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Chapter 1

Introduction

This thesis is about gases of ultracold atoms, either fermions or bosons, trapped

in a high vacuum, that display a collective quantum behavior, called superfluidity.

Methods by which this behavior is realized in experiments have been developed

in the last two decades, while the search for new discoveries and understanding

of these systems is still ongoing research by many groups all over the world. But

for the beginning of this story we have to go back a hundred years in time, to the

discovery of superconductivity by Kamerlingh Onnes [1]. In April 1911 he discov-

ered that the electric resistance of mercury dropped to zero, when the metal was

cooled to a temperature of about 4 Kelvin. We now know that superconductivity

is a macroscopic quantum effect but Bardeen, Cooper and Schrieffer [2] in 1957

where the first to figure this out, almost fifty years after its discovery.

A little more than a decade after the discovery of superconductivity, Einstein

predicted the occurrence of another collective quantum state, which is now called

a Bose-Einstein condensate [3, 4]. This prediction was based on an idea of Bose

about the statistics of indistinguishable photons, which Einstein generalized to

massive indistinguishable bosonic particles. A macroscopic fraction of a sample of

bosons will, according to Einstein’s insights, occupy the lowest energy state, below

some critical temperature. This macroscopic quantum state, or Bose-Einstein

condensate (BEC), has extraordinary properties. One of these properties is su-

perfluidity, i.e., the ability to maintain a persistent flow without viscous damping.

This was first seen experimentally in 1938 by Kapitza, Allen and Misener [5, 6] in

a 4He liquid. London was the first to realize that they had in-fact observed Bose-

Einstein condensation [7]. These 4He bosons were, however, strongly interacting,

which made the system difficult to fully understand theoretically. Only many years

later, people succeeded to do this.

Although superconductivity was discovered before Bose-Einstein condensation,

it was not until the theoretical explanation of Bardeen, Cooper and Schrieffer in
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1957, now called BCS theory, for people to realize that this was also a macroscopic

quantum effect. According to BCS theory, superconductivity is caused by the

formation of loosely bound pairs of fermions, called Cooper pairs. These pairs then

form a condensate very similar to Bose-Einstein condensation. For this pairing

to occur, only a small attractive interaction between the fermions is required,

in fact, an infinitesimally small interaction suffices [8]. In metals this attractive

interaction between the electrons is mediated by phonons, excitations in the ionic

lattice structure of the material.

1.1 Ultracold atomic gases

Both the superconductivity and Bose-Einstein condensation experiments confirmed

the existence and the theoretical explanation of macroscopic quantum effects. But

since both experiments deal with fixed material properties, there is not much room

to fully study all aspects of these quantum phenomena. This was especially true

for the 4He liquid, which was a theoretical challenge. Until recently, no weakly

interacting system which displays Bose-Einstein condensation was known. The

solution was found in ultracold atomic gases. But it took until 1995 before Bose-

Einstein condensation could be realized in such a system. This was done first by

the group of Wieman and Cornell [9] and quickly followed by the groups of Hulet

and Ketterle [10, 11].

The realization of a system with ultracold atomic gases was a big technological

achievement. What made it possible in the end, was the discovery of laser cooling

[12]. Laser cooling uses an effect by which it is possible to transfer momentum from

a laser beam to the atoms. Since the absorption of light transfers momentum in the

direction of the laser beam, while the emission is parity conserving and randomly

distributed, a net force results in the direction of the laser beam. A laser beam can

thus be used to slow down a stream of atoms. The Doppler effect for the atom can

be compensated by using the Zeeman effect, such that the laser frequency always

matches with an atomic absorption line.

In order to cool the atoms to ultra low temperatures, and to have full control

over the system, it is placed in a very high vacuum. To avoid contact with the

walls of the container, the atoms are trapped in the center using a combination

of magnetic traps and optical traps [13]. In this way, the atoms can be cooled

to the milli-Kelvin regime. To get the temperature of the gas cloud even lower,

to the nano-Kelvin regime, a technique called evaporative cooling is used [14].

This technique uses the spin polarization of the trapped atoms. The polarization

determines wether the potential traps the atoms or pushes them out. Thus by
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flipping the spin of the hottest atoms, these are pushed out of the trap and when

the remaining atoms undergo elastic collisions, they cool down. This is very similar

to the cooling of a cup of tea, where the hot particles evaporate and can be blown

away; hence the name evaporative cooling. Measurements can be made, by making

an absorption image of the gas cloud. This is typically achieved after releasing

the atoms by turning off the trapping potential and letting the cloud expand

ballistically. After a short time a picture, using laser light, is made on a CCD

camera, and the result is a measurement of the momentum distribution. An in-

situ measurement of the density at each position of the trap can also be made

using phase-contrast imaging.

All these technological developments were necessary to get the temperature

below the critical temperature of the atoms. This made it possible to study Bose-

Einstein condensation for weakly interacting particles in a controlled environment.

But also BCS-superfluidity can be studied in a system of ultracold atoms, if the

boson can be replaced by fermions [15, 16]. By now many experiments have

been performed. An interesting discovery was that BCS theory, while intended to

describe loosely bound Cooper pairs with a size much larger than the inter-particle

distance, also describes tightly-bound diatomic molecules [17, 18]. Since two

tightly bound fermions more-or-less behave like a boson, the system of diatomic

molecules can Bose-Einstein condense; hence this is called the BEC limit of BCS

theory. It was predicted that there should be a continuous crossover from the

weakly- to tightly-bound regime. This was experimentally verified by the groups

of Jin, Hulet, Ketterle, Thomas, Grimm and Salomon [16, 19–23]. But for this to

work one must be able to tune the interaction strength from weakly to strongly

interacting.

1.2 Highly tunable system

The tuning of the interaction strength is possible because of the existence of a

Feshbach resonance [24–26]. This makes it possible to change the behavior of the

interaction from weakly-interacting to strongly-interacting and from effectively at-

tractive to repulsive by just changing the field strength of an applied magnetic field.

In ultracold dilute Bose gases the interactions are usually completely determined

by the s-wave scattering length a. However, the two-atom scattering problem

can also contain bound states. In the case of a magnetic Feshbach resonance,

the energy of these bound states depends on the externally applied magnetic field

B. At certain values of this magnetic field, a new bound state can cross into

the continuum of scattering states. At such a point there is a resonance in the
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Figure 1.1: Dependence of the scattering length a on the magnetic field B for
6Li. The Feshbach resonance at B0 = 834 G is indicated by the dashed line. Here,
a0 is the Bohr radius.

this case is typically referred to as a molecule. A Bose-Einstein conden-
sate of molecules in the BEC limit behaves similarly to a Bose-Einstein
condensate of bosons, however, the other side of the Feshbach resonance
is more interesting. There, the atomic interaction is attractive with a < 0,
and the pairing is strictly a many-body effect reminiscent of the Cooper
pairing of electrons in BCS theory. This regime is typically referred to as
the BCS limit, and the continuous connection between the deeply bound
Bose-Einstein condensate of molecules and the weakly bound BCS pairs
is known as the BEC-BCS crossover, which is discussed in more detail in
chapter 5.

One additional obstacle to achieving the superfluidity of BCS pairs
arises due to the dependence of the critical temperature on the interaction
strength of the atoms in the BCS limit, namely, Tc ∝ e−π/2kF |a| where kF =
(3π2n)1/3 is the Fermi wave vector in an ideal Fermi gas with total density
n. In typical experiments, the sample is dilute, hence kF |a| � 1, and
the resulting low critical temperature is beyond the reach of experiments.
However, the Feshbach resonance can be used to tune the scattering length
such that kF |a| � 1 where the critical temperature becomes comparable to
that of Bose-Einstein condensation in an atomic Bose gas. In this way, soon
after the realisation of Bose-Einstein condensates of molecules in the BEC
limit, BCS-like pair condensates were observed in the group of Debbie Jin

4

Figure 1.1: An example of a Feshbach resonance for 6Li, with a resonant field strength of

B = 834 G. The scattering-length a (in units of the Bohr-radius a0) changes as a function

of the applied magnetic field B from small positive to positive infinite and then from negative

infinite to small negative. On one side of the resonance the particles are weakly bound by

many-body effects, while on the other side they behave like tightly bound molecules.

scattering length, and the interaction appears to be infinitely strong in the s-wave

channel. The consequence is that by varying the magnetic field, the scattering

length can be tuned to any value, as shown in figure 1.1. This mechanism works

for both fermions and bosons, although the whole regime of scattering lengths is

only completely studied for fermions. The bosonic case suffers from severe particle

losses close to the resonance, but experimentalists are trying to solve this problem,

and new results can be expected soon.

Exactly at the resonance, the scattering length diverges and, moreover, the

scattering matrix exactly obeys the unitarity bound. This limit is therefore called

the unitarity limit, and a system which is tuned to have the interaction at resonance

is sometimes said to be ‘at unitarity’. Since the scattering length becomes infinite,

it no longer sets a length scale for the system. This feature has remarkable con-

sequences. The only scale is now determined by the Fermi energy εF = ~2k2
F/2m

with the Fermi momentum defined as kF = (6π2n)1/3. Although this is a very

natural scale for fermions, it is also a perfectly fine scale for bosons and thus also

determines the universal behavior for bosons. All macroscopic properties in this

limit only depend on this Fermi energy, and are universal, in the sense that the

relations are the same for all atom species. One important example of an universal

relation is the relation between the chemical potential and the Fermi energy, which

in customary notation can be written as µ = (1 + β)εF. Here β is an universal
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number and it is found for fermions to be β = −0.58. For bosons there is no final

result yet, but the calculation presented in chapter 4, Eq. (4.7), gives a value for

β that is remarkably close to the fermion result.

The tunability of the interactions gives an almost unique control over the

behavior of the atomic gas system. But the real strength is that almost all other

parameters can also be controlled [27]. One of these is the shape of the trapping

potential. Besides the most natural spherical shape, the trap can be squeezed in

one or more directions to create a flat pancake shape or an elongated tube or cigar

shaped trap. These shapes can be used to study interesting properties like for

instance deformation and surface tensions [28]. Another way to manipulate the

potential is by applying counter-propagating laser beams. The standing light wave

generates a periodic potential for the atoms, of which the period and the strength

can be tuned by changing the laser frequency and power, respectively. Depending

on the number of laser beams, one can have: a stack of two-dimensional pancakes,

a grid of one-dimensional cigars or even a three-dimensional lattice of small point-

like micro traps [29, 30].

Another very important free parameter is the polarization of an atomic mix-

ture. Especially fermionic gases show interesting properties when the polarization

is changed [31–39]. The wavefunction of a many-body fermion system is by defi-

nition anti-symmetric under particle exchange. This has important consequences

for the interaction, because in these dilute ultracold gases only the interaction

in the so-called s-wave channel is energetically relevant. The s-wave channel is

spatially symmetric under particle exchange. This means that there can only be

interactions between particles that have an anti-symmetric wavefunction in some

other quantum number. This quantum-number is usually called spin, thus the gas

will be a mixture of N↑ spin-up and N↓ spin-down particles. The symmetry of the

interaction also makes the Cooper pairs spatially symmetric; hence, this is a pair

of a spin-up and a spin-down particle. To achieve an optimally superfluid system,

the number of up and down particles should be equal.

The interesting question is: what happens when N↑ is not equal to N↓? This

is called a polarized or imbalanced mixture, with the polarization defined as

P = (N↑ − N↓)/(N↑ + N↓). In case of a fully polarized system (N↓ = 0), no

pairs can be made and the system is not superfluid. Hence, a phase transition

exists from superfluid to normal as a function of the polarization. This transition

exists at zero temperature, and thus is a quantum phase transition: the transition

is driven by quantum fluctuations rather than thermal fluctuations [40, 41]. For

weak interactions, this transition can be described with a simple generalization

of BCS- and Bogoliubov-theory. However, this description fails near the unitarity

limit. The universal phase diagram in the temperature-polarization plane has
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been studied extensively both experimentally and theoretically [42–44]. It turns

out that a first-order phase transition exists at zero temperature at a polarization

of P = 0.44. For P = 0 the transition is, as a function of temperature, of second

order. Consequently, there is a tricritical point (TCP) in between.

In experiments, the Fermi gas is trapped in a harmonic potential. Because of

this, the density, but also the local population imbalance, depends on the location

in the trap. The existence of a first-order phase transition results in an interface

inside the gas cloud. On one side of the interface the atoms are in a balanced

superfluid state, while on the other side they are in a (partially) polarized normal

state. Such an interface can have dramatic effects on the system.

In the discussion above, the two up and down species have an equal mass, but

these can be changed as well. An experimentally frequently used mixture is 6Li and
40K. The universal phase diagram again shows a tricritical point when the light

particles are in the majority, but when the heavy particles are in the majority,

the phase diagram contains a Lifshitz-point [45]. A Lifshitz-point indicates an

instability towards a momentum-dependent condensate of Cooper pairs. This

momentum dependence can be a simple phase change, called Fulde-Ferrell [46],

or it can be that the condensate amplitude becomes momentum dependent, like

in Larkin-Ovchinnikov [47]. In this last case, the condensate density becomes

periodic in space, which is called a supersolid. The actual momentum dependence

is ultimately determined by the state with the lowest energy [48, 49].

The extreme control over almost any parameter in the ultracold quantum gas

makes it an ideal system for many different kinds of experiments. Some have called

it an excellent quantum simulator, since many quantum effects in complicated

systems can be studied in this very clean environment. One of those complicated

systems, where direct measurements are almost impossible is a neutron star.

1.3 Neutron stars

In astrophysics, there is only one measuring tool: the telescope. Probing the

inside of objects in outer space is obviously never an option. Nevertheless, with

these measurements astrophysicists try to figure out the inner structure of the

objects they observe. For this to work, it is important to understand everything

about each scenario for the matter inside the object. Surprisingly enough, there

is one type of object, the neutron star, where the results of quantum gases may

be applied.

Neutron stars are extremely dense objects, born from supernova explosions of

dying heavy stars. The core density is roughly the density of an atom nucleus,
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Figure 1.2: An example of the possible phases inside a neutron star. The left figure shows

how the particle contents changes with increasing density. First mostly neutrons, then more

baryons enter the system; at some point it becomes a mixture of baryons and fee quarks;

at the highest densities it becomes a fully free QGP. In the right figure, the same particle

contents is shown as a function of the neutron star radius, here a clear shell structure appears.

which is in the order of 1018 kg/m3. These densities are so high that atomic nuclei

are crushed together, and through β+ decay most of the matter is transformed

into neutrons, hence the name of the star. The only force that stops a neutron

star from collapsing into a black hole is the Fermi pressure, which is basically a

result from the Fermi exclusion principle. A very amazing property is that the

neutrons (fermions) form a degenerate Fermi gas with a Fermi energy (εF) that

is orders of magnitude higher than the thermal energy. It is therefore possible, in

good approximation, to describe a neutron star as an ultracold Fermi gas.

The extreme density might cause the matter in the center to behave even more

exotic, and become a zero temperature Quark-Gluon plasma (QGP). This is a state

of matter where quarks are no longer confined to baryons (such as neutrons), but

can move around freely. In figure 1.2 a possible inner structure of a neutron star

is shown, where in the center a mixture of baryons and a QGP exists. The strong

color interaction for quarks, although rather complicated, contains an attractive

channel. Hence, quarks will form Cooper pairs and become a superfluid. Since the

related charge is the color charge, this is called color-superconductivity [50–52].

The condition that a neutron star is electrically neutral, plus the fact that the

different quark flavors have different masses, results in different Fermi energies for

the quarks. This quark matter is thus an imbalanced Fermi mixture. Many things

learned from the ultracold quantum gases can thus potentially also be applied

directly to these quarks.
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1.4 Weak coupling

The collective quantum behavior of both bosons and fermions with a weak inter-

action can be described by a simple mean-field theory. Different approaches exist

which lead to the same physics. In this introduction, we will use a simple operator

approach to derive the basic results.

We start with the bosonic case. Let us define the operators a†k (ak), which will

create (annihilate) a boson with momentum k, and obey the canonical commuta-

tion relations [a†k, ak′ ] = δkk′ . The hamiltonian for interacting bosons in terms of

these operators is given by

Ĥ =
∑
k

εk a
†
kak +

1

2

V0

V

∑
k,k′,q

a†k+qa
†
k′−qak′ak . (1.1)

Here εk = ~2k2/2m is the kinetic energy and V0 is the strength of the contact

interaction. This interaction strength can be related to the scattering length a,

which is a physical quantity that can be measured, via the relation

1

T 2B
=

m

4π~2a
=

1

V0
+

1

V

∑
k

1

2εk
, (1.2)

where T 2B is called the T-matrix. This last term diverges in three dimensions, but

this exactly cancels the ultraviolet divergence that was introduced by the contact

interaction.

When bosons are at low temperatures, a macroscopic part of the particles

condenses in the zero-momentum state. In terms of operators, this means that the

operator a†0a0 = N̂0 is large, and we can approximate a†0 and a0 by
√
N0. When

we expand the hamiltonian up to quadratic order in the operators, we get

Ĥ =
∑
k

εk a
†
kak +

V0N0

V

∑
k 6=0

[
a†kak + a†−ka−k +

1

2

(
a−kak + a†−ka

†
k

)]
+
V0N

2
0

2V
.

This can be rewritten in terms of the total number of particles using the relation

N = N0 +
∑

k 6=0 a
†
kak, which then reads

Ĥ =
V0N

2

2V
+
∑
k 6=0

[
(εk + V0n) a†kak +

1

2
V0n

(
a†ka
†
−k + a−kak

)]
, (1.3)

where n = N/V is the particle density. Notice that since a0 was removed from the

hamiltonian, the sum excludes k = 0.
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The hamiltonian is now quadratic in the operators, but not diagonal. In order

to diagonalize it, we can use the Bogoliubov transformations(
ak
a†−k

)
=

(
uk vk
vk uk

)
·
(

bk
b†−k

)
, (1.4)

with the condition |uk|2 − |vk|2 = 1 such that the operators bk and b†k describe

bosonic quasiparticles. Solving for u and v such that all off-diagonal terms vanish,

results in the diagonal hamiltonian

Ĥ =
V0N

2

2V
− 1

2

∑
k 6=0

(εk + nV0) +
∑
k 6=0

√
(εk + V0n)2 − (V0n)2

[
b†kbk +

1

2

]
. (1.5)

This is in a sense a trivial hamiltonian for the operators bk and b†k and describes

an ideal gas of bosonic quasiparticles. The factor in front of the bk operators is

the dispersion relation for these quasiparticle excitations. For small momenta this

dispersion is linear in k and gives rise to superfluid flow.

We can now easily compute the energy at zero temperature. When the tem-

perature is zero, the expectation values of the excitations vanish and the energy

is, in the continuum limit, given by

E0

V
=

1

2

∫
dk

(2π)3

(√
(εk + V0n)2 − (V0n)2 − εk − nV0 +

(nV0)2

2εk

)
+

(
V0n

2

2
− 1

2

∫
dk

(2π)3

(nV0)2

2εk

)
=

4π~2

ma2
n2a3

(
1 +

128

15
√
π

√
na3

)
. (1.6)

The last term on the first line is added to make the first integral convergent.

Because of this convergence term, the term on the second line is now the second-

order perturbation of the relation in Eq. (1.2), so it can be replaced with nT 2B/2V .

The remaining V0’s can be replaced by T 2B in first-order perturbation theory. The

last equation shows the result of the integral in terms of the scattering length.

The depletion, the fraction of particles not in the condensate, follows directly

from the Bogoliubov transformations. At zero temperature this becomes

N −N0

N
=

1

N

∑
k 6=0

〈a†kak〉 =
1

N

∑
k 6=0

v2
k =

8

3
√
π

√
na3 . (1.7)

Notice that there is depletion even at zero temperature, which is solely caused by

the interactions.
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Let us now look at the fermion case. The collective quantum behavior of

fermions in the weak coupling limit can be approached in a very similar man-

ner. Let us again define the operators c†k,σ (ck,σ), which will create (annihilate)

a fermion with momentum k and spin σ =↑, ↓, and obey the canonical anti-

commutation relations {c†k,σ, ck′,σ} = δkk′δσσ′ . The hamiltonian in terms of these

operators is given by

Ĥ =
∑
k,σ

(εk − µ) c†k,σck,σ −
V0

V

∑
k,k′,q

c†k′+q,↑c
†
k−q,↓c−k,↓ck′,↑ . (1.8)

This is actually Ĥ−µN̂ but for brevity we will call it Ĥ and µ is here the chemical

potential for the fermions.

In BCS theory, two fermions with opposite spin form Cooper pairs. This pairing

is signaled by a nonzero expectation value of the operator ∆ = V0/V
∑

k〈c
†
k,↑c

†
k,↓〉.

Very similar to the BEC case, we can write these operators as a constant plus some

small fluctuations, which up to quadratic order gives

Ĥ =
∑
k,σ

(εk − µ)c†k,σck,σ −
∑
k

(
∆c†k,↑c

†
−k,↓ + ∆∗c−k,↓ck,↑

)
− V |∆|

2

V0
. (1.9)

This is again a quadratic, but not diagonal hamiltonian. To diagonalize it, we use

the Bogoliubov transformation(
ck,↑
c†−k,↓

)
=

(
uk −vk
vk uk

)
·
(

dk,↑
d†−k,↓

)
, (1.10)

but now with the condition |uk|2 + |vk|2 = 1 such that the operators d†k,σ and dk,σ
describes fermionic quasiparticles. Solving again for u and v results in

Ĥ = −V |∆|
2

V0
+
∑
k

(εk − µ) +
∑
k,σ

√
(εk − µ)2 + |∆|2

[
d†k,σdk,σ −

1

2

]
. (1.11)

This simple hamiltonian describes an ideal gas of fermionic quasiparticles. The

factor in front of the operators d†k,σ and dk,σ is the dispersion relation of the

fermionic quasiparticle excitations. For nonzero values of |∆|2 this dispersion has

an energy gap of size ∆. Hence, ∆ is called the gap parameter.

Since the excitation hamiltonian is quadratic, the thermodynamic potential Ω

for finite temperatures is simply given by the constant terms in the hamiltonian,
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plus an ideal gas of excitations, i.e.,

Ω =− V |∆|
2

T 2B
+
∑
k

(
εk − µ− ~ωk +

|∆|2
2εk

)
− kBT

∑
σ,k

log
(

1 + e−~ωk/kBT
)
.

(1.12)

Here, ~ωk ≡
√

(εk − µ)2 + |∆|2 and kBT is the thermal energy. The value of the

gap parameter can be found in two ways, either by minimizing Ω with respect to

∆, or directly from the definition of ∆. This last way is the easiest, which at zero

temperature can be written as

∆

V0
=

1

V

∑
k

〈c†k,↑c
†
k,↓〉 =

1

V

∑
k

ukvk = − 1

V

∑
k

∆

2~ωk
. (1.13)

Here, V0 can be replaced by the physical quantity T 2B using Eq. (1.2), which gives

− ∆

T 2B
=

1

V

∑
k

(
∆

2~ωk
− ∆

2εk

)
. (1.14)

Notice that this last equation for ∆ is a self-consistency equation. The normal

state (∆ = 0) is always a solution to this equation, but a nonzero gap (superfluid

solution) can also exist. Whether the system is in the normal or superfluid state is

in the end determined by which state has the lowest energy according to Eq. (1.12).

1.5 Unitarity limit and this thesis

Ultracold quantum gases are systems with many different aspects and many pos-

sibilities. In this thesis we focus mainly on the non-perturbative phenomena and

universal behavior of systems of either fermions or bosons near or at a Feshbach

resonance. An important problem, or challenge, with these systems, is that they

cannot be described using simple perturbation theory. Instead we have developed

different techniques to find quantitatively reliable theoretical predictions for the

energy, but also other universal quantities.

In chapters 2 and 3 we develop and describe several techniques to explain

different properties of a population imbalanced Fermi gas in the unitarity limit.

Several experiments have been performed that measured the density profiles of

such a system. When varying the temperature and population imbalance the phase

diagram can be constructed. Theoretically, different parts of the phase diagram



18 Chapter 1 – Introduction

were calculated using Monte-Carlo calculations and renormalization-group theory

by several groups [53]. The universality of the system allows for simple scaling ar-

guments and mean-field theory to describe the superfluid state [54]. However, this

assumes a local-density approximation (LDA), which is valid when the trapped gas

is superfluid everywhere. But a first-order phase transition results in an interface

inside the cloud, and around this interface LDA breaks down. A clear sign of his

is that LDA gives sudden jumps in the densities around the interface, which are

much smoother in the experiments.

The details of the interface can have a big influence on the measurements.

This became clear with the first measurements on the first-order phase transition,

performed independently at Rice and at MIT [42, 43], both using an elongated

trap shaped like a cigar. At MIT the superfluid core follows the equipotential

lines of the trap, but at Rice the core was deformed and more spherically shaped.

This deformation might be explained by a higher surface tension associated with

the interface. Recent measurements show that the deformed state is not actually

the ground state, but a non-equilibrium state [55]. This state is reached when the

cooling of the gas happens relatively fast. When cooled slower, the ground state

is obtained, in which there is no deformation.

In chapter 2 we used Bogoliubov-de Gennes (BdG) theory to obtain a single

description for both the superfluid and the normal state, and also include the

interface. This method naturally gives smooth density profiles and gap parameter.

The local energy relations for both the superfluid and normal state can be found by

including the self-energy effects for the atoms. These self-energies can be written

in a natural way in terms of the densities and superfluid gap parameter. With

these contributions, this model gives the correct results when there is no first-

order interface. However, the resulting shape of the interface does not fit the

experimental results. This is caused by the gradients of the gap parameter which

are not properly included in the BdG gap equation.

In chapter 3 we use a Landau-Ginzburg-like approach to describe the Fermi

mixture with an interface. The correct local energy relations can again be realized

by adding the self-energy. We use this to compute the thermodynamic potential,

and directly minimize this potential to get the value of the gap parameter. In this

way the gap equation includes all important contributions, and we find a density

profile that nicely fits the experiments. With this approach we are able to explicitly

calculate the surface tension, which is low enough to expect no deformation.

The experiments with bosons, in contrast to fermions, suffer from severe atom

loss when the magnetic field is tuned close to the Feshbach resonance. Performing

measurements with bosons near unitarity is therefore a big experimental challenge,

but several groups are presently making an effort to get results. Theoretically,
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there is currently no approach that can describe this system up to this unitarity

limit. In chapter 4 we propose a variational theory based on the Jastrow ansatz

and the hypernetted-chain approximation, that should be able to do just that.

We show that this method gives promising results for small and intermediate

scattering lengths. But for large scattering lengths, it becomes harder to find an

reliable energy minimum. This approach can be used directly to calculate several

important physical quantities, such as the condensate fraction and Tan’s contact

number.





Chapter 2

Inhomogeneous Fermi mixtures
at unitarity

Abstract — We present an inhomogeneous theory for the low-temperature

properties of a resonantly interacting Fermi mixture in a trap that goes beyond

the local-density approximation. We compare a Bogoliubov-de Gennes and a

Landau-Ginzburg approach that both include mean-field-like self-energy effects

to account for the strong interactions at unitarity. We conclude that the Landau-

Ginzburg approach is more appropriate when dealing with a first-order phase

transition. Our approach incorporates the state-of-the-art knowledge on the ho-

mogeneous mixture with a population imbalance and gives good agreement with

the experimental density profiles of Shin et al. [Nature 451, 689 (2008)]. We

calculate the universal surface tension due to the observed interface between the

equal-density superfluid and the partially polarized normal state of the mixture.

We find that the exotic and gapless superfluid Sarma phase can be stabilized at

this interface, even when this phase is unstable in the bulk of the gas.

2.1 Introduction

The topic of imbalanced fermionic superfluidity has a long history in condensed

matter and nuclear physics and shows presently a strong revival with the advent

of ultracold imbalanced atomic Fermi gases. It is closely connected to superfluid

helium-3 and superconducting films in a magnetic field, color superconductivity in

neutron stars, and asymmetric superfluidity in nuclear matter. The ultracold atom

This chapter is part of the review Imbalanced Fermi Gases submitted to Reviews of Modern

Physics.
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experiments are performed in a trap to avoid contact of the atoms with material

walls that would heat up the cloud. Due to this trapping potential the atomic cloud

is never homogeneous. However, typically the trapping frequency corresponds to

a small energy scale, so that the inhomogeneity is not very severe. In this case,

we may use the so-called local-density approximation (LDA). It physically implies

that the gas is considered to be locally homogeneous everywhere in the trap. The

density profile of the gas is then fully determined by the condition of chemical

equilibrium, which causes the edge of the cloud to follow an equipotential surface

of the trap.

But even if the trap frequency is small, LDA may still break down. An impor-

tant example occurs when an interface is present in the trap due to a first-order

phase transition. For a resonantly interacting Fermi mixture with a population

imbalance in its two spin states [42, 56], such interfaces were encountered in the

experiments by Partridge et al. [56] and by Shin et al. [57] at sufficiently low

temperatures. Here LDA predicts the occurrence of a discontinuity in the density

profiles of the two spin states, which cost an infinite amount of energy when

gradient terms are taken into account. Experimental profiles are therefore never

truly discontinuous, but are always smeared out. An important goal of this chapter

is to address this effect, which amounts to solving a strongly interacting many-

body problem beyond LDA. Due to the rich physics of the interface, we find that

new phases can be stabilized that are thermodynamically unstable in the bulk.

This exciting aspect shares similarities with the physics of superfluid helium-3 in a

confined geometry [58] and spin textures at the edge of a quantum Hall ferromagnet

[59].

Note that the presence of an interface also can have further consequences.

Namely, in a very elongated trap Partridge et al. observed a strong deformation

of the minority cloud at their lowest temperatures. At higher temperatures the

shape of the atomic clouds still followed the equipotential surfaces of the trap [28].

A possible interpretation of these results is that for temperatures sufficiently far

below the tricritical point [53, 54, 57, 60–62], the gas shows a phase separation

between a balanced superfluid in the center of the trap and a fully polarized normal

shell around this core. The superfluid core is consequently deformed from the trap

shape due to the surface tension of the interface between the two phases [28, 63, 64].

This then causes an even more dramatic break down of LDA. Although the above

interpretation leads to a good agreement with the experiments of Partridge et

al. [28], a microscopic understanding of the value of the surface tension required

to explain the observed deformations has still not been obtained. Presumably

closely related to this issue are a number of fundamental differences with the

study by Shin et al. [57]. Most importantly, the latter observes no deformation
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and finds a substantially lower critical polarization, which agrees with Monte-Carlo

calculations combined with LDA.

It appears that the interfaces between the superfluid core and the normal

state are fundamentally different for the two experiments, which might play an

important role in resolving the remaining discrepancies. In order to investigate

this interface we need to go beyond the local density approximation. There are

several approaches to incorporate the inhomogeneity of the system. But to get

quantitative correct results for any of these approaches in the unitarity limit,

interaction effects should be taken into account. In section 2.2 we first show

diagrammatically that this requires the introduction of self-energies. After that

we discuss a first approach using modified Bogoliubov-de Gennes equations, which

takes all single-particle states of the trapping potential into account. We show that

by modifying the Bogoliubov-de Gennes equations with the appropriate diagonal

self-energies, this approach describes both the superfluid and normal phase rather

well. However, we explain that due to the phase transition being of first order, this

approach fails in correctly describing the superfluid-normal interface. We therefore

put forward a different approach, based on Landau-Ginzburg theory, which is

described in the second part of this chapter. Including the same self-energy effects

as in the Bogoliubov-de Gennes approach, we now obtain quantitative agreement

with experiments. With the latter approach we perform a detailed study of the

density profiles observed by Shin et al., where our main results are summarized in

figure 2.8. An important feature of our essentially analytic theory is that at zero

temperature it incorporates the normal and superfluid equations of state known

from homogeneous Monte-Carlo simulations [65–68]. Also crucial for the close

agreement with experiment, is that we take the energy cost of gradients in the

superfluid order parameter into account. An intriguing consequence is that we

find a stabilization of the gapless superfluid Sarma phase in the interface due to

a smoothing of the order parameter. We return to this exciting prospect after we

have discussed the theoretical foundations on which it is based.

2.2 Diagrammatic Analysis of Interaction Effects

In order to quantitatively describe the unitary Fermi mixture the strong inter-

action effects should be taken into account. As we will see, the normal state

of the unitarity Fermi mixture is straightforwardly incorporated by introducing

two mean-field-like self-energies. In particular, it is possible in this manner to

completely reproduce the equation of state known from Monte-Carlo calculations.

However, including also the possibility of superfluidity at low temperatures and
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low polarizations turns out to be more difficult. To understand better how this

can nevertheless be achieved, we first give an exact diagrammatic discussion of

the superfluid state that is then in the rest of this chapter used to arrive at the

desired quantitative description.

In this section we outline the basic ingredients of a field-theoretical description

for the superfluid state of the imbalanced Fermi mixture [69]. We start with the

essentially exact action for such an atomic two-component mixture,

S[φ∗, φ; J∗, J ] =
∑
σ=±

∫
dτdx φ∗σ(x, τ)

(
~
∂

∂τ
− ~2∇2

2m
− µσ

)
φσ(x, τ)

− ~
∑
σ=±

∫
dτdx (J∗σ(x, τ)φσ(x, τ) + c.c.)

+

∫
dτdx V0φ

∗
+(x, τ)φ∗−(x, τ)φ−(x, τ)φ+(x, τ) .

(2.1)

Here φσ is the fermion field of the atomic species in the hyperfine state |σ〉, µσ is

the associated chemical potential, Jσ is a Grassmann-valued current source that

is convenient in the following, but which is put equal to zero at the end of the

calculations, and V0 is the strength of the unitarity-limited attractive interactions

between the two species. The grand-canonical partition function is then given by

Z[J, J∗] =

∫ ∏
σ

d[φ∗σ]d[φσ] exp

{
−1

~
S[φ∗, φ; J∗ , J ]

}
. (2.2)

This represents a functional integral over all the fermion fields that are antiperiodic

on the imaginary time interval [0, ~β], with β = 1/kBT the inverse thermal energy.

The thermodynamic potential is ultimately given in terms of the partition function

as

Ω(µ+, µ−, T, V ) = − 1

β
logZ[0, 0] , (2.3)

with V the total volume of the system. To make the connection with thermo-

dynamics explicit, we note that the thermodynamic potential is related to the

pressure p of the gas by means of Ω = −pV .

In order to describe pairing of the fermions, we perform a Hubbard-Stratonovich

transformation to the complex pairing field ∆. For this field we have that

〈∆(x, τ)〉 = V0〈φ−(x, τ)φ+(x, τ)〉 . (2.4)
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This transformation makes the action quadratic in the fermion fields. More pre-

cisely, we have that

S[∆∗,∆, φ∗, φ; J∗, J ] = −
∫

dτdx
|∆(x, τ)|2

V0

− ~
∫

dτdxdτ ′dx′ Φ†(x, τ) ·G−1
BCS(x, τ ;x′, τ ′; ∆) · Φ(x′, τ ′)

+ ~
∫

dτdx
(
J†(x, τ) · Φ(x, τ) + Φ†(x, τ) · J(x, τ)

)
,

(2.5)

where we defined Φ† = [φ∗+, φ−] and J† = [J∗+, J−], which are vectors in a two-

dimensional space, known as Nambu space. In this space the 2×2 Green’s function

matrix is given by G−1
BCS(x, τ ;x′, τ ′; ∆) = G−1

0 (x, τ ;x′, τ ′) − ΣBCS(x, τ ;x′, τ ′).
The first term in the right-hand side represents the noninteracting part and is

given by

G−1
0 (x, τ ;x′, τ ′) =

[
G−1

0;+(x, τ ;x′, τ ′) 0

0 −G−1
0;−(x′, τ ′;x, τ)

]
, (2.6)

with G0;σ the noninteracting Green’s function of species σ. The second term

corresponds to the BCS self-energy, which has only off-diagonal terms and reads

~ΣBCS(x, τ ;x′, τ ′) =

[
0 ∆(x, τ)

∆∗(x, τ) 0

]
δ(x− x′)δ(τ − τ ′) . (2.7)

The action now only contains quadratic terms in the fermion fields, which is

something we can handle exactly. However, the tradeoff is an extra functional

integral over the ∆ field. Starting with the easy part, we perform the functional

integral over the fermion fields. Since this is a standard Gaussian integral, we

immediately obtain

Seff[∆∗,∆; J∗, J ] = ~
∫

dτdxdτ ′dx′ J†(x, τ) ·GBCS(x, τ ;x′, τ ′; ∆) · J(x′, τ ′)

−
∫

dτdx
|∆(x, τ)|2

V0
− ~Tr

[
log
(
−G−1

BCS

)]
, (2.8)

where the trace implies a summation over the Nambu space indices as well as

an integral over position and imaginary time. The second term in the action

contains all orders in |∆|2 and as a result the theory is thus still very complex and

impossible to solve completely. In BCS theory, we make a saddle-point approxi-

mation and replace the pairing field by its expectation value. In other words, we

write ∆ = ∆0 + δ∆, with ∆0 the expectation value 〈∆〉 and δ∆ representing the



26 Chapter 2 – Inhomogeneous Fermi mixtures at unitarity

fluctuations, and subsequently neglect these fluctuations. The actual value of the

BCS gap ∆0 can then be determined by the gap equation in Eq. (2.4), which is

equivalent to δSeff[∆∗,∆; 0, 0]/δ∆∗|∆=∆0 = 0, and is to be solved self-consistently.

This procedure is of course only valid when the interaction strength is sufficiently

small.

2.2.1 Fluctuations

But what happens when the interaction strength is not small, as is the case at

unitarity? In that case we cannot neglect the fluctuations. To deal with that

situation we use in the following sections different approaches, in which we try to

find an accurate self-energy matrix for the fermions that effectively takes all fluctu-

ation effects into account. In particular we need two self-energies that contribute

to the diagonal part of the exact inverse Green’s function matrix G−1, because

otherwise the normal state would correspond to an ideal Fermi mixture, which at

unitarity is not an accurate starting point for a discussion of the instability towards

superfluidity. However, the effective interaction between the two atomic species

is not the same in the normal and superfluid states of the gas. Therefore, also

this diagonal part of the self-energy must sufficiently deep in the superfluid state

depend on the expectation value of the pairing field or gap ∆0 and it is important

to understand how this dependence precisely comes about. In this section we thus

show that in principle all interaction effects can indeed be included in a self-energy

matrix, and that also the diagonal part of this self-energy depends explicitly on

the gap. A nice and insightful way to achieve this is by considering the appropriate

Feynman diagrams.

The diagonal parts of the Green’s function matrix, i.e., GBCS;11 and GBCS;22,

are dressed by the pairing field ∆. This is described by the Dyson equation. This

Dyson equation follows from inverting the relation G−1
BCS = G−1

0 −ΣBCS and can

be written as

GBCS = G0 + G0 ·ΣBCS ·GBCS . (2.9)

Diagrammatically the diagonal part of this equation can be represented in the

following way,

= + (2.10)

= + + + . . . (2.11)
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Here the dashed line represents the pairing field ∆ and the direction of the arrow

depicts the difference between ∆ and ∆∗. The solid line represents the noninter-

acting fermionic propagators G0;σ, where in this case the direction of the arrow

depicts alternatingly the propagator of the two different fermion species. The first

line of the equation shows the recurrence relation for the full diagonal propagator

and the second line shows the first three elements originating from this Dyson

equation by iteration.

In the superfluid state, the pairing field ∆ has a nonzero expectation value ∆0.

In a mean-field approximation we neglect the fluctuations and replace ∆ by its

expectation value ∆0. In this approximation the diagonal propagators reduces to

the standard form known from BCS theory. However, when we take fluctuations

into account we also get self-energy corrections on the noninteracting fermion

propagators in the Dyson equation. This follows directly from the definition of

the exact fermionic propagators,

G11(x, τ ;x′, τ ′) = −〈φ+(x, τ)φ∗+(x′, τ ′)〉

=
1

Z[0, 0]

δ

δJ∗+(x, τ)

δ

δJ+(x′, τ ′)
Z[J∗, J ]

∣∣∣∣
J∗=J=0

(2.12)

=
1

Z[0, 0]

∫
d[∆∗]d[∆]GBCS;11(x, τ ;x′, τ ′; ∆)e−

1
~S

eff[∆∗,∆;0,0] ,

and similarly for G22. In BCS mean-field theory we thus have G11(x, τ,x′, τ ′) =

GBCS;11(x, τ,x′, τ ′; ∆0), but at unitarity we still have to perform a functional

integral over the pairing field to obtain the exact results.

We can represent this functional integral over the fluctuations diagrammatically

by connecting some of the ∆ fields with the pair propagator, which is determined

by the effective action Seff[∆∗,∆; 0, 0], put the other fields equal to the expectation

value ∆0, and then sum over all possible diagrams. Because of the U(1) symmetry

of the effective action, we can only draw a pair propagator between a ∆ and a ∆∗,
as suggested by the arrows. The fully dressed diagonal propagators now become,

= + + +

+ + + . . . (2.13)

Here the connected dashed lines represent the pair propagator and the cross rep-

resents the expectation value. This series can be resummed such that we get the



28 Chapter 2 – Inhomogeneous Fermi mixtures at unitarity

exact Dyson equation

G = G0 + G0 ·Σ ·G , (2.14)

but now with an exact 2 × 2 self-energy matrix Σ, which contains both diagonal

(normal) and off-diagonal (anomalous) elements. For instance, the second and

fifth terms drawn in the right-hand side of Eq. (2.13) contribute to the diagonal

self-energy, whereas the last term leads to an additional contribution to the off-

diagonal self-energy. These terms thus renormalize the BCS self-energy that is

obtained from Eq. (2.7) by replacing ∆ by ∆0. From the expectation values of the

gap inside the loops in Eq. (2.13), we explicitly see that the normal self-energies

can be written as a series expansion in |∆0|2. The same is in fact also true for

the first diagram in the right-hand side of Eq. (2.13), because the nonlinearities in

the effective action make sure that the pair propagator already contains all orders

of |∆0|2. These nonlinearities also lead to more complicated Feynman diagrams

containing higher-order (connected) correlations functions of the pair field that

are not shown here, but this does not affect our main conclusions.

We just showed that fluctuations effects of the pair field can be incorporated

in an effective self-energy. The same discussion can be carried out for the gap

equation. This can also be very nicely illustrated diagrammatically. The gap

equation in Eq. (2.4) is an equation between the expectation value of the gap and

the off-diagonal or anomalous propagator. We can again use the Dyson equation

in Eq. (2.9) for the anomalous propagator to study the effects of the fluctuations

on the gap equation,

= + + + . . . (2.15)

Here the small dot on the left of all diagrams represents the fact that the gap only

depends on one space-time point, i.e., 〈∆(x, τ)〉 = V0G12(x, τ ;x, τ) due to the

point-like and instantaneous nature of the attractive interaction.

The fluctuation effects follow again from performing the functional integral

over the ∆ field, since from Eq. (2.4) we have that

〈∆(x, τ)〉 =
V0

Z[0, 0]

δ

δJ∗−(x, τ)

δ

δJ∗+(x, τ)
Z[J∗, J ]

∣∣∣∣
J∗=J=0

(2.16)

=
V0

Z[0, 0]

∫
d[∆∗]d[∆] GBCS;12(x, τ ;x, τ ; ∆)e−

1
~S

eff[∆∗,∆,0,0] . (2.17)
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The diagrammatic representation of this equation follows from connecting some

of the pair lines in Eq. (2.15). Again also higher-order correlation functions of the

pair field contribute, but for simplicity we do not consider these as they do not

change our conclusions. When we carry out this procedure we obtain

= + + + + . . . (2.18)

Notice that all terms are now proportional to ∆0 instead of |∆0|2. The first three

terms in the right-hand side can again be incorporated in a fully dressed fermion

propagator by re-summing this series. The last term, which for the gap equation

behaves as a vertex correction, is then again incorporated into the anomalous

self-energy.

In the unitarity limit, these vertex corrections are important to find the correct

gap equation and, therefore, the expectation value for the gap. Also the diagonal

part of the self-energy is important for a determination of the energy and the

densities of the Fermi mixture. There is, however, no clear-cut way do derive

these full self-energies from first principles for the unitarity case. In this chapter,

we therefore use a more top-down approach. We will use the fact that these self-

energies exist and can be expanded in powers of |∆0|2. Moreover, our previous

renormalization group theory [53] has shown that for thermodynamic quantities

the self-energies can in a good approximation be considered to be momentum

and frequency independent. Combining these observations we are ultimately able

to obtain an accurate approximation to the thermodynamic potential Ω of the

unitarity Fermi mixture. In a similar way it is possible to modify the widely use

Bogoliubov-de Gennes equations, and take extra interaction effects into account by

including self-energies. In the next section, however, we will show that this is in fact

not enough. Other, more complicated, effects, like the vertex corrections for the

gap equation, are necessary to get a quantitative correct description. In section 2.4

we show that deriving the gap equation directly from the thermodynamic potential

takes indirectly much more diagrams into account, which results in a quantitative

accurate description of the unitary Fermi mixture.

2.3 Bogoliubov-de Gennes

One way to describe an inhomogeneous superfluid Fermi mixture, is by means of

so-called Bogoliubov-de Gennes equations. These equations can in principle, with



30 Chapter 2 – Inhomogeneous Fermi mixtures at unitarity

self-energy effects included and in combination with the correct gap equation,

take the full inhomogeneity of the trapping potential into account. Fortunately,

for the experiments of interest to us the mixture is for a large part well described

by the local-density approximation, which only breaks down near the interface

associated with the first-order superfluid to normal phase transition. Because of

this situation, it is in practice the gap equation that describes the inhomogeneity

of the interface, while self-energy effects can be very accurately approximated with

local mean-field-like energy shifts.

To derive the Bogoliubov-de Gennes equations, we start with the BCS action,

S[ψ∗σ, ψσ] =

∫
dxdt

{ |∆(x)|2
V0

+
∑
σ

ψ∗σ(x, t)

[
i~∂t +

~2∇2

2m
− V ext(x) + µσ

]
ψσ(x, t)

−∆∗(x)ψ−(x, t)ψ+(x, t)−∆(x)ψ∗+(x, t)ψ∗−(x, t)

}
.

(2.19)

This is the same action as in Eq. (2.5), but with the currents set to zero and

the inverse propagator written explicitly. The external potential V ext(x) is to

a good approximation harmonic. The measurements of Ref. [57] are performed

in an elongated harmonic trap. However since they observe roughly LDA-like

behavior, i.e., the normal-superfluid interface is small and follows the shape of

the trap, this elongation can in first instance be scaled away and be treated as a

spherical symmetric trap. The corrections to this spherical approximation can be

treated in perturbation theory and indeed turn out to be rather small as we show

elsewhere. The trap we use here is thus V ext(x) = 1
2mω

2r2 with ω the effective

trap frequency. The interesting physics arises when we consider an imbalance

of the fermions. To introduce an imbalance the chemical potential of the two

fermion species is different, µ± = µ ± h, where +(−) is the majority(minority)

species. The chemical potential difference 2h then determines the polarization or

imbalance. Finally, V0 is the bare attractive interaction strength between fermions

in different pseudospin states.

The action can as usual be written in a matrix form in Nambu space. To

find the poles of the propagator, we can write down the Bogoliubov-de Gennes

equations for this action. To do this we need to expand the Grassmann fields in

its energy modes, (
ψ+(x, t)

ψ∗−(x, t)

)
∝
(
un(x)

vn(x)

)
e−iEnt/~ , (2.20)
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where n denotes the set of three quantum numbers required to specify the eigen-

states and En is the energy for that single-particle state. When we use these in the

equations of motion derived from Eq. (2.19), we see that we have a solution when

the Bogoliubov-de Gennes equations are satisfied. These are differential equations

of the form(
K̂+(x) ∆(x)

∆∗(x) −K̂−(x)

)
·
(
un(x)

vn(x)

)
= En

(
un(x)

vn(x)

)
, (2.21)

where K̂σ = − ~2

2m∇2 +V ext−µσ. This gives a coupled set of differential equations

with the boundary conditions that both the coherence factors u and v are zero

at infinity and smooth at the origin. We also have the normalization condition∫
dx(|un|2 + |vn|2) = 1 for each n. Only for certain discrete values of En these

conditions can be satisfied.

Since the trap considered by us is spherically symmetric, the gap ∆ is a function

of the radius only. We therefore write

un(r, θ, φ) =
unl(r)

r
Ylm(θ, φ), (2.22)

where Ylm are the spherical harmonics and we do the same for v. Note that the

sum over n is now a sum over the set {n, l,m}. With this substitution we find an

equation for the new functions unl(r) and vnl(r). It becomes

∂2
r ·
(
unl(r)

vnl(r)

)
= −Hnl(r) ·

(
unl(r)

vnl(r)

)
. (2.23)

The matrix H is given by

Hnl(r) =
2m

~2

(
µ+ − Vl(r) + Enl −∆(r)

∆(r) µ− − Vl(r)− Enl

)
, (2.24)

Vl(r) = mω2 r
2

2
+

~2

2m

l(l + 1)

r2
. (2.25)

Here Enl are the energies of the system and Vl(r) is the effective external potential

including the effect of the centrifugal barrier for nonzero l. Since the chemical

potentials are µ± = µ ± h, we notice that in principle h can be absorbed in the

energy Enl. When h is absorbed in the energy by E′nl = Enl + h there exists the

symmetry, E′ → −E′ for (u, v)→ (−v, u), which reduces the number of states we

have to compute by a factor of two, i.e., we only need the positive energy states.

The boundary conditions are that both unl and vnl must be zero in the origin and

at infinity.
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The properly normalized noninteracting solutions (unlm, vnlm) = (φnlm, 0) are

given by the equations

φnlm(r, θ, φ) = Nnl e−
r2

2`2
(
r
`

)l
L
l+ 1

2
n ( r

2

`2 )Ylm(θ, φ), (2.26)

E′nl = ~ω
(

3

2
+ 2n+ l

)
− µ , (2.27)

Nnl =

√
2n+l+2n!

`3(1 + 2l + 2n)!!
√
π
, (2.28)

with Lln the associated Laguerre polynomials, Nnl a normalization constant, and

` =
√
~/mω the so-called trap length.

2.3.1 Numerical Methods

To solve the differential equation in Eq. (2.23) we use the so-called modified

Numerov algorithm. To explain this we first introduce the vector (u, v) = w

in Nambu space, and notice that, since we are dealing with a second-order two-

channel differential equation, we can in principle find two sets of independent

solutions. We can benefit from this, because it allows us to numerically set bound-

ary conditions on both ends of the solution. We will therefore solve the equation

for two sets at once. To this end we introduce the matrix W = (w(1),w(2)) with

two independent sets in its columns. The differential equation now becomes,

∂2
r ·W (r) = −H(r) ·W (r) . (2.29)

We can now discretize W with step size h and use the modified Numerov algorithm.

This algorithm gives very accurate solutions since the error we make is only of order

h4. The recurrence relation for W is,

Wn =

[
1 +

h2

12
Hn

]−1

·
[
−
(

1 +
h2

12
Hn−2

)
·Wn−2

+ 2

(
1− 5

h2

12
Hn−1

)
·Wn−1

]
+O(h4) .

(2.30)

Notice that if W is a solution so is W ·A, with A some arbitrary matrix inde-

pendent of r. We can use this to keep the numerical errors under control. Since

both channels are closed we analytically have an exponentially decaying but also

an exponentially growing solution. Small numerical errors tend to trigger this

growing solution and therefore give dramatically wrong solutions. We can fix this

by diagonalizing W during the walk over n in Eq. (2.30), whenever an element of

W grows larger than a certain value, for which we typically use 10.
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The boundary conditions for the discretized solutions are simply that they are

to be zero at r = 0 and zero at r =∞. But since the wavefunction is exponentially

suppressed (closed) in the classically forbidden region, r∞ can be taken close to

the classical edge. However, for nonzero angular momentum l, u and v are closed

at both ends, making it hard to obey both boundary conditions. The easiest way

to handle this is to start in both ends with the proper boundary conditions (the

functions being zero), and glue them together at a certain point. To find the

independent solutions we use the following boundary conditions on W ,

W0 =

(
0 0

0 0

)
W1 =

(
h 0

0 h

)
, (2.31)

where n = 0 corresponds to either r = 0 or r = r∞ and n = 1 to r = h or

r = r∞ − h respectively. We have enough freedom to find solutions that match

v smoothly and match the value of u (or vice versa). Only at certain values for

the energy Enl also the derivative of u (v) can be matched. It is crucial to pick a

proper matching point rm, in order to make a quickly converging loop to find all

the energies. A good choice is on top of the outer maximum of u. A good estimate

for this maximum can be found analytically by linearizing the potential near the

classical turning point.

The equations described so far can be used to find the particle distributions

or densities given a certain gap. To find the right gap function we need the gap

equation. This equation follows in mean-field theory from the definition of the

gap,

∆(x)

V0
= 〈ψ−(x, t)ψ+(x, t)〉

=
∑
n

un(x)v∗n(x)NF(En) ,
(2.32)

where u and v are calculated with the Bogoliubov-de Gennes equations using

the same ∆(x) and the sum is also over the negative energy states. The Fermi

distribution is denoted by NF(E). Under the symmetry of Eq. (2.24) the gap

equation can be written in the more familiar form

∆(x)

V0
=−

∑
n|E′n>0

un(x)v∗n(x) [1−NF(E′n + h)−NF(E′n − h)] . (2.33)

The inverse of the (bare) interaction strength V0 can be written in terms of the

T -matrix by

1

V0
=

m

4~2πa
− 1

V

∑
k

1

2εk
, (2.34)
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where a is the scattering length and εk = ~2k2/2m is the energy of a free particle

with momentum k. The sum in the above equation is divergent, however, the

right-hand side of Eq. (2.32) contains the same divergence for the negative energy

states. These divergences cancel leading to a regular gap equation.

There is a common procedure [70] to handle these divergences and in the

process also improve the numerical convergence of the gap equation. To handle

the divergence, the idea is to notice that for large negative energy En in Eq. (2.32),

the sum can be approximated by the integral as
∞∑

n=nC

un(x)v∗n(x) ≈ −
∫ ∞
kC(x)

dk

(2π)3

∆(x)

2(εk − µ(x))
, (2.35)

where kC(x) =
√

2m(|EC| − V (x))/~2 with EC the (negative) energy belonging

to state nC and µ(x) = µ− V (x). The difference of this integral and the one on

the left-hand side of Eq. (2.32) after substituting Eq. (2.34) is finite and can be

computed as

GReg(x) =
m

4π2~2

(
2kC(x)− kF(x) log

kC(x) + kF(x)

kC(x)− kF(x)

)
, (2.36)

where kF(x) =
√

2mµ(x)/~2. This result is thus also a function of x. The

complete gap equation is now

∆(x) ≈
nC∑
n=0

un(x)v∗n(x)NF(En)
m

4π~2a −GReg(x)
, (2.37)

where |EC| � µ to ensure a good numerical convergence. Fortunately, in practice

a factor on the order of ten between the energy and the chemical potential can be

enough to have reasonable convergence.

In the unitarity limit the scattering length goes to infinity, which is a well

defined limit. The convergence behavior of the gap equation depends mostly on

the size of ∆. The individual superfluid eigenstates differ the most from the normal

eigenstates around the Fermi level. The gap sets the energy scale for the distance

from the Fermi level where states are still affected. Since the normal eigenstates

give no contribution to Eq. (2.35), this has an immediate effect on the convergence,

i.e., the appropriate value for EC.

Using the eigenstates found with the Bogoliubov-de Gennes equations, we can

compute the densities directly. They are given by

n+(x) =
∑
n

|un(x)|2NF(En) (2.38)

n−(x) =
∑
n

|vn(x)|2NF(−En) . (2.39)
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The energy symmetry of Eq. (2.24) reduces these to the more familiar form

n±(x) =
∑

n|E′n>0

|vn(x)|2
[
1−NF(E′n ∓ h)

]
+ |un(x)|2NF(E′n ± h) , (2.40)

where h in the Bogoliubov-de Gennes equations Eq. (2.21) is absorbed in the

energy. This expression does not converge as quickly as the gap in terms of a

reasonable cutoff nC. The gap equation only converges so quickly, because of the

proper approximation of the large energy tail. But we can do the same thing for

the density expression. For low temperatures we can approximate the tail of the

sum over |v|2 as

∞∑
n=nC

|vn(x)|2 ≈
∫ ∞
kC(x)

dk

(2π)3

|∆(x)|2
2(εk − µ(x))2

, (2.41)

where the cutoff is of course the same as for the gap equation. This concludes

the method of solving the Bogoliubov-de Gennes equations. There is one issue

remaining, namely the addition of self-energy effects, which is very important in

the strongly interacting unitarity limit. We discuss this issue next.

2.3.2 Normal phase

The Bogoliubov-de Gennes method in principle describes a superfluid for all values

of the scattering length, even an infinite one, i.e., the unitarity limit. However, at

strong interactions there is a lot more going on than just the formation of Cooper

pairs. In order to take all mean-field-like interaction effects into account we must,

as we have seen in section 2.2, include the diagonal self-energy in the action of

Eq. (2.19). Because of the very strong interaction, it is hard to find a rigorous

microscopic derivation of the self-energy. Instead we will use the knowledge gained

by the Monte-Carlo simulations [65–67, 71] and renormalization group calculation

[53] and use an effective self-energy that accurately describes these calculations.

The self-energy depends on the pseudospin of the particle and can be added to

the Hamiltonian of Eq. (2.24) in the following way,

Htot
nl = Hnl −

2m

~2

(
~Σ+(x) 0

0 ~Σ−(x)

)
. (2.42)

In the polarized case, these self-energies are really different from each other. They

cannot be written in the same form as the chemical potential for which the dif-

ference is a constant independent of position. This means that the E′ → −E′
symmetry of the Bogoliubov-de Gennes equation is lost. The BCS coherence
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functions un and vn thus have to be computed independently for positive and

negative energies. For the gap equation we can only use Eq. (2.32) and for the

densities only Eq. (2.38).

The self-energy originates from the interaction, which is only nonzero for par-

ticles of different species. From the previous studies mentioned above it is known

that the unitary Fermi mixture is, apart from the interface, very well described

by the local-density approximation. This implies that the self-energy effects can

be described in terms of local quantities. As a result we can incorporate the self-

energies in a mean-field-like manner, such that they are only functions of the local

densities or chemical potentials. Therefore we take the majority(minority) self-

energy proportional to the majority(minority) atomic density. From the Monte-

Carlo results the equation of state is known for a highly polarized mixture at

unitarity. From this equation of state we can extract an accurate approximation

to the self-energy. When we assume that all interaction effects are incorporated

by the self-energies, the equation of state becomes

E

V
=

3

5

~2

2m
(6π2)2/3(n

5/3
+ + n

5/3
− ) + n+n−Γ , (2.43)

where we used that ~Σσ = n−σΓ. Symmetry arguments and dimensional analysis

suggest the following form for the effective interaction,

Γ = −3

5

~2

2m
(6π2)2/3 A

(nα+ + nα−)1/3α
, (2.44)

where both α and A can in principle be obtained from for instance a simple

ladder calculation. This equation of state turns out to overlap very accurately

with the Monte-Carlo equation of state for α = 3 and A = 0.96. The resulting

self-energies can be directly added to the Bogoliubov-de Gennes equations. In the

normal state and in the limit of large µ � ~ω, the results of the Bogoliubov-de

Gennes equations are equal to the local density approximation, with the exception

of boundary effects as shown in figure 2.2.

2.3.3 Superfluid phase

The self-energies we use for the normal phase are not correct for the superfluid

phase, because the effective interaction between the atoms is different in the two

phases. In order to improve on that we can add a superfluid correction. The

simplest way to do that is to include a second-order correction in ∆. From other

work in Refs. [54, 66, 72] it is known that the balanced unitary superfluid behaves

qualitatively like a BCS superconductor. In BCS theory, the relation between the
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Figure 2.1: The equation of state of the normal phase at zero temperature, with on the

horizontal axis the polarization and on the vertical axis the energy. The dots are the

Monte-Carlo data from Ref. [67] and the line is the equation of state found with the

use of the effective chemical potentials as defined in Eq. (2.44). The energy is given by

E = Ω + µ+N+ + µ−N− and is scaled with the ideal gas energy of the majority component

of the mixture EFG+ = 3
5
EF+N+ and EF+ the Fermi energy of the majority species.

chemical potential and the Fermi energy is µ = (1 + βBCS)εF with βBCS = −0.41

and εF = ~2(6π2n)2/3/2m. For the unitarity Fermi gas this relation is µ = (1+β)εF
with β = −0.59. This scaling can be incorporated in the self-energy as µ′ = µ−~Σ,

where µ′ then plays the role of the chemical potential in BCS theory, so that it

leads to µ′ = (1 + βBCS)εF. We thus obtain that ~Σ = (β − βBCS)εF. This

additional self-energy can be used to find the effective interaction strength from

Eq. (2.44) in the superfluid phase. If we use α = 3, we find that Eq. (2.44) leads

to this correct additional self-energy when A = Asf = 0.32 [54]. The smaller value

of Asf compared to the normal phase A shows that the normal self-energy would

overestimate the diagonal self-energy in the superfluid phase.

In this chapter we want to investigate what happens at the interface between

the normal and the superfluid phase in the imbalanced trapped Fermi mixture. To

do this we need the self-energy not only in the equilibrium normal and superfluid

phase separately, but also out of equilibrium. We achieve this by considering a
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Figure 2.2: The density profiles of the normal phase and the superfluid phase of a balanced

unitary gas at zero temperature. Both calculated using the Bogoliubov-de Gennes method.

Besides a small smoothening near the edge, this gives the same result as LDA. The dash-

dotted line is the ideal-gas result, here R0 is the radius of the ideal gas cloud and n0 its

central atomic density. The dashed line is the normal phase with self-energy effects and the

solid line the superfluid phase. The inset shows the gap parameter for the superfluid phase.

|∆|2 correction to the self-energy. We thus write for the effective interaction,

Γ = −3

5

~2

2m
(6π2)2/3

A− (A−Asf)
|∆|2
|∆0|2

(n3
+ + n3

−)1/9
, (2.45)

here |∆0| = 1.67µ is the value of the gap in the balanced superfluid for our modified

BCS theory with self-energy effects included. Within Bogoliubov-de Gennes theory

this self-energy now assures that we incorporate the correct homogeneous equation

of state for both the normal and the superfluid phase, as illustrated in figure 2.2.

With this construction we can then study the behavior around the interface.

At very low temperatures, an interface appears when we consider a population

imbalance in the Fermi mixture. In principle the Bogoliubov-de Gennes method

solves such an imbalanced system, however, in practice there are technical details

that decrease the efficiency of the iterative process used to find a solution to the

gap equation. The major difficulty is that different energy levels can get very close

together, such that they are not easily distinguished. In order to find all energy

levels up to the cutoff, a very good guess of these energies is needed to start with.

To get such a good guess, we start with the gap and self-energy set to zero, so
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that the energies are given by Eq. (2.26), and slowly increase them. However, this

can give rise to avoided crossings that complicates the algorithm for guessing the

energies. The resulting algorithm is rather slow, but fast enough to give results

after a few hours of computer running time.

2.3.4 Results

The approach using the Bogoliubov-de Gennes equations together with the gap

equation, works well in the sense that it converges to a reasonable function for the

gap. Most of the results plotted in this chapter are performed with the chemical

potential µ = 21~ω. This value is chosen for numerical convenience, since it is

large enough that most finite-size effects are small, but not too large such that

a result can be found within a reasonable amount of time. This value of the

chemical potential corresponds to about 2 × 104 atoms, which is somewhat less

than used in experiments that have about 105-107 atoms. The dependence of

various physical quantities on the total number of atoms can, however, be scaled

away in the unitarity limit, as is done in the figures as well as with the data of

MIT. Only finite-size effects near the edge or near the interface are affected by the

total number of atoms.

In figure 2.3 the u’s and v’s for some one-particle eigenstates are plotted.

This shows that the states near the Fermi surface deviate substantially from the

harmonic oscillator states, whereas for larger energies they become more alike.

The fact that the harmonic oscillator states are a good approximation for large

energies is used when dealing with the regularization of the divergence in the

gap equation Eq. (2.35). In figure 2.4 the energy spectrum for l = 0 is shown

for both the polarized and the balanced superfluid. The polarized energies are

clearly not symmetric for E′n → −E′−n whereas the balanced energies still have

this symmetry. Notice that in both cases, the chemical potential difference h is

absorbed in the energies. The difference between the positive and negative branch

is thus entirely caused by the difference in the self-energies.

The Bogoliubov-de Gennes equations with the gap equation and the self-energy

effects included, seems to describe the observed physics rather well. In figure 2.5

and figure 2.6 the density profiles and gap profile are shown for a polarization of

P = 0.48. These can be compared with the experimental data in figure 2.8 which

has a comparable polarization. A close look, however, shows problems with this

method. These problems are critical when looking at the interface in the Fermi

mixture. The two most important problems are the oscillations that appear near

the interface and the incorrect location of the interface itself.
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Figure 2.3: Some examples of eigenstates of the trapped Fermi mixture for P = 0.48 and

µ = 21~ω. The two lines are the unl(r) (light line) and vnl(r) (dark line) functions from the

Bogoliubov transformation in Eq. (2.22). In the left column states with angular momentum

zero l = 0, and in the right column with l = 15. On the rows (a) through (d), states with

increasing n are shown. The state in (b) is near the Fermi-surface and thus deviates most

from the harmonic oscillator states, while in (d) the n is very large and the states look more

like the harmonic oscillator states.

The location of the interface is determined by the gap equation, which in BCS

theory minimizes the thermodynamic potential. However, in the polarized case,

the phase transition is a first-order transition. This means that the thermodynamic

potential close to the phase transition has two minima and a maximum, all of which

are a solution to the gap equation. The real transition should occur when the value

of the thermodynamic potential in the ∆ = 0 minimum becomes lower than its

value in the other superfluid minimum. This condition crucially depends on the

actual value of the thermodynamic potential in the superfluid minimum. Although
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Figure 2.4: The energy spectrum in the unitarity limit for zero angular momentum

l = 0 for the normal state (open dots), the balanced superfluid (upper figure) and the

polarized(P = 0.48) superfluid (lower figure), both with µ = 21~ω.

this value is known from other analysis it is not included in this approach. Because

of this, the interface is shifted outwards and as a result almost completely removes

the partially-polarized shell from the theory. Experiments have shown [57], that

in the case of spherical symmetric trap, there always is a partially-polarized shell.

This fact alone already rules out the Bogoliubov-de Gennes approach as presented

in this chapter.

The oscillations in the gap parameter and the density profiles are related to

the proximity effect near the interface [73]. This seems to be a common feature in

many Bogoliubov-de Gennes analysis [32, 36, 74–76] and also appears in balanced

BCS theory when studying a normal-superfluid interface. We believe this is not a

signature of an FFLO phase in the gas, because for that the homogeneous phase

diagram should contain a so-called Lifshitz point where the superfluid density

becomes negative and it is energetically favorable to form Cooper pairs with a
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Figure 2.5: The density profiles of the polarized superfluid in the unitarity limit at zero

temperature calculated using the Bogoliubov-de Gennes method. The interface between the

normal and superfluid phase is clearly visible, and has a nonzero width. The minority density,

however, drops quickly to zero after the interface, which is in contrast with experiments that

are shown in figure 2.8. Also the location of the interface is radially substantially further out

as compared to the experiments. We used µ = 21~ω and about P = 0.48 for the polarization.

The scaling is as in figure 2.2, with R0 and n0 for the majority species.

nonzero center-of-mass momentum. But we have checked that this theory at

unitarity does not contain such a Lifshitz point [45]. The oscillations are also not

related to the self-energy contributions, however, the oscillations are enhanced by

it as the self-energies depend on the gap parameter. In the current theory, no extra

costs for gradients in the gap parameter are included, which would clearly suppress

these oscillations. More precisely what is implied here is that in Bogoliubov-de

Gennes theory the right-hand side of the gap equation in Eq. (2.32) is a complicated

functional that depends only on the gap parameter and not on its gradient.

The problems with the Bogoliubov-de Gennes approach are difficult, if not

impossible to overcome within this framework. We therefore believe that a different

approach, using Landau-Ginzburg theory, in which gradient effects for the gap

parameter can be easily taken into account, works much better. The oscillations

will be suppressed as a result of gradients contributions that introduces an extra

energy cost for rapid variations in the gap. But the most important reason to

use a theory based on Landau-Ginzburg, is that we can explicitly incorporate the

correct energy balance between the normal and the superfluid phase. This results

in an interface that is automatically on the correct position, and in agreement with
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Figure 2.6: The gap parameter for a polarized superfluid in the unitarity limit calculated

using the Bogoliubov-de Gennes method. The interface between the normal and superfluid

phase is clearly visible, and has a nonzero width. Near the interface, oscillations are clearly

visible. The physical parameters are the same as in figure 2.5.

all experiments. How this works in practice is discussed next.

2.4 Landau-Ginzburg

In the previous section we discussed the Bogoliubov-de Gennes method to study

beyond local-density behavior in the vicinity of the superfluid-normal interface.

We want to stress once more that this method experiences problems in a system

with a first-order transition, that can not be readily resolved. Therefore, to obtain

a more detailed picture of the interface, that agrees with the available experimental

data, we need a different approach. The location of the interface is at zero temper-

ature correctly described by the local density approximation and the Monte-Carlo

equation of state for the normal and superfluid phase. We go beyond this theory

by considering a thermodynamic potential at nonzero temperature extended with

a gradient term to take the energy cost of a varying gap parameter into account.

We arrive at our most accurate theory for the inhomogeneous Fermi mixture

in the unitarity limit by constructing an approximation to the exact Landau-

Ginzburg (grand-canonical) energy functional Ω[∆(x);µ, h] for the BCS gap pa-

rameter ∆(x). Here, µ+ = µ+h and µ− = µ−h are again the chemical potentials

for the majority and minority atoms respectively. The approach is very different
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from the previous approach based on the Bogoliubov-de Gennes equations. Al-

though these equations exactly diagonalize the fermionic part of the microscopic

action, the BCS gap parameter is then only obtained in the saddle-point approxi-

mation. As was explained in section 2.2, crucial fluctuation corrections are missing

in the strongly interacting limit. While self-energy corrections can still be readily

included in the Bogoliubov-de Gennes approach, diagrammatic vertex corrections

to the particle-particle correlation function that also affect the gap equation are

neglected.

2.4.1 Thermodynamic Potential

The Landau-Ginzburg approach is based on the central idea that the relevant

physics of the strongly interacting system is not only captured by fermionic self-

energy insertions, but that also gradients of the order parameter are important. In

this context it is important to realize that there exists an exact energy functional

Ω[∆;µ, h] that describes the system exactly and that we thus want to approximate

as best as we can. As a first step towards this goal we can use mean-field theory,

because it is now rather well established that mean-field theory gives a correct

qualitative description of the unitarity limit. Namely, at zero temperature both

experiments and several Monte-Carlo calculations find a first-order transition at a

local critical imbalance of about Pc = 0.4 [57, 67], while for the balanced case both

find a second-order phase transition at about Tc = 0.15TF [57, 67]. The second and

first-order transitions should then be connected by a tricritical point as confirmed

experimentally [53, 57, 77]. Since the BCS energy functional gives rise to the same

qualitative behavior it must have the same shape and temperature dependence

as the exact functional. We therefore start with BCS theory, after which we

systematically include the dominant interaction effects that are still missing. The

BCS energy functional is

ΩBCS[∆;µ, h] =
∑
k

(
εk − µ− ~ωk +

|∆|2
2εk

)
− kBT

∑
k,σ

log
(

1 + e−~ωk,σ/kBT
)
,

(2.46)

where εk = ~2k2/2m, m is the mass, and the superfluid dispersion is ~ωk =√
(εk − µ)2 + |∆|2. The second sum is over the pseudo-spin σ = ± with ~ωk,σ =

~ωk − σh.

In the previous sections we showed that important interaction effects, that are

not accounted for in BCS-theory, can be included by self-energy contributions.
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Figure 2.7: The zero temperature energy functional as a function of the order parameter ∆

with the self-energy of Eq. (2.45) for different values of h.

For momentum and frequency independent self-energies, the self-energies can be

incorporated in the theory of an ideal Fermi gas, by just changing the chemical

potential. We thus replace the chemical potentials as

µ′σ = µσ − ~Σσ . (2.47)

Here µ′σ is the effective chemical potential and Σσ the self-energy for species σ.

Inspired by Hartree-Fock theory we would write down an ansatz for the self-energy

of species σ that is proportional to the density of species −σ [54], as explained in

the previous section. In figure 2.7 the thermodynamic potential is show, where

the self-energies in terms of the densities are included. However, the densities are

in a grand-canonical setting calculated by taking the derivative of Ω with respect

to the chemical potentials, i.e., Nσ = −∂Ω/∂µσ. It is therefore preferable to write

the self-energies as a function of the chemical potentials only. How this is done is

explained in detail in the next chapter.

To go beyond LDA, we now take into account the gradient term in the energy

functional, resulting in

Ω[∆;µ, h] =ΩBCS[∆;µ′, h′] +
1

2

∫
dx γ(µ, h)|∇∆|2 , (2.48)

where ~γ(µ, h)
√
µ/m is a positive function of the ratio h/µ only. This changes the

discontinuous step at the interface obtained within LDA, into a smooth transition.

A careful inspection of the interface in the data of Shin et al. [57], cf. figure 2.8, also
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reveals that the interface is not a sharp step. This is most clear in the data of the

density difference, since the noise in the difference is much smaller than in the total

density. This has to do with the experimental procedure used, which independently

measures the total density and density difference. As we have seen, a smooth

transition arises also in the self-consistent Bogoliubov-de Gennes equations. But

these lead then also to oscillations in the order parameter and the densities, due

to the proximity effect [73]. This is not observed experimentally. Oscillations

will also occur in our Landau-Ginzburg approach if γ(µ, h) < 0. However, we

have checked both with the above theory as well as with renormalization group

calculations [53] that γ(µ, h) is positive. This agrees with the phase diagram of the

imbalanced Fermi mixture containing a tricritical point and not a Lifshitz point

in the unitarity limit [45].

We restrict ourselves here to a gradient term that is of second order in ∆ and

also of second order in the gradients. There are of course higher-order gradient

terms that may contribute quantitatively [78], but the leading order physics is

captured in this way due to the absence of a Lifshitz transition. One way to

compute the coefficient γ(µ, h) is to use the fact that in equilibrium this coefficient

can be exactly related to the superfluid stiffness, and therefore the superfluid

density ρs, by γ = ~2ρs/4m
2|〈∆〉|2. At zero temperature it gives the simple

analytical result that γ(µ, h) =
√
m/2µ/6π2~ζ2(1 + β)3/2, with β and ζ universal

constants as defined earlier. With this ab initio result for γ our thermodynamic

potential functional in Eq. (2.48) contains no longer any free parameters and can

now be confronted with experiments. Notice that our theory contains in the end

actually only one parameter, the parameter B, that is adjusted to recover the

correct value of the universal β parameter of the balanced superfluid. In contrast,

the functional form of the self-energies in the normal state are basically determined

from Hartree theory combined with dimensional analysis and the parameter A can

be calculated from first principles by a number of theoretical methods, for instance

the renormalization group theory mentioned previously.

2.4.2 Surface Tension

Up to now we have focussed on the zero-temperature limit. However, our argu-

ments are also valid for nonzero temperatures T � TF+, with TF+ the Fermi

temperature of the majority species. Here we are allowed to neglect the tem-

perature dependence of the self-energies and the superfluid density. The data of

Shin et al. of interest to us is taken at a temperature of 0.03TF+. This is about

a third of the temperature at the tricritical point Tc3. A nonzero temperature

significantly affects the surface tension and increases the width of the interface,
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Figure 2.8: The density profiles of a unitary mixture with polarization P=0.44 in a harmonic

trap. The upper figure shows the majority and minority densities as a function of the position

in the trap. The lower figure shows the density difference, where the theoretical curves show

the results both within LDA (dashed line) and for our theory (solid line) that goes beyond

this approximation and, therefore, allows for a substantial better agreement with experiment.

The inset shows the BCS gap parameter ∆(r), in units of µ, both for LDA (dashed line) and

our theory (solid line). The experimental data (dots) and scaling is from Shin et al. [57].

because it lowers the energy barrier between the normal and superfluid phases.

Indeed at the tricritical point this barrier, and thus the surface tension, exactly

vanishes. We therefore also perform calculations at 0.3Tc3. As mentioned, the

leading-order temperature effects are incorporated in the BCS energy functional

of Eq. (2.46).

The fact that we are able to study the superfluid normal interface beyond LDA,

makes it possible for us to also determine the surface tension. The surface tension

is given by the (grand-canonical) energy difference between a one-dimensional LDA

result with a discontinuous step in ∆(z) and our Landau-Ginzburg theory with a

smooth profile for the order parameter ∆(z). To write the surface tension σ in a
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dimensionless form, we use σ = η(m/~2)µ2, with η a dimensionless number. In

this form it was previously found that for the Rice experiment η = 0.6 [56]. This

was extracted from the large deformations of the superfluid core observed in that

experiment. The experiment of Shin et al. [57] does not show any deformation,

which puts an upper bound on η of about 0.1 [64, 79].

The size of the interface is rather small compared to the size of the whole

trap. This makes it possible to compute the surface tension of the interface in

a homogeneous system rather than in the whole trap. In figure 2.9 the surface

tension of this model is plotted as a function of the temperature. At the tricritical

point the surface tension vanishes and at zero temperature it is about η = 0.03. For

a more realistic temperature of about 0.3Tc3 we find η = 0.02 which is significantly

smaller than the critical surface tension that would cause deformation. This is thus

in agreement with the MIT experiment.

We now give a more detailed discussion of our analysis of the density profiles

observed by Shin et al. In experiments the cloud is trapped in an anisotropic

harmonic potential, which is in the axial direction less steep than in the radial

direction. However, since the gas cloud shows no deformations in this case we can

in a good approximation take the trap to be spherically symmetric as mentioned

previously. The order parameter then depends only on the radius and the to-

tal Landau-Ginzburg energy is given by integrating the Landau-Ginzburg energy

density over the trap volume. To account for the trap potential in the energy

functional we let the chemical potential depend on the radius, such that we have

µσ(r) = µσ − V (r), with V (r) the effectively isotropic harmonic potential.

To find the order parameter as a function of the radius we have to minimize the

energy functional with respect to the order parameter, thus δΩ[∆;µ, h]/δ∆(r) = 0.

This gives a second-order differential equation for ∆(r). Solving this Euler-Lagrange

equation, with the proper boundary conditions in the center of the trap, gives a

profile for ∆ as is shown in the inset of figure 2.8. This profile of the order param-

eter is much smoother than the discontinuous step one obtains within LDA that

is also shown in figure 2.8. Besides this, there are two more aspects that deserve

some attention. First, we notice that the value of the gap at the original LDA

interface is decreased by almost a factor of three and, second, the gap penetrates

into the area originally seen as the normal phase. This behavior makes the gap

for a small region smaller than h′, giving locally rise to a gapless superfluid, which

implies a stabilization of the Sarma phase.

Before discussing this particular physics, we focus first on the density differ-

ence. To obtain the density profiles within our theory, the thermodynamic relation

nσ(r) = ∂Ω/∂µσ(r) is used, where nσ is the density of particles in state σ and

µσ(r) the associated local chemical potential. It is important that, because of the
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Figure 2.9: The surface tension as a function of the temperature, computed in the homoge-

neous case at unitarity. The temperature is scaled by the temperature of the tricritical point.

The dashed line shows the value used to compare with experiments. The inset shows the

gap around the interface for several temperatures (0.9, 0.7, 0.5, 0.25 and 0.01 Tc3), where

the steepest line is for the lowest temperature and for higher temperatures the gap becomes

smoother.

self-energy effects, we cannot use the standard BCS formulas for the density, but

really have to differentiate the energy functional. In BCS theory this would of

course be equivalent. Given the density profiles, the comparison between theo-

ry and experiment can be made and is ultimately shown in figure 2.8. Overall

the agreement is very good. Theoretically the interface appears to be somewhat

sharper than observed. This can be due to higher-order gradient terms, that are

neglected in the calculation and that would give an additional energy penalty for

a spatial variation of the order parameter. There are however experimental effects

that could make the interface appear broader, for instance, the spatial resolution

of the tomographic reconstruction or the accuracy of the elliptical averaging [80].

The Landau-Ginzburg approach presented here, shows some new features com-

pared to LDA. One interesting feature is the kink, that is visible in the majority

density profile shown in figure 2.8. Notice that this kink appears before the original

(LDA) phase transition from the superfluid to the normal phase. This kink signals

a crossover to a new exotic phase, namely the gapless Sarma phase. Note that at

zero temperature it becomes a true quantum phase transition. At the crossover,

the order parameter becomes smaller than the renormalized chemical potential

difference h′ and the unitarity limited attraction is no longer able to fully overcome
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the frustration induced by the imbalance. As a result the gas becomes a polarized

superfluid. Because the gap ∆ is smaller than h′ this corresponds to a gapless

superconductor. In a homogeneous situation this can, far below the tricritical

temperature, never be a stable state. However, because of the inhomogeneity

induced by the confinement of the gas, the gap is at the interface forced to move

away from the local minimum of the energy functional and ultimately becomes

smaller than h′. The Sarma state is now locally stabilized even at these low

temperatures. Notice that this is solely a feature of a smooth behavior of the gap

and that the presence of the Sarma phase does not depend on the quantitative

details of the energy functional Ω[∆;µ, h].

2.5 Conclusions

In this chapter we first studied the Bogoliubov-de Gennes method to go beyond

LDA. We showed, using a diagrammatic derivation, that the dominant interaction

effects can be written in terms of self-energies. The addition of a self-energy

to the Bogoliubov-de Gennes method, gives a model that reproduces the known

Monte-Carlo results of the homogeneous system. However, we argued that this

Bogoliubov-de Gennes approach suffers from some fundamental difficulties and

that an approach using Landau-Ginzburg theory gives more accurate results. We

used results from Monte-Carlo calculations to construct an approximation to the

exact Landau-Ginzburg energy functional that describes the experimental data

without any free parameters. We considered beyond LDA effects on imbalanced

Fermi mixtures in the unitarity limit to also properly describe the inhomogeneity

of the gas near the superfluid-normal interface. We showed that this results in a

much better agreement with experiments near the interface than the discontinuous

density profiles obtained within LDA. The surface tension we find for this interface

is consistent with the observations of the MIT experiment. Our results thus still do

not explain the fundamental differences between the MIT and Rice experiments.

The details of the interface itself will depend on both the polarization and tem-

perature, but there is not sufficient experimental data available for a systematic

comparison. Moreover, we found that exotic physics is occurring in the superfluid-

normal interface. We also showed that an experimental signature of the gapless

Sarma phase is a kink in the majority density profile. The temperature plays an

important role here, since a lower temperature will lead to a more visible kink but

also to a sharper interface. Presumably a compromise will have to be found in

this respect in order to observe the confinement induced Sarma phase. We hope

that our work will stimulate more experimental work in this direction.



Chapter 3

Thermodynamics of trapped
imbalanced Fermi gases at

unitarity

Abstract — We present a theory for the low-temperature properties of a res-

onantly interacting Fermi mixture in a trap, that goes beyond the local-density

approximation. The theory corresponds essentially to a Landau-Ginzburg-like

approach that includes self-energy effects to account for the strong interactions

at unitarity. We show diagrammatically how these self-energy effects arise

from fluctuations in the superfluid order parameter. Gradient terms of the

order parameter are included to account for inhomogeneities. This approach

incorporates the state-of-the-art knowledge of the homogeneous mixture with a

population imbalance exactly and gives good agreement with the experimental

density profiles of Shin et al. [Nature 451, 689 (2008)]. This allows us to

calculate the universal surface tension of the interface between the equal-density

superfluid and the partially polarized normal state of the mixture. We also discuss

the possibility of a metastable state to explain the deformation of the superfluid

core that is seen in the experiment of Partridge et al. [Science 311, 503 (2006)].

3.1 Introduction

Ultracold atom experiments are always performed in a trap to avoid contact of

the atoms with the ‘hot’ material walls that would heat up the cloud. Due to this

trapping potential the atomic cloud is never homogeneous. However, typically

This chapter is published as chapter 13 in Lecture Notes in Physics “BCS-BEC crossover and

the Unitary Fermi Gas” edited by W. Zwerger
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the energy splitting of the trap corresponds to a small energy scale, so that the

inhomogeneity is not very severe. In this case, we may use the so-called local-

density approximation (LDA). It physically implies that the gas is considered to

be locally homogeneous everywhere in the trap. The density profile of the gas is

then fully determined by the condition of chemical equilibrium, which causes the

edge of the cloud to follow an equipotential surface of the trap.

But even if the trap frequency is small, the LDA may still break down. An im-

portant example occurs when an interface is present in the trap due to a first-order

phase transition. For a resonantly interacting Fermi mixture with a population

imbalance in its two spin states [42, 56], such interfaces were encountered in the

experiments by Partridge et al. [56] and by Shin et al. [57] at sufficiently low

temperatures. Here the LDA predicts the occurrence of a discontinuity in the

density profiles of the two spin states, which cost an infinite amount of energy

when gradient terms are taken into account. Experimental profiles are therefore

never truly discontinuous, but are always smeared out. An important goal of this

chapter is to address this interesting effect, which amounts to solving a strongly

interacting many-body problem beyond the LDA. Due to the rich physics of the

interface, new phases can be stabilized that are thermodynamically unstable in

the bulk. This exciting aspect shares similarities with the physics of superfluid

helium-3 in a confined geometry [58] and spin textures at the edge of a quantum

Hall ferromagnet [59].

Note that the presence of an interface also can have further consequences.

Namely, in a very elongated trap, Partridge et al. observed a strong deformation

of the minority cloud at their lowest temperatures. At higher temperatures the

shape of the atomic clouds still followed the equipotential surfaces of the trap [28].

A possible interpretation of these results is that only for temperatures sufficiently

far below the tricritical point [53, 54, 57, 60–62], the gas shows a phase separation

between a balanced superfluid in the center of the trap and a fully polarized normal

shell around this core. The superfluid core is consequently deformed from the trap

shape due to the surface tension of the interface between the two phases [28, 63, 64].

This causes an even more dramatic breakdown of the LDA. Although the above

interpretation leads to a good agreement with the experiments of Partridge et al.

[28], a microscopic understanding of the value of the surface tension required to

explain the observed deformations has still not been obtained. Presumably closely

related to this issue are a number of fundamental differences with the study by Shin

et al. [57]. Most importantly, the latter observes no deformation and finds a sub-

stantially lower critical polarization, which agrees with Monte Carlo calculations

combined with a LDA. It appears that the interfaces between the superfluid core

and the normal state are fundamentally different for the two experiments, which
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might play an important role in resolving the remaining discrepancies. In order to

investigate this interface we need to go beyond the local-density approximation.

To study the details of the superfluid-normal interface we need a theory that

can describe the inhomogeneous and population imbalanced unitarity Fermi gas.

For this, we first need a theory that includes in the homogeneous case both the

normal state and the superfluid state in one quantitative correct description. Sec-

ondly, we need to incorporate the inhomogeneous effects of the trapping potential.

The aim of this chapter is to give a simple and elegant way to achieve this. In the

following two sections, we fist arrive at an accurate, and to a large extent analytical

description of the thermodynamics of a population imbalanced unitarity Fermi gas.

This is achieved by constructing an appropriate thermodynamic potential Ω for

the Fermi mixture at unitarity. All desired thermodynamic quantities can then

be obtained by performing the appropriate differentiations of the thermodynamic

potential that are well known from statistical physics. The inhomogeneity effects of

the trapping potential are included by taking the energy penalty for large variations

in the order parameter into account. These gradient terms smoothen the jump

of the order parameter that is predicted by the LDA at the location of the first-

order phase transition. We will see that this gives a more detailed explanation

of the experimental data of Shin et al. [57]. In the last section we then show

how the surface tension can be computed with this more detailed description of

the interface. This surface tension turns out to be relatively small. This does,

therefore, not explain the dramatic deformation seen in the experiment of Partridge

et al. [28]. An alternative explanation may be that there exists a metastable state

with a deformed superfluid core [76]. At the end of this chapter we briefly discuss

this possibility. We find that the Landau-Ginzburg-like theory derived here does

not appear to contain such a metastable state.

3.2 Ultracold Quantum Fields

In order to properly study the unitary Fermi mixture, we derive a single thermo-

dynamic potential that in a quantitative correct manner describes both the normal

and the superfluid phases. As we will see, the normal state of the unitarity Fermi

mixture is straightforwardly incorporated by introducing two mean-field-like self-

energies. In particular, it is possible in this manner to completely reproduce the

equation of state known from Monte-Carlo calculations. However, including also

the possibility of superfluidity at low temperatures and low polarizations turns out

to be more difficult. To understand better how this can nevertheless be achieved,

we first give an exact diagrammatic discussion of the superfluid state that is then



54 Chapter 3 – Thermodynamics of trapped imbalanced Fermi gases at unitarity

in the next section used to arrive at the desired thermodynamic potential of the

unitarity Fermi mixture.

3.2.1 Bardeen-Cooper-Schrieffer Theory

In this subsection we outline the basic ingredients of a field-theoretical description

for the superfluid state of the imbalanced Fermi mixture [69]. We start with the

essentially exact action for such an atomic two-component mixture,

S[φ∗, φ; J∗, J ] =
∑
σ=±

∫
dτdx φ∗σ(x, τ)

(
~
∂

∂τ
− ~2∇2

2m
− µσ

)
φσ(x, τ)

+

∫
dτdx V0φ

∗
+(x, τ)φ∗−(x, τ)φ−(x, τ)φ+(x, τ)

− ~
∑
σ=±

∫
dτdx (J∗σ(x, τ)φσ(x, τ) + φ∗σ(x, τ)Jσ(x, τ)) .

(3.1)

Here φσ is the fermion field of the atomic species in the hyperfine state |σ〉, µσ is

the associated chemical potential, Jσ is a Grassmann-valued current source that

is convenient in the following, but which is put equal to zero at the end of the

calculations, and V0 is the strength of the unitarity-limited attractive interactions

between the two species. The grand-canonical partition function is then given by

Z[J, J∗] =

∫ ∏
σ

d[φ∗σ]d[φσ] exp

{
−1

~
S[φ∗, φ; J∗ , J ]

}
. (3.2)

This represents a functional integral over all the fermion fields that are antiperiodic

on the imaginary time interval [0, ~β], with β = 1/kBT the inverse thermal energy.

The thermodynamic potential is ultimately given in terms of the partition function

as

Ω(µ+, µ−, T, V ) = − 1

β
logZ[0, 0] , (3.3)

with V the total volume of the system. To make the connection with thermo-

dynamics explicit, we note that the thermodynamic potential is related to the

pressure p of the gas by means of Ω = −pV .

In order to describe pairing of the fermions, we perform a Hubbard-Stratonovich

transformation to the complex pairing field ∆. For this field we have that

〈∆(x, τ)〉 = V0〈φ−(x, τ)φ+(x, τ)〉 . (3.4)
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This transformation makes the action quadratic in the fermion fields. More pre-

cisely, we have that

S[∆∗,∆, φ∗, φ; J∗, J ] = −
∫

dτdx
|∆(x, τ)|2

V0

− ~
∫

dτdxdτ ′dx′ Φ†(x, τ) ·G−1
BCS(x, τ ;x′, τ ′; ∆) · Φ(x′, τ ′)

+ ~
∫

dτdx
(
J†(x, τ) · Φ(x, τ) + Φ†(x, τ) · J(x, τ)

)
,

(3.5)

where we defined Φ† = [φ∗+, φ−] and J† = [J∗+, J−], which are vectors in a two-

dimensional space, known as Nambu space. In this space the 2×2 Green’s function

matrix is given by G−1
BCS(x, τ ;x′, τ ′; ∆) = G−1

0 (x, τ ;x′, τ ′) − ΣBCS(x, τ ;x′, τ ′).
The first term in the right-hand side represents the noninteracting part and is

given by

G−1
0 (x, τ ;x′, τ ′) =

[
G−1

0;+(x, τ ;x′, τ ′) 0

0 −G−1
0;−(x′, τ ′;x, τ)

]
, (3.6)

with G0;σ the noninteracting Green’s function of species σ. The second term

corresponds to the BCS self-energy, which has only off-diagonal terms and reads

~ΣBCS(x, τ ;x′, τ ′) =

[
0 ∆(x, τ)

∆∗(x, τ) 0

]
δ(x− x′)δ(τ − τ ′) . (3.7)

The action now only contains quadratic terms in the fermion fields, which is

something we can handle exactly. However, the tradeoff is an extra functional

integral over the ∆ field. Starting with the easy part, we perform the functional

integral over the fermion fields. Since this is a standard Gaussian integral, we

immediately obtain

Seff[∆∗,∆; J∗, J ] =−
∫

dτdx
|∆(x, τ)|2

V0
− ~Tr

[
log
(
−G−1

BCS

)]
(3.8)

+ ~
∫

dτdxdτ ′dx′ J†(x, τ) ·GBCS(x, τ ;x′, τ ′; ∆) · J(x′, τ ′) ,

where the trace implies a summation over the Nambu space indices as well as

an integral over position and imaginary time. The second term in the action

contains all orders in |∆|2 and as a result the theory is thus still very complex and

impossible to solve completely. In BCS theory, we make a saddle-point approxi-

mation and replace the pairing field by its expectation value. In other words, we

write ∆ = ∆0 + δ∆, with ∆0 the expectation value 〈∆〉 and δ∆ representing the



56 Chapter 3 – Thermodynamics of trapped imbalanced Fermi gases at unitarity

fluctuations, and subsequently neglect these fluctuations. The actual value of the

BCS gap ∆0 can then be determined by the gap equation in Eq. (3.4), which is

equivalent to δSeff[∆∗,∆; 0, 0]/δ∆∗|∆=∆0 = 0, and is to be solved selfconsistently.

This procedure is of course only valid when the interaction strength is sufficiently

small.

3.2.2 Fluctuations

But what happens when the interaction strength is not small, as is the case at

unitarity? In that case we cannot neglect the fluctuations. To deal with that

situation we use in Sec. 3.3.2 an approach inspired by Landau-Ginzburg theory, in

which we try to find an accurate self-energy matrix for the fermions that effectively

takes all fluctuation effects into account. In particular we need two self-energies

that contribute to the diagonal part of the exact inverse Green’s function matrix

G−1, because otherwise the normal state would correspond to an ideal Fermi

mixture, which at unitarity is not an accurate starting point for a discussion of

the instability towards superfluidity. However, the effective interaction between

the two atomic species is not the same in the normal and superfluid states of the

gas. Therefore, also this diagonal part of the self-energy must sufficiently deep in

the superfluid state depend on the expectation value of the pairing field or gap ∆0

and it is important to understand how this dependence precisely comes about. In

this section we show that in principle all interaction effects can indeed be included

in a self-energy matrix, and that also the diagonal part of this self-energy depends

explicitly on the gap. A nice and insightful way to achieve this is by considering

the appropriate Feynman diagrams.

The diagonal parts of the Green’s function matrix, i.e., GBCS;11 and GBCS;22,

are dressed by the pairing field ∆. This is described by the Dyson equation. This

Dyson equation follows from inverting the relation G−1
BCS = G−1

0 − ΣBCS and can

be written as

GBCS = G0 + G0 · ΣBCS ·GBCS . (3.9)

Diagrammatically the diagonal part of this equation can be represented in the

following way,

= +

= + + + . . .

(3.10)
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Here the dashed line represents the pairing field ∆ and the direction of the arrow

depicts the difference between ∆ and ∆∗. The solid line represents the noninter-

acting fermionic propagators G0;σ, where in this case the direction of the arrow

depicts alternatingly the propagator of the two different fermion species. The first

line of the equation shows the recurrence relation for the full diagonal propagator

and the second line shows the first three elements originating from this Dyson

equation by iteration.

In the superfluid state, the pairing field ∆ has a nonzero expectation value ∆0.

In a mean-field approximation we neglect the fluctuations and replace ∆ by its

expectation value ∆0. In this approximation the diagonal propagators reduces to

the standard form known from BCS theory. However, when we take fluctuations

into account we also get self-energy corrections on the noninteracting fermion

propagators in the Dyson equation. This follows directly from the definition of

the exact fermionic propagators,

G11(x, τ ;x′, τ ′) = −〈φ+(x, τ)φ∗+(x′, τ ′)〉

=
1

Z[0, 0]

δ

δJ∗+(x, τ)

δ

δJ+(x′, τ ′)
Z[J∗, J ]

∣∣∣∣
J∗=J=0

(3.11)

=
1

Z[0, 0]

∫
d[∆∗]d[∆]GBCS;11(x, τ ;x′, τ ′; ∆)e−

1
~S

eff[∆∗,∆;0,0] ,

and similarly for G22. In BCS mean-field theory we thus have G11(x, τ,x′, τ ′) =

GBCS;11(x, τ,x′, τ ′; ∆0), but at unitarity we still have to perform a functional

integral over the pairing field to obtain the exact results.

We can represent this functional integral over the fluctuations diagrammatically

by connecting some of the ∆ fields with the pair propagator, which is determined

by the effective action Seff[∆∗,∆; 0, 0], put the other fields equal to the expectation

value ∆0, and then sum over all possible diagrams. Because of the U(1) symmetry

of the effective action, we can only draw a pair propagator between a ∆ and a ∆∗,
as suggested by the arrows. The fully dressed diagonal propagators now become,

= + + +

+ + + . . . (3.12)

Here the connected dashed lines represent the pair propagator and the cross rep-

resents the expectation value. This series can be resummed such that we get the
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exact Dyson equation

G = G0 + G0 · Σ ·G , (3.13)

but now with an exact 2 × 2 self-energy matrix Σ, which contains both diagonal

(normal) and off-diagonal (anomalous) elements. For instance, the second and

fifth terms drawn in the right-hand side of Eq. (3.12) contribute to the diagonal

self-energy, whereas the last term leads to an additional contribution to the off-

diagonal self-energy. These terms thus renormalize the BCS self-energy that is

obtained from Eq. (3.7) by replacing ∆ by ∆0. From the expectation values of the

gap inside the loops in Eq. (3.12), we explicitly see that the normal self-energies

can be written as a series expansion in |∆0|2. The same is in fact also true for

the first diagram in the right-hand side of Eq. (3.12), because the nonlinearities in

the effective action make sure that the pair propagator already contains all orders

of |∆0|2. These nonlinearities also lead to more complicated Feynman diagrams

containing higher-order (connected) correlation functions of the pair field that are

not shown here, but this does not affect our main conclusions.

We just showed that fluctuation effects of the pair field can be incorporated

in an effective self-energy. The same discussion can be carried out for the gap

equation. This can also be very nicely illustrated diagrammatically. The gap

equation in Eq. (3.4) is an equation between the expectation value of the gap and

the off-diagonal or anomalous propagator. We can again use the Dyson equation

in Eq. (3.9) for the anomalous propagator to study the effects of the fluctuations

on the gap equation,

= + + + . . . (3.14)

Here the small dot on the left of all diagrams represents the fact that the gap only

depends on one space-time point, i.e., 〈∆(x, τ)〉 = V0G12(x, τ ;x, τ) due to the

point-like and instantaneous nature of the attractive interaction.

The fluctuation effects follow again from performing the functional integral

over the ∆ field, since from Eq. (3.4) we have that

〈∆(x, τ)〉 =
V0

Z[0, 0]

δ

δJ∗−(x, τ)

δ

δJ∗+(x, τ)
Z[J∗, J ]

∣∣∣∣
J∗=J=0

(3.15)

=
V0

Z[0, 0]

∫
d[∆∗]d[∆]GBCS;12(x, τ ;x, τ ; ∆)e−

1
~S

eff[∆∗,∆,0,0] . (3.16)

The diagrammatic representation of this equation follows from connecting some

of the pair lines in Eq. (3.14). Again also higher-order correlation functions of the
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pair field contribute, but for simplicity we do not consider these as they do not

change our results. When we carry out this procedure we obtain

= + + + + . . . (3.17)

Notice that all terms are now proportional to ∆0 instead of |∆0|2. The first three

terms in the right-hand side can again be incorporated in a fully dressed fermion

propagator by resumming this series. The last term, which for the gap equation

behaves as a vertex correction, is then again incorporated into the anomalous

self-energy.

In the unitarity limit, these vertex corrections are important to find the correct

gap equation and, therefore, the expectation value for the gap. Also the diagonal

part of the self-energy is important for a determination of the energy and the

densities of the Fermi mixture. There is, however, no clear-cut way do derive

these full self-energies from first principles for the unitarity case. In this chapter,

we therefore use a more top-down approach. We will use the fact that these self-

energies exist and can be expanded in powers of |∆0|2. Moreover, our previous

renormalization group theory [53] has shown that for thermodynamic quantities

the self-energies can in a good approximation be considered to be momentum

and frequency independent. Combining these observations we are ultimately able

to derive an accurate approximation to the thermodynamic potential Ω of the

unitarity Fermi mixture.

3.3 The Thermodynamic Potential

In the previous section we showed that interaction effects in the unitary Fermi

gas can be described by including appropriate normal and anomalous self-energies

into the theory. We also discussed that this, in principle well-known fact, can

be understood as an effect of pair fluctuations. As a result the self-energies, and

in particular the normal self-energies, depend on the gap ∆0. In addition, we

showed also that the gap equation contains vertex corrections, which cannot be

incorporated by dressing the diagonal propagators alone. This is one important

reason for deriving also the gap equation from the thermodynamic potential, be-

cause the minimization condition then automatically generates the correct vertex

corrections. For our purposes it is therefore crucial to realize that in principle there

exists an exact thermodynamic potential that describes the full thermodynamics
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of the unitarity-limited Fermi gas. It is, however, impossible to derive this from

first principles for this strongly interacting system, and we therefore have to find

an appropriate approximation. In this section we will show how to arrive at such

an accurate approximation to the exact thermodynamic potential.

3.3.1 Normal State

Despite the strong interaction, it is now rather well established that BCS mean-

field theory gives the correct qualitative description of the unitarity limit, at least

at the temperatures accessible to the state-of-the-art experiments. Therefore a

reasonable starting point for the approximation of the thermodynamic potential

is this mean-field theory. From experiments, renormalization group theory, and

several Monte-Carlo calculations it is found that the phase diagram has the fol-

lowing features, as illustrated in figure 3.1. At zero temperature both experiments

and theoretical calculations find a first-order phase transition at a local critical

polarization Pc ' 0.4. In the balanced situation P = 0 both find a second-order

transition at a critical temperature of about Tc ' 0.15TF [81]. These second and

first-order transition lines should then be connected by a tricritical point, which

is confirmed in experiments and by renormalization group theory.

The thermodynamic potential in BCS theory leads to exactly the same qualita-

tive behavior of the phase diagram, although the critical temperatures and critical

polarizations are off by almost an order of magnitude and would not be visible in

the window shown in figure 3.1. We therefore start with BCS theory, after which

we systematically include the dominant interaction effects that are still missing.

At unitarity the BCS energy functional is

ΩBCS[∆;µ, h] =
∑
k

(
εk − µ− ~ωk +

|∆|2
2εk

)
− kBT

∑
σ,k

log
(

1 + e−~ωk,σ/kBT
)
,

(3.18)

where εk = ~2k2/2m, m is the atomic mass, and the superfluid dispersion is

given by the well-known BCS formula, ~ωk =
√

(εk − µ)2 + |∆|2. The second

term in the right-hand side contains also a sum over the pseudospin projection

σ = ±, and represents the contribution due to an ideal gas of quasiparticles with

the quasiparticle dispersion of the two spin states given by ~ωk,σ = ~ωk − σh.

Finally, we introduced the average chemical potential µ = (µ+ + µ−)/2 and half

the chemical potential difference h = (µ+−µ−)/2 that acts as an effective magnetic

field on the pseudospin as the quasiparticle dispersion ~ωk,σ clearly shows.



3.3 The Thermodynamic Potential 61

S

FR 

N 

p
0 0.2 0.4 

0.1 T
/T

 F
 

BCS
+

Figure 3.1: The phase diagram of the unitary Fermi mixture in the temperature-polarization

plane. The Fermi temperature of the majority species is denoted by TF+ and the polarization

P equals (N+ − N−)/(N+ + N−) with Nσ the number of atoms in hyperfine state |σ〉.
The phase diagram consists of the normal phase (N), a forbidden region (FR) where phase

separation takes place, and the superfluid phase in which a crossover occurs between the

gapless Sarma phase (S) and the gapped BCS phase. The solid line depicts the line of

second-order phase transitions [53], the dashed line gives the boundary of the forbidden

region associated with the first-order phase transitions, and the black dot represents the

tricritical point. The open squares and circles are experimental data points [57].

In BCS theory, the normal state is treated as an ideal Fermi gas, thus no

interactions are taken into account. This is not correct in the unitarity limit. As

discussed above, these interaction effects can be described by two self-energies.

The imbalanced normal phase in the unitary limit, has been studied with Monte

Carlo methods [67]. From this, the equation of state can be determined. If we

can find the self-energies such that it reproduces the same equation of state for

the theory, we have effectively taken all interaction effect in the normal phase into

account.

For momentum and frequency independent self-energies, the self-energies can

be incorporated in the theory of an ideal Fermi gas, by just changing the chemical

potential. We thus replace the chemical potentials as

µ′σ = µσ − ~Σσ . (3.19)

Here µ′σ is the effective chemical potential and Σσ the self-energy for species σ.

Inspired by Hartree-Fock theory we would write down an ansatz for the self-energy

of species σ that is proportional to the density of species −σ [54]. However, the

densities are in a grand-canonical setting calculated by taking the derivative of

Ω with respect to the chemical potentials, i.e., Nσ = −∂Ω/∂µσ. It is therefore
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preferable to write the self-energies as a function of the chemical potentials only.

By considering terms with the correct units that incorporate the Hartree-Fock-like

feature mentioned above, we find that the following self-energies gives rise to the

correct equation of state of the strongly interacting normal phase,

µ′σ = µσ +
3

5
A

(µ′−σ)2

µ′+ + µ′−
. (3.20)

The prefactor can be determined from the self-energy of a single minority atom in

the presence of a Fermi sea of majority atoms and equals A ' 0.96 [53, 67, 82, 83].

Explicitly in terms of µ and h, these relations imply that

µ′ = µ

(
1− 5− 3A

10− 3A
+

5
√

(5 + 3A)2 + 3A(10− 3A)(h/µ)2

(10− 3A)(5 + 3A)

)
,

h′ = h

(
1− 3A

5 + 3A

)
.

(3.21)

In figure 3.2 the resulting energy of the mixture determined from the thermo-

dynamic potential Ω(µ, h, T, V ) = ΩBCS[0;µ′, h′] at zero temperature is plotted as

a function of the polarization. This figure shows the excellent agreement between

the Monte-Carlo data and the ansatz from Eq. (3.21). In the next section we

discuss how these self-energies can be further improved when we also consider the

effects of pairing in the superfluid state.

3.3.2 Superfluid State

When the temperature is low enough and the imbalance not too large, the unitary

Fermi gas becomes superfluid. In the unitarity limit, the scattering length goes

to infinity and is no longer a relevant length scale. In fact, in the homogeneous

situation, the (average) Fermi energy is the only energy scale in the problem. This

makes the system universal and as a result, we can write most thermodynamic

properties of the system in terms of this Fermi energy [82].

In Sec. 3.2 we showed that the self-energies can be explicitly written as a power

series in |∆|2. The straightforward first step to incorporate these superfluid gap

corrections to the self-energy is to take the first term in |∆|2 into account [49]. We

subtract this from the effective chemical potential in Eq. (3.21) as

µ′(µ, h,∆) = µ′(µ, h, 0)−B |∆|2
µ′(µ, h, 0)

(3.22)

and B a constant to be determined next. For this we use one simple but important

piece of information, namely the value of the thermodynamic potential in the
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Figure 3.2: The equation of state of the normal phase at zero temperature, with on the

horizontal axis the polarization and on the vertical axis the energy. The dots are the

Monte-Carlo data from Ref. [67] and the line is the equation of state found with the

use of the effective chemical potentials as defined in Eq. (3.21). The energy is given by

E = Ω + µ+N+ + µ−N− and is scaled with the ideal gas energy of the majority component

of the mixture EFG+ = 3
5
EF+N+ and EF+ the Fermi energy of the majority species.

balanced superfluid minimum. From experiments and Monte-Carlo calculations

this minimum is known to be

Ω = − 4
√

2µ5/2m3/2

15π2~3(1 + β)3/2
V ≡ Ωcr , (3.23)

with V the volume and β ' −0.58 a universal number. Matching the energy in

the minimum is important, because this ensures a correct energy balance between

the (imbalanced) normal state and the superfluid state and therefore the correct

location of the first-order phase transition at low temperature. From experiments

and several theoretical calculations, it is now believed that at low temperatures the

superfluid state is balanced. Thus, to find the transition we should compare the

energy in the balanced superfluid with the normal state energy, for which we have

already a description that agrees with the Monte-Carlo equation of state and thus

has the correct energy. This condition fixes the unknown constant to B ' 0.21,

which follows directly from the zero-temperature minimum of ΩBCS[∆;µ′, 0] in

Eq. (3.18) with both self-energy corrections subtracted from the chemical potential.

At this point our construction, where everything is explicitly written in terms

of the chemical potentials µ and h, gives rise to a problem: The superfluid in the

minimum of the thermodynamic potential turns out not to be balanced at low

temperatures for h 6= 0. This problem originates from the normal self-energies in

Eq. (3.21) which explicitly depends on the chemical potential difference h. It is in
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particular the renormalization of the average chemical potential which depends on

h, thus µ′(µ, h,∆). This problem could have been avoided by making an ansatz in

terms of the densities instead of the chemical potentials, which would automatically

have resulted in a balanced superfluid [84]. This follows directly from the fact

that BCS theory already gives a balanced superfluid at low temperature and the

dependence on imbalance in the self-energies is thus suppressed in the superfluid

state. Physically, the problem is that the formation of a Bose-Einstein condensate

of Cooper pairs gives the superfluid state a strong preference for equal densities of

the two spin states, which is not present in the normal state. To incorporate this

extra piece of physics into the theory, we need to add an extra |∆|2 dependence to

the model to ensure a balanced superfluid in the minimum of the thermodynamic

potential. There are several ways to achieve this, but an exponential suppression

of the h dependence in µ′ turns out to give the best interpolation between the

various known regimes. Technically this is achieved, by replacing h in µ′(µ, h,∆)

by h exp (−|4∆|2/µ2). The factor of 4 in the exponent is somewhat arbitrary, but

should be large enough to make the h dependence in the ground-state superfluid

minimum negligible.

We now have included the self-energy effects in both the normal state as well as

in the superfluid state. This results in an approximation for the thermodynamic

potential which has the correct equation of state in the normal phase, the correct

energy minimum for the superfluid phase, and interpolates between these two in

a manner that incorporates all the known physical properties of the system. In

figure 3.3 the resulting thermodynamic potential is plotted for several values of

h and at zero temperature. As a check we can compute the critical polarization

which gives about P ' 0.4 as desired. Also the universal number ζ = ∆0/µ of the

balanced superfluid ground state has a very reasonable value. Here we find 0.97

while Monte Carlo gives 1.07± 0.15 [66, 85]. In principle, we can easily correct for

this difference by including a small correction to the anomalous self-energy, but in

view of the already rather good agreement with the Monte-Carlo results we refrain

from doing so in the following.

A large region of the trapped unitary Fermi gas can be well described using

the local-density approximation. However, near the interface of a first-order phase

transition, this approximation always breaks down, as it leads to an unphysical

discontinuity in the density profiles. The thermodynamic potential we constructed

so far also describes the system out of equilibrium, i.e., with ∆ not in a minimum of

the thermodynamic potential, which is precisely what happens near the interface.

But in order to describe the interface properly, we need to go beyond the LDA by
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Figure 3.3: The zero-temperature thermodynamical potential functional as a function of the

order parameter ∆. The upper panel illustrates the balanced case, where the dash-dotted

line is the usual BCS result, the dashed line incorporates only the normal-state self-energy

effects, and the solid line includes also the superfluid self-energy correction. In the lower

panel the energy functional is shown for various values of the chemical potential difference

h, with hcr ' 0.94µ its critical value.

including also a gradient term for ∆ in the thermodynamic potential,

Ω[∆;µ, h] =

∫
dx

(
1

2
γ(µ, h)|∇∆(x)|2 + ωBCS[∆(x);µ′, h′]

)
, (3.24)

where ωBCS denoted the homogeneous thermodynamic potential density ΩBCS/V

and ~γ(µ, h)
√
µ/m is a positive function of the ratio h/µ only, due to the universal

nature of the Fermi mixture at unitarity. The functional minimum of this new

thermodynamic potential gives a smooth transition at the interface, instead of the

discontinuous step obtained within the LDA. A careful inspection of the interface

in the data of Shin et al. [57], cf. figure 3.4, also reveals that the interface is not a

sharp step. This is most clear in the data for the density difference, since the noise

in the density difference is much smaller than in the total density. This has to do

with the experimental procedure used, which only measures the density difference

directly. Such a smooth transition arises also in the self-consistent Bogoliubov-de

Gennes equations. But these lead then also to oscillations in the order param-

eter and the densities, due to the proximity effect [73]. This is not observed

experimentally. Oscillations will also occur in our Landau-Ginzburg approach if
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γ(µ, h) < 0. However, we have checked both with the above theory as well as with

renormalization group calculations [53] that γ(µ, h) is positive. This agrees with

the phase diagram of the imbalanced Fermi mixture containing a tricritical point

and not a Lifshitz point in the unitarity limit [45].

We restrict ourselves here to a gradient term that is of second order in ∆ and

also of second order in the gradients. There are of course higher-order gradient

terms that may contribute quantitatively [78], but the leading-order physics is

captured in this way due to the absence of a Lifshitz transition. One way to

compute the coefficient γ(µ, h) is to use the fact that in equilibrium this coefficient

can be exactly related to the superfluid stiffness, and therefore the superfluid mass

density ρs, by γ = ~2ρs/4m
2|〈∆〉|2. At zero temperature it gives the simple result

that γ(µ, h) =
√
m/2µ/6π2~ζ2(1 + β)3/2, with β and ζ universal constants as

defined earlier. With this result for γ our thermodynamic potential functional in

Eq. (3.24) contains no longer any free parameters and can now be confronted with

experiments. The result of this comparison, at a realistic temperature of about

one third the tricritical temperature Tc3, is shown in figure 3.4 and turns out to

be excellent.

3.4 Applications

We have thus constructed an accurate approximation to the exact thermodynamic

potential of the imbalanced Fermi mixture at unitarity. With a simple ansatz

for the self-energies we can describe both the homogeneous normal and superfluid

phase at zero and nonzero temperatures. Moreover, the description is also valid

out of equilibrium, i.e., when the value of the gap is not in a minimum of the

thermodynamic potential. By including also the energy cost for gradients of

the gap parameter we have a Landau-Ginzburg-like theory that can describe the

inhomogeneous situation that is used in experiments [56, 57] in a manner that goes

beyond the local-density approximation.

In this section we use the thermodynamic potential Ω[∆;µ, h] from Eq. (3.24)

to investigate the properties of the superfluid-normal interface. First, we consider

the trap to be spherically symmetric and in that case calculate the surface tension

of the interface. This is an important quantity that has been put forward [56, 63]

as a possible explanation for the deformations of the superfluid core observed by

Partridge et al. [56]. Second, we then show how the anisotropy of the trap can be

incorporated and study the effect of this anisotropy on the equilibrium gap profile

∆0(x). In this section we for simplicity always take the gap ∆0(x) to be real,
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Figure 3.4: The density profiles of a unitary mixture with polarization P ' 0.44 in a harmonic

trap. The upper figure shows the majority and minority densities as a function of the position

in the trap. The lower figure shows the density difference, where the theoretical curves show

the results both within the LDA (dashed line) and for our theory (solid line) that goes beyond

this approximation and, therefore, allows for a substantial better agreement with experiment.

The inset shows the BCS gap parameter ∆0(r)/∆0(0) both for the LDA (dashed line) and

our theory (solid line). The experimental data points and scaling are from Shin et al. [57].

which does not lead to any loss of generality for the applications that we consider

here.

3.4.1 Interface and Surface Tension

The fact that we are able to study the superfluid-normal interface beyond the

LDA, makes it possible for us to also determine the surface tension. The surface

tension is determined by the difference in thermodynamic potential between a

one-dimensional LDA result with a discontinuous step in ∆0(x) and our Landau-

Ginzburg theory with a smooth profile for the order parameter ∆0(x). In actual

experiments, however, the width of the interface is rather small compared to the

size of the whole atomic cloud. This makes it possible to compute the surface

tension by considering a flat interface in a homogeneous system rather than a

curved interface in the trap. In the homogeneous case, such an interface occurs
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only when the imbalance is critical, i.e., when h = hcr(µ) = κµ with κ another

universal number, for which we have obtained κ ' 0.94. This means that the

thermodynamic potential of the normal state minimum is exactly equal to the

thermodynamic potential of the superfluid state minimum. The surface tension is

then the difference in thermodynamic potential between a system that stays in one

minimum and one that goes near the interface from one minimum to the other.

How the system achieves the latter is determined by minimizing the thermo-

dynamic potential,

δΩ[∆;µ, hcr]

δ∆(z)

∣∣∣∣
∆=∆0

=
∂ωBCS[∆0(z);µ′, h′]

∂∆
− γ(µ, hcr)

∂2

∂z2
∆0(z) = 0 . (3.25)

In principle, this highly nonlinear equation can be numerically solved, to get a

hyperbolic tangent-like function for ∆0(z) that on the normal side of the interface

approaches zero and on the superfluid side approaches the equilibrium position of

the superfluid minimum that we simply denote by ∆0. Fortunately, however, this

solution is not needed to compute the surface tension, because the surface tension

can be conveniently written as

σ(µ) =

∫ ∞
−∞

dz (ω[∆0(z);µ, hcr]− ω[0;µ, hcr]) , (3.26)

where ω = Ω/V is the thermodynamic potential density. This equation can be

rewritten as an integral over ∆, knowing that ∆0(z) is a monotonically increasing

function between zero and ∆0. Using also the first integral of Eq. (3.25), we end

up with

σ(µ) =
√

2γ(µ, hcr)

∫ ∆0

0

d∆
√
ωBCS[∆;µ′, h′]− ωBCS[0;µ′, h′] . (3.27)

This is clearly independent of the actual shape of the interface. The surface tension

thus only depends directly on
√
γ(µ, hcr) and on the shape of the barrier in between

the two minima of the thermodynamic potential. It is useful to write the surface

tension in a dimensionless form. We define this as σ(µ) = η(m/~2)µ2, with η a

dimensionless number. This number depends only on the temperature. In a trap,

the relevant chemical potential is the one at the position of the interface. This

location is also dependent on the polarization of the mixture and in that manner

also the surface tension will inherit in a trap a dependence on the polarization

[64].

The surface tension of this model is plotted in figure 3.5 as a function of the

temperature. Here the surface tension is plotted in its dimensionless form. In this
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Figure 3.5: The surface tension as a function of the temperature, computed in the homoge-

neous case at unitarity. The temperature is scaled by the temperature of the tricritical point

Tc3. The dashed line shows the value used to compare with experiments in figure 3.4. The

inset shows the gap around the interface for several temperatures 0.9, 0.7, 0.5, 0.25 and 0.01

Tc3, respectively.

form it was previously found that for the experiment of Partridge et al. η ' 0.6 [28].

This was extracted from the large deformations of the superfluid core observed in

that experiment. The experiment of Shin et al. does not show any deformation,

which puts an upper bound on η of about 0.1 [64, 79]. At the tricritical point

the surface tension vanishes and at zero temperature it is about η ' 0.03. For a

more realistic temperature of about 0.3Tc3 we find η ' 0.02 which is significantly

smaller than the surface tension that would cause a substantial deformation. This

is thus in agreement with the experiment of Shin et al. [57].

We now give a more detailed discussion of our analysis of the density profiles

observed by Shin et al. In experiments the cloud is trapped in an anisotropic

harmonic potential, which is cigar shaped, and in the axial direction less steep than

in the radial direction. However, since the atomic cloud shows no deformations in

this case we can in a good approximation take the trap to be spherically symmetric.

The order parameter then depends only on the radius, and the total thermody-

namic potential is given by integrating our Landau-Ginzburg-like thermodynamic

potential density over the trap volume. To account for the trap potential in the

energy functional we let the average chemical potential depend on the radius,

such that we have µ(r) = µ − V (r), with V (r) the effectively isotropic harmonic
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potential.

To find the order parameter as a function of the radius we have to minimize the

energy functional with respect to the order parameter, or δΩ[∆;µ, h]/δ∆(r)|∆=∆0

= 0. This gives a second-order differential equation for ∆0(r) as we have seen.

Solving this Euler-Lagrange equation, with the proper boundary conditions in the

center of the trap, gives a profile for ∆0 that is shown in the inset of figure 3.4.

This profile of the order parameter is much smoother than the discontinuous step

one obtains within the LDA that is also shown in figure 3.4. Besides this, there

are two more aspects that deserve some attention. First, we notice that the value

of the gap at the original LDA-interface is decreased by almost a factor of three

and, second, the gap penetrates into the area originally seen as the normal phase.

This behavior makes the gap for a small region smaller than h′, giving locally rise

to a gapless superfluid, which implies a stabilization of the Sarma phase.

Before discussing this particular physics, we focus first on the density difference.

To obtain the density profiles within our theory, the thermodynamic relation

nσ(r) = ∂ωBCS/∂µσ(r) is used, where nσ = Nσ/V is the density of particles

in state |σ〉 and µσ(r) = µσ − V (r) the associated local chemical potential. It

is important that, because of the self-energy effects, we cannot use the standard

BCS formulas for the density, but really have to differentiate the thermodynamic

potential. In BCS theory this would of course be equivalent. Given the density

profiles, the comparison between theory and experiment can be made and is ul-

timately shown in figure 3.4. Overall the agreement is very good. Theoretically

the interface appears to be somewhat sharper than observed. This can be due to

higher-order gradient terms, that are neglected in the calculation and that would

give an additional energy penalty for a spatial variation of the order parameter.

There are also experimental effects that could make the interface appear broader,

for instance, the spatial resolution of the tomographic reconstruction or the accu-

racy of the elliptical averaging [80].

The Landau-Ginzburg-like approach presented here, shows some new features

compared to the LDA. One interesting feature is the kink, that is visible in the

majority density profile shown in figure 3.4. Notice that this kink appears before

the original (LDA) phase transition from the superfluid to the normal phase.

This kink signals a crossover to a new exotic phase, namely the gapless Sarma

phase. Note that at zero temperature this crossover becomes a true quantum

phase transition. At the crossover, the order parameter becomes smaller than the

renormalized chemical potential difference h′ and the unitarity limited attraction

is no longer able to fully overcome the frustration induced by the imbalance. As

a result the gas becomes a polarized superfluid. Because the gap ∆ is smaller

than h′ this corresponds to a gapless superconductor. In a homogeneous situation
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this can, far below the tricritical temperature, never be a stable state as shown in

figure 3.1. However, because of the inhomogeneity induced by the confinement of

the gas, the gap is at the interface forced to move away from the local minimum of

the thermodynamic potential and ultimately becomes smaller than h′. The Sarma

state is now locally stabilized even at these low temperatures. Notice that this is

a feature of the smooth behavior of the gap and that the presence of the Sarma

phase thus does not depend on the quantitative details of the energy functional

Ω[∆;µ, h].

3.4.2 Deformation

When the surface tension is sufficiently small or when the aspect ratio of the

external potential of the system is close to one, the gap profile ∆0(x) will closely

follow the equipotential surfaces of the external trap and can be reasonably well

approximated by a function of a single variable only. This can be achieved by

scaling away the anisotropy of the external potential and introducing the effective

radius

R2 = x2 + y2 +
( z
α

)2

, (3.28)

with α the aspect ratio of the trap. However, when the aspect ratio is large, this

might not always be valid. In the experiment of Partridge et al. [28], an aspect ratio

of about 45 is used, and dramatic deviations between the equipotential surfaces

and the shape of the superfluid core are observed. This can be explained by a large

surface tension [64], but as we have just seen the required large value of η cannot

yet be understood from a microscopic theory. Another possibility is that the gas

has ended up in a metastable state in which the shape of the gap parameter differs

from the equipotential surfaces of the external potential [76].

The latter possibility is something that can also be investigated using the

thermodynamic potential that we have just derived. To do so, we first study

the linear response of the system when we also allow the gap profile to depend on

more (angular) variables then the effective radius R. After that we also look at gap

profiles with a different aspect ratio than the external potential. It appears from

our analysis that our present Landau-Ginzburg-like approach gives indeed rise to

small deviations in the gap shape. However, it does not exhibit a metastable state

with a deviation that is as large as seen in the experiment of Partridge et al.

Linear Response

The harmonic potential used in the experiments has an elliptical symmetry, which

means that it can be written as a function of a single coordinate R as defined
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in Eq. (3.28). As a consequence, the local thermodynamic potential also only

depends explicitly on this R. Therefore, in the local-density approximation, the

gap parameter can only depend on R as well. When we go beyond the LDA, by

including gradient terms in the theory, this symmetry is explicitly broken.

In this section we first perform the above-mentioned scaling of the axial co-

ordinate. After that we can treat the beyond-LDA corrections of the gap profile

as perturbations on the symmetric solution that can be expanded in the form of

spherical harmonics as

∆0(x) =
∑
l

Dl(R)

R
Yl0(θ, φ) . (3.29)

Since the trap is rotationally symmetric around the z-axis, the gap profile does not

depend on the azimuthal angle φ and we are allowed to take m = 0 in the expansion

in Eq. (3.29). Also the mirror symmetry in the x-y plane causes all coefficients

with odd l to be zero. We will now assume that the elliptically symmetric part

D0(R) is much larger than the part with coefficients l > 0 and for simplicity only

look at the first anisotropic perturbation D2(R).

To describe the deformations we have thus chosen spherical coordinates, but

with the z-coordinate defined as z = αR cos θ. This coordinate system is not

orthogonal and gives rise to a coupling between the spherical harmonics due to

the gradient terms. The Jacobian is given by αR2 sin θ. The gradient terms in the

thermodynamic potential can be written in these coordinates as

Ωgr[∆0] ≡
∫

dx
γ(x)

2
|∇∆0(x)|2 (3.30)

' −α
2

∫ ∞
0

dR

{
γ0D0(R)

d2

dR2
D0(R) + γ2D2(R)

(
d2

dR2
D2(R)− 6

R2
D2(R)

)
+ γ02D0(R)

(
2
d2

dR2
D2(R) +

6

R

d

dR
D2(R) +

3

R2
D2(R)

)}
.

Here we suppressed for convenience the dependence on the chemical potentials

and approximated the stiffness γ(x) by its value at the location of the interface,

that we from now on denote simply by γ. The latter is a very good approximation

in practice, because for the traps of interest the width of the superfluid-normal

interface is much smaller that the typical length scale on which the trapping

potential varies. Furthermore, we defined the various different effective stiffnesses

as

γ0 =

(
2

3
+

1

3

1

α2

)
γ, γ2 =

(
10

21
+

11

21

1

α2

)
γ, γ02 = − 2

3
√

5

(
1− 1

α2

)
γ. (3.31)
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This can naturally be extended to general l, where every Dl is coupled to Dl+2,

but we do not need that extension here.

As indicated above, we want to treat D2 as a small perturbation in linear-

response theory. To achieve this we need to expand the local part of the thermo-

dynamic potential in terms of D2. This is straightforward and is given by,

Ωloc[∆0] = (3.32)

α

∫ ∞
0

dR

{
4πR2ωBCS[∆0(R);R] +

1

2

∂2ωBCS[∆0(R);R]

∂∆0
2 D2(R)2 + . . .

}
.

We find the elliptical symmetric part ∆0(R) = D0(R)/R
√

4π of the gap by ne-

glecting the D2 contribution and minimizing the thermodynamic potential with

respect to ∆0(R). This gives a spherical symmetric equation similar to Eq. (3.25),

but now with a slightly smaller gradient coefficient, given by γ0 in Eq. (3.31).

When we have obtained a solution for D0 we can minimize the thermodynamic

potential with respect to D2, which gives the following linear-response equation

LD2(R) = S (D0(R);R) , (3.33)

with the linear operator

L =
1

2

∂2ωBCS[∆0(R);R]

∂∆0
2 − γ2

2

(
d2

dR2
− 6

R2

)
(3.34)

and the inhomogeneous term that acts as a source for the quadrupole deformations

S (D0(R);R) =
γ02

2

(
d2

dR2
D0(R)− 3

R

d

dR
D0(R) +

3

2R2
D0(R)

)
. (3.35)

In Dirac notation the solution of this equation is formally given by |D2〉 =

L−1|S(D0)〉. Inverting the operator L can be accomplished by first diagonalizing

this operator, which we can do by finding all its eigenfunctions and eigenvalues.

Interestingly, these are determined by a Schrödinger equation{
− ~2

2m∗
d2

dR2
+ V eff(R)

}
φn(R) = Enφn(R) , (3.36)

with an effective mass given by m∗ = ~2/γ2 and an effective potential V eff(R)

V eff(R) =
1

2

∂2ωBCS[∆0(R);R]

∂∆0
2 +

~2

2m∗
6

R2
. (3.37)

A typical example of this effective potential with its eigenstates and energies is

shown in figure 3.6. Given these eigenfunctions the solution for D2 can in Dirac
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Figure 3.6: The left panel shows the solutions for the eigenfunctions (thin lines) and eigen-

values (line height) of Eq. (3.36). The thick line is the effective potential in Eq. (3.36),

which shows a pronounced dimple at the location of the interface. The right panel shows

the elliptically symmetric solution ∆0(R) (dashed line) and the quadrupole correction D2(R)

(solid line). Here we have taken α = 45 and P = 0.4, which are typical values for the

experiments of Partridge et al. [28].

notation finally be written as |D2〉 =
∑
n(1/En)|φn〉〈φn|S(D0)〉, which amounts

to

D2(R) =
∑
n

φn(R)

En

∫ ∞
0

dR′ φn(R′)S (D0(R′);R′) . (3.38)

In figure 3.6 also the corresponding solution for D2 is shown. This solution is

centered around the interface and is also roughly of the same width as the interface.

This is as expected, since the terms in the thermodynamic potential that do not

obey the elliptical symmetry and are the source for the quadrupole deformations,

are most significant near the interface. Formally, this comes about because the sum

in the right-hand side of Eq. (3.38) is, due to the energy denominator, dominated

by the eigenstates with low energies that are localized in the dimple of the effective

potential V eff(R).

The outcome of our linear-response analysis gives only rise to small deforma-

tions from the elliptical symmetry. In fact, this a posteriori makes this approach

self-consistent and confirms the assumption that the gap can be well described with

a solution that has the same symmetry as the trap. While this symmetric solution

gives roughly speaking the average shape of the interface, the small quadrupole

deformations correct for this and widen the interface in the radial direction and

shrink it in axial direction. This effect becomes bigger for larger aspect ratios,

but never gives rise to such large deformations as is seen in the experiments of

Partridge et al. For an aspect ratio of one, the deformation disappears, because the

source term S (∆0(R), R) is proportional to γ02, which becomes zero at α = 1. In
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principle, a deformation could then occur spontaneously, if one or more eigenvalues

En become negative. However, for typical experimental parameters, this never

happens.

In this subsection we discussed the linear response of the superfluid-normal

interface shape. This is a nice application for our Landau-Ginzburg-like thermo-

dynamic potential functional that can be used to study in detail the effect of the

aspect ratio of the trap on the experiment of Shin et al. However, we cannot use

it to describe the large deformations observed by Partridge et al. A possible way

to handle this situation requires beyond linear-response methods that are covered

in the next section.

Metastable States

In the previous section we assumed that the deviations from the elliptically sym-

metric solution for the gap are small and therefore validates the use of linear

response. But since we have the full thermodynamic potential at our disposal

we can also consider large deviations by using a variational approach. In the

experiment of Partridge et al. the observed deformation of the superfluid core is

indeed large. This deformation can be modelled by giving the superfluid core a

different aspect ratio than that of the trap [64] and by letting the polarized normal

shell follow the shape of the trap. It is still unclear whether this represents the

true energy minimum of the system or corresponds to a metastable state [76]. We

can use our thermodynamic potential to investigate this, and we will see that there

appears to be no metastable state in the Landau-Ginzburg-like theory presented

in this chapter.

The superfluid core is described by a nonzero gap function, which is determined

by minimizing the thermodynamic potential. The case of a metastable state then

corresponds to a local, but not a global minimum of the thermodynamic potential.

We want to find such minima by using a variational approach. This implies that

we somehow have to parameterize a likely functional form of the gap, and then

vary the thermodynamic potential with respect to these parameters. To find a

appropriate trial function that describes the gap well, let us start with the following

function that very accurately describes the gap in the elliptically symmetric case

∆0(R) = ∆0

(
1− R2

ρR2
TF

)
tanh

(
R0−R

∆R

)
+ 1

2
. (3.39)

Here ρ, R0 and ∆R are variational parameters. These parameters can be under-

stood as follows. In the homogeneous theory the gap is proportional to the chemical

potential ∆0 = ζµ ' 0.97µ, as discussed before, and in the trap the chemical
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potential is given by µ− V (x) ≡ µ(1−R2/R2
TF). This explains the first factor in

the right-hand side of Eq. (3.39), where the parameter ρ is needed to incorporate

beyond-LDA effects. The function [tanh((R0 − R)/∆R) + 1]/2 with center R0

and width ∆R describes the interface profile, since this is approximately equal to

the usual soliton solution for an interface in Landau-Ginzburg theory. For specific

temperatures and polarizations a minimum of the thermodynamic potential with

respect to these variational parameters can easily be found numerically.

Let us now also include the aspect ratio in this variational approach. We want

to see how the thermodynamic potential changes when the superfluid core has a

smaller aspect ratio than the normal shell. Since we consider this in a variational

manner, we need a proper function with a parameter to describe this. Let us first

simply vary the aspect ratio of the gap profile. This can be achieved by performing

in Eq. (3.39) the substitution R→ Rsf , with Rsf the scaled coordinate of Eq. (3.28)

with aspect ratio αsf. This then results in

Ω(αsf) =

∫
dx

(
1

2
γ(x)|∇∆0(Rsf)|2 + ωBCS[∆0(Rsf);x]

)
. (3.40)

In figure 3.7 the solid line (curve A) shows the total thermodynamic potential as a

function of αsf. For this plot, we choose the trap aspect ratio to be α = 45, because

this is a typical value for the experiments of Partridge et al. where deformation

is clearly visible. Also a polarization should be taken and we choose P = 0.4 in

the elliptically symmetric case for these figures. The thermodynamic potential,

however, does not show any signs of a dramatic metastable deformation. Yet the

energy minimum is at a slightly smaller aspect ratio for the superfluid core then

the trap. We find that for these parameters we have αsf ' 0.99α. This very

small deformation is consistent with the linear-response result from the previous

subsection.

In the experiment of Partridge et al., not only the superfluid-normal interface

deforms, but also the partially polarized shell appears to be absent. To some

extent, this can be reproduced with a gap parameter that is nonzero further to

the outside of the trap in a region where the LDA would predict it to be zero.

Since a nonzero gap forces the system to be balanced, the majority species will be

forced to the outside, and the gas resembles what is seen in the experiment. In

order to look for a metastable state that does exactly this, we can parameterize a

gap function in different ways. One possibility (option B) is to change the aspect

ratio of the gap, not by shrinking it in the axial direction, but by enlarging it in

the radial direction. This means we replace the radius Rsf in Eq. (3.40) by

(Rsf)
2 =

(αsf

α

)2

(x2 + y2) +
( z
α

)2

, (3.41)
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Figure 3.7: The total thermodynamic potential of the system as a function of the deformation

αsf/α of the superfluid core. The different lines correspond to different choices for the

deformation of the superfluid core as discussed in the text. The solid line shows a simple

change in aspect ratio for the superfluid core only, as in Eq. (3.40). This corresponds to a

change in the axial direction only. For the dashed and dash-dotted line the gap profile also

changes in the radial direction. For an appropriate scaling of the thermodynamic potential

we have introduced the radial trap frequency ω.

with again αsf the variational parameter that we can change. An even better option

(option C ) is to actually shift the location of the interface while changing the aspect

ratio simultaneously. This can be done by using again Rsf as in Eq. (3.40) and

substituting R0 → R0α/αsf in Eq. (3.39).

The thermodynamic potential for both options is again plotted in figure 3.7,

with the same aspect ratio α and polarization as for option A. The thermodynamic

potential for option B has clearly no features and only one minimum near the

elliptically symmetric solution. The result for option C, however, seems to have a

feature that looks like a metastable point near αsf = 0.57α. A closer look reveals

that it is not a local minimum but a saddle point. This point is a result of our

choice of parametrization, since this is exactly the point where the center of the

interface in Eq. (3.39) is equal to the point where the factor 1−R2
sf/ρR

2
TF becomes

zero. At this value of αsf the interface thus disappears.

For the different trial functions of the gap that we considered here, we can

conclude that there is no metastable solution with a dramatic deformation in this

system. There are of course many more possible trial functions conceivable, but

at present it appears unlikely that any of these contain a clear and deep enough
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metastable solution that can explain the dramatic deformation of Partridge et

al. [56]. Because of the large deformations that we are looking for, higher-order

gradient effects in the gap, or even density gradient effects, may be very important.

We can therefore not conclude that we should reject metastability as the solution

to this outstanding problem, but it remains a challenge to find such metastable

solutions in a theory that is simultaneously also able to accurately describe the

experiments of Shin et al.

3.5 Conclusions

In this chapter we discussed a Landau-Ginzburg-like approach to the unitarity

Fermi gas problem, that we believe is both simple and elegant. This approach

is based on the existence of an exact thermodynamic potential functional. By

taking the most important interaction contributions into account, we showed that

in this way all known thermodynamic properties of the homogeneous imbalanced

Fermi mixture can be accounted for. When also the gradient energy of the gap is

incorporated, the theory can be extended to describe inhomogeneity effects of a

Fermi mixture trapped in an external potential in a manner that goes beyond the

usual local-density approximation.

We showed in the first part of this chapter that the interactions can be incorpo-

rated in two frequency and momentum independent self-energies. We showed that

these self-energies naturally depend on the superfluid gap. The topology of the

phase diagram of the unitary Fermi mixture is correctly captured by the mean-field

BCS-theory. The self-energy corrections do not change this topology, but change

the critical lines in the phase diagram quantitatively. The results from experiments

and various Monte-Carlo calculations uniquely determine the two parameters in

the self-energy. This results in a parameter free thermodynamic potential that

contains all known features and has the correct energies and equation of state for

the homogeneous Fermi mixture.

The homogeneous result can be used in a local-density approximation. To

go beyond this approximation, the energy cost of gradients in the gap needs to

be taken into account. With this additional contribution to the thermodynamic

potential we can describe the superfluid-normal interface in more detail. The

experimental data from Shin et al. [57], which shows a rather smooth interface,

is very well explained in this way. The smooth interface leads also to a local

stabilization of a gapless superfluid, the Sarma phase. This interesting prediction

of the theory, however, still needs to be corroborated by further experiments. The

surface tension of the interface can be calculated and turns out to be rather small.
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This is consistent with the observation of Shin et al., who see experimentally no

deformation of the superfluid core, but it is in sharp contrast with the observations

of Partridge et al. [28], who see a dramatic deformation. This deformation actually

suggests a much larger surface tension, but another explanation may be that in

their case the system is in a metastable minimum of the thermodynamic potential.

In a variational approach we showed, however, that the Landau-Ginzburg-like

model derived in this chapter, most likely does not contains such a local mini-

mum. Because the deformation is large, higher-order gradient effects in the gap,

or even density gradient effects, may be very important. These effects are more

complicated to include in the thermodynamic potential, and are beyond the scope

of this chapter.





Chapter 4

Ground state of a resonantly
interacting Bose gas

Abstract — We show that a two-channel mean-field theory for a Bose gas

near a Feshbach resonance allows for an analytic computation of the chemical

potential, and therefore the universal constant β, at unitarity. To improve

on this mean-field theory, which physically neglects condensate depletion, we

study a variational Jastrow ansatz for the ground-state wavefunction and use

the hypernetted-chain (HNC/0) approximation to minimize the energy for all

positive values of the scattering length. We also show that other important

physical quantities such as Tan’s contact and the condensate fraction can be

directly obtained from this approach.

4.1 Introduction

In the last years, ultracold Fermi gases have been extensively studied near a Fesh-

bach resonance, both theoretically and experimentally. Only more recently, the

strongly interacting regime for an atomic Bose gas is beginning to be explored.

The reason for this is that experiments are troubled by strong inelastic atom

losses in this case. Nevertheless, a number of groups are now starting to carry out

experiments in the strongly interacting regime near a Feshbach resonance [86–88],

and it is expected that significant results will soon be obtained. Theoretically, these

systems are also challenging and some attempts towards an accurate description

of the strong interaction effects that play a role here have already been made [89–

91]. In this chapter we discuss another approach to study the ground state of

resonantly interacting Bose gases.

This chapter is accepted for publication in Phys. Rev. A.
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As a first step and to discuss more transparently some of the important physics

involved, we start this chapter in Sec. 4.2 with a mean-field description of an

atomic Bose gas near a Feshbach resonance. This mean-field theory is based on a

two-channel description containing both atoms and molecules, and has as a main

approximation the neglect of depletion of the condensate. Using a two-channel

model gives a finite energy for the Bose gas for all values of the scattering length

a, also at unitarity, where the scattering length diverges. Moreover, near the

Feshbach resonance the theory can be written in a universal form, which no longer

depends on the specific details of the system. In this form it is even possible to

find an analytic solution for the chemical potential at resonance.

However, this mean-field theory is not qualitatively reliable for large interaction

strengths, since it neglects condensate depletion, which has significant effects on

the energy. Therefore, we also study in Sec. 4.3 a variational Jastrow ground-

state wavefunction combined with the hypernetted-chain approximation for the

calculation of the ground-state energy. This approach has had great success in

the strongly coupled helium liquids and we will also show that, as desired, it

reduces to the Bogoliubov theory in the weakly interacting limit. After a somewhat

technical description in Secs. 4.3.1-4.3.3 on how to implement this approach, we

show in Secs. 4.3.4-4.3.6 that it can be used to directly compute several important

physical quantities. For instance, using this approach, the condensate fraction and

the contact can be derived directly from the two-particle correlation function. As

mentioned, the approach is variational. The total energy of the gas can be de-

termined from the two-particle correlation function and the Jastrow factor, which

are related to each other via the hypernetted-chain equation. The Jastrow factor,

which determines the many-body ground-state wavefunction, is ultimately found

by minimizing the energy. In Sec. 4.4 we find that for the small and intermediate

scattering length regime na3 < 1, where n is the atomic density, this approach

works very well, and also allows us to compute the contact and condensate fraction.

However, the parametrization of the two-particle correlation function that we use

here and that is inspired by the liquid helium literature, does not appear to work

properly for larger scattering lengths and this remains a topic for future work.

4.2 Mean-field Theory

In ultracold dilute Bose gases, the interactions are usually completely determined

by the s-wave scattering length a. However, the two-atom scattering problem can

also contain bound states. In the case of a magnetic Feshbach resonance, the energy

of these bound states depend on the externally applied magnetic field B. At certain
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values of this magnetic field, a new bound state can cross into the continuum of

scattering states. At such a point there is a resonance in the scattering length,

and the interaction appears infinitely strong in the s-wave channel.

In order to describe the many-body physics in such a system we start with an

effective action for the atom field (φa) and molecule field (φm) that describes the

bound state. This action can be derived from first principles [92], and ultimately

reads

Seff

~βV
=− µφ∗aφa + φ∗m [δ(B)− 2µ+ ~Σm]φm

+
1

2
Tbgφ

∗
aφ
∗
aφaφa + g [φ∗mφaφa + φ∗aφ

∗
aφm] ,

(4.1)

here µ is the chemical potential, V is the volume and β = 1/kBT is the inverse

temperature. For our purposes we can restrict ourselves to the zero momentum

and zero frequency part. The atoms interact with each other in the so-called open

channel with a strength Tbg, proportional to the background scattering length abg

for the atoms, which is an experimentally known property of the specific Feshbach

resonance of interest. The width of the resonance is determined by the atom-

molecule coupling g and is also known experimentally. The molecular energy

depends on the external magnetic field through the self-energy ~Σm and via the

magnetic detuning δ(B) ∝ B−B0 from the resonance at the magnetic field B0. For

very broad resonances the interaction strength g of the atoms with the molecules,

can in principle also depend on the magnetic field, but we neglect this feature here.

Minimizing the action gives rise to the following Gross-Pitaevskii equations for

the atoms and molecules

µφa = Tbg|φa|2φa + 2gφ∗aφm

2µφm = (δ(B) + ~Σm(2µ− 2~ΣHF))φm + gφ2
a,

(4.2)

where we have introduced the Hartree-Fock self-energy of the non-condensed atoms

~ΣHF. Its precise form is given below. The introduction of this self-energy is

very important. Without the shift of the self-energy of the non-condensed atoms,

the molecular condensate would always be unstable. Incorporating the Hartree-

Fock self-energy makes sure that a condensate of molecules does not decay away

immediately. In other words, the Hartree-Fock contribution to the self-energy

makes sure that there exists a (metastable) equilibrium solution of the mean-field

equations. Note that by elimination of the molecular field and considering the

two-body limit, it is easy to show that the effective T-matrix of the atoms obeys

the standard relation for the scattering length, i.e., the effective scattering length
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a(B) is related to the magnetic field via

Tbg −
2g2

δ(B)
≡ 4πa(B)~2

m
. (4.3)

For the broad Feshbach resonances of interest to us here, the molecular field

and therefore the molecular density turn out to be very small, and we are allowed

to put the atom density na equal to the total density n. As a consequence, the

two-channel model now reduces to a single-channel model. The mean-field theory

now reduces to solving the following three coupled equations

µ = nTbg +
2ng2

2µ− δ(B)− ~Σm(2µ− 2~ΣHF)

~Σm(E) = −g
2m3/2

2π~3

√
−E

1 + |abg|
√
−mE/~2

(4.4)

~ΣHF = 2nTbg +
4ng2

~ΣHF + µ− δ(B)− ~Σm(µ− ~ΣHF)
,

where abg is the background scatering length associated with Tbg. The first equa-

tion follows from the Gross-Pitaevskii equations in Eq. (4.2), the second equation

is the standard form of the molecule self-energy first derived in this context in Ref.

[93] and the third equation is the appropriate Hartree-Fock self-energy.

In this chapter we are especially interested in the unitarity limit, which is the

limit a(B)→∞. The physical properties of the atomic Bose gas are in this limit

universal, which means that these properties do not depend on the specific details

of the system, such as abg and g. This can be seen explicitly from the equation

above. In the limit that a→∞ the background scattering length abg is irrelevant.

Thus we are allowed to take the limit abg → 0, while keeping g2/δ(B) constant

and still obeying Eq. (4.3). Furthermore, the experimentally interesting case is a

broad Feshbach resonance, we therefore take the limit g → ∞ and δ(B) → ∞,

while keeping the scattering length a constant. In order to proceed further we

introduce the Fermi momentum kF and Fermi energy εF instead of the density

n = k3
F/6π

2 and the mass m/~2 = k2
F/2εF. We then end up with

µ =
εF
3π

4kFa

1 + kFa
√
−(µ− ~ΣHF)/εF

~ΣHF =
εF
3π

8kFa

1 + kFa
√
−(µ− ~ΣHF)/2εF

,

(4.5)
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where we used the following universal relations for a(B) and ~Σm(E)

2g2

δ(B)
=− 8π(kFa)

εF
k3

F

~Σm(E)

δ(B)
=kFa

√
− E

2εF
.

The former two equations give the chemical potential and the Hartree-Fock self-

energy in units of the Fermi energy.

The two equations in Eq. (4.5) can be solved (in practice numerically) for any

positive value of a. The result is shown in figure 4.1. For small a, the relation for

the chemical potential simply reduces to µ = 4εFkFa/3π = nT (a), which is the

well known Gross-Pitaevskii expression for the small a regime. As expected the

Hartree-Fock self-energy then reduces to ~ΣHF = 2nT (a) = 2µ. We can also solve

the chemical potential explicitly in the unitarity limit. We then have

µ

εF
=

4

3π

1√
(~ΣHF − µ)/εF

~ΣHF

εF
=

8

3π

1√
(~ΣHF − µ)/2εF

.

(4.6)

Here we notice immediately that ~ΣHF = 2
√

2µ, from which we can then easily

solve for µ to obtain

µ = 3

√
42

(3π)2

1

2
√

2− 1
εF ' 0.4618εF . (4.7)

For fermions, there is a similar relation, which is usually written as µ = (1 +β)εF.

In the specific case of fermions, the universal constant β contains all the interaction

effects and was found to be β ' −0.58 [42, 43, 66, 72]. It is customary to define

a similar β for bosons, the above mean-field theory gives β ' −0.54. This is

just below an experimental lower bound set at β > −0.56 [88]. Other theoretical

analyses give varying results, namely: β ' −0.34 [91] and the upper bounds

β < 1.93 [89] and β < −0.20 [90]. It is remarkable that the fermionic value of β

is within these bounds, thus it is not excluded that there is for this quantity no

difference between fermions and bosons at unitarity. This might be anticipated

in a one-dimensional situation, however, for a three-dimensional gas as considered

here, this would be an interesting result indeed.

Another well-known mean-field result for the Bose gas energy is obtained from

Bogoliubov theory, which is an expansion in terms of the diluteness parameter
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Figure 4.1: The chemical potential µ in units of the Fermi energy εF as a function of the

inverse scattering length 1/kFa. The solid line shows the mean-field result from Eq. (4.5).

The dashed line shows the Bogoliubov result from Eq. (4.8) with LHY correction, while the

dotted line is without this correction. Our two-channel mean-field approach stays finite in

the unitarity limit, while the Bogoliubov theory diverges in that limit.

na3. This was already derived in the late 50’s in Ref. [94], and reads

e =
4π~2

ma2
na3

(
1 +

128

15
√
π

√
na3 + . . .

)
, (4.8)

where e is the energy per particle. The first term is the Gross-Pitaevskii (GP)

result and the second term is known as the Lee-Huang-Yang correction (LHY),

and is due to condensate depletion resulting from quantum fluctuations.

The energy in Bogoliubov theory diverges in the limit a → ∞, this is shown

in figure 4.1 as the dashed line, which includes the LHY correction. The dotted

line is the GP result without this correction. However, the energy for the mean-

field theory of Eq. (4.5) stays finite, shown in figure 4.1 as the solid line. Of

course, the energy of the unitary Bose system must be finite, thus the mean-field

result of Eq. (4.5) describes this behavior correctly. However, from figure 4.1 can

be concluded that quantum fluctuations, described by the LHY correction, are

not properly incorporated in this theory. Thus, although qualitatively correct,

the mean-field approach described in this section is probably not very reliable
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quantitatively. To improve on this we propose a different approach, based on

a Jastrow wavefunction and the hypernetted-chain approximation which will be

discussed extensively in the rest of this chapter.

4.3 Jastrow and hypernetted-chain approximation

In the previous section we have shown that with a simple mean-field theory, it is

possible to capture the qualitative behavior of a Bose gas, where the energy stays

finite when the scattering length diverges. However, this approach is probably

not able to predict the energy reliably, since it excludes quantum fluctuations.

We therefore propose an alternative approach in which we make a Jastrow ansatz

for the wavefunction and use the hypernetted-chain approximation to compute

correlations. This method was applied with great success in the field of strongly

interacting helium [95, 96].

Since the Jastrow ansatz in combination with the hypernetted-chain approxi-

mation has been used successfully for some time now, there exists a large amount

of literature on the subject. However, in the field of ultracold atom gases, it is not

used very often. We believe that these methods can be important for this field

and we therefore briefly summarize the important relations and derivations in the

sections below.

4.3.1 Jastrow ansatz

The many-particle wavefunction can be a very complicated function of all the

particle positions, but in the Jastrow approximation it is argued that the dom-

inant correlation features are captured by the pair function or Jastrow factor

f(r1 − r2) ≡ f(r12). The wavefunction is then,

Ψ(r1 . . . rN ) =

N∏
i>j=1

f(ri − rj) . (4.9)

In a homogeneous system this Jastrow factor only depends on the relative posi-

tions. This function goes to one, on a length scale larger than the inter-particle

distance.

An important function in this description is the two-particle correlation func-

tion. It is defined as follows,

g(r12) =
N(N − 1)

n2

∫
dR12|Ψ(r1, . . . , rN )|2∫
dR|Ψ(r1, . . . , rN )|2 . (4.10)
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Here n is the density,
∫

dR =
∫

dr1 . . . drN denotes the integration over all spa-

tial coordinates, while
∫

dR12 =
∫

dr3 . . . drN is the integration over all spatial

coordinates except r1 and r2.

The energy of a system with a Jastrow wavefunction can be written in terms of

the functions f and g. The potential energy in terms of the Jastrow wavefunction

is

〈V 〉 =

∫
dRΨ∗(r1, . . . , rN )

∑N
i<j V (rij)Ψ(r1, . . . , rN )∫

dR|Ψ(r1, . . . , rN )|2 ,

here V (r) is the inter-particle potential, which only depends on the distance be-

tween the particles. Using the particle-exchange symmetry of the wavefunction we

can write this in terms of g(r) as

〈V 〉 =
1

2
n2

∫
dr1dr2 V (r12)g(r12) . (4.11)

The kinetic energy can be written as

〈T 〉 = − ~2

2m

∫
dRΨ∗(r1, . . . , rN )

∑N
i ∇2

iΨ(r1, . . . , rN )∫
dR|Ψ(r1, . . . , rN )|2 ,

which can, again using the symmetry properties of the wavefunction, be written

in terms of f(r) and g(r),

〈T 〉 = −n
2

2

~2

2m

∫
dr1dr2 g(r12)∇2

r log f(r12) . (4.12)

Since we describe a homogeneous system, we can perform one more spatial integral,

which gives a volume factor V . The total energy is now,

e =
1

2
n

∫
dr g(r)

(
V (r)− ~2

2m
∇2

r log f(r)

)
, (4.13)

where e is again the energy per particle.

In this Jastrow ansatz for the wavefunction, everything in the system is de-

termined by the Jastrow factor f(r). However, many quantities, like the energy,

are directly related to the two-body correlation function g(r), but unfortunately

the relation between g(r) and f(r) is very complicated. This relation, Eq. (4.10),

contains as many integrals as there are particles, which clearly is unsolvable an-

alytically. There are many approximation schemes to solve it, but many depend

on small interactions, or correlation lengths. However, for bosons near a Fesh-

bach resonance, we need an approximation scheme where these are large. The
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hypernetted-chain approximation, which is a diagrammatic cluster expansion, has

proven to work also very well in the strongly interacting regime [96]. After we have

established the relation between f and g, we can solve for f (or g) by minimizing

the energy in Eq. (4.13).

4.3.2 Hypernetted-chain approximation

With the Jastrow wavefunction we have a direct relation between the two-particle

correlation function g(r) and the Jastrow factor f(r), but this relation contains, in

the thermodynamic limit, an infinite number of integrals. These integrals cannot

be solved analytically, but using the hypernetted-chain approximation (HNC)

we can systematically evaluate them. The precise details of HNC can be read

elsewhere, e.g. in Ref. [97], but in the following we will give a short derivation

for completeness’ sake, to understand better the physics involved, and introduce

some useful notation.

We start by defining the cluster function h(r) = f(r)2 − 1, which goes to

zero quickly for large r, since f(r) goes then to one. The two-particle correlation

function g can then in a natural way be written as a cluster expansion in terms of

h,

g(r12) ∝
∫

dR12

[
1 +

∑N
i<j h(rij) +

∑N
i<j

∑N
k<l h(rij)h(rkl) + . . .

]
∫

dR
[
1 +

∑N
i<j h(rij) +

∑N
i<j

∑N
k<l h(rij)h(rkl) + . . .

] , (4.14)

where the normalization constant is irrelevant for the discussion and is left out

and the relative coordinates are defined as rij = ri − rj . These integrals are

now written as an infinite sum of clusters of h, which each are a product of any

number of h’s. These in turn can have different levels of complexity in terms

of the integration variables. For example,
∫

dr3h(r13)h(r23) is more complicated

then
∫

dr3dr4h(r13)h(r24). The idea behind hypernetted chain is to sum over an

infinite amount of clusters selected by their complexity. When all complexities

are taken into account, we end up with the exact result. However, in this chapter

we will stick to the simplest set of clusters or diagrams, called nodal diagrams.

This is referred to as HNC/0. Since this is still a sum of an infinite amount of

diagrams, the convergence of the approximation does not depend on the density

or interaction strength to be small.

The nodal diagrams are all clusters of h where the integral over a series of h’s

only connects one h to the next. Here ‘connect’ means that we have an integral like∫
dr3h(r13)h(r32), where r3 ‘connects’ the two cluster functions. We can construct
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an infinite set of these with the following recursion relation,

N (0,1)(rab) = n

∫
dr1h(ra1)N (0,1)(r1b) + n

∫
dr1h(ra1)h(r1b) , (4.15)

where N (0,1) denotes the set of these simple nodal diagrams.

This set can in turn be used to generate an infinite amount of composite

diagrams, which is simply all possible products between all the elements of N (0,1).

This we can write as

1

2!
N (0,1)(rab)

2 +
1

3!
N (0,1)(rab)

3 + . . . = exp
[
N (0,1)(rab)

]
−N (0,1)(rab)− 1 ,

here the numerical factors exactly cancel any double counting. This set can be

extended even further by adding h(rab) exp(N (0,1)(rab)), leading to

X (0,1)(rab) = f2(rab) exp
[
N (0,1)(rab)

]
−N (0,1)(rab)− 1 , (4.16)

where X (0,1) is a set of all composite diagrams we can make with the set N (0,1).

A lot more diagrams can be constructed by defining a set N (0,2) that obeys

Eq. (4.15) but with h(rab) replaced by X (0,1)(rab). We can proceed naturally,

and define a X (0,2)(rab) that obeys Eq. (4.16) where N (0,1) is replaced by N (0,2).

We can continue doing this, and in the limit where this procedure is followed an

infinite number of times, we arrive at the following recursion relations,

N (0)(rab) = n

∫
dr1X (0)(ra1)N (0)(r1b) + n

∫
dr1X (0)(ra1)X (0)(r1b) , (4.17)

and

g(rab) = 1 +N (0)(rab) + X (0)(rab)

= f2(rab) exp
[
N (0)(rab)

]
,

(4.18)

where limk→∞N (0,k) = N (0) and limk→∞ X (0,k) = X (0). This latter equation

relates the two-particle correlation function g to the Jastrow factor f , which

is what we needed. This selected set of diagrams used to compute g is called

HNC/0. In order to include more(all) contributing diagrams we would have to

include also more(all) elementary diagrams in Eq. (4.16), in addition to the nodal

diagrams. However, this HNC/0 approximation contains already a lot of important

information, as was shown by the calculations on strongly interaction helium.

The relation between f and g in Eq. (4.18) can be solved for f as

log f2(r) = log g(r)−N (0)(r) . (4.19)



4.3 Jastrow and hypernetted-chain approximation 91

The usefulness of this equation follows from the fact that the function N (0)(r) can

also be related to the two-particle distribution function. To do this we first define

the structure factor S(k),

S(k) = 1 + n

∫
dr eik·r (g(r)− 1) . (4.20)

Note that from the definition of g in Eq. (4.10) it follows that S(0) = 0. The

integral relations in Eq. (4.17) and Eq. (4.18) can be written as algebraic equations

after a Fourier transformation. These equations are then easily solved and we get

N (0)(k) in terms of S(k),

N (0)(k) =
(S(k)− 1)

2

S(k)
, (4.21)

here N (0)(k) is the Fourier transform of N (0)(r). In the hypernetted-chain ap-

proximation, the Jastrow factor f(r) is thus completely determined in terms of

the two-particle correlation function g(r).

In this chapter, we will vary the function g and then calculate the energy. For

this we need f , which we can calculate using the above equations. Since we need

some complicated shape for g, it is not possible to analytically perform the Fourier

transformations. Calculating the energy thus involves a few steps. Firstly, when

we have a g, we calculate the structure factor S(k) by numerically Fourier trans-

forming this g. Secondly, we calculate N (0)(k) and numerically inverse Fourier

transform back. And thirdly, we calculate f with which we can compute the

energy.

4.3.3 Energy minimization

With the relations that follow from the hypernetted-chain approximation, we

can write the energy of the system in terms of only the two-body correlation

function. To get the ground-state wavefunction, we have to minimize this energy

with respect to this function. We will first write down an analytic expression for

this minimization condition, but it turns out to be hard to solve this relation in

practice. It is much more convenient to numerically minimize the energy.

We have a relation for the energy in terms of f and g in Eq. (4.13), and in

combination with Eq. (4.19) we can write this in terms of g only. Taking the

functional derivative of the energy with respect to g(r), or more conveniently√
g(r), and putting that to zero gives the following differential equation for g{

− ~2

2m
∇2 + [V (r) + ω0(r)]

}√
g(r) = 0 , (4.22)
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where ω0(r) is defined as the inverse Fourier transform of

ω0(k) = −~2k2

4m
(S(k) + 1)

(
1− 1

S(k)

)2

. (4.23)

The minimization equation Eq. (4.22) has the form of a simple Schrödinger equa-

tion for
√
g where ω0(r) acts as an effective induced potential that takes the

presence of the entire medium into account. This may seem as a simple-to-solve

equation, but recall that ω0(r) contains g in a very non-linear way.

Solving this differential equation for g numerically turns out to be very hard.

Small numerical errors in g trigger solutions of the differential equation that are

not physical, i.e., these solutions are not normalizable. By explicitly varying g to

minimize the energy, these problems can be circumvented.

4.3.4 Asymptotic behavior

Even without minimizing the energy we can say something about the shape of the

two-body correlation function g. Let us first study the case for small scattering

length kFa. In this regime, the known Bogoliubov dispersion relation can be

related to the structure factor S(k). This relation follows from the dispersion

relation from Bijl-Feynman theory, which reads

E(k) =
~2k2

2mS(k)
. (4.24)

In Bogoliubov theory, the dispersion relation is given by,

E(k) =
√
ε2k + 2nT (a)εk . (4.25)

Here, εk = ~2k2/2m and T (a) = 4π~2a/m. When we combine Eq. (4.24) and

Eq. (4.25) we get the following for S,

S(k) =
k2

√
k4 + 16πank2

(4.26)

=
k√

16πan
− k3

2(16πan)3/2
+O(k5) .

Thus for small k we have S(k) = ~k/2mc with c =
√

4πan the speed of sound of

the medium.

As was pointed out before, the structure factor is related to the two-body

correlation function g. Since we know the behavior of S(k) for small k, we can
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deduce the large-r behavior of g. Using the asymptotic Fourier transform we get

for large r that

g(r →∞) = 1− ~2

2π2nmc

1

r4
. (4.27)

This result holds only for small a, however, for large a one still expects to find a

linear dispersion relation for small k. This means that the 1/r4 tail will have a

different prefactor, but should still be there in the unitarity limit. The tail of the

trial functions for g, which we use in the variational calculation, will therefore be

of that form. From the prefactor we can determine the speed of sound.

The Jastrow factor f is completely determined by g (and S) and the large-r

tail of this function is thus also known

f(r →∞) = 1− mc

π2n~
1

r2
. (4.28)

These limits also tell us something about the large-r behavior of the effective

induced potential in Eq. (4.23),

ω0(r →∞) = − 3~2

4m
√
an3π5

1

r6
. (4.29)

This result is consistent with the analytic minimization equation in Eq. (4.22),

since (when we put V to zero) the two limits for both g and ω0 exactly solve this

differential equation.

4.3.5 Contact

The small-r behavior of the two-body correlation function can be related to what is

called the contact, denoted by C. The contact was recently derived to be a general

feature in strongly interacting Fermi systems by Tan [98, 99], in a sequence of

papers published in 2008. Since Tan’s derivation is not based on the statistics

of the particles, it was pointed out by Combescot et al. [100] that the relations

also hold for Bose statistics and are hence applicable to Bose gases as well. The

quantity C is part of a series of various exact and universal relations which therefore

also hold for strongly correlated gases. When applied to Bose gases, Tan’s main

theorem, which he calls the “adiabatic sweep theorem”, states

− d (n e)

d (1/a)
=

~2

m

C
8π
, (4.30)

here e is the energy per particle of the gas. It is striking that this is such a

simple, exact and universal relation. The contact C turns out to be independent
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of the short-range interactions, except for the scattering length a. In general, it

is a constant which is expected to remain finite for all values of the scattering

length. Let us consider the well-known low-density expansion, or Bogoliubov

theory for the ground-state energy Eq. (4.8). When we apply Tan’s theorem to

this energy expression, we find an approximation for the contact of a Bose gas for

small scattering length to first order,

C = (4πna)2

(
1 +

64

3
√
π

√
na3

)
. (4.31)

It was shown [101] that this equation for C can be derived independently of

Eq. (4.30), from which can be seen that Tan’s relations agree with Bogoliubov

theory.

The relation for the contact in Eq. (4.31) does not have a finite limit at a

Feshbach resonance when a goes to infinity, since Bogoliubov is only valid for

small na3. However, the method proposed in this chapter does have a finite limit.

It is in general possible to find C in terms of the two particle distribution function

g(r), which in the context of HNC/0 comes of great use.

For small r, the behavior of the two-particle distribution function g(r) is dom-

inated by the interaction of only two particles, since in a dilute gas, the rest of the

particles are far away. The function g is therefore proportional to the two-particle

wavefunction f2(r), which is the solution of the two-particle Schödinger equation,

see Sec. 4.4.1. For small r, but outside the range of the interaction, this function

behaves as f2(r) ' 1− a
r . The two-body distribution function g is thus for small

r proportional to f2
2 , with a proportionality factor we call Z. Thus we have for

small r,

g(r) ' Z|f2(r)|2 ' Za2

(
1

r2
− 2

ar

)
. (4.32)

The proportionality constant Z is related to the contact through Z = C/16π2n2a2.

We thus have for the contact,

C ' 16π2n2a2 g(r)

|f2(r)|2 , (4.33)

which can be calculated directly from the HNC solutions. We calculate the energy

as a function of the scattering length, and as a result, we are also able to use the

original expression in Eq. (4.30) to compute C, which we compare to the results

from Eq. (4.33).

In the experiments that a number of groups a trying to perform, one of the

biggest challenges are the severe losses of the particles in the trap. An important



4.3 Jastrow and hypernetted-chain approximation 95

consequence of the wavefunction renormalization factor Z, which is related to

the contact, is that it also affects the three-body collision terms, which is what

determines the particle loss rate of the Bose gas in a trap. This particle-loss is

governed by the relation

dn

dt
= L n3 , (4.34)

here L determines the loss rate, and the power of n3 reflects that three-body colli-

sions are needed to obey the conservation laws. Since the wavefunction amplitude

changes with Z < 1 at small distances, the loss rate L is multiplied with Z3 due to

many-body effects. Since the contact, and hence Z, can change significantly near

the Feshbach resonance, this will have great effect on the losses in experiments.

4.3.6 Condensate density

An important physical quantity is the condensate fraction, denoted by n0. This is

the density of particles which are in the zero-momentum state and form a Bose-

Einstein condensate (BEC). Conversely, there is a density of particles which are not

in the condensate, due to (quantum) depletion. This density is typically nonzero

even at zero temperature, an effect which is solely due to interactions. In this

subsection, we follow the lines of Ristig et al., see Refs. [102–104].

We first consider the one-body density matrix for the system of N bosons,

given by

n(r11′) = N

∫
dR1Ψ∗(r1, . . . , rN )Ψ(r′1, . . . , rN )∫

dR1|Ψ(r1, . . . , rN )|2 , (4.35)

where Ψ is the wavefunction for the system. This can be written in a convenient

notation as,

n(r) = n0e−Q(r) . (4.36)

The one-body density matrix has the well-known properties that n(0) = n and

n(r → ∞) = n0, which in terms of Q means Q(r → ∞) = 0 and n0 = neQ(0).

Using a cluster expansion, similar to HNC/0, this Q(r) can be computed. The

details of this computation can be found in Refs. [102–104], but in the following

we will give a brief outline of it.

The most insightful approach to the calculation of Q(r) is the method proposed

by Feenberg [105]. The ground-state Jastrow wavefunction, written in Eq. (4.9)

is not necessarily properly normalized. A trial wavefunction that can be properly
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normalized, and was proposed by Feenberg, is given by

Ψ(N)(r1, . . . , rN ) = e−
λN
2

( n
N

)N/2 N∏
i<j

f(rij). (4.37)

Here, λ is a dimensionless parameter which we need to calculate. The one-body

density matrix can be written in terms of this new trial wavefunction as

n(r11′) = ne−λ
∫

dR1|Ψ(N−1)(2, . . . , N)|2
N∏
j=2

f(r1j)f(r1′j). (4.38)

The normalization parameter λ can be computed from Eq. (4.37) by comparing

a wavefunction for N and for N − 1 bosons, see Ref. [105] for details. From this

comparison, λ can be calculated in several orders of the previously discussed cluster

function h(r). Up to second order in the cluster function we get

λ = D[1][h] +D[2][h] + . . . = D[h] , (4.39)

where D[1][h] and D[2][h] are functionals of h of first and second order, given by,

D[1][h] = n

∫
drh(r) (4.40)

D[2][h] =
n2

2

∫
dr2dr3[g(r23 − 1]h(r12)h(r13) . (4.41)

The expression for the density matrix in Eq. (4.38) can be expanded in a

similar way. However, instead of the cluster function h(r), the radial function

ζ(r) = f(r) − 1 is used. This function has the similar property that it goes

(quickly) to zero for large r, and hence we can also perform a cluster expansion.

Since the normalization was computed with four copies of f , and thus second order

in h, the density matrix is also computed with four copies of f and thus to fourth

order in ζ.

Again, the precise details of this calculation can be found in Ref. [104], but up

to second order in f2 the result is,

n[2] = neλ
[2]

exp
(

2D[1][ζ]−Q[1](r)
)

exp
(

2D[2][ζ]−Q[2](r)
)
, (4.42)

which in general can be written as,

n(r) = n exp (2D[ζ]−D[h]−Q(r)) , (4.43)

with Q[1](r) + Q[2](r) + . . . = Q(r). The function Q(r) contains every term that

still depends on |r1 − r′1|, all of which go to zero for r → ∞. All constant terms
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turn out to have the same functional form as the normalization terms, and can be

expressed in the same functional D. If we compare Eq. (4.43) with Eq. (4.36) we

notice that it has exactly the same form. Thus when we take the limit r →∞ we

get for the condensate density,

n0 = n exp (2D[ζ]−D[h]) . (4.44)

When we insert the expression for D up to second order in f2, we get

n0 = n exp

[
− n

∫
drζ(r)2 + n

∫
dk

(2π)3
(S(k)− 1)

(
ζ(k)2 − 1

2
h(k)2

)]
, (4.45)

here we have used the Fourier transform of ζ and h in order to get rid of double

integrals over r. This expression for the condensate density only depends on f

and g and we are now able to compute this for the minimized results below.

4.4 Variational solutions

With the hypernetted-chain approximation for the Jastrow wavefunction, we have

an expression for the energy in terms of the two-particle distribution function.

The ground-state g(r) minimizes this energy. In the previous section we derived a

differential equation for g(r) in Eq. (4.22) that solves the minimization equation.

However, this is a very nonlinear equation in g(r), since the effective potential

ω0(r) in Eq. (4.23) depends on g(r) in a complicated way. This makes solving the

differential equation very difficult. A variational approach, where we directly vary

g(r) to find an energy minimum, turns out to work much better.

4.4.1 Potential with resonance

In the unitarity limit, it is expected that the system behaves universally, this

behavior does therefore not depend on the exact shape of the interaction poten-

tial. This gives us the possibility to choose a simple potential that is numerically

convenient, and also contains a ‘Feshbach’ resonance to go to the unitarity limit.

The potential we choose is a hard core combined with an attractive 1/r6 tail. One

of the advantages of this potential is that the two-particle problem can be solved

exactly. From the two-particle solutions, the scattering length can be determined,

which diverges for certain values of the interaction strength of the attractive tail.
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Figure 4.2: The scattering-length a in units of Rc as a function of the dimensionless inter-

action strength C6/(~2R4
c/m). At certain values of C6 the scattering length diverges and

the system is at a resonance.

The interaction potential has a hard core with radius Rc, and has the following

form,

V (r) =

{
∞ r < Rc

−C6

r6 r ≥ Rc

. (4.46)

This potential is spherically symmetric and since we are looking at dilute and

ultracold gases, only the s-wave part of the interaction is important. In the

spherically symmetric case it is convenient to define

f2(r) =
u(r)

r
, (4.47)

where f2(r) is the two-particle wavefunction. The Schrödinger equation for u(r)

can be written as, (
~2

m

d2

dr2
+
C6

r6

)
u(r) = 0 . (4.48)

This differential equation is solved by

u(r) =
√
r

[
c1J− 1

4

(√
mC6

2~r2

)
+ c2J 1

4

(√
mC6

2~r2

)]
, (4.49)
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where J± 1
4
(r) is the Bessel function of the first kind. The hard core is included

with the boundary condition u(Rc) = 0 and the normalization of the wavefunction

demands that f2(r →∞) = 1. These two relations fix the constants c1 and c2 and

we obtain

f2(r) =

[
J− 1

4

(√
mC6

2~r2

)
J 1

4

(√
mC6

2~R2
c

)
− J 1

4

(√
mC6

2~r2

)
J− 1

4

(√
mC6

2~R2
c

)]
√

2Γ
(

3
4

)−1
(mC6/~2)−1/8

√
rJ 1

4

(√
mC6

2~R2
c

) . (4.50)

From the two-particle wavefunction we can determine the scattering length a,

a =
1

2

Γ
(

3
4

)
Γ
(

5
4

) J− 1
4

(√
mC6

2~R2
c

)
J 1

4

(√
mC6

2~R2
c

) (
C6m

~2

)1/4

. (4.51)

In figure 4.2 the scattering length is plotted as a function of the dimensionless

interaction strength C6/(~2R4
c/m). There clearly are resonances at certain values

for C6. We have checked that different shapes of the interaction potential give

the same results for the HNC calculation as long as the scattering length is the

same. This is due to the dilute limit in which the interaction is governed by the

scattering length, and therefore the energy is only a function of a and, in that

sense, independent of C6.

4.4.2 Varying the radial distribution function

Within the Jastrow ansatz and the HNC approximation, the energy of the system

is completely determined by the two-particle distribution function g(r). In the

approach we propose here, we start with an ansatz for g(r) that closely enough

resembles the expected functional form, but parameterize enough freedom such

that we can find, or get very close to, the actual energy minimum.

The ansatz for g(r) can be constructed out of three parts. The first part is

the tail of g, i.e., the power of r with which g − 1 approaches zero. As we have

seen in Eq. (4.27), g(r) goes to one for large r as 1 − P4r
−4, where in the weak-

coupling limit we also know that P4 = ~/2π2nmc. The second part of g is the

short-range regime. Since HNC incorporates the effects of all particles onto each

other, which in this dilute situation is a long-range effect, it has little effect on the

short-range behavior of the system. It is therefore reasonable to assume that for

small r, g is proportional to the two-body function f2(r)2. The proportionality

constant between f2
2 and g is related to the contact as discussed in Sec. 4.3.5.

The third part of g, which is left over, is the intermediate-range regime. This is

where the short- and long-range part are smoothly connected to each other. More
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important for this regime is the normalization condition of g. This normalization

follows directly from the definition of g(r) in Eq. (4.10) and can be written as∫
dr(1− g(r)) = 1 . (4.52)

To account for all of this, the middle part needs the most variational freedom.

The amount of parameters can be extended by adding a cosine oscillation to the

middle part. These oscillations can be expected to be important for the strongly

interacting regime, where liquid-like shell structures may occur, although we have

not observed this yet.

Since g(r) is a distribution function, it is always larger than zero, and we are

therefore able to write it as an exponent of another function. Writing it this way

has the advantage that it cannot accidentally become negative when varying the

parameters. We split up the ansatz for g(r) in a short- (us), a middle- (um) and

a long-range (ul) part,

us = (2 log f2(r) + P8)× exp
(
−P2r

P5
)
, (4.53)

um =
P3 cos (P10(r − P6))

P3b + rP1
×
(
1− exp

(
−P9r

P7
))
, (4.54)

ul =
P4

P4b + r4
×
(
1− exp

(
−P11r

P12
))

. (4.55)

The radial distribution function g(r) is then given by,

g(r) = exp (us + um + ul) . (4.56)

This parametrization of the radial distribution function was common practice in

the field of liquid 4He, as for instance in Ref. [95].

4.4.3 Results

In the previous sections we showed how a Jastrow wavefunction, together with

the hypernetted-chain approximation, can be used to compute several properties

of a Bose gas towards a Feshbach resonance. In this section we will show the first

promising results for small and intermediate scattering lengths.

To find the energy minimum we vary the parameters in the distribution function

g in Eq. (4.56) and use the hypernetted-chain approximation to compute the

energy. For the variation we use a gradient algorithm which converges slowly

towards the energy minimum. For small kFa this goes relatively fast and easy,

but with increasing kFa it becomes increasingly difficult. We therefore increased
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Figure 4.3: The top panel shows the minimized radial distribution function g (solid line) and

f(r)2 (dashed line) as a function of the radius in units of the inter-particle distance Ri. The

lower panel shows the structure factor S(k) (solid line) and the dispersion relation in units

of εF(dashed line) as a function of the momentum k/kF.

the scattering length step by step, and used the resulting parameter values of one

minimization as a starting point for the next.

In figure 4.3 we show in the top panel the result of a two-particle distribution

function for which the energy is minimized. Notice the wiggle near r = 0, which

shows that we are actually dealing with a meta-stable many-body solution of the

used potential, that acts as the ground state in the hypernetted-chain approxima-

tion. We also show f(r)2. In the lower panel the structure factor is shown (solid

line), which is zero for k = 0, as it is supposed to be. It also starts linearly, and as
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Figure 4.4: The energy as a function of the inverse scattering length 1/kFa calculated with

the variational approach of HNC/0 (solid line). The area depicts the estimated accuracy

of the result, which shows the large error for large kFa. The dash-dotted line shows the

Gross-Pitaevskii energy while the dashed line also includes the LHY correction in Eq. (4.8).

This shows that the HNC calculation correctly includes this term.

a result, the dispersion relation (dashed line) also starts linearly for small k, but

becomes of the usual quadratic shape for larger k.

This method works excellently for small and also for intermediate scattering

lengths. This can be seen in figure 4.4 where the solid line shows the energy as a

function of kFa. For small kFa (kFa . 0.2), the energy agrees with the mean-field

result in Bogoliubov theory see Eq. (4.8) (dash-dotted line). When we increase

kFa (0.2 . kFa . 0.5) the energy also includes the LHY correction (dashed line).

When kFa becomes even larger, it becomes increasingly harder to find a reliable

energy minimum. To indicate this, we have estimated the accuracy of the energy.

Now that we have the two-particle distribution function as a function of the

scattering length that minimizes the energy, we can calculate several other physical

quantities. One such quantity is the condensate fraction. In Eq. (4.45) we showed

how this condensate fraction can be calculated given the radial distribution func-

tion. In figure 4.5 the condensate fraction is plotted as a function of the inverse

scattering length 1/kFa. The solid line is the result from HNC/0 and the dashed

line is the result from Bogoliubov theory. The result from HNC/0 is comparable
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Figure 4.5: The condensate fraction as a function of the inverse scattering length 1/kFa

calculated with the variational approach of HNC/0 (solid line). The dashed line shows the

condensate fraction for Bogoliubov theory. The condensate fraction for HNC/0 is comparable

to the Bogoliubov result for small kFa, but for larger scattering lengths it is significantly

smaller.

to the Bogoliubov result for small scattering lengths, but for larger values of kFa

the depletion in the HNC/0 case is significantly higher than for Bogoliubov theory.

The contact, which was discussed in Sec. 4.3.5 is also an important physical

quantity. We showed two ways to extract the contact from the HNC/0 results.

One directly from the two-particle distribution function Eq. (4.33), the other, as a

derivative of the energy Eq. (4.30). Since the energy follows the Bogoliubov energy,

the contact computed as the derivative of the energy with respect to 1/a, is roughly

the same as the Bogoliubov contact in Eq. (4.31). However, since convergence is

not properly reached for some of the large-kFa points in figure 4.4, the contact

cannot be computed there either. Furthermore, since one expects the energy to

be finite at unitarity, the contact should also be finite in that regime.

The second method, where we directly read off the contact from g, might

indicate already that the contact becomes smaller than the Bogoliubov result,

which is shown in figure 4.6. Also, the slow convergence of the variational process

prevents us from computing the contact up to the unitarity limit, but the results

for intermediate kFa show a decrease in C. The fact that the contact is smaller



104 Chapter 4 – Ground state of a resonantly interacting Bose gas

0 2 4 6 8 10
0

2

4

6

8

10

1/kFa

C/
n
4
/
3

Figure 4.6: The contact as a function of the inverse scattering length 1/kFa calculated with

the variational approach of HNC/0 (solid line). The dashed line shows the contact for the

Bogoliubov theory in Eq. (4.31).

also indicates that the wavefunction renormalization constant Z is smaller than

one. This would indicate that the three-body particle decay rate is suppressed by

many-body effects in the unitarity limit.

4.5 Conclusion

The unitary regime for bosons is still not completely understood, both experimen-

tally and theoretically. In this chapter we believe to have shown that the use of a

Jastrow ansatz with the hypernetted-chain approximation gives promising results

that will help with the understanding.

In the first section we put forward a very elegant mean-field theory which

describes a Bose gas near a Feshbach resonance. This theory shows the universal

nature at a Feshbach resonance and can be used to calculate numerically the

chemical potential as a function of the scattering length. Moreover, at unitarity

this theory gives an analytic result for the chemical potential.

This mean-field theory is probably, for large interaction strengths, quantita-

tively not reliable, since it lacks the important contributions of quantum fluctua-

tions. We therefore propose to use a Jastrow ansatz together with the hypernetted-
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chain approximation to further investigate the strongly interacting Bose gas. We

have shown how to set up such an approach. From the two-particle distribution

function g, which is computed with the hypernetted-chain relation, several im-

portant physical quantities can be derived. Not only the energy, but also the

condensate fraction and the contact can be computed directly from g.

The system of relations for f and g can be solved using a variational approach.

The two-particle distribution function is varied, until the energy is minimized. This

gives promising results for small and intermediate values of the scattering length

kFa. For larger kFa, the chosen parametrization of g does not converge very in

a stable manner. It is yet unclear whether this is purely a numerical problem or

that there are real physical instabilities involved. Further work is needed to fully

understand this issue. However for the regime where convergence is reached, we

were able to derive the energy, the condensate fraction and the contact.

The ultimate goal would obviously be to find the energy exactly at unitarity. To

give a first estimate, we show in figure 4.4 with the dashed lines an extrapolation of

the energy. From the mean-field result in Sec. 4.2, we notice that the energy leaves

linearly in 1/kFa from unitarity. This also corresponds to a constant contact at

unitarity, which is related to the slope of the energy. When we assume this behavior

to be correct, we find an energy e ' 0.5εF. At unitarity the chemical potential is

related to the energy via µ = 5e/3, which results in an estimate of the universal

number β ' −0.2. This is higher than the β = −0.54 found using a mean-field

theory, however, since the convergence for the higher kFa energy could not be

reached completely, we expect this β to be an upper bound. This is in agreement

with the current experiments and calculations [88–91]. For the contact we find

at unitarity C ' 10.3n4/3, which is remarkably close to the contact for unitary

fermions, C ' 11n4/3 [99]. This poses again the interesting question whether the

universal behavior of fermions and bosons is identical at unitarity.





*****
Nederlandse samenvatting

De titel van dit proefschrift is “Niet-perturbatieve fenomenen in kwantumgassen

met resonante interacties”. Hoewel dit op zich al een zeer korte samenvatting is

van dit werk, zal het voor velen weinig verhelderend zijn. In deze samenvatting

zullen we proberen om ook voor de niet deskundigen, aan de hand van de titel, uit

te leggen waar dit proefschrift over gaat. We beginnen met het uitleggen van de

experimentele systemen en de context waar dit alles zich afspeelt. Aan het eind

zullen we proberen om uit te leggen hoe dit proefschrift daar aan bij heeft kunnen

gedragen.

Kwantumgassen

Uit de titel zal één ding wel voor iedereen duidelijk zijn, en dat is dat alles in dit

proefschrift draait om kwantumgassen. Dit zijn wolkjes atomen (gassen) die zo

koud zijn dat het gedrag wat ze vertonen alleen verklaard kan worden met behulp

van de kwantummechanica.

Iedereen die natuurkunde op de middelbare school heeft gehad, herinnert zich

misschien de wetten van Newton. Deze wetten, die we tegenwoordig de “klassieke

natuurkunde” noemen, beschrijven de natuur om ons heen op grote schaal. Op

kleine schaal werkt Newton echter niet, en hebben we andere wetten nodig die vol-

gen uit de kwantummechanica. De grens tussen grote en kleine schaal is niet heel

scherp, maar bij kleine schaal kan je denken aan atomen of een aantal elektronen

en bij grote schaal meer aan dingen als een voetbal of een auto.

De grote of kleine schaal gaat niet alleen over de lengteschaal, dus de fysieke

grootte, maar kan ook te maken hebben met de hoogte van de temperatuur. Als

een systeem een hele lage temperatuur heeft wordt het ook niet meer beschreven

door de wetten van Newton, maar door kwantummechanica. Dit is bijvoorbeeld

relevant wanneer een stukje metaal wordt afgekoeld tot een zeer lage temperatuur.
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De Nederlander Kamerlingh Onnes deed dit voor het eerst in 1911. Hij koelde

een draadje van kwik af tot een temperatuur lager dan 4.2 Kelvin (−269 ◦C)

en ontdekte dat de elektrische weerstand van dit draadje volledig verdween. Dit

fenomeen heet supergeleiding. Met de wetten van Newton is dit niet te verklaren,

maar in 1957 hebben de drie wetenschappers Bardeen, Cooper en Schrieffer laten

zien dat dit wel kan met de kwantummechanica.

Supergeleiding is al jaren een populair onderwerp in de wetenschap waar veel

onderzoek naar gedaan wordt. Tot nu toe is het alleen mogelijk om een supergelei-

dend materiaal te hebben bij zeer lage temperaturen. Het vinden van een materiaal

dat supergeleidend is bij kamertemperatuur zou dan ook een zeer belangrijke

ontdekking zijn. Het zonder weerstand kunnen vervoeren van elektriciteit zou een

grote positieve bijdrage bieden aan het oplossen van het energieprobleem, omdat

10% van het huidige elektrische energieverbruik het transport door hoogspan-

ningskabels is. Daarnaast kunnen we ook nog fundamentele kennis opdoen door

het bestuderen van supergeleidende systemen, of systemen met andere bijzondere

kwantumeffecten.

Om nauwkeurig onderzoek te kunnen doen, aan bijvoorbeeld supergeleiding,

is het belangrijk om zo veel mogelijk controle te hebben over het systeem. Een

systeem waar je bijzonder veel controle hebt is het ultra-koude kwantumgas. Men

noemt het ultra-koud omdat het wolkje atomen wordt afgekoeld tot een aantal

nanokelvin; dat is bijna het absolute nulpunt van temperatuur. Het bereiken van

zulke lage temperaturen is mogelijk door gebruik te maken van laser-koeling en

verdampingskoelen.

De temperatuur van een gas wordt voornamelijk bepaald door de mate van

beweging van de deeltjes: hoe meer ze bewegen hoe hoger de temperatuur. Door

de deeltjes te vertragen kan het wolkje dus afgekoeld worden. Dit vertragen kan

bijvoorbeeld met laserlicht. Licht bestaat uit deeltjes (fotonen) en door deze van

voren tegen een atoom aan te laten botsen vertraagt het atoom een klein beetje.

Als je dit maar vaak genoeg doet komt het uiteindelijk bijna stil te staan. Je

kan dit vergelijken met het stoppen van een vrachtwagen door het van voren met

pingpongballen te bestoken. Het duurt even, maar uiteindelijk komt hij stil te

staan. Met slimme technieken kan ervoor gezorgd worden dat de atomen alleen

vertragen, en niet weer versneld worden door het licht. Op deze manier kan het

gas worden gekoeld tot een paar millikelvin.

Deze experimenten vinden plaats in een soort container. Het is echter niet

mogelijk om zo’n container ook af te koelen tot een temperatuur van een paar

millikelvin. Als het wolkje gas de wand van deze container zou raken warmt het

weer snel op. Om het gas af te kunnen koelen tot een aantal nanokelvin, is het dus

cruciaal dat het gas wordt gevangen in een extreem hoog vacuüm zodanig dat het
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de wanden niet kan raken. Ook hiervoor wordt in de meeste recente experimenten

weer laserlicht gebruikt. Door dit licht uit verschillende richtingen op het wolkje

gas te schijnen wordt het naar het centrum van de container gedrukt, waar het

vervolgens niet meer weg kan.

Wanneer het gas eenmaal gevangen is kan het nog verder worden gekoeld.

Hiervoor wordt een techniek genaamd verdampingskoelen gebruikt. Hierbij worden

deeltjes met veel energie uit het wolkje geschoten, zodat de deeltjes die overblijven

in het wolkje gemiddeld een lagere energie hebben, en dus een lagere temperatuur.

Deze techniek kan je heel goed vergelijken met het afkoelen van een kop thee, door

er op te blazen. Hierdoor worden ook de theemoleculen met een hoge energie, die

boven het theeoppervlak uit schieten, weggeblazen. Met deze techniek kan het

gaswolkje afgekoeld worden tot het gewenste nanokelvin regime.

Resonante interacties

Zoals hiervoor al beschreven, is een belangrijke reden om ultra-koude kwantum-

gassen te gebruiken, de enorme controle die je over het systeem hebt. Zo kan de

temperatuur gevarieerd worden door gedurende lange of korte tijd te koelen. Het

aantal deeltjes kan aangepast worden, maar ook het soort deeltje. Maar wat het

systeem echt interessant maakt is dat de interactiesterkte tussen de deeltjes kan

worden geregeld.

Met de interactie tussen deeltjes bedoelen we de krachten die werken op twee

deeltjes, of atomen, als ze dicht bij elkaar komen. Deze krachten worden voor-

namelijk veroorzaakt door de verdeling van elektrische lading in de deeltjes. In de

praktijk blijkt het zo te zijn dat het gedrag van deze ladingsverdeling ervoor zorgt

dat op grote afstand twee deeltjes naar elkaar toe worden getrokken. Er is dan

dus een aantrekkende kracht. Maar op korte afstand worden ze vrijwel altijd uit

elkaar gedrukt. Er is dan dus sprake van een afstotende kracht. De grootte en de

richting van de kracht hangt dus af van de afstand tussen twee deeltjes.

Dit verband tussen de afstand en de kracht is in veel gevallen zeer ingewikkeld.

Echter voor ultra-koude kwantumgassen is het beschrijven van deze interacties

allemaal wat eenvoudiger. Omdat de temperatuur zo laag is bewegen de deeltjes

relatief traag, waardoor er weinig kracht nodig is om ze van richting te veranderen.

Maar ook de dichtheid van deze gassen is heel laag, waardoor de gemiddelde af-

stand tussen de deeltjes relatief groot is. Hierdoor is het precieze verband tussen de

kracht en afstand helemaal niet belangrijk meer, maar wordt de interactie volledig

bepaald door de verstrooiingslengte. Deze verstrooiingslengte is gerelateerd aan

de afstand waarop twee deeltjes de kracht die ze op elkaar uitoefenen voelen. Als

deze verstrooiingslengte heel klein is moeten de deeltjes heel dicht bij elkaar komen
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om iets van de interactie te merken. We spreken dan van een zwakke interactie.

Maar als de verstrooiingslengte heel groot is voelen de deeltjes elkaar ongeacht

hoe ver ze van elkaar verwijderd zijn. We spreken dan van een sterke interactie.

De verstrooiingslengte is een materiaaleigenschap en de waarde is anders voor elk

type materiaal.

Toch ligt de waarde van de verstrooiingslengte niet helemaal vast, maar kan

worden veranderd door het gas in een magnetisch veld te zetten. Door de sterkte

van het magnetisch veld te veranderen, verandert ook de verstrooiingslengte. De

precieze werking is wat technisch, maar het heeft te maken met het ontstaan van

gebonden toestanden (moleculen) voor bepaalde waarden van de veldsterkte. Deze

gebonden toestanden zorgen ervoor dat de effectieve verstrooiingslengte plotseling

extreem groot wordt, zelfs oneindig groot. Wanneer dit gebeurt spreekt men van

een Feshbach resonantie. Er zijn vaak meerdere waarden van het magnetisch veld

waar dit gebeurt en dus meerdere resonanties. Ergens tussen twee resonanties

in, is de verstrooiingslengte altijd een keer gelijk aan nul. Door de magnetische

veldsterkte rond een resonantie te variëren kan dus elke gewenste waarde van

de verstrooiingslengte gekozen worden! Deze resonante interactie maakt het dus

mogelijk om binnen één systeem zowel zwakke als sterke interacties te bestuderen.

Niet-perturbatieve fenomenen

Tot nu toe hebben we het gehad over wat kwantumgassen zijn en welke bijzon-

dere eigenschappen ze hebben, zoals een varieerbare interactiesterkte. Maar wat

moeten we daarmee? Een belangrijk doel is dat een heleboel eigenschappen van

kwantumsystemen kunnen worden bestudeerd in een gecontroleerde omgeving. In

dit proefschrift ligt de nadruk op systemen waar de interactie-sterkte zeer groot is.

Zowel experimenteel als theoretisch zijn sterke interacties vaak moeilijk nauwkeurig

te bestuderen. Toch kunnen hier vaak hele interessante fenomenen in gevonden

worden.

Het is voor realistische systemen meestal onmogelijk om de relaties die vol-

gen uit de natuurwetten exact op te lossen. Het is vaak de interactie die een

systeem ingewikkeld maakt. Een veel gebruikte oplossing is, om de effecten van

de interactie dan perturbatief te bekijken. Dit betekent dat je begint met het

systeem zonder interactie en dan eerst alleen de bijdragen meetelt die lineair zijn

in de interactiesterkte. Vervolgens voeg je bijdragen toe die kwadratisch zijn, en

daarna met een derde macht, enzovoorts. Als de interactiesterkte klein is, worden

bijdragen met een hoge macht nog kleiner: het is dan vaak voldoende om maar

een paar termen mee te tellen en toch het systeem nauwkeurig te beschrijven.

Dit heet een perturbatieve benadering van het probleem. Als de interactiesterkte
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groot is, worden bijdragen met een hogere macht juist steeds belangrijker. Om

het systeem goed te beschrijven moet je dan alle bijdragen meetellen, wat leidt

tot een onmogelijke rekenopgave. Sterke interacties kunnen dus niet op een per-

turbatieve manier worden behandeld en moeten dus op een andere manier worden

opgelost. Uit een theoretisch perspectief zijn fenomenen van systemen met een

sterke interactie dus niet-perturbatief.

Bijna alle woorden uit de titel hebben we nu behandeld, op één woord na,

namelijk “fenomenen”. Hoewel de betekenis van dit woord voor iedereen duidelijk

is, is het ook het meest omvattende. In dit proefschrift bedoelen we met fenomenen

de fysische verschijnselen en eigenschappen van kwantumgassen rond een Feshbach

resonantie. De meeste van de fenomenen zijn vrij technisch en het gaat wat ver

om dat in deze samenvatting allemaal uit te leggen. Het soort deeltje dat gebruikt

wordt zorgt voor een belangrijk onderscheid in welke fenomenen er waargenomen

kunnen worden. Het eerste gedeelte van dit proefschrift gaat over fenomenen in

gassen van fermionen terwijl het tweede gedeelte gaat over gassen van bosonen.

Elk deeltje, zoals een proton, neutron, elektron, foton, atoom, enzovoorts, is

òf een boson, òf een fermion. Dit is een fundamenteel onderscheid dat iets zegt

over het gezamenlijk gedrag van meerdere deeltjes bij elkaar. Het verschil is,

dat fermionen niet op dezelfde plek willen (kunnen) zijn, terwijl bosonen juist

een grotere kans hebben om wel bij elkaar gevonden te worden. Dit is een puur

kwantummechanische eigenschap, die niet klassiek met de wetten van Newton

kan worden begrepen; er is namelijk geen kracht die het veroorzaakt. Dit on-

derscheid zorgt ook voor een groot verschil in hoe kwantumgassen zich gedragen.

Supergeleiding, bijvoorbeeld, wordt in een metaal door elektronen veroorzaakt;

dit zijn fermionen. Om supergeleiding in een kwantumgas te bestuderen, moet

dit gas dus ook bestaan uit deeltjes die tot de fermion-familie behoren. Bosonen

gedragen zich weer compleet anders. Als deze worden afgekoeld vormen ze een

zogenaamd Bose-Einstein condensaat. Deeltjes in een Bose-Einstein condensaat

hebben bijzondere eigenschappen, onder andere gedragen ze zich in zekere zin alsof

ze één deeltje zijn.

Andere interessante fenomenen ontstaan wanneer de interactiesterkte precies

op een resonantie wordt afgesteld. Op dat punt is de verstrooiingslengte oneindig

groot. Normaal gesproken zegt de verstrooiingslengte iets over de lengteschaal

waarop de interacties plaatsvinden. Deze schaal is karakteristiek voor elk type

deeltje. Maar als de verstrooiingslengte oneindig groot is valt daar geen informatie

meer uit te halen. Omdat elk type deeltje met een oneindige verstrooiingslengte

zich min of meer identiek gedraagt, noemt men dit het universele regime van

het kwantumgas. Het lijkt zelfs zo te zijn dat fermionen en bosonen zich in dit

regime vergelijkbaar gedragen. In dit proefschrift worden nog meer van dit soort
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interessante fenomenen beschreven.

Het beschrijven van fenomenen klinkt misschien een beetje vaag. Concreet

komt het in dit proefschrift neer op het vinden van nieuwe technieken om met een

aantal wiskundige formules experimentele data van niet-perturbatieve systemen

te verklaren. Er worden verschillende technieken behandeld waarvan sommige

uitstekend werken en andere minder. Hiermee zijn we niet alleen in staat bestaande

experimentele data te verklaren, maar ook om voorspellingen te doen over mo-

gelijke uitkomsten van toekomstige experimenten. Meer details hierover staan

uiteraard in de rest van dit proefschrift.



*****
Dankwoord

In Utrecht doen we niet aan stellingen bij het proefschrift, maar één stelling durf

ik wel aan: “Het dankwoord is het meest gelezen onderdeel van het proefschrift”.

Als jij ook zo iemand bent die alleen dit dankwoord leest, dan wil ik toch nog even

wijzen op de samenvatting, die is ook best de moeite waard om te lezen.

De eerste die een bedankje verdient is natuurlijk Henk Stoof. Mijn begeleider

voor dit proefschrift. Henk is altijd zeer enthousiast en positief ingesteld over een

succesvolle afloop van elk project en dat werkt vaak heel motiverend, ook als het

soms even tegenzit. En onderzoek doen bestaat voor een groot deel uit dingen

die net even niet gaan zoals je verwacht had. Maar gelukkig heeft Henk voor elk

probleem altijd wel een aantal mogelijke oplossingen klaarliggen, sommigen leuk,

vernieuwend en leerzaam. Henk, bedankt voor vier mooie en leerzame jaren.

Gelukkig heb ik niet alles alleen hoeven doen. Een aantal projecten heb ik

samen kunnen doen met Koos Gubbels. Koos is vóór mij als aio bij Henk aan

de slag gegaan, en is net zo enthousiast en motiverend geweest als Henk. In mijn

laatste jaar heb ik ook nog prettig samengewerkt met de Tristan van Heijst, die

zijn masterscriptie bij Henk schreef.

Naast de collega’s waar ik mee samen heb gewerkt, zijn er nog veel meer mensen

op het instituut die zorgen voor een zeer fijne sfeer. Zelfs als het onderzoek weer

eens even tegenzat blijft het daardoor leuk om naar het instituut te gaan.

Van al die mensen wil ik er een paar in het bijzonder even noemen. Allereerst

Maaike. Al die tijd dat ik naar het instituut ging was er Maaike. Het was heel

fijn om tegen iemand aan te kunnen praten over alle voors en tegens van het

promoveren en de zaken die daar niets mee te maken hebben. Maar nog veel

belangrijker, omdat het heel gezond is om veel te drinken, probeerde wij elkaar er

regelmatig aan te herinneren een theepauze in te lassen. Hopelijk kunnen we dit

ook na deze vier jaar nog af en toe blijven doen. Hugo was drie jaar lang mijn

kantoor genoot, en dankzij zijn pogingen om mij zoveel mogelijk van het werk
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te houden (en andersom) was het altijd erg gezellig op het kantoor. Jasper ken

ik natuurlijk als aio van Henk, maar ook als buurman. Naast werk gerelateerde

interesses hebben we ook nog eens andere leuke dingen gedaan zoals af en toe een

concert. Dan Jurjen, dankzij de vragen die je regelmatig kwam stellen had ik zo

af en toe nog het gevoel nuttig te zijn.

Natuurlijk zijn er nog veel meer mensen die het zo leuk maakte, waaronder:

Marius, Niels, Timothy, Maarten, Jan, Jildou, Erik, Hedwig, Ralph, Ties, Martijn,

Rembert, Juliane, Rajesh, Shaoyu en Achilleas. Maar eigenlijk had ik dit ook

kunnen samenvatten door gewoon het hele instituut in één keer te bedanken.

Voor mijn familie en vrienden die niet zoveel met natuurkunde hebben was

het niet altijd even makkelijk om te begrijpen wat ik de afgelopen vier jaar heb

gedaan, hoewel dit na het lezen van de samenvatting nu allemaal duidelijk zal

worden. Toch waren ook jullie vaak wel gëınteresseerd. Iedereen bedankt voor de

steun, motivatie, afleiding en sportiviteit. Een speciaal bedankje voor Johannes

en Maarten die mijn paranimfen willen zijn. En voor mijn ouders voor alles.

En echt, lees nou die samenvatting.



*****

Curriculum Vitae

Ik ben geboren op 23 maart 1984 in Delft. Mijn VWO opleiding heb ik gevolgd aan

het Dorenweerd college in Doorwerth van 1996 to 2002. Hierna ben ik natuurkunde

gaan studeren aan de Universiteit Utrecht. In 2007 ben ik afgestudeerd met een

scriptie over neutronen sterren onder begeleiding van Eric Laenen en Henk Stoof.

Vanaf oktober 2007 heb ik aan mijn promotieonderzoek gewerkt onder begeleiding

van Henk Stoof. De resultaten van mijn onderzoek zijn het onderwerp van dit

proefschrift.
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415, 39 (2002).

[42] M. W. Zwierlein, A. Schirotzek, C. H. Schunck and W. Ketterle. Science

311, 492 (2006).

[43] G. . Partridge, W. Li, R. I. Kamar, Y. Liao and R. G. Hulet. Science 311,

503 (2006).

[44] M. M. Parish, F. M. Marchetti, A. Lamacraft and B. D. Simons. Phys. Rev.

Lett. 98, 160402 (2007).

[45] K. B. Gubbels, J. E. Baarsma and H. T. C. Stoof. Phys. Rev. Lett. 103,

195301 (2009).

[46] P. Fulde and R. A. Ferrell. Phys. Rev. 135, 550 (1964).

[47] A. I. Larkin and Y. N. Ovchinnikov. Sov. Phys. JETP 20, 762 (1965).

[48] G. V. Chester. Phys. Rev. A 2, 256 (1970).

[49] A. Bulgac and M. M. Forbes. Phys. Rev. Lett. 101, 215301 (2008).

[50] D. Bailin and A. Love. Phys. Rep. 107, 325 (1984).

[51] R. Casalbuoni and G. Nardulli. Rev. Mod. Phys. 76, 263 (2004).

[52] M. G. Alford, A. Schmitt, K. Rajagopal and T. Schäfer. Rev. Mod. Phys.
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