be H1(Ω \ (A ∪ B), where A consists
of a neighborhood of the attractors. The set A is in our approach left out of the
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domain by using finite N and M as shown above. It could also be the case that
F (ξ) or G(η) are discontinuous. The set B consists of horizontal and vertical
lines corresponding to these discontinuities. This is only possible if N, M→ ∞
in (2.36), and we do not need to worry about excluding B from the domain
since we only consider finite values.

It is important to realise that A and B are completely different in nature.
Attractors are a feature of the problem, but we know how to deal with this.
Discontinuities in F and G away from the attractor will not occur because the
minimising functions (2.36) are automatically continuous.

2.8.4 Minimal energy of the discretised system

Consider the behaviour of the solution to the discrete system. When piece-
wise smooth basis functions are used, then across the attractor there will be a
piecewise smooth approximation of the self similar structure. We suggest that
this discrete system corresponds, to good approximation, to solving the con-
tinuous system where we only minimise the energy on the domain given by a
finite number of iterates of the fundamental interval. This corresponds to tak-
ing N and M to be finite numbers. We have now taken away the contributions
to the energy that caused it to diverge, and have in effect removed a small strip
around the attractors. Still we know that the minimal energy solution we find
is independent of the values of M and N, if M � 1 and N � 1. If the grid has
sufficient resolution, then we will find a meaningful solution to the Poincaré
equation. The energy will increase with decreasing grid size, yet for a fixed
grid we can safely minimise the energy. If differences between calculated so-
lutions on grids of increasingly higher resolution become smaller, then we can
have confidence that we are converging towards a minimal energy solution of
the continuous problem.

2.9 Results

This section will give some solutions of the Poincaré equation using the dis-
cretisation from Section 2.6 and the regularisation procedure outlined in Sec-
tion 2.7. Firstly, we briefly consider the solutions in the rectangle, which is a
suitable geometry for testing our algorithm. Next, we study the trapezoid and
we consider the case where the stream function is zero on the entire boundary,
i.e. the unforced setting. After this we apply a non-zero boundary condition for
the stream function and find that the scenario sketched in Section 2.4.2 indeed
occurs.
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FIGURE 2.5: In the absence of regularisation the solution converges to a solution that
contains discontinuities in the gradients.

2.9.1 Results for the rectangle

The rectangle is an excellent test object, since we know all there is to know
about the solutions. We perform an experiment with λ = 1/2, giving the
(n, 2n) modes for n = 1, 2, . . ., the mode having the lowest energy is the (1, 2)-
mode. The number of grid points is (n, m) = (202, 202). It turns out that if no
regularisation is performed, that one obtains a solution as in Figure 2.5, which
has kinks in the stream function. In terms of the velocities this would mean an
unacceptable instantaneous change of direction. We plot the solution Ψ(ξ, η) in
the (ξ, η) frame, this is the coordinate system in which it is computed. Also the
solution is plotted outside of the domain (indicated by black lines). Figure (2.6)
shows the singular value distribution of A which has the hallmark of an ill-
posed problem, values slowly decreasing towards zero. The same figure also
shows the L-Curve which has in this case a clear optimum. Figure 2.7 gives re-
sults for various regularisation parameters. Experiments have shown that the
value for the regularisation parameter is fairly independent of the mesh size.
Solutions also converge with decreasing grid spacing.

There is a special case for which regularisation is even more important. It
may happen that the number of grid points is such that the coordinates of cor-
ner points coincide with the grid points. In this case no extra points have to be
introduced to handle the corners. Upon closer inspection of these cases it turns
out that the orbits become decoupled. They are decoupled in the continuous
case if the rotation number is rational, now they are also numerically indepen-
dent. See Figure 2.8 for examples of a representative situation. This decoupling
leads to a non zero dimension of the null space of A. Regularisation becomes
even more important since the unregularised solutions will look meaningless.
Inspection of the L-curve in Figure 2.9 learns that we may pick any small value
for τ. Results are shown in Figure 2.10.

We see that even for the relatively simple case of the rectangle we need
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FIGURE 2.6: Singular values and the L-Curve for the square with λ = 1/2 and
(m, n) = (202, 202). The singular values decrease towards zero. The L-curve has the
characteristic ’L’ shape.

regularisation techniques. It seems that regularisation is essential for obtaining
relevant solutions to this ill-posed problem.

Energy of solutions in the rectangle

We will now investigate the the minimal kinetic energy solution. We use the
general solution (1.27). The energy can be computed as

T(Ω) =
∫

Ω
u2 + v2 dS

=
∫

Ω
∇Ψ · ∇Ψ dS

=
∫

Ω
(

∞

∑
j=0

ajαj cos(αjx) sin(β jz))2

+ (
∞

∑
j=0

ajβ j sin(αjx) cos(β jz))2 ds.

Since the sine and cosines are orthogonal in the sense that∫ a

0
sin(αix) sin(αjx) dx = aδij/2,∫ b

0
cos(βiz) cos(β jz) dz = bδij/2,

the expression can be simplified after some calculation to yield

T =
abπ2

4
(

n2

a2 +
m2

b2 )
∞

∑
j=1

a2
j j2.
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FIGURE 2.7: From the curve of Figure(2.6) three values of τ were chosen. The first
picture shows an under regularised solution for τ = 10−8, the second picture has a
value of τ = 102 which is in the elbow of the curve and the final picture is heavily
over-regularised with τ = 105.

Without the additional constraint ||Ψ||L2 = 1 the energy would not attain a
non-trivial minimum, now however it gives us the extra equation ∑∞

j=1 a2
j = 1

and the minimum is at a1 = 1 with all other aj’s equal to zero. This shows that
the smallest possible mode is indeed the preferred solution when minimizing
the energy.

2.9.2 Free oscillations

We will discuss the trapezoid, a rectangle with one sloping side as shown in
(x, z) coordinates in Figure 2.16. This geometry is interesting since it is a sim-
ple geometry for which attractors exist. The complex distribution of attractor
regimes separated by modal solutions (a manifestation of the ill-posed nature
of the problem) is extensively described in Maas et al. (1997). For λ = 0.75 we
are in the attractor case, indeed Figure 2.16 (as later discussed) clearly shows
features that reproduce in increasingly smaller scales towards a limit cycle. The
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FIGURE 2.8: This picture shows the rectangle for λ = 1 and λ = 1/2. Equidistant grids
are overlayed that coincide with the corner points. It is possible to track closed orbits
having the thickness of the grid spacing. Even in a numerical sense the solution is at
resonance. The number of grid points required is 2k + 3 for the (1, 1) mode and 3k + 4
for the (2, 1) mode. It is even possible to read of the dimension of the null space of the
corresponding matrix A: 7 respectively 3 for the cases above.
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FIGURE 2.9: Singular values and the L-Curve for the square with λ = 1/2 and (m, n) =
(124, 124). The L-curve is strikingly different from the previous case. The regularisation
parameter can be chosen as small as one wishes (but nonzero). The precise value has no
large effect on the smoothness. The last 39 singular values are the numerical null space.

behaviour of the dynamical system induced by F was investigated by a ray-
tracing technique, which enables us to find the values of λ where the various
attractors exist.

We take 300 grid points in both the ξ and η direction and plot L-curves of
the first four solutions. This means that we plot the L-curves of the first few
solutions that minimise (2.29) best. This simply amounts to calculating the four
smallest singular values of the matrix (2.30). The curves are approximated by
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FIGURE 2.10: In contrast to the previous case it is found that regularisation is crucial
for meaningful solutions. The top picture shows a random solution from the 39 dimen-
sional solution space. The bottom picture shows a regularised solution with τ = 10−4,
it is clearly more acceptable.

taking a sequence of values for τ, we choose {10j|j = −10,−9.8,−9.6, . . . ,−0.8,−1}.
The L-curves are given in Figure 2.11, Figure 2.12 gives enlargements of the
parts of the curves where we pick the regularisation parameter.

We will discuss the solutions for the different L-curves and point to note-
worthy features of the solutions.

The ’plateau’ solution

From the bottom curve of Figure 2.11, the top-left curve of Figure 2.12, repre-
senting the minimising solution, we choose a value of τ ≈ 10−5. We plot the
functions F and G and their sum in Figure 2.13. We observe a solution with a
large step at the attractor, featuring small oscillations. Two questions come to
mind, firstly if such a solution is allowed. Secondly if the small oscillations are
a numerical artifact (reminiscent of the Gibbs phenomenon) or a real feature
of the solutions. The latter question is answered by observing the structure of
the oscillations: they are mapped towards the attractor like the oscillations in
figures 2.14 and 2.17. We conclude that the structure is ’mixed in’ from another
solution, the regularisation is not perfect. The question of the validity is more
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FIGURE 2.11: Four L-curves for the trapezoid. The ’elbows’ of the curves do not look
very pronounced when plotted in one picture. One would have expected a longer ver-
tical ’leg’, instead we find an accumulation point. A number of points on the curves
have been calculated and labeled with the value of the regularisation parameter τ and
an index. Enlargements of relevant curves are presented in Figure 2.12.

complicated. The solution is of the form (2.36), with large coefficients for the
constant term and very small coefficients for other terms. In the domain out-
side of the attractor the values F plus G cancel, while inside of the attractor
they add up to a nonzero value. Physically this represents a solution where
(almost) all energy is located at the attractor. A problem is that the analytical
analogue of this solution is not from the space H1(Ω), the energy would be
infinite. As argued in Section 2.8 we ought to compare discrete solutions in
Ω to analytical solutions in Ω minus a neighborhood of the attractor, and in
this sense the solution is valid. In Swart & Loghin (2005b) it is shown that this
type of solution is also found upon inclusion of a viscous (dissipative) term in
the Poincaré equation. This is an indication that this might also physically be
a relevant solution. The experiment described in Maas et al. (1997) is a case
in point, the existence of a wave attractor was established, but no evidence of
fractal structure was found.

Wavenumber 1 solution
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FIGURE 2.12: These four panels show the L-curves corresponding to the best four solu-
tions. The indices of the regularisation parameters are (in clockwise order): 26,31,31,31,
corresponding to τ ≈ 10−5, 10−4, 10−4, 10−4.

The next-best solution we find is shown in Figure 2.14, where we plot the so-
lution corresponding to τ ≈ 10−4 on the second curve (Figure 2.12). It clearly
consists of one empty fundamental interval plus one fundamental interval with
half a cosine. Referring to (2.36) we call this a wavenumber 1 solution for this
fundamental interval. We will now demonstrate the effect of over- and under-
regularisation by picking inappropriate values of τ. The result of this practice is
shown in Figure 2.15. Other experiments have revealed even more sensitive de-
pendence of the solution on the choice of the regularisation parameter. When
the grid has sufficient resolution one may also observe oscillations that are in-
troduced or suppressed when changing the regularisation parameter. These
observations are ultimately the justification for the use of a regularisation pro-
cedure.

Combined solutions

Figure 2.11 shows the curves corresponding to the four best minimizing solu-
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FIGURE 2.13: This figure shows the functions F and G and a plot of Ψ = F + G, in the
(ξ, η) coordinate frame. Darker colors indicate higher values, gray is at the zero level.
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FIGURE 2.14: This figure shows the functions F and G and a plot of Ψ = F + G, in the
(ξ, η) coordinate frame. One fundamental interval shows a smooth function (half the
period of a cosine), the other one is zero.

tions. The top two curves cross each other twice, which might seen strange at
first sight, but there is no reason why a under regularised nth best solution can-
not have a higher energy than an over-regularised (n + 1)th best solution. The
top-most crossover of the curves is in fact an artifact of the way the L-curves are
plotted. For each value of τ we store a column of coordinates (‖Axτ‖2

2, ‖Lxτ‖2
2)

in a matrix, we then plot the rows of this matrix. The right panel of Figure 2.11
shows that the eigenvalue curves and L-curves switch at index 35.

At eigenvalue curve three we find the solution where the empty funda-
mental interval has switched places with the wavenumber 1 interval. If we
add both solutions (see Figure 2.16), then we fill both fundamental intervals
and recover the solution that was presented in Maas & Lam (1995).
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FIGURE 2.15: These graphs show what happens if one regularises improperly. In the left
panel a value of τ ≈ 3× 10−3 was chosen, yielding a smooth but inaccurate solution.
The extrema are too flat. The right panel corresponds to τ ≈ 10−5, the residual is
smaller but the energy is higher. We see cusps appearing, giving a discontinuity in the
derivative.

FIGURE 2.16: This figure shows the addition of the smoothest solutions found on each
of the fundamental intervals. The grid resolution is 300 grid points in the ξ and η direc-
tions. Shown is the stream function Ψ̃, in the (x, z) frame. Darker colors indicate higher
values, gray is at the zero level. The attractor, and the fractal structure are nicely visible.
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FIGURE 2.17: In this figure, again one fundamental interval shows a smooth function,
but now a cosine of higher periodicity. The other interval is (almost) zero.

Wavenumber 2 solution

The solution we find, at τ ≈ 10−4, curve four of Figure 2.12, is a solution where
again one of the fundamental intervals is empty. The other one however is now
filled with a complete period of a cosine (Figure 2.17). We remark that the order
in which we find solutions is not a priori clear. In this case we first found both
the ’wavenumber 1’ solutions, we could also have found a ’wavenumber 2’ so-
lution first. The exact order is dependent on the energy of the solution, which
is (among other things) determined by the sizes of the fundamental intervals.

We conclude that we find the solutions predicted by equation (2.36), where
the Fn and Gm parts are indeed decoupled. The regularisation scheme is indis-
pensable in obtaining meaningful solutions to the ill-posed Poincaré equation.

2.9.3 Boundary forcing

In this section we apply a boundary condition Ψ = 1 to the left side of the
trapezoid. We have to deal with equation (2.11), which leads to the regularisa-
tion problem (2.12). In contrast to the unforced case, with zero right hand side
b, this is a standard problem which may be tackled using existing methods.
We draw the L-curve and calculate solutions using the Regularization Tools, de-
scribed in Hansen (1994a). In this section we focus on the piecewise constant
solution, since we learned in the previous section that this is energetically the
preferred solution.

We calculate a solution at λ = 0.75, which is in the regime where the square
attractor lives. The number of grid points is 512 in both the ξ and η direction.
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FIGURE 2.18: The L-curve for the Poincaré problem with non-zero boundary condition
on part of the boundary.

The L-curve calculated for this problem is shown in Fig. 2.18. This L-curve
has a clearer optimal point than the curves presented before, although it is still
necessary to try a few values around the bend in the curve before deciding on
a ’best solution’. Results for the functions F and G are shown in Figure 2.19,
where the effects of over-regularisation and under-regularisation are nicely vis-
ible.

Finally we present a figure of the complete solution Ψ(ξ, η) = F (ξ) + G(η)
in Figure 2.20. The theoretically predicted behaviour (Section 2.4.2) is clearly
observed.
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FIGURE 2.19: These panels show the functions F and G for three different values of
the regularisation parameter. To the left we see under-regularisation, a value of τ =
5× 10−4 was used, which is below the optimum (see also Fig. 2.18). The graphs are
clearly too smooth. A value of τ = 8 × 10−5 seems close to optimal and yields the
graphs in the middle panel. Note how the functions F and G have jumps of ±1 as
predicted in the theory. Over-regularisation is shown in the right panel, at τ = 1× 10−5,
the functions suffer from too many sharp peaks.
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FIGURE 2.20: A plot of the stream function for the forced problem. At the vertical left
boundary Ψ = 1 is assigned, the remaining boundary has Ψ = 0. It is nicely visible how
the characteristics ’pick up’ values of ±1 when visiting the side where Ψ = 1. Also, we
clearly see focusing towards the attractor, where values of |Ψ| get increasingly higher
due to continued visits to the left boundary.
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Appendices to Chapter 2

2.A Calculation of the matrix A

This appendix gives the calculation of the matrix A for the special case of a
polygonal domain Ω and piecewise linear basis functions. The aim is to de-
velop a fast algorithm. We first make some definitions, intended to facilitate
the conversion from formula to Matlab code. For this reason indices start at
one. We try casting expressions in matrix-equation form to benefit from Mat-
lab’s coarse granularity. First of all we introduce the grid spacings

∆ξ = (ξ2, . . . , ξn)T − (ξ1, . . . , ξn−1)T ∈ Rn−1,

∆η = (η2, . . . , ηm)T − (η1, . . . , ηm−1)T ∈ Rm−1.

Denote the element wise product of matrices A and B by A · B. If the quotient
of two matrices is taken, element wise division is implied. We will also use
the notation diag(A) for the diagonal of a square matrix and diag(a) for the
matrix with the vector a on it’s diagonal. For square matrices we will also use
lowerdiag(A) and upperdiag(A). Also introduce 1n = ∑n

i=1 ei. Furthermore
we will need convenient abbreviations for appending zeros to matrices and
removing rows and columns. These are needed to incorporate the boundaries.

Definition 4. In the following the zero vector matches the size of the identity matrix
Im−1. The matrix A is m× n and the notation [A, B] signifies concatenation of B to
the right of A.

Remove column 1, A[0, Im−1]T ≡ AI′l ,
Remove column n, A[Im−1, 0]T ≡ AI′r,
Remove row 1, [0, In−1]A ≡ I′t A,
Remove row n, [In−1, 0]A ≡ I′b A,
Append zeros left, A[0, Im] ≡ AIl ,
Append zeros right, A[Im, 0] ≡ AIr,
Append zeros top, [0, In]T A ≡ It A,
Append zeros bottom, [In, 0]T A ≡ Ib A.

The basis functions will be split in ascending and descending parts, they



86 CHAPTER 2. APPENDICES

are described by

φ−i (ξ) =

{
ξ−ξi−1
∆ξi−1

if ξ ∈ [ξi−1, ξi] and 2 ≤ i ≤ n,

0 otherwise.

φ+
i (ξ) =

{
ξi+1−ξ

∆ξi
if ξ ∈ [ξi, ξi+1] and 1 ≤ i ≤ n− 1,

0 otherwise.

ψ−j (η) =

{ η−ηj−1
∆ηj−1

if η ∈ [ηj−1, ηj] and 2 ≤ j ≤ m,

0 otherwise.

ψ+
j (η) =

{ ηj+1−η

∆ηj
if η ∈ [ηj, ηj+1] and 1 ≤ j ≤ m− 1,

0 otherwise.

Now define the rectangles Rij and strips Pj and Si by

Rij = [αi, αi+1]× [β j, β j+1].

Suppose the polygonal domain Ω consists of segments Pi for 1 ≤ i ≤ l. It
is now very convenient to have grid points ξi and ηj for each corner of the
boundary. In this way the intersection of a segment Pi of the boundary with Rij
is also a segment. We now need parametrisations of these segments in order to
evaluate the integrations. Let the unit parametrisation of Rij ∩ Pl be given by

cl
ij(t) =

{
(Fξ

ij + tDξ
ij, Fη

ij + tDη
ij) if Rij ∩ Pl 6= ∅,

0 otherwise.

Also define the lengths Ll
ij by

Ll
ij = ‖cl

ij
′
(t)‖2 =

√
(Dl,η

ij )
2
+ (Dl,ξ

ij )
2
.

Given corner points (ξ̂1, η̂1), . . . , (ξ̂l , η̂l) of the domain and the grid points it
is easy to calculate the matrices Dk,ξ , Dk,η and Lk. See Algorithm 2 for this
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procedure. We now ready to proceed with the calculation of the matrix A2

(A2)ij =
∫

∂Ω
φiψj dl

=
∫

∂Ω
φ−i ψ−j + φ−i ψ+

j + φ+
i ψ−j + φ+

i ψ+
j dl

=
∫ 1

0

l

∑
k=1
i,j 6=1

Lk
i−1,j−1(φ−i ψ−j ) ◦ ck

i−1,j−1(t) +
l

∑
k=1

i 6=1,j 6=m

∫ 1

0
Lk

i−1,j(φ−i ψ+
j ) ◦ ck

i−1,j(t)

+
l

∑
k=1

i 6=n,j 6=1

∫ 1

0
Lk

i,j−1(φ+
i ψ−j ) ◦ ck

i,j−1(t) +
l

∑
k=1

i 6=n,j 6=m

∫ 1

0
Lk

i,j(φ+
i ψ+

j ) ◦ ck
ij(t) dt.

Using the definition of the basis functions we obtain

(A2)ij =
l

∑
k=1
i,j 6=1

Lk
i−1,j−1

6∆ξi−1∆ηj−1

{
6(Fk,ξ

i−1,j−1 − ξi−1)(Fk,η
i−1,j−1 − ηj−1)

+3
[

Dk,ξ
i−1,j−1(Fk,η

i−1,j−1 − ηj−1) + Dk,η
i−1,j−1(Fk,ξ

i−1,j−1 − ξi−1)
]

+ 2Dk,ξ
i−1,j−1Dk,η

i−1,j−1

}

−
l

∑
k=1

i 6=1,j 6=m

Lk
i−1,j

6∆ξi−1∆ηj

{
6(Fk,ξ

i−1,j − ξi−1)(Fk,η
i−1,j − ηj+1)

+3
[

Dk,ξ
i−1,j(Fk,η

i−1,j − ηj+1) + Dk,η
i−1,j(Fk,ξ

i−1,j − ξi−1)
]

+ 2Dk,ξ
i−1,jD

k,η
i−1,j

}

−
l

∑
k=1

i 6=n,j 6=1

Lk
i,j−1

6∆ξi∆ηj−1

{
6(Fk,ξ

i,j−1 − ξi+1)(Fk,η
i,j−1 − ηj−1)

+3
[

Dk,ξ
i,j−1(Fk,η

i,j−1 − ηj−1) + Dk,η
i,j−1(Fk,ξ

i,j−1 − ξi+1)
]

+ 2Dk,ξ
i,j−1Dk,η

i,j−1

}

+
l

∑
k=1

i 6=n,j 6=m

Lk
i,j

6∆ξi∆ηj

{
6(Fk,ξ

i,j − ξi+1)(Fk,η
i,j − ηj+1)

+3
[

Dk,ξ
i,j (Fk,η

i,j − ηj+1) + Dk,η
i,j (Fk,ξ

i,j − ξi+1)
]

+ 2Dk,ξ
i,j Dk,η

i,j

}
.
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Case1, segment starts at
the bottom of the rectangle

Case 2, the segment starts at
the left of the rectangle.
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FIGURE 2.21: The four ways in which a segment with positive slope can intersect the
rectangle Rij

After some reordering, we write down the expression for A2

A2 =
l

∑
k=1

It
Lk

∆ξ∆ηT ·
{

((Fk,ξ − I′bξ1T
m−1) +

1
2

Dk,ξ) · ((Fk,η − 1n−1ηT I′r) +
1
2

Dk,η)
}

Il

− Ib
Lk

∆ξ∆ηT ·
{

((Fk,ξ − I′bξ1T
m−1) +

1
2

Dk,ξ) · ((Fk,η − 1n−1ηT I′l ) +
1
2

Dk,η)
}

Il

− It
Lk

∆ξ∆ηT ·
{

((Fk,ξ − I′tξ1T
m−1) +

1
2

Dk,ξ) · ((Fk,η − 1n−1ηT I′r) +
1
2

Dk,η)
}

Ir

+ Ib
Lk

∆ξ∆ηT ·
{

((Fk,ξ − I′tξ1T
m−1) +

1
2

Dk,ξ) · ((Fk,η − 1n−1ηT I′l ) +
1
2

Dk,η)
}

Ir

+ (It − Ib)
Lk · Dk,ξ · Dk,η

12∆ξ∆ηT (Ir − Il).

Next we turn to the matrix A1 containing integration of the φ basis func-
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Algorithm 2 This algorithm finds all intersections of a boundary segment with
rectangles Rij. We consider the case of positive slope s. One starts at the begin-
ning of a line segment and increments the ξ or η coordinate. Depending on the
size of Rij and s there are two cases (see Figure 2.21) to consider, distinguished
by c = 1 or c = 2. While traversing the segment the matrices containing the
parametrisation are built.

Initialise c← 1
Find (i, j) for which (ξi, ηj) is start of segment
Initialise (ξ, η)← (ξi, ηj)
Initialise Fξ , Fη , Dξ , Dη , L as empty matrices
while not end of line piece do

(Fξ
ij , Fη

ij )← (ξ, η)
if c==1 then

if s < ∆ηj/(ξi+1 − ξ) then
η ← η + s(ξi+1 − ξ)
ξ ← ξi+1
c← 2

else
ξ ← ξ + ∆ηj/s
η ← ηj+1
c← 1

end if
else if s < (ηj+1 − η)/∆ξi then

η ← η + s∆ξ)
ξ ← ξi+1
c← 2

else
ξ ← ξ + (ηj+1 − η)/s
η ← ηj+1
c← 1

end if
(Dξ

ij, Dη
ij)← (ξ, η)− (Fξ

ij , Fη
ij )

Lij ← ‖(Dξ
ij, Dη

ij)‖
2
2

end while

tions,

(A1)ij =
∫

∂Ω
φiφj dl

=
∫

∂Ω
(φ+

i + φ−i )(φ+
j + φ−j ) dl

=
∫

∂Ω
φ+

i φ+
j + φ+

i φ−j + φ−i φ+
j + φ−i φ−j ) dl
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Since basis function φi overlaps only φi−1 and φi+1 it follows that A1 is a tri-
diagonal matrix.

(A1)ii =
∫

∂Ω
φ+

i φ+
i + φ−i φ−i dl,

(A1)i,i−1 =
∫

∂Ω
φ−i φ+

i−1 dl,

(A1)i,i+1 =
∫

∂Ω
φ+

i φ−i+1 dl.

We now need a parametrisation c̃l
i(t) of {Pl ∩ [ξi, ξi+1]}. Fortunately, we are

only interested in the first component which is simply ξi + t∆ξi. Another
needed quantity, the total length of the intersection of the strip with a bound-
ary segment is also easy to obtain, as the row sum of row i of the length matrix
Lk ∫ 1

0
‖c̃k′

i (t)‖2
2 dt =

m

∑
j=1

eT
i Lkej = L̃k

i .

This gives

(A1)ii =
l

∑
k=1
i 6=n

∫ 1

0
(φ+

i φ+
i ) ◦ c̃k

i L̃k
i dt +

l

∑
k=1
i 6=1

∫ 1

0
(φ−i φ−i ) ◦ c̃k

i−1 L̃k
i−1 dt

=
1
3

l

∑
k=1
i 6=n

L̃k
i +

1
3

l

∑
k=1
i 6=1

L̃k
i−1,

(A1)i,i−1 =
l

∑
k=1
i 6=1

∫ 1

0
(φ−i φ+

i−1) ◦ c̃k
i−1 L̃k

i−1 dt =
1
6

l

∑
k=1
i 6=1

L̃k
i−1,

(A1)i,i+1 =
l

∑
k=1
i 6=n

∫ 1

0
(φ+

i φ−i+1) ◦ c̃k
i L̃k

i dt =
1
6

l

∑
k=1
i 6=n

L̃k
i .

We can compactly write the matrix A1 if we introduce the vector L̃k with com-
ponents L̃k

i . in this case

A1 =
1
6

l

∑
k=1

tridiag(L̃k, 2L̃k Ir + 2L̃k Il , L̃k).

For A3 we have by a similar calculation

A3 =
1
6

l

∑
k=1

tridiag(L̄k, 2L̄k Ir + 2L̄k Il , L̄k),
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with L̄k
j ∑n

i=1 eT
i Lkej.

2.B Calculation of the energy norm matrix

A measure of the total kinetic energy of the system will be used to regularise
the solution. We aim to solve

xτ = argmin{‖Ax‖2
2 + τ2‖Lx‖2

2},

for a range of parameters τ. This section describes the construction of the ma-
trix L. It is such that ‖Lx‖2

2 is the total kinetic energy of the discretised solution
as defined by (2.26). Since we minimise the energy, we can set λ = 1 without
loss of generality.

The discretised solution is piecewise linear, which means that the deriva-
tives are piecewise constants given by

dF̃ (ξ)
dξ

=
fi+1 − fi

∆ξi
≡ f ξ

i for ξ ∈ [ξi, ξi+1],

dG̃(η)
dη

=
gj+1 − gj

∆ηj
≡ gη

j for η ∈ [ηj, ηj+1].

Also define the vectors

f ξ = ( f ξ
1 , . . . f ξ

n−1)
T ,

gη = (gη
1 , . . . , gη

m−1)
T ,

and write

f ξ = F f = (
1

diag(∆ξ)
Il −

1
diag(∆ξ)

Ir) f with F ∈ Rn−1×n,

gη = Gg = (
1

diag(∆η)
Il −

1
diag(∆η)

Ir)g with G ∈ Rm−1×m.

A discretised measure for the energy is then

T̃(Ω) =
m−1

∑
j=1

n−1

∑
i=1

Oij

[
(gη

j )
2 + ( f ξ

i )
2
]

,

where Oij is the area of Ω∩ Rij. We want to write the expression for the energy
in the form

T̃(Ω) = ‖Lx‖2
2 =

(
f
g

)T (FT diag(O1m)F 0
0 GT diag(1T

n O)G

)(
f
g

)
.
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It turns out that we do not need O explicitly, only its column and row sums.
These are the areas of the strips Pj and Si, defined by

Si = ([αi, αi+1]× [η+, η−]) ∩Ω,

Pj = ([ξ+, ξ−]× [β j, β j+1]) ∩Ω.
(2.37)

These area vectors, denote them by h and v, are easily calculated using the
matrices Dξ

ij and Dη
ij, which we already have from Algorithm 2. Using these

vectors we can write for the matrix L

L =
(√

diag(v)F 0
0

√
diag(h)G.

)

2.C Two dimensional energy minimisation

From (2.26) we have

T(Ω) = A
∫

Ω
(F ′(ξ))2 + (G ′(η))2 dξdη, (2.38)

where A = (1+λ2)
2λ ∈ R. In the following we assume that there exist J + 1 fun-

damental intervals at which F or G must be specified. The boundaries of the
fundamental intervals are iterated by the map F defined in Section 2.3. Con-
sider the projection of the iterates onto the ξ axis. For a fundamental interval l
these will approach a fixed point of certain period K, associated with an attrac-
tor. We can reorder them to obtain for each fundamental interval K sequences
of coordinates, converging to the K fixed points. Let them occur as

αl,k
0 , αl,k

1 , . . . for the ξ coordinate, with lim
i→∞

αl,k
i = al,k,

βl,k
0 , βl,k

1 , . . . for the η coordinate, with lim
j→∞

βk,l
j = bl,k,

for l = 0, . . . , J, k = 0 . . . K. See Figure 2.22 for an example domain. The iterated
fundamental intervals cover the entire domain, except for the attractor:

∪i,l,k[α
l,k
i , αl,k

i+1) = [ξ−, ξ+] \ ∪l,k{al,k},

∪j,l,k[β
l,k
j , βl,k

j+1) = [η−, η+] \ {bl,k}.

Furthermore, fundamental intervals have the property that they do not overlap
and also that the above sequences define intervals that do not overlap. Mathe-
matically this is expressed by

(∪k,iα
l1,k
i ) ∩ (∪k,iα

l2,k
i ) = ∅ for l1 6= l2,

(∪iα
l,k1
i ) ∩ (∪iα

l,k2
i ) = ∅ for k1 6= k2.
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In order to avoid notational clutter the following discussion will be for one
fundamental interval and one sequence only. When we introduce a function or
variable it is understood that we need J times K functions and variables. Thus
we write for the iterates

α0, α1, . . . for the ξ coordinate, with lim
i→∞

αi = a,

β0, β1, . . . for the η coordinate, with lim
j→∞

β j = b.

Define functions f , g : [0, 1] → R, these play the role of the arbitrary functions
that must be prescribed. We can define copies of the function f on [αi, αi+1]
and g on [β j, β j+1], these will be dilated and translated versions of the original
function. The functions reverse their orientation at every iteration2 , and copies
f (x) and f (1− x) alternate. We have for fi : [αi, αi+1]→ R and gj : [β j, β j+1]→
R the expressions

fi(x) =

{
f ( x−αi

∆αi
), if i is even,

f ( αi+i−x
∆αi

), if i is odd,

gj(x) =

g(
x−β j
∆β j

), if j is even,

g(
β j+1−x

∆β j
), if j is odd,

(2.39)

where ∆αi = αi+1 − αi, ∆β j = β j+1 − β j. When integrating the distinction is
not needed since ∫ αi+1

αi

f (
x− αi

∆αi
) dx =

∫ αi+1

αi

f (
αi+i − x

∆αi
) dx.

Fundamental intervals and their iterates can never overlap, thus in the end
we can set the functions F and G to be of the form

F (ξ) =
K

∑
k=0

J

∑
l=0

N(k,l)

∑
i=0

f k,l
i (ξ),

G(η) =
K

∑
k=0

J

∑
l=0

M(k,l)

∑
j=0

gk,l
j (η),

(2.40)

where M and N are integers depending on k and l. Note that at the attractor
we have a problem, the solution will become multi valued. This could be cir-
cumvented by defining f and g on open intervals, but this would render the

2This effect can be observed by tracing a characteristic from the endpoint of the fundamental
interval. By construction this orbit will end in a corner point. Starting slightly to the left of this
endpoint, one gets close to the corner where it acts as a mirror and reflects the characteristic back
to the right of the fundamental interval.
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functions F and G undefined in an infinite number of points. If f and g are
continuous, then also F and G are continuous (at least for finite M, N). The
choice of M and N determines the support of F (ξ) + G(η) and we can use this
freedom to remove neighborhoods of attractors. For finite N, M we have left
out a strip around the attractor. To calculate the energy on the whole of Ω we
let N and M approach infinity.

We have to take care at x = αi and x = αi+1, the derivative of fi is not de-
fined. We define the derivative in such a way that F ′ = (∑∞

i=0 fi)′ holds. Note
that we have continuity at the iterates of the endpoints of the fundamental in-
terval since they reverse orientation at every step. Because F ′ = G ′ = 0 at a
corner point, and also at every point reached from a corner point by iterating
the map F, we have that the derivative of F at the endpoints of iterates of fun-
damental intervals is zero (boundaries of fundamental intervals always trace
back to corner points). Thus it holds that f ′(0) = f ′(1) = g′(0) = g′(1) = 0.
We define

d fi(x)
dx =

{
0 if x = αi+1 or x = αi,

1
∆αi

f ′( x−αi
∆αi

) otherwise.

dgj(x)
dx =

{
0 if x = β j+1 or x = β j,

1
∆β j

g′( x−βi
∆β j

) otherwise.

(2.41)

Now plug in the series (2.40) in the energy (2.38) to get

TNM(Ω) = A(
N

∑
i=0

<
∂

∂ξ
fi,

∂

∂ξ
fi >L2(Ω) +

M

∑
j=0

<
∂

∂η
gj

∂

∂η
gj >L2(Ω)), (2.42)

where the true energy is the limit T(Ω) = limN,M→∞ TNM(Ω). Now recall
the definitions (2.37). We will add superscripts k, l when needed. When those
strips are transformed to [0, 1] in their ξ coordinate (for Sij) or η coordinate (for
Pij) we add a tilde. Under the assumption that the domain is characteristically
convex we have that the strips S̃i and P̃j are bounded by functions as follows

Lj(η) : [0, 1]→ R describes boundary at the left of P̃j,

Rj(η) : [0, 1]→ R describes boundary at the right of P̃j,

Ti(ξ) : [0, 1] :→ R describes boundary at the top of S̃i,
Bi(ξ) : [0, 1] :→ R describes boundary at the bottom of S̃i.

However, in the end we only need the total width and height at certain η and
ξ coordinates. For these functions we write

Wj(η) = Rj(η)−Lj(η),
Hi(ξ) = Ti(ξ)−Bi(ξ).
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β

FIGURE 2.22: An example domain Ω. The endpoints of a fundamental interval, with
(arbitrarily chosen) index k = 0, indicated by the thick double arrow, have been iterated
a small number of times. In this case the fundamental interval induces two sequences
in both the ξ and η direction, both with indices l = 0 and l = 1. For i → ∞ these
sequences approach the attractor (dashed line). The numbering of α and β is indicated,
except that k, l are not written as superscript. Only a few α and β coordinates were
plotted for clarity. The horizontal strip is P0,1

1 , the vertical strip S0,0
1 .

Now we have the tools to proceed with the calculation of the terms in (2.42),

<
∂

∂ξ
fi(ξ),

∂

∂ξ
fi(ξ) >L2(Ω)=

1
∆αi

< f ′(ξ),Hi(ξ) f ′(ξ) >L2([0,1]) .

We rewrite the equation using partial integration and get

< f ′(ξ),Hi(ξ) f ′(ξ) >L2([0,1]) =
[
( f 2(ξ))′Hi(ξ)

]1
0

+ < f (ξ),−H′i(ξ) f ′(ξ)−Hi(ξ) f ′′(ξ) >L2([0,1]) .

The first term at the right hand side is zero by the corner point constraint.
Perform a similar calculation for the term involving G to find

TNM(Ω) =< f (ξ), L1,N f (ξ) >L2([0,1]) + < g(η), L2,Mg(η) >L2([0,1]), (2.43)
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with

L1,N =
N

∑
i=0
−
H′i(ξ)

∆αi

∂

∂ξ
− Hi

∆αi

∂2

∂ξ2 , (2.44)

L2,M =
M

∑
j=0
−
W ′j (η)

∆β j

∂

∂η
−
Wj

∆β j

∂2

∂ξ2 , (2.45)

Finally, the minimisation of the energy becomes two decoupled minimisation
problems for F and G. The minimisation problems are very much alike, from
now on we will concentrate on the F function. Let us first examine the minimi-
sation of < f , L1,N f >L2([0,1]). By the Courant-Fisher theorem the minimising
function is the eigenfunction belonging to the smallest eigenvalue of the eigen-
value problem

L1,N f = λ f . (2.46)

For N → ∞ we may consider the asymptotic behaviour of L1,N . In this regime,
close to the attractor, it holds that the function Hi gets increasingly flat with
increasing i, since in the ξ coordinate the strips that are transformed to [0, 1]
get smaller and smaller as we approach the attractor. Suppose that H can
be well approximated by a linear function for large i and that the bound-
ary makes an angle θ with the vertical at the attractor. Then it holds that
Hi(x) → Hi(0) + ∆αi tan(θ)−1x and the terms in the summation for large i
are well approximated by

− tan(θ)−1[ ∂

∂x
+ x

∂2

∂x2

]
− Hi(0)

∆αi

∂2

∂x2 .

It is clear that the second term will dominate for large i and the eigenvalue
problem may be written

−ci
∂2

∂x2 f = λ f ,

with ci = Hi(0)
∆αi

. For every finite value of i we have the same solution,

f (x) =
∞

∑
k=0

Ak sin(

√
λ

ci
x) + Bk cos(

√
λ

ci
x).

Boundary conditions f ′(0) = f ′(1) = 0 dictate that all Ak must be zero. This
also quantises the eigenvalues to yield

f (x) =
∞

∑
k=0

Bk cos(πkx), (2.47)



APPENDIX 2.C 97

which is independent of i. By the normalisation constraint and < F , 1 >= 1, the
Bk are not all zero. For the function G we can find a similar expression

g(x) =
∞

∑
k=0

Ck cos(πkx).

From the normalisation constraint ‖Ψ‖ = 1 we have that not all Bk and Ck are
zero. Note also that ci is diverging, and the total energy (2.43) diverges for i→ ∞.
For any finite N the energy is meaningful, and minimisation yields a solution
independent of N.

If we substitute the solutions obtained above in the expansion (2.40) and
rewrite using (2.39) we find

Ψnm = Fn + Gm,

Fn(ξ) =
K

∑
k=0

J

∑
l=0

N(k,l)

∑
i=0

Bl,k
n I

ξ∈[αl,k
i ,αl,k

i+1]
cos(nπ

ξ − αl,k
i

∆αl,k
i

),

Gm(η) =
K

∑
k=0

J

∑
l=0

M(k,l)

∑
j=0

Cl,k
m I

η∈[βl,k
j ,βj+1l,k ] cos(mπ

η − βl,k
j

∆βl,k
j

).

In these expressions I denotes the indicator function. Also, the boundary con-
dition Ψ = F + G = 0 implies that Bl,k

n = −Cl,k
m , if m = n. Therefore we need

only the coefficient Bl,k
n . The minimisation problem is solved by Ψ0,0, with the

coefficients Bl,k
0 and Cl,k

0 determined by ‖Ψ‖ = 1 and < F , 1 >= 1 . In this case
F and G are piecewise constants and the solution has a jump at the attractor,
see also Section 2.9.

The next best solutions are less trivial to find. Small values of n, m will
yield small energies, yet it is not a priori clear how the energies are ordered
with respect n and m, this depends on αi and β j.

Even if we do not consider asymptotic behaviour we have information on
the behaviour of (2.46) by noting that it is of Sturm-Liouville type

d
dx

(p(x)
d f
dx

) + [q(x) + λρ(x)] f = 0.

Write (2.46) as
P(x) f ′′(x) + Q(x) f ′(x)− λ f = 0,

then we have Sturm-Liouville type if we set

q(x) = 0,

p(x) = e
∫ x

0
Q(y)
P(y) dy,

ρ(x) = −e
∫ x

0
Q(y)
P(y) dy/P(x).
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We have boundary conditions f ′(0) = f ′(1), which makes the problem of pe-
riodic Sturm-Liouville type. Standard Sturm-Liouville theory gives us that there
are a countably infinite number of eigenvalues, the eigenvalues are real and
have a smallest member, in absolute value. Therefore our minimisation prob-
lem attains a minimum. The eigenfunctions are orthogonal, and by the Sturm
separation theorem they oscillate more rapidly with increasing eigenvalue.



Chapter 3

The Viscous Equation

The research in this chapter will be published as part of

A.N. Swart and D. Loghin and G.L.G. Sleijpen, 2007
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3.1 Introduction

This paper deals with the numerical approximation of the Poincaré equation
with viscosity. This equation arises as a model for internal waves, i.e., waves
that propagate within a fluid volume instead of at its surface (Greenspan, 1968).
Two notable occurrences of internal waves are waves in the oceans (LeBlond &
Mysak, 1978) or in the liquid outer core of the earth (Rieutord et al., 2001, 2002).
In Section 3.2 we will present the physical model describing these waves.

Two challenging properties affecting the numerical solution of the internal
wave problem are its ill-posedness and the occurrence of wave attractors (Maas
& Lam, 1995). The ill-posedness makes the solutions highly sensitive to small
perturbations of the boundary, or changes in the frequency of the wave. In a
two dimensional model, wave attractors are closed orbits in the fluid domain
to which the waves are attracted. In the inviscid case one observes a fractal
structure, with arbitrarily small features and wave motion with diverging en-
ergy at the attractor.

The purpose of this paper is twofold. Firstly, there is currently a lack of
numerical solution packages for internal wave phenomena that take into ac-
count the ill-posedness and occurrence of wave attractors. A numerical solu-
tion method and regularisation procedure for the inviscid equation was pro-
posed in Chapter 2. This method is however limited to the Poincaré equation
and not easily extended to more complex equations. The spectral collocation
method of Rieutord et al. (2002) also deals with viscous internal waves, but is
limited by the type of domain, spherical shells. Recently, Harlander & Maas
(2006) proposed two novel numerical approaches to solve several variations
on the Poincaré equation. Although the method may be used to tackle a wide
range of equations, it requires information on the fundamental intervals and
is only applicable to characteristically convex domains. The Finite Element
Method proposed in this chapter can deal with any polygon. The method is
also easily extended for solving related problems, e.g. the addition of non-
linearity.

The second main theme of this paper is the investigation of the effect of vis-
cosity on the solutions. We investigate, using perturbation techniques, to what
degree the viscosity regularises the solution. For small viscosity, the problem
may be well-posed in principle, however numerically the solutions are not sta-
ble. Here we use the word ’stable’ in the sense that small perturbations of the
viscosity or the grid may dramatically alter the solution, or the set of solutions
that is obtained numerically. Although we have no analytical solution for com-
parison, the stability is often clear from visual inspection. The quality of the
solutions is often apparent from the observed smoothness and persistence of
the solution upon grid refinement. Apart from visual inspection, we also find
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criteria, in terms of the matrices and computed eigenvectors, that enable us to
assess which numerically computed solutions can be considered reliable.

We start with a description of the physical model in Section 3.2, resulting
the object of our study: the viscous Poincaré equation. The viscous Poincaré
equation is an eigenvalue problem, where the complex eigenvalue contains
the frequency and damping of the associated eigenvector. Section 3.3 reviews
the basic properties of the inviscid equation, most notably the occurrence of
wave attractors and the ill-posedness of the problem. We expect that these fea-
tures also play a role for low viscosities. Section 3.4 describes the finite element
model used to discretise the Poincaré equation. We then continue in Section
3.5 by describing the resulting eigenproblem. The properties of the eigenval-
ues are then studied in Section 3.6. We consider the evolution of eigenvalues
depending on the viscosity and find a complicated scenario. If we denote the
strength of the viscosity by γ and split eigenvalue in real and complex parts
as ω = ωR + iω I then we find that solutions only exist on certain curves in
(ωR, ω I , γ)-space. In physical terms: only certain combinations of frequency
(ωR), damping (ω I)and viscosity (γ) are possible. More specifically, we find
that the curves are ordered as tilted ellipses, with bifurcation points located
at the extreme points. The curves may get close together for small γ which
is an indication that numerically the problem is ill-posed. Furthermore we
use perturbation techniques and express the sensitivity of the eigenvalues and
eigenvectors in terms of solutions to the inviscid equation. Viscosity is found
to have a beneficial effect on the stability of the solutions, and a criterion is for-
mulated that expresses the stability of solutions with respect to perturbations
in the system.

Equipped with the knowledge that solutions exist on certain curves only,
we describe a method for continuation of the eigenvalues in Section 3.7. This
method enables us to start a solution for large γ, and follow the solution to low
values of γ. By virtue of the results from Section 3.6 we know how to find the
eigenvalue at high γ that will converge to a target eigenvalue at zero viscosity.

Finally, sections 3.8.1 and 3.8.2 describe results of numerical experiments
for the eigenvalues respecively eigenvectors. We use the stability criterion from
Section 3.6 to isolate reliable solutions. Also we find modal solutions by consid-
ering the damping of the solutions. It is known that viscosity has a smoothing
effect on the solutions. The small scale features in the neighbourhood of wave
attractors are smoothed into viscous shear layers predicted to be of a thickness
determined by the viscosity to power one third and one fourth (Dintrans et al.,
1999; Rieutord & Valdettaro, 1997). These shear layers are also present in our
results (although we cannot confirm the precise scaling). Modal solutions are
thought to be relatively invariant with respect to changes in the viscosity (see
e.g. Bourgin, 1940), however, we find a mode without an inviscid counterpart.
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3.2 Physical Model

In this section we describe a model for internal waves, which are waves trav-
eling through a fluid volume. These waves have remarkable properties, com-
pared to ordinary surface waves. For example, the dispersion relation states
that the phase velocity vector is perpendicular to the group velocity vector,
instead of being parallel. Also, the frequency of the wave determines the direc-
tion of the wave vector, as opposed to surface waves where the frequency sets
the length. This has far-reaching consequences, as will be shown later. We start
with considering the three dimensional situation, later we will simplify and
work in two dimensions. See also section 1.2 for more details on the physical
model.

Under the Boussinesq approximation, in a quasi-compressible, stably strat-
ified, rotating fluid, the linearised equations of motion for the perturbation
velocities may be written (Greenspan, 1968):

ρ∗(ut + f× u) = −∇p− gρk + γ∆u, (3.1)

ρt −
N2(z)ρ∗

g
u · k = 0, (3.2)

∇ · u = 0. (3.3)

Here the given constant N2 ≡ − g
ρ∗ {

dρ0
dz + ρ0g

c2
s
} is the buoyancy frequency,

which is dependent on the gravitation constant g and the static density strati-
fication ρ0, which is a function of the depth z only. Furthermore, the unknown
ρ is the density and ρ∗ is a given constant reference density. The pressure is
denoted by p and u = (u, v, w) is the velocity vector. The Coriolis parameter f
is half the angular velocity and f = (0, 0, f ). The dynamic viscosity is denoted
by γ. Let all quantities be defined in a closed domain D ⊂ R3 with boundary
∂D.

We are interested in solutions of the form

u(x, y, z, t) = <(eiωtũ(x, y, z)), with ω ∈ {a + bi ∈ C|b > 0}, (3.4)

i.e. we look for monochromatic waves. The appearance of the imaginary unit
in the above expression is customary in fluid dynamics. The real part of ω
now represents a frequency of oscillation, while the imaginary part represents
a damping. It is also convenient that ω ∈ R for γ = 0 (see also Section 3.3).
The reason we are interested in the upper half of the complex plane only is
that this is the regime where waves are damped. In the lower half-plane we
find solutions that blow up in time, which is physically not acceptable. Note
that equation (3.4) implies ut = iωu and we can insert equation (3.2) for ρ into
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the momentum equations (3.1). We now eliminate the pressure p from (3.1) by
taking the curl. Also, we introduce the operator L = iω− γ∆, then

L∇× u−∇× u× f = −∇× [
N2(z)

iω
(u · k)k],

∇ · u = 0.
(3.5)

In order to fully specify the problem we apply the following customary bound-
ary conditions,

u · n = 0 if γ = 0,
u = 0 if γ 6= 0,

(3.6)

with n the outward normal to the boundary. The two-dimensional version of
these equations, with boundary conditions (3.6) will be the object of our study.

3.2.1 The 2D Model

One simple reduction to a two-dimensional model is obtained by dropping
the y-dependencies in the equations. This amounts to setting all derivatives
with respect to y to zero in equations (3.5). Physically this represents a channel
with infinite length along the y-axis. This view however is somewhat difficult
to reconcile with rotation. Another model is obtained by interpreting (x, y, z)
as cylindrical coordinates. Then the equations (3.5) are a model for internal
wave motion in a rotationally symmetric geometry of large radius, as discussed
in Section 4.A. This model has significance in physics, in modeling waves in
atmosphere and ocean, or in the equatorial region of the outer liquid core of
the earth (e.g. Rieutord et al., 2002, Section 4). To proceed, we introduce the
stream function given by u = curl Ψ, which amounts to (u, w) = (Ψz,−Ψx)
in component form. Note that, when defining u via the stream function, we
automatically satisfy∇ · u = 0. We obtain after some calculation the following
expressions for (3.5),

∂z(Lv + f Ψz) = 0,
∂x(Lv + f Ψz) = 0,

L∆Ψ− f vz = −N2(z)
iω

Ψxx.

We list a few special cases of the above system,

L[(L∆Ψ +
N2(z)

ω
Ψxx] = − f 2Ψzz, in the general case, (3.7)

ω2∆Ψ− f 2Ψzz = −2iωγ∆2Ψ, if N2(z) = 0 and γ� 1, (3.8)

ω2∆Ψ− N2(z)Ψxx = −iγω∆2Ψ, if f = 0, (3.9)
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In the second equation we have neglected a term proportional to γ2, which is
reasonable given that γ � 1 (the dynamic viscosity of water is about 1.004×
10−6 m2/s at 20 ◦C). We designed a finite element method which handles equa-
tions of the form

ω2∆Ψ− a(z)Ψxx = −ibω∆2Ψ, (3.10)

which may be applied to equations (3.8) and (3.9). In equation (3.10) we sup-
pose b > 0 is a small parameter, a(z) a given function and (ω, Ψ) is an eigen-
pair, which is to be determined. The depth dependent a(z) is of significance
in oceanography, it allows for an arbitrary density profile. For ease of discus-
sion, we will restrict ourselves to a constant frequency N2, which is justified in
several practical situations, e.g. the deep oceans. The method however, was
implemented for arbitrary z-dependent profiles. Also, we non-dimensionalise
the equations in order to obtain comparable quantities and reduce the num-
ber of parameters. In the density-stratified case we choose the typical scales
Ψ = NL2Ψ′, ω = Nω′ and γ = NL2γ′ where L stands for a typical length scale.
Similarly, the rotational case is non-dimensionalised by setting Ψ = f L2Ψ′,
ω = f ω′ and γ = NL2γ′/2. In the oceans, the value of N varies strongly, rang-
ing in orders of magnitude from 10−1 to 10−3. Length scales may range from
a few hundred meters to a few kilometers. Relevant values for γ′ for oceano-
graphic purposes are therefore roughly between γ′ = 10−5 and γ′ = 10−8. If
we drop the primes this reduces the equations to

ω2∆Ψ−Ψxx = −iγω∆2Ψ, (3.11)
ω2∆Ψ−Ψzz = −iγω∆2Ψ. (3.12)

Since there is no essential difference between the two equations, we choose the
first equation as the object of our study. From (3.6) we have that boundary
conditions for γ > 0 read

Ψ = 0 and ∇Ψ · n = 0.

Another special case is the inviscid equation, γ = 0. The behaviour of this
equation was extensively studied in Chapter 2 and will be briefly reviewed in
the following section. This is of interest since the inviscid hyperbolic problem
seems to dictate the behaviour of the elliptic viscous problem to a large extent.

3.3 Ray dynamics and ill-posedness

Many properties of the viscous equation seem to stem from the inviscid equa-
tion, also known as the Poincaré equation. In this section we briefly review
some important facts on the Poincaré equation. Some of the material was also
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presented in sections 1.4 and 2.3. We refer the reader to these sections for a
more detailed exposition.We set γ = 0 in (3.7) and the governing equation
becomes

ω2∆Ψ− f 2Ψzz − N2(z)Ψxx = 0.

In Friedlander & Siegmann (1982a) it was shown for the inviscid linear case
that ω ∈ R and furthermore, that the equation is of hyperbolic type for

ω2 < max(sup N2, f 2). (3.13)

The inviscid equation is now more compactly written as

Ψxx − λ2Ψzz = 0, (3.14)

with λ2 = ω2− f 2

N2−ω2 . The boundary conditions in terms of the stream function
read

Ψ = 0 at ∂D,

The characteristics of equation 3.14 determine the structure of the solution.
This approach has been discussed before (e.g. John, 1941; Maas & Lam, 1995)
but we will briefly restate the main results here. The characteristic lines of
(3.14) are given by

ξ(x, z) = x− λ−1z = const.,

η(x, z) = x + λ−1z = const..

Note that these lines have a fixed smallest angle of arctan(λ−1) with the vertical.
Next, we show that the characteristics determine a map from the boundary to
itself. This is most conveniently done in characteristic coordinates, where (3.14)
reduces to Ψξη = 0. Now suppose that the domain is characteristically convex,
i.e. each characteristic intersects the boundary ∂D in at most two points. In
this case we may integrate to obtain the general solution in terms of arbitrary
functions F and G,

Ψ(ξ, η) = F (ξ) + G(η).

There are however constraints on F and G, induced by the boundary condition
Ψ = 0. Consider a point (ξ0, η0) ∈ ∂D where F (ξ0) = c0 and G(η0) = −c0.
Since F is a function of ξ only there is a point (ξ0, η1) ∈ ∂D where still F (ξ0) =
c1. But this again implies that G(η1) = −c0 and we conclude that characteris-
tics transport a quantity, the difference between F and G, from boundary point
to boundary point.

A unique solution may be obtained by specifying G (or F ) on a set M ⊂
∂D. This set is a finite union of disjunct parts and is called the fundamental
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interval (Maas & Lam, 1995) or generating set (Lyashenko & Smiley, 1995). The
Poincaré problem is easily over-determined or under-determined by using a
domain M′ ⊂ M respectively M′ ⊃ M. In the viscous case there is no concept
of fundamental interval, no matter how small the viscosity. It is an interesting
question whether some aspect of the fundamental interval has a counterpart
in the viscous case. Our experiments (Section 3.8.2) show no evidence that the
fundamental interval is retained in some form in the viscous setting.

The type of solution one obtains is highly dependent on λ and the shape of
the boundary. The latter effect may be characterised by the rotation number of
the map from the boundary to itself (defined in equation 2.7), which is induced
by the characteristics. These statements are made more precise in Section 2.3.
There are three cases to consider (see also John, 1941),

• Every characteristic retraces back to its starting point. This is called a
modal solution. In this case, the rotation number is rational.

• Every characteristic approaches the same limit cycle. This is called a wave
attractor; this solution displays fractal structure, features are reproduced
in smaller scales towards the attractor. In this case, the rotation number
is rational.

• All orbits are dense on the boundary. This is the ergodic case. In the class
of continuous functions, only the trivial solution exists, and the rotation
number is irrational. The fundamental interval consists of one or more
isolated points.

See Fig. 3.1 for illustrations of these cases.
The ill-posedness of the problem stems from the fact that arbitrarily small

perturbations in λ or the rotation number can change the type of solution. This
statement is nicely illustrated by plotting the lengths of the attractors versus the
parameter ω in Fig. 3.2. One must realise however, that this is a delicate cal-
culation. Due to the finite arithmetic of the computations, and the large num-
ber of reflections, complicated attractors and resonances will not be found cor-
rectly. However, the overall structure will still be representative, since smaller
scale attractors are more easily found. Note that attractors appear in parameter
intervals, while modal solutions exist at points between the intervals. These in-
tervals get increasingly small with larger attractor length. Modal solutions will
probably not be found by our algorithm, since they appear at specific isolated
points, while the algorithm tests a discrete number of frequencies.

It was this figure that was used in selecting the values of ω used in Figure
3.1. It is easy to calculate that for ω ∈ [1/

√
5, 1] every characteristic ends up in

the upper right corner. This interval was not plotted. Physically this corner is
a point of very high energy and we expect that solutions exist in this interval
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FIGURE 3.1: These panels show the different types of orbits made by the characteristics.
On the left is an attractor, found at ω = 0.671. Every characteristic will end up on
the same attractor. The right panel is a modal solution, at ω =

√
2/5. In this case

every characteristic traces back to itself. Different initial points lead to different orbits,
with the same number of intersections with the boundary (except for the corner points,
which trace to other corner points).
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FIGURE 3.2: These panels show attractor lengths as a function of ω. The left panel
shows the interval [0, 1/

√
2]. For ω ∈ [1/

√
5, 1] every characteristic ends up the

top-right corner, while in ω ∈ [1/
√

2, 1/
√

5] the (1, 1)-attractor lives. Outside these
intervals the ordering is rather complicated. The rightmost figure shows the region
ω ∈ [0.66, 0.68]. We see that there is a self-similar structure in these plots.

only for large viscosity. Also not shown is the interval ω ∈ [1/
√

2, 1/
√

5]
where the ’square’ attractor lives (i.e, the attractor with one reflection at each
wall segment).
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3.4 The Finite Element Method

This section will describe a finite element discretisation for the viscous Poincaré
equation (3.11). Because of the high order derivatives it is convenient to use a
mixed method, this avoids using high order elements. The method described
in this section is the standard finite element method, see e.g. Ciarlet (2002) for
an overview of finite element methods, or Henderson & Aldridge (1992) for a
finite element method applied to internal waves in a frustum. However the
application of a Finite Element Method to the viscous Poincaré equation is a
novel application. We start by introducing −∆Ψ = Φ in the viscous model
(3.9), this allows us to formulate the following problem.

Given γ ∈ R, find eigenfunctions Ψ ∈ H1
0(D), Φ ∈ H1(D) and eigenvalues

ω ∈ C, such that
ω2∆Ψ−Ψxx = iγω∆Φ,

−∆Ψ = Φ.
(3.15)

We define the L2 inner product on D in the usual way as

(u, v)L2(D) =
∫

D
u · v dxdz,

and introduce the following notation for integration over the boundary,

< f , g >∂D=
∫

∂D
f g dl.

We proceed by multiplying with functions ξ ∈ H1
0(D) and η ∈ H1(D) and

integrate over the domain D using Green’s formula in the form

( f , ∆g)L2(D) = −(∇ f ,∇g)L2(D)+ < f ,∇g · n >∂D .

Equations (3.15) can now be written

−ω2(∇Ψ,∇ξ)L2(D) + (Ψx, ξx)L2(D) + iγω(∇Φ,∇ξ)L2(D)

= iγω < ξ,∇Φ · n > − < ξ,∇Ψ · n >∂D + < ξ, Ψxnx >∂D,

(∇Ψ,∇η)L2(D) − (Φ, η)L2(D) =< η,∇Ψ · n)∂D.

The boundary terms in the first equation equal zero since ξ ∈ H1
0(D). Also,

since the test function can be varied on the domain and at boundary inde-
pendently, the second equation implies both ∇Ψ · n = 0 at the boundary and
(∇Ψ,∇γ) = (Φ, γ) in the domain. These considerations yield an equivalent
form of the problem (3.9),
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Given γ ∈ R, find eigenfunctions Ψ ∈ H1
0(D), Φ ∈ H1(D) and eigenvalues

ω ∈ C, such that

−ω2(∇Ψ,∇ξ)L2(D) + (Ψx, ξx)L2(D) = −iγω(∇Φ,∇ξ)L2(D),

(∇Ψ,∇η)L2(D) = (Φ, η),

for all ξ ∈ H1
0(D) and η ∈ H1(D).

Recall that the domain D is assumed to be a polygon. It may thus be con-
formably triangulated, yielding a triangulation Th with mesh parameter h. The
triangulation consists of a collection of non-overlapping triangles Ki that share
their vertices. Denote the vertices in the triangulation by Nj, with j = 1, . . . , n,
and let the vertices be numbered such that for j = 1, . . . , m < n the nodes Nj
are the interior nodes, while for j = m + 1, . . . n the nodes are located at the
boundary. We discretise the problem by looking for solutions in suitable sub-
spaces V ⊂ H1

0(D) andW ⊂ H1(D). Introduce the continuous and piecewise
linear nodal (with respect to Tk) basis functions ξ j satisfying ξ j(Ni) = δij. Using
this basis, we define the discretised function spaces as

W = span{ξ1, . . . , ξn},
V = span{ξ1, . . . , ξm}.

We will write Ψh ∈ V and Φh ∈ W for the finite element approximations to
Ψ and Φ. We may now write the finite element approximations as a linear
combination of the basis functions,

Ψh(x, z) =
m

∑
j=1

vjξ j(x, z) ∈ V ,

Φh(x, z) =
n

∑
j=1

wjξ j(x, z) ∈ W ,

where the vj and wj are the coordinates with respect to the spaces V and W .
The discretised problem can now be stated as follows.

Find the vj, wi ∈ R and ω ∈ C such that

m

∑
j=1

vj[ω2(∇ξ j,∇ξi)− (
∂ξ j

∂x
,

∂ξi
∂x

)] = iγω
n

∑
j=1

wj(∇ξ j,∇ξi), i ≤ m,

m

∑
j=1

vj(∇ξ j,∇ξi) =
n

∑
j=1

wj(ξ j, ξi),

Define the vectors x(γ) = (v1, . . . , vm)T and z(γ) = (w1, . . . , wn)T . We have
stressed the dependence on γ for future convenience, since we will be examin-
ing solutions as a function of γ. Let us for this reason also write ω(γ) instead
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of ω from here on. The introduction of the vectors x(γ) and z(γ) allows us to
write our problem as the system(

−ω2(γ)L + H iγω(γ)L̃
L̃T −M

)(
x(γ)
z(γ)

)
= 0, (3.16)

where we introduced the matrices L ∈ Rm×m, H ∈ Rm×m, L̃ ∈ Rm×n and
M ∈ Rn×n defined by Lij = (∇ξ j,∇ξi) , L̃ij = (∇ξ j,∇ξi), Hij = (

∂ξ j
∂x , ∂ξi

∂x )
and Mij = (ξ j, ξi) is the mass matrix. The tilde on the L̃ matrix indicates that it
differs from L at entries corresponding to the boundary. For future convenience

we also define V ∈ Rm×m, given by Vij = (
∂ξ j
∂z , ∂ξi

∂z ). Note that we have the
relation L = H + V.

3.5 The Eigenvalue Problem

The system (3.16) is equivalent to a quadratic eigenproblem for ω(γ) and the
eigenvector x(γ). This is easily seen from the equations for z(γ) in (3.16) which
imply z(γ) = M−1 L̃Tx(γ). Note that the inverses of M, H, V and L exist since
they are Gram matrices. The equations for x(γ) now give

(−ω2(γ)L + H + iγω(γ)L̃M−1 L̃T)x(γ) = 0.

We simplify the notation by defining K = L̃M−1 L̃T . This yields

(ω2(γ)L− H − iγω(γ)K)x(γ) = 0. (3.17)

One may cast the problem in the form of a generalised eigenvalue problem by
using an auxiliary vector y(γ) = ω(γ)x(γ), this enables us to write (3.17) as

ω(γ)
(

iγK −L
I 0

)(
x(γ)
y(γ)

)
=
(
−H 0

0 I

)(
x(γ)
y(γ)

)
.

Now multiplication with the inverse of the left-hand side matrix gives us an
ordinary eigenvalue problem:(

0 I
L−1H iγL−1K

)(
x(γ)
y(γ)

)
= ω(γ)

(
x(γ)
y(γ)

)
. (3.18)

We are interested in computing a number of eigenvalues and eigenvectors of
this system close to a target eigenvalue. For large and sparse matrices iterative
methods are often a good choice (Bai et al., 2000; Golub & Van Loan, 1989). The
sparsity allows for storing only the non-zero entries. Although the matrix L−1
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in the above problem generally not sparse, the resulting algorithm below only
deals with sparse matrices.

It is known that eigenvalues at the extremes of the spectrum are approxi-
mated best (they are well approximated earlier in the iterative process), while
eigenvalues in the interior need a larger number of iterations. In order to ap-
proximate eigenvalues in the interior, one may use a shift-and-invert technique,
which transforms eigenvalues near a target σ to the outer parts of the spec-
trum. A shift-and-invert approach for calculating the eigenpairs correspond-
ing to eigenvalues closest to σ amounts to calculating the largest eigenvalues
of (A− σI)−1. Applied to our problem (3.18), we need the largest eigenvalues
of the matrix(

−σI I
L−1H iγL−1K− σI.

)−1

= −
(

(Q−1H + I)/σ Q−1L
Q−1H σQ−1L

)
,

with Q = σ2L− σiγK − H. For use in an iterative solver, we repeatedly need
multiplications of the above matrix with a vector. This product can be evalu-
ated more efficiently than it might seem. This can be seen by writing out the
multiplication with a vector (p, q)T ,(

a
b

)
= −

(
(Q−1H + I)/σ Q−1L

Q−1H σQ−1L

)(
p
q

)
= −

(
(Q−1 p2 + p)/σ

Q−1 p2.

)
,

with p2 = Hp + σLq. An efficient scheme is now

1. Solve Qb = −p2 for b

2. Set a = (b− p)/σ

We see that we need only one linear system solve and two matrix-vector mul-
tiplications. Also, note that all matrices involved are sparse.

Other than calculation of a number of eigenvalues and eigenvectors for
fixed γ, we also want to calculate eigenvalues and eigenvectors for a range
of values of γ, in order to study the evolution of eigenvalues and eigenvectors
while varying the viscosity. To this end we use a continuation technique, which
will be the topic of Section 3.7. Before we turn to eigenvalue continuation we
first examine the properties of the eigenvalue problem (3.17) in the next section.

3.6 Analysis

This section will analyse the behaviour of the eigenvalues and eigenvectors
of both the viscous and the inviscid problem. We will show that the inviscid
equation is very ill-conditioned, however the viscous problem improves on the
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conditioning of the eigenvalue problem. Also, properties of the eigenvalues of
the viscous problem will be shown to be well-approximated by eigenvalues of
the inviscid problem. This allows us to predict the behaviour of the viscous
solution using properties of the matrices of the inviscid equation.

3.6.1 Properties and Notation

Whenever we consider the eigenvectors of the viscous equation we will use
the vectors xi(γ) ∈ Cm and yi(γ) ∈ Cn, eigenvectors of the inviscid equa-
tion are denoted by xi ∈ Cn. Correspondingly, we write ωi(γ) and ωi for the
eigenvalues of the viscous respectively inviscid equation. We suppose that the
eigenvectors have been enumerated in some fashion, and have added indices
to indicate that we consider the i-th eigenvector (with 1 ≤ i ≤ n + m). We as-
sume the eigenvectors to be nomalised. For eigenvectors xi(γ), we define the
following quantities,

lij(γ) ≡ x∗i (γ)Lxj(γ),
hij(γ) ≡ x∗i (γ)Hxj(γ),
vij(γ) ≡ x∗i (γ)Vxj(γ),
kij(γ) ≡ x∗i (γ)Kxj(γ).

If γ = 0 we write xi, lij, etc. Also, for all quantities defined above, we use the
shorthand notation lii ≡ li, hii ≡ hi, etc. The matrices L and H are symmetric
positive definite and therefore

x∗j (γ)Hxj(γ) ≡ hj(γ) > 0,

x∗j (γ)Vxj(γ) ≡ vj(γ) > 0.

From L = H + V we have lj = hj + vj.

3.6.2 The inviscid problem

We begin with a study of the inviscid equation, i.e. equation (3.17) with γ = 0,

(H + ν2
j V)xj = 0. (3.19)

with ν2
j = ω2

j /(ω2
j − 1). Premultiplication with x∗j yields hj + ν2

j vj = 0, which

implies ν2
j = −vj/hj = (1− lj/hj). From lj > hj it now follows

νj ∈ (−i, i)→ ω ∈ (−1, 1). (3.20)
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FIGURE 3.3: This figure depicts the eigenvalues (on the horizontal axis) as a function
of the grid resolution. The eigenvalues are plotted at heights 1, . . . , 4 corresponding
to dimensions matrix A in equation (3.20) of 8, 43, 197 and 841. With increasing grid
resolution the eigenvalues increasingly fill the interval (−1, 1).

Furthermore, by adding to equation (3.19) its complex conjugate we see that
we may assume x ∈ Rm. Figure 3.3 confirms that ω ∈ (−1, 1), also we see that
with increasing grid resolution the eigenvalues lie denser in the interval. Note
that eigenvalues close to zero are only found at higher grid resolutions. This
can be understood by considering that these eigenvalues correspond to very
steep characteristics, the associated eigenfunctions cannot be represented well
enough on a grid that lacks resolution.

We proceed with a perturbative error analysis, the discussion is standard (see
e.g Golub & Van Loan, 1989), but we restate it here for completeness. The
reader who wishes to skip it may proceed directly to the result, equations (3.25)
and (3.27).

First, we rewrite the eigenvalue problem (3.19) as

Axj = ν2
j xj

by setting A = V−1H, which is a symmetric matrix. Consider the perturbed
system

(A + εE)xj(ε) = ν2
j (ε)xj(ε). (3.21)

The following discussion is standard (Golub & Van Loan, 1989, e.g), but we
restate it here for completeness. The reader who wishes to skip it may proceed
directly to the result, equations (3.25) and (3.27). We now assume that each
eigenvalue is simple (has multiplicity one), this assumption is technical and
avoids working with eigenprojections instead of eigenvectors in the following
calculations. According to Kato (1995, Theorem 5.11), the xj(ε) and ν2

j (ε) may
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be written in the form of an asymptotic power series,

xj(ε) = xj + εzj +O(ε2),

ν2
j (ε) = ν2

j + εαj +O(ε2).

The vector zj may be written as a linear combination of eigenvectors of A,

zj =
n

∑
i=1

tixi

and we find

xi(ε) = xi + ε
n

∑
j=1

tjxj +O(ε2).

Let us rescale in order to have a coefficient of one for xi,

xi(ε) = xi + ε
n

∑
j 6=i

t̃jxj +O(ε2).

With these expansions, the eigenvalue equation becomes

(A + εE)(xi + ε
n

∑
j 6=i

t̃jxj) = (ν2
i + εα1)(xi + ε

n

∑
j 6=i

t̃jxj) +O(ε2),

which gives for the orders of magnitude in ε,

Axi = ν2
i xi, (3.22)

(α1 − E)xi = (A− νi)
n

∑
j 6=i

t̃jxj =
n

∑
j 6=i

t̃j(ν2
j − ν2

i )xj. (3.23)

Let x̂i stand for a normalised left eigenvector of A corresponding to eigenvalue
ν2

i . Introduce the eigenvalue condition number s(ν2
i ) = |x̂∗i xi| and the quotient

βij = x̂∗i Exj, then premultiplication of (3.23) with x̂∗i gives

α1 = βii/s(ν2
i )

and the error in the eigenvalues is

|ν2
i (ε)− ν2

i | = ε|βii|/s(ν2
i ) +O(ε2). (3.24)

In our case, A = AT and therefore xi = ±x̂i and s(ν2) = 1, thus

|ν2
i (ε)− ν2

i | = ε|βii|+O(ε2). (3.25)
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For the eigenvectors we premultiply with x̂∗j , i 6= j, and obtain

|t̃j| =
|βij|

|(ν2
j − ν2

i )s(ν2
j )|

,

and

‖xi(ε)− xi‖ ≤ ε
n

∑
j 6=i
|

|βij|
|(ν2

j − ν2
i )s(ν2

j )|
+O(ε2). (3.26)

Again, since s(ν2
j ) = 1 this simplifies to

‖xi(ε)− xi‖ ≤ ε
n

∑
j 6=i
|
|βij|
|ν2

j − ν2
i |

+O(ε2). (3.27)

We conclude that for ε → 0 the eigenvalues converge much faster than the
eigenvectors. This is evident from equation (3.27), the convergence depends
on the spectral gap, mini,j |ν2

j − ν2
i |, which may be very small in our case. For

example, in the case of a square domain D one can show that the eigenvalues
of L and V are approximately

νk(H) ≈ k2π2,
νl(V) ≈ l2π2.

with the eigenvalues of A the quotient of these eigenvalues. Now, for exam-
ple the mode (k, l) = (20, 21) yields an eigenvalue of A that is very close to
eigenvalues of A corresponding to (k, l) = (1, 1). The finer the mesh, the more
possibilities arise for a small spectral gap. Figure 3.4 shows that a disregarding
a small spectral gap can indeed lead to an unsatisfactory solution, with many
spurious oscillations. In Chapter 2 a remedy for this behaviour was proposed,
by a regularisation technique, yielding smooth regularised solutions (see Sec-
tion 2.9).

In contrast to tackling the inviscid equation, we here rely on the regularis-
ing properties of viscosity. The next section will study the viscous eigenvalue
problem in more detail.

3.6.3 The viscous equation

This section will derive some properties of the viscous equation. We study the
dependence of eigenvalues on γ and find that only specific combinations of
ω(γ) and γ are possible. Start with writing the viscous equation (3.17) in the
form

((1−ω2
j (γ))H −ω2

j (γ)V + iγωj(γ)K)xj(γ) = 0. (3.28)
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FIGURE 3.4: The solution of (3.19) shown in this figure, corresponds to an eigenvalue
located in the regime where we expect a simple attractor. The result is not satisfactory,
we see many high frequency oscillations.

Taking the complex conjugate (indicated by bar) we obtain,

((1− ω̄2
j (γ))H − ω̄2

j (γ)V − iγω̄j(γ)K)x̄j(γ) = 0.

and we conclude that −ω̄j(γ) is an eigenvalue with eigenvector x̄j(γ).
Further properties of the eigenvalue equation can be obtained by premulti-

plying (3.28) with x∗j (γ). We find

ω(γ)2lj(γ)− hj(γ)− iγk j(γ)ωj(γ) = 0.

Split this equation in a real and imaginary part and write ωR
j (γ) (ω I

j (γ)) for
the real (imaginary) part of ωj(γ). We then find

[(ω I
j )

2(γ)− (ωR
j )2(γ)]lj(γ) + hj(γ)− γk j(γ)ω I

j (γ) = 0,

ωR
j (γ)[γk j(γ)− 2ω I

j (γ)lj(γ)] = 0.

We have three possible solutions,

ωR
j (γ) = 0,

ω I
j (γ) =

1
2lj(γ)

(1±

√√√√1−
4lj(γ)hj(γ)

γ2k2
j (γ)

),
(3.29)
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which is valid for γ2 ≥ 4lj(γ)hj(γ)/k2
j (γ). On the other hand, for γ2 ≤

2hj(γ)lj(γ)/k2
j (γ),

ω I
j (γ) =

k j(γ)
2lj(γ)

γ,

lj(γ)
hj(γ)

(ωR
j )2(γ) +

k2
j (γ)

4hj(γ)lj(γ)
γ2 = 1.

(3.30)

Would the quantities lj(γ), hj(γ) and k j(γ) be independent of γ, then we would
discern the equations for a straight line and an ellipse. These ellipses are what
we find in the numerical experiments. For γ = 0 we find the eigenvalues of
the inviscid equation, as required,

ω I
j = 0,

(ωR
j )2 =

hj(0)
lj(0)

=
hj

lj
.

Figure 3.5 shows that the behaviour sketched here indeed occurs, we clearly
observe ellipses and straight lines (cf. equations (3.30) ). For large γ, when the
extremal point of the ellipse is reached, eigenvalues ωj become purely imag-
inary, rapidly running to infinity or zero (cf. equations (3.29) ). At the mo-
ment we only present the eigenvalues as discrete points, in Section 3.7 we will
employ a continuation technique that enables us to track eigenvalues while
changing the viscosity.

We are now interested in how well we can describe this behaviour using
perturbation techniques. We consider γ to be a small parameter and expand
the eigenvectors and eigenvalues of (3.17) with respect to γ. It is known that
when eigenvalues do not cross, an expansion of the eigenvalues in integer
powers of γ is permitted. Also, since the unperturbed problem deals with a
symmetric matrix, while the perturbation is non-symmetric, the eigenvalues
will extend, for γ > 0, into the complex plane (see Verhulst, 2005, Section 15.3).
For the eigenvectors we also take an expansion in integer powers. However,
it is a legitimate concern if such an expansion does justice to the structure of
the solutions. One could employ other (fractional) powers of γ, motivated by
the knowledge of O(γ1/3) and O(γ1/4) shear layers in the fluid (cf. Rieutord
et al., 2002). On the other hand the boundary layers are encoded in the numer-
ical vector xi(γ) in a complicated way, and it is unclear how a proper scaling
should be determined. We assume here that boundary layer and shear layer
effects do not influence the order of the perturbation parameter. Motivated by
the results obtained later (Section 3.8.1) we choose to employ a simple expan-
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FIGURE 3.5: The above panels show all eigenvalues for a range of values of γ. Panels
3.5(a) and 3.5(c) plot ωR versus γ, while panels 3.5(b) and 3.5(d) plot ω I versus γ. The
ellipses and straight lines predicted by (3.30) are clearly visible. Also we see solutions
branching off at the top of the ellipses as expressed by (3.29).

sion in integer powers. The perturbation series are then given by

xi(γ) = xi + γti + γ2si +O(γ3), (γ→ 0), (3.31)

ωi(γ) = ωi + γαi + γ2βi +O(γ3), (γ→ 0). (3.32)

The constant terms have been chosen in such a way that for γ = 0 we find
solutions to the inviscid problem. Note that these eigenvectors xi are real and
the eigenvalues ωi are real and contained in (−1, 1). The values of αi and βi
can be found by inserting the expansions into the eigenvalue equation (3.17)
and equating the orders of magnitude in γ,

(ω2
i L− H)xi = 0, (3.33)

(ω2
i L− H)ti + ωi(2αiL− iK)xi = 0, (3.34)

(ω2
i L− H)si + ωi(2αiL− iK)ti − [(α2

i + 2βiωi)L− iαiK]xi = 0. (3.35)
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The first equation states that xi obeys the inviscid eigenvalue equation, as ex-
pected. From the second equation we like to obtain information on αi and ti.
We premultiply the first equation with t∗i , the second equation with xT

i , and we
insert the first equation. This yields

αi =

{
i ki

2li
if ωi 6= 0,

i ki
li

or 0 if ωi = 0.

Using the third equation we find for ωi 6= 0,

βi = − k2

8l2iωi
.

When ω = 0 the value of βi can not be determined. The expression for the
eigenvalues becomes

ωi(γ) = ωi + iγ
ki
2li
− γ2 k2

i
8l2

i ωi
+O(γ3). (3.36)

The imaginary part is approximately linear in γ, for small γ, with the coeffi-
cient ki/2li. We therefore recover the linear relationship, with li ≈ li(γ) ∈ R.
The real part reads

ωR
i (γ) = ωi − γ2 k2

i
8l2

i ωi
+O(γ3),

and thus, noting that ω2
i = hi/li, we obtain

(ωR
i )2(γ) + γ2 k2

i
4l2

i
= hi/li +O(γ3).

Introduce the notation ai = li
hi

and bi = k2
i

4lihi
. Then equations in terms of ω

read,

ai(ωR
i )2(γ) + biγ

2 = 1 +O(γ3), (3.37)

ω I
i (γ) = γ

√
bi/ai +O(γ3). (3.38)

The utility of the above equations lies in the fact that we may now calculate
where to find a solution of the viscous equation, given as a starting point a
solution of the inviscid equation. On the other hand, we can also calculate the
converse, the inviscid eigenvalues and eigenvectors given a viscous solution.
This can be done by calculating ai from (3.37) with γ = 0, given ω I

i (γ). Then
ωi = 1/ai.
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3.6.4 Perturbation error analysis

In this section we will analyse the response of the solutions to the viscous
eigenvalue problem (3.18) to perturbations in the matrix. We follow the same
analysis as for the inviscid problem (Section 3.6.2), now using the matrix from
(3.18), again adding a perturbation of the form εE. The eigenvectors of (3.18)
contain vectors xi(γ) and yi(γ). We are interested in the part xi(γ), and rewrite
the yi(γ) part in terms of xi(γ). We do the same for the left eigenvectors (dis-
tinguished from the right eigenvectors by a hat) and find

yi(γ) = ωi(γ)xi(γ), (3.39)

ŷ∗i (γ) = ω̄i(γ)x̂∗i (γ)H−1L. (3.40)

From the eigenvalue equation (3.17) it follows that x̂j(γ) = xj(γ), since the
matrices L, H and K are symmetric. The error in the eigenvalues is again pro-
portional to s−1(ωi(γ)), now given by

s(ωi(γ)) = |(x̂, ŷ)T(x, y)|
= |1 + |ωi(γ)|2 x̂∗i (γ)H−1L)xi(γ)|
= |1 + |ωi(γ)|2li(γ)/hi(γ)|.

In principle we may now use equations (3.26) and (3.24) to estimate the pertur-
bation error, which would lead to

|ωi(γ, ε)−ωi(γ)| ≤ εβii

|1 + |ωi(γ)|2 li(γ)
hi(γ) |

+O(ε2) (3.41)

‖xi(γ, ε)− xi(γ)‖ ≤
n

∑
j 6=i

ε|βij|

|(ωj(γ)−ωi(γ))(1 + |ωi(γ)|2li(γ)
hi(γ) )|

+O(ε2). (3.42)

Here we introduced the notation ω(γ, ε) for an eigenvalue of the perturbed
viscous system. Correspondingly, we write xi(γ, ε) for the eigenvectors. Al-
ready we see that viscosity has a beneficial effect. Firstly, the eigenvalue gap
will be larger, since the eigenvalues spread out on the ellipses. Secondly, com-
pared to (3.26) we have an extra factor (1 + |ωi(γ)|2li(γ)/hi(γ)) > 1 in the
denominator.

However, for small values of γ the eigenvalue gap will become approx-
imately equal to the eigenvalue gap for the inviscid problem. We calculate
|ωi(γ)|2 using the expansion (3.36), and find that several terms cancel to give
us |ωi(γ)|2 = ω2

i + O(γ3). For the eigenvectors we can also use the expan-
sions in powers of γ. First notice that from (3.34) we find ti ∈ iRn and therefore
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t∗i = −tT
i . We then have from (3.31) that x∗i (γ)xi(γ) = xT

i xi +O(γ2). Therefore
the expression s(ωi(γ)) simplifies to

s(ωi(γ)) = 2 +O(γ2).

Now we find for (3.24) and (3.26), with the above expression for s(ωi(γ)),

|ωi(γ, ε)−ωi(γ)| ≤ εβii
|2 +O(γ2)| +O(ε2),

‖xi(γ, ε)− xi(γ)‖ ≤ ε
n

∑
j 6=i

|βij|
|(ωj(γ)−ωi(γ))|(2 +O(γ2)

+O(ε2).

For the denominator find

|(ωj(γ)−ωi(γ))s(ωj(γ))| = |(ωj −ωi + iγ(
k j

2lj
− ki

2li
)(2 +O(γ2))|

= 2

√
(ωj −ωi)2 − γ2(

k j

2lj
− ki

2li
)2 +O(γ2).

Assume that the eigenvalues and associated eigenvectors are ordered accord-
ing to their real part. The error in the eigenvalues is dependent on the spectral
gap (between the inviscid eigenvalues). With the eigenvalue ordering chosen
above, the gap between ωi and ωj is small when i is close to j. In this case we
can approximate the denominator by

2γ|
k j

lj
− ki

li
|.

Note that ki/li ≡ γ
√

biai. This coefficient
√

biai also represents the slope in the
linear relation between γ and ω I

i . Thus, only if neighbouring eigenvalues have
a large difference in slope we can hope for a reasonable perturbation error.
Since we calculate eigenvectors of the viscous problem we approximate ki by
ki(γ) and li by li(γ). An indicator for the perturbation error at small values of
γ is now:

I2 = |
k j(γ)
lj(γ)

−
k j+1(γ)
lj+1(γ)

|+ |
k j(γ)
lj(γ)

−
k j−1(γ)
lj−1(γ)

|. (3.43)

Note that we only compare values of k j(γ)/lj(γ) with their direct neighbours
at j± 1, since at i = j± 1 the value of |ωi −ωj| is smallest.
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3.7 Equilibrium Continuation

This section describes a continuation technique which will be used in the next
section for the numerical experiments. It will allow us to follow solutions while
varying the viscosity. We use a technique called equilibrium continuation, which
is a technique for finding stationary points of a system of differential equations,

u′(t) = F(u, α), with u : Rn → Rn, F : Rn+1 → Rn and α ∈ R.

One is then interested in the equilibrium curve F(u, α) = 0, where α is con-
sidered a parameter. In our case we want to compute the equilibrium curve
corresponding to the system (3.17), with x and ω the unknowns and γ the
parameter of the system. We split (3.17) and the variables in real and imagi-
nary parts and obtain a function that maps R2m+3 to R2m, since the unknowns
xI(γ), xR(γ), ω I(γ), ωR(γ) and γ add up to 2m + 3 unknowns, while we have
2m equations. We therefore need two more constraints. We note that if (x, ω)
solves (3.17), then the eigenpair (reiαx, ω) with r, α ∈ R also solves the equa-
tion. We may resolve the degrees of freedom for r and α by adding the con-
straints

‖x‖ = 1, <(x)T=(x) = 0. (3.44)

Now F(x, γ) = 0 is equivalent with (3.18), supplemented with the above con-
straints, if we define

F : R2m+3 → R2m+2,


xR

xI

ωR

ω I

γ

→


L1(γ, ω)xR − L2(γ, ω)xI

L2(γ, ω)xR + L1(γ, ω)xI

(xI)TxR

(xR)TxR + (xI)TxI − 1

 ,

with

L1 = ((ωR)2 − (ω I)2)L− H + ω IγK,
L2 = ωR[2ω I L− γK].

Once an initial solution x0 to F(x, γ) = 0 has been found, it is possible to
calculate a new point x1 on the equilibrium curve corresponding to the pa-
rameter value x0 + h, where h is called the stepsize. We use the package Mat-
cont (Dhooge et al., 2004), a toolbox which runs under Matlab. Matcont imple-
ments Moore-Penrose continuation, a variation on Newton iteration. Further-
more the package detects critical points along the curve. Of special interest in
our case are branching points, points where two equilibrium curves intersect.
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The Moore-Penrose process however needs the Jacobian of F, which is given
by

J =


L1 −L2 D1xR − D2xI −D2xR − D1xI D3xR − D4xI

L2 L1 D1xI + D2xR −D2xI + D1xR D3xI + D4xR

(xI)T (xR)T 0 0 0
2(xR)T 2(xI)T 0 0 0

 ,

with

D1 = 2ωRL,
D2 = 2ω I L− γK,
D3 = ω IK,
D4 = −ωRK.

Now that we have the functions F and J we have a suitable system that we may
continue using the Matcont software. The next section will provide results on
numerical experiments using equilibrium continuation.

3.8 Numerical Experiments

3.8.1 Equilibrium Continuation

This section investigates the effect of viscosity on the eigenvalues, using the
results of the previous sections. In particular we like to see to what extent
viscosity has a regularising effect. We choose the trapezoid as our geometry,
as shown in Section 3.3 it is a domain that allows for both wave attractors and
modal solutions.

We started the investigation with the continuation of 5 eigenvalues. The
initial parameters where chosen in such a way that at γ = 0 they would have
real part close to 0.8 and imaginary part zero. This target value has been chosen
in the interval where the (1, 1)-attractor exists. An initial solution was found
using the Matlab eigs function, which implements the Implicitly Restarted
Arnoldi method (Lehoucq et al., 1998). This method is suitable for a few eigen-
values of a sparse matrix near a target value. The result is presented in figure
3.6. Firstly we note that negative values of γ occur, this is physically unaccept-
able but convenient in the continuation process. The picture also confirms that
the eigenvalues form closed curves in (ω I , ωR, γ)-space as anticipated in Sec-
tion 3.6.3. Interestingly, at the points on the curve where γ and ω I reach their
maximum value (i.e. the extremes of the ellipses), we find branching points.
At these points we intersect the solutions given by equation (3.29). We have
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not switched branches at the branching points, the solutions with ωR = 0 are
not interesting for our purposes. We are specifically interested in small values
of γ, and fortunately we find that for small γ the match between the predicted
positions of the ellipses and the calculated curves is quite good.

The drawback of the continuation technique is that it is very time consum-
ing, for a large number of grid points it is no longer feasible to track several
eigenvalues. However, we may still calculate a few eigenvalues at low vis-
cosity using a sparse solver and use criterion (3.43) to asses the reliability of
the solution. In the next section we will present solutions obtained using this
technique.

3.8.2 Eigenvector Calculation

This section describes the results of the eigenvector calculation, using the crite-
rion developed in Section 3.6.4. We describe two experiments that differ only
in grid resolution. For each experiment we calculated 20 eigenvalues near an
eigenvalue ω(γ) corresponding to ω = 0.8, using equations (3.30). This eigen-
value is at a location where we expect wave attractors, at least from the inviscid
theory (Section 3.3). The experiment is performed at three values of the viscos-
ity, and using the criterion (3.43) the best and worst solutions are determined.
Also, we compared results using (3.43) with results obtained by direct calcu-
lation of the right hand side of (3.42). Results were indistinguishable, and we
continued using only (3.43) for assessment of the stability of the solutions.

The result of the calculation at a resolution of 3473 grid points is shown in
Figure 3.7. The left column shows the best solutions, while the right column
shows the worst solutions, both according to criterion (3.43). The viscosity is
varied in the rows of the figure.

At the highest viscosity, top row, it seems that we successfully find a reliable
solution. Of course we can only assess the quality by visual inspection, with
the inviscid solutions obtained by ray tracing (e.g. Fig. 1.1) and regularised
solutions from Chapter 2 (e.g. Fig. 2.16) as a reference. We find that we do
not find any fractal structure, which is possibly smoothed out by the viscosity.
However, the attractor is nicely visible.

The next row, at a viscosity of γ = 10−6 shows narrower internal boundary
layers around the attractor, which is to be expected. We also see that there are
numerous high frequency oscillations in the figure. These could be genuine
features of the solution, or spurious oscillations due to the ill-posedness. We
have no means of deciding between the two, although the consistent structure
seems to hint at this being a genuine feature of the solution. The difference in
quality between the ’best’ and ’worst’ solutions is evident from the figures.

Finally, the bottom row gives results at γ = 10−7. At this point the grid is
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(b) Continuation for 197 grid points

FIGURE 3.6: These panels show the curves on which the viscosity and real and imag-
inary parts of the eigenvalues lie. On the top-left is a three dimensional view, we see
in blue the curves produced by the continuation software and in red the location of the
curves as predicted by equations (3.30). The other two panels give orthogonal views on
the (ω I , γ)-plane, the (ωR, γ)-plane and the (ωR, ω I)-plane. The label ’BP’ indicates a
branching point, where the solutions (3.29) come into existence (not plotted).
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(a) Best solution, γ = 10−5 (b) Worst solution, γ = 10−5

(c) Best solution, γ = 10−6 (d) Worst solution, γ = 10−6

(e) Best solution, γ = 10−7 (f) Worst solution, γ = 10−7

FIGURE 3.7: These panels show the best and worst solutions to the eigenvalue problem
(3.18), determined using criterion (3.43). A resolution of 3473 grid points was used. In
the rows we vary the parameter γ ∈ {10−5, 10−6, 10−7}. Shown is a representation of
the solutions in terms of the streamfunction.

unable to resolve the required small scale boundary layer. Both panels in this
row show irregular solutions with many suspicious high frequency patterns.
At this point even the best solution found is not satisfactory.

We continue with the second experiment, calculated at 14113 gridpoints.
It was found that solutions were very similar to those shown in Figure 3.7.
Therefore, in order to present an alternative view on the structure of the solu-
tions, we display the solutions in terms of the logarithm of the energy instead
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(a) Best solution, γ = 10−5 (b) Worst solution, γ = 10−5

(c) Best solution, γ = 10−6 (d) Worst solution, γ = 10−6

(e) Best solution, γ = 10−7 (f) Worst solution, γ = 10−7

FIGURE 3.8: These panels show the best and worst solutions to the eigenvalue problem
(3.18), determined using criterion (3.43). A resolution of 14113 grid points was used.
In the rows we vary the parameter γ ∈ {10−5, 10−6, 10−7}. Shown is the energy of the
solution, in log-scale.

of the streamfunction. At locations where the streamfunction varies rapidly
the energy will attain high values. The fact that results obtained at different
grid resolutions were similar gives some confidence in the robustness of the
criterion (3.43).

Firstly, we consider the first row of Figure 3.8. In terms of the streamfunc-
tion this solution was indistinguishable from the calculation in the first exper-
iment. The representation in terms of the energy however gives us additional
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insight. It is remarkable that the highest energy is concentrated at the attractor
leg above the focusing point, while inviscid theory predicts an intensification of
energy below the focusing point1. A possible explanation is that at viscosities
this high the inviscid theory is no longer a suitable comparison. The focusing
of rays could be inhibited by viscous effects. A second point of interest is that,
at the lower leg below the focusing point, the shear layers are pinched towards
the focusing point. To our knowledge, such behaviour was not reported before.
We can only speculate, in a physical interpretation, that after wave motion was
blocked at the focusing point, the wave needs to ’build up’ again and regain
energy.

In the second row, at a viscosity which is lower by a factor of ten, we find
more detail and thinner shear layers. At this point we do find some intensifica-
tion of energy at the focusing point, in both figures, although the energy above
the focusing point is also rather high. The quality of the solutions can only be
assessed visually, the figure to left does look better than the rightmost figure.
The attractor stands out clearer than in the rightmost figure, although it is not
possible to trace a closed orbit, which should be possible.

The bottom row represents a viscosity of γ = 10−7, again lower by a factor
of ten. Both the left and rightmost figure look unreliable at this point. The
solution to the left now shows intensification of the energy below the reflection
point, which is in line with inviscid theory. However the energy seems to fan
out into the domain, and stop abruptly at about the middle of the domain. At
this point we believe that the viscosity is too low, and solutions can no longer
be resolved by the grid.

In fact we may quantify this statement a little more. It is known that shear
layers of order γ1/3 arise. We can then suppose that for small viscosities the
shear layer width hs behaves like hs ≈ cγ1/3, with an unknown constant c. We
may estimate this constant c from Fig. 3.8.2 by noting that at γ = 10−5 we
have hs ≈ 0.05, and thus c ≈ 0.05 × 105/3. Now, suppose that the number
of grid points n and the mesh width h are related by h = n−1/2 and that we
need approximately 10 grid points along the shear layer. For γ = 10−k we
then find for k = 5, 6, 7 grid sizes n ≈ 2000, 9000, 40.000. This heuristic calcu-
lation shows that resolving the boundary layers at γ = 10−5 is feasible, while
doing this at γ = 10−6 is doubtful and γ = 10−7 is too low a viscosity. An
attractive option (which have not tested) is to use local grid refinement along
the attractor, whose location is known. This would lower the computational
burden considerably.

Taking the above experiments into account we believe that the criterion
(3.43) is suitable for selecting reliable solutions, as long as the grid has suffi-
cient resolution. At viscosities below approximately γ = 10−6 we would not

1Energy propagation is clockwise around the attractor.
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recommend direct calculation, but argue in favour of an additional regularisa-
tion procedure.

The procedure of checking the values of (3.43) for several eigenvalues is not
feasible for finding modal solutions. Those exist at one point at the spectrum
(as opposed to wave attractors that live in an interval) and are almost certainly
destroyed at perturbations of boundary. Therefore, they will be considered un-
stable by criterion (3.43). There is however an alternative for finding modal
solutions: one may check the value of the imaginary part of the eigenvalue,
representing the damping of the solutions. Physically, one expects that, since
wave focusing is absent, viscosity will not damp the solutions much. We calcu-
lated, for γ = 10−5 the value of ω(γ) corresponding to ω =

√
2/5. This value

corresponds to the skeleton shown in the rightmost panel of Figure 3.1. The
calculation was performed at both 3473 and 14113 gridpoints, and results were
identical, therefore we present the results of the highest resolution only. Look-
ing for the first few lowest values of the damping we were able to find modal
solutions (see Fig. 3.9), that seem to be represented rather well. The third solu-
tion is rather special, it is not predicted by inviscid theory. In the inviscid case
one would expect n cells in the horizontal direction, accompanied by 2n cells
in the vertical direction (see e.g. Maas & Lam, 1995). Figure 3.9(c) violates this
principle and seems to be a solution without an inviscid counterpart.

However, it must be noted that at lower viscosities, the modal solutions
could often no longer be found. Instead complex attractor solutions were
found. Again it seems that at low viscosity an additional regularisation pro-
cedure is in order. An energy minimising procedure based on the approach
taken in Chapter 2 might be a good candidate.

3.9 Conclusion

In this Chapter we have put forth a methodology for numerical calculation of
solution to the Poincaré equation in the presence of a viscous term. To this
end an we used a finite element method, whose implementation was already
available. Special attention has been paid to the ill-posedness of the problem,
and the regularising effect of viscosity.

After derivation of the main problem and a discussion of the ill-posednedness
in Sections 3.2 and 3.3, a Finite Element Method was established in Section
3.4. The discretisation by means of the Finite Element Method yields a discrete
eigenvalue problem. Section 3.5 states the eigenvalue problem and indicates
how matrix-vector products for use in a shift-and-invert strategy can be effi-
ciently computed.

In Section 3.6 we analyse the properties of the eigenvalue equation and the
sensitivity of the solutions to perturbations in the problem. The inviscid equa-
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(a) Best (least damped) solution (b) Second best solution

(c) Third best solution

FIGURE 3.9: This figure shows the three solutions with least damping, from a total of
20 solutions around ω =

√
2/5, at 14113 gridpoints.

tion is discussed in Section 3.6.2. It is established that the discrete spectrum
is contained in the interval (−1, 1), thus it is within the bounds of the spec-
trum of the continuous problem. Furthermore, using a perturbative analysis
we show that the eigenvectors are extremely sensitive to perturbations in the
problem, and the error may become arbitrarily large for grids with high res-
olution. This behaviour was to be expected, from our previous discussion of
the ill-posedness of the problem in Section 3.3 (see also Section 2.7), and the
results presented for a rectangular geometry in Section 2.9.1, see in particular
Fig. 2.10.

We continue in Section 3.6.3 with considering the eigenvalues of the vis-
cous problem. We find that the eigenvalues are associated with tilted ellipses
(ωR(γ), ω I(γ), γ), parametrised by γ. The extremal points of the ellipses rep-
resent the maximum value of the viscosity γ that can be reached for the asso-
ciated solution. Also, by considering γ to be a small parameter, and writing
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eigenvalues and eigenvectors as a series expansion in γ we obtain descriptions
for the ellipses in terms of solutions to the inviscid equation. It is interesting
to note that in the (ω I , γ) plane, the projection of the ellipses are straight lines.
Thus we have a linear relation between damping and viscosity. More specific,
the angle of the ellipses with the ω I-axis is proportional to the eigenvalue of
the inviscid equation.

Section 3.6.4 discusses the sensitivity of the viscous equation with respect
to perturbations in the problem. We have seen that the situation is not very
promising in the inviscid case. However, for the viscous equation we find that
we may obtain reliable solutions at modest grid resolution. When we aim for
an eigenvalue ωi(γ) with eigenvector xi(γ), then the perturbation error de-
pends on the distance between eigenvalues. We have seen in Section (3.6.3)
that this spectral gap may become large, since eigenvalues lie on ellipsoidal
orbits. Again using a perturbative approach we arrive at a simple criterion,
equation 3.43 for assessing the quality of the solutions.

Finally, Sections 3.8.1 and 3.8.2 describe the results of numerical experi-
ments. As long as the grid has sufficient resolution, the criterion (3.43) works
well. However, for lower values of the viscosity we do not obtain reliable solu-
tions. The spectral gap in this case is very small and we believe an additional
regularisation procedure should be used.

We conclude with calculations of a few modal solutions, using the principle
that modal solutions should be among the least damped eigenvectors. Surpris-
ingly, we do not only find the expected modes, but also a mode that is a true
viscous mode, without an inviscid counterpart.
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Chapter 4

Internal Wave Focusing over
Sloping Terrain

The research in this chapter will be published as part of

Experimental observation of strong mixing due to internal wave
focusing over sloping terrain.
A.N. Swart and Leo Maas and Uwe Harlander and Astrid Manders,
2007
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4.1 Introduction

The mixing of density in rotating stratified fluids is of great interest in the fields
of geophysical fluid dynamics and oceanography. Particularly interesting is the
fact that in the deep ocean there is an amount of mixing which is as yet unac-
counted for. Internal wave breaking has been put forth as a possible source for
this unexplained mixing (e.g. Ledwell et al., 2000; Staquet & Sommeria, 2002).
We have set up a laboratory experiment, aiming to collect evidence for the
hypothesis that internal wave reflections can lead to strong localized mixing.
Throughout the paper we will emphasize the relevance for oceanic processes.

In our experimental setup a stratified fluid is contained in a rotating annu-
lus, with sloping inner wall. This setup mimics the topography of an ocean
slope. In order to excite waves, we applied a weak modulation of the rotation
rate, on top of the solid body rotation. This modulation rate was chosen at
a frequency where we theoretically expect a wave attractor. Section 4.2 gives
the theoretical background on wave attractors in rotating stratified fluids. Ev-
idence for the manifestation of the attractor in our experiment is presented in
Section 4.5. We argue that the modulation is responsible for a localized erup-
tion of the boundary layer, which directly forces internal waves. We discuss
a theoretical model which predicts these eruptions in Section 4.3 and we also
present direct measurements of the boundary layer eruption.

Despite the fact that we do not disturb the fluid in any mechanical way,
other than the weak modulation, we observe very strong mixing, much stronger
than seen in similar experiments that lack the periodic modulation. We offer
the hypothesis that the focusing action of internal waves at the sloping bound-
ary is responsible for this mixing. Firstly, we present density profiles in Section
4.5.1 that clearly show that the density gradient has been heavily modified.
Furthermore, we experimentally establish the existence of a wave attractor
(Section 4.5.2) which could theoretically further enhance the mixing. The wave
attractor was observed in a vertical plane. Section 4.5.3 studies the wave field
in a horizontal plane. The results obtained are consistent with the data from
the vertical plane, and furthermore show a remarkable spatial asymmetry.

While Section 4.5 focuses on direct measurements of mixing and internal
waves, Section 4.6 presents measurements of waves and flows that are caused
by the mixing. In Section 4.6.2, we discuss an observed mean flow that occurs
over the sloping inner wall. Such a mean flow is indicative of internal wave
breaking as discussed in Section 4.6.1. Additionally, in Section 4.6.3, we es-
tablish the occurrence of Rossby waves, which are also representative of local
mixing.

Summarizing, we describe an experiment aimed at the validation of the
following scenario
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1. Boundary layer eruptions may generate gravito-inertial waves at certain
critical angles

2. These waves locally mix the density profile upon reflection at the bound-
ary

3. Wave attractors may form, leading to increased mixing efficiency

4. As a result of the mixing a measurable mean flow ensues and, being un-
stable, Rossby waves develop.

We believe that analysis of the collected data strongly supports our claims.
Mixing, wave attractors, mean flow generation and Rossby waves have been
observed and the observations fit well into our theoretical framework.

4.2 Wave attractors

In a channel-like geometry, characterized by cross-channel topographic varia-
tions, internal wave beams are focused upon reflection at a slope. Ultimately
these reflections may lead to so-called wave attractors (Maas & Lam, 1995), see
a review in Maas (2005) and also Sections 1.5 and 2.3 in this thesis. An oblique,
free internal wavy boundary layer develops around the attractor location. Ear-
lier exploratory laboratory studies have identified the existence and structure
of such wave attractors both in uniformly-stratified fluids (Maas et al., 1997;
Lam & Maas, 2007), as well as in rotating homogeneous fluids (Maas, 2001;
Manders & Maas, 2003, 2004). In the former case these were excited paramet-
rically by vertical oscillation of the tank, in contrast to homogeneous rotating
fluids, excited by modulation of the container’s rotation speed. Here we ex-
plore their occurrence in a fluid that is both uniformly-stratified as well as ro-
tating, again employing modulation of the rotation speed as an axisymmetric
forcing mechanism.

4.2.1 Ray dynamics

This Section will recollect some properties of inertio-gravity waves and wave
attractors. Also we define the parameters used in the experiments. We con-
sider a quasi-compressible, stably stratified, rotating fluid. Furthermore we
assume monochromatic wave motion with frequency ω. Since the domain D
is rotationally symmetric around the z-axis (see fig. 4.2) we use a cylindrical
(r, θ, z)-coordinate system. In appendix 4.A it is shown that in this case, in the
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interior of the fluid domain, in a linearised description, the governing equa-
tions (where we neglect viscosity ν and diffusivity κ) may be written

Prr − λ2Pzz = F(r, z, Pr) in D,
n · (Pz, 0,−r−1(rP)r) = 0 at ∂D.

(4.1)

where P = r−1Ψ and (Ψz,−Ψr) = (ru, rw). In these equations P stands for
pressure, Ψ is the stream function and u,w are velocities in the radial and ver-
tical directions. All terms that contain only first derivatives were collected in a
function F. The parameter λ2 is defined by

λ2 =
ω2 − f 2

N2 −ω2 , (4.2)

where the constants f and N are the Coriolis parameter (measuring the impor-
tance of rotation) and stability frequency (measuring the importance of strati-
fication). In order for λ to be a real number it is needed that

ω2 ∈ [min(N2, f 2), max(N2, f 2)].

In our experiment, frequencies were set such that ω is in this frequency range.
Note that the equation (4.1) is then of hyperbolic type.

Due to viscous effects at the boundary ∂D of the fluid domain D, the fluid
must co-rotate with the reference frame, which implies u = 0. However, we
take into account the existence of a boundary layer where the fluid adjusts
from the frictional influence of the boundary. Because of the presence of these
boundary layers, we have to good approximation a frictionless boundary be-
tween the interior and the boundary layer region. This justifies posing bound-
ary conditions u · n = 0, with n the unit outward normal to the boundary.

The dispersion relation can be obtained by assuming wave motion P(r, z) =
<[P̂ei(kr+mz)]. For simplicity we also set the right-hand side of (4.1) to zero,
which is justified for r � 1. This simplification is not crucial (see e.g. Lyashenko
& Smiley, 1995; Harlander & Maas, 2006), but it greatly simplifies the following
discussion. This gives us λ2m2 = k2 or

ω =

√
N2k2 + f 2m2

k2 + m2 . (4.3)

We write the wave vector in polar coordinates, kw = (k, m) = K(sin(α), cos(α)),
where the angle α is measured with respect to the vertical. This yields

ω2 = f 2 cos2(α) + N2 sin2(α), and λ = ± tan(α).
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The group velocity and phase velocity are now given by

cg = ∇kw ω =
km(N2 − f 2)

K3
√

N2k2 + f 2m2
(m,−k), (4.4)

cp =
ω

K2 kw =
√

N2k2 + f 2m2

K3 (k, m). (4.5)

Taking their dot product reveals that phase and energy propagation are mutu-
ally perpendicular. As shown in Maas & Lam (1995) we can construct a ’skele-
ton’ of the solution by considering the characteristics of (4.1), namely

ξ(r, z) = r− λ−1z,
η(r, z) = r + λ−1z.

(4.6)

The levelsets of these characteristics define two families of straight lines. The
angle that the characteristic lines make with respect to the vertical is equal to
the angle that the group velocity makes with the vertical, and is at right angles
with the phase velocity vector. We conclude that wave motion is in the direc-
tion of the characteristic lines. The precise behaviour along a characteristic is
determined by the function F, we are however only concerned with the sin-
gularity at the wave attractor. For numerical results in the case of non-zero F,
see Harlander & Maas (2006). The location of the wave attractor can be found
by a ray-tracing procedure (see also Maas & Lam, 1995).

If one starts at a boundary point one may trace straight lines from bound-
ary point to boundary point. The fixed angle of the characteristics with the
vertical, and the shape of the container, causes them to converge to a limit cy-
cle termed the wave attractor. Figure 4.1 shows the web of characteristics for
frequencies used in the experiment, listed in table 4.1. These frequencies were
carefully selected from numerical ray tracing experiments in order to obtain
a wave attractor with six intersections at the boundary (left panel) a compli-
cated attractor (middle panel) and an attractor with four intersections with the
boundary (right panel).

The inviscid solutions predict an infinite energy density along the attractor,
since spatial scales will become arbitrarily small and the kinetic energy density
becomes singular at the attractor(see Section 2.8. Viscosity (ν), diffusivity (κ)
and non-linearity (not present in our model) will regularize the solution, cre-
ating high amplitude shear layers along the attractor. Note that at ω = 0.30,
corresponding to the middle panel of figure 4.1, based on the characteristics,
we would expect a complicated attractor. However, its complexity makes it
unrealizable in practice, since viscous and nonlinear processes will inhibit its
formation. In fact, this frequency was selected to act as a ’counter-experiment’
and we expect less efficient mixing here since an attractor will not be formed
in practice.
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FIGURE 4.1: These panels show the skeleton of characteristics (4.6) for the frequencies
in table 4.1. The dotted line shows the approach of the characteristics to the attractor, in
solid black. The attractor in the middle panel is expected to be sufficiently complicated,
it will be broken down by viscous and non-linear effects. The rectangle in dashed red
indicates the field of observation.

T ω α Description
19 0.33 60.40 (1, 2)-attractor
21 0.30 68.09 ’Anti-frequency’, no simple attractor.
22.53 0.32 73.88 (1, 1)-attractor

TABLE 4.1: Settings used in the experiments. Shown are the periods (T = 2π/ω),
frequencies (ω) and angles (α) of the characteristics with the horizontal.

4.2.2 Physical manifestation of the attractor

We will now turn to the question of how to detect the existence of the wave at-
tractor in the measurements. Firstly, we expect at the attractor location a high
amplitude of the waves. Secondly, around the attractor location we expect a
180 degree phase difference (anti-phase). For both phenomena there is numer-
ical evidence, see also Sections 2.9 and 3.8.2 in this thesis, and it has also been
observed in the laboratory (e.g. Maas et al., 1997). This shearing motion implies
that the absolute value of the curl field will be a good indicator of the presence
of a wave attractor. A second indicator of the presence of an attractor is the gen-
eration of higher harmonics. Although we have neglected the usual nonlinear
term u · ∇u in our model equations, this term can become significant when
∇u is large. We expect this to be the case at the attractor. It is easy to see why
this term could induce second harmonics by considering a one dimensional
toy model, where the non-linear term is modeled by u(r)ur(r) and we assume
simple wave motion u(r) = sin(kr). Substitution and application of the double
angle formula for the sine function yields −k sin(2k) for the non-linear term.
A more elaborate model is needed to show that we also generate waves with
a double frequency 2ω (e.g. Greenspan, 1968, page 215). See also Lam & Maas
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(2007) for a discussion of generation of higher harmonics at attractor locations.
Note that the attractor is a local source of second harmonics. Waves are gen-

erated along the attractor. When these waves propagate we expect the angle of
the characteristic lines to be modified. From (4.2) we see that λ2 will grow, and
from the dispersion relation λ2 = tan2(α) we find that α will become larger.
The angle α indicates the angle of the characteristic lines with the horizontal,
thus we anticipate that characteristics and group velocity will lie steeper in the
plane.

As a final remark we point out that mixing modifies the density stratifica-
tion, and therefore also the characteristic lines. We expect that wave beams
may follow more curved paths at locations where there is strong mixing. If the
influence is strong enough, then the mixing process may alter the character-
istics in such a way that the attractor is destroyed. However, if the mixing is
modest, then the attractor may survive for some time. The local curvature of
the characteristics can be removed and carried over into a local curvature of
the domain by a change of variables. In terms of frequency, attractors live in
a frequency interval. Also, when we can describe perturbation of the domain
using some parameter τ, attractors also live in a τ-interval (this statement is
made more precise in Sections 1.4–1.6 and Section 2.3). When choosing the fre-
quency for use in our experiment, we made sure to pick one close to the center
of the frequency interval where the attractor lives. Therefore we have good
reason to believe that the attractor is relatively stable with respect to density
variations.

4.3 Wave generation from boundary layers

We will now present the mechanism responsible for the forcing of internal
waves in our experiments: eruptions of the boundary layer at critical angle.
We start with an introduction of the physics, after which we present our math-
ematical model of the boundary layer.

4.3.1 Introduction

The concepts of mixing and wave attractors that are explored in our laboratory
experiment are of relevance for understanding the physics of the oceans. In the
oceans, internal tides are generated over continental slopes due to tidal motion
in the cross-slope direction, that lifts and depresses isopycnals1(Baines, 1982).

1Curves of equal density are commonly called isopycnals, while curves of equal topography
height are termed isobaths. Curves of equal pressure are called isobars.
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While the ’tidal’ flow corresponds to a purely axisymmetric flow in our exper-
iments, apparently lacking such a cross-isobath component, near the bottom
it does lead to cross-slope oriented oscillatory currents due to frictional effects
at the bottom (Thorade, 1928; Prandle, 1982; Maas & Haren, 1987). Close to
the bottom, the azimuthal flow is retarded by frictional forces. Consequently,
the flow is deflected by Coriolis forces, since the fluid has a nonzero velocity
with respect to the co-rotating frame of reference. This deflection yields a fluid
transport in the boundary layer into the radial direction. This boundary layer
is known as the Ekman layer.

Far above the bottom the tidal flow is approximately linear, and can be seen
as a superposition of two counter rotating circular currents of tidal frequency
and of equal amplitude. The cyclonic one (co-rotating with the platform ) how-
ever, decays to its zero value at the boundary over a much shorter distance than
the anticyclonic one. The adaptation of these flows to the boundary gives rise
to two nested Ekman layers. Over distances below the thickness of the anticy-
clonic Ekman layer, the flow is dominated by the cyclonic component and thus
is able to alternatingly lift and depress isopycnals, directly generating internal
tides.

There are two important effects. Firstly, it leads to an alternatingly stabiliz-
ing versus destabilizing influence on the density profile, and secondly it leads
to internal wave generation in corner regions.

Potentially, the former process may directly lead to mixing as when, in
the down-welling phase, the Ekman boundary layer becomes statically un-
stable (Trowbridge & Lentz, 1991). This might, in fact, lead to a complete
shut-down of the Ekman layer, as shown for a steady current by MacCready &
Rhines (1991) and Garrett et al. (1993), so that water on top of a mixed bound-
ary layer flows uninhibited until the mixed water relaxes and the frictional
influence of the bottom is felt afresh. Tidal modulation of the flow, as in our
experiment, may alter this process in a periodic way (Ramsden, 1995; Middle-
ton & Ramsden, 1996). Field indications of such instabilities have come from
the intermittent appearance of spikes in the registration of some current me-
ters, located in the deeper regions over the slope of the Faroe-Shetland Chan-
nel (Hosegood & van Haren, 2006) during down-welling favorable flows.

However, even when the Ekman layer does not turn unstable, Ekman trans-
port over the slope may still lead to mixing in an indirect way. One theory
asserts that the transport over the slope may be unable to blend in with the
Ekman transport over the flat bottom or along the free surface, which results
in mass ejection or suction into the bulk of the fluid from the connecting corner
regions (similar to that observed in inertial wave experiments, see Beardsley
(1970)). The periodic nature of this process generates internal waves which
then propagate away and contribute to mixing elsewhere. Given the vast di-
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mensions of the open ocean into which internal waves propagate, their fate,
and the mixing these might produce, are generally unknown. Our model also
predicts periodic pumping and suction at corner regions, but by a different
mechanism. We will show in the next section that the boundary layer can erupt
into the interior of the fluid at certain critical angles of the boundary. Note that
the aforementioned hypothesis of non-matching flows does not occur in our
model.

We believe that mixing by means of an unstable Ekman layer is not the
primary source of mixing in our experiment. Firstly because of the scale of the
mixing, and secondly because the mixing continues to be in effect, even after
the modulation has been shut down.

Unfortunately, direct measurement of shut-down or instability of the Ek-
man layer is beyond our grasp in the current experimental setup. We will
therefore focus on boundary layer eruptions at critical slopes of the boundary,
which we have observed experimentally and which are the direct generators
of internal wave beams.

There is however another effect that might result in mixing after the modu-
lation was stopped. This effect is a result of the baroclinic torque. The baroclinic
torque arises when the curl of the right-hand side of the momentum equations
is taken

∇× (ρ−1∇p) = ρ−2(∇ρ×∇p).

When the fluid is baroclinic, ∇ρ × ∇p 6= 0, the baroclinic torque generates
vorticity, which in turn leads to mixing. However, in the interior of the fluid, a
barotropic equilibrium is possible. This is an equilibrium where the isobars and
isopycnals (see also Footnote 1) are parallel and slightly parabolically shaped2.
On the other hand, when the isopycnals are parabolically shaped, their gradi-
ent can not be parallel to the boundary and a secondary flow may be driven.
This flow might lead to mixing (by mechanisms analogous to the ones de-
scribed above) and opens a possibility for persistent mixing after shut-down
of the modulation. However, in previous experiments at the LEGI turntable,
the stratification is typically kept in place for months, while in our experiment
the stratification was destroyed in a matter of hours. This indicates that mixing
via the baroclinic torque route is negligible compared to the mixing by means
of reflecting internal wave beams.

The next section will describe a mathematical model that aims to explain the
mechanism behind the generation of waves from critical points of the Ekman
layer.

2Note that this requires a background density ρ0 dependent on r and z, while our model uses a
background density dependent on ρ0 only.
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4.3.2 Boundary Layer Analysis

In this section we consider the boundary layer behaviour of a viscous rotating
fluid, at a sloping boundary. We wish to test the hypothesis of a boundary
layer ’eruption’, a singularity in the equation describing the boundary layer
thickness. This eruption would lead to periodic ejection and suction of fluid
from the boundary layer which consequently acts as a generator for internal
wave beams (see also Hollerbach & Kerswell, 1995). This concept may be of
relevance in the field of oceanography, where the possibility of internal wave
generation from boundary layer eruptions has not yet been explored, although
indications of them are found in numerical model results on internal wave
generation Drijfhout & Maas (2007).

How does the boundary layer depth h (measured perpendicular to the bound-
ary in a radial plane) behave as a function of the slope? In appendix 4.A we
calculate this quantity for both non-oscillating (h0) and oscillating (h1) flows,

h0(φ) = O
(

ν2

f̃ 2 + σÑ2

)1/4

, as ν ↓ 0 and κ ↓ 0, (4.7)

h1(φ) = O

 κ

ω

 σ− λ̃2

Ñ2

Ñ2−2ω2 − λ̃2

1/2

, as ν ↓ 0 and κ ↓ 0, (4.8)

where σ = ν/κ is the Prandtl number, λ̃2 = (ω2 − f̃ 2)/(Ñ2 − 2ω2) with Ñ =
N sin(φ) and f̃ = f cos(φ). The angle φ is the angle between the horizontal
and the tangent to the boundary. The classical Ekman depth, h0 = O

√
ν/ f

for stationary flow over a flat bottom (φ = 0) is reproduced (e.g. Batchelor,
1967, page 198). For sloping walls our results differ from previous results. For
example, for ω = 0, Garrett et al. (1993) found that the boundary layer over
a flat bottom is a factor (1 + σN2 sin2(φ)/ f 2)−1/4 thinner as compared to a
sloping bottom, while we find a factor (1 + σ(N2 − f 2) sin2(φ)/ f 2)−1/4.

The difference is insignificant for N � f , but for oscillating flow the results
differ more. We can rewrite (4.8) as

h1(φ) = O(

√√√√ κ

ω

(
f 2 + σÑ2 − [ω2(1 + 2σ) + f 2 sin2(φ)]

f 2 + Ñ2 − [ω2 + f 2 sin2(φ)]

)
), as ν ↓ 0 and κ ↓ 0.

The terms in square brackets are not present in the results cited above. Our
equations have an important new property, the depth becomes singular for

ω2 = Ñ2 + f̃ 2.
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For the specific case treated in our laboratory experiment, we have that N =
2 f = 4Ω and ω = 2π/T and the boundary layer may erupt when

sin2(φ) =
1
3

[
Ω− T

T

]2
.

For example, for T = 22.53 and Ω = 50, the setting in our experiment when
aiming for the (1, 1)-attractor, we predict critical layers at φ1 ≈ 0.25π, φ2 =
2π − φ1, φ3 ≈ 0.75π and φ4 = 2π − φ3. The angle φ1 is present in our geom-
etry, it might be argued that the other angles are present in the sense of being
’degenerately buried’ in the non-smooth corner points. In Section 4.5.2 we will
discuss further the presence of boundary layer eruptions in the experimental
data. We clearly observe the eruption from the bottom-left corner (Fig. 4.4),
where a slope of angle φ1 is found, while occurrence of eruptions from the
other corners is unclear.

4.4 Experimental setup

The LEGI turntable consists of a rotating basin, having a diameter of thirteen
meters. On the inner rim of the platform a sloping topography is mounted,
the outer rim is vertical. The resulting axi-symmetric annulus was filled with
a stratified fluid. See figure 4.2 for a schematic representation of the turntable
and its dimensions.

In the experiment we utilize two mechanisms that give rise to internal wave
motion, density stratification and rotation. In addition to a solid body rotation,
the angular velocity was modulated. This modulation sets the frequency of the
generated internal waves, according to the mechanism as explained in Section
4.3.2. The amplitude of the modulation was chosen to be small compared to
the amplitude of the solid rotation. The resulting angular frequency is

Ω(t) = Ω0[1 + ε sin(ωt)], for 0 < ε� 1.

Initially, the fluid was homogeneously stratified, with N = 2 f = 4Ω0. The
amplitude of modulation has been set to have an azimuthal velocity of vrim = 6
cm/s at the outer rim, relative to the solid body rotation. A convenient side
effect of having a stratification is that it leads to homogeneously distributed
particles, that were added to the fluid for visualisation purposes. The particles
have slightly differing density, which makes them float on different isopycnal
layers where gravity and buoyancy are in equilibrium. The stratification is
stable, therefore due to waves the particles will execute vertical motion around
their rest level.
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FIGURE 4.2: The left panel shows a schematic picture of the LEGI turntable. The outer
rim is located at at 6.5 m. The inner circle represents the intersection of the water surface
with the slope, while the middle solid circle is the start of the slope. The dashed line
is the intersection of the attractor (see Fig. 4.1 rightmost panel) with the slope. Also
indicated are the radial positions of the probes and the observational window. The
right panel shows a radial cross-section of the basin. The attractors with T = 22.53 and
T = 19 are indicated (solid and dashed lines) as well as the probe positions (thin vertical
lines, the probes are by default at the lowest position but were also used to obtain ρ(z)
profiles. A forcing period of T=21 s does not yield a simple pattern and was therefore
not drawn.

The velocities of the particles are measured using the Particle Image Velocime-
try (PIV) technique. To this end the particles are illuminated using a laser sheet.
The laser is mounted on the turntable in such a way as to produce either radial
or horizontal sheets. The particles in the laser sheet are then photographed
using a camera that is also mounted on the turntable. The camera sampling
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rate has been set to obtain eight velocity fields per wave period. Each velocity
field is created from four pictures, which are rapidly taken in a very small time
interval (in the order of milliseconds), this is called the burst cycle. A time series
of bursts is further processed by PIV software to create the vector fields of the
velocities from the images. These velocities are our basic fields, which need
further processing.

In addition to the camera field measurements, also velocity and conductiv-
ity probes were injected into the fluid. These probes provide density measure-
ments at fixed radial positions and could be moved vertically to get density
profiles (see Figure 4.2). Two of them were conductivity probes (C1 and C2),
the other three were ultrasonic probes (U1,U2,U5).

4.5 Results

In the experiments very strong mixing was observed. This might seem remark-
able at first sight, since we do not disturb the fluid in any direct way, merely
the axi-symmetric turntable is rotated and modulated. No traditional source
of mixing seems to be present. Yet, as described before in Section 4.3 we have
a mechanism for wave generation plus the possibility of focusing reflection of
internal waves at the sloping boundary, which leads to intensification and mix-
ing. We will make plausible in the following sections that this scenario indeed
occurred.

4.5.1 Mixing

Firstly we argue that we indeed observed mixing from the probe data. Figure
4.3 shows us the evidence. The leftmost panel represents a rather extreme ex-
periment where modulation was on for six hours after which another profile
was measured 63 hours later. The linear stratification was heavily modified.
This is quite extraordinary as experience with previous experiments learned
that the stratification could be maintained for periods up to one month (Som-
meria, 2007, personal communication). The rightmost panel was an experi-
ment where modulation was turned on for a shorter time. The profiles before
and after one hour of modulation already show that mixing was in effect. But,
even after modulation was stopped there was additional mixing as can be seen
from the profile which was taken 3 hours after modulation. Of course inter-
nal wave beams continue to travel and reflect at sloping surfaces (which ex-
plains the ongoing mixing) until ultimately damped by viscous or nonlinear
processes. The mechanisms leading to mixing discussed in the introduction
(Section 4.3.1) may also contribute to the overall mixing, although they do not
seem to explain the magnitude of the observed mixing.
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FIGURE 4.3: The profiles show the mixing that has taken place during two experiments.
Both profiles were taken from probe C2, at T = 22.53 sec., aiming at the (1, 1)-attractor.

4.5.2 Formation of the attractor

This section presents an analysis of the formation of the attractor. We use PIV
data from an experiment where we modulated at T=22.53 sec. The data are
presented in the form of a harmonic analysis of the absolute value of the curl
field. We expect that this representation emphasizes the main features of the
attractor as discussed in Section 4.2.2. We segmented the data in time intervals
of 50 pictures, corresponding to 147 seconds or approximately 6.3 wave peri-
ods. In the following we will briefly discuss the results for each interval.

0-147 seconds, Development of beam.

At the start of the modulation we clearly observe from figure 4.4 the devel-
opment of a beam, emanating from the bottom-left corner. We estimate the
beam to have a width of approximately 10 cm, maximum amplitudes increase
from zero to 0.06 cm in six wave periods. From the crest-to-crest distance of
the beam we can find the group velocity using equation (4.4), yielding about
17 cm/sec. The phenomenon of beams emanating from corners was noticed
before by Beardsley (1970), in an experiment similar to ours. Since it is likely
that similar beams could emanate from other corners of the basin we overlay
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FIGURE 4.4: The lower panel shows the amplitudes of a Hilbert EOF (see Section 4.B
) and corresponding real (upper left panel) and imaginary (upper right panel) fields.
The signal is well represented by a superposition of both images with coefficients that
evolve in time as in the lower panel. We see that the beam grows in amplitude while
coming into existence in an oscillating manner, with a frequency equal to the modula-
tion frequency.

the corresponding characteristics in the figures (eight dotted lines in Fig. 4.4
and following figures). However, even with this visual aid such beams are not
visible in the pictures. Phase propagation is downwards, as would be observed
by viewing a movie of the curl fields. This implies energy propagating upward
and to the right. The directions of phase propagation and group velocity are
consistent with (4.4) and (4.5).

148-249 seconds Fig. 4.5(a)

After approximately four minutes a second beam becomes visible. The loca-
tion of the beam and the direction of phase propagation shows that it is likely
that we see the attractor. It seems that we see the attractor developing, sooner
than would be anticipated. One would expect, theoretically, that the attractor
forms after several reflections of internal wave beams at the sloping side, at
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which point the energy is focused. This theoretical model however disregards
the influence of viscosity. Perhaps it is not necessary for the beams to focus
repeatedly in order to form an attractor, since in a viscous fluid particle motion
at a certain point will induce particle motion in a small neighborhood. In other
words: in a hyperbolic system information is strictly carried along character-
istics, our present viscous problem has elliptic traits and information is also
diffused through the fluid interior. Second harmonics (not shown) were found
to have amplitudes of a factor 10 less, and are insignificant at this point.

250-441 seconds. Fig. 4.5(b)

The harmonic analysis shows largely the same picture as before, but the am-
plitude at the attractor location has grown. Also the next interval (442 to 558
seconds) shows largely the same features as the current interval, we skip this
interval.

589-735 seconds. Fig. 4.5(c)

The main feature in the first harmonics is a second beam, visible just above the
bottom segment of the attractor. This could be a boundary layer eruption from
the bottom-right corner of the domain. Second harmonics have now devel-
oped, mainly along the attractor location, with amplitude one fifth of the first
harmonic. Most likely these are induced by nonlinear effects at the attractor
location (see Section 4.2.2).

736-882 seconds. Fig. 4.6(a)

In this picture we observe a strong beam just above the slope, it might be the
reflection of the beam from the bottom left corner, after two reflections. At
the sloping wall it is focused, which would explain its increase in amplitude.
The phase pictures are very clear, yet the amplitude pictures become difficult
to interpret. The downward propagating phase at the top right corner of the
observational window is consistent with the ’upper leg’ of the attractor.We see
that the angle differs from the angle at the attractor, as predicted from (4.3),
(4.4) and (4.5). The amplitude of the second harmonics has grown, and is now
comparable to that of the first harmonic. In the phase picture we see perfect
anti-phase.

> 3600 seconds. Fig. 4.6(b)

From this point on it is too messy to draw any conclusions. In the long term the
phase and amplitude lines do no longer follow the characteristic directions, but
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become flatter. It is likely that mixing has modified the stratification to such an
extent as to modify the direction of wave rays and inhibit the further formation
of the attractor. The beam above the slope however, was found to be present
also for longer time scales. After one hour of modulation, and half an hour of
solid body rotation the attractor was completely destroyed as can be seen in
figure 4.6(b).
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of the direct fields.
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(b) Wave periods 13 to 18. Comparison to Fig. 4.5(a) reveals that
the amplitude at the predicted attractor location has grown.
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FIGURE 4.5: These panels show the phase field (left) and amplitude field (right) of the
curl field, obtained by harmonic analysis (see Section 4.B).
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(a) Wave periods 31 to 36. There is now a clear beam above the slope, whose
amplitude is comparable to that of the attractor. The bottom row represents the
second harmonic.
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FIGURE 4.6: This figure continues figure 4.5.
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FIGURE 4.7: Radius-time plots, The ordinate is labeled by t/T where t is time and
T = 22.53s is period. The abscissa shows distance in cm. The sloping bottom is at the
left. Red corresponds to motion towards the slope, and blue indicates motion away
from the slope.

4.5.3 The wave field in a horizontal plane

The previous section dealt with observations in a vertical plane. The experi-
mental results were found to be in good agreement with the theory. For the
behaviour of internal waves in three dimensions our knowledge is much more
limited. In our discussion of the theory we assumed rotational invariance, al-
though it is known from previous experiments that substantial spatial inho-
mogeneities may be present. In the following we report on our findings on
the structure in the horizontal plane, unfortunately without a solid theoretical
model for the structure of the internal waves which is as yet not fully under-
stood in a three dimensional setting.

Firstly, we present so-called Hovmöller plots, showing the radial velocity at
a fixed azimuthal angle and laser level height as a function of time. Such figures
contain information about the radial phase velocity. From the fact that upward
(downward) energy propagation corresponds with downward (upward) phase
propagation we can determine whether the energy ray has an outward (i.e. off
slope) or an inward component. This opens the possibility to connect observa-
tions from horizontal laser sheets to the vertical ones. Secondly, to shed light
on the spatial structure of the wave field we will present figures obtained from
a harmonic analysis, considering the component that oscillates harmonically
with the forcing frequency. Fig. 4.7 comes from observations with a forcing
period of 22.53 seconds, i.e. the case where the geometrically simplest attrac-
tor can be expected. In Fig. 4.7(a) the laser sheet was positioned close to the
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fluid’s surface (21cm below the surface). Note that the boundaries of the laser
sheet do not coincide with the rotating tank’s boundaries. This implies that the
velocity is not necessarily zero along the borders of the laser sheet. Red (blue)
indicates motion towards (away from) the slope. Velocity amplitude is about
1.1cm s−1. Above the inner, sloping sidewall (to the left in the figure) an inward
phase propagation with a phase speed of roughly 6cm s−1 is visible. This is con-
sistent with a wave beam pointing downward towards the slope. That beam
might correspond with the upper-left segment of the wave attractor (see Fig.
4.1), which points downward towards the sloping boundary. Interestingly, we
observe an outward phase propagation with a somewhat smaller phase speed
near the vertical, outer rim of the tank. This can be interpreted as the signature
of an energy ray which is emitted from the sloping boundary, pointing to the
outer upper corner of the vertical cross section (see e.g. Fig. 4.4). The existence
of such a ray is confirmed by observations where the laser sheet was positioned
10cm above the bottom of the rotating tank (Fig. 4.7(b)). In contrast to Fig. 4.7(a)
the phase of a rather prominent and localized wave propagates away from the
sloping sidewall with a phase speed of about 3cm s−1 (the velocity amplitude
in Fig. 4.7(b) is about 1.4cm s−1). This observation is consistent with the one
where a vertically oriented laser sheet was used. In Fig. 4.5 we can clearly
identify an energy ray emitted upward from the foot of the sloping sidewall.

Another interesting feature can be observed in the center of both figures,
that is at r ≈ 550cm in Fig. 4.7(a) and Fig. 4.7(b). There appears to be another
localized wave with a phase speed away from the slope. Concerning Fig. 4.7(b)
it is likely that the local wave visible is related to the lower part of the wave
attractor, where energy is propagating downward. Indeed, this view can be
confirmed by experiments with a vertically oriented laser sheet (Fig. 4.5 and
4.6). In contrast, the wave perturbation in the center of Fig. 4.7(a) might stem
from the upper left corner and energy is radiated downward (we can only spec-
ulate here because the vertically oriented laser sheets do not cover the upper
10cm of the fluid).

In order to get insight into the spatial structure of the oscillations shown
in the figures, we performed a harmonic analysis (see Section 4.B for technical
details) for the time-window displayed in the figures. The result (showing the
amplitude of the first harmonic component with the forcing period of 22.53s)
corresponding to Fig. 4.7(a) and 4.7(b) are given in Fig. 4.8.

An harmonic analysis of the fields corresponding to Fig. 4.7(a) shows that
amplitude becomes very strong along the outer rim of the tank, whereas the os-
cillation vanishes above the slope. Further away the original pattern seems to
recover. The phase (not shown) exhibits quite a complex pattern, too. Roughly
speaking, we observe phase velocities with different signs at the inner and
outer boundary, that is phase speeds pointing towards the boundaries. How-
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FIGURE 4.8: Amplitude of the time harmonic component of the motion T = 22.53s
corresponding to Fig. 4.7(a) and Fig. 4.7(b).

ever, we observe a strong asymmetry of the wave’s phase above the slope.

In contrast, figure 4.7(b) shows large amplitudes above the slope and a
weaker second maximum in the center of the picture. Remarkably, there is
a sharp transition at r ≈ 590cm, where the amplitude drops off. As said above,
we think that this second maximum marks a regions where the waves are fo-
cused due to reflections from the sloping boundary. The phase plot (not shown)
confirms our earlier findings that the phase speed above the slope points away
from this region.

In summary we can roughly say that the results obtained by the harmonic
analysis confirm the findings from the r − t-plots, with consistent phase be-
haviour. However, we observe an unexpected strong spatial asymmetry with
patchy patterns of amplitude and phase. One explanation could be that wave
amplitudes become too large for a simple linear (harmonic) description. Waves
could break locally which might then lead to spatial inhomogeneity.

4.6 Secondary phenomena

We now proceed with the discussion of two consequences of the mixing pro-
cess, the generation of a localized unstable mean flow and subsequent gener-
ation of Rossby waves. After an introduction, we continue with experimental
evidence from our experiment.
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4.6.1 Mean flow generation and Rossby waves

In a steadily rotating frame of reference, rotating with the average rotation rate,
the modulation Ω0 is perceived as a ’tidal’ flow. Gravito-inertial waves can
be forced by tidal Ekman transport convergence and divergence, or boundary
layer eruptions.

In rotating fluids, tidal flow along continental slopes has an other impor-
tant effect, it generates a mean flow by means of tidal rectification: advec-
tion of tidal perturbations by the barotropic tide (Huthnance, 1973). This is
often cast in terms of vortex dynamics, in which topographic depth variation
leads to compression or stretching of vortex tubes, which are advected by the
barotropic tide and which is converted into tidal residual currents because of
a time lag that arises due to frictional retardation (Zimmerman, 1978). Strati-
fication inhibits vertical motion further away from the bottom, restricting the
compression and stretching of vertically-aligned vortex tubes forming part of
the rectification process, and thus also the mean flow generation, to the bottom
vicinity (Maas & Zimmerman, 1989b,a). These authors show that the mean
flow is accompanied by circulation cells in the vertical, the strongest of which
predicts down-welling higher up on the slope and upwelling over its foot. For
the present experimental set-up, where the inner wall is sloping, this mecha-
nism produces an along-isobath, bottom-intensified retrograde flow. The es-
tablishment of such a sheared mean flow leads to a venue to another mecha-
nism by means of which the fluid can be mixed. This flow may, after all, turn
baroclinically or barotropically unstable, leading to the establishment of long
topographic Rossby waves, indications of which have been found in the mea-
surements.

A mean flow is also generated by impinging internal waves (Thorpe, 1999).
The momentum carried by them can be partly released, in a process likened
to radiation stress divergence of surface waves (Dunkerton et al., 1998). In a
non-rotating frame these authors argue that the generated mean flow is in the
same direction as the along-isobath component of the obliquely incident in-
ternal wave field. The frame’s background rotation will break this symmetry
and will lead to a preferential orientation of the mean flow. (This symmetry
breaking is not explicitly discussed, but can be inferred from Thorpe (2000, Fig.
3b)). Zikanov & Slinn (2001) argue that as the mean flow develops, breaking
extends further and further away from the boundary, being located at the po-
sition where mean flow equals phase speed (at a critical layer). Thorpe (1999)
argues that over the slope also a mean Eulerian circulation is set up in the verti-
cal plane, with up-slope bottom currents, contrasting those from the baroclinic
tidal rectification.
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4.6.2 Azimuthal mean flow

As was discussed in Section 4.6.1, tidal flows along sloping boundaries can
generate an alongshore mean flow in rotating fluids. In this section we confirm
such a flow in our measurements. In Fig. 4.9(a) we show the time mean of the
azimuthal velocity field over the 6 periods shown in Fig. 4.7(b). Obviously, the
azimuthal mean velocity shows a prominent band of negative (retrograde) ve-
locity somewhat left to the center of the annulus, and a narrower band of pos-
itive (prograde) velocity above the inner, sloping boundary. This can be seen
even clearer if we consider the azimuthal mean of the time mean azimuthal ve-
locity field (see Fig. 4.9(b)). Note that the maximum of the mean flow is about
12% of the amplitude of the time harmonic component of internal waves with
the forcing frequency. A (barotropic) multiple jet flow of the type shown in
Fig. 4.9(b) is typically unstable. Thus the occurrence of such a mean flow could
explain the existence of long topographic Rossby type of waves that will be
discussed in Section 4.6.3. Indeed, in the upper layers the mean velocity field
shows a wave-like structure over the slope, similar to that of Fig. 4.10. At the
surface, the azimuthal mean flow is dominated by a strong pro-grade current
along the outer rim of the annulus, with a maximum four times larger than the
maximum in Fig. 4.9(b). Possibly, wind stress might affect the surface layer of
the fluid in the rotating annulus. At intermediate depth, the structure of the
flow is similar to the one shown in Fig. 4.9(b), but the amplitude is somewhat
larger. It should be noted that for the upper layers the laser sheet shows a larger
part of the fluid over the slope. It is thus understandable that the maximum of
the retrograde flow increases with height. Nevertheless, the amplitude of the
pro-grade flow shows the same behaviour.

The mechanisms that drive banded mean flows in rotating stratified flu-
ids are still not fully understood. Recently, Read et al. (2004) created banded
mean flows in laboratory experiments on the same rotating platform that we
used for the experiments described here. In contrast to our experiment, they
used a homogeneous fluid. Moreover, in their experiments the slope covered
the full gap of the annulus and the mean flows were excited by convection,
triggered by spraying a salty fluid onto the surface. In our experiment wave
induced mixing could have a similar effect as convection and thus a large scale
azimuthal mean flow could be driven primarily by an inverse energy cascade
in geostrophic turbulence (Read et al., 2004). On the other hand, the retrograde
flow above the slope could also be explained by the mechanism given in Maas
& Zimmerman (1989b) and Maas & Zimmerman (1989a). However, the retro-
grade flow has a rather barotropic structure, whereas the flow described by
Maas and Zimmerman is strongest at the bottom. 3

3In the paper by Read et al. (2004) experiments without a slope are described also. They find
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FIGURE 4.9: Time mean of the azimuthal flow field.

4.6.3 Rossby waves

The probe data show low frequency oscillations too. These frequencies come
from the slowly propagating topographic Rossby waves. In Fig. 4.10 we show
the radial velocity field at a depth of 8cm, averaged over two periods. The
azimuthal wavelength of the pattern is about 2.0m and the wave propagates
with an azimuthal phase speed of about 0.8× 10−3m s−1 in retrograde direction
(towards smaller values of y).

There is a however a problem: a phase speed of 0.8cm/s is too slow for
topographic shelf waves. The radial velocity for such waves is proportional
to J2(K), where J2 indicates a Bessel function of the first kind, of order 2.
The value K is an eigenvalue computed from boundary and matching condi-
tions (see Pedlosky, 1992, p632). We estimate a value of K from the wavelength
and the phase speed which is one order of magnitude too large.

Inspecting Fig. 4.9(b), we find a large mean flow, about two orders of mag-
nitude larger than the observed phase speed. From the figure we estimate a
mean flow close to the sloping inner wall of about 5cm/s in which the wave
propagates. Taking this mean flow into account, we find a consistent value for
K. We have to keep in mind however that the mean flow is not truly constant,
and the model we present here is a simplification.

Again considering Fig. 4.9(b), one observes that the second derivative of
the mean flow changes sign at about 25cm from the sloping wall (at a height of
8cm from the fluid surface). At this location a strong shearing flow is present.

a azimuthal mean flow that has a somewhat similar structure to the one described here. The
retrograde part seems to be broader and there is less jet structure. They call this a single-cell
circulation and think it is a wind stress related feature.
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FIGURE 4.10: Mean radial velocity field, 8cm below the surface. The shelf is on the left
side of the figure. The wave propagates in retrograde direction, towards small values
of y.

As discussed in Section 4.6.1, it is this shearing flow which could cause the
instabilities that give rise to the Rossby waves we observe. Furthermore, the
shearing mean flow might also act as a barrier that traps the Rossby wave (see
e.g. Harlander et al., 2000). This is not inconsistent with the wave shown in
figure 4.10, where we see the wave decaying exponentially at about x = 25cm.

The pattern does not depend much on depth, thus it is not a bottom trapped
mode. The internal Rossby radius of deformation LD = NsD/ f (Ns = 2 f , D =
0.6m) is approximately twice the wavelength of the wave shown in Fig. 4.10
which explains its quasi-barotropic structure (Pedlosky, 1992, p.411) and its
similarity to Rossby β-waves.

4.7 Conclusions and Discussion

In this paper we collected experimental evidence for strong mixing in a strati-
fied rotating basin. Internal wave reflection and the formation of a wave attrac-
tor were found to be the cause of this mixing of the density profile. As a forcing
mechanism for the internal waves we identified a boundary layer eruption at
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a corner of the domain. We will briefly review each of the mentioned steps.
The remarkably strong mixing of the density profile was discussed in Sec-

tion 4.5.1. Since the fluid was not directly disturbed, no obvious turbulence is
present, and the basin is axisymmetric, none of the usual mechanisms for mix-
ing is present. This compels us to examine other avenues, and the remainder
of the paper was devoted to the detection of internal waves and wave beams
that act as a mixing device.

We firstly discussed the boundary layer, and the possibility of its eruption
into the interior. Theoretically the boundary layer eruption was made plau-
sible, by modification of the theory by MacCready & Rhines (1991), opening
the possibility for singularities in boundary layer depth in Section 4.3 and ap-
pendix 4.A. Experimentally, the beam was very clearly observed (Section 4.5.2).
It is as yet unclear why only waves were generated at the bottom of the shelf.
Of course, it is the only location at the boundary where the critical angle is
truly existent. However, it was argued that the critical angle is supposed to be
’degenerately buried’ in sharp corner points. Perhaps this view does not hold,
further experimentation could shed some light on this issue.

Using harmonic analysis techniques we obtained phase and amplitude pic-
tures in radial cross-sections. Wave beams were clearly observed. Further-
more, phase and amplitude strongly suggest the formation of a wave attractor.
In Section 4.5.2 the formation of the wave attractor was presented. Also, dia-
grams of the flow in a radius-time plot show not only data consistent with the
existence of a wave attractor (Section 4.5.3), but also the generation of mean
flow (Section 4.6.1). Furthermore, we report in this section on Rossby waves,
which may also be indicative of strong mixing (Solomon et al., 1993). Consider-
ing the above, we believe that we have established the scenario sketched at the
beginning of the introduction. Possibly this insight may be of use to explain
mixing in oceans, where the combination of rotation, stratification and bound-
ary topography can similarly lead to efficient localized mixing. This in turn
would have consequences in climate research and would impact large scale
ocean flow (Wunsch & Ferrari, 2004) and biology (Witbaard et al., 2005).
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Attractors.

Appendices to Chapter 4

4.A Physical model

Equations of Motion

This section will introduce the physical model for describing gravito-inertial
waves. Under the Boussinesq approximation the linearized equations of mo-
tion for the velocities u = (u, v, w), density ρ and pressure p may be written

ut + u · ∇u = −∇p− gρk + ν∆u,

ρt − N2(z)ρ∗

g u · k = κ∆ρ,
∇ · u = 0.

(4.9)

The depth-dependent quantity N2 = − g
ρ∗ {

dρ0
dz + ρ0g

c2
s
} is the Brunt-Väisälä (or

inertial) frequency, the constant ρ∗ is a depth-averaged density, ρ0(z) is a static
density profile, g is the gravitational constant. Furthermore, ν is the kinematic
viscosity and κ is the thermal diffusivity.

We ignore the non-linear terms and transform the equations to a frame of
reference that rotates along angular velocity vector Ω0. This introduces two
fictitious forces:

1. the Coriolis force, 2Ω× u,

2. the centrifugal force, Ω×Ω× r = −Ω2∇r2/2,

where r and u denote the 3D position and velocity vectors respectively, as ob-
served from the co-rotating frame. Note now that the centrifugal force may be
absorbed in a reduced pressure P, as demonstrated before in Section 1.2. This
gives us,

ut + f× u = −∇P− gρk + ν∆u,

ρt − N2(z)ρ∗

g u · k = κ∆ρ,
∇ · u = 0,

where f is twice the angular velocity Ω and f = (0, 0, f ).
We have now transformed the equations to a frame of reference, rotating at

a rate Ω0, while in our experiment we have set a total rotation rate of Ω = Ω0 +
Ω′(t), consisting of a constant, Ω0, and a time periodic part, Ω′(t). However,
one can show that the effect of the perturbation Ω′(t) is felt in the boundary
conditions only. Usually one would pose (u, v, w) = 0 boundary conditions in
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a viscous context. In our case however, instead of v = 0, the time dependent
modulation induces a boundary condition v = Ω′r.

We now perform some calculations on the governing equations, in order to
obtain a manageable expression. Define L = ∂t − ν∆ and T = ∂t − κ∆, with
ν = µ

ρ∗ . Then the governing equations can be written

Lu + f× u = −∇P
ρ∗
− g

ρ∗
ρk,

T ρ =
N2(z)ρ∗

g
u · k,

∇ · u = 0.

Apply T to the first equation. This allows us to insert the second equation,
yielding

T Lu− fT u× k = −T ∇P
ρ∗
− N2(z)(u · k)k.

We would like to eliminate the pressure by utilizing the vector identity ∇ ×
(∇p) = 0. Note that T and L commute with the curl operator and we obtain

T L∇× u− fT ∇× u× k = −N2(z)∇× u · kk. (4.10)

At this point we choose a cylindrical coordinate system with axes (r, θ, z). Fur-
thermore we use rotational symmetry and set all derivatives with respect to
the θ coordinate to zero 4 In this case the following identities hold

∇ · u = r−1∂r(ru) + wz,

∇× u = (−vz, uz − wr, r−1∂r(rv)),

∆u = urr + r−1ur + uzz,

In component form the equation (4.10) now reads

T L

 −vz
uz − wr

r−1∂r(rv)

− fT

 uz
vz

−r−1∂r(ru)

+ N2(z)

 0
wr
0

 = 0;

We still need to satisfy the continuity equation∇ · u = 0, which may be accom-
plished by introducing the stream function Ψ, satisfying (Ψz,−Ψr) = (ru, rw).

4Instead of setting derivatives to zero, there are other possibilities. E.g., separation in the form
u(r, θ, z) = f(r, z)g(θ), with a 2π-periodic function g, but this would complicate the discussion.
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This casts the equations in the form

T L

 −vz
r−1(Ψrr + Ψzz)− r−2Ψr

r−1∂r(rv))

+ N2(z)

 0
r−1Ψrr − r−2Ψr

0

 = fT

 r−1Ψzz
vz

−r−1Ψzr


Eliminate the velocity v from the second equation by applying L to it and in-
serting the first equation,

L2T (r−1(Ψrr + Ψzz)− r−2Ψr) + LN2(z)(r−1Ψrr − r−2Ψr) = − f 2T r−1Ψzz.

Introduce P = r−1Ψ and rewrite the above equation,

L(LT + N2(z))(Prr + Pzz) + (T f 2 −LN2(z))Pzz = −L(LT + N2(z))(r−1P)r.
(4.11)

This general equation is much too formidable to solve directly and we will
make some simplifications. We look for wave solutions to (4.11), i.e. we look
for solutions of the form

P(r, z, t) = <[P̃(r, z)e−iωt], (4.12)

but we will drop the tilde for notational convenience.
In interior of the fluid we assume the viscosity and diffusivity to be negligi-

ble. This is justified, since viscosity and diffusion coefficients are small (Batch-
elor, 1967). In this case the operators L and T simplify to L = T = iω and
(4.11) reduces to

Prr − λ2Pzz = −(r−1P)r,

with

λ2 =
ω2 − f 2

N2(z)−ω2 .

The Boundary Layer

At the boundary of the fluid domain the oscillating fluid has to adjust to the
boundary. We are interested in the boundary layer behaviour and consider
a small segment of the boundary locally. We describe this segment locally as
plane, inclined at an angle φ with the horizontal and parallel to the θ axis. We
rotate the coordinate frame in order to have the z axis perpendicular to the
slope, the θ axis cross slope and the r axis along-slope. We add a prime to
quantities in the rotated system. See Figure 4.11 for a schematic picture of the
axis rotation. We need the following transformations
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r′

θ = θ′

FIGURE 4.11: The local coordinate system (primed) for use in the boundary layer cal-
culations. The curve represents the boundary of the domain. The inward normal is z′,
while r′ is tangent to the boundary.

e′1
e′2
e′3

 =

cos(φ) 0 − sin(φ)
0 1 0

sin(φ) 0 cos(φ)

e1
e2
e3

 .

The relevant differential operators transform as

∂rr = cos2(φ)∂r′r′ + sin2(φ)∂z′z′ − 2 sin(φ) cos(φ)∂r′z′ ,

∂zz = sin2(φ)∂r′r′ + cos2(φ)∂z′z′ + 2 sin(φ) cos(φ)∂r′z′ ,
∂rr + ∂zz = ∂r′r′ + ∂z′z′ .

At this point we need some additional simplification. In our experiment r ≈ 6
and z ≈ 0.6, thus r � z. This justifies setting all terms of (4.11) involving
r−1 to zero. Furthermore we assume that in the boundary layer derivatives
with respect to r′ are negligible compared to derivatives with respect to z′.
This means that we assume rapid variation in the boundary layer z′ direction
(needed to adjust the interior of the fluid to the boundary) and slow variation
along the boundary layer. This gives us

∂rr = sin2(φ)∂z′z′

∂zz = cos2(φ)∂z′z′

∆ = ∂z′z′ .
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The equation for the boundary layer becomes

L(LT + N2(z))Pz′z′ + (T f 2 −LN2(z′)) cos2(φ)Pz′z′ = 0.

We simplify by assuming monochromatic wave motion, as in (4.12) and rewrite
the equation in terms of the along-slope velocity u = Pz′ :

iω[ f̃ 2 + Ñ2 −ω2]u(1) + [ω2(2ν + κ)− (κ f̃ 2 + νÑ2)]u(3)

+ iνω[ν + 2κ]u(5) − κν2u(7) = 0, (4.13)

with f̃ = cos(φ) f and Ñ = sin(φ)N. There are two cases of special interest
to our setting, oscillating and non-oscillating flow. These are the topics of the
next two paragraphs

Non-oscillating flow

When we have a steady flow, then ω = 0 and (4.13) reduces to

σÑ2 + f̃ 2

ν2 u(3) = −u(7),

with σ = ν/κ. The velocity is now a real valued function. The solution to this
ordinary differential equation is given by

u(z) = e
1√
2

4√cz[b1ei 1√
2

4√cz + b2e−i 1√
2

4√cz]

+ e−
1√
2

4√cz[b3ei 1√
2

4√cz + b4e−i 1√
2

4√cz] + b5 + b6z + b7z2,

with c = σÑ2+ f̃ 2

ν2 and constants b1, . . . , b7. We consider the following boundary
conditions,

u(0) = −U,
lim
z→∞

u(z) = 0.

The given constant U represents the value of the interior solution at the bound-
ary, which needs to be canceled by the boundary layer velocity. Far away from
the boundary, the boundary layer velocity should vanish, which amounts to
the second condition stated above. In order to satisfy the boundary condition
at infinity it must be the case that b1 = b2 = b5 = b6 = b7 = 0 and we find that
the real part of the velocity is given by

u(z) = e−
1√
2

4√cz[c1 cos(
1√
2

4
√

cz) + c2 sin(
1√

2 4
√

cz
)].
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The boundary conditions at z = 0 then imply

u(z) = e−
1√
2

4√cz[U cos(
1√
2

4
√

cz) + c2 sin(
1√
2

4
√

cz)]

for some unknown constant c2. Note that, in principle, the coefficient may
be determined by considering the vanishing of the velocity component v at
the boundary. The viscosities (ν) and diffusivities (κ) are small, thus we are
interested in the case c→ ∞. When c tends to infinity, the exponential function
is relevant on spatial scales z = O(c−1/4). We conclude that the boundary
layer height extends over

h = O( 4

√
ν2

σÑ2 + f̃ 2
), as ν ↓ 0 or κ ↓ 0.

Oscillating flow

Since κ and ν are very small parameters, we also neglect their products and
obtain the following differential equation

iω
κ

f̃ 2 + Ñ2 −ω2

σ(Ñ2 − 2ω2) + ( f̃ 2 −ω2)
u(1) = u(3)

with σ = ν/κ.
Recall that the oscillatory nature of the flow was introduced by u(z, t) =

<(eiωtu(z)). By definition of differentiation of complex valued functions fx(x) =
∂x<( f ) + i∂x=( f ) we obtain a system of equations, from which we obtain the
equation for the real part of u,

−ω2

κ2

(
Ñ2/(Ñ2 − 2ω2)− λ̃2

σ− λ̃2

)2

u(1) = u(5),

with λ̃2 = (ω2 − f̃ 2)/(Ñ2 − 2ω2). We proceed as in the non-oscillating case to
find the physically acceptable boundary layer depth and find

h = O(

√
κ

ω

(
σ− λ̃2

N̄2/(N̄2 − 2ω2)− λ̃2

)
), as ν ↓ 0 and κ ↓ 0.

4.B Methods of analysis

Vector field correction

The first basic correction to the vector fields was the application of a mask, to
hide areas of the field of view. In the vertical view we mask the part of the
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image that lies outside the fluid domain. Additionally we mask a strip at the
top of the field where the laser intensity was insufficient.

After applying the masks, there are two major corrections which need to
be applied to the vector fields. Firstly, the horizontal fields are measured in a
Cartesian (x, y) frame, yet we would like velocities in the radial and azimuthal
directions. The reason for this is that the modulation of the turntable induces a
relative azimuthal flow 5. We like to subtract this flow, which is most naturally
done in a cylindrical frame of reference. Denote unit vectors in the (x, y) frame
by x̂ and ŷ and unit vectors in the (r, θ) frame by r̂ and Θ̂. Let θ be the angle
between x̂ and r̂. The relation between the unit vectors can be easily seen to be

x̂ = r̂ cos(θ)− Θ̂ sin(θ),
ŷ = r̂ sin(θ) + Θ̂ cos(θ).

The correspondence between the velocities u = (u, v) measured in the (x, y)
frame and the velocities u′ = (ur, uθ) required in the (r, θ) frame can now be
found by projection

u′ = (u · r̂)r̂ + (u · Θ̂)Θ̂,

which yields

uθ = v cos(θ)− u sin(θ)
ur = v sin(θ) + u cos(θ).

The flow is a direct sum of the azimuthal flow induced by the modulation and
a ’perturbation’ flow which is of interest

uθ = uper + uazi.

In the experiment the rotation of the table is the sum of a steady rotation plus
a modulation. We assume that the steady rotation has produced a solid body
rotation that is perceived as zero motion relative to the moving frame of refer-
ence. The modulation of the azimuthal velocity induces the linear profile

vazi(r) = vrim sin(ωt−ω0)r/R, (4.14)

with settings vrim = 6 cm/sec, radius R = 6.5m and frequencies ω as given
in table 4.1). The phase ω0 is easily estimated using an harmonic analysis (see
Section 4.B).

5Although the camera is mounted on the turntable, we are not in an co-modulating inertial
frame. Viscous friction at the boundary introduces a retardation, and therefore a phase difference
with the modulation of the turntable.
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Correction for laser sheet projection

The second correction stems from the finite thickness of the laser sheet com-
bined with position and viewing angle of the camera. The camera projects
motion perpendicular to the laser sheet in a direction parallel to the sheet. This
creates artificial velocity components. This effect was found to be significant
only in the case of vertical sheets, where the vazi component is projected. We
assume that vazi is completely determined by the modulation of the turntable,
not by waves propagating in the azimuthal direction (in accordance with our
assumption of rotational symmetry of the field). We model the projection as
follows, suppose the true velocity is uazi = (0, vazi, 0), yielding measured ve-
locity um = (um, 0, wm) which is the sum of a true velocity in the radial plane
plus a projection:

um = (u, 0, w) + (up, 0, wp). (4.15)

If we can find the expressions for the the projections, assumed to be stemming
from the known azimuthal velocity, then we may subtract them from the mea-
sured velocities and obtain the corrected fields. Consider figure 4.12, where we
model the geometry of the projections. The following equalities hold,

C + ∆ = (up, 0, wp), (4.16)
C + a∆ = vazi. (4.17)

The fixed vector C′ points at the camera and is the sum of a vector X = (x, 0, z),
and a vector C = (C1, C2, C3) pointing to the camera from this position. For
these vectors the relation C = C′−X holds. We estimate C′ ≈ (−15, 270, 11)/s,
where s is the sampling rate in sec./picture. We can solve the system for the
unknowns up and wp to obtain

up =
vaziC1

vazi − C2
,

wp =
vaziC3

vazi − C2
.

We remove this contribution, using (4.15), to find the corrected fields

u = um − up,
w = wm − wp.

We find however that the correction is not always perfect, often residual gradi-
ents are found. For this reason we often consider the curl field of the velocities.
This works very well, since along an internal wave ray (or attractor) there is
considerable shearing motion. The curl responds to this shearing motion, inde-
pendently of the angle of the wave ray. Additionally, the curl does not respond
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FIGURE 4.12: This figure shows the laser sheet with the camera and projections. In
order to make the projection more clear, the dimension in the y direction is highly exag-
gerated. Thick arrows indicate velocity vectors. The fixed vector C′ points towards the
camera. Consider a point (x, 0, z) at the ’front’ of the laser sheet. The (non fixed) vector
C points towards the camera. At this point we have a velocity vazi = (0, vazi, 0) that is
projected to yield a velocity up = (up, 0, wp). The projection is in the direction of ∆, that
points to the tip of up. We can scale ∆ with an as yet unknown scalar a to have it point
at the tip of vazi. Note how C, ∆, a∆, vazi and up are all in one plane.

to gradients in the vector field, thereby effectively filtering out the needed laser
sheet correction.

Harmonic analysis

Harmonic analysis is a technique that can be used for estimating the amplitude
and phase of components of a flow that are expected to behave in a periodic
way, with a known period T. A signal f can be decomposed into its frequency
components kω ≡ k2π/T, for k = 0, 1, 2, . . ., as follows

f (t) =
∞

∑
j=0

Aj cos(ωtj) + Bj sin(ωtj). (4.18)

We apply this decomposition to each spatial component of our field. In our
case the fields are available at discrete times ,tk = k/s, for k = 0, 1, 2, . . . N,
with s the sampling rate of the camera. Write f (tk) = fk, then the harmonic
analysis for a component of the field can be represented in matrix-vector form
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as


1 cos(ω/s) sin(ω/s) cos(2ω/s) sin(2ω/s) . . .
1 cos(2ω/s) sin(2ω/s) cos(4ω/s) sin(4ω/s) . . .
...

...
...

...
...

...
1 cos(Nω/s) sin(Nω/s) cos(2Nω/s) sin(2Nω/s) . . .





A0
A1
B1
A2
B2
...


=


f1
f2
f3
...

 .

We truncate the series and estimate the coefficients Aj and Bj using a least
squares approach. Now note that the contribution of the term containing ωj is
given by

fk = Re(Aj − iBj)eiωjtk ≡ akRe(e(iωj−ψk)tk ),

with, for k > 0,

aj =
√

A2
j + B2

j , ψj = tan−1(
Bj
Aj

).

These quantities are the real-valued amplitude aj and phase ψj corresponding
to the j-th harmonic jω. Note that B0 is undetermined since in (4.18) the term
containing B0 reads B0 sin(ωt0 j) and t0 = 0. However, A0 is defined and gives
information on the amplitude of the mean flow.

EOF analysis

The Empirical Orthogonal Function (EOF) analysis is most suitable for (i) com-
pressing data, (ii) filtering out few dynamically significant components of a
complicated system, (iii) filtering out unwanted noise from the data. The EOFs
are orthogonal spatial patterns that can be seen as empirically derived basis
functions. Frequently, the low-order EOFs are interpreted as the natural modes
of variability of an observed system although some caution is called for since
EOFs do not represent physical fields a priori. In the following we give a brief
description of how EOFs can be found from observations (see e.g. Harlander,
1997; v. Storch & Zwiers, 1999). First, let p be the number of grid points and let
q be the number of observations at different times. Enumerate the grid points
in some arbitrary fashion to obtain a matrix of data values F ∈ Rp×q, with fik
equal to the value of gridpoint i at time k.

The ensemble mean is defined as

f̄ = q−1F1q,

where 1q ∈ Rq is the vector of ones. The deviation from the ensemble mean is
defined as

F̃ = F− f̄1T
q .
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We now construct a covariance matrix by

C = F̃F̃∗,

where the star indicates complex conjugate transpose. The eigenvectors pi of
the covariance matrix are the EOFs and they form an orthogonal basis. There is
however a more efficient way to obtain the eigenvectors and eigenvalues. Let
FQ = PΣ be a singular value decomposition. It is easy to show that the left-
singular vectors pi in the columns of P are exactly the eigenvectors of C. The
eigenvalues λi of C are the square of the singular values σi of F. This eliminates
the need to form F̃F̃∗ explicitly.

Note that, although called functions, the EOFs are actually vectors. Any
discrete field at time k, which is the k-th column of F can be expanded in terms
of the left singular vectors pi by projection,

fk =
p

∑
i=1

aikpi, aik = p∗i fk, (4.19)

where the aik are called ’the time dependent EOF coefficients’ (sometimes also
referred to as principal components). Note that the equal sign in (4.19) holds
only if all p eigenvectors are considered. However, in practice the sum con-
verges rapidly so that only a few eigenvectors will be taken into account, namely
the ones corresponding to the largest eigenvalues. It can be shown that the
eigenvalues λi of the covariance matrix are a measure for the amount of vari-
ance explained by the corresponding eigenvector pi.

The standard EOF analysis ignores the time evolution of the analyzed field.
In contrast, Hilbert EOFs (sometimes also called complex EOFs) account for
patterns that evolve in time. As a first step we perform an harmonic analysis
on our signal f. In appendix 4.B it was shown how to find the coefficient vectors
Ak and Bk, containing the coefficients for all elements of the field at frequencies
kω = 2kπ/T. Define

f̂j(t) =
(q−1)/2

∑
k=0

Bk cos(ωkj)−Ak sin(ωkj).

Hilbert EOFs are defined as an EOF analysis of the complexified field FH given
by

fH
j = fj + if̂j.

Real and imaginary part of the Hilbert EOFs show one complete cycle of the
corresponding variance pattern: the real part shows the patterns at t = 0, the
imaginary part shows it at t = π/2, the real part multiplied by −1 gives the
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pattern at t = π, and the imaginary part multiplied by −1 shows the variance
pattern at t = 3π/2. The period of the oscillating pattern can be found from
the Hilbert EOF coefficient, which contains the information about the complex
amplitude evolution in time.
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Samenvatting

Dit proefschrift beschrijft numerieke oplosmethoden voor het benaderd oplos-
sen van de zogenaamde Poincaré vergelijking. Deze vergelijking beschrijft op
een wiskundige manier het gedrag van interne golven.

Nu is een interne golf een type golf dat zich wat merkwaardig gedraagt,
vergeleken met oppervlaktegolven zoals we die kunnen waarnemen aan het
oppervlak van het water. We kunnen ons afvragen wat een golf eigenlijk is en
dit lijkt lastig zonder het werkwoord ’golven’ te gebruiken. Een goed hanteer-
bare definitie van een golf is: ’een manier om energie te verplaatsen, zonder dat
het medium grote uitwijkingen vertoont’. Dit is waar voor golven op zee; een
kurk zal (ongeveer) op dezelfde plaats blijven terwijl de golven er onderdoor
lopen. De waterdeeltjes bewegen slechts op en neer, terwijl de golf lijkt te be-
wegen. Ook geluidsgolven gedragen zich op deze manier, wanneer we een ge-
sprek met iemand voeren bewegen de luchtdeeltjes die de golven dragen zich
slechts minimaal terwijl het geluid zich over lange afstanden kan verplaatsen.

Interne golven vormen ook een categorie van golven, zij bevinden zich
niet tussen vloeistof en lucht zoals oppervlaktegolven, maar in het inwendige
van een vloeistof. In bijvoorbeeld de oceanen bestaat een gestaag toenemende
dichtheid van het water wanneer we richting bodem bewegen. Zulke dicht-
heidsverschillen kunnen golven dragen, zoals het dichtheidsverschil tussen
water en lucht oppervlaktegolven mogelijk maakt. Een bijzondere eigenschap
van interne golven is dat ze zich manifesteren in bundels met een bepaalde
richting. Wanneer zo’n bundel een wand of bodem raakt weerkaatst de bun-
del en na meerdere reflecties kunnen zelfs complexe patronen van golfbundels
optreden. Een bijzonder patroon is de golfaantrekker, een gesloten baan waar
alle golven op den duur op belanden. Op en rond een golfaantrekker is de
golfbeweging het hevigst, je kan zeggen dat de energie er wordt ingevangen.

Het eerste hoofdstuk van dit proefschrift beschijft de natuurkundige as-
pecten van interne golven, de voorwaarden waaronder ze optreden en hun
gedrag, gevat in formules. De uitdaging is nu om oplossingen te vinden van
het zo geformuleerde vraagstuk. Hoofdstuk twee beschrijft hoe we een nu-
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merieke oplossing kunnen verkrijgen. Dat wil zeggen dat we een benaderde
oplossing zoeken, door het probleem in een aantal deelproblemen te verdelen
die vervolgens door de computer doorgerekend kunnen worden. Er zijn ver-
schillende van zulke ’discretisatie methoden’. Wij gebruiken een variatie op de
zogenaamde Eindige Elementen Methode, waarbij het domein waarop we wil-
len rekenen wordt opgesplitst in een aantal deelgebieden (het ’rooster’). Maar
voor het zover is, is het een goed idee om het probleem te analyseren.

Wiskundigen houden ervan om een gesteld probleem te vereenvoudigen
totdat slechts de essentie overblijft, in dit geval kunnen we het hele probleem
herleiden tot de zogenaamde Poincaré vergelijking. Het blijkt dat deze ver-
gelijking uiteindelijk oneindig dunne golfstralen beschrijft, die weerkaatsen in
een basin en zo diverse patronen kunnen volgen (zie bijvoorbeeld de linker
kolom in Figuur 1.6). Blijkbaar hebben we in ieder geval het golfbundelgedrag
goed gevangen in ons vereenvoudigde model.

Dit vereenvoudigde model verschaft ons verder inzicht over het gedrag van
de oplossingen. De golven (lijnen in ons model) hebben een bepaalde hoek
met de verticaal en reflecteren aan wanden. Het blijkt nu dat het uiteindelijk
resulterende patroon heel sterk afhangt van de hoek van de golfstraal, en de
precieze vorm van het basin. Wiskundigen hebben het in zo’n geval over een
slecht-gesteld probleem; variaties in de oplossingen varieren niet continu met va-
riaties in de parameters. Anders gezegd, een willekeurig kleine variatie in een
eigenschap van de golf kan een willekeurig grote verandering in de oplossing
teweeg brengen.

Dit heeft serieuze consequenties voor de numerieke oplosmethode, het blijkt
dat de extreme gevoeligheid van het probleem ten opzichte van de omgeving
direct impliceert dat numerieke oplossingen ook niet meer te vertrouwen zijn.
Het discretiseren van het probleem met behulp van een nauwkeuriger rooster
zorgt er al voor dat we totaal andere oplossingen vinden, terwijl je in zo’n ge-
val juist zou willen dat er betere oplossingen gevonden worden. De remedie
die we voorstellen is een regularisatie techniek. Grofweg gesproken zoeken we
niet naar een oplossing onder bepaalde voorwaarden, maar we zoeken naar
een bepaalde combinatie van oplossingen die zich bevinden bij naburige voor-
waarden. Dit doen we op zodanige manier dat we een oplossing vinden die
de energie minimaliseert. De energie is een maat voor de gladheid van de op-
lossing, en het blijkt dat we met behulp van deze regularisatie techniek inder-
daad oplossingen vinden die er ’glad’ uitzien en ook stabiel blijven wanneer
we kleine veranderingen in de randvoorwaarden aanbrengen. Bijvoorbeeld
Figuur 2.10 geeft duidelijk aan hoe regularisatie een acceptabele oplossing kan
produceren.

Hoofdstuk drie beschrijft een alternatieve regularisatie techniek. In tegen-
stelling tot de mathematische aanpak in het vorige hoofdstuk gebruiken we
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hier een fysische eigenschap van het water, de viscositeit. De term viscositeit
staat voor de stroperigheid van een vloeistof. Tot nu toe beschouwden we een
vloeistof met viscositeit nul, dat wil zeggen dat waterdeeltjes straffeloos langs
elkaar kunnen schuiven. In werkelijkheid is een vloeistof altijd visceus, en
een waterdeeltje zal bij beweging zijn naburige deeltjes meevoeren. Dit effect
werkt ook regulariserend, het dwingt een bepaalde gladheid af op de golfpa-
tronen. Het probleem met dit type regularisatie is dat het effect in zekere zin
klein is, de grootheid die de sterkte van de viscositeit meet is in de orde van
een duizendste kilogram per meter-seconde. Wanneer we ons vraagstuk be-
naderend oplossen, is dit kleine getal dan nog wel significant? Of, is voor het
gediscretiseerde probleem de viscositeit effectief nul? We hebben deze vraag
geprobeerd te beantwoorden door het uitvoeren van computer experimenten
bij verschillende viscositeiten. Het blijkt inderdaad dat wanneer de viscositeit
te laag wordt, dat het effect niet voldoende meer is. Een extra toegevoegde
regularisatie methode is dan aan te raden. Verder bevat dit hoofdstuk schattin-
gen van eigenschappen van de oplossingen door de viscositeit te beschouwen
als een perturbatie (’storing’) op een eenvoudiger probleem. De oplossingen
van het verstoorde probleem zijn dan te beschouwen als kleine verstoringen
van de oplossingen van het onverstoorde probleem, waar we al veel kennis
over bezitten. Zo zijn uitspraken gedaan over de stabiliteit van de oplossing
en er is aangetoond dat de uitdemping van de golven lineair afhangt van de
sterkte van de viscositeit.

Het laatste hoofdstuk gaat in op een tot nu toe wat onderbelicht aspect, wat
is het praktische nut van het bestuderen van de eigenschappen van interne gol-
ven? Deze golven bestaan in oceanen, maar zoals gezegd manifesteren ze zich
in de vorm van sterk gelocaliseerde golfbundels. Hebben interne golven dan
nog enig significant effect, of is de toegevoegde waarde van dit proefschrift
puur theoretisch? Het blijkt dat interne golven praktisch nut hebben, omdat ze
voor menging kunnen zorgen in vloeistoffen. Deze menging treedt op wanneer
een golfstraal reflecteert aan de bodem van de oceaan of zee. Zo’n menging is
interessant voor biologen, het zorgt ervoor dat nutriënten worden opgewoeld
en kan daardoor zorgen voor voedselbronnen voor zeeleven. Een ander effect
van menging is dat het diverse eigenschappen van een vloeistof herverdeelt.
Menging egaliseert bijvoorbeeld dichtheid en energie van het water. Dit is van
belang voor de grootschalige oceaancirculatie, die op zijn beurt weer bepa-
lend is voor het klimaat op aarde. In de beschrijving van deze circulatie is een
bepaalde hoeveelheid menging nodig, maar nog niet alle bijdragen aan de be-
nodigde menging zijn verklaard. Het is zeer wel mogelijk dat reflecterende
interne golven deze rol kunnen vervullen.

In het laboratorium hebben we metingen gedaan aan dichtheids-gelaagd
water in een roterend basin. Rotatie is, naast dichtheidsverschillen, ook een
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mechanisme dat interne golven mogelijk maakt. Aangezien de aarde roteert is
het belangrijk dit aspect ook te modelleren in ons experiment. Na analyse van
de verkregen data bleek dat inderdaad een zeer sterke mening had opgetre-
den. Het experiment was zo opgezet dat een golfaantrekker kon bestaan, ook
deze was duidelijk zichtbaar in de experimenten. De kaft van dit proefschrift
laat een dwarsdoorsnede van het basin zien, waar de (numeriek berekende)
golfaantrekker zichtbaar is. Daar overheen is experimentele data geplot die
mooi de vorm van de aantrekker volgt. Het valt op dat in de linker onderhoek
van het basin een andere straal zichtbaar is, die niet in de numerieke oplossing
te vinden is. Het blijkt dat de golven worden opgewekt in de hoeken van het
basin.

De verklaring hiervoor moet gezocht worden in de grenslaag, een smalle
laag water aan de wand waar de vloeistof zich aanpast aan de roterende wand.
In dit hoofdstuk hebben we theoretisch aangetoond dat deze grenslaag zich
in hoekpunten kan openen, waardoor een aandrijvend mechanisme voor de
interne golven wordt aangeboden.

Hiermee is de uiteenzetting compleet: grenslaag erupties drijven interne
golven aan, deze golven lopen naar een aantrekker en wanneer ze reflecteren
mengen ze het water.
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