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Phase diagrams of mixtures of colloidal hard spheres with hard discs are calculated by means of the
free-volume theory. The free-volume fraction available to the discs is determined from
scaled-particle theory. The calculations show that depletion induced phase separation should occur
at low disc concentrations in systems now experimentally available. The gas–liquid equilibrium of
the spheres becomes stable at comparable size ratios as with bimodal mixtures of spheres or
mixtures of rods and spheres. Introducing finite thickness of the platelets gives rise to a significant
lowering of the fluid branch of the binodal. © 2004 American Institute of Physics.
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the platelets. A convenient expression for the pressure p R
exerted by the reservoir of platelets is given by15

I. INTRODUCTION

Mixtures of colloidal particles that differ in size and
shape are ubiquitous in industry, food science, and the biological realm.1,2 Knowledge of the phase diagram of those
systems is essential to understand their stability. A range of
colloidal mixtures have been studied extensively by means
of experiments, simulations, and theory. Especially mixtures
of hard spheres with polymers 共see Ref. 3, and references
therein兲 or hard smaller spheres obtained much attention 共see
Ref. 4, and references therein兲. In such systems phase transitions may take place for purely entropic reasons, i.e., the
species may gain conformational entropy when they are no
longer hindered by the other species which are consequently
expelled. This so-called depletion effect5,6 is even more
pronounced in anisometric mixtures of, e.g., rods and
spheres.7–9 Here we determine the phase behavior of anisometric mixtures of platelets and spheres by means of the
free-volume theory.10 This theory accounts for the volume in
the system that is available to the species in a hypothetical
reservoir and has previously proven to be successful to bimodal mixtures of spheres11 and to mixtures of rods and
spheres.12,13
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Upon comparison with simulations17,18 Eq. 共2兲 is very accurate for both platelets of finite thickness as well as discs. The
mathematics in the following is substantially simplified if we
take discs, i.e., infinitely thin platelets, without losing the
physics. The second virial coefficient then simply reads
B 2 ⫽  2 D 3 /16,
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which converts Eq. 共2兲 to19
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where we introduce the aspect ratio q⬅D/  and the discs’
number density in the reservoir,  Rp .
Coexistence between phases ␣ and ␤ at a given reservoir
pressure is found from

Consider a system of N s hard spheres with diameter  in
a volume V at temperature T. Suppose this system is in
thermodynamic equilibrium with a reservoir of platelets with
a diameter D and thickness L. The appropriate thermodynamic quantity to describe this system is the semigrand potential. Applying Widom’s insertion theorem14 and elementary thermodynamic relations, one obtains for dilute platelet
suspensions10–13

p ␣ 共  s␣ 兲 ⫽ p ␤ 共  s␤ 兲 ,

 s␣ 共  s␣ 兲 ⫽  s␤ 共  s␤ 兲 .
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We obtain the pressure of the system and chemical potential
of the spheres from Eq. 共1兲 as

共1兲
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Here A ⴰ is the Helmholtz energy of the unperturbed hard
sphere system and ␣ is the so-called free-volume fraction,
i.e., the relative amount of the volume V that is accessible to
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Here  Rp is the volume fraction of discs in the reservoir. The
nonsphericity parameter  follows from the second virial coefficient B 2 and the platelet’s volume v p according to

II. FREE-VOLUME THEORY
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Here  s ⫽N s (  /6)  3 /V is the volume fraction of the
spheres. The pressure and chemical potential of the unperturbed hard-sphere fluid are found from the Carnahan–
Starling equation20
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The equation of state of the hard-sphere crystal is given
by Wood21

On the other hand, if Ⰷ1, the work required to insert a
large disc between the spheres, will approximately be the
volume work to create a hole with the size of a disc;
W⬇p v p . However, since the discs are infinitely thin, it applies that the size of a disc vanishes; v p ⫽0. Hence,
W 共 Ⰷ1 兲 ⫽ p v p ⫽0.
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The first term on the right-hand side is an integration constant derived from the absolute free energy of a hard sphere
crystal from Monte Carlo simulations at  s ⫽0.576. 22

The free-volume fraction ␣ is determined from the
chemical potential of the discs. Inserting a disc in a sea of
spheres adds, next to the mixing entropy, a work term W to
that chemical potential
共13兲

On the other hand, it follows from Widom’s insertion
theorem14 that

 p ⫽  ⴰp ⫹k B T ln  p ⫺k B T ln ␣ .
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The required work to insert a disc in between spheres therefore amounts to W⫽⫺k B T ln ␣ or, alternatively,

␣ ⫽e ⫺W/k B T .

共15兲

Looking for the free volume fraction ␣ is therefore equivalent to finding an expression for W. In order to determine the
insertion work W, the scaled-particle theory considers two
size limits. To that end, we scale the disc diameter D with a
parameter . Since the disc is infinitely thin, the thickness
does not need to be scaled.
For the limit Ⰶ1 the small discs may be considered to
be points and the overlap volume between the spheres is
therefore negligible. Hence, in that limit the volume available to the disc is V⫺N s  (D,  ), where  (D,  ) is the
volume of a sphere of diameter  that is excluded to a disc.
Thus, the free-volume fraction is ␣ ⫽1⫺  s  (D,  ). Using
Eq. 共15兲 it follows that
W 共 Ⰶ1 兲 ⫽⫺k B T ln共 1⫺  s  共 D,  兲兲 .
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where  0 ,  ⬘0 , and  0⬙ are the excluded volume, its first and
second derivatives with respect to , respectively, evaluated
for ⫽0.
When we finally scale the disc to the desired size by
putting ⫽1, we find from Eq. 共18兲 using Eq. 共15兲 for the
free-volume fraction
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III. SCALED-PARTICLE THEORY
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where  cp⫽  &/6⬇0,74 is the closed packed density. The
chemical potential follows from integration of the Maxwell
relation (  p/  N s ) T ⫽⫺(   s /  V) T ,
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This rather remarkable result also applies to infinitely thin
rods.12,23
The essence of the scaled-particle theory is that we may
add both limits, where we expand W in the limit Ⰶ1
around ⫽0. From Eqs. 共16兲 and 共17兲 we obtain
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The problem has now reduced to finding the excluded
volume of a disc around a sphere. Let us place a disc into a
certain orientation and move it in such a way around a
sphere, that its center is as close as possible to the sphere. In
this way we probe the volume that is inaccessible to the disc.
A different orientation of the disc relative to the sphere is
equivalent as redefining the coordinate system. In this way it
is easily seen that all orientations yield the same excluded
volume. For a disc of diameter D around a sphere of diameter  we find from the body of revolution of a line probing
a circle
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This is the same result as found for spheres around a disc.19
Scaling the diameter of the disc with , we find for the coefficients in Eq. 共19兲,
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FIG. 1. Calculated phase diagram for mixtures of hard spheres 共volume fraction  s ) with hard discs. The upper row as a function of the reduced reservoir
number density  p D 3 , where D is the disc’s diameter, in the second row the corresponding reduced number density in the system. Dashed lines show the
metastable gas–liquid equilibrium.

Here we introduced the aspect ratio q⫽D/  . Using  s
⫽  s v s , the free-volume fraction, Eq. 共19兲, finally reads
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Since we consider dilute disc dispersions, the chemical
potential of the reservoir may be given as  Rp ⫽  ⴰp
⫹k B T ln Rp . In equilibrium applies  p ⫽  Rp . Using Eq. 共14兲,
we find the volume fraction of discs in the system as
 p ⫽ ␣  Rp .
IV. RESULTS

At a given number density,  Rp of discs in the reservoir,
the pressure of the reservoir on the system follows from Eq.
共5兲. Together with Eqs. 共22兲 and 共23兲 then follows the perturbation on the pure hard spheres due to the presence of the
discs in Eqs. 共7兲 and 共8兲.
The set equations of Eq. 共6兲 can be solved numerically
using Eqs. 共9兲 and 共10兲 in Eqs. 共7兲 and 共8兲, respectively, for a
given  Rp . This set gives the gas–liquid coexistence of a
‘‘liquid phase’’ rich in spheres 共poor in discs兲 and a ‘‘gas
phase’’ that is poor in spheres 共relatively rich in discs兲. We

calculated points down to the critical point which can be
found numerically from the roots of the first and second
derivatives of the pressure, Eq. 共7兲. If we use Eqs. 共9兲 and
共10兲 for phase ␣ and Eqs. 共11兲 and 共12兲 for phase ␤, the
fluid-crystal equilibrium can be found from the set equations
of Eq. 共6兲 at given  Rp . Results are given in Fig. 1.
Since the phase transition takes place at  Rp D 3 ⬃1, no
isotropic–nematic transition of discs is expected.
Simulations16,17 show that this is first found at a density
 Rp D 3 ⬃4. For relatively small discs 共low q) the gas–liquid
equilibrium (G⫹L) is located inside the F⫹C region and is
metastable, indicated by the dashed lines in Fig. 1. For large
enough discs (q⬅D/  ⲏ0.41) G⫹L becomes stable, which
leads to the existence of a triple line. This aspect ratio is
comparable to those found for polymer-spheres mixtures
关 q⫽0.4 共Ref. 24兲兴 and 共infinitely thin兲 rods 关 q⫽0.3 共Refs.
12, 13兲兴.
Experimentally the number density of discs in the system rather that in the 共hypothetical兲 reservoir is relevant. The
calculated phase diagrams in the upper row of Fig. 1 are
therefore transformed to experimentally accessible diagrams
in the second row by  p ⫽ ␣  Rp . 10 This forces the horizontal
tie lines to be slanted. As a consequence the triple line opens
up as a triangle.
In an experiment the platelets have a finite thickness. It
seems reasonable as a first approximation to apply the theory
for infinitely thin platelets to the experimental system given
in Fig. 2共a兲. The silica spheres have a diameter of 
⫽700 nm, whereas the silica coated gibbsite platelets are L
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FIG. 2. 共a兲 TEM micrograph of a mixture of silica spheres (  ⫽700 nm)
with silica coated gibbsite plates (D⫽200 nm, L⫽30 nm). 共b兲 The calculated phase diagram of the experimental system. The dashed lines give the
phase diagram from discs where the volume fraction of platelets,  p , is
determined from the reduced number density for discs via Eq. 共24兲. Upon
replacing both the second virial coefficient in Eq. 共2兲 as well as the coefficients of the free volume fraction in Eq. 共22兲 by those for thin cylinders, the
solid lines are found.

⫽30 nm thick and D⫽200 nm wide. The reduced number
density can be converted to a volume fraction via

 p⫽  pv p⫽  p

 2
 L
D L⫽  p D 3
.
4
4 D

共24兲

For the experimental size ratio (q⫽2/7⬍0.41) the liquid–
gas phase transition is metastable, so only the fluid-crystal
phase boundary and tie lines are given by the dashed lines in
Fig. 2共b兲.
It is straightforward to extend the above theory to platelets of diameter D with a finite thickness L represented by
short cylinders. The second virial coefficient of a reservoir of
cylinders reads25
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For infinitely thin platelets (L⫽0) Eq. 共25兲 reduces to Eq.
共4兲. It can be shown that Eq. 共2兲, using the second virial
coefficient in Eq. 共3兲 from Eq. 共25兲, gives the same pressure
as from simulations18 up to densities  Rp D 3 ⱗ2.0. That is,
Eq. 共2兲 using Eq. 共25兲 suffices for our present purposes.
By applying the scaled particle procedure of Sec. III to a
sphere probing the volume around a cylinder, we find for the
free volume fraction the same functional form as Eq. 共22兲
now with the coefficients
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Here we defined r⬅L/D. It is easily seen that for discs
(r⫽0) Eq. 共26兲 reduces to Eq. 共23兲.
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Inserting Eqs. 共25兲 and 共26兲 into Eqs. 共2兲 and 共22兲, respectively, and going through the above procedure using the
experimental system of Fig. 2共a兲, we find the phase diagram
given by the solid line in Fig. 2共b兲. Clearly, the fluid branch
of the binodal goes down by almost a factor 2, whereas from
the tie lines we see that the crystal phase tend to shift to
higher volume fractions of the spheres. Hence, introducing
finite thickness to the platelets leads to a significant lowering
of the binodal. This can also be observed for rods when
infinitely thin needles are replaced by spherocylinders.12,13
If we prepare samples of  s ⫽0.025 spheres, we may
already expect crystalline ordering of the spheres at  p
⫽0.07. This volume fraction is one order of magnitude
larger than experimentally found for dispersions of rods in
spheres (  rod⫽0.005 for a similar aspect ratio9兲 but one order of magnitude smaller than predicted for binary hard
spheres mixtures 共we estimate  small sphere⬎0.3 for a comparable size ratio26,27兲. We predict that fairly low platelet concentrations suffice to induce phase separation. We hope to
address this experimentally for systems as shown in Fig. 2.
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