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Preface

I have been involved in the use of ICT for mathematics for many years now. As a mathe-
matics teacher, my implementation of ICT in the curriculum was ‘quick and dirty’: I would
think of using a certain computer tool, and make an accompanying lesson plan; the plan
was then executed, and revised almost daily. Some experiments, which seemed successful,
were added to the curriculum permanently; other experiments were disastrous, with the re-
sult that I would not look at certain tools for years. All this is the typical environment in
which a teacher operates. By 2007 I was becoming more and more curious about the ef-
fects of all these wondrous tools I was deploying, especially in the field of algebra. I want-
ed this to be more than ‘just a hunch’ and applied for a position within the DUDOC
Program to carry out educational research on a relevant mathematical topic in secondary
school. This thesis documents the development and outcomes of this research that was car-
ried out between 2007 and 2011 at the Freudenthal Institute for Science and Mathematics
Education, Utrecht University. In addition to my scientific aims it was my intention to
build bridges on several levels. 

First and foremost I sought to bridge theory and practice. In theory, educational re-
search has educational practice as its object of study. It can, however, be problematic to
apply theoretical results of research to educational practice:  theory should be informed
more by practice. Equally, actors such as students and teachers in the field (practice)
should try to reap the benefits of research that has taken place. I am sure that bridging the
gap between theory and practice would be beneficial for both educational research and
practice. For this reason one goal of the study was to disseminate findings from the study
to the realm of mathematics teachers in the Netherlands (e.g. Bokhove, 2011). 

Second, in using a mixed method approach qualitative and quantitative methods are
combined not only because the accompanying research questions invite this approach, but
also because the two methods complement each other. A qualitative approach examines
the underlying factors: why does it work and how does it work? A quantitative approach
often provides a basis for generalizations: does it work and what factors determine that it
works? As many studies seem to rely on just one approach, this study shows the benefits
of a mixed method by providing an integrative picture.

Finally, this study was undertaken in the firm belief that procedural skills and concep-
tual understanding are closely interlinked: understanding leads to improved skills, better
skills can lead to deeper understanding. In this sense, the study would like to contribute to
ending the ongoing debate between proponents of both ‘sides’, and bridge the gap.

I think that if we can bridge these gaps, step by step, we can all benefit: teachers from
researchers, researchers from teachers, and thus in the end the whole of society.
7
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To Miriam, Kieran, Skye, Fionn,
Bran and Alec

If people do not believe that mathematics is simple, it is only because they do not realize
how complicated life is.  ~John von Neumann
8
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Introduction

1 Research context: ICT and algebra

For several years the skill level of students leaving secondary education in the Netherlands
has been discussed. Lecturers in higher education -for example- often complain of an ap-
parent lack of algebraic skills. This problem seems to have grown larger during the last few
years and is not restricted to the Netherlands. In 1995 already, the London Mathematical
Society reported:

(i) a serious lack of essential technical facility—the ability to undertake numerical
and algebraic calculation with fluency and accuracy;

(ii) a marked decline in analytical powers when faced with simple problems requir-
ing more than one step;

(iii) a changed perception of what mathematics is — in particular of the essential
place within it of precision and proof.

(London Mathematical Society, 1995, p. 3)

. The key point of the relationship between procedural skills and conceptual understanding
has been widely debated. This relationship plays a central role in the 'Math wars' discus-
sions (Schoenfeld, 2004). An important issue in this debate is how students best acquire
algebraic expertise: by practicing algorithms, or by focusing on reasoning and strategic
problem solving activities. The first approach sees computational skills as a prerequisite
for understanding mathematical concepts (US Department of Education, 2007). In the lat-
ter approach, the focus is on conceptual understanding (ibid.). Even if the idea is shared
that both procedural skills and conceptual understanding are important, there are disagree-
ments on their relationship and the priorities between the two. What is certain is that the
debate also gained a foothold in Dutch education and therefore many Dutch institutions for
higher education established entry exams and bridging courses to assess and improve stu-
dents’ mathematical skills (Heck & Van Gastel, 2006). In 2006 a Dutch project called
NKBW (National Knowledgebase Basic skills Mathematics) was started to address and
scrutinize this gap in mathematical skills between secondary and higher education. The fi-
nal report of the NKBW project (Consortium NKBW, 2007)  reaffirmed that there is a
problem with mathematical skills, algebraic skills in particular, but concluded that more
research on the nature of the problem must be conducted. To tackle the issues of limited
algebraic skills, this research focuses on two relevant issues in mathematics education at
Dutch upper secondary level. On the one hand signals from higher and secondary educa-
tion that students lack algebraic skills (Tempelaar, 2007; Tempelaar & Caspers, 2008; Vos,
11
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2007); on the other hand the use of ICT in mathematics education. To stress the importance
of both issues they are also addressed in the vision document entitled ‘Rich in meaning’
by the Dutch national committee for mathematics curriculum reform (cTWO, 2007).
Amongst others, the report stresses the importance of numbers, formulas, functions, and
change, and claims that ICT should be ‘used to learn’ and not ‘learned to use’. Other im-
portant points in the cTWO report are: 

• A specific case is made for the transition of students from secondary education towards
higher education. It is stressed that this transition needs more attention.

• The importance of assessment of algebraic skills is stressed. 
• One statement mentions the pen-and-paper aspect of mathematics. In the end transfer

should not only take place mentally, but also notation wise.

. We conclude that there is ample reason to address the issue at stake. As algebraic skills
will have a more prominent position in the 2015 mathematics curricula, the research is
closely related to the reform of science and mathematics education in the Netherlands.
Having said this, in this modern age it also makes sense to use the potential of ICT for ad-
dressing algebraic skills. According to many available resources, the potential of comput-
ers for secondary education has been widely recognized (Voogt & Knezek, 2008). In line
with recent research findings (e.g. Goos et al., 2009; Heid & Blume, 2008a, 2008b; Li &
Ma, 2010; Pierce & Stacey, 2010), the U.S. National Council of Teachers of Mathematics
(2008) acknowledges the potential of ICT for mathematics education in its position state-
ment. The Freudenthal Institute for Science and Mathematics Education at Utrecht Uni-
versity also has a tradition in the topic of assessment for mathematics (e.g. Van den
Heuvel-Panhuizen, 1996) and the use of digital tools with feedback (e.g. Kolovou, 2011).
Because of this potential, the last decade has seen a rise of online environments for algebra.
We should however keep in mind that learning algebra with technology can be different
from learning with pen-and-paper. Research within the framework of instrumental and an-
thropological approaches shows that the use of ICT tools and conceptual understanding in-
teract (Artigue, 2002). To exploit ICT's potential for the development of algebraic
expertise, it is crucial that students can reconcile conventional pen-and-paper techniques
and ICT techniques (Kieran & Drijvers, 2006). This is the main reason why the design of
a digital tool or intervention is complex. Beeson (1998) sums up design principles that are
important for digital algebra environments. Building on Buchberger’s (1990) whitebox/
blackbox distinction, Beeson stresses the importance of transparency of the solution pro-
cess for educational practice. Combining the development of algebraic expertise and edu-
cational use of ICT, the aim of this study is to design an online environment for the
formative learning of both procedural skills and conceptual understanding in algebra, in-
vestigate the effects of the environment, and to identify decisive factors that influence the
outcome.
12
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2 Research questions

To address these issues, this study focuses on the following central research question: in
what way can the use of ICT support acquiring, practicing and assessing algebraic exper-
tise? 
As a first step, this question is briefly analyzed word-by-word:

In what way: the premise of the research is that ICT can be used to support learning,
testing and assessing mathematical skills. The question is how this should take place.
Use of ICT: the second premise is that the use of ICT should have an important role in
the math curriculum, as it has the potential for developing skills any time, any place. 
Acquiring is about developing actual understanding of the subject at hand. 
Practicing refers to the development of skills through practice.
Assessing: not only final results, grades and scores are important, but also the ways in
which mathematical concepts are learned and tested diagnostically. The premise is that
(formative) assessment for learning should be central.
Algebraic expertise: when students leave secondary education they are expected to
have learned certain skills. Here we focus on algebraic skills, with particular attention
given to skills in relation to conceptual understanding. In the literature, this is ad-
dressed by the notion of algebraic expertise.

. The main question is elaborated in several sub-questions.

A first category of questions concerns the choice of a digital tool. Before we set out to use
ICT tools it is important to know what characteristics such a tool should have:
1a) Which criteria are relevant for the evaluation of digital tools for algebra education?
Next, the identified characteristics should guide the choice of tool for the study:
1b) Which digital algebra tool best meets these criteria?

A next category of questions focuses on algebraic expertise. Does an intervention made
with this tool actually enable students to show or not show algebraic expertise? And how
can this be investigated? We wonder which theoretical concepts can help.
2a) Do the concepts of symbol sense, gestalt view and pattern and local visual salience,
described in a pre-digital era, help us in understanding what students do in a digital envi-
ronment?
As feedback plays an important role in the intervention it is important to see if it can be
improved by making use of students’ domain knowledge:
2b) Can the feedback design of a digital tool be improved with students?
And if it can be improved, how could this be done best:
2c) What methodology can be used to elaborate appropriate feedback for students?
13
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The third category of sub-questions focuses on feedback design. The question to answer is
in what way feedback can be implemented and used in the design of the intervention: in
what way can feedback be used in the design of an intervention and what are its effects?
Three principles that already came up in answering question 2a are investigated: timing
and fading, crises and variation:
3a) Timing and fading: are there indications that formative scenarios improve the acquisi-
tion of algebraic expertise?
3b) Crises: do crises in algebraic tasks improve the acquisition of algebraic expertise?
3c) Variation: does variation in feedback influence scores and student behavior?

Finally, the overall effects of the intervention have to be studied, and in particular the fac-
tors that predict algebraic performance.
4a) What is the effect of an intervention on the development of algebraic expertise, includ-
ing both procedural skills and symbol sense? 
4b) What factors predict the resulting algebraic performance, taking into account the inter-
play between multilevel factors, and compositional effects on both class and student level?

The hypothesis is that the use of ICT tools, if carefully designed and integrated in an inter-
vention, can increase algebraic skill performance in general and algebraic expertise in par-
ticular.

The research aims at results including:
• Characteristics and evaluation criteria for algebra tools;
• Design and evaluation of a digital module for acquiring, practicing and assessing alge-

braic expertise;
• A methodology for implementing student-informed feedback into a digital algebra

tool; 
• A local instruction theory with design principles for using an ICT tool for acquiring,

practicing and assessing algebraic skills;
• More insight in the use of an algebra tools, its effects and what factors influence these

effects.
Four key topics emerge from these research questions: ICT tool use, algebraic expertise,
assessment and feedback. The latter two are closely related in the theoretical lens of for-
mative assessment, and therefore we will treat these as one within this framework. In this
introductory chapter we now globally describe the notions that underpin the study; further
elaborations can be found in the following chapters.
14
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3 Theoretical framework

The context of this research combines three key perspectives: ICT tool use, algebraic ex-
pertise, assessment and feedback. 

ICT tool use 

Technology has an impact on mathematics education. Research with calculators (Elling-
ton, 2003) has shown that the pedagogical role of tool use should not be underestimated.
The use of tools seems to strengthen a positive attitude towards education, showing that
there is more to learning than just practicing and testing. Guin and Trouche (1999) notice
that students have different ‘styles’ of coping with problems: random, mechanical, ratio-
nal, resourceful and theoretical. An important distinction in type of activity is between ex-
ploratory and expressive tools and activities (Bliss & Ogborn, 1989). They reside on a
continuum. When a procedure is described it is considered to be exploratory; choosing
one's own procedure is expressive (in an albeit limited manner). Initial play with a techno-
logical tool is often beneficial: it stimulates expression but also builds a purposeful rela-
tionship with the tool , and thus instrumental genesis (Guin & Trouche, 1999) can take
place. However, structured guidance is often necessary, as to avoid the ‘play paradox’
(Noss & Hoyles, 1992). This means that ‘playing’ with a tool sometimes enables students
to accomplish an activity without learning the intended concepts. For this study we con-
tend that some form of guidance is necessary.  Tool use is an integrated part of human be-
havior. Vygotsky  (1978) sees a tool as a mediator, a “new intermediary element between
the object and the psychic operation, directed at it”. Verillon and Rabardel (1995) distin-
guish artifact and instrument. The artifact is just the tool. The instrument is a psychological
notion: the relationship between a person and the artifact. Only after this relationship is es-
tablished one can call it an instrument. The mental processes that come with this are called
schemes. In short: instrument = artifact + instrumentation scheme. Trouche (2004) distin-
guishes instrumentation (how the tool shapes the tool-use) and instrumentalization (the
way the user shapes a tool). Instrumental genesis is the process of an artifact becoming an
instrument. In this process both conceptual and technical knowledge play a role (‘use to
learn’ and ‘learn to use’). To overcome the contrast between pen-and-paper and ICT based
learning, techniques for using an ICT environment have to correspond with traditional
techniques (Kieran & Drijvers, 2006). According to several studies (Artigue, 2002; Guin,
Ruthven, & Trouche, 2005), instrumental genesis in the case of computer algebra systems
is a time-consuming and lengthy process. When focusing on particular aspects of instru-
mental genesis, for example instrumentation, instrumentalization and technique (Guin &
Trouche, 1999), it becomes clear how students can use tools more effectively and what ob-
stacles hinder conceptual and technical understanding.  The instrumental approach in this
study played a role (i) when choosing an appropriate tool, and (ii) when thinking of ways
to improve the transfer from ICT towards pen-and-paper. This lens will return in chapter 2.
15
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Algebraic expertise 
The notion of understanding of mathematical concepts has been given different names.
Hoch and Dreyfus called this ‘structure sense’ (Hoch & Dreyfus, 2004). Arcavi (1994)
coined the term ‘symbol sense’. Symbol sense is an intuitive feel for when to call on sym-
bols in the process of solving a problem, and conversely, when to abandon a symbolic
treatment for better tools. Arcavi (1994) describes several ‘behaviors’ with one being
‘flexible manipulation skills’. The behavior of flexible manipulation skills requires a cer-
tain ‘Gestalt’ skill: one has to recognize certain features of algebraic expressions. Wenger
(1987) and Gravemeijer (1990) also studied this aspect of these global characteristics of
expressions. Here, ‘Gestalt’ plays a role: does he or she recognize similar parts of an equa-
tion? Not recognizing patterns often leads to ‘circularity’: rewriting an expression to final-
ly end up where you began. In line with this work, Drijvers, Goddijn and Kindt (2010) see
algebraic expertise as a dimension ranging from basic skills to symbol sense, as indicated
in Figure 1.  

Fig.1: Algebraic expertise as a dimension (Drijvers, Goddijn & Kindt, 2010) 

Basic skills involve procedural work with a local focus and emphasis on algebraic calcu-
lation, while symbol sense involves strategic work with a global focus and emphasis on
algebraic reasoning. Or as Zorn (2002) puts it: “By symbol sense I mean a very general
ability to extract mathematical meaning and structure from symbols, to encode meaning
efficiently in symbols, and to manipulate symbols effectively to discover new mathemati-
cal meaning and structure” (p. 4). The lens of algebraic expertise will be used for evaluat-
ing the items we should use: series of tasks should not only be based on repetition and
skills, but also on the possibility to discover patterns and symbols. Chapter 3 elaborates on
the lens of algebraic expertise.

Assessment and feedback
Black and Wiliam (2004) distinguish three functions for assessment: 
• supporting learning (formative)
• certifying the achievements or potential of individuals (summative)
• evaluating the quality of educational programs or institutions (evaluative)
16
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Summative assessment is also characterized as assessment of learning and is contrasted
with formative assessment, which is assessment for learning. In most curricula summative
assessment is used. Summative assessment is mostly aimed at grading and scoring. Some
researchers argue that, instead of providing a certain grade which seems to say what level
of knowledge a student has, formative tests give the student an insight into the nature of -
for example- their misconceptions. Black and William (2004) have made a case for more
formative assessment. In their article from 1998 they state that “improving formative as-
sessment raises standards” (Black & Wiliam, 1998). Actively involving the student, imple-
menting formative assessment as an essential part of the curriculum and motivating
students through self-assessment are key benefits of formative assessment. Means to do
this are feedback, self-assessment, reflection and interaction. This makes a good case for
tools that aid these factors. Black and Wiliam (1998) define assessment as being formative
when the feedback from learning activities is actually used to modify teaching to meet the
learner’s needs. Using pre-emptive formative assessment means using feedback as a cen-
tral element in the learning process (Hattie, Biggs, & Purdie, 1996). Instead of serving up
feedback too little too late, feedback is used pre-emptively, to make sure that the student
is on the right track. From all of this it is clear that feedback plays a pivotal role in the pro-
cess of formative assessment.

According to an overview by Mason and Bruning (2001) determining factors for effec-
tiveness of feedback are: elaboration, student achievement levels, depth of understanding,
attitude toward feedback, learner control, response certitude, and timing. To give an exam-
ple, Morrisson et al. (1995) found that delayed and knowledge-of-correct-response feed-
back may be more beneficial than answer-until-correct or no-feedback for lower level
learning, while Clariana (1990) concluded that answer-until-correct feedback may be more
effective for higher order learning than for lower level processing. While lower ability stu-
dents may benefit from more immediate, specific forms of feedback, higher ability stu-
dents may gain more knowledge from feedback that allows for active processing by the
student. Hattie and Timperley (2007) conducted a meta-review of the effectiveness of dif-
ferent types of feedback. The feedback effects of cues and corrective feedback are deemed
best. Feedback question works at four levels (focus of the feedback): the task level: how
well tasks are understood and performed (FT), the process level: the main process needed
to understand/perform tasks (FP), the self-regulation level: self-monitoring, directing and
regulating of actions (FR), and the self-level: personal evaluations and affect (usually pos-
itive) about the learner (FS). Hattie and Timperley (2007) also provide some statements on
the effectiveness of (combinations of) feedback types, including that FS feedback is least
effective, simple FT feedback is more effective than complex FT feedback, FT and FS do
not mix well (“Well done, that is correct” is worse than “Correct” only), and that FT is
more powerful when it's about faulty interpretations.  Furthermore they state that we
should be attentive to the varying importance of the feedback information during study of
the task. A review by Vasilyeva et al. (2007)  also provides recommendations for the ef-
17
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fective use of feedback in web-based application. In this study we focus on the use of for-
mative assessment, embedded in a didactical scenario, so-called formative scenarios, for
algebra. As feedback plays a pivotal role in these notions, the design of feedback should
be informed by these principles. Chapters 4 and 5 elaborate on the lenses of formative as-
sessment and feedback.  

4 Methods

As we aim to design an intervention in several iterations, the research is based on the prin-
ciples of design research (Van den Akker, 2006). The development throughout the cycles
can be characterized by a shift in focus: from more qualitative formative towards quanti-
tative summative. This involves upscaling from a small target audience towards a larger
target audience, as indicated in Figure 2 (Tessmer, 1993). This pragmatic approach re-
quires the methodology to be mixed: at first more qualitative, and more quantitative later
on, using a more quasi-experimental approach with pre- and post-tests. Research will take
place in one preparatory cycle and three subsequent cycles. Table 1 shows the study in its
different cycles, with foci on the different research sub-questions. 

Fig. 2: Layers of formative evaluation (Tessmer, 1993)
18



Proefschrift.book  Page 19  Thursday, October 20, 2011  10:06 PM
Table 1: Cyclic setup of the study 

5  Structure of the thesis 

The PhD thesis comprises a series of articles each addressing a different perspective of this
study on the use of ICT for acquiring, practicing and assessing algebraic expertise. These
articles have been submitted to different journals. Figure 3 illustrates the structure of the
thesis and shows which research question is answered in each chapter. This thesis consists
of one introductory chapter, five chapters that reflect journal articles, and finally a conclud-
ing chapter. Chapter 2 focuses on criteria for and evaluation of algebra tools. It aims to give
a clear picture of what characteristics are deemed important by experts (N=27) and as such
provides a framework for studying the plethora of tools that are available. The results of
this chapter inform the tool choice: why choose this tool and what characteristics of the
tool were paramount. With this tool we designed a prototypical online intervention for al-
gebraic expertise.

Chapter 3 reports on one-to-one think-aloud sessions with five 12th grade students. In
these sessions, the prototype of the digital intervention was tested. In particular, it was in-
vestigated whether using the online activities would invite both procedural skills and sym-
bol sense. In chapter 4 we report on how the same qualitative experiment also informed us
about ways in which we could design feedback for our tool by studying student behavior.
Based on the findings from previous chapters, the intervention was redesigned. We de-

When Cycle Description Sub-
ques-
tion(s)

N Ch.

2008 Preliminary 
cycle

In this cycle we set out to formulate criteria 
and characteristics for algebra tools, and eval-
uated a large number of tools. This allowed us 
to choose the tool that best fit our research 
goals. 

1a & 1b 2

Dec 2008 Cycle one In this cycle we wanted to see how a prototyp-
ical design of a digital intervention would 
work in one-to-one sessions with students. 
This informed us about the potential of using 
students to improve feedback within the tool, 
and the way in which this could be done suc-
cessfully.

2a, 2b & 
2c

5 3+4

Jan/Feb 
2010

Cycle two In two cycles we implemented three main 
design principles in the initial prototype and 
studied the effects of the digital intervention, 
as well as the factors that influenced this out-
come.

3a, 3b & 
3c

31 5

End 2010 Cycle three 4a & 4b 324 6
19



Chapter 1

Proefschrift.book  Page 20  Thursday, October 20, 2011  10:06 PM
ployed the intervention in a second cycle for two classes (N=31), after which we made the
final improvements based on several design principles.

Fig. 3: Thesis outline 

In chapter 5 we elaborate on the design principles we used and improved in an iterative
approach, and the way these principles worked or didn't work in the third and last cycle in
nine different schools (N=324), with students again from 12th grade. In chapter 6 we de-
scribe the overall effects of the online intervention in the third and last cycle (N=324). For
the data analysis multilevel modeling was used.

Chapter 7 synthesizes the gains from the study and discusses the lessons to be drawn
from its findings. Furthermore, it contains recommendations, discussion points and possi-
ble further research.
20
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Chapter 2

Digital tools for algebra education:
criteria and evaluation

Bokhove, C., & Drijvers, P. (2010). Digital tools for algebra education: criteria and evaluation. 

International Journal of Computers for Mathematical Learning, 15(1), 45-62.
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Digital tools for algebra education: 
criteria and evaluation 

1 Introduction 

Currently, algebra education is the subject of worldwide discussions. Different opinions on
goals, approaches, and achievements are at the heart of ‘math war’ debates (Klein, 2007;
Schoenfeld, 2004). Crucial in these debates is the relationship between procedural skills
and conceptual understanding in the teaching and learning of algebra. On the one hand,
computational skills are seen as a prerequisite for conceptual understanding (National
Mathematics Advisory Panel, 2007). Complaints from tertiary education focus on the lack
of such procedural skills, and in several countries higher education makes a plea for en-
trance tests on basic algebraic skills (Engineering Council, 2000). On the other hand, some
see the core of algebra education to be the development of strategic problem-solving and
reasoning skills, symbol sense and flexibility, rather than procedural fluency (National
Mathematics Advisory Panel, 2007). Future societal and professional needs lie in flexible
analytical reasoning skills rather than in procedural skills, according to this point of view.
As a consequence, algebra education should change its goals, focusing on new epistemol-
ogies and aiming at new types of understanding. This position is expressed in the Discus-
sion Document of the 12th ICMI study on algebra education:

An algebra curriculum that serves its students well in the coming century may look very differ-
ent from an ideal curriculum from some years ago. The increased availability of computers and
calculators will change what mathematics is useful as well as changing how mathematics is
done. At the same time as challenging the content of what is taught, the technological revolu-
tion is also providing rich prospects for teaching and is offering students new paths to under-
standing. (Stacey & Chick, 2000, p. 216)

The above quote raises the issue of technology in algebra education. Educational technol-
ogy plays a two-fold role in the discussion on the teaching and learning of algebra. First,
the availability of technology challenges the goals of algebra education. How much pro-
cedural fluency is needed if computer tools can carry out the work for us? What types of
skills are needed, or become increasingly important through the availability of technolog-
ical tools? Second, technology offers opportunities for algebra education and in that sense
is not only part of the problem, but might also be part of its solution. How can technolog-
ical tools become integrated in algebra education so that they support the development of
both meaning and procedural skills? To what new epistemologies and reconceptualizations
can and should the integration of ICT lead, and what learning formats become feasible for
teaching as well as for formative and summative assessment?
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If the teaching and learning of algebra might benefit from the integration of technology,
the subsequent question must be what type of technology to use, and what criteria deter-
mine this choice. Many different types of software tools are available, each providing op-
portunities and constraints for different activity structures and even different types of
knowledge to emerge. It is not a straightforward issue to foresee these effects and to decide
adequately on which tools to involve in the learning process and why. What is adequate,
of course, depends on the goals of and views on algebra education, on knowledge acquisi-
tions and learning, as well as on situational factors. 

In the Netherlands as well, algebra education, and the relationship between skills and
conceptual understanding in particular, is an important issue (Drijvers, 2006; Heck & Van
Gastel, 2006; Tempelaar, 2007).  Digital technologies offer opportunities to change epis-
temologies and activity structures and, as a consequence, to improve students in their proc-
ess of meaning making and skill acquisition. In order to investigate these opportunities, we
faced the challenge of deciding what tools to use. In our quest for an appropriate tool, clear
identification of relevant tool properties and measurable criteria were needed, as well as
making explicit our own goals and expectations. This led to the development of an instru-
ment for the evaluation of digital tools for algebra education, which embodies the ideas on
how digital technologies may enhance algebra education. The evaluation instrument con-
sists of a set of criteria for such digital tools. The process of choosing and evaluating tools
often remains implicit, including the even more implicit criteria that researchers or design-
ers have while doing so. So the proposed evaluation instrument helps us to better and more
consciously carry out the process of choosing tools, in a way that informs our research.The
design process and use of this evaluation instrument is the topic of this chapter. 

2 Conceptual framework and research questions

In order to design an instrument for the evaluation of technological tools for algebra edu-
cation, a clear view on the teaching and learning of algebra is a first prerequisite. In par-
ticular, what does the looked-for algebraic expertise include? The distinction between
procedural skills and conceptual understanding is helpful to frame the ideas on algebra ed-
ucation in this study. The book Adding it up (Kilpatrick, Swafford, & Findell, 2001) syn-
thesized the research on this issue. The central concept is mathematical proficiency, which
consists of five strands: conceptual understanding, procedural fluency, strategic compe-
tence, adaptive reasoning and productive disposition. Here, conceptual understanding is
defined as “comprehension of mathematical concepts, operations, and relations” (p. 116),
and procedural fluency as “skill in carrying out procedures flexibly, accurately, efficiently,
and appropriately” (ibid.). Furthermore, “the five strands are interwoven and interdepend-
ent in the development of proficiency in mathematics” (ibid.). 

Algebraic expertise thus includes both procedural skills and conceptual understanding.
To capture the latter, the notion of symbol sense is powerful (Arcavi, 1994). Arcavi (1994)
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defined symbol sense as “an intuitive feel for when to call on symbols in the process of
solving a problem, and conversely, when to abandon a symbolic treatment for better tools”
(p. 25), or, in the words from Zorn (2002), “a very general ability to extract mathematical
meaning and structure from symbols, to encode meaning efficiently in symbols, and to ma-
nipulate symbols effectively to discover new mathematical meaning and structure” (p. 4).
This is developed further in the concepts of structure sense and manipulation skills (Hoch
& Dreyfus, 2004). Procedural skills and symbol sense are intimately related: understand-
ing of concepts makes procedural skills understandable, and procedural skills can rein-
force conceptual understanding (Arcavi, 2005). In this study, therefore, we focus on an
integrated approach of algebraic expertise, and on the co-development of procedural skills
and symbol sense.

As well as having a view on algebra education, a study on the role of technology in al-
gebra education should also be clear about its view on technology. What is the role of tech-
nological tools in the teaching and learning of algebra? Speaking in general, technology is
considered as a potentially important tool for learning mathematics. The National Council
of Teachers of Mathematics states:

Technology is an essential tool for learning mathematics in the 21st century, and all schools
must ensure that all their students have access to technology. Effective teachers maximize the
potential of technology to develop students’ understanding, stimulate their interest, and in-
crease their proficiency in mathematics. When technology is used strategically, it can provide
access to mathematics for all students. (National Council of Teachers of Mathematics, 2008) 

In line with this, the general hypothesis underpinning this study is that the use of ICT tools,
if carefully integrated, can increase both algebraic skill performance and symbol sense in
the classroom. The use of technological tools in mathematics education is a specific case
of tool use in general, which is an integrated part of human behaviour. Vygotsky (1978)
saw a tool as a new intermediary element between the object and the psychic operation di-
rected at it. Verillon and Rabardel (1995) distinguished artefact and instrument. Instrumen-
tal genesis, then, is the process of an artefact becoming an instrument, including mental
schemes for using the tool, containing both conceptual and technical knowledge. As an
aside, we remark that the use of the expression ‘evaluation instrument’ in this chapter does
not refer to the instrumental framework just described, but to its more general meaning in
educational science of a ‘tool to measure’. 

More specific for algebra education, several studies (Artigue, 2002; Guin, Ruthven, &
Trouche, 2005) showed that instrumental genesis is a time-consuming and lengthy proc-
ess. Adapted form of Chevallard’s (1999) framework, Kieran & Drijvers (2006) stressed
the need for congruence between tool techniques and paper-and-pencil techniques and use
a Task-Technique-Theory triad to capture the relationship between tool techniques and
conceptual understanding. The congruence between tool techniques and paper-and-pencil
techniques, therefore, is an important criterion for useful ICT application. Furthermore, ac-
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tivities with technological tools should not address procedural skills in isolation, but
should offer means to relate procedural techniques and symbol sense insights. Activity
structures that exploit these opportunities can affect students’ epistemologies and knowl-
edge acquisition in a positive manner.

Of particular interest for its value for algebra education is the tool’s potential for pro-
viding feedback, an essential condition for supporting student learning and improving
chances of success (Gibbs & Simpson, 2004; Hattie & Timperley, 2007; Nicol & MacFar-
lane-Dick, 2006). The feedback can be direct (Bokhove, Koolstra, Heck, & Boon, 2006),
but also implicit, for example by providing the possibility of combining multiple represen-
tations (Van Streun, 2000).  Feedback is crucial if we want technology to act as a learning
environment in which students can engage in a process of practice or meaning making
without the help of the teacher. If feedback on learning activities is actually used to modify
teaching to meet the learner’s needs, one of the conditions for formative assessment is ful-
filled (Black & Wiliam, 1998). Formative assessment is assessment for learning rather
than summative assessment of learning. Black and Wiliam (ibid) made a case for more
room for formative assessment and claim that improving formative assessment raises
standards. Formative assessment is an essential part of the curriculum and has the key ben-
efit of motivating students through self-assessment. Therefore, for the purpose of design-
ing an evaluation instrument, particular attention is paid to formative assessment and
feedback characteristics of a tool.

The question now is how this conceptual framework, with its three key aspects from
algebra didactics (symbol sense), theories on tool use (instrumental genesis) and assess-
ment (feedback and formative assessment), can guide the choice of a digital tool for alge-
bra that offers good opportunities for developing new epistemologies and improved
symbol sense to the students. More precisely, the research questions that we address in this
chapter are as follows:
(1) Which criteria are relevant for the evaluation of digital tools for algebra education?
(2) Which digital algebra tool best meets these criteria?

3 Methods

For the design of the evaluation instrument a modified Delphi process was used (Hearn-
shaw, Harker, Cheater, Baker, & Grimshaw, 2001). As a first step in the design process, the
research team drew up an initial set of criteria for digital tools for algebra education. This
set was informed by the conceptual framework described above, which resulted in the cri-
teria being grouped into three main categories algebra, tool and assessment. For example,
principles of good feedback practice yielded criteria for the use of feedback, placed in the
assessment category. Criteria of a more general and often practical nature (e.g. cost of the
software) were put in a fourth, general category. 
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Items for this initial set were selected from literature sources by the researchers. Some
of these sources concerned mathematics, or algebra in particular: cognitive fidelity (Bliss
& Ogborn, 1989), mathematical fidelity (Dick, 2007) and expressive/exploratory environ-
ments (Beeson, 1989). Others were based on design choices reported by the designers of
the software Aplusix (Nicaud, Bouhineau, & Chaachoua, 2004; Nicaud, Bouhineau, Chaa-
choua, & Trgalova, 2006). General criteria for educational applets were found in Under-
wood et al. (2005). Principles on authoring facilities for teachers, addressing the needs of
the ‘neglected learners’, were addressed  by Sangwin and Grove (2006) and are in line with
Dick’s opinion that the possibility for teachers to author content themselves could bring
tool and pedagogical content together (Dick, 2007). Finally, several sources concerned the
third component of the conceptual framework, namely assessment. Amongst others, the
seven principles of good feedback practice (Nicol & MacFarlane-Dick, 2006) and the elev-
en conditions under which assessment supports students’ learning defined by Gibbs and
Simpson (2004) were considered. Assessment also involved the types of feedback distin-
guished by the University of Waterloo (2000). In addition to these literature sources, the
researchers used their experience from past projects on the use of technology for algebra.
This process resulted in an initial set of criteria, grouped into four categories: algebra cri-
teria, tool criteria, assessment criteria and general criteria. The first three criteria were
linked to our conceptual framework, the last category contained general characteristics. 

A second step in the design of the evaluation instrument involved the external valida-
tion of the initial set, including a check for completeness and redundancy. As not all crite-
ria are supposed to be equally important, we also wanted weights to be attributed to each
of the items, reflecting their relative importance. Therefore, the evaluation instrument was
sent to 47 national and international experts in the fields of mathematics and algebra edu-
cation, educational use of technology, and/or assessment. The experts were identified
through their contributions to research literature in this field. Out of the 47, 33 experts re-
sponded, six of whom qualified themselves as not knowledgeable enough, or not willing
to comment. The remaining 27 experts rated the importance of every criterion on a Likert
scale from 1 to 5, denoting ‘unimportant’, ‘slightly unimportant’, ‘neutral’, ‘slightly im-
portant’, ‘important’ and the option to give no answer. These scores were used to deter-
mine the relative weights of the individual criteria. Other approaches than using Likert
scales, like ranking and constant sum methods, were rejected as they would not answer our
main question: is the list of criteria complete? In order to address completeness, experts
were asked to comment on the thoroughness of the list and to add criteria that they found
to be missing. This information enabled us to deduct which criteria should be included into
the evaluation instrument and provided insight into the relative importance of these crite-
ria.

A next step was to use the evaluation instrument in the process of selecting a techno-
logical tool for the research study on the learning of algebra. In order to find out which ICT
tool best met the criteria according to the evaluation instrument, a ‘longlist’ of such tools
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was compiled. The research team set up this list by consulting different sources, such as
the work of the Special Interest Group Mathematics on assessment standards (Bedaux &
Boldy, 2007), a research study on digital assessment (Jonker, 2007), the Freudenthal Insti-
tute’s mathematics wiki1 on digital assessment and math software,  and Google searches.
Also, experiences from previous research projects were included. As there are hundreds of
tools, the research team needed to filter out some tools that were not appropriate for alge-
bra education. For this, the tool’s main functionality was first considered. For example, a
geometry tool with very limited algebra support was excluded. This yielded a longlist of
34 ICT tools. 

To reduce the longlist to a shortlist of ‘nominations’, the researchers chose four criteria
from the evaluation instrument as a prerequisite for further investigation:
– Math support: formulas should be displayed correctly in conventional mathematical

notation and algebraic operations should be supported. This enhances congruence be-
tween tool techniques and paper-and-pencil technique.

– Authoring capability, configurability: because we wanted to use the tool for our own
purposes, teachers or researchers should be able to add or modify content. This also en-
hances fidelity (Dick, 2007).

– Data storage: it was considered essential that the tool could be used anytime, anyplace,
and that student data was stored centrally, so that analysis could take place.

– Technical support: it was important that the tool was supported and that continuity was
guaranteed.

Based on these four requirements, the longlist was reduced to a shortlist of seven ICT
tools. To be on the shortlist, the tool should at least feature all of these four criteria.  

Next, the seven ‘nominations’ at the shortlist were considered in more detail. After
gathering more information and installing the tool, a first evaluation consisted of using the
tool with already existing content. Quadratic equations were used as a test topic, as this is
a subject that is addressed in most educational systems. Next, we used the tool for author-
ing the content we intended to use in our further research, while keeping logs through
screenshots. Finally, we graded each of the tools on every criterion of the instrument in a
qualitative way, i.e. on a 5-point scale ranging from 1 to 5. This resulted in separate de-
scriptions for each of the seven tools, and a matrix, providing an overview of the tools’
strong and weak points.

These results were validated through agreement analysis. A second coding was done
by an external expert, who individually coded 2 out of 7 tools (28% of all items, PRE).
Next, the researcher and the external expert discussed the ratings and eventually revised
them (POST). Only obvious lacks of domain knowledge were corrected in the POST anal-
ysis. The level of agreement was calculated with Krippendorff’s alpha (De Wever, Schel-

1.  http://www.fi.uu.nl/wiki/index.php/Categorie:Ict
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lens, Valcke, & Van Keer, 2006). This yielded a value of .65 for the PRE ratings and .86
for the POST ratings. The improvement of Krippendorff’s alpha was due to original dif-
ferences in understanding criteria. For example, one discrepancy in score was explained
by the fact that the external expert rated one of the tools as a tool without assessment
modes, whereas the researcher took into account the possibilities of Moodle’s2 quiz mod-
ule, which formed an integral part of the tool. Another explanation could be a bias factor,
which we will address in the discussion section. 

4 Results

Design of the instrument: categories and weights
A first result of this enterprise is the evaluation instrument itself, which is organized
around the three key elements of the conceptual framework: algebra, tool use, and assess-
ment. Furthermore, a fourth category with general, factual criteria is included. 

The criteria operationalize several aspects of the conceptual framework. For algebra,
for example, the link between the instrument and the conceptual framework is manifest in
criterion 6: The tool is able to check a student’s answer on equivalence through a computer
algebra engine. According to this criterion, the tool is able to recognize algebraic equiva-
lence. This corresponds to our desire to be able to detect both symbol sense and procedural
skills, and to identify different problem solving strategies with equivalent results. A crite-
rion that exemplifies the relation between the conceptual framework and the tool criteria
of the evaluation instrument, criterion 10 states: The tool is easy to use for a student (e.g.
equation editor, short learning curve, interface). As congruence between tool techniques
and paper-and-pencil techniques is an important theoretical notion, we want students to be
able to use the same mathematical notations as on paper. Within the assessment category,
criterion 18 – The tool caters for several types of feedback (e.g. conceptual, procedural,
corrective) – reflects the relevance of feedback, as it was identified as an essential prereq-
uisite for formative assessment.

Appendix A shows the complete instrument, including 27 criteria and their weights
that resulted from the expert review. The individual weights resulted in the category
weights presented in table I.

Table 1: Weights of the four categories 

2.  Moodle is an open source Virtual Learning Environment, http://www.moodle.org 

Category Weight

Algebra criteria 4.34

Tool criteria 4.39

Assessment criteria 4.35

General criteria 4.17
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These results show that the experts valued the different categories as more or less equally
important. Only the category of general criteria scored slightly lower on average. For con-
sidering the scores for individual items, table II shows the top five of important criteria
with their accompanying weight means, as well as the bottom five. 

Table 2: The top five of most important and bottom five of least important criteria  

Overall, the expert review shows a large level of agreement on the criteria. All criteria have
an ‘above neutral’ weight. The least important criterion still has an average weight of 3.41,
qualifying it slightly more important than neutral. No extra criteria were suggested by the
experts.

Application of the instrument

Now that the criteria and their weights are established, we use this instrument to categorize
and evaluate digital tools for algebra education. The first, inventory round of this evalua-
tion resulted in a longlist of 34 digital algebra tools. Applying the minimal requirements
yielded a shortlist of seven tools. Some interesting tools, ticking almost all the boxes on
the checklist, did not meet the minimal requirements. In the case of Aplusix (Nicaud et al.,
2004), for example, the necessity to install the software locally on the computer implies no
central data storage. Several web-based tools had company backing (thus continuity) and
good support for mathematical formulae, but lacked the feature to author tasks. The short-
list of seven tools consisted of Wims, STACK, Maple TA, Digital Mathematics Environ-
ment (DME), Wiris, Activemath, and Webwork. Appendix B provides a data sheet with
more information on each of these tools. 

We rated the seven tools on each of the 27 instrument criteria. Table III gives the scores
for each of the four instrument categories. These scores were calculated by adding up the

Rank Description Weight

1 The stability and performance of the tool 4.89

2 The tool is easy to use for a student (e.g. equation editor, short learning 
curve, interface)

4.85

3 The tool is able to display formulas correctly 4.81

4 The tool is mathematically sound  and faithful to the underlying mathemat-
ical properties (e.g. conventional representations, sound operations)

4.74

5 The tool stores the answers given by a student 4.70

... ...

23 The tool has the ability to randomize algebra assignments 3.96

24 The cost of the tool 3.74

25 The tool makes use of standards (e.g. QTI, SCORM) 3.72

26 The tool enables the student to use a computer algebra system as a tool 3.63

27 The licensing of the tool (e.g. open, proprietary) 3.41
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weight from the evaluation instrument (see appendix A) multiplied by the score for each
criterion. The scores were standardized by taking into account the number of criteria per
category, to avoid criteria from a smaller category having a relatively smaller weight than
a criterion from a larger category. 

Table 3: Scores of the seven digital tools for assessing algebraic skills 

The results show that the digital algebra tool DME obtained the highest overall score. In
the both the algebra and tool category, DME obtained the highest score. The assessment
category yielded highest scores for both Maple TA and Webwork. Finally, Wims scored
highest in the general category.

5 Criteria exemplified

This section aims to exemplify some characteristic criteria from the evaluation instrument
described earlier, and illustrate the differences and similarities of the evaluated tools. We
provide examples for the three main item categories (algebra, tool and assessment criteria)
as well as for each of the seven tools on the shortlist. It is by no means a report on all the
ratings of the criteria for all the tools. An overview of the ratings is available online3.

Algebra criteria exemplified
The first evaluation criterion in the algebra category is stated as follows: the tool enables
the student to apply his or her own paper-and-pencil reasoning steps and strategies. This
criterion concerns how well a tool can be used ‘the same way as paper and pencil’. As dis-
cussed in the conceptual framework section, this criterion reflects the following underly-
ing assumption: if we want students to acquire an integrated perception of algebraic skills,
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Algebra total 138.48 133.51 101.51 154.39 127.24 137.45 117.71

Tool total 105.77 106.16 140.02 145.69 92.53 99.62 118.62

Assessment total 111.52 112.40 125.27 119.11 34.80 97.26 125.27

General total 130.72 100.74 75.95 103.21 103.26 112.05 102.27

Total score 486.49 452.82 442.76 522.40 357.82 446.37 463.87

Rank 2 4 6 1 7 5 3

3.  http://www.fi.uu.nl/~christianb
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the techniques for using the tool have to resemble the way students use algebra with paper
and pencil. Offering options to apply stepwise strategies within the tool is rated as ‘better’
than not being able to apply these steps. 

Fig.1: Stepwise strategy in the DME

This criterion is exemplified in figure 1 for the case of the DME tool. Figure 1 shows that
the student can choose what step to apply next to the equation to be solved. The tool ena-
bles the student to use a stepwise problem solving approach to get to his/her answer.  

Fig.2: Steps in Wims

Every step is evaluated on correctness  which is a criterion in the assessment category.
Many tools just enable the student to give one (final) answer. The way in which the tools
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support a stepwise approach differs, as is shown in the Wims screen displayed in figure 2.
Here the student can enter more than one algebraic step, starting with the equation that has
to be solved. The system evaluates the whole sequence of steps after submitting the solu-
tion. 

Evaluation criterion 5 in the Algebra category is: The tool has the ability to combine
questions into larger units to enable multi-component tasks. Many algebra assignments
consist of several sub-items. Together these items form a more complex assignment. It is
important that a tool can cater for such multi-component tasks, not only in the assignment
text, but also in grading the answers to sub-questions and providing adequate feedback.
Several examples of multi-component tasks are implemented in STACK. Figure 3 shows
a task consisting of three parts. An incorrect answer to question 1 would lead to incorrect
answers for 2 and 3 as well. By combining the three questions into one logical unit STACK
is able to ‘follow through’ a mistake made in question 1. 

Fig.3: Example of a multi-component question that can be authored in STACK and Moodle.

Tool criteria exemplified

Evaluation criterion 10 concerns the tool. It is stated as follows: The tool is easy to use for
a student (e.g. equation editor, short learning curve, interface). The use of a tool needs to
be very intuitive, as using a tool should be a question of ‘use to learn’ instead of ‘learn to
use’. This criterion links to the congruence between tool techniques and paper-and-pencil
technique, so that students are able to use the same mathematical notations and techniques
in the technological environment as on paper (Kieran & Drijvers, 2006), as well as to the
notion of instrumental genesis described in the conceptual framework. The example in fig-
ure 4 shows WIRIS providing an intuitive interface with notations that resemble conven-
tional mathematics representations. 
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Fig.4: Wiris’ graphical user interface

Evaluation criterion 14 also concerns the tool: the tool provides the author/teacher with
question management facilities. Using a tool in an assessment setting means being able to
add, copy and move items, perhaps from and into so-called item banks. When these facil-
ities are lacking or are inadequate, constructing digital tests, be they formative or summa-
tive, will be painstaking and slow. We therefore contend that digital algebra tools need to
provide easy-to-use question management facilities. 

A relevant example is provided in figure 5. In Maple TA, a test is constructed by choos-
ing questions from ‘Question Banks’. These question banks can be exchanged between us-
ers of the program. This approach makes it possible to reuse questions. 

Fig.5: Question banks in Maple TA
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Evaluation criterion 16 also concerns the tool, and says: The tool has readily available con-
tent. Not every teacher wants to make his or her own content. Using ready available con-
tent can be convenient for many teachers. For example, figure 6 shows that Webwork – in
use at many universities in the United States  comes with a very large database of ques-
tions at university level.

Fig. 6: A massive amount of readily available content in Webwork 

Assessment criteria exemplified

Evaluation criterion 17 concerns the assessment focus within the conceptual framework.
It is stated as follows: The tool provides several assessment modes (e.g. practice, test). Pro-
viding more than just summative testing, scoring and grading is an important prerequisite
for formative assessment, which is identified as important in the conceptual framework.
Therefore, providing several ‘modes’ to offer questions and content is considered an im-
portant feature of software for formative assessment of algebraic expertise.

As an example, figure 7 shows that Wims provides several modes when using the tool:
training, total control over the configuration, paper test (providing a printed version of the
test), practice digital test, actual digital test, all deep HTML links on one page (for use in
one’s own Virtual Learning Environment).
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Fig. 7: Assessment modes in Wims

Evaluation criterion 19 also concerns assessment and says: The tool takes the student’s
profile and mastery account and serves up appropriate questions (adaptivity). Adaptivity
is useful for providing user-dependent content. A student who does not know a topic well
will be presented with more tasks and exercises on that subject. Students who display mas-
tery of a subject will not be served remedial questions. Figure 8 shows how such adaptivity
is implemented in a learner model within Activemath. The system ‘knows’ what the stu-
dent does or does not know. It can also take into account several learning styles, and serves
up appropriate content based on these variables. 

Fig. 8:Adaptive content in Activemath
36



Digital tools for algebra education: criteria and evaluation

Proefschrift.book  Page 37  Thursday, October 20, 2011  10:06 PM
6 Conclusions and discussion

In this chapter we set out to answer two research questions. The first one concerns the iden-
tification of criteria that are relevant for the evaluation of digital tools for algebra educa-
tion. We constructed an evaluation instrument consisting of 27 criteria grouped in four
categories. The categories were based on a conceptual framework that matched the goals
and intentions of the study, and consisted of three key aspects from algebra didactics (sym-
bol sense), theories on tool use (instrumental genesis) and assessment (feedback and form-
ative assessment).  A fourth category concerned general characteristics. The modified
Delphi approach, conducted to validate the criteria, revealed a large agreement among ex-
ternal experts on these criteria. The weights of the criteria led to the identification of the
most important ones: stability and performance, correct display of mathematical formulas,
ease of use, mathematical soundness, and storage of the work. We conclude that the de-
signed instrument provides a good evaluation instrument  for describing characteristics of
digital tools for algebra that we consider relevant for the purpose of our study. The instru-
ment provides insight in the different features of a tool, as well as in our priorities in inter-
est. It can also be very helpful for software development in mathematics education,
especially the ones regarding algebra education.

The second question at stake is which digital algebra tool best meets these criteria. Us-
ing the evaluation instrument, we rated seven tools that met the minimal criteria and had
our codes validated by an external expert scoring. We conclude that the Digital Mathemat-
ics Environment scores highest overall and thus is best suited for addressing the research
goals on the co-emergence of procedural skill fluency and symbol sense expertise. A key
feature from DME is that it enables stepwise problem solving strategies. It is easy to use,
stores the solution process of the student, and is well suited for formative assessment, as it
offers several strategy modes, feedback and self-review. 

Reflecting on these conclusions, a first remark to be made is that the actual process of
designing our evaluation instrument helped greatly in listing important characteristics for
digital tools for algebra education. The process helped in transforming our conceptual
framework into a set of concrete and applicable criteria, and made these criteria tangible
by looking at a set of available tools. It also helped us to better and more consciously carry
out the process of choosing tools, in a way that informed our research. These transforma-
tion and operationalization aspects were somewhat unexpected, as we initially just set out
to ‘choose a tool’, but in retrospect we find them extremely valuable. The resulting instru-
ment can now serve as a means to identify tool characteristics and help choosing the most
suitable tool, depending on the educational or scientific context. While doing this, it re-
mains important to take heed of the questions raised most frequently by the experts during
the validation process of the evaluation instrument, such as ‘what target audience is as-
sessed?’ and ‘which  algebraic skills are tested?’ This shows that, even if the criteria for
the instrument presented here can be applied in many contexts, the weights that are given
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to them greatly depend on this context and its educational goals and aims. In our case, this
context is upper secondary education, and the goal is to integrate procedural skills and
symbol sense expertise. These differences in contexts and goals make it difficult to really
compare tools. The instrument and the description of how to design and validate, however,
do provide a blueprint of criteria that might be considered and of a process that might be
gone through when choosing a digital tool for algebra education.

In line with this, a second issue raised by the external experts is that formative assess-
ment is never an isolated activity, but is rooted in a social and educational context. The
benefits of using a digital tool for algebra also depend on classroom dynamics and factors
such as gender distribution and culture. We think that the designed evaluation instrument
should always be used with an awareness of the context in which the tool is going to be
used. For example, if the research takes place in a context in which classroom teaching is
the predominant paradigm, the ‘anytime, anyplace’ criterion can be considered as less im-
portant than in a context of distance learning.

Finally, as a methodological limitation we notice that rating the different digital tools
requires a profound knowledge of and familiarity with each of the tools, which is difficult
to acquire for one single researcher. This difficulty emerged in establishing the inter-rater
reliability, with the expert reviewer being very familiar with one specific tool and less fa-
miliar with some other tools. This clearly complicates comparative studies of digital tools.
Ideally, all coders should have an extended domain knowledge of all the tools that are
available. Even if we tried to deal with this issue through detailed study of each of the
tools, this is a methodological limitation. 
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Appendix A List of criteria, weights and rankings

Criteria Aver-
age 

weight

Rank

1. Algebra category

This category contains criteria related to mathematics and algebra in particular.

The tool enables the student to apply his or her own paper-and-pencil reason-
ing steps and strategies.

4.26 17

The tool is mathematically sound  and faithful to the underlying mathemati-
cal properties (e.g. conventional representations, sound operations).

4.74 4

The tool’s openness enables the student to express mathematical ideas and 
strategies.

4.54 7

The tool has the ability to randomize algebra assignments. 3.96 23

The tool has the ability to combine questions into larger units to enable multi-
component tasks.

4.32 15

The tool is able to check a student’s answer on equivalence through a com-
puter algebra engine.

4.42 12

The tool enables the student to use a computer algebra system as a tool. 3.63 26

The tool is able to display formulas correctly. 4.81 3

2. Tool category

This category contains criteria related to tool use.

The tool has an authoring function that enables teachers to add or modify 
content. (e.g. questions, texts, links, graphs, feedback).

4.33 14

The tool is easy to use for a student (e.g. equation editor, short learning curve, 
interface).

4.85 2

The tool is accessible anytime, anywhere. 4.15 21

The tool stores the answers given by a student. 4.70 5

The tool stores the solution process of the student. 4.63 6

The tool provides the author/teacher with question management facilities. 4.26 17

The tool makes use of standards (e.g. QTI, SCORM). 3.72 25

The tool has readily available content. 4.48 11

3. Assessment category

This category contains criteria related to assessment.

The tool provides several assessment modes (e.g. practice, test). 4.19 20

The tool caters for several types of feedback (e.g. conceptual, procedural, 
corrective).

4.52 8

The tool takes the mastery and profile of the student into account and serves 
up appropriate questions (adaptivity). 

4.22 19
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The tool has a review mode showing what the student has done wrong or 
right.

4.52 8

The tool allows for the use of several question types (e.g. multiple choice, 
open).

4.30 16

4. General category

This category contains general criteria for a digital tool for education.

The cost of the tool. 3.74 24

The licensing of the tool (e.g. open, proprietary). 3.41 27

The technical support of the tool. 4.48 10

The languages the tool supports. 4.11 22

The stability and performance of the tool. 4.89 1

The structure and attractiveness of the tool’s interface. 4.37 13
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Appendix B Tool data sheet

Name Digital Mathematical Environment (DME)

Date 12-01-2009

Version Version 12-01-2009

URLs Several tests were made in a special environment for secondary and higher edu-
cation topics: http://www.fi.uu.nl/dwo/voho

Features, 

characteristics

Strong points are the performance, multi-steps within exercises plus feedback, 
authoring capability, SCORM export. Disadvantages: emphasis on algebra (not 
extendable, dependent on the programmer), source code not available.

Name WIMS

Date 12-01-2009

Version 3.57 (3.64 released)

URLs http://wims.unice.fr/ 

For Dutch content: http://wims.math.leidenuniv.nl/wims 

Features, 

characteristics

Wims probably is the quickest and most complete one of the tools investigated, 
with features for geometry, algebra, etc. A fair amount of Dutch content is avail-
able. It is let down by the feedback and the fact only one answer can be entered. 
Of course this can be programmed, as it is a very powerful package, but here we 
see a steep learning curve.

Name STACK

Date 12-01-2009

Version 2.0

URLs http://www.stack.bham.ac.uk/  

Features, 

characteristics

STACK has a good philosophy with ‘potential responses’ and multistep ques-
tions. Also, the integration with a VLE -unfortunately only moodle- is a plus. 
Installation, stability and performance is a negative (slow and cumbersome), as 
well as its looks. It is also very experimental, providing almost no continuity

Name Maple TA

Date 12-01-2009

Version 4.0

URLs http://www.maplesoft.com/ 
Dutch distributor: http://www.candiensten.nl/software/details.php?id=26 

Dutch Mathmatch content: http://www.mathmatch.nl/onderwerpen.diag.php
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Features, 

characteristics

Maple TA has many points that STACK has, but with better looks and no real 
support for 'potential responses' and ' multistep questions'. They can be pro-
grammed, but this means -like WIMS- coping with a steep learning curve. As it 
has its roots in assessment software question types are well provided for. One 
could say that Maple TA started as assessment software and his moving towards 
software for learning, while STACK started with learning and is moving 
towards assessment software

Name Wiris

Date 12-01-2009

Version 2

URLs http://www.mathsformore.com/ 

http://www.wirisonline.net/ 

Features, 

characteristics

Wiris is an attractive tool for standalone use within for example Moodle. How-
ever, the lack of assessment functions means it is not suitable enough for our 
research

Name Activemath

Date 12-01-2009

Version 1.0

URLs http://www.activemath.org/ 

Features, 

characteristics

Activemath is more of an Intelligent Tutoring System than a tool for assessment. 
The question module (ecstasy) is powerful, providing transition diagrams. How-
ever, authoring and technical aspects make it less suitable for the key aspects we 
want to observe

Name WebWork

Date 12-01-2009

Version 2.4.1

URLs http://webwork.maa.org/moodle/ 

Features, 

characteristics

Webwork has a high score for assessment, and average scores for the other 
items. This makes it an all-round tool. Webwork has a reasonable amount of 
readily available content.
42



Symbol sense behavior in digital activities

Proefschrift.book  Page 43  Thursday, October 20, 2011  10:06 PM
Chapter 3

Symbol sense behavior in digital activities

Bokhove, C., & Drijvers, P. (2010). Symbol sense behavior in digital activities. For the Learning of

Mathematics, 30(3), 43-49. 
43



Chapter 3

Proefschrift.book  Page 44  Thursday, October 20, 2011  10:06 PM
44



Symbol sense behavior in digital activities

Proefschrift.book  Page 45  Thursday, October 20, 2011  10:06 PM
Symbol sense behavior in digital activities

1 Introduction 

During the last twenty years the relationship between procedural skills and conceptual un-
derstanding has been widely debated. This relationship plays a central role in the ‘Math
wars’ discussions (Schoenfeld, 2004). An important issue in this debate is how students
best acquire algebraic expertise: by practicing algorithms, or by focusing on reasoning and
strategic problem solving activities. The first approach sees computational skills as a pre-
requisite for understanding mathematical concepts (US Department of Education, 2007).
In the latter approach, the focus is on conceptual understanding (ibid.). Even if the idea is
shared that both procedural skills and conceptual understanding are important, there are
disagreements on their relationship and the priorities between the two.

The last decades can also be characterized by the advent of the use of technology in
mathematics education. In its position statement the National Council of Teachers of
Mathematics (2008) acknowledges the potential of ICT for learning. The advance of tech-
nology may strength the relevance of ‘real understanding’ in mathematics (Zorn, 2002).
Still, there is a firm tradition of educational use of ICT for rote skill training, often referred
to as ‘drill and practice’; for symbol sense skills, such a tradition is lacking. The issue at
stake, therefore, is twofold: how can the development of procedural skills and symbol
sense skills be reconciled, and how can the potential of ICT be exploited for this ambitious
goal? 

2 Procedural skills ‘versus’ conceptual understanding

The distinction between procedural skills and conceptual understanding is a highly re-
searched field of interest. The book Adding it up (Kilpatrick, Swafford, & Findell, 2001)
synthesizes the research on this issue in the concept of mathematical proficiency, which
comprises five strands: conceptual understanding, procedural fluency, strategic compe-
tence, adaptive reasoning and productive disposition. Here, conceptual understanding is
defined as “the comprehension of mathematical concepts, operations, and relations” (p.
116), and procedural fluency as the “skill in carrying out procedures flexibly, accurately,
efficiently, and appropriately” (ibid.). Furthermore, “the five strands are interwoven and
interdependent in the development of proficiency in mathematics” (ibid.).

Two papers in For the learning of mathematics, written by Arcavi, provided a break-
through in the thinking on procedural skill and conceptual understanding in algebra (Ar-
cavi, 1994, 2005). Arcavi (1994) introduces the notion of symbol sense, which includes
“an intuitive feel for when to call on symbols in the process of solving a problem, and con-
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versely, when to abandon a symbolic treatment for better tools” (p. 25). Using appealing
examples, Arcavi describes eight behaviors in which symbol sense manifests itself. The
examples show the intertwinement between procedural skills and conceptual understand-
ing as complementary aspects of algebraic expertise. Both procedural skills and symbol
sense need to be addressed in algebra education, as they are intimately related: understand-
ing of concepts makes basic skills understandable, and basic skills can reinforce concep-
tual understanding (Arcavi, 2005). 

In line with the work of Arcavi, Drijvers (2006) sees algebraic expertise as a dimension
ranging from basic skills to symbol sense (see figure 1). Basic skills involve procedural
work with a local focus and emphasis on algebraic calculation, while symbol sense in-
volves strategic work with a global focus and emphasis on algebraic reasoning.

Fig. 1: Algebraic expertise as a dimension (Drijvers, Goddijn & Kindt, 2010)

One of the behaviors identified by Arcavi (1994) concerns flexible manipulation skills. It
includes the versatile ability to manipulate expressions, not only technically but also with
insight, so that the student is in control of the work and oversees the strategy. Two impor-
tant, and interlinked,  characteristics of flexible manipulations skill behavior are the gestalt
view on algebraic expressions (Arcavi, 1994) and appropriate ways to deal with their vi-
sual salience (Wenger, 1987; Kirshner & Awtry, 2004).

A gestalt view on algebraic expressions involves the ability to consider an algebraic
expression as a whole, to recognize its global characteristics, to ‘read through’ algebraic
expressions and equations, and to foresee the effects of a manipulation strategy. Arcavi
(1994) claims that having a gestalt view on specific expressions makes symbol handling
more efficient, and emphasizes that ‘reading through’ expressions can make the results
more reasonable. A gestalt view on algebraic expressions is a prerequisite for carrying out
basic procedural skills and for deciding which type of manipulation to perform.
Flexible manipulation skills also involve dealing with visual cues of algebraic expressions
and equations, their so-called visual salience. Kirshner and Awtry (2004) provide a defini-
tion of visual salience and tabulate several expressions with greater and lesser visual sa-
lience, respectively. They claim that “visually salient rules have a visual coherence that
makes the left- and right-hand sides of the equation appear naturally related to one anoth-
er” (p. 11). This coherence is strengthened by two properties of the equation under consid-
eration: (i) repetition of elements across the equal sign, and (ii) a visual reparsing of
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elements across the equal sign (Awtry & Kirshner, 1994). Visual reparsing “manifests it-
self as a dynamic visual displacement of elements” (p. 11).  Take for example:

(A)  , and

(B)  

In identity A, the right hand side seems to follow immediately from the left hand side. In
identity B this is not so much the case. However, the two identities are structurally similar:
replacing multiplication and division signs in A by addition and subtraction, respectively,
yields identity B. In spite of this shared structure, identity A is more visually salient than B.
Awtry and Kirshner conclude that many errors in algebra are not the result of conceptual
misunderstanding, but of an over-reliance on visual salience. The way Awtry and Kirshner
perceive visual salience seems to be closely related to our perception of gestalt. 

In line with Wenger (1987), who describes salient patterns and salient symbols, in this
study we distinguish two different types of visual salience: pattern salience and local sa-
lience. Pattern salience (PS) concerns the recognition of patterns in expressions and equa-
tions, and as such is close to the ideas of Awtry and Kirschner described above. If a pattern
is recognized by the student by means of a gestalt view, it may recall a standard procedure
and invite its application. Local salience (LS) concerns the salience of visual attractors
such as exponents, square root signs and fractions. Whether it is good or bad to resist the
local visual salience depends on the situation. Using our extended definition of visual sa-
lience, developing a feeling for when to resist or succumb to both pattern and local visual
salience is part of the acquisition of a gestalt view and thus of algebraic expertise. In short,
a gestalt view includes both pattern salience, involving the recognition of visual patterns,
and local salience, involving the attraction by local algebraic symbols. In both cases, a ge-
stalt view is needed to decide whether to resist or succumb to the salience. A gestalt view,
therefore, includes the learner’s strategic decision of what to do next. This is graphically
depicted in figure 2.  

Fig. 2: Gestalt view: pattern salience, local salience and strategic decision

x
y
-- 
  w

z
---- 
  xw

yz
-------=

x y–  w z– + x w+  y z+ –=
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It should be noted that visual salience is not a matter of ‘yes’ or ‘no’: algebraic expressions
may have different degrees of visually salience, that also depend on the context and on the
knowledge of the student. 

The resistance to visual salience refers to the ability to resist visually salient properties
of expressions, and their implicit invitation to carry out specific operations. For example,
students who perceive brackets may be tempted to expand the expression, whereas this
does not necessarily bring them closer to the desired result. Another example is the sensi-
bility to square root signs in an equation, that in the students’ eyes ‘beg to be squared’,
even if this may complicate the equation. The opposite can be said for exponents on both
hand sides of an equation: here taking roots can or can not be an efficient operation. 

3 How might technology fit in?

Now how about the role for technology in the acquisition of algebraic expertise in the
sense of both procedural skills and symbol sense, and with a focus on a gestalt view on,
and the visual salience of, algebraic expressions? Educational use of ICT often consists of
‘drill-and-practice’ activities, and as such seems to focus on procedural skills rather than
on conceptual understanding. However, research in the frame of instrumental and anthro-
pological approaches shows that there is an interaction between the use of ICT tools and
conceptual understanding (Artigue, 2002). This interaction is at the heart of instrumental
genesis: the process of an artifact becoming an instrument. In this process both conceptual
and technical knowledge play a role. To exploit ICT’s potential for the development of al-
gebraic expertise, it is crucial that students can reconcile conventional pen-and-paper tech-
niques and ICT techniques (Kieran & Drijvers, 2006). Important characteristics of ICT
tools that can be used for addressing both procedural skills and conceptual understanding
are options for the registration of the student’s solution process, and the possibility for the
student to use different strategies through a stepwise approach. This enables the student to
apply his or her own paper-and-pencil reasoning steps and strategies (Bokhove & Drijvers,
2010).

The opportunities that technology offers for the development of such algebraic exper-
tise so far remain unexploited. Our goal, therefore, is to design and pilot digital activities
that cater for the development of both procedural fluency and conceptual understanding.
More specifically, we try to observe symbol sense behavior in digital activities. Do the
concepts of symbol sense, gestalt view and pattern and local visual salience, described in
a pre-digital era, help us in understanding what students do in a digital environment? This
is the main topic of this chapter, In answering this question we will not focus on the char-
acteristics of the digital tool (Bokhove, 2010; Bokhove & Drijvers, 2010); rather, we focus
on the mathematical aspects.
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4 Categories of items with symbol sense opportunities

To address the above issue, we first have to decide what we want to observe. We want to
be able to see which strategic decisions students make while solving algebraic tasks in a
digital environment. We want to know what salient characteristics, be they pattern salience
or local salience, students resist or succumb to. This can only be done if the tasks offer
symbol sense opportunities. For the task design, we used sources related to the transition
from secondary to tertiary education, such as exit and entry examinations, remedial cours-
es, text books and journals. Several suitable ‘symbol sense type items’ were identified and
selected according to their focus on gestalt view and visual salience and supported by the-
oretical reflections from literature. The main criterion was that items would invite both
procedural skills and symbol sense. This yielded a collection of thirty items, grouped into
four categories, addressing both procedural skills and symbol sense, with an emphasis on
the latter. We defined four categories of items, (1) on solving equations with common fac-
tors, (2) on covering up sub-expressions, (3) items asking for resisting visual salience in
powers of sub-expressions, and (4) items that involve recognizing ‘hidden’ factors. Even
if these categories may seem quite specific, they share the overall characteristic of an in-
tertwinement between local and global, procedural and strategic focus.

Category 1: Solving equations with common factors
Items in this category are equations with a common factor on the left and right-hand side,
such as: 

A symbol sense approach involves recognizing the common pattern – in this case the com-
mon quadratic factor. This is considered as a sign of pattern salience, involving the pattern

. After recognizing the pattern, students have to decide whether or not to expand
the brackets. The decision not to expand the brackets is seen as a sign of gestalt view and
of resistance to the pattern salience of the pairs of brackets on both sides of the equation.
After deciding not to expand, students could be tempted to just cancel out the quadratic
terms on both hand sides of the equation, relying on the rule   and
thereby forgetting that  also yields solutions. This could be the result of a wrong re-
write rule applied to a recognized pattern. A non-symbol sense approach would involve
expanding both sides of the equation, in this case yielding a third order equation that can-
not be solved by the average student. 

Category 2: Covering up sub-expressions
In this category, sub-expressions need to be considered as algebraic entities that can be
covered up without caring for their content. A well-known example is: 

Solve the equation: 
x

2
7x– 12+  8x 11–  x

2
7x– 12+  3x 14+ =

AB AC=

AB AC B C= =

A 0=
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A symbol sense approach consists of noticing that the expressions under the square root
signs are not important for the solution procedure (gestalt) and can be covered up. This re-
quires a resistance to the local salient square root signs. In addition to this, a resistance is
needed to the tendency to just isolate the v on the left hand side of the expression by divid-
ing by the square root of u, which would leave v on the right hand side. Thus, resistance to
pattern salience is required as well, and not doing so shows a limited gestalt view. 

A non-symbol sense approach might focus on the visually attractive square roots and
try to get rid of them by squaring both sides. This would be a strategic error, and does not
bring the solution any closer. This equation is presented by Wenger (1987), who explained
the issue as follows: 

If you can see your way past the morass of symbols and observe the equation #1
(  which is to be solved for v) is linear in v, the problem is essentially
solved: an equation of the form av=b+cv, has a solution of the form v=b/(a-c), if a≠c, no matter
how complicated the expressions a, b and c may be. Yet students consistently have great dif-
ficulty with such problems. (p. 219)

Recognizing the salient pattern of a linear function  and what to do with it is
deemed a gestalt view, as defined in our conceptual framework. Gravemeijer (1990) elab-
orates on the same example and emphasizes the importance of recognizing global charac-
teristics of functions and equations. 

Category 3: Resisting visual salience in powers of sub-expressions
This category is about recognizing when to expand expressions and when not. It contains
equations with sub-expressions that just beg to be expanded because they are raised to a
power: 

A symbol sense approach would include the recognition that after subtracting 4, both sides
are squares, of x – 3 and , respectively. One should resist the temptation of expanding
the left-hand side of the equation (resistance to pattern salience). Expanding the square to
get rid of the brackets would be quite inefficient, and therefore rather is considered a non-
symbol sense approach. Once the two squares of the pattern are recognized, it is a
sign of good gestalt view to succumb to the pattern salience by taking the square roots of
both sides of the equation. 

Solve for v: 
v u 1 2v+ 1 u+=

v u 1 2v 1 u++=

AV B CV 

Solve the equation: 
x 3– 2 4+ 40=

36

2 2A B
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This item has several variants. For example, what if  is raised to the seventh
power in the above example? The amount of work involved expanding this expression may
stimulate students to look for alternative solutions.

Category 4: Recognizing ‘hidden’ factors
This category concerns the recognition of factors that are not immediately apparent (ge-
stalt). An example is the following item adapted from Tempelaar (2007): 

A symbol sense approach would involve recognizing a common factor in both numerator
and denominator and noticing that both numerator and denominator can be factored by

. A pattern  is then recognized. A further manifestation of what to do next, a
gestalt view, facilitates further simplification and may lead to an equation resembling those
of the first category. Not recognizing these factors results in complex rewriting. A non-
symbol sense approach would come down to the manipulation of algebraic fractions with-
out much result.

5 The design of a prototypical digital environment

The next step was to design a prototypical digital environment containing the items we de-
fined. For this we carried out an inventory of digital tools for algebra and choose to use the
Digital Mathematical Environment DME (Bokhove & Drijvers, 2010a). Key features of
DME that led to its choice are that it enables students to use stepwise strategies and that it
stores these stepwise solution processes. It also offers different levels of feedback, allows
for item randomization and has proved to be stable. 

For the design we used the DME’s authoring tool. Figure 3 shows some of its main fea-
tures: the question text, the initial expression, the answer model, navigation, scoring and
the possible use of randomized parameters. Figure 4 shows the implementation of an item
from the first category. It is important to note that the algebraic steps are provided by the
student, while the tool formats the steps, checks them algebraically and provides feedback. 

An English version of the prototype can be found at http://www.fi.uu.nl/dwo/en/. For
storage of the results, registration is required, but one can also enter as a guest user. 

x 3– 

Rewrite: x
2

x–

x
2

2x– 1+
--------------------------

x 1–  A B
A C------------
51



Chapter 3

Proefschrift.book  Page 52  Thursday, October 20, 2011  10:06 PM
Fig. 3:  Authoring an item on the equation  
(x2 – 7x + 12) . (8x – 11) = (x2 – 7x + 12) . (3x + 14) 

Fig. 4: Example of student steps and feedback provided by the tool
52



Symbol sense behavior in digital activities

Proefschrift.book  Page 53  Thursday, October 20, 2011  10:06 PM
6 Piloting through one-to-one sessions

To find out whether the concepts of symbol sense, gestalt view and pattern and local visual
salience help us in understanding what students do in a digital environment, five one-to-
one sessions with pre-university grade 12 students (17 year olds) were held. The students
all had C+ grades for mathematics. 

During the two-hour sessions, students worked through the digital activities. They
were asked to think aloud while working. If a student was not able to complete (part of) a
task, the observer asked what information would help in proceeding. On occasions where
student used wrong strategies or made specific procedural choices, the observer asked the
student what he or she was thinking. This informed possible feedback for a future revision
of the prototype. After completing the session, the observer and the student went through
the student’s work and reflected on the solutions, discussing the student’s arguments and
alternative solution paths. 

Data consists of audio and video registrations and computer screen recordings. Data
analysis focused on the types of behaviors shown by students while working with the dig-
ital activities, and in particular on signs of (a lack of) symbol sense, and was carried out
with software for qualitative data analysis. One first round of analysis concerned students’
technical behavior when performing algebraic activities: factoring expressions, rewriting
expressions, aggregating terms, expanding expressions and canceling terms. A second
round of analysis concerned the identification of gestalt and/or visual salience features in
the students’ behaviors1.

We now summarize the findings of the one-to-one sessions for each of the item cate-
gories. Per category one typical example of student behavior concerning gestalt and/or vi-
sual salience is given, as well as an overall description of the observed behaviors. We
provide a rough time indication Δt in minutes per step, the technique used and comments
on behavior related to gestalt view and visual salience.

1.  Data is available through http://www.fi.uu.nl/~christianb 
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Student behavior on category 1 items  

Fig. 5: Student solving an equation containing common factors

Figure 5 shows the work of one of the students, Martin. Martin did not recognize the com-
mon factors on the left- and right-hand side. In the first step he expanded the expressions
on both sides, a strategy that he incorrectly described as “always works”. His inability to
notice the common factor, and the pattern salience of the pairs of brackets, lead to his ex-
panding strategy, a strategy which he used successfully – though not efficiently – in the
previous task. In the second and third step Martin looked for terms that could be aggregat-
ed and rewrote the expression in the form ‘expression = number’. Next he tried to factor
the left-hand side. Although he showed good rewriting skills, and was even able to factor
the expression later on, he gave up eventually. Martin realized that he could not solve a
third degree equation. His approach does not reflect a gestalt view on the initial equation. 

In general, student behavior on this task and similar ones in this category showed that
both too much routine and a lack of self-confidence play an important role in obstructing
gestalt. For example, student Laura solved several equations correctly, but always worked
towards the Quadratic Formula. She also solved one equation correctly with a symbol
sense strategy, but when confronted with a similar equation with fractional terms, she was
reluctant to solve it as she immediately stated she “was not skilled enough”. Only later did
she recognize that, although the equation looked different, a similar technique could be
used. Ideally a student would recognize the zero product theorem here. Another solution
involved ‘just’ canceling out the common factors. As described in the category descrip-
tions this indicates that on the one hand there is gestalt and resistance to pattern salience
(“I’m not expanding both hand sides of the equation”). 
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On the other hand, however, students also succumb to an incorrect pattern salience, a bug-
gy rule, of  by just canceling out the common factors. 

From this category we conclude that a gestalt view, and the observation of the salience
of the common factor pattern in particular, is not evident for many students. Even skilled
students show a lack of gestalt view on encountering this type of task in a digital environ-
ment.  

Student behavior on category 2 items 

Fig. 6: Student behavior on the Wenger equation (Wenger, 1987)

Figure 6 shows Barbara’s digital work on equation by Wenger (1987). Barbara was instant-
ly alerted by the square root signs, knowing that squaring these would not bring a solution
any closer. Thus, she resisted the local salience of the square root signs. She was triggered
by the task to write the expression in the form v = … and first divided by the symbol in
front of the v. This corresponds with Wenger’s observed strategy: “Divide the equation by
the coefficient of one of the occurrences of v in de given equation” (Wenger, 1987, p. 230).
This can be seen as succumbing to pattern salience. Asking for an expression in the form
v = is directly transferred to the expression, and the quickest path to a solution in that form
is dividing by . Barbara used one more step to rewrite the right-hand side as one frac-
tion. She then took some time and circled numerous times round the term 2v exclaiming
“I want to get rid of this term”. She then started to rewrite the numerator, stating: “I want
to simplify the numerator. I think this helps” and “I often do this to create a sort of hunch.
That I look at the exercise in a different way, as to see what can be better or must be done”.
She used her procedural skill to rewrite terms hoping that this might provide insight into
the correct solution path. After backtracking, she tried another approach, but again ended
up with a term 2v on the right-hand side. She then gave up. 

AB AC B C= =

u

55



Chapter 3

Proefschrift.book  Page 56  Thursday, October 20, 2011  10:06 PM
In general, the students started with similar steps as Barbara did, focusing only on the
v on the left-hand side of the equation. Some gave up because of circularity: “… the pro-
cess of symbolic manipulation which results in an obvious or tautological identity, which
is uninformative and unproductive” (Arcavi, 1994, p. 29). Two of the students backtracked
after unsuccessful attempts and seemed to have a better idea what to do, finally ending up
completing the task correctly. This was facilitated by the fact that the tool provided feed-
back on the correct or incorrect nature of an answer. This can be seen in figure 4, where
the system responds with the comment that solutions are missing. Other versions of this
type of task, presented right after this one, but with different variables, were recognized by
most students. Remarkably, the students with the higher marks for calculus saw some of
these tasks as completely new ones. These students solved them correctly, but in a very
inefficient way. Apparently, showing a high procedural skill mastery does not necessarily
imply that a student sees the general in the particular.

From this category we conclude that in the digital environment students show the same
specific behavior when covering up irrelevant sub-expressions as Wenger reported earlier:
students show resistance to local salience but fall victim of pattern salience. The chosen
actions by the student reveal a lack of gestalt view. 

Student behavior on category 3 items 

Fig. 7: Student not resisting visual salience

Figure 7 shows the work by Laura on a category 3 item. Laura did not recognize 36 as a
square, and expanded the left-hand side. The diagonal juxtaposition, as described by Kir-
shner (1989), was too strong to withstand: the square must be eliminated and this was done
by expanding the term (non-resistance to pattern salience). Laura preferred to use her stan-
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dard procedure for quadratic equations: to first rewrite as a quadratic equation equaling ze-
ro. Then she factored the expression on the left-hand side. Laura stated that this was
possible because of the “nice numbers”, which can be seen as a gestalt view. Otherwise she
would have used the Quadratic Formula which “always works”. This process finally yield-
ed the correct solutions. She could have reached this solution more efficiently if she had
recognized 36 as a square, and then had noticed that both sides of the equations could be
considered as squares, i.e. she would have observed the pattern . In this case her
standard procedure obstructed any thoughts on alternate strategies.

In general, students did recognize both sides as squares. In contrast, the previous task
involved the equation , in fact the same equation with expanded left-hand
side. It was remarkable that no student noticed these tasks were similar.

From this category we conclude that lack of gestalt view on the initial equation, and
lack of resistance to pattern salience, obstructs students thinking about alternate strategies,
as is the case in a pen-and-paper setting as well. 

Student behavior on category 4 items 

Fig. 8: Student not recognizing a hidden common factor 

Figure 7 shows Barbara’s work on a category 4 task. Barbara instantly started rewriting,
applying her knowledge of fractions. Instead of recognizing a common factor in both nom-
inator and denominator -  the pattern  -, she started with what she did best: rewrite
the expression as a sum of fractions - the pattern rule . We see this as suc-
cumbing to a weak form of pattern salience and a lack of gestalt view. Next she factored
the denominator and canceled out x in both terms. After several steps she noticed that the
expression was becoming increasingly complex. The tick symbol denoted that the algebra-
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ic operations so far were correct. This, however, did not bring her to a more simplified ex-
pression. While carrying out these operations, Barbara became aware of the fact that 
played an important role in both numerator and denominator. She then backtracked, re-
wrote the initial expression with  as factors and canceled them out.

In general, students showed trial-and-error behavior on this item. In some cases, this
method seemed to provide the student with global insight into the expression.

From this category we conclude that these students have difficulties in recognizing
common factor in nominator and denominator (lack of gestalt); however, the tool offert op-
portunities for a trial-and-error approach, which can provide insight into these factors.

7 Conclusion and discussion 

The issue we wanted to address in this chapter is whether the notions of symbol sense, ge-
stalt view and visual salience, described in a pre-digital era, help us in understanding what
students do in a digital environment. The design process and the one-to-one pilot sessions
suggest that these concepts remain extremely relevant when deploying digital activities.
The observations show that students using a digital environment exhibit both symbol sense
behaviors and behavior lacking it. The notions of gestalt view and visual salience are help-
ful in analyzing student work. Although students work in a digital environment instead of
with paper and pencil, these results are in line with past findings in traditional pen-and-
paper settings (Arcavi, 1994; Wenger, 1987). 

While solving algebraic tasks in the digital environment, the students can use any strat-
egy, and thus can show sensitivity towards gestalt and visual salience aspects, and further
develop such sensibility. The tool seems to facilitate this development through its mathe-
matical interface and feedback opportunities, which would be more difficult to offer in a
paper-and-pencil environment. 

The exemplary tasks also point out that observing symbol sense is not a straightforward
affair. It often is quite hard to recognize whether students rely on standard algebraic pro-
cedures or are actually showing insight into the equation of expression, in line with the ge-
stalt view or visual salience notion. Using standard procedures at least implies that a
student recognizes the form of an expression. Recognizing patterns, and subsequently de-
ciding what action to take, witnesses a gestalt view. However, (over-)reliance on standard
procedures can also be seen as a matter of ‘succumbing’ to routine patterns: when a student
encounters an expression with brackets he wants them to be eliminated. Extending the con-
cept of visual salience to patterns provided by standard routines students already know
could perhaps relieve the tension between the application of standard routines and suc-
cumbing to salient patterns.

Are we suggesting that digital tools are the panacea for algebra education? Things are
not as simple as that. Crucial on the issue of how to design such activities is of course ap-
propriate content, i.e. items inviting symbol sense, as proposed by the designed categori-

1x 

1x 
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zation. If the tasks are not appropriate, the intended learning will not happen. The potential
is in the combination of task design and digital implementation. If the tasks do invite for
adequate procedural techniques and appropriate theoretical thinking, a powerful environ-
ment is designed. The Task-Technique-Theory model (Chevallard, 1999; Kieran & 
Drijvers, 2006; Lagrange, 2000) may help designers to keep this aspect in mind. 

The digital environment itself is a next crucial factor. High demands are put upon the
digital tool in use. Students can get stuck by limitations of the technology. This being said,
the potential added value of technology is promising: compared to carrying out the tasks
with paper and pencil, we now have opportunities for different levels feedback and correc-
tion, for construction and exploration room for students, private and ‘endless’ practice and
room for multiple stepwise strategies. With these conditions, the student is not restricted
to strategies proposed by the digital tool itself, but can make his or her own correct or in-
correct reasoning steps.

These conclusions suggest some guidelines for further research and development.
Three issues for future development emerge: the sequencing of tasks, the extension of
feedback, and scaffolding. First, future development should involve the design of outlined
sequences of tasks, which appeal to symbol sense, and range from ‘solvable with proce-
dural skills’ through ‘inviting symbol sense’ to ‘only solvable with symbol sense insight’.
Second, cues for developing gestalt view and the ability to deal with visual salience could
be provided by relevant feedback. This issue asks for further elaboration. Feedback needs
to be designed in more detail, concerning both the amount and the type of feedback (Hattie
& Timperley, 2007). This also includes timing issues. As we saw students just starting a
task without taking the time to actually think about it, it might be a good idea to include a
cue for first scrutinizing the item carefully. When addressing feedback we can build on re-
search by Nicaud (2004) and Sangwin (2008). Third, it might be worthwhile to build scaf-
folding into the sequence of activities, through initial activities that are structured and
provide much feedback, that are then followed by items that gradually offer less structure
and feedback. Support for this idea of formative scenarios (Bokhove, 2008) can be found
in the notion of fading (Renkl, Atkinson, Maier, & Staley, 2002). It is in the line of these
three issues that we plan to continue our research. 

We do not pretend that the final word in the debate on procedural skills and symbol
sense skills has been said. We do believe, however, that an optimal educational strategy is
to focus at both simultaneously, and that technology may provide appropriate environ-
ments for this. 
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Implementing Feedback in a Digital Tool
for Symbol Sense

1 Introduction

During the last twenty years the relationship between procedural skills and conceptual un-
derstanding has been widely debated.  This relationship played and still plays a central role
in the ‘Math War’ (Becker and Jacob, 1998; Kieran and Drijvers, 2006) discussion.  An
important issue in this debate is how students should acquire algebraic expertise: by prac-
ticing algorithms, or by focusing on reasoning and strategic problem solving activities.
One approach sees computational skills as an essential ingredient for understanding math-
ematical concepts (US Department of Education, 2007).  The second approach has more
focus on conceptual understanding (ibid.).  Although there often is agreement on the fact
that both procedural skills and conceptual understanding are important, there is disagree-
ment on their relationship and the priorities among the two.  Apart from this discussion,
the last decades also saw an advent in the use of technology in mathematics education. The
National Council of Teachers of Mathematics (2008) acknowledges the potential of ICT
for learning in their position statement.  In our research we combine these two issues: we
want to use the potential of ICT to address algebraic skills, on both a procedural and a con-
ceptual level.  A pre-study concerned the choice and design of a digital tool for algebra
tools (Bokhove and Drijvers, 2010a).  Figure 1 sums up a selection of these criteria.  The
next cycle involved one-to-one sessions with students.  These sessions had two goals.  One
was to see whether digital activities could invite symbol sense behaviour; we report on this
in a different article (Bokhove and Drijvers, 2010b).  A second goal was to elicit the design
of feedback for a second revision of the tool.  This chapter reports on this second goal. 

Fig. 1: Selected criteria for algebra tools (Bokhove & Drijvers, 2010)

• Assesses both basic skills and symbol sense;
• Provides an open environment and feedback to facilitate formative assess-

ment;
• Stores both answers and the solution process of the student;
• Steps;
• Freedom to choose own strategy;
• Authoring tool for own questions;
• Intuitive interface ('use to learn' vs. 'learn to use');
• Close to paper-and-pencil notation.
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2 Conceptual Framework 

To place our focus on feedback in a more general framework, we briefly describe the three
topics that are involved in our study: algebra didactics (symbol sense), theories on tool use
(instrumental genesis) and assessment (feedback and formative assessment).

Algebra

According to Arcavi (1994) algebraic skills have a basic skill component and a symbol
sense component.  Both basic skills and symbol sense should be addressed in education,
as they are closely related: understanding of concepts makes basic skills understandable,
and basic skills can reinforce conceptual understanding.  Here, symbol sense lies in the
realm of conceptual understanding:  an intuitive feel for when to call on symbols in the
process of solving a problem, and conversely, when to abandon a symbolic treatment for
better tools. Arcavi (1994) describes several ‘behaviours’ of symbol sense.  Figure 2 shows
the dimension Drijvers, Goddijn and Kindt (2010) see: basic skills involve procedural
work with a local focus and emphasis on algebraic calculation, while symbol sense in-
volves strategic work with a global focus and emphasis on algebraic reasoning.

Fig. 2: Algebraic expertise as a dimension: from basic skills to symbol sense

Bokhove and Drijvers (2010b) studied four categories of items with symbol sense oppor-
tunities: solving equations with common factors, covering up sub-expressions, resisting
visual salience in powers of sub-expressions and recognising common factors.  The cate-
gories are sometimes subtly interlinked.  For example the category on recognizing com-
mon factors involves common factors that are not clearly apparent in an equation.  The
category on equations with common factors, on the other hand, has clearly visible common
factors on both hand sides of the equation.  One could even say that after recognising com-
mon factors (category four) one is left with a category one equation. However, the type of
symbol sense involved, is different. One thing all these categories have in common is a
combination of gestalt view or resistance to visual salience.  A gestalt view on algebraic
expressions involves the ability to consider an algebraic expression as a whole, to recog-
nize its global characteristics, to ‘read through’ algebraic expressions and equations, and
to foresee the effects of a manipulation strategy.  Resistance to visual salience refers to the
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ability to resist visually salient properties of expressions, and their implicit invitation to
carry out specific operations.  The following task provides an example of the first category: 

Fig. 3:  Example task from our digital tool

Later on we will return to this example in our case study.  

Tool use

Tool use is an integrated part of human behaviour. Vygotsky (1978) sees a tool as a medi-
ator, a “new intermediary element between the object and the psychic operation, directed
at it”. Verillon and Rabardel (1995) distinguish artefact and instrument.  The artefact is just
the tool. The instrument denotes the relationship between a person and the artefact. Only
when this relationship is established, one can call it a “user agent”.  The mental processes
that come with this are called schemes. In short: instrument = artefact + instrumentation
scheme. Trouche (2003) distinguishes instrumentation (how the tool shapes the tool-use)
and instrumentalisation (the way the user shapes a tool). Instrumental genesis is the proc-
ess of an artefact becoming an instrument.  In this process both conceptual and technical
knowledge play a role (“use to learn” and “learn to use”). To overcome the contrast be-
tween pen-and-paper and ICT based learning, an ICT environment has to correspond with
traditional techniques (Kieran and Drijvers, 2006). 

Assessment

Black and Wiliam (2004) distinguish three functions for assessment:
• supporting learning (formative)
• certifying the achievements or potential of individuals (summative)
• evaluating the quality of educational programs or institutions (evaluative)
Summative assessment is also characterised as assessment of learning and is contrasted
with formative assessment, which is assessment for learning.  Black and Wiliam (1998)
define assessment as being ‘formative’ only when the feedback from learning activities is
actually used to modify teaching to meet the learner's needs.  From this it is clear that feed-
back plays a pivotal role in the process of formative assessment.

Feedback
In the learning process adapting instruction to meet students learning needs showed sub-
stantial benefits, for example in studies by Carpenter, Fennema, Peterson, Chiang and Loef

Category 1: Solving equations with common factors
This category can be characterized by common factors on the left and right hand side of
the equation. Example:

Solve the equation: 
x

2
7x– 12+  8x 11–  x

2
7x– 12+  3x 14+ =
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(1989) and Black, Harrison, Lee, Marshall and Wiliam (2003).  As the role of feedback
had to be taken into account, drill-and-practice use of the computer made formative assess-
ment difficult.  An interesting question is whether the use of “more intelligent” new tech-
nology makes a difference in this respect. Bangert-Drowns, Kulik, Kulik and Morgan
(1991) found that not being able to see the answer before trying a question is better.  Also
giving details of the right answer, instead of just wrong or right, seemed more effective, as
other research has also confirmed (Dempster, 1991, 1992; Elshout-Mohr, 1994).

Several studies including Nyquist (2003) seem to show more effectiveness in assess-
ment when using feedback.  The stronger the feedback the larger the effect seems to be (El-
awar and Corno, 1985).  Reviews conducted by Natriello (1987), Crooks (1988), Bangert-
Drowns et al. (1991) and Black and Wiliam (1998) showed that that not all kinds of feed-
back to students about their work are equally effective.  It is therefore sensible to distin-
guish feedback types.  There are several models that distinguish feedback types. Nyquist
(2003) reviewed 185 studies in higher education, developing a typology of different kinds
of formative assessment: 

• Weaker feedback only: students are given only the knowledge of their own score or
grade, often described as “knowledge of results”

• Feedback only: students are given their own score or grade, together with either clear
goals to work towards or feedback on the correct answers to the questions they attempt,
often described as “knowledge of correct results”.

• Weak formative assessment: students are given information about the correct results,
together with some explanation.

• Moderate formative assessment: students are given information about the correct re-
sults, some explanation, and some specific suggestions for improvement.

• Strong formative assessment: students are given information about correct results,
some explanation, and specific activities to undertake in order to improve.

This distinction emphasizes the important role feedback plays in formative assessment.
Hattie and Timperley (2007) did a meta-review of the effectiveness of different types of
feedback.  The feedback effects of cues and corrective feedback are deemed best. Seeking
feedback is governed by a cost/benefit ratio.  In general, feedback is psychologically reas-
suring, and people like to obtain feedback about their performance, even if it has no impact
on their performance.  The model provided by Hattie and Timperley (ibid.) distinguishes
three questions that effective feedback answers: 

Where am I going? (the goals) FeedUp

How am I going? FeedBack

Where to next? Feed Forward
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Each feedback question works at four levels (focus of the feedback):

• Task level: how well tasks are understood/performed (FT)

• Process level: the main process needed to understand/perform tasks (FP)
• Self-regulation level: self-monitoring, directing and regulating of actions (FR)
• Self level: personal evaluations and affect (usually positive) about the learner (FS)

. Hattie and Timperley (2007) also provide some statements on the effectiveness of (com-
binations of) feedback types, including that FS feedback is least effective, simple FT feed-
back is more effective than complex FT feedback , FT and FS do not mix well (“Well done,
that is correct” is worse than “Correct” only), FT is more powerful when it’s about faulty
interpretations, not lack of information.  Furthermore they state that we should be attentive
to the varying importance of the feedback information during study of the task.

These principles are the basis of the choice of our tool and will also be the basis of
our student-inquired feedback design for an algebra tool.

3 Research questions 

The study aims at elaborating possible and desired feedback for our digital tool. The ques-
tions we set out to answer in this chapter are:
(1) Can the feedback design of a digital tool be improved through student inquiry?
(2) What methodology can be used to elaborate feedback desired by students?

4 Methodology 

The methods include one-to-one sessions with students, post-analysis of feedback occur-
rences and subsequent revision of the prototype.  Apart from validating whether the pro-
posed activities in the prototypical digital environment indeed invite symbol sense
(Bokhove and Drijvers, 2010b), five one-to-one sessions with students were also held to
explicate what feedback was desired on what moment.  As the tool was also intended for
home-use we chose to focus on individual usage of the tool, and thus one-to-one sessions.
Four pre-university grade 12 students were in the so-called nature/health stream.  A fifth
student took the advanced math for science course.  The students all had C+ grades for
mathematics.  An additional sixth one-to-one session was held with a mathematics student,
to compare the data with expert behaviour.  The sessions were recorded with audio and
camera, and the content of the computer screens by screen recording software (Camtasia). 

During the sessions, the students worked through the digital activities.  They were
asked to think aloud while working.  If a student was not able to do (part of) an item, the
observer asked what information would help in proceeding. On occasions where student
used wrong strategies or made specific procedural choices, the observer asked the student
what he or she was thinking.  This informed possible feedback for a future revision of the
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prototype.  After the first part of each session, the observer and the student went through
the student´s work and reflected on the solutions, discussing the student´s arguments and
alternative solution paths, as well as possible (feedback) improvements of the prototype. 

Analysis of screen casts took place with software for qualitative data analysis (ATLAS
TI), and involved aggregating data on desired feedback.  This meant that for every task we
constructed an overview of all the feedback that was desired by the students.  Next, this
feedback was implemented in the revised prototype.  In the next paragraph we give an ex-
ample of a feedback-design-in-progress for the example from figure 2. 

5 Results 

The results consist of (i) the described student-driven methodology for elaborating desired
feedback for digital tools; (ii) a feedback design for our initial prototypical intervention;
(iii) a revised intervention.

These results are exemplified in a case study example.  

Fig. 4: Step one. The table shows a part of the feedback design 

Input Feedback Description Feedback

or or Correct Only if it’s exactly this input, 
the students scores maximum 
points. Note that the answer is 
not accompanied by FS feed-
back, as FS feedback influ-
ences FT feedback in a 
negative way (Hattie & Tim-
perley, 2007)

FT

You probably divided by 
. You 

lost some solutions for 

.

The student gets part of the 
score for one of the solutions, 
but is also served feedback on 
losing some solutions.

FT

Plot graphs of the functions on 
both sides of the equations and 
determine how many points of 
the intersection there are.

By providing students with a 
plotting tool, students are 
invited to find out for them-
selves whether the answer they 
have given is correct.

FR

You probably don’t know how 
to solve this third order equa-
tion. If not, then look at the ini-
tial equation. Do you see 
corresponding factors on the 
left and right hand side?

The student has expanded the 
expression and rewritten it to 
the form expression = 0. The 
students involved in the target 
group do not know how to 
solve a third order equation, 
and is therefore advised to 
scrutinize the initial equation 
some more.

FP

 or You recognized similar factors 
on both sides.

The student recognizes the 
common factors on both hand 
sides of the equation.

FT

x 3= x 4= x 5=

8x 11–  3x 14+ =
x2 7x– 12+  0=

x2 7x– 12+ 0=

8x 11–  3x 14+ =

5x
3

60x
2

– 235x 300–+ 0=

x
2

7x– 12+  0=
8x 11–  3x 14+ =
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6 Case study example 

In this paragraph we provide an example of the feedback elaboration process through a
feedback design for one of the tasks in our prototypical tool.  The task we will present is
the task from figure 2.

Solve the equation 

Subsequently the steps that are involved are: 
Step 1: we distilled desired feedback occurrences from the screencasts and made a feed-
back design.

Step 2: we implemented the design in our second revision. See figure 5.
Step 3: we tested our implementation.  See figure 6.

Step 1: Feedback from one-to-one sessions
In this step we analyzed the screencast recordings of several student sessions.  We distin-
guished remarks on desired feedback in all of the sessions, other welcome additions for the
second revision of the tool, and other technical remarks. Grouping similar feedback result-
ed in a feedback design.  Figure 4 shows a selection of the design for the case study exam-
ple.  The first column is the input from the student, the second column denotes the
feedback the students want and thus we desire in our tool, the third column provides some
explanation on expected student behaviour. The last column shows the feedback type (Hat-
tie and Timperley, 2007).

Step 2: Implementation of the feedback design
Figure 5 shows the feedback design being implemented in our second revision.  The figure
shows part of the authoring environment that is used ‘behind the scenes’.  We can recog-
nize several elements from figure 4. At the top of the figure tabs denote the different feed-
back instances one exercise holds. In this case instance four of in total eight feedback
instances is active and highlighted in white.  Every feedback instance consists of an answer
model.  Every step in the solution process of the student is evaluated according to the an-
swer models that are in the feedback implementation.  Note that the answer model is ran-
domized.  This means that a through f are random integers (within boundaries that are
defined elsewhere).  In this case one can recognize the Quadratic Formula in the answer
model, as applied to the quadratic term in the initial equation.  Of course, our case study
example with the quadratic part yields two solutions, the linear term of the equation yields
one solution.

Under this box the authoring environment provides the opportunity to apply rules and
limitations: “Equivalent” is checked.  This denotes that the answer given by the student

x
2

7x– 12+  8x 11–  x
2

7x– 12+  3x 14+ =
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should be equivalent to the answer model. “Vorm” is checked.  This option is linked to the
box on the bottom right and demands that the student answer is in a certain algebraic form.
As the digital tool has an emphasis on symbol sense we desire that a student recognizes
similar terms.  The “Vorm” box therefore contains the form after recognizing these similar
terms. The four radio buttons signify what symbol is appropriate: a green “goed” (correct)
symbol, an orange “half” correct symbol or a red “fout” (incorrect) symbol. “Door” can be
used for answers that the tool deems not entirely correct but require the possibility to ‘fol-
low-through’ on the answer.  This opposed to the situation where the solution process sud-
denly stops.  If all these conditions apply, the feedback in the box on the bottom left is
shown and the score provided is given. 

Step 3: Testing the revision
Figure 6 shows part of what the feedback instance from figure 5 looks like when giving in
the corresponding step.  In this case the student has recognized common factors on both
sides of the equation.  The task is embedded in a full-fledged equation editor, and allows
the student to make algebraic steps. 

Fig. 5: Step two: authoring custom feedback for one of the items
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Fig. 6: Step three: custom feedback in action.

7 Conclusion and discussion 

Our first question was whether the feedback design of a digital tool can be improved
through student inquiry.  We conclude that asking students when to use what feedback can
improve a digital tool.

The second question was what methodology can be used to elaborate feedback desired
by students.  We have found our methodology fruitful:
(1) Deploy the tool and ask students to ‘think aloud’;
(2) Tabulate all the responses;
(3) Make a feedback design;
(4) Implement the feedback design in the tool;
(5) Test the tool with help of the feedback design, and make another iteration. 

This provides a revision of the tool. It is possible to greatly improve a tool this way. In our
one-to-one sessions and explorations on the role of feedback we would like to bring up
three points of discussion.

Firstly, the role of scores.  Scoring seems to have a negative impact (Butler and Nisan,
1986).  Butler (1988) even concluded that the effects of diagnostic remarks completely dis-
appeared when grades were added.  So here we have a dilemma: do we use grades/marks
and feedback together, hoping motivation will overcome the disadvantages or not. 

Secondly, it is very difficult to anticipate all the mistakes students can make. We in no
way would claim that this methodology and this tool caters for all common misconcep-
tions.  The methodology described does, however, add student input to the domain of feed-
back design.

Thirdly, technology is always ‘on the move’. Along with feedback, technological de-
velopments influence the improvement of our tool. Whether these are actually implement-
ed in our tool will depend on the added value. In the author’s opinion tools for education
should not focus on new features or technologies but on its relevance in a classroom set-
ting.  Both education and design can profit from each other.
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Effects of feedback in an online algebra 
intervention

1 Introduction 

During the last decade the assumed dichotomy between procedural skills and conceptual
understanding has been widely debated.  It has been a focal point in the so-called ‘Math
War’ discussion (Schoenfeld, 2004). The debate also influenced the type of expertise that
algebra education should target: should students focus on practicing algorithms or on rea-
soning and problem solving strategies? One approach stresses the fact that computational
skills are an essential ingredient for understanding mathematical concepts (US Department
of Education, 2007). Another approach starts off with more focus on conceptual under-
standing (US Department of Education, 2007). Although most experts seem to agree that
essentially both are needed, there is no clear agreement on the relationships and priorities
among the two. Apart from this debate, recent years also saw an evolution in the use of
technology in mathematics education. The National Council of Teachers of Mathematics
(2008) formulated the potential of Information and Communication Technology (ICT) for
learning in their position statement. The present research combines the aforementioned el-
ements: we want to use the potential of ICT to address algebraic skills, on both a proce-
dural and a conceptual level, and to design and test an intervention exploiting just that
potential. In particular, we want to use the ‘power of feedback’ (Hattie & Timperley, 2007)
in these computer tools, as it allows students to work at home independently. The use of
feedback, however, comes with its own challenges: how much feedback is needed, when
is it needed and when should we avoid feedback? To address these challenges, in this paper
we try to identify crucial feedback design principles guiding such an intervention, and in-
vestigate their effects on learning. As the nature of feedback depends on the research con-
text and the way it is implemented in an intervention, it is wise to first sketch a broader
framework for feedback. Therefore we first address the research context of algebraic ex-
pertise, and then describe the notion of feedback as an essential part of formative assess-
ment.

2 Research context: algebraic expertise

This research on the effects of feedback in an online algebra intervention takes place with-
in the context of mathematics, targeting the design of an intervention that caters for both
the acquisition of procedural skills and conceptual understanding. The distinction between
procedural skills and conceptual understanding is a highly researched field of interest. The
book Adding it up (Kilpatrick, Swafford, & Findell, 2001) synthesizes the research on this
issue in the concept of mathematical proficiency, which comprises five strands: conceptual
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understanding, procedural fluency, strategic competence, adaptive reasoning and produc-
tive disposition. Here, conceptual understanding is defined as “the comprehension of
mathematical concepts, operations, and relations” (p. 116), and procedural fluency as the
“skill in carrying out procedures flexibly, accurately, efficiently, and appropriately” (ibid.).
Furthermore, “the five strands are interwoven and interdependent in the development of
proficiency in mathematics” (ibid.). Arcavi (1994) introduced the notion of symbol sense,
which includes “an intuitive feel for when to call on symbols in the process of solving a
problem, and conversely, when to abandon a symbolic treatment for better tools” (p. 25).
Arcavi describes eight behaviors in which symbol sense manifests itself. These behaviors
show the intertwinement between procedural skills and conceptual understanding as com-
plementary aspects of algebraic expertise. Both procedural skills and symbol sense need
to be addressed in algebra education, as they are intimately related: understanding of con-
cepts makes basic skills understandable, and basic skills can reinforce conceptual under-
standing (Arcavi, 2005). In line with this work, Drijvers, Goddijn and Kindt (2010) see
algebraic expertise as a dimension ranging from basic skills to symbol sense (see Figure
1). Basic skills involve procedural work with a local focus and emphasis on algebraic cal-
culation, while symbol sense involves strategic work with a global focus and emphasis on
algebraic reasoning. 

Fig.1: Algebraic expertise as a dimension (Drijvers, Goddijn & Kindt, 2010) 

3 Formative assessment and feedback

Black and Wiliam (2004) distinguish three functions for assessment: supporting learning
(formative), certifying the achievements or potential of individuals (summative), and eval-
uating the quality of educational programs or institutions (evaluative). Summative assess-
ment is also characterized as assessment of learning and is contrasted with formative
assessment, which is assessment for learning.  Black and Wiliam (1998) define assessment
as being 'formative' only when the feedback from learning activities is actually used to
modify teaching to meet the learner's needs.  From this it is clear that feedback plays a piv-
otal role in the process of formative assessment. According to an overview by Mason and
Bruning (2001) determining factors for effectiveness of feedback are: elaboration, student
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achievement levels, depth of understanding, attitude toward feedback, learner control, re-
sponse certitude, and timing. To give an example, Morrisson et al. (1995) found that de-
layed and knowledge-of-correct-response feedback may be more beneficial than answer-
until-correct or no-feedback for lower level learning, while Clariana (1990) concluded that
answer-until-correct feedback may be more effective for higher order learning than for
lower level processing. While lower ability students may benefit from more immediate,
specific forms of feedback, higher ability students may gain more knowledge from feed-
back that allows for active processing by the student. A review by Vasilyeva et al. (2007)
also provides recommendations for the effective use of feedback in web-based application.
In general, keeping in mind this body of knowledge, we want to address the general ques-
tion: 

Which design principles may guide feedback design in an online algebra intervention and
what are the effects of these design choices?
In answering this question, we focus on three promising concepts concerning feedback.
The first is the concept of timing and fading, which states that the amount and timing of
feedback should differ according to the moment and context. Second, the concept of a cri-
sis, in which no help is offered in the form of feedback whilst experiencing a conceptual
crisis, after which feedback is presented to overcome that crisis. Third, feedback variation:
providing more elaborate, ‘intelligent’ and varied feedback. These three concepts lead to
three sub-questions:
(1) Timing and fading: are there indications that formative scenarios with fading feedback

improve the acquisition of algebraic expertise?
(2) Crises: do crises in algebraic task sequences improve the acquisition of algebraic ex-

pertise?
(3) Variation: does variation in feedback influence scores and student behavior?

4 Method

Type of study
This complete study globally followed a design research approach with four phases. The
preliminary research phase concerned the choice and design of a digital tool for algebra
(Bokhove & Drijvers, 2010a). The first intervention cycle focused on whether the proto-
typical digital activities would invite symbol sense behavior through one-to-one sessions
(Bokhove & Drijvers, 2010b). The second cycle consisted of a small scale field experiment
in one school. The third and final cycle involved a large-scale classroom experiment. This
research set-up shows a progress from small-scale to large-scale in 'layers of formative
evaluation' (Tessmer, 1993), with an accompanying shift from more qualitative to more
quantitative analyses. The last cycle, aiming at the intervention effects, is the focus of this
article, although we refer to Bokhove & Drijvers (in press) for the overall effects of the
intervention.
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Participants
The participants were 324 12th grade 17-18 year old students from fifteen classes from
nine Dutch secondary schools, involving eleven mathematics teachers. The schools were
spread across the country and showed a variation in school size and pedagogical and reli-
gious backgrounds. The participating classes consisted of pre-university level ‘wiskunde
B’ students (comparable to grade 12 in Anglo-Saxon countries). 43% of the participants
were female and 57% were male. The participating schools reacted to an open invitation
in several bulletins for mathematics education. Schools received an exemplary course
planning and some hints on using the intervention. They were however free to adapt the
intervention to their own requirements. Schools deployed the intervention in the last three
months of 2010, just before preparations for the final national exams would start. Teachers
received mailings on a regular basis, and could visit the project website www.algebra-
metinzicht.nl. In addition, schools were randomly allocated to two feedback conditions c1
and c2. Data collection included results from a pre- and post-test, and the scores and log
files of the digital activities. The log files record information on students' individual item
scores, feedback, answers, and number of attempts.

Content of the intervention

In the design of this study's intervention, we want to address both ends of the dimension.
To do so, we contend that an online algebra intervention needs to offer symbol sense op-
portunities. For the task design, we used sources related to the transition from secondary
to tertiary education, such as exit and entry examinations, text books, journals and reme-
dial courses. Several suitable 'symbol sense type items' were identified and selected. The
main criterion was that items would address both procedural skills and symbol sense. This
yielded a collection of items, grouped into four categories: (1) on solving equations with
common factors, (2) on covering up sub-expressions, (3) items asking for resisting visual
salience in powers of sub-expressions, and (4) items that involve recognizing 'hidden' fac-
tors. Even if these categories may seem quite specific, they share the overall characteristic
of an intertwinement between local and global, procedural and strategic focus.
Category 1: Solving equations with common factors. 
Items in this category are equations with a common factor on the left and right-hand side,
such as: 

Category 2: Covering up sub-expression. 
In this category, sub-expressions need to be considered as algebraic entities that can be
covered up without caring for their content. A well-known example from Wenger (1987)
is:

x
2

7x– 12+  8x 11–  x
2

7x– 12+  3x 14+ =

Solve the equation:
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Category 3: Resisting visual salience in powers of sub-expressions. 
This category is about recognizing when to expand expressions and when not. It contains
equations with sub-expressions that just beg to be expanded because they are raised to a
power:

Category 4: Recognizing ‘hidden’ factors. 
This category concerns the recognition of factors that are not immediately apparent (ge-
stalt). An example is the following item adapted from Tempelaar (2007): 

The intervention consists of tasks taken from these four categories.

Structure of the intervention

The intervention called ‘Algebra met Inzicht’ [Algebra with Insight] was designed in the
Digital Mathematical Environment. The intervention is depicted graphically in Figure 2
and consists of a pen-and-paper pre-test, four digital modules, called d1-d4, each covering
one of the four task categories described above (Bokhove & Drijvers, 2010b), digital mod-
ule d5 as a diagnostic tool, digital module d6 as a final digital test and, finally, a pen-and-
paper post-test.The time needed to complete the module was estimated at six hours work
in total, excluding pre- and post-tests. Table 1 shows whether an intervention element was
presented digitally or with pen-and-paper, the number of items and Cronbach's alpha. The
alpha values indicate that all parts of the intervention can be considered reliable (Garson,
2011). 

v u 1 2v 1 u++=

Solve for v:

x 3– 2 4+ 40=

Solve the equation:

x
2

x–

x
2

2x– 1+
--------------------------

Rewrite:
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Fig. 2:  Outline of the formative scenario underpinning the intervention

Table 1: Reliability of the parts of the intervention  

5 Three feedback design principles and their elaborations

We now describe the three main feedback design principles, that correspond to the three
sub-questions phrased above, in more detail.

Feedback design principle 1: timing and fading with formative 
scenarios
The first feedback design principle, that corresponds to the first research sub-question,
concerns timing and fading with formative scenarios. With formative scenarios we mean
a structured collection of learning activities, starting off with a lot of feedback to aid learn-
ing, but decreasing the amount towards the end, to facilitate transfer. It is based on the con-
cept of fading (Renkl, Atkinson, & Große, 2004). Fading refers to the idea that one starts
off with completely elaborated tasks and moves to less elaborated tasks by removing in-
termediate steps. According to Jones and Fleischman, "faded examples cause effective

Part Pre d1 d2 d3 d4 d5 d6 Post

Items N 8 12 6 11 16 23 23 10

Alpha .724 .687 .917 .909 .880 .843 .828 .709

Digital (d)/pen-and-paper (p) p d d d d d d p
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learning by forcing the student to encounter and overcome an impasse" (Jones & Fleis-
chman, 2001, p. 5). An impasse occurs when a learner realizes a lack of complete under-
standing of a piece of knowledge. In the original research by VanLehn et al. impasses are
part of the CASCADE model (VanLehn, Jones, & Chi, 1992) of cognitive skill acquisition.
Based on the CASCADE model, Jones and Fleischman (2001) assume that when learners
study complete examples they often superficially read over the examples without experi-
encing impasses that would trigger self-explanations. It signifies the situation in which a
rule for solving a task is missing. Formative scenarios (Bokhove, 2008) are a variation of
this concept, starting off with much feedback, and providing a gradually decreasing level
of feedback.

In the intervention we developed in the frame of this study, at the start feedback is pro-
vided for all intermediate steps, and in an additional condition also through options the stu-
dent can use to get hints and worked examples. During the intervention, the amount of
feedback decreases towards no feedback in the step level and only overall feedback after
finishing the task. The principle applies to the intervention as a whole. More specifically,
the intervention after a pretest begins with a practice tool. The tool provides feedback on
every step. The next step concerns self-assessment and diagnostics: the student performs
the steps without any feedback and chooses when to check his or her solution. Feedback
is then given for the whole exercise. Finally, students get a final exam, with no means to
see how they performed. Just as is the case with a paper test, the teacher will be able to
check and grade the exam (in this case automatically) and give students feedback on their
performance. After all, a student needs to be able to accomplish tasks independently, with-
out the help of a computer. This approach also corresponds with ideas on graduated help,
scaffolding and ‘the power of feedback’ (Hattie & Timperley, 2007). 

Feedback design principle 2: crises 
The second feedback design principle, that corresponds to the second research sub-ques-
tion, concerns evoking crises. Learning often takes place when we are unsuccessful in per-
forming a task or when things go wrong. One underlying principle for the design of our
intervention is the concept of a crisis. With a crisis we refer to a principle that the poet John
Keats so eloquently described at the beginning of the nineteenth century: 

Don’t be discouraged by a failure. It can be a positive experience. Failure is, in a sense, the
highway to success, inasmuch as every discovery of what is false leads us to seek earnestly
after what is true, and every fresh experience points out some form of error which we shall af-
terwards carefully avoid.

Although crises can be described at a societal level, for example when a whole scientific
discipline is thrown into a state of crisis causing a paradigm shift (Kuhn, 1996), here we
refer to the individual level. We pose that in a sense the individual has to deal with his or
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her own paradigm shift. When confronted by a conceptual crisis critical thinking about
problems and evaluating conflicting contexts, dialectical reasoning could help to over-
come the crisis. The principle of a crisis also resembles other concepts, such as cognitive
conflicts (Tall, 1977) , Van Hiele’s ‘crises of learning’ (Van Hiele, 1985) and ‘productive
failure’ (Kapur, 2008). It also ties in with the impasses that we described in the section on
formative scenarios. 

In the present intervention, we used this concept at the level of a series of items, in the
following way. As soon as we expect students to rely on standard algorithms, this is chal-
lenged by an item that evokes a conceptual crisis: a task that is hard or impossible to ac-
complish with the algorithms that worked so well earlier. We illustrate this with an
example from one-to-one sessions (Bokhove & Drijvers, 2010b). 

Figure 3 shows a student elaboration of an exemplary task solving equations with com-
mon factors. This task followed several tasks with only linear components, for example the
equation  . In this case students could either recog-
nize common factors on two sides of the equation, or expand to work towards the Quadrat-
ic Formula. In both cases students possess the knowledge that is needed for solving the
task. Note that, although assignments have the same structure, the tasks are randomized,
which means that every student gets a different assignment. 

Fig. 3: Solving an equation with common factors (Bokhove & Drijvers, 2010b)

This student belonged to a group of students that did not recognize the common factors on
the left- and right-hand side. When this happened, a much used strategy would consist of
an algorithm that they apparently described as 'would always work': expand and work to-
wards the Quadratic Formula. The yellow tick denotes that the expression is algebraically
equivalent to the initial equation, but that it is not the final correct answer. This is accom-
panied by only part of the total score and feedback (in Dutch) on correctly having rewritten
the expression. Although these students showed good rewriting skills, in the end they were

3x 2–  6x 2+  3x 3–  3x 2– =
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not able to continue, as they did not possess the skill mastery to solve a third order equa-
tion. Right after this task a similar task is provided, but now with feedback pointing at the
structure of the initial equation, and instructional screencast clips. 

Throughout the module, the setup of the four series of tasks had the following sequen-
tial design: first 0-7 tasks that could be solved with pre-existing knowledge, then a crisis
task, followed by tasks that are accompanied by screencast clips with a worked example
plus additional feedback. One difference with existing definitions of crises is that they
mostly describe the crises that occur while solving regular tasks, pointing out a gap in the
student's knowledge. In this case crises are provoked intentionally to (hopefully) activate
knowledge and/or to make the student aware of this. By subsequently providing aid in
overcoming the crisis, the crisis is addressed. We contend that this approach could aid the
acquisition of algebraic expertise and aim to scrutinize the fraction of correctly answered
items and number of attempts right during and after a crisis task. 

Feedback design principle 3: variation

The third feedback design principle, that corresponds to the third research sub-question,
concerns variation of feedback. Hattie and Timperley (2007) conducted a meta-review of
the effectiveness of different types of feedback. The feedback effects of cues and correc-
tive feedback are deemed best. Feedback questions work at four levels (focus of the feed-
back): (i) the task level: how well tasks are understood/performed (FT), (ii) the process
level: the main process needed to understand/perform tasks (FP), (iii) the self-regulation
level: self-monitoring, directing and regulating of actions (FR), (iv) and the self-level: per-
sonal evaluations and affect (usually positive) about the learner (FS). Hattie and Timperley
(ibid.) also provide some statements on the effectiveness of (combinations of) feedback
types, including that FS feedback is least effective, simple FT feedback is more effective
than complex FT feedback, FT and FS do not mix well ("Well done, that is correct" is
worse than "Correct" only), and that FT is more powerful when it involves faulty interpre-
tations.  Furthermore they state that we should be attentive to the varying importance of
feedback information during study of the task.
In this intervention, custom feedback and so-called IDEAS feedback are used to provide
more elaborate, 'intelligent' feedback. The Digital Mathematical Environment has a provi-
sion for feedback by connecting to the IDEAS web service (Heeren & Jeuring, 2010), as
well as the feature of providing custom feedback, the latter of which is described by Bok-
hove (2010). The IDEAS web service is also implemented for other online mathematical
environments.  

Figure 4 shows the essential characteristics of the IDEAS implementation in the DME.
Firstly, the general characteristics of IDEAS feedback, which include what feedback is
shown when and where. These settings were used to create two different feedback condi-
tions c1 and c2. Secondly, IDEAS implements a block of diagnostic messages, which con-
cerns feedback on strategy, the 'correct step', but also possible 'detours'. The third block of
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feedback concerns rewrite rules, rules that can be applied to an expression. Finally there
are buggy rules, which describe the feedback that appears when a mistake is made. Using
the authoring environment we implemented two series of tasks, d1 and d3, with both cus-
tom and IDEAS feedback. 

Fig. 4: Screenshot of DME’s authoring environment for IDEAS feedback

Two different feedback conditions were implemented in the two series of tasks: one con-
dition c1, and one condition c2. The first feedback condition c1 consisted of IDEAS and
custom feedback without buttons in the interface. Feedback is only provided in the step-
wise approach.

To illustrate this, figure 5 shows the solution process for a polynomial equation. The
student loses solutions for the equation along the way, and appropriate feedback warns the
student that this is happening: “You are about to lose two solutions. Keep in mind that the
expression  also yields two solutions. Please complete”. This feedback is
along the lines of ‘feedback about the task’ (FT). The second feedback condition c2 is the
same as c1, but additionally provides several buttons on the screen that could be used for
getting hints and solutions of the exercises.

2x
2

4x 3–+ 
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Fig. 5:  Stepwise custom feedback

Figure 6 shows these buttons for (i) tip, which provides a hint for the next step, (ii) stap,
which provides the next step in the solution process, and (iii) los op, which solves the
whole equation and thus provides a ‘worked example’. 

Fig. 6: Feedback condition c2, including buttons

These buttons can be used at will by the student, providing self-regulatory tools (feedback
type FR). In the case of Figure 6 the student used the ’stap’ button to obtain the next step
in the solution process, and feedback ‘A*B=A*C gives A=0 or B=C’. 
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6 Results of the feedback design 

Results for design principle 1: timing and fading

Table 2: Fractions of correct items per category(1) 

(1) Skipped items were not included in the “fraction correct”.

(2) Note that the final d5 score is a result of both scores and point deductions for attempts. Therefore the final

score for d5 is not the same as the “fraction correct”. For example, with deductions, the score is 49 out of

100 points. This is much less than 0.780 as tabulated above. This discrepancy is not applicable to d6, as there

were no point deductions. 

. Table 2 shows the fraction of correct items per category. It suggest that the formative sce-
nario with timing and fading (i) shows a relatively low pretest score, (ii) high tool-aided
scores in d1-d4, (iii) d5, on their own feet, worse (iv) d6 even worse, but finally the posttest
significantly better than the pretest. Apparently, the fading feedback did not hinder the ef-
fectiveness of the intervention. Rather, we contend that the fact that scores declined after
the practice module, but still maintained an overall significant effect, suggests that the ad-
dition of 'faded' modules d5 and d6 makes a difference. This hypothesis is also supported
by the scores on the four separate item categories.

Results for design principle 2: crises

Figure 7 shows the fraction of correctly answered items per part of the intervention, d1 to
d4. The arrows denote the location of the crisis task. Looking at the scores the crisis are
not really noticeable. Therefore we also looked at the number of attempts. Figure 8 shows
similar graphs, but now with the total number of attempts plotted on the vertical axis (N
remained 324 during the tasks). Attempts seem to give a better indicator for a crisis with
the trend for d1, d2, and d4 being that the number of attempts needed decrease after a crisis
task. Part d3 did not show this trend. Thus, for d1, d2 and d4 performance, measured as
number of attempts needed, increased after a crisis. For d3 the number of attempts in-
creased after crisis item 3.5. A qualitative post-analysis showed that this was caused by the
use of negative and broken exponents in items 3.7 and 3.8.

Category Pre d1 d2 d3 d4 d5(2) d6 Post

Cat1 0.532 0.929 - - - 0.728 0.630 0.872

Cat2 0.248 - 0.938 - - 0.841 0.776 0.825

Cat3 0.566 - - 0.950 - 0.794 0.627 0.755

Cat4 0.571 - - - 0.853 0.759 0.656 0.872

Control - - - - - - - 0.629

Total 0.507 0.929 0.938 0.950 0.853 0.780 0.672 0.787
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Fig. 7: Fractions of correct items for tasks from d1-d4

Fig. 8: Number of attempts spent on tasks from d1-d4

Results for design principle 3: variation

For the results on the two feedback conditions, we first present the quantitative findings.
Next, these will be illustrated by some case examples. As a Kolmogorov-Smirnov test
shows that both d1 and d3 scores are not distributed normally (Z=5.408, p<0.001; Z=6.768,
p<0.001 respectively), we apply a non-parametric Mann-Whitney test. This test shows that
there is a significant difference between the feedback conditions when we look at the score
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for d1 (U=7680.00, p<0.001, r=-.321) with condition c2 scoring higher than condition c1.
According to Cohen (1992) this accounts for a medium effect size. The second series of
tasks d3, however, did not show a significant difference (U=10560.00, p=.531). When con-
sidering the number of attempts, this was significantly higher for feedback condition c1
(Mdn=126.00) (without extra buttons) than for feedback condition c2 (Mdn=105.00),
U=9904.50, p<.001, r=.202. Although we can classify this as just a small effect, it suggests
that the addition of buttons for hints and solutions results in less attempts.

Apart from these quantitative results there also is a substantial body of case examples
where students have successfully or unsuccessfully used feedback options. We now illus-
trate the use of IDEAS feedback with three examples from both feedback conditions, one
example from c1, one example of a student using the hint button from c2, and one example
of a student using the button for a worked solution in c2. Note that feedback was translated
from Dutch into English for the purpose of this article, and that randomization of the tasks
means that students received different equations to solve. 
The symbols ,  and  respectively designate incorrect answers, correct but not final
answers and correct answers.

Table 3: Feedback example from condition c1 (stepwise feedback)

In the example in Table 3 the student starts by expanding the left and right hand side of the
equation. As there are no feedback buttons available, the system evaluates the expression
in step 1 as correct (but not the final solution). The student makes a calculation error in
rewriting in the form [expression]=0. Now the system hints that the expression is incorrect
and gives feedback. The difficulty of judging what mistake was made instantly becomes
apparent: in this case the student already understood he/she should rewrite to [expres-
sion]=0 but makes a calculation error. In step 3 this error is corrected. The student then re-
members to apply the Quadratic formula and solves the equation correctly. We see that the
system does still have difficulties with judging what format of the expression is ‘good
enough’ and what is not. The evaluation is quite ‘liberal’, giving the notation in step 4 full
marks.

Step Student Feedback

0

1 You are rewriting correctly

2 Hint:  rewrite to [expression]=0 

3 You are rewriting correctly

4  or You have solved the equation cor-
rectly

4x– 5+  8x 5–  4x– 6+  4x 14+ =

32x
2

– 60x 25–+ 16x
2

– 32x– 84+=

16x
2

– 92x 190+ + 0=

16x
2

– 92x 109+ + 0=

x
92– 1488–

32–
--------------------------------= x

92– 1488+
32–

---------------------------------=
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The second example, shown in Table 4, reveals that the additional buttons help a stu-
dent to overcome initial difficulties with the given equation. 

Table 4: Feedback example from condition c2 (hints)

After being given a new equation the student uses the ‘tip’ button to get a hint. The student
uses the hint to apply the correct strategy, first making a notational error, but correcting
this in step 2. After this the student concludes the task in steps 3 and 4. In step 3 the system
prompts that the expressions can be simplified. 

Table 5: Feedback example from condition c2 (solve)

Step Student Feedback

0 Hint: AB=AC => A=0 or B=C

1  or 

2  or You are rewriting correctly

3  or  or This is not quite the exact format

4  or  or You have solved the equation cor-
rectly

Step Student Feedback

0 AB=AC => A=0 or B=C

1  or Rewrite in form 
[expression]=0

2  or Move constants to the right

3  or Free up variable by dividing on
both sides

4  or Simplify by factoring

5  or Use quadratic formula

6  or  or Simplify roots

7  or  or You have solved the equation
correctly

x
2

x 6–+  7x 6–  x
2

x 6–+  3x 12+ =

x
2

x 6–+ 0= 7x 7– 3x 12–=

x
2

x 6–+ 0= 7x 6– 3x 12–=

x
1– 25–

2
-----------------------= x

1– 25+
2

------------------------= x 4
1
2
---=

x 3–= x 2= x 4
1
2
---=

2x
2

4x– 4–  6x 11–  2x
2

4x– 4–  3x 14+ =

2x
2

4x– 4– 0= 6x 1– 3x 14–=

2x
2

4x– 4– 0= 3x 25– 0=

2x
2

4x– 4– 0= 3x 25=

2x
2

4x– 4– 0= x
25
3

------=

x
2

2x– 2– 0= x
25
3

------=

x
2 12+

2
-------------------= x

2 12–
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The third and last example, shown in Table 5, concerns a student that uses the ‘los op’ but-
ton to automatically solve the given tasks, with the system adding the strategies as feed-
back for every step in the solution process. This example shows the difficulties of
evaluating student answers. Most solutions from students combined several steps into one.
For example, steps 2, 3 and 4 could easily be combined in one step. The notational issue
mentioned earlier also crops up: many teachers would perhaps have given full marks for
the solution in step 6, but because the square root can be simplified this is not seen as the
final solution.

7 Conclusion

The general question we wanted to answer was in what way can feedback be used in the
design of an intervention and what are its effects? The question was elaborated in three
sub-questions that involved the framework for feedback: timing and fading, crises and
variation.
(1) Timing and fading: are there indications that formative scenarios with fading feedback

improve the acquisition of algebraic expertise?
(2) Crises: do crises in algebraic task sequences improve the acquisition of algebraic ex-

pertise?
(3) Variation: does variation in feedback influence scores and student behavior?

Conclusion on timing and fading
The score progress for the intervention shows that an initial pre-knowledge score is fol-
lowed by a large improvement of scores for algebraic expertise when in practice mode. Af-
ter this, in self-test mode, the scores dropped markedly, and in the final digital test they
dropped even further. Overall, however, the intervention showed a significant improve-
ment across all four task categories. The improvement is biggest for the second category;
the third category shows the least improvement. Thus, although our formative scenario
causes ‘pain’ in gradually fading feedback in the course of the intervention, the learning
effect is still there. The design criterion of using formative scenarios seems to improve the
acquisition of algebraic expertise. 

Conclusion on crises

The results are mixed for this design principle. When looking at the fraction of items an-
swered correctly there seemed to be no effect for a crisis task. This is probably caused by
the fact that difficulty with tasks cannot be seen if the final score is high, although achieved
with difficulty. The number of attempts after a crisis task does decrease in three of four se-
ries of tasks. In series category one, two and four it seems the crisis is followed (trend) by
a drop in number of attempts and an increase in score. For category three, however, this is
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not the case. From a qualitative post-analysis we conjecture that this was caused by the use
of negative and broken exponents in items in the tasks. Whether this improves the student's
actual expertise is unclear from the results.

Conclusion on variation

When observing the scores students obtained in the two conditions, we can see that there
is a medium effect for the feedback condition including self-regulatory feedback (condi-
tion c2). This effect, however, only was apparent in one of the series of tasks. We think we
can explain the difference between d1 and d3 in the fact that both series address the cate-
gory of polynomial equations (Bokhove & Drijvers, 2010). Having solved polynomial
equations with feedback in d1 meant that the students were already capable of solving sim-
ilar types of equations (in d3, which followed after d1), and subsequently no additional
form of self-regulation was needed in d3. The addition of buttons for feedback also had an,
albeit small, effect on the number of attempts. This makes sense as the additional feedback
that can be requested discourages more attempts. When looking in more detail at the use
of the feedback in the three case examples it is clear that both task-related and self-regula-
tory (FT and FR) feedback can be used in a formative way for the learning of algebra. Stu-
dents can use the feedback to overcome difficulties and check whether they are on the
correct solution path or not. 

Taken together we can see that the use of feedback in an online algebra intervention
can have a significant effect. Furthermore, the principles provide a broad approach to the
potential of feedback use in digital tools. However, there still is a lot to work out. One dif-
ficulty in regard to feedback is whether it was actually the feedback (formative scenario,
crisis or feedback variation) that improved scores. Especially with students using the on-
line algebra intervention at home, it is quite difficult to control for many of the variables.
Another word of caution with regard to ‘intelligent’ feedback is needed. Although research
suggests that worked examples are effective (Sweller & Cooper, 1985) students could eas-
ily be tempted to ‘just push the button’ (this is an actual statement from a student) to get
full marks. Although the results of using custom and IDEAS feedback for algebraic exper-
tise are promising, there still are many improvements to be made. These improvements
should focus primarily on notational aspects as shown in the case examples. Student mo-
tivation declines when they do not get full marks from the system, and no explanation is
given. Secondly, feedback should be adapted to the target audience and math curriculum.
Clearly, the mathematical language of higher education is different from that of secondary
education. It is not a viable option to let all teachers author their own set of feedback com-
ments. One goal in the near future will be to try and provide default values for feedback
that applies to the most common student errors and behaviors, resulting in feedback ‘out-
of-the-box’. It is imperative that the appropriateness and quality of ‘intelligent’ feedback
is improved before we can reap the benefits. One good method to achieve this would be to
use student inquiry (Bokhove, 2010).
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The three feedback design principles were implemented because we wanted to answer
the general question which design principles may guide feedback design in an online alge-
bra intervention and what are the effects of these design choices? We have demonstrated
this in the previous sections. Nevertheless they are are only a cautious first step on the road
to actual use and implementation of feedback in computer tools for education. If we ac-
knowledge the ‘power of feedback’ (Hattie & Timperley, 2007) in technology we should
be willing to think about the implications this has for educational practice, otherwise this
power could easily turn out to be a hindrance, rather than an advantage. Therefore the con-
ditions under which computer feedback flourishes should be pursued further. As one stu-
dent said: “although there are some bugs in the feedback this is a good program which I
would like to use more often.” 
92



Effects of a digital intervention on the development of algebraic expertise

Proefschrift.book  Page 93  Thursday, October 20, 2011  10:06 PM
Chapter 6

Effects of a digital intervention on the
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Effects of a digital intervention on the 
development of algebraic expertise

1 Introduction

According to a plethora of available resources, the potential of computers for K-12 ed-
ucation has been widely recognized (Voogt & Knezek, 2008). However, for a successful
integration of ICT many factors have to be taken into account. Some factors concern the
individual level, such as students' computer attitudes, computer experience and gender;
other variables operate at class and school level and stress the gap between the proposed
and implemented ICT curricula (Tondeur et al.,2008). Therefore, more knowledge is re-
quired about both the optimal conditions to benefit from ICT's potential and the relevant
characteristics of ICT interventions. 

The optimization of ICT's potential also concerns the field of mathematics education.
In line with recent research findings (e.g. Goos et al., 2009; Heid & Blume, 2008a, 2008b;
Pierce & Stacey, 2010), the U.S. National Council of Teachers of Mathematics (2008) ac-
knowledges the potential of ICT for mathematics education in its recent position state-
ment. As a result,  the last decade has seen a rise of (online) environments for algebra and
accompanying research (Berger, 2010; Kim & Wei, 2011). However, educational use of
ICT for mathematics often consists of 'drill-and-practice' activities and as such, seems to
focus on procedural skills rather than on conceptual understanding. This raises the impor-
tant question of how students best acquire algebraic expertise: by practicing algorithms, or
by focusing on reasoning and strategic problem solving activities? Research within the
framework of instrumental and anthropological approaches shows that there is an interac-
tion between the use of ICT tools and conceptual understanding and that the successful in-
tegration of ICT into the classroom is more complex than expected (Artigue, 2002). For
example, students need to be able to reconcile conventional pen-and-paper techniques and
ICT techniques (Kieran & Drijvers, 2006). Also, the use of ICT can easily shift from ‘using
it to learn’ towards ’learning to us’ a tool, and subsequently just ‘pushing the buttons’
(Zorn, 2002). Furthermore, although ICT can provide a space to ‘learn by doing’ (Papert,
1980), its use should also be guided by instructions, so as to avoid the ‘play paradox’ of
accomplishing a task without learning the intended concepts (Noss & Hoyles, 1992). 

Important characteristics of ICT tools that can be used for addressing both procedural
skills and conceptual understanding in mathematics include options for the recording of
the student's solution process, and the possibility for students to use different strategies
through a stepwise approach. This enables the student to apply his or her paper-and-pencil
reasoning steps and strategies (Bokhove & Drijvers, 2010a). Building on Buchberger's
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(1990) whitebox/blackbox distinction, Beeson's glass box principle (1998) stresses the im-
portance of transparency of the solution process for educational practice. 

In sum, the aforementioned literature reveals many challenges for the inclusion  of ICT
within algebra education. In this light, the aims of this study are (1) to design an online
environment and an intervention for the learning supported by formative assessment for
both procedural skills and conceptual understanding in algebra; (2) to investigate its ef-
fects; and (3) to identify decisive factors that influence the intervention's outcome.

2 Conceptual framework

As the study aims to design an intervention for learning algebra supported by formative
assessment and to study its effects, the conceptual framework consists of principles from
formative assessment and from algebra didactics..

Formative assessment

Black and Wiliam (2004) distinguish three functions for assessment: supporting learning
(formative), certifying the achievements or potential of individuals (summative), and eval-
uating the quality of educational programs or institutions (evaluative). Summative assess-
ment is characterized as assessment of learning and is contrasted with formative
assessment, which is assessment for learning. Black and Wiliam (1998) define assessment
as being 'formative' only when the feedback from learning activities is actually used to
modify teaching to meet the learner's needs. From this it is clear that feedback plays a piv-
otal role in the process of formative assessment. Hattie and Timperley (2007) conducted a
meta-review of the effectiveness of different types of feedback. The feedback effects of
cues and corrective feedback are deemed best. The model provided by Hattie and Timper-
ley (2007) distinguishes three questions that effective feedback answers: the question
‘Where am I going?’ (feedup), the question ‘How am I going?’ (feedback) and the question
‘Where to next?’ (feedforward). As Table 1 denotes, each feedback question works at four
levels task, process, self-regulation and self. 

Table 1: Four levels of feedback (Hattie & Timperley, 2007)

Hattie and Timperley (2007) also provide statements on the effectiveness of (combinations
of) feedback types. FS feedback is least effective, simple FT feedback is more effective

Id Level Description

FT Task how well tasks are understood/performed

FP Process the main process needed to understand/perform tasks

FR self-Regulation self-monitoring, directing and regulating of actions

FS Self personal evaluations and affect
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than complex FT feedback, FT and FS do not mix well, and FT is more powerful when it
concerns faulty interpretations. Furthermore, they stress the varying importance of the
feedback information during a task. In this study, these different faces of feedback form
the basis for the intervention's main design principles..

Algebraic expertise

The distinction between procedural skills and conceptual understanding is a highly re-
searched field of interest. The book Adding it up (Kilpatrick, Swafford, & Findell, 2001)
synthesizes the research on this issue in the concept of mathematical proficiency, which
comprises five strands: conceptual understanding, procedural fluency, strategic compe-
tence, adaptive reasoning and productive disposition. Here, conceptual understanding is
defined as “the comprehension of mathematical concepts, operations, and relations” (p.
116), and procedural fluency as the “skill in carrying out procedures flexibly, accurately,
efficiently, and appropriately” (p. 116). Furthermore, “the five strands are interwoven and
interdependent in the development of proficiency in mathematics” (p. 116). Arcavi intro-
duces the notion of symbol sense, which includes “an intuitive feel for when to call on sym-
bols in the process of solving a problem, and conversely, when to abandon a symbolic
treatment for better tools” (Arcavi, 1994, p. 25). He describes eight behaviors in which
symbol sense manifests itself. These behaviors show the intertwinement between proce-
dural skills and conceptual understanding as complementary aspects of algebraic exper-
tise. Both procedural skills and symbol sense need to be addressed in algebra education, as
they are intimately related: understanding of concepts makes basic skills understandable,
and basic skills can reinforce conceptual understanding (Arcavi, 2005). Synthesizing this
work, Drijvers, Goddijn and Kindt (2010) see algebraic expertise as a dimension ranging
from basic skills to symbol sense (see Figure 1). Basic skills involve procedural work with
a local focus and emphasis on algebraic calculation, while symbol sense involves strategic
work with a global focus and emphasis on algebraic reasoning.

Fig.1 : Algebraic expertise as a dimension (Drijvers, Goddijn & Kindt, 2010)

Figure 1 provides the lens through which algebraic expertise is considered in this study. To
address both ends of the dimension, the online activities are meant to offer both procedural
and symbol sense opportunities. From literature on symbol sense, four types of items are
identified (Bokhove & Drijvers, 2010b). The main criterion is that items would invite both
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procedural skills and symbol sense, with an emphasis on the latter. The four item catego-
ries are as follows..

Category 1: Solving equations with common factors. 
Items in this category are equations with a common factor on the left and right-hand side,
such as: 

Category 2: Covering up sub-expressions. 
In this category, sub-expressions need to be considered as algebraic entities that can be
covered up without caring for their content. A well-known example from Wenger (1987)
is: 

Category 3: Resisting visual salience in powers of sub-expressions. 
This category is about recognizing when to expand expressions and when not. It contains
equations with sub-expressions that just beg to be expanded because they are raised to a
power: 

Category 4: Recognizing ‘hidden’ factors. 
This category concerns the recognition of factors that are not immediately apparent (ge-
stalt). An example is the following item adapted from Tempelaar (2007): 

Even if these categories may seem quite specific, they share the overall characteristic of
an intertwinement between local and global, procedural and strategic focus (Drijvers et al.,
2010; Hoch & Dreyfus, 2004; Kilpatrick et al., 2001; Pierce & Stacey, 2007). 

The study’s aim is to investigate the effects of activities in an online exercise environ-
ment for the learning of both procedural skills and conceptual understanding in algebra -
the latter further defined by the four categories above - and to identify possible predictors
for its successful use. These aims are elaborated into two research questions:
(1) What is the effect of an intervention on the development of algebraic expertise, includ-

ing both procedural skills and symbol sense? 
(2) Which factors predict the resulting algebraic performance?

x
2

7x– 12+  8x 11–  x
2

7x– 12+  3x 14+ =

Solve the equation:

v v 1 2v 1 u++=

Solve for v:

x 3– 2 4+ 40=

Solve the equation:

x
2
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x
2
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3 Methods

Type of study

This study globally followed a design research approach with four phases. The preliminary
research phase concerned the choice and design of a digital tool for algebra (Bokhove &
Drijvers, 2010a). The first intervention cycle focused on whether the prototypical digital
activities would invite symbol sense behavior through 1-to-1 sessions (Bokhove & Dri-
jvers, 2010b). The second cycle consisted of a small scale field experiment in one school
(N=31). The third and final cycle concerned a large-scale classroom experiment (N=324).
This research  methodology shows a progress from small-scale to large-scale in ‘layers of
formative evaluation’ (Tessmer, 1993), with an accompanying shift from more qualitative
to more quantitative analyses. The last cycle, aiming at the intervention effects, is the focus
of this chapter.

Participants

Participants were 324 12th grade 17-18 year old students from fifteen classes from nine
Dutch secondary schools, involving eleven mathematics teachers. The schools were
spread across the country and located in  seven provinces. There also a spread in school
size and pedagogical and religious backgrounds. The participating classes consisted of
pre-university level ‘wiskunde B’ students (comparable to grade 12 in Anglo-Saxon coun-
tries). 43% of the participants were female and 57% were male. The participating schools
reacted to an open invitation made in several bulletins for mathematics education. Schools
received an exemplary course planning guide and some hints on using the intervention's
software tools. They were however free to adapt the intervention to their own require-
ments. Registration of key decisions through questionnaires and logging made sure that the
way in which the intervention was deployed in each class could be taken into account in
data analysis. Schools deployed the intervention in the last three months of 2010, just be-
fore the commencement of preparations for the final national exams. Teachers received
mailings on a regular basis, and could visit the project website www.algebrametinzicht.nl.

Intervention

The intervention is depicted graphically in the upper part of Figure 2 and consists of a pen-
and-paper pretest, four digital modules, called d1-d4, each covering one of the four item
categories described above (Bokhove & Drijvers, 2010b), digital module d5 as a diagnos-
99



Chapter 6

Proefschrift.book  Page 100  Thursday, October 20, 2011  10:06 PM
tic tool, digital module d6 as a final digital test and, finally, a pen-and-paper posttest. 

Fig. 2: Outline of the formative scenario underpinning the intervention 

The total time needed to complete the module was  estimated to be six hours work, exclud-
ing pre- and posttests. For the item design, we used sources related to the transition from
secondary to tertiary education, such as high school exit and university entry examina-
tions, remedial courses, text books and professional journals. Table 2 shows whether an
intervention element was presented digitally or with pen-and-paper, the number of items
and Cronbach’s alpha. The reliability of the test items was determined in the second cycle
of the study, showing alphas ranging from .7 to .9, which is confirmed by the alphas in the
third and final cycle. The items for pretest, d5, d6, and posttest are taken from the 45 items
that comprised d1-d4 , with a proportion distributed over the four item categories, and in
random order.  In modules d1-d4, the order of the items followed the structure (i) pre-crisis
items, (ii) crisis item, and (iii) post-crisis items. For a full understanding of this structure
we refer to the design principle on crises in section 3.3.2. The alpha values show that all
parts of the intervention can be seen as reliable (Garson, 2011). 

Table 2:: Reliability of the parts of the intervention 

Part Pre d1 d2 d3 d4 d5 d6 Post

Items N 8 12 6 11 16 23 23 10

Alpha .724 .687 .917 .909 .880 .843 .828 .709

Digital (d)/pen-and-paper (p) p d d d d d d p
100



Effects of a digital intervention on the development of algebraic expertise

Proefschrift.book  Page 101  Thursday, October 20, 2011  10:06 PM
Three intervention design principles guided the design of the intervention: (1) the notions
of timing and fading within formative scenarios, and (2) crises. They both make use of the
principle on (3) feedback elaboration, which was described in section 2.1. We now discuss
the other two principles.

Design principle: timing and fading within formative scenarios

Black and Wiliam (1998) define assessment as being 'formative' only when the feedback
from learning activities is actually used to modify teaching to meet the learner's needs.
From this it is clear that feedback plays a pivotal role in the process of formative assess-
ment. For the purpose of this chapter we mention that the intervention was used in two feed-
back conditions c1 and c2, both consisting of a varying amount of feedback. We refer to
Bokhove and Drijvers (2011) for more detail on this. Based on the principles of formative
assessment we propose the concept of a formative scenario defined as a structured collec-
tion of learning activities. Initially these provide a lot of  feedback to foster learning, but
decrease  the amount of feedback towards the end, to facilitate transfer. The intervention is
based on the concept of fading (Renkl, Atkinson, & Große, 2004). Fading refers to the idea
that one starts off with completely elaborated items and moves to less elaborated items by
removing intermediate steps. According to Jones and Fleischman "faded examples cause
effective learning by forcing the student to encounter and overcome an impasse" (Jones &
Fleischman, 2001, p. 5). An impasse occurs when a learner realizes a lack of complete un-
derstanding of a piece of knowledge (see Figure 2). The intervention - following a pen-and-
paper pretest - starts with a practice module d1-d4. In these modules, the tool provides feed-
back on every step. The next step in the intervention concerns self-assessment and diagnos-
tics: the student performs the algebraic manipulations without any feedback and chooses
when to check his or her solution. Feedback is then provided for the item as a whole. The
number of attempts needed for finding the solution determines the credits given: success
after one attempt earns bonus points, and when many attempts are needed points are deduct-
ed. Finally, students get an online final test, in which they cannot see how they perform.
This online test is graded automatically and the teacher provides students with feedback on
their performance. After all, a student needs to be able to accomplish tasks independently,
without the help of a computer. This approach also emphasizes the importance of timing in
feedback as mentioned in ‘the power of feedback’, when they discuss the varying impor-
tance of the feedback information during a task (Hattie & Timperley, 2007). To conclude
the intervention the students do a pen-and-paper posttest.

Design principle: crises 

With a crisis we refer to a principle that the poet John Keats so eloquently described in the
early 19th century: 
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Don’t be discouraged by a failure. It can be a positive experience. Failure is, in a sense, the
highway to success, inasmuch as every discovery of what is false leads us to seek earnestly
after what is true, and every fresh experience points out some form of error which we shall af-
terwards carefully avoid. (John Keats, 1795 - 1821)

This principle, with dialectic characteristics, corresponds to similar concepts, such as cog-
nitive conflicts (Tall, 1977) , Van Hiele’s ‘crises of learning’ (Van Hiele, 1985) and ‘pro-
ductive failure’ (Kapur, 2008). It also ties in with the impasses that we described in the
section on formative scenarios. The idea in the intervention is that when students rely on
algorithms that seem to always work, this conviction is challenged by a conceptual crisis:
an item that is hard or impossible to accomplish with the algorithms that worked so well
so far. Figure 3 shows items from the sequence for category one, which illustrate the way
in which crisis items are integrated within d1 to d4. The general structure of a sequence is:
pre-crisis items, crisis item, post-crisis items. Note that, although assignments have the
same structure, the items are randomized, which means that every student receives  a dif-
ferent assignment.

Data
The following data were collected. Examples of these data can be found in appendix B. 
(1) General characteristics of students and classes, including gender and exam results.
(2) Pre- and posttest results (scores out of 100 points). Both pre- and posttest were scored

on (partly) correct answers through a uniform grading model. 
(3) Scores and log files of the digital module (including time, number of attempts, number

of errors). All activity within the environment was logged for each of the students.
(4) Pre questionnaire for students, based on the work of Reed, Drijvers and Kirschner

(2010), which probed attitudes and behaviors concerning mathematics.
(5) Post questionnaires for both students and teachers addressing the quality of the module,

the students' motivation and the way they perceived the intervention in the classroom.
In this chapter only a few variables from the student questionnaire are included in the
analysis. 
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Fig. 3: Sequence of items illustrating the design principle with crises 
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Data Analysis
Two analyses were carried out to answer the research questions. For the first questions
concerning effect, we used t-tests (Field, 2005). For determining predictors explaining the
effect, we used multilevel analysis, for which a rationale is given in the next section.

Variables for research question 1

For the first research question on the effect of the intervention, the dependent variables
were the posttest score (post-test, score out of 100) and scores for symbol sense behavior.
Symbol sense behavior was determined per item through a three value code, with 1 signi-
fying symbol sense behavior as operationalized in the four categories (Bokhove & Dri-
jvers, 2010b), -1 signifying a lack of symbol sense behavior as missing symbol sense
opportunities, and 0 for none of the two (e.g., the student not even starting the solution pro-
cess). Appendix B gives some examples of these codings. Through these codes, pretest and
posttest sums for symbol sense behavior were calculated, and called symsensepre and
symsensepost respectively. To check for inter-rater reliability Krippendorff’s alpha was
calculated for all dependent variables by having a second rater grade and code the pre- and
posttest as well. The results (alpha=.91 for all items of 5% of the students’ pretests and 5%
of the posttests) indicates a very good inter-rater reliability (Hayes & Krippendorff, 2007).
The independent variables for research question 1 are the separate classes and the catego-
ries described in section 2.2.

Multilevel analysis for research question 2

In the reported study, there were 324 students, divided into 15 classes from 9 different
schools. A major advantage of multilevel models compared to single-level regression anal-
ysis is the possibility to explore relationships among variables at different levels simulta-
neously (Goldstein, 2002; Raudenbush & Bryk, 2001; Snijders & Bosker, 1999). A typical
multilevel model involves outcome variables that are related to several predictor variables
at the individual level (level one; in this case the student level) and at the group level (level
two; in our case the class level). In modeling we followed Dedrick et al.’s guidelines
(2009) for multilevel analyses, which include the descriptions of the models including pre-
dictors and covariates, the centering that is used, distributional assumptions, outliers, miss-
ing data, software and method of estimation used, and a list of parameter estimates and
standard errors (section 4).

Gelman and Hill (2006) emphasize that multilevel models allow us to study effects that
vary by group, for example an intervention that is more effective in some schools than oth-
ers (perhaps because of unmeasured school-level factors such as teacher morale), allowing
the estimation of group averages and group-level effects. One concern was the relatively
low N of 324, but Gelman and Hill (2006) state that the key concern with multilevel mod-
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eling  is the estimation of variance parameters, but that it should still work at least as well
as classical regression. The analysis of the null model will show that there are significant
differences between classes, and thus multilevel modeling is appropriate. As it was not
possible to increase the number of classes, the available power was improved by collaps-
ing the number of levels to two: classes and students.

The software used was MLwiN 2.22 with estimation procedure RIGLS. Before per-
forming the whole sample analysis, extreme outliers in independent variables were
changed to ‘MISSING’ (e.g. the time spent in the tool: one session of 10 hours). To facil-
itate interpretation of results, explanatory variables were rescaled to have a meaningful
zero point by using Grand Mean centering. Missing data was treated with macros for mul-
tiple imputations (Carpenter & Kenward, 2010). After this data treatment, removing ex-
treme outliers (decreasing N to 286), the residual plot for student level shows that residuals
are approximately normally distributed. The assumption of homoscedasticity also was met
therefore we performed the analysis.
Subsequent models were improved in an iterative fashion. First, the intercept only one-lev-
el and two-level models were compared to determine whether there was variance at the
class level. Incrementally, first- and second-level predictor variables were then entered
into the model. Next, random slope variation was added to the significant predictors to test
whether regression slopes varied across classes. Significance testing was one-sided.
The added value of a new model was checked by looking at the proportion of explained
variance, while model improvement is assessed by comparing deviance values, the log-
likelihood, treating the difference as being chi-squared distributed (Hox, 1995; Snijders &
Bosker, 1999).

Variables for research question 2

For the multilevel analysis the outcome variable is the posttest score (post-test, score out
of 100). The independent variables or predictors are grouped for multilevel analysis as fol-
lows:
Pre-knowledge. This set of variables concerns knowledge that influences student compe-
tency upfront, and include the trend of all exam grades on a school for the last three years
(trendexam, score out of 10, two digits) and the pretest score (pre-test, score out of 100).
Trendexam is at the class level, pre-test at the student level.
Time spent. This set of variables concerns the total time spent in the module, time_total,
also broken down in time per part of the digital module: time_manual for the online man-
ual, time_d14 for the time spent working on parts 1 to 4, time_d5 for time spent on part d5
and time_d6 for time spent on part d6. The variables initially were recorded in seconds,
but were also modified to time in hours, adding ‘_h’' to the variable names. All variables
are at the student level.
Tool-related. This set of variables pertains to the use of the tool, and contains variables,
taken from the post-questionnaire: a self-report of students concerning the percentage of
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use of the tool at home (vs_phome, percentage out of 100) and the student verdict on the
tool (vs_general), a scale consisting of 1 (negative), 2 (slightly negative), 3 (neutral), 4
(slightly positive) and 5 (positive). Both variables are at the student level.

Student attitude. This set of variables concerns the attitudes and behaviors of the students
towards mathematics and the use of the tool, taken from the pre-questionnaire. One vari-
able concerns students’ self-reported motivation after the intervention (vs_motivation, 3
items). Four other scales, in line with Reed et al. (2010), concern (1) their general attitude
towards mathematics (MATH, 5 items), (2) their attitude towards using computers for
mathematics (ICT, 4 items), (3) the extent to which they reported purposeful and investi-
gative behaviors when undertaking mathematical activities (PURINV, 6 items), and (4) the
extent to which they reported reflecting upon and communicating about their thinking and
actions (REFCOM, 8 items). The scales range from 1 (very negative attitude/low level of
self-reported behavior) to 5 (very positive attitude/ high level of self-reported behavior).
The midpoint represented a neutral attitude or medium level of self-reported behavior. All
variables are at the student level. Example item are presented in appendix A.

4 Results

Intervention effects 

Table 3 shows the descriptives of the output variables for the first research question, each
signifying a score between 0 and 100, with the exception of d5 showing a few scores above
100 because of possible bonus points. The lower N’s for the digital modules d5 and d6 are
due to implementation differences between schools, probably as the result of some teach-
ers' stronger encouragement for their  students to work on the modules compared with oth-
ers. This factor is taken into account in subsequent analyses by using the time spent in the
separate modules within the intervention. As only 7 out of 292 students who sat the posttest
scored 100 out of 100 (2.4%), we conclude that there was almost no ceiling effect. 

Table 3: Descriptives of the parts of the intervention 

Min Max Mdn SD N

Symsensepre -6.00 3.00 -1.00 2.35 318

Pre-test 2.00 98.00 51.00 21.37 318

d1-d4 0.00 100.00 97.25 21.08 311

d5 0.00 106.00 48.50 31.89 254

d6 1.00 100.00 68.00 28.44 223

Post-test 10.00 100.00 82.00 15.46 292

Symsensepost -5.00 3.00 1.00 1.50 292
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The results show that the score on the posttest (M=78.71, SE=15.175) is significantly high-
er than the pretest score (M=51.55, SE=21.094), t(286)=-22.589, p<.001, r=.801. Accord-
ing to Cohen's benchmark (1992) this suggests a large effect. Despite of this positive
overall effect, thirty students out of 286 (10.49%) scored lower in the posttest than the pre-
test. Out of these thirty students, eight did not do any work in the module (total time spent
= 0), and just made the pre- and posttest. A comparison between the remaining 22 students
and the other students shows that these 22 students (M=77.18, SE=19.237) scored signifi-
cantly better in the pretest than the rest of the students (M=49.17, SE=19.722),
t(276)=6.404,  p<.001, r=.360, showing a medium effect. These students did not spend
(M=4.027, SE=2.557) significantly less time in the digital tool than the rest of the students
(M=4.994, SE=3.357), t(275)=-1.318, p=.189, r=.079. They did, however, have (M=3.912,
SE=0.561) a more positive attitude towards mathematics (M=3.609, SE=0.581),
t(177)=2.001,  p<.05, r=.149, only a small to medium effect. Comparison of symbol sense
pre- and post-scores reveals that the symbol sense score on the posttest (M=1.462,
SE=1.504) is significantly higher than the pretest score (M=-1.493, SE=2.339), t(285)=-
20.602, p<.001, r=.773. According to Cohen's benchmark (1992) this is a large effect.

To investigate differences between the different types of items, Table 4 shows the frac-
tion of correct answers for all students, all parts of the digital module and for each of the
four item categories described in section 2. It shows that the improvement between pre-
and posttest is significant across all four categories. The improvement is  greatest for the
second category; the third category shows the least improvement.

Table 4: Fraction of items correct per category (1 ) 

(1) Items that were not attempted were not included in the ‘fraction correct’.
(2) Also note that the final d5 score includes point reductions for attempts. Therefore the final score

for d5 is not the same as the ‘fraction correct’. For example, with deductions, the score is 49 out
of 100 points. This is much less than the 0.780 tabulated above. This discrepancy is not applica-
ble to d6, as there were no point deductions.

(3) The asterisks behind the values in the post column denote the significance of the difference be-
tween pre- and posttest scores. * p < 0.05, ** p < 0.01, *** p < 0.001.

(4) Two new control items, not within one of the four categories, were added to the posttest to see
whether students could solve these. 

Category Pre d1 d2 d3 d4 d5 (2) d6 Post

Cat1 0.532 0.929 - - - 0.728 0.630 0.872

Cat2 0.248 - 0.938 - - 0.841 0.776 0.825

Cat3 0.566 - - 0.950 - 0.794 0.627 0.755

Cat4 0.571 - - - 0.853 0.759 0.656 0.872

Control - - - - - - - 0.629

Total 0.507 0.929 0.938 0.950 0.853 0.780 0.672 0.787
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Multilevel model
Table 5 shows the development of the model from the null model to the final model. Each
of the models is addressed in the sub-sections below. The models with a added are initial
models with all predictors. The models with b added are the final models for that iteration
excluding non-significant predictors. 

Null model

Comparison of model-fit of the one- and two-level intercept only models revealed signifi-
cant variation between classes. The between-class variance is estimated as 65.150, and the
variance between students within classes is estimated as 172.197. The value of the likeli-
hood ratio statistic, obtained from the two models' loglikelihoods, is 63.383, which is com-
pared to a chi-squared distribution (df = 1). We conclude that there is significant variation
between the classes. The intraclass correlation then is .27 which means that 27% of vari-
ance is explained by group differences and 73% by student differences.

Model 1: preknowledge model

In the first model we added predictors for pre-knowledge. The variable trendexam
(χ2 = 0.569, df = 1, p >0.05) did not contribute significantly and was excluded from the
model. The variable pre-test (χ2 = 109.462, df = 1, p < 0.001) showed significant effects.
Compared to the null model, the inclusion of pre-knowledge resulted in a significant mod-
el improvement (χ2 = 109.462, df = 1, p < 0.001). 

Model 2: timespent model

In the second model we added predictors for time spent in the tool. The variable
time_total_hr (χ2 = 20.552, df = 1, p<0.001) showed a significant contribution to the mod-
el. As this variables consists of separate time components we also added separate time
components, respectively time_manual_hr (χ2 = 2.512, df = 1, p>0.05), time_d14_hr
(χ2 = 2.957, df = 1, p>0.05), time_d5_hr (χ2 = 18.142, df = 1, p<0.001) and time_d6_hr
(χ2 = 5.842, df = 1, p<0.05). Thus, only time_d5_hr and time_d6_hr improved the model
and showed a significant contribution. The other two were subsequently removed, leaving
only time_d5_hr and time_d6_hr to improve the model significantly (χ2 = 20.309, df = 1,
p<0.001).

Model 3: tool model

In the third model we added predictors concerning the tool. None of the predictors
vs_phome (B=0.057, SE=0.042, p>0.05) and vs_general (B=1.031, SE=0.769, p>0.05),
however, contributed significantly to the model, so they were excluded. For this reason,
model 3 is not mentioned in Table 5. 
108



Effects of a digital intervention on the development of algebraic expertise

Proefschrift.book  Page 109  Thursday, October 20, 2011  10:06 PM
Model 4: student attitude model

In the fourth model we added predictors for student attitude, respectively MATH
(B=6.301, SE=2.276, p<.01), ICT (B=-1.943, SE=1.539, p>0.05), REFCOM (B=1.241,
SE=2.204, p>0.05), PURINV (B=1.244, SE=2.829, p>0.05) and vs_motivation (B=-2.776,
SE=1.596, p<.05). Thus, only MATH and vs_motivation seemed to improve the model
significantly. However, when both were added to the model, vs_motivation fell under the
threshold (B=-1.379, SE=1.288, p>0.05) and was subsequently removed, leaving only
MATH to improve the model significantly (χ2 = 10.202, df = 1, p<0.001). 

Model 5: random slopes

Testing for random slopes indicated significant variance in the regression slope of the pre-
dictor pre-test across classes (χ2 = 12.565, df = 1, p < 0.001). The covariance -1.233 (stan-
dard error 0.500) shows that there is negative relation between intercept and slope, i.e. the
higher the intercept, the less steep the slope. This again strengthens the findings that there
are significant differences between the classes. Furthermore, a high average score for a
class is accompanied by a gentle slope, and a low average by a steep slope.

These results imply that students with an average pre-test score, who spend an average
amount of time in d5, and have an average general attitude towards mathematics, score
79.528 (SE=1.994) out of a possible 100 on the final test. For every point (out of 100) high-
er on the pre-test score, the post-test score also increases 0.248 (SE=0.049, p<.001). Fur-
thermore, for every hour spent in part d5 an additional 1.189 points (SE=0.539, p<.05) are
obtained. Finally, test scores are 5.257 points (SE = 1.414, p < .001) higher when general
attitude towards mathematics (MATH) increases by 1 point on a 5-point scale, equivalent
to a 21.14 point difference in test scores between the least and the most positive students
on a 100-point final test. Taken together, these attitudes could potentially account for sig-
nificant point differences in test scores between individuals. 
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 Values between brackets are the standard errors.  ‘gm’ refers to Grand Mean centering.
(1) Only the final model 4 was added to the table. *p < 0.05., ** p < 0.01., ***p < 0.001. 

Table 5:  The multilevel model
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5 Conclusions and discussion 

We set out to answer two questions: (1) What is the effect of an intervention on the devel-
opment of algebraic expertise, including both procedural skills and symbol sense?  and (2)
Which factors predict the resulting algebraic performance? 

The answer to the first research question is that use of the intervention for an average
of five hours has a large effect on improving algebraic expertise. This means that there is
not only an improvement in score, but also an improvement in recognizing patterns and
having a sense for symbols. A vast improvement is apparent in all four categories of tasks,
with the category inspired by Wenger (1987) showing the greatest progress.

The answer to the second research question is that previous knowledge, time spent in
self-test and summative test mode, and general attitude towards mathematics are the larg-
est predictors for a high posttest outcome. The fact that the time spent in the self-test mode
(d5) and digital summative test (d6) are more significant explanatory variables than the
practice mode (d1-d4) suggests the design strategy to decrease the amount of feedback
when moving towards summative assessment makes sense. Without having implemented
d5 and d6 two influential parts of the intervention would be missed. The other two signif-
icant explanatory variables, pretest score and attitude towards mathematics, seem less
ground-breaking. It was not clear-cut beforehand that these two variables would also im-
pact the outcome when using an online tool for algebraic expertise. The fact that there are
indeed no significant predictors for the posttest score that have to do with attitude towards
ICT suggests that conventional pen-and-paper techniques and ICT techniques are recon-
ciled (Kieran & Drijvers, 2006). In other words: contrary to earlier research (e.g. Tondeur
et al., 2008), in this intervention ICT and mathematics seem to be integrated in such a way
that the student's attitude towards ICT in itself does not influence the outcome. Compared
to only a pen-and-paper approach the ICT adds advantages such as  being able to learn any-
time anyplace, receiving feedback and randomizing items. In contrast to this, variables
such as  overall quality of the group (operationalized by trend exam grades), gender, total
practice time and whether teachers and students worked more at home or at school, did not
significantly predict the outcome. We contend that this signifies that the success of the in-
tervention is predominantly independent of many of these variables that differed between
classes. For example, the percentage of time that students spent using  the tool in class or
at home did not influence the outcome. Some teachers spent almost all their time with their
class in the computer lab; others let the students work both at home and at school. Another
class only used the module at home; they had a much smaller gain from it. Because this
group  was quite small, we cannot  draw strong conclusions from this, but the interpretation
that paying no attention to the module and just having students work at home is less effec-
tive than providing a mix of home and class work does seem to make sense. In addition,
attitudes towards ICT tools for mathematics, negative or positive did not significantly in-
fluence the outcome. It is important to note that higher average scores for a class go hand
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in hand with less added value for the student. The same holds for higher pretest scores. In
other words: the more skilled a student is at the start, the less beneficial this digital inter-
vention seems. This is in line with research on the expertise reversal effect (Kalyuga,
Ayres, Chandler, & Sweller, 2003), which holds that instructional methods that are highly
effective with novice learners can lose their effectiveness and even have negative effects
when used with more experienced learners. This was also confirmed by the analysis of the
students who scored worse on the posttest than the pretest. 

The conclusion that the intervention ‘works’ invites some recommendations for the use
of technology for algebraic expertise in mathematics education. First, students who have
already acquired good algebraic expertise should not be forced to 'practice till they drop'.
Second, the module’s online availability and home access should allow for differentiation:
students who need practice can practice as much as they want (due to item randomization)
and students who do not need practice can show this, as results are stored. This differenti-
ation approach implies that not all the work within the online module is done within the
confinement of the classroom’s four walls. Use of the tool at school can induce whole class
discussions and preparatory instructions for individual use of the tool. An emphasis on
work at home might even be more effective than an emphasis on use in school. Practically
this means that teachers can differentiate in level of expertise between students. The online
tool makes differentiation easier, as students can use it at their own pace, anytime and any-
place. Teachers can scrutinize the results and use one-to-one communication for individual
feedback, for example through social media. Third, design principles concerning forma-
tive scenarios and crises seem to work. This implies that causing intentional crises by of-
fering non-standard test items is a fruitful approach in item design. Students should not be
served standard questions but also be challenged by non-standard questions. The crises
they cause may evoke learning. Also, the idea that students have to 'stand on their own two
feet' should be kept in mind when designing interventions. Therefore, technological tools
that are implemented in the curriculum should take into account that the use of these tools
prepares students for final examinations, even if the tool  use is not normally allowed dur-
ing examination sessions. As we conjecture these implications hold beyond just the math-
ematical domain, teachers and designers alike should be aware of these didactical
implications.  

We are aware of the study’s limitations. First, we have used a relatively small popula-
tion for multilevel analysis. The reasons for this, and for continuing anyway, were  ad-
dressed in the methodology  section. Second, there is still  quite a large percentage of
variance that remains unexplained. Third, a note should be made about all-too-easy as-
sumptions of causality. The experimental setup did not include a control group, because
the aim was not to prove whether an ICT intervention is better than another approach, but
to show that an online intervention based on specific design principles can foster algebraic
expertise. The focus on explanatory factors reveals which variables influence outcome and
which ones do not. A comparative study on a larger scale is advisable. 
112



Effects of a digital intervention on the development of algebraic expertise

Proefschrift.book  Page 113  Thursday, October 20, 2011  10:06 PM
There are other challenges for studies on the use of web-based interventions at home.
Clearly, it is expected that the availability of the online module at home is a positive thing.
Methodologically speaking, however, the lack of experimental control on the home situa-
tion poses a problem. Herein we discern a paradox: how can we control a situation that es-
sentially is uncontrolled? The absence of control, in contrast to a school situation, might
even be the strength of web-based interventions. Fourth and finally, although the study in-
forms discussion and debate on the dichotomy of conceptual understanding versus skills,
the question remains whether the designed intervention affects both of these aspects. Per-
haps these students are ‘only’ conditioned to follow - higher level - algorithms and recipes?
We contend that recognizing patterns is  a different level to  expanding expressions rou-
tinely. The added value lies in making more explicit the algebraic expertise involved, and
thus in demystifying the insight that experts have acquired. 

In spite of these limitations, the intervention’s effects are manifest. Still, further repli-
cative as well as explorative research is needed. However, this should not withhold us from
being moderately optimistic or -as one student remarked understatedly: “seeing that at first
I could not solve the equation without fault and now I can, I must conclude that my exper-
tise has improved.” 
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Appendix A 
This appendix provides examples of the data that were collected.  

Note. English-language items were translated to Dutch for this study.
(a) These items were measured using 5-point rating scales, with the range of answers from „strongly
disagree‟ to „strongly agree‟ 

# Data source Example item

1 Pre- and posttest 
results (scores 
out of 100 
points).

Example item: 
Solve the equation: 

 Example fragment of results: 

 The first line denotes maximum points to be obtained. The cells behind 
‘Student’ denote scores, with green ‘+1’, white ‘0’ and orange ‘-1’ (see 
appendix B). The final cell in the row is the % scored.
 See appendix B for examples of student work.

2 Scores and log 
files of the digital 
module.

Fragment of a log-file: 

Note that the layout of this table was slightly changed to improve the pre-
sentation. These files were processed to aggregate totals.

3 Pre questionnaire 
for students 
(Reed et al., 
2010). (a)

General attitude towards mathematics: “I enjoy doing mathematics’”

Attitude towards using computers for mathematics: “I like to use com-
puters in mathematics’”

Purposeful and investigative behaviors: “I like to do self-tests to see if I 
really understand mathematics’”

Reflective and communicative behaviors: “I like to share solutions with 
other students”

4 Post question-
naires for both 
students and 
teachers.

Example question:

How do you judge your general experiences with this module? (1=neg-
ative/2=slightly negative/3=neutral/4=slightly positive/5=positive)

x2 7x– 12+  8x 11–  x2 7x– 12+  3x 14+ =
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Appendix B

This appendix provides some examples of students’ symbol-sense (1) and non-symbol-
sense (-1) solutions. 

In the case above the student recognized common terms on the left and right hand side of
the equation. Therefore we scored this solution as ‘1’. Of course, the student loses solu-
tions, which results in a score reduction. 

In this example the equation’s left hand side already has a factored form. Nevertheless, the
student chose to work out the parentheses. This solution was valued as ’-1’: the student did
not show Gestalt (pattern salience) in this solution step. Note that solving this equation cor-
rectly should not be valued as ‘1’, as the equation is already in the ‘correct’ format. In our
valuation this case would score a ‘0’. Note that apart from these scores for symbol sense
students also obtained a score for correctness. In this case the student did receive points,
only missing out on those given for solutions that were not allowed. 
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Conclusion

1 Conclusions

In this chapter we summarize the findings from the previous chapters and the study as a
whole. The general question in this study is: 

In what way can the use of ICT support acquiring, practicing and assessing algebraic ex-
pertise?

This general question led to several sub-questions, each addressed in an appropriate cycle
in the study: 

1a) Which criteria are relevant for the evaluation of digital tools for algebra education?
1b) Which digital algebra tool best meets these criteria?
2a) Do the concepts of symbol sense, gestalt view and pattern and local visual salience,

described in a pre-digital era, help us in understanding what students do in a digital
environment?

2b) Can the feedback design of a digital tool be improved with students?
2c) Which methodology can be used to elaborate feedback desired by students?
3a) Timing and fading: are there indications that formative scenarios improve the ac-

quisition of algebraic expertise?
3b) Crises: do crises in algebraic tasks improve the acquisition of algebraic expertise?
3c) Variation: does variation in feedback influence scores and student behavior?
4a) What is the effect of an intervention on the development of algebraic expertise, in-

cluding both procedural skills and symbol sense? 
4b) Which factors predict the resulting algebraic performance? 

The previous chapters led to the following answers to these sub-questions. Chapter 2 con-
cerns the identification of criteria that are relevant for the evaluation of digital tools for al-
gebra education. We constructed an evaluation instrument consisting of 27 criteria grouped
in four categories. The categories are based on a conceptual framework that matched the
goals and intentions of the study, and consist of key aspects from theories on tool use, al-
gebra didactics (algebraic expertise), and assessment (feedback and formative assess-
ment).  A fourth category concerns general tool characteristics. The modified Delphi
approach, conducted to validate the criteria, revealed a large agreement among external ex-
perts on these criteria. The construction of criteria weights led to the identification of the
most important criteria: stability and performance, correct display of mathematical formu-
las, ease of use, mathematical soundness, and ability to store the work. We conclude that
119



Chapter 7

Proefschrift.book  Page 120  Thursday, October 20, 2011  10:06 PM
the designed list of criteria provides a good evaluation instrument for describing charac-
teristics of digital tools for algebra that we consider relevant for the purpose of the study.
The instrument provides insight into the different features of various tools. It could also be
very helpful for software development in mathematics education, and particularly useful
in algebra education. Furthermore, using the evaluation instrument, we rated seven tools
that met the minimal criteria and had our codes validated by an external expert scoring.
This resulted in the Digital Mathematics Environment (DME) having the highest overall
score and the conclusion that it would be best suited for addressing the research goals on
algebraic expertise. Key features of DME include enabling stepwise problem solving strat-
egies, being easy to use, and storing the solution process of the student; additionally, it is
well suited for formative assessment, as it offers several strategy modes, feedback and self-
review.  

Chapter 3 addresses whether the notions of symbol sense, gestalt view and visual sa-
lience, described in a pre-digital era, could help us in understanding what students do in a
digital environment. The design process of digital content and the one-to-one pilot sessions
suggest that these concepts remain extremely relevant when deploying digital activities.
The observations show that students using a digital environment exhibit some symbol
sense behaviors but also exhibit behaviors lacking symbol sense. The notions of gestalt
view and visual salience are helpful in analyzing student work. Although students worked
in a digital environment, the results were in line with past findings in traditional pen-and-
paper settings (Arcavi, 1994; Wenger, 1987). While solving algebraic tasks in the digital
environment, the students could use any strategy, and thus show sensitive towards gestalt
and visual salience aspects, and further develop such sensibility. The DME seems to facil-
itate this development through its mathematical interface and feedback opportunities,
which is more difficult to offer in a paper-and-pencil environment. The exemplary tasks
also point out that observing symbol sense is not a straightforward affair. It often is quite
hard to recognize whether students rely on standard algebraic procedures or are actually
showing insight into the equation of expression, in line with the gestalt view or visual sa-
lience notion. 

In chapter 4 we focus on the implementation of feedback in the DME. We conclude that
the feedback design of a digital intervention can be improved through student inquiry. A
fruitful methodology we utilized to elaborate suitable feedback in the digital intervention
is: (1) deploy the intervention and ask students to ‘think aloud’; (2) tabulate all the respons-
es; (3) make a feedback design; (4) implement the feedback design in the digital environ-
ment; (5) test the environment with help of the feedback design, and make another
iteration.  

In chapter 5 we describe three feedback design principles: timing and fading with for-
mative scenarios, crises and variation in feedback. Regarding the first feedback principle,
timing and fading with formative scenarios, the score progress during the intervention
shows that an initial pre-knowledge score was followed by a large improvement of scores
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for algebraic expertise when in practice mode. After this, in self-test mode, the scores drop
markedly, and in the final digital test they drop even further. Overall, however, the inter-
vention shows a significant improvement across all four task categories identified in chap-
ter 3. The largest improvement is apparent in the second category; the third category shows
the least improvement. Although the formative scenario causes ‘pain’ in gradually fading
feedback in the course of the intervention, the learning effect remains. The design principle
of using timing and fading with formative scenarios seems to improve the acquisition of
algebraic expertise. For the second feedback principle, crises, the results are mixed. When
looking at the fraction of items answered correctly there seems to be no effect for a crisis
task. This is probably caused by the fact that difficulty with tasks cannot be seen if the final
score is high, although achieved with difficulty. The number of attempts needed after a cri-
sis task, however, decreases in three of four series of tasks. In categories one, two and four
it seems the crisis is followed by a drop in number of attempts and an increase in score.
For category three this is not the case. Perhaps this is caused by the use of root signs and
logarithms in the tasks. Whether the design principle improves student's expertise remains
unclear from the results. The third design principle concerns feedback variation. The stu-
dents´ scores in the two conditions reveal a medium effect for the feedback condition in-
cluding self-regulatory feedback (condition c2). This effect, however, only is apparent in
one of the series of tasks. We explain the difference between d1 and d3 by the fact that both
series address the category of polynomial equations (Bokhove & Drijvers, 2010). Having
solved polynomial equations with feedback in d1 meant that the students were already ca-
pable of solving similar types of equations (in d3, which followed after d1), and, subse-
quently, no additional form of self-regulation was needed in d3. The addition of buttons
for feedback also has an, albeit small, effect on the number of attempts. This makes sense
as the additional feedback that can be requested discourages more attempts. When looking
in more detail at the use of the feedback in the three case examples, we conclude that both
task-related and self-regulatory (FT and FR) feedback can be used in a formative way for
the learning of algebra. Students can benefit from the design principle of feedback varia-
tion, to overcome difficulties and to check whether or not they are on the correct solution
path. Taking the three feedback principles together it is clear that the use of feedback in an
online algebra intervention can have a significant effect. Furthermore, the three feedback
design principles provide a broad approach to the potential of feedback use in digital en-
vironments. 

In chapter 6 we consider the overall effect of the intervention. The use of the interven-
tion for an average of five hours has a large effect on improving the students´ algebraic
expertise. Students not only show an improvement in score, but also an improvement in
recognizing patterns and in their sense for symbols. A significant improvement is apparent
in all four categories of questions, with the category based on Wenger (1987) showing the
biggest improvement. A multilevel analysis reveals that previous knowledge, time spent
in self-test and summative test mode, and general attitude towards mathematics are the
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largest predictors for a high posttest outcome. The fact that no significant predictors that
have to do with ICT are found may indicate that indeed conventional pen-and-paper tech-
niques and ICT techniques are reconciled (Kieran & Drijvers, 2006), with the digital en-
vironment adding advantages such as providing feedback and randomized tasks. Variables
such as overall quality of the school (operationalized by trend exam grades), total practice
time and home or school use of the digital environment do not significantly predict the out-
come. This suggests that the intervention´s success is predominantly independent of many
of these variables. The role of the teacher is only a moderate factor, whereby the way in
which teachers had to use the environment was only loosely prescribed. Some teachers
spent almost all their time with their class in the computer lab, whereas others let the stu-
dents both work at home and at school. One class only worked the intervention at home;
this resulted in a much smaller gain. Because the N is quite small, we can't infer strong con-
clusions from this, but it is logical to conclude that paying no attention to the intervention
and letting students work at home is less effective than providing a mix of home and class
work. It is important to note that higher average scores of a school go hand in hand in hand
with a lesser degree of added value for the student. The same holds for higher pre-test
scores. In other words: the smarter a student is, the less beneficial this digital intervention
seems. This is in line with research on the expertise reversal effect (Kalyuga, Ayres, Chan-
dler, & Sweller, 2003), which holds that instructional methods that are highly effective
with novice learners can lose their effectiveness and even have negative effects when used
with more experienced learners.  

To synthesize these findings into a general conclusion we return to the main research
question. We provide a short conclusion for every part. 

In what way can the use of ICT support acquiring, practicing and assessing algebraic ex-
pertise? 

In what way. There are many ways to design an environment. This study shows that a
framework based on formative assessment, with feedback design as guiding principle, can
be a successful approach.
Use of ICT. We have seen that we can use ICT, an online environment in particular, for
learning algebra. We have to keep in mind the tool’s affordances and constraints, and the
purpose for which it is deployed. Furthermore, because of instrumentation, student char-
acteristics must be taken into account. In our study, on the one hand there was no gender
difference in effect. Students' pre-knowledge, on the other hand, did make a difference: the
better students scored on the pre-test, the less gain they had. 
Acquiring. In developing algebraic expertise, we have found that the use of intentional cri-
ses seems to aid the transfer of algebraic expertise.
Practicing. A didactical scenario that enables students to practice in the beginning stages
of an intervention, and using timing and fading, ensures that students learn to ‘stand on
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their own feet’, and to be independent of the practice tool.
Assessing. A didactical scenario also needs room for summative testing. Combining for-
mative, summative assessment and feedback in one scenario works. 
Algebraic expertise. Summative assessment shows that the intervention has a large effect
on both sides of the algebraic expertise dimension, basic skills and symbol sense.

What does this study add to the existing vast body of research knowledge? For this we re-
turn to the three key theoretical foundations of the study: ICT tool use, algebraic expertise,
and formative assessment. On the first topic of tool use we have noticed that it mainly
played a part in the preliminary cycle of our study: by explicitly adding characteristics con-
cerning tool use, i.e. ease of use, to the evaluation instrument we ensured that the tool we
chose would be ‘best’ for our purpose. The second topic concerns algebraic expertise. The
dimension with basic skills and symbol sense proved to be useful for identifying item cat-
egories and interpreting student work. Both the extension of theory with pattern salience
and the four item categories we identified contributed to the operationalization  of the no-
tion of symbol sense in relation to digital activities. Notions of formative assessment, the
third perspective, helped us in designing the intervention, and the three feedback design
principles, in particular. These three feedback principles can also be seen as an operation-
alization of formative assessment in the realm of feedback design in online activities.

2 Recommendations for designers and teachers 

Based on the conclusions in the previous section we can phrase the following recommen-
dations for designing and using digital environments for algebra education. The recom-
mendations are for both designers of digital environments and content, as well as for
teachers who want to use them in their teaching. As the distinction between a designer and
a teacher in this context greatly depends on the software in use, only certain software come
with an authoring environment, for example, it is hard to categorize the recommendations
easily into ‘for designers’ and ‘for teachers’. An additional aim for these recommendations
is to bridge the gap between theory and practice, as stated in the preface of the thesis.  

Use student and teacher feedback to improve the design of digital activities. 
Often feedback is designed within the context of a research or designer setting. Mostly re-
searchers hypothesize that their well-thought-of interventions also work in practice. To in-
crease the chance that this is actually the case, it is sensible to use the domain knowledge
of practitioners. Environments that provide feedback can be improved significantly if we
involve the actors that participate in the knowledge domain. Therefore, we recommend in-
volving students and teachers early in the design process. 
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Make full use of the possibility of feedback generated by a digital environment. 
It is clear that feedback that is generated by a digital environment can aid students when
they are working. Feedback can point out whether a solution is correct, point out mistakes,
and give instructions and keep students on the right track of learning. This means that
teachers should be aware of the advantages of feedback and of the types of feedback that
are available in digital environments. Both designers and teachers should take into account
the 'good practices' for feedback.  

Context: choose an appropriate tool and make sure you know what it can and cannot do
for you. No digital tool is universal or perfect. What we set out to do in this study, and in
Chapter 2 in particular, is to provide a framework with which one can evaluate algebra
tools so that, depending on the context, its affordances and constraints can be determined.
By being aware of this, the best tool for a certain task can be selected, and this choice can
be based on sound arguments. Furthermore, it enables us to compare contexts, analogous
to design research where the main research question is based on the format: "What are the
characteristics of an intervention A for the purpose/outcome B in context C?". Therefore,
we recommend using Chapter 2's evaluation framework when choosing digital tools. 

Embed activities in pedagogical and didactical scenarios that facilitate transfer. 
Do not do digital activities just for the fun of them. Integrate and embed these activities in
a broader curriculum: they should not be a goal in themselves but a means towards a goal.
One successful way of embedding them is in a formative scenario with feedback timing
and fading: a scenario based on formative assessment, starting off with activities with elab-
orate feedback, and then fading towards activities without feedback.  

Algebraic expertise: do not bet on just skills or just insight, as both are closely interlinked. 
In discussions, participants often put too much emphasis on either insight or skills. We rec-
ommend acknowledging the importance of both, and stop wasting time and energy in dis-
cussing a prevalent viewpoint. Teachers in particular should pay attention to both basic
skills and symbol sense by providing appropriate activities that cater to both. 

Use ‘unusual’ tasks to improve learning, for example by intentionally causing a crisis. 
We learn a lot when we are confronted with cognitive conflicts. As many books provide
students with 'safe' tasks, we should allow for 'unusual' or crisis tasks. In doing so, howev-
er, we should provide a 'safety net' of extra instruction and feedback for students, which
can be implemented in (online) digital activities. 

See the use of online environments as an incentive to rethink home and classroom work.
The results also imply that not all the work with the digital environment is done within the
confinement of four walls. An emphasis on work at home can even be more effective than
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it used to be, with time at school meant for class discussions, instruction and starting up
individual use of the digital environment. 

Differentiate, because good students may benefit less.
Students who have already acquired a good algebraic expertise should not be forced to
'practice till they drop'. The fact that an environment is used online and at home can facil-
itate differentiation: students who need practice can practice as much as they want (another
advantage of randomization), students who do not need practice can show this, as results
and work are all stored.

Results-at-a-glance
The main research question is: in what way can the use of ICT support acquiring, practicing
and assessing algebraic expertise? 

In what way? There are many ways to design an environment. This study shows that a
framework based on formative assessment, with feedback design as guiding principle, can be
a successful approach.

Use of ICT. We have seen that we can use ICT, an online environment in particular, for
learning algebra. We have to keep in mind the tool’s affordances and constraints, and the pur-
pose for which it is deployed. Furthermore, because of instrumentation, student characteristics
must be taken into account. In our study, on the one hand there was no gender difference in
effect. Students' pre-knowledge, on the other hand, did make a difference: the better students
scored on the pre-test, the less gain they had. 

Acquiring. In developing algebraic expertise, we have found that the use of intentional cri-
ses seems to aid the transfer of algebraic expertise.

Practicing. A didactical scenario that enables students to practice in the beginning stages
of an intervention, and using timing and fading, ensures that students learn to ‘stand on their
own feet’, and to be independent of the practice tool.

Assessing. A didactical scenario also needs room for summative testing. Combining forma-
tive, summative assessment and feedback in one scenario works. 

Algebraic expertise. Summative assessment shows that the intervention has a large effect
on both sides of the algebraic expertise dimension, basic skills and symbol sense.

Recommendations-at-a-glance
• Use student and teacher feedback to improve the design of digital activities. 
• Make full use of the possibility of feedback generated by a digital environment. 
• Context: choose an appropriate tool and make sure you know what it can and cannot do for

you. 
• Embed activities in pedagogical and didactical scenarios that facilitate transfer.
• Algebraic expertise: do not bet on just skills or just insight, as both are closely interlinked. 
• Use ‘unusual’ tasks to improve learning, for example by intentionally causing a crisis.
• See the use of online environments as an incentive to rethink home and classroom work.
• Differentiate, because good students may benefit less.

Fig. 1: Results and recommendations at a glance
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3 Discussion points from a personal stance 

In this paragraph we would like to touch on some personal discussion points that concern
the study. 

In the course of this study we have had numerous discussions about the nature and es-
sence of insight. When do we exactly have insight in mathematical concepts? From the lit-
erature that has appeared on this topic, and that is described in the previous chapters, one
thing became clear to us: skills and insight go hand in hand. Therefore we acknowledge
that training of certain equations primes the structure of these equations. This does not im-
ply that there is no conceptual development. As a matter of fact, we would contend that
insight is almost always strengthened by practice, and vice versa. One experience we re-
member concerns the initial lack of understanding of the epsilon-delta definition of limit.
It seemed to be a ‘trick’ when one ended up with ε2 and then repeated the process with a
delta being the square root of epsilon. It was only after several proofs, and accompanying
graphs, that understanding actually set in. In this case this occurred even after passing an
exam on epsilon-delta limits. This is why the theoretical framework on algebraic expertise,
and notions such as symbol sense and salience, was extended with pattern salience (see
chapter 3). We wrote: “extending the concept of visual salience to patterns provided by
standard routines students already know could perhaps relieve the tension between the ap-
plication of standard routines and succumbing to salient patterns.” Thus the extended the-
oretical framework serves as a bridge between skills, understanding, structures and
patterns. To be sure that these are flexible we used the principle of intentional crises
through non-standard tasks. Still, we acknowledge that the items and the sequences of
items we constructed only cover a very limited part of the algebra curriculum. Claiming
that algebra performance as a whole has improved, would be too bold a statement. 

As a consequence, a second point concerns the observation that we have only touched
on a small subset of the vast body of algebraic knowledge. The focus has only been on a
limited part of four categories of tasks concerning flexible manipulation skills. We are
aware that it will be hard to generalize the findings to other mathematical topics. However,
in designing our intervention we did make use of general principles, for example regarding
feedback design. Therefore, we do conjecture that many of the findings can be applied to
other interventions for other knowledge domains. 

There are other challenges for studies on the use of web-based interventions. Clearly,
it is expected that the availability of the online module at home is positive. Methodologi-
cally speaking, however, the lack of experimental control of the home situation poses a
problem. Herein we discern a paradox: how can we control a situation that essentially is
uncontrolled? The absence of control, in contrast to a school situation, might even be the
strength of web-based interventions. During the study we have undertaken some informal
polls to see what the research field thinks about this. The results were ambivalent, to say
the least. In general, there were two types of viewpoints. The first recommends  a con-
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trolled environment at school and seems to assume that effects that are proved this way
will also hold for work done at home. The second viewpoint acknowledges the fact that
distance learning is hard to research, but recommends using instruments such as log files
and student self-reports. We think that ideally these different viewpoints should be aligned. 

Finally, we should watch for what we call didactics of technological shortcomings: fea-
tures of software that are greatly missed, but are trivialized by some sort of didactical ex-
planation. Of course, these explanations can be valid, but this should not imply we do not
take notice of glaring shortcomings of the software. Two examples may illustrate this
point. First, there are algebra tools that cater for multi-step solutions and tools that do not.
Although we would not want to discount advantages of tools that only check for the final
solution, we do contend that the ability to input in-between steps is an advantage, as it ad-
heres to the glass box principle (Beeson, 1998). However, as many tools do not have this
feature, this is sometimes played down by stating that a correct solution can only be found
if the solution path is correct. We would beg to differ. Furthermore, looking at the reverse
situation, an incorrect answer does not always imply a wrong solution path. Taking into
account the road to the answer is a pedagogical point that is widely accepted in educational
practice. A second example concerns the way in which students have to input a solution.
Although curricular demands could lead to statement like ‘students should be able to use
Maple syntax’, mathematically speaking there should be cognitive fidelity (Dick, 2007)
between the way in which students input algebraic expressions and these expressions' se-
mantic meaning. For secondary education this would imply that a graphical ‘pretty print’
input editor is more suitable than a linear one, which requires learning syntax. Of course,
students will be able to learn that x2 is the same as x^2, but with current technology stu-
dents can easily input the first. We propose to stop justifying the use of linear syntax input
when syntax is not a learning objective. This also touches on the difference between ‘use
to learn’ and ‘learn to use’. Both examples are cases of software limitations that are de-
fended by didactical explanations. This is no disqualification of software, because it pro-
vides insight in the way that this particular piece of software can be deployed in the
classroom. We should, however, not accept these shortcomings and aim for improvement.
Didactics of technological shortcomings should not be used to justify a status quo.
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4 Further research

The study set out to design an online intervention for algebraic expertise, and to investigate
the transfer from digital environment towards pen-and-paper. It is clear that there are still
many features of digital tools that can improve. One factor to take into account concerns
recent software and hardware developments. 

Fig. 2: Combining algebra tools and tablet technology: the future? 

Concerning software, many new programs or new releases of existing software have ap-
peared. Some will perhaps offer new opportunities for algebra education. Hardware has
also evolved. The appearance of tablet computers, some even with formula recognition for
mathematics, has a potential for further integrating digital and traditional pen-and-paper
environments. 

Figure 2 shows a still from a movie mock-up of the combination of an algebra tool and
tablet technology; the full animation can be found on www.algebrametinzicht.nl. Whatev-
er the future technological developments, one thing is clear: that theory and practice
should go hand in hand. This means that educational research has to proceed to see what
works, why it works and how digital tools can be improved.
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Summary

This PhD thesis documents the development and outcomes of a mathematics education re-
search that was carried out from 2007 until 2011 at the Freudenthal Institute for Science
and Mathematics Education within the DUDOC Program funded by Platform Beta Tech-
niek. This Platform facilitates secondary school teachers to carry out scientific research in
the domain of science and mathematics education. An important emphasis in the DUDOC
Program is on bridging the gap between theory and practice when it comes to educational
research. This thesis comprises a series of articles each addressing a different perspective
of this study on the use of ICT for acquiring, practicing and assessing algebraic expertise. 

For several years the skill level of students leaving secondary education in the Nether-
lands has been discussed. Lecturers in higher education –for example– complain about
their freshmen’s apparent lack of algebraic skills. Another development in recent years is
the advent of the use of technology in mathematics education (Li & Ma, 2010). Combining
algebraic expertise and ICT use, the aim of this study is to design an online environment
for learning supported by formative assessment of both procedural skills and conceptual
understanding in algebra, to investigate the effects of the environment, and to identify de-
cisive factors that influence the outcome. The central research question therefore is: in
what way can the use of ICT support acquiring, practicing and assessing algebraic exper-
tise? This general question leads to several sub-questions, each related to an appropriate
cycle in the study:

1a) Which criteria are relevant for the evaluation of digital tools for algebra education?
1b) Which digital algebra tool best meets these criteria?
2a) Do the concepts of symbol sense, gestalt view and pattern and local visual salience,

described in a pre-digital era, help us in understanding what students do in a digital
environment?

2b) Can the feedback design of a digital tool be improved with students?
2c) Which methodology can be used to elaborate feedback desired by students?
3a) Timing and fading: are there indications that formative scenarios improve the ac-

quisition of algebraic expertise?
3b) Crises: do crises in algebraic tasks improve the acquisition of algebraic expertise?
3c) Variation: does variation in feedback influence scores and student behavior?
4a) What is the effect of an intervention on the development of algebraic expertise, in-

cluding both procedural skills and symbol sense? 
4b) Which factors predict the resulting algebraic performance? 

The theoretical framework is based on the three key perspectives of ICT tool use, algebraic
expertise, assessment and feedback. ICT tool use concerns characteristics of tools and the
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ways they are adopted. The main concepts involved are notions on instrumentation  and
effectiveness of ICT tools. With algebraic expertise we mean both skills and understand-
ing, described by Arcavi as ‘symbol sense’ (Arcavi, 1994). We regard algebraic expertise
as a dimension ranging from basic skills to symbol sense (Drijvers, Goddijn, & Kindt,
2010), and contend that both should be addressed. The framework concerning assessment
refers Black and Wiliam’s distinction (Black & Wiliam, 1998) of assessment for learning
(formative assessment) and assessment of learning (summative assessment). As feedback
plays a pivotal role in formative assessment it also forms the core of this theoretical lens. 
As we aim to design an intervention in several iterations, the research method is based on
the principles of design research (Van den Akker et al., 2006). The development through-
out the cycles can be characterized by a shift in focus: from more qualitative formative to-
wards quantitative summative. This involves scaling up from a small target audience
towards a larger target audience (Tessmer, 1993). This pragmatic approach requires our
methodology to be mixed: at first more qualitative, and more quantitative later on, using a
more quasi-experimental approach with pre- and post-tests. Research takes place in one
preparatory cycle and three subsequent cycles, which are described in chapters 2-6.

Chapter 2 focuses on the preliminary cycle concerning the design of criteria for an
evaluation instrument for digital algebra tools. It aims to give a clear picture of what char-
acteristics are deemed important by experts (N=27) and as such provides a framework for
studying the plethora of tools that are currently available. We conclude that the designed
evaluation instrument is appropriate for describing the characteristics of digital tools for
algebra that we consider relevant for the purpose of the study. The evaluation instrument
provides insight in the different features of a tool, as well as in our priorities in interest. We
also conclude that the Digital Mathematics Environment (DME) scored highest overall
and is best suited for addressing the research goals on the co-emergence of procedural skill
fluency and symbol sense expertise. A key feature of DME is that it enables stepwise prob-
lem solving strategies. It is easy to use, stores the students´ solution processes, and is well
suited for formative assessment, by offering several strategy modes, feedback and self-re-
view. The results of the second chapter are used as an initial argument for the tool choice:
why choose this tool and what characteristics of the tool are paramount? With this DME
tool we designed a prototypical online intervention for the development of algebraic ex-
pertise. 

Chapter 3 reports on the first research cycle with one-to-one think-aloud sessions that
were conducted with five 12th grade students studying ‘wiskunde B’ in the pre-university
science stream. The design process and the one-to-one pilot sessions suggest that the con-
cepts symbol sense, gestalt view and visual salience remain extremely relevant when de-
ploying digital activities. The observations show that students using a digital environment
exhibit some symbol sense behaviors but also exhibit behaviors lacking symbol sense. The
notions of gestalt view and visual salience are helpful in analyzing student work. Although
students work in a digital environment instead of with paper and pencil, these results are
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in line with past findings in traditional pen-and-paper settings (Arcavi, 1994; Wenger,
1987). While solving algebraic tasks in the digital environment, students can use any strat-
egy, and thus can show sensitivity towards gestalt and visual salience aspects, and further
develop such sensibility. The digital environment facilitates this development through its
mathematical interface and feedback opportunities, which would be more difficult to offer
in a paper-and-pencil environment. Furthermore, extending the concept of visual salience
to patterns provided by standard routines students already know may relieve the tension
between the application of standard routines and succumbing to salient patterns. 

In chapter 4 we describe how the qualitative observations presented in the previous
chapter inform us about ways in which we can design feedback as part of the intervention,
which relates to one of the criteria in chapter 2. After studying student behavior, we con-
clude that asking students when to use what feedback can improve a digital intervention.
A fruitful methodology is: (i) deploy the digital intervention and ask students to ‘think
aloud’; (ii) tabulate all the responses; (iii) make a feedback design; (iv) implement the
feedback design in the environment; (v) test the intervention with help of the feedback de-
sign, and make another iteration. Based on the initial characteristics presented in chapter
2, the digital activities on symbol sense (chapter 3), and the student-informed methodology
for feedback design (chapter 4), we redesigned the intervention in an iterative fashion. The
revised intervention was field tested in a second cycle for two classes (12th grade,
wiskunde B, N=31), after which we made the final improvements based on several design
principles.

In chapter 5 we elaborate on these design principles and on the way these principles
worked or didn’t work in the third and last cycle in nine different schools (N=324). The
three design principles all focus on feedback and include timing and fading with formative
scenarios, crises and variation. Firstly, timing and fading with formative scenarios means
that the digital intervention starts off with a practice mode with much feedback, then pro-
vides a diagnostic mode only giving feedback at the end of the solution process, and finally
ending up with a final summative digital test without feedback except for the final score.
Secondly, crises, which are created intentionally in series of test items, are difficult non-
standard items that can only be solved if students understand the structure of an expression.
Right after a crisis item students are provided with feedback of different types, such as
screencast clips, hints and worked examples. This variation in feedback type is a third de-
sign principle. Taken together we conclude that the use of feedback in an online algebra
intervention can have a significant effect. Furthermore, the design principles provide a
broad approach to the potential of feedback use in digital environments. The variation
principle led to two separate experimental conditions for the study. The first condition only
provides task-related feedback on all steps of the solution process. The second, self-regu-
lated condition provides additional buttons for hints, next solution steps and worked ex-
amples. Although gradually fading feedback in the course of the intervention – in line with
the notion of formative scenario – causes ‘pain’ to the students, the learning effect is there.
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The design criterion of using formative scenarios improves the acquisition of algebraic
expertise. The results for the design of crises are mixed. When looking at the fraction of
items answered correctly there seems to be no effect for a crisis task. This is probably
caused by the difficulty to assess skill level if the final score after practice is high, although
achieved with difficulty. The number of attempts after a crisis task, however, did decrease
in three out of four series of tasks. The use of square root signs and logarithms in the tasks
may have played a role in the one series where number of attempts did not decrease. How-
ever, whether crises improve student’s actual expertise remains unclear from these results.
Comparing the two feedback conditions, the student scores show a medium effect for the
feedback condition including both task-related and self-regulatory feedback. When look-
ing in more detail at the use of the feedback in the three case examples it is clear that both
can be used in a formative way for the learning of algebra. Students can use the feedback
to overcome difficulties and check whether they are on the correct solution path or not.

In chapter 6 we describe the overall effects of the online intervention in the third and
final cycle (N=324). For the analysis multilevel modeling is used. The use of the interven-
tion for an average of five hours has a large effect on improving algebraic expertise, as
post-test score (M=78.71, SE=15.175) is significantly higher than the pretest score
(M=51.55, SE=21.094), t(286)=-22.589, p<.001, r=.801. Comparison of symbol sense pre-
and post-scores reveals that the symbol sense score on the posttest (M=1.462, SE=1.504)
also is significantly higher than the pretest score (M=-1.493, SE=2.339), t(285)=-20.602,
p<.001, r=.773. According to Cohen’s benchmark (Cohen, 1992) this is a large effect. This
means that there is not only an improvement in score, but also an improvement in recog-
nizing patterns and having a sense for symbols. A vast improvement is apparent in all four
categories of questions, with the category described by Wenger (1987), an example being
“solve for v: ”, showing the biggest improvement. Furthermore,
previous knowledge, time spent in self-test and summative test mode, and general attitude
towards mathematics are the largest predictors for a high posttest outcome. The fact that
the time spent in the self-test mode and digital summative test are more significant explan-
atory variables than the practice mode suggest that students should be able to ‘stand on
their own two feet’, and that environments that offer feedback should decrease the amount
of feedback when moving towards summative assessment. The other two significant ex-
planatory variables, pre-test score and attitude towards mathematics, seem less ground-
breaking. However, it was not clear-cut beforehand that these two variables would also in-
fluence the outcome in the case of using an online environment for algebraic expertise. The
fact that these variables have nothing to do with ICT may indicate that indeed conventional
pen-and-paper techniques and ICT techniques are reconciled (Kieran & Drijvers, 2006).
In line with this, the variables overall quality of the school (operationalized by trend exam
grades), total practice time and whether teachers and students worked more at home or at
school, also did not significantly predict the outcome.

v v 1 2v 1 u++=
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Chapter 7 synthesizes the thesis through conclusions, recommendations, point of dis-
cussion and suggestions for further research. We describe the conclusions by returning to
the main research question and scrutinizing its parts:

In what way. There are many ways to design an environment. This study shows that 
a framework based on formative assessment, with feedback design as guiding prin-
ciple, can be a successful approach.
Use of ICT. We have seen that we can use ICT, an online environment in particular, 
for learning algebra. We have to keep in mind the tool’s affordances and constraints, 
and the purpose for which it is deployed. Furthermore, because of instrumentation, 
student characteristics must be taken into account. In our study, on the one hand 
there was no gender difference in effect. Students’ pre-knowledge, on the other 
hand, did make a difference: the better students scored on the pre-test, the less gain 
they had. 
Acquiring. In developing algebraic expertise, we have found that the use of inten-
tional crises seems to decrease the number attempts that are needed for aid the trans-
fer of algebraic expertise.
Practicing. A didactical scenario that enables students to practice in the beginning 
stages of an intervention, and using timing and fading, ensures that students learn to 
‘stand on their own feet’, and to be independent of the practice tool.
Assessing. A didactical scenario also needs room for summative testing. Combining 
formative, summative assessment and feedback in one scenario works.  
Algebraic expertise. Summative assessment shows that the intervention has a large 
effect on both sides of the algebraic expertise dimension, basic skills and symbol 
sense.

What does this study add to the existing vast body of research knowledge? For this we re-
turn to the three key theoretical foundations of the study: ICT tool use, algebraic expertise,
assessment and feedback. The first topic of tool use mainly played a part in the preliminary
cycle of our study: by explicitly adding characteristics concerning tool use, e.g. ease of use,
to the evaluation instrument we made sure that the tool we would choose would best meet
our purposes. The second topic concerns algebraic expertise. The dimension basic skills -
symbol sense proved to be useful for identifying item categories and for interpreting stu-
dent work. Both the extension of theory with pattern salience and the four item categories
we identified contribute to the operationalization of the notion of symbol sense in relation
to digital activities. The notions of formative assessment, the third perspective, helped us
in designing the intervention, and the three feedback design principles in particular. These
three feedback principles can also be seen as an operationalization of the idea of formative
assessment in the realm of feedback design in online activities.
The study as a whole leads to the following recommendations for designers and teachers:

1. Use student and teacher feedback to improve the design of digital activities.
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2. Make full use of the possibility of feedback generated by a digital environment.
3. Context: choose an appropriate tool and make sure you know what it can and 

cannot do for you.
4. Embed activities in pedagogical and didactical scenario that facilitate transfer.
5. Algebraic expertise: do not bet on just skills or just insight, as both are closely 

interlinked.
6. Use ‘unusual’ tasks to improve learning, for example by intentionally causing a 

crisis.
7. See the use of online environments as an incentive to rethink home and class-

room work.
8. Differentiate, because good students may benefit less.

One of the discussion points addressed in the final chapter concerns the interplay between
acquiring skills and understanding: where do skills end and where does understanding
start, and can a sensible distinction be made? We think that utilizing a holistic approach,
and considering algebraic skills and symbol sense as one continuous dimension, does away
with unfruitful discussions about cause and effect. Also, the fact that this study just focuses
on a small sub-domain of algebraic knowledge raises the question whether the findings
also hold for other algebra, and even other mathematical subjects. We think that we have
laid down general principles that can also be applied to other subjects, and would encour-
age further research in this field. Another discussion point concerns the study’s methodol-
ogy: we want to be in control of what goes on in our research, but the home context of
using an online intervention can hardly be controlled. For the moment we will have to deal
with this through instruments such as log-files and students’ self-reports. A final point re-
garding ‘didactics of technological shortcomings’ is made: glaring disadvantages of digital
(algebra) tools should not be trivialized and downplayed by providing a didactical defense
of a drawback.

To conclude, further research is needed to replicate the findings and to improve our un-
derstanding of the use of ICT for algebra. We certainly should take into account recent
software and hardware developments, e.g. tablet technology.
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Samenvatting 

Dit proefschrift beschrijft de ontwikkeling en uitkomst van onderzoek naar het wiskunde-
onderwijs, dat plaatsvond in de periode 2007 - 2011 op het Freudenthal Instituut van de
Universiteit Utrecht. Het onderzoek is deel van het Dudoc-programma van het Platform
Bèta Techniek, een programma dat docenten in het voortgezet onderwijs in staat stelt om
wetenschappelijk onderzoek te doen naar onderwijs in wiskunde en natuurwetenschappen.
Een belangrijke accent in dit programma ligt op het overbruggen van de kloof tussen the-
orie en praktijk. Dit proefschrift bestaat uit een reeks artikelen, waarvan elk artikel een an-
dere invalshoek beschrijft van deze studie naar het gebruik van ICT voor het verwerven,
oefenen en toetsen van algebraïsche expertise.

Al meerdere jaren staat het vaardigheidsniveau van studenten die van het voortgezet
onderwijs het hoger onderwijs instromen ter discussie. Zo klagen universitaire docenten
bijvoorbeeld over het vermeende gebrek aan algebraïsche vaardigheden van eerstejaars
studenten. Een andere recente ontwikkeling is de opkomst van technologiegebruik in het
wiskundeonderwijs (Li & Ma, 2010). Deze twee ontwikkelingen op het gebied van alge-
braïsche expertise en ICT-gebruik combinerend, is het doel van deze studie om een online
omgeving te ontwerpen voor de formatieve toetsing van zowel algebraïsche vaardigheid
als inzicht, om de effecten van deze omgeving te onderzoeken en om vast te stellen welke
factoren een positieve invloed hebben op deze effecten. De centrale onderzoeksvraag is
dan ook: op welke wijze kan ICT worden gebruikt voor het verwerven, oefenen en toetsen
van algebraïsche expertise? Deze algemene vraag wordt onderverdeeld in de volgende
deelvragen, die alle verbonden zijn met een fase in het onderzoek:

1a) Welke criteria zijn relevant voor de evaluatie van digitale tools voor het al-
gebraonderwijs?
1b) Welke digitale algebra tool voldoet het beste aan deze criteria?
2a) Kunnen de begrippen symbol sense, gestalt en pattern en local visual sali-
ence, afkomstig uit een pre-digitaal tijdperk, helpen bij het begrijpen van wat 
leerlingen doen in een digitale omgeving?
2b) Kan het ontwerpen van feedback in een digitale omgeving verbeterd worden 
door leerlingen zelf in te zetten?
2c) Welke methodologie kan gebruikt worden om door leerlingen gewenste 
feedback te identificeren?
3a) Timing en fading: kunnen formatieve scenario’s het verwerven van algebra-
ïsche expertise verbeteren?
3b) Crises: kunnen crises in algebrataken de verwerving van algebraïsche exper-
tise verbeteren?
3c) Variatie: beïnvloedt variatie in feedback scores en gedrag van studenten?
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4a) Wat is het effect van een interventie die zich richt op de ontwikkeling van al-
gebraïsche expertise, inclusief basisvaardigheden en symbol sense?
4b) Welke factoren voorspellen de algebraïsche prestaties van leerlingen?

Het theoretische kader van het onderzoek steunt op drie pijlers: ICT tool use, algebraïsche
expertise, en toetsing en feedback. Bij tool use gaat het over eigenschappen van digitale
tools en de manieren waarop deze worden gehanteerd. De belangrijkste begrippen die hier
een rol spelen, zijn instrumentatie en de effectiviteit van ICT-hulpmiddelen. Met algebra-
esche expertise bedoelen we zowel vaardigheden als inzicht, zoals beschreven als ‘symbol
sense’ (Arcavi, 1994). Wij beschouwen algebraïsche expertise als een dimensie die loopt
van basisvaardigheden naar symbol sense (Drijvers, Goddijn, & Kindt, 2010), en stellen
dat beide van belang zijn. Het raamwerk dat we voor toetsing gebruiken, is gebaseerd op
het onderscheid dat Black en Wiliam maken (Black & Wiliam, 1998) tussen toetsing voor
het leren (formatieve toetsing) en toetsing van het leren (summatieve toetsing), waarbij in
deze studie de nadruk ligt op het eerste. Aangezien feedback een centrale rol speelt in for-
matieve toetsing maakt dit begrip ook onderdeel uit van ons theoretische kader.

Daar het doel van het onderzoek is om een interventie te ontwerpen, is de onderzoek-
methode gebaseerd op principes van design research (Van den Akker et al., 2006). De ont-
wikkeling van de interventie door de verschillende iteraties heen kan worden
gekarakteriseerd door een verschuiving in de focus van het onderzoek: van meer kwalita-
tief en formatief in het begin naar meer kwantitatief en summatief op het einde. Dit houdt
ook in dat er een opschaling plaatsvindt van een kleine groep participanten in het begin van
de studie naar een grotere groep deelnemers in de eindfase (Tessmer, 1993). Deze aanpak
vereist dat ook de methodologie ontwikkelt: eerst kwalitatief, later kwantitatief met een
meer quasi-experimentele aanpak met pre- en posttests. Het onderzoek omvat één voorbe-
reidende cyclus, en drie opeenvolgende cycli, die worden beschreven in de hoofdstukken
2 tot en met 6.

Hoofdstuk 2 richt zich op de voorbereidende cyclus en beschrijft het ontwerpen van
criteria voor een evaluatie-instrument voor digitale algebra tools. Het schetst een beeld van
de eigenschappen van dergelijke tools, zoals die door experts (N=27) belangrijk worden
gevonden en vormt daarmee een raamwerk voor de bestudering van de vele tools die op
de markt zijn. De conclusie is dat het ontworpen evaluatie-instrument geschikt is voor het
beschrijven van eigenschappen van digitale algebra tools die wij relevant achten voor het
doel van het onderzoek. Het instrument geeft inzicht in deze eigenschappen en weerspie-
gelt tevens de focus van het onderzoek. Daarnaast wordt geconcludeerd dat de Digitale
Wiskunde Omgeving (DWO) over het geheel genomen het beste scoort en derhalve het
meest geschikt is voor dit onderzoek, ook omdat het onderzoek zich richt op zowel vaar-
digheden als inzicht. Een sleuteleigenschap van de DWO is dat het hierin mogelijk is om
stapsgewijze oplossingsstrategieën te gebruiken. Daarnaast is de DWO eenvoudig in het
gebruik, wordt het gehele oplossingsproces van de leerling opgeslagen, en worden er mo-
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gelijkheden voor formatieve toetsing geboden doordat diverse strategische modi, feedback
en de optie tot zelf-toetsing ter beschikking staan. Deze resultaten onderbouwen de tool-
keuze en geven antwoord op de voor de hand liggende vraag: waarom dit tool en welke
eigenschappen zijn hier het belangrijkst? Met behulp van de DWO is vervolgens een pro-
totypische online interventie voor de ontwikkeling van algebraïsche expertise ontworpen. 

Hoofdstuk 3 rapporteert over de eerste onderzoekcyclus bestaande uit één-op-één hard-
op-denksessies die gehouden zijn met vijf 6 vwo-leerlingen uit de Natuur-profielen met
wiskunde B in het pakket. Het ontwerpproces en de één-op-één sessies laten zien dat de
concepten symbol sense, gestalt en visual salience ook relevant zijn bij de inzet van di-gi-
tale activiteiten. Uit de observaties blijkt dat leerlingen die de digitale omgeving gebruiken
zowel symbol sense gedrag laten zien alsook het ontbreken van dergelijk gedrag. De be-
grippen gestalt view en visual salience zijn tevens nuttig bij het analyseren van leerling
werk. Hoewel leerlingen werken in een digitale omgeving en niet met pen en papier, ko-
men deze resultaten overeen met bevindingen uit pen-en-papiercontexten (Arcavi, 1994;
Wenger, 1987). Bij het oplossen van algebraopgaven in een digitale omgeving kunnen
leerlingen elke strategie gebruiken en daarmee aspecten van gestalt en visual salience to-
nen en verder ontwikkelen. De digitale omgeving faciliteert deze ontwikkeling door de
wiskundige interface en feedbackmogelijkheden, die moeilijker te realiseren zouden zijn
in een pen-en-papieromgeving. Door de theorie rond visual salience uit te breiden naar pa-
tronen wordt ook een verband gelegd tussen enerzijds het toepassen van standaard algorit-
mes en het herkennen van patronen.

Hoofdstuk 4 gaat over hoe de kwalitatieve observaties, beschreven in het vorige hoofd-
stuk, zijn gebruikt om de feedback in de interventie te verbeteren. De feedbackmogelijk-
heid was ook één van de criteria voor algebratools zoals genoemd in hoofdstuk 2. Na be-
studering van het leerlinggedrag concluderen we dat we simpelweg aan leerlingen zelf
kunnen vragen welke feedback de digitale interventie zou verbeteren. Een kansrijke 
methodologie is: (i) zet de digitale interventie in en vraag leerlingen om ‘hardop te den-
ken’; (ii) groepeer alle reacties; (iii) maak vervolgens een ontwerp voor de feedback; (iv)
implementeer het feedback ontwerp in de omgeving; (v) test de interventie met behulp van
het feedback design, en maak een volgende iteratie. Op basis van de gewenste eigenschap-
pen uit hoofdstuk 2, de digitale activiteiten over symbol sense (hoofdstuk 3), en de 
methode om feedback te verbeteren (hoofdstuk 4), is de interventie op iteratieve wijze bij-
gesteld. In een tweede cyclus is de gereviseerde interventie in de praktijk getest in een 6
vwo-wiskunde B-klas van 31 leerlingen,  waarna we de laatste iteratie baseren op enkele
centrale ontwerpprincipes.

In hoofdstuk 5 lichten we deze ontwerpprincipes toe, alsook de manier waarop deze
principes werkten in de derde en laatste cyclus van het onderzoek. De drie gehanteerde
ontwerpprincipes richten zich op feedback en bestaan uit: timing en fading met behulp van
formatieve scenario’s, crises en variatie in feedback. De eerste, timing en fading, houdt in
dat de online digitale interventie begint in een oefenmodus met veel feedback, daarna een
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diagnostische modus gebruikt waarbij feedback alleen aan het einde van een taak 
verschijnt, en tenslotte eindigt met een laatste, summatieve digitale toets waarbij geen
feedback wordt gegeven, behoudens de eindscore. Het tweede principe, crises, betreft het
opzettelijk aanbrengen van moeilijke, niet-standaard items in de serie opgaven, die alleen
kunnen worden opgelost als de leerling de structuur van een expressie echt door heeft.
Meteen na een crisis-item ontvangen leerlingen verschillende soorten feedback, zoals
films, hints en uitgewerkte voorbeelden. De variatie in type feedback is het derde ontwerp-
principe. Dit principe leidde tot twee aparte experimentele condities voor de studie. De
eerste conditie betreft het enkel aanbieden van taakgerelateerde feedback op alle tussen-
stappen van de oplossing. De tweede, zelfregulerende conditie biedt extra knoppen voor
hints, volgende stappen en uitgewerkte oplossingen. Samenvattend is de conclusie dat het
gebruik van feedback in een online algebra-interventie een significant effect kan hebben.
Verder verschaffen de ontwerpprincipes een brede blik op het potentieel van feedback in
digitale omgevingen. Hoewel het verminderen van de hoeveelheid feedback gedurende de
interventie –zoals ook bedoeld is met het formatieve scenario- ‘pijn’ doet omdat leerlingen
op eigen benen moet staan, is er wel een leereffect. Met andere woorden: het ontwerpprin-
cipe ten aanzien van formatieve scenario’s verbetert de verwerving van algebraïsche ex-
pertise. De resultaten van het principe ten aanzien van crises zijn daarentegen gemengd.
Op de fractie van correct beantwoorde vragen lijken crisis-items geen effect te hebben. Dit
zou veroorzaakt kunnen zijn door het feit dat leerlingen net zo lang door kunnen werken
aan een item tot ze het correcte antwoord gevonden hebben. Kijken we daarom naar het
aantal pogingen na een crisis opgave, dan blijkt dit in drie van de vier series taken af te
nemen. In de serie waarin dit niet gebeurde, zou dit veroorzaakt kunnen zijn door het ge-
bruik van worteltekens en logaritmes. Of het daadwerkelijk de crises zijn die de expertise
van een leerling verbeteren, blijft echter uit deze resultaten onduidelijk. De resultaten over
de twee feedbackcondities geven een gemiddeld effect voor de tweede feedbackconditie
met zowel taak gerelateerde als zelfregulerende feedback. Samen met een gedetailleerdere
blik op drie casussen is het duidelijk dat beide op een formatieve wijze kunnen worden in-
gezet voor het leren van algebra. Leerlingen kunnen de feedback gebruiken om moeilijk-
heden te overwinnen en te controleren of ze op het pad van de juiste oplossing zitten of
niet.

In hoofdstuk 6 beschrijven we de algemene effecten van de online interventie in de der-
de en laatste cyclus op negen scholen (11 klassen, N=324 leerlingen). Voor de analyse is
multilevel analyse gebruikt. De interventie heeft een gemiddelde duur van ongeveer vijf
uur en heeft een groot effect op de verbetering van algebraïsche expertise, waarbij de post-
test score (M=78.71, SE=15.175) significant hoger uitvalt dan de pretest score (M=51.55,
SE=21.094), t(286)=-22.589, p<.001, r=.801. Het vergelijken van pre- en posttest scores
op het gebied van symbol sense laat zien dat ook de symbol sense score op de posttest
(M=1.462, SE=1.504)  significant hoger is dan de pretest score (M=-1.493, SE=2.339,
t(285)=-20.602, p<.001, r=.773). Volgens Cohen (1992) is dit een groot effect. Dit duidt
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er op dat er niet alleen een verbetering is in de prestaties, maar ook een verbetering in het
herkennen van patronen en in het gevoel voor symbolen. Een grote verbetering is ook
zichtbaar in de prestaties op de vier in hoofdstuk 3 beschreven itemcategorieën, waarbij de
categorie die gebaseerd is op Wenger (1987), waarvan een voorbeeld “los op voor v:

” de grootste verbetering laat zien. Een andere bevinding is dat
voorkennis, tijd besteed aan digitale zelftoets en eindtoets, en algemene houding ten aan-
zien van wiskunde de beste voorspellers zijn voor een hoge posttest score. Het feit dat de
hoeveelheid aan digitale zelftoets en eindtoets bestede tijd betere voorspellers zijn dan tijd
besteed aan de oefenmodus suggereert dat leerlingen het beste kunnen leren ‘op eigen be-
nen te staan’ als de hoeveelheid feedback vermindert in de aanloop naar summatieve toet-
sing. De twee andere significante voorspellers, pretest score en houding ten aanzien van
wiskunde, liggen meer voor de hand. Wat op voorhand echter nog niet duidelijk was, is of
deze variabelen ook invloed zouden hebben op de posttest score bij gebruik van een online
omgeving voor algebraïsche expertise. Het feit dat er geen voorspellende variabelen be-
treffende de houding ten opzichte van ICT en wiskunde waren, zou er op kunnen duiden
dat de conventionele pen-en-papieraanpak en de digitale aanpak op één lijn liggen (Kieran
& Drijvers, 2006); immers, die houding had geen invloed op de posttest score.. Ook de va-
riabelen betreffende de kwaliteit van de school (geoperationaliseerd door trend examencij-
fers), totale oefentijd en of leerlingen meer thuis of op school werkten, bleken geen
voorspellers van de posttest score.

In hoofdstuk 7 monden de diverse hoofdstukken uit in conclusies, aanbevelingen, dis-
cussiepunten en suggesties voor vervolgonderzoek. We beschrijven de conclusies door
weer terug te komen op de centrale onderzoeksvraag en de verschillende onderdelen daar-
van:

Op welke wijze. Er zijn meerdere manieren om een leeromgeving te ontwerpen. 
Deze studie laat zien dat een raamwerk dat gebaseerd is op formatieve toetsing, 
met feedback als leidend principe, succesvol kan zijn.
Gebruik van ICT. We hebben gezien dat we ICT, zeker in de vorm van een on-
line omgeving, kunnen gebruiken voor het leren van algebra. Hierbij moeten we 
rekening houden met de voor- en nadelen van een tool en met het doel waarvoor 
we dit inzetten. Bovendien, vanwege instrumentatie moeten leerlingeigenschap-
pen worden meegenomen bij het onderzoek. Zo was er enerzijds in onze studie 
geen verschil in sekse voor wat betreft effect, anderzijds maakte voorkennis van 
de leerling wel een verschil: de op de pretest beter scorende leerlingen hadden 
minder baat bij de interventie.
Verwerven. Bij het ontwikkelen van algebraïsche expertise hebben we gezien dat 
het gebruik van opzettelijk gecreëerde crises het benodigde aantal pogingen lijkt 
te verkleinen.
Oefenen. Een didactisch scenario dat de leerlingen in staat stelt om te oefenen 
aan het begin van een interventie en gebruik maakt van timing en fading, bevor-
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dert dat leerlingen leren ‘op eigen benen staan’ en niet afhankelijk zijn van de 
gebruikte software.
Toetsen. Een didactisch scenario heeft ook summatieve toetsing nodig. Het com-
bineren van formatieve en summatieve toetsing in één scenario werkt, in het bij-
zonder als dit gepaard gaat met aangepaste feedback.
Algebraïsche expertise. De resultaten van summatieve toetsing tonen aan dat de 
interventie een groot effect heeft op beide kanten van de dimensie algebraïsche 
expertise, basisvaardigheden en symbol sense.

Wat voegt deze studie toe aan de al bestaande kennis? Om dit te beschrijven, komen we
terug op de drie pijlers van het theoretische raamwerk: ICT tool use, algebraïsche experti-
se, toetsing en feedback. De eerste pijler speelde voornamelijk een rol in de eerste voorbe-
reidende cyclus van de studie: door expliciet tool use eigenschappen toe te voegen aan het
evaluatieinstrument, bijvoorbeeld gebruiksgemak, verzekerden we ons ervan dat de uit te
kiezen tool het beste bij ons doelen zou passen. De tweede pijler betreft algebraïsche ex-
pertise. De dimensie basisvaardigheden – symbol sense bleek nuttig voor het identificeren
van items en itemcategorieën en voor het interpreteren van leerlingwerk. Zowel de uitbrei-
ding van de theorie met pattern salience als de vier door ons vastgestelde categorieën dra-
gen bij aan de operationalisering van het begrip symbol sense in relatie tot digitale
activiteiten. Het begrip formatieve toetsing, de derde pijler, hielp ons bij het ontwerpen van
de interventie, en de drie ontwerpprincipes over feedback in het bijzonder. Ook deze drie
principes vormen een operationalisering van het concept formatieve toetsing ten behoeve
van het ontwerp van feedback binnen online activiteiten.
De gehele studie leidt tot de volgende aanbevelingen voor ontwerpers en docenten:

1. Gebruik feedback van leerlingen en docenten om een ontwerp van digitale acti-
viteiten te verbeteren.

2. Maak volledig gebruik van de mogelijkheid om feedback te laten genereren door 
een digitale omgeving.

3. Kies een toepasselijke tool en weet zeker wat een tool wél en niet kan.
4. Integreer activiteiten in een pedagogisch en didactisch scenario.
5. Zet niet alleen in op vaardigheden of alleen op inzicht, aangezien beide met el-

kaar verweven zijn als verschillende aspecten van algebraïsche expertise.
6. Gebruik ‘ongewone’ opgaven om het leren te verbeteren, bijvoorbeeld door ex-

pres een crisis-item toe te voegen.
7. Beschouw het gebruik van online omgevingen als een prikkel om na te denken 

over de verhouding tussen huiswerk en schoolwerk.
8. Maak gebruik van differentiatie, bijvoorbeeld omdat goede leerlingen minder 

baat hebben bij de interventie.

Eén van de discussiepunten in het laatste hoofdstuk is de relatie tussen het verwerven van
vaardigheden en het verwerven van inzicht: waar eindigt een vaardigheid en waar begint
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begrip, en is het wel vruchtbaar om dit onderscheid te hanteren? We denken dat een inte-
grale benadering, waarbij algebraïsche vaardigheden en symbol sense gezien worden als
één continue dimensie, een eind kan maken aan discussies over oorzaak en gevolg. Een
ander punt betreffende de focus op maar een klein deelgebied van de algebra betreft de
vraag of de bevindingen ook op een breder gebied van de algebra, of zelfs op andere wis-
kundige onderwerpen, van toepassing zijn. We denken dat we degelijke algemene princi-
pes hebben neergelegd die ook van toepassing kunnen zijn op andere vakgebieden, en we
raden derhalve meer onderzoek hiernaar aan. Nog een discussiepunt betreft de methodo-
logie van de studie: we willen bij een onderzoek zo veel mogelijk controle over de onder-
zoekssituatie hebben, maar het feit dat leerlingen ook thuis aan het werk kunnen, maakt
dat die controle lastig te bewerkstelligen is. We zullen voorlopig genoegen moeten nemen
en gebruik moeten maken van logbestanden en vragenlijsten voor leerlingen. Een laatste
punt betreft ‘didactiek van de technologische tekortkoming’: duidelijke minpunten van di-
gitale (algebra) tools moeten niet worden ‘goedgepraat’ door middel van een didactische
uitleg van het minpunt.

Samenvattend, nader onderzoek is nodig om deze bevindingen te repliceren en om ons
begrip van de inzet van ICT voor algebra te verbeteren. Hierbij moeten we zeker rekening
houden met nieuwe ontwikkelingen op het gebied van software en hardware, waarbij in
het bijzonder de ontwikkeling van tablettechnologie er kansrijk uitziet.

. 
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