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1.1. Distribution charts and range charts

Samples from sediments frequently yield a wealth of microfossils. Because
of their relative abundance these fossils have become the primary tool for
biostratigraphic and paleoecological analyses carried out by micropale-
ontologists, both in industry and in academic institutions. Micropaleon-
tologists usually consider only a single group of microfossils, although there
are teams of specialists who study different groups from the same samples.
These groups occupy widely different positions in the animal and plant king-
doms and include benthonic foraminifera, planktonic foraminifera, radio-
larians, ostracodes, conodonts, calcareous nannofossils, dinoflagellates and
diatoms (Haq & Boersma, 1978), and spores and pollen. This list is not ex-
haustive but it accounts for roughly 90 per cent of all micropaleontologists'
activities.

The systematic treatment applied to all these groups is the same, or at
least it can be the same. Although preparation techniques differ, they all
yield per sample a large collection of fossils, which are grouped and labelled
by means of some sets of basic rules. Groupings are usually made on the ba-
sis of morphological similarity and the units are equated with the taxa
distinguished for Recent organisms, whether species or genera, or units of
lower or higher rank. Labelling commonly follows the rules of Linnean no-
menclature. However, there are other systems of grouping and labelling as
well.

For our purpose it is important that a sample contains a collection of
taxa, the names of which are understood (at least approximately) by other
specialists in the same field of research. The collection of taxa (or names) is
thought to give information about either the relative geological age or the
environment (or both) of the sediment from which the sample was derived.

In practice the collections of taxa from two or more samples are compar-
ed for a specific purpose. For instance if all samples are from Recent sedi-
ments of a certain area, i.e. from a single time plane, the aim of the analysis
is usually to draw inferences about environment.

Samples and taxa may be represented in a kind of matrix, called a distri-
bu tion chart. By establishing degrees of similarity in sample contents the
specialist is able to draw conclusions. It should be emphasized that there is



no predetermined order of the taxa for such a matrix, and this is not ne-
cessary for the samples either. One might postulate that some geographic
grid ought to influence the sample order, but in practice such an order is not
imposed because the two-dimensional grid cannot be transformed logically
into the linear scale of the available axis. As the analysis is expected to yield
amongst other things a meaningful geographic pattern of the sample group- '\
ings, generally no order is imposed beforehand.

The matrix cannot be freely arranged for the samples in the case of
stratigraphic sections. One cannot escape from the logical order of the sam-
ples along the stratigraphical column. The taxa arrangement along one axis
remains free, along the other axis the samples will be arranged according to
the succession of the strata from bottom to top (or top to bottom), i.e.
according to relative age. This type of distribution chart is usually called a
range chart.

The information drawn from such range charts is usually for stratigraphic
purposes; the specialist looks for entries, exits and ranges of taxa from which
he constructs datum levels and zones in the biostratigraphic sequence.

If certain precautions are taken a range chart can be used as if it were a
distribution chart, i.e. the time sequence is "cut off" and the data in the
matrix can be analyzed for paleoecological purposes. Usually the proportions
of the taxa will be checked for correlation with other data from the sedi-

.ment, whether recurrent along the column or not.

There are surprisingly few generally accepted rules relating to the methods
by which charts should be constructed. Consequently very few charts are of
good quality from the point of view of mathematical statistics. The range
charts given in the literature commonly contain no more than presence-ab-
sence data of the taxa, and frequently the ranges are simplified by solid lines
between the entry and exit levels, suggesting that the taxon was found in all
samples in between. Biostratigraphers frequently seem to be concerned only
about the few items they are interested in and carelessly throwaway all
other information they have gathered during their observations.

At least as far as foraminifera are concerned, the micropaleontologists
analyzing Recent environments tend to give better numerical information,
but their methods differ considerably. Unit weight or unit volume of sedi-
ment give markedly different totals of individuals, which reveal little more
than the degree of "dilution" by sediment. Since relative frequencies of the
taxa are thought to give the most relevant data we frequently find percen-
tages either without a total number or with a calculated total that has no
relation with the number of specimens from which the percentages were
calculated (Phleger & Parker, 1951).



Instead of percentages, the range charts often show only the degree of
abundance of taxa in samples by means of symbols in the cells of the charts.
For instance, a taxon with a numerical proportion of less than one per cent
in a sample is marked as . in the corresponding cell. A proportion between 1
and 10 per cent may be recorded as 0, and a proportion greater than 10 per
cent as •. In the case of absence the cell is left blank.

If these "semi-quantitative" data come from quick inspections of the trays
or slides, an enormous amount of subjectivity is introduced, especially if the
observer expects to see something in advance and adjusts his observations to
what he expects.

In our opinion the only correct way to make reliable numerical estimates
of taxa frequencies in assemblages is to scan and determine "randomly" not
too small a number of specimens from the tray or slide, classify them one by
one and count them per taxon. The procedure that has been followed in
Utrecht for many years is to count a fixed total number (in general 200) of
specimens per sample and to record the score for each taxon in each count
in the range chart. Such fixed number counts were first used by c. W. Droo-
ger and Kaasschieter (1958) for foraminifera on the Orinoco shelf.

Assuming that the multinomial model is valid for such counts, one can
easily calculate the standard error of the proportion of every taxon in some
sample in order to establish the reliability of that proportion estimate
(Zachariasse et al., 1978). These fixed number counts are however unsatis-
factory for estimating numerical proportions of rare taxa because the num-
ber of specimens to be considered is too small. In Zachariasse et al. (1978)
the present author outlined a procedure of logarithm-transformed estimates
of proportions, which can be used for rare taxa, and he has given formulae
for calculating standard errors of such estimates (1978, p. 38-45). These
logarithmic estimates will be described with a more ample discussion in
chapter XI of the present bulletin.

1.2. Scope of the investigation

The aim of I.G.C.P. project no. 1, "Accuracy in time" is to give us a bet-
ter understanding of the tools of the stratigrapher. One of the problems in
this context is the (in)accuracy range of datum levels (e.g. corresponding to
an entry) and a special part of this problem is the numerical expression or
expectation for such an entry. This problem was soon found to be part of a
much wider subject: the most correct interpretation of numerical data in
range charts. The statistical basis of such numerical analyses was found to
be rather poor, and various multivariate techniques applied in the recent



"literature seem to lead to dubious results. As a consequence checking and
improving statistical range chart analysis has become an almost continuous
task during the last few years. This paper concentrates on the problems of
range chart analysis, and may be applicable primarily in paleoecology and
ecostratigraphy. Other problems tackled within the scope of the Accuracy
project have been published (or will be published) elsewhere.

1.3. Basic assumptions

Before starting our discussion of mathematical procedures and techni-
ques, we need to review the axioms and specific characteristics pertaining
to the items we are dealing with. These may give an impression of the pro-
blems we were facing, and - we hope - make it easier to understand why
we chose particular procedures to find our "best" solutions.

We always compare the numerical data of faunal or floral associations
of a single group of microfossils (e.g. benthonic foraminifera) at one time.
Every taxon of such a group is considered to contain equal individuals.
This means that differences in morphology due to evolution or to ecology
are neglected, unless these differences have led to the classification of the
individuals in a separate taxon, i.e. when they are given another name.

Each taxon is assumed to have a set of environmental requirements under
which it functions optimally. In each spot or area with such optimum con-
ditions the taxon is expected to have its highest "absolute" frequencies;
these frequencies will diminish in a horizontal sense (i.e. in the same time
plane) towards less favourable environments. The biotope of a taxon thus
consists of an area with a frequency maximum and numerical gradients
from this maximum to close to zero, situated along the margin of its distri-
bution. The conditions under which all other taxa will flourish will be more
or less different and therefore the frequency patterns will differ too.

We can postulate that the biotopes of different taxa show different de-
grees of overlap or remoteness. Overlap may be visualised in a geographical
sense, but remoteness does not necessarily mean geographical distance. Some
environmental factors like depth and energy have horizontal components
which are expected to cause geographical gradients, but others such as
oxygen content, nutrient availability or presence or absence of vegetation are
less predictable in a horizon tal sense. Their occurrence may be patchy, super-
imposed on those of the factors which have more distinct horizontal gra-
dients, and thus cause local frequency peaks.

If we knew the map of absolute frequencies of all taxa of the group under



consideration for a certain time plane, it would give a good reflection of the
sums of all environmental parameters. Even if we had only a restricted know-
ledge of the environmental factors and their gradients, we would accept the
frequency map as a correct image of environment. For each spot on the map
the sum of the total numbers of the taxa gives the parameters of what is
called the biofacies.

With regard to the Recent oceans our knowledge of environmental para-
meters at the bottom is rather scanty; about some parameters we know next
to nothing. And there are very few data on the frequencies of benthonic
taxa available. As a consequence the frequency combination of taxa in the
Recent oceans and seas is a poor basis for the interpretation of fossil faunas
in terms of paleoenvironments. For the Recent forms we have only some
vague ideas about a few environmental requirements for a restricted number
of the taxa; and these ideas are hardly ever based on quantitative observa-
tions.

As soon as we start to deal with fossils we lose even more control. En-
vironmental factors cannot be measured any more. Inorganic parameters of
the sediment may lead to a number of fairly subjective interpretations. And
the "absolute" numbers of individual taxa and of entire "populations" be-
come rather elusive.

With regard to these total numbers it should be emphasized that there are
several restrictions. The geological samples have an average thickness of five
cm (and a width of some 10 cm). If an average sedimentation rate of five cm
per thousand years is supposed and if the life time of one generation is taken
to be of the order of one year, then the absolute number of the taxon in the
sample will reflect the sum of at least one thousand generations, buried in an
area of some 50-100 cm2• The paleontologist's "population" evidently is
an artefact relative to the biological population; it is too narrow in a hori-
zontal sense, much too large in a vertical sense.

For statistics this population is acceptable but its value is restricted. We
know that sampling in the same layer at different spots may yield associa-
tions of distinctly different composition (Zachariasse et al., 1978) firstly be-
cause of the horizontal shift in environment and secondly because it is
impossible to select exactly the same time interval at different places of a
layer. It can be said that the association from each geological sample is uni-
que. It cannot be copied from another sample; various degrees of similarity
is all that we can expect (M. M. Drooger & C. W. Drooger, 1979).

Furthermore, in the comparison of different geological samples - which
is our ultimate aim - absolute numbers appear to fluctuate considerably.



Differences may amount to several orders of magnitude because of factors
which have nothing to do with the optimum conditions of life, such as the
amount of dilution by inorganic sediment.

Caution is called for if one tries to use the large differences in total num-
bers in a statistical treatment. This means that the approximation of the
faunal composition by means of relative numbers in a random count is of
greater interest for our interpretation than the ill-defined absolute numbers.

The relative composition of the taxa in a statistical sample taken from a
geological sample from some sediment layer in itself gives little information
about environment. We may be able to make no more than a general paleoe-
cological assignment, because our compositional data on Recent faunas are
too poor, and because taxa need not have had the same environmental re-
quirements throughout their geological life time (Van der Zwaan, 1982).
And the further back we go in time the larger is the number of taxa we
encounter, which have no Recent representatives.

When the geologist adds the dimension time by studying more than one
sample from a stratigraphic section, he introduces yet another unknown
factor. We can easily imagine that the successive sediments along a specific
stratigraphic column were deposited in continuously changing environments,
changing either unidirectionally or more often according to some fluctuation
pattern. In addition we accept the result of yet another axiom; that evolu-
tion - whatever that may be - may have changed the composition by
adding new taxa and dropping others. It is hard to distinguish between the
roles played by environment and evolution in stratigraphic sections that
correspond to no more than a few millions of years (this is true for most
continuous sections). Commonly the effect of evolution will be negligible
for the greater part of the faunas and floras.

However, the addition of the time factor improves the interpretation
provided we eximine the same stratigraphic section or the same geographical
area. Although we are still unable to pinpoint a single association on the "en-
vironment-map" with any accuracy, the comparison of associations, succes-
sive in time, gives us the opportunity to interpret differences in composition
as relative points on one or more environmental gradients. Recognition of
the type of change is often more important for the geologist-stratigrapher
than an accurate paleoenvironment assignment to a single layer. We may
arrive at conclusions concerning environmental changes in a vertical sense
along the column, and these conclusions can then be used in stratigraphic
correlations, i.e. in comparison of stratigraphic sections at different places
in a region. We may ultimately arrive at a reconstruction of the region's
history.



In other words, what a single sample could not tell us, we can deduce
from a series of samples. We may recognize regular numerical combinations
of taxa throughout the chart. Their behaviour-Oillongthe column relative to
other combinations is thought to give the best information for the environ-
mental interpretation, and is likely to reveal much more than the trends
of single taxa.

There are three successive stages on the way to the final interpretation of
range charts (and distribution charts).

In the first step the geologist-micropaleontologist will gather the numeric-
al data from which he will construct the samples-taxa matrix. A record of
non-faunal/floral parameters is useful for the final phase, but is not ab-
solutely necessary. A visual appreciation of the chart may already give
suggestions about possible trends and correlations. It certainly gives the
clues for biozonation and age assignment.

In the second stage appropriate statistical procedures must be applied to
the data matrix to sort out meaningful signals of correlations and trends
from the statistical point of view, if these exist. It is this second stage which
is the main subject of this paper.

In the final phase the signals are interpreted in terms of environmental
changes, evolution and stratigraphic correlation. All these conclusions re-
main subjective; it should be emphasized that none of them has really
been proved in the second phase.

So far there has been very little statistical treatment of numerical range
chart data in micropaleontology and stratigraphy. Certain aspects of the
above review of axioms and specific characteristics determined which pro-
cedures we chose to follow or construct to arrive at our "best" solutions.

In considering a single stratigraphic section we assume that the faunal/
floral succession it contains is sufficiently well reflected in our fairly equally
spaced geological samples. These samples commonly give data on about
1/10 to 1/50 of the complete sediment sequence. Some detailed analyses
have shown that this order of sample cover of the sections tends to simplify
oscillation patterns, but the main changes along the column are sufficiently
well reflected. Sudden large jumps in composition are unlikely to be missed,
because accompanying sedimentary phenomena will have been recognized
during the field survey and the stratigrapher will generally have adapted his
sampling to such phenomena.

For our eventual interpretation we are interested in all frequency devia-
tions, such as trends of single taxa, (and especially) groupings of taxa with



pOSItIve correlations, numerical characterizations of samples in terms of
these taxa groups and the distribution of the taxa combinations along the
column. If available, correlations between taxa and taxa groups with non-
biological data of the sediments are helpful in the final phase.

Throughout this paper we discuss the independence or the interdepend-
ence of taxa. This is a shorthand notation for absence or presence of correla-
tion between the scores of such taxa. Positive correlation does not mean that
the taxa are biologically dependent on each other; it means that they have
similar relations with some set of environmental conditions.

104. Closed random variables concept

The major part of the statistical analyses concerns the derivation of the so-
called open variables from the closed variables. Chapters II-IV are devoted
to this theme. The open variables concept will be explained briefly in the
following section 1.5, the closed variables concept in this section.

We are dealing with a distribution chart (or range chart) consisting of a set
of N counts, each count coming from a sample from the geographical area
(or stratigraphic section) under consideration. A number of M taxa (or
groups of taxa) is discerned according to which each specimen counted is
classified. Hence, the distribution chart is an M X N matrix of scores (xij)'
xij being the score (number of specimens) of taxon i in count j from sample
j. The sum of the scores xij over all taxa i in count j is the size n· of that
count. In general a fixed number of specimens is counted from each sample
j. In most cases nj = 200 or 300, but from the statistical point of view there
is no need for these totals nj to be equal.

Every count can be seen as a statistical sample from a statistical popula-
tion. In our investigation this population cannot be defined sharply. It can
be defined as the collection of individuals of the specific group of micro-
fossils that is present in the geological sample from which the count comes.
However, when microfossils are scarce the counts may be identical to the
entire population, i.e. the whole geological sample was needed to complete
the count. A better definition therefore seems to be that the statistical popu-
lation from which count j comes is the collection of individuals present in
the vicinity of the geological sample j. For range charts from stratigraphic
sections one should consider only a vicinity in the "horizontal" direction
within the layer from which sample j comes.

If one defines the statistical population this way one assumes that the po-
pulation is homogeneous in that vicinity. This assumption may be incorrect,



however. Brolsma (in Zachariasse et a1., 1978) considered five lateral samples
from the same layer and could not confirm the homogeneity of the content
of benthonic foraminifera over a distance of some five metres. We must con-
clude that the vicinity of the sample, as mentioned in the definition, may be
very limited.

While each count only represents the microfauna in the sample from
which it comes and the fauna in a restricted area around that sample, the set
of N samples/faunas itself is a statistical sample from the microfauna in the
geographical area (or in the stratigraphic section) involved.

One statistical hypothesis seems to be convenient for describing the rela-
tion between these microfaunas in the vicinities of the N samples and the
microfaunas from the "total" geographical area (or stratigraphic section).
This hypothesis is very simple: the fauna is homogeneous over the entire geo-
graphical area/stratigraphic section, i.e. any fauna in (the vicinity of) some
sample is representative for the whole geographical area (stratigraphic sec-
tion) and all counts can be seen as drawn from the same statistical popula-
tion. In this paper this hypothesis is called the multinomial model. See
Mosimann (1962), and our chapter II.

Before we describe the open variables concept in the following section we
mention another approach proposed by Mosimann (1962). Instead of the
population proportions Pi of all M taxa (i = 1, 2, ... , M) being constant all
over the geographical area (or stratigraphic section), as in the above hypo-
thesis, the population proportions Pi are considered to be random variables,
the so-called closed variables, because they have a "closed sum", i.e.

M
~ p. = 1
i= 1 I

The random vector P == (Pl, Pz, ... , PM) is characterized by a mean vector
E(P) and by a covariance matrix C(P). The series of proportions of the taxa
in the fauna of each geological sample taken from the geographical areal
stratigra phic section is a realization of the vectOr P = (P1 , Pz, ... , PM ).

Ignoring the counting errors for a while, the mean vector E (P) and the
covariance matrix C (P) are estimated from the set of N counts. This vector
E (P) and covariance matrix C (P) are used to determine the open variables,
as explained in the following section.

1.5. The open variables concept

Actually we wish to make an analysis of the relations between "real num-



bers" of individuals of the taxa. Therefore we are not interested in the co-
variance matrix C(P) and the related correlation matrix R(P) alone, but
from the C (P) matrix we wish to draw inferences concerning the relations
between the "real numbers" of individuals of the series of taxa. First we
have to give an explanation of the concept "real number of individuals of a
taxon i", which will be denoted as the open variable Xi'

The open variable Xi is thought to be the number of individuals of taxon i
per fixed area (of the bottom of the sea, benthonic fauna), or per fixed
volume (of sea water, planktonic fauna/flora) in the biocoenosis (living
community). The choice of the size of the area or volume is completely
irrelevant. Of course we admit that every geological sample presents a
taphocoenosis (grave community) the contents of which may be com-
pletely different from the original biocoenosis due to differential dissolution
or to transport. Nevertheless such distortion is thought not to invalidate this
definition.

It should be emphasized that there should be no confusion between our
"real numbers" and the absolute quantities such as "number of individuals
per gram of sediment" or "number of individuals per cm3 of sediment".
These "total numbers" are not practical because they are inversely propor-
tional to sedimentation rate and therefore are a poor reflection of our total
or real numbers in the biocoenoses.

Since we are interested in the relations between the real numbers Xi of
individuals per unit of area or volume of the taxa i = 1, 2, ... , M, in the
series of N counts, it is not necessary - it is not possible either - to deter-
mine the real sizes of the Xi per sample. For this reason we are free to de-
fine, for each geographical area or stratigraphic section and for every micro-
fossil group, that the mean value of T, the sum of the Xi of all taxa, con-
sidering all geological samples possible, is equivalent to the convenient num-
ber one, just by choosing the appropriate unit for the fixed area or volume.
Hence,

T = Xl + Xz + ... + XM ; E (T) = 1

It should be remembered that for each geological sample the population
proportions Pi (closed variables) add up to one;

Pi +Pz+"'+PM =1,

but that the hypothetical open variables Xi for the individual sample need
not add up to one. Hence,

T = Xl + Xz + ... + XM need not be equal to one.



Chayes and Kruska1 (1966) introduced the open variables concept (in
geochemistry). They state the null hypothesis that the open variables of the
separate items are independent, i.e. that the covariances between Xi and
Xk are zero for all pairs (i, k). After another introduction of the open
variables concept in section 11.8 we present in chapter III the procedure of
Chayes and Kruska1, which we call the zero-open-covariances model, with
our comments and additions. A short description of our alternative open
variables model, the free-open-eovariances model, is given below and elabor-
ated in chapter IV.

The "open total" T introduced above can be seen as the factor with which
the proportion Pi of each taxon i in a geological sample has to be multiplied
to get Xi'

Xi =T 'Pi

It is noted that T and some Pi may be (and generally will be) interrelated.
One can argue that one is free to substitute values at random for T for each
geological sample. However, highly fluctuating values in a series of samples
obviously result in a large number of significantly positive correlation coef-
ficients R(Xi, Xk). We prefer series of T-va1ues that result in the largest
possible number of correlation coefficients R (Xi' Xk) near zero. Admittedly
this is a subjective choice, but we believe that this choice leads to the most
likely solution.

Apparently it is not efficient to find a solution by first establishing values
for T for all geological samples. It is better to use the description of the col-
lection of solutions for the covariance matrix C (X) of the open variables
directly from the given covariance matrix C(P) of the closed variables (pro-
portions). A drawback may be that a linear approximation is used to des-
cribe a solution of C(X) in terms of the known C(P). Better non-linear
approximations lead to formulae that are not practical to handle.

In this linear approximation it is sufficient to add values for the variance
var(T) and for the covariance cov(T, PJ, cov(T, Pz), ... , cov(T, PM) to the
known matrix C(P) of proportions, in order to find a solution for the matrix
C(X) of open variables. Since

M
L cov(T, Pi) = 0
i= 1

M values have to be chosen. It seems odd at first sight that the values of
var(T), of var(Xi) for each i and of cov(Xi, Xd for each pair (i, k), and
therefore also the values of R (Xi' Xk) are determined by the addition of a



set of only M numbers to the closed matrix C (P) and to the mean vector
E(P).

Our intention thus is to find the series of M numbers that gives the solu-
tion for C (X) and for the related correlation coefficient matrix R (X) that
has as many correlation coefficients R (Xi' Xk) as possible near zero.

In our own procedure we calculate for each pair (i, k) of taxa a value for
the correlation coefficient between the open variables, R(Xi, Xd. This
procedure seems to be more straightforward than that used by Chayes and
Kruskal. According to their procedure expected values for R (Pi' Pk) are
calculated from the null hypothesis that the open variables of the separate
taxa are mutually independent. These values are compared to the actual
values for R (Pi' Pd in the chart, leading to an inference about the corres-
ponding R(Xi, Xk). Although such inferences are not correct from the point
of view of mathematical statistics, we did not find that the results obtained
using the procedure of Chayes and Kruskal were inferior to those obtained
with our own procedure. In our experience often we were even able to make
inferences concerning an R (Xi' Xk) from the comparison of the value of the
corresponding R (Pi' Pk) in the chart to the expected value of R (Pi' Pk)
according to the multinomial model.

Therefore we decided to describe the multinomial model, the open
variables model of Chayes and Kruskal and our own open variables model
in extenso. Moreover, on the basis of the multinomial model, problems with
the outside counting technique can easily be explained (section 11.4), and
the failure of "eliminating the closed sum character" of the proportions by
means of the partial correlation technique can easily be demonstrated. The
open variables model of Chayes and Kruskal is used in section III.7 to
demonstrate that the proportion-ratio correlation coefficients R (Pi' Pk/
(1 - PJ) need not have zero as expected values under the null hypothesis
that all open variables are mutually independent. We found that the techni-
que of making inferences concerning R(Xi,Xk) by comparing the values of
the corresponding proportion-ratio correlation coefficientsR(Pi,Pk/(l - PJ)
and R (Pk>PJ( 1 - Pd) to zero, gave less satisfactory results than the open
variables techniques. This fact can be explained satisfactorily (see III.7).

For range charts conslstmg of counts from samples derived from one
stratigraphic section problems may arise which are inherent to all time series.
The counts have a logical order in the range chart because their samples have



a fixed order in the stratigraphic section. This order is related to time. Be-
cause of the fixed succession of the samples, one must realise that the com-
position of a sample may be dependent on those of previous samples.

Consequently the definition of the random vector P = (Pl' Pz, P3' ... ,

PM) in the previous sections needs to be modified. The vector P should be
regarded as a continuous function of time t. Hence,

P(t) = (P1t, PZt' P3t>' .. , PMt)

i.e. Pit is the proportion in the population of taxon i at time t. Then the N
samples from the stratigraphic section can be seen as N realizations of the
vector P at successive "moments" t1, tz, t3, ... , tj, ... , tN' The proportion
in the population of taxon i in sample j is

p..= Pl' )1J 1, tj

so the series U f-+ Pij) is a time series for each taxon i. If these time series
U f-+ Pij) for several taxa i are autocorrelated (i.e. Pi,j+l is not independent of
Pij)' problems arise in the statistical interpretation of the "open" correlation
coefficients R(Xi, Xk). See sections V.2 and VA-8.

Another feature is that for some taxon i the series U f-+ Pij) may show a
trend: the population proportions Pij may tend to increase with increasing j
(positive trend), or may tend to decrease with increasing j (negative trend).
Due to the closed sum, however, a trend in the series U f-+ Pij) of the propor-
tions of taxon i induces a trend of opposite sign in the series

Hence, the trends in the proportions of the taxa, if present, are interrelated,
and some trend in the proportions of one taxon may be induced by a trend
in the proportions of another taxon.

Therefore, in addition to these "closed" trends, we considered trends in
the "real" numbers of taxa. A trend in the "real" numbers of taxon i is a
trend in the series U f-+ Xij) of the open variable Xi' "Closed" trends are
interrelated due to the closed sum, whereas "open" trends do not have such
an interrelation. See sections V.2 and V.9.

I.7. Other topics

The analyses of three range charts are presented in chapters VIII, IX and
X in order to illustrate all these techniques.



Since we wanted to compare the results of the methods outlined above
with those of multivariate methods, a principal components analysis was also
performed on each of the three range charts. A short explanation of prin-
cipal components analysis and statistical considerations relating to this tech-
nique are given in chapter VI.

A simple Q-mode analysis has been applied to one range chart (chapter X)
in order to acquire some insight into the relations between the samples
according to the scores of the taxa they contain. This technique should
enable us to discern groups of samples, each group consisting of samples that
are mutually "similar" in taxa composition. The Q-mode technique applied
to sets of samples is described in chapter VII.

In cases of extreme differences within a set of counts "similarity" be-
tween taxa frequencies (:=:::: similar biotope) may be more convenient than
"correlation" between these frequencies. A series of similarity coefficients
for such "heterogeneous" charts is presented in chapter XII.

The range charts subjected so far to the procedures of the different mo-
dels described above (charts published here, and others published elsewhere
(e.g. Hageman, 1979; Tsapralis, 1981; Van der Zwaan, 1982 or as yet un-

. published) show a wide variation in eventual results. At one extreme end
there are charts in which next to nothing is found to pierce the noise; at
the other end there are range charts (e.g. the Dingden example presented in
chapter IX) in which nearly all taxa are involved in correlations and trends.

Whether these results lead to a better interpretation remains a matter of
subjective judgment in, the final phase. We maintain that our procedures have
a better statistical background than the various multivariate analyses used
in the literature. Among these principal components analysis seems to be the
most attractive type of analysis to authors.



Having performed counts on the taxa of a particular group of microfossils
(e.g. benthonic foraminifera, calcareous nannofossils) obtained from a set of
samples, one may wish to have objective descriptions of the behaviour of the
numbers of every taxon, and of the mutual numerical behaviour of every
pair of taxa.

This chapter, as well as chapters III and IV, deal with the major problem
that inferences concerning the "real numbers" of the taxa are wanted, where-
as only data on the proportions of the taxa are available. Proportions have
the closed sum property, i.e. the proportions of the taxa add up to one
(or 100%) and are therefore interrelated. In section 11.2 the closed sum
property is expressed in the variances and the covariances of the proportions.

This interrelation between the proportions of the taxa need not be present
in the "real numbers" or "open variables" of the taxa in the series of counts.
Denoting the proportion variable of taxon i by Pi and the open variable of
taxon i by Xi' we are interested in testing for independence of the open
variables Xi and Xk for each pair (i, k) of taxa, or in estimating the value
of the correlation coefficient R (Xi' Xk) with the help of the data on the
proportions Pi'

It is not correct to use the deviation of the value of the correlation coef-
ficient R (Pi' Pk) from zero in testing for independence of Xi and Xk. It is
better to use, in the first instance at least, the deviation from the expected
value Rm (Pi' Pk) according to the multinomial model, which is described
in section 11.3. The multinomial hypothesis - that all counts are from
identical assemblages - must generally be rejected in our experience. Never-
theless we are inclined to accept some preliminary conclusions, namely
that R(Xi,Xk) > 0 if R(Pi,Pd is "significantly" greater than Rm(Pi,Pk)

and that R(Xi,Xk) < 0 ifR(Pi,Pk) is "significantly" less than Rm(Pi,Pk).

Theoretically such conclusions can hardly be defended. In practice these
conclusions often appeared to be correct after they were compared with the
outcome of the open variables models.

Other methods - less successful ones in our opinion - of making infer-
ences concerning the open variables will be discussed in this chapter. The



use of proportion-ratio correlation coefficients is dealt with in sections II.3
and II.8 (and in III.7). Partial correlation is discussed in 11.9.

In section 11.4 the technique of outside counting is discussed in connec-
tion with the multinomial model. If the model is true, the outside scores
are positively correlated. The features of the outside counting technique
become very complex if the multinomial model has to be rejected. It is
possible to analyse the technique of outside counting under the assumption
that the open variables model of Chayes and Kruskal (chapter III) is true,
but we decided not to present such an analysis, as this technique is not
frequently used.

In sections 11.5, II.6 and 11.7 the numerical analysis and related problems
are presented. This analysis is the basis of our Fortran computer program
DISTUR.

In the discussion of section 11.8 the open variables concept is proposed as
a better alternative for making inferences from the proportions.

The number of counts (samples, or repeated counts of one sample) that
have been performed is denoted by N, the number of the categories (taxa)
of the group of microfossils considered is denoted by M. In the following
we shall speak simply of the M taxa, regardless of whether such categories
are genera, species or groups of such taxa.

The number or score of taxon i (= the i-th taxon) in count j (= the j-th
count) is denoted by xij' If all counts have the fixed size n, we can write

M
.~ xij = n for eachj.
1= 1

If the size of the counts is not fixed, the size of count j is called nj, so

M
.~ xij = nj for each j.
1= 1

The proportion of taxon i in co u n t j is defined as

Pij = xij/nj' (2.3)

This proportion Pii is an estimate of the proportion Pij of taxon i in assem-
blage j from which count j comes. Obviously

M M
.~ Pij = 1 and.~ Pij = 1 for each countj.
1= 1 1= 1



For a set of counts of fixed size n, we regard the series of scores (xlj' X2j'
X3j' ... , XMj) of a count j as a realization of the random vector (xl' X2' X3'

... , XM)' It is intuitively felt that the random variables Xi of taxon i and Xk
of taxon k must be interdependent. If in one of the counts j xij happens to
be relatively large, the score of all other taxa together in that count, n - Xij'
must be relatively small. So the score Xkj of the taxon k, being a part of the
score n - xij' will tend to be relatively small. We conclude that xij and Xkj
tend to be more or less negatively correlated for each pair of taxa i and k.

This intuitive reasoning has a foundation. We recall that the expected
value of a random variable A is denoted by E(A). The variance of a
random variable A is defined by

Correlation between two random variables is usually expressed by Pearson's
product moment correlation coefficient, later on simply called the correla-
tion coefficien t:

R(A, B) = cov(A, B)
V var(A) . var(B)

Independence of two random variables implies that their covariance is
equal to zero, and as a consequence that their correlation coefficient is
equal to zero as well:

A and B mutually independent -+ cov(A, B) = 0; R(A, B) = 0 (2.8)

The interdependence of the variables in the random vector (xl' X2, x3,
.. , xM) is easily demonstrated (Chayes, 1960). For each taxon i the equa-

tion

M M
var(xi) + ~ cov(xi,xk) = cov(xi, ~ xk) = cov(xi,n) = 0

k*i k=l

M
~ cov(xi'xk) = -var(x1,) for each taxon i.

k*i



constant, then var (A) = 0), it is concluded that the sum of the covariances
between the score of taxon i and the score of any other taxon k gives a
negative value. Therefore it is impossible that all (M - 1) covariances cov(xj,
xk) are equal to zero. The score Xj cannot be independent of all other scores.

Identical statements can be made for the proportions Pij of (2.3). The
advantage over the scores xij is that we are no longer tied to equal sizes of
the counts. Ignoring the variable sizes of the counts we regard the series of
proportions (Plj' P2j' P3j' ... , PM)) of a count j as a realization of the rand-
om vector (PI' P2' P3' ... , PM). The interdependence of the variables in this
random vector is demonstrated in the same way as in (2.9):
For each taxon i the equation

M M
var(PJ + ~"cov(Pj,Pk) = cov(Pj, ~ Pk) = cov(Pj, 1) = 0

k*j k=l

M
~ cov(Pj, Pk) = - var(Pj") for each taxon i

k*j

(See Chayes, 1960, p. 4185, who considered proportions of chemical ele-
ments). It is concluded that the sum of the covariances between the propor-
tion of taxon i and the proportion of every other taxon k gives a negative
value. Therefore it is impossible that all (M - 1) covariances cov(Pj, Pk) are
equal to zero. The proportion Pi cannot be independent of all other propor-
tions.

Being interested especially in the mutual numerical behaviour of various
pairs of taxa, we realise of course that the correlation coefficients R(Pj, Pd
of such a pair of taxa i and k must not be compared to the value zero in
testing for independence of the "real numbers" of the pair of taxa.

Since about 1960 several attempts have been made to make inferences
about these "real numbers" from the closed data. The most successful at-
tempt so far is, in our opinion, the open variables concept, which will be
discussed in chapters III and IV. In the next section we first present the
multinomial model.

We give the names "multinomial hypothesis" and "multinomial model"
to the hypothesis that all N counts are from one single assemblage, or rather



from N identical assemblages, i.e. all mutual differences between the counts
are completely due to random effects during the counting procedure (count-
ing "errors" or "noise").

More precisely one can say that count j comes from assemblage j which is
characterized by the series (Plj' P2j' P3t"' ... , PMj)' in which Pij is the nu-
merical proportion of taxon i in assemb age j. Then the multinomial hypo-
thesis can be formulated as follows: for each taxon i there is a number Pi
("the" proportion of taxon i) such that

Pij = Pi for each assemblage j. (2.11)

Assuming that this hypothesis is true, and regarding scores in fixed counts
(see 2.1), the score Xi of taxon i, as a random variable, has the binomial
probability distribution with parameters n and Pi' The expected value and
the variance of Xi are

Considering the pair of scores Xi of taxon i and Xk of taxon k, it can be
shown quite easily (Lebart & Fenelon, 1973) that cov(xi' xk) is negative:

COV(Xi'xk) = - n . Pi . Pk

From (2.12) and (2.13) it follows that

The symbol m indicates that it is a hypothetical correlation coefficient valid
under the multinomial hypothesis.

A remarkable feature of expression (2.14) is the absence of n, the size of
the counts, Rm (xi' xd is dependent only on the assemblage proportions
Pi and Pk' If these proportions are both small, Rm will be close to zero; if
they are large, Rm will be unmistakably negative and different from zero,
as if there were a negative relation between the taxa i and k. In reality, only
the numbers Xi and Xk are interdependent, or (negatively) correlated, but
this correlation is completely "due to the closed sum": the scores Xi for all
taxa i must add up to n and are therefore dependent on each other. This
negative "bias" of such a hypothetical correlation coefficient Rm is often
referred to as a false correlation or a spurious correlation.

The hypothesis (2.11) gets its name multinomial from the fact that, if it
is correct, the series (xl' x2, x3' ... , xM) with fixed sum n, in which each
taxon (each pair of taxa) has the properties (2.12), (2.13) and (2.14), is said



to have a multinomial distribution with the parameters n, PI' pz, P3' ... ,
PM'

Skipping the assumption that the counts have equal sizes n (count j has
size n

l
,)we again consider the proportions flij = xij/nj and present similar

formu ae for the corresponding random vector of proportions (P I' P2' P3 '
... , PM)' under the assumption that the multinomial hypothesis (2.11)
holds.

The expected value and the variance of Pi of taxon i are

E(PJ = Pi and varm (Pi) = Pi . (1 - pi)/n*

in which n * is the harmonic mean of the nj:

N
n * = (l; n:l rl

j = I J

Considering the pair of proportions Pi of taxon i and Pk of taxon k, it can
be shown that

covm (Pi' Pk) = -Pi' Pk/n*

and as a consequence

V Pi . Pk I

Rm(Pi,Pk)=- ------
(1 - pJ . (1 - Pk)

It is noted that the expressions for varm (PJ of (2.15) and COVm(Pi,Pd
of (2.17) contain n*, but that E(Pi) of (2.15) and Rm (Pi,Pk) of(2.18) are
independent of the s~zes nj of the counts. We also note that the expressions
for varm (PJ of (2.15) and for covm (Pi' Pk) of (2.17) do indeed fulfil the
closed sum property (2.10).

Let us assume that the correlation coefficient R (Pi' Pk) calculated from a
range chart deviates significantly from the value Rm (Pi' Pd of (2.18). The
only correct conclusion from this fact is that the multinomial model must be
rejected for the range chart under consideration. We then need the open
variables approach to obtain further results.

The series of open variables ("real numbers"), denoted by the vector
(Xl' X2, •• " XM), is related to the series of closed variables ("propor-
tions"), denoted by the vector (PI' P2' . , ., PM)' by means of the relation

Xi = T . Pi or Pi = XJT; T = Xl + X2 + ... + XM·

We are inclined to accept yet another preliminary conclusion about this



series of open variables, namely that R(Xj,Xk) > 0 ifR(Pj,Pk) is significant-
ly greater than Rm (Pj,Pk) and that R(Xj,Xk) < 0 ifR(Pj,Pk) is significantly
less than Rm (Pj, Pk). It is emphasized that this preliminary conclusion may
be entirely wrong; from the point of view of mathematical statistics this
conclusion is incorrect. Nevertheless such preliminary conclusions are drawn
by Mosimann (1962) in his example (p. 79, 80) as well as by the present
author, but they are liable to be rejected in a later phase of the investigation.
See also 11.8.

Another attempt to solve the "closed sum problem" is mentioned next be-
cause it appears to be tied to the multinomial model. Darroch and Ratcliff
(1970, 1978) suggest that one should consider not only R(Pj,Pk), but also
the correlation between the proportion of element (taxon) i and the part
element (taxon) k covers in the proportion of all taxa with the exception
of element (taxon) i, thus the correlation between Pj and Pk/(l - PJ. They
argue that the ratio Pk/(l - Pj) is independent of Pj if "the elements are
independent", or in the words of Darroch and Ratcliff (1978, p. 362): the
elements exhibit "no-association". In our opinion there is a hidden system
of "real numbers" in this reasoning, because of their hypothesis that the
proportion of element i and (the mean value of) the proportion that element
k has amongst the sum of all other elements together are independent (Dar-
roch & Ratcliff, 1970, p. 308).

We observe that for the closed variables Pj and Pk

Pk Pj

R(Pj, --) = 0 and R(Pk, --) = 0 (2.19)
1 - Pj 1 - Pk

must hold if the multinomial model (2.11) is valid. If the multinomial model
is replaced by the hypothesis of mutual independent open variables ofChayes
and Kruskal, these two expressions need not yield zero for any pair of taxa;
they can differ considerably. See sectiOns 11.8 and III. 7. The latter section
is devoted to a more extensive analysis of this subject.

Another attempt by Chave and Mackenzie (1961) to "eliminate" the clos-
ed sum property (2.10) is discussed in section 11.9.

Before we start to describe the statlstlcs in connection with the multi-
nomial model, some lines must be devoted to the technique of outside
counting, also called inverse counting. The fact that the statistical properties



of outside counts deviate from the properties described above for inside
counts may cause some confusion about interpretations if the technique of
outside counts is used.

We shall discuss the outside counts technique by means of an example.
A, B, C, D and E are five taxa with proportions ql ' q2' q3 ' q4 and qs , such
that (ql + q2 + q3 + q4 + qs) = 1. We assume that hypothesis (2.11) is valid
for a series of counts, for instance by considering that the counts come from
the same assemblage characterized by (ql' q2' q3' q4' qs)' The inside
counting technique means that the j-th count is finished as soon as the fixed
number n has been reached: xlj + X2j + X3j + X4j + XSj= n.

Another way to perform count j is to continue counting the five taxa until
Xl' + x2j + x3j = n. This means that the scores of the taxa D and E are "out-
side" the fixed sum n; the count is stopped when n specimens of the taxa
A, Band C together have been found, without taking the numbers of the
taxa D and E at that moment into consideration. An important point is that
if this procedure is performed the proportions qi have to be transformed:

ql q2 q3
PI = P2 = ; P3 = ;

(ql + q2 + q3)' (ql + q2 + q3) (ql + q2 + q3)

q4 qs
u4 = ; Us =-

(ql+q2+q3) (ql+q2+q3)

Each of the three taxa A, Band C have scores Xi (i = 1, 2, 3) which have
the binomial distribution with parameters n and Pi; the series (xl' x2, x3)
has a multinomial distribution with the parameters n, PI' P2 and P3' and the
properties mentioned in the previous section. The scores Xi (i = 4,5) of each of
the two taxa D and E have different probability distributions: the negative
binomial distribution with parameters nand Ui which has the following
properties:

It appears that the value of the variance is greater than the expected value
n . u itself. This is in contrast to the inside scores xi (i = 1, 2, 3) which have
a binomial distribution with parameters n and Pi and have the properties
E(xJ = n . Pi and var(xJ =u . Pi . (1 - pJ. The latter variance is less than
the corresponding expected value. If an "inside" proportion Pi is close to
zero, at least much less than one, then



Similarly, if the "outside ratio" ui is close to zero or at least much less
than one, (2.21) will also be valid, as can be deduced from (2.20). It appears
that both a binomial distribution with small Pi and a negative binomial
distribution with small ui are close to Poisson distributions with parameters
n . Pi and n . ui, respectively. Both distributions describe haphazard occur-
rences (M. M. Drooger, in Zachariasse et al., 1978, p. 23-24) for which
var(A) = E(A) is correct.

Another, more striking difference between inside and outside scores is
that

COV(X4'X5) =+n 'u4 ·u5,

so according to (2.7)

Evidently the correlation between the outside scores of two taxa is positive,
in contrast to (2.14). Expression (2.23), like (2.14), does not contain n.
Table 1 gives values of Rm (xl' x2) for several pairs (P1' P2) according to
(2.14), and of Rm (x4' X5) for similar pairs (u4, u5) according to (2.23).

TABLE 1

P1 P2 r u4 u5 r

0.02 0.02 -0.02 0.02 0.02 +0.02
0.02 0.20 -0.07 0.02 0.40 +0.07
0.02 0.50 -0.14 0.02 2.00 +0.11
0.10 0.10 -0.11 0.20 0.20 +0.17
0.10 0.50 -0.33 0.20 1.00 +0.29
0.25 0.25 -0.33 0.20 4.00 +0.37
0.25 0.50 -0.58 1.00 1.00 +0.50
0.40 0.40 -0.67 1.00 4.00 +0.63
0.50 0.50 -1. 4.00 4.00 +C.80

Each serie~ (Y1' Y2 ... ) of outside scores under the assumption that
hypothesis (2.11) holds (so that for each pair (Yi' Yk) properties identical
to (2.20), (2.22) and (2.23) of (x4' x5) are valid) is said to have a negative
multinomial distribution (Mosimann, 1965). Mosimann (1962, 1963, 1965)
has extensively investigated inside and outside counts and the related proba-
bility distributions.

Another, less well known feature is that, provided hypothesis (2,11) is
true, and still following the numbers of our example



In words: the score of any taxon counted inside and the score of any taxon
counted outside are independent. This can be argued by stating that Xkj'k ~ 4,
is the score of the k-th taxon in count j at the moment when X1j+ X2j+
X3j = n, whatever the values of X1j' x2j and X3j' If the three taxa A, Band C
were lumped into one category, this would not affect the scores Xkj' k ~ 4.

Another, much more important feature of this series of scores (x1j' X2j'
X3j' X4j' XSj) of the taxa A, B, C, D and E is that one is allowed to "torget"
the way these counts were realised (namely A, Band C counted inside with
sum n, D and E counted outside the sum) and to consider them as counts
with variable sizes nj = X1j + x2· + x3 j + X4j+ XSj= n + X4j+ XSj' in which
the random variables Pi with realizations Pij = xij/nj' i = 1, 2,3,4,5, have the
properties mentioned in (2.15), (2.17) and (2.18), the Pi being identical to
the qi defined at the beginning of this section.

In practice taxa with very large proportions will be counted outside, in
order to prevent all other taxa from being represented by very small num-
bers. If the multinomial model (2.11) is rejected for some reason, we get
problems similar to those mentioned in section II.3. Values of R(xi' xk) cal-
culated from the data set, which are distinctly different from the "multi-
nomial" values from (2.14), (2.23) or (2.24) should not be used to make
inferences about the real numbers, for instance to draw the conclusion that
the correlation coefficient between the corresponding open variables Xi and
Xk deviates from zero.

Nevertheless it is sometimes clear what the conclusion should be. An
example is given by counts on calcareous nannofossils by Schmidt (in Meu-
lenkamp et a1., 1978, p. 347, 348) in which the two groups counted outside
Pseudoemiliana lacunosa and the "small coccoliths" seem to have a strong,
negative correlation with the "inside counted" Helicosphaera carteri in the
lower and middle part of the section Prassa (fig. 1). Although this feature
has not been considered in detail, it is believed that the strongly fluctuating
patterns of the two series of outside scores are due to strongly fluctuating
"real numbers" of H. carteri (squeezing effect, see also 11.8).

11.5. Statistics concerning the multinomial model

The multinomial model, defined by (2.11) and characterized by the
properties (2.15), (2.17) and (2.18), is a good starting point to describe a
series of counts of a group of microfossils. An R-mode computer program
in Fortran language, called DISTUR, has been developed (R-mode means:
taxon-taxon in this context). In this program statistics concerning the mul-
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tinomial model are calculated. These statlstlCs are dealt with below. It is
emphasized that they even provide useful information if the multinomial
model is not correct.

Hypothesis (2.11) says that for each taxon i, the proportions Pij in any
assemblage j have a fixed value, namely the value Pi' Then Pi is estimated by

N
~ x..

A j=I 1J
Pi =-N-- =

~ n·
j = 1 J

N
~ n·· p ..

j = 1 J lJ

N
~ n·

j = 1 J

The last expression in (2.25) demonstrates that any proportion Pij in count
j is weighted according to nj, the size of the count j. Therefore Pi is called
here the weigh ted estimate of the proportion of taxon i. If all counts have
equal sizes (2.25) reduces to

N N
p. = (~ p..)/N or x· = (~ x··)/N

1 j=l lJ 1 j=l lJ

The symbol "-:-" will be used here to indicate unweighted estimates (in
this case unweighted averages). The first expression of (2.26) can also be
used in the case of counts of variable size (see next section).

The multinomial hypothesis (2.11) - that there is a common proportion
Pi of taxon i so that for each assemblage proportion Pij of assemblage j
Pij = Pi holds - can be tested by means of the chi square statistic

N

.~ 1 nj . (Pij - PY
X2 = J_= _

Pi' (1 - pJ
which has a chi square distribution with (N-l) degrees of freedom, if the
hypothesis holds. If all counts are of equal size, the statistic reduces to

N N
(
A -)2 (-)2n .. ~ 1 Pij - Pin .. ~ 1 xij - xi

X2 = J= = J= (2.28)
Pi . (1 - Pi) Xi . (n - xJ

See Cochran (1954) for a more elaborate treatment.
Assuming that the multinomial null-hypothesis (2.11) is valid, the correla-

tion coefficient value between the proportions Pi and Pk of taxa i and kin
the counts is estimated by substituting Pi and h according to (2.25) into
Rm (Pi' Pk) 0 f (2.18) :



Pi' Pk

(1 - Pi) . (1 - Pk)

11.6. General statistics concerning a set of counts

The proportions Pij = xij/nj are the realizations of the closed proportions
Pi for a taxon i in the counts. In contrast, the proportions Pij are the
realizations of the random variable Qi for each taxon i in the ass em blages.
The two formulae (2.25) and (2.26), now written

N
LX··

A j=l lJ
p.=--

1 N
L n·

j = 1 J

are thought to be convenient estimates of E(PJ. Obviously the mean values
of the assemblage proportion and of the count proportion of a taxon are
equal:

N
L pA ..

_ j=1 lJ
p.=--

1 N

One might well ask which is the best estimate of E(Pi). We write for each
count/assemblage j

Pij = Pij + dij

in which dij is the counting error (binomial error). Let Dij be the random
variable associated with dij' then

E(Qd . (1 - E(Qi))
E(D ..) = O' var(D ..) = ------

\l ' \l n.
J

The best estimate of E (Pi) is then the expression

N N
.L aj'Pij witheachaj>O andwith.L aj=1
J=1 J=l

N
in which all aj are chosen in such a way that var C L aj' Pij) has the smallest
possible value. It follows that J = 1

N ( N a~' E (Qd . (1 - E (Qd) )(L al)' var (Qd + L _J _

j=1 j=1 ~



N
has the smallest possible value. With the extra condition ~ aj = 1 it follows
that there is a constant c such that j = 1

aj . E(QJ . (1 - E(QJ)
aj . var (QJ + --------- = c.

nj

It appears that the general expression of the constant c and of each aj in
terms of var(QJ, E(QJ and nj is very complex. However, if var(Dij) is
negligible compared to var (Qi), we have

aj . var(QJ = c

which leads to c = var(QJ/N and to aj = 1/N. In that case Pi is the best
estimate ofE(PJ. If var(QJ is negligible relative to var(Dij)' we have

aj . E(QJ . (1 - E(QJ)
--------- = c

N
which leads to c = E(QJ . (1 - E(Qi))/( ~

A j = 1
in this case Pi is the best estimate of E(PJ.

In Pi the sizes nj of the counts appear as weights, whereas in Pi they do
not. The estimate Pi is called the "weighted" estimate of E (PJ (and of
E(Qi)), Pi is called the "unweighted" estimate of E(PJ.

For all other statistics both an unweighted form and a weighted form
were used in our investigation. The mathematical foundation given below
for the weighted statistics (2.33, 2.36, 2.39 and 2.43) is admittedly poor,
however. These weighted statistics are based on the idea that large counts
should contribute with more weight. However, if the multinomial model
is far from true, i.e. if all var(PJ are very large, such overweight can theo-
retically hardly be defended. In practice the values of the unweighted forms
and of the corresponding weighted forms usually rarely differ. In our ex-
perience the variability of both the total numbers of the counts and of the
series of proportions of the taxa is fairly limited. Extremely low total
numbers evidently had already been eliminated by the micropaleontologist
during the counting procedure.

N
n.) and to a· = n./( ~ nJ.), so

J J J j=l

Unweighted and weighted estimates

Although in our experience weighted and unweighted estimates rarely
yield different results, it is thought appropriate to give the respective lines of
reasoning and the formulae.

The straightforward estimate of the variance var (PJ is



N
~ (p~.. _ P.) 2

_ j = 1 lJ 1
var(P.) =---------------

1 N-1

The symbol "-:-" indicates that the statistic is u~weighted; the sizes nj are
not considered. Obviously var(PJ is connected to Pi of (2.30).

The weighted variance estimate is

N A

~ n.' (p .. _ P.)2
~ j=l J lJ 1

var(P.) = ------------------
1 N

~ n·
j = 1 J

~
which is connected to the weighted estimate Pi' It is noted that var(PJ =
N-1
(N) .var (PJ if all counts are equal in size.

It is emphasized that the variance of the assemblage proportions Qi for
each taxon i is not equal to the variance of the proportions Pi for that taxon
i in the counts, but that

E(QJ . (1 - E(Qi))
var(PJ = var(QJ + *

n

in which n* is the harmonic mean of the nj' See (2.16).
The formulae for the unweighted and for the weighted estimate of the

covariance cov(Pi, Pd between the proportion Pi of taxon i and the propor-
tion Pk of taxon k are

N
~ (P"-P·)·(P~k·-Pk)

_ j=l lJ 1 J
coy (Pi' Pk) = -------------------------

N-1

respectively.
Again the covariance between the assemblage proportions Qi of the taxon

i and Qk of the taxon k is not equal to the covariance between the propor-
tions Pi and Pk in the counts, but



As far as the expressions (2.34) and (2.37) are concerned, see Mosimann
(1962).

According to (2.7), the formulae for the unweighted and for the weight-
ed estimate of the correlation coefficient R (Pi' Pk) between Pi and Pk are

N A A

~n· . (p .. - P.) . (h· - Pk)
j=l J \l 1 J

v( ~ n.·(p .. -P')z ).( ~ n"(h,-Pk)2)'
j=l J \l 1 j=l J J

respectively.

According to a model such as the multinomial model (2.11) the expected
values of the expressions in (2.38) and (2.39) need not be equal to zero.
Testing for correlation in such cases is usually performed by means of
Fisher's z-transformation, which is described briefly below.

The Fisher's z-transformation is a function that transforms every correla-
tion coefficient value R into the value

1+R R3 RS R7
z(R) =! ·In (-) = (R + - + - + - + ... ) =

1-R 3 5 7
R dx -1

= f 1-x2 = tanh(R)
o

In the literature it is usually only the first or the last expression which is
mentioned. According to the last one the transformation z is the inverse
function of the hyperbolic tangent:

eX _ e-X
tanh (x) = ---

eX + e-X



From the second e~pression of (2.40) it can be deduced that z(R) ;:::;;R for
any R in the neighbourhood of zero, and that

hm z(R) = + 00 and hm z(R) = - 00

R-l R-~

z(R) 2.8

26

1 l+R f' .Graph of z (R) = - . In (--), the trans ormatlon of FIsher.
2 l-R



If some model leads to a hypothetical correlation coefficient value Rh, for
instance the multinomial model leads to Rm of (2.29), then the model can
be tested by means of the statistic

(z(R) - z(Rh)) •J N - 3'

and/or by means of the statistic

(z(R) - z(Rh)) . J N - 3'

which have a standard normal distribution if the hypothesis (model) is true.
The probability distributions of R and of R themselves are markedly skewed
if the hypothesis is true and if Rh is far from zero.

Finally, the proportion-ratio correlation coefficients as defined in (2.19)
are also calculated in the DISTUR program. Both the unweighted and the
weighted estimate are given.

in which the qkij = Pkj/( 1 - Pij) are considered to be realizations of the rand-
N

om variable Qki = Pk/(1 - Pi), and in which C.hi = (~ qkij)/ N.
j = 1

in which qkij and Qki ate defined above, and

II. 7. A note about algorithms

The formulae presented in the previous section are given in such a form
that one gains insight into their structure. They are not the forms that are
easiest to use in computation, however. The expressions suitable for com-
putation are presented below on the right-hand side of the equality sign.



N "A (N ) A (N )L n·· (p .. - P.)2 = L p.. , X.. - p., L X ..
j=l J lJ 1 j=l IJ lJ 1 j=l lJ

see (2.27), (2.33), (2.39) and (2.43).

~ (p.. _ P.) 2 = ( ~ p~ ) _ p. . ( ~ p .. )
j=l lJ 1 j=l lJ 1 j=l lJ

see (2.32), (2.38) and (2.42).

~ (p .. - P.) . (Pk' - Pk) = ( ~ p .. , Pk' ) - N· p.. Pkj=l lJ 1 J j=l 1J J 1

N A A (N ) A A (N )L n,·(p,,-p,)·(flk·-Pk)= L n"p"'pk' -p"Pk' Ln·j=l J lJ 1 J j=l J 1J J 1 j=l J

see (2.36) and (2.39).
As far as the remaining expressions in the proportion-ratio correlation

coefficients (2.42) and (2.43) are concerned, their short-cut formulae are
~btained by replacing Pij or flkj by qkij' Pi or Pk by Qki, and Pi or Pk by
Qki in the formulae above.

The author has tried to make analyses of range charts (especially R-mode,
i.e. taxon-taxon analyses) with the CDC computer of the Academic Com-
puter Centre Utrecht. Initially a simple computer program was written suit-
able for range charts consisting of sets of counts of fixed size and based on
the multinomial model. At that time a fair number of 200-counts on plank-
tonic foraminifera, on benthonic foraminifera and on calcareous nanno-
fossils were already available in Utrecht, so sufficient experience could be
obtained with the statistics of range charts.

Soon it appeared that the multinomial model was not very good for des-
cribing range charts and distribution charts. As mentioned in section 11.3we
wanted to derive more information from a set of significant values of (2.41)

on a set of pairs of taxa i and k, than the mere fact that the multinomial
model should be rejected. Conclusions concerning the open variables ('real
numbers') in the sense that R(Xi, Xk) > a of the expression (2.41) is signific-



antly positive and that R(Xi,Xk) < 0 if the expression (2.41) is significantly
negative may be entirely wrong, as is demonstrated in the following ima-
ginary example, illustrated in figure 3.

In the middle of this figure we show eight assemblages (I - VIII) in strati-
graphic order, with the closed variables P1 , P2' P3 and P4 of four taxa. The
proportion P1 fluctuates markedly along the column. The closed variables
P2' P3 and P4 each take up more or less equal parts of the remaining space in
the closed sum. Each of the triple set P2' P3 and P4 is negatively correlated
with the highly fluctuating Pl' whereas each pair within that triple set is
positively correlated. We assume that the counts are so large that the ex-
pressions (2.41)

( z (R (Pi, Pk )) - z (Rm (Pi' Pk )) ) . v' N - 3

are significantly negative for the pairs (1, 2), (1,3) and (1, 4), and signific-
antly positive for the pairs (2,3), (2,4) and (3, 4).

The closed variables P1, P2' P3 and P4 are considered to be derived from a
set of open variables Xl' X2, X3 and X4, being the ratios Pij = Xij/(Xlj +
+ X2j + X3j + X4j) = Xij/Tj for i = 1, 2, 3, 4 and for j = I, II, III, IV, V, VI,
VII and VIII.

It appears that there is a "large" collection of solutions for the series of
open variables that fits to a specific closed data set. In the lower part of
figure 3 one alternative open variables solution based on interdependence of
the four taxa is given as an example for the set of four imaginary closed
variables. This set of open variables is almost identical to the set of closed
variables, with some "arbitrary" small deviations.

However, we prefer a solution for the series of open variables in which
there is the least possible interdependence of the taxa. This type of solution
is given in the upper part of figure 3. This solution has been constructed on
the basis of independence between each pair of taxa. This leads to the open
variable Xl with a large relative mean value and a relatively very large
variance compared to the three other open variables X2, X3 and X4. If we
accept the "independent" set of open variables as the most correct solution
it would be entirely wrong to conclude that R(Xl, X2), R(Xl, X3) and
R(Xl,X4) are negative and that R(X2,X3), R(X2,X4) and R(X3,X4) are
positive.

According to our preferred solution the "real numbers" of taxon 1
"disturb" the frequency pattern of the others. "Disturbers" such as taxon
1 in this imaginary example do occur in range charts; there is often at least
one taxon suspected of causing disturbance. During the last few years the
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author has made several attempts to "eliminate" the effect of such disturb-
ing taxa.

As soon as one taxon (or more taxa) with greatly fluctuating proportions
is (are) recognized in the series of counts, one can delete the scores of this
taxon (these taxa) from the counts as if this taxon (these taxa) had not been
considered during the counting. All other taxa together form a new "revis-
ed" chart, now consisting of counts of variable size. Although our intention
was to count fixed and sufficiently large numbers from all samples, this
procedure is not really necessary for the statistical analysis. Anyway, one can
hardly avoid having counts of variable size if the group of microfossils under
consideration is rare in some of the samples from a stratigraphic section.

For some time we thought that the application of the proportion-ratio
correlation coefficients (2.19) was a correct way of handling - and of recog-
nizing - "disturbing" or "squeezing" taxa. Although taxon 1 in figure 3
is disturbing and the multinomial model therefore is certainly not valid,
Q21 = P2 I( 1 - PI) can be independent of PI' if the four open variables are
mutually independent. PI and Q21 being written

PI = X1/(XI + X2 + X3 + X4) and
Q21 = X2/(X2 + X3 + X4) respectively, the variables

Xl' (X2 + X3 + X4) and X2/(X2 + X3 + X4) must be supposed to be mutu-
ally independent. Then there is no relation between the proportion of taxon
1 and the share that taxon 2 has in the sum of all other taxa together, so

R(P P/(1P))-R(' Xl X2 )-0
l' 2 - 1 - X +X +X +X ' X +X +X -1234234

However, Ql2 = PI/(1 - P2) is not independent of P2, because both P2 =
= X2 1(Xl + X2 + X3 + X4) and Q12 = XII (Xl + X3 + X4) are largely deter-
mined by the highly fluctuating variable Xl :

R(P2, P1/(1 - P2)) < 0

Considering the three stable taxa 2, 3 and 4, it appears that for instance
Q23 = P2/(1 - P3) is not independent ofP3 either, because Q23 = X2/(X1 +
+ X2 + X4) and P3 = X3/(X1 + X2 + X3 + X4) both are largely determined
by the highly fluctuating Xl :

R(P3,P2/(1 -P3)) > 0

Our simple imaginary example shows that the proportion-ratio correlation
coefficient R(Pi,Pk/(1 - Pi)) may be different from zero notwithstanding
the fact that the open variables are mutually independent. If one of a pair of



taxa is clearly disturbing, we shall obtain strongly different values for
R(Pi,Pk/(l - PJ) and R(Pk>PJ(l - Pk)). For some time we thought that
such different values would be useful indicators of a disturbing or squeezing
taxon. This procedure has indeed been successful in cases where there was
only a single distinct squeezer. However, if there is more than one taxon
that disturbs, the pattern soon becomes too complex to be solved with
proportion-ratio correlation coefficients.

In section 111.7 we shall give more details to support the statements made
above concerning these correlation coefficients.

After these moderately successful attempts we started to use the open
variables concept. This concept was introduced by Chayes and Kruskal
(1966) and by Chayes (1971) for the handling of geochemical data. Their
hypothesis that all open variables are independent, results in a set of expect-
ed values of the correlation coefficients between the closed variables of every
pair of taxa (Rc (Pi' Pd); the hypothesis therefore can be tested. This pro-
cedure causes problems similar to those we encountered already when con-
sidering the multinomial model. This "zero-open-covariances" model, as we
call it, is described in chapter III and has been incorporated in our Fortran
program DISTUR. In chapter IV we present another approach to the open
variables concept. This "free--open-covariances" model leads to a "best" so-
lution in which the open variables may still show some interdependence.
This model has been elaborated in a separate computer program called
BALANC.

11.9.Partial correlation and the closed sum problem

Some lines will be devoted to the use of partial correlation coefficients in
connection with closed sum data. Chave and Mackenzie (1961) apply this
statistical technique to chemical data of major and trace elements in pelagic
muds U\ represents the proportion of chemical element i in sample j). Chave
and Mackenzie try to "eliminate the correlation due to the closed sum"
by calculating partial correlation coefficients with respect to the major
element.

Chayes (1962, p. 451) already showed by means of a strict proof that the
closed form of the data is not eliminated by applying such a partial correla-
tion. This last fact is shown here in another way by means of a simple
example from the multinomial model.

Y l' Y 2 and Y 3 are three random variables that are mutually correlated.
The correlation coefficients between Y 1 and Y 2' between Y 1 and Y 3' and
between Y 2 and Y 3 are denoted by R12, R13 and R23 respectively. Obser-
vations are labelled j = 1, 2, 3, .... We are interested in those observations
(Y lj' Y 2j' Y 3j) in which Y 3j is a fixed value c, so that we can consider the

45



correlation Rl2.3 between the two variables Yland Y2 that is not affected
by the third variable Y3 because Y3 is kept constant. It can be proved that

Rl2 - (R13 . R23)
Rl2.3 = ---=/===2=====2='

Y (1 - Rl3) . (1 - R23 )

Rl2.3 is called the partial correlation coefficient between Yland Y2 with
respect to Y3' See e.g. Simpson, Roe & Lewontin (1960). If Y3 were in-
dependent of Y1 and of Y2' then R13 = 0 and R23 = 0, so that according to
(2.44), Rl2.3 = R12. If on the other hand Y3 had a strong correlation both
with Y1 and with Y2' i.e. R13 and R23 are both far from zero, then the
correlation Rl2 between Yland Y2 would be partly a reflection of the de-
pendence of these variables on Y3' Rl2.3 is the form in which this depend-
ence on Y3 is eliminated.

Chave and Mackenzie (1961) use formula (2.44) for the purpose of eli-
minating false correlations between trace elements caused by the fluctua-
tions in the proportions of the major chemical element. This procedure does
not eliminate the closed sum character, however.

Let a series of counts on a group of microfossils fit the multinomial
model, and, by analogy with the geochemical example, let taxon 1 have a
very large proportion Pl' so that all other taxa have small proportions P2'
P3' ... , PM' According to (2.18) the correlation coefficient between the
proportions of taxon i and those of taxon k is

PiPk
(1 - pJ . (1 - Pk)

PiPk
- -

(I-Pl -pJ . (1 - Pl - pd

in which qi = pJ(1 - Pl)' qk = Pk/(1 - pd. This means that the partial cor-
relation coefficient between the taxa i and k with respect to taxon 1 is equal
to the correlation coefficient between the taxa i and k, as if all scores of
taxon 1 had been deleted from all counts. For the revised series of counts
the multinomial model still holds and the proportions of the taxa i and k
have mean values qi and qk' respectively. The closed sum character is still
present. Deleting the scores of a disturbing taxon and performing calcula-
tions on the revised series of counts is a more straightforward technique than
calculating partial correlation coefficients. Therefore the latter technique has
not been considered any further in our investigation.



Chayes and Kruskal (1966) introduced the open variables concept and
built a model, incorporating the extra assumption (hypothesis) that all open
variables are mutually independent, i.e. that cov(Xi, Xk) = 0 for each pair of
taxa i and k. We call their model the zero open covariances model because of
this extra assumption. We describe the numerical part and related problems
below in section III. 1, I11.2 and I1L3, giving our comments and modifica-
tions. The model which we present in these first three sections is somewhat
different from that given by Chayes and Kruskal, but not essentially so. We
start from our micropaleontological definition, and not from their geo-
chemical definition.

It is not our aim to accept or reject the hypothesis of Chayes and Kruskal
if applied to some range chart. The hypothesis that all open variables are
mutually independent has to be rejected as soon as one "open variance"
var (Xi) turns out to be negative. According to our experience the occurrence
of a negative open variance is rare, however. Yet the hypothesis is rejected in
most cases because "significant" deviations are generally found between
values of correlation coefficients R (Pi' Pk) and corresponding expected
values Rc(Pi,Pk). It is our aim to make inferences for individual correlation
coefficients between open variables R (Xi' Xk) from the differences between
the values of the corresponding R (Pi' Pk) and the expected values Rc (Pi' Pk).

This theoretically "illegal" procedure is defended at the end of section I11.3.
From the comparison of the results with the outcome of our own free open
covariances model (see chapter IV) we cannot conclude which of the two
models is the better one in practice.

In section IlIA we introduce new parameters that are more efficient for
calculations and that provide a better insight into the structure of the zero
open covariances model of Chayes and Kruskal. The open variance-mean
ratio Hi for each taxon i provides a particularly good explanation of the
relation between the zero open covariances model and the multinomial mo-
del (IlLS). It appears to be an indicator for taxa that disturb the closed
system because of their highly fluctuating proportions (III. 6). In section
III. 7 the open variance-mean ratios play an important part in the proof that



the expected values of the proportion ratio correlation coefficients
Rc(Pi,Pk/(l - PJ) need not be equal to zero according to the zero open
covariances model, except in special situations comparable to the multino-
mial model.

As we mentioned already in sections 1.4 and 11.8 the open variable Xi
is the number of individuals of taxon i per fixed area or per fixed volume in
the biocoenosis (micropaleontological definition). The open Xij of taxon i
in assemblage j is thought to be achieved by multiplying the proportion
Pij of taxon i in co un t j by the factor Tj. In terms of random variables

Xi =T· Pi

It follows that T is the number of individuals of the microfossil group under
consideration per fixed area or per fixed volume:

M
T= L X·

i= I 1

We choose for our approach the fixed area or volume in the biocoenosis in
such a way that

M
E(T) = L E(X.) = 1

i= 1 1

In the literature E (T) is considered to be equal to a constant number T,

which causes trouble in the formulations. Our replacing of E (T) by one
(3.1) simplifies the expressions to a large extent.

Chayes and Kruskal write the basic relation between the open and the
closed variables, Xi = T . Pi' as

. Xi
p. = ------- (3.2)

1 Xl + Xz + X3 + ... + XM

i.e. the proportion Pij of any chemical element i in sample j is considered to
be obtained by a realization of the random vector (Xl' Xz, X3, ... , XM );

X..~ Up .. =
IJ Xlj + XZj + X3j + ... + XMj

We are not going to dwell on the geochemical definition of the open va-
riables. The definition of Chayes and Kruskal (3.2) and ours

M M
L p. = l' Xi = T . Pi; (and as a consequence) T =.L Xi (3.3)

i= II' 1= I



The relation (3.2) between the open variables and the closed variables is
replaced by the first order approximation:

X·
p. = 1

1 M
~ Xk

k = 1

E(XJ+Di (M)
= ---- ~ E(X.) +D· - E(X.)· ~ Dk =

M 1 1 1 k=l
1+ ~ Dk

k=l

M
= E(X.) + (1 - E(X.)) . D· - E(X.)· ~ Dk1 1 llk,6 i

M
in which Di is defined as the deviation (Xi - E(XJ). The symbol ~ meansk,6i
that the sum must be taken for k = 1, 2, 3, ... , M with the exclusion of k=i.
The expression (3.4) is regarded as if it were a perfect equality. As a conse-
quence we may write

E (Pi) = E (Xi) = Pi

(this Pi is not to be confused with the "multinomial" Pi of (2.11)) and

p. - p. = (1 - p.) . D· - p .. (. ~ Dk)
1 1 1 1 1 k,6i

From (3.6) and from the assumption of Chayes and Kruskal:

Sik==cov(Xi, Xk) = 0 for each pair of taxa i and k

it follows that

sii==var(Pi)=(1-pY 'Sii+P;' (k~iSkk)

for each taxon i (Skk ==var (Xk )), and that

Sil==cov(Pi, PI) =

= - PI . (1 - Pi) . Sii - Pi (1 - PI) . Sn + Pi . PI . ( k~ i,1Skk) (3.9)

M
for each pair of taxa i and 1. The symbol ~ means that the sum must be

k,6 i,I
taken for k = 1, 2, ... , M with the exclusion of k = i and k = 1. Instead of
var (PJ and coy (Pi' PI) we shall write in the following Siiand Sil' respectively,
in order to discriminate these expressions of the zero open covariances
model from those of other models.



Because of (3.7) the variance of T is the sum of all open variances of the
Xi:

M
Stt == var(T) = var( ~

i= 1

M
X.) = ~

I i= 1

M
var(X-) = ~ S··

I i= 1 11

With the help of the expression (3.10), the expressions (3.8) and (3.9) re-
duce to

s·· = (1 - 2p.) . S·· + p2 . S for each i11 I 11 i tt

respectively.
It should be pointed our once more that in this investigation the open

variables models are based on the closed variables Pi' i.e. on the proportions
in the counts, and not on the proportions Qi in the assemblages from which
the counts come.

111.2. Estimates of the open variables

Equation (3.11) expresses the relation between the "open" variances and
the "closed" variances. The closed variances can be estimated by var (PJ of
(2.32) or by var(Pi) of (2.33). The decision whether to use the unweighted
or the weighted closed form appeared to be of no practical importance. In
the DISTUR program the unweighted form is used, so

is substituted in accordance with the discussion in section II.6 between the
formulae (2.31) and (2.32). Therefore Pi of (2.30) is substituted for Pi of
(3.5) in the computer program. The decision about whether to use unweight-
ed or weighted is only important in the rare cases where the unweighted
closed statistics and the weighted closed statistics are markedly different
for one or more taxa. In practice this hardly ever occurred.

First we shall now consider the solution of Stt and the Sii from (3.11),
the Pi and the Siibeing known. (3.11) can be written



S = ~ S.. = ( ~ Sii ) _ ( ~ pt ). Stt
tt i=1 lli=1 (1 - 2Pi) i=1 (1 - 2Pi)

Hence, Stt can be expressed in the Pi and the sii:

(
M= L

i= I

Stt thus being calculated, each Sii is:

2 . Ssii - Pi tt
S··=----

11 1 - 2 Pi

Chayes (1971, p. 48) dwells extensively on the case where one of the pro-
portions Pi is equal to L so the expression for Stt of (3.14) is undefined.
This peculiar situation is not considered here, because it is very unlikely that
it would occur in practice, and it does not lead to a better understanding.

The second remark is that Stt of (3.14) is not defined if M = 2, i.e. in the
case of two taxa, because then PI = 1 - P2' and the denominator in (3.14)
will have the outcome zero.

Chayes (1971) shows that the problem of solving the open variances Sii
from the closed variances sii and the proportions Pi can be formulated in
terms of matrix algebra: expression (3.8) can be written as

in which s is a column vector with i-th coordinate Sii,a a column vector with
i-th coordinate Sii, P a matrix having in the j-th tow and k-th column

{

(1 _ p)2
Pjk =

p~
J

It can be proved that P is non-singular for M;;;' 3, so there is an inverse p-I
and a can be deduced from s:



The deduction formulated in (3.14) and (3.15) is more straightforward!how-
ever.

For M = 2, (3.16) leads to

(Sll)_((I-PI)2 pi )(Sll)_C1-Pd2 P~)(Sll) (3.18)
s22 - ... p~ (1 - P2)2 S22 - (1 - pd2 PI S22

Expression (3.18) confirms that Sll = szz. This results in only a single equa-
tion for the open variances Sll and S22:

(1 - pd2 . Sll + pi . S22 = sll .

Hence, there is more than one solution for M = 2.

Another important item, discussed in the literature is that the expression
for Sii of (3.15) cannot be guaranteed to yield a desired, positive number for
every taxon i. If for some taxon i Sii appears to be negative or zero, we can
conclude that the hypothesis (3.7) concerning mutually independent open
variables must be rejected. This occurred frequently in the investigation
carried out by Saha, Bhattacharyya and Lakshmipathy (1974), who however
considered M = 4 cases only. So far a negative open variance has been found
only once in the considerable number of data sets we have investigated, but
in our data sets M is much larger (between 8 and 20).

111.3.Closure correlation according to the zero open covariances model

The open variables Sii and Stt having been calculated, the next step is to
test the zero open covariances model by calculating the correlation coeffi-
cient values between each pair of hypothetical closed variables which are
deduced from the open variables, and by comparing these hypothetical cor-
relation coefficients with the corresponding correlation coefficients
R(Pi, Pk) of (2.38) or R(Pi, Pk) of (2.39) calculated directly from the closed
data.

The hypothetical closed covariances Sil' expected according to the zero
open covariances model, are calculated from (3.12):

sil = Pi . PI . Stt - PI . Sii - Pi . Su·

The correlation coefficient between the proportions of taxon i and those of
taxon 1, expected according to the zero open covariances model, is:

p .. PI . S - PI . S·· - p .. Su
R (p. P) = 1 tt 11 1

c 1'1 ---oJ sii . sut



It is emphasized that Rc is a hypothetical value, just like Rm of (2.18) of
the multinomial model. This Rc is compared to R(Pi, Pk) of (2.38) and to
R(Pi, Pk) of (2.39) by means of the statistic (2.41).

Chayes (1971) remarks that this test (2.41) is only valid for Rc if M;;;;,4.
For M = 3 it turns out that Rc (Pi' Pk) = R (Pi' Pk) if var (Pi) is substituted for
Sii as we decided on the basis of (3.13). If var(Pi) is substituted for Sii' then
Rc(Pi,Pk) = R(Pi,Pk). Below we give the proof for the unweighted case; the
same proof holds for the weighted case.

var(P3) = var(P1+ P2)= var(P1)+ var(P2)+ 2 cov(P1,P2).
Substitutingvar(Pi)= siiaccordingto (3.13),wehave

_ var(P3)-var(P1) -var(P2)
cov(P1'P2)= ---------

2

Substituting(3.8)in sl1' s22ands33in thelastexpressionwillyieldthe expressionof(3.9) for
s12'so:

cov(P1,P2)= s12'
Hence,not onlyvar(Pi)= sii'but alsocov(Pi,Pi) = sil'so

R(Pi'Pl)= Rc(Pi'Pl),

We conclude that if M = 3 the open variances Sii can be determined with-
out any problem, according to (3.14) and (3.15). The zero open covariances
model cannot be tested by means of the correlation coefficients, however.
From now onwards in this chapter we consider the number of taxa to be
more than three.

Different interpretations of significant values of (z(R) - z(Rc)) . Y N - 3'
of (2.41) are found in the literature, which are similar to the different inter-
pretations of (z(R) - z(Rm)) • y N - 3'in the multinomial model (see 11.3).

Miesch (1969) follows the only correct way from the point of view of
mathematical statistics by stating that as soon as one significant value of
(2.41) is found, the zero open covariances model must be rejected; no in-
ference is allowed about open covariances Sik = cov(Xi, Xk) and open corre-
lation coefficients R(Xi,Xk). He shows by means of an imaginary example
with M = 4 that such inferences can be entirely wrong.

Chayes (1970) maintains that inferences can be made about R (Xi' Xd
from the statistic (2.41):

( z (R (Pi' Pk)) - z (Rc (Pi' Pk )) ) . Y N - 3'



than 30. He states that it is permissible to use the statistic to test the hypo-
thesis that R(Xj, Xd = 0 for the pair of taxa i and k involved. In contrast,
Miesch wishes to conclude that a significant value of (2.41) leads to accept-
ing the hypothesis that one or more open covariances (not necessarily the
one between the taxa i and k) are different from zero.

Our own opinion is somewhere in between; our experience with range
charts of microfossils has shown from the comparison with the results from
our BALANC computer program (see chapter IV) that testing the hypo-
thesis R(Xj, Xd = 0 by means of the statistic

(z(R(Pj,Pk)) - z(Rc(Pj,Pk))) . vi N - 3'

is quite permissible if M ;;.. 8. If the outcome of the statistic is significantly
positive, R (Xj, Xk) > 0 is accepted. If the outcome is significantly negative,
R(Xj, Xd < 0 is accepted.

IlIA. Choosing appropriate parameters

After some experience with the model of Chayes and Kruskal we realized
that the above expressions concerning the closed forms Siiand Sik, the two
open forms Sii and Stt' and the mean proportions pj are not efficient for cal-
culations. Other expressions given below are more efficient and give a better
insight into the structure. The basic formulae (3.11) and (3.12) are written
more concisely by defining some convenient parameters.

Cii== Sii/(P~) (3.20)

is the first parameter of this kind, being the squ ar e 0 f the co e ffi ci en t 0 f
variability of the closed variable Pj' The second is

Uj== (p~)/(1 - 2pj)

which is a useful transformation of the proportion Pj' The third is

cik == sik/(Pj . Pk)

which we call the coefficient of covariability of the pair of closed
variables Pj and Pk. Like Sik, the parameter cik is a hypothetical parameter
giving an expected value according to the zero open covariances model.
Finally we define

as the open variance-mean ratio, abbreviated to v.m.r. This ratio can be
given a logical foundation, which will be presented in the following section.



Here we restrict ourselves to the metamorphoses of the different formulae.

The basic equation (3.11) reduces to

c·· = (S ../u.) + S11 111 tt

and (3.12) reduces to

cil = - Hi - HI + Stt

The expression (3.14) for Stt reduces to

M
~ u· 'C". 1 1 11S =1_= _

tt M

1 + ~ u·
i= 1 1

The expression (3.15) for Sii changes into

Sii = ui . (cii - Stt)

Finally, the expression (3.19) for Rc (Pi' PI) is modified to

Cil Stt - Hi - HI
Rc(Pi,PI) = -~--------- =

V cii . cll V cii . cll r

We end this section with some remarks on the parameter ui. The function
u : p f-+ u(p) = (p2)/(1 - 2p) has the properties u(p) > 0 for 0 < p <L
u (p) < 0 for ~ < p ,;;; 1; u (0) = 0; lim u (p) = + 00 ; lim u (p) = - 00 ; u (~) is

p t !. p ~ !.
notdefined;u(l) =-1. 2 2

IlLS. The open variance-mean ratios

In this section we postulate that the zero open covariances model is valid
for the series of counts. Starting from the definition (3.23) of the open
variance-mean ratios and from (3.10) we deduce that

i.e. the variance of the sum of the open variables is the weighted mean of
the open v.m.r.'s, weighted according to the proportions Pi'

We wish to consider the case where the open v.m.r.'s of all taxa are equal
to some constant positive number m, so Hi = m for all i. Then it immediately



follows from (3.29) that Stt = m. This special case implies that each taxon
contributes its open variance Sii to the total open variance Stt according to
its proportion Pi' because

M
S·· = m . p. and S = ~ Sii = m.

11 1 tt i = I

If all open v.m.r.'s Hi are equal to the constant m, it follows from (3.11),
(3.24), (3.12), (3.25) and (3.28) that

m' (1 - pJ
cii =

respectively.
From the comparison of (3.30) with (2.18) it appears that the condition

of mutually equal open v.m.r.'s results in a resemblance with the multino-
mial model (see Chayes & Kruskal, 1966, p. 697). The expected values of the
correlation coefficients between the closed variables have become identical
for both models. If in addition m = 1/n* is substituted in (3.30), n* being
the harmonic mean of the sizes nj of the counts, then the expressions (2.15)
and (2.17) reappear and it turns out that the multinomial model can be seen
as a special case of the zero open covariances model.

The construction of the multinomial model by means of open variables
has been considered by Mosimann (1962) and by Connor and Mosimann
(1969). They suppose that the variables Xi have specific probability distribu-
tions, namely gamma distributions. If each Xi has a gamma distribution with
parameters a = pJm and {3 = ill (translated into our terms), and the Xi are
mutually independent, then the series (PI' Pz, P3' ... , PM) defined by

Xi
p. = --------

1 Xl + Xz + X3 + ... + XM

has a Dirichlet distribution, also called multivariate beta distribution with
parameters al = PI 1m, az = pz/m, a3 = P3/m, ... , aM = PM1m. It has pro-
perties almost identical to (3.30). The mutually independent Xi with the
gamma distributions described above have the properties

E(Xi) = Pi; var(Xi) = m' Pi; cov(Xi,Xk) = O.



The Pi of (3.31) obtained by "closure" of these Xi have the properties

m . Pi . (1 - Pi) - m . Pi . Pk
E(PJ = Pi; var(PJ = -----; cov(Pi,Pd = ----

(l+m) (l+m)

Pi 'Pk
(1 - Pi) . ( 1 - Pk)

For the theory of these probability distributions the reader is referred to
Mosimann (1962) and Connor and Mosimann (1969).

A remarkable result is that the substitution of the latter "closed" ex-
pressions in (3.14) and (3.15) results in

m m'Pi
Stt = -- and Sii = ---

l+m l+m

So with the procedure of Chayes and Kruskal the "original" open statistics
var(T) = m and var(Xi) = m . Pi are underestimated by a factor 1/(1 + m).
This is only harmless if the positive number m is much less than one. If
var(T) = m is not much less than one, the amount of underestimate will be
considerable. As n* is supposed to be large (e.g. 50 or more), the sub-
stitution m = l/n * mentioned earlier will not cause any problem.

It is emphasized that this result is only valid if the open variables Xi have
gamma distributions as described above. We have no idea about the value of
this underestimate factor if the Xi have no gamma distributions.

III.6. Recognizing disturbing taxa

Another interesting property of the open v.m.r.'s

Hi = Sii/Pi

is that they provide a tool to recognize taxa that disturb the closed system
because of their highly fluctuating proportions (see 11.8). In the previous
section we considered the case where each taxon contributes its open varian-
ce Sii to the total open variance Stt according to its mean proportion Pi' i.e.

Sii = Pi . Stt for each taxon i.

Now we consider some taxon k that has



open variance Stt than it should do according to its mean proportion Pk'
Moreover, if this taxon has quite a large mean proportion Pk it will disturb
the correlation coefficients between the closed variables. By disturbing we
mean that there are several taxa i for which the correlation coefficient
Rc(Pi,Pk) of (3.28), which is to be expected according to the zero open
covariances model, is substantially different from the value given in (3.30),

Pi' Pk
(1 - Pi) . (1 - Pk)

based on the multinomial model. Substituting (3.24)

Sii Hi . (1 - 2Pi)
cii = ~ + Sa = p. + Stt

1 1

and a similar expression for Ckk into (3.28), we get

Stt - Hi - Hk
Rc(Pi,Pk) = --------------~--

(_(1_;-i2_P_i). Hi + Stt ) . (( _1_-
p
_:_Pk_). Hk + Stt )

Writing Yi = HJStt and Yk = Hk/Stt, this form reduces to

Rc(Pi,Pd = (1-Yi -Yk). f(Pi'Yi)' f(pk>Yk)

in which f is the function defined by

If Hi = Hk = Sa' then Yi = Yk = 1 and the expression (3.33) will reduce to
the "multinomial" value (3.30). If Hk ~ Stt' then Yk ~ 1 and the factor
(1 - Yi - Yk) in (3.33) will yield a value much less than minus one.

From figure 4 that shows graphs of the function (p ~ f (p, y)) for a series
of values of y, it can be read that the factors f(Pi' Yi) and f(pk' Yk) are
large, provided that Pi and Pk are not too small. Hence, substantial devia-
tions from the multinomial value of Rc (Pi' Pk) are to be expected, if taxon k
(the disturbing taxon) has Hk ~ Stt and not too small a value for Pk and
taxon i neither has too small a value for Pi'

If for taxon k Hk is very large compared to Stt, it can be expected for
several taxa that ° < Hi' HI < Stt' because of (3.29). Then the first factor
(1 - Yi - YI) will be close to zero. If Pi and PI both are not too small,
Rc (Pi' PI) also shows a substantial deviation from the multinomial value,
but now in a positive direction.



The expressions (3.33) and (3.34) appear to help in giving a good foun-
dation to the concept of disturbing taxa, leading to statements that were
in accordance with intuition. In the following section a similar foundation
will be presented concerning the proportion-ratio correlation coefficients.

III. 7. Expected values of the proportion-ratio correlation coefficients

In these paragraphs statements that were made in earlier sections con-
cerning the proportion-ratio correlation coefficients will be proved with the
help of the zero open covariances model. These coefficients have been
defined in (2.19) and are calculated in the DISTUR computer program



according to (2.42) (unweighted) and according to (2.43) (weighted). The
part these coefficients play is described in the discussion of section 11.8.

We shall consider the correlation between the proportion of taxon 1 and
the part taxon 2 covers in the proportion of all other taxa. The correlation
coefficient value that is expected according to the zero open covariances
model is denoted by

Pz
Rc(P1, --)

1-PI
The proportions of the remaining taxa 3, 4,5, ... , M are lumped together,

M
forming the proportion PR of taxon R. Next, ~ Xk == XR, so that, because

k =3
of the mutual independence of the open variables

Hence, the open v.m.r. HR is the weighted mean of H3, H4, Hs, ... , HM,
weighted according to the mean proportions P3' P4' Ps, ... , PM' Again we
apply the approximation (3.6):

(p.-p.)=(I-p.)·D.-p.· ( ¥ Dk)
1 1 1 llk;6 i

Pz Xz pz + Dz pz + Dz
= --- = -------- = -------- R:

I-PI Xz +XR pz +Dz +PR +DR (l-pd+Dz +DR

pz PR . Dz
R: +----

(1 - pd (1 - pdz



From the approximations (3.6) and (3.37) we deduce

var (2)= p~ . S22 + p~ . SRR
I-PI (l-pd4

( P
P 2 ) _ PI . P2 . SRR - PI . PR . S22

COV l' -- - 2
I-PI (l-pd

On the basis of (3.36), (3.39) can be written:

(
P2) PI' P2 . PR

COV PI' -- = 2 . (HR :- H2)
I-PI (I-PI)

Analogous to the definition (3.20) of Ciifor the closed variables, we define
the square of the coefficient of variability of the open variable Xi as

Cii == Siil (p; )

so (3.38) can be written as:

(
P2 P~ . P~

var 1 _ PI) = (1 - Pd4
Keeping var (P1) = sl1 in its closed form, the correlation coefficient value
(3.35) expected according to the zero open covariances model results in:

P2 HR-H2
Rc(P1, --) = ---------------------~-

1 - PI v' cl1 . (C22 + CRR)'

Chayes (1971) presents formulae for the same expressions (his (8.6),
(8.7), (8.8) and (8.9)), but he did not transform them as we have done
above. From our expression (3.43) one can easily make the following in-
ferences.

In section 111.5 it has been shown that the multinomial model is a special
case of the zero open covariances model. If all open v.m.r.'s Hi are equal to
a constant m, then according to (3.30) the correlations between the closed
variables are equal to the correlations expected using the multinomial model.
However, if Hi = m for each taxon i, then it appears from (3.36) that HR =
m, and from (3.43) that

P2
Rc(P1, --) = O.

1- PI



Secondly, the numerator in expression (3.43) does not contain the open
v.m.r. HI' This means that the possible disturbing behaviour of taxon 1, i.e.
HI ~ Stt according to (3.32), does not affect the value of Rc of (3.43),
which is a confirmation of the statement made in the discussion of II.8.

Thirdly, if taxon 2 is disturbing, then Hz ~ Stt according to (3.32). Sub-
stituting (PI . HI + pz . Hz + PR . HR) for Stt' and assuming that (pz +
+ PR) . Hz is still greater than Stt we get (pz + PR) . Hz > PI . HI + pz . Hz +
+ PR . HR' As we suppose the zero open covariances model to be valid,
PI . HI = S11 is greater than zero. It follows that Hz > HR and that Rc of
(3.43) has a negative value.

Finally, we consider the case where one of the taxa of the R-group disturbs
in such a way that not only HR ~ Stt but even (pz + PR) . HR > Stt. Again
(Pl' HI + pz . Hz + PR . HR ) is substituted for Stt, so (pz + PR) . HR > Pl' HI +
+ pz . Hz + PR . HR' PI . HI = S11 being greater than zero, it follows that
HR > Hz and that Rc of (3.43) has a positive value.

To make it easier for us to survey the output we decided not to include
the calculations of the expected values of alle proportion-ratio correlation
coefficients according to the zero open covariances model (3.43) in our
DISTUR program. If desired, selected expected values can easily be calculat-
ed. Using the equalities

Cii = Sii/(P;)'

CRR = (Stt - Sii - Skd/((l - Pi - pdZ
), and

HR = (Stt - Sii - Skk)/(l - Pi - Pk), we can calculate

Pk
Rc(Pi, --)

1 - Pi

according to (3.43). Stt and the Pi' cii, Sii and Hi are presented by the output
of the computer program DISTUR for all taxa.

III.8. Statistics concerning the zero open covariances model in the DISTUR
program

At the end of the previous section we already made some remarks about
the calculation of the diffetent statistics of the zero open covariances model
in the DISTUR program. A review of these statistics is presented below.

Substituting the unweighted variance estimate var(Pi) of (2.32) for Sii' and
the unweighted mean proportion estimate Pi of (2.30) for Pi in the expres-



sion of (3.20), the square of the coefficient of variability of Pi is: 

- -2
cii =var(PJ/(P i)' 

The statistic cii is called C(I) - "CLOSED" in the DISTUR program. 
The variance of T, the sum of all open variables Xl ' X2 , ••• , XM is 

according to (3.26), in which ui = CPr )/(1- 2PJ, if Pi is substituted for Pi in 
the expression (3.21). In the program Sa is called S (T) - "OPEN". 

According to (3.27) the variance of the open variable Xi is 

Sii =ui . (cii - Stt) 

and is called S(I) - "OPEN" in the DISTUR program. 
According to (3.23) the open variance-mean ratio is 

H. =S··/P.1 11 l' 

if the unweighted mean proportion estimate Pi is again substituted for Pi' 
The v.m.r. Hi is called H(I) in the program. 

In this program the Fisher's z-transformation of the correlation coefficient 
between the proportions Pi and Pk of any pair of taxa i and k, which is ex
pected according to the zero open covariances model, is 

Stt - Hi - Hk )
 
z (Rc ( Pi' Pk )) =z ( -------, .
 

VCii . ckk
 

In the program it is called ZRO(I, K). See the expressions (2.40) and (3.28). 

In the DISTUR program some statistics are calculated concerning the sizes 
of the counts. 

The unweighted estimate of the mean value of n is simply 

N 
n= (~ nj)/N, (3.44 ) 

j = I 

in which N is the number of counts that have been performed. The estimate 
Ii has been called M(N) in the computer program. 

The unweighted estimate of the variance of n, 

N 
var(n) = (~ (nj - Ii)2 )/(N - 1) (3.45)

j=l 
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has been called VAR (N) in the program. 
The unweighted estimate of the correlation coefficient between Pi and n is 

N 
L (1' .. - P.) . (n. - n)

j=l 1J 1 J 
(3.46)R(P i , n) = ---,::::::::.=============;

(1'00 - P-)Z) .( ~ (n. - n)~)
 
\J 1 j=l J 

In the DISTUR program R(Pi, n) has been called R(PI, N). 

As to the latter expression one would not expect the estimate of any 
proportion (Pi) and the size of the count to be interdependent. Nevertheless, 
in practice it may happen that there is a relation between the numerical pro
portion of some taxon and the number of microfossils that are (or rather 
that can be) counted from a sample. For instance, in the ostracode data from 
Prassa section (Crete, Greece) described by Tsapralis (1976) positive correla
tions were found between the sizes of the counts and the proportions of 
Xestoleberis individuals, and between the sizes of the counts and the propor
tions of the Rest group. Negative correlations were found by means of the 
DISTUR program between the sizes of the counts and the proportions of 
Callistocythere, and between the nj and the proportions of the Cytherurinae 
(significance level 0: = 0.01). These correlations certainly have a micropale
ontological meaning, but we do not consider this in the context of this 
paper. 
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Chapter IV 

THE FREE OPEN COVARIANCES MODEL
 

IV.!.!. Introduction 

From the definition of the open variables given in sections 1.5 and 111.1, 
and repeated once more below, one might wish to establish the value of 
Xij for each taxon i and for each assemblage j from the closed data set. Since 

Xij = Tj . Pij 

it would be sufficient to establish the value of Tj for each assemblage j. In 
the concept of our free open covariances model the series (Tl' T z, ... , TN) 
should be given values such that the values of the correlation coefficients 
R (Xi' Xk ) for each pair (i, k) of taxa are "near zero". 

In this section it will be argued that it is practically impossible to single 
out one solution from the collection of solutions (Tl' T z, ..., TN ), which 
belongs to a given correlation matrix R(X) between open variables, except in 
irrelevant cases where R(X) is singular. 

It is better to describe the collection of solutions for the covariance ma
trix C (X) of open variables directly from the given covariance matrix C (P) of 
proportions. A linear approximation is used to obtain a useful description of 
solutions for C(X) in terms of the known C(P). Following the linear ap
proximation the addition of values to the parameters var(T), cov(P1 , T), 
cov(Pz,T), .. " cov(PM , T) is sufficient to determine C(X) from the closed 
data set. 

In sections IV.2, IV.3 and IVA numerical aspects of the relation between 
the "open" covariance matrix C(X) andthe "closed" covariance matrix C(P) 
are presen ted. 

In section IV.5 a criterion is proposed for choosing one solution C (X) 
from the collection of solutions for some given closed data set. This criterion 

M 
L R(Xi,Xk ) =0 for each taxon i 

k*i 

bears some resemblance to the hypothesis of mutually independent open 
variables as stated by Chayes and Kruskal (1966). 

A Fortran computer program called BALANC finds our "balanced" solu
tion by means of an iterative process. The properties of such balanced solu
tions are considered in section IV.6. 
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In section IV.7 an alternative - in our opinion less successful - balanced 
M 

solution is presented based on the assumption that ~ R 2 (Xi' Xk ) has the 
b"i 

smallest possible value for each taxon i. This solution can also be calculated 
by means of the computer program BALANC. 

Although the procedures described in this chapter are more direct than 
those of Chayes and Kruskal (1966), our procedures cannot be shown to be 
better in practice than theirs. 

IV.1.2. Open variables definition 

The approach to our model opens with a repetltlon of the micropale
ontological open variables definition, already presented in section I1L1. The 
open variable Xi is thought to be the number of individuals of taxon i in the 
biocoenosis per fixed area or per fixed volume. The open variable Xij of 
taxon i in assemblage j is thought to be achieved by multiplying the pro
portion Pij of taxon i in co u n t j by the factor Tj . In terms of random 

M 
variables Xi == T . Pi' Again ~ Pi == 1. It follows that T is the total number 

i =1 

of individuals of the microfossil group under consideration per fixed area or 
per fixed volume: 

M M M
 
T == T· ~ p. = ~ T· p. = ~ X·
 

i=l 1 i=l 1 i=l 1 

The fixed area or volume is chosen in such a way that the mean value of 
the total number T of individuals, considering all geological samples which 
might be taken from the stratigraphic section involved, is equal to one: 

E(T) =1 

This open variables problem would be solved completely if in some way a 
value could be established for Tj of each count j so that a "logical" solution 
appears. If some value is substituted for the total number Tj the number of 
individuals Xij of taxon i in assemblage j can then be derived directly from 
X~ =Tj . Pij' Further on in this section (IV.1.6) we shall present an example 
ot such a formula for Tj . We mentioned already that any such formula will 
lead to illogical solutions, however. This will also be argued below. 

In a few sentences based on an imaginary example it is shown that it may 
be even completely impossible to trace back the value of T i from the closed 
data, notwithstanding the fact that the original open data from which the 
closed data have been derived form an acceptable system. 
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It is supposed that all Xi have some gamma distribution (see section IlL5) 
and that they are mutually independent. The only restriction is that the beta 
parameters of all gamma distributions have the same value. Then it follows 
from Lukacs' theorem (Lukacs, 1955; see also Mosimann, 1962, p. 75) that 

M 
T = .L Xi is independent of the vector (Pl' P2' P3' ... , PM) in which 

1 = 1 

Pi = XJT for each i. Hence, it is not possible to give a non-trivial estimate of 
'Ij from any realization (Plj , P2j , ... , PMj ); the trivial estimate is of course 
Tj = 1. 

This imaginary example has the property cov(T, PJ = 0 for each i. If for 
real data these covariances have values that are not all equal to zero, it is 
theoretically possible to give an estimate of Tj (see IV.3). 

IV.1.3. The covariance matrices C(X) and C(P) 

Since it is practically impossible to establish values for Tj for each j, one 
aims at describing the relation between C (X), the covariance matrix of the 
open variables, and C(P), the covariance matrix of the closed variables. Un
fortunately, we could not establish the exact relation between these two 
covariance matrices. The linear approximation (3.4) takes only the three 
most important terms of the expression 

(E(Xi)+DJ'(l+~ (-~ Dk)P) 
p=l k=l 

into account. This expression is moreover only valid for describing 

M 
P.=(E(X.)+D.)/(l+ L Dk ) 1 1 1 k=l 

if there is no realization of the sum of the D k =Xk - E (Xk ) over all k that 
has a value equal to or greater than one. If one takes more terms of the ex
pression into account than has been done in (3.4) this results in better ap
proximations, which are too complex to be handled, however. The expres
sion (3.4) 

M 
p. ~ E(X.) + (1 - E(X.)) . D· - E(X.)· L Dk1 1 1 1 1 k*i 

is regarded as if it were a perfect equality. As a consequence we can write 

E(PJ = E(XJ = Pi (3.5) 
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(do not confuse this Pi with the "multinomial" Pi of (2.11)) 
and 

(4.1 ) 

In matrix notation this is 

y=Px 

in which y is a column vector with i-th coordinate Yi = Pi - Pi' x is a column 
vector with i-th coordinate Xi = Di = Xi - Pi' and P is a matrix having in the 
j-th row and the k-th column: 

1 - Pj) if j = k
 
=
Pjk I

(
-Pj if j =1= k 

The validity of this basic linear equation as an approximation is hard to 
judge theoretically. We consider the linear approximation to be rather a 
serious problem, but we did not succeed in finding any other, better solu
tion. 

Denoting the transposed of vector y and the transposed of matrix P as y' 
and p', respectively, we deduce from (4.1) that 

<I> = E(yy') = E(Pxx'P I
) = P E(xx' ) p' =P ~ p' (4.2) 

in which 

<l>kl = E((Pk - Pk) . (PI - PI) = cov(Pk,PI) for k =1= 1, 

<l>kk =E((Pk -pd 2 )=var(Pk), 

~ kl = E ((Xk - pd . (XI - PI)) = cov (Xk, XI) for k =1= 1, 

~kk =E((Xk -pd 2 ) =var(Xk)· 

See Kork (1977). <I> and ~ are the closed covariance matrix C(P) and the 
open covariance matrix C(X), respectively. 

Kork (1977) states that the equation <I> = P ~ P', in which P and <I> are 
known matrices to be deduced directly from the closed data, has such a large 
collection of solutions ~ that a number of "equally likely" solutions can al
ways be indicated, which are even mutually highly different. As a conse
quence Kork concludes that it is impossible to solve the "closed sum pro
blem". Miesch (1969) arrived at the same conclusion following a similar pro
cedure, but he only considered the case M = 4. 
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We do not agree with Kork that it would be absolutely impossible to solve 
the closed sum problem. We consider most of Kork's examples of solutions 
of open covariance matrices from imaginary closed data to be too extreme. 
His solutions commonly lead to open correlation coefficient matrices that 
contain many extremely high coefficients (high in an absolute sense). In our 
opinion the solutions ~ of a set of closed data are not of equal value, be
cause in each collection of open covariance matrices there is a subcollection 
that contains solutions that lead to open correlation coefficient matrices 
containing more moderate values. 

Our own procedures, which we shall describe in this chapter, are meant 
to lead to "best" solutions of this kind. We are not suggesting there is only 
one good solution ~, but we postulate that all solutions leading to moderate 
open correlation coefficients can be considered to be close to the "best" 
solution. The best solution cannot be easily calculated. The Fortran compu
ter program called BALANC does the calculations. 

In our procedure we try to solve equation (4.2) 

<I> = P ~ P', 

accepting the fact that we shall find more than one open covariance matrix 
~ as solutions. As in the case of the zero open covariances model (see (3.16), 
(3.17) and (3.18)), solving (4.2) with the help of matrix algebra manipula
tions, as does Kork (1977), is neither the shortest nor the most transparent 
way. Instead, we prefer to start by writing (4.2) in extenso: 

(4.3) 

and 

+ p~ . ( ~ ( ~ cov (Xh ' XIJ) ) (4.4) 
h=d 1=1 
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We note that cov(Y, Y) is identical to var(Y). 
M 

Recalling that T::: ~ Xh , we have 
h=l 

M M 
cov(Xj,T)::: cov(Xj, ~ Xh )::: ~ cov(Xj,Xh ), 

h=l h=l 

and 

so (4.3) and (4.4) can be reduced to 

cov(Pj, Pd ::: cov(Xj,Xk ) - Pk . cov(Xj, T) - pj . cov(Xk , T) + 

+ pj . Pk • var(T) (4.5) 

and 

var(P j) ::: var(Xj) - 2pj . cov(Xj . T) + p; . var(T) (4.6) 

In the above expressions the (co)variances of the closed variables Pj are 
expressed in the (co)variances of the open variables Xi and of their sum T. 
With the help of an equality that is easily deduced from (4.1): 

(4.7) 

(4.5) and (4.6) can be written in such a way that the (co)variances of the 
open variables Xj are expressed in the (co)variances of the closed variables 
Pj and of the "open sum" T: 

COV(Xi,Xk ) ::: cov(Pj,Pk ) + Pk . cov(Pi, T) + pj cov(Pk> T) + 

+ pj . Pk • var(T) (4.8) 

and 

var(XJ ::: var(P j) + 2pj . cov(P j . T) + p; . var(T) (4.9) 

From these expressions it is clear that the open covariance matrix C (X) 
is determined if values are added to the closed data for the parameters 
var(T), cov(P1 , T), cov(Pz , T), ..., cov(PM , T). Because 

M 
~ cov(Pj,T)::: cov(l,T)::: 0, 

j= 1 

it appears that M values must be "freely" chosen in order to determine 
C(X). We return to these M "degrees of freedom" later on. 
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IV.lA. Direct derivation of the approximations (4.5) to (4.9) 

The approximations (4.5), (4.6), (4.7), (4.8) and (4.9) can be derived 
directly from the definitions 

M
 
X-=T'P,; ~ P.=l· E(T)=l


1 1 i=l 1 ' 

which gives some insight into the neglect of higher order terms. Denoting 
E(PJ = Pi; Yi = Pi - E(PJ = Pi - Pi; t = T - E(T) = T - 1 (note that Pi 
is a constant, t a random variable), we get 

Xi = T . Pi = Pi + Pi . t + Yi + Yi . t 

so that 

E(Xi) = Pi + E(Yi . t) = Pi + cov(Pi, T) (4.10) 

It follows that 

coV(Xi,Xk) = E((Xi - E(Xi)) . (Xk - E(Xk))) = Pi' Pk . E(t2) + 

+Pk 'E(Yi ·t)+Pi 'E(Yk ·t)+E(Yi 'Yk)+Pi 'E(Yk ·t2)+ 

+ Pk . E(Yi . t 2) + 2E(Yi . Yk . t) + E(Yi . Yk . t2) 

- E(Yi . t) . E(Yk . t) (4.11) 

Neglecting the five latter terms of higher order we arrive at the approxima
tion (4.8). 

Similarly, 

var(XJ = E((Xi - E(XJ)2) = P; . E(t2) + 2Pi . E(Yi . t) + E(y;) + 

+ 2Pi . E(Yi . t 2) + 2E(y; . t) + E(y; . t 2) 

-- E(Yi . t) . E(Yi . t) (4.12)
 

Neglecting the four latter terms of higher order we arrive at the approxim
ation (4.9). Neglect of these terms is based on the fact that var(T) = E(t2) is 
considered to be much less than one. 

Next, 

cov(Xi,T) = E((Pi . t + Yi + Yi . t - E(Yi . t)) . t) = Pi' E(t2) + 

+ E(Yi . t) + E(Yi . t 2) (4.13) 

Neglecting the last term of higher order we get
 

cov(Xi,T) = cov(Pi,T) + Pi' var(T) of (4.7).
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Substituting 

Pi 'Pk 'E(t2)+Pk ·E(Yi ·t)+Pk 'E(Yi ·t2)=Pk 'cov(Xi,T) and 

Pi' Pk . E(t2) + Pi' E(Yk . t) + Pi' E(Yk . t 2) = Pi' cov(Xk,T) 

into (4.11), we get 

cov(Xi, Xk) = - Pi . Pk var(T) + Pk . cov(Xi, T) + Pi . cov(Xk, T) + 

+cov(Pi,Pk)+2E(Yi'Yk ·t)+E(Yi·Yk ·t2)_ 

- E(Yi . t) . E(Yk . t) (4.14) 

and substituting 

2pf . E(t2) + 2Pi . E(Yi . t) + 2Pi' E(Yi . t 2) = 2Pi' cov(Xi,T) 

into (4.12), we have 

var(Xi) = - pf . var(T) + var(Pi) + 2 Pi . cov(Xi, T) + 2E(yf . t) + 

+ E(yf . t 2) - E(Yi . t) . E(Yi . t) (4.15) 

Neglecting the last three terms of higher order in (4.14) and in (4.15), we 
obtain the approximations (4.5) and (4.6), respectively. 

IV.l.5. The acceptability of the hypothesis of Chayes and Kruskal 

With the help of the formulae (4.5) and (4.6) one can explain why it is 
quite permissible to test the hypothesis R(Xi,Xk) = 0 by means of the 
statistic 

(Z(R(Pi,Pk)) - z(Rc(Pi'Pk))) .J N - 3'ifM~ 8 

(see section III.3). 
Suppose that in an open covariance matrix C(X) the value of cov(XI , X2) 

is changed to an amount d. Then the coefficients of the closed covariance 
matrix C(P) change as follows, according to (4.5) and (4.6): 

d(cov(P I ,P2)) = ((1 - PI) . (1 - P2) + PI . P2) . d 

d(var(Pd) = - 2PI . (1 - PI)' d 

d (var (P2)) = - 2 P2 . (1 - P2) . d 

d(var(Pi)) =+2pf·d (i~3) 

d(cov(P I ,Pi)) = - Pi' (1 - 2pd . d 

d(cov(P 2,Pi)) = - Pi' (1 - 2P2)' d
 

d(cov(Pi,Pk )) =+Pi ·Pk· d (k>i~3)
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It appears that the change din cov(X1,Xz ) induces a change of similar 
size in the corresponding closed covariance cov(Pl' Pz), if it is supposed that 
all Pi are much larger than one. The change in var(Pd, var(Pz ) and all 
cov(P1,Pi) and cov(Pz,P;) is smaller, and the change in var(Pi) and in 
cov(Pi, Pd for k> i ~ 3 may be considered negligible. 

After careful consideration we conclude that deviations of the values of 
R(Pi,Pk ) from the expected values Rc(Pi,Pk ) are due to deviations of the 
corresponding R (Xi' Xk ) from zero. 

IV.1.6. The values ofTj 

One might choose the open covariance matrix C(X) in such a way that it 
has the property 

M 
.~ var (Xi) has the smallest possible value. 
1= 1 

According to (4.9) this implies that 

i~1 2Pi . cov(Pi,T) + p; . var(T) =cov(2 (i~1 Pi' Pi + p; . T ) ,T) 

has the smallest possible value. It follows that 

T = 2 - (.~ Pi' Pi ) /i(.~ p;),1=1 /1 1=1 

which permits us to calculate Tj for each assemblage j directly from the clos
ed data matrix, and then each Xij by Xij = Tj . Pij' At first sight this seems to 
be an easy way to solve the closed sum problem. However, choosing the 
matrix C (X) with the property that the sum of the open variances is at its 
minimum leads to an extreme solution. With the linear approximation of 
(4.1) it is easily proved that 

Xi =Pi + Pi . (T - 1) =Pi + Pi' (1 - (i~1 Pi' Pi )/( i~1 p; ) ) 

so that (approximately) 

M M Z 
~ Pi' Xi = ~ p..

i=1 i=1 1 

This means that the sum of Pi . Xi over all i is approximately a constant. This 
implies that in this case C(X) is a singular matrix. 
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From the micropaleontological point of view the consequence that the 
sum over all i of the open variables Xi multiplied by some constant is constant 
is completely illogical. The criterion we introduced that the solution with 

M 
L var (Xi) has the smallest possible value
 

i = 1
 

leads to an undesired result. 

If we choose as an alternative the open covariance matrix C(X) to have 
the property 

M 
.L ci' var(XJ has the smallest possible value, 
1 =1 

in which each ci is a constant greater than zero, we obtain a solution with 
the properties 

M M
 
2) L c·' p.. X· = L c·' p~ (which is a constant)


i=l 1 1 1 i=l 1 1 

3) C(X) is a singular matrix. 

A special case is ci = l/Pi: the open covariance matrix C (X) that has the 
property 

M
 
.L var (XJ/Pi has the smallest possible value,
 
1 =1 

appears to be the closed covariance matrix C (P) itself: T = 1; Xi = Pi for 
each i. The system of closed variables itself is an extreme and illogical open 
variables solution because it has the property 

M M 
L X. =T = L p. =1 

i=l 1 i=l 1 

It is important to note that these procedures that fix the series (Tl' T Z, 

T 3 , ..., TN) result in a singular matrix C(X), the singularity ofC(X) being 
equivalent to the property that there are constants c, a l , az, a3' ... , aM' 
so that 

M
 
L a·' X· = c


i= 1 1 1 
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which property is again illogical from the micropaleontological point of 
VIew. 

We are therefore interested only in non-singular solutions of C (X). After 
the expressions (4.8) and (4.9) it was mentioned already that C(X) is deter
mined by adding only M values to the closed system, assuming that the 
linear approximation (4.1) can be used. If the resulting solution for C (X) 
is non-singular, there must be still (N - M - 1) degrees of freedom for the 
series (T I ' T 2' T3' ..., TN)' Remember that one degree of freedom is lost 

N 
because L Tj = N must hold. 

j=1 
As in our range charts and distribution charts N is generally greater than 

(M + 1), the choice of a non-singular C(X) does not fix the value of Tj for 
each count j. 

From these considerations and from the imaginary example at the be
ginning of this section IV.1 that showed that it may be completely im
possible to trace back the value of each Tj from the closed data, we have 
decided not to aim at finding solutions for the series (Tl' T2' T3' ... , TN), 
but to aim at finding solutions for the open covariances matrix C(X). 

IV.2. The relation between the open and the closed covariance matrices 

The expressions (4.5) and (4.6) are not yet the most convenient forms for 
solving the equation (4.2). Both for the open variables Xi and for the closed 
variables Pi the squares of the coefficients of variability and the 
coefficients of covariability are introduced: 

Vii == var(Pi)/(p;) vik == cov(Pi,Pk)/(Pi . Pk) 

Vii == var (Xi )/ (p; ) Vik == cov(Xi,Xk)/(Pi . Pk) (4.16) 

Because of the risk of confusion we do not use the symbols c and C of the 
zero open covariances model (see (3.20), (3.22) and (3,41): cik and Cii are 
parameters which were defined on the assumption that the zero open co
variances model is valid. 

The expressions (4.5) and (4.6) can now be changed into 

cov(Xi, T) cov(Xk, T) 
vik = Vik - - + var (T) (4.17) 

Pi Pk 

cov(Xi, T) 
vii=Vii -2' +var(T) (4.18) 

Pi 

by dividing them by Pi . Pk and by P; , respectively. 
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Ignoring any limitation for a while, we are allowed to assign freely some 
value to 

cov(Xi,T) 
di = 2 . - var(T). (4.19) 

Pi 

Such values being chosen for each parameter di, i = 1, 2, 3, ..., M, the so
lution can be written as 

y..
11 

= v
11
.. + d.

1 
or var (X.) = var(P.) + pZ . d· (4.20)

IIi 1 

di + dk )
Vik = vile + ( --2- or cov(Xi, Xk) = cov(Pj, Pk) + 

di + dk )
+ Pi . Pk . ( 2 (4.21) 

The statistics of the open variables can now be determined from the statistics 
of the closed variables, as soon as values have been assigned to the series of 
parameters d 1 , dz ' d3 , ••• , dM • 

As in the zero open covariances model we can substitute for the "closed" 
statistics either the unweighted forms Pi of (2.30), var(Pi) of (2.32) and 
cov(Pj,Pk) of (2.35) or the weighted forms Pi of (2.30), var(Pi) of (2.33) 
and c6v(Pj, Pk) of (2.36). In the computer program BALANC the unweight
ed forms are substituted. 

Another point worth noting is that one may think it is strange that the 
equation II> = P 1: P' of (4.2) does not lead to a unique solution of the open 
covariance matrix 1:. The matrix 1: contains M . (M + 1)/2 mutually unrelat
ed values, because 1: iIe = cov(Xj,Xk) = cov(Xk,Xj) = 1: ki . In the singular 
closed covariance matrix II> , however, there are relations between the coef
ficients II> ik , because for each i: 

M M M 
1: lI>ik = 1: cov(Pi,Pk) = cov(Pi, 1: Pd =cov(Pi, 1) = O. 

k=l k=l k=l 

Hence, on the M . (M + 1)/2 values that form II> , M restrictions are imposed, 
which implies that II> is determined by M . (M - 1)/2 mutually unrelated 
values, so that 1: cannot be deduced from II>, unless M values, such as our 
d 1 , d z , d3 , ••• , dM are added as "extra" information. 

IV.3. Properties of the di-parameters 

The statement in the previous section that any value can be assigned to 
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the parameters di , i = 1,2,3, ... , M, is obviously not true. Primarily, Vii or 
var(XJ of (4.20) must be positive, so 

di > - Vii for each taxon i. (4.22) 

Next, for each pair of taxa i and k the correlation coefficient between the 
open variables Xi and Xk, 

coV(Xi,Xk)
 
R (Xi' Xk) = ~==;:;;:;=;:==::::;::;;::::;; =
 

V var(Xi) . var(Xd 

vik + (( di + dk )/2)
 
= -;=~=;=:~~~
 (4.23 )

V (vii + dJ . (vkk + dk)' 

must fulfil the condition: - 1 < R(Xi,Xk) < + 1. The restrictions thus plac
ed on the series (d 1 , d 2 ' d3 , ••• , dM ) by the requirement that the absolute 
value of each of the M . (M - 1)/2 "open" correlation coefficients should be 
less than one, cannot be easily deduced from (4.23). 

Another question to be answered is whether the open covariance matrix 
C(X) and the open correlation coefficient matrix R(X) are positive definite. 
We did not find a simple answer to this question, but we think that this 
failure is not important in practice. 

An important equality can now be derived. From (4.19) we can deduce 
that 

~ p., d· = ~ (2, cov(X, T) - p .. var(T) ) = 
i=1 1 1 i=1 1 1 

= 2 . cov( (.~ Xi)' T) - (.~ Pi)' var(T) = 2 . var(T) 
1=1 1=1 

- var (T) = var (T), 

so 

M 
var(T) ='~ p., d·, (4.24 ) 

i =1 1 1 

which means that the variance of the sum T of the open variables is equal to 
the weighted mean of the di, weighted according to the proportions Pi' A 

M 
consequence is that ~ Pi' di must be greater than zero. 

i =1 

Formula (4.24) shows a striking resemblance to the formula (3.29) in 
chapter III concerning the zero open covariances model: 

M
 
Stt = ~ Pi' Hi'
 

i =1 
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This resemblance is entirely misleading, however. On the assumption that the 
zero open covariances model is valid, we have the following relation, 
using (4.1 9) : 

M 
cov(X i , ~ Xk ) 

d i ==2' k=l -var(T)== 
Pi 

var(XJ 
== 2· Pi - var(T) == 2 . Hi - Stt (4.25) 

because cov(Xi , Xk ) == 0 for k i= i. Hence, di == Hi holds for each taxon i, if 
and only if di == Hi == Stt for all taxa, and the latter statement is exactly the 
condition for the "generalized" multinomial model (3.30). 

In practice it appears to be very common for some d i to have negative 
values. A negative Hi' however, would immediately lead to the rejection of 
the zero open covariances hypothesis. According to (4.20) a negative d i 
means that the open variance var(XJ is less than the closed variance var(PJ 
for that specific taxon i; this phenomenon is quite admissible. 

As soon as values have been substituted for d1, d z , d3 , •.. , dM, var(T) 
and for each i, cov(Pi , T) can be calculated according to (4.24), (4.20) and 
(4.9), so that the matrix 

/' var(P1) cov(P1,PZ) ------cov(P1'PM) cov(P1, T) 

cov(PZ'P1) var(Pz)~ - - - -- - - cov(Pz , PM) cov(Pz , T) 

c* I 
I 

I 
I 

-- I 
I 

I 
I 

I I ................ I I 

cov(PM, Pd cov(PM,Pz) -----.::::var(PM) cov(PM, T) 

\ cov(T, Pd cov(T,Pz) -------cov(T,PM) var(T) 

can be established. It follows that an estimate dTj =Tj - 1 can be made for 
each count j by means of multiple regression analysis from the series of 
values of dPij = Pij - Pi' for i == 1, 2, ... , M. If x is the column vector with 
c~efficients dPIj' dpZj' ..., dPMj , y, then the multiple regression estimate 
dTj is given the value y for which 

x' (c*t 1 x has the smallest possible value. 

It js to be noted that Tj may be a very poor estimate of Tj ; more precisely, 
var(Tj ) may be much less than var(Tj ). In the imaginary example at the be

78 



ginning of this section we have cov(T, PJ = 0 for each i, so for this example 
it follows that dTj = 0 and Tj := 1, irrespective of the values for dP lj' dP2j' 

... , dPMj , and ooviously var(Tj ) = O. A 

Although it is theoretically possible to calculate these Tj , we decided not 
to perform this difficult calculation. We restricted ourselves to analysing the 
open covariance matrix C(X) and its related correlation coefficient matrix 
R(X). 

IVA. Analysis of the open correlation coefficient formula 

As we deduced in the previous section, the correlation coefficient between 
the open variables Xi and Xk is given by the formula (4.23): 

vik + ((di + dk)/2)
 
R(Xi,Xd = ,


J (Vii + dJ . (vkk + dk)
 

This statistic is a function of the parameters di and dk, which can be "freely" 
chosen. Therefore it is necessary to analyse the structure of the function 
(di,dk)/-+ R(Xi,Xk)· 

Substituting (Vii - Vii) for di and (Vkk - vkk) for dk in (4.23), we have 
according to (4.20) 

vik + ((Vii - Vii + V kk - vkk)/2)
 
R(Xi,Xk)= =
 

v' Vii . V kk '
 

Vii + V kk - (Vii + vkk - 2 . vik) 
=-----;.:;:;:=::::;;::::;--- 

v' Vii . V kk ' 

The term hik == (Vii + vkk - 2 . vik) can be seen as the variance of the closed 
variable 

~ _ P k ).
( 

Pi Pk 

Hence, the term h ik , which is determined by the closed data, cannot have a 
negative value. It is noted that h ik = hki , and that i =1= k. In addition to the 
definition of 

(4.26) 
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we define 

Vii Vii + d j 
Yik == - = ------ (4.27)

Vii + Vkk - 2 . Vjkh ik 

(note that Yik and Ykj are not identical) 

and 

g(x,y)== x~ (4.28) 
2· x' Y 

Then the open correlation coefficient statistic can be written: 

Vii + Vkk - Viihik Vkk 
R(Xj,Xk)= =g(h,-)=g(Yik,Ykj) (4.29)

V Vii' Vkk I ik h jk 

It thus appears that the problem of analysing R(Xj, Xd can be reduced 
to that of analysing the function (x, y) ~ g(x, y), in which x and Y must be 
positive numbers, because Vii = Vii + dj and Vkk = Vkk + dk , and therefore 
also Yik and Ykj must be greater than zero. 

Primarily, we wish to restrict the domain of the function g to 

{(x, y) I x> 0, y> 0, I g(x, y) I.;;; l} 

The requirement that I (x + Y - 1)/(2 . ~) I';;; 1 is equivalent to x2 
- 2xy + y2 - 2x - 2y + 1';;; O. Hence the domain of g, which is illustrated 
in figure 5 as the white part in the first quadrant of the (x, y)-plane, has as 
its edge the parabola 

x2 -2xy+y2 -2x-2y+1=0. 

The graph of g (x~ y) = 0 is obviously the straight line segment x + y - 1 = 
o within the domain g. The part of the domain of g in which g (x, y) is 
negative is the bounded field at the lower left side of this line segment. The 
part in which g (x, y) is positive, at the other side of the line segment, is not 
bounded. 

The graph of g(x,y) = ± t, i.e. I g(x,y) I = t, in which t is some number 
between zero and one, appears to be the ellipse 

x2 + (2 - 4t2) xy + y2"_ 2x - 2y + 1 = O. 
1 1 . /The ellipses g(x,y) = ± 4 = ± 0.25, g(x,y) = ± 4 V 2 = ± 0.354, g(x,y) = 

± ! = ± 0.5 and g (x, y) = ± ! V2 = ± 0.707 have been drawn in figure 5. 
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Fig. 5 Graph of g(x, y) = (x + Y - 1)/(2~) (see (4.28)). 

The last mentioned ellipse is in fact the circle x 2 + y2 - 2 x - 2 Y + 1 = 
(x - 1)2 + (y - 1)2 - 12 = 0, which· has centre (x = 1, Y = 1) and radius 
r =1. 

A remarkable feature of this function g is that the two points (x =0, y =1) 
and (x = 1, y' = 0) are the only points of the edge of the domain of g that do 
not belong to the domain. In words, the behaviour of g is unstable in the 
vicinity of these two points. This means that R (Xi' Xk ) is unstable in the 
case where Vii is immensely large relative to Vkk , or vice versa, as can be seen 
from (4.29). In practice such enormous differences in the values of the 
"open" squares of the coefficients of variability are rare. 

A desirable property of the function g would be that g (x, y) increased 
with increasing x, y remaining constant, and with increasing y, while x re
mained constant (see next section). Because of the symmetry of g in x and y, 
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one has only to check whether ~ (g (x, y)) > °everywhere in the domain 
dx 

of g. It is easily shown that this derivative is negative in the part of the do

main where x < y - 1. Due to the symmetry, ~ (g (x, y)) is negative in that 
dy 

part of the domain where y < x-I. The conclusion is that g has the desir
able property described above only in that part of the domain where 

I x - y I = I Yik - Yki I = I (Vii - Vkk)/hik 1<1	 (4.30) 

The edges	 of this part of the domain are parts of the following graphs: the 
2parabola x - 2xy + y2 - 2x - 2y + 1 = 0, the straight line x - y + 1 = ° 

and the straight line x - y - 1 = 0. These two lines have been added in 
figure 5. 

The analysis presented above will be used in the following section. 

IV.S. A balanced solution "~ R = 0" of the open variables problem 

In the introduction to this chapter we mentioned that among the open 
covariance matrices ~ that are solutions of 

P ~ P' = ct> 

a "best" solution can be indicated. By "best" solution we mean that all 
solutions that do not lead to open correlation coefficient matrices with 
extreme values do not deviate much from that "best" solution. Instead 
of the matrix expression (4.2) the expressions (4.20) and (4.21) are applied: 

di+dk )
V·· =v.. + d·' =Vik +n n l' 

Vik ( 2 

A trivial solution is obtained if di = °is substituted for all i. Then Vii = 
vii' so that var(XJ =var(PJ for each taxon i, and Vik =Vik' so that cov(Xi,Xk) 
= cov(Pi , Pk) for each pair of taxa i and k. This means that the statistics 
of the open variables are equal to the statistics of the corresponding closed 
variables. This is not a "likely" solution, however, because according to 
(4.24) this would imply that var (T) = 0, i.e. the variance of the sum of the 
open variables is zero, which means that this sum is a constant from as
semblage to assemblage, whereas its components Xi are not. 

In matrix algebra we mentioned that ~ = <I> is a solution of (4.2), so 
P ct> P' = <I>. Equation (4.2) therefore can be rewritten by stating D == (~ - <I», 
which means that we are asking for the solutions D of 

PDP' = P (~ - <I» p' = P ~ P' - P <I> P' = <I> - <I> = 0, (4.31 ) 
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in which 0 is the matrix consisting of zeros. Writing equation (4.31) PDP' = 
o in extenso leads to relations, which the coefficients Dii =var (XJ - var (PJ 
and Dik = cov (Xj, Xd - cov(P j, Pd must satisfy. Obviously this leads to 
(4.20) and (4.21). . 

The examples of solutions from imaginary closed sum data given by Kork 
(1977) generally contain a large number of correlation coefficientsR(Xj,Xd 
that have extreme values, of positive sign as well as of negative sign. It is 
remarkable, however, that the majority of these extreme coefficients have 
the same sign. This implies that for almost every taxon i, the sum 

(4.32) 

must be "very far" from zero. Evidently, taxon i "has" positive correlations 
with the majority of the other taxa, and there are hardly any taxa with 
which taxon i "has" a negative correlation, or vice versa. Such a situation 
may be real, but we do not consider it to be likely. 

We wish to "improve" the solution by bringing the sum (4.32) closer and 
closer to zero for each taxon i. This balancing procedure is the basic work 
performed by the Fortran computer program BALANC. The idea is as 
follows. 

Suppose that the sum (4.32) relating to taxon i is much greater than zero. 
Then we decrease the value of d j belonging to that solution by a small 
amount E. According to the text around (4.30) in the previous section, we 
hope that in carrying out this procedure for each taxon k, k * i, R(Xj, Xd 
will decrease as well, so that also the sum (4.32) will decrease. If R (Xi' Xd 
fulfils the condition (4.30), it is certain that each R(Xi,Xk ) will decrease, 
and as a consequence the sum. However, if one taxon, or more than one, 
does not satisfy (4.30), we suppose (but cannot prove) that 

(4.33) 

is still a monotonously increasing function in its domain. This function and 
its domain are dependent on all dk , k * i, according to (4.23) and (4.29); 
these parameters are kept fixed for the moment. 

Similarly, if 

M
 
S· (d.) = ~ R(X.,Xk )
 

1 1 k*i 1 
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is less than zero, then di is increased by a small amount E, so that Si (dJ is 
likely to increase as well, and to approach zero. 

In the computer program BALANC an iterative process is thus perform
ed. It starts by giving each di the value zero: d 1 = dz = d3 = ... =dM =O. 
At first Sl (d1 ) is calculated, and 

if Sl (d 1 ) ;;;:. 0, d 1 gets the value -E in addition; 

if Sl (d 1 ) < 0, d 1 gets the value +E in addition, 

in which E is the small amount of our iterative process. Similarly dz changes 
in value by the amount ± E, depending on the sign of Sz (dz ), d3 changes, 
and so on until dM is modified. This marks the end of the first iteration step. 
The second iteration step consists of calculating Si (dJ and subtracting E 
from the value of di if Si (dJ ;;;:. 0 and adding E to the value of di if Si (d i ) 

< 0, for i = 1, 2,3, ... , M. 
After a number of iteration steps of this kind (in our experience this 

number is between 100 and 250, but of course the number is dependent on 
the size of the small number E) it is expected that an equilibrium will be 
reached: for each taxon i, Si (di) has reached zero and during the remaining 
number of iteration steps di ",Yill ~tay'" close t<;? a limit value cli. According to 
(4.20) and (4.21) this series (d1 ' dz ' d 3 , ••• , dM ) leads to a "balanced" solu
tion, for which 

A M M Vii + cli Vkk + clk 
Si(dJ = ~. R(Xi,Xk) = ~. g(--, ) =0 (4.34) 

b'l k">l hik hik 

for each taxon i (see (4.29)). 

It is emphasized that we did not succeed in finding a solid theoretical basis 
for this procedure. From our experience with the BALANC program we can 
say that the procedure never failed in connection with our counts of micro
fossils. Nevertheless, one should realize that there may be theoretical objec
tions. In our opinion they are: 

First, the property (4.34) 

for each taxon i cannot be easily defended if the number of taxa is small: 
M < 6. These cases will be dealt with in the following section. 

Second, each modification of di during the iteration process not only 
affects Si (dJ, but also all other Sk (dk), k =1= i according to the note after 
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(4.33). Hence, the convergence to zero of Sj migh t be prohibited by the 
changes in the values of the dk , k *- i. 

Furthermore we did not prove that d j 1-+ Sj (dJ is a monotonously in
creasing function, all dk , k *- i, being kept constant. We cannot even prove 
that there is a value d in the domain of Sj that has Sj (d) = 0. 

For the latter two reasons we cannot guarantee that the balanced solu
tion as described above really does exist. If the computer program BALANC 
gives a balanced solution, one has to check whether each Vii or var (XJ is 
positive and whether for each open correlation coefficient it holds that 
I R(Xj,Xd 1<; 1. In our analysis of a large number of range charts the pro
cedure never failed and a correct balanced solution was always found. How
ever, this may be due to the fact that we never had fewer than eight taxa in 
our range charts. We have no experience with smaller numbers of taxa. 

For each pair of taxa i and k the BALANC program produces the value 
of hjk from (4.26), so that the expressions x =Yjk = Vii/hjk' Y =hj = Vkk /hjk 
and (x - y) = (Vii - Vkk )/hjk can easily be calculated, if desired. In our 
analyses the absolute values of (x - y) of the correlation coefficients R (Xj, Xk) 
were nearly always less than one. Therefore the statement that the Sj mo
notonously increase in d j looks fairly safe. 

It should be borne in mind that all this theory is based on (3.5) and (3.6) 
which in fact are approximations. It is impossible to estimate whether these 
approximations have serious consequences for the final result. 

Finally, inspection of the output of the BALANC program does not tell 

us whether the balanced solution (d1 , dz , d3 , ••• , dM ) is unique for the 
set of closed data considered (for M = 2 it is not unique, as is shown in the 
next section). The expressions Sj (dj) = °(4.34) for each i form a set of M 

equations that the M variables dj must fulfil. So we expect (but cannot 
prove) that there is only one possible solution. The BALANC program finds 
a solution by starting from d1 = dz = d3 = ... dM = 0, but the d j might 
converge to another limit if we let the iteration process start from a different 
series dj = Xj' i = 1,2,3, ..., M (the Xj of course may be mutually different). 
A theoretical answer to this question has not been found. In practice we 
examined one set of closed data in connection with this problem by sub
stituting several different series of dj values at the beginning of the iteration 
process in the BALANC program. It always gave the same solution, but this 
fact can by no means be accepted as a proof of the uniqueness of the balanc
ed solution. 
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IV.6. Properties of the balanced solution ~ R = 0 for M,s;;; 6 

In this section we shall discuss a property of these balanced solutions that 
gives rise to doubt about the justification of such so-called best solutions, 
when the number M of taxa is small. We still hope to convince the reader 
about this justification when this number M is large. For the sake of conven
ience in notation the open correlation coefficient R (Xi' Xk ) is written in 
this section as Ri,k' 

For M =2, the case of two taxa, (4.34) simply reads 

R1,2 =0 (4.35) 

and this is true if ct 1 + ct2 = - 2 . vI 2' as can be seen from (4.23). Hence, 
there is more than one balanced soluti~n. If one used the BALANC program, 
one would get the solution ct 1 =ct2 =- v1,2' 

For M = 3, the case of three taxa, (4.34) results in 

R 1 ,2 + R 1 ,3 = 0; R 1,2 + R 2,3 = 0; R 1 ,3 + R2,3 = 0 

and this implies: 

- =0 (4.36 ) R 1 ,2 =R 1 ,3 R 2 ,3 

Hence, the requirement (4.34) of the free open covariances model is identic
al to the requirement (3.7) of the zero open covariances model of Chayes 
and Kruskal, and therefore the solutions are identical if M =3. From (4.36) 
it follows that 

ct 1 + ct2 = - 2· vl,2; ct 1 + ct3 =- 2 . v1 ,3; ct2 + cl3 =- 2 . v2,3 

so that 

cl 1 = v2,3 - VI ,2 - VI ,3 

cl2 =VI 3 - vI 2 - V2 3 , (4.37) 

cl3 = v1 ,2 - v1 ,3 - v2,3 

In this way the open squares of the coefficients of variability acquire a re
markable property. For taxon 1 for instance 

, , 

VI 1 = VI 1 + cl 1 = VI 1 + v2 3 - VI 2 - VI 3 = 
" ""
 

PI P2 PI P3 )

=E (---).(---) (4.38)( 

PI P2 PI P3 

given that R 1 ,2 = R 1 ,3 = R 2,3 = 0, M = 3. 
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Before the case M = 4 is considered an important property of the balanced 
solution will be derived, which is valid for M greater than or equal to four. 

Let A be a subcollection of the collection of M taxa. From (4.34) we can 
write 

L (	 ~ R
I
, k) = 0 and this can be written 

iEA	 k*i ' 

(4.39)2 ~~A (k~A R h.k ) =i~A (I;A Ri,l)
 
k>h
 

A similar reasoning can be used for the complement of A, so 

(4.40)2 ~;A ( k;A Rh,k) = i;A ( I~A Ri,l)
 
k>h
 

As the expressions on the right-hand sides of (4.39) and (4.40) are identical, 
it follows that 

h~A (	 k~A Rh,k) = i;A ( I;A Ri,l ) (4.41) 
k> h 1> i 

In words: the sum of the correlation coefficients between all pairs of taxa in 
a subcollection A is equal to the sum of the correlation coefficients between 
all pairs of taxa in the complement of A. If the first sum is far from zero, 
then the second sum must be too. This is an artificial property due to the 
imposed condition (4.34). For small M this property has undesirable con
sequences (see below). It is to be noted that A as well as its complement 
must consist of at least two taxa. That is why for (4.41) to be valid M must 
be at least four. 

For M =4, (4.41) results in 

R1,2 = R 3,4; R1,3 = R 2,4; R 1,4 = R 2,3	 (4.42) 

for A = {l, 2 }, {l, 3} and {l, 4}, respectively. Hence, it is impossible to 
recognize single correlations between open variables if M = 4. A real correla
tion between Xl and X 2 may be recognized to some extent, but this correla
tion is copied in the correlation between X 3 and X 4 • 

For M = 5, (4.41) results for instance in 

R I ,2 = R 3,4 + R 3,5 + R 4,5	 (4.43) 

taking	 A = {1, 2} . Again a real correlation between Xl and X 2 may be 
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recognized, but this correlation induces a bias in R3 ,4' R3 ,s and R 4 ,s' If 
there are more "real" correlations, the picture may become disturbed. 

For M = 6, (4.41) results in expressions like 

R1,z = R 3 ,4 + R 3 ,s + R 3 ,6 + R 4,s + R 4 ,6 + R S,6 (4.44) 

if A consists of two taxa, and in expressions like 

R1,z + R1,3 + R Z,3 = R 4 ,s + R 4 ,6 + R S,6 (4.45) 

if A, and therefore also its complement, consist of three taxa. For M = 6 the 
"mutual induction" as expressed by (4.41), will generally be too weak to 
disturb the picture in such a way that individual "real" correlations between 
open variables can no longer be recognized. In our opinion therefore the 
procedure of finding the balanced solution, executed by the Fortran pro
gram BALANC, can be used if the number of taxa is greater than or equal 
to six. 

IV.7. The balanced solution "~ RdR = 0" 

In the previous sections we considered the balanced solution "~ R = 0", 
i.e. the solution which consists of the open covariance matrix C(X) and the 
associated open correlation coefficient matrix, which has 

M 
~ R (Xi' Xk) = 0 for each taxon i. 

k#'i 

Another balanced solution, denoted by "~ RdR = 0", which looks ap
propriate as well, is 

M 
~ RZ(Xi' Xk) has the smallest possible value for each taxon i (4.46)

k#'i 

because it seems capable of reducing the number of correlation coefficients 
that strongly deviate from zero. We replace (4.46) by 

_0_( ~ RZ(Xi,Xk))=
o (dJ k #' i 

o (M (2vik+ di+ dk)Z 
(4.4 7) )=0

= 0 (dJ k;i 4 (vii + dJ . (vkk + dk) 

for each i, in which all dk , k oF i, are kept constant. See (4.23). The expres
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sion (4.4 7) can also be written: 

M oR(Xi,Xk) 
2· ~ R(Xi, Xk) . = ° 

k"'i 0 (di) 

indicating that in the sum each correlation coefficient R(Xi, Xk) is weighted 
according to the factor 

OR(Xi,Xk) 

o (di ) 

which in general is a positive number. See section IV.4. Recalling Vii of 
(4.20) and h ik of (4.26), the expression (4.4 7) is equivalent to 

1 M V~ -(Vkk -hid 2 

-' ~ 11 = °for each i. (4.48) 
4 V~ k'" i 

11 
Vkk 

The expression on the left-hand side is a monotonously increasing function 
in Vii' so also in di, unless Vkk = hik would hold for each k =F i. It should be 
remembered that Vii = Vii + di ; Vkk = Vkk + dk ; hik = Vii + Vkk - 2 vik' 

The computer program BALANC can be modified easily so that instead of 

M
 
S· (d.) = ~ R(X.,Xk)

11 k ", i 1 

the expression 

1 M V~ - (Vkk - hikF 
T. (d.) =-' ~ 

1 1 4 2 k"'iV.. V kk
11 

for each i is considered. The iteration process remains the same. From the 
values of di some constant E is subtracted ifTi (di);;;' 0, and the constant E 
is added to the value of di if T i (di) < 0, for i =1, 2, 3, ... , M, repeatedly, 
until an equilibrium is reachep in which each di will stay in the vicinity of 
a limit value di, for which T i (di) = °holds. 

A solid theoretical basis for this procedure is again lacking. It cannot be 
proved that a "balanced solution" will be found. We only know that this 
procedure works in practice. Every solution presented has to be checked for 
errors such as negative open variances and open correlation coefficients 
greater than one or less than minus one. The uniqueness of such a solution 
has not been proved either. Obviously this procedure is also based on the 
expressions (3.5) and (3.6) which in fact are approximations. The reader 
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is referred to section IV.5 for a more elaborate description of the procedure 
and the problems involved. 

Comparing the ~ RdR = 0 balanced solution with the ~ R = 0 balanced 
solutiop. for a series of range charts reveals quite striking differences. The 
limits d i of the ~ RdR = 0 solution tend to be larger than the corresponding 
limits cl i of the ~ R =0 solution. The open variances of the ~ RdR =0 solu
tion tend to be larger. More striking is the result that in the ~ RdR = 0 solu
tion the majority of the significantly negative correlation coefficients 
according to the ~ R = 0 solution have become non-significant. However, the 
significantly positive correlation coefficients according to the ~ R = 0 
solution are confirmed by the ~ RdR = 0 solution. The latter solution pro
duces more significantly positive correlation coefficients; the values of the 
significantly positive correlation coefficients tend to be somewhat greater 
in the ~ RdR = 0 solution than in the ~ R = 0 solution. 

In our opinion the explanation of the differences in the correlation coeffi
cients can be found in the graph of 

x +y - 1 
R(Xi , Xk ) = g(x, y) = ---'------

2·VX? 
in which x = Vii/hik and y = Vkk /hik • This graph is presented in figure 5. 
The ~ R = 0 solution results in more or less equal numbers of (significantly) 
positive values and of (significantly) negative values in the open correlation 
coefficient matrix. Looking at the graph of g (x, y): more or less equal num
bers of points fall in the limited region in which g < 0 and in the non-bound
ed region in which g> o. The ~ RdR = 0 solution tends to make each R2 as 
small as possible. If for instance R < .25 must hold for each correlation coef
ficient R, the "chance" of being in the region 0 < R < + .5 seems to be 
much larger than the "chance" of being in the region - .5 < R < 0, because 
the latter region is much smaller than the former. 

In our practice of micropaleontological data the ~ R = 0 solution is pre
ferred because it yields a balance between the numbers of positive and ne
gative values of the open correlation coefficients. 
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Chapter V 

TRENDS AND TIME SERIES
 

V.l. Introduction 

Along a stratigraphical column the proportions of a certain taxon may 
show an overall increase or an overall decrease; these phenomena are called 
trends. Considering the succession from bottom to top an increasing trend 
is called positive, a decreasing trend negative. Trends may be expressed by 
the correlation coefficient value between the successive proportions and the 
rank numbers of the samples ordered from bottom to top. 

One meets a snag in evaluating these correlation coefficient values. Be
cause one of the series of variables, the sample numbers, has a fixed, logical 
(stratigraphic) order, we are not really dealing with correlations between in
dependent variables, on which the statistical theory, used so far was based. 
This logical order of the samples may have an effect on the other series of 
variables, the proportions. There may be an interdependence in the sense 
that some taxon property (e.g. its proportion) in a certain sample is strongly 
related to the one(s) in the sample(s) immediately below. Series with such 
interdependence because of the inherent logical order (in our range charts 
the stratigraphic order) are called time series. 

Because of the possible dependence of a proportion Pij on the previous 
one, the correlation coefficient R(pij' Pi(j+l)) may yield a distinctly positive 
value instead of the value zero that one might expect for independent va
riables. Such dependence in a series is referred to as autocorrelation (see 
VA and V.S). 

In an earlier paper (M. M. Drooger, Raju and Doeven, 1979, section 2.8) 
the problem of illusory correlations arising from the logical stratigraphic 
order of the samples was already discussed. It should be emphasized that in 
that paper autocorrelation was considered in the case of the evolutionary 
Planorbulinella lineage, in which we may easily imagine that each Planor
bulinella population derived its characteristics primarily from the imme
diately preceding ones. The possibility of autocorrelation is less evident for 
the successive faunal compositions of the range charts. However, for the 
range chart data too we can assume that evolution, especially in the sense of 
evolution of the environment, may have played a role. And it cannot be 
denied that faunas commonly descended directly from the earlier ones at 
the same spot. Hence, it seems realistic not to ignore the possible effect of 
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time series in the interpretation of trends calculated from the range charts. 
In the present chapter we intend to give the analysis of time series a some

what better foundation with the help of several models from probability 
theory (VA, V.6). It is emphasized that in our opinion probability models 
rarely give a good description of reality. Yet these models are thought to 
give us a better understanding and to prevent us from drawing incorrect 
conclusions. 

Recognition of the possible effect of time series may also have a bearing 
on the correlation coefficients between the proportions of two taxa. In 
testing for independence of two taxa series by means of the correlation 
coefficient values, the statistic (2041) 

(z(R) - z(p)) 'V N - 3 I 

has been mentioned. It has a standard normal distribution if the hypothesis 
resulting in the value p is true. This statement becomes inadmissible as soon 
as autocorrelation is present . .In such cases the number of degrees of free
dom (N - 3) must be lower (V.6); this has consequences for the significance 
limits of the established correlation values. 

In the closed system of proportions it is evident that the trends of dif
ferent participating taxa are interdependent. A positive trend in taxon i will 
tend to induce negative trend effects for all other taxa. In section V.8 inter
dependence of trends is avoided by using trends in the open variables. 

V.2. The linear regression coefficient 

So far we have considered the closed variable Pi for some taxon i as a 
random variable Y having some probability distribution, while the realiza
tions Yl' Y2' Y3' ... , YN are mutually independent, i.e. 

cov(Yj , Yk ) = 0 (5.1) 

for each pair of counts with rank numbers j and k. According to (2.8) it can 
just as well be said that all Y i are mutually uncorre1ated: 

(5.2) 

An interesting alternative hypothesis considered now is that there is a 
correlation between Yj and the rank number j, in other words that there 
is a trend in Y, starting at j = 1 and ending at j = N. Such a trend is re
presented by the linear regression coefficient Yj on j 
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N _ _
 

.~1 (Yj - Y) . U- j)
 
B(Y) =J"----= _
 (5.3 ) 

~ U- -'-)2 
. 1 J
J= 

in which Y is the mean value of Yl' Y2' Y3' ... , YN' and T = (1 + 2 + 3 + 
... + N)/N::: (N + 1)/2. B(Y) is the slope of the regression line 

Y-Y=B·U-T)· (5.4) 

This straight line is the best fit to the data according to the principle of 
least squares. It gives for each rank number j an expected value of Yj : 

E(Yj ) =Y+ B(Y) . U-1). 
In the following we have decided to use the difference between the last 
expected value and the first expected value of the sequence 

(N - 1) . B (Y) = E (YN ) - E (Y1 ) (5.5) 

as the trend parameter, instead of B (Y) itself. 
After deduction of the fact that 

N U --c")2 _ (N - 1) . N . (N + 1) 
~ - J - "'-------'-------'-------'

j=l 12
 

it follows that 

N N 
6·(2·(.~ j·Y)-(N+1)·(.~ Yj )) 

(N-1)'B(Y)= J=l J=l (5.6) 
N'(N+1) 

On the basis of the hypothesis stat~d at the beginning of this section, 
namely that the Yj are mutually independent random variables, all having 
the same prob-ability distribution, the actual slope (3 (Y), which is estimat
ed by B(Y), is equal to zero. This hypothesis can be tested using the statistic 
B (Y), but we prefer to use the correlation coefficient statistic 

N _ _ 

.~ (Yj - Y) . U- j ) 
R U, y.) = r====J===l===;:=====:::::;==; (5.7) 

J l/(.~ (Yj _Y)2) .(.~ U-1F) I

V J=l J=l 

which has (approximately) an r-distribution with (N - 2) degrees of freedom 
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if the hypothesis is true. As will be shown in section V.7, a significant value 
of R U, Yj) need not imply that {3 (Y) is different from zero. In order to prove 
that the Yj tend to increase with increasing j or that the Yj tend to decrease 
with increasing rank numbers ((3(Y) positive or negative, respectively), more 
facts are needed. 

V.3. The linear regression coefficient in the DISTUR program 

In the Fortran computer program DISTUR both an unweighted and a 
weighted form are given for the trend parameter of the proportion Pij for 
each taxon i as a function of j, and for the correlation coefficient between 
Pij and the rank number j. 

The unweighted statistic (N - 1) . B(f>ij), called (N - 1) B(PI) in the 
DISTUR program, is achieved by substituting Pii for Yi in (5.6). The same 
substitution in (5.7) results in the unweighted correlation coefficient sta
~st~ R U, Pij), called R(J, PI) in the program. Pi of (2.26) is substituted for 
Y. RU, Pij) can more easily be calculated from 

2 . ( .~ j' Pij) - (N + 1) . ( .~ pu)
RUp.. ) = _---:....J=_1----r==="=-=======J:::;-=_1__ (5.8) 

, 1) VN' (N + 1) -----,
---'-------'- . var (PJ 

3 

in which var(PJ is given by (2.32). 
The weighted statistic (N - 1) . B(pij) called (N - 1) BW(PI) in the 

DISTUR program, is given by 

N 
~ n·· (p .. - p.) . U- J) 

A j-1 J 1J 1
 
(N-1)'B(Pij)=(N-1)' - =
 

N A 

~ n·· U- j)2
j = 1 J 

( .~ j'Xij )-Pi(.~ j.n.) 
=(N-1)' J=1 • J=1 J (5.9) 

( ~ f· n· ) - J- ( ~ j' n· ) 
j=1 J j=1 J 

in which Pi is the weighted estimate of (2.25), s== (.~ j' nj)/(.~ nj ) 
J=1 'J=1 

and xij == nj . Pij is the score of taxon i in count j (see 2.3). 
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The weighted correlation coefficient statistic RU, Pij) called RW (J, PI) 
in the program, is given by 

~ j' x·· ) - p.. ( ~ j' n· ) (
1j=1 1J j=l J 

= ----'='======================;1 (5.10) 

~ j2' n.) - J- ( ~ j' n.)).1( ~ p.. ,x.. ) - p.. ( ~ x.. ))(( 
1j=l J j=1 J "j=l !J!J j=l!J 

In the we~ghted statistics each count is weighted according to its size nj' 
In this way j also is a weighted mean of the rank numbers according to the 
sizes nj . Formula (5.9) was already presented by Cochran (1954, p. 434), but 
it did not include our factor (N - 1). 

Finally, the statistics concerning the sizes nj have to be incorpo~ted. In 
(3.44), (3.45) and (3.46) we introduced the statistics n, var(n) and R(P i , n), 
respectively. 

The trend parameter (N - 1) . B(n), called R(J, N(J)) in the DISTUR 
program, is given by substituting nj for Yj in (5.6): 

N N 
6· (2 . (,L j' nj) - (N + 1) . (,L nj))
 

(N-1).B(n)= J=1 J=1
 (5.11 )
N'(N+1) 

The correlation coefficient statistic RU,nj)' called R(P(I,J), N(J)) in the 
program, results in 

N 
.L (nj - n) . U- I) 

R U, n
j

) = J =1 = 

.!(.~ (nj - 11)2) . (.~ U-1)2 )'V J=1 J=l 

2 . ( .~ j' n.) - (N + 1) ( .~ n.)
J=1 J J=l J

(5.12)=--,::.==============;
V(N-1)'N'(N+1) N _'

-'-------'----------'-------'-. L (n. - n) 2 
3 j =1 J 
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VA. Stationary random processes 

The most simple theoretical model concerning random variables Yl' YZ, 
Y3' .••, YN that have the same probability distribution and are mutually 
dependent (time series effect) is defined by 

00 r:;~ IJ
Y. = ~ V 1 - tZ . th . Z. h = 1 - tZ . (Z. + t . Z· 1 + tZ . ZJ'-Z + ...)J h=O J- J J

(5.13) 

The Zi for any integer value i are random variables having the same proba
bility distribution with expected value E(Z) = 0; they are mutually in
dependent. The parameter t is a number between zero and one. Expression 
(5.13) says that Yj is determined by the "past" values Zj_h, but the i?f1uence 
decreases when the positive integer h increases, because J 1 - tZ . th ap
proaches zero with increasing h. 

From (5.13) it immediately follows that 

Yj = t . Yj-1 +J 1 - t Z'. Zj (5.14) 

and that 

(5.15 ) 

In the literature such a stochastic process is called an autoregressive pro
cess of the first order, with parameter t (Schwarzacher, 1975). If Z has a 
normal (Gaussian) distribution with mean J1 and variance a Z , then all Yj have 
this distribution and the process is known as a Gauss Markov process. Choosing 
t = 0, we have Yj = Zj' so again a series of mutually independent random 
variables. 

It is possible to substitute for t a value between minus one and zero, but 
such a procedure results in a quite illogical model in which Yj and Yj+ 1 are 
negatively correlated. 

Choosing t between 0 and 1 results in correlation between the random 
variables Yj , called autocorrelation. 

In general terms the covariance between Yj and Yj+ h, 

cov(h);: cov(Yj , Yj+ h) = E((Yj - E(Yj)) . (Yj+ h - E(Yj+ h))) = 
=E((Yj - E(Y)) . (Yj+ h - E(Yj))) (5.16) 

is called the autocovariance of Y at lag h (lag in the sense used in probability 
theory). 
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In such terms the correlation between Yj and Yj +h is the autocorrelation 
of Y at lag h and is given by 

_ cov(Yj , Yj +h) ·cov(h) __ cov(h)
r(h) = r(Yj , Yj +h) = = (5.17)I 

...; var(Y . var(Y +h) var(Yj ) var(O)j ) j 

The last expression of (5.16) and the two expressions on the far right in 
(5.17) are only valid if both E(Yj ) and var(Y) are not dependent onj. Such 
processes are called stationary processes. 

Returning to the autoregressive process of the first order (5.13), we de
duce from (5.14): 

cov(h) =th . var(Y); r(h) =th (5.18) 

so r(l) =t, r(2) = t 2 , r(3) =t 3 , etcetera, and lim r (h) = O. If t is very close 
h .... 00 

to one, the autocorrelation reduces only slowly to zero with increasing lag h, 
which means that a value Yj determines for a large part the value of Yj +h 
even at a large distance h. Substituting t = 1 in (5.13) leads to nonsense 
(Yj = 0); substitution in (5.14) would give the trivial result that all Yj are 
mutually equal. Yet one can define the "limit process" (t approaching 1) 
by replacing (5.13) by 

i 
Y = L Zh =y. 1 + Z. (Yo == 0) (5.19)

J h=l J- J 

in which the Zh for any positive in teger value h are random variables 
with the same probability distribution, which have as expected value E (Z) = 
0, and are mutually independent, in a similar way as in (5.13). The result 
is a form of the Wiener process (e.g. Lamperti, 1966), but more common 
names are Brownian motion process orrandom walk process. 

From (5.19) the following properties are deduced: 

E(Yj ) =0; var(Yj ) =j . var(Z) 

cov(h) =cov(Yj , Yj +h) =var(Yj ) =j . var(Z) 

r(h) =r(Y Y+ h) =Vj (5.20)
J' J j+h 

I 

It appears that var(Yj ) and r(h) are functions of the index j, which means 
that the random walk process in fact is not stationary, because its proper
ties change with increasing j. The variance of Yj shows a linear increase 
with increasing j, whereas r(h) approaches the value one. Especially the 
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first fact makes the random walk model less suitable for a theoretical des
cription of the behaviour of numerical proportions of microfossil taxa along 
the stratigraphic column than the autoregressive process of the first order. 
See section V.7. 

Yet another model concerning time series should be mentioned. It is a 
"signal plus noise" process, discussed by Agterberg (1974, p. 334) in a 
geological context. 

We define c as a fixed number, 0 < c < 1, and t also as a fixed number 
between zero and one, but in practice close to one. An autoregressive process 
of the first order (Yj) is defined according to (5.13), (5.14) and (5.15), 
which have this parameter t. In addition, for any integer value j the Uj are 
random variables with the same probability distribution, which are mutually 
independent and which are also independent of the Yj or Zj series. Only the 
expected value and the variance of U are equal to the expected value and the 
variance of Z, respectively: 

E(U) =E(Z); var(U) =var(Z) (5.21 ) 

The signal plus noise process can then be defined by 

Yj == .j? Yj +.j 1 - c '. Uj (5.22) 

So it is the sum of an autoregressive process of the first order (VC" Yj), 
being the "signal", and a process giving mutually independent random 
variables (v' 1 - c' . Uj)' being the "noise". For instance the random count
ing errors in the f'ij can be considered as such a noise component (Uj), where
as the (Yj) form the signal of the more or less autocorrelated series of "real" 
fluctuations in the numerical proportions. 

From (5.15), (5.21) and (5.22) we deduce 

E(Y') =.jC'. E(Y) +y1 - c l
• E(U) = 0
 

var(Y') =c . var(Y) + (1 - c) . var (U) =var (U) =var(Z) =var(Y) (5.23)
 

The equality var(Y') = c . var(Y) + (1 - c) . var(U) means that the varian
ce of Y ' can be split into a part due to the "signal" and another part due to 
the "noise". The ratio of these parts, c/(l - c), is called the signal-noise 
ratio. 

It is easily deduced from (5.16) and (5.17) that 

cov(h) == cov(Yj, Yj+h) =c . var(Y') . th 

and that 

(5.24 ) 
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Some examples for different values of c and tare shown graphically in 
figure 6. 
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Fig. 6	 The autocorrelograms of signal-plus-noise processes for a series of (c, t) combinations (see 
(5.24)). 

It should be noted that according to the definitions (5.16) and (5.17) 
cov(O) = var(Yj ), and r(O) = 1 hold for any series (Yj ). Finally we observe 
that the substitutions c = 0 and c = 1 do not lead to special results. For 
c = 0 we get Y: = u. for c = 1 we get Y: =Y. 

Before disc~ssin{the usefulness of fheseJtwo models for our investigation 
we shall pay attention to the method of estimating autocorrelation in our 

series (Pil' PiZ' piJ, ..., PiN ). 

V.5. Estimating autocorrelation 

In the literature one finds two ways of calculating the correlation coeffi 
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dent between Yj and Yj +h, j = 1, 2, 3, ..., N - h. Substituting Yj =Pij in 
our formulae, we shall first present the expressions in a way similar to the 
approaches based on stationary processes (e.g. Agterberg, 1974). 

The expression cov(h) of (5.16) is estimated by 

1 N-h
 
C j (h) == -_. ~ (p.. - -p.) . (p~. U+h) - -p.) =
 N _ h j = 1 1J 1 1, 1 

=N ~ h . [(~ ~ Ih Pij . Pi.u+ h) ) 

(5.25)- Pi . (~~; (Pij + I\U+h)) )J + (PY 

N 
in which Pi = (~ Pij)/N according to (2.26). The expression r(h) of (5.17) 

j = 1 

is estimated by 

R 1 (h) == C1 (h)/C 1 (0) = C1 (h)/var 1 (PJ (5.26) 

in which var 1 (PJ = ( .~ (Pij - PY) /N differs from the expression var (PJ 
J = 1 

of (2.32) by a factor (N - l)/N. The assumption connected with these 
statistics is that the process Pij as a function of j is stationary, i.e. that the 
mean and the variance of Pij do not change with increasing j (are indepen
dent of time). 

This assumption is not needed for the second approach which is used for 
instance by Schwarzacher (19'75). The expression cov(h) is estimated now 
by 

1 N-h 
C2(h) == --' ~ (p~ .. - -p.(l))· (p~. U+h) - -p.(2)) (5.27)N _ h j =1 1J 11 1, 

in which Pi(l) == (~~h Pij )/(N - h), and Pi(2) == ( .~ Pij )/(N - h).
J=l J=h+l 

The expression var(Pij),j =1,2,3, ..., N - h, is estimated by 

1 (N-h )V(h)=--· ~ (p~ .. _-p.(1))2

N-h j=l !J 1
 

and var(Pij),j =h + 1, h + 2", h+ 3, ..., N, is estimated by 

W(h) == _1_ . ( .~ (Pij - Pi(2))Z ).

N-h J=h+l
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These expressions are needed to estimate r(h) of (5.17) by 

= 

h 
(N -h) . (N~h p... p. (;+h) ) _ (Ni: p.. ). (N~h p. (;+!))j=l .j=l j=l1] loU 1] loU 1 

=r============================.lrr::-: (N-h ) (N-h )2J [ (N-h ) (N-h )'21'V~N-h)' j::l P~ - j::l Pij . (N-h)· j::l PlU+h) - j::l Pi,U+h) J 

(5.28) 

Our Fortran computer program called REGRES calculates for each taxon 
i and for a series of lags h the autocorrelation coefficient values R 1 (h) of 
(5.26) and R 2 (h) of (5.28). In addition to a number of features also present 
in the DISTUR program, such as mean values, variances and trend statistics 
of the Pij as a function of j for each taxon i, the two forms of the auto
correlation coefficient statistic are calculated for each taxon, first for h = 1, 
next for h = 2, and so on up to a maximum value h =max (h). Obviously the 
parameter max (h), to be chosen by the user of the program, should be much 
less than N, the number of counts. 

The hypothesis that for some taxon i the Pij are random variables with the 
same probability distribution and are mutually independent implies that 
r(h) = 0 holds for each positive integer h. We can test this hypothesis by 
assuming that both R 1 (h) and R 2 (h) have an r-distribution with about 
(N - h - 2) degrees of freedom if the hypothesis is true. An r-distribution 
with x degrees of freedom has an expected value equal to zero, a variance 
equal to l/(x + 1), and a distribution closer to a normal distribution, the 
larger its x. 

V.6. Reduction of the number of degrees of freedom in testing for correlation 
between two signal plus noise processes 

We shall now consider the effect of time series on the correlation between 
two taxa along the column. 

At the beginning of chapter V we mentioned that in testing for correlation 
between two series Pij and Pkj of two taxa i and k, the statistic 

(z(R) - z(p)) . y'dT' 

has a standard normal distribution if the hypothesis resulting in the hy
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pothetical value p is correct. The number of degrees of freedom, df, need not 
be equal to (N - 3) however, as was mentioned in (2.41). The value (N - 3) 
only may be substituted for df, if at least one of the two series (Pi!' Pi2' 
... , PiN) and (hI' h2' ... , hN) is a series consisting of mutually indepen
dent values. If it is not, df is probably much less than (N - 3). 

Below the value of df will be estimated on the assumption that the series 
(Pi!' i\2' ..., PiN ) is a signal plus noise process with parameters c1 and t I 
and the series (Pkl' Pk2' ... , PkN) is a similar process with parameters C 2 
and t 2. We write Xj for Pij and Yj for hj for the sake of easiness of notation. 
As a further approximation we disregard the closed sum effect in this time 
series analysis. The series (Xj) and (Y) are considered to be mutually in
dependent. The influence of the closed sum property is believed to be small, 
except possibly in the case of clearly disturbing proportions of some taxon. 

It is permissible to standardize X and Y in such a way that E (X) = 0; 
var (X) = 1; E (Y) =0; var (Y) =1; and the mutual independence is expressed 
by cov(X, Y) =E(X· Y) - E(X) . E(Y) =E(X' Y) = o. 

The value of df is strictly related to the variance of the correlation coeffi. . . ...
Clent statIstIc 

N 
~ (Xj - X) . (Yj - Y) 

j =1R(X. Y) = 
J' J 

1 fI(.~ (X. _ X)2 ) . (.~ (Y _ Y)2 ) IV\J=l J J=1 J 

N N 
in which X = (~ Xj)/N and Y = (~ Yj)/N are the mean values of the 

j=1 j=1 

statistical sample. It is assumed that N is quite large (at least 20), and that 
N . (1 - t 1 ) and N . (1 - t 2) are both much larger than one, for instance 

N~ 20; N' (1 - t 1 ) > 10; N· (1- t 2 ) > 10 (5.29) 

Then X and Yare so close to zero that they can be neglected: 

N 
~ X.' Y 

j =I J J 

( N~ X~ ) .(N~ Y~) 

-,\ 
j=1 J j=1 JV 

The next step is to replace both factors under the square root sign by N, 
which is thought to be admissible under the condition (5.29); 

1 N 
R(X.,Y.)~_. ~ X··y.. 

J J N j=1 J J 
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For the expression on the right side the variance is derived: 

1 N 1 N 
var (-' ~ x.. Y.) = - . E (( ~ x.. Y.)2 ) = 

N	 j = 1 J J N2 j= 1 J J 

1 N ( N )= -' ~ ~	 E(X.· Y. . X . Y) = 
N2 j = 1 k = 1 J J k k 

1j kl=_L. [N+ ~	 ( ~ c 1 ·t11j-kl·C2 ·t2 - )J=
N2 j=1	 k=1
 

k* j
 

= ~ . [N + 2 . c1 . c2 ((N - 1) . t 1 . t 2 + (N - 2) . t 2 . t 2 +
N2	 1 2 

+ (N - 3) . ti . t~ .... )J 
by applying the property (5.24) of signal plus noise processes: 

cov(Yj, Yj+h) = c . var(Y') . th 

which results in this special case in: 

E(Xj 'Xj +h)=c 1 ·t~ and E(Yj ,Yj +h)=c2 ·t;. 

Due to the condition (5.29), it is admissible to approximate 

1 N 
var (-' ~ X.' Y.) >::;

N	 j=l J J 

>::; :2 . [ N + 2· c1 . c2 ( N . t 1 . t 2 + N . ti . t~ + N . ti . t~ + ... ) ] = 

1	 1 - t • t 2 + 2 . c . c2 . t 1 • t21 1
 

N 1 - t . t 2
1 

which is an acceptable approximation for var (R (Xj , Yj )). Hence, the number 
of degrees of freedom is approximated by: 

(5.30) 
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In the case of autoregressive processes of the first order, we have C1 = 1 
and Cz =1, so that 

1-t1 ·tz )
df~ N' ( (5.31)

1 + t 1 . t z 
These results (5.30) and (5.31) are special cases ofa formula ofBartlett (see 

Box & Newbold, 1971), who stated the number of degrees of freedom of the 
correlation coefficient between two series (X) and (Y) to be 

(5.32) 

in which r 1 (h) is the autocorrelation of X at lag h, and rz (h) the autocorrela
tion of Y at lag h (see 5.17). This more general result can be derived in a way 
similar to that presented above. 

Formula (5.30) is a good tool for evaluating the correlation coefficient 
values from the outputs of the DISTUR and BALANC programs, with the 
help of the output of the REGRES program. The parameters c and t can be 
estimated from the series R(1), R(2), R(3), ..., R(max(h)) of any variable 
Pij' This procedure prevents us from drawing too far-reaching conclusions 
about mutual correlations between taxa. 

Regarding the correlation between two autoregressive processes of the 
first order, the number of degrees of freedom is extremely low if the para
meters t 1 and t z are both close to one, according to (5.31). The same thing 
happens for two signal plus noise processes, provided the parameters C1 and 
Cz are larger than ~. Hence, especially for strongly autocorrelated processes 
it appears to be impossible to obtain "proof" of mutual correlations. How
ever, if one of the processes (series of proportions) contains random variables 
with the same probability distribution which are mutually independent (so 
C1 = 0, or t 1 = 0), then there is no reduction in the number of degrees of 
freedom (N - 3). 

V.7. Discussion 

For the series of proportions of each taxon the REGRES program gives a 
series of autocorrelation coefficient values R(1), R(2), R(3), ... , R (max (h)). 
With these data it is possible to check whether the graph of this series 
(generally named autocorrelogram or correlogram) fits the series 
r (h) = c . th of (5.24) for some combination of values of c and t. See figure 
6. If some correspondence is found this does not mean that the series under 
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consideration is a signal plus noise process with these parameters c and t 
according to (5.22), but it means that this probabilistic model might give a 
good description of the actual series. One property of this theoretical series 
is that lim r(h) = lim c . th = 0, which becomes expressed in a gradual 

h--..oo h--..oo 
cline (fig. 6). This gradual property is hardly ever found in actual correlo
grams. Many correlograms show oscillating patterns, something which has 
given people reason to believe - in our opinion erroneously - that such 
series have some periodic component. 

The fact that correlograms based on real data often do not fit the the
oretical correlograms so well, is not a cause of worry. All these probabilistic 
processes are theoretical constructions. They are said to be "random", i.e. 
each step Xj ...,. Xj + 1 is established by some "cause" (or by more than one 
cause) with a behaviour which cannot be predicted, but which is thought to 
be consistent. Such consistency of behaviour is not likely for real data, how
ever. 

A Significant correlation coefficient value between two series of values 
implies that the variation in both series may be considered to be (partly) 
due to the same cause. Even if the correlation coefficient does not turn 
out to be significant after applying the formula (5.30), the variation in both 
series may still be partly due to the same cause, but such reasons must not 
be confused with inferences from mathematical statistics. 

It has been noted by M. M. Drooger, Raju and Doeven (1979) that the test 
for a trend in a series of values according to (5.7) seems to contain an in
herent contradiction. A trend implies a dependence of the series of values on 
the series of rank numbers, and therefore leads to the denial of the mutual 
independence of the values in the series. 

We suggested in that paper - and we still suggest - that a significant 
correlation coefficient (5.7) should not be taken as implying a trend that 
must have been caused by a sustained change (sustained evolutionary urge 
or sustained ecological adaptation). Rejection of the null hypothesis implies 
that the parameter values in the ordered series have some mutual relation 
which is expressed as a more or less distinct change in the course of the 
stratigraphic section. The change or trend may be due either to chance, Le. 
a process that has a random nature consisting of successive steps alternating 
in an incomprehensible way, or to a sustained change of some kind. The 
cause of the change or trend is never indicated by the correlation coefficient 
statistic (5.7), but additional reasoning is required if the cause is to be iden
tified. 

Below we make some additional comments. 
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Firstly, it has already been mentioned that RU, Yj ) of (5.7) has an r-distri
bution with (N - 2) degrees of freedom if the hypothesis, that the Yj are 
mutually independent random variables, all having the same probability 
distribution, is true. 

Taking a signal plus noise process (5.22) with parameters c and t as the 
null hypothesis, Bartlett's formula (5.32) may be used to determine df, 
considering j as a variable having r (h) approximately equal to one for each h. 
We then state with some caution that 

df =N . ( 1 - t ) (5.33)
1 + (2 . c - 1) . t 

is the number of degrees of freedom of the r-distribution of R U, Yj ) of (5.7). 
If (Y) is an autoregressive process of the first order (5.14) with parameter 

t, then this number is 

1 - t )df=N' -- (5.34) ( 
I + t 

If t approaches one, the autoregressive process of the first order will 
approach the Wiener process (5.19) more and more closely. From (5.34) it 
appears that df is extremely small in the case of Wiener processes (random 
walks). Raup (1977) investigated the behaviour of RU, Yj ) for Wiener pro
cesses and already arrived at the same conclusion. From a table presented 
in his paper it can be concluded that the distribution of RU, Yj ) very much 
resembles the r-distribution with one degree of freedom. A remarkable 
property of the RU, Yj ) of Wiener processes is that they must have the same 
probability distribution irrespective of the size of N, the number of "steps". 

Secondly, a requirement in the independent random variables model, in 
the autoregressive process of the first order, and in the signal plus noise 
model, is the statement that all variables Y should have the same probability 
distribution. This would imply that the random variable is not allowed to 
change its mean value during the succession of realizations Y l' Y 2' Y3' ... , 

YN . Testing for a trend by means of the statistic RU, Yj ) of (5.7) can only 
lead to rejection of the probabilistic model, but it can never lead to the 
acceptance (in statistical sense) that there is a sustained change in the 
mean value of the variable Y. The alternative hypothesis belonging to the 
"signal plus noise" hypothesis (the weakest hypothesis among the three 
mentioned above) is very complex. It can be that the process (Y) changes 
its nature in the time series, for instance its mean, its variance or its corre
logram. For the time being we concluded that such an alternative hypo
thesis is too difficult to handle in relation to any profit we might obtain. 
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Finally, we wish to emphasize and repeat that significant correlation 
coefficient values RU, Yj ) of (5.7), also those according to the reduced 
number df of (5.33), having estimated c and t from the correlogram present
ed by the REGRES program, cannot lead to an automatic conclusion con
cerning sustained changes. Rejection of the null hypothesis implies no more 
than that the parameter values in the ordered series have some mutual rela
tion which is expressed as a more or less distinct change in the course of the 
series. 

V.S. Trends in open variables 

At first sight the time series effect seems to be in conflict with the open 
variables models described in the chapters III and IV. There it was stated 
that the chart under consideration is formed by a series of open variables 
(Xl' Xz , X3 ,···, XM ) according to the relation (3.2): 

X·· 
A 1J 
Pij = 

X1j + X Zj + X3j + ... + XMj 

The set of N counts is considered as a set of N mutually independent realiza
tions of the series of open variables. However, it is quite feasible that there is 
an interdependence between successive samples in a range chart for the 
"total numbers" on which the open variables theory is based. So it is clear 
that the time factor may not be excluded. 

In the literature the open variables concept has been applied in geo
chemistry to percentages of chemical elements from rock samples, which 
generally have no time relation. In micropaleontology one can also consider 
the counts of Recent faunas from samples from an area at the bottom 
of the sea or from some bay. In such a distribution chart there is no time 
relation either, nor is there any other a priori logical order. Even in such 
cases it maybe considered doubtful, however, whether the open variables 
model is realistic. The open variables model should deal with open random 
variables, which implies that the set of N counts in micropaleontology and 
the set of N rock samples in geochemistry must be considered as "random" 
statistical samples from some statistical "population". However, the con
tents of a certain sample may be thought to resemble more closely ("be 
dependent on") the contents of the nearest other one than those much far
ther away. Although there is no real time series, there might be a similar 
interdependence. 

The aim of these introductory sentences is that care should always be 
taken in applying the open variables concept. 
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Within the framework of our free open covariances model it is possible to 
speak of trends in the open variables Xi' One can imagine that a taxon in
creases in its Xi in such a way from bottom to top that the proportions of 
all other taxa in the counts m us t decrease. In such a case one expects to 
find a clear trend in the open variable of the "disturbing" taxon, but the 
trends of all remaining open variables should be independent of this trend. 

The mutual dependence of the trends in the closed variables is easily 
demonstrated by means of the linear regression coefficient (5.3): 

N _ _ 

.~1 (Yj - Y) . U- j)
 
B(Y) == J_= _
 

N
 
~ (" _-')2 

j= 1 J J 

because 
M M 

(5.35)i:l B(pij) = B(i:l iJg) = B(l) = 0 

It is noted here that all properties to be deduced in this section are valid not only for the unweight
ed statistic B (i3ij), but also for the weighted form of the linear regression coefficient, :B U\j), given in· 
(5.9). For practical reasons the computer program BALANC only incorporates the unweighted form. 

Recalling the notation Tj for the sum of the open variables - see (3.3) 
we have 

M M
 
~ B(X.. )=B(~ X .. )=B(T.) (5.36)


i=l IJ i=l IJ J 

From the basic relation (3.6) between the open variables and the closed 
variables, 

M 
p. _po ~ (1 -p.). (X. -p.) -p., ~ (Xk - Pk)

1 1 1 1 1 1 k*i 

it is deduced in a similar way (the sum of the regression coefficients is equal 
to the regression coefficient of the sum) that 

M
 
B(p.. ) = (1 - p.). B(X.. ) - p., ~ B(Xk ·)
IJ 1 IJ 1 k*i J 

which is written, incorporating (5.36), as 

(5.37) 

or 
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Regarding (5.35), (5.36) and (5.37), it appears that the regression coefficient 
of the sum of the open variables, B(Tj), may be chosen freely, within certain 
limits of course. Each choice of a value of B (T j ) leads by means of (5.37) to 
a series of values of B(X1j ), B(X2j ), .•., B(XMj ). Just as in the case where 
values were assigned to the open correlation coefficients R (Xi' Xk ) of (4.23), 
we have to make a "best" choice. For the "open trends", however, the 
finding of such a best choice is much less difficult. 

According to (5.7), the correlation coefficient between the rank number j 
and the open variable Xij is 

N 
.~ (Xij - pJ . U - j) 

RU , X lJ.. ) == J=l (5.38) 

VC¥l (Xij - PiF ). (}1 U -1F )1 

Recalling the equality 

~ U_-"'-)2 == (N - 1) . N . (N + 1)
 
j=l J 12
 

we deduce from (5.3) and (5.7) the approximation 

(N - 1) . B(X.. ) 
RU X.. ) ~ lJ (5.39)

'IJ IJ 12 . var(Xij ) 

which gives the relation between the linear regression coefficient B(Xij) and 
the correlation coefficient RU, Xij)' From (5.37) it follows that 

. N -1 B(Pij)+Pi 'B(Tj )
RU X.. ) ~ -- . (5.40) 

, lJ J12 J var(X ) I
jj 

After choosing some value for B(Tj ), RU, Xij ) can be calculated, because 
B (Pij) has been calculated directly from the closed data, and var (Xij) is given 
by the free open covariances procedure. Each choice of the value of B (Tj ) 

leads to a series of values for RU,X1j ), RU,X2j ), •.• and RU,XMj ). We 
choose a value for B (T) that leads to a "balanced" solution, for which 

M 
(5.41 )i:\ RU, Xij) == 0 

The considerations leading to (5.41) are identical to those that led to the 
balanced solution for the open correlation coefficients R(Xi,Xk ) of (4.23) 
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(see (4.34)). In contrast to the troublesome derivation of the latter coeffi
cients, the derivation of the value of B (Tj ) for which (5,41) holds, is quite 
simple. From (5.40) it follows that 

M ( B(l\j) Pi)
~ + B(T) . =0 

i=1 vi var(Xij)' J vi var(Xij )' 

so that 

( 
)f( MM B (Pij) Pi )B(T) = - ~ ~ ---- (5,4 2) 

J i=l vi var(Xij)' i=l vi var(Xij/ 

It appears that there is a unique solution B(Tj ). The solution may be in
correct, however, because it cannot be guaranteed that there is no absolute 
value of R (j, Xij) exceeding one for some taxon i. Just as in the balancing 
procedure of (4.34) this procedure makes more sense the larger the number 
of taxa (M). 

Our Fortran computer program BALANC contains this balanced solution. 
The unweighted statistics Pi of (2.26) and 13 (Pij) Aare substituted for Pi and 
B(pij) in (5,42), while Vii == var(Xij)/(Pi2 

) = Vii + di is given by balancing the 
correlation coefficients R (Xi' Xkl according to (4.34). Hence, 

M (N - 1) . 13 (P" ) )f( M _!. \ 
(N-l)'13(T)=- .~ :J.~ (Vii) 2) (5.43)( 

1=1 -p., ~ 1=1 
1 V Vii 

Next, 

_ . (N - 1) . 13 (T) 
R(J,Tj)= (5.44)

vi 12 . var(Tj) I 

M A 

is calculated in the computer program BALANC, in which var(Tj ) =. ~ Pi' d i 
1 =1 

according to (4.24). Next (N - 1) . 13 (XrJ is calculated for each taxon i 
according to (5.37), substituting 13(Pij) and13(T) of(5,43). Finally R(j,Xi) 
is calculated for each taxon i according to (5,40), by means of 

_. N-l (13(Pij) _ )
R(j, Xij) = " -_- + B(T) (5.45) 

vl12'Vii Pi 

These calculations in the BALANC program have been somewhat simpli
fied by defining for each taxon i 

_ A (N-l) '13(Pij) 
K(pij) = ---_--- (5.46) 

Pi 

110 



which may be seen as a relative trend parameter, because the overall change 
along the column, (N - 1) . B(Pij), is weighted according to the mean value 
Pi' The relation between K (Pij) and 13 (Pij) is comparable to that between Vii 
and var(Xij)' 

The formula (5.43) changes into 

M _!)(( M _!)(N-l).13(T.)=- ~ K(p .. )·(v.. ) 2 ~ (V.. ) 2 (5.47)( 11J 'i=l !l 11 i=l 

and the formula (5.45) changes into 
1 

RU'Xij) = (12' Vii) 2 . (K(pij) + (N - 1) . 13(Tj )) (5.48) 
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Chapter VI 

PRINCIPAL COMPONENTS ANALYSIS OF THE OPEN VARIABLES 

VI.l. Introduction 

Techniques of multivariate analysis are frequently applied in many scien
tific disciplines, also in micropaleontology. Restricting ourselves to R-mode 
analysis, i.e. the analysis of the relations between the investigated variables 
(in our case the variables Pi or Xi for each taxon i), multivariate analysis aims 
at finding meaningful axes in the multidimensional space defined by the 
variables. These axes must give a sufficient description of the cluster of 
points in that space, each point representing a "realization" of the series of 
variables. Such axes, which account for a large part of the variation, may 
lead to the recognition of groups of variables (taxa). Within each group the 
variables have a more or less similar behaviour. Many techniques of multi
variate analysis directly aim at such a grouping and make use of a coeffi
cient of similarity, or a coefficient of association (the correlation coefficient 
is one). These cluster analyses are "numerical methods" that have hardly any 
foundation in the theory of mathematical statistics. Usually they lack such a 
foundation completely. In our opinion cluster analyses can be used only as 
computer techniques to give rapid insight into multivariate sets of data from 
a visual impression by means of dendrograms. The consistency of the groups 
of variables should be tested by other means, however. 

In the literature the interpretation of results from principal components 
analyses (often also named factor analyses), i.e. the interpretation of the 
derived axes, often contains several mistakes. Authors often ignore the fact 
that each axis that has been given some specific meaning must primarily be 
meaningful in a statistical sense. In other words, for each axis resulting from 
the principal components analysis one first has to evaluate whether its direc
tion in the multidimensional space is a characteristic of the statistical popula
tion, or whether its direction is entirely dependent on the statistical samp
ling. 

In the following sections some statistical considerations concerning the 
technique of principal components analysis will be presented. In this ex
planation the open variables Xi are used because we intend to apply this type 
of analysis to the output of the computer program BALANC which elabo
rates the free open covariances model. Obviously the following sections are 
relevant for an y set of variables. 
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VI.2. A brief explanation of principal components analysis 

Principal components analysis should be based on the matrix R of the 
correlation coefficients between the open variables. The matrix R has M 
rows and M columns, the number in the i-th row and the k-th column being 

1 i=k 
Ri,k = (6.1)

{ R(X i , Xk ) i*k 

Instead of the correlation matrix R the covariance matrix C, defined as 

i=k 
(6.2) 

is often used as input for the principal components analysis. In our opinion 
such a procedure is not correct if one's intention is to deduce relations be
tween the variables, because in (6.2) the sizes of the variations of the va
riables are involved as well, which may completely distort the picture. Va
riables with large variances determine the directions of the larger axes in 
multidimensional space. 

Stating matters more precisely, we start with the case of two variables 
Xl and X2 • The trouble resulting from (6.2) is avoided by standardizing the 
variables. The variable 

Xi - E(XJ 
(6.3 ) 

J var(XJ I 

is again called Xi in the following text. Therefore each variable Xi has the 
properties 

E(Xi) = 0; var(Xi) = 1 (6.4 ) 

and each pair of variables Xi and Xk has the property 

r(Xi, Xd = cov(Xi, Xd = E(Xi, Xk ) (6.5) 

Standardizing the variables according to (6.3), glVlng them an expected 
value equal to zero and a variance equal to one (6.4), leads to the simplify
ing property (6.5) of the corr.elation coefficients. 

If one considers two variables Xl and X 2 there are three ways of express
ing correlation. If the correlation between Xl and X2 is equal to p, 

r(XI ,X2 ) = p (6.6 ) 
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there might be a logical reason for assuming that X2 is dependent on Xl' 
Then we have 

X 2 =P'XI +Y (6.7) 

in which Y is a variable independent of Xl' From (6.4) it follows that 
E (Y) = 0 and that var (Y) = 1 - P 2. Hence P is the linear regression coeffi
cient in the case of regression of X2 on Xl' 

Secondly, there may be reason to believe that Xl is dependent on X2 • 

Then 

Xl =P • X2 + Y (6.8) 

in which Y is now independent of X 2 , but similarly E(Y) = 0 and var(Y) = 
21 - p • It is emphasized that the regression coefficient and the correlation 

coefficient are identical only in the case of standardized variables Xl 
and X 2 • 

The third way to describe correlation between Xl and X 2 , and for our 
purpose the most interesting one, is to define two mutually independent 
and standardized variables YI and Y2 (they are generally considered to be 
standard normal variables, but there is no strict necessity for that), be
cause dependence of one variable on the other need not be supposed in this 
case. So 

E(Yd =0; E(Y 2 ) =0; var(Yd =1; var(Y 2 ) = 1; 

COV(Y I ,Y2)=0 (6.9) 

which describe Xl and X 2 with r (Xl' X2 ) =p as follows: 

Xl = ~ ..J 2 (1 + p) '. Y I + ~ . y'2(T=P)" Y 2 

X2=~ ·../2(1+p)'·YI-~ ·../2(1-p)'·Y2 (6.10) 

The reader may check that (6.10), together with (6.9), lead to the properties 
(6.4) and (6.6). . 

Expression (6.10) is written in matrix notation as 

( Xl ) =( + ~ . ../ 2 (1 + p )' +~'V2(1-p)' 
(6.11) 

X2 + ~ . ../ 2 (1 + p )' -~'V2(1-p)' 

The matrix contains two column vectors: 

+~ . ../2(1+P()( 1 associated with the variable YI ' and 
+i·../ 2 (1+p)' 

+! . V 2 (1 - p )' )
 
; associated with the variable Y2'
( -i'V2(1-p)' 
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It is easy to see that the lengths of the vectors (the length of a vector 
is defined as the square root of the sum of the squares of the coordinates of 
the vector) are -v'1+P and"; 1 - pi, respectively. If r(X1 , X2) = p > 0, then 
the first vector (the first principal component) is the larger one. If r (X l' X2) = 
= p < 0, then the second vector is the larger one. 

Denoting the column vector of the Xi by X, the column vector of the Yi 
by Y, the matrix of (6.11) by D, and the column vector from the matrix 
associated with Yi by Ui' one writes expression (6.11) simply as 

X=U·y (6.12) 

and 

(6.13) 

where IIUil1 indicates the length of vector Ui' 
The case M = 2 (two variables Xl and X2) is trivial: the directions of the 

vectors U1 and U2 are independent of the correlation coefficient p, and the 
lengths IIU111 and IIU211 are simple functions of p. For more than two di
mensions the description by means of matrix algebra is much more essential. 

Principal components analysis is based on the assumption that the series 
of variables Xl' X2, X3 ' •.• , XM can be written analogously to (6.11) as 

M 
X. = ~ uih' Yh (6.14 ) 

1 h = 1 

in which the Yh for h = 1, 2,3, , . " M, are mutually independent and stan
dardized variables. Hence 

E(Yh ) = 0; var(Yh ) = 1; cov(Yh , Yd = 0 for h =1= I (6.15 ) 

Analogously to the two-dimensional case, (6.14) is written 

X=U·y (6.16) 

in which X and Y now are M-dimensional column vectors, and U is a matrix 
with M rows and M columns. The number in the i-th row and in the h-th 
column is identical to Uih of definition (6.14), The matrix U now contains 
M column vectors U1 ' U2 , U3 , , •• , UM : 

(6.17) 

116 



Uh is the column vector associated with the variable Yh' An important re
quirement for the Uh is that they must form an orthogonal basis. There
fore each pair Uh and UI must be mutually orthogonal. Hence, 

(6.18) 

The basic problem is to deduce the matrix U of (6.16) from the correlation 
matrix R of (6.1). The relation between Rand U is explained in a few lines 
below. 

According to (6.1) and (6.5) and because of the standardization (6.3) we 
can write 

R j k = R(Xi,Xk ) = E(Xi . Xk )· 

From (6.14) it follows that 

M M 
Ri k =E (( ~ Uih' Yh) . (~ ukl' YI )) 
'h=l 1=1 

and because of the properties (6.15) this leads to 

M 
R· k = ~ uih' Ukh (6.19) 

1, h= 1 

which is written in matrix notation as: 

R =U· ut (6.20) 

in which Ut is the transpose of the matrix U. The matrix Ut is defined by 

ut 
k == Uk l'1, , 

From (6.20) it can easily be deduced that 

R . Uh = IIUh 11 2 . Uh (6.21) 

which means that the vector Uh is an eigenvector of the matrix R, with the 
eigenvalue lh = I/Uh 11 2 • 

The eigenvalue associated with the eigenvector Uh , 

(6.22) 

can be considered as the amount of variance due to the "random vector" 
Uh . Yh' Therefore the sum of all eigenvalues must be equal to the total 
amount of variance. Indeed: 

M M M M M M 
~ lh= ~ ~ u~=~ ~ u~=~ var(X.)=M (6.23) 

h=l h=l i=l ih i=l h=l ih i=l 1 

M 
because var(XJ = ~ u~, which follows directly from (6.14). 

h=l 
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There are several numerical methods for deriving the eigenvalues with 
their associated eigenvectors from some given matrix. The eigenvalues are 
ordered according to size, so 

11>12>13> ... >IM (6.24) 

As we are only interested in the larger eigenvectors associated with the larger 
eigenvalues (see (6.22)), we used a simple computer program that performs 
a fast calculation of a limited number of eigenvectors and eigenvalues. In the 
following section it will be shown why it is useless to calculate the complete 
series of eigenvectors. 

VI.3. Statistical considerations 

From the point of view of mathematical statlstlcs we must find out 
whether the obtained eigenvectors are "meaningful", i.e. whether they are 
estimates of characteristic eigenvectors of the statistical population under 
consideration. A vector is characterized by its length and by its direction in 
multidimensional space. The square of theJength of the eigenvector Uh , lh, 
should approximate the "real" eigenvalue lh' The direction of the,.!stimate 
Uh should approximate the direction of the population eigenvector Uh. 

A good description of the statistical problems involved is achieved by start
ing from the "most negative" null hypothesis possible, namely that for the 
population eigenvalues 

(6.25) 

is true. This implies that all eigenvectors are of equal length. A co~equ~nce 

of this hypothesis is that there is no characteristic eigenvector. If lh = lh +1 

holds for some h, then the associated eigenvectors Uh and Uh+1 are not 
uniquely defined. Obvio~sly,!hey are interchangeable. More generally it can 
be argued that each pair Uh , Uh+1 can be replaced by the pair 

Uh = Uh . cos (x) + Uh+1 . sin (x) 

1Uh+l =Uh . sin (x) - Uh+l . cos(x) 

for any value of x, which in fact means that the pair Uh , Uh+1 can be ~tat
ed in the pl~ne i~ which they are embedded. Hence, the direction of Uh is 
not fixed if lh = lh+l' From the hypothesis Ho of (6.25) it follows that each 
vector is an eigenvector with eigenvalue I = 1. Obviously (6.25) means that 
there is no relation between any pair Xi and Xk • All variables Xl' X2 , X3 , 

... , XM are mutually independent. 
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However, even if hypothesis (6.25) holds, the numerical analysis of the set 
of counts will yield a series of eigenvalues 11' lz' 13 , •• " 1 according toM 
(6.24) and an associated series of eigenvectors U 1 , Uz ' U3 , •.• , UM' The 
eigenvalue 11 may be much larger than one, and 1M much less than one, but 
these differences are meaningless, as are (the directions of) the eigenvectors 

U h • 

It is difficult to find a criterion for deciding whether we accept or reject 
the hypothesis (6.25) by means of the larger lh' The series 11' lz' 13 , .•• , 

1M is an ordered series, which makes it difficult to derive probability distribu
tions for the lh that must hold according to the hypothesis (6.25). Such 
distributions must have M and N (the number of observations) as parameters. 

A completely different way of reasoning is presented below. Using the 
hypothesis (6.25) and assuming M to be not too small (M ;;;. 8), we imagine 
that the largest eigenvector Ul' found by the computer method, accounts 
for some part, named b 1 , of the total variance. As a consequence, 

in which b 1 is thought to have a "narrow" distribution, with parameters M 
and N. The second eigenvector Uz is thought to account for a comparable 
part bz of the remaining variance: 

because bz has a similar "narrow" distribution. The parameters are (M - 1) 
and N, because Uz is determined in an (M - 1)-dimensional space. As M is 
large, we think that the difference between M and (M - 1) is irrelevant as far 
as these b-distributions are concerned. Similar statements may be made for 
13 , 14 , and so on, provided we do not approach 1M. 

Summarizing, on the basis of (6.25) and M is large, there is a number b, 
for which 0 < b < 1, so that 

lh ;::" b( h -1) . (1 - b) . M h~M (6.26) 

Identical to (6.26) is the statement that 

"In (lh) decreases more or less linearly with increasing h 
for h ~ M". (6.27) 

Expression (6.27) will be used as a criterion to test Ho of (6.25). Obvious
ly this criterion is rather vague as is expressed by "more or less linearly"; yet 
we consider it to be very useful. 
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The most simple alternative hypothesis is: 

H 1 : 11 >12 = 1 = 14 = ... = 1M , (6.28)3 

i.e. there is only one single mean0gful axis of variation. There is,3o more 
than one meaningful eigenvector U1 , accounting for the amount 11 of the 
total variation. 

If we find that the In(lh), resulting from a set of data, decrease approxim
ately linearly with increasing h, for 2 ~ h ~ M, but that In (11) is larger than 
expected according to the linear trend, then we are inclined to accept H 1 of 
(6.28). Then_the associated eigenvector U1 is considered to be a meaningful 
estimate of U1 , although each coefficient of the vector U1 may contain a 
~rge error compared to the corres£.,onding coefficient of the theoretical 
U 1 , and then 11 is a fair estimate of 11 > 1. An example is given in figure 7, 
which pertains to chapter X. 

In(l) 

O+--,-----.----;.----.----,-----.--t------.--.------.-.------,.-,..-----,.---.---, 

-1 

Fig. 7 The series of values of In (lhJ for h = 1 up to and including 16, from the data of Ryan (1972. 
table 2), discussed in chapter X. 
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Muirhead and Chikuse (1975) argue that in the case of such a "single" 
eigenvalue 11' the statistic 

(6.29) 

has approximately a chi square distribution with N degrees of freedom, 
provided N is large. In chapter V it was shown that the number of degrees 
of freedom may be much less than N, the number of observations (counts). 
y:!e translate (6.29) by saying that the standard error oEl I as an estimate of 
11 ' is 

(6.30) 

in which df is the number of degrees of freedom; this number may be 
estimated roughly from the autocorrelograms of the variables (taxa) that 
play an important part in the eigenvector U1, according to (6.14) and (6.17). 

of course more complex alternative hypotheses are possible, such as 

(6.31) 

but we believe that this hypothesis is already fairly exceptional. In the litera
ture authors are inclined to interpret too many eigenvectors Uh resulting 
from their data set as meaningful "principal components" (see chapter X). 
In our opinion accepting Hz of (6.31) is only justified if both In (11) and 
In (1z) are larger than expected from the more or less linear trend of the 
series In(13)' In(14)' In(1s)' ... In a similar way it might be possible that 
even more complex hypotheses with more than two relevant eigenvectors 
are acceptable. If the eigenvalues corresponding to these relevant eigenvec
tors are single, i.e. they are neither equal to the preceding eigenvalue nor to 
the following one, the standard error formula (6.30) can be used - with 
some care. If two of~uch relevant eigenvalues lh and lh +1 differ very slight
ly, how~er, s~ that lh = lh+1 might be true, (6.30) may not be used. Ac
cepting lh = lh +1 implies that Uh and Uh+1 are not unique eigenvectors, 
because then for any real number x 

Uh . cos (x) + Uh+1 . sin(x) 

is the estimate of an eigenvector with eigenvalue I h. 
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Chapter VII 

Q-MODE ANALYSIS OF SETS OF COUNTS 

VII.l. Introduction 

Although our investigation mainly concerns the analysis of relations be
tween taxa in sets of counts, some lines must be devoted to the Q-mode 
analysis, i.e. the analysis of the relations between the counts according to 
the scores of the taxa they contain. The sediment samples are compared 
with respect to their total taxa composition. Such a Q-mode analysis may 
result in discerning groups of counts (samples), each group consisting of 
counts that are mutually "similar" in their proportions. Obviously each 
group of samples is based on a certain group of taxa the composition of 
which was established from an R-mode analysis of the same data. 

It is important to realize that Q-mode analysis and R-mode analysis 
are of a different nature. In R-mode analysis groups of taxa are generally 
established by means of the correlation coefficient, a measure which gives 
not only a number to each pair of taxa but also a sign (positive or nega
tive). In other words, two "related" taxa may have a significantly positive 
correlation coefficient value, but other "related" taxa may have a signi
ficantly negative correlation coefficient value. In M. M. Drooger and Hage
man (1979) the correlation coefficient statistic was referred to as "two
sided" for that reason. 

In Q-mode analysis the groups of counts are formed on the basis of some 
similarity measure, which has no negative branch in its scale. Its coeffi
cients are called similarity coefficients or distance coefficients. In our 
opinion all these coefficients are equivalent, because they cannot give 
negative values to any comparison-pair (of course similarity can also be 
used in R-mode analysis). Perfect match can be considered as perfectly 
similar or "identical", s = 1, or equivalently as "distance zero", d = 0. No 
match at all can be considered as entirely dissimilar, s = 0, or alternatively 
as "distance very large, infinite", d = 00. 

We decided to refrain from any multivariate Q-mode analysis. One 
reason was that the number of counts (samples) is generally (much) larger 
than the number of taxa (variables); this fact makes multivariate Q-mode 
analyses even more difficult than multivariate R-mode analyses. 

In the case of distribution charts one may have several distinct groups 
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of samples, each group representing a typical biotope. Such groups also 
appear clearly when simpler methods are used like the method described in 
the next section. This is the second reason for refraining from multivariate 
Q-mode analysis. 

A third reason is that in the majority of the range charts there are no 
distinct groups of samples. A group of samples (counts) may be found that 
shows some extreme characteristic, another group may show another ex
treme characteristic, but the majority of the samples can be described as 
"average" samples. A statistical treatment like the one in the following 
section seems more appropriate in such cases, in order to decide which 
samples (counts) can be considered as "average" and which as "extreme". 

VII.2. Q-mode analysis by program PQMODE 

In our simple Q-mode analysis each score xij' for the count with index 
number j and size nj (2.2) is compared with the weighted mean proportion 
Pi defined in (2.25). If the multinomial model holds for the series of counts, 
then xij would have approximately the expected value and the variance: 

E(xij) ~ nj . Pi; var(xij) ~ nj . Pi . (1 - pJ (7.1) 

as can be deduced from (2.12). Therefore the deviation 

hc ..
lJ 

= 
I 

V 

Xij - nj . Pi 

nj . Pi . (1 -
IpJ 

(7.2) 

would have a standard normal distribution. Also if the multinomial model 
clearly is not valid, chij is a useful expression, weighting the deviation of 
Xij from the "expected" value nj . Pi' 

M 
As ~ (x .. - n· . p.) =0 

i=l lJ J 1 , 

the variables of the series (ch 1j , chZj ' ch3j , .. " chM .) are interdependent. 
Suppose that taxon i in count j has a score xij that J deviates largely from 
the expected value (taxon i squeezes), then the absolute value of chij is large 
and induces a deviation d (chkj ) in the value chkj of any other taxon k in 
count j. The deviation d(xk) in the value of the score Xkj of taxon k by 
taxon i in count j is 

- Pk )d(xk·)= -- ·(x.. -n.·p~.), 
J ( 1 ~ lJ J 1 

- Pi 
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The relation between the deviations d (chk) and d (xkj) is easily deduced 
from (7.2): 

d(chkj ) = d(xkj)IJ nj . h . (1 - t\) I 

These two equations lead to 

Ai'Pk 
d(chkj ) =- ---- . chij =R (Pi' Pk ) . chij (7.3) 

(1 - Pi) . (1 - h) m~ 
R (Pi' Pk) being the expected value of the correlation coefficient betweenm 
the proportions Pi and Pk according to the multinomial model given in 
(2.18). 

Equation (7.3) provides a means of checking whether any "significant" 
value of chkj of some taxon k in some count j is induced by a "squeezing 
effect" of some taxon i in that count j. Such a squeezing effect is recognized 
by a very large absolute value of chij' The value of chij induces a deviation 
d(chk) in the value of chkj according to (7.3). 

A Q-mode computer program, called PQMODE, has been written to be 
used for the comparison of a set of counts. In this program the matrix of 
scores (xij) is printed, followed by the matrix (ch,ij)' calculated according 
to (7.2). Next, a chi square test for goodness ot fit to the proportions 
(Pi' 1'2' 1'3' ..., PM) is performed for each count. Such chi square test 
statistics have the basic structure 

K (Ok - Ek)2 

X2 = ~ (7.4 ) 
k= 1 Ek 

in which Ok is "the observed number in class k", and Ek is "the expected 
number in class k". If the multinomial model is applicable, X2 has a chi 
square distribution with (K - 1) degrees of freedom. 

Calling the total number of observations n, obviously 

K K
 
~ Ok = ~ Ek =n, (7.5)


k=l k=l 

and X2 is calculated more easily from 

x2 = ( ~ O~ ) - n. (7.6)
k=1 E

k 

Another feature is that classes with too small expected numbers (e.g. 
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Ek < 5) should be lumped. Refined lumping rules have been presented 
by Cochran (1952) for different situations. 

In our case the chi square statistic for goodness of fit results in 

K x~ ( K x~ \ 
X z = ( _~ ~) - n- = ( ~ ~ )In- )- n- (7.7)

10:1 n- . p_ J i 0: 1 pA J J 
J 1 i 

for every count j. In this formula K is less than or equal to M, depending 
on the number of scores that are lumped. Hence, it is possible that the index 
i in (7.7) does not always correspond to the original rank number of the 
taxon. 

In addition to XZ and the number of degrees of freedom, K - 1, also the 
expression 

OJ=XZ/(K-1) (7.8) 

is presented for each count j in the PQMOOE program. OJ can be considered 
as a distance coefficient, indicating the distance between count j and the 
hypothetical "average count". Formula (7.8) follows from the fact that each 
significant value of a chi square statistic, divided by the number of degrees 
of freedom, is a measure of the deviation from the null hypothesis, in this 
case from the hypothesis that count j has been drawn from a population 
with proportions (PI' PZ, P3' .. " PM ). 

Instead of comparing counts with the average of all counts, one might 
need to compare one count with another, as it was the case in the Capo 
Rossello investigation (V.M.B. 17). Zachariasse (1978) and Schmidt (1978) 
performed repeated counts, in order to investigate whether a count is re
presentative for the sample it comes from. One can imagine other possible 
reasons for comparing counts with each other. 

Our Q-mode program PQMOOE contains such a comparison. It should 
be borne in mind, however, that if a number of N counts are compared 
with each other, the procedure results in the number of N . (N - 1)/2 
comparisons, which is the number of pairs of counts. If N = 10, we have 
45 comparisons, if N = 20, the number of comparisons rises to 190, if 
N = 40, it already reaches 780 pairs of counts. Program PQMOOE refuses 
this task when the number of pairs exceeds 950, which is the case when 
N exceeds 44. 

In this mutual comparison for each pair of counts j and k, first the chi 
square test for homogeneity is performed, which is the test of the hypo
thesis that both counts are from the same statistical population. See 
Cochran (1952, 1954). 

126 



It should be noted that this statistical population need not be identical 
to the "average" population as regards the goodness of fit test statistic 
(7.4). The test mentioned below and the chi square test of (2.27) have an 
identical structure; both are equivalent to the chi' square test for independ
ence in any contingency table with two rows or with two columns. 

The chi square statistic 

" K ' K 

'~1 (xij + xid' (qijk - ctjkF ( ~ q"k' x·, ) - qA 'k . n, 
i=l IJ 1J J J

X 2 == 1= == (7.9) 
ctjk . (1 - ctjd ctjk . (1 - ctjd 

in which qijk == xij/(xij + xilJ and ctjk == nj/(nj + nd, has a chi square distribu
tion with (K - 1) degrees of freedom, if the hypothesis that both counts 
are from one statistical population is true. 

Both in this statistic and in the statistic (7.7), taxa that have an expected 
number in one of the counts that is less than five are lumped. Therefore K 
may be less than M, and the index i in (7.9) does not always correspond to 
the original rank number of the taxon. 

In addition to the x 2 of (7.9) and the number of degrees of freedom, 
K - 1, the distance coefficient 

Djk == X2 /(K - 1) (7.10) 

is presented in program PQMODE for each pair of counts j and k. Djk can 
be seen as the "distance" between count j and count k, or as a measure of 
the deviation from the hypothesis that count j and count k are from one 
statistical population. 
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Chapter VIII 

QUANTITATIVE ANALYSIS OF THE BENTHONIC FORAMINIFERA
 
OF LE CASTELLA
 

VIII.1. Introduction 

Bremer, Briskin and Berggren (1980) presented a quantitative analysis of 
the benthonic foraminifera of the 150 metre composite section of Le Castella 
(Calabria, Italy), which by definition contains the Pliocene-pleistocene 
boundary. They give counts of some 60 taxonomic units of benthonic 
foraminifera with scores over 1% from 54 samples along the column of this 
boundary-stratotype section in a range chart (their appendix 2). The totals 
of the counts vary between 65 and 322; all data are given as percentage 
values. Two Q-mode principal components analyses were carried out on 
these data, using the computer program CABFAC (Klovan & Imbrie, 1971). 

After a first run five of the samples from the Pliocene were discarded 
because of deviating, high percentages of Brizalina attica and Bulimina 
exilis. No further attention is paid to these assemblages in the later paleoe
cological interpretation. 

The second computer run on the remaining 49 counts revealed two assem
blage types, one dominated by Cibicidoides floridanus, the other by Cassi
dulina laevigata, Uvigerina peregrina, Bulimina costata, B. aculeata + mar
ginata and Hyalinea balthica. Nothing peculiar is observed about the so
called index fossil of the Pleistocene, Hyalinea balthica, which occurs only 
in the upper half of the section. 

Both associations alternate along the column in the Pliocene part of the 
section; the Cassidulina assemblage is dominant in the Pleistocene, starting 
a few samples above the boundary marker bed. All assemblages are thought 
to indicate a similar bathymetric range of 130-700 metres, corresponding 
to that of today's Intermediate Water Mass of the Mediterranean. The 
Cassidulina association is said to be the cooler of the two, comparable to 
that found in the Eastern Mediterranean today; the Cibicidoides assemblage 
indicates a warmer environment, similar to that of the Gulf of Mexico 
today. 

For the Pliocene of Le Castella the authors assume frequent fluctuations 
between cooler and warmer surface waters, the Pleistocene part of the sec
tion showing a cooler surface water regime throughout. Confirmation of 
this assumption is found in the percentage curve of warm water planktonic 
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foraminifera (Hastigerina aequilateralis and Globigerinoides ruber). These 
percentages vary between a and 37 on the basis of counts of "at least" 
200 specimens. 

VIII.2. Analysis	 of the series of counts by means of the computer programs 
DISTUR, REGRES, BALANC and PQMODE 

Two modifications were made to the published range chart before our 
analysis was performed. The first alteration was to reinstate the original 
scores (apprOXimately) for the percentages. The second was to reduce the 
number of taxonomic units to 14, which are the most frequent and include 
all taxa that contribute to the conclusions of Bremer et al. These 14 taxa or 
taxa groups are: 

1 Brizalina attica 
2 Brizalina catanensis 
3 Brizalina dilatata 
4 Bulimina aculeata + marginata 
5 Bulimina costata 
6 Bulimina exilis 
7 Cassidulina crassa 
8 Cassidulina laevigata 
9 Cibicidoides floridanus 

10 Epistominella rugosa convexa 
11 Hyalinea balthica 
12 Trifarina angulosa 
13 Uvigerina peregrina 
14 Rest group 

The resulting 14 X 54 matrix of scores has been punched, one count per 
card. Then the information was stored on permanent file at the Cyber 175 
computer of the Academic Computer Centre Utrecht. The data matrix was 
analyzed by means of the DISTUR and BALANC programs. 

The output of the DISTUR program did not differ substantially from the 
output of the BALANC program. The essential part of the output of the 
BALANC program is presented in the "spider-web" diagram of figure 8, in 
which all significant correlation coefficients (significance level 0: = 0.01) 
have been entered. From this figure we arrive at the following conclusions. 

The taxa (1) Brizalina attiCa and (6) Bulimina exilis show negative trends, 
i.e. their open variables tend to decrease upwards along the stratigraphic 
column. There is a positive correlation between the open variables of these 
two taxa. The taxa (11) Hyalinea balthica and (12) Trifarina angulosa show 
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pos!tlve trends. There is a positive correlation between their open variables 
as well, if one takes Q =0.05 as the significance level. 

!1 
+ 6t 

\1 t 4 

I + 
I+J: 

1~ t 5 

14 + 9 

Fig. 8	 Spider-web diagram for the Castella samples showing the significant correlation coefficients 
and trends according to the output of the BALANC program. 54 counts. Solid lines: sig
nificance level Ci =0.01; dashed lines: significance level Ci =0.05 (two-sided). 

In addition there is a positive correlation between the open variables of 
(4) Bulimina aculeata + marginata and (5) Bulimina costata. The same holds 
for (9) Cibicidoides floridanus and the Rest group (14). There is a neg<~tive 
correlation between (4) Bulimina aculeata + marginata and the Rest group 
(14 ). 

We	 mention some details. According to the output of BALANC the va
14 

riance of the sum of the open variables appears to be var (T) = ~ Pi' di = 
i =1 

.129. From the output of the DISTUR program we found for the variance 
of the sum of the open variables Stt = .123. For the Castella data the two 
models appear to give very similar results. Only the negative correlation be
tween (4) Bulimina aculeata + marginata and the Rest group (14) has not 
been found in the DISTUR program. 

It appears that the Rest group (14) is somewhat peculiar. Its ratio Vii/vii 
of .251 is far from one, which may be in conflict with the supposed linearity 
of the open variables models. For this reason the Rest group (14) was 
eliminated in a later computer run (see below), but this elimination did not 
lead to different results for the other taxa. 

From the output of the REGRES program it appears that only the se
quence of percentages of (12) Trifarina angulosa is a clearly autocorrelated 
series (Rd1) = .523, R z(l) = .516, see the expressions (5.26) and (5.28)). 
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The values of R 1 (1) and R 2 (1) of all other taxa do not reach the critical 
value of .349 (0: = 0.01). It should be noted that (12) Trifarina angulosa 
shows a positive trend according to the outputs of the DISTUR and BALANC 
programs, but that the trends of (1) Brizalina attica, of (6) Bulimina exilis 
and of (11) Hyalinea balthica are not reflected as autocorrelated series in 
the REGRES output. Since it is only the series of percentages of (12) 
Trifarina angulosa which shows autocorrelation, there is no need to apply a 
reduction of the number of degrees of freedom concerning the outputs of 
the DISTUR and BALANC programs. 

In a run of our PQMODE program values of chij (7.2) were calculated for 
each cell. If chij is greater than five, the score Xij is considered to be much 
larger than expected according to the size of the count and the mean propor
tion of the taxon. If ch ij is less than -5, the score Xij is considered to be 
much less than expected. It appears that (1) Brizalina attica has high scores 
in counts CA06, CAll, CA13, CA17 and CA18. The taxon (2) Brizalina 
catanensis has an extremely high score (ch = 55.3) in count CA27 (132 out 
of 149 specimens counted), (6) Bulimina exilis in count CA08: ch '" 55.2 
(133 among 155 specimens counted), and (10) Epistominella rugosa convexa 
in count CA26 : ch = 76.1 (133 among 178 specimens counted). In the 
Pleistocene part of the column there are isolated peaks of (7) Cassidulina 
crassa (ch = 31.3) in CA49, (3) Brizalina dilatata (ch '" 29.6) in CA50, (11) 
Hyalinea balthica (ch '" 21.9) in CA56 and (5) Bulimina costata (ch = 20.9) 
in CA60. It is to be noted that there are no negative chij values of such 
magnitude; very low scores do not occur. 

VIII.3. Quantitative analysis after elimination of five counts 

After their first computer run Bremer et al. decided to eliminate samples 
CA06, CAll, CA13, CA17 and CA18. They considered them to be distinctly 
different from all other samples because they contained very high relative 
frequencies of Brizalina attica and Bulimina exilis. They made another 
analysis with the remaining 49 samples. We note that CA08 was not eli
minated, although this count contains an extremely high percentage of 
Bulimina exilis, and that the five counts that they did eliminate are precisely 
those which contain very high percentages of Brizalina attica according to 
the output of the PQMODE program. 

So that we could compare the results of Bremer et al. with ours, we eli
minated the same counts CA06, CAll, CA13, CA17 and CA18 and started 
another analysis with the remaining 49 counts. 
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It appears that the results from the BALANC program (fig. 9) are striking
ly similar to the corresponding results from our first analysis (fig. 8). In this 
new analysis the negative trend of (6) Bulimina exilis is no longer significant, 
but now the negative trend of (9) Cibicidoides floridanus has become sig
nificant (0: = 0.01). 

14--+--91 

Fig. 9	 Spider-web diagram for the Castella samples showing the significant correlation coefficients 
and trends according to the output of the BALANC program after the deletion of the 
counts 6,11,13,17 and 18.49 counts. See legend to figure 8. 
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Fig. 10	 Spider-web diagram for the Castella samples showing the significant proportion-ratio correla
tion coefficients and the significant trends according to the output of the DISTUR program 
using the 49 counts of figure 9. See legend to figure 8. 
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From the DISTUR program it appears that the taxa (2) Brizalina cata
nensis, (6) Bulimina exilis and (10) Epistominella rugosa convexa have ex
tremely high scores for chi square and for Hi' Their mean proportions are 
small, however, and the contributions of the variances of their open variables 
(.017, .015 and .013, respectively) to the variance of the sum (Stt = .092) is 
not very high. Hence, it is not certain whether the scores of these three taxa 
disturb the analysis. 

A considerable number of significant values are found in the matrix of 
proportion-ratio correlation coefficients (fig. 10). It has been argued in chap
ters II and III that these coefficients may be biased. Therefore these statistics 
have to be used with great care. An important reason why these matrices of 
proportion-ratio coefficients are maintained is that they indicate taxa that 
may disturb the analysis. We find the values .430 and .429 for the unweight
ed and for the weighted form of the correlation coefficient between PZ,j and 
P14)(1 - PZ,j), respectively. For the unweighted and the weighted form of 
the correlation coefficient between P14,j and pz )(1 - P14,j) the values are 
-.345 and -.329, respectively. Because of this asymmetry and similar 
"asymmetries" with other taxa, although to a lesser extent, the Rest group 
(14) might be suspected to disturb the results. 

Because it was suspected that (2) Brizalina catanensis, (6) Bulimina exilis, 
(10) Epistominella rugosa convexa and the Rest group (14) were disturbing 
the analyses, two more computer runs were performed with the DISTUR 
program. In the first run the Rest group (14) was eliminated from the data 
matrix, in the second run (2) B. catanensis, (6) B. exilis and (10) E. rugosa 
convexa were eliminated. The outputs of these two runs do not reveal new 
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Fig. 11	 Spider-web diagram for the Castella samples showing the significant correlation coefficients 

and trends according to the BALANC program, after elimination of the three taxa (Z) 
B. catanensis, (6) B. exilis and (10) E. rngosa convexa, and using the 49 counts of figure 9. 
See legend to figure 8. 
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aspects. Eliminati'on of the large Rest group (14) gives results that are almost 
identical to the results of the original DISTUR analysis on the 49 counts. 
The elimination of the three taxa (2) B. catanensis, (6) B. exilis and (10) E. 
rugosa convexa also gives comparable results. 

Finally, another run of the BALANC program was performed with the 
latter three taxa eliminated. The result is presented in the spider-web dia
gram of figure 11. The outputs of the BALANC and DISTUR programs are 
identical, except for a difference in the behaviour of the Rest group (14). 
According to the BALANC outputs, the open variables of the Rest group 
(14) and of (9) Cibicidoides floridanus are positively correlated. There is a 
negative correlation between the open variables of the Rest group (14) and 
of (4) Bulimina aculeata + marginata. These correlations are not found in the 
DISTUR outputs. 

VIllA. Discussion 

Considering our analyses our first conclusion must be that all DISTUR and 
BALANC computer runs give fairly similar results. Furthermore, no taxon 
seems to have a notably disturbing effect for the entire sequence of samples. 
The reason that strongly "peaking" species have little effect is probably 
connected with the fact that low numbers of samples show peaks of similar 
character. Only in the case of Brizalina attica might there be a slight effect 
because of the five peak samples. 

Apart from the occasional 'samples with some peak or other, the entire 
suite of samples gives the impression of a fairly homogeneous faunal assem
blage throughout, with only minor trends and correlations. There is a basic 
assemblage consisting of mud-dwellers, similar in generic (and largely in 
specific) composition to that found in the nearby Plio-Pleistocene faunas 
of the Pyrgos area in Greece (Hageman, 1979). In contrast with the Greek 
data the elements of this basic assemblage show only a few positive correla
tions and no negative correlations, probably because in the Pyrgos sections 
we are dealing with a much wider array of habitats, including brackish, 
shallow marine and epiphytic. All Castella samples would fit into the open 
marine, offshore association of the western Peloponnesus. 

Positive correlations between Bulimina costata and B. aculeata + mar
ginata, and between Bulimina exilis and Brizalina attica are thought to be the 
expression of an ecological stress gradient superimposed on the regular mud
dwellers' fauna. It is thought plausible that a cline of reduced oxygen avail
ability at the bottom caused the stress gradient, but the additional influence 
of differences in nutrient quality or quantity cannot be ruled out. 

135 



In this context the negative trends of B. exilis and B. attica simply mean 
that periods with aberrant bottom conditions were more frequent in the 
Pliocene than in the Pleistocene parts of the Castella section. All observed 
high ch values may correspond to some extra factor in the general, open 
marine environment. The enumeration also shows fewer and less extreme 
isolated peaks of different nature in the Pleistocene. The positive trend of 
Hyalinea balthica has a trivial meaning, because this so-called index fossil 
for the Pleistocene enters half-way along the section. The positive trend of 
Trifarina angulosa is not yet understood. 

Our correlation results finally show a positive correlation between Cibi
cidoides floridanus and the Rest group. Evidently higher numbers of c. 
floridanus go together with increased frequencies of the sum of the addi
tional 48 species, and thus possibly with faunal diversity. It can be suggested 
that C. floridanus is a representative of a more normal, or less mud-con
trolled, or shallower association. Because of determination differences c. 
floridanus was not recognized in the Pyrgos sediments (Hageman, 1979), 
but we assume that it might be comparable with Hageman's group of trochoid
biconvex taxa of which Cibicides burdigalensis, C. ungerianus and c. dutem
plei are the main constituents. This trochoid-biconvex group joins the "nor
mal" mud-dwellers' association, but it has the least affinity with sediment
type. In our analyses there are no negative correlations between c. floridanus 
and any species of the group of mud-dwellers, and the distinct role of c. 
floridanus found in the analysis of Bremer et al. is not found in our results. 
According to our explanation c. floridanus would be no more than an 
irregular addition from a neighbouring habitat. 

Our results and explanation clearly differ from those achieved by Bremer 
et al. using multivariate analysis. For the sake of comparison a principal 
components analysis was performed on the matrix of the correlation coeffi
cients between the open variables. Five eigenvectors were extracted by 
means of a Fortran computer program. They are given in figure 12. 

We recall that IIUh ll 2 = lh; see chapter VI. 
As the five eigenvalues mentioned in figure 12 form a steadily decreasing 

series according to the expression (6.26), one can have doubts about the 
statistical significance of all five eigenvectors. The individual coefficients of 
the eigenvectors which may be considered statistically significant have been 
printed in italics in figure 12. From the expression (6.20) R = U . Ut we 
consider such a coefficient to be 'significant' if its square is significant ac
cording to the table of r-distributions. 

From the eigenvector U 1 it can be deduced that (1) Brizalina attica and 
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II 

1.98 

12 

1.74 

13 

1.58 

14 
lAO 

IS 

1.11 
eigenvalues 

VI V2 V3 V4 V 5 eigenvectors 

taxa 1 -.61 -.47 -.04 -.26 .09 
2 -.34 -.28 -.05 -.09 .12 
3 .20 -.34 .07 .68 .30 
4 -040 .64 .03 .39 -.03 
5 -.27 .36 -AS .21 -.39 
6 -.56 -.37 .02 -.26 .11 
7 .12 -.22 .33 .44 -.20 
8 .09 .40 .12 .04 .73 
9 .37 .17 -.64 -.35 .13 

10 .01 -.09 -.17 .03 -AI 
11 .16 .11 .60 -.18 -.28 
12 049 -.08 .50 -.33 -.07 
13 .06 .53 .14 -.37 .00 
14 .70 -.36 -044 .04 -.03 

Fig. 12 The five largest eigenvectors with their eigenvalues of the matrix of correlation coefficients 
between the open variables of the Castella samples. Significant values have been printed in 
italics. 

(6) Bulimina exilis form a group opposed to the Rest group (14), which is a 
very trivial conclusion: stress-dominated faunas versus diversified faunas. In 
the eigenvector U3 the taxa (9) Cibicidoides j10ridanus and (11) Hyalinea 
balthica are found to be opposed, but the latter species occurs only in the 
upper half of the section, whereas C. floridanus is most frequent in the lower 
part. 

We think that the presentation by means of the eigenvectors is much 
poorer than the presentation by means of the original matrix of "open" cor
relation coefficients, from which the eigenvectors have been extracted. Fur
thermore, the relations between the taxa deduced from the eigenvectors are 
not reflected in the original matrix, except for the relation between (1) Bri
zalina attica and (6) Bulimina exilis. 

After elimination of the five samples with an abundance of the stress
tolerant species Brizalina attica and Bulimina exilis, Bremer et al. found an 
opposition along their second axis between c. floridanus and the Uvigerina
Cassidulina group. More precisely: their principal component assemblage 
"one" is a kind of vector mean and is therefore dominated by the abundant 
species. Their principal component assemblage "two" defines two end
member assemblages: one dominated by c. j10ridanus (factor score -.655 
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according to their table 1), the other by c. laevigata (factor score +.4 21), 
U. peregrina (+.336), B. costata (+.267), B. aculeata + marginata (+.266) 
and H. balthica (+.217). 

Our Hrst reaction is to wonder why the third principal component has 
not been considered by Bremer et al. This component has a variance equal 
to 6.00 according to their table 2, which is only slightly less than 7.73, the 
variance of the second principal component. This third component would 
demonstrate an opposition of H. balthica (factor score +.401) and T. an
gulosa (+.349) to B. costata (-.701) and B. aculeata +marginata (-.289). 

As far as the second principal component is concerned, the two end
member assemblages would be plausible theoretically. We did not find 
corresponding negative correlations in our analyses, however, or rather they 
remain below the levels of significance in our DISTUR and BALANC pro
grams. As far as the third principal component is concerned, we can con
Hrm the positive correlations between (4) B. aculeata + marginata and (5) 
B. costata, and between (11)' H. balthica and (12) T. angulosa, but negative 
correlations have not been found. 

As the two end-member assemblages produced by the second principal 
component play an important part in the paper of Bremer et al., we checked 
the consistency of the Uvigerina-Cassidulina end member by means of three 
more runs of the DISTUR program. 

Firstly, we lumped the scores of (4) B. aculeata + marginata and (5) 
B. costata, and the scores of (8) C. laevigata and (13) U. peregrina. Se
condly, we lumped the scores of (4), (5), (8) and (13). Thirdly and lastly, 
we lumped the scores of these four taxa and (11) H. balthica. 

No significant correlation coefficient value (O! =0.05) was found between 
(9) C. floridanus and any of the constructed groups mentioned above. Hence, 
we do not believe that the existence of the Cassidulina-Uvigerina end-mem
ber assemblage of Bremer et al. can be defended from the statistical point of 
view. 

Since the high frequencies of c. floridanus, which in our opinion reflect 
"less mud-control" in an otherwise similar habitat, leads to far-reaching con
clusions on temperature fluctuations in the paper of Bremer et al., we felt 
obliged to make some additional remarks. 

As to the temperature-dependent (in their explanation) factor loadings of 
their principal component II and the percentage values of their warm-water 
planktonic species, shown in their figure 4, one must admit that there is a 
positive correlation (r =+.494, N = 37, probability level p"", .001) for the 
Pliocene part of the Castella column; this correlation remains significant 
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when the Pleistocene part is added (r = +.454, N = 48, P ~ .001). Notwith
standing the impression that the Pleistocene parts of the curves fit better 
than the Pliocene parts, the r value is about the same, probably because of 
the effect of the single aberrant topmost sample. Neither of the sequences 
appeared to be distinctly autocorrelated. 

Another remarkable observation about both curves in their figure 4 is that 
if we assume that for their second principal component - 0.2 is a critical 
value for the factor loadings, there would be many more and wider cold 
spells in the bottom fauna than in the planktonic faunas at the surface. Per
haps the unmistakable fluctuations in C. floridanus frequencies have a more 
complex connection with the relative frequencies of the warm-water plank
tonics. 

VIII.5. Addendum 

After the above text was written some additional investigations were 
carried out. 

First of all it has to be mentioned that examination of material from Le 
Castella section present in the Utrecht collections, reveals differences in 
species determination. According to the taxonomy and nomenclature used 
in the Utrecht Micropaleontological Department (G. J. van der Zwaan, pers. 
comm.) Cibicidoides floridanus (Cushman) and Brizalina attica (Parker) are 
named differently. c. floridanus is our Cibicides ungerianus (d'Orbigny) and 
B. attica belongs to the Bolivina spathulata (Williamson) - group and is 
commonly named as such or as Bolivina aenariensis (Costa). 

As Bremer et al. did not give any details in their lithological column, a 
new series of ten control samples was taken in the poorly exposed remains 
of the original Castella section in 1981. These samples were taken from 
different lithology types. At some places lamination was observed, a feature 
not recorded by earlier authors. 

Counts of 100 benthonic foraminifera were performed on the larger than 
125 fJ. fraction of these ten samples by G. J. van der Zwaan (figure 12a). In 
the laminated intervals (CT3 and CT6,7) we find high relative numbers of 
Bolivina spathulata + dilatata (up to 48 specimens out of 100). It is remark
able that the thin sand layer of CT6 has a faunal composition which re
sembles that of the overlying laminated sandy clay. The Bolivina peaks cause 
no distinct squeezing effect on the mud-dweller associations of Cassidulina, 
Bulimina and Uvigerina. The peak occurrences of Bolivina spathulata + 
dilatata seem to coincide with low numbers of Hyalinea balthica, Cibicides 
ungerianus and the Rest group. 
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Fig.12a Counts of 100 benthonic foraminifera from ten samples of the Castella section. See VIII.5. 
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Evidently the major fluctuations in the benthonic faunas are caused by 
stagnation of the bottom waters (lamination and Bolivina peaks). Since 
Cibicides ungerianus is known (G. J. van der Zwaan, pers. comm.) to be one 
of the first species to disappear from water with stagnant bottom conditions, 
it will be more frequent in homogeneous sediments. If we assume that stag
nation in the Plio-Pleistocene of the Mediterranean occurred after "cold" 
spells, this would explain the positive correlation found by Bremer et al. 
between the Cibicides species and the "warm" planktonic foraminifera. 

141 



plate 1 

Figs. 1,2 Bolivina spathulata (Williamson) ('" Brizalina difformis, (3) Brizalina dilatata and 
(1) Brizalina attica). 

Fig. 3 Bulimina marginata d'Orbigny ('" (4) B. aculeata). 

Fig. 4 Bulimina marginata d'Orbigny ('" (4) B. marginata). 

Fig. 5 (5) Bulimina costata d'Orbigny. 

Fig. 6 (7) Cassidulina crassa d'Orbigny. 

Fig. 7 Cibicides ungerianus (d'Orbigny) ('" (9) Cibicidoides floridanus). 

Fig. 8 Cibicides kullenbergi Parker ('" (9) Cibicidoides floridanus). 

Fig. 9 (11) Hyalinea balthica (Gmelin). 

Fig. 10 (12) Trifarina angulosa (Williamson). 

Fig. 11 (13) Uvigerina peregrina Cushman. 

Figured specimens from the Plio-Pleistocene of Le Castella section (coIl. Utrecht). Determinations by 
G.]. Van der Zwaan. 

All magnifications X 90, with the exception of fig. 8 (X 45). 
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Chapter IX 

QUANTITATIVE ANALYSIS OF THE BENTHONIC FORAMINIFERA
 
OF DINGDEN
 

IX.l. Introduction 

C. W. Drooger and Felix (1961) published the counts on 49 species of 
benthonic foraminifera from 26 samples from a 2.60 metre section taken at 
the type locality of the Miocene Dingden Formation at Dingden (Western 
Germany). With one exception the counts contain 200 specimens. 

In the authors' opinion opposed frequency fluctuation patterns of Asteri
gerina giirichi and Spiroplectammina carinata (plus Martinottiella communis 
and Elphidium inflatum) correlate with poorly understood ecological para
meters (more, or less sandy). In addition, the first species shows an increas
ing trend, the second a decreasing one. There is practically no statistical 
background for these assumptions, however. 

This relatively small range chart has been used for checking the successive 
programs for several years. At the very beginning all computer programs 
were only adapted to counts of fixed size. Therefore the count D463 with 
60 specimens was ignored, but this is thought not to harm the analysis. In 
addition, all rare species were lumped into a rest group category, so that the 
revised species list ran as follows: 

1 Asterigerina giirichi 
2 Bulimina elongata 
3 Cancris auriculus 
4 Cibicides dutemplei 
5 Cibicides ungerianus 
6 Elphidium inflatum 
7 Martinottiella communis 
8 Nonion affine 
9 Nonion boueanum 

10 Spiroplectammina carinata 
11 Rest group 

The resulting 11 X 25 matrix of scores is presented in figure 13. It is re
called that sample D486 is lowermost in the stratigraphic column, and that 
D461 is uppermost. This matrix was punched and stored on permanent file 
before the analysis was started. 
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Sample	 Taxa 
Total

numbers	 2 3 4 5 6 7 8 9 10 11 

DL461 200 155 9 10 2 3 3 3 2 0 3 10 

DL462 200 156 14 0 6 2 7 1 5 2 0 7 

DL464 200 157 15 0 11 4 2 0 5 1 1 4 

DL465 200 109 22 0 31 15 3 1 9 1 2 7 

DL466 200 119 14 2 33 6 6 0 8 3 3 6 

DL467 200 107 15 2 32 14 6 1 12 1 5 5 

DL468 200 95 11 4 29 8 10 6 20 2 5 10 

DL469 200 106 13 11 28 8 8 1 13 1 5 6 

DL470 200 106 18 3 21 9 7 5 16 1 7 7 

DL471 200 75 16 5 24 3 7 8 17 6 29 10 

DL472 200 78 24 5 28 9 8 3 17 2 13 13 

DL473 200 85 15 6 39 3 5 3 15 4 12 13 
DL474 200 77 17 7 22 5 7 10 16 2 20 17 

DL475 200 95 18 4 15 5 8 5 15 5 17 13 
DL476 200 75 11 5 13 5 10 11 13 1 44 12 

DL477 200 90 10 5 22 3 6 6 17 5 20 16 

DL478 200 80 6 3 22 3 10 8 10 4 36 18 

DL479 200 82 12 5 22 2 7 5 16 7 20 22 
DL480 200 64 2 0 12 0 19 14 5 10 66 8 
DL481 200 107 11 6 17 2 5 7 11 9 11 14 
DL482 200 104 7 1 15 0 6 11 7 9 24 16 

DL483 200 66 3 1 22 0 19 13 3 5 57 11 
DL484 200 79 6 6 13 0 14 11 6 9 43 13 
DL485 200 78 2 2 15 2 15 11 0 5 61 9 
DL486 200 76 5 2 27 1 15 11 7 6 41 9 

Fig. 13	 Counts on benthonic foraminifera from the Dingden section (after C. W. Drooger & R. Felix, 
1961). 

IX.2. Analysis of the series of counts by means of the computer programs 

DISTUR, BALANC and REGRES 

A large part of the output from the DISTUR program is presented in fi
gure 14. From the output and this figure we arrive at the following conclu

S10ns. 

The proportions of the taxa (1) Asterigerina gurichi and (10) Spiroplec
tammina carinata fluctuate markedly, resulting in high chi square values 

(342. and 499., respectively) and high values of the parameter Hi (.103 and 

.105, respectively). From flgure 14 one can also see that there are many 

overall trends in the proportions. The proportions of (1) Asterigerina gurichi, 
(2) Bulimina elongata, and (5) Cibicides ungerianus tend to increase upwards 

along the stratigraphic column, the proportions of (6) Elphidium inflatum, 
(7) Martinottiella communis, (9) Nonion boueanum, (10) Spiroplectammina 
carinata and the Rest group (11) tend to decrease in the same direction. 
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It is remarkable that the variance of the open variable of (1) Asterigerina 
giirichi is the major contributor (.050) to the variance of the sum of the 
open variables (.066). The residue (.016) consists mainly of the variance of 
the open variable of (10) Spiroplectammina carinata (.011). Therefore 
A. giirichi in particular was suspected of disturbing the analysis (see below). 

--+'---5j 
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Fig. 14 Spider-web diagram for the Dingden samples showing the significant correlation coefficients 
and trends according to the output of the DISTUR program. Significance level c< = 0.01, 
two-sided. 

In figure 14 the significant (a = 0.01) correlation coefficient values be
tween pairs of taxa are presented. There appear to be many mutual correla
tions, generally linked with the trends mentioned above. The taxa (2) Buli
mina elongata and (5) Cibicides ungerianus, having positive trends, form a 
group opposite to a group of taxa having negative trends and consisting of 
(6) Elphidium injlatum, (7) Martinottiella communis, (9) Nonion boueanum 
and (10) Spiroplectammina carinata. The taxon (1) Asterigerina giirichi is 
in a somewhat isolated position, having only a negative correlation with (7) 
Martinottiella communis. 

It should be noted that a correlation between two taxa is called significant 
if and only if both the unweighted and the weighted correlation coefficient 
values are significant according to the multinomial model as well as according 
to the zero open covariances model. If the conclusions from both models are 
not the same the relation between that pair of taxa is not mentioned in our 
conclusions. For instance: according to the multinomial model (1) A. giirichi 
and (10) S. carinata have a negative correlation (a =0.01). According to the 
zero open covariances model there is no such correlation (a =0.05) between 
the open variables of both taxa, however. Similarly, (4) C. dutemplei and 
(8) N. affine have a positive correlation according to the multinomial model, 
but no correlation according to the zero open covariances model. Such con
flicting results are not mentioned in our conclusions. 
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The output from the BALANC program gives some different results (fig. 
15). The taxa (1) A. giirichi, (4) C. dutemplei and (8) N. affine join (2) 
B. elongata and (5) C. ungerianus. The negative correlation between (1) 
A. giirichi and (7) M. communis is no longer significant. The negative trend 
of the Rest group (11) is no longer significant either, and the negative trend 
of (6) E. injlatum does not reach the significance level of a = 0.01. 

B--~-- -----'---4 

Fig. 15 Spider-web diagram for the Dingden samples showing the significant correlation coefficients 
and trends according to the output of the BALANC program. Significance level 0< =0.01, 
two-sided. 
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Fig. 16 The three largest eigenvectors with their eigenvalues of the matrix of correlation coefficients 
between the open variables of the Dingden samples. Significant coefficients have been print
ed in italics. 
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The values of the ratios Vii/Vii of (1) A. giirichi and of the Rest group (11) 
are distinctly different from one, namely 2.645 and .661 respectively. From 
later computer runs it appears that these deviations do not harm the ana
lyses. 

The three largest principal components were extracted from the matrix of 
correlation coefficients between the open variables. They are presented in 
figure 16. 

In our opinion only the first eigenvector U1 has a statistical meaning, be
cause its eigenvalue 4.96 is much greater than the other eigenvalues. The 
vector U1 has many significant coefficients, if one uses as the critical value 
the square root of the 99.5-th percentile of the r-distribution: .71. From U1 
it can be deduced that (2) B. elongata and. (5) C. ungerianus form a group 
opposite to a group consisting of (6) E. inflatum, (7) M. communis, (9) 
N. boueanum and (10) S. carinata. This result is very similar to the results 
obtained with the DISTUR and BALANC programs. 

From the output of the REGRES program it appears that most series of 
proportions are autocorrelated. Another fact is that the two autocorrelation 
coefficients may give quite different values. For instance, for taxon (1) 
A. giirichi R 1 (4) = .260, R 2 (4) = .544. 

For most taxa the series of proportions are autocorrelated. As a conse
quence, one should take care about using the critical value .506 for the 
correlation coefficient in the DISTUR and BALANC programs. The value of 
.506 is based on 23 degrees of freedom for the r-distribution and a signific
ance level a = 0.01. For autocorrelated series the number of degrees of free
dom will be less, however. We make a rough estimate below, with help of 
statements made in chapter V. 

We assume that for a pair of autocorrelated series 

r(h) = (0.6) X (0.8)h 

is valid (see (5.24)). In testing for independence between these two series 
the number of degrees of freedom is, according to (5.30) 

df = 23 X 1 - (0.8) X (0.8) - 10
 
1 + (2 X (0.6) X (0.6) - 1) X (0.8) X (0.8) - ,
 

which results in a critical value of about .71 for the correlation coefficient, 
using a = 0.01. 

Tests for (the absence of) a trend in such an autocorrelated series should 
be carried out with the number of degrees of freedom given in (5.33): 

df = 23 X 1 - 0.8 =4,
 
1 + (2 X (0.6) - 1) X 0.8
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which results in a critical value of about.92 for the correlation coefficient, 
using 0: = 0.01. 

Since such autocorrelated series are an acceptable model for many series 
in the Dingden range chart, namely for those of (1) A. giirichi, (2) B. elon
gata, (5) C. ungen'anus, (7) M. communis, (8) N. affine, (9) N. boueanum, 
(10) S. carinata and the Rest group (11), according to the REGRES output, 
the considerations made in the section V.7 should be kept in mind. This 
means that the grouping of taxa shown in the spider-web diagrams of figures 
14 and 15 may be caused by an overall ecological change, i.e. the trends 
shown by many of the taxa may be 'sustained changes', but from the point 
of view of mathematical statistics these suggestions cannot be proved. 

The interpretation of the correlation coefficients in the matrix used for 
figure 15 which are still significant using the corrected critical value.71 is 
also problematical. There remain positive correlations between the open 
variables of (2) B. elongata and (5) C. ungerianus, and between those of 
(6) E. inflatum, (7) M. communis and (10) S. carinata. The conclusion from 
these significant values simply may be that the series under consideration 
should be very different from signal-plus-noise processes as defined in (5.22), 
because these series are far from "stationary", i.e. their probabilistic nature 
changes with time. 

IX.3. Elimination of taxa from the data matrix 

As the scores of the taxa (1) Asterigerina giirichi were suspected of 
disturbing the analyses described in the previous section, another run of the 
DISTUR program was performed in which this taxon was eliminated. In 
figure 17 the spider-web is presented. 

A positive correlation between (4) C. dutemplei and (5) C. ungerianus has 
appeared, which was not apparent in the previous DISTUR output (fig. 14), 
whereas the positive correlations between (6) E. inflatum and (7) M. com
munis, between (7) M. communis and (9) N. boueanum, and between (9) 
N. boueanum and (10) S. carinata are no longer significant at the level of 
0: = 0.01. Between (4) C. dutemplei and (7) M. communis a negative correla
tion has appeared, and the negative correlation between (2) B. elongata and 
(6) E. inflatum has disappeared. In the output (4) C. dutemplei and (8) N. 
affine show positive trends, but the negative trends of (6) E. inflatum and 
of the Rest group (11) have disappeared. 

Also in this output (10) S. carinata has a relatively high chi square value 
349. and a high H value .164. Furthermore, the variance of its open variable 
(.035) is the major contributor to the variance of the sum of the open 
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variables (.057). Therefore we also suspected that (10) S. carinata was 
disturbing the analyses and we decided to perform a third run of the DISTUR 
program from which both (1) A. giirichi and (10) S. carinata were eliminat
ed. 

The essential part of the output is presented in figure 18. It should be not
ed that by eliminating the taxa (1) A. giirichi and (10) S. carinata only about 
80 specimens are left in the average count (M(N (J)) = 81.4). Furthermore, 

t8 t:---,+c--_J 5 -----'--+--J 

Fig. 17	 Spider-web diagram for the Dingden samples showing the significant correlation coefficients 
and trends according to the output of the DISTUR program, after elimination of (1) A. 
gurichi. Significance level c< = 0.01, two-sided. 

Fig. 18	 Spider-web diagram for the Dingden samples showing the significant correlation coefficients 
and trends according to the DISTUR program, after elimination of (1) A. gurichi and (10) 
S. carinata. Significance level c< = 0.01, two-sided. 
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according to the three series of chi square values, of H values and of open 
variances, there is no longer any taxon disturbing the analysis. Finally, there 
are no distinct differences between this output and the two previous DISTUR 
outputs, except for the fact that amongst other things the positive trends 
of (4) C. dutemplei and of (8) N. affine have again disappeared. 

Finally, another run of the BALANC program was performed in which 
the taxa (1) A. giirichi and (10) S. carinata had been eliminated in a similar 
way. The result is presented in figure 19. The spider-web is identical to the 
one of the last DISTUR program (fig. 18), except for the presence of a 
positive correlation between (4) C. dutemplei and (5) C. ungerianus in the 
BALANC output and the absence of the negative correlation between (6) 
E. inflatum and (8) N. affine. Such differences are often due to the strict 
application of the level of significance 0: = 0.01 as a criterion for judging 
the possible significance of correlation coefficient values. 

-"":"'+-4L------'+-

Fig. 19	 Spider-web diagram for the Dingden samples showing the significant correlation coefficients 
and trends according to the BALANC program, after elimination of (1) A. gurichi and (10) 
S. carinata. Significance level O! = 0.01, two sided. 

Summarizing, we conclude that two groupings can be distinguished. One 
consists of the taxa (1) Asterigerina giirichi, (2) Bulimina elongata, (4) 
Cibicides du temp lei, (5) Cibicides ungerianus and (8) Nonion affine. These 
taxa tend to increase in numbers upwards along the stratigraphic column. 
The other grouping consists of the taxa (6) Elphidium inflatum, (7) Mar
tinottiella communis, (9) Nonion boueanum, (10) Spiroplectammina cari
nata and (probably also) the Rest group (11). It is very remarkable that (3) 
Cancris auriculus does not join either of the two groups. 
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IXA. Discussion 

It is difficult to make an ecological interpretation of Miocene foraminifera 
of the North Sea basin because our knowledge o~ Recent species and their 
habitats in the area is very limited. As a consequence it is hard to appreciate 
which of our statistical procedures is the better one. An evaluation simply 
based on counting the notations in the columns of figure 20 is a dubious 
solution after all the sophisticated theory. Nevertheless we shall try to make 
an evaluation which seems to follow this line of reasoning. 

First of all, it should be noted that some positive (A. giirichi, B. elongata 
and c. ungerianus) and some negative (M. communis, N. boueanum and 
s. carinata) trends are consistent in all analyses. We can explain this as a kind 
of ecology-dependent evolution, which is probably not a "sustained change" 
of a single factor but rather a fluctuating change of several factors together. 

The assumption of Drooger and Felix (1961) that A. giirichi and S. cari
nata represent distinctly opposed environments does not follow clearly from 
the statistical analyses. It is only according to the multinomial model that 
there is a negative correlation between both taxa. Although data on the 
Oligocene and Miocene of the North Sea basin (Batjes, 1958) seem to in
dicate that A. giirichi is frequent in more sandy deposits, it seems likely that 
both species did not have mutually exclusive habitats, which might be inter
preted in simple terms of energy or depth. Actually, A. giirichi seems to be
have rather independently of all other taxa in our analyses, showing occa
sional negative and positive links with M. communis and B. elongata, respec
tively. 

If we assume an interplay of two or more environmental gradients we had 
better look for the more consistent combinations in the range chart first. 

One consistent combination is that of B. elongata and c. ungerianus. This 
combination is not illogical if we may compare both components with 
B. marginata and c. (pseudo)ungerianus of the Mediterranean. In the plio
Pleistocene Pyrgos sediments (M. M. Drooger & Hageman, 1979) we would 
situate such a combination in the shallower part of the open marine, off
shore environment. The weak tie with C. dutemplei would fit in very well. 
The occasional ties with A. giirichi and N. affine are still weaker. One might 
suppose that these two species had an overlap with the open marine group 
at its shallower and its deeper (or sandy and muddy) sides, respectively, 
but the explanation for the total assemblage seems to be rather artificial. 

The opposite combination of S. carinata, M. communis and E. inflatum 
is much more problematical. Since S. carinata is extremely frequent in the 
Oligocene Boom Clay (Batjes, 1958), one might think of a (more) muddy 
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environment possibly with some stress condition, for instance poor bottom 
water circulation in view of the high pyrite contents of these Oligocene 
sediments. The other arenaceous species, M. communis, is still alive but we 
know nothing about its ecological preferences or tolerances. The fact that it 
joins 5. cannata is not thought to be anomalous. However, our ideas of the 
habitats of Elphidium species are completely different; we think they lived 
in shallow marine, sometimes vegetated areas. Either this typically Miocene 
North Sea basin Elphidium preferred conditions that were completely 
deviating, or its combination with both arenaceous species is caused by a 
more intricate interplay of environmental factors. N. boueanum is another 
regular addition to the group of both arenaceous species; it is an addition of 
equally peculiar nature. In Pyrgos it is the central element of the shallow 
marine group and it has a weak positive correlation with more sandy sedi
ments. Its supposed Recent counterpart (Nonionella atlantica, Drooger & 
Kaasschieter, 1958) is frequent in the pelitic sediments of the Orinoco 
shelf, down to a depth of 75 metres. The combination ofN. boueanum and 
E. inflatum would seem to be more logical than the combination with 5. 
cannata. It is remarkable that the expected positive correlation between 
N. boueanum and E. inflatum appears only after A. giirichi and 5. carinata 
'have been eliminated as possible disturbers from the matrix. 

We must conclude that both opposed groups of taxa contain queer com
binations, the species of which are thought to represent different environ
ments. If we were allowed to oppose the Asterigerina, Elphidium and No
nion species together, to the other elements we would jump to the conclu
sion of a simple depth or energy controlled gradient. 

Since the actual groups are distinct in either positive or negative trends we 
must conclude that there was a time-bound local change of clusters of en
vironments; this change fluctuated but did not evoke a complete overthrow 
of regimes but rather a shift in dominance. It is assumed that the sampled 
assemblages hardly ever reflect a single; "pure" environment, but they usu
ally consist of mixtures from adjoining habitats, the elements of which were 
washed together. 

We suppose that on the muddy platform corresponding to the lower part 
of the Dingden section there was some kind of topography with shallower, 
"high-energy" areas (N. boueanum and/or E. inflatum) and deeper, "low
energy" patches with slightly restricted, stagnant conditions (5. carinata, 
M. communis?). In the course of time the muddy parts lost some of their 
poor bottom conditions and a more open-marine, offshore environment 
became installed with B. elongata and c. ungerianus. The shallower parts 
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started to harbour another fauna in which A. giirichi was predominant. Al
though we know next to nothing about the habitat of this remarkable 
Asterigerina group w~ich became extinct in the course of the Miocene, 
biogenic sedimentation may have exerted a greater influence on these shoals. 

Now the explanation has become much more logical and the assumed 
habitats of the Miocene species are no longer in conflict with those of their 
Recent relatives. 

This type of change in the character of the sets of subenvironments in 
the course of time might reflect a regressive tendency in the type section 
of the Dingden Formation. The parallel of such a change is much more 
pronounced in the Nordic Oligocene, where the pyrite-bearing, dark muds 
of the Rupelian Boom Clay with abundant S. carinata as one of its domi
nant elements were replaced by the sandy and calcarenitic deposits with 
A. giirichi faunas of the Late Rupelian - Chattian (Kasseler Meeressande, 
Asterigerinenhorizont, Zanden van Voort). 

156 



plate 2 

Fig. 1 (1) Asterigerinagiirichi (Franke). 

Fig. 2 (2) Bulimina elongata d'Orbigny. 

Fig. 3 (3) Cancris auriculus (Fichtel and Moll). 

Fig. 4 (6) Elphidium infiatum (Reuss). 

Fig. 5 (7) Martinottiella communis (d'Orbigny). 

Fig. 6 (8) Nonion affine (Reuss). 

Fig. 7 (9) Nonion boueanum (d'Orbigny). 

Fig. 8 (10) Spiroplectammina carinata (d'Orbigny). 

Figured specimens from the Miocene of the Dingden section (coil. Utrecht). Determinations by G.]. 
van der Zwaan, after D. A. ]. Batjes, 1958. 

All magnifications X 90, with the exception of figures 2, 5, 6 and 7 (X 45). 
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Chapter X 

QUANTITATIVE ANALYSIS OF THE PLANKTONIC FORAMINIFERA
 
OF PARKER'S CORE 189 FROM THE EASTERN MEDITERRANEAN
 

X.I. Introduction 

Several authors have tried to reconstruct the Late Quaternary history of 
the Eastern Mediterranean on the basis of the samples of Albatross core 189 
from the Aegean. Parker (1958) established a warm-eold curve for the last 
400,000 years on the basis of a visual impression of her countings of plank
tonic foraminifera. These counting data were reassessed by Ryan (1972) 
by means of Q-mode and R-mode factor analyses (COVAP program of Man
son & Imbrie, 1964). 

On the basis of the R-mode analysis Ryan discusses the meaning of the 
four "largest" vectors, which he calls A, B, C and D. Vector A, associated 
with an eigenvalue 3.953, groups the taxa Globigerina bulloides, Globigerina 
pachyderma and Globorotalia scitula together as having "proportionally 
similar relative abundances". By this vector A this group of three taxa is 
opposed to a group of three other taxa, consisting of Globorotalia trun
catulinoides, Globigerinella aequilateralis and Globigerinoides rubra, which 
is in "inverse proportion" to the taxa of the first group. Ryan concludes 
that vector A reflects temperature and exhibits a warm-cold polarity, with 
the species G. bulloides and G. rubra at the cold and warm extremes, res
pectively. 

Vector B has Globigerina eggeri as one extreme, which would correlate 
to sapropelic muds in the column, i.e. to low salinity of the upper water 
layer, good water stratification and stagnancy at the bottom. Vector C shows 
Globigerina inflata with Orbulina universa and Globigerina digitata versus 
Globigerinita glutinata and Globigerinoides sacculifera, which is interpreted 
as a temperature gradient indicator, i.e. warming and cooling phases. Vector 
D, thought to be partly an artefact of the factor analysis would correlate 
Hastigerina pelagica and Globigerinoides conglobata with the temperature 
maxima. 

In our opinion Ryan's interpretation of the latter three vectors (B, C and 
D) is less sound, if we consider the series of eigenvalues in his table 2. Ex
cept for the first eigenvalue (= 3.953), which is considerably larger than all 
others, the eigenvalues (our fig. 7) form a series of steadily decreasing values 
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(1.744, 1.496, 1.315, 1.158, 1.049 ...). Therefore we believe that the 
hypothesis (6.28) in our chapter VI must be considered, i.e. that in Ryan's 
analysis there is only a single meaningful axis of variation to be derived 
from Parker's data. In our opinion it is only his vector A which makes 
sense from the statistical point of view. Another drawback of Ryan's analysis 
is that it is based on the closed sum data directly. This is the main reason 
why we attempted to apply the open variables methods to Parker's set of 
data. 

Ryan's Q-mode analysis of the 79 samples gives comparisons with referen
ce to selected samples from the column chosen on the basis of the charac
teristic features warm, cold and sapropelic mud. Corresponding temperature 
curves for the entire core are shown; the stagnancy curve is not given but it 
is said to show sharp peaks in the sapropelic mud and tephra layers. 

X.2. Analysis of the series of counts using our own computer programs 

We used the original data of Parker (1958) for our own computations. In 
her table 10 she presents percentage values for 17 species of planktonic fora
minifera. Elsewhere in the publication (p. 223) it appears that about 300 
specimens have been counted from each core sample. In our analysis we 
assumed that exactly 500 specimens had been counted, multiplying each 
percentage value by a factor five. In the original data set also the presence 
or absence of a "typical" form of Globigerinoides rubra is mentioned for 
each sample. We have added this to our data matrix by giving this typical 
form the score one in the case of presence and the score zero in the case of 
absence. Then our species list is identical to the one in Parker's data set: 

1 Globigerina bulloides 
2 Globigerina digitata 
3 Globigerina eggeri 
4 Globigerina inflata 
5 Globigerina pachyderma 
6 Globigerina quinqueloba 
7 Globigerina radians 
8 Globigerinella aequilateralis 
9 Globigerinita glu tinata 

10 Globigerinoides conglobata 
11 Globigerinoides rubra group 
12 Globigerinoides rubra, typical form 
13 Globigerinoides sacculi/era 
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14 Globigerinoides tenella 
15 Globorotalia scitula 
16 Globorotalia truncatulinoides 
17 Hastigerina pelagica 
18 Orbulina universa 

Seventy-five samples have been considered from core 189. Ryan (1972) 
put the four uppermost samples of Parker's core 194 on top of core 189 in 
order to create a more complete sequence from the present back into the 
Quaternary (Ryan, 1972, p. 152). We did likewise. Hence, the data set is a 
18 X 79 matrix. 

First, the data matrix was analysed using the DISTUR and BALANC 
programs. 

In the DISTUR output only the proportions of (16) Globorotalia trun
catulinoides show a (negative) trend upwards along the stratigraphic column 
(fig. 21). 

6----'--

+ 

16 ~ 

Fig. 21 Spider-web diagram for the Core 189 samples showing the significant correlation coeffi
cients and trends according to the output of the DISTUR program. Significance level ex = 
0.01, two-sided. 

The taxa (3) Globigerina eggeri and (11) Globigerinoides rubra group 
fluctuate markedly in their proportions, as can be concluded from the high 
chi square values (7996 and 7738, respectively) and from the fairly high 
values of the parameter Hi (.217 and .243, respectively). The variance of 
the open variable of the (11) G. rubra group is a major contributor (.071) 
to the variance of the sum of the open variables (.131), while the variance 
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of the open variable of (3) G. eggeri contributes .030. Because of this, and 
because of the high chi square values mentioned above, these two taxa were 
suspected of disturbing the analysis (see below). 

In the	 output of the BALANC program (fig. 22) the negative trend of 
(16) G. truncatulinoides found in the DISTUR output is confirmed by a 
negative trend in its open variable. 

+ 
17 -----'----~~ 

12 + 8-+-11 

~14 
Fig. 22	 Spider-web diagram for the Core 189 samples showing the significant correlation coeffi

cients and trends according to the output of the BALANC program. Significance level cr = 

0.01, two-sided. 

As far as the correlation coefficients between pairs of taxa are concerned, 
no essential differences were found between the DISTUR output and the 
BALANC output. Both show the presence of two major groups of taxa. 
The spider-web diagram is given for the BALANC output in figure 22, and 
for the DISTUR output in figure 21 (significance level a = 0.01). The first 
group consists of the taxa (1) G. bulloides, (3) G. eggeri, (5) G. pachyderma, 
(6) G. quinqueloba, (15) G. scitula and possibly (9) G. glutinata. The second 
group consists of the taxa (8) G. aequilateralis, (11) G. rubra group, (12) 
G. rubra, typical form, (13) G. sacculi/era, (14) G. tenella, (17) H. pelagica 
and possibly (2) G. digitata. All micropaleontologists would agree that this 
grouping can be translated as "cold" versus "warm". 

It is noted that the variance of the sum of the open variables according to 
the free open covariances model 

18
 
var(T) = ~ Pi' di = .103
 

i = 1
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is considerably less then the corresponding variance according to the zero 
open covariances model: Stt = .131. It is not clear which of the two models 
is better. 

In the output of the REGRES program it appears that the series of pro
portions of (4) G. inflata, (9) G. glu tinata and (15) G. scitula are more or 
less strongly autocorrelated. Also the values of R 1 (1) and of R z (1) of (5) 
G. pachydenna, (6) G. quinqueloba, (11) G. rubra group, (12) G. rubra, 
typical form, and (17) H. pelagica are still significant according to the level 
of significance ex = 0.01. Application of Bartlett's formula (5.32) for the 
number of degrees of freedom of the r-distribution reveals that the reduc
tions in the number of degrees of freedom do not affect the above-mention
ed conclusion regarding the presence of two groups of taxa. 

X.3. Elimination of taxa from the data matrix 

The proportions of (3) G. eggeri and especially those of the (11) G. rubra 
group were suspected of disturbing the analyses described above. In a second 
run of the DISTUR program the (11) G. rubra was eliminated. It then ap
peared that the taxa (3) G. eggeri, (13) G. sacculifera and (16) G. truncatu
linoides had chi square values greater than 4000, and Hi values greater than 
.15. (3) G. eggeri contributes .044 to the variance of the sum of the open 
variables (.102), but the contributions of (13) G. sacculifera and (16) G. 
truncatulinoides are slight. This was the reason we made a third run of the 
DISTUR program and a second run of the BALANC program, from which 
both (3) G. eggeri and the (11) G. rubra group had been eliminated. A 
spider-web diagram of the DISTUR output is presented in figure 23; the 
diagram of the BALANC output is shown in figure 24. 

There appear to be quite large differences between the two outputs. The 
first group consisting of the taxa (1) G. bulloides, (5) G. pachydenna, (6) 
G. quinqueloba and (15) G. scitula ((3) G. eggeri has been eliminated) is 
very clear in the BALANC output of figure 24, but not at all clear in the 
DISTUR output in figure 23. The second group consisting of the taxa (8) 
G. aequilateralis (12) G. rubra, typical form, (13) G. sacculifera, (14) G. 
tenella, (17) H. pelagica and possibly (2) G. digitata (( 11) G. rubra group 
has been eliminated), shows up clearly in both outputs, but in the DISTUR 
output there is even one more significantly positive correlation coefficient 
value between the members of this group. (9) G. glutinata no longer shows 
any relation with members of the first group, but seems to form a third 
group together with (7) G. radians. In addition to the negative trend in the 
proportions of (16) G. truncatu lin0 ides, the DISTUR output (fig. 23) 
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presents a poslt!ve trend in the proportions of (15) G. scitula. There is a 
striking difference between the estimates of the variance of the sum of the 
open variables in the two outputs. Stt = .089 according to the zero open 
covariances model, var (T) = .134 according to the free open covariances 
model. 

Another run of the REGRES program was performed with the taxa (3) 
and (11) eliminated, in order to check whether this elimination influences 
the autocorrelation values mentioned in the previous section. The results 
of this second run of REGRES appeared to be nearly identical to those of 
the first run. 

5--+-15f 
4 

6 

2 

+1 +/ 
9 

17 

!16 

+ +'~/' 
13 14 

Fig. 23	 Spider-web diagram for the core 189 samples showing the significant correlation coeffi
cients and trends according to the DISTUR program, after elimination of(3) G. eggeri and 
the (11) G. rubra group. Significance level 0< = 0.01, two-sided. 

4 

Fig. 24	 Spider-web diagram for the Core 189 samples showing the significant correlation coeffi
cients and trends according to the BALANC program, after elimination of (3) G. eggeri 
and the (11) G. rubra group. Significance level 0< = 0.01, two-sided. 
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XA. Comparison of our results with the results of Parker 

Parker (1958) selected two planktonic species groups in order to construct 
her temperature curves. The "warm" fauna group consists of the taxa G. 
aequilateralis, G. rubra, G. sacculi/era and H. pelagica, the "cold" fauna 
group consists of G. pachyderma and G. scitula. In her figure 2 (1958, 
p. 235) curves are shown for the percentage values that these warm and 
cold fauna groups have in the counts along the column (actually, the per
centages of G. rubra are not included in the warm fauna curve of her figure 
2) . 

Warm Cold
----~........._---- ----_/'-------

Parker this paper Parker this paper 

G. aequilateralis G. aequilateralis G. pachyderma G. pachyderma 
G. rubra G. rubra + type G. scitula G. scitula 
G. sacculi/era G. sacculi/era G. bulloides 
H. pelagica H. pelagica G. eggeri 

G. tenella G. quinqueloba 
G. digitata? 

As can be seen from the above table, all Parker's species appear in the 
correct group according to our analysis, but our "cold" group is much larger. 
Ryan (1972) already added G. bulloides to this group, but he associated the 
other two species (G. eggeri and G. quinqueloba) with low surface salinity 
and bottom stagnancy (sapropelic muds) on the basis of his vector B. Since 
we did not enter sediment data we did not find a separate position for G. 
eggeri and G.quinqueloba in our analysis. It is likely, however, that periods 
of lowered surface salinity are climate-controlled; this would explain why 
these two species join one of the temperature groups. The fact that they join 
the "cold" group may be due to high precipitation rates during glacial pe
riods, but relations may be more complex. Nutrient abundance may well be 
more important for these species than temperature or salinity (G. J. van der 
Zwaan, 1982; and pers. comm.). 

It is evident that the "temperature curve" based on the relative frequen
cies of the species of our two groups resembles the temperature curve con
structed by Parker, but it differs in many details because of the high frequen
cies of G. bulloides and G. eggeri which are included in our "cold" group. 

X.5. Principal components analysis 

For the sake of comparison with Ryan's analysis we performed an R-mode 
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principal components analysis on the 18 X 18 matrix of correlation coeffi
cients between the open variables, for which the spider-web diagram was 
given in figure 22. The five largest principal components are presented in 
figure 25. 

11 
3.85 

12 
2.07 

13 
1.35 

14 
1.26 

15 
1.15 

eigenvalues 

Ul U2 U3 U4 Us eigenvectors 

taxa 1 -.69 .08 .05 .06 .03 
2 .21 .59 -.07 .10 -.13 
3 -.54 -.07 .03 -.58 -.06 
4 .18 .51 -.39 .03 .29 
5 -.71 .05 .07 .06 -.15 
6 -.69 .02 .11 -.27 .21 
7 .07 -,45 -.34 .43 -.17 
8 .70 -.15 .11 -.17 .05 
9 -.34 -.57 .00 .34 .13 

10 .04 .19 .35 .09 -.51 
11 .57 .10 .18 .26 .23 
12 .43 -.62 .00 -.38 -.03 
13 .29 -.33 .52 -.06 .18 
14 ,40 -.27 -,43 .08 -.32 
15 -.67 .06 -.04 .34 .12 
16 .26 .14 -.24 -.10 .59 
17 .39 ,44 ,47 .13 -.10 
18 .11 .28 -,40 -.34 -.33 

Fig. 25	 The five largest eigenvectors with their eigenvalues of the matrix of correlation coefficients 
between the open variables of the Core 189 samples. Significant values have been printed in 
italics. 

As the eigenvalues 13 , 14 , and 15 in figure 25 form a steadily decreasing 
series according to' the expression (6.26), and only the eigenvalues 11 = 
3.85 and 12 = 2.07 are much larger, it is only the first eigenvector U1 and 
possibly the second U2 which have a statistical meaning. Individual coeffi 
cients of the eigenvectors which may be considered statistically significant 
have been printed in italics in figure 25, using the square root of the 99.5-th 
percentile of the r-distribution, ~= .537, as the critical value. 

Then from U1 it is deduced that (1) G. bulloides, (3) G. eggeri, (5) G. 
pachyderma, (6) G. quinqu.eloba and (15) G. scitula form a group opposed 
to the pair of taxa (8) G. aequilateralis and the (11) G. rubra group. Accord
ing to U2, which we hesitate to call a significant vector, (2) G. digitata is 
opposite to (9) G. glutinata and (12) G. rubra, typical form. 

The results from our vector U1 are similar to the results from Ryan's vec
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tor A. The part which (16) G. truncatulinoides plays in his vector A is not 
confirmed by our vector U 1 ; Ryan grouped this species with (8) G. aequi
lateralis and the (11) G. rubra group. Our vector U2 cannot be retraced from 
Ryan's results. 

The results from our vectors U1 and U2 of figure 25 do not match com
pletely our own results, described in the previous sections, either. The first 
group described in section X.2 is recognized almost completely by vector 
U1 . The second group, however, consisting of the taxa (8) G. aequilateralis, 
(11) G. rubra group, (12) G. rubra, typical form, (13) G. sacculifera, (14) 
G. tenella, (17) H. pelagica and possibly (2) G. digitata is recognized by vec
tor U1 only as far as the first two taxa are concerned. Our vector U2 cannot 
be recognized at all in the results of our previous analyses. 

We prefer the results from our DISTUR and BALANC procedures to those 
of the principal components analyses, since the DISTUR and BALANC pro
cedures seem to supply more understandable details. 

X.6. Q-mode analysis 

As a further means of comparing our analysis with Ryan's analysis we 
reduced the 18 X 79 matrix to an 8 X 79 matrix. In the first column the 
taxa G. bulloides, G. eggeri, G. pachyderma, G. quinqueloba and G. scitula 
are taken together. In the second column the taxa G. digitata, G. aequilate
ralis, G. rubra group, G. rubra typical form, G. sacculifera, G. tenella and 
H. pelagica are lumped. The construction of these two groups is based on the 
results of the DISTUR and BALANC analyses given above. The taxa G. in
j1ata, G. radians, G. glutinata, G. conglobata, G. truncatulinoides and O. 
universa are placed in the columns 3 to 8. 

After a run of the PQMODE program we obtained a matrix of chij values. 
If chij is greater than five, the corresponding x~ is considered to be much 
larger than was expected according to the size ot the count and to the mean 
proportion of the taxon; if chij is less than -5, the score xij is considered to 
be much less than expected. 

Using the data from this matrix we can subdivide the 79 core samples into 
three groups. Group I contains the counts/samples that have ch 1j > 5 and 
ch 2j < -5; group II contains the counts/samples that have ch 1j < -5 and 
ch 2j > 5, group III contains the remainder of the counts/samples. Figure 26 
shows the list of the counts belonging to group I and those belonging to 
group II. In other words group I samples have "significantly" more speci
mens than the average of the group of taxa G. bulloides, G. eggeri, G. pachy
derma, G. quinqueloba and G. scitula and have "significantly" fewer speci
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Group I samples Group II samples 
"cold" "warm" 

eh*l" > 5 eh*2"<-5 eh*2">5 eh*1"<-5J ' J J ' J 
depth from core top depth from core top 

(10 em) 
(20 em) 
(30 em) 

60 em 3em 
100 em 150 em 
110 em 190 em 
120 em 200 em 
170 em 210 em 
180 em 240 em 
282 em 250 em 
360 em 260 em 
370 em 299 em 
380 em 320 em 
389 em 330 em 
400 em 351em 
410 em 460 em 
430 em 550 em 
440 em 559 em 
450 em 608 em 
470 em 622 em 
520 em 640 em 
528 em 660 em 
533 em 670 em 
600 em 678 em 
700 em 684 em 
780 em 740 em 
790 em 770 em 

Fig. 26 "Cold" and "warm" samples from Core 189 according to our Q-mode analysis. 

mens than the average of the group of taxa G. digitata, G. aequilateralis, 
G. rubra group, G. rubra, typical form, G. sacculi/era, G" tenella and H. 
pelagica. For the group II samples these relations are reversed. 

Formula (7.3) allows us to check whether "significant" values of ch3j , 

ch4j , ch5j , ch6j , ch7j , and ch8j are induced by squeezing effects of ch 1j and 
ch 2j , or vice versa, for any count j. The check shows that there are no such 
squeezing effects. 

In order to check this conclusion we performed another similar run of 
PQMODE. The differences between this run and the previous run were 
that in the first column the scores of G. eggeri were not added and in the 
second column the scores of the G. rubra group were omitted, because 
these two taxa were recognized as disturbers in section X.2. The resulting 
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chij matrix appeared to be very similar to the previous one as far as the 
3rd up to and including the 8th column are concerned. 

Consequently we feel sure that our sample groups I and II may be com
parable to the similar groups of somewhat different composition in Ryan's 
paper. 

Ryan (1972, p. 156-158) also presented a Q-mode analysis of the 79 
samples. He selected three vectors associated with the three largest eigen
values 39.830, 10.432 and 4.551 (his table 4). In our opinion the third 
vector is not significant because the third eigenvalue 4.551 is only slightly 
larger than the fourth: 3.409. Therefore we shall concentrate only on his 
first and second vectors. 

The sample from a depth of 670 cm in the core was chosen by Ryan as 
Reference vector A (associated with the eigenvalue 39.830). This sample 
appeared to come from a "warm interval". In his table 5 Ryan (p. 157
158) gives the series of values of proportional similarity of all samples to 
this reference sample. Comparing these values (abbreviated by us as p.s.A) 
to our groups I and II of figure 26, we found that our group I is best com
pared to the group of samples that have p.s.A values of less than .250. Only 
four samples do not belong to group I and yet have p.s.A < .250; only five 
samples belonging to group I have p.s.A > .250. 

Group II is best compared to the group of samples that have p.s.A greater 
than .760. However, 12 samples belonging to group II have p.s.A < .760. 
Five samples do not belong to group II and yet have p.s.A > .760. In spite 
of these 17 samples these two groups match best, or differ least. 

The sample from a depth of 450 cm in the core was chosen by Ryan as 
Reference vector B (associated with the eigenvalue 10.432). This sample 
appeared to be from a "cold interval". We have abbreviated the values of 
proportional similarity of all samples to reference sample B (Ryan, 1972, 
table 5, p. 157-158) to p.s.B. 

Surprisingly, these p.s.B values match our groups I and II much better 
than the p.s.A values. We found that our group I is best compared to the 
group of samples that have p.s.B values greater than .650. Only one sample 
does not belong to group I and yet has a p.s.B > .650; only four samples 
belonging to group I have p.s.B values < .650. 

Group II is best compared to the group of samples that have p.s.B values 
less than .250. Three samples belonging to group II have p.s.B values greater 
than .250, and four samples do not belong to group II and yet have p.s.B 
values less than .250. 

Evidently the "temperature" curve along the stratigraphic column that 
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we might construct from our own analysis is better reflected in Ryan's 
second vector than in his first. 

The poor results for the largest eigenvector A associated with the largest 
eigenvalue may be due to Ryan's computer technique. The average value of 
all elements outside the diagonal in the 79 X 79 cosine theta matrix was 
probably much larger than zero (close to one). In that case the largest eigen
vector is partly an artefact of the deviation of the average cosine theta value 
from zero, and the second eigenvector is the best vector to describe the 
variations in the chart. 
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Fig. 1 

Fig. 2 

Fig. 3 

Fig. 4 

Fig. 5 

Fig. 6 

Fig. 7 

Fig. 8 

Fig. 9 

Plate 3 

(1) Globigerina bulloides d'Orbigny. 

(2) Globigerina digitata Brady. 

(3) Globigerina eggeri Rhumbler. 

(4) Globigerina inflata d'Orbigny. 

(5) Globigerinapachydenna (Ehrenberg). 

(8) Globigerinella aequilateralis (Brady). 

(9) Globigerinita glutinata (Egger). 

(12) Globigerinoides rubra (d'Orbigny). 

(15) Globorotaliascitula (Brady). 

Figured specimens from core 353, Quaternary of the Adriatic Sea. Determinations by G. ]. van der 
Zwaan, after F. L. Parker, 1958. 

All magnifications X 90. 
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Plate 3
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N.B. The text of this chapter was originally placed by the author between the present chapters I 

and II. 

Chapter XI 

ESTIMATING NUMERICAL PROPORTIONS 

XLI. Estimating the numerical proportion of a frequent taxon in an 
assemblage 

It is assumed that the binomial probability model needs little introduc
tion. If we take a random sample (= "count") of size n from an assemblage 
of microfossils in which taxon A is present with a numerical proportion p, 
then the number X of specimens of taxon A in the random sample has a 
binomial distribution with parameters nand p. These two parameters nand 
p determine the probability distribution of X, i.e. the number of specimens 
of taxon A in the count. The proportion p in the assemblage is estimated by 

~ x 
p = (11.1) 

n 

where X = x specimens of taxon A have been observed in the count. The 
standard error ("sampling error") of this estimate f> is 

SE. =Vjl (1 - jl) , = ~ . ,I x . (n - x) , 
p n n V n (11.2) 

The probability distribution of X, which depends on n and on the theoretical 
p, is usually formulated as 

P(X = c)= (~ ). pc. (1 - p)(n-c), C = 0,1,2, ... , n (11.3) 

For our purposes the following formula, which is less well known, is more 
convenient (see e.g. Abramowitz & Stegun, 1964): 

c 
P(X < c) =P(-d . F(2c 2d) > P in which d =n + 1 - c (11.4 ) 

, (1 - p) 

In words: the probability that X, the "score" of taxon A in the count of 
size n, is less than the number c, is equal to the probability that a random 

177 



variable having an F distribution with 2 . c degrees of freedom in the numer
ator and 2 . d degrees of freedom in the denominator, multiplied with 
c/d, will exceed the value p/(l - p). With the help of a table of F distribu
tions, which can be found in most books on mathematical statistics, the 
chances that X will not reach, or will exceed some number, can be calculat
ed quite easily. 

It should be noted that the complementary statement of (11.4) is 

c P 
(11.5)P(X ~ c) = P(J' F(2c,2d) < (1 __ p)) 

By means of the expressions (11.4) and (11.5) a confidence interval for 
the assemblage parameter p can be calculated from the score X = x. After 
choosing a level of significance CI:, one defines the confidence interval as con
taining all parameter values of p that are not rejected according to the level 
CI: by the outcome of X, the number of specimens of taxon A in the count. 

Example 
Five specimens of taxon A have been found in a count of size 65. We 

choose CI: = 0.01 (one-sided), and wish to find the confidence interval for p 
that corresponds to this level of significance. 

All values of p (n =65, x = 5) that give 

P(X:;;;;; 5) =P(X < 6):;;;;; 0.01 must be rejected. 

In formula (11.4) c = 6, d = 60. The 99th percentile of F 12 ,120 is 2.34, so 

6 PP(X< 6) = P(-' F 12120 > --):;;;;; 0.01. 
60 ' 1 - P 

P 6
It follows that -- must be greater than - . 2.34 = 0.234, for p to be 

1 - P 60 
rejected. So all p values greater than 0.190 are rejected. 

All values of p that give P(X ~ 5) :;;;;; 0.01 must also be rejected. In for
mula (11.5) c =5 and d = 61. The first percentile of F 10 122 is 0.250, so 

P (X ~ 5) = P (~ . F 10 122 < -p-) :;;;;; 0.01.
 
61 ' 1 - P
 

It follows that -p- must be less than ~ . 0.250 = 0.0205 for p to be reject-
1 - P . 61 

ed. So all p < 0.0201 are rejected. 
We conclude that for CI: = 0.01 (one-sided) the confidence interval for p is 

[0.0201, 0.190]. All proportions p inside this interval are not rejected by the 
outcome X = 5 (n = 65). 
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It is sometimes convenient to express the confidence interval in terms of 
mean numbers of taxon A per count of size n (denoted by m) instead of in 
terms of proportions p. The relation is simply: 

m =n' p (11.6 ) 

in which m is the theoretical mean number of taxon A in counts of size n 
(from the same assemblage of course), and p is the theoretical proportion of 
taxon A in the assemblage. 

In our example we get the confidence interval for m by multiplying the p 
limits with 65: [1.31 , 12.4]. 

It is not our intention to introduce such calculations for routine work. In 
general the calculation of p = x/n and its standard error SEp given in (11.2) 
are considered to be sufficient. The underlying assumption is, however, that 
the confidence interval of p has the symmetrical form: 

[p-c'SEp,p+c'SEp] (11.7) 

in which c is a positive constant, only dependent on the choice of a. This 
assumption is correct if p is not too close to zero or to one. We wish to state 
here the rather subjective "rule" that (11.7) can be used if c ~ 2.5 and the 
interval [p - 3 . SEp ' P+ 3 . SEp] is entirely within the interval [0, 1]. 

Hence, p > 3· SEp and 1 - P> 3· SEp ' (11.7') 

For rare taxa that have p < 2 . SEp the confidence interval is strongly 
asymmetrical and (11.7) is a poor approximation. For such cases the expres
sions (11.4) and (11.5) are useful. It will appear in the following section, 
however, that these expressions can be approximated by others that are 
much simpler and in which the confidence intervals, expressed in m (the 
mean number of taxon A per count of size n), are independent of n. 

XI.2. Approximation by means of the Poisson probability model 

If in (11.4) and in (11.5) c is much smaller than d, the distribution of 
2c . F(2c,2d) may be approximated by the chi square distribution with 2c 

degrees of freedom, X~c' Equation (11.4) can be changed into 

P(X < c) ~ P(X~ > 2pd ). 
c 1 _ P 
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The quan tity dl (1 - P) may be approximated by n. Recalling that m = n . p, 
we get from (11.4): 

P(X < c) ~ P(X~c > 2m) (11.8 ) 

and from (11.5): 

P(X ~ c) ~ P(X~c < 2m). (11.9) 

It is shown by these formulae that small scores are dependent on one para
meter only: the mean number of the taxon per count of fixed size. 

We might consider the confidence interval of m, if X = 0 has been observ
ed, i.e. not a single specimen of taxon A was found in the count. From 
(11.8) we derive (a = 0.01): 

P(X=O) =P(X< 1) ~ P(x; > 2m)~ 0.01 

which must hold for all m to be rejected. It follows that 2m > 9.210 and 
thus m > 4.605. 

Table 2 shows the confidence intervals for m for all outcomes of X less 
than or equal to ten; this table has been calculated from (11.8) and (11.9) 
with the help of a table of distributions of chi square. 

TABLE 2 

Outcome Confidence intervals for m 

a = 0.05 a = 0.01 

X= 0 [0 , 3.00] [0 , 4.61) 
X = 1 [0.05, 4.74) [0.01, 6.64) 
X = 2 [0.36, 6.30] [0.15, 8.41) 
X = 3 [0.82, 7.75] [0.44,10.1 ) 
X = 4 [1.37, 9.15) [0.82 , 11.6 ) 
X = 5 [1.97,10.5 ) [1.28 , 13.1 ) 
X = 6 [2.61 ,11.8 ) [1.79 , 14.6 ) 
X = 7 [3.29 , 13.1 ) [2.33 , 16.0 I 
X = 8 [3.98 , 14.4 ) [2.91,17.4 ) 
X = 9 [4.70,15.7 ) [3.51 • 18.8 ) 
X = 10 [5.43,17.0 ) [4.13,20.1 ) 

As can be deduced from the beginning of this section, the apprOXimations 
in table 2 are better, the larger is the ratio niX. 

In the previous section the.confidence interval [1.31 , 12.4] was calculated 
for m, for the example of X = 5, n = 65 and a = 0.01. The approximation 
[1.28 , 13.1] in table 2 appears to be very close to the confidence interval 
calculated earlier, in spite of the small size of the count. 

From table 2 several deductions can be made. Assume two specimens of 
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taxon A have been found in a count of size n = 200. The proportion of 
taxon A in the assemblage is estimated to be p= 2/200 =0.01. This estimate 
contains a large error, however. Table 2 tells us that the estimates p= 0.36/200 
= 0.0018 and p=6.30/200 =0.0315 are still acceptable at a =0.05, and that 
the estimates p = 0.15/200 = 0.0008 and p = 8.41/200 = 0.0421 are still 
acceptable at the level of significance a = 0.01. Note that for a = 0.01 the 
largest acceptable estimate is 50 times as large as the smallest acceptable 
estimate. 

If only one specimen of A had been observed in a count of size 200, the 
estimate would be p = 0.005, but the estimates p=0.05/200 =0.00025 and 
p = 4.74/200 0.0237 are still acceptable at a = 0.05, and the estimates 
p = 0.01/200 = 0.00005 and p = 6.64/200 = 0.0332 are still acceptable at 
a = 0.01. 

It appears that it is hardly possible to make inferences about numerical 
proportions from scores X = 0, 1, 2, up to 10, and even impossible for the 
smaller scores X among them. This conclusion led to the statistical treatment 
of a special counting technique for rare taxa which has been described ex
tensively by the author (M. M. Drooger, in Zachariasse et al., 1978). A re
view is given in the following sections. 

Two further remarks must be made. Firstly, it can be seen from table 2 
that for X increasing up to ten, the confidence intervals tend to the sym
metrical form given in (11.7). For X greater than ten the expression in (11.7) 
may be considered to be a good approximation. This is confirmed by the 
fact that the inequality p > 3 . SEp of (11.7') implies that n . p == x> 9, as 
can be deduced from (11. 2). 

The second remark concerns the nature of random variables X that fulfil 

for a fixed value of m the equation P(X < c) =P(X~c > 2m) for each positive 
integer c. Such random variables X must have a Poisson distribution with 
parameter m, defined by 

mY . e-m 

P(X == y) = ; y == 0,1,2,3, . . . (11.10) 
y! 

in which y! = 1 . 2 . 3 ..... (y - 1) . y. 
Such distributions are related to the Poisson probability model which des

cribes repeated haphazard occurrences in time and space. If m is the mean 
number of such occurrences per unit of time, length, area or volume, the 
number per unit, X, has the distribution given in (11.10). It is thereby con
cluded that the numbers of specimens of a rare taxon in a series of counts of 
equal size from the same assemblage have a Poisson distribution, and that the 
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appearance of the rare taxon in a count can be regarded as a haphazard oc
currence. 

XL3. Logarithm-transformed estimates of proportions of rare taxa 

A procedure, which yields a more accurate estimate of the numerical pro
portion of a rare taxon, has been elaborated by the author in Zachariasse et 
al. (1978). It can be summarized as follows. During a systematic examination 
of the contents of a tray or smear slide a number of at least ten specimens of 
the rare taxon is counted. This number is denoted by K. An estimate, n, is 
made of the total number of specimens in the searched area. From these two 
numbers the logarithm-transformation is given of the percentage value of the 
rare taxon in the assemblage: 

~ (100'K)L = lOlog(100 . p) = lOlog n (11.11) 

Because n is an estimate of the total number, extra errors are introduced into 
L, in addition to the "binomial" error. The error of n is estimated from a 
preceding series of counts of all specimens on fields of the picking tray or on 
tracks over the smear slide. 

If we consider this process of calculating L as if it were repeatable on the 
same assemblage, our first correction is that K cannot be considered to have 
a binomial distribution, because n is not a constant number. 

We consider first the case of microfossils on a picking tray. Let K be the 
number of individuals of taxon A that have been found on a number M 
square fields of the picking tray. The number of microfossils in a square 
field is denoted by d ("density"). The number present on the M fields, n', 
fulfils the equality' 

M 
n' = ~ d· (11.12)

i = 1 1 

As a consequence: 

E(n') = M· E(d); var(n') = M· var(d) (11.13) 

in which E means "expected value of"and var "the variance of". The expect
ed value of K can be considered to depend on n' : 

E(K In') = p . n', (11.14 ) 
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in which p is the proportion of the rare taxon A in the assemblage. Integrat
ing over all possible outcomes of n' gives: 

E(K) = E(E(K In')) = P' E(n') = p . M· E(d). (11.15) 

The calculation of var(K) requires a similar double integration: 

var(K) = E(E((K - E(E(K In')) )2 I n' )) = 

=E(E((K - E(K I n' ) + E(K I n' ) - E(E(K In')))2 I n' )) = 
= E (E ((K - E (K I n' ) + p . n' - p . E (n' ) )2 I n' )) = 

= E(E((K - E(K In') Fin')) + E(E((p . n' - p . E(n') )2 In')). 

For a fixed value of n' , K can be considered to have a binomial distribu
tion. A is a rare taxon, so this distribution may be approximated by a 
Poisson distribution, which implies that 

var(K In') = E((K - E(K I n' ) )2 I n' ) = E(K In') 

and we come to 

var(K) = E(E(K In')) . E(E((p' n' - p' E(n') F I n' )) = 
= p . E(n') + p2 . var(n') = p' M . E(d) + p2 . M· var(d). (11.16) 

Now we must consider how the number n in formula (11.11) is estimated. 
In a series of N square fields which are required to be randomly chosen and 
to have no special relation with the M fields from which the K specimens of 
the rare taxon have been counted, all specimens have been counted, resulting 
in N "densities" d1 , d2, ..., dN . The number n in formula (11.11), which in 
fact is an estimate of n', is calculated as: 

M N 
n = -' k d· (11.17)

N j=l J 

It follows that 

E(n) =M-' k 
N 

E(d) =M . E(d)

N j = 1
 (11.18) 

M2 N M2 
var(n) = --' k var(d) =- . var(d)


N2 j =1 N
 

Now we are able to establish var(L). We repeat (11.11): 

100 . K )L =lOlog n =2 + lOlog(K) - lOlog(n). (11.19)( 
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The number n has been established from the investigation of N fields of the 
tray before any rare taxon has been considered on the M fields, which M fields 
bear no special relation to those N fields, so nand K are mutually indepen
dent and 

var(L) = vareOlog(K)) + var( I Olog (n)) = 

(10log (e) )2 (10log (e) ) 2 = . var(K) + . var(n) (11.20)
E(K) E(n) 

Substitution of (11.15), (11:16) and (11.18) into (11.20) gives: 

var(L) = eOlo (e))Z	 . ( 1 + var(d) + var(d) ) (11.21) 
g p·M·E(d) M·(E(d))2 N·(E(d))Z 

At this point we have to look at the sample statistics. Out of the N den
sities the sample mean value is calculated: 

_ N 
d = (~ d,)/N (11.22)

j = 1 J 

and the sample variance, which is the square of the sample standard devia
tion: 

2= (N,~ (dj - -) /(N - 1).	 (11.23)SDd d)2
 
J=1
 

With the help of (11.17) we write (11.11) in the form 

L = IOlog (100 'K ) (11.24 ) 
M'd 

So the assemblage parameter p is estimated by K/(M . (f), E(d) by (f, and 
var (d) by SD~ , From (11.21) we then can write the standard error of L: 

1 SD~ SD~ 
SEL =IOlog(e) ,	 - + +-- =
 

K M·d 2 N·(f2
 

1 SD2 SD2 
= IOlog (1 +	 _ + __d_ + d) (11.25) 

K M· (f2 N' d 2 

The last equality is in fact an approximation, which is a good one if the 
square root expression is much less than one', In our experience this condi
tion is satisfied, 
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Expressions (11.22) up to and including (11.25) form the basic formulae 
for estimating proportions of rare taxa from a picking tray. They were 
presented_ by the author and practised by others in the paper of Zachariasse 
et al. (1978). The author's presentation in that paper was rather short and 
not absolutely correct from a mathematical point of view; this does not 
devalue the applications, however. The standard error of L given in (11.25) 
was split in 1978 into two mutually independent components: 

the "binomial" error 1 °log ( 1 + VI) 
and the "density" error lOlog (1 + S~d .VA+ ~ ) 

The name "density error" seems correct because it contains the sample 
statistics of d, namely d and SDd . The name "binomial error" is not strictly 
correct, because K does not have a binomial distribution, as has been argued 
above. 

Two essential points should be noted. Firstly, the distribution of micro
fossils over the tray is not considered to be even. In the case of evenness, the 
densities d would have a Poisson distribution, so that SDd - .jd"and the 
density error would be: 

VII IlOlog (1 + ------= + ------= ) . 
N·d M·d 

This would imply that the "binomial" error is much larger than the density 
error. In reality, both errors can be of equally-large size, because microfossils 
on a picking tray tend to cluster, so the densities d can be much more va
riable than expected according to the Poisson model, i.e. SDd ~~ The 
reader is referred to the author's earlier publication in Zachariasse et al. 
(1978). 

The second point is that the technique only leads to reliable results if the 
number M of the fields searched through is much greater than the number N 
of the fields from which all specimens have been counted. If N fields are 
sufficient to make a reliable estimate of the proportion of the rare taxon, the 
N fields, the total numbers of which are exactly known, can be used; the 
simpIe binomial formulae given in (11. 2) are then correct. 

XI.4. Logarithmic estimates in the case of calcareous nannofossils 

In the case of calcareous nannofossils in smear slides, the procedure of 
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establishing a logarithm-transformed estimate of the proportion of a rare 
taxon is quite different. In order to estimate the density of nannofossils in 
the smear slide, one makes a track over the slide until a fixed number A of 
nannofossils has been counted. The traverse length needed to reach this 
number A, denoted by x, is recorded. A number N of such tracks are made, 
"randomly" distributed over the smear slide, resulting in N measurements 
xl' x2 ' x3 ' •.• , XN of traverse lengths. 

Let us assume that one or more tracks were needed, having a total length 
X, to count K specimens of a rare taxon. K should again be at least ten. The 
number n' of nannofossils present on the traverse length X is not described 
as easily as in the case of the picking tray. We need formulae for E (n' ) and 
var(n' ) like the ones in (11.13), however. 

If we find A specimens on a track with mean length E(x), E(n' ) can be 
approximated very well by 

E(n,)=X'A. (11.26) 
E(x) 

For establishing var (n' ), one defines the random variable n , which inx 
dicates the number of fossils to be found on a fixed traverse length E(x), 
so E(n ) = A andx 

var (n ) var (x) x---'---""-'-- = ----'----'----
(E (nx ) )2 (E (x))2 

The last equality states that the coefficients of variability of x and of nx 

must be equal. We conclude that 

A2 . var(x)
var(nx ) = ---'------'-- 

(E(x))2
 

The expression (11.26) can now be written: 

E(n' ) = ~ . E(n )'x
E(x) 

which tells us that the number to be found in a track that is X/(E(x)) times 
longer can be expected to be X/(E(x)) times larger. Such a relation, how
ever, is also true for the variances: 

X
var(n)

I 

= -- . var(nx )'
 
E(x)
 

so it has been deduced that 

A2 . X . var (x) 
var(n 

I 

) = . (11.27) 
(E(x))3 
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The equalities (11.15) and (11.16) turn out to be: 

p ·X·A
E(K) =P . E(n') =:=..-.--_

E(x)
 

and (11.28) 

p . X . A P2 . A2 . X . var (x) 
var(K) = p . E(n') + p2 . var(n') = + ~------'--'
 

E(x) (E(x))3
 

In the logarithm-transformed proportion formula
 

100' K )
 L = lOlog n =2 + lOlog(K) -:- lOlog(n)
( 

the number n is an estimate of n' , based on the traverse lengths Xl' x 2' x 3 ' 

... , XN needed to count N times A nannofossils: 

N,X'A 
n=--- (11.29) 

( .~ Xi)
1 =1 

It follows that 

E(n) = X . A
 
E(x)
 

and 

lOlog(e) ) 2 
= . N . var(x) (11.30)( N . E(x) 

The track of length X and the N tracks in each of which A nannofossils 
were counted are supposed to have no part in common. Hence, the number 
K and the number n are mutually independent, so 

var(L) =var(2 + lOlog(K) - lOlog(n)) =vareOlog(K)) + vareOlog(n)) = 
lOlog(e) ) 2 

= . var(K) + vareOlog(n)) (11.31)( E(K) 
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Substitution of(11.28) and (11.30) into (11.31) gives: 

E(x) var(x) var(x))
var(L) = eOlog(e))2 . + + -----'---'---- (11.32)( p'X'A X'E(x) N·(E(x))2 

Again we have to look at the sample statistics. From the N traverse lengths 
we can calculate the sample mean value and the sample variance 

x= (i¥l xJ/N; SD; = (i¥l (Xi - xF ) /(N - 1) (11.33) 

With the help of (11.29) we write 

1 °1 ( 100 . K . x ) L = og (11.34) 
A'X 

So the assemblage parameter p is estimated by (K . x)/(A . X), E(x) by x, 
and var(x) by SD;. From (11.32) we deduce the standard error of L: 

1 SD2 SD2 
_+ __x_+ xSEL = 1010g(e) . =
 
K X'x N' (xF
 

1 SD2 SD2 
_+ __x_+ x ) (11.35) 
K X· x N· (xF . 

In normal cases the square root expression, w, is much less than one, so 
the approximation of 1010g(e) . w by 1010g(1 + w) is justified. 

Expressions (11.33), (11.34) and (11.35) are the basic formulae for 
estimating proportions of rare nannofossil taxa from a smear slide, described 
and practised already in Zachariasse et al. (1978). The presentation in that 
paper is not entirely correct from a mathematical point ofview (similar to the 
difference in the presentation of the logarithmic estimates for microfossils 
on a picking tray). The standard error of L given in (11.35) was split into a 
"binomial" part and a "density" part, which were considered to be mutually 
independent: 

the "binomial" error 1010g (1 + vr) 
SDx l~)

and the "density" error 1010g ( 1 + x . V X+ N . 

The name "density error" stems from the statistics x and SD of the seriesx 
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Xl' X 2 , X 3 ' ... , XN , which in fact measure the density of the nannofossils in 
the smear slide. The name "binomial error" is not correct, however, because 
K does not have a binomial distribution. 

The other remarks we made for the picking tray case also apply to the 
smear slide case. The distribution of nannofossils over the smear slide is not 
considered to be even. If it were the "binomial" error would be much larger 
than the "density" error (M. M. Drooger, in Zachariasse et al., 1978). 

It is again obvious that the technique only leads to reliable results if 

In other cases the N "density" tracks can be used, assuming that they are 
"retraceable", to count a sufficient number of individuals of the rare taxon, 
because the total number of fossils in these tracks is known to be (approxim
ately) N.A, so that again the binomial formulae given in (11.2) can be used. 

Examples of logarithmic estimates, for calcareous nannofossils as well as 
for foraminifera, have been given in Zachariasse et al. (1978). That paper 
also included an investigation into the evenness of the distribution of fora
minifera over picking trays and of calcareous nannofossils over smear slides. 
It appeared that for high densities of microfossils the d i measured from a 
picking tray and the Xi measured from a smear slide have variances that are 
too large for the hypothesis of even distribution to be acceptable. 

Once this hypothesis is rejected, the density errors can no longer be 
neglected relative to the "binomial" errors. The examples showed that both 
types of errors can be of comparable size. 
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N.B. The author originally placed this text between the present chapters VII and VIII. 

Chapter XII
 

R-MODE SIMILARITY COEFFICIENTS TO BE USED
 
FOR SETS OF COUNTS
 

XII. Introduction 

In the previous chapters sets of counts were compared (as far as R-mode 
analyses are concerned) by means of the correlation coefficient statistic. 
Such a set of counts was assumed to come from one single stratigraphic sec
tion having more or less similar lithology. This assumption gives some 
foundation for the open variables concept that states that the counts are 
"random" realisations of a multivariate probability distribution. This multi 
variate probability distribution may "gradually" change with time, but not 
in an extreme sense. 

The application of this concept to sets of counts from several different 
stratigraphic sections taken together is of course bound to give rise to 
problems. We did in fact encounter a number of problems during our com
puter analysis of the data on benthonic foraminifera from the Pyrgos sedi
ments (M. M. Drooger & Hageman, 1979). Some of these counts appeared 
to differ markedly from each other, because they correspond to completely 
different biotopes. The sets of counts can be split roughly into parts, each 
part representing one biotope. When we took the entire data set as a whole 
during the numerical analysis we obtained results that led us to doubt the 
applicability of the open variables model and question the correctness of 
using the correlation coefficient statistic in general, in cases where there 
were extreme differences within the set of counts. From the fact that many 
of the taxa may be absent in a large part of the set of counts we came to 
the conclusion that the concept of "similarity" between taxa frequencies 
(similar biotope) is more convenient than the concept of "correlation" be
tween taxa frequencies in cases of such extreme variation. 

For each pair of taxa i and k one must mention the number of counts in 
which 
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a) both taxa are present, Ni k 

b) taxon i is present and ta~on k absent, Pi k 

c) taxon k is present and taxon i absent, P~ i' and 
d) both taxa are absent, Ai k' • 

If there is no count in which taxa i and k are both present, i.e. Ni k = 0, 
we shall call the relation between the taxa "completely dissimilar", ~egard
less of the values of the other three characteristic numbers Pi k' P k i and 
Ai k' The value of the correlation coefficient in such a "compl~tely dissim
ila~" case may be strongly dependent on the size of Ai k , relative to the size 
of N, the total number of counts. This feature is visualized in figure 27, and 
it was mentioned in Drooger and Hageman (1979) in a similar way. In 
fig. 27A the large numbers Pi k and P k i lead to a distinctly negative value of. , 

8A 

I& Centre of gravity I& Centre of gravityPk -t-	
P"k f-- 

p.
I 

Pk 
DC 

• 

Fig. 27	 Hypothetical scatter diagrams of the proportion Pi of taxon i versus the proportion Pk of 
taxon k. Examples A and B illustrate the problem concerning the correlation coefficient 
r(Pi. Pk) in the case of "complete dissimilarity". Examples C and D illustrate similar pro
blems concerning r(Pi' Pk) in a "highly similar" case and in an "average" case, respectively. 
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the correlation coefficient between the proportions of taxon i and those of 
taxon k, if the number of counts in which both taxa are present (Ni k) is 
zero and Ai k is small. In fig. 27B the number Ai k is much larger, but the 
correlation ~oefficient between the proportions is'still on the negative side, 
although close to zero. Hence, the value of the correlation coefficient be
tween the proportions of taxon i and those of taxon k (that are not presen t 
together in any count) is dependent on the relative number of counts in 
which both taxa are absent. This conclusion is not very satisfying, and it 
indicates that the establishment of the correlation is not a good procedure in 
such cases. 

The problem is not solved if we take only those counts into account in 
which at least one of the two taxa is present in calculating the correlation 
coefficient. As can be seen from figures 27C and D the procedure of elimin
ating the scores at or near the origin still affects the correlation coefficient, 
but now in a negative sense. Highly "similar" taxa, i.e. taxa with Pi,k and 
Pk,i close to zero, may still show a correlation coefficient value close to zero, 
when the larger number of Ai k counts is not considered (fig. 27C). On the 
other hand, a pair of taxa each of which has only a few occurrences without 
numerical dependence on the other, will tend to show a negative correlation 
coefficient value, if the counts in which both taxa are absent are discarded 
(fig. 27D). Finally, elimination of the points near the origin is not logical 
from a theoretical point of view: the correlation coefficient is the expression 
of the relation between the values of the proportion of one taxon and the 
values of the proportion of another taxon. If the proportion of a taxon is 
allowed to be zero, the hypothesis of independence comes into conflict with 
our decision to eliminate counts in which both taxa have proportions equal 
to zero. 

Similarity coefficients, already introduced in the introduction of chapter 
VII, and to be defined in the coming sections, are thought to be better tools 
than the correlation coefficient, or at least to be parameters that provide 
more useful information if the closed data set shows extreme variations. 
These similarity coefficients disregard the counts in which both taxa to be 
considered are absent, whether such counts are numerous or not. Only those 
counts are considered in which at least one of the taxa is present. 

XII.2. Cosine theta coefficients 

The unweighted estimate of the correlation coefficient between the pro
portions Pij of taxon i and the proportions Pkj of taxon k, [(Pij' Pkj)' the 
formula for which is given in (2.38), can be interpreted as the cosine of the 
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angle between the vectors (Pi1 - Pi' Pi2 - Pi' Pi3 - Pi' .. " PiN - pJ and 
(PkI - Pk' Pk2 - Pk' Pk3 - Pk' ... , PkN - Pk) in N-dimensional space. If 
we aim at correlation, each value Pij and Pkj is compared to the mean values 
Pi and Pk' respectively. If we aim at similarity, one may use the cosine of 
the angle between the vectors (Pil' Pi2' Pi3' ... , PiN) and (Pkl' Pk2' Pk3' ... , 
PkN ), which results in the similarity coefficient: 

N 

.~I Pij . Pkj
J=

Sm l (i, k) = -r:=-========:=; (12.1 ) 

( £ p~), ( £ p~J') 
j=1 lJ j=1 

Such a formula was applied by Imbrie and Purdy (1962). We do not fully 
agree with their mathematical interpretation of what they call the "cosine 
theta formula". In our opinion there is no need to worry about the meaning 
of the angle theta. The fact that theta may be expressed in degrees does not 
mean that theta has a dimension, as they assume. Degree and radian are not 
units of measurement as are metre, second and kilogram. The measure of a 
specific angle essentially is the ratio between the length of an arc in the 
interior of the angle and the circumference of the circle that is the extension 
of that arc and that has the vertex of the angle as its centre. Hence, the angle 
is in fact dimensionless and both the degree and the radian are specific ratios, 
1/360 and 1/(2 . 1T), respectively. 

Imbrie and Purdy suggest transforming theta by 

(12.2) 

for two reasons. The first is that .,J' would be a dimensionless parameter, the 
second is that this parameter would range from +1 through 0 to -1, with 
the three stated values corresponding to .,J-values of 00 

, 450 
, and 900 

, respec
tively. Negative values would reflect dissimilarity and positive values simil
arity. Although the authors appear to use cos(.,J) (which certainly is dimen
sionless) instead of.,J or .,J' in their calculations, we feel bound to comment 
on their transformation (our 12.2). 

Primarily, the transformation is not necessary to make the parameter 
dimensionless, because .,J is already dimensionless, as we argued above. Fur
thermore, we think that dissimilarity should not be associated with negative 
values, because it suggests that dissimilarity is a "negative similarity". In our 
opinion dissimilarity is no similarity, which has to be associated with zero. 
Expression (12.2) implies that .,J' = 0 (or .,J = 450 

, or cos(.,J) = & . ...; 2) re
flects neither similarity nor dissimilarity, but we think that cos (.,J) = & . ...; 2 
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I 

is not a sound boundary that makes a correct distinction between similarity 
I d d' , il .,an lSSlm anty. 
I Dissimilarity is equivalent to no similarity, to be associated with zero or 
Iwith a positive value close to zero for the similarity coefficient. Increasing 
similarity should be expressed by an increasing value of the similarity coeffi
cient, while perfect similarity would result in a similarity coefficient value 
equal to one. 

Returning to (12.1), it is easily deduced that Sm l can only have non
negative values. Sm l (i, k) is equal to zero if and only if 

N 
k pA"'pAk,==O

j=l 1J J ' 

which is equivalent to 

Pij . hj == 0 for each count j. (12.3) 

Expression (12.3) means that there is not a single count (sample) in which 
both Pij and Pkj are positive, i.e. there is no count in which both taxon i and 
taxon k are present. We already considered this case to be "completely 
dissimilar" in the introduction. 

From the properties of the inner product it can be deduced that Sm l (i, k) 
cannot exceed one, and that Sm l (i, k) == 1 occurs only if there is some num
ber x, such that 

Pij == x . hj for each count j, (12.4 ) 

which property we would call "perfect similarity". Hence, Sm l as defined 
by (12.1) seems to be a good similarity coefficient. 

More generally, for any fixed non-negative number a, the cosine of the 

angle between the vectors (pfl' Pf2' P8' .. " p~) and (Pkl' Pk2' Pk3' ..., 
PkN) can be considered as a similarity coefficient Sma (i, k). Hence, the 
coefficients in the vectors need not be proportions themselves (a == 1), but 
may as well be the powers of the proportions, with some fixed exponent. 

Three special cases will be considered. The first one leads to the similarity 
coefficient 

N 
k V pA" . pAk, I 
'l \J J 

Sm!. (i, k) == -,===-=J=========:; (12.5) 

2 1 /( ~ p.. ). ( ~~)V j=l 1J j=l J 
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by substituting a = ~, which leads to pf
I 

= V Pij I and N·
I 

= V Pkj I for the coef
ficients of the first and second vectors~ respectively. J~st like Sm}, Sm~ has 
the properties of (12.3) and (12.4). The similarity coefficient Sm!.. incor
porates small proportions better than Sm l does. The reason is th~t if the 
ratio between PI and P2 is large, the ratio between V~ and ~ is much 
less (~/~=V PI/P21

). 

Before we define Smo (i, k) and Sm~ (i, k), we list the numbers that 
provide information about the occurrences of taxon i and of taxon k in the 
set of counts, and also the numbers that give information about the occur
rences of the two taxa relative to each other in the set of counts. 

Pi =#(Pij>O) 
Pk = # (Pkj > 0) 
Ni,k = # (Pij > 0 and hj > 0) (12.6 )
Pi,k = # (Pij > 0 and Pkj = 0) 
Pk,i = # (Pkj > 0 and Pij = 0) 
Ai,k = # (Pij = 0 and Pkj = 0) 

in which "#" means "the number of countsj that have ... ". 

Substituting a = 0 into pa, the a-th power of the proportion, leads to 
pO = 1 for proportions p greater than zero and to pO = 0 for p equal to zero, 
as the coordinates of the two vectors. This leads to the similarity coefficient 

N· k 
Smo (i, k) = I, (12.7)

V Pi ·Pk
l 

Obviously complete dissimilarity is equivalent to Smo = 0, because then 
Ni k , the number of counts in which both taxa i and k are present, is equal to 
ze~o. In fact, Smo satisfies (12.3). Perfect similarity has to be equivalent to 
Smo = 1. The index Smo being equal to one is not equivalent to (12.4), how
ever, but to 

Ni,k = Pi = Pk which is equivalent to 

P·k=Pk,=O,1' (12.8)1, 

which implies that complete similarity according to Smo means that in each 
count either both taxa are present or both taxa are absent, which is a weaker 
condition than (12.4 ). . 

Expression (12.7) is a form of the Otsuka coefficient (Cheetham & Hazel, 
1969). 
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Finally, we shall consider the similarity coefficient that results from sub
stituting a = 00 in Sma' However, 

lim Sma (i, k) 
a~ 00 

for any pair of taxa i and k appears to be unstable (not continuous). It yields 
unity if 

max(p... pd = max(p.. ) . max(pk"J (12.9)
j 11 J j IJ j J 

and it yields zero if (12.9) does not hold. The symbol m~x ("..") means the 
J 

maximum value of " .." over all counts j. It is much more convenient to de
fine 

max(p... Pk'). 11 J 
Smoo(i,k)= lim~Sma(i,k)'= J (12.10)A 

a~oo max(pA .. ) . max(pk"J 
j 11 j J 

Complete dissimilarity according to (12.3) is evidently again equivalent to 
Sm oo (i, k) = O. Perfect similarity according to this similarity coefficient 
(Smoo (i,k) = 1) appears to be equivalent to (12.9), i.e. there is one count 
(or more) in which the proportions of both taxon i and of taxon k reach 
their maximum values. Like (12.8), (12.9) is a weaker condition than (12.4), 
because (12.4) requires that in each count the proportion of taxon i and the 
proportion of taxon k be related by some constant factor. 

In addition to the numbers Ni k' Pi k' Pk i and Ai k of (12.6) the four 
similarity coefficients Smo , Sm~, 'Sm 1 'and S~oo desc;ibed above are calcul
ated for each pair of taxa in th~ Fortran computer program SMLRTY. For 
each taxon this computer program gives not only the number Pi of counts 
in which taxon i is present, but also the values of 

N N 

. ~ Pi;' . ~ P~ and max (Pi;) (12.11) 
J=1 " j;l 11 j" 

In this section the approach to similarity is based upon the inner product 
concept of vectors in multidimensional space, and the resulting similarity 
coefficients are in no way to be considered as test statistics, testing some 
hypothesis of "similarity". Another problem that might arise when using 
these coefficients is that some similarity coefficient value of a pair of taxa 
will be affected by the highly fluctuating proportions of a third "disturbing" 

197 



taxon. Since proportions are involved in these similarity coefficients (except 
for Sma)' the closed sum effect may cause trouble, especially for Sm 1 and 
Sm~ , these two coefficients being most sensitive to high fluctuations in the 
proportions from count to count. 

XII.3. Similarity coefficients based on the hypothesis of homogeneity 

In this section a different approach to similarity between proportions 
of taxa will be dealt with. This approach has a somewhat better statistical 
basis; in addition the closed sum effect is avoided. Experience should prove 
whether the resulting two similarity coefficients are any better. 

In chapter VII the chi square test for homogeneity has been mentioned, 
which has the chi square statistic (7.9) in common with the chi square test 
for independence in every contingency table with two rows or with two 
columns. This statistic gave us the idea of considering the expressions 

"unweighted" (12.12) 

and 

(12.13) 

for each pair of taxa i and k, in which for each count j: 

Uj =xij + Xkj' qj =xij/uj (12.14) 

In words, Uj is the sum of the scores of the taxa i and k in count j, and qj 
is the proportion of the score of taxon i in this sum. The unweighted 
mean value and the ~eighted mean value of these proportions qj are 

q= (.~' qj) IN' and q= (.~' Xij )/( .~' Uj) , (12.15) 
J=l J=l J=l 

respectively. There may be counts that have Uj = 0, i.e. both taxon i and 
taxon k are absent in these counts. Such counts have to be deleted from the 
above expressions. The remaining number N' of counts in which at least one 
of the two taxa is present may be considerably less than N, the total number 
of the counts. If N' is less than N, the index j in the formulae above does not 
always correspond to the original rank number of the count. 

Obviously the closed sum effect is avoided in (12.12) and (12.13), because 
only the scores of the taxa i and k are taken into account. 
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The hypothesis bf homogeneity states that in each assemblage j, on which 
count j is based, the proportions of taxa i and k have the same ratio, i.e. for 
some positive number c 

Pij/Pkj = c (12.16) 

is valid for each count j. If this hypothesis is true, then it is permissible to 
approximate 

E((qj _ CI")2) ~ q' (1 - q); E(uj' (qj _ q)2):=:; q. (1 _ q)
 
Uj
 

according to the binomial model. Hence we have 

N' 1 
E(X2):=:;q·(1-q)· ~ -; E(X2 ):=:;N"q'(1-q) (12.17) 

u '-1 u WJ - j 

The hypothesis of homogeneity (12.16) can be seen as an expression of 
perfect similarity between the taxa i and k, leading to relatively small values 
of X~ and of X~, according to (12.17). Expression (12.16) is in line with 
(12.4) of the previous section. 

Next, the case of complete dissimilarity between two taxa has to be con
sidered. It is stated here (without proof) that, if the numbers u 1 ' u2' u 3 ' ... , 

uN' and the mean proportion q remain fixed, that complete dissimilarity 
(in the sense that both taxa are absent from all counts) is characterized by 
X~ reaching its maximum value. This maximum value is 

max(X~) =N' . q' (1 - q). (12.18) 

An identical statement holds for the weighted case, replacing q by q, and 
x2 by x2 . The maximum value then is 

u W 

N' 
max(X2 ) =q . (1 - q)' ~ u " (12.19)

JW j=l 

In order to get similarity coefficients as defined in the previous sections, 
we transform X~ and X~ in the following way: 

X2 X2 

TX2 = 1 - u . TX2 = 1 _ (12.20)W 

u max(X~)' max(X~)W 

The formula for the similarity coefficient TX~ is 

N' N' 
~ (q,_q)2 ~ q2
 

TX2 =1 _ j=l _J = (1 _,-j=_l_ 
J
_' ) /(1 _ q)
 (12.21) 

U . N' . q' (1 - q) N' . q / \ 
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The formula for the similarity coefficient TX~ is 

N' N' 
~ u·· (q. - gy 

. ~ 1 Uj . q} )/TX2 = 1 _ j = 1 J J = 1 _J~--N-'-- (1 - '1) (12.22)
(

W N' 

'1 . (1 - '1) . ~ u· '1' ~ u· 
j = 1 J j = 1 J 

These coefficients yield exactly zero in the case of the complete dissimilarity 
of taxa i and k. In the case of perfect similarity between the two taxa we 
assume the hypothesis of homogeneity (12.16) to be valid. This hypothesis 
leads to 

E(TX~) = 1 - (1/u); E(TX~) = 1 - (1/u) (12.23) 

by application of (12.17), (12.18), (12.19) and (12.20). In these formulae 

1 N' 1 -lIN'
U = (_. ~ -) andu= -' ~ u· (12.24)

N' j = 1 u. N' j = 1 J 
J 

are the harmonic mean and the "normal" mean of the scores Uj' respectively. 
It should be noted that the expected values E (TX~) and E (TX~) are only 
dependent on these mean values of the Uj; they are independent of the 
number N' of counts in which at least one of the taxa is present. Evidently 
E(TX~) and E(TX~) are close to one, unless uor (and) u is close to one. 
The last exception means that the scores of both taxa together are very low 
in the series of counts, thus impeding the recognition of similarity under the 
assumption that the hypothesis of homogeneity (12.16) is true. In other 
words, the power of TX~ and TX~ to recognize similarity is small if the 
mean value of Uj = xij + Xkj is not much larger than one, and considering only 
the counts in which u· > o. 

The question of whether the unweighted similarity coefficient TX~ or the 
weighted similarity coefficient TX~ is to be preferred is very similar to the 
question of whether the unweighted or the weighted statistics deserve pre
ference, a question which was posed in earlier chapters. We again decided to 
apply both coefficients. The weighted form TX~ seems preferable because 
of its close connection to the chi square statistic of (7.9). The unweighted 
form TX~ may be preferred if one doubts the logic of the weighting of the 
deviations (% - '1) (according to the number uj = xij + xk) in cases of 
moderate similarity, i.e. in cases where these deviations are large. 

The Fortran computer program SMLRTY contains for each pair of taxa 
the coefficient TX~ of (12.21), together with uof (12.24), the coefficient 
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TX~ of (12.22), together with u of (12.24), and also the number N' = 

N ik +Pik +Pki=N -A ik ,accordingto(12.6)., " , 

N.B. The program SMLRTY was used for the data of Hageman (1979), but 
we found no text corresponding to the output. 
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Chapter XIII 

DIVERSITY 

XIII.1. Numerical expressions for microfossil assemblage diversity 

When carrying out paleoecological investigations there appear to be many 
measures of (species) diversity, ranging from the simple number of taxa (S) 
to fairly intricate formulae. Trying to find quantitative expressions for the 
diversities of (micro) paleontological assemblages is a laborious task, how
ever, especially if such diversity estimates or diversity indices are to have a 
statistical foundation. First of all, one must define what one means by 
"diversity" and decide when a formula deserves the name diversity index. 
Next, one has to consider whether such an index is an assemblage parameter 
that can be estimated from a random sample (= count). Like all other 
statistical estimates the diversity estimate from a count should be accom
panied by a standard error that gives an indication of the possible distance 
between the estimate and the "real" diversity parameter of the assemblage 
from which the count comes. 

In the literature on the subject one notices that it is rare for all the ob
vious conditions stated above, to be fulfilled at the same time. In many pu
blications the feature diversity is enveloped in rather dogmatic reasoning 
including a priori laws which state how the numerical proportions of taxa 
are related to each other, or how the number of taxa will increase if larger 
random samples are taken from some assemblage. In biology one finds 
references to the "organisation" and the "hierarchy" in an ecological unit 
in the explanation of such numerical relations. Even for biological communi
ties one wonders whether the hierarchy between species, which in itself 
seems to be beyond any doubt, justifies highly restrictive hypotheses about 
the numerical proportions of the species in the assemblages. Such hierarchy 
assumptions are completely incorrect for taphocoenoses in paleontology. 
The species concept of paleontologists is markedly different from the species 
concept of biologists who are concerned with living fauna and flora ele
ments. In paleontology we have to acknowledge the subjectivity of taxo
nomic units. The grouping of microfossils into different taxa is to a large 
extent dependent on the knowledge or experience of the investigator and on 
his a priori concepts of species ranges (for instance is he a "lumper" or a 
"splitter"?). Furthermore, part of the microfossil assemblage may be al
lochthonous. In such a case a diversity index of a mixture of autochthonous 
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and allochthonous elements can hardly be interpreted. If possible, the 
allochthonous taxa should be put aside and only the scores of the autochthon
ous taxa considered. 

In this chapter we shall not dwell on the interpretation of high and low 
values of diversity indices, but we shall restrict ourselves to mathematical 
descriptions of diversity indices, making positive and negative remarks about 
their foundation and some comments on practical limitations from the point 
of view of mathematical statistics. 

We accept a diversity index to be an assemblage parameter with a numeric
al scale in which the values increase if the number of taxa is increasing 
and/or if the taxa tend towards numerically equal representation. 

XIII.2. The Fisher alpha index 

The diversity index that is most commonly used in paleontology was in
troduced by Fisher in 1943, and developed from his theory describing the 
apparent abundance of different species in biological samples. The index is 
denoted by a. After a series of arguments, which are rather obscure to the 
present author, Fisher deduces that there is a group of assemblages with such 
qualities that each assemblage of that group has a positive constant a which 
gives for any random sample from that assemblage the expected number of 
species that will be present with n individuals in the random sample: 

a 
E(S(n)) = -' x n (13.1 ) 

n 

In this formula x is a number between zero and one, which is dependent 
only on the assemblage parameter a and on N, the size of the sample. So 

O<x(a,N)<1 (13.2) 

Without examining further the way in which Fisher reached these conclu
sions we might consider (13.1) and (13.2) to be postulates for any assem
blage, and then look for the consequences. 

The expected number of species that appear in the random count is: 

00 00 a 1 
E(S)= ~ E(S(n))= ~ -·xn=a·ln(--) (13.3 ) 

n=l n=l n I-x 

The size of the random count, N, can also be expressed in a and x by 
using (13.1): 

00 00 a'x 
N = ~ n' E(S(n)) = ~ a' xn = -- (13.4 ) 

n=l n=l I-x 
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From (13.4) the sample parameter x(a,N) can be deduced directly: 

N 
x(a,N) =--. (13.5)

N+a 

It follows that, as one makes larger and larger counts, x will approach the 
value one: 

lim x (a, N) = 1 (13.6 ) 
N-+oo 

Finally, we write the relation between N and the expected number of species 
E(S), using (13.3) and (13.5), as: 

E (S) = In _~_ = In (1 1(1 - (~ ))) = In (1 + ~ ) (13.7) 
a 1 -x N + a a 

This is the basic formula which states the relation between a, E (S) and N. In 
practice, when the size of a count (N) and the number of species in the 
count (S) are given, the Fisher index is estimated by &, which can be solved 
from 

S/& = In(1 + N/&). (13.8) 

Williams (1943) presented a graph from which & can be read directly. 
In the literature from 1943 onwards one often finds the parameter n l , the 

expected number of species represented by single specimens in the count; 
this n l is used to explain Fisher's theory (n l =E(S(1))). In our opinion this 
parameter adds to the confusion, because then five parameters are involved: 
S, N, a, x, and the superfluous n l . Actually, expression (13.5) implies that 
the parameter x can also be eliminated, so the "axioms" (13.1) and (13.2) 
can be written: 

aNn 
E(S(n)) =-' (--) (13.9) 

n N+a 

in which E(S(n)) is the expected number of species that have n specimens in 
a count of size N from an assemblage that has a as the value of Fisher's 
diversity index. 

Fisher's theory has some remarkable consequences. Firstly, the expected 
number of species present in a count of size N with single specimens only, is 

a·N 
E(S (1)) = --. 

N+a 
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This number approaches 0: when N is made larger and larger. So during the 
continued counting from an assemblage the number of "singles" is expected 
to remain constant. This fact, expressed as 

lim E(S(l)) = 0:, 
N--+~ 

is presented by Fisher as a kind of law that assemblages should obey. In our 
opinion this "law" is quite illogical and for us it is the first reason to doubt 
the value of the axiom (13.9). In a similar way the axiom will restrict the 
expected number of species that are represented by two individuals during 
continued counting from an assemblage, or by three individuals, and so on: 

0:	 0: 
limE(S(2)) =-; limE(S(3)) =

N--+~ 2 N--+~ 3 

So another consequence of the "law" is that in large counts the number of 
species that are represented by two individuals is expected to be about half 
the number of species that have one individual counted, because lim E (S (2)) 
:::: ~ . lim E(S(l)). Similar relations exist for all lim E(S(n)) with small n 
values. We fail to see the logic of such relations. These relations are a second 
reason why we think that the axiom (13.9) is not well founded. 

A third reason for doubting the value of (13.9) is based on cases of the 
presence of a dominant species in an assemblage of very low diversity. To 
us it seems reasonable to assume that in a count of size N = 1,000 about 
900 specimens belong to one and the same species. If the procedure of 
counting 1,000 specimens from this assemblage of low diversity can be 
repeated, we can approximate the probability P(x) that the dominant taxon 
has x individuals in the count, if x> 500, as follows: 

a 'x 

0: 1000 x 0: -(1000) 
P(x)~E(S(x))=-'(	 ) ~-'e
 

X 1000 + 0: x
 

If N is a fixed number (in our example 1,000) this formula leads to strange 
conclusions. 

Strictly speaking, Fisher did not mean the N's to be mutually equal when 
he mentioned that samples were "of equal size". What he really meant was 
samples of "equal volume", in which the total number N of individuals per 
sample is a random variable with a Poisson distribution. If we stick to our 
criterion of equal sizes of samples, meaning that N is a fixed number, the 
number x has a binomial distribution. As a consequence, x has a unimodal 
distribution in both cases because x (and N - x) is (are) large. However, the 
distribution 
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a'x 

0: - (1000 )
P(x) =- . e (x greater than 500) 

x 

has no mode. Hence, Fisher's theory leads to contradictions in descriptions 
of assemblages with a dominant species. 

It is to be noted that substituting E(N), the expected value of N, instead 
of N in the formulae (13.4), (13.5), (13.6), (13.7) and (13.9) does not affect 
our conclusions. 

Nevertheless, Fisher's 0: index has features that seem to make it a good 
diversity index, if one assumes that postulate (13.9) is true for a collection 
of assemblages. The expected number of taxa that have one specimen in 
any count of size N, E(S(l)) = (0: • N)/(N + a) will increase if a is increasing, 
i.e. if counts of equal size are made from a series of assemblages with in
creasing 0: this expected number will increase as well. 

From (13.7) it can easily be deduced that if from some assemblage a 
count is made, which is e ~ 2.7 times as large as the previous count, one can 
expect to find about a more species. Again increasing 0: fits in well with the 
idea of increasing diversity. 

The index 0: cannot be an assemblage parameter, however, because assem
blages exist that do not fit the postulate (13.1). An awkward feature of this 
postulate is that it refers to the behaviour of samples from assemblages, and 
not to characteristics of the assemblages proper. A consequence of a not 
being an assemblage parameter is that the standard error of a, presented by 
Fisher (1943), has no real value, except perhaps for the collection of assem
blages satisfying (13.1). However, we have serious doubts about the prac
tical importance of this collection. 

XII!.3. A geometrical diversity index 

It was mentioned above that Fisher's diversity index is based on the 
behaviour of samples from assemblages, and not on the characteristics of 
the assemblages themselves. As far as the diversity of an assemblage is 
concerned it can be said that the assemblage is characterized by the numeric
al proportions of the series of its species. We denote the proportion of a 
species with frequency rank number i as Pi' and we state that 

0.:;; Pi':;; 1 for every rank number i (13.10) 

Pi ~ Pi+ 1 for every rank number i (13.11) 

00 

~ p. = 1 
i =1 1 

(13.12) 
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The last statement permits the presence of an infinite number of species 
in the assemblage, but it is also possible - and more logical - that the 
number of species is finite and equal to M, so 

M 

PM =1= 0; PM + I = 0; ~ p. = 1 (13.13)
i = I I 

A diversity index D that is based on such assemblage characteristics can be 

written as D(PI' Pz, P3' P4' ... ). 
Finding S species in a count of size N does not tell us much about their 

proportions in the assemblage. Nevertheless, if one wishes to use S in estim
ating the diversity of the assemblage, one has to make assumptions about the 
assemblage proportions (In practice S is often presented as the most simple 
indication of diversity, which is quite admissible unless the counts are of 
different sizes). 

One such assumption is discussed in this section XIII. 3. Let the propor
tions form a geometrical sequence, i.e. there is a real number r in such a 
way that 

o~ r < 1, and for every i: Pi = (1 - r) . r(i-I) (13.14) 

The parameter r, the so-called common ratio of the geometrical sequence, 
can be regarded as a diversity index. If r is zero, then PI = 1 and all other 
proportions are zero, so in fact the assemblage consists of only a single spe
cies, which obviously is the minimum possible diversity. If r approaches one, 
the most frequent species has PI = 1 - r, which approaches zero, and the 
proportions of all pairs of adjoining species in the series tend to be equal. We 
obviously approach maximum diversity of the assemblage. 

How do we estimate r from Sand N? If the diversity index r is known, it 
is possible to calculate the expected number of species in a count of size N; 
we obtain an expression equivalen t to (13.7) that was given for the Fisher 0: 

index. The expression for our geometrical diversity index r is more complex, 
however, and it does not easily lead to an estimate of r when Sand N are 
know numbers. 

A simpler way of estimating is to assume that all S species, except the last 
one, cover the entire count, except for one single specimen, so 

S-I 1 100. 

~ p. = 1 - - or ~ Pi = - (S =1= 1).
i=1 N i=S N1 

Substituting (13.14) in the last equality gives: 

00 1 
~ (l-f)'f(i-I) =f(S-I) =_ (S=I=l). 

i=S N 
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50 we get the following estimate of the common ratio r: 

if 5 == 1, then f == 0 
,S-l~ ) (13.15)if 5;;;. 2, then f == N(-l/(S-l)) == 1/ ( V N· 

This diversity estimate is a rough tool that has an advantage over Fisher's 
a index in that it is easy to calculate with the help of any small microcom
puter. The estimate f of the common ratio is a poor measure, however, even 
if the species proportions in the assemblage were to form a fairly good geo
metrical sequence, and"especially if the count contains very few species (5). 

The geometrical sequence hypothesis (13.14) cannot be considered a valid 
postulate for any assemblage. Hence, the estimate f is not a statistical estim
ate of an assemblage parameter which is determinable in any assemblage. As 
a consequence the standard error of f cannot be given. 

All other kinds of diversity indices that are based on Sand N only have 
the disadvantage that they are in fact based on some assumption about the 
assemblage considered. Such an assumption may be a tolerable approxima
tion of the real situation, but the quality of the approximation is always 
unknown in individual cases. The parameter to be evaluated by the diversity 
estimate may be undefined, so the diversity estimate will lack any statistical 
foundation. 

In the following sections we shall ~onsider the only remaining alternative 
for arriving at estimates of diversity: we are going to use the proportions of 
the species in a count, instead of only the number of species. 

XIII.4. Diversity indices based on proportions of species 

In the previous section we already mentioned that diversity indices D bas
ed on assemblage characteristics (without any further assumption) can be 
written as a function of the proportio~s of the taxa in the assemblage: 

(13.16) 

Each proportion Pi of species i is estimated from a count from the assem
blage as 

(13.17) 

in which xi is the score of species i in the count of size N. The assemblage 
parameter D is basically estimated from the count by 

(13.18) 
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Our first aim is now to find out what the functions D in (13.16) must 
look like if they are to be called diversity indices. After this a statistical 
analysis is necessary with respect to the estimates Din (13.18). The standard 
errors and possible biases of these estimates have to be established. These 
errors and biases may give an indication of the kind of situations in which 
these indices can be used. These topics will be dealt with in the sections 5 to 
9. 

XIII.5. A collection of diversity indices 

Expression (13.16) is given more structure by choosing 

00 

D=F(~ i(pJ), (13.19) 
i= 1 

which implies that the diversity value is not dependent on the way in which 
00 

the taxa have been ranked, because the summation ~ does not require a 
i = I 

specific order of the T (pJ. 
It should be noted that the infinite series has to be absolutely convergent 

for the order of the I (Pi) to be irrelevant in the calculation of the sum of the 
series. In the following we will require, however, thatT (p) must be greater 
than or equal to zero for 0 .,:;; p":;; 1. Then the sum of the series will become 
well defined. As a consequence we drop the assumption (13.11) that PI ;;;. 
P2 ;;;. P3 ..., but we keep (13.13), i.e. there may be a number M so that 
PM =1= 0 and Pi = 0 for any i greater than M. Furthermore, we assume that 
the functions 1" and F are continuous. Absent species obviously should not 
playa part, so 

1(0) = 0 (13.20) 

The function F is merely a transformation of the sum of thei(Pi)' We 
shall discuss such transformations later, but now we state F to be the iden
tity function, so 

00 

D =.~ i(pd (13.21) 
1 = I 

If the assemblage consists of only one single species the diversity is regarded 
to be the lowest possible and D to have its lowest value, which is defined 
here as zero. As a consequence 

T(1) = 0 (13.22) 
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In all other situations D must have a positive value. 
We wish D to increase not only if the number of species is increasing, but 

also if a fixed number of species tends to have more equal proportions. Our 
first wish may come into conflict with the second, however. 

If D has to increase if two species i and j tend towards more equal propor
tions, then it can be deduced from (13.22) that 

1((1 - x) . Pi + x· p) +1((1 - x) . Pj + x· pJ ;;;;.i(Pi) +i(Pj) 

must hold for any 0 < x < 1. Then D can be proved to increase also for more 
than two species if these species tend towards mutually equal proportions. It 
is sufficient (but not necessary) that 

1 is a concave function in the interval 0 < P < 1 (13.23) 

which statement (fig. 28) is equivalent to (if the second derivative ofT is 
continuous) 

d2 T(p) 
--- ",;; 0 in the interval [0, 1] (13.24)

dp2 

From (13.20), (13.22) and (13.23) itfollows that i(p);;;;' 0 for all 0 < P < 1. 
Hence, D in (13.21) is non-negative. 

1(p) 

r Pi 
P 

(1'X)Pi +XPj 

Fig. 28 Graph of a hypothetical concave function T. 
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If there are M species with mutually equal proportions, so that Pl = pz = 
P3 = , , . = PM = 11M, then D = M 'I(11M). Because of the concavity ofI: 

1 [M 1 1 ] 1
(M+1)'T(--)~(M+1)' -'T(-)+-'T(O) =M'T(-),

M+1 M+1 M M+1 M 

from which it follows that the diversity D will increase if the number of spe
cies that have equal proportions (M) increases, just as we wished it to do. 

On the other hand, if the proportions of one of the M species approaches 
one, so that the proportions of the other (M - 1) species get infinitesimally 
small, then D of (13.21) will tend toi(l) +1(0) +T(O) + ... +i(O) = 0, be
cause functioniis continuous. 

Summarizing, T must be a continuous and concave function, I(p) > 0 for 
00 

o < P < 1,1(0) =T(l) = 0, for D = ~ I(Pi) to have the properties that we 
i = 1 

think are suitable to make it an acceptable diversity index. This is: D is zero 
if and only if the assemblage consists of only a single species; D approaches 
zero if one species dominates the assemblage more and more strongly even if 
the number of "vanishing" species is large; if all M species have equal propor
tions in the assemblage, D will increase with increasing M. 

XIII.6. A series of polynomial indices 

A series of functions that has the properties established in the preceding 
section is denoted by (T~), k = 1, 2, 3,4 . , ., and is given by the formula 

k (1 - p)j
T~(p)=p'.~ . (13.25) 

J = 1. J 

SOI~ (p) is a polynomial in p of degree (k + 1). It is clear thatT(k+l) (p) ~1:. (p y. For any value of p, 1: (p) does not increase beyond all bounds, how
ever, because 

(13.26) 
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These polynomial functions ,* lead to a series of indices D* according to 
(13.21). Some of these diversity indices are given below: 

00 00 00 

D* = ~ ,* (p.) = ~ (- P~ + p.) = ~ p. (1 - p.)
1 i=l 1 1 i=l 1 1 i=l 1 1 

and 

00 00

D: =i:l': (Pi) =i:l - Pi' (In(Pi)) 

The graphs of theseT* functions are shown in figure 29. 

.6 

.4 

.2 

o .2 .4 .6 .8 1.0 

P 
Fig. 29 Graphs of the functions 1 i. 1 2.13 and I:'. 

M 
Our diversity index D* is the Shannon-Weaverfunction H =- ~ Pi ·In(pJ, 

00 i =1 

an index often used in ecology. It is also called the "information function", 
a name which indicates that the index has its origin in information theory. 
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In that theory H is considered to be the "mean amount of information" 
or the "average uncertainty" of the M categories (species in our case). 
The term - In (pJ is the information or the uncertainty from an observa
tion element of category i. It should be noted that the number of cate
gories, M, is finite. Why it should be finite will be explained in section 8. 

In information theory several properties of the function H are shown 
(Lebart & Fenelon, 1973, and Aczel, Forte & Ng, 1974). The most typical 
property of H, its so-called additivity in the case that the categories are 
mutually independent events, is not important in our investigation. In our 
opinion it causes H to lose its superiority over other measures of diversity in 
our field of interest. 

00 00 

The index D~ = L Pi' (1 - Pi) = 1 - L (p~), which is equivalent to the 
i=l i=1 1 

Yule-Simpson index, can be given a much clearer meaning. If we suppose 
that a microfossil of type i has been recorded during the counting procedure, 
then the chance that the next specimen will belong to a different type is 
given by (1 - pJ. Hence, the probability that during the counting procedure 
of a microfossil assemblage any following specimen will belong to another 
type than the specimen counted last, is the mean value of all (1 - pJ, so 
00 

L p-·(1-p-).
i = 1 1 1 

The index D~ is the only index with such a logical foundation. One might 
suggest defining diversity as the probability formulated above, thereby re
garding D~ as the index of diversity. Although this definition can very well 
be defended, it is in our opinion rather restrictive. Murray (1973) states that 
the disadvantage of the Yule-Simpson index is that it is controlled mainly 
by the abundant species. It can be stated that the contribution to the sum 
L Pi . (1 ~ pJ by a series of species with proportions p 1, Pz, ... , Pm such 

m 
that L Pi is equal -to a small quantity f, is approximately f, whatever the 

i =1 
number m of these species is. Hence, the number of rare species is practic
ally ignored by the index D~ . 

Similar statements can be made for any of the indices D~ (except for D:). 
From figure 29 it can be read that for an index D~ the contribution of a 
frequent taxon (more than 20%, so p ~ 0.20) does not exceed the value 
2 p . (1 - p). A series of m rare species with 

m m * I~ (0) m
 
L Pi = f (small) has: L I k (pJ :s;;; -- • L Pi =
 

i=1 i=1 dp i=l 

= (1 + ~ + ~ + ... + ~) . f whatever the size of m. 
z 3 k 
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The series S(k) = (1 +~ +~ + ... +~) increases (slowly) beyond any limit 
2 3 k 

if k is increasing. For instance S(3) = 1.83, S(10) = 2.93, S(20) = 3.60, 
S(30) = 3.99. So another disadvantage of this series of indices is that k must 
be large in order to give the group of rare species a substantial weight in the 
index. In this respect D: would be best. 

00 

However, the index D: = - ~ Pi ·In(Pi)' the Shannon-Weaver function, 
i =1 

appears to contain an inconsistency owing to the fact that we allow the 
number of species to be infinite. It can be proved that for any chosen value 
of € (small), there is a series of proportions Pm , Pm + l' Pm + 2' ... , such that 

00 00 

Pi = € and - . ~ Pi' In (Pi) =+ 00 • 

i=m l=m 

Since the proportions of rare species in an assemblage are never known 
exactly, this means that in practice D: is an inconsistent assemblage para
meter, unless the number of species has been delimited in advance. If one 
places the additional rare species in one group (category), the number of 

M 
groups M thus being specified in advance, then the formula - .~ Pi' In (PJ 

1 =1 
(Pi is the assemblage proportion of group i) becomes a well-defined assem
blage parameter that still gives considerable weight to the rare groups, as can 
be deduced from figure 29. 

XIII.7. The series of root diversity indices 

In this section we discuss another series of diversity indices which has bet
ter properties than the series (D~) given in the previous section, and which 
we think will yield the best measures of diversity. These diversity indices we 
call here the root diversity indices. They are defined by 

00 

D k =k . (1 - .~ Pi'~) for k =1, 2, 3, ... (13.27) 
1 = 1 

00 

Each D k can be written as.~ I k (Pi), in which
 
1 =1


'k (p) = k . (p - p . vP) = k . P . (1 - ifP) (13.28) 

Eachlk fulfils the conditions (13.20), (13.22), and (13.24), so each Dk can 
be considered as a real diversity index. From (13.27) we can directly deduce 
that for any choice of assemblage proportions 

(13.29) 
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Again Doo can be defined by writingl oo = limI k: 
k -+ 00 

1 (p) = lim1k(p) =p' lim (k· (1 -w)) =- P ·In(p) (13.30)00 k-+oo k-+oo 

We write the six diversity indices to be used in practice in the following 
table: 

00 

D 1 = 1 - ~ p; r 1 (p) = p - p2 
i = 1 

00 00 

Doo = ~ p. ·In(l/p.) = - ~ Pi ·In(pJ roo (p) =- p ·In(p)
i =1 IIi=1 

We already encountered two of these indices in the previous section. D 1 is 
equivalent to the Yule-Simpson index, D oo is the Shannon-Weaver function. 
From figure 30 it is clear that for any series of assemblage proportions PI' 

P2' P3' ... 

D 1 < D 2 < D3 < D4 < Ds < ... and lim Dk = D oo (13.31 ) 
k-+ 00 

.4 

.2
 

Fig. 30 

o .2 .4 

Graphs of the functions T l' T 2' T 3 and Too· 

.6 .8 1.0 

P 
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The proof will not be given here. (13.31) is the reason why the factor k in 
each Dk formula is maintained in the following text. 

The root diversity indices can be equally presented as 
00 

(Dk/k) =1- ~ Pi'~ « 1)
i = 1 1 

From figure 30 it can be seen that, when k is increasing, rare species ac
quire relatively more weight in the calculation of D k compared to the fre
quent species. The indices D z ' D 3 , D 4 and D s are thought to be less con
trolled by the abundant species than D 1 and the Yule-Simpson index and 
still to continue to be of consistent nature, which D (the Shannon-Weaveroo 

function) is not, as was explained in the previous section. 

Only a few lines will be added concerning F transformations of the diver
sity indices, such as presented in formula (13.19). Applying to D k the trans
formation 

and to D the transformationoo 

F (x) = lim Fdx) =eX (x;;;;' 0)oo 
k --. 00 

this results in the diversity indices 

k=1,2,3, ... 

and 

These indices have the property that minimum diversity (only one species 
in the assemblage) acquires the value one instead of zero. If there are M spe
cies in the assemblage with mutually equal proportions (P1 = pz = P3 = ... 
= PM = 11M) then F(D) = M. In contrast to Dk the function FdDd thus 
may acquire values beyond any limit. F 00 (D ) is called the number ofoo 

equally common taxa: "that would yield an uncertainty equal to that ob
served" (Beerbower & Jordan, 1969). A similar expression would be ap
propriate for any F k (Dd. 
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The index 
<Xl 

FdD l) = 1/(i:l p;) 

is the Yule-Simpson index, or stated more precisely it is the assemblage para
meter that is estimated by the Yule-Simpson index (see section 8). 

These F transformations can be regarded as formulations of an alternative 
definition of diversity. They do not give any more information than our 
indices and they do not provide any further clarification either. This is why 
we shall stick to our own way of describing diversity, which has been for
mulated in (13.20), (13.21), (13.22) and (13.23). 

We end this section with the warning that the series of diversity indices D k 
does .not allow us to speak of diversity in an absolute sense either. We give an 
example of two hypothetical assemblages: 

D 1 = 1 - L p; D 2 = 2(1 - L Pi . .~rp~') 

PI = 0.50, P2 = 0.50 D 1 = 0.5000 D 2 = 0.5858 

PI = P2 = 0.15, P3 = 0.70 D 1 = 0.4650 D 2 = 0.5963 

According to D 1, the two-species assemblage is more diverse than the three
species assemblage, but this is not the case according to D 2. One might use 
D 1 as an absolute measure, however, because of its logical foundation. 
Hence, in stating the diversity one always has to mention the diversity index 
used. 

XIII.8. Estimating the root diversity indices 

In a first attempt to estimate Dk of (13.27) from a count from some 
assemblage (the count contains m species and N individuals) one substitutes 
for Pi the estimate 1\ = xJN, in which Xi is the number in the count be
longing to species i. Then we get the following series of estimates .ok: 

* .L xi ·In(xJ
.000 = In (N) _ 1_=_1 _ 

N 
(13.32) 

m 
L x.,.lfx7

1 .ok=k.(I_(i=1 ))fork=2,3,4,and51 

N'W 
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* in which ~ means that all Xi (i is one up to and including m) that are equal 
i =1 

to zero or to one should not be entered in the sum. In section 6 it was al
ready indicated that it is impossible to estimate D from a count, if theoo 

number of species is not strictly limited. The assemblage parameter Doo may 
very well be much larger than the corresponding estimate Doo of (13.32). 
Dco might even be infinite. The estimate may only be used as an indication 
of diversity, but like the geometrical diversity index f discussed earlier (see 
13.15), it lacks a good statistical foundation. 

Also the estimates Dk appear to have a bias if compared to the assemblage 
parameters Dk , but this bias can be proved to be limited and it can even be 
estimated, as will be shown below. 

Firstly, because of the concavity ofI, and making use of Jensen's ine
quality (see e.g. Ferguson, 1967), we have 

E(IU\)) ~ i(E(i\)), so consequently 

00 00 00 00 

E(Dk ) = E(,~ i(Pi)) =.~ E(T(Pi)) ~ .~ T(E(Pi)) =.~ i(Pi)=Dk 
1=1 1=1 1=1 1=1 

which says that the expected value of the estimate Dk is less than the assem
blage parameter Dk • 

Being more precise, we approximate 

T (Pi) =1 (Pi) + :; (Pi) . (Pi - Pi) + ~ . dd~~ (Pi)' (Pi - PY (13.33) 

Bearing in mind that E (Pi - Pi) '= 0 and assuming that the binomial pro
bability model is valid (E((Pi - PY) = var(Pi) = Pi' (1 - Pi)/N) we arrive at 

d2i p.. (1 - p.)

E(i(p~.)) =T(p.) + __ (p.). 1 1
 

1 1 dp2 1 2 . N
 

As a consequence 

00 00 (k + 1) k )
E(l\) = ~ E(T(pJ) = ~ (1 (Pi) - 2 . k . N .~. (1 - pJ = 

i=l i=1 

(k+l) 00 

= Dk - . • ~ ~. (1 - p.).
2.k.N i=l 1 1 
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So a better estimate of Dk seems to be: 

A, A (k+1) m krT"1 A
 

Dk =Dk + . 1; V Pi . (1 - pJ =
 
2·k·N i=l
 

~ x.·~ (k + 1) . ~ V"X7 (k + 1)· ~ x.·{iX:
'111 ,1 '11)k 1 1= 1=1 1=1 

=. ( - N· W + 2· k2 . N'lfN' - 2· k2 . N2 . W 

This last expression is well approximated by 

~ (x' - d) . {IX;' 
A (. 1 1 ) 

(13.34 ) D~ == k· 1 - 1= ~N _ d) .{IN' 

in which d = (k + 1)/(2 . k2). 
There are reasons for doubting the validity of the approximation of 

i(j:\) given in (13.33) if Pi is very small, say Pi ~ liN, or Pi' N ~ 1. For the 
extremely rare species we deduce: 

For such species we may approximatei(Pi) = k· Pi' and thus 

E(T(Pi)) =i(pJ - k· Pi' Vkl1'
N 

We conclude that, using the formulae of (13.32) as estimators, each rare 
species (Pi ~ liN) is underestimated with an amount of 

..kj11
 
k· Pi' VN
 

in the indices. Now, all single scores in a count, i.e. all xi = 1 are assumed 
to come from such rare species. If the number of "singles" is denoted by t, 
then we should add to the diversity formulae of (13.32) 

k . ~ ...k{[= k· t
 
N VN N'lfN'
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It is therefore advisable to use both the diversity estimates given in (13.32), 
which will result in some underestimate of the Ok' and the corrected estim

m 
ates of (13.34), in which every score Xi = 1 is not entered in the sum I: ,

* i=1 
however; we denoted this sum as I: . The statements made above concern-

i = 1 . 

ing rare species are not necessary for D 1 , i.e. the case k = 1, because then 
(13.33) is not an approximation, but it holds exactly. Yet the	 scores Xi = 1 
play	 no part in :0;, because d = 1 if k = 1. Because of the assumption that 

~ * every score Xi = 1 comes from an extremely rare species, the D~ with I: 
i = 1 

might overestimate the D k • We give a list of these latter estimates below. 

* l: (x. - 1) . x· .	 1 1 1

:0'=1_ 1 
=1 ----- 

(N-1)'N 

* 3 2/--'I: (x. - -) . v x·'118 1)
:0; = 2· (1 - l=(N _~) .¥N' 

8 

* I: (xi -~).~ 
:0' =3' (1 i=1 9 ) (13.35) 

3 - (N -~) . .lfN' 
9 

* S AJ::iI: (x. - - ) . V x; 
6'-4'(1	 i=1 132 1)
 

4 - (N _ ~) .W'
 
32 

* ( 3 5/--'I: x· - - ) . V x· 

:O~ = 5. (1 _i=tN ~ ~ ~S.~ 1 ) 

2S 

It is noted here that the Yule-Simpson diversity estimate is 

F (:0') _ (N - 1) . N
 
1 1 - *
 

I: (x. - 1) . x· 
i =1 1 1 

00 

which estimates the assemblage parameter F 1 (D1 ) = 1/(. I: p;) (see section 
7). 1'= 1 
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XIII.9. Standard errors of the root diversity estimates 

In this section we deduce standard errors of the diversity estimates given 
00 

in (13.32). Bearing in mind that Dk = ~ Ik (pJ, and assuming that the Xi = 
i = 1 

N . Pi have binomial distributions, so that var(pJ = Pi . (1 - pJ/N and 
cov(Pi' Pj) = - Pi . Pj/N (the covariance of a pair of random variables X 
and Y, cov(X, Y), we again define as the expected value E((X - E(X)) . 
(Y - E(Y)) ), we elaborate the following approximation: 

00 00 _po . p. 
+i:l j:l (k-(k+1)·~)·(k-(k+1)·-¢tPj)' ~ J= 

i #' j 

(13.36) 

This last expression is estimated in a simple way by substituting Pi = xJN 
for Pi; this time possible biases that have been dealt with in previous con
siderations are ignored: 

var(Dk)= ( k+ 1 )2. [( ~ xi.{(;f)
N . .¢'N i= 1 1 

- ~ (~ xi' ~ )2J (13.37)
N i=l 1 

The standard error of Dk is the square root of the expression 

SE(Dk ) =J var(Dk ) (13.38) 

The standard error of the D~ of (13.35) is thought to be not very different 
from this SE (Dk ). The discarding of scores Xi = 1 plays a part in the estab
lishing of the standard error, which is difficult to evaluate. 

Extremely small proportions Pi ~ 1IN tend to enlarge the value of var (Dk ) 
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bf (13.36). This might be incorporated in var(l\) of (13.37) by leaving all 

k= 1 scores out of the sums; in this way one risks overestimating var(l\). 
IAn alternative formula for the standard error will thus be: 

SE(I\) =SE(f:>~) = 
k + 1 ~(~*-)~1-(-*-------,------,)2I 

= . ~ x-' ~ - - . ~ x-' ~I (13.39)
k/~ -111 N - 11.N'V N' 1= 1=1 

N.B. A number of drawings was found in which the calculated values of 
several diversity estimates are shown for series of samples from stratigraphic 
sections in Greece. One of these drawings is reproduced here as figure 31. 
The calculations had evidently been carried out with the help of a computer 
program D1VERS. 
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Fig. 31 Values of the diversity estimates S, a, r, 01' 03' 05 and 0 00 for a series of samples from the 
Plio-Pleistocene Pigadion section, Pyrgos area, Greece (after Hageman, 1979). N = 300 

benthonic foraminifera. 
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